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ARTICLE INFO ABSTRACT

JEL classification: We study urban structures driven by demand and vertical linkages in the presence of increasing returns to scale.

R12 Individuals consume urban varieties and firms use these varieties to produce a national good. We prove the

R14 existence of a spatial equilibrium and obtain an invariance result according to which more intense demand or

R31 vertical linkages have the same effect on the urban structure as lower commuting costs. Various urban configu-
rations can emerge exhibiting a monocentric, an integrated, a duocentric, or a partially integrated city structure.
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these patterns. We show that multiple equilibria may arise involving the monocentric city and up to a couple of
duocentric and partially integrated structures.

1. Introduction

In a seminal paper, Fujita and Ogawa (1982) provided theoretical
foundations for the understanding of the distribution of households and
firms across residential, business, and mixed areas. Urban spatial struc-
tures were shown to depend on dispersion and agglomeration forces
stemming from commuting costs and spillover externalities, and to
include up to multiple centers. Since that early work, the urban eco-
nomics literature has studied the properties of urban structures result-
ing from agglomeration forces driven by spatial externalities modelled
by a black-box spillover function, see e.g. Lucas and Rossi-Hansberg
(2002). However, as pointed out in the New Economic Geography liter-
ature, e.g. Krugman (1993), agglomeration forces also have their origin
in economic interactions such as demand and vertical linkages partic-
ularly in locations where consumers and firms get a better access to
final and intermediate goods. The main objective of our paper is to
focus on the economic interactions and to show how they shape urban
structures.

Empirical research in urban economics provides ample evidence of
agglomeration forces in terms of economies of (urban) density. Dou-
bling the population density increases the average productivity in cities
by 1%-3% (Combes and Gobillon, 2015).! However, as shown by
Ahlfeldt et al. (2015), agglomeration effects turn out to be extremely
localized in terms of both production and consumption. Agglomeration
forces entice firms to co-agglomerate so as to benefit from the proxim-
ity to other firms: according to Ellison and Glaeser (1999), such vertical
linkages are the strongest factor explaining co-agglomeration in the U.S.
manufacturing sector. Kolko (2010) finds that service firms tend to co-
agglomerate in U.S. locations with the same zip codes, while manufac-
turing firms rather co-locate within the same counties. Cities have also
been shown to be attractive to consumers because of providing them
with an access to a rich variety of service and consumer goods, and
thus enhancing the quality of urban life. Glaeser et al. (2001) explain
that high urban densities allow service firms to benefit from economies
of scale and that agglomeration economies can therefore be attributed
to economic interactions between firms and consumers. A distinctive
feature of economic linkages is their impact on prices and the diversity
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of goods and services in urban areas. As denser locations improve the
access to local goods and services, consumers are expected to face lower
prices in such areas. This allows them to purchase larger quantities of
goods and also entices the entry of additional local producers. Hand-
bury and Weinstein (2015) provide empirical evidence of this effect by
showing that prices are indeed lower in city centers (after controlling
heterogeneity bias). Couture (2016) provides further evidence of lower
prices and higher diversity in denser areas using data on restaurants.
Finally, both vertical and demand linkages are noticeable in sectoral
accounting data in big cities. As an example, in Tokyo in 2011, 31%
of total production consisted of local intermediate goods while 39% of
that production represented final goods. Hence, the distinction between
the local demands by firms and consumers is crucial and deserves a par-
ticular attention.

In this paper, we study how urban structures such as those studied
by Fujita and Ogawa can be explained by economic forces emphasized
in the New Economic Geography literature. Towards this aim, we build
a framework close in spirit to Fujita and Ogawa’s urban model? with
transport costs as an agglomeration force and commuting costs as a
dispersion force. For the sake of comparison with Fujita and Ogawa,
we present a model with linear commuting costs, inelastic demand for
land, and a national good. However, in contrast to Fujita and Ogawa,
agglomeration forces are driven by differentiated urban varieties pro-
duced with increasing returns to scale under monopolistic competition.
In addition to the national good, individuals consume these urban vari-
eties. Urban firms also use these varieties as intermediate components
to produce the homogeneous national good in a perfectly competitive
market as is usual in the literature. Using logarithmic consumer pref-
erences and firm production functions, the representation of agglomer-
ation forces in our model turns out to have the same structural form
as the spillover function used by Fujita and Ogawa, which makes the
two models almost isomorphic, except for firm profits coming here from
increasing returns to scale.

We study various city configurations addressed in the literature,
namely the monocentric, integrated, partially integrated, and duocen-
tric urban structures. Our main results are the following. The mono-
centric city emerges for very low commuting costs while spatial inte-
gration of business and residential districts occurs when goods are
shipped at low transport costs within the city. As more intense demand
or vertical linkages have the same effect as lower commuting costs,
they also make the monocentric structure more likely. Furthermore,
for intermediate commuting/transport costs and moderate intensities
of demand/vertical linkages, various urban structures may emerge and
coexist in equilibrium. We show the existence of multiple equilibria
with different urban structures. For instance, for a same set of economic
parameters, we show the emergence of four urban structures involving
a monocentric city, a duocentric city and two different partially inte-
grated cities. Furthermore, we highlight the impact of urbanization by
analyzing the effect of population growth on urban structures. When
total population rises, the city evolves from a monocentric city to an
integrated city. This transition possibly passes through the emergence
of duocentric or partially integrated structures depending on the mag-
nitude of transport costs. When transport costs are high, the economy
undergoes discontinuous transitions reflecting larger benefits gained by
firms when production locations separate into several business districts.

The first contribution of our paper consists in providing microfoun-
dations to spatial spillover functions used so far in the literature. It
extends the existing literature on the endogenous formation of urban
areas by uncovering the role of backward and forward linkages on the

2 With more than a thousand citations, Fujita and Ogawa (1982) framework
is acknowledged in the literature as the reference model for the understanding
of endogenous urban structures, see e.g. Fujita et al. (1999), Fujita and Thisse
(2013), or Duranton and Puga (2014).
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formation of cities. Whereas Fujita and Ogawa (1982), Berliant et al.
(2002), Lucas and Rossi-Hansberg (2002) and Allen et al. (2015) discuss
the implications of agglomeration benefits arising from external face-
to-face communications and technological spillovers respectively, our
paper provides microfoundations for agglomeration forces driven by
internal increasing returns to scale of an urban production sector sell-
ing its goods under monopolistic competition. Accordingly, firms oper-
ating in the city have market power and earn a positive profit before
proceeding to rent and wage payments. The presence of these internal
increasing returns makes our analysis more appealing in an urban con-
text. The equilibrium conditions of our model are very close to the ones
in Fujita and Ogawa (1982). Nevertheless, our model is not exactly iso-
morphic to theirs due to the presence of profits of local producers.® Such
a strong similarity suggests that vertical linkages have similar effects
on the urban structure as face-to-face communications or technologi-
cal spillovers. However, the distinction between these agglomeration
factors has important policy implications. Although face-to-face com-
munication may be substituted or eased by better communication tech-
nologies and technological spillovers, they are hardly affected by urban
policies. By contrast, vertical linkages are reinforced by urban policies
improving the transport and delivery of goods and services within the
city. Also, demand linkages are strengthened by urban policies promot-
ing better quality and accessibility of urban consumption centers.* Sim-
ilarly, these linkages are sensitive to national tax policies on consump-
tion and intermediate goods.

Our second contribution to the literature is to emphasize the role of
demand and vertical linkages. As in Krugman and Venables (1995), we
use symmetric demand functions for final and intermediate goods. As a
result, the intensities of demand and vertical linkages are reflected by
respectively a demand parameter and a productivity parameter for the
urban sector. We show that these two demand and productivity param-
eters turn out to have the same effect on the urban structure meaning
that demand and vertical linkages have the same spatial effects in our
model. Moreover, we show that strengthening these linkages has the
same effect on urban structures as a fall in commuting costs. The sec-
ond contribution of the paper is thus about the equivalence between the
effects of demand and vertical linkages, and that of commuting costs.
In particular, we show that a rise in the parameters affecting those link-
ages has the same effect on the city structure as a fall in the commuting
cost parameter. Therefore, such an equivalence result highlights the link
between economic and transport policies.

Our third contribution lies in revisiting issues regarding the exis-
tence and the multiplicity of equilibria in urban economics. So far,
the existing literature has proposed two approaches. The constructive
approach by Fujita and Ogawa (1982) consists in checking whether spe-
cific urban configurations meet the conditions for spatial equilibrium.
This approach permits to discuss an analytical description of spatial
equilibrium properties (such as land gradient, wage profiles ...) and
the conditions under which particular urban configurations emerge.
Although it permits to confirm the existence of one or more spatial
equilibrium configurations for specific parameter values, this approach
however does not ensure the existence of an equilibrium for all param-
eters. In contrast, the functional approach by Lucas and Rossi-Hansberg
(2002) and Carlier and Ekeland (2007) address the spatial equilibrium
as a fixed point problem, to which functional analysis can be applied to
demonstrate the existence of a solution. Yet, this approach leaves the
issue of multiple equilibria unanswered and loses generality because

3 The absence of a strict isomorphism contrasts with recent quantitative spa-
tial models that emphasize an isomorphism between models involving differ-
ent production technologies and agglomeration forces (see Allen and Arkolakis,
2014). Monte et al. (2018) show that their NEG model with commuting is iso-
morphic to an Armington or an Eaton and Kortum (2002) model incorporating
external economies of scale and commuting.

4 See local programs like “High Streets and Town Centers 2015/ by the UK
Ministry of Housing, Communities & Local Government.
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equilibrium properties are usually obtained by means of numerical com-
putations and calibration of a particularly city. Our paper builds on
both approaches by guaranteeing the existence of spatial equilibrium
and discussing the properties of traditional urban configurations. Our
existence Proof is similar to Carlier and Ekeland (2007) and applies to
Fujita and Ogawa (1982). Regarding the analysis and the computation
of multiple equilibria, our approach contrasts with methods relying on
fixed point algorithms. We propose an innovative way of determining
urban structures, which consists in determining the borders of poten-
tial business/residential districts first, and then in checking whether
each structure candidate actually constitutes a spatial equilibrium or
not. Finally, our paper contrasts with quantitative theory exercises (e.g.
Ahlfeldt et al., 2015; Allen et al., 2015, ...) because the equilibrium
existence and characterization are here obtained under the assumption
of homogenous space, travel and production technologies and prefer-
ences. Quantitative exercises usually introduce various types of hetero-
geneities to improve the match between models and microeconomic
data. Such heterogeneities also relieve the modeler of the complication
of discontinuities in the land use, which are explicitly dealt with in this
paper (as well as in Lucas and Rossi-Hansberg, 2002, and Carlier and
Ekeland, 2007, and followers).

Our final contribution lies in the discussion of the use of space by
firms. Since Alonso (1964), the urban economics literature often stud-
ies city structures under the simplifying assumption of a monocentric
structure that involves a spaceless central business district, which uses
no land and hosts all firms. In this paper, we are able to discuss the lim-
iting case where firms’ land use tends to zero. We find that a monocen-
tric city becomes a spatial equilibrium only for low commuting costs,
high transport costs for goods and services and strong economic link-
ages. This suggests us to use the above monocentric assumption only in
more restrictive contexts.

The paper is structured as follows. Section 2 presents the model
and discusses the equilibrium in the product, labor, and land mar-
kets. Section 3 establishes the existence of a spatial equilibrium and
the invariance result between demand/vertical linkages and commuting
costs. Section 4 studies various spatial equilibria exhibiting monocen-
tric, integrated, duocentric, or partially integrated structures. Section
5 presents numerical computations and results regarding these urban
structures. Section 6 concludes. All proofs are relegated to Appendices A
toI.

2. The model

We consider a linear city hosting a continuum of individuals and
firms along the interval B =[-b,b] C R with unit width. The mass
of individuals is exogenous and denoted by N. The location supports
of individuals and firms are denoted respectively by & and Y, with
& U Y = B. Individuals occupy a unit of residential land, commute to
their workplace, and consume differentiated varieties supplied in the
urban markets as well as a homogeneous good supplied in the national
(i.e. intercity) market. In contrast to the national good, trade of urban
varieties incurs iceberg transport costs. These varieties are also used as
input components to produce the national good. For these two produc-
tion activities, each firm hires a worker and uses s units of land in the
production process. As a consequence, the equilibrium number of firms
is also equal to N. Land is owned by absentee landlords as is usual in
the literature in urban economics following Alonso (1964). The oppor-
tunity cost of land is set to zero for the sake of simplicity. As in the
literature (see, e.g., Fujita and Ogawa (1982); Lucas and Rossi-Hans-
berg (2002); Berliant et al. (2002)), individuals consume a national
good that is available everywhere in the city without any transport cost.
Here they also consume urban varieties purchased at firm production
sites. This illustrates the idea of a “consumer city” where firms sell
specialized services and consumer goods to urban customers by exploit-
ing local economies of scale, see Glaeser et al. (2001). Typically, these
local firms produce books, high-tech material, fashion cloth, or are lux-
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ury shops, restaurants, theater places, discos, museums, art galleries,
or trendy furniture shops, that need sufficiently high local customer
bases to be profitable and able to diversify their offer in urban areas.
Since individuals’ workplaces are generally closer to these producers,
we assume that consumers incur the transport cost from their work-
place. They consume these goods either at the production site (e.g.
restaurants), or bring them back home during when commuting (e.g.
clothing), or order a separate shipment the cost of which is neglected in
this paper (e.g. artwork). Accordingly, an individual residing at x € &
and working at z € Y is endowed with the following log-linear utility
function (Pfliiger, 2004)

U(x,z) =a In

/y c(z,y)?u(wdy] o)

where c(z,y) her consumption of a variety produced by a firm located
aty € Y, u(y) the density of firms at y € Y, 6 > 1 the elasticity of
substitution between urban varieties, « > 0 the expenditure intensity
on these varieties, and cy(x, 2) denotes her consumption of the national
good at her residence place. Her budget constraint writes as

Poco(x,2) + /y POICE Y)Y u(y)dy + tIx — 2] +R(x) < wz) + T

where p, is the price of the national good, p(y) the mill price of an
urban variety produced at y, 7 the iceberg cost, c(z, y)e”#¥! the quantity
of a variety to be purchased at y to ensure consumption c(z,y), t the
commuting cost per unit of distance between residence and work places,
R(x) the land rent at the worker’s residence, w(z) her wage at workplace
2, and finally ¢, some initial endowment of the national good. A purpose
of our paper is to study the effect of urban demand linkages that are
active if « > 0. Note that our paper encompasses the case of individuals
consuming a national good only, traditionally studied in the existing
literature (when setting @ = 0).

On the production side, each firm hires a worker supplying a unit
of labor, and produces both the national good and a single component
variety. To model vertical linkages, we assume that the national good
is made of the component varieties available in the urban markets. For
instance, think of a city exporting wood and metal furniture: woodcraft
makers export wood furniture with steel ornaments made by local steel-
makers while steelmakers export steel furniture with wood ornaments
made by local woodcraft subcontractors. The production of the national
good and the local component is integrated within the same production
plant reflecting a too high cost for the firm to manage production over
several plants. Additional outsourcing considerations are beyond the
scope of the present paper. Finally, the national good is assumed to
be homogeneous across firms (and cities) and firms are price takers in
this market.® In contrast, each firm is a price setter in the market of its
urban variety.

More specifically, production takes place as follows. On the one
hand, the national good is made of local inputs with the output of a
firm located at y € Y given by the production function

40 =p In [ /y i(wz)”?ﬂ(z)dz] &)

where i(y,2) is firm y’s local component use of a variety produced by
a firm located at z € Y and § > 0 the intensity of vertical linkages.®
Because of iceberg transport costs, firm y has to purchase i(y, z)e?# !

5 Product differentiation and imperfect competition in the national market
would not add much to our analysis.

6 The use of the same formulation for the utility and production functions
is common in the literature with final and intermediate goods (see, e.g., Krug-
man and Venables (1995) for CES preferences and Picard and Tabuchi (2013)
for quadratic preferences). In our text, final and intermediate goods have the
same elasticity of substitution. This allows the effects of final and intermediate
purchases to be simply captured by the demand shifter parameters « and f.
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units of a variety produced at z and sold at mill price p(z). Therefore,
the operating profit of the national good production in location y, i.e.,
the total revenue minus the cost of inputs, is given by

2) = poq(y) - /y P@)i(y. 2)e” u(z)dz @

On the other hand, the firm produces its specific component using the
national good as input. Every component requires y units of the national
good. Therefore, the operating profit in location y of the urban variety
component production is

20 = ) - 7] /y [cz.y) + iz.y)] &5 pu(z)dz @)

Labor and land are de facto the firm’s fixed costs, so that the total
profit of a firm in location y can be written as

7(y) = 7"(y) + 7(y) —w(y) — sR(Y) 4

There is free entry and the operating profits z(y) + #'(y) are fully
absorbed by the wage w(y) and the land rent sR(y) in equilibrium. The
national good is chosen as the numeraire so that its price can be nor-
malized top, = 1.

We now turn to the product market equilibrium. For this purpose,
we consider the locations of firms and individuals as fixed. The demand
of an individual working at z for urban varieties sold at location y is
given by

poe=1]

PG (5)

cz,y)=a

where the urban price index is given by P(z)=
1

[ Jyp)toerd=olzyl ﬂ(y)dy] 1=, Her spending on urban varieties
is equal to apy and her demand for the national good is given by
co(x,2) =w(z) —t|x— 2| —R(X) + (cy — a). We assume that the initial
endowment ¢, is sufficiently large so that consumers buy a positive
amount of the national good c,. See Appendix A for more details.

A firm located at y simultaneously chooses its input mix i(y, -) and its
own component price p(y) that maximize its profit (4) subject to relation
(1). Since the firm has a zero mass, it is too small to influence the other
firms’ component prices and consumers’ demand. Because the profit
in the national market has the same functional form as the individual
utility, the optimal input mix is equal to i(y,2) = (f/a)c(y,z) where
c(y, 2) is given by expression (5). The firm’s spending on urban varieties
is equal to f. The operating profit in the national market can therefore
be written as f [ln (B/P(y)) — 1] so that a firm supplies the national
market as long as f > eP(y) (where e = exp(1) is the Euler/Napier
number). Also, because the total demand for an urban variety produced
iny, /y [c(y,z) + i(y,z)] e’#7Yldz, has a constant price elasticity o, the
firm sets its component price to p(y) = yo/(c — 1) > y, which leads
to a positive operating profit in the urban component market that turns
out to be the same across firms.

Given the profit-maximizing prices, the price index becomes

P(z) = y ——T(z)
c—1
where

1
1-o

T(z) = [ /y e*1=0lz=Y1 y(y)dy (6)

denotes the access cost in location z, i.e., the aggregate delivery cost
from all locations in Y to location z. This access cost T(z) increases
with the transport cost 7.

Consumers’ and firms’ demands for urban varieties are given respec-
tively by

czy) _izy) _o-1 e-oTlz-yl

a B yo T1=0(2) @
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Then, the indirect utility of an individual can then be written as

U(x,2) = v(2) + co(x, 2) (€)]
where
_ el 71 ap
v(z) = a In [/ c(z,y) y(y)dy] =a [ln — —In T(z)] 9
y 14

denotes the urban utility, i.e., the utility from the consumption of urban
varieties with p =1 — 1/0. Clearly, the urban utility v(z) depends neg-
atively on the access cost T(z).

Using the profit-maximizing price p(y) = yo/(c — 1), the operat-
ing profit (3) in the urban variety market can be written as

7'(y) = (a + A GYy) (10)
where the profit G is defined by

1 - _
Gy) = ;/37%61 o)rlsl 4z an
The operating profit z!(y) aggregates the operating profit of a firm in
location y from the sales of its variety to both consumers and firms.
It increases with the expenditure intensities on urban varieties of con-
sumers («) and firms (f).

Similarly, as the firm output in the national market is given by
q*(y) = Plln(Bp/y) —InT(y)], the operating profit (2) in that market
can be written as

vy — Be _
() =B [ln Te In T(y)] 12)

The firm has an incentive to produce the national good if its profit is
positive, i.e. In f—z > InT(y). This holds if y is sufficiently small, which
we assume from now on.”

The sum of the urban utility (9) and the operating profits (2) and

(3) defines the following total surplus TS generated in location y
TS(y) = v(y) + z"(y) + z“(y)

Using expressions (10) and (12), the total surplus can be rewritten as
TS(y):aln%+ﬂln§—‘Z+(a+ﬂ)S(y) (13)

where the surplus S(y) is given by
Sy)=Gy)—InT(y) a4)

The surplus S(y) increases with the profit G(y) in the urban variety mar-
ket and accounts for the cost T(y) of accessing location y.

We now turn to the land market equilibrium still assuming the dis-
tributions of consumers and firms as given. We assume that land is used
as consumption or firms’ input and that its opportunity cost is nil. In a
competitive land market, landowners allocate their plot of land to the
highest bidders among residents and firms. As individuals are homoge-
neous and perfectly mobile, in equilibrium, they obtain the same util-
ity level across residential locations, say U*. By using the urban utility
(9), the bid rent of an individual residing at location x and working at
z = 2z(x) is given by

W,.(x) =v(2) + W) —t|x—2|+cy —a] - U* (15)

where the constant utility level U* will be endogenously determined in
equilibrium. Firms freely enter and therefore make no profit. By (4), a
firm at location y can bid for land up to a level which makes its profit
7(y) equal to zero so that its bid rent is given by

1
) = < [7"0) + 7'0) —w)] (16)
As total land consumption (1 +s) N is equal to the total available land

2b, the city edge is given by b = (1 +s)N/2.

7 That is, if y < f(1 —1/0) /(e max yyT(y)). Given that max,cyT(y) > e2br
a sufficient conditionis y < y™™* = (1 —1/0)e"27"1,
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3. Spatial equilibrium

In this section, we define and study the spatial equilibrium of our
economy where both consumers and firms exploit spatial arbitrage
opportunities. For this purpose, we rewrite the worker’s and the firm’s
bid rents as follows. The worker’s bid rent in location x corresponds to
the maximum bid a worker can make on a parcel of land in x while
receiving a wage from a firm located in y € Y willing to hire her under
free entry. Using expressions (15) and (4), we get

¥Y.(x)= max Wy)+wly)—tx—y)+co—a—U")
YEYW(y)ER

st. z(y) = 2"(y) + #4(y) —w(y) —sR(y) = 0 a7
Similarly, the firm’s bid rent corresponds to the maximum bid that it
can make on a parcel of land in y while the wage it pays to a worker
located in x € & induces her to supply her labor to the firm given her
utility U*. Using expressions (16) and (8)
1
Yo() = max  =(x"(y)+7x"(y) - w())

xeX w(y)ERt S
s.t. Ux,y) =v(y) +w(y) —t(x—y) —R(x)+co—a > U* (18)

We now draw a connection with Fujita and Ogawa (1982). In their
seminal paper, urban structures endogenously emerge from agglomer-
ation effects generated by face-to-face communication between firms’
managers and/or employees. This face-to-face communication gener-
ates a production surplus that depends negatively on the logarithm
of the average distance between firms. One could then interpret our
parameter expression (6 — 1) in InT(y) as Fujita and Ogawa’s param-
eter for face-to-face communication. This means that from a reduced
form point of view, vertical linkages have the same role as face-to-face
communication in Fujita and Ogawa. However, here our vertical link-
ages stem from the production of urban varieties under imperfect com-
petition, which generates a profit z%(y) at location y that is absent in
the face-to-face communication model. To sum up, the reduced form
of our model encompasses the structure of Fujita and Ogawa (1982)
in the absence of demand linkages and profit from the production of
urban varieties (that is, when @« = 0 and z%(y) = G(y) = 0). This
also means that the absence of demand linkages and urban variety pro-
duction in Fujita and Ogawa (1982) implies that their agglomeration
force is weaker than that in our model.

In this model, the presence of positive urban profits 7% results from
imperfect competition in the differentiated product market where each
differentiated variety can be produced anywhere in the city. The pres-
ence of this term complicates the theoretical analysis. This means that,
in our earlier example, woodcrafters and steelmakers can produce their
piece of furniture or ornaments wherever they locate in the city. This
contrasts with Allen et al. (2015) modelling strategy where the urban
location defines the produced variety. In that framework, firms in a
same location produce the same differentiated variety, which results in
local perfect competition and eliminates urban profits, thus simplifying
the analysis. Their view is justified by the presence of location-specific
factors such as in the historical examples of tanners and brewers pro-
ducing and competing in locations close to urban streams. Our paper
adopts the former framework where locations do not entail specific fac-
tors except for the access to other economic agents.

Using the total surplus TS introduced in (13) and substituting the
wage expression obtained from the constraints, the bid rents (17) and
(18) can be rewritten as

Y. (x) = meza);( [TSG) —tlx —y| + Ty — & — U* = sR(y)] (19)
¥
W, (y) = %mea(\))( [TSQ) — tlx -yl +C — a — U* — R(x) (20)

We can now define a competitive spatial equilibrium.

Definition 1. A competitive spatial equilibrium is defined by a res-
ident density function A : B — [0,1], a firm density function u : B —
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[0,1/s], a land rent R : B — R*, residential and business bid rent func-
tions ¥, and ¥, : B — R, and a utility level U* € R that satisfy (i) mass
conservation /Bﬁ = N, (ii) land market clearing u(z) = (1 — A(2))/s for
all z € B, (iii) land allocation to the highest bidder for all z € B

{1} lf "Pr>lpb
1EJ01] i ¥, =¥,
{0} lf \Pr<\Pb

R = max{¥,,¥;,0}, and (iv) zero land rent R at city borders z = =+b.

3.1. Economic gains and invariance

The urban economic activity generates gains for workers and land-
lords, firms making zero profit due to free entry. It is instructive to
examine those gains and disentangle the effects of agglomeration forces
stemming from demand and vertical linkages and the dispersion force
due to commuting costs.

Consider a consumer residing at x and working for a firm located in
y. In equilibrium, land rents correspond to bid rents: ¥.(x) = R(x) and
Y, (y) = R(y). Therefore, from expressions (19) or (20), the total gain
of the consumer and landlords is

U* +R(x) +sR(y) = TS(y) — t|x —y| +To — (1)

The total gain from urban economic interactions correspond to the sum
of the urban utility, the operating profit from variety sales to consumers
and firms, and the operating profit from the sale of the national good,
diminished by commuting costs.

Observe that the spatial structure (4, ) has an impact only on the
terms (a + f)S(y) — t|x —y|. This means that it is possible to main-
tain the same equilibrium spatial structure (4*, y*) by multiplying both
parameters (« + f) and t by the same factor k > 0. To maintain the
above equality (21) for all x and y, equilibrium rents need to be mul-
tiplied by this factor k and the equilibrium utility U* increased to
the level (ka In % +kf In ky‘% ) This heuristic argument is confirmed
below in a formal way.

Suppose that a spatial equilibrium exists and denote the mass of
commuters moving to the right and crossing location x by n(x) =
f_xb [/l(z) — M(z)] dx. In Appendix B, we show that the spatial equilib-
rium (4, p) satisfies the identity

{1} if ¥(2)-Y.()<0
M2) — p(z) € [—%, 1] if Yy(2)-¥Y.(2)=0 (22)
h i we-we>o

where

1

“[1 dS 1+s .
Wy (@) - ¥,(2) = / [f (@+p) 2 = 2 tsign (n(0) | dx, 23)
s |s dx s
and Z € B is a solution to A(Z) — u(z) = 0 and designates a location
where commuting stops or changes direction. There always exists at
least one such location. Bid rents equate in those locations 2 since work-
ers and firms settle on either the same land plot or two infinitely close
residential and industrial land plots. The first term in the above integral
(23) yields the economic surplus S* (x) -up to a constant-generated at
location x. The second term reflects the travel cost of commuters cross-
ing location x. Of course, the relationship A = 1 — sy can be used to
eliminate a density profile either 4 or u.

The above relation (23) tells that workers and firms settle in loca-
tions where they place a higher bid. When they make the same bid, any
composition of firms and residents is possible. In a competitive alloca-
tion, the allocation of land depends on the sign of the bid rent differ-
ential but not on the amplitude of this differential. Hence multiplying
both parameters (a + f) and t by any scalar k > 0 has no effect on
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the sign of the bid differential and therefore maintains the same spatial
equilibrium structure. This yields the following main result:

Proposition 1. Cities with the same parameter ratio (a + f})/t admit iden-
tical spatial structures.

The proposition tells that stronger demand and vertical linkages
have the same impact as lower commuting costs. The economic surplus
generated by any pair of worker and firm is balanced by the commuting
cost of households. A proportional increase in the intensity of demand
and vertical linkages and in the commuting cost does not change this
spatial balance though each effect becomes equally more intense. Of
course, the simple relationship in Proposition 1 is specific to the com-
bination of log-linear preferences, log production functions and linear
commuting costs. Nevertheless, it elegantly states the balance between
economic linkages and commuting costs.

Relationships (22) and (23) define a fixed point problem for the firm
spatial distribution y. Indeed, the firms’ density u determines the pro-
files of the commuters’ mass n and surplus S, which in turn determine
the bid rent differential ¥, — ¥, and then the firms’ density y again.
This fixed point is formulated a similar way as in Lucas and Rossi-Hans-
berg (2002) who refer to n as the ‘stock of unhoused workers’. Our
Proof consists of determining, for every infinitely small urban region
with non-zero measure, the stock of unhoused workers as a function of
density profiles, and then, the bid rent differential as a function of this
stock. The fixed point is formulated after integration across the urban
space (see Appendix B). To the best of our knowledge, our fixed point
formulation of a model extends to Fujita and Ogawa (1982) framework.
Like in Lucas and Rossi-Hansberg (2002), we prove the existence of a
spatial equilibrium. However, we are also able to derive conditions for
each urban structure and show that the multiplicity of equilibria pre-
vails in Section 4.

3.2. Existence

Relationships (22) and (23) define a fixed point problem for the firm
spatial distribution p. In Appendix C, we show the existence of a fixed
point using Schauder’s theorem.

Proposition 2. A spatial equilibrium exists.

As shown in (22), the land allocation across firms and workers is a
non-continuous process (actually, a correspondence). Land is homoge-
nous while residents and firms are endowed with homogenous prefer-
ences and technology. As a result, residents and firms react in large
numbers to small differences in bid rents.® Such a process makes it dif-
ficult to establish the existence of spatial equilibrium. Therefore, as in
Carlier and Ekeland (2007), we first show the existence of a fixed point
for smoother land allocation processes by replacing (22) by an equation
where the land allocation decision across firms and workers is a contin-
uous function of their bid rent differential ¥, — ¥,.. In economic terms,
this may be interpreted by the presence of exogenous uncertainty in
landlords’ choices. We then prove the convergence of the series of fixed
points to that defined by (22) and (23) for less and less smooth allo-
cation processes. Using the same interpretation, the fixed point takes
place at the limit of zero uncertainty in the land allocation process.

Note that the above existence proof can be applied to Fujita and
Ogawa (1982) model for which no general existence proof has been
provided. As mentioned in Section 3 already, their equilibrium condi-
tions are structurally equivalent to ours when setting a« and G(.) to zero
and interpreting (¢ — 1)z as their parameter for face-to-face commu-
nication. In Fujita and Ogawa (1982), a set of economic parameters

8 A recent literature assumes idiosyncratic local amenities and heterogeneous
preferences for land and amenities, and/or commuting (e.g. Ahlfeldt et al.,
2015). This leads to a continuous land allocation process and a fixed point
defined on continuous functions.
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remains where no spatial equilibrium is shown. Our proposition con-
firms the existence of a spatial configuration for that set of economic
parameters.

3.3. Numerical computation

As in Lucas and Rossi-Hansberg (2002), one may numerically iter-
ate the fixed point expression until it converges to a spatial equilibrium
for a given set of economic parameters. However, like those authors,
we do not provide a proof for a fixed point contraction, which would
guarantee the convergence to a numerical solution. Instead, numerical
convergence obtains by chance and numerical analysis could be unsuc-
cessful. In the case of the present model, we have applied a reformu-
lation of the fixed point expression (see Appendix C) on a discretized
geographical support. For low enough 7 and ¢, the fixed point algorithm
converges to monocentric or duocentric cities in a small number of iter-
ations, as shown in Fig. 1. Fig. 2 provides a grid of = and t values for
which the fixed point algorithm numerically converges (before 15 itera-
tions). In those simulations, we have observed that convergence occurs
only to these two city structures. Fig. 2 reemphasizes the contribution
of our theoretical approach in the following section, which consists in
checking the spatial equilibrium conditions of each particular urban
structure.

4. Urban structures

Our existence result in Section 3 does not imply the uniqueness of
equilibrium. In this Section, we present and discuss various urban struc-
tures and determine their condition of existence.

4.1. Monocentric city

Here the business district Y = [—by,b;] is surrounded by the resi-
dential districts & = [—b, —b;) U (b;,b], see Fig. 3 (a). The densities of
firms and households are y(y) = 1/s and 1 respectively. The business
district edge is given by b; = sN/2. Workers commute from the resi-
dential district to the business district.

The monocentric equilibrium conditions are as follows: (i) firms out-
bid households in the business district (¥ (y) > ¥, (y) for ally € I), (ii)
households outbid firms in the residential district (¥, (x) > ¥} (x) for all
x € X); (iii) the residential and the business bid rents equalize at the
business district border by (W(b;) = W¥,(by)); (iv) the zero opportunity
cost of land at the city border b requiring ¥,(b) = 0.

The urban utility v(2), the surpluses S(z) and the total surplus TS(z)
defined in (9), (14) and (13) are now denoted as

vu(2) =a

In % —In TM(z)] (24)

TSy (2) = vyy(2) + 7 (2) + 7 (2) = @ In % +8In % +(a+P)Sy@

(25)

Su(2) = Gy(2) — In Ty (2) (26)

with the access cost Ty, and the profit G, given by

by b1 ,(1-6)r(y—2)
i@ = / 10Dy, Gy (z) = - / S @D
S J-b oS J_b, TM (.)')

Given the symmetry of the city, our analysis focuses on the employ-
ment basin in the right side of the city [0,b]. Our model with linear
commuting costs allows us to exploit workers’ arbitrage across work-
places. Because workers are perfectly mobile, firms producing at y must
offer a wage w(y) that is as attractive as that available in other work
locations. Put differently, in equilibrium, a worker at location x obtains
the same utility whether she works aty > Oory = 0. That s,
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Fig. 1. Numerical examples where the fixed point converges. Note: solid curves are solutions u(x) after convergence; dashed curve are iterated solutions y(x). Initial

condition is u(x) = 1/2.
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Fig. 2. Numerical convergence of fixed point. Note: x and o respectively denote
the convergence and absence of convergence to a city structure after 15 itera-
tions of the fixed point formula. Initial condition is u(x) = 1/2.

V() — &+ wy) + T — t(x—y) — R(X)

= v3s(0) — & + w(0) + Ty — tx — R(x)
Solving it for the equilibrium wage w(y), we get
w(y) = w(0) — ty + [V (0) — vy )]

Hence, the wage decreases with the employer’s distance to the cen-
ter and the urban utility v),. The former effect reflects wage arbitrage
across locations according to which the worker’s gain from a shorter
commuting trip should be compensated by a lower wage. The latter
effect also occurs because of arbitrage: a higher utility from the con-
sumption of business district varieties v;; should also be compensated
by a lower wage. It can be shown that the access cost to urban vari-
eties Ty, increases with the distance from the city center so that the
urban utility decreases with it. Both effects then point in the same direc-
tion: the wage falls with the distance from the city center. We now
present the most interesting spatial relationships and relegate computa-
tion details to Appendix D.

Using equilibrium conditions (iii) and (iv), the bid rents (15) and
(16) and the wage can be rewritten as

Y. (x)=t(b—x) (28)
W) = L {[T8) = TSy (bp)] - ¢ by —y) +st(b—by)} (29)

w(y) = TSp(by) —vyy () +tlb —y) — (1 +5)t(b—by)

where the urban utility v;,(y) and the total surpluses TS;;(y) are given
by expressions (24) and (25). The residential bid rent ¥, follows the
Alonso (1964) monocentric model where residents pay lower rents in

locations away from the city center in proportion to their commuting
cost. For very weak demand and vertical linkages (a,f — 0 so that
Vi, TSy — 0), our model extends Alonso’s framework to the endoge-
nous creation of a business center where firms pay lower wages and
offer higher land bid rents as they locate away from the business central
location. In that case, the amplitude of firms’ land rent and wage gra-
dients are mainly determined by commuting costs: firms in less central
locations can indeed offer lower compensation for workers’ commutes.
For larger demand and vertical linkages, the total surplus TS;; gener-
ated by the production and consumption of urban varieties becomes
part of wages and firm bid rents but not of residential bid rents. In
a spatial equilibrium, landlords can only appropriate the rents associ-
ated to spatial differences. They therefore appropriate the commuting
cost difference t (b — x) between the worker’s residence x and the city
border b, and also the difference in total surplus TSy;(y) — TSy, (b;) gen-
erated by a firm and its workers at y and b;. Because of this landlords’
appropriation, each firm cashes back to its workers only the part of total
surplus, TSy (by).

Since the utility U* is constant for any x and y, we can plug x = b
andy = b; into (21), which gives

U* +R(b) + sR(by) = TSy (by) —t|b—by |+ —

Because R(b) = 0 and R(b;) = ¥,(b;) =t(b—b,), we compute the
equilibrium utility as

U* =TSpy(by) — (1 +s)t(b—b))+cy—a (30)

It mainly consists of the total surplus TS, generated by the worker and
its firm at the business district edge b; and the commuting cost t (b — b;)
that makes this worker commute from the city border. As mentioned in
the previous paragraph, this outcome results from landlords’ appropri-
ation of firms’ and workers’ total surplus for all y < b; and resident’s
rents for all x € [by,b].

Fig. 4 illustrates the shape of bid rents in a monocentric city. The
firms’ bid rent curve, represented in red, is above (resp. below) the res-
idents’ bid rent curve (in blue) around the city center (resp. the city
edge). Bid rents are equal to the zero opportunity cost of land at the
city border and intersect at the location y = +0.5, which separates the
business district from the residential districts. Workers’ bid rents are
linear in the distance to the center as longer commutes are compen-
sated by lower rents. As firms benefit from agglomeration economies,
their bid rent is endogenous and depends on the location of other firms.
As shown in Fig. 4, firms’ bid rents are not necessarily the highest at
the city center x = 0 as shown by Dong and Ross (2015). In that case,
central firms compensate workers’ commuting cost with higher wages,
which dampens their benefit from better centrality.

The monocentric city configuration is a spatial equilibrium if the bid
rent functions (28) and (29) also satisfy conditions (i) and (ii). Typically
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Fig. 4. Monocentric city: residential (blue) and business (red) bid rents. (For interpretation of the references to colour in this figure legend, the reader is referred to

the Web version of this article.)

firms’ bid rents are non-linear in the distance to the city center. A priori,
it is far from obvious to guarantee a single intersection between bid
rents. Nevertheless, according to the Proposition below, it turns out
that only the bid rent properties at the city center and border matter
for equilibrium.

Proposition 3. The monocentric configuration is a spatial equilibrium if
and only if

t <ty = min{ty, Ty}

where

= _ a+p Su(0) = Sy(sN/2)

M= 1+s sN/2

and %, = a+ B Su(sN/2) — Sy ((1 +s)N/2)

1+s N/2

When s —0, ty; = Ty = (@ + f)7 (20 — 1) /(206) < ty.

Proof. See Appendix D.

While the condition t <T,, guarantees that firms do not overbid
residents at the city border (¥y(b) < Y.(b)), the condition t < t),

guarantees that they are not overbid by residents at the city center

(¥,(0) > ¥,(0)). Proposition 3 says that lower commuting costs favor
the monocentric configuration as they allow residents to commute
longer distances to the business district. Larger final demand or ver-
tical linkages also make the monocentric configuration more likely as
they increase the operating profit in the market of urban varieties due
to increasing returns to scale, thus allowing firms in the business district
to pay higher wages and making people more willing to commute.

The last statement in Proposition 3 implies that, even if the man-
ufacturing sector makes no use of land (s — 0), the monocentric city
structure is a spatial equilibrium if and only if the commuting cost
is lower than (a + f) 7. This result strongly qualifies the monocentric
model of the urban economics literature that assumes a spaceless cen-
tral business district, where firms are immobile and use no land (Alonso,
1964, among others). If firms are immobile, use almost no land (s — 0)
and have finite revenues, they offer almost infinite land bid rents and
are able to overbid any resident close to city center, thus allowing
them to occupy the city center. However, if firms are mobile, they
also have an incentive to avoid high land rents in the city center and
move in the residential area, typically at x = b; + & with small € > 0,
where agglomeration economies are the most intense. Such firms then
attempt to attract workers by offering them higher wages, which in turn
increases the wages offered by all other firms competing for the same
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labor. This diminishes all firms’ operational profits and bid rents. This
land rent arbitrage is exploited when firms and residents have equal
bid rents at x = b;. This arbitrage condition holds for s — 0, in which
case monocentric cities are not spatial equilibria for commuting costs
larger than (@ + f) 7. To become a spatial equilibrium, commuting costs
should be lower, transport costs higher and economic linkages stronger.
Such arguments are absent in the urban economics literature based on
spaceless business district where firms are assumed to be immobile.

Finally, note that, when transport costs vanish (z — 0), the sur-
plus Sy;(z) becomes independent of location and the above thresholds
become &y, = t); = 0. Thus, the monocentric city is never a spatial equi-
librium irrespective of the commuting cost t > 0. In this case, the
demand for final and intermediate goods does not depend on location:
there is no more agglomeration force and spatial concentration brings
no benefit.

4.2. Integrated city

Here firms and households locate in & = Y = [-b, b], see Fig. 3 (b).
Given the unit demand for land of households and the s unit demand
of firms, the density of firms is u(y) = 1/(1 + s) and the city edge
is still at b=(1 + s)N/2. The integrated configuration involves no
commuting.

The integrated equilibrium conditions are as follows: (i) the business
and residential bid rents equalize (¥,(2) = ¥j(2), Vz € & = Y); (ii) the
no-arbitrage relocation implying ‘P;(z)‘ <t; (iii) the zero opportunity
cost of land at the city border b requiring ¥,(b) = 0.

The urban utility v(z) and the total and variable surpluses S(z) and
TS(2) defined in (9), (14) and (13) are now denoted

@ =a [m % —In T,(z)] (31)

TS;(2) = vy(2) + 7(z) + 7(z) = @ In % +4In %’ @+ P)Sk) (32

S1(2) = Gi(z) — InTy(2) (33)

with the access cost T; and the profit G; given by

b
- 1 - _
Tl O(g) = (1-0)7(z y)d ,
I @ l+51be Y

Giz) = —-1 Pl 34
1@ = 2059 /_b T=oG) (34

These expressions are similar to those obtained in the monocentric city,
except for the factor s/(1 + s) < 1. As a result, the access cost is
larger and profits lower in the integrated city. By the same token, the
surplus S; is also lower there. This is because the urban mix of firms and
residents spreads production and consumers over a larger urban area.

The equilibrium conditions (i) and (iii) yield the land bid rent and
the wage

1
1+s

Y (2) = ¥y (z) = [TS,(z) — TS;(b)]

W) = TSB) =) + T [18,0) - TS,0)]

where the surplus TS; is given by (32).

Hence, land rents capture the surplus generated by firms and work-
ers and are passed onto landlords. The land rent is proportional to
the difference between the surplus S;(z) and that available at the city
border. Workers receive wages that include the value of total surplus
available TS; at the city border b and any additional total surplus with
respect to that border (term in square brackets). The wage is also dimin-
ished by the value of the urban surplus v;(y) as a lower urban surplus is
compensated by a higher wage. The equilibrium utility is given by

U* =TS,(b) + o —
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which corresponds to the total surplus TS; that firms and residents gen-
erate at the city border b. As compared to the monocentric city, the
utility partly rises because workers save on commuting costs but also
partly falls given that the total surplus S; is lower due to wider disper-
sion of production.

Fig. 5 illustrates the shape of bid rents in an integrated city. The
firms’ and the residents’ bid rent curves coincide at any location in the
city. Bid rents vanish at the city borders due to the zero opportunity
cost of land. As workers do not commute, rents do not reflect linear
commuting costs but rather non-linear agglomeration economies com-
ing from demand and input-output linkages.

In spatial equilibrium, land bid rents must satisfy condition (ii). This
is guaranteed if each worker has no incentive to accept a job away from
her residential location, which holds if bid rents are not too steep. This
result is formalized in the following Proposition.

Proposition 4. The integrated city is a spatial equilibrium if and only if

a+p
1+s

txtf=-

S;(b) > 0.

When s -0, ;=(a + £)S;’(b).
Proof. See Appendix E.

In Proposition 4, the equilibrium condition t > ¢; is ensured as long
as commuting costs are high enough and/or demand and input-output
linkages weak enough (low @ + f). Higher commuting costs foster
the integrated configuration because very large commuting costs entice
workers to take residence as close as possible to their workplace. Also,
weaker final demand or vertical linkages make the integrated config-
uration more likely. They indeed decrease the operating profits from
the production of urban varieties, which reduces workers’ wages, and
in turn the incentives of workers to commute. Finally, it turns out that
t; is an increasing function of = (see Appendix E). So, lower trade costs
enlarge the domain of economic parameters for which firms integrate with
residents. For lower trade costs, input costs depend less on the distance
between firms and vertical linkages lead to a weaker agglomeration
force for firms. Therefore, as firms do not benefit much from cluster-
ing with other firms, the business bid can be more easily matched by
workers.

When the transport cost becomes negligible (z — 0), the surplus
S;(2) is location independent so that S;(z) = Oand t; = 0. The inte-
grated city is then a spatial equilibrium for any commuting cost t > 0.
In this case, the demands for the final and intermediate goods are inde-
pendent of location and the agglomeration forces vanish.

Finally, we prove the following corollary:

Corollary 1. For s —0, the monocentric and the integrated urban config-
urations never coexist. That is, t;< t;.

Proof. See Appendix F.

When the manufacturing sector makes no use of land, a high com-
muting cost is compatible only with the integrated structure. This
results from the tension between backward and forward linkages and
commuting costs. When backward and forward linkages are too weak,
firms are unable to post land bids that are sufficiently high to foreclose
workers to reside close to them. The above result excludes the possi-
bility of multiple equilibria, where the monocentric and the integrated
structures coexist for the same set of parameter values. To the best of
our knowledge, this property has not been pointed out in the literature.

4.3. Partially integrated city

Here workers and firms locate with each other in the central dis-
trict (—bq,b;), which is surrounded by business districts (—b,, —b;) U
(b;,b,), themselves bordered by residential districts (—b, —b,) U (b,,b),
see Fig. 3 (c). The density of firms is u (y) =s/(1 +s) in the interval
(=by,b;) and u(y) = 1/s in the intervals (—by, —b;) U (b1, b,), while
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Fig. 5. Integrated city: residential (blue) and business (red) bid rents. (For interpretation of the references to colour in this figure legend, the reader is referred to

the Web version of this article.)

that of workers is A(x) = 1/(1 + s) in the interval (-b;,b;) and
A(x) = 1 in the intervals (—b, —by) U (b,,b), with 0 < b; < b, < b.
Because the total mass of firms is N, we get

1 1
2(0y b)) < +2by 77— =N
that is,
_ b sN
b=15t3 (35)

The partially integrated equilibrium conditions are as follows: (i)
the bid rents of households and firms equalize in the integrated dis-
trict (¥, (2) = ¥p(2), Yz € (—by, b,)); (i) no-arbitrage relocation in the
integrated district implying “P'(z)| <t, Vz € (=by,by); (iii) firms outbid
households in the business districts (¥, (y) > ¥,.(y)Vy € [—by,—b;]U
[b1,b5]); (iv) households outbid firms in residential districts (W,(x) >
Y, (x), Vx € [-b,—by] U [by,b]); and (v) the zero opportunity cost of
land at the city border b requiring ¥,.(b) = 0.

The urban utility v(2) and the surpluses S(z) and TS(z) defined in (9),
(14) and (13) are now denoted

vp(2) = a |In % —In Tp(z)] (36)
TSp(2) = Vp(2) + 70(2) + 7(2) = @ ln PypmPr /’/’ +(a+P)Sp@)

(37)
Sp(z) = Gp(z) — In Tp(2) (38)

with the access cost Tp and the profit G, given by

-b b, b
1 1 2\ (o)l 1 T o)l
TI () = = e(1=0)tlz=ylqy 4 / e(1-o)rlz=ylgq
®= s(/ ./bl > YT 4 L, Y

(39

el

) ¢

Gol(a) = ( / i + [ f >

(40)

b1 p1-0)rlz-yl
6(1+s)/ =) ¥
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The partially integrated configuration combines the features of
monocentric and integrated cities. On the one hand, land rents and
wages in the central district (—b;,b,) are structurally similar to those
in the integrated city, except that urban varieties are purchased in the
business area (—b,, b,). In Appendix G, we derive the following land bid
rent and wage functions for z € [0, by):

1

Y (2) = ¥y(2) =

s [TSp(2) — TSp(by)] + t (b —by)

W(2) = TSp(by) — vp(@) + 14 [TSp(2) — TSp(by)] = st(b — by)

Those expressions are similar to the ones obtained in the integrated
city. The surplus generated by firms and workers are here also passed
onto landlords. In particular, landlords appropriate the total surplus
above that obtained by the last firm at business edge b,. In addition
they appropriate the opportunity cost of commuting from the city bor-
der b to the business edge b,. On the other hand, the city includes two
commuting basins, each of which with the same structure as in the
monocentric city. For instance, on its right hand side, the city includes
the commuting basin (b;,b) where workers commute from the residen-
tial district (by,b) to the business area (b;,b,). In this basin, the labor
market arbitrage imposes land bid rents and wages similar to the ones
obtained in monocentric city, except that urban varieties are purchased
in the whole production area (—b,, b,). The total surplus TSp and urban
utility vp therefore accrue from the business district (—b,, b,). The land
bid rents and wages are given by

Y, = [TSP(Y) TSp(by) —t(b—y)+ (L +5)t(b—by)|, y € [by,b,]
(41)
W)=t -x), x€ (bybl
and
w(y) =TSp(by) —vp(¥) +t(b—y)— (1 +s)t(b—by), ¥ € [by,bs],
(42)

where the urban utility v, and the total surplus TS, are given by (36)
and (37). Apart from district labels and values of total surplus TS, and
urban utility vp, those expressions are similar to those found in the
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monocentric city. Finally, the equilibrium utility is given by
U* = TSp(by) — (1 +5)t (b —by) + ¢ —

This reflects the gain associated with the total surplus at the border of
the business center, b,, diminished by the commuting cost from the city
edge, b.

Partially integrated urban structures are difficult to study because
the access cost and the surplus functions are more intricate and equilib-
rium conditions have to be checked globally over many districts. Never-
theless, the following Proposition establishes the equilibrium conditions
for such urban configurations.

Proposition 5. The partially integrated city is a spatial equilibrium if and
onlyif tp <t < t, where the thresholds tp and t, are given by

s _ath o
=7 +sze’(n%§1)(sp(z))’tP = min(tp, tp)

with

7= IS0 =50) g gy @050 =Siby)

T 1+s b-b, P elbibol 1+s

The district borders (b,,b,) satisfy
1 +9)tby —by) = (a + ) [SP(bl) - Sp(bz)]

where b, is given by relation (35) and 0 < b; < by < N.

by—y

(43

Proposition 5 shows the partially integrated configuration can only
exist for intermediate values of the commuting cost. It also makes
explicit the condition that district borders need to satisfy. By inspection
of equation (43), the commuting cost from b, to b, is to be proportional
to the surplus difference between locations b; and b,.

Fig. 6 illustrates the shape of bid rents in a partially integrated city.
Panel a) presents the case of balanced use of space, where firms and
workers use the same amount of land (s = 1). Around the city cen-
ter, firms and residents populate an integrated district where the firms’
and the residents’ bid rents coincide. This integrated area is surrounded
by two business districts where firms outbid residents. Residential dis-
tricts emerge at city edges where residents outbid firms. The condition
t > tp ensures sufficiently high commuting cost so that workers have
no incentive to commute within the integrated district. The economic
intuition is similar to that prevailing in the integrated city. The condi-
tion t <, guarantees that residents outbid firms in peripheral districts.
In particular it expresses the sufficient condition that firms producing
aty = b, have no incentives to relocate production at the city edge
y = b. Firms indeed balance the effects of such a relocation on their
revenues and wage bills. On the one hand, they lose revenues at the
city edge because of the lower access to their customers. On the other
hand, they offer lower wages at the city edge because workers need not
be compensated for long commuting. The latter effect gets smaller and
is dominated by the former when commuting costs become lower. To
sum up, partially integrated cities therefore exist only for intermediate
commuting costs and, by Proposition 1, only for intermediate values of
demand and input-output linkages.

We provide two Corollaries exhibiting additional properties of par-
tially integrated equilibria. The first property relates to the contiguity
and intersection of the sets of parameters supporting the integrated and
the partially integrated cities. In particular, we show that the partially
integrated city is a spatial equilibrium fort = t; —6 and 6 > 0 small
enough.

Corollary 2. The parameter sets that support the integrated and the par-
tially integrated cities are contiguous but do not overlap.

Proof. See Appendix H.

The second property is about the existence of partial integrated
cities even when firms do not use space. The literature generally
extends Alonso (1964) model to multiple business centers located on
points (e.g. Fujita et al., 1999). The following corollary suggests that,
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although insightful, this strategy does not cover the exhaustive set of
urban configurations. Indeed, consider infinitesimally small business
districts (s —» 0). By Corollary 1, the commuting cost interval (ty;, t;)
is not empty. For such commuting costs, monocentric and integrated
city structures are not spatial equilibria. In the following corollary,
we show that spatial equilibria include partially integrated cities when
businesses use no land.

Corollary 3. Suppose firms use an infinitely small amount of land (s —
0). Then, there exists a partially integrated equilibrium with an integrated
district surrounded by two infinitely small business districts and residential
districts in the periphery when commuting costs satisfy max{tM,?g} <t<
min {4, fg,?o}.

Proof. See Appendix I.

Panel b) in Fig. 6 presents a second example of bid rents in a par-
tially integrated city where the use of space is unbalanced. In such a
case, firms do not use much space unlike residents and business dis-
tricts have a very small spatial extent (s = 0.01). Additional numerical
exercises show that the city configuration remains identical as s — 0.
In that case, the two business districts become so small that the cen-
tral integrated district becomes contiguous to the peripheral residen-
tial districts. Note that parameters fulfill the conditions of the above
Corollary. To sum up, the partially integrated city exists even in the
absence of space requirement by firms. So, although very insightful,
previous discussions on city subcenters concentrated on spatial points
do not encompass the full set of urban configurations.

4.4. Duocentric city

Here the city consists of two business districts Y = [—b3,—b1) ]
(by,b3] and three residential districts & = [—b,—b3)U[~by,b;]U
(b3,b], see Fig. 3 (d). Households living in [-b,—b;) commute to
[~b3.—b,), those living in [-by,0) to [—by, —by), those living in [0, b; ]
to [by,b,), and those living in (b3, b] to [by, bs). Given the total masses
of firms and consumers, we have
by=1(My=b), b-bs=1(b;-by) (44)
The density of firms is u(y) = 1/son Y and district edges satisfy b, =
(1+4s)b; and b3 = b; + sN/2. As before, we focus on [0, b].

The duocentric equilibrium conditions are as follows: (i) firms out-
bid households in the business districts (W,(y) > ¥, (y) for all y € Y);
(i) households outbid firms in the residential districts (¥,(x) > Wj(x)
for all x € &); (iii) the business and the residential bid rents equalize at
district borders (W,(b;) = Wy(b;) and ¥,.(b3) = W¥y(b3)); and (iv) the
zero opportunity cost of land at the city border requiring ¥,(b) = 0.

The urban utility v(z) and the surpluses S(z) and TS(z) defined in (9),
(14) and (13) are now denoted

vp(2) =« [ln % —In TD(z)]

TSp(2) = vp(2) + 71(2) + 7(z) = @ In % +4In f—{c’ +(a+ ) Sp)

Sp(2) = Gp(2) —In Tp(2)

with the access cost T and the profit G given by

1 -b b3
Tho@=1 / R / (=00l gy
—b3 by

1 b1 g(1-0)rlz—yl b3 e(1-0)rlz-yl
Gp(y) = — / - dz +/ sz
os | J- b Tp @)

by Th°(2)
The duocentric configuration exhibits monocentric features as it
includes four commuting basins (b, —b,), (—b,,0), (0,b,) and (b,,b),
where workers commute from residential to business areas. Residents
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Fig. 6. Partially integrated city: residential (blue) and business (red) bid rents. (For interpretation of the references to colour in this figure legend, the reader is

referred to the Web version of this article.)

and firms display land bid rents similar to those in the monocentric con-
figuration, except that the surplus and the urban utility accrue from the
two business districts (—b3, —b,) and (by, b3). Focusing on the right-side
of the city (x,y > 0), Appendix J shows that equilibrium conditions
(iii) and (iv) give the following bid rents and wage

¥ (x) = t(b — by) — t(x — by), x € (0,b;) U (bs, b)
) = £ (@+ ASp0) = Spb3) + b+ ey =by)). ¥ € (by.by)

(45)

w(y) = TSp(bs) — vp(y) — t(y — b,), y € (by,b3) (46)

where b= (1 +s5) [(b3 —by) —2(by — by)] + (b —b,). Residential bid
rents linearly increase with distance from city center in the central res-
idential district while they fall in the outside residential district. Firm
bid rents rise with distance from the intersection of the inner and outer
employment basins, b,. Firm bid rents also include the economic sur-
plus above the one generated by a firm at outside border of business
center, b;. As in the monocentric city, wages include the total sur-
plus at this border and fall with the urban surplus and the commut-
ing cost. A main difference with other urban structures is that, in the
absence of demand linkages (¢« = 0), wages have non-monotonic pat-
terns with peak at b,. By a continuity argument, this property holds for
low enough demand linkages. Finally, the equilibrium utility writes as

U* =TSp(b3) — (1 +s)t(b—bs)+¢co—«a

Similarly to previous urban structures, the equilibrium utility includes
the total surplus generated at the border of the business subcenter, bs.
It decreases with the commuting distance from the city border. Equi-
librium conditions are difficult to study because they apply to several
districts. Nevertheless, the following Proposition presents equilibrium
conditions.

Proposition 6. The duocentric city is a spatial equilibrium if and only if
t < max({tp,tp}
Wy(y) 2 ¥,() for all y € ¥

where

+ _ a+p5p(by +5N/2) —Sp(0)
DT 1+s (1+2s5)b, —sN/2
- _ a+pSplby +5N/2) —Sp(b)
tp =
1+s N/2—b,

and

with b, €(0,N/4] satisfying
t(N —4by) (1 +5)s/2 = (a + f) [Sp(b); — Sp(b; +sN/2)] . (47)

Fig. 7 illustrates the shape of bid rents in a duocentric city. Res-
idential districts are located at the city center and peripheries where
the residents’ bid rent (in blue) is above the firms’ bid rent curve (in
red). In between these residential districts, two business districts gather
firms outbidding residents. Panel a) and b) of Fig. 7 show two different
duocentric city structures for the same set of economic parameters, for
which equation (47) admits two solutions. It can be checked on Fig. 7
that ¥, (y) > W,.(y) for all y in the business districts. So, this means that
multiple duocentric equilibria can arise.

In Proposition 6, the endogenous border b, is the solution to (47),
which has no closed-form solution. Proposition 6 also imposes the bid
rent condition Wy, (y) > W, (y), for any location y in the business districts
Y. As the purpose will be to determine the duocentric configurations by
use of numerical computations, we shall replace the condition ¥y (y) >
Y.(y), for all y € Y, by the necessary condition ¥} (b,) > ¥, (b,), which
is equivalent to t <'t;, where

7 a+f Sp(by) — Sp(by)
D= 1%s ™ by—by

Note that we did not find any example where this condition was not
also sufficient. So, the threshold value of the commuting cost is now
given by

t < tp = max{ip, tp, Tp}

5. Numerical analysis

The theoretical analysis of urban structures in the previous section
allows us to determine and study the nature of urban structures in terms
of economic parameters. Given the complex nature of duocentric and
partially integrated configurations, we determine them by numerical
computations. This is done in two steps. First, given some fixed param-
eter values, district borders are determined by solving (47) and (44) for
the duocentric configuration (resp. (43) for the partially integrated con-
figuration). Note that up to two roots are found in either case. Second,
additional restrictions reflecting rent conditions at district borders are
imposed. The role of these restrictions is to retain only the candidates
that actually lead to an equilibrium configuration.

Equilibrium urban structures. Fig. 8 gathers the central results
of our numerical analysis. It presents the equilibrium structures
derived in Propositions 3, 4, 5, and 6 in the plane of transport
and commuting costs (z,t) for fixed values of other parameters, i.e.
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Parameters: a = f =y =s=1and o6 = 3.

a =f =y =s = 1ando = 3. The figure displays the monocentric
“m”, the integrated “i”, the partially integrated “p”, and the duocentric
“d” configurations. The concatenation of several letters indicates the
presence of multiple equilibria with different urban structures for the
same set of parameters. For instance, “mdd” indicates the co-existence
of a monocentric equilibrium and two different duocentric equilibria.
For some parameter configurations, up to four equilibria can co-exist
(see “dmpp” at the center of Fig. 8). In Section 2, existence of a spa-
tial equilibrium was proved. Indeed, numerical computations always
deliver at least an equilibrium for any point in (z,t) plane. This con-
trasts with Fujita and Ogawa (1982) where some parameter configura-
tions were shown to support no equilibrium.

Fig. 8 displays the curve corresponding to threshold t,; below which
parameters support the monocentric city. The monocentric city arises
only if commuting costs are relatively low. By definition of t, resi-
dents and businesses make the same land bid at the city center for any
value of t lying on the curve ty,;. For slightly higher commuting costs
-and as long as transport costs are low enough-, residents are willing to
match the firms’ bid rent at the city center. Some residents and firms

can then gather at the city center, while many other workers are still
willing to commute. Hence the curve t; refers to a transition between
the monocentric and the partially integrated configurations.

Fig. 8 also displays the curve corresponding to the threshold t; above
which parameters support the integrated city. In the integrated city, res-
idents work and reside in the same location. By definition of threshold
t;, when commuting costs equate t;, some individuals are indifferent
between working at their residence location and commuting to a firm
located further away. For commuting costs slightly below ¢;, residents
located at the city border have an incentive to commute and choose a
workplace between the city center and the city border, so that a par-
tially integrated city structure emerges. Hence the curve t; refers to a
transition between the partially integrated and the integrated configu-
rations.

The partially integrated configuration exists only for intermediate
commuting costs. Consider such a partially integrated structure. When
the commuting cost rise becomes too high, the business centers and the
residential peripheries shrink, and ultimately vanish when the commut-
ing cost reaches the threshold t;. Hence the partially integrated config-
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Fig. 9. City structure as population size
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uration converges smoothly to the integrated city. For low transport
costs (i.e., when only one partially integrated equilibrium exists), the
two business centers get closer to each other to finally join each other
as the commuting cost approaches t,; from above: the partial integrated
structure then converges smoothly to the monocentric configuration.
For higher transport costs (i.e., when the partially integrated and the
monocentric cities co-exist), one partially integrated configuration con-
verges continuously to the monocentric structure as the commuting cost
approaches ty; from below.

Duocentric cities are equilibria only for high transport costs and
intermediate commuting costs (see the right-hand side of Fig. 8).
Indeed, when shipping goods are costly, firms benefit from cluster-
ing their production activities in two separate business centers so as
to decrease the average distance to suppliers and consumers. Consider
commuting costs rising from zero (i.e., a rising path in the right-hand
side of Fig. 8). When commuting costs are very low, workers accept
long journeys to their workplace and benefit from a concentrated busi-
ness district, i.e. the monocentric structure “m”. However, when com-
muting costs reach intermediate values, an urban structure with two
activity centers becomes beneficial to them because long commutes can
be avoided. When this happens, two duocentric configurations emerge
(see transition from “m” to “mdd” in Fig. 8). As commuting costs keep
on increasing, one duocentric configuration persists while the other dis-
appears (transition from “dmd” to “dm”). Finally, for even higher com-
muting costs, the remaining duocentric city structure ceases to exist as
households want to locate closer to their workplace, which gives rise to
a transition to a partially integrated configuration.

Multiple equilibria. Fig. 8 also illustrates the multiplicity of equi-
libria. In many regions of the parameter space, a unique equilibrium
emerges (see “m”, “i”, “p” and “d”). There are also large sets of param-
eters for which several structures among the monocentric, the duo-
centric, or the partially integrated configurations co-exist. Note that
all structures can co-exist for a narrow set of parameter values. The
fully integrated structure cannot co-exist with any other configuration.
As mentioned in the above paragraph, multiple equilibria can involve
different urban structures of the same type: either two partially inte-
grated structures like in “mpp” and “dmpp” or two duocentric struc-
tures like in “dmd” and “mdd”. This can only happen for intermediate
commuting costs. For higher commuting costs, one of the two equilib-
ria always disappears. It is interesting to describe how two equilibria
of the same type emerge. When commuting costs increase, it can be
shown that the transition from “m” to “mpp” (resp. from “m” to “mdd”)
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implies that the monocentric city keeps the same structure while a
partially integrated city (resp. a duocentric city) initially emerges and
immediately separates into two distinct partially integrated structures
(resp. a duocentric) with business centers evolving at different loca-
tions.

Population growth. Finally, we look at the impact of urbanization
on spatial structures by considering gradual increases in the city size N
for given commuting and transport costs. According to our numerical
analysis, three cases arise depending on transport costs 7.

(i) For low transport costs 7, transitions are smooth. The con-
figuration is initially monocentric for small N (i.e. t < ty),
then it becomes partially integrated for intermediate N (i.e.
ty < t <t

For intermediate transport costs 7, the configuration is initially
monocentric. Then it bifurcates into either a partially integrated
or duocentric city. These structures are quite different from the
monocentric city so that the transition is discontinuous, the
resulting path being undetermined. In the case of a duocentric
city, it will partially integrate at a later stage, and will finally
approach full integration.

For large transport costs 7, the configuration is initially mono-
centric. When it bifurcates, it becomes a duocentric city. Then, it
becomes partially integrated, and finally fully integrated. Fig. 9
plots this case with = = 3 and t = 0.7 for an increasing popu-
lation N. It shows that the configuration is initially monocentric
(black). When it breaks, it becomes duocentric (red), and then
partially integrated (blue).

(i)

(iii)

These results show that transitions are continuous (resp. discontin-
uous) for small (resp. large) transport costs. This reflects the fact that
when transport costs are large, firms can gain more when firms locate
in several business districts.

6. Conclusion

This paper studies endogenous urban structures driven by demand
and vertical linkages. The agglomeration forces stem from the input of
local varieties of goods and services in the production of firms and the
consumption of the same varieties by consumers. Both firms and resi-
dents care about their access to local producers. Because of increasing
returns to scale, firms’ production is higher in the presence of additional
urban varieties. Our model proposes microeconomic foundations for
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such agglomeration forces. It contrasts with a number of existing mod- for demand and vertical linkages. Finally, we show that the fixed point
els in the urban economic literature where the agglomeration mecha- formulation does not lead to a contraction mapping meaning that stan-
nism stems from externalities that are exogenous to firms activities (e.g. dard iterative procedures may fail to find spatial equilibria. Instead, to
technological spillovers). find equilibrium urban configurations, we propose a two-step proce-
Our paper focuses on a demand and production structure that main- dure where the type of urban configuration is first postulated and then
tains a very close similarity to Fujita and Ogawa (1982) model with the spatial equilibrium conditions are checked. This approach also pro-
exogenous externalities. This allows an easier comparison with the vides a theoretical discussion about wages and land rents in each urban
existing literature and suggests that the implications derived previously configuration.
from exogenous agglomeration processes turn out to be quite general. In Various urban configurations emerge in equilibrium, exhibiting
particular, it permits to transpose the comparative statics properties and monocentric, integrated, duocentric, or partially integrated city struc-
policy recommendations of economies with exogenous externalities to tures. The paper discusses how commuting and transport costs and
those with input-output linkages. For instance, policies and technologi- intensities of demand/vertical linkages affect these structures. It high-
cal shocks that promote either technological spillovers or vertical link- lights the emergence of multiple equilibria: two, three or even four
ages entice firms and residents to separate in different districts. Policies urban configurations can coexist for the same set of parameters. Some
facilitating commuting have similar effects irrespective of the nature of multiple equilibria may include the same structure: the analysis shows
agglomeration forces. different spatial equilibria with two centers that are separated by res-
The paper shows the existence of a spatial equilibrium using a fixed idential areas of different sizes. Though this emphasizes the complex-
point argument. As such, it contrasts with Fujita and Ogawa (1982). ity of the endogenous formation of urban areas, it also provides inter-
Our argument also allows to formulate an equivalence result between esting insights about possible urban restructuring. For instance, if one
the effects of economic linkages and commuting costs. In particular, a presumes that new technologies (e.g. telecommunication and fast good
rise in the parameters governing demand and vertical linkages is equiv- delivery) decrease the cost of trading goods and services within urban
alent to a fall in the commuting cost parameter. Hence, all the effects areas, cities may then be expected to endogenously restructure from
on urban structures that are known for commuting costs inversely apply duocentric to monocentric or partially integrated urban configurations.

Appendix A. Positive consumption of national good

The sufficient condition for each spatial configuration is as follows:

co > a — TSy(by) + v (0) + (1 + s)t(b — by ) for a monocentric city,

¢y > a — TS;(b) + v;(0) for an integrated city,

¢y > a — TSp(by) +vp(0) + (1 + s)t(b — b,) for a partially integrated city,

Co > @ — TSp(b3) +vp((1 + )by — sb) + (1 +5)%t (b — b3) for duocentric cities,

where b’s are determined by the equilibrium conditions.
7. Appendix B: Equilibrium conditions

Let B=[—-b,bl,be [Ra', be the support of the city. The densities of residents and firms are givenby A : B — [0,1] and u : B - [0,1/s]. The land
market clearing imposes that 4 + sy = 1 while labor market clearing imposes that the mass of workers is equal to mass of firms ;4= [pu=N.
With the city border b= N(1 + s)/2, every worker and every firm find a job match. So, we just need to impose [ u = N.

While worker’s bid rent is the maximum bid a worker makes on a parcel of land as of (19), the firm’s bid rent is the maximum bid that it can

make on land as of (20). The purpose of this appendix is to shozv the conditions for spatial equilibrium given by identities (22) and (23). Remind
that S(y) = G(y) — InT(y), where T(y) = [ [zl y(z)dz] T° and G(y) = i/B%y(z)dz. Note that G, T and therefore S and TS: B — R*
are integrals and therefore continuous functions of y. Functions G and T are also strictly positive because their integrands are positive as y has
positive measure.

No cross commute. At every location, the flow of commuters is unidirectional. The Proof can be found in Ogawa and Fujita (1980, Property 1).
The authors show that workers commuting in opposite directions have no incentives to cross each other in equilibrium.

City edges. Spatial equilibrium involves workers residing at city edges. Suppose this is not the case: A(b) = 0 and u(b) = 1/s. Then, there
would be workers at x < b facing a positive land rent and commuting to a firm located at b. These workers would benefit from relocating to b + 6,
with 6 > 0 infinitely small, because of a zero land rent and an infinitely small commuting cost t6, which violates equilibrium. The same argument
applies at x = —b.

More generally, spatial equilibrium involves more residents than firms at city edges. Otherwise, A(b) < u(b), and the above argument still
applies as there would be workers at x < b facing a positive land rent and commuting to a firm in b, who would benefit from relocating to b + 6,
with 6 > 0 infinitely small.

Lemma 1. City edges host more residents than firms: A >0, A > u for z = +b.

Land rent continuity. The bid rents ¥, and ¥} are the maximum values of programs (19) and (20), which involve not only the continuous
functions TS and absolute value, but also the land rent function R which is not a priori continuous. Therefore, the Maximum Theorem cannot be
applied in order to show the continuity of bid rents ¥, and ¥;. Instead, the continuity of bid rents is shown by the fact that they are linear functions
of the land rent R.
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Lemma 2. The bid rents ¥, and ¥}, in (19) and (20) are continuous functions B — R. So ¥, —¥;, and R = max{¥,, ¥}, 0} are also continuous functions
B - R.

Proof. Indeed, each bid rent can be written as the function ¥ (x) = max,f;(x) + fo(2) + f3(x — 2), wheref; : B - R and f3 : [-2b, 2b] — R are con-
tinuous functions and f, : B — R is not necessarily a continuous function. For ¥ =¥, take f;=0, f, = a In ‘;—Z +/f In f—z +(@+p)S+cy—U*—sR
and f3(x —2) = —t|x—z|. For ¥ =¥, take f; = (a In ‘;—Z +f In f—z +(@+p)S+cy—U*/s, f = —R/s and f3(x —2) = —t|x — 2| /s. Remem-
ber that S is a continuous function. In contrast, the land rent R is not a priori a continuous function. Let y and y' be the maximizers of ¥
respectively at x and x'. By the definition of a maximum, we have ¥(x) = fi(x) + f,(0) + fzlx—=y) = fi(0) + £,0') + fa(x—y) and
P = 1) + £,07) + 5 =Y) = L) + f,(0) + f3(x" — y). Using the conditions, we have

[ =Y) = f3(x =) <o) = o) <50 =y = f5 = y) (48)

Then, we compute the difference
Y0 —P) =00 = 1) +f0) = o0) + f3(x = y) = f3(x' = ¥)

and therefore

£0) - £0") =YX - ¥E&) - (60 - 1) = (x—y) - f2( =y")
Plugging this in (48), we get

6 =N +f3(x =) = f3( = ¥) <P =) = /100 — 1) — s = Y) + fs(x —y)

Then, because f; and f; are continuous functions, lim,s_,,. |f; ) — f;(x")] = 0 and lim/_,,, |[f5(x = y") = f3(' —y')| = limy_, |[fs(x' —y) = f3(x = y)| =0,

we have that lim,/_, |¥(x) — ¥(x')| = 0. -

Commuting flows. Let n : B — R be the number of commuters flowing in the right hand direction (i.e. toward positive x). Since there is no
resident and no firm at the left of x = —b and at the right of x = b, we have n(+b) = 0. This flow increases with the mass of residents who start
their commuting trip in the right direction and decreases with the mass of firms that hire commuters located on their left: 1 = A — y. Given the
definition of spatial equilibrium, we have

(1) if ¥, >V,
hell-tl i Y=, (49)
{—%} it W, <,

Given the absence of cross commuting, a location is a ‘source’ of commuters if 7 > 0 and a ‘sink’ of commuters if n < 0. The flow of commuters
points to the right direction (residence address x < work address y) whenn > 0 and to the left direction (x > y)ifn < 0. By the first fundamental
theorem of calculus, the flow of commuters n(z) = /_zb ndz is a continuous function. At city edges, because A > p atz = =+b, we have n(+b) > 0.

Also, when n(+b) > 0, the function 7 is equal to O at least twice in order to satisfy n(b) = /_bb ndz = 0.

It is useful to introduce some terminology about the sets of sources and sinks of commuters moving to right or left direction. Let the set of sources
S¥={z€ B: n>0andkn> 0} and the set of sinks (destinations) D* = {z € B : 1< 0 and kn > 0} where k = 1 if commuters flow to the right
direction and ¥ = —1 otherwise. For example, S' includes source locations of commuters flowing to the right direction and S~! those flowing
to the left direction. Obviously, commuters departing from S$* and arriving in D* flow to the right direction (resp. the left direction) if x = 1
(resp. — 1). Locations that are neither origin nor destination of commuters define the set P = {z € B : n = 0}. Locations that involve a change in
commuting direction are denoted by the set @ = {z € B : n = Oandn # 0}. Because n is a continuous function and either 7> 0 or n < 0 for z € Q,
any location z € Q has zero measure, i.e. it is an isolated point. Finally, note that those definitions determine six disjoint sets: D, D1, st s
P and Q.

We now study the land rent properties on these sets.

Wage arbitrage in S* UD*. Consider two disjoint, open and convex intervals, S’ C $¥ and D’ C D¥, such that (i) workers residing in S’
commute to firms located in D’ and labor flows in the same direction within each interval (S’ N D’ = @). Since n(x) and n (y) have the same sign
for x € S’ and y € D’, one readily checks that |x —y| = (y — x) sign(n (x)) =y sign(n(y)) — x sign(n (x)) where sign(n) = 1,0,—1 depending on
whether n is positive, zero, or negative. Since n has the same sign in each interval, each function sign(n) is a constant. The first order conditions for
the maximum problems (19) and (20) are given by

TS —t sign(n)—sR=0, yeD’ (50)

tsign(n)—R=0, xS’ (51)

where the upper dot - denotes the derivative w.r.t. to distance to center; here TS(y) = (d/dy)TS(y).

While the first identity includes only residents irrespective of their workplaces, the second one involves only firms irrespective of workers’
residences. These identities apply for any infinitesimal interval where workers start to commute in the same direction and firms hire from the same
side of the city. Since these conditions hold for all S’ € §F and D’ C D¥, they hold a.e. in $* and D*, where a.e. (almost everywhere) means for
all points except on a zero-measure set.

Lemma 3. The land bid rent differential is given by

W, -V, = %T'S— %tsign (n), ae.zeS UD®
Proof. In this proof we compare the profiles of firms’ and residents’ bid rents. By definition of a spatial equilibrium, the bid rent of a firm or worker actually
using a land plot is equal to the equilibrium rent R while the bid rent of the other agent is given by its highest feasible transfer for the same land plot. Consider
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again the two disjoint, open and convex intervals S’ C S§¥ and D’ C D¥. Then, conditions (50) and (51) imply that the equilibrium land rent R is equal to
workers’ and firms’ bid rents. Applying the envelope theorem to (19) and (20) yields

Y, =tsign(n), xe€S’
¥y = 2 [15 - tsign(m)] . ye D’

We construct the ‘highest losing’ bids W, on D’ and ¥on S’. We first look at the set S’. Because workers depart from their residence x € S’ to work, they
must reside on S’ and win the land market competition. Because workers reside in S’, her bid ¥, must be equal to the equilibrium land price R. Consider
then a firm that would produce at x € S’ and hire a resident at X’ € S'. Because of (51), any resident in S’ has the same incentive to work in the firm.
So, we can say that the firm hires a worker residing at x' = x. The firm’s highest (losing) bid ¥, is given by (20) evaluated at y = x. Using this, the bid rent
differential writes as

1+s
S

‘Pb—‘Pr:%[TS—a+EO—U*]— R (52)

Differentiating this expression and using (51), we have the bid rent differential

1+s

—tsign(n), ze S’ (53)

ly,,_\yr=§fs_

which holds for any S’ in S*, and thus for any measurable set in S*.

We then look at the set D’. Because D’ hosts firms, it must be that ¥',= R. Consider a resident who would choose to reside at y € D' and be hired by a
firm in D'. Because of (50), the worker is indifferent to any firm producing at y' € D', so that we can focus on the case where the hiring firm produces at
y' =y. The worker’s highest (losing) bid is given by (19) evaluated at x = y. The bid rent difference writes as

Y, -9, =-TS+a—-¢cy+U"+(1+s)R (54)
Differentiating this expression and using (51) to substitute for R, we get the bid rent differential

1+s

. tsign(n), y€D'

¥, -9 = %fs -
which holds for any D' in DX, and thus for any measurable set in D¥. [ |

Wage arbitrage in P. Consider a location z € P, which is neither a source nor a sink of commuters. Since there is no empty hinterland, this
location must host both workers and firms, so that land market clearing imposes R = ¥, = ¥,. So,

1 _
R=——[TS—a+cy—U*], z€P
1+s [ a7 ]
Furthermore, let P be the interior set of P so that z € P is not an isolated point in P. Then, we have
R=W. =%, =L Ts sep
r 1+s
and
Y, -9 =0, z€P (55)
Bid rent differential at city borders. The zero opportunity cost of land imposes R = 0 at the city border z = —b. By Lemma 1, there must be
workers with residences at z = —b so that the highest bid is that of workers: ¥, = R = 0atz = —b. The edge location z = —b also belongs to

the set S since A(—=b) > 0 and workers there cannot commute to the left direction. We can therefore apply (52) and get the land rent differential

‘Pb—‘Pr=‘Pb=%[TS—a+EO—U*], z=-b (56)
Equilibrium condition. We summarize the above results as follows. Let us define ¢ : B - R,
@ = 115() - - tsignn(2) (57)

Note that 1 and ¢ may not be continuous in z. However ¢ is bounded because $ is bounded.
A spatial equilibrium is defined by the rent differential function ¥, — ¥, and the commuting function n such that ¥, — ¥, is continuous
everywhereon B, ¥, - ¥, = ¥, andn>0=natz e {-b,b}, and

Z2€SYUD" > W, -¥, =¢(2) ae 58
zeP => ¥, -V, =0ae.

Remind that Q has zero measure and therefore is not affected by the above implications.

Lemma 4. A spatial equilibrium is such that

zeS*UD"Y <= ¢P@)#0ae.
zeP <= ¢P@E)=0ae.

Note that any equilibrium commuting function n has two possible patterns: it is either such that n =n = ¢ =0, Vz € B (fully integrated city)
or such that the city space is partitioned with 71 > 0 for some source locations z and nn < 0 for some sink locations z. In the latter case, we have
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¢ > 0 for some z and ¢ < O for some other z. This means that ¢ always accepts a zero. Let Z be the set of zeroes or changes in the sign of ¢,
Z={ze€B:lim_gpiE+e) ¢p(z—¢)<0}].
Then, the spatial equilibrium is given by the function n : B — R, which is the solution to

(1} if ®@<0
A(z) € [—%,1] if ®@=0
{—%} if @@ >0

witha>0=natz = +band ®(2) = [

ez @ (X) dx. Using n(x) = /_xb (A — p)dz yields condition (22) in the text.

Invariance. To check invariance, note that TS = (« + ) S where $(y) = (d/dy) S(y), which is independent of « and f.

Indeed, one can replace t and (@ + f) by t=mt and (@ + ﬂN) =m(a + f), m € R,. This yields $ (n) = m¢ (n), which gives the same set of roots
Z= {zeB: $ (n)=0} = {z€ B : ¢(n) =0}. As a result, the sign of ED(n) is the same as that of ® (n), and thus, the equilibrium must be the

same. We therefore have invariance with respect to changes in parameters as long as (¢ + f)/t remains constant.
Appendix C. Existence of a spatial equilibrium

Formulation of a fixed point. We denote the set of continuous functions on B = [—b,b] by C°(B) and the set of functions with continuous first
derivative by C!(B). To formulate the fixed point problem, we work with the commuting flow function n which is continuous: that is, n € N where
N = {n € C%B) : n(-b) = n(b) = 0,1 € [-1/s,1] a.e.} where a.e. means almost everywhere, that is everywhere except on a zero measure set. We
also use a concise notation for operators where Mn expresses the application of operator M : N' — C°(B) on a function n € N and Mn (z) expresses
the value returned by Mn at z € B. In this Appendix, we use the indicator function 1,, that returns 1 if the predicate A is true and 0 otherwise.
Integrals /% f(x) - 1{;5x)dx then write as [f(x) - 1,5, dx where f is a function.

We redefine the total surplus as the operator TS : N — C!(B) and its slope TS : N' — C%(B) so that TSn(z) = TSn(=b) + [zTSN(X) - 145, dx.
We denote the rent differential by AY : N — CO(B), (A¥) (2) = [, (P, —¥,) - 1{z5x)dx. Using the value for W, — W, in (57) and (58), integrating
from z = —b, and using rent differential (56) at this location, we get

1 - | 1+s, [* .
A¥n(z) = N (—a+Ty—U*) + ;TSn(z) -t , sign(n (x))dx

We rewrite the bid rent differential in a more compact form as
AY = %(A+A0—U)

where the operator A : N — C%(B) is defined by A =TS — (1 +s) t, the operator L : N — C°(B) by Ln(z) = | 5 sign(n(x)) - 1(,.,dx, and the scalar
Ao by s (¢o — ).
A spatial equilibrium is then defined by the function n : [—b,b] — R and the scalar U which are the solutions to

{1} if An+Ay—-U<O0
e [—%,1] if An+Ay-U=0 59
{—%} if An+Ag—U>0
withn>0=natz = +b.
We now formulate the fixed point problem in terms of the continuous function n rather than the discontinuous function n. Towards this aim,
we integrate the previous condition (59). To take care of the three subconditions, we define the correspondence F : R — [—1/s,1] such that

F(z) = —1/sifz < 0,F(z) = [-1/s,1]ifz = 0,and F(z) = 1ifz > 0. We define the functional U* : N — R that for any function n, gives the
scalar U that solves

0= /F[U— Ay — An(2)]dz
B
and the operator O : N' — W,
On)(z) = /F[U*n —Ag = An(x)] - 1,y dx (60)
B
The definition of U* guarantees that n(b) = 0 while n(—b) = 0 is trivially satisfied. By construction, the operator O returns a function n such that
n € [-1/s,1]. So, O maps N into itself.
Lemma 5. The existence of a spatial equilibrium is equivalent to the existence of a fixed point n € On.

Sequences of fixed points. The Schauder theorem applies on a set of continuous mappings of continuous functions. So, we use continuous
approximations of F and sign functions and then prove convergence. We define the continuous, differentiable and strictly increasing functions
Fi : R — [=1/s,1], k € N, such that F; convergesto Fask — co and 0 < F, < k, and the continuous, differentiable and strictly increasing function
H; : R - [-1,1], L€ N, such that H; converges to sign as [ - co and 0 < H{ < L In particular, we consider logistic functions with images on
[-1/s,1] and [-1,1]: F(z) = -1+ (1 +5s)/ [1 +exp(—4kz /(s + 1)] and H)(z) = -1+2/ [1 + exp(—ZIz)]. The type of convergence will be defined
formally below.

We use the subset of continuous functions N and the sup norm ||n||,, = sup,cp |n(2)|. We define the operators A; and L; : N = Cc%(B) by
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Amn (@) = (a+ p)Sn(z) — (1 + s)tLin(z)
LZH(Z) = ./BHI(TI (X)) . 1{Z>x}dx

Furthermore we define the functional U}, : N — R as being the solution U to [gFy[U — Ag — Ajn(x)ldx = 0 and the operator Oy : N' — N by
Okln(z) = /BFk[U;:ln - AO - Aln (x)] . 1(Z>x)dx

Note that U}, is a unique solution because Fy is strictly increasing.
Our strategy is to prove the existence of fixed points n:l to n = Okln Vk,l e N and prove that the limit n* = lim;_, lim;_, k‘l satisfies

*

n* = On*. We first prove that the set " is a closed convex set 1n the Banach space C°(B) and the mapping O is well defined and continu-

ous.
Lemma 6. The set N is a closed convex set in the Banach space C°(B).

Proof. The space C°(B) is a vector space of continuous scalar functions on the real compact interval B =[—b, b] for the operation of addition and scalar
multiplication. It is equipped with the sup norm ||n|| = sup,¢g |n|. Every Cauchy sequence {m }7° | withny € N converges to some functionn € N'. It is thus
a Banach space. The set of continuous functions N' = {n € C%(B) : n(—b) = n(b) = 0,7 € [-1/s,1]} is closed and convex. Indeed, any convex combination
an+(1 — a)ym, n,m € N, belongs to N. It is also closed because every sequence {m}2° | with ny € N converges to somen € N [

We now check that Oy, is a well-defined continuous mapping. We remind that an operator is well defined if it actually maps its domain into the
defined set of images. An operator M : X — Y, with X,Y € C°%(B), is a continuous mapping if for all 56 > 0, there exists k > 0 such that for any
nm € X, |[n—m|, <1/k = |[Mn—Mm|, < 4. It must be noted that the composition of continuous mappings is also a continuous mapping.
Also, the convolution M : X — Y, Mn(z) = [pf(z — x)n(x)dx is a continuous mapping for any bounded valued function f : R » R, |f| < 0. As a
result, we just need to show that TS is a well defined continuous mapping.

Lemma 7. TS is a well defined continuous mapping.

Proof. We first prove the following useful statement: An operator M : N' — C°(R), Mn(z) = fo(x, n)g(x — 2)n(x)dx is a continuous mapping when we
consider f : BXx N — R as a continuous function with bounded image (i.e. |f| < f™®) and g : R — R* with bounded image (i.e. |g| < g™*). We indeed
successively get

IMn — M|, = sup ‘ / Flx.mglx — 2)(e)dx — / Fx,mglx - z)moc)dx‘
2EB B B

/ Fx mgx — 2COdx — / FOo mg(x — DimGodx
—Su
b |- / FOc m)glx — 2mGdx + / Fmg(x — 2o

< sup
2EB

/B Fx, mg(ax — 2) () — ix)) dx‘ + ‘ /B [f e, m) — £x.m)] gl — z)m<x>dx|

< prngm| [ o= meoyax| 57 | [ [fem) - ] o

Note that /j (i(x) — m(x))dx = [ dn(x) — /*, dm(x) = n(b) — n(=b) — [m(b) — m(=b)| = 0 since n(+b) = m(+b)=0 for any n,m € N". Also, for any
m € N, one has that i € [—1/s, 1] and therefore || < max{1,1/s}. Using this,

sup ‘/ [fGe,m) = f(e, m)] m(x)dx| < max{1, 1} ) ‘/ [f(e,m) = fx, )] dx‘
zeB |/B S B
<max{1, 1} 2bsup |f(z.m) — f(z.n)|
S zeB

Finally, by continuity of f, for any 6 >0, there exists € >0 such that ||m—n| <e implies |f(z,m)—f(z,n)| <& for all z, or equiva-
lently, sup,cp|f(z,m)—f(z,n)| < 8. Thus, for any &' we can use the same € such that |m—n| <e = ||[Mn—Mm|, <& where we set 6 =
&'/ [2bg™® max{1,1/s}]. This proves the continuity of M.

Second, the operator T'=° : N' — CO(R) with T'~°n(z) = [5e1~9)71==xl y(x)dx is a well-defined continuous operator. Indeed, using u = (1 — ) /(1 +
s), we have T'~°n(z) = fBe(l"’)ﬂz"“ dx/(1+s)— fBe(l"’)T‘z‘x|hdx/(1 + ). The first term is independent of n. Regarding the second term, just set f(x, n)=1
and g (z — x) = eA=2)71==XI__which have bounded images for x,z € B. The operator is well defined as it returns continuous functions having images in a strictly
positive range: T'=°n(B) C (2be=9)2b7 / (1 + 5),2b /). For the highest bound, we simply plug it = —1/s in the first line of the above expression. For the
lowest bound, we compute T'~°n(y) = [zel=o)7l=1 1;—:(;)dz > el-o)2br [ 1;:(:)dz = 2”8(::%1 > 0 where we use |z —y| < 2b in the inequality and
Jpfdz = 0 in the last equality. Therefore, 1/ [aTl"’n(x)] is also a continuous function having images in a strictly positive range while In [Tl“’n(x)] is a
continuous functions having real bounded images.

Third, the operator G : N' = C%(R) with Gn(z) = /B E(Tll Ul),:; (;; u

1/ [6T'°n(x)] and g (z — x) = e~°"#I in the above statement. It is clear that the operator returns a function with bounded positive images.

(x)dx is a well-defined continuous operator. Indeed, one just has to set f(x,n) =

Finally, sinceS=G—-InT =G+ = In T1-°, S is a linear combination of well defined continuous operators. Thus, we can conclude that S : N° — C°(B)
is a well-defined continuous mapping. Belng a linear combination of S and a continuous function, TS is also a well-defined continuous mapping N' — C°(B).
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Lemma 8. I; is a well-defined continuous mapping.

Proof. For any § >0, we must find e such that |m —nl|,, < € = ||[Ln —Lim||, < 6. We successively get

||L1n - le” = zlelg ‘AHI(H (x)) -1 (Z > x) dx — AHl(m (x)) . 1{Z>X}dx‘
= sup| [ [Fi(n ) = Hi(m )] -1 1oy

= sup
2EB

/B [n(x) — m (O H, (px) - 1{z>x}dx\

where p(x) € [min{n (x),m(x)}, max{n (x),m(x)}] by the mean value theorem and the continuity and the differentiability of H;. Using the fact that H; <1
and that n(—b) = m(—b)=0, we have

(1= Lim)e < Lsupen( [ () =m0

<lsup,ep / ()~ m)dx

= 2bl sup, g(n(z) — m(z)) = 2bl(n — m)

So, for any &, choose € < 6/1. Therefore, L; © N' — CO(B) is a continuous mapping. Since H; has image on [—1,1], the image of L; lies in the interval
[—2b, 2b]. So, it is well defined. [ ]

Since A; : N' = C%(B) is composition of well-defined continuous mappings with bounded images, it is also a well defined continuous mapping.
We finally need to show the corresponding result for Oy which depends on Uj;.

Lemma 9. U, is a well-defined continuous functional.

Proof. For readability we here temporarily write Uy, as U. Then, U : N — R is the unique solution to [zF[U — Ay — Ajn(x)]dx = 0 because Fy is strictly
increasing. Also, it is clear that the solution U must lie between min,cg [Ag + A (x)] and max,c [Ag + A (x)]. Since Ajn has bounded image, Un has
also bounded images and is well defined.

Let us consider two commuting functions n and m : N' — R. Let also p™" and p™* : N' X N' > R be the minimum and the maximum functions of
Un —An and Um —A;m. By the mean value theorem and the differentiability of F;, we have

FlUn—Ag — An(x)] = F[Un—Ag — Am(x)] = F,i(p(x)) -[Un—Apn(x) — Un+ Am(x)]
wherep : B — R such that p €[p™"(n, m), p"™ ™ (n, m)]. This yields
Fl’((p(x)) . (Un - Uklm) = Fk[Un - AO - Aln (x)] - Fk[Um - AO - Alm (x)] + Flg(p(x)) . [Aln (x) - Alm (x)]

Integrating, applying [zFy[U — Ag — Ajn(x)]dx = 0 to n and m, and subtracting expressions, we get
(Un - Um)- /B Fl(p(x))dx = /B FL(p(x)) - [Am () — Aym ()]

Since F;( > 0, we have

JsE () - [Am(x) = Aym()]dx
/; BF,L(P(X))dX
< fBF,Z(P(x)) - (An(x) — Aym(x))dx
B /; BF,i(P(X))dX
- /BFli(p(x)) - sup,(An(z) — Aym(z))dx
B / BF,IC(P(X))dX
= sup,(Ajn(z) — Am(z))
= (Aln - Alm)m

(Un—Um) =

In other words Un is a continuous mapping of An. Since Ajn is a continuous mapping of n, Un is also a continuous mapping of n. [ |
Lemma 10. Forany k,1E€N, Oy : N’ — N is a continuous mapping.

Proof. The operator Oy, is defined by
Okln(z) = /BFk[U;:ln - Aln(X)] . l{z>x}dx 61)

where Upn was discussed in the previous lemma. By construction, the image functions m € Oyn are continuous and satisfy m(—b) = m(b)=0 and m €
[—1/s,1]. The operator Oy is well defined as it is a mapping N' - N'.
For readability we temporarily dispense U}, and Oy with the subscripts kl and superscript *. Using the mean value theorem and the differentiability of Fy

and p defined in the previous lemma, we get
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llon - Omlly, = sup
2EB

/B {F[Un— Ajn ()] = F[Un— An(x)]} - l(m;dX‘

=sup /Flg(p(x)) -[Un—Apn(x) — U(m) + Aym (x)] - 1(z>x)dx|
zeB|JB

< sup \ / F/(p(0) - [An () = Am ()] - 1 <z>x)dx| + Un — Um] - sup | / F/(p(0) - 1550y dx
zeB|JB zeBI|JB

We successively have

SUPzeg /B (FpLO)AN(x) = Amm(x)]) - 1(x < 2)dx < sup,ep /B (Fr(p(0)) - (An(x) = Am(x)) - 1y dx
< / (F(p(0))) - (An(x) = Am(x)dx
B

< k/ (Ajn(x) — Ajm(x))dx
B
< 2bksup(Aj(z) — Am(2))
2€EB

= 2bk(AlTl - Alm)m
and

(Un — Um) - supcp( /B F(p(0)) - 1(x < 2)dx) < (A — Amn)g, - sUpses /B (FPOEONx < 2)dx

< (m=Ames- [ FpooNax
< 2bk(Ajn — Aym)
Finally,
[lOn — Om||, < 4bk|[Ajn— Am||,

For any 6, we can then choose € = 6/(4bk) so that || Ajn — Ajm||, < € implies |On — Om||, < 6. Hence, putting back the subscripts kl, Oy, is a continuous
mapping of A;. Since A; is a continuous mapping of n, we have that Oy is also a continuous mapping of n. [ |

Lemma 11. The image Oy(N) is a relatively compact subset of N'.

Proof. By Arzela-Ascoli theorem, this is true if n € Oy(N') are uniformly bounded and equicontinuous on B. To say that n € Oy(N') are uniformly
bounded means that there exists M >0 such that |||, = sup,ep [n(z)| < M for all n € O(N). This is true since Fy has image on [—1/s,1]. Therefore, Oy
generates functions n : B — R such that n(—b) = n(b)=0 and n € [—1/s,1]. These functions have image in [—2n, 2b]. To say that n is equicontinuous on
B means that for every & >0 there exists an € such that for every x,y € B and every n € N, we have |x —y| < e = |n(x) —n(y)| < 6. This follows from
the continuity of n € C°(B). [ |

To sum up, the set N is a closed convex set in the Banach space C°(B). The operator Oy : N' — N is a continuous mapping such that Oy (N')
is a relatively compact subset of N'. We can then apply Schauder fixed point theorem.

Lemma 12. For eachk,l € N, there exists a fixed point ny, € N such that ny, = Oy,

Convergence. We now turn to the question about whether the sequence of fixed points {n}; }x ey converges to a function that is also a fixed
point of (60). Because N is relatively compact and any ny, belongs to N, the sequence {n}; }kien converges uniformly on B to a function n € N.

Note that F is a correspondence because F(0) = [—1/s,1]. In turn, the operator O : N'N' — is a correspondence. We therefore want to check
whether n¥ € On,. Formally, we ask whether for any 6 > 0, there exists a function n* € On’_ and two positive integers k and [ such that we have
 <dfork>kandl>1

* *
”Oklnm —n

We here assume that the sequence {H;};cy converges to the sign function under the norm ||-||;. Formally, for any 6 > 0, there exists 1€ N such

that / |Hy(&) — sign(£)| d¢ < 6. Similarly, we assume that {Fy }xcy converges to F under the norm ||-||;. That is, for any § > 0, there exists keN
such that [ |F(§) — F(£)| d¢ < 6. The last integral returns a scalar because the correspondence F returns a set only on the zero measure set at £ = 0.

Lemma 13. A; converges to A uniformly under the norm ||| -

Proof. The mapping A; uniformly converges to the mapping A if for any & >0, we can find I such that |A1 = Al <6 foralll> 1. Note that A=Al =
lla+BS—A+)thi—(@+ S+ A +s)tL||, =Q+s)t||L; —L| . So, we just need to check the uniform convergence of the mapping L; : N' — R,
Ln(z) = [pHi(n(X)) - 1555y dx to the mapping Ln(z) = [, sign(n(x)) - 1{z5y;dx. By the definition of the convergence for Hj, for any & >0, we can find i
such that [ |H; (&) —sign(€)| d& < 6 for all | > 1. Furthermore we have
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1=, = sup \ /B [Hy(n () — sign(n (0))] - 1 5o, dx
S/ |Hy(n (x)) — sign(n (x))| dx
B
= [ 1H0) ~sign@)] - Mx : £ <o) < &+ e

<2b / |Hy(&) — sign(&)| dé
< 2bé

where M(E) denotes the measure of the set £ C B so that M(B) = 2b. So, for any &', we can use the above integer 1 for § = &' /2b and get L —L||, <&
for all 1 > 1. Therefore, L; converges uniformly to L. The same conclusion applies to A; and A. That is, the sequence {An} ey converges to An. [ ]

Let the function F : R — [-1/s,1] be such that F(é) =1if¢ > 0, F(é) 0if ¢ = 0, and F(é) —1/sif ¢ < 0. It is clear that F € F and that
{Fy }xen converges to F under the norm [Ill;. For any 6 > 0, there indeed exists k € N such that f o ‘Fk(.f) F(.f)‘ dé < 6. This is true because

{F.} convergesto Fand [~ [F.(&) — F( )| d. = |F (&) — F(&)|d. since F and F differ only on a zero measure set.
k JkeN & o [Fk o 1Tk y

Lemma 14. For any operator Z : N' — C%(B) and functionn € N, [zFy [Zn(x)] - 1,5 dx converges uniformly to |, B? [Zn(x)] - 1 {45 dx under the norm
Illeo and JF [Zn(x)] 1 {55y dX € [4F [Z0(X)] - 1 (55 dx.

Proof. We first prove that for any & >0 there exists a positive integer k € N such that

= ‘/Bl?(Zn(x)) Loy dx — /BFk[Z"(x)] ' 1(z>x)dme <?

for k> k. We indeed successively have

Io=( /B F@Zn(x) — FlZn(oT) - 1oy dx)os
= supzeB(/ (1?(Zn(x)) = Fi[Zn(x0)]) - 1555y dx)
B
< [ Bance) - Fdznconax
B

= /(1?(5) = F(©) - Mx:e<an(<e+ae)d€
where Mg denotes the measure of a set £ C B so that Mg = 2b. We can use the fact that the measure is always smaller than 2b and get
he<2b [ [Fo)-Fuo)es

Finally, using the definition of convergence of F; to F, we can find a positive integer k such that / |F\(§) - Fk(§)| dé < 6/2b, so that I < & for any k > k.
We finally prove that /B? [Zn(x)] - 1(z5xdx € [F [ZN(X)] - 1,55 dx. For any z € B, we have

AF [Zn(x)] -1 {z>x}dx = /F(é) : M(x:x<z,5sZn(x)<5+d5,Zn(x)7’:0}d§ +0- M{x:x<z,Zn(x)=0}

/BF [ZH(X)] . 1{z>x}dx = /F(é) . M{x:x<z,§§Zn(x)<§+d§,Zn(x)#0)dé + /F(O) . M{x:x<z,:Zn(x):0)d§

where M denotes the measure of a set £ C B. For any z € B,

/BF [Zn(x)] . 1(Z>X)d’x: /Bﬁ [Zn(x)] . 1{Z>X}dx+ /F(O) .M(XZX<Z,ZZH(X):0}d§

The last term in the RHS is equal to either {0} if M. <z :zn(x)=0} = O or the interval [-m/s,m] where m = M y.x <5 - zn(:=0} if M x:x<z,:zn(x)=0} > 0- It
is then clear that [iF [Zn(x)] - 1z, dx 3 /B? [Zn(0)] - 1(z5x) dx. ]

Given these lemmas, for any n € A" and U € R, we get

lim lim Oyn(z) = lim lim /Fk(U—AO = An(x)) - 155y dx
k—00 [-00 k—ool=o0 /3

k—oo /B

U—-Ag— (llim A1n> (x)] : 1{z>x)dx
= lim Fk(U - AO — An(x)) - 1{z>x}dx
k- Jp

= /Bﬁ(U — A — An(x)) 155y dx
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where the second equality stems from the continuity of F, the third one from Lemma 13, and the last one from Lemma 14. Also, from Lemma 14,
we have /Bﬁ [U—Ag = An ()] - 1psyx)dx € [5F [U — Ag — An ()] - 1z5xydx. So, limy_, ,lim;_,,, On(z) € On(z). Applying this to the fixed point
solution ng, = limy_, o limy_ o ny; and UZ) = limy_, o limy_ Uy, we get nf = limy_, o limy_, Oy, € Ong, . Hence, n is a fixed point of O, which
proves Proposition 2.

Appendix D. Monocentric city

In this Appendix, we derive the expressions of the residential and business bid rents and the wage in terms of the total surplus TS,,(z) and the
urban utility vy;(2). Then, we establish the conditions for which the monocentric city is a spatial equilibrium as stated in Proposition 3.
We focus our analysis on the half-segment [0, b]. The residential bid rent (15) can be written as

W, (0) =Ay(y)—tx, x€[by,b]
where
Ay =vy ) +wy) +ty+co—a—U*, y € [by,b]

As the expression Ay (y) should be independent from the workplace y and the city border condition (iv) imposes ¥,.(b) = 0, we have Ay (y) = tb.
This leads to the land rent in the residential district as well as the wage in the business district

¥, (x) = t(b — x),x € (b,,b) (62)

w(y)=tb-y)—vyy)—(cy—a—-U"), ye€(0,by) (63)
By plugging the above wage expression (63) into the business bid rent (16), we get
1 -
Y = 3 [TSu) —tb—y)+¢—a—U*|, y €(0,by) (64)
By imposing condition (iii) ¥;(b;) = W¥.(b;), we get the equilibrium utility
U* =TSy (b)) — QA +s)tb—by)+¢cy—a
By plugging this expression of U* into the business bid rent (64) and the wage (63), we get
1
) = L {@+ ) [Su®) = Sy )] + A +9)tb —by) — b - )} (65)

w(y) =TS(b;) — 1 +s)t(b—by) +tb—y) —v(y), y € (0,b;)

So as to derive the conditions stated in Proposition 3, we still need to impose conditions (i) and (ii). We prove below in this Appendix that
these two conditions can actually be reduced to conditions (i) ¥;(0) > ¥,(0) and (ii") ¥,(b) > W;,(b) respectively. We now rewrite these two last
conditions.

Using expressions (65) and (62), condition (i”) and (ii’) can be written respectively as

% {(@+ P) [Sy(0) — Sy (by)] +st(b —by) — th, } > th
(@+ B) [Syd) — Sy (b)) + A +5)tb—by) <0
that is
(1 +$)byt < (@ + B) [Spy(0) — Spy(by)]
(1 +9)(b—=b)t < (a+ p) [Sy(by) = Sy (b)]
and thus

t

IA

- _ 2
by %[SM(O)—SM(M)]

t

~ 2(a+p)
t Sy(by) — Sy (b

M~ 1 +9N [Su(by) = Su(®)]
where we made use of b; = sN/2andb=(1 + s)N/2.
These two conditions provide the transport cost thresholds stated in Proposition 3.
When s — 0, we get

IA

s11301 [InTy(sN/2) — In Ty (1 +s)N/2)| = —zN/2

lim [Gy(sN/2) ~ Gu((1 +5)N/2] = 1= ¢ 7™
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Therefore

lim?,, = lim % [Su(sN/2) = Sy((1 +5)N/2)]
= lim % (G (SN/2) — Gay (1 +$)N/2) — InTyy(s/2) + In Tyy (1 +5)N/2)]
=2t/ <2 1- e(l:)m/z + TN) > @+ pe> CEPTCOZD iy,

so that lim,_ Ty, > lim_ Ty,
We now prove that conditions (i) and (ii) can be reduced to conditions (i") and (i"). For this, we make use of the following Lemma.

Lemma 15. (i) Sy, is convex in [0,3) then concave in [E, b, > for someb € [0,b;) with Sy’ (0)=0. (ii) Sy, is convex in (by, b]. (iii) Sy € C! in the interval
[0, b] with Sy’ (b;)<0 and Sy;/1(b;—0)<0 < Sy;/(b;+0).

Proof. (i) The access cost Ty, given by (27) can be written as

T %(2) = i 2

m {1 =191 cosh[(c — 1)72]} (66)

Because — cosh (z) is strictly concave and decreasing for z >0, so is Ty, °. As (In T, )" = [(T3; )" Toy° = (T3;7°)?1/ TI%,I(I_”) <0, InT, is strictly
concave and decreasing for z >0, and so is — In Ty;(2). Differentiating Gy, as given by (27), we successively get

;o1 Z o(1=0)r(z-y) b1 1-0)r(y-2)
Gy ()= o [(1 —o)T /—bl Wdy -(1- O')T/z Wdy] (67)
nep— =0 |4 _ /Z e(1-0)7(z=y) B /bl e(1-0)7(y~2) 2
GM (Z) oS |:(1 O-)T —bl T;,I_J(}') dy+ (1 O-)T s T]b]—o—(y) dy+ T;J_J(Z)
o 1\2.2 _(c=Dz 2 :(0'—1)1' _ _ 2
=(c -1)*t°Gy(2) p T;,I_"(z) pom [so-(a 1)7Gy(2) —TK/[_J(Z):|

Given the above expression of Gy /! and the fact 2/ TI{,I“’ is strictly increasing for z >0, the convexity of Gy, can be determined by looking at the relative
positions of so(c —1)tGy, and 2/ T;/I_". The curve so(c —1)t G,y is convex (resp. concave) when above (resp. below) the curve 2/ T;/I_". Two possibilities
actually arise: so(c —1)t G,y is either concave and below the curve 2/ T}%/[_U or there exists some b € (0,by) such that G is convex on [0, E] and concave on
b, b,] with b necessarily corresponding to the single intersection point of so(c —1)t Gy with the curve 2/ TI{,I_". See the illustration in Figure Al. It can also
be shown that S,,'(0) = GI’VI(O)=(— In T);)' (0)=0.

(ii) We now prove that S, is convex in (b, b]. For x €(b;,b], we have

Fig. A1 Concavity and convexity of Gy 6(c-1)stGy, (resp. 2/Ty'~°) is represented by the plain (resp. dashed) curve. Left panel: 6 = 3, 7 = 1, s = 1; right panel 6 = 5, 7 = 2.5, s = 1.

b1 L(1-0)r(x—y)
Gy (x) = 1 / ¢ dy

oS J_p, T;{"(y)
_ b (1-0)r(x—y)
G =1 ")7/ € T Tdy<o
oS -b; TM °(y)
)22 b (1-0)r(x-y)
G = 1= [T My > 0 (68)
oS —b; TM (y)
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1 1 -
In{ = / -y g
e ™

which is linear in x. Hence, Sy is convex in (by,b].

and

InTy(x) = 7x + 1

(iii) We showed that — In Ty,(z) is concave, decreasing and C* on [0, b]. For z — b;—0, we have

_ b1 ,(1-0)z(b1-y)
G, by —0) = 1 ")’/ G o dy <0
oS -b; TM (y)

by (1-o)r(b1-y)
GM”(bl—O) (-1t 1)r [(0' 1)/ e O-ledy— 2

Ty °O) Ty °(2)

as Gy, is concave in z = by by part (i). For z — b;+0, we have

_ b1 ,(1-0)z(b1-y)
Gl (b, +0)= ")T/ e iy <o

cs —b, Tl}l—"(y)
2 b1 ,(1-6)r(b1—y)
Gy (by +0) = or” / %dy >0
s Jay Ty )

by using expression (68). Therefore, S,/ (b;—0) = SI’V[(bl +0) but Sy 11(b;—0)<0 < Sy (b, +0). So, Sy, is C on [0, b]. It also appears that S, (b;)<0. H

We now show that the equilibrium conditions W,(y) > ¥,.(y) for all y € [0,b;] and ¥,.(x) > W,(x) for all x € [b;,b] can be reduced to
Y;,(0) > ¥,(0) and W (b) < W¥,.(b) = O respectively.

Proof. In the interval of [0, b], the bid rents of residents and firms are given by
¥,(y) = tb - )

Yy (y) = [TSM(y>—t(b Y +C-U"—q]

Given Lemma 15(i), W,is convex in [O,E)then concave in [E b, ) | for some be [O, b,) with ‘P{,(O) = t. Therefore W;,(y) — ¥, (y) is quasiconcave on [0, b ].
As Wy (by) = W,.(by), the equilibrium condition(i) ¥, (y) > ¥, (y)for ally € [0,b,] reduces to ¥, (0) > ¥,(0). According to Lemma 15(ii), W, (2) is convex
forz € [by,b]. As ¥,(2)is linear and¥(b;) = Y,.(b;), the equilibrium condition (ii) ¥;(x) < Y.(x) for allx € [b,,b] reducesto ¥,(b) < Y.(b) =

|

Appendix E. Integrated city

In this Appendix, we derive the expressions of the residential and business bid rents and the wage in terms of the total surplus TS;(z) and the
urban utility v;(z). Then, we establish the conditions for which the monocentric city is a spatial equilibrium as stated in Proposition 4.

As in the monocentric analysis, we focus our analysis on the half-segment [0, b]. We need to impose conditions (i)-(iii) on the bid rent functions.
By using the bid rent expressions (15) and (16), the equilibrium condition (i) imposing rent equalization, ¥, = ¥}, leads to

w(y) = i)+ - a = U] + 1 [270) + 2 (69)

1 +s

By plugglng this wage expression into (15), we get

Yy = [TSI(y) +cp—a— U*] (70)
From the city border condition (iii), ¥,(b) = 0, we get

U* =TS;(b)+ ¢y — a

By inserting this equilibrium utility U* into above the wage expression (69) and the bid rent (70), we get

W) = V) + T8,0) + 4L

5 [510) = $,®)]

W) = a+ﬁ

Accordlng to the no-arbitrage condition (ii), an urban configuration is an equilibrium if workers have no incentive to commute to any other
location, i.e., if |[R'(2)| = ‘(a +/)S;(2)/(1 +s)| <t, for Vz € [0,b]. It is shown below that ‘S;(z)| < ‘S;(b)|, Vz € [0,b], so that the no-arbitrage
condition reduces to |R'(b)| = ‘(a +/)Sb)/ (1 + s)‘ <t

We show that |S§(b)‘ > |s;(z)|, vz € [0,b].

[51(}’) S1(b)]
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Given the similarity of expression of T; (34) with that corresponding to the monocentric case (27), the argument used in Appendix D showing
that In T}%/[_U is strictly concave and decreasing in z, can be applied here. Thus, —In(T;) is strictly concave and decreasing fory > 0.
By differentiating G;(2) as given by expression (34), we get

¢ 1 1—o) /z el-orey) . / e(1-0)2(y—2)
2)= —— —0)T -0
9= a+y L T Y Ty Y
(o=1)7 | [Fe1-orEy b 1-0)r(y—2) 2 p(1-0)r(z-y)
- 1+ 1-c dy+ 1-c dy—2 1-c dy
c(1+s) |/ T;7°(0) : T;77°0) - T;7°0)

(-1 | L [F eimorey)
= oty o (1+5)Gi(2) 2/_b Wdy

(-1t

GI”(Z) = m

A +s)to(c —1)Gi(z) —

2 ]
11—
T,7°()
It suffices to show that Gj(b) + Gj(z) < 0 in order to have
|6/®)] > |6/@)|. ¥z € [0,b] 71)

as Gj(b) < 0. To show that Gj(b) + Gj(z) < 0, we develop G}(b) + Gj(2) into

-1 B Z o(1—0)r(b-y) B Z o(1-0)r(z-Y)
o ts [6(1 +5) [G/(B) + G;(2)] 2/_b ) dy 2/_b o) dy]

[ b (1- _ 2 (1— _ b (- _ b (- _ Z (1- _
6—1)7 e(1-0)z(b—y) e(1-0)e(z-y) e(1-0)e(y—2) e(1-0)z(b—y) e(1-0)z(z-y)
=) / s dJ’+/ ?dﬁ/ i v —2/ Tdy—z/ i
c(1+s) [/ T7°0) -+ T;7°0) : T77°0) -+ T;7°0) - T;7°0)
ICESIY: [ /b e(l—a)r(y—z)d /b e(l—a)r(b—y)d N /Z e(l—o)r(z—y)d
Tty | 1w O e 1 O T
(G—-1)7 | [P el-or0-2 z (1-0)z(b—y) b (1-0)r(b-y) % (1-0)r(z-y)
= 1+ / 1-0 dy_/ 1-0 dy_/ 1-0 dy_/ 1—0 dy
o(l+s) /= T » - T;7°() : T;7°0) -» T;77°0:)

_(o-Dr | /” e(1=0)r(y=2) _ o(1-0)r(b-y) dy - /Z e(1-0)r(b-) dy - /Z e(1-0)7(z-y) ay
o(1+s) |/ TI°() 5 T7°0) b T°M)

As Tll"r is decreasing for z > 0, we have be (e1=0)r0=2) — (1=0)z(b-y))/ Tl“’(y)dy <0, Vz > 0, because the increasing function e(1=)70'-%) is the
reflected image of e(1=2)7®=Y) gver the line y = (z + b)/2. This proves G/ 1(b) + Gj(z) < 0. Finally, using the fact that — InTj is strictly concave and
decreasing and relation (71) leads to

|s1®)| > |s;(z)] . vz € 0,81

Also, note that S;(b) < 0 as both G;(b) and —(InT;)’ (b) are negative. Therefore, S;(2) is concave.
We next prove that t; is an increasing function of 7.

We need to show that S}(b) is a decreasing function of 7. First, it can be shown that d [—(ln T)'(b)] /dr = —1. Second, by using expression (34),
we have

(c=1)7 [P -0ty

'(b) = — d

GO ==a%sy L, T=o()

and

4= =D |_ /b o) o /” (b—z)ed=0rCD /” (1-yo-n 4 go-1
erI(b)_(1+s)a Y Tll_"(z) dz+(c—-1)7 Y T}“’(z) dz—7 _be drTI (z)dz

As d[TIl_"(z)] /dz < 0, it suffices to show that the sum of the first two terms is negative. We have
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B (O‘ _ 1) b e(l—o’)r(b—z) (O‘ _ 1) T / (b Z)e(l—o')r(b—z)
A+9)0 /o Tl—"(z) T d+90e T/7°(2)

— (1-0)r(b—2) ro—1
(1+s)0'/ [b—2)(c—1)T—1]€ 7~ (2)dz

1 2(c-1)7b L r
_ = — —rT0— -
T 1+s)or /0 (r=DeT; <b (o — 1)7)dr

B 1 1 2(c—1)zb ol r
_7(1_'_5)67 </0 +/1 )(r—l)e T} <b_7(a—l)r>dr

To'l

W 2(c—-1)tb
(l Tor / / (r—1e"dr<o0
TJ 1 b— — 207h
S Tiver +S)M (/ / )(r 1)eTdr < 0

as T;"l (b - (U_rl)r> is a decreasing function of r and forl (r—1)e"dr<Oforallr; > 0.

Appendix F. Cut-offs t; and t;

We prove that lim,_gty, < lim,_t;. Ass = 0, ty; = ty; = (¢ + ) 7. We need to check that
(InTp)'(b) - G}(b) >
when s — 0. Given the expressions (34) of Tll“’ and G;, we have

(InT)) (b) = ﬁ % In [1 - e coshi(o ~ 1)zl

z=b

- e1=9)bsinh[(6 — 1)72]
~ 1 —e(-o)rbcosh[(c — 1)7z]

z=b

and

(c=1)7 [P -0ty

c(l+s) Jp TI°@) <0

Gj(b) = -

Hence, we get (InT))’(b) — G;(b) > 7.
Appendix G. Partially integrated city

In this Appendix, we derive the expressions of the bid rents and the wage in terms of the total surplus TSp(z) and the urban utility vp(z). Then
we establish the conditions for which the partially integrated city is a spatial equilibrium as stated in Proposition 5.

As in the study of previous urban configurations, we focus our analysis on the half-segment [0, b]. In the integrated district [0, b;], the rent
equalization condition (i) imposes R(z) = ¥.(z) = ¥j(2). From the bid rent expressions (15) and (16), the land rent and the wage in the integrated
district can be written as

R@) = 1 [T50) + &~ a — U'] 72
w(z) = % [0~ 8 +a+ U] + 1 [m0)+ 20| ze [o.b) (73)

In the residential district [b,, b], the land rent is given by (15)
R(x)=¥,(x) =Ap(y) —tx, x € [by,b]
where

Ay =« [m% —lnTp(y)] + W) +ty+5 —a—U* y€El[by,byl

As the expression Ap(y) should be independent from the workplace y and the land rent is nil at x = b according to condition (v), we have Ap(y) = tb
This leads to the land rent in the residential district as well as the wage in the business district

R(x) = t(b — x), x € (by,b] 74)

wy)=t(b-y)—vp(y) ~Co+a+U", y€[by,b,] 75)
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Inserting this wage expression (75) into the firm bid rent W;(y) (16) yields the land rent in the business district
1 - .
R(Y)=;[TSP(.Y)—I(I’—.)’)"‘CO—U—U], Y € [by,b,] (76)

As the equilibrium land rent is continuous, conditions at district borders b; and b, impose R(b; — 0) = R(b; + 0) and R(b, — 0) = R(by + 0).
Solving these two equations for U* and b, leads to

U* =TSp(by) — (L +s)t(b—by)+¢o—a (77)
and
(a+p) [SP(bl) - Sp(bz)] =1 +s)t(by — by)

The last relation shows equation (43) which determines b, as b, is given by relation (35).

By inserting the equilibrium utility expression (77) into relations (72) and (73) (resp. relations (76) and (75)) leads to the land rent and the wage
in the integrated district (resp. the business district).

All these land rent and wage expressions are summarized in relations (41) and (42).

We still have to impose conditions (ii), (iii), and (iv). First, condition (ii) ensuring no commuting within any two locations in the integrated
district writes as |(a + ﬂ)S;,(z)‘ <t(l+s), ze€][0,b,]thatis,

t>?PEa+ﬂ max ‘

1+ 5 z€[0.b;] S;’(Z)‘ (78)
Second, condition (iii) says that firms outbid workers in the business district: R(y) > ¥, (y)Vy € [b;,b,]. Subtracting (74) from (41), we get

(@+ B) [Sp() — Sp(by)] =t (1 +5)(by —y), ¥y € [b1,bs]

which gives

a + f Sp(y) — Sp(by)

<tp= i 9
= b THs by—y 79
Finally, condition (iv) ensuring that workers outbid firms in the residential district (R(x) > Wj(x), Vx € [by,b]) gives
(@+ B) [Splby) — Sp(0)] —t(L+5)(x —by) 20, x € [by,b] (80)

which is similar to relation (79). Only signs and supports differ. Note that in the interval (b,,b), Sp(x) is convex because Gp/(x) = 6272Gp > 0
and (In T}l,“’(x))” = 0. Since the LHS of inequality (80) is zero at x = b,, this inequality is satisfied for all x € [b,,b] if and only if

(a+ ) [Sp(by) = Sp(b)] 2 t(1+5)(b—by) 20

Thus, inequality (80) is equivalent to

a+ f Sp(by) — Sp(b)

t<t =
=P 14+s  b-b,

(81)
To sum up, the spatial equilibrium is given by (b;,b,) that solve equations (35) and (43) and satisfy (78), (79), and (81).
Appendix H. Proof of Corollary 2

We show that the partially integrated city is a spatial equilibrium for t = t; — 6 and small enough 6 > 0. By continuity, Sp(2) tends to S;(z) for
any z when b; tends to b. This is also true for S;,(z) and Sp//(z). It is shown in Appendix E that S;(2) is decreasing and concave in the neighborhood

of z = band ‘S;(b)| > ‘S;(z) ,% € [0,b]. Hence, we have S,(z) < 0 and Sp/(z) < O for z close enough to b while ‘S;(b)| > ‘S;(z)|, vz € [0,b]. By

continuity, |S;(b1)‘ > |S;,(z) ,Vz € [0,b;] when b; tends to b. In this case, Sp(z) is decreasing and concave in z within the intervals [b;, b] for small
6 > 0. So, by concavity of Sp(z), we compute

a+p Sp(y) = Splby) _ a+ B Sp(by) — Sp(by)

tp =

P yebybyl 1+s  by—y 1+s  by—b
i = a+ﬂsp(b2)—sp(b)

P 145 b-b,

~ _a+f , _a+f

=77 SZgi(gflgl)(TSp(Z))— I +S(Sp(b1))

while

_ a+p Sp(by) — Sp(by)
1+s by, — b,

We now check that T, < t < min{p,%p}. Indeed, t = tp and , < t <Tp by concavity of Sp(z).
Appendix I. Proof of Corollary 3

Towards this aim, we rewrite equation (43) as

_ _ a+ [ Sp(by) — Sp(by)
t=fb) =T by o b,
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where b, is given by (35). As s — 0, one can verify

limf(0) = t;; and limf; (b) = ¢;

s—0 s—=0

Because t; > t,; > 0 and f,(b;) is continuous in [0,b/2], we can apply the intermediate value theorem. There exists at least a value of b(l) that
solvest = f,(by) for allt € (ty,t;). One then computes the thresholds

Sp(60) — Sp(b)

30—
t,=(a+p) b—b?

0 =—(a+p)Sp®))

?g = (a+ f) max ‘ (z)|
e[ 0b9)
Then, 1f min { tp}, there exists a partially integrated equilibrium with two infinitely small business districts at y = ib‘l).

Appendix J. Duocentric city

In this Appendix, we derive the expressions of the bid rents and the wage in terms of the total surplus TSp(z) and the urban utility vy (z). We also
establish the conditions for which the duocentric city is a spatial equilibrium as stated in Proposition 6.

As in other cases, workers arbitrage between the different workplaces up to their commuting cost and land rent payments. As a result, a firm
located at z must offer individuals a wage w(z) that is as attractive as in other workplaces. Since workers commute from the left and right hand sides
of the business district located on (b;, bs), it is convenient to denote the business center of the business district by b, € (b;,bs). This is the unique
location where a firm attracts workers from each side of its location. Since the labor market divides about y = b,, the left hand side’s labor demand
and supply balance so that b, —b; = sb; while its right hand side clears so that b; — b, = s (b — b3). Denoting the utility of a worker working at b,
by U, =vp(by) —a +w(by) + ¢y, we can write the following wage arbitrage condition for any y > 0:

o) +wy) +t|ly—by|+Co—a=U,
so that the equilibrium wage w(y) satisfies
w(y)=Uy —vp(y) =ty —by| —co + (82)

This is also the wage that a firm should pay to attract a worker when it relocates in a residential district.
By plugging the wage expression into (15) and setting y = b,, the household’s bid rent can be rewritten as

‘P,(x) = U2 -U* -t |X - b2| (83)

Similarly, the firm’s bid rent (16) writes as

1 _
Yy(y) = 5 [TSD(y)— U, + ¢ —a+t|y—b2|]

Landlords reap the surplus of the production and consumption of each pair of individuals and firms up to the level of the individual’s utility.

As before, we focus on [0,b] when imposing the equilibrium conditions (i)-(iv) on the bid rents from households and firms. Using the wage
(82) from the wage arbitrage condition and applying it for x > b3 > y > b,, one can express the relations ¥,(b) = 0 and ¥,(b3) = ¥,(b3) as
functions of U,, U*, b, and b;. Using the same wage (82) and applying it for x < b; < y < by, one can also express the relation ¥,(b;) = Wy(b,)
as function of the same variables. Therefore, conditions (iii) and (iv) together with the identities b, = (1 +s)b; and by = b; + sN/2 provide five
equations for the five variables U,, U*, b;, by and b. The solution for U, and U* is given by

Uy = TSp(by) + Co — @ + t (b, — by) — st (b — 2b, + by)
U* =TSp(by)+¢y—a— (1 +s)t(b—2by +b;) 84

while b; solves (47). Note that U, — U* = t (b — b,). Using this, we get (45) and (46).
The equilibrium inequality condition (ii) ¥,(x) > ¥ (x) for all x € &, writes as

¥, (x) — Wy (x) = Uy — U* — % [TSp(x) — Uy + 5 — a] — %qx—bﬂ >0

where Sp(x) can be shown to be convex on the intervals (0,b;) and (bg,b): Sp" =Gp" — % (lnTllj_")” where G, =
(1-0)*72G, >0 and (lnTl“’)"z[(Tl"’)”Tl"’— Tl"’)'z]/Tz(l_”)' the last expression is equal to 0 on (b,b) and to

[2(0—1)1/(5T1 ")] /- _b; e(1-0)t0-2)dg f _bl e1-97GYdz >0 on (0,b;). Then, ¥,(x)—W,(x) is concave on those two intervals. Since
Y.(by) —Wy(by) = 0, we have ¥, (x)— lI’b(x) > 0 for all x € (0,b;) if and only if ¥.(0)¥,(0) > 0, which can be rewritten as

t g?D = (a + P)ISp(bs) — Sp(0)1/[(2by — b3) (1 + 5)]. Similarly, since ¥,(b3) — ¥y(b3) = 0, we have ¥, (x) —¥p(x) > O for all x € (bs,b) if
and only if ¥,(b) — ¥, (b) > 0, which can be rewritten as t < t;, = (« + ) [Sp(bs3) — Sp(D)]/ [(b —-by)(1+ s)]. This means that condition (ii) reduces
to t < max(tp,f,}. The equilibrium inequality condition (i) remains as it is: ¥;(y) > ¥,(y) for ally € Y.

It can easily be shown that b; should not exceed N/4. Otherwise, the residential bid rent would be negative at x = 0.

Finally, we can express the above utility U* in (84) as a function of b; as follows. Using (82) and the zero profit condition 7z (y) = z;(y) + 75 (y) —

w(y) — sR(y) = 0 we can write
Uy —t|y —by| — ¢+ SRY) =TSp(y) — @
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Applying thisaty = b; ory = bs gives
—t(by —by) + t (b3 —by) +5 [R(by) — R(b3)] — (@ + p) [S(by) — S(b3)] =0

In the spatial equilibrium, the residential bid rents (83) at the residential district borders x = b; and x = b; become the equilibrium land rents
so that R(b;) — R(b3) = ¥,(b;) — ¥, (b3) = t (b3 — by) — t (by — by). Inserting in the previous identity gives the main relationship between borders of
residential and business districts:

(1 +9)t[(b3 —by) — (by = b1)] = (a + ) [S(by) — S(b3)]

The LHS corresponds to the difference in the commuting cost to workplace b, from district borders b; and b;, while the RHS is proportional to the
surplus difference between locations b; and b;. This means that these commuting costs and surplus differences should balance. Then, by using (44),
we get equation (47) for b, as stated in Proposition 6.

The utility (84) becomes

U* =TSp(b3) — (1 +s)t(b—bs)+cy—«a

Similarly,

U, = TSp(b3) + ¢y — a — t(by + bs — (1 + 5)b3)

¥, %((a + B)(Sp(y) — Sp(b3)) + (1 +8)t((bg — by) — 2(by — by)) +st(b —by) +t(y —by)), y € (by,b3)

w(y) = TSp(bs) + (1 +s)t(bg — by) — st(b —by) —vp(y) — t(y — by), y € (by,b3)
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