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Abstract This paper addresses the problem of dynamic asset allocation under a bounded
shortfall risk in a market composed of three assets: cash, stocks and a zero coupon bond.
The dynamics of the instantaneous short rates is driven by a Hull and White model. In this
setting, we determine and compare optimal investment strategies maximizing the CRRA
utility of terminal wealth with and without value at risk constraint.

Keywords Asset allocation - Value at risk - Bounded shortfall risk - Stochastic interest
rates

1 Introduction

The issue of optimal asset allocation for an investor with given utility function and a fixed
initial endowment is one of the classical problems in financial mathematics. Since Merton’s
pioneering work (1969, 1971), many attempts have been made to solve the asset allocation
problem in a framework that allows more realistic market models. In particular, stochastic
term structures for the interest rates were introduced. General non explicit results were first
inferred by Karatzas et al. (1987), Karatzas (1989). Afterwards, many authors have obtained
closed form solutions for some term structure models. E.g. Korn and Kraft (2001) have
investigated the case were interest rates follow a Vasicek and Ho & Lee model, using sto-
chastic control techniques. Sgrensen (1999), Deelstra et al. (2003) studied a similar problem
by the martingale method.

On another side, the value at risk based risk management emerges over the last decades
as the industry standard and remains today a key tool for asset allocation. The interested
reader can refer to Artzner et al. (1999) for details about pros and cons of this risk measure.
Basak and Shapiro (2001) and Gabih et al. (2005) have embedded this risk management
criterion into an utility maximization problem and provided a comprehensive analysis of
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VaR investment strategies. Static version of this issue and other risk measures have been
considered by Emmer et al. (2000, 2001).

However, to our knowledge, papers treating the issue of utility maximization under a
VaR constraint only consider deterministic interest rates. The contribution of our research is
precisely to extend this problem to a market allowing stochastic term structures of interest
rates. We have decided to work with the Hull and White model, due to its ability to match
perfectly the observed yield curve and to its analytical tractability.

The outline of this paper is as follows. Sections 2 and 3 respectively present the financial
market and asset allocation issues. We first establish the terminal wealth, maximizing the
investor’s utility without risk management constraint. Based upon those results, the VaR
optimal terminal wealth is inferred. In Sect. 4, we build investment strategies hedging the
VaR and non VaR optimal terminal wealth. Section 5 illustrates numerically our results and
the last section concludes.

2 The financial market

This section develops the market structure of our model and the dynamics of interest rates
and asset values. The financial market is defined on a complete probability space (2, F, P)
where F is the filtration generated by a 2-dimensional standard Brownian motion W,” =
(Wtr,P’ W{S,P)/:

F=F)=o{(W,", WPy 1u <t}

The two Wiener processes W;"* and W;>* are independent. A direct consequence of the
completeness of the financial market is the existence of an unique equivalent measure under
which the discounted prices of assets are martingales. This risk neutral measure is denoted
by Q. An investor can purchase three assets: cash, zero coupon bonds, and stocks. The return
of cash is the risk free rate r; and is driven by a Hull & White model:

dr,=a®"(t) —r)dt +o,dW/". (1)

The speed of mean reversion a and the volatility o, of r, are constant. The level of mean
reversion b” (¢) is a function of time, chosen such that modeled bond prices match real bond
prices. The market price of risk associated to r, is constant and denoted A,. The dynamics
of r, may then be rewritten

A
dr,=a (bP(t) -0, = — r,>dt + 0, (AW + A.dt)
a

=a(b(t) —r)dt + o, dW?, 2)
where W,”Q is a Wiener process under Q. If £(0,¢)! is the instantaneous forward rate at
time O for a maturity ¢, b(¢) is defined as follows:

by =1L f .0+ 0.0+ T — e
=——f(0, , ——(1—e .
a ot 2a?

B3 R, T, T + A) is the forward rate as seen at time ¢ for the period between time 7 and time T + A,
the instantaneous forward rate f(z, T') is equal to the following limit f (¢, T) =lima_,o R(t, T, T + A). If

P(0, ) is the price of a zero coupon bond maturing at time ¢, one has that f(0,¢) = — % log P (0, t) (see Hull
1997, for further details).
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In Appendix A, more details on the calibration of f(0,¢) are given. The second available
asset on the market is a zero coupon bond of maturity 7p whose price at time ¢ is denoted
P(t, Tp). The price P(¢, Tp) (see Musiela and Rutkowski 1997, Chap. 12, p. 289, for details)
obeys to the dynamics,

dP(t, Tp) »
————— =rdt —o,B@t, Tp)(dW Ardt
P4 T T o, B(t, Tp)(dW,) " + )

=rdt — o, B(t, Tp)dW 9, 3)

where B(t, Tp) is a function of the maturity 7p:
1 —a(Tp—t)
B, Tp)=—(1 —e “P7"),
a

In the sequel of this work, the risk premium of the bond is denoted by vp(t, Tp) =
—o0,B(t, Tp)X,. The last kind of assets considered is a stock. Its price process S, is mod-
eled by a geometric Brownian motion and is correlated with the interest rates fluctuations

ds
TT = ridt + o5,dW"T 4+ 0,dt) + o5 (dWST + rsdt)
1

=rdt +o5,dW? + o5d W2,
where constants o,, og and Ag are respectively the correlation between stocks and interest
rates, the intrinsic volatility of stocks and the market price of risk. For convenience, the

stock’s risk premium is noted vs = o5, A, + oshs.
The market completeness implies the existence of an unique state price process (%),

given by
d 1 t t
a9 =exp ——/ ||A||2du—/ Ndw! ),
dP ), 2 Jo 0

where A = (A,, As)". The unique deflator H (¢, s) at time ¢, for a cash flow paid at time s > ¢
is defined by

exp(— Jo rudu) (5),
exp(= Jy rudue) (5),

* 1 * 2 * ’ P
=exp|— | r,du—— |Al“du — AdW, ).
t 2 t t

3 Optimization problems

H(t,s) =

We consider an investor endowed with an initial wealth x at time ¢. The portfolio process,
T, = (nts, nt” )’ is the vector of amounts of money invested in stocks and bonds and is as-
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sumed to be self financing. The investor’s wealth process, denoted X,, is then ruled by the
following dynamics;

P s m mp
dX, =X, —nl —n’)rdt + ——dP(, Tp) + —=dS
t (X: t ,)rt P, Tp) ( P) s, t
= (r,X, + ntsvs + n,PvP(t, Tp))dt + ntsode[S’P
+ (nlsas, - ntPG,B(t, Tp))dW[’P.

Let T be the investment time horizon. The investor aims to determine the investment strat-
egy maximizing the expected utility arising from terminal wealth U (X7). We have decided
to limit the scope of our research to power utility functions (CRRA) with a risk aversion

parameter y € (—oo, 1) \ {0}. The case y = 0 corresponds to the logarithmic utility and is
not developed in this paper. The value function at time ¢ is therefore defined as follows:

Xl’
V(t,x) = max E(7T|]-',>, 4)

XreAr(x)

where A,(x) is the set of replicable wealth processes with or without bounded shortfall
risks. The next two subsections respectively present optimal terminal wealth without and
with VaR constraint.

3.1 Optimization without bound on shortfall risks

In the setting of complete markets, it can be proved that a random process X7 is replicable
by an adapted, self financed, investment strategy if and only if the expectation of the deflated
terminal wealth is at most equal to the current wealth x (for details see Dana and Jeanblanc
2002, Chap. 4). Without VaR limit, the set of admissible controls of (4) A, (x) is given by
A (x) = {Xr > O[E(H (1, T)Xr|F,) <x}. )

This constraint is known in the literature as the budget constraint. If y, € R, is the Lagrange
multiplier coupled to this, the Lagrangian of the optimization program is defined by

X7
£(t’x7XT’ yt) =]E<7 +yt(-x - H(tv T)XT) |‘7:t)7

and the value function may be reformulated as follows;

V(t,x)= inf(supﬁ(t, x, X7, y,)).

Yo\ xp

The optimal terminal wealth X7 and Lagrange multiplier y; are such that
V(t,x)=L(t,x, X}, y)).

Deriving the Lagrangian with respect to X7 leads to the optimal wealth for a given y;",

1

X5 =(yfHt,T))" .
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Whereas y;" is such that the budget constraint is binding:

x =E(H@ T)X}|F)
- y
= E(y, "UH(, T)mf,).

We now state a proposition that allows us to calculate the expectation of X7 in function
of y;.

o X5 .
Proposition 3.1 —I—; is a lognormal random variable under P:
Yt

ln<i> ~N(u¥r(t,T), 07 (t,T))

y;fl/(}/—l)
where
: I P(0,1) 2 ao 1
XTt,T: 1 r 202432 T_;
: ( ) 1_V|:H(P(O,T)>+(2a2+ a +2(r+ S) ( )
1 o Mo, o? ot ,
i = SO0 =55 B(t,T)— =B, T)"|, (6)
1— Y 2a a 4a
X 2 1 T 5 ,
(¥, 7)) = m/ (0vBu,T)+ A,)" + A% du. )
t

Proof When the dynamics of interest rates is driven by a Hull and White model, one can
show that the integral flT ryds is a Gaussian variable under P (see Brigo and Mercurio 2006,
Chap. 3, p. 75):

T _ P(0,1)
‘/t rudu_ln(P(O’T)>+(rt_f(09[))B(taT)

o 4 heor (T —1)— B(t.T))
+<2az+7> —h - B,

o} 2 T )
_ ﬁ(ef‘” — efaT) + U,/ B(u, T)dW!". ®)
t

By definition of X7., In( %) is then equal to:
Yt

1 1 T 1 T T
In(H(, T)) = —— / r,,du—i——/ ||A||2a'u+/ ANdWP). )
y—1 1=y \J 2 !

- t t

Since W,”P and W,S’P are independent, the sum of stochastic integrals present in (9) is a
normal random variable whose variance is given by (7) whereas the expectation of (9) is
well (6). O

The lognormal property of (%) entails that the expected terminal wealth is
Yt

] . Xt (1, T))2
E(X717) =y "" e><p<u"f(t,T)+7(‘7 GKR) )

2
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In order to compute the Lagrange multiplier such that the budget constraint is binding, one
needs to valuate the expectation of deflated optimal wealth. This point requires a forward
change of measure. The expectation of a discounted payoff under Q is equal to the price of
a zero coupon bond times the expected payoff under the forward measure, Fr:

]E(H([, T)X;—LE) = ]EQ(E*f,T mziuX;iLE)
= P(t. DET (X;1F).

Fr is the measure obtained by choosing a zero coupon bond P(¢, T) as numeraire (see
Shreve 2004, Chap. 9 for further details) and its Radon-Nykodym derivative is defined by:

(%)T _ 1 T 2 r )
(dFT) = exp -5 (a,.B(s, T)) ds — 0.B(s, T)dW* |. (10)
dQ ' t t

And under Fr, the following random process

AW =dW!P + ), ds + 0, B(s, T)ds,

1D
AW =dW!? + 0, B(s, T)ds

is a Brownian motion. The expectation of X7 under Fr may be inferred from the following
proposition:

Proposition 3.2 W is a lognormal random variable under the forward measure Fr:

X* * *
(At )~ N T
t

where

X%, Fr 1 PO.0\ o2 Ao, 1o, ~
M (t,T)—l_y[ln<P(O T)) <2a2+ P +2(A,+AS)>(T t)]

’)B(r, T)]

+L[( - f(, t)+
-y

1
1 —2at
+ — B(t,T) (12)
l1—y
(X7 1, T))2 =G / (0B, T)+ A,) + A% du. (13)
-V '
Proof Combining (8), (9) and (11) leads after calculations to the desired result. O

The lognormal property of (%) under Fr implies that the expected, deflated termi-
Yt

nal wealth is worth:

e X%, Fr 2
E(H(t, T)X5F) =y, " P(t,T) exp(ux’%fr ., T) + w> (14)
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The Lagrange multiplier y; binding the budget constraint is therefore given by

(o X1 Fr(t, T))2)>“V

yt*:x"”(P(t,T)exp(ux?’FT(t,T)—I— 5

The investment strategy replicating the process X will be established in Sect. 4.
3.2 Optimization with bounded shortfall risks

The Value at Risk is originally defined by the € quantile of the risk variable (here the terminal
wealth). Bounding this risk measure is then equivalent to bounding the shortfall probability.
If ¢ > 0 is some shortfall level and € € [0, 1] is the maximum shortfall probability accepted
by the investor, then the VaR constraint is defined as follows

P(Xr <q)<e.

The set of admissible controls for (4) A,(x) is now delimited by the budget and VaR con-
straints:

A ) = [Xr > O[E(H(1, T)X7|F) <x, P(Xr <q)}. (15)

Basak and Shapiro (2001) characterize the optimal terminal wealth of this problem with
deterministic interest rates. Adding stochastic interest rates modifies the structure of the
deflator. But the proposition of Basak and Shapiro remains valid given that the optimal
terminal wealth is built pointwise and that Vo € 2, X5 (w) depends only on the realization
H(t, T)(w) of the deflator and not on its structure. We reproduce here without proof their
main result:

Proposition 3.3 At time t, the VaR optimal terminal wealth, noted X7 is:

e _ [max@ e H@ T, H@ T <,
" otHE TH T, h<H(T)

where h is the € percentile of the deflator, P(H(t,T) > h) = €, and y; is the Lagrange
1

multiplier such that the budget constraint is binding E(H (¢t, T)X%) = x. If (yyh)7 T > g
the VaR constraint is not binding.

Notice that when « = 1, the VaR constraint is never binding. If « = 0, the problem
reduces to the case of portfolio insurance (see Basak 1995). We refer the interest reader to
the PhD thesis of Gandy (2005), for a complete discussion over the existence of the solution.
In particular, Gandy has shown that the VaR level ¢ must verify the relation

x=qQH@, T)<h)

to ensure the existence of a solution. It can be proved in a similar way to Proposition 3.1 that
the distribution of the deflator is lognormal:
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Proposition 3.4 H (¢, T) is a lognormal random variable under P

In(H(t,T)) ~N(u",T),0" ¢, T))

where
H _ P(O, t) 0'r2 ArO; l 2 2 ) _ ]
wl@, )= [ln<P(0,T)>+<2a2+ , +2(x,+/\s) (T —1)
|:< Urz A,a,) Grz ) 2]
—\r—-r©,0 - — B(t,T)— e 2B, T)*|, (16)
2a? 4a
T

(OH(I,T))ZZ/ (0, B(u, T) +1,)" + 22 du. (17)

The percentile / is then easily computable. We rewrite the VaR optimal wealth X% as a
1
sum of options payoffs depending on X7 = (y¢H(t,T))71:
X;=q+ (X7 —q), — (K-X7°), - lyvex(qg—K) ifK <gq
=X;r‘=X; ifK>gq
1
where K is equal to (y; #)7-T. As mentioned earlier if K > g the VaR constraint is not bind-

ing. In the sequel of the paper, one will then assume that K < g. The following proposition
will help us to calculate the expectation of X%.:

Proposition 3.5 Let us define the following variables:

€

In( i})—ux?(t,T)

X*"e, Y= X*’E, X*"e,
dZT q: - X*( T) s le q:dZT q_GX;(th)v
o’T(t,
K *
In(—£-) - w5 . 7)
X*'G,K Y- X*‘g,K X*'S,K "
dzT = l m ) le = ZT _C’XT(t»T)-
o1 (t,T)

The expected VaR terminal wealth is given by:
E(X7|1F) = q +E((X7° = @)+1F) —E((K — X79+|F)
—E(lype x| %) (g — K). (18)

If ©(.) is the cumulative distribution of a standard normal random variable, conditional
expectations present in (18) are:

.
@*T @12

. 6% X* X*’e, X*’E,
E((X7 = q)+|F) =y " TR o (=dy T ) —q@(=d, " ),

*
(UXT

*,€ 1 * . 2
E((K — X5 |F) = KO(dy " ™) =y 7 et T 0D g g

*,€
T K

),

E(lyse—xlF) = @y " ™).
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Proof The distribution of X7 being lognormal by Proposition 3.1, one can apply Proposi-
tion B.1 (Appendix B) to value the expectations involved in (18). ]

As in the previous subsection, the calculation of the expected deflated terminal wealth is
done by a change of measure from Q to Fr, the T-forward measure as defined by (10). We

can state the following proposition:

Proposition 3.6 Let us define the following variables:

In(—4—) — e, 7)
X*’E, F y—I X*’E, F X*’E, F
dzT a T: i X; Fr(t T) le 4 T:d2T 4 T—O'X;’FT(LT)v
o~ r s

111(%1]) — X @, T)

X5€ K, F, VT X3¢ K, F; X3¢ K, F;
d2 T T — Vi _ , d] T T :d2 T T _O_X;-,Fr(l,’ T).
oXrfr @, T)

The expected VaR terminal wealth under Fr is given by:
ET(X51F) = q + BT (X7 = )+ |7) =BT ((K = X7)417)
— B (Iyye 4 1F)(q — K. (19)

If ®(.) is the cumulative distribution of a standard normal random variable, conditional
expectations present in (19) are:

* X5 Fr 2
- F1 ¢ )4 €L 07

6# X *,€ *,€
BT (X3S — @)l F) =y, e O(—d; " Ty~ qo(—dy T T,

s, N XToFT ()2
T vK’FT) ST T T gy T )

v e e d)

76K Fr

EFT (K — X5)4|F) = KO(d) ),

7€.K.Fr

X
T (e o1 F) = @y "),

Proof The distribution of X7 being lognormal under Fr by Proposition 3.2, one can apply
Proposition B.1 (Appendix B) to value the expectations involved in (19). O

According to previous results, the expected, deflated VaR terminal wealth is worth:
E(H(t, T)X5|F) = P(t, T)g + P(t, )E™ (X7 — q)1|F)
— P(t, E" (K — X794 |7)
— P, T)E(lx2c | F) (g — K). (20)

Contrary to the optimization without bound on shortfall risks, the Lagrange multiplier y;
binding the budget constraint is here not analytically calculable. In the examples developed
in Sect. 5, we have computed it by the Newton Raphson method. The investment strategy
replicating the VaR process X7 will be established in the next section.

4 Investment strategies

Firstly, we present the investment policy replicating the optimal terminal wealth of an in-
vestor maximizing his utility without risk management constraint.
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4.1 Optimization without bound on shortfall risk

So that we can find the asset allocation hedging X, we need to define a new stochas-
tic process V; = Ef7(X3%|F;) with s > ¢. Note that by the Tower property for conditional
expectation, V; is a martingale under Fr. A relatively long calculation, summarized in Ap-
pendix C, leads to the following dynamics for V;:

Proposition 4.1 For s > t, Vi is solution of the S.D.E.:

1 2 2
dv, = I—X/S(Ara,B(s, T)+0,B(s,T)*)ds
-

1 .
+ I—Vs(()»r+UrB(SyT))dWY"Q+)»deYS’Q)- 21
-V

Notice that the expectation of deflated terminal wealth is related to the current wealth as
follows:

X =E(Ht T)X}3|F) =P, T)E (X;|F) =P, T)V,.

The dynamic of X is then inferred by the following proposition:

Proposition 4.2 The dynamics of X; = P(t, T)V, is given by:

d(P(t,T)V,) = r,V,P(t, T)dt + AsViP(t, T)dW 2

I—y

+ (ﬁ(xr +0,B(t,T)) — 0, B(t, T))V,P(t, TYdw; 2. (22)

Proof According to (3) and Proposition 4.1, one can apply the Itd’s lemma to get the result:
d(P(t, T)V;) = P(t,T)dV, +dP(t, T)V, +d(P(,T), V),
where (P(t, T), V;) is the quadratic covariation between P (¢, T) and V;. O

Finally, we get the optimal investment strategy:

Proposition 4.3 At time t, the optimal amount of money invested in stocks is

s I s,

=——X, 23
L (23)
and the optimal amount of bonds is
B¢, T 1 X [(rsos A
B -AUL) ’ SO _ L B, T)). (24)
B, Tp) 1—y B(t,Tp) \ 050, o0,

Proof The asset allocation is obtained by comparison of (22) and of dynamics of the in-
vestor’s portfolio under Q:

dX=rX/dt+ JT,SUSdW,S‘Q + (n,505, —nlo,B(t, Tp))dW,r"Q. O
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4.2 Optimization with bounded shortfall risk

Calculating the VaR optimal asset allocation strategy requires to differentiate the expectation
of deflated terminal wealth, (20). The following proposition will help us to perform this task.

Proposition 4.4 The differential of expectations appearing in (20) are given by:
=€ g 1
AR (X3¢ — )4 1F) = ®(=d, " * FT)th(A,a,B(t, T)+0.B(t,T)*)dt

+o(—d, T T V,(Ar + 0, B(t, T))dW;2

-y
*,€ l
Oy Vsd W,

* X5€ K,F; 1
dET (K — X7)4|F) = —@(d, " T)l

Vi(A,0,B(t,T) +0/B(t, T)*)dt

;’E’KaFT)l 1
-V

— o V,(h + 0, B(t, T))d W2

7< K Fr

X 1
— o, )mvtksdwzs’q

X*'G,K,F
I
oXrFr(, Ty 1 —y

Xk
e’ ) 1
oXrfr(, Ty 1—y

Xk
pd,” ) 1
oXrfr@, Ty 1—y

dIEFT(IX;,e<K(q - K)|F)=—(q—K) (A0, B(t,T) +0B(t,T)*)dt

‘. K,Fr

—(q (A + 0, B(t, T))dW,°

‘. K,Fr

—(q—K) Asd WS,

Where ®(.) and ¢(.) denote respectively the cumulative distribution and the density func-
tion of a standard normal random variable.

The proof is detailed in Appendix D. Based upon those last results, we are now able to
establish the S.D.E. ruling X :

Proposition 4.5 Let us define a random variable C, as:

76K Fr

w(dzx )
o X1 Fr (¢, T)

*’E,K,F
Y, +

C =o(=d" "V + oW (q—K). (25)
The differential of X =E(H (t, T)X5|F;) is then:
dE(H(t, T)X5|F) = E(H(t, T)X$|F) (rdt — o, B(t, T)AW,"?)

1
+ PG, T) (A +0,B(t,T))C,dW,?
-y

1 S,Q
+ 1—P(t, T)AsC,dW,~. (26)
-y
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Table 1 Expo model;

parameters n 3 Bo 0.0434
01 0.4443 B1 0.0118
0> 0.6837 Ba —0.0082
03 0.1544 B3 —0.0094

Table 2 Other market

parameters a 0.15 As 0.15
or 0.015 os 0.20
Ar —0.10 oSy —0.01

Proof Relation (26) is a direct consequence of the [t6’s lemma,

dE(H (1, T)X7|F,) = P(t, T)AE™ (X3|F,) + E™ (X1 F)dP (1, T)
+d(P(t, T),E" (X71F)),

of Proposition 4.4 and of (3). o

Finally, we are able to determine the optimal investment policy hedging the VaR terminal
wealth.

Proposition 4.6 Let us C, be defined by (25). The optimal amount of money invested in

stocks is
1 A
=—2pu.T)C, 27)
l—yos
and the amount of bonds is
B, T 1 C,P@,T) [ Arsos A,
n,’P: f ( ) P ( ) NN ~ Y _Bu.T). (28)
B, Tp) 11—y B(t,Tp) \ 050, o0

Proof The asset allocation is obtained by comparison of (26) and of dynamics of the in-
vestor’s portfolio under Q:

dX¢ =rXtdt +ntsadetS’Q + (ntSUS, —nlo.B(t, Tp))dW,r‘Q. O

The comparison of investment strategies without ((23), (24)) and with a bounded value at
risk ((27), (28)) are quite similar. In the constrained case, X" is in fact replaced by P (¢, T)C;.
Furthermore, we infer from the definition of C, that lim,_, x P(¢,T)C, = P(t,T)V, = X].

5 Examples
This section is devoted to numerical examples. We have fitted the restricted exponential
model introduced in Appendix A to the curve of Belgian zero coupon rates, on 31/12/2007.

The parameters are shown in Table 1. Other market parameters take values presented in
Table 2.
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Fig. 1 Expected terminal wealth

The investor’s time horizon is set to 7 = 10 years. His wealth is x = 10 at# = 0. The bond
maturity is 7, = 10. The chosen maximum shortfall probability is worth € = 5%. Figure 1
presents the expected terminal wealth at time ¢ = O, for different risk aversion parameters y
and different shortfall levels g = {8, 10, 12}. Without surprise, the higher is the shortfall
trigger g, the lower is the expected terminal wealth. Whereas increasing y raises the mean
terminal wealth.

Figure 2 presents the optimal investment strategies at time ¢ = 0 with and without VaR
constraint, for different risk aversion parameters y and a shortfall level ¢ fixed to 10 (the
initial wealth). The comparison of the VaR and unconstrained solutions reveals that the
higher is y, the lower is the fraction of wealth invested in risky assets, and in particular in
stocks. Note that amounts held in bonds are quite similar in both cases.

Figure 3 shows the optimal asset allocation in function of ¢, for a y equal to —0.10. It
reveals that increasing the trigger ¢ leads to a massive reduction of stocks held in portfolio
with respect to the unconstrained investment strategy. E.g. if g = 15, it is recommended
to invest 21.22% of fund in stocks instead of 68.18%. Increasing ¢ has less impact on the
amount of bonds purchased: when ¢ = 15, 105.4% of portfolio is invested in bonds instead
of 117.3% in the unconstrained case.

The graph 4 illustrates the influence of bond maturities 7p on the optimal asset mix.
y 1is still equal to —0.10 whereas ¢q is set to 10. The fraction of wealth invested in stocks
is independent of T, (it is a direct consequence of formulas (23) and (27)) whereas the
evolution of position in bonds in portfolio is similar in both cases: the amount of bonds held
in portfolio decreases when T, increases.

Finally, Figs. 5, 6, 7 illustrate the dependence between the VaR investment strategies, the
residual time horizon and the available wealth. y is still worth —0.10 whereas ¢ is set to 10
and T, = 15. When the wealth X¢ falls below the admissible shortfall level g, the amount
of stocks hold in portfolio decreases. But this decrease is sharper for a small residual time
horizon than for a big one. If X; is far below ¢, the fund manager stops to invest in stocks
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Fig. 3 Optimal asset allocation by Shortfalls g

and only keeps a long position in cash and bonds. Remark that in case of long positions in
cash, the amount of cash purchased is inversely proportional to the remaining time horizon.
In case of short positions in cash, the amount of cash borrowed is inversely proportional to
the residual time horizon.
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Fig. 5 Stocks percentage, in function of time and wealth

6 Conclusions

The drawbacks of the value at risk are well known: it is not a coherent risk measure and
ignores the severity of losses. However, this measure of shortfall risks remains an important
management tool for hedge funds due to its easiness of interpretation and of calculation.
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Fig. 7 Cash percentage, in function of time and wealth

Moreover, banks monitor their VaR on a daily basis and have to disclose it to regulators. In
this context, investors are still interested to determine the dynamic asset allocation which
maximizes their utility from wealth at some horizon but with a bounded VaR. The contribu-
tion of this paper is precisely to revisit this issue and to consider a market with stochastic
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interest rates, ruled by a Hull and White model. This model perfectly matches the observed
yield curve and is analytically tractable. The market considered is complete and made up of
three assets: cash, zero-coupon bonds and stocks.

We have first determined the optimal wealth without VaR constraint, and his expecta-
tion under real and forward measures. Those results allow us then to reformulate the VaR
constrained wealth process as a sum of options payoffs. Next, we have found closed form
expressions for investment strategies hedging those wealth processes. Finally, we illustrate
our results by a numerical application. For the chosen set of parameters, this example re-
veals that imposing a VaR constraint reduces rather the amount of stocks than the amount of
bonds held in portfolio. One has also observed that the higher is the maturity date of the zero
coupon, the lower is the part of wealth devoted to purchase bonds. A future research could
be to extend the analysis to a risk management model limiting the expected losses rather the
probability of losses. This alternative model remedies indeed the main shortcomings of VaR
risk management.

Appendix A

The instantaneous forward rate, f(0,¢) = —% log P(0, t) plays a crucial role for defining
the mean reversion level b(¢) (see (2)). In examples presented in Sect. 5, we have fitted a
continuous function (a sum of exponentials) on the observed curve of instantaneous forward

rates:

ftt45)=Po+ Y Biexp(—bis)

i=1

where n is a constant determining the number of parameters Sy, and 6;_,. This model,
known as the restricted exponential model was developed by Cairns (1998) and further de-
tails may be found in Cairns (2004).

Appendix B

This section presents three propositions that are used to calculate the expected VaR terminal
wealth (18) and the expected VaR terminal wealth under forward measure (19). Let ZK,

ZC be constant parameters and Z (¢, T') be a random variable such that % is lognormal:

Z@t,T)
ln( 7C )NN(MZ(t,T),aZ(t,T))

where u?(t, T) and % (¢, T) are function of times ¢ and T. Furthermore, we define dlz 2K
and dzz 2K as follows:

422K _ ln(g—K) —uh(t.T)
: — _

VA
oZ(1,T) e 1),

Z.ZK ln(%)—,uz(t,T)
427K =

oZ(t,T)

If ®(.) denotes the cumulative distribution of a standard normal random variable, we can
state the following proposition:
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Proposition B.1 Under the previous assumptions, we have that:

@Z.1)?

a) E((Z(,T) - ZK)4|F) = Z2Ce"" D55 @ (—al 7%) — ZK & (—df "),

o2 4.T))?
b E((ZK = Z(t. )4 |F) = ZK® (@] ™) = 2Ce!" D5 o 75),
©) E(lzen=zx|F) = (d ).

The proof directly results from the lognormality of 2¢.1) . E.g. statement a) can be rewrit-
P y g y 7ZC g
ten as:

E((Z(t,T) - ZK), |F) /W zCet o’ et d
t,T)— = et T ——du
+ zCenZ+oluzzK 27
2

u

+oo e 7
—ZK o du .
zCen?+oluszg /2

:q)(_dzz.zx)

A change of variable, s = u — 0%, in the first integral leads to the desired result. State-
ments b) and c¢) are proved in the same way.

Appendix C

In this section, the dynamics of V, for s > ¢, is established. By definition, we have that:

L
V, =B (y, " H(, TP |

1

_ *ﬁH %1 Fr T
=y, 7 H(t, )7 EFT (H(s, T) 7T |F,). (29)

1
And, in a similar way to Proposition 3.2, it can be demonstrated that H (s, T)*~" is lognor-
mal under Fr:

X3 Fr 2
(o (s, T)) ) (30)

E(H(s. T)77|F,) = exp(u’f?’” (s, T) + >

Developing all terms of (29) leads to the following expression for V:

1 1 s 1 s s s
Vi=y, " eXP[I—U rudu — 5/ ()‘z'i‘lé)du—i—/ ArdW;’Q+/ /\def’QH
— YL/ ' t '

o1 . P(0,s) n y 1af+kra,+lk2+1k2 T —s)

X ex n — L — — —5
Plicy Mpon) oz T Tah s
[ 1 1 1o? Ao,

X exp mrs‘B(S7T)_mf(ovs)B(svT)_(l_yW<§¥+ a )B(SvT)]
[1o2/1-2 1

X exp e/ (el AP B(s, T)*|. (31)
[4a\U=y)? 1-y
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The random variable V; depends then on time s and on two stochastic processes Z; s, Zj
defined hereafter:

Zl,s:/ rudu—"_/ )\-rdWl:’Q+/ )xde,f’Q,
t

t t

Z2,s = VSB(S, T)a
which are solutions of the next S.D.E.:

dZ s =1+ 2 dW'Q + agd W52,
dZ,, = ab(s)B(s, T)ds — ryds + o, B(s, T)dW" 9.

Using the Itd’s lemma allows us to differentiate V;:

v, v, v,  av,

d ds + (ab(s)B(s. T) —
as 57, s+ (ab(s)B(s. T) r)azz,s HEYZ9
1 3%V,

av,
L agdWS@ _B(s, T)dW"? + =
0z, T 7, (s, THaW; Y29z,

L oV, d{Zys, Zos) + oV, d{Zi s, Zsy) (32)
282213 2,59 L2, BZLSaZz,S l,ss &2.5/-

dVy = )»,dWS”Q

Vs

+ d(Zis,Z1)

The partial differentials involved in the 1t6’s equation are easily inferred from (31):

Wyl p0sase - Y (2 g )
=V,| —— £(0,58)aB(s, T) — ——— aB(s,
s 1—y (1—19)2\2a? a

1 y 1 3f(0,s)
x[—zm()»,—l-ks)—m s B(s,T)]

21 1-2
x O-_r B(S, T) 672as _ 14 efa(Tfs) ,
2a1 -y 11—y

oV _ Vs |, 1
Z1s  8Zrs -y

%V, 9%V, 3%V, 1

= = =V, :
Z? 973 0Z,0Zy  (1—y)?

’

And quadratic variations are given by:

d(Zi,Z)) = (A} +13),
d(Z>,Z>) =0/ B(s,T)%,
d{Zy,Zy) = ¥,0,B(s,T).

Developing (32) leads to the desired result.
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Appendix D

We just prove the first statement of Proposition 4.4, the two others being demonstrated in a
similar way. According to the definition of V;, one has the following equality:

(o ¥ T (s, T))2>

e

»'= V,exp(—ux’?’”(s, T) - 5

The expectation Ef7 ((X7€ — ¢)+|F;) may then be rewritten as follows:
% X*.E, ,F X*,é, ,F
E'T((X7 = )+|F) = Vio(=d, " ") —q@(=d," "),
Where d le I and d2X 7T are also reformulated in terms of V:

itar _ () — 3@ @ T
! o X1 (1, T)

itar _ () +3@ @ T
’ )

In order to lighten notations, we denote Ef7 ((X ;*e —q)+|F:) by Z,. The dynamic of Z, is
obtained by the Itd’s lemma with V, as state variable:

0Z, 1 ) 9Z,
dZ, = — Ao B(t, T B, T dt
=t (-0, B(t,T) +0B(t,T)*)V; v,
197, 1
A +0,B(t, T A3) dt
v = VA& + 0, B(t, T))? +13) dt
1 1 0Z; . ¢
A +0,B(t,T ;e AsVi——dW>C. (33
+1—J/( + 0, B( )) t l_yStaV[ t (33)
Taking into considerations the following relations:
od, T T aayT T |
v, V.,  oXrFra, TV,

X*’E, F X*’f. F.
Vip(=d, " "y —qp(—=a," Ty =0,

X7¢.q.Fr X7¢.q.Fr
od, T ad, T a
! =—2 — —o* T (1, 7).

a at
The partial differentials of Z, are after calculations:
dZ; X g Fr. 0 yx
— =Vip(—d," "=, T),
a7 1p(—d, )ma t,T)
9Z; X5€ g, Fp
=o(—d, " ),
v, (—d, )
9’z X5 g F 1
2’ =g(=d,"’ ! T)W~
A% ot (t, TV,

It remains to develop (33) to infer the dynamic of Ef7 ((X7€ — g)+|F).
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