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a  b  s  t  r  a  c  t

This  paper  is  focused  on the design  of  a  robust  model  based  extremum-seeking  controller  (ESC)  aimed
at the  online  optimization  of a  class  of  uncertain  nonlinear  systems.  The  ESC  scheme  is  based  on  the
modeling-error  compensation  approach  using  a robust  input–output  linearizing  control  law  coupled
with  a first-order  gradient  estimator.  The  feedback  control  scheme  is  able  to drive  the  closed-loop  sys-
tem into  a vicinity  of the  optimal  operating  set-point.  In  contrast  with  perturbation-based  ESC algorithms,
eywords:
xtremum-seeking control
radient-based ESC
ncertain nonlinear systems

the  control  scheme  includes  an  observer-based  uncertain  estimator  for computing  unknown  components
related  to model  uncertainties  and  a continuous  gradient  estimator,  while  avoiding  the use  of  a  pertur-
bation  signal  for achieving  closed-loop  convergence  to the  optimal  neighborhood.  The  convergence  of
the  closed-loop  system  to the  unknown  optimal  set-point  is  analyzed.  Numerical  simulations  illustrate
the  effectiveness  of  the proposed  ESC  scheme  in two different  nonlinear  systems.

© 2019  Elsevier  Ltd. All  rights  reserved.
. Introduction

The mainstream feedback control schemes are developed for
egulating dynamical systems at well-known set-points or for
racking specific reference trajectories. However, the control objec-
ive in many applications in engineering systems is to optimize

 prescribed objective function in order to keep the controlled
ystem at its optimal operating conditions [1,2]. The extremum
eeking control (ESC) or self-optimizing control, is a feedback con-
rol method that has been designed to solve this class of on-line
ptimization problems [3–6]. The main task of the ESC is to find
perating set-points, a priori unknown, such that the objective
unction reaches its extremum or optimum value [4,5]. Nowa-
ays, the ESC methods have been an active research area with
istinct application issues including radio telescope antennas to
aximize the received signal, water and wind turbines to achieve
aximum power generation, antilock braking system (ABS), pho-

ovoltaic systems, bioprocesses, among many others [7–10]. The
xtremum-seeking control problem was popular from the 1950s

nd 1960s. In the recent two decades, different approaches have
een considered for addressing suitable solutions, from classi-
al free-model perturbation-based methods to adaptive schemes

∗ Corresponding author.
E-mail address: glaracis@gmail.com (G. Lara-Cisneros).

ttps://doi.org/10.1016/j.jprocont.2019.04.014
959-1524/© 2019 Elsevier Ltd. All rights reserved.
and sliding-mode techniques, among others [2]. The perturbation-
based ESC methods became an active and popular field of research
in the control community after the formal proof of asymptotic
convergence by Krstic and Wang [11]. The perturbation based
approaches considered one dynamic feedback composed of a per-
sistent perturbation signal combined with an adaptive extremum
search to find the unknown optimal operating condition of the plant
[2]. A characteristic of such schemes is that the estimation of the
objective function gradient is performed via a combination of lin-
ear filters that does not require specific knowledge of the process
dynamics and the objective function. However, the main limita-
tions of perturbation-based methods are: (i) the requirement of a
multiple time-scale separation between the process dynamics, the
perturbation frequency and the adaptation rate, and (ii) the oscil-
latory behavior in the control signal due to the continuous external
perturbation (dither signal) [2]. With respect to the time-scale sep-
aration, to avoid possible instabilities in the closed-loop systems
the perturbation frequency must be slow (about two  order of mag-
nitude slower than the process dynamics), causing an extremely
slow convergence at the optimum. Sluggish convergence can be
unacceptable for processes in which the dynamics are slow of the
order of hours or days like some chemical and biochemical systems
[1,3,4]. Different approaches have been proposed to improve the

convergence rate of the perturbation-based ESC. A dual-mode ESC
and a phase compensator to correct the phase shift introduced by
the system dynamics at the perturbation frequency was proposed

https://doi.org/10.1016/j.jprocont.2019.04.014
http://www.sciencedirect.com/science/journal/09591524
http://www.elsevier.com/locate/jprocont
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jprocont.2019.04.014&domain=pdf
mailto:glaracis@gmail.com
https://doi.org/10.1016/j.jprocont.2019.04.014
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12]. More recently, Guay and Dochain [13] proposed a different
pproach by posing a time-varying estimation problem to minimize
he impact of time-scale separation. The same authors proposed a

odification of the gradient estimation based on recursive least
quare and one proportional-integral ESC approach that improve
he convergence rate of the controlled systems [14]. On the other
and, the extremum-seeking control problem has been studied in
he sliding-mode control framework [7,8,15,10]. Applications of
liding-mode concepts in ESC can be find in [10]. More recently,
SC schemes based on sliding-mode techniques ware developed for
ifferent automotive applications in [7,8,15]. The main idea of the
liding mode-based ESC is to ensure that the performance function
ollows an increasing time signal as close as possible to its extremal
alue via discontinuous control and sliding mode motion [9]. The
ain drawback of the sliding-mode based ESC methods is that the

ontrol performance can be very poor, exhibiting high-amplitude
scillations about of the optimal operation conditions [8,16].

In the present work we propose a model-based extremum-
eeking control method based on the modeling-error compen-
ation approach [17] for the on-line optimization of a class of
ncertain nonlinear systems. By using the input–output lineariz-

ng method and an adaptive learning technique based on modeling
rror estimation coupled with a first-order gradient estimator, we
how how the ESC scheme is able to self-optimize the closed-
oop system. Unlike previous ESC approaches, the proposed control
pproach comprises a dynamic uncertain estimation scheme that
omputes unknown terms for providing robustness of the con-
roller despite unmodeled dynamics and external disturbances and,
oes not make use of a continuous perturbation signals for achiev-

ng closed-loop convergence to the optimal conditions. The rest of
he paper is organized as follows: A brief description of ESC prob-
em considered in this work is given in Section 2. The proposed
SC is described in Section 3. Two simulation examples to illus-
rate the performance of the ESC approach and compare it with
ther schemes are presented in Section 4.

. Problem statement

Consider the following nonlinear system

˙  = f (x) + g(x)u (1)

 = h(x)

here x ∈ R
n is the internal dynamical state, u ∈ R  is the control

nput, y ∈ R  is a measurable signal that affects directly the global
erformance criterium (defined below) and h : R

n → R  is the out-
ut map. The functions f : R

n → R
n and g : R

n → R
n are smooth in

 domain � ⊂ R
n and are partially know, i.e.,  the system (1) is cor-

upted by modelling errors and external disturbances. In order to
ormulate the specific control problem we consider the following:

ssumption 1. There exists a static objective function F : R  → R

rom the output signal y to the global performance criterion J, given
y

(2)J = F(y)

hat is locally smooth and has an unique maximum (or minimum)
t y = y*, such that F(y*) = J* with J* as the maximum (or minimum)
tatic global performance criterion.

ssumption 2. The global performance criterion J and the output
ignal y are available for online measurement; However, the static
bjective function F is not known, and consequently the optimum

*
et-point y is unknown.

ssumption 3. The system (1) has a well-posed relative degree
ne with respect to the output signal y, and is minimum-phase in
he usual sense of the stability of the zero dynamics [18].
ess Control 80 (2019) 193–201

Definition 1. The gradient of the objective function F is defined as
� = dJ

dy = dF
dy

The control objective is to design a robust extremum-seeking
controller to achieve the convergence of the system (1) around to
the optimum set-point y* (a priori unknown) while maximize the
global performance criterion J, without requiring the knowledge of
either F, �, f and g.

3. Controller design

The design of the extremum seeking controller will be car-
ried out as follows. First, based on the input–output linearizing
methods for minimum-phase systems, an ideal ESC control law
assuming perfect knowledge of the mathematical model, the objec-
tive function and its gradient, is proposed. In the second step, an
observer-based uncertain estimator that computes the unknown
terms related to model uncertainties and unmeasured disturbances
is developed. And finally, a first-order gradient estimator is coupled
to guarantee the robustness of the ESC scheme.

Since (1) has a well-defined relative degree one and is
minimum-phase (Assumption 1), it is possible to rewrite the sys-
tem (1) in the canonical form [18].

ż1 = Lf h(x) + Lgh(x)u (3)

ς̇ = �(z, ς)

where z1 = h(x) and ς̇ = �(z, ς) represents the zero dynamics. The
terms Lfh(x) and Lgh(x) are the first Lie derivatives of h(x) with
respect to the vector fields f(x) and g(x), respectively.

Now, the control objective can be achieved if the feedback sys-
tem is regulated in the state where the gradient is zero � = 0 (see
Assumptions 1–3). Before to present the feedback control law it is
necessary to do the following assumption about the control input.

Assumption 4. The control input u and its time-derivative u̇  are
continuous and bounded, i.e., for all t > 0, |u| < ū and |u̇| < ıu with
ū, ıu < ∞.

Now, the following input–output linearizing ESC law is pro-
posed.

Proposition 1. Consider the system (1) under Assumptions 1–4 with
the input–output linearizing control law

(4)u = 1
Lg h(x)

[
−Lf h(x) + kc�

]
;

where � is the gradient defined in Section 2. Then there exists a control
gain kc > 0 (or kc < 0 for minimization problems) such that the closed-
loop system has an asymptotically stable equilibrium at y = y*.

Proof: Replacing u from (4) in (3), the dynamics of the controlled
system in terms of the output signal can be written as

ẏ = kc� (5)

Because the zero dynamics is stable (Assumption 3) from Assump-
tion 1 and the Definition of the gradient of the objective function �,
it is verified the following: First, ∀y < y* the gradient is � > 0 in con-
sequence by (5) ẏ > 0, i.e.,  the output signal y will be increased; on
the other hand, ∀y > y* the gradient is � < 0 in consequence ẏ < 0,
i.e., the output signal y will be decreased; and if y = y* then � = 0
(Assumption 1) consequently ẏ = 0, i.e.,  y = y* is an asymptotically
stable equilibrium for the closed-loop system. �

The above linearizing ESC law cannot be implemented directly,
because (4) requires perfect knowledge of the uncertain terms that

are associated with modelling errors and external disturbances of
the system. In what follows, the ideal control law (4) will be modi-
fied to take account the uncertainties in the mathematical model of
the plant. In the spirit of Alvarez-Ramírez [17] about of modelling
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rror compensation techniques, let us define a function for lumping
he uncertain terms as follows: � ≡ �(z1, ς, u) = a(z1, ς) + b(z1, ς)u.

e make the following assumption with respect to the uncertain
unction.

ssumption 5. The function � ≡ �(z1, ς, u) is locally smooth,
ounded and its time derivative denoted by �(z1, �, ς, u) is also
ounded.

Then once the uncertain function � is defined it is possible
ewrite the system (3) in the following extended state-space rep-
esentation

ż1 = � + u

�̇ = �(z1, �, ς, u)

ς̇ = �(z, ς)

(6)

here � is interpreted as an augmented state whose dynamics can
e reconstructed from measurements of the input and the out-
ut signals [17]. The controller designer can choose the uncertain
unction as � = u − k� as a guidance to do that. In this way  we  can
ighlight the following: (a) It can be proved that the solution of
he system (3) is a projection of the solution of system (6); (b) A
eature of system (6) is that the uncertainties have been lumped
nto an uncertain function �(z1, ς, u) that can be estimated by an
nmeasurable but observable state � [17]. Thus, if the system (6)

s stabilized then, as a consequence, the system (3) will be also
tabilized as well as its equivalent system (1). Some works have
een focused on robust stabilization of nonlinear systems via out-
ut feedback (see e.g., [17,19,20]), where the main idea consists

n design an extended high-gain like observer as an uncertainty
stimator. Thus the dynamics of the states (z1, �) can be recon-
tructed from the measurements of the output signal y = h(x) = z1 in
he following way [17]

˙̂
1 = �̂ + u + 	
1(z1 − ẑ1) (7)

˙̂ = 	2
2(z1 − ẑ1)

here (ẑ1, �̂) denotes the estimate for z1 and the lumping uncer-
ainty state �, respectively. In order to ensure the convergence of
he estimation method the observer parameters 
1 and 
2 should
e chosen such that the polynomial �2 + 
1� + 
2 has its roots on the

eft side of the complex plane (Hurwitz), and 	 > 0 is the observer
ain. Then, the following ESC controller can drive the trajectories
f the system (1) arbitrarily close to the optimal set-point y*.

 = 1
�

[
−�̂ + kc�

]
(8)

here � represent the well-known terms in the Lie derivatives
efined in (4). In this work we assume that � is bounded away
rom zero.

The following result is based on the convergence analysis of
eedback linearizable uncertain systems under the action of an
xtended high-gain observer based uncertain estimator [19,20].
et us consider before it the following definition related with the
ractical stability concept [19].

efinition 2. [19] One system is practically stabilizable at x*, if for
ny set 
 ⊂ M containing x* and such that its closure cl(
) is com-
act, there exists a control law (practical stabilizer) which renders
his set the stable attractor of the system within some neighbor-
ood ı(
) of 
,  and moreover any system trajectory beginning in

(
) enters 
 in a finite time interval.

roposition 2. Consider the uncertain nonlinear system (1) and sup-
ose: (i) the Assumptions 1–5 are satisfied, (ii) 
1 and 
2 are chosen
uch that the polynomial �2 + 
1� + 
2 is Hurwitz, (iii) 	 > 0 is a positive
ess Control 80 (2019) 193–201 195

parameter (high-gain observer). Then the ESC scheme (7–8) achieves
the practical stabilization around of the optimal set-point y*.

Proof: From Proposition 1, it follows that the control law (4)
achieves the asymptotic convergence of output signal y at the opti-
mal  set-point y*. Now with respect to the high-gain observer-based
uncertain estimator (7) we will define the estimation error vector
e ∈ R

2 as

e1(t) = 	(z1 − ẑ1)

e2(t) = � − �̂

By replacing (ż, �̇) and (ẑ, �̂) from (6) and (7), respectively, and
from algebraic manipulation, it follows that the dynamics of the
estimation error is governed by

ė(t) = 	A(
)e(t) + B�(z, N(	−1)e, �,  u)

where A(
) =
(

−
1 1
−
2 0

)
and B =

[
0
1

]
∈ R

2, A(
) is a square

matrix, N(	−1) = diag
[
	−1, 1

]
and �(z1, N(	−1)e, �,  u) is a contin-

uous and bounded function. Note that if the function �(·)  =0 then
the estimation error system is reduced to a nominal dynamics of
the estimation error

ė(t) = 	A(
)e(t)

For 	 > 0 and since 
1, 
2 are chosen such that A(
) is Hurwitz, the
system ė(t) = 	A(
)e(t) is asymptotically stable ( lim

t→∞
e(t) = 0). By

Assumption 5 and from the robust observer Lemma about the sta-
bility of feedback linearizable uncertain systems under the action of
a high-gain observer-based uncertain estimator [19,20], it is known
that there exists a positive number 	*, depending mainly on the
magnitude of � such that the nonlinear term � will be negligi-
ble with respect to the nominal dynamics of the estimation error.
Then for a given compact set of the initial condition I ⊂ R

n and
for all 	 > 	* there exists a region of attraction Y∗

ı
= {y ∈ R|y∗ − ı ≤

y ≤ y∗ + ı}, with ı > 0 for the closed-loop system. Hence, the con-
troller (7-8) drives the trajectories of the system (1) to the region
of attraction Y∗

ı
. �

Now with respect to the gradient of the performance function,
we consider that the static performance function F is unknown
(Assumption 2) and, consequently the gradient � = dF

dy is not avail-
able for feedback in (8). A practical solution to this issue is to obtain
an estimate of the gradient � from the measurable signals. Now
considering that the gradient is defined as � = dF

dy = dJ
dy , then we

can obtain a good approximation as � = J̇
ẏ

. From the technique pro-
posed in [21–23] to obtain an estimate of the velocity using only
position measurements in electromechanical systems, the follow-
ing gradient estimation scheme based on first-order compensators
is proposed. In this sense, let us denote the time derivatives of y
and J by ıy and ıJ, respectively. Then in the spirit of the works
[21–23] approximate values of the time derivatives for y and J can
be obtained as the output of the proper filtering as:

ıJ =
(

Dt

�JDt + 1

)
J (9)

ıy =
(

Dt

)
y

�yDt + 1

where Dt = d
dt is the time-derivative operator and �y, �J are the filter

time constants. The time-domain realization of the above estima-
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ion expressions can be carried out via use the auxiliary states ωJ

nd ωy as:

J = ωJ + J

�J
(10)

y = ωy + y

�y

here

˙ J = −ωJ + J

�J
(11)

˙ y = −ωy + y

�y

n this way the estimate value for the gradient is given by

ˆ  = �y

�J

ωJ + J

ωy + y
(12)

emark 1. With respect to the convergence of the gradient esti-
ator ((11)-(12)) we can highlight the following: By developing

he time-derivative operator Dt in (9), we get to �J ı̇J + ıJ = J̇.  This
xpression can be written as ı̇J = −�−1

J (ıJ − J̇); and similarly we

ave ı̇y = −�−1
y (ıy − ẏ). If we define the estimation errors as εJ =

J − J̇ and εy = ıy − ẏ. Then, if J̇ and ẏ reach a constant values it is
ollows that the dynamics for the estimation errors are given by
˙ i(t) = −�−1

i
εi(t) for i = J, y, and consequently εJ and εy converge

symptotically to zero with a convergence rate proportional to �−1
J

nd �−1
y , respectively.

Hence the resulting robust ESC scheme is given by the feedback
ontrol

 = 1
�

[
−�̂ + � �̂

]
(13)

here the uncertain function �̂ and the estimation of the gradient
ˆ  are computed by (7) and ((11)-(12)), respectively.

We can highlight the following points about the guidelines for
uning the parameters of the overall ESC scheme. The proposed ESC
cheme is composed by the linearizing feedback control law (13),
he extended high-gain observer (7) and the gradient estimator
(11)-(12)). In this way we have to choose the control and observer
arameters in order to ensure the global convergence of the ESC
cheme towards to the optimal set-point y*. More specifically, the
eedback control law (13) should be slower than the observer and
stimation dynamics. Then, since the convergence rate of the gra-
ient estimator is proportional to �−1

J and �−1
y (see Remark 1), it is

ecessary to choose sufficiently small values for �J and �y. On the
ther hand, from the proof of Proposition 2, we know that it is nec-
ssary to choose a large value for the observer gain 	 > 	* to ensure
ast convergence of uncertain function error � − �̂ to zero. How-
ver, it is important not to forget that the high-gain observers are
ery sensitive to measurement noise, then the controller designer
hould find a good balance between fast convergence (high value
or 	) and measurement noise attenuation (low value of 	).
. Numerical verification

In this section numerical simulations for two nonlinear systems
llustrate the performance of the ESC control scheme proposed.
ess Control 80 (2019) 193–201

4.1. Example 1

As first example we consider the following two-dimensional
system

ẋ1 = x2
1 + x2 + u

ẋ2 = x2
1 − x2

y = x1

(14)

where x = (x1, x2) ∈ R
2 is the dynamical state, u ∈ R  is the control

input, y ∈ R  is the output signal and the objective function is given
by

J = F(x) = 1 − x1 + x2
1 (15)

with J is a cost measurable criterion to minimize. The above system
has a minimum value (extremum) at x∗

1 = 0.5, x∗
2 = 0.25, J* = 0.75

and u* =−0.5. Applying the methodology described in Section 3, and
defining the function for lumping the uncertainties of the system
as � = −x2

1 − x2, we have the following ESC scheme

u = �̂ + kc�̂

˙̂x1 = �̂ + u + 	
1(x1 − x̂1)

˙̂� = 	2
2(x1 − x̂1)

(16)

where the estimation value for the gradient �̂ is given by ((11)-
(12)).

Numerical simulation results are shown in Fig. 1. The controller
parameters are set to the following values: kc =−0.5, 
1 = 1, 
2 = 2,
	 = 2.5, �y = 0.1 and �J = 0.1. As we can see in Fig. 1 the ESC scheme
(16) stabilizes the uncertain system at the unknown optimal con-
ditions in x∗

1 = 0.5 with J* = 0.75. Unlike to perturbation-based and
sliding-mode based ESC [16] the control action is very smooth and
the controlled system reach the optimum in short time interval.
In order to have an insight about the effect of the tuning parame-
ters on ESC performance, numerical simulation with changes in the
controller and observer parameters are shown in Figs. 2, 3 and 4 .
The effect of the control gain kc is directly related with the conver-
gence rate at the optimal set-point (Fig. 2). However we can see also
more oscillations of the controlled signal and major control effort
on the control input as kc is increased (see Fig. 2). The effect of the
high-gain value 	 on the convergence at the optimal set-point for
the controlled signal is illustrated in Fig. 3. As it can be seen, as 	 is
increased the controlled system gets better performance. However
high values of 	 is also related with the amplification of the mea-
surement noise, as we will show below. With respect to the gradient
estimator parameters it is clear that as we  choose smaller values for
�y and �J the gradient estimation is improved as well as the global
ESC performance (see Fig. 4). Numerical simulations show how the
values of �y,J directly affect the performance of gradient estimator
and that is the reason of the spike in the control signal around of t = 4
in Fig. 1 (see the gradient estimation error for �J = �y = 0.1). Finally,
numerical simulation considering measurement noise in the sig-
nals J and y have been shown in Fig. 5. In Fig. 5, it is shown poor
performance by measurement noise effect, that behavior is agreed
with a common drawback of the high-gain observers. However one
practical solution for the implementation of high-gain observers
can be the design of low-pass filter for the measurement signals or
redefine the observers parameters in order to attenuate it as has
been proposed in [24].

4.2. Example 2
As second example we consider a more complex system that
have been studied in previous ESC schemes [27]. The system con-
sists in a continuous Anaerobic Digestion process (AD) modeled in
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Fig. 2. Effect of the control gain kc on the ESC performance for the system (14).

organic substrate and VFA are denotes be S and S , respectively.
ig. 1. Closed-loop performance for the system (14) the optimal condition are rep-
esent in dashed line.

25]. The mathematical model assumes two main bacterial popula-
ions, the first one, called acidogenic bacterial X1, consumes organic
ubstrate S1 (total soluble Chemical Oxygen Demand (COD) except
olatile Fatty Acids (VFA)) and produces VFA, that is considered as
econdary substrate S2 through an acidogenesis stage. The second
opulation, known as methanogenic bacteria X2, uses VFA as sub-
trate in a methanogenesis stage to growth and produces methane
nd carbon dioxide. Thus, the global AD process can be written as

he reduced biochemical reaction network

1S1
�1( · )X1� X1 + k2S2 (17)
Fig. 3. Effect of the high-gain value 	 on the ESC performance for the system (14).

k3S2
�2( · )X2� X2 + k4CH4

The growth rates are denoted by �i(·)Xi, for i = 1, 2, where each �i(·)
is a smooth function of the respective substrate, and the symbol �
denotes the corresponding bacterial population Xi is an autocat-
alyst (i.e. the microorganisms are at the same time products and
catalysts). From a mass balance in a Continuous Stirred Tank Reac-
tor (CSTR), the system dynamics described by the reaction network
(17) is described by the four-dimensional dynamical system

Ṡ1 = u(S1f − S1) − k1�1(S1)X1

Ẋ1 = �1(S1)X1 − auX1

Ṡ2 = u(S2f − S2) + k2�1(S1)X1 − k3�2(S2)X2

Ẋ2 = �2(S2)X2 − auX2

(18)

For system (18) the state vector is defined as x = ∈ R
4 with x1 = S1,

x2 = X1, x3 = S2 and x4 = X2. The inlet concentration of the primary

1f 2f

The control input u is the dilution rate of the bioreactor, while k1,
k2, k3 are yield coefficients. The parameter a ∈ [0, 1] represents
the proportion of the bacterial population that are affected by the
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Fig. 5. Effect of measure-noise on the signal J and y for the system (14).

ig. 4. Effect of the gradient estimator parameters �y and � J on the ESC performance
or the system (14).

igester dilution; so, a = 0 and a = 1 correspond to an ideal fixed
ed reactor and to an ideal CSTR, respectively [25]. The methane
utflow rate can be modeled as [26]:

 = k2�(S2)X2 (19)

here Q is the methane outflow rate and k2 > 0 is a yield coefficient.
he specific growth rates for the acidogenic and methanogenic pop-
lations, in [25] are assumed to be described by the Monod and
aldane expressions, respectively, i.e.,

1(S1) = �1,maxS1

KS1 + S1
(20)

2(S2) = �2,maxS2

KS2 + S2 + S2
2/KI2

(21)
here �1,max, KS1, �2,max, KS2, and KI2 are kinetic parameters for the
acterial growth rates.

We  assume that only the methane outflow rate and the VFA
oncentration are available for online monitoring, i.e.,  the specific
growth rates �1, �2 and the bacterial concentrations X1 and X2 are
not available for on-line measurement. Hence the control objective
is to design an ESC control scheme with u as the control action such
that the methane outflow rate Q achieves its maximum value.

In order to apply the design methodology described in Section
3, the AD model is rewritten in the form (1), with

f (x) =

⎡
⎢⎢⎢⎢⎣

−k1�1(x1)x2

�1(x1)x2

k2�1(x1)x2 − k3�2(x3)x4

�2(x3)x4

⎤
⎥⎥⎥⎥⎦
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ig. 6. Closed-loop performance for the AD process without fluctuation in the inlet
omposition, i.e. �Sf = 0.

(x) =

⎡
⎢⎢⎢⎢⎣

S1f − x1

−ax2

S2f − x3

−ax4

⎤
⎥⎥⎥⎥⎦

nd y = h(x) = x3. The performance measurable function for this case
s related with the methane outflow rate, i.e., J = Q given by (19).

ow we can define a function for lumping the uncertainties of the
ioreaction system as follows

(t) = k2�1(x1)x2 − k3�2(x3)x4 + �Sf
Fig. 7. Closed-loop performance for the AD process with fluctuation in the inlet
composition �Sf /= 0.

we assume that the inlet composition S2f is an uncertain function
varying around the nominal value, i.e., S2f = S̄f + �Sf , with S̄f is a
constant such that it provides a nominal value of the inlet concen-
tration (S̄f /= 0 ∈ R).

In this way, the ESC scheme for the AD model is

u = 1

S̄f − x3

(
−�̂ + kc�̂

)

˙̂x3 = u(S̄f − x3) + �̂ + 	
1(x3 − x̂3)

˙̂� = 	2
2(x3 − x̂3)

(22)
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ig. 8. Comparison of the ESC performance with the perturbation-based and slid-
ng  mode based ESC approaches; Perturbation-based ESC scheme (PB-ESC), sliding

ode-based ESC (SM-ESC) and proposed Model-based approach (Proposed ESC).

here the estimation value for the gradient �̂ is given by ((11)-
12)).

The simulation results are shown in Figs. 6 and 7 . The parame-
ers of the AD model are the same reported in [25]. The controller
arameters are set to the following values: kc = 0.2, 
1 = 1, 
2 = 2,

 = 2.5, �y = 0.1 and �J = 0.1. As we can see in Fig. 6 the ESC scheme
22) achieves the robust convergence for the closed-loop system at
he optimal operating conditions. It is interesting to note that the
roposed ESC scheme is able to stabilizes more complex unknown
ystems near the optimal unknown operating conditions. As we
an see in Fig. 3(b), the control scheme is able to reach the on-
ine optimization of the process despite unmodeled dynamics and
uctuations in the inlet composition.

In order to compare the performance of the proposed ESC

cheme with respect to the traditional perturbation-based ESC and
liding mode-based approaches [11,7–10,16,27], numerical simu-
ation have been done for the AD model (18). For the case of the
ree-model perturbation-based ESC we use the basic structure with
ess Control 80 (2019) 193–201

a high-gain filter [12], for the case of the AD process we have the
following ESC controller

u = û + Am sin(ωt)

˙̂u = k�

� = (QCH4 − �AD) sin(ωt)

�̇AD = −ωh�AD + ωhQCH4

(23)

The control parameters were tuned as k = 0.0003, Am = 0.01,
ω = 0.5 and ωh = 0.4. In the case of the sliding mode-based scheme
we consider the ESC scheme developed in [27] with the same
control parameters. The convergence rate does not has significant
difference to reach the optimal operating conditions for the AD pro-
cess (Fig. 8). However, the response of the control signal presents
a clear advantage in terms of the smoothness for the proposed ESC
scheme with respect to the other approaches (see Fig. 8).

The simulations results show that the ESC approach proposed
here is a good alternative to avoid the drawback of excessive oscil-
latory behavior in the control signal due to the continuous external
perturbation (dither signal) in traditional ESC schemes. On the
way to the implementation of the proposed ESC, it is necessary
to develop a tuning guidelines for choosing the appropriate con-
trol parameters. Also is desirable a more exhaustive convergence
analysis taking into account the stability properties of the gradient
estimation algorithm. These issues will be studied in a future work.

5. Conclusion

In this paper an extremum-seeking control scheme for a class
of nonlinear uncertain systems was  proposed. The feedback con-
trol configuration was  based on the modeling-error compensation
approach using the input–output linearizing method coupled
with a first-order gradient estimator. Unlike to the conventional
ESC schemes, the proposed controller is a model-based algo-
rithm without using exogenous perturbation signals, which avoid
the drawback of excessive oscillatory behavior in the controlled
signal. Numerical simulations showed that the ESC scheme is
able to stabilize uncertain systems at about unknown optimal
operating conditions despite unmodeled dynamics and external
disturbances.
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