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Abstract

The spectral problem for the quantum dispersionless Korteweg—de Vries (KdV) hierarchy,
aka the quantum Hopf hierarchy, is solved by Dubrovin. In this article, following Dubrovin, we
study Buryak-Rossi’s quantum KdV hierarchy. In particular, we prove a symmetry property
and a non-degeneracy property for the quantum KdV Hamiltonians. On the basis of this we
construct a complete set of common eigenvectors. The analysis underlying this spectral problem
implies certain vanishing identities for combinations of characters of the symmetric group. We
also comment on the geometry of the spectral curves of the quantum KdV hierarchy and we give
a representation of the quantum dispersionless KdV Hamiltonians in terms of multiplication
operators in the class algebra of the symmetric group.

1 Introduction

Let A := C[q1, q2,¢s3, .. .| denote the ring of polynomials of the indeterminates qi, g2, g3, ... with
complex coefficients. By a quantum integrable hierarchy we mean a sequence of pairwise-commuting
linear operators (Hyp,),,.; on A® R or on some completion of it, satisfying certain non-degeneracy
property (cf. e.g. [1, 2, 3, 6, 11, 17]). Here I is an infinite index set and R is a certain ring.

To illustrate this subject and the context of this paper, let us start by recalling the definition
of the classical KdV hierarchy and its Hamiltonian structures. Denote by (A, 0;) the differen-
tial polynomial ring of u, namely an element of A, is a polynomial of u,, uzs, Urze, ... Whose
coefficients are formal power series in u with complex coefficients. Define a sequence of elements
Ry, bl RS RS L. in Ay[€?] by the Lenard-Magri recursion:

2
(2m + 3)9,hS. = <2uax +ug + 6463) e L om0, (1.1)
hill =u, h%’u:uxzurxzzo = 07 (12)
as well as | |
Oh OhS
Ziuiw#—e 8em =0, m2>0. (1.3)
i1 1T

Here, wu;, := 0 (u), i > 0. Explicitly,

2 2 3 64

(2 € u 1 1
pel — 2 + —Ugg pel = 2 + €2 (—uz + —uum> + Tw“«mzxa

1.4
2 12 6 24°° 12 (14)

etc. For an element a € A, [¢], we denote by @ the projection of a onto A, [€]/05.A,[€]. Elements in
Ay, l€]/0,Ayl€] can be called local functionals. The classical KdV hierarchy is the following system
of commuting Hamiltonian evolutionary PDEs:

du 5he) 1 5hS,_
_— = Pl m - PZ m—1 9 m 2 07 (15)
Ot du(z) 2m +1 du(x)
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where %(m) denotes the variational derivative, and Py, P> are two Hamiltonian operators given by

1
P =0y, Po=2ud; +uy+ Z@af,;, (1.6)

respectively. The local functionals h?,'w m > —1 serve as the Hamiltonians. The Hamiltonian
operators P,, a = 1,2, define two Poisson structures on the space of local functionals A, [¢] /0. Ay [€]

in the following way: for any f,g € Ay[e]/0zAulel,

(.3} = 5P (o) € Add/oAl, a=12 (1.7
The commutativity of KAV flows (1.5) can then be viewed equivalently from either
{@,@}1:0, Vm,n >0, (1.8)
or
{m, mh —0, Vm,n>0. (1.9)

Quantization of the KdV hierarchy with respect to the first! Poisson structure {, }; was consid-
ered by Buryak and Rossi [11], Dubrovin [17] and Eliashberg [21]. Let us now give a brief review.
Consider the coordinate functional u(z), and write it using the Fourier modes representation:

u(z) =) Upelt” (1.10)

keZ
Here and below, we will consider x as a variable in S', and for any f = f(u; Uz, Ugs, - . . ;€) € Aule],
we regard f as fsl f(u;ug, Ugg, . . . ; €) do (hereafter fSl denotes % fOZTr, the operator extracting the

zero Fourier mode). In terms of the Fourier modes, the first Poisson structure in (1.7) reads as
follows:
{Uk, Ul}l = ik5k+l’0, Vk,l €Z. (1.11)

The canonical quantizations with respect to {-,-}1 for the space of local functionals A, [€]/0,.Ay[€]
are defined as the following linear operators on A[[¢]]:

k; k>0,
U, ={ Upid, k=0, (1.12)
o)
“hkgl—, k<0,
a=: / a(u(z); ug (), uze(x),...;€)da :, Vae A,ld, (1.13)
S1

where Uy and h are parameters and : : denotes the normally ordered product. The normal ordering
here means the following: we first move all U with k > 0 to the left of the Uy with k < 0 in each
monomial of a, and then we replace each Uy by ﬁk In such a canonical quantization, the Poisson
bracket (1.11) is replaced by %[, -], where [, -] denotes the commutator; indeed,

(00,01 = ~kSri0,  klEZ.
It turns out that the Poisson commutativity (1.8) does not hold after the quantization, namely

[h%‘w h%'} do not vanish in general. The quantization problem, suggested by Dubrovin, is to find

an h-deformation h,, of kS such that

R

Fom + hn} —0, Vm,n>0. (1.14)

LQuantization of the KdV hierarchy with respect to the second Poisson structure {, }2 was considered by Bazhanov,
Lukyanov and Zamalodchikov [1, 2, 3].



For the case that the dispersive parameter e vanishes, the existence of such an A-deformation
was obtained by Eliashberg [21], in the setting of Symplectic Field Theory [22], via an explicit
generating series (cf. (2.37) below); for an arbitrary e, the existence is obtained via a concrete
construction by Buryak and Rossi [11] (cf. (2.33)-(2.34) below). Let us denote by hPR the densities
of the quantum Hamiltonians constructed by Buryak and Rossi, which of course satisfy hDR|;_o =
hel. Here we note that adding a total z-derivative in the density of a local functional does not
affect the quantization of the functional. Below, for simplify we denote Buryak—Rossi’s quantum

KdV Hamiltonians hDR as H,,.
In this paper, we consider the eigenvalue problem for the operators H,,. For the reader’s
convenience, we list below the first few H,,:

H_1 = Uy, (1.15)
o h  UZ
Hy=h)Y kgg—-—— — + -2 1.1
0=hd Kig 5t 5 (1.16)
k>0
0 e’h 0 e?h wUy U3
H =A+0UyY kg —— > B — o= — + 2 1.17
1= AFA ) T og 12 2 gy 2880 24 T 6 (L17)
k>1 k>1
where
A=t > hli+5)gig; 0 + h?ijg; O (1.18)
255 ™ 0gi ™ 9q:0q;° '

Here we note that Hy is a grading operator, and that A can be recognized as the celebrated
cut-and-join operator (cf. [25] and Appendix A). In general, write

Hy=> eHJ, (1.19)
920

where Hy[;({] are independent of e. It is helpful to notice that for every m > —1, the operator
Ko, := Hp|vy=0/Vh™2, after the rescaling

q — q/Vh=T, (1.20)

€2

depends only on the single parameter o = — (cf. Remark 2.5). Here, T'= (11,15, T3,...).

The eigenvalue problem for H,, with e =0, i.e. for HTLQL], was solved by Dubrovin [17]. To state
his result, let us introduce some notations.

Denote by & the set of partitions A, namely A = (A1, A\g,...) € & is a half-infinite non-
increasing sequence of integers Ay > Ao > - - - called parts of A, with only finitely many non-zero
parts; the number ¢(\) of nonzero parts is called the length of the partition, and the number
|Al := >, Ai is called the weight of the partition. Let us denote &7 the set of partitions A having
weight |[A| = k. Let s,(7") denote the Schur polynomial associated to A which can be defined by

sx(T') = det(hx,—i+; (T))1<i j<en)- (1.21)

Here hi(T'), k € Z are the complete homogeneous symmetric polynomials defined via

th(T)zk := exp <Z jl;kzk), hi =0, if k£ <0. (1.22)

k>0 k>1
For example,
S(2) = %(Tf +13), sp1 = %(Tf —T3), (1.23)
L3 1, 3 1,
83) = 6(T1 + 30Ty + 2T3),  s@21) = g(Tl =T3), sa11) = E(Tl — 3Ty + 2T3).  (1.24)



The collection of s)(T) for all partitions form a basis of C [T}, T3, ...] =: A over C (see e.g. [30]).
We also recall that the standard inner product (, ) : A x A — C is defined by (see e.g. [30])

($x(T), 5u(T)) = xp- (1.25)

Moreover, it is convenient to recall the following functions of partitions: for any j > 0 and any
partition A € &, define [4, 14, 17, 35]

) 1\J 1\J
Pi(\) = i—it =) —(—i+= 1.2
4 (\) ;KA z+2> ( z+2> (1.26)
and a differently normalized set of functions );, for j > 0, related to the P;’s by
Pi_1(\ e
QoN) =1, Q;j(\) == 1 )+ﬁj ifj>1, (1.27)

(j— !

where 3;, for j > 0, are defined by the generating series

_z/2 i 22 7z4 3126
sinh(z/2) Zﬁ iz * 5760 ~ 967680 T (1.28)

or, equivalently, 3; = (237171 — 1) B;/j!, B; being the ji, Bernoulli numbers. The functions Q;, for
j >0, given in (1.27) are the generators of the algebra of shifted symmetric polynomials [4]. They
are building blocks of the Bloch—Okounkov theorem and have a famous relation to quasimodular
forms [4, 14, 35] which we hope to come back to in a later publication.

Theorem 1.1 (Dubrovin [17]). The following formulae hold true:

HYs, (%) = EOY(\ B, Up)sy (%), m > —1 (1.29)

with the eigenvalues given explicitly by

A2 fre g (Uo+ VR + 4 -9)"" = (U + VAL -1)""

E}(\;h, Up) = Zm VR (m+1)!

7=0 i>1
m+2 \/7Um+2 7
- (), 1.30

where Q;j(\) are defined in (1.27).

For a general €, to study the eigenvalue problem for H,,, let us make two observations. The
first one is a symmetry property (cf. Corollary 2.4) of the quantum KdV Hamiltonians, and the
second one is that the spectrum of the quantum dispersionless KdV Hamiltonians is non-degenerate
(cf. Lemma 3.1). Based on these observations we have the following proposition.

Proposition 1.2. There exists a unique collection (rx(T;0))\c5 of elements in the free module
A ®c C[o] over Clo] such that

(ra(T;0),sA(T)) = 1, (1.31)
2 2
q € q €
Hyry| —=;———= Em (A6, h,Uo) ra| —=; ——= 1.32
(5= 5) = Bn (=) (1.32)
for some Ep,(X\;€,h,Uy) € (C(\/ﬁ, Ug) [€%]. Here H,, are Buryak-Rossi’s quantum KdV Hamiltoni-
ans, cf. (2.33)-(2.34). Moreover, (rx\(T;0))\cp is a basis of the free module A ®c C[o], and

ra(T;0 = 0) = s)(T), Em(Xie=0,h) = EY(\; ), (1.33)

where B are defined in (1.30).



The proof is given in Section 3.
We call 7)(T;0) in the above proposition the deformed Schur polynomials. For example, we
have

4 —+16 — o? o o3 o 507 9
T'(2) = 5(2) +5(1,1)f = 5(2) t5(1,1) <_8 + 512 16384 + 5097152 +O(o )> . (1.34)

More examples can be found in Section 3.2. It should be noted that (r\(T;0),r,(T;0)) = 0 for all
A # p and that 7y (T;0) = (—1)Plry(=T; —0) (see Proposition 3.3). Here X’ denotes the partition
conjugate to A. As an application of Proposition 1.2, we also find certain vanishing identities for
combinations of characters in the symmetric group (see Section 3.3).

It is suggested by Dubrovin [18] that to understand geometry of the spectrum and the common
eigenvectors of H,, one needs to study the corresponding spectral curves. To define these curves,
introduce a gradation on A via the degree assignments degT, = k, k > 1. We have A= EBk>0 Ak,

where elements in Ay, are homogeneous of degree k with respect to deg. The commutativity (1.14)
with n = 0 implies that each K, (m > —1) acts on the space Ay for any &k > 0. The weight k
spectral curves for the quantum KdV hierarchy are then defined by

S = {(a, p) € C?: dety (Kn(o) — p) = 0} . om> 1. (1.35)

We will discuss the geometric meanings of these curves after the proof of Proposition 1.2 (see
Section 3.2). Dubrovin [18] computes the geometric genus of the spectral curve ¥ 1 up to k < 7.
We continue his computation; below is a table of the geometric genus g(Xj 1).

k 01 2345 6 7 8 9 10
g(Sk1) |0 0 0 1 4 9 21 37 69 113 187

(1.36)

We have the following conjectural statements.

Conjecture 1.1. For any fived k > 1, the curves ¥y ,,, (m > 1) are irreducible with geometric
genus g(Xk.m) independent of m and given explicitly by the expression

g(zk,m) = (k - 1) |‘@k| +1-— Z é()‘)a (1'37)
AEZy,

where Py, denotes the set of partitions of weight k.

It is straightforward to verify that the values of the right-hand side of (1. 37) coincide with
those of sequence A238641 in The On-Line Encyclopedia of Integer Sequences?, introduced by
Kimberling. The conjectural identity (1.37) was actually observed with the help of A238641.

Recall that the KdV hierarchy is a particular Dubrovin-Zhang (DZ) hierarchy [20], that corre-
sponds to the trivial rank-1 Cohomological Field Theory (CohFT). For the definition of a CohFT
see [28] or Section 2. For an arbitrary tautological CohFT (e.g. homogeneous CohFT, or Hodge
case), following Dubrovin, one can consider the quantization of the first Poisson structure for the
corresponding DZ hierarchy ([9, 10, 19, 20]). However, this Poisson structure is usually a deforma-
tion of 79, where n® are certain constants. To make the quantization procedure as simple as
for the KdV case, one could perform a Miura-type transform reducing the Hamiltonian operator
for the DZ hierarchy to n®?9, (cf. [15, 20, 24]) before doing the quantization. Considering the
conjectural relationship between the DZ and the DR hierarchies associated to the same CohFT, it
seems easier to directly quantize the DR hierarchy because the latter by definition possesses 7?0,
as the first Hamiltonian operator. Such a quantization is successfully constructed by Buryak and
Rossi [11] with explicit and recursive formulae for the associated quantum DR Hamiltonians, which
we will review in Section 2. An analogous statement to Proposition 1.2 will also be given for the
quantum DR hierarchy associated to a rank-1 CohFT.

2 Available at https://oeis.org/A238641
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Organization of the paper. In Section 2, we review the construction by Buryak and Rossi of the
quantum DR hierarchy and prove a general symmetry property of the quantum DR Hamiltonians.
In Section 3, we study the spectral problem of the quantum KdV hierarchy in details, in particular
we prove Proposition 1.2. In Section 4 we give further remarks including an analogous statement
to Proposition 1.2 for an arbitrary rank-1 CohFT. In Appendix A we give a representation of the
quantum dispersionless KdV Hamiltonians in terms of multiplication operators in the class algebra
of the symmetric group.
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2 Buryak—Rossi’s quantum DR Hamiltonians and their symmetry
property

In this section, we review the construction of classical and quantum double ramification (DR for
short) Hamiltonians [7, 11, 12] for a rank [ Cohomological Field Theory (CohFT). We will restrict
to the rank-1 case in the later sections.

Let Mg, be the moduli space of stable algebraic curves over C of genus g with n distinct
marked points, and let ¢z, € Hom(V®", H®*"(M,,,C)) be a CohFT [28]. This means that we
are given an [-dimensional complex vector space V', endowed with a non-degenerate symmetric two-
form 7 € Sym?(V*) and a distinguished element 1 € V', along with a collection of even cohomology
classes ¢y, (v1 ® -+ @ v,) € H®"(M,,,,C), linearly depending on v1 ® --+ ® v,, € V", which
satisfy the following axioms. To state them, denote by e; = 1,es,...,¢; a basis of V, and let
Nag = 1(ea,ep) and n*? the entries of 7 '. Here and below, free Greek indices take the integer
values 1,...,1.

e ¢y, is Gy-equivariant, with respect to the action of the symmetric group &,, on V®" per-
muting copies of V' and on My, permuting marked points.

e Denoting gl : My_1 42 = Mg, the gluing morphism which identifies the last two marked
points of a stable curve, we have

glicgn(v1® - @ vn) = NP eg1n2(V1 @ R vy @ e @ €p). (2.1)

Here and in what follows, Einstein summation convention is assumed for contracted Greek
indexes.

e Denoting gl : ﬂgl,nl_i'_l X ﬂg%ng_}_l — ﬂg,n, g = g1+ ¢go and n = nj + ng, the gluing
morphism which identifies the last marked points of a pair of stable curves, we have

gl3cgn(V1®- - ®uy) = naﬁcgum-&-l(vl@‘ @ Uny ®€a) ®Cgy ny+1(Ung 410+ - @V ®eg),
(2.2)
where in the right side we sum over the contracted indexes «, 5.

e Denoting p : Mg,n_t,_l — ﬂg,n the map forgetting the last marked point of a stable curve, we
have
p*cg,n(vl XX Un) = Cg,n—l—l(vl R QU ® 61)- (23)



e We have
co3(ea ®eg @ e1) = s (2.4)

We shall assume in the following that we can reduce n to the form

Nop = Oatf,i+1 (2.5)

by a change of basis. This is always true for [ = 1, and follows by the assumption n(ej,e1) = 0
for I > 2, cf. [16]. In what follows we shall also assume that the CohFT under consideration is
tautological (see [11, Appendix B]J).

Given a rank [ CohFT ¢, ,, Buryak [7] associates to it an integrable hierarchy of Hamiltonian
PDEs in [ components u',...,u!, called the DR hierarchy. Denote v = (u',...,u!), and denote
by (.Au,ax) the differential polynomial ring of u, namely, an element of A, is a polynomial of
ud,ud  ud. ... whose coefficients are formal power series in u® with complex coefficients. The

T xx) Trrx?

DR hierarchy has the form:

e Ohgis
_ ap ’
9B — NP0, <6up(x) , m>0, (2.6)

where hﬁ Rl are certain elements in Ay[[€2]], m > 0, defined below in (2.10). Here “integrable”
means that the flows commute pairwise:

o ou* 0 Ou”
otrm gthm — gthm grym’

DR cI

(2.7)

Let us recall the construction of h . Denote the Fourier expansion of u by

u¥(z) =Y Upe. (2.8)
kEZ
For m = —1, they are defined by
hDR_ClI = Z nagU,feikI, (2.9)
keZ

and, for m > 0, by

2\9 n Ky
DR,cl __ (_6 ) m a1 o iz Z
ha,m = E T n Uy /\gcgﬂH_l (o ®®€ai Uk1 . Ukne =1
g0 - DRy (~ X Kk k) et
2g—2+n>0

K1, kn€Z

(2.10)
where DRy (ko, ..., kn) € H2(29_2+n)(ﬂg,n+1,C) is the DR cycle [13, 23, 26], 1 € H*(Mgy,,C)
is the t-class, and Ay € H* (M, ,,,C) is the g-th Chern class of the Hodge bundle. It is proved
in [7] that one can view the above-defined hg;f' as elements in A, [[¢?]]; for example, hDR 1 is
identified with the differential polynomial naﬁuﬁ . The Hamiltonian operator %9, defines a Pois-

son structure on the space of local functionals Ay[[€%]]/9:Au[[€%]] in the following way: for any

F.9 € Aul[€’]] /0 Au[[€%]],

. of og
o af 2 2
(7.7} = 501770 (507 ) € A0 AL (211)
The commutativity (2.7) of the DR flows (2.6) then can also be interpreted as

{thqu' , h['?ﬁff'} —0, Vm,n>0. (2.12)



In terms of the Fourier modes (2.8) the Poisson structure (2.11) reads
a 778\ _ ip..af
{U2,U7} =ikn*®0py10, VEk,1€Z (2.13)

Similarly to the rank-1 case considered in the Introduction, let us recall that the canonical quan-
tization with respect to {-,-} for the space of local functionals A, [€]/0,.Ay[€] is defined as follows:

¢, k>0,
U ={ Ugid, k=0, (2.14)

—hk’naﬂﬁa’,k, k < 0,

a=: /S1 a(u(z);ugp (), Ugg(z),...;6)dx 1, Ya e Ayle, (2.15)

where : : denotes the normally ordered product. As explained in the Introduction, this means that
we first move all U with k& > 0 to the left of the Uy' with k& < 0 in each monomial in a, and
then we replace each U} by the corresponding operator 17,? . The U o with & € Z and the @ with
a € Ay[€?] are considered as operators on A depending on parameters £, ¢, i.e. formally as elements
of (EndA) ® Cle,h]. In such a canonical quantization, the Poisson bracket is replaced by %[, 1
namely, we have

[ﬁ;jﬁﬂ = —hkn™Pohsi0,  k,j €L (2.16)

It turns out that the Poisson commutativity (2.12) does not hold after the quantization, namely,

DR,cl ;DR
h h B

o,m

(2.17)

S

in general do not vanish. One needs to deform th,if' such that the quantizations of the deformed
Hamiltonians commute. A successful and explicit deformation is obtained by Buryak and Rossi
using the DR cycles in the moduli spaces of curves [11]. Indeed, introduce a family of elements
ham € Aul[€2, B]], m > —1 by
Wty = magUge™ (2.18)
keZ

and, for m > 0,

n
g 2 n iz > ks
DR FL € n 2. Fi
hoa7m: E . / n 1A <_h> Cgn+1 | €a ® ® Coy U;:ll T U](:n e =t
n \ JDRy (= 3 ki ook )
i=1

g,n>0 i=1
29—2+n>0
k1 7---7kn E€Z

(2.19)
where A(§) = 1+ A&+ -+ Ay&7 is the Chern polynomial of the Hodge bundle, \; € H* (M, ,, C).
Again, we can and should view hq ,, as elements in A,[e, h] via (2.8); for example, hq, 1 = naguﬁ.
For more details about this correspondence with differential polynomials see [7, 11]. Note also that
hOR | = haws for all m > —1.

It is shown by Buryak and Rossi [11] that, denoting for convenience Hy ,y = thfn,
[Ham, Hpn) =0, m,n>—1. (2.20)

(We note that obtaining Hy ,, is more direct from (2.19).) In particular H; o has the expression
[11, Lemma 3.6]

d
1 5 .
Hl,O = inaﬁU(()lUO + hz Z k:qa’
a=1k>0

0
9o + const, (2.21)

which is, up to constants, the grading operator with respect to the degree deg ¢®* := k. From this
we know that all H, ,, preserve such degree.



Although one can obtain H, ,, from (2.19) directly, in practice it is actually more effective to
compute them via the following recursion, found and proved by Buryak and Rossi [11]:

0 1 0
8756( - 1) haerl h[ham)Hl 1] D= 67 +2h7 +ZZ kac ’ (222)
a=1 k>0
ahDR
%1“ hOR . (2.23)

We now discuss a symmetry property of the quantum DR Hamiltonians. The space A has a
basis given by the monomials
qahkl - qunvkn7 (224)

with k; > 0 and a; = 1,...,[. Introduce a sesquilinear form on A, with values in C[h] defined on
the basis elements (2.24) by

n
<qa1,k1 . _qan,kn7 qﬁl,Jl . qﬁn7]n> 0 Z H 51%7%(2_)77041‘50(1')
ceG, i=1

n
=h'ky - kn Z H 5ki7ja(i)5ai+ﬁa(i)7l+1’ (2.25)
ce6, =1

cf. (2.5), setting <q°‘1’k1 cogOmbn B qﬁm’jm> = 0 whenever n # m. We shall denote by the
same symbol (,) the natural sesquilinear extension to A ®¢ C[[h, €]].

Remark 2.1. For rank-1 CohFTs, the sesquilinear form (2.25) reduces, up to a rescaling in h, to
the standard inner product (1.25) on the space of symmetric polynomials [30] (cf. also Appendiz A ).

Lemma 2.2. For any k € Z, the operators (7,?‘ and ﬁf‘k satisfy the following relation:

<(7,§‘f,g> - <f, ﬁfkg>, f.g €A (2.26)

Proof. Note that the statement is trivial for £ = 0 and it is symmetric with respect to k — —k. So
we only need to consider the case that k > 0. Take k = k; > 0. To show the statement it suffices
to verify (2.26) when f, g are the monomials (2.24). The left-hand side of (2.26) can be nonzero
only for

<Ua1 ql?:l; . ql?:_:f?qjﬂf . qf::11> _ <q131 . qu:;rll’qfll . qf:;r11>
n+1
= hn_Hkl kg Z H 5]%7].0(1_)7]041'50(@') : (227)
€641 =1

On the other hand, the right-hand side of (2.26) is nonzero only for

<q0427k’2 L qan+17kn+1 7 fjﬁfllﬂqﬁl,h . q5n+1,jn+1>

= hkl’nchﬁ <qa2,k2 . qOén+1,kn+l7 aq?kl (qﬁhjl . qﬁn+1,jn+1>>

n+1

= Z hklnalﬁzékl,]l <qa27k2 e qan+17kn+1,qﬁlvj1 e qﬂﬂ]l e qﬁn+17j”+1> (228)
=1

where —~ denotes omission of the corresponding term. By (2.25) we rewrite the last expression as

n+1
R Kns Z 77041&5]617% Z 51@2,]‘”(2)7]&26”(2) e 5kn+17jw(n+1)UQHHBW(HU (2.29)
= T

where the internal sum ranges over all bijections 7 : {2,...,n+1} — {1,...,n+1}\{i}. Changing
summation indexes (i,7) — p € &,41 where p is defined by p(1) =1i,p(2) = 7(2),...,p(n+1) =
m(n 4+ 1) we recognize that the last expression is the same as (2.27). The proof is complete. [



Denote by A§ the subalgebra of A, consisting of differential polynomials with real coefficients.

Lemma 2.3. For any real differential polynomial a € AR, the operator A = a (cf. (2.15)) is
(formally) self-adjoint with respect to (2.25):

(Af,9) =(f.Ag),  [.g€A (2.30)
Proof. Tt is enough to show the lemma when a is a monomial of the form a = Ao ... aé"ua”,
for some n >0, j1,...,Jn >0, a1,...,an € {1,...,d}. In such case A = a has the form
A= > (k) (k) U U (2.31)
ki,....,kn€Z

and so we can explicitly compute the adjoint operator A*, satisfying (Af,g9) = (f, A*g) using
Lemma 2.2. This yields

A= > (k) (kU U (2.32)
ki,..., kn€Z
kit tkn=
and relabeling the indices of the sum by k; — —k; we conclude that A = A*. O

—

Corollary 2.4. Assuming that the quantum DR Hamiltonians Heom = hBR, (cf. (2.19) for the
definition of haD’an) have real coefficients and assuming Uy € R, then Hg,m are (formally) self-
adjoint with respect to (2.25).

Proof. The statement follows directly from Lemma 2.3. O

It follows from Corollary 2.4 that, under the same reality assumptions, the Buryak—Rossi’s
quantum Hamiltonians are diagonalizable.

Let us now consider the example of the trivial CohFT (V =C,n=1,¢c4n = 1). In this case,
Buryak—Rossi’s quantum Hamiltonian densities read as follows:

hOR = w(z), (2.33)

62 Zhgfﬂ

g
KPR _— i / "o | Ug, -+ Us > 0.
" Z Z Z n' DRQ(_i ki7k17---,kn) wl ‘ h o "=
i=1

920, n>0 ki,...,kn€Z £=0
2g—2+n>0

(2.34)

Here we omit the index «, as we now have [ = 1. The corresponding quantum Hamiltonians H,, =

—

hPR form Buryak Rossi’s quantum KdV hierarchy. Indeed, by comparing (2.33)(2.34) with (2.10)
(taking ¢, = 1) one sees that the classical i — 0 limit of hDR gives the classical DR Hamiltonians
associated to the trivial CohFT, which coincides with the classical KAV Hamiltonians [7]. Recalling

the expansion (1.19) and using the dimensional constraint it can be proved that H#} = 0 for
1 > m + 2; we observe that also H#Lnﬂ] = Hr[zn+2] =0.

Remark 2.5. Noting that the intersection number on the DR cycle in (2.34) vanishes unless
m+ € =29 —2+n, we find that hy, is homogeneous of degree m + 2 with respect to the grading

_ — 1 .
degu =1, dege = 2 degh = 2. (2.35)
Denote by

1) =14 > 2 2H[ (2.36)

m>—1

10



the generating series of the quantum dispersionless KAV Hamiltonians, where H}g are defined
in (1.19). The following formula is given by Buryak and Rossi [11]:
1 : 8
HOy = . /ezs(l Rage)udy ;| 2.37
=) S(Vhz) (2.57)
where the series S(z) is defined as
sinh(z/2) 22 P 28
S(z) = -1+ 2 cee 2.38
(2) /2 951" 1920 * 322560 T (2:38)

By comparing with Eliashberg’s formula [21], one observes immediately that Buryak—Rossi’s quan-
tum dispersionless KAV Hamiltonians coincide with Eliashberg’s ones.

3 The spectral problem of the quantum KdV hierarchy

In this section we study the spectral problem of the quantum KdV hierarchy and give applications.

3.1 Non-degeneracy property

The following lemma plays a crucial role in the proof of Prop. 1.2.

Lemma 3.1. For any w > 0 there exists m = m(w) > 0 that E7[2](A) # jolld () for all X # p,
IA\| =w = |u|. Here Ey[g]()\) are the dispersionless eigenvalues, given in (1.30).

Proof. We first claim that P;(\) = Pj(u) for all j > 0 if and only if A = p, where P; are defined
in (1.26). To prove this, we consider the generating series

2 _ z2(Nj—it2 2(—i4+3)| _ z2(Nj—iti 1
ZPJ'WF‘Z[G( 3) ol 2)}_Ze< 2>_m, (3.1)
j>1 i>1 i>1
provided that the complex variable z satisfies Rz > 0. It follows that if P;(\) = Pj(u) for all j > 0
we have
Z e?(Ni—i) Zez(ui—i) (3.2)
i>1 i>1
which implies A\; = p; for all ¢ > 1, and so the partitions A and g must coincide, as claimed. It

follows that for any pair of partitions A # p, with |A\| = |u|, there exists j = j(A, u) such that
Q;(N) # Q;(p), where @); are defined in (1.26). By looking at (1.30), namely

m-+2 \/ﬁUén—&—Q— j

En(Ah,Uy) = — = Q; (A 3.3
m( 7 Iy 0) ]z:% (m+2_j)'Qj( )7 ( )
we conclude that as soon as m > j(A, u) for all A, p of the same weight w = |A\| = |u|, some

coefficient of Uy in By (A; b, Up) is different from the corresponding coefficient in EY (u; R, Up). O

3.2 Proof of Proposition 1.2

Let us introduce

H,, = Vimnt2K,,, Uy = ViV,  o:=— (3.4)

so that (2.33) and (2.34) read as

K_1 =V, (3.5)
0.29—2+n—m

K, = T / ¢m)\272 n—m ‘/}k‘/}kn m > 0),
> X . ( oy T2 1 (m > 0)

920, n>0  ki,....,kn€Z
29—24n>0 ky+--+kn=0

(3.6)

11



where we have used the dimensional constraint m 4+ ¢ = 2g — 2 +n in (2.34) (cf. Remark 2.5). Let
us also introduce
ax = VhTy, Uy = ViVp. (3.7)

Then the operators Vi, act on C[Ty, Ty, . ..]. Explicitly,

ka(T)7 k> 07
Vi : f(T) = { Vo f(T), k=0, (3.8)
~kFD k<o,

In particular H,[,?] = \/WK,[S}, where K,[,g] := K |s—0; therefore Dubrovin’s result (cf. Theo-
rem 1.1) states that
KRls\(T) = Fi) (A Vo)sa(T), (3.9)

where s)(7") are the Schur polynomials (1.21), and

m+2 m+2 —j

1
WEH(A;h,x/m me_J Q;i(N), (3.10)

FON\ W) =

which is also independent of i. The property (1.32) in the statement of Proposition 1.2 is then
equivalent to
Kmr/\ (T;O-) = Fy (A;Ua%) D) (Ta U)? (311)

for some F,(A\;0,Vh) € C(Vp) [o]; the relation with E,,(X; h,€,Up) in the statement of Proposi-

tion 1.2 is
2

E.(\;h,e,Up) = VRMT2F, ()\; o= —%, Vo = 3%) (3.12)

Therefore, let us first prove that (1.31) and (1.32) (the latter equivalently rewritten as (3.11))
imply (1.33). Indeed, looking at (3.11) for ¢ = 0 we obtain that r)(T;0 = 0) is a basis on which
HLS} are diagonal, and it follows from Theorem 1.1 that r)(7;0 = 0) must be a linear combination
of the Schur polynomials s,(7") for which E,[g]()\) ~ gY () for all m > —1; Lemma 3.1 implies
then that r)(T;0 = 0) = ¢s)(T), for some ¢ € C, and E,,(\;0 =0) = ET[S]()\). Finally ¢ = 1 due

o (1.31).

Let us proceed and prove the existence and the uniqueness of r\(T;0). Denote r\(T;0) =
> k>0 rg\k}( T)o* and F,(); = D j>o0m (A\)o*; we will show existence and uniqueness of the
coefficients rg\k}( T) and Fr[n] for k > 0, such that (1.31) and (1.32) hold true.

The case k = 0, namely that TE\O} (T') = sA(T) and that FT[S]()\) is given by (3.10), follows from
Dubrovin’s Theorem 1.1, as explained above. Next, consider (3.11) at order oF for some k > 1
and take the inner product, using (1.25), with s,(T) (for |u| = |A|)

i<sM(T),KHr[k A > ZF[J] < L’f—ﬂ(T)>. (3.13)
=0

Denote <7‘E\a (T),S)\(T)> = ry], the normalization (1.31) implies that r&l\ = 0¢0. Exploiting the
symmetry property of the H,, (Corollary 2.4) we infer

k k
3 <K,,[,{] su(T), rg’“*ﬂ(T)> =S FE, (3.14)
§=0 j=0
and by separating terms corresponding to j = 0 in the sums, we obtain
k k
(FRO) = 2R 13 = 3 (el @) = S FIO S (619)
J=1 J=1

12



Write then the last relation in the case yu = A

k
F0) =3 3 (Kils\(@), (), (3.16)

j=1 V€W|)\|
and in the case u # A
k . k-
(R0 = B8) bl = 3 (R0t ) - SRRV,
j=1 J=1
For any w > 0, let us first consider m, > —1 such that F[O] (A # F,[,Sl (1) whenever A, p are

0]

distinct partitions of w (cf. Lemma 3.1). Since we already know F,[n and rg?], we can use (3.16)

by induction on k to obtain F,Lﬂ (A) for all £ > 0 and all A partitions of w and to obtain 7’&] for

all £ > 0 and all distinct partitions A # p of w. This proves uniqueness of r)(7'; o) and Fm*()\ o);
moreover, by construction, we conclude that (3.11) with m = m, holds true for all A partitions
of w. Next, for A # p being any distinct partitions of w, we have, exploiting symmetry of the
Hamiltonians,

Frn, (1) <7‘/\,7“u> (T Kmﬂ“u> = <Km*7‘/\’7“u> = Fn.(\) <7‘>\,7°H> )

which proves, thanks to Lemma 3.1, that (ry,r,) vanishes. Thus ry(T'; o) form a basis of the free
module A ®c C[o]. Finally, for any m, by commutativity and symmetry of the Hamiltonians,

Fin. (1) <Km7”>\a7"u> = <Km7”>\aKm*7"u> = <Km*KmTAaru> = <Kme*7“>\a"”u> = Fn.(N) <Km7“>\,?”u) )

from which, using again Lemma 3.1, we conclude that (K,,ry,r,) vanishes for all A # p. This
implies, as r\(T; o) form a basis, that

Knra(T;0) = Fn(X0)ra(T;0)

for some scalar-valued series Fy,(A;0) =Y 1~ F#f]()\)ak. The proof is complete. O
In the above proof, the nondegeneracy property given in Lemma 3.1 is used. We note that a

weaker form of the nondegeneracy property (namely that for a fixed m > 1, if Ep, 9] N\ = E,[S] () for

some A # u then there exists k > m such that E,E (\) # Eko]( )) is actually sufficient for the proof,
and that we can prove this weaker property for the quantum KdV Hamiltonians H,, even when
H,, are restricted to Uy = 0. This could also be helpful for other quantum integrable systems.

A natural question for the quantum KdV hierarchy is about the analyticity in o of their
spectrum and common eigenvectors. A way to answer this question is to look at the spectral
curves (1.35) (see the Introduction). Indeed, the spectral curves are ramified coverings of the
Riemann sphere o € P! of degree | #%;|. So the eigenvalues Fj,,()\; o) above are the Taylor series
at 0 = 0 of the branches of the analytic functions p on ¥y ,,. Similarly, r),(c) are meromorphic
functions on the spectral curves Xy, ,,. The global geometry of the spectral curves is interesting. For
example, it is possible to prove that at o = co the eigenvectors are the monomials T = T}, - - - T}, N
and the corresponding branches of p behave as

£
p~ o™ Z )\?m—'—l, o — 00, (3.18)
i=1

while, from Theorem 1.1 we know that at o = 0 the eigenvectors are the Schur polynomials s)(7);
thus, such a deformation of Schur polynomials interpolates between the Schur and monomial bases
of A. Moreover, due to the symmetry property of the Hamiltonians, the branch points can only
be complex conjugate points in the o-plane; coincidence of eigenvalues for real values of o yields
instead singularities of the spectral curves. Further study of the geometry of spectral curves is
deferred to future investigations.

13



Remark 3.2. The initial value problem

0

h@‘l’(y) =Hn¥(y), m=0, (3.19)

2

q €

\I/’y:() = Z CAT' )\ (; —), (3.20)

- AeP vh Vi

where ¢y are arbitrarily given constants and y = (Yo,y1,Y2,--.), can be solved as
\Il(y) = Z C)\e% 2om>0 ymEm(A;Eﬁ,Uo)r)\ <q; _€2> (3‘21)
ez Vh VR
The classical property

sy (T) = (=1)Msy(=1) (3.22)

of the Schur polynomials, where A" denotes the conjugate partition of A (i.e. the diagram of X\ is
obtained by flipping that of A\ along its main diagonal), generalizes to a similar property of the
deformed Schur polynomials.

Proposition 3.3. For all A € & we have

ra(T;0) = (=) (=T -0). (3:23)

Proof. Let us denote 73(T;0) = (—=1)Mry (=T —0); from (3.22) we obtain
(PA(T;0),5x(T)) = (ra (=T —0), s (=T)) = 1, (3.24)

where we also use the property (1.31) of deformed Schur polynomials. Next, it follows from
Remark 2.5 that all quantum KdV Hamiltonians are homogeneous of degree m + 2 with respect
to the degree assignment

N N 1 N
degqr =1, dege = 3 degh = 2. (3.25)

Let us denote by H,, = H, (e, h) the explicit dependence on the parameters and let us also
introduce the involution IT : A +— A defined by ¢; — —¢; on the generators of the polynomial
ring A. Thus, from the homogeneity property just mentioned (see (3.25)) we have

I1H,,, (i€, A)II = (—1)™ Hp, e, h). (3.26)

It follows then that H,,(ie, i) is diagonal on IIry(q/v'h; €2 /v/h) = ra(—q/Vh; €2/v/h), hence it is
diagonal on 7y(q/vh; —€?/v/h). Thus the elements 7\(T; o) satisfy the two defining properties
(1.31) and (1.32) uniquely characterizing the deformed Schur polynomials (cf. Proposition 1.2)
and so they must be equal to r)(T'; o). O

We give a few more examples of 7)(T; o).

20 o2 430  1930% 5 50 202  893¢%  1150% 5
@ =5 Tsen |~ + 351 ag3n Tsesra T O ) Teaan |t 5T T 373048~ Goosa T 90 )
20 o 20° ot 5 20 o2 20° ot 5
ren =0\ TR T r g TOU)) e Trann Tyt g gy T asg O )
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r Seay + 8 50 o 60550 +0(c") ) +5 —5£+5902 + 471507 +0(c")
@ =sw e\ ~75 T 192 T 331776 @2\ T 72 T 2502 T 1492992

+s o + 3702 7270° + 0(04) +s 7o 9502 B 911903 0(04)
@D AR ™ 768 82944 GLLD\ 7744 ~ 2592 2985984 '
2

r =s ba i 7o” (o ) +s + s _z_i_l?;a (04)
@1 = 5@ (76 T 33 7 1096 G T2 T8 T 39 T 2048

3503 4 o 1l¢®> 703 4
tseL ( 6" H + 2006 T O )> tsaLLy <§ + 556 " 1024 1O )

, s 5a+370 _1330 +(’)(a4) 4s o o° (04) Ls
22 =5\ 72 7 1296 ~ 46656 GHA\S T 48 5184 (2:2)

2 3 2 3
o o 3lo 50 370 1330
+ 5(2,1,1) (_7 (0'4)) +501,1,1,1) ( + + 0(04)> .

8 48 @ 5184 72 1296 ' 46656

3.3 Vanishing identities

As a consequence of Proposition 1.2, we get some vanishing identities for certain combination of
characters in the symmetric group. For convenience, let us denote by & the set of partitions A
of weight |A\| = k and set

Hil= w1yl EJ(uh) = ER (R U)| (3.27)
Up=0 Uo=0

By (1.30) we infer that E is given by
EL(X; R) = VEmH2Q,,10(0), (3.28)

where @); are given in (1.27).

Lemma 3.4. Suppose \,u € Py, are distinct partitions of the same weight, A # u, satisfying

B9 R = B u; k). Then
<sA (%) JH[s), (\jﬁ» = 0. (3.29)

Proof. Taking terms of order € in the identity [H,,, H,,/] = 0 we have, after setting Uy = 0,
0= (A%, Bl + (HY, 2. (3.30)

Taking the matrix entry (A, 1) of this relation, using the symmetry property of Corollary 2.4, and
denoting T = q/Vh we get

0= (sa(@), ([HS 2+ () L)) 5u(T))
— <ﬁ,[glsA(T) s, (T)> — <ﬁglsA(T),ﬁiglsu(T)>

+ (ARs\(T), HY )5 (1)) = (HD)s (1), Bl (T))

= (BSOah) = BB us ) ) (sa(@), HYY s, (1)) = (BRSO h) = ES) (s b)) (s (D), H5,(1))
(3.31)

Now assume A, o are as in the statement; using the first part in the proof of Lemma 3.1, we must

have Er[g],(/\; h) # ET[S]’(M; h) for some m/, hence we have <s,\(§), ﬁq[}z]su(@» =0. O

Rephrasing the statement of Lemma 3.4 for m = 1, we get the more explicit identity given in
the following corollary.

15



Corollary 3.5. Suppose \, u € Py are distinct partitions, X\ # u, satisfying Po(\) = Pa(u), where
P, is defined in (1.26). Then

L(v)
D G (Co)xu(C) Y _vi =0, (3.32)
VEPy, =1
where C, C &y, is the conjugacy class of permutations with disjoint cycles of lengths vy, ... vy,

and x» is the character of the irreducible representation of &y associated to \.

Proof. By using the explicit formula (see e.g. [11, Section 4.1])

ud €2 he?
Mlonmo =g 5p e 580

'3
Hilgy—og = A — (Z sz + 240) (3.34)

where A is the cut-and-join operator, see (1.18). Hence, since A # p are assumed to satisfy
Py(\) = Py(p), we have Ego}()\; h) = Ego} (p; R), cf. (1.27) and (3.28), and so Lemma 3.4 yields

(o) - () e

By expanding the Schur polynomials on the basis of monomials with the help of

‘C| l/ Qv
a(£)- ¥ e (330

vePy

(3.33)

we obtain

(see [30]) and by using (A.6), the last equation can be rewritten as (3.32). O

4 Further remarks

This paper is a first step in the study of the spectral problems for the quantum KdV hierarchy
following Dubrovin’s suggestion [17, 18]. In particular, we have proved that the quantum KdV
Hamiltonians are symmetric with respect to a natural inner product (this property is actually
generalized and proved for any tautological CohFT; cf. Corollary 2.4) and that the quantum
dispersionless KdV hierarchy possesses a non-degeneracy property. Moreover, we show that these
two properties imply the existence of a complete set of common eigenvectors for the quantum KdV
Hamiltonians. As an application, we obtain some vanishing identities for certain combinations of
characters in the symmetric group; a simple example of this phenomenon is given in Corollary 3.5.
More applications will be given in subsequent publications.

Let us note that Proposition 1.2 can be generalized to the quantum DR hierarchy associated to
an arbitrary rank-1 CohFT (cf. [8, 11, 19, 34]). More precisely, recall that the quantum Hamiltonian
densities for this hierarchy are

h9 €2 , , iz Z ks
htandge@) = Z nl n WlnA -z ezjzl chaj-152j -1 Ug, - Ug,e =1,
n: DRy (* > ki»klz--wkn) h

g,n>0
2g—2+n>0
k1,....kn€Z

(4.1)
where s = (s1, 53, S5,...) and chyj_1 denotes the (2j — 1)th component of the Chern character of
the Hodge bundle on the moduli space of curves. We have the following proposition, where we

—

denote H;'fdge = h;‘fdge the associated quantum DR Hamiltonians
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Proposition 4.1. There exists a unique collection (r\(T';0,5)),\c5 of elements in the free module
C[Ty, Ty, ...] ®c Clo,s] over Clo,s] such that

<T>\(T; U7§)73)\(T)> = 17 (42)

Hod q € q €2
H, %%y (\/ﬁ; —\/ﬁ78> = En (N€,h,8) ) <\/ﬁ; —\/ﬁ78> ; (4.3)

for some Ep(\;e,h,s) € C(VR)[€?,5]. Moreover, (ra(T; 0,5))\e U5 basis of the free module
ClTh, T, ...l ®c Clo, s], and

rA(T;0=0,5=0)=s\(T), En(A\e=0,hs=0)=EY(\nh), (4.4)

where B are defined in (1.30).

The proof of this proposition is analogous to that of Proposition 1.2 and is therefore omitted.

We end this paper by giving an equivalent form of Buryak—Rossi’s quantum DR recursion
in the rank-1 case. Indeed, by using the dimensional constraint in (4.3), we infer that A9 is
homogeneous of degree m + 2 with respect to the grading

g g 1 g .
degu =1, dege = 3 degh = 2, deg sor_1 = —2k + 1. (4.5)
In particular, this implies the relation
€
<28€ + 280 — > (2k — 1)sop_10sy,_, + D ukxaum> pHodee — (4 9)pHodee  (4.6)
E>1 k>0

which can be combined with Buryak-Rossi’s recursion (2.22) to give an alternative recursion

1
<m +1 + - + > (2k — 1)sop—10sy,_ 1>3xh;'l°dge == [h,'jfflge, H{*°dge] : (4.7)
k>1
In terms of the generating function #He%e(z) := 7 - Zmtlpiodee it oives
Hodge 9 Zax_l Hodge
2 HHodee — ), @—za—+§a—+z2k—132k 1Dy + [Hl } (4.8)

We note that a similar equation to (4.8) is also given in [8] (cf. Theorem 5.1 therein). Taking the
ko — 0 limit in (4.8) we find

el qyHodge,cl _ 0, g — 88 + 587 + Z 2% — 1) 805 1y, + 205 {‘H{-Iodge,cl7 } . (4.9)

A Quantum Hopf hierarchy and Young-Jucys-Murphy elements

As a consequence of Theorem 1.1 [17] we prove in this appendix a representation of the quantum
dispersionless KAV Hamiltonians HT[S] in terms of multiplication operators in the class algebra of
the symmetric groups.

With respect to the gradation deg g, = k, consider the direct sum decomposition A = @~ A

into homogeneous components. Denote by &, the symmetric group of permutations of {1, . ., k},
by C[&;] its group algebra, and introduce the Frobenius map?
O C[6)] = Ay [1/@] (A.1)
ax

3Tt is convenient here to include the quantization parameter £, though it may be absorbed by the scaling T = q/\/ﬁ
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defined here for permutations o with ¢ disjoint cycles of lengths A;...., Ay and extended linearly,
denoting by ¢y the monomial gy := ¢y, -- qu.

It is well known [25] that ®~L1A® = d—1H!
algebra Z(C[&y]) of the symmetric group (the center of the group algebra C[S]) given by mul-
tiplication by the formal sum of all transpositions. Based on Dubrovin’s result (Theorem 1.1) we
can prove the following result, concerning an extension of this representation-theoretic interpreta-
tion to the entire sequence of the quantum dispersionless KdV Hamiltonians. To this end, let us
introduce the Young-Jucys-Murphy (YJM) elements J; € C[S,] [27, 31, 32|, defined as the sum of
all transpositions in &; which are not in &;_;. Explicitly:

®, see (1.18), is the operator in the class

Ji=0,  Ji=(Li)+(2,4)+ - +(G—1,), i>1L. (A.3)

Proposition A.1. For any k > 0, we have the identity

m

. Z m-+2 H[O]‘ _ ero/\/ﬁ L + 2z sinh (E) Z i@ (jm+ +jm) q)—l
™A, sinh(z/2) 2 m! ! ¥

m>—1 m>0
(A.4)
in Endc(Ag) @ C((VR)[2]. Here J; are the YJM elements (A.3) and ® the Frobenius map (A.2).

Let us remark that Rossi [33, Theorem 5.3] gives an alternative representation of these operators
in terms of free fermions.
Before the proof, we note that for rank-1 CohFTs, the sesquilinear form (2.25) reduces to

<q/\7 QM> = hz()\)zz\(s)\,m (AS)

where z) = [[;5; mi(\)!1i"™ )| denoting m;(\) the number of parts of X\ which are equal to 4, and
£(A) the length of A. Equivalently, denoting C\ C &, »| the conjugacy class of permutations with
disjoint cycles of lengths A1, ..., Ay, we have

ax G\ AL
<hé<x>/2’ hf(u)/2> - ycA\‘SW' (A4.6)

This is the standard inner product on the space of symmetric polynomials [30]; in particular the

Schur basis is orthonormal
q q
<< H( \/ﬁ>> = (A7)

Proof of Proposition A.1. Before entering the proof proper let us recall the following two funda-
mental properties of the YJM elements introduced in (A.3).

(i) The J;’s commute among themselves, though they are not in the class algebra Z(C[&]) (the
center of the group algebra); however the class algebra is generated by symmetric functions
of the YJM elements.

(i) Multiplication by a symmetric function f(71,...,Jx) of the YJM elements is diagonal on
the character basis {x)}rez, of the class algebra Z(C[S]), with explicit eigenvalues

f(T, - T)xo = Tl = dYapne)xn, A€ Py, (A.8)

where f({i — j}(j)er) is the evaluation of the symmetric function f at the contents i — j
of the partition \. Here the partition ) is identified with the set of (i,j) € Z? satisfying
1<i<tN),1<j<A.
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Therefore to prove (A.4), let us note that, since ®xy = sx(q/v/h) [30], both sides act diagonally
on the Schur basis, and so it suffices to prove that they have the same eigenvalues.

To this end it is convenient to employ the Frobenius notation for a partition A = (A1,..., Ap),
which consists in denoting

)\:(al,...,ad|b1,...,bd), (Ag)

where d := max{i > 0: \; > i} is the length of the main diagonal in the Young diagram of A, and
fori=1,...,d,
a; ‘= )\z' — i, bi = )\; —1 (A.IO)

are the number of cells to the right of the ith diagonal cell in the Young diagram of A (a; >
- > aq > 0), and the number of cells below the ith diagonal cell in the Young diagram of A
(by > -+ > by > 0), respectively; here, as before, we denoted \' the conjugate partition.

Hereafter we denote A\ = (ai,...,aq|b1,...,bq) in Frobenius notation, and using (A.8) we
compute
d a; b;
(T -+ T xo = ( > —j)m> Xx = Z(ém,o +Y (- Z€m> X (AL
(i,§)EN i=1 =1 —

and using the Faulhaber-Bernoulli formula (for m =0,1,2,...)

N N) m—1 m ‘
o= Frt B ) = S () e, (A12)
=1 j=0 J
we can write
1 d
(T + -+ TMxn = — DOm0+ Finr1(as) + (=1)™ Fins1 (b)) xa- (A.13)
i=1
Multiplying by z™/m! and summing over m > 0 we obtain
z™m zm d
Z ﬁ(jlm o+ T )X = Z m+ 1) Z (Om,0 + Fins1(ai) + (=1)" Fny1(bi)) xa
m>0 m>0 Ti=1
e?i _ 1 e—Zbi -1
:Z< 1_ez+ = )m, (A.14)
=1
where we have used the identity
m+1 ez:v -1
(m + 1 T 1o (A-15)

m>0

Finally, from the results of [17], recalled in Theorem 1.1, we have

0 () o (L) (S(l) N Z (o) e—z(b#;))) a(L). ww

where the generating function %% is given in (2.37) and S(z) is given in (2.38). Therefore both
sides of (A.4) are diagonal on Schur polynomials sy (q / \/ﬁ), and by the identity

az —bz
2(atd) _ —2(b+3) _ o h(i) e -1 e -1 ] Al
e?\9T2) —e 2 sinh { 3 17672—1- T o + (A.17)
it is clear that the eigenvalues coincide, see (A.14) and (A.16), and the proof is complete. O
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Remark A.2. In view of the identification of Prop. A.1, Eliashberg’s formula (2.37) matches with
a formula of Lascoux and Thibon [29] expressing the action of multiplication in the class algebra
by Newton polynomials of YJM elements in terms of differential operators.

It remains an open question whether a similar description continues to hold for the quantum

KdV hierarchy; in this respect it would be interesting to compare with the results of the recent
preprint [5] where Hurwitz numbers appear in connection with the quantum Witten-Kontsevich
series, a particular quantum tau-function for the quantum KdV hierarchy.
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