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Conditional efficiency measures are needed when the production process does not depend only on the
inputs and outputs, but may be influenced by external factors and/or environmental variables (Z). They
are estimated by means of a nonparametric estimator of the conditional distribution function of the in-
puts and outputs, conditionally on values of Z. For doing this, smoothing procedures and smoothing pa-
rameters, the bandwidths, are involved. So far, Least Squares Cross Validation (LSCV) methods have been
used, which have been proven to provide bandwidths with optimal rates for estimating conditional dis-
tributions. In efficiency analysis, the main interest is in the estimation of the conditional efficiency score,
which typically depends on the boundary of the support of the distribution and not on the full condi-
tional distribution. In this paper, we show indeed that the rate for the bandwidths which is optimal for
estimating conditional distributions, may not be optimal for the estimation of the efficiency scores. We
propose hence a new approach based on the bootstrap which overcomes these difficulties. We analyze
and compare, through Monte Carlo simulations, the performances of LSCV techniques with our bootstrap
approach in finite samples. As expected, our bootstrap approach shows generally better performances
and is more robust to the various Monte Carlo scenarios analyzed. We also illustrate our methodology

through an empirical example using an US Aggressive-Growth Mutual Funds data set.

© 2019 Elsevier B.V. All rights reserved.

1. The Background

In order to boost the economic performance of productive
units, one is interested in developing management strategies
that can lead to increasing the units’ efficiency (or technical
efficiency). An important aspect is the explanation of differences
in the efficiency levels achieved by economic producers which are
facing different environmental and external conditions (see Badin,
Daraio, & Simar, 2012; Badin, Daraio, & Simar, 2014). Nonpara-
metric conditional frontier models include exogenous variables or
environmental factors that may influence the production process,
having a compound impact, affecting on the one hand, the range
of values for input x output vectors including the shape of the
boundaries and, on the other hand, the distribution of the efficien-
cies. The conditional frontier approach became very popular due
to its direct and natural manner of defining conditional efficiency

* Corresponding author.
E-mail addresses: luiza.badin@csie.ase.ro (L. Badin), daraio@diag.uniromal.it
(C. Daraio), leopold.simar@uclouvain.be (L. Simar).

https://doi.org/10.1016/j.ejor.2019.02.054
0377-2217/© 2019 Elsevier B.V. All rights reserved.

scores and so, providing a formal way for handling heterogeneity.
First introduced by Cazals, Florens, and Simar (2002) and further
extended by Daraio and Simar (2005, 2007a, 2007b), the approach
is based on defining a Data Generating Process (DGP) including
a probabilistic model that characterizes the production process in
the presence of heterogeneous conditions.

Summing up, recent theoretical and empirical studies on condi-
tional frontier models highlight the importance of conditional effi-
ciency measures as a general fully nonparametric way to treat ap-
propriately the presence of environmental factors in a production
process (see Badin et al., 2012; Badin et al., 2014 and the references
therein). The conditional approach has been applied to university
rankings (see e.g. Daraio, Bonaccorsi, & Simar, 2015) but also in
macroeconomic setups (see e.g. Mastromarco & Simar, 2015). The
approach has also been used to handle quality variables in the pro-
duction process (see e.g. for the efficiency in the hospital sector,
Varabyova, Blankart, & Schreyodgg, 2016b; Varabyova, Blankart, Tor-
bica, & Schreydgg, 2016a and Varabyova & Schreyogg, 2017).

To have an idea of the variety of fields where conditional
efficiency measures have been used, see Table 1 which shows
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Table 1

A selective survey on empirical applications of conditional efficiency measures.
Field of Reference
application
Regional Broekel (2012), Broekel and Schlump (2009), and
innovation Filippetti and Peyrache (2015)
Education Haelermans and De Witte (2012), Daraio et al.

(2015), and Cordero, Santin, and Simancas (2017)

Halkos and Tzeremes (2010, 2013a, 2014) and
Halkos and Managi (2017)

Carvalho and Marques (2011), Zschille (2015),
Fuentes, Torregrosa, and Ballenilla (2015), and

Guerrini, Romano, Mancuso, and Carosi (2016)

Halkos and Tzeremes (2011), Cordero, Alonso-Morn,
Nuo-Solinis, Orueta, and Arce (2015),

Varabyova et al. (2016b, 2016a), and Varabyova and
Schreyogg (2017)

Tzeremes (2015), Matousek and Tzeremes (2016),
and Badin et al. (2012)

Mastromarco and Simar (2015)

Kourtesi, Fousekis, and Polymeros (2012), Serra and
Lansink (2014),

Balezéntis and De Witte (2015), and Minviel and
De Witte (2017)

Verschelde and Rogge (2012) and De Witte and
Geys (2011)

Halkos and Tzeremes (2013b,c)

D’Alfonso, Daraio, and Nastasi (2015)

Cordero, Pedraja-Chaparro, Pisaflores, and Polo
(2017)

Daraio and Simar (2006), Badin and Daraio (2011),
and Badin et al. (2014)

Environment

Water

Health

Banking

Macroeconomics
Agriculture

Public services
Culture
Airports

Municipalities

Mutual funds

references of applications in regional innovation, environment,
water, municipalities, public services and culture.

The bandwidths for the conditioning variables play a crucial
role in the process of estimating these measures since they “tune”
the localization for computing the conditional efficiencies (FDH
and/or DEA). Statistical theory, so far, was based on results from
Hall, Racine, and Li (2004) and Li and Racine (2008). These ap-
proaches use Least Squares Cross Validation (LSCV) techniques
sharing some nice optimality properties. They have been adapted
to frontier analysis in Badin, Daraio, and Simar (2010) and involve
the estimation of a nonstandard conditional Probability Density
Function (PDF), nonstandard in the sense that, e.g. in the output
orientation, the conditioning is on the value considered for the
external factor and on an inequality for the input vector. Recent
works from Simar, Vanhems, and Keilegom (2016) have stressed
the possibility of improving the properties of the conditional effi-
ciency scores by estimating the joint PDF of the inputs and outputs
by conditioning only on the external factors. Also, the latter in-
volves much less computational burden. On the other hand, results
from Li, Lin, and Racine (2013), suggest to estimate optimal band-
widths for conditional distribution directly, by evaluating a crite-
rion based on the Cumulative Distribution Function (CDF). Their
Monte Carlo experiments indicate the superiority of this approach,
relative to the indirect one passing through the estimation of the
conditional PDF, then correcting the order of the bandwidths when
the final objective is to estimate the CDF. All these techniques are
asymptotically equivalent and provide bandwidths having optimal
rates. Since the latest results from Li et al. (2013) and Simar et al.
(2016) suggest rather the use of the joint CDF of inputs and out-
puts and conditioning only on the external/environmental factors,
we will follow this strategy in our paper.

In this paper we investigate the impact of the bandwidth choice
on the object of interest in frontier framework, i.e. the efficiency
scores. After an analysis of pros and cons of existing approaches
for bandwidth selection in conditional efficiency analysis, we pro-
pose a new bootstrap based approach that is more general and

outperforms the existing methods in all the different scenarios.
This will be confirmed by the intensive Monte Carlo analysis con-
ducted in the paper and will be illustrated on a real data set. We
show that the rate for the bandwidths, which is optimal for esti-
mating conditional distributions, may not be optimal for the es-
timation of the efficiency scores. This is because in the output
(input) oriented case, the conditional efficiencies are determined
by the upper (lower) boundary of the support of the conditional
CDF/PDF and not by the conditional CDF/PDF itself in its full range.
Therefore the objective of estimating the full conditional CDF/PDF,
which is the target of all the LSCV approaches developed so far,
may be thus different from our objective to provide optimal es-
timators of conditional efficiency scores. Moreover, as thoroughly
explained in the paper, the situations in which the external vari-
ables Z are separable are quite different from those in which the
Z's are non-separable and in real empirical applications one does
not know in advance whether separability holds or not. For this
reason, we develop in this paper a new approach based on boot-
strap, which overcomes the aforementioned difficulties. Our new
bootstrap approach to bandwidth selection is based on a boot-
strap estimator of the mean squared error of the efficiency esti-
mators themselves, providing, by construction, optimal bandwidths
for conditional efficiency estimators in every possible situation.

The paper is organized as follows. Section 2 summarizes
the definitions and introduces the notations for marginal and
conditional efficiency scores and their nonparametric estimators.
Section 3 introduces the elements which allow us to develop our
new approach for bandwidth selection. In Section 4 we analyze
through a Monte Carlo study the finite sample performances of the
available bandwidth selection methods. As expected, our bootstrap
approach shows generally better performances and is more robust
to the various Monte Carlo scenarios analyzed. An empirical illus-
tration on US Aggressive-Growth Mutual Funds data is provided in
Section 5. Section 6 summarizes the main contributions of the pa-
per and concludes.

2. The production process in the presence of environmental
factors

This section can easily be skipped by readers familiar to con-
ditional efficiency scores and their nonparametric estimators. De-
tails could be found, e.g. in Simar and Wilson (2007, 2011b) and in
Badin et al. (2012, 2014).

The statistical model for production analysis in the presence of
environmental factors is the set of assumptions describing the Data
Generating Process (DGP) of triples (X, Y, Z) where X € RP is the
vector of inputs, Y € RY is the vector of outputs and Z € Z € R? is
the vector of external factors or environmental variables. We con-
sider (2, F,P) the probability space on which the random vari-
ables X, Y, Z are defined and we denote by P the support of the
joint distribution of (X, Y, Z). The elements of Z are neither inputs
nor outputs and are typically not under the control of the man-
ager; they characterize heterogeneity conditions, but they may in-
fluence the production process in different ways, as explained be-
low.

Let fxyz(x, ¥, z) denote the pdf of (X, Y, Z) on P. This joint den-
sity can always be decomposed as

frvz(%.¥.2) = fayiz(%.¥12) f2(2), (21)

where the notations are self-explanatory. Let W? denote the sup-
port of fyyz(x, y|2); it is the support of (X, Y) given that Z = z. Thus
it is the attainable set for units facing external conditions Z = z:

(2.2)

The variables Z can affect the production process either (i) only
through W? the support of (X, Y), or (ii) only through the density

W? = {(x,y)|x can produce y if Z = z}.
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Fxviz(%, y12), affecting only the probability of a unit to reach its op-
timal boundary, or (iii) through both W? and fyys(x, y|z).
Let ¥ be the marginal support of (X, Y). By definition we have

W = {(x.y)lx can produce y} = {(x. )| fiv (x.¥) > 0} = | J w2,

zeZ

(2.3)

and by construction, W#cV, for all z € Z.

If the joint support of (X, Y, Z) can be written as a cartesian
product P = W x Z, then Z will not have an impact on the bound-
aries of W and W% = WV for all z € Z (this is called the “separabil-
ity condition” in this literature). In this very particular case, the
only potential influence of Z on the production process, might be
on the distribution of the efficiencies. In this case, the usual two-
stage approaches are valid for investigating, with appropriate tools,
the potential effects of Z (see Simar & Wilson, 2007; Simar & Wil-
son, 2011b for details). Otherwise, measuring the distance of a unit
(x, y) to the boundary of W is of little economic interest, since it
ignores the heterogeneity introduced by Z on the attainable set of
values for (X, Y). The conditional nonparametric approach does not
rely on this restrictive assumption, conditional efficiencies derived
below are defined in terms of the support of the conditional dis-
tribution which characterizes the production process when Z = z.

Marginal Farrell efficiency measures (output-oriented case') for
a unit operating at the level (x, y) can be defined as

A(x,y) =sup{L > 0|(x, Ay) € ¥}, (2.4)

whereas when the environmental conditions are Z =z, the same
unit has a conditional efficiency scores (introduced by Cazals et al.,
2002 and Daraio & Simar, 2005) defined as

A(X,y|2) = sup{A > 0|(x, Ay) € W?}. (2.5)

In order to derive the nonparametric estimators below, the effi-
ciency measure in (2.4) and (2.5) are better defined in terms of
our probability model. It has been shown that under the free dis-
posability assumption, we have for the marginal case

A(x,y) = sup{A > O|Hyy (x, Ay) > 0}, (2.6)

where Hyy(x,y) =Pr(X <x,Y >y) is the marginal probability of
finding a unit dominating the production plan (x, y). This can be
factored as Pr(X <x)Pr(Y > y|X <x) = Fx(x)Sy|x (¥|x). where the
latter conditional survival function is nonstandard due to the con-
dition X <x. For (x, y) such that x is in the interior of its support
(i.e. Fx(x)> 0) the efficiency score can equivalently be defined as

A(x,y) = sup{A > 0|Sy;x (Ay|X <x) > O}. (2.7)

We have the analog decompositions for the conditional efficiency
scores:

A(x,ylz) = sup{A > O|Hyyz(x, Ay|z) > O}, (2.8)

where Hyy|z(x,y|z) =Pr(X <x,Y >y|Z=2z) is the conditional
probability of finding a firm dominating the production plan (x, y),
facing the same environmental conditions z. Along the same line
as above this can also be written as

AX,y|2) = sup{A > 0|Sy;x z(AY|X <x,Z=2) > 0}, (2.9)

where here Sy|x 7 (Ay|X <x,Z=2) =Pr(Y > y|X <x,Z =2), noting
the different condition for the inputs X and for the external
factors Z.

If we have a sample of observations Sp = {(X;,Y;,Z)}],, the
nonparametric envelopment estimators of A(x, y) and A(x, y|z) can

1 We follow the presentation for the output-oriented case, but this can be easily
translated to the input-oriented, the hyperbolic and the directional distance cases.
See the recent surveys (Simar & Wilson, 2013; 2015) and the references therein.

be obtained by plugging in the nonparametric estimator of the cor-
responding distribution Hyy and Hyy; respectively. The nonpara-
metric estimator of Hyy is given by

Y lXi<xYi>y)

n ,
where I(A) =1 if A is true and zero otherwise. For the conditional
version we have to smooth over the values of Z; in a neighborhood
of z, because usually we do not have for all z, observations with
exact values Z; = z, so we have

i IX =X Y = y)Ki (Zi, 2)
Y Kn(Zi2)

where Kj(Z;, z) are appropriate kernel functions and h is a vector

of d bandwidths, one for each component of z. We know that the

resulting FDH estimators of the efficiency scores are given by the
simple expressions

Huxy (x.y) = (2.10)

, (2.11)

ﬁn,xy\z(& yZ=2)=

N 0

(X, y) = in +_\ 212
n(X.¥) max {jn;}gq 0 } (212)

~ y

X = in L 213
n(x,y|2) ixomax {;E}_‘?q I } (213)

where the inequality ||Z; — z|| < h has to be understood component
by component |Zi(j) —zW| <hY, By comparing (2.12) and (2.13),
we see clearly that the conditional efficiency estimate is a local-
ized version of the marginal one, where the localization is in the
Z-space and it is tuned by the bandwidths.? It has been pointed in
Daraio and Simar (2005) that for being able to estimate the con-
ditional upper boundary of the support of Hyy; and so detect po-
tential effect of Z, the nonparametric estimator has to be based on
kernels for Z with compact support, like Epanechnikov or Quartic
kernels, the Gaussian kernel being not allowed.>

The statistical properties of these estimators have been estab-
lished. If we denote by o, j=1,..., d the d components of the
vector h and by h their product ]'[jl:l h@, at any fixed (x, y)e ¥
and under mild regularity conditions, we have as n— oo with
hU) > 0 such that nh — oo,

/PO (L(x,y) — A (%)) —> Qi (1) (2.14)

(nh)V @+ (A(x.y12) — An(x.¥12)) > Q2 (12). (215)

where for k=1, 2, Q; is a Weibull distribution with parameters 7,
described in Park, Simar, and Weiner (2000) for FDH and in Jeong,
Park, and Simar (2010) for conditional FDH.

So we see in (2.13) the crucial role of the bandwidths in com-
puting the conditional efficiencies in practice because they deter-
mine the localization in the data set of points where the “local”
FDH is computed (the same is true for the conditional DEA and
conditional variants of the FDH). We know that the optimal band-
width for estimating a conditional distribution is of order n—1/(d+4)
and, as pointed by Jeong et al. (2010), this deteriorates the rate
of convergence of the conditional FDH to (n#(@+4)=1/(p+a) since
the real number of observations used to compute A,(x,y|z) is not

2 For simplicity we focus in this paper on the FDH estimators because our target
is to compare different ways for selecting the bandwidths h, but similar expressions
have been derived for the DEA estimators and for the different orientations. When
DEA is involved, the estimated attainable sets are convexified, so this requires to
solve a linear optimization program in both cases. See Simar and Wilson (2015) for
more details.

3 This comes from the fact that in solving (2.8) where Hyy (X, ylz) is replaced
by ﬁ"vmz(x,yIZ:z), with e.g. a Gaussian kernel, K;(Z;, z) in (2.11) is formally
>0 for all Z;, so the sup{A > Ollfl,,_xy‘z(x, My|Z =z) > 0} does not depend on z and
/):,, *x,y12) :in(xi,y) (see also Remark 2.1 below).
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of the order n but of order nh = n%©@+%_ This indicates that any
analysis with a large number of inputs/outputs and environmental
factors will require large data sets.

This is the curse of dimensionality, which is not a new issue in
DEA techniques (see e.g. Dyson et al., 2001 and Daraio & Simar,
2007a for a discussion). Methods have been proposed to reduce
the dimension in the inputs and/or in the outputs, and since very
often these variables are highly correlated between themselves, a
reduction of the dimension is possible without losing too much in-
formation. Here, to keep the input (output) interpretation of the
new variables, Daraio and Simar (2007a) suggested a kind of “non-
centered” principal component approach. Wilson (2018) illustrates
for many data sets how this is really efficient. However, for the
environmental variables Z, the situation may be different than for
inputs/outputs. First, not being an input or an output, standard PCA
techniques could be used. Second, when selecting the potential Z
variables, it will be often the case that the researcher will look to
factors capturing different aspects of the environment, resulting in
Z variables that should be much less correlated than the inputs
(outputs). But in case one detects high correlations between some
of the components of Z, PCA could be used to reduce the dimen-
sion of Z as well.

Note also that the estimator of the conditional efficiency could
equivalently be obtained by looking at the support of conditional
survival function defined after (2.9) and estimated by

ﬁn,xy\z(xs ylZ=2)

SavixzVIX <x,Z=2) = 22222 2 2
T Hy xy)z(%,01Z = z)

(2.16)
The estimator of A(x, y|z) is unique for a given h, but the deriva-
tion of the optimal bandwidths by LSCV methods will be differ-
ent according to the chosen approach. First of all, we observe that
when estimating the survival function Syjx,(y|x, z), we must select
the optimal bandwidths hy for each selected value of x, inducing
numerical burden. In addition, by using the unique optimal band-
width h derived from the estimation of Hyy(x, y|z), the resulting
estimators of the efficiency scores have the expected monotonicity
properties in x (as shown in Simar et al., 2016).

Remark 2.1 (The use of discrete ordered or unordered variables
Z). All the analysis done so far is valid even if some components
of Z are categorical or discrete ordered variables. The only point is
that special kernels handling these variables have to be used (see
e.g. Li et al,, 2013 and the references therein). Here bandwidths ¢,
take often their values in [0, c] where ¢ depends on the chosen
kernel. If ¢, =0, we obtain a separate analysis for each value of
the corresponding discrete variable and for the maximum value c,
there is no difference between the different groups corresponding
to the different values of this variable, there is no smoothing at all.
This may be useful when we are interested in the estimation of the
full CDF (either Syy; or Hxy). However, when only the full fron-
tier efficiency A(x, y|z) is of interest, it is easy to show that unless
the optimal bandwidth ¢; =0, there is no effect on the support
of Spyxz or of H xy|z, i.e. for any value of z, An(x,y|2) = An(x. y).
This is analog to what happens for continuous Z when using, e.g.,
Gaussian kernels (see Footnote 3). So smoothing in these discrete
components is meaningless when we estimate A(x, y|z); we have
to do separate analysis for each group (¢, = 0). This peculiar be-
havior was already pointed by Daraio, Simar, and Wilson (2018) in
another context.

3. Bandwidth selection for estimating A(x, y|z)
3.1. The setup

Hereafter we denote our estimator X’,?, (x,y|z) to make explicit
that the estimator depends on the chosen bandwidth h. Using

the optimal bandwidth for estimating the conditional probabilities
Hyyjz is certainly a good idea but estimating the support of Hyy,(x,
y|z) on a ray defined by y is more specific and nothing ensures that
optimal value for this specific problem will be the same as the op-
timal value for estimating Hyyz on its full range. A second issue,
already pointed by Jeong et al. (2010), is related to the fact that
for a given h, the real target of our estimator A'(x,y|z) defined in
(2.13), is not rigorously A(x, y|z) but rather

AM(x, y|2) = sup{A > 0| (x, Ay) € WZ"}, (3.1)

where

wzh = {(x,y)‘H)’}y‘Z(x,yIZ) =Pr(X <x.Y>y||lZ-2|| <h) > 0}.
(3.2)

In addition, it is clear that W2 = U ; W2
Therefore, for all points (x, y) in W?, the error of estimation can
be decomposed as

M(x.yl2) - A(x.y12)
= M@yl - Ayl ]+ [yl —AxylD] (33)

where the first difference in the brackets is due to the estimation
error in the localized problem and the second difference is a non-
random error due to the localization. The latter can be seen as a
kind of “bias” introduced by the localization (we are not targeting
the appropriate target). We need the following assumption to con-
trol the size of this bias:

Assumption 3.1. For all z and all (x, y)e W?, A"(x, y|z) — A(x,y|z) =
O(lIhll) as ||kl — 0.

This amounts to an assumption of differentiability of A(-, -|z)
as a function of z and is analog to the Assumption 2 in Jeong
et al. (2010), as will become clear from what follows. Note that
if Z is separable and has no effect on the frontier (W? = W for all
z) Assumption 3.1 is trivially satisfied for all h since in this case
AM(x,yz) = A(x,y|z) = A(x,y) and so, when Z is separable, it turns
out that the localization bias O(||h||)=0 for all h. Of course we do
not know if Z is separable or not and this creates an additional
problem, as explained in the next section.

Daraio et al. (2018) suggest a procedure to test the hypothe-
sis of separability but the test requires anyway the selection of
a bandwidth. Clearly, the decision of rejecting or not the separa-
bility assumption may change according to the value of the used
bandwidth. Note that as will be seen in the Monte Carlo experi-
ments below and as expected by the theoretical elements devel-
oped in the next section, under the null (separability assumption),
the resulting bootstrap using traditional LSCV techniques will be
very similar to the optimal one we propose in the paper (the bias
term collapses if the null is true). So using traditional LSCV will
provide a test with the appropriate size, but the power might be
very poor, because LSCV neglects the bias term under the alterna-
tive. The bootstrap approach we propose, instead, does the correct
job and this should increase the power of the test.

3.2. Optimal order of the bandwidths: the problem

3.2.1. Z is not separable

Now looking at (3.3), we see that when the bandwidths are
such that ||h||—0 and nh — oo, the error of estimation has an
order Op((nh)~1/(P+®) 1+ O(||h||). So the first part requires band-
widths as large as possible but the second term requires band-
widths as small as possible.

By Proposition 1 in Jeong et al. (2010), we need ||h|| xn™Y
with y <1/d to ensure there are enough observations in the h-
neighborhood of z (roughly speaking, the cardinality of the number
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of data points such that [|Z; —z|| < h tends to infinity with proba-
bility one when n— oo).

Since we do not have an explicit expression for the second
component of (3.3) and the Weibull distribution linked to the first
term contains unknown parameters, the best we can do is to de-
termine the order of the optimal bandwidth by balancing the order
of the two error terms. Simple algebraic manipulations lead to the
following optimal order for each component of the bandwidth vec-
tor:

1
d+p+q

It is easy to check that in this case the two terms of (3.3) have an
order n~1/(d+p+@  As is often the case in nonparametric smooth-
ing techniques (where we usually balance between the square
of the bias and the variance), choosing a smaller order for the
bandwidths, say h) ocn~? with y > 1/(d+p+q) (but keeping
y <1/d), the second term in (3.3) is negligible as now being
o(n~1/{d+P+0)) We then obtain the asymptotic results described
in (2.15) for the conditional efficiency estimators but at a rate
which is now (nh)V/(P+0 = n(1-dy)/(+0) where y > 1/(d + p+q).
for eliminating the “bias” term. This argument is similar to the ar-
gument in Jeong et al. (2010), when we note that if y > 1/(d +
p+q), our Assumption 3.1 leads to Assumption 2 in Jeong et al.
(2010).

So we see that the optimal order of the bandwidth is different
from the order resulting from the usual LSCV techniques focusing
on the best estimation of the probabilities Hyyj. Let us denote

hié)cv this resulting bandwidth, so we have, as pointed above,

hg)cv o n~1/@+4) Since having a good estimation of the underlying
probabilities remains an attractive idea, we suggest to correct the
bandwidths obtained by LSCV to achieve the optimal order. We
denote this approach hereafter CORR, to be specific, we define

h9* «cn~?, with y = (3.4)

() _ n1/(d+4),—1/(d+p+q) ()
heorr =1 n P hysey

(3.5)

Of course, the resulting rates of convergence to the Weibull
distribution using hfjs)cv and h(cfo)RR will be different. The rates

(n)V/®+® in (2.15) are n¥(@+H(P+D) for the LSCV case and, as
pointed above, n!/{@+P+d for the corrected case. Obvious algebra,
looking at the correction factor in (3.5), indicates that we achieve
the same rate for p + q = 4, better rates for hg(;RR if p+q >4, but
slower rates if p+ q < 4. Note that our CORR approach is able to
handle the bias due to localization, which is ignored in the LSCV
criterion. Note also that the CORR approach only provides a band-
width with optimal order, which is not necessarily the optimal
bandwidth.

@A ()
— d d-
= N @HE@pr hLSCV’

3.2.2. Z is separable

As pointed above when Z is separable there is no localiza-
tion bias and only the estimation error has to be controlled for.
Clearly we need large values of h, large enough so that Mx,ylz) =
An(x,y), i.e. the conditional efficiency estimator has to coincide
with the FDH estimator, with usual rate of convergence n~1/(P+@),
as given in (2.14). Indeed when Z is separable, there is no need
to compute the conditional estimator since for all z, A(x,y|z) =
AX,y). R

Of course in practice, when we compute A (x,y|z), we do not
know whether Z is separable or not. Hence, we need a data driven
technique to select the appropriate bandwidth, that should be
“large” enough, as explained below. The existing approaches we
could use are based on the LSCV approaches which in general pro-
vides small bandwidths of order n—1/(@+4) which is evidently not
appropriate. Since here the localization bias is identically equal to
zero, the CORR approach is fully inappropriate in all the cases. But

there is only one particular case in which the LSCV method could
be asymptotically optimal and this is when the component of Z
is completely independent of the production process (Z is inde-
pendent of (X, Y)). Indeed, in this case, Hall et al. (2004) have
shown that the LSCV will provide for such component a bandwidth
hY) 0, when n— co. However, for all the other components of
Z which are separable, if they have some impact on the distribu-
tion of the efficiencies (so Z is not independent of (X, Y)), the cor-
responding elements hijs)cv — 0 when n— oo, hence the LSCV ap-
proaches will provide too small values for the bandwidths.

But of course remember that we do not know in advance if the
separability assumption holds and testing approaches (like Daraio
et al.,, 2018) will require the use of bandwidths. That is the reason
why we search to develop a new method allowing to estimate the
mean squared error of the estimator of conditional efficiencies for
a given bandwidth vector and valid in every possible situation. This
is the main objective of the bootstrap approach described in the
next section.

3.3. A bootstrap-based solution

The idea of using a bootstrap approach as an alternative was
already mentioned in Jeong et al. (2010), but considering only the
first part of the error (estimation part) described in (3.3) and they
did not provide details on how to implement the idea in practice.
Of course the “bias” part should also play a crucial role and we will
suggest a way (adapted to the two situations described above, i.e.,
Z being separable or not) to handle these two parts simultaneously.

Now, to clarify the presentation of the bootstrap, we need to
specify which is the sample of reference when computing the es-
timators. So hereafter, we denote our estimator as A"(x, y|z; S;) to
clearly indicate the chosen bandwidth h and the sample S, used
in its computation.

For a given point of interest (x, y, z), the Mean Squared Error
(MSE) for a given bandwidth h is defined as

2
MSEcye () = £, [ (Ve ylz 50) — 2xyi) )], (3.6)
where the only random part is linked to the randomness of the

sample S,. The error of estimation can be decomposed, as above,
in the two components

MSEsy..(h)
h h h 2
= B, [ (M (x.y12 S0) = A yl2) + Ak yle) - 2xy1)) |
(3.7)

The first part is the estimation error in the localized problem and
can be approximated by the subsampling-bootstrap (see Jeong &
Simar, 2006 and Simar & Wilson, 2011a), whereas we suggest be-
low a way to approximate the “bias” term A"(x, y|z) — A(x, y|2).

Due to the Assumption 3.1, it may be reasonable to estimate the
bias by the first term of its Taylor expansion which can be written
as

d
A (x,y|2)
h _ - M7
M ylz) —rxyln) =) JhD

= h)=0

hY +o(||h]]) (3.8)

Clearly this approximation is valid even if Z is separable, in this
case the corresponding derivatives being equal to zero. The prob-
lem of course is that the function AM(x, y|z) is unknown, so, in
the bootstrap world, we will use an estimate by using a fixed
pilot bandwidth hg, such that hg— 0 as n— oo. In practice, we
could choose hjscy, since we do not have localization-bias issues
when estimating A/(x, y|z). We suggest to use the conditional FDH
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estimator, so we use the next proxy for the derivative

AN (x,y|2) ~ lim Ae (x, )z, Sp) — AN ¢ (x, Y|z, Sn)

oD |, =0 2e

(3.9)

where & >0 is a tuning parameter to fix the neighborhood of h(()j)
which should converge to zero faster than hy (we used & = n~1/2
in our Monte Carlo experiments, but the results are very stable to
this choice).

Note that the FDH estimators are quite discontinuous, and since
the estimates depend only on one data point, tilting the bandwidth
with & could produce high jumps in the numerator even with
small value of €. One could use as well a continuous version of the
FDH, which is the linearized free disposal hull (LFDH) proposed in
Jeong and Simar (2006), but, even if this estimator is continuous, it
is still not differentiable, therefore some smoothing techniques are
needed to define better estimates for the local derivatives. We will
use standard and fast B-splines techniques (Eilers & Marx, 1996),
but other smoothing techniques could be used as well.

3.3.1. The bootstrap algorithm

For the part of the MSE which comes from the estimation error,
we can use subsampling. So the bootstrap estimate of MSEyy .(h)
can be obtained through the following steps.

1. Compute the “true” value of A"(x, y|z) in the bootstrap world:
here we need a pilot bandwidth hg that we choose as hyscy for
the reason explained above, this gives Ao (x, y|z; S;).4

2. Select a subsample size m <n, then for b=1, ..., B, draw with-
out replacement a subsample of size m from the S;.° This
provides a sample S}, = { Xifb,S(ifb,Zifb)};i1 and we compute
A ylz S )

3. The bootstrap analog of MSEyy.(h) for the selected value of m,
is given by

__ 138 m\ Vo ~ “~h
WSEaya(hm) = 3| () (i oeylzi ) - A Geylzi )
b=

1
W eyl S0 =3 ylz s, T (310)
* ( 2¢ ) T

where the factor m/n is there for correcting the rate of con-
vergence due to the different sample size m <n used with S* ,
(see Simar & Wilson, 2011a for details). We will discuss below
how to choose m in practice.

Now this value can be computed for any value of h and any
value of (x, y, z) but the latter depends on the realization of the
random variable (X, Y, Z). So what is more appropriate is the Aver-
age Mean Squared Error (AMSE) defined as follows

AMSE (h) = Exy z[MSExy.z(h)]. (3.11)

In practice, as often suggested in this kind of problems, we will use
the empirical version of the AMSE, and use the bootstrap approx-
imation defined above for a given value of subsample size m. So
our criterion to evaluate a particular bandwidth vector h is given

by

n
AMSE (h, m) = % 3" MSEx.y, z (h. m),
i=1

(3.12)

4 It is important to notice that we use a pilot bandwidth hy for defining the true
value in the bootstrap world. If we would rather use the current value of h, it is
easy to verify that the minimum of MS\EX_y,Z(h,m) in (3.10) would be zero with
h=0.

5 As explained in Jeong and Simar (2006), with or without replacement does not
matter asymptotically, but Simar and Wilson (2011a) report better performance in
small samples of the drawings without replacement.

where MS\EX]%ZI_ (h, m) is given by evaluating (3.10) at each data
point (X;, Y;, Z;). So we will search for the value of h minimizing
AMSE (h, m).

3.3.2. Selection of the subsample size m

Jeong and Simar (2006) have proven that the subsampling is
consistent for any value m =nf, where B ¢(0, 1). But the quality
of the approximation in finite samples depends on f, although the
results are very stable for small variations in the value of m. To
select a value for m, we follow the procedure suggested in Simar
and Wilson (2011a), which is inspired frgm Politis, Romano, and
Wolf (2001). We compute for a given m, h;; the optimal value for
h and the achieved value of the optimum m(ftm, m). Then we
redo the exercise for a grid of values for m and search the values of
m where the quantity of interest, i.e. AMSE (A, m) is less volatile.
This can be viewed by some appropriate plots ofm(flm, m) ver-
sus m, but can be automated in a Monte Carlo experiment along
the lines described in Politis et al. (2001). Note that in our setup
here, the FDH estimates depend on only one point in the reference
samples, Shib and Sy, used in (3.10). So for h = hg, the probability
that Xg'h(x,ylz; Shp) =AM (x, y|z: Sy) is equal to m/n. Therefore if
we choose m too large, we will bias to zero the sampling part of
the estimate I\7I§5X_y_z(h, m) for h near hy. On the other hand, too
small m will give too much noise in X;h(x,y|z; S,;Lb) and too many
undefined local FDH estimators. In our Monte Carlo experiments
we used a grid of values for m in the range [0.10n, 0.35n]. Again
the procedure is quite robust to the choice of the preceding grid.

In practice, we use the various bootstrap subsample sizes in the
selected grid m; <mp <--- <m;, and then measure the volatil-
ity corresponding to m; by computing the standard deviations of

the achieved optimal AMSE corresponding to the values of m =
Mmj_g,....Mmj,...,mj where k is a small integer (e.g., k= 1,2, or
3)and j=(k+1),...,(J —k). The subsample size m would then
be chosen as the m; yielding the smallest measure of volatility.
This involves some computational burden, but the FDH estimators
are so fast to compute that for a given sample of data, it remains
quite reasonable.

We have observed in our Monte Carlo experiments a great sta-
bility of the results w.r.t. the choice of m and that often the chosen
value was not far from n3/4, which can be viewed, in our experi-
ments, as a rough approximation of the optimal m. In our Monte
Carlo experiment this simple rule provided in all the scenarios very
good results, as good as the full search of optimal m over the grid.
While this is not a proof of any optimality, for sure with this sim-
ple rule for defining m, the subsampling is consistent.

3.3.3. Approximating the derivatives
If we choose the conditional FDH estimates for defining the
derivative at each data point (X;, Y;, Z;) we have

Jar, — M0 0 XilZi S0) = 26 O 12, Sn)
2e '

(3.13)
where ¢ = n=1/2, But as pointed above the estimates of the deriva-
tives can still show high jumps due to the discontinuity of the
FDH estimator. So we suggest to smooth the obtained estimates
der; over the values of Z; to correct this disappointing behavior of
the FDH. We use in our Monte Carlo experiment a smoothing tech-
nique based on penalized B-splines (see e.g. Eilers & Marx, 1996).
We define

deri=gZ), i=1,....n, (3.14)

where g(z) is a penalized B-spline estimate of the regression of der

on Z, obtained from the data points {Zi,c7.e?i I ,» where the FDH
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estimators are used to define the 1.5 It appears from our Monte
Carlo experiments, that this smoothing provides the desired stabi-
lization and improves substantially the performances of the boot-
strap algorithm. So we have the explicit formula

AMSE (h, m)

1 B T/ m\ 1/ ~ 7
=3y [(;) (X YilZis St ) —A"O(xf,Y.-|z,-;sn>)+hder,} :
i=1 b=1

(3.15)

We can denote by hggor the minimizers of (3.15), and we can then
select the optimal m according to the rule described above. We
will also refer to the Rule Of Thumb (ROT) for selecting h by min-
imizing (3.15) where m is fixed to our simple rule m = n3/4,

4. Monte Carlo experiments

Under the assumptions made above, we have for any given h a
consistent estimator of the localization bias, and we know (Jeong
& Simar, 2006) that subsampling provides consistent estimator of
the estimation error. So we conjecture that the bootstrap we pro-
pose above provides for all h a consistent estimator of the AMSE(h).
The Monte Carlo experiments confirm this conjecture. Still, a for-
mal proof of the consistency of the bootstrap algorithm has to be
done but this is out of the scope of this paper.

So we will compare through Monte Carlo simulations the
performances, in finite samples, of the nonparametric estimator
M (x,y|2), obtained by using different approaches for selecting the
bandwidth h. We have two methods based on LSCV techniques us-
ing hiscy and its corrected version hcorgr as defined in the pre-
ceding section and the method based on bootstrap, hggor. We also
provide some empirical evidence that the bootstrap is able to es-
timate the AMSE(h) by comparing for some particular given sam-
ple, its bootstrap estimate with the true value of AMSE(h) evaluated
from an independent Monte Carlo experiment.”

To achieve this we consider 4 scenarios (denoted A, B, C and D)
which correspond to 4 different situations on how Z interacts with
the production process crossing the fact that Z is separable or not
with the fact that Z influences the distribution of inefficiencies or
not. We limit (for the ease of the presentation and because of the
computational burden of the bootstrap approach in a simulation
setup) the presentation in the case of one input X, one output Y
and one external factor Z. Our DGP is inspired from the scenarios
proposed in Simar and Wilson (2011b). The basic marginal fron-
tier (i.e. ignoring the possible effect of Z) is given by the function
g(x) =+/1—(x—1)2 for xe(0, 1). We simulate n independent uni-
formly distributed input values X; ~Unif(0, 1), external factors Z;
independent Z; ~4 Beta(2, 2) (the factor 4 is to scale the beta den-
sity so that Z; € (0, 4)) and we generate the inefficiencies according
to a half-normal distribution U;|Z; ~ N* (0, oﬁ (Z;)). The effect of Z
on the frontier and the variance function ag (Z;) will vary accord-
ing the 4 cases as described below. In all the 4 scenarios we expect
a good behavior of the bootstrap method which is supposed to be
adapted to all the situations. We described shortly what we expect
from the methods using LSCV bandwidths, h;jscy and hcogg.

6 We used the Matlab programs provided by Eilers and Marx (1996), with B-
splines defined on 20 intervals, cubic splines, with penalty on the first differences
(with penalty term= 100), to target the continuity of the derivatives. As known in
the related literature the results are rather stable with respect to the spline tuning
parameters.

7 In each of the scenarios, we simulated M random samples of specified size n,
and over a grid of values for h we evaluate the “true” AMSE(h) given in (3.11) by
replacing the operator Exy; by its Monte Carlo average; by the Law of large num-
bers, if M — oo, we can approach this true value as close as we want. In practice we
used My = 5000.

Case A: We consider the “basic” model, without any effect of
the environmental factor, assuming full independence be-
tween Z and X, Y, U and setting oy (Z) = 0.5:

Y; = g(X;) x exp(=U;), where U; does not depends on Z;.
(4.1)

So here we have separability and full independence: here
the usual marginal FDH estimator should be used since no
conditioning is required, so The FDH is our benchmark in
this case. We expect that when selecting the bandwidth, the
LSCV criterion would provide reasonable solutions since, as
the theory tells us, in this case the resulting bandwidth hygcy
should be large. The CORR should not be appropriate since
there is no localization bias.

Case B: In this case, we assume separability, but we impose
oy (Z) = Z/4, such that the distribution of inefficiency U de-
pends on Z, with higher probability of being inefficient when
Z increases (the average value of oy(Z) remains equal to 0.5,
as in Case A). So we have:

Y; = g(X;) x exp(-U;), where U; depends on Z;. (4.2)

Here again, as in Case A, the benchmark is the FDH (no con-
ditioning is needed) and we expect a poor behavior of meth-
ods based on LSCV, at least when n is large, because the de-
pendency between Z and (X, Y) will induce bandwidth con-
verging to zero when n — oo, where the optimal values for h
should be large.

Case C: This is a non-separable case since Z influences the po-
sition of the frontier, but we keep oy (Z) = 0.5, so no effect
of Z on the distribution of inefficiencies:

Y; =g(Xi) x exp{—(Zi - 2)} x exp(-U)),

where U; does not depend on Z;. (4.3)

Here, the effect of Z is only on the boundary of the attain-
able (X, Y), the shift is multiplicative and more important
when Z decreases. We expect here a better behavior of the
CORR approach (with respect to the basic LSCV), since it
takes into account the bias of localization.

Case D: In this non-separable case, Z influences both the fron-
tier and the inefficiency U, as above oy (Z) = Z/4:

Y; = g(X;) x exp{—(Z; — 2)} x exp(-U)).

where U; depends on Z;. (4.4)

In this case, Z has a compound effect on both the boundary
of the attainable set and the distribution of inefficiency. As
in Case C, we expect also here a better behavior of the CORR
approach with respect to the basic LSCV.

The shape of the frontier for Case A and Case B (separable
cases) is given in the left panel of Fig. 1 and the effect of Z on the
frontier for Case C and Case D (non-separable cases) is displayed in
the right panel. Clearly in the latter cases, the unconditional FDH
scores will be measured as if Z = 0 and so will be much larger than
the appropriate conditional measures.

4.1. Quality of the bootstrap approximation of the AMSE(h)

By an intensive Monte Carlo simulation we can approximate the
“true” optimal value of h and the values of AMSE(h) as a function
of h. It is computed for a given h in a grid of values, for a given
sample size n, and for a given scenario, as

1 & 1y (o) 2
AMSE(h) = 7= mzl - le [M (X, Yi1Zis S™) = 1%, YilZ) |

(4.5)
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Fig. 1. Shape of the frontier for the Cases A, B, C and D of our Monte Carlo scenarios.
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Fig. 2. Case A, n = 200. Left panel: Monte Carlo (true) values of AMSE(h). Right panel: its Bootstrap estimation for one particular sample.
where 8,2’"0) is one particular simulated sample, for mg = Table 2 gives for the 4 cases, and for different sample sizes

1,..., My, and we choose My = 5000 in practice.

To have an idea of the quality of the approximation of our boot-
strap algorithm, in each scenario we provide the picture of the
bootstrap approximation with the selected value of the subsample
size derived by our algorithm. We can first do this for one particu-
lar random sample, to see if we have any chance (as we expect) to
have similar behavior of the curves in the 4 cases. Of course this is
only for qualitative evaluation but below we analyze the results for
many such random samples. The results are displayed in Figs. 2-5
for the four scenarios with n = 200.

First we see that for the 4 cases, the true values behave as ex-
pected, with the optimal values for h going to oo for case A and
B (Z is separable, so no conditioning is needed and the FDH is
the optimal estimator; in practice, since the range of Z is equal
to 4, we achieve already this with h>4). For the other cases, as
expected, conditioning is needed and the optimal bandwidth is
around 0.3-0.35. Their bootstrap approximations for one sample
of size n =200 are quite reasonable leading to optimal bandwidth
(for this arbitrary sample) of the same order of magnitude as the
true one.

the “true” optimal bandwidths obtained through the Monte Carlo
approximation, and the square root of the corresponding optimal
AMSE (the square roots are in the same units as the efficiency
scores). The latter will serve as benchmark to evaluate and com-
pare the performance of the different approaches in the next sub-
section.

To visualize the effect of selecting the optimal bandwidth hggor
obtained through our bootstrap approach in place of using the tra-
ditional higcy, we follow the procedure suggested in Daraio and
Simar (2005) to investigate the effect of Z on the frontier levels
estimated by the two approaches. Fig. 6 displays the ratios of the
conditional over the unconditional scores along with the nonpara-
metric smoothed regression lines of the ratios over Z. This is done
for the 4 cases, each time with a particular sample of size n = 200.
We see that in all the cases, the plots have the expected shape (see
Daraio & Simar, 2005 and Badin et al., 2012, for details about this
procedure). Both approaches give similar results in case of separa-
bility (Cases A and B), but we have a better detection of the effect
of Z in the non-separable cases (Cases C and D) with the boot-
strap approach (the estimated A (X;, Y;|Z;) computed with hpgor are
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Fig. 3. Case B, n = 200. Left panel: Monte Carlo (true) values of AMSE(h). Right panel: its Bootstrap estimation for one particular sample.
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Fig. 4. Case C, n = 200. Left panel: Monte Carlo (true) values of AMSE(h). Right panel: its Bootstrap estimation for one particular sample.

Table 2
The optimal “true” value of h and the corresponding values of RAMSE obtained by Monte Carlo simulation across the My = 5000
trials.
n =100 n =200 n =400 n =800
hope RAMSE hopt RAMSE hopt RAMSE hopt RAMSE
CaseA 4,00 0.2334 3.92 0.1787 4,00 0.1366 4.00 0.1035
Case B 4.00 0.2575 4.00 0.1935 4.00 0.1474 4.00 0.1097
CaseC 0.38 0.4004 0.32 0.3393 0.26 0.2858 0.21 0.2398
CaseD 0.42 0.5411 0.35 0.4600 0.29 0.3906 0.24 0.3274

systematically smaller (or equal) than those computed with hiscy).
Of course this is only a picture for one particular sample of size
n = 200. To evaluate the performances of the two approaches we
need to simulate several samples of various sizes, as explained in
the next subsection.

4.2. Performance of various approaches

In this subsection we compare and analyze the behavior of
the different methods to select the bandwidth, by simulating in

the 4 cases described above, MC = 200 samples of various sizes,
n = 100, 200, 400 and 800. For one particular sample, the compu-
tational burden is reasonable, depending on the sample size and
the number of values of m over which the subsampling is per-
formed (we fixed the number of bootstrap replications at 100, but
similar results where found with larger values on some pilot ex-
periments). For one particular sample with n =200 and 21 values
of the grids for both m and h, the code provided in the Appendix
took less than 3 minutes with an Intel 3.4 gigahertz machine, but it
raises quickly with n increasing. Thus the Monte Carlo evaluations
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Table 3
Case A. Optimal value of h and the corresponding values of RAMSE, obtained through MC = 200 Monte Carlo trials.
n =100 n =200 n =400 n =800
hopt RAMSE hopt RAMSE hopt RAMSE hopt RAMSE
FDH - 0.2301 - 0.1778 - 0.1364 - 0.1031
LSCV 6.09 0.2638 5.58 0.2014 4.72 0.1567 3.89 0.1273
CORR 3.29 0.3037 2.75 0.2359 212 0.1909 1.59 0.1628
BOOT 2.66 0.2548 2.77 0.1957 2.74 0.1497 2.54 0.1210
BOOTRor 2.61 0.2581 2.78 0.1965 2.72 0.1493 2.58 0.1196
Table 4
Case B. Optimal value of h and the corresponding values of RAMSE, obtained through MC = 200 Monte Carlo trials.
n =100 n =200 n =400 n =800
hopt RAMSE hopt RAMSE hope RAMSE hopt RAMSE
FDH - 0.2564 - 0.1878 - 0.1476 - 0.1065
LSCV 144 0.3655 112 0.3024 0.92 0.2594 0.76 0.2096
CORR 0.78 0.4666 0.55 0.4084 0.41 0.3605 0.31 0.3110
BOOT 1.95 0.3385 148 0.2844 1.24 0.2391 1.02 0.1886
BOOTRor 1.83 0.3456 144 0.2863 1.23 0.2397 1.03 0.1883
Table 5
Case C. Optimal value of h and the corresponding values of RAMSE, obtained through MC = 200 Monte Carlo trials.
n =100 n =200 n =400 n =800
hope RAMSE hopt RAMSE hopt RAMSE hopt RAMSE
FDH - 10.3021 - 11.6621 - 13.1221 - 14.4115
LScv 0.68 0.7421 0.55 0.6065 0.49 0.5360 0.42 0.4670
CORR 0.36 0.4196 0.27 0.3626 0.22 0.3047 0.17 0.2556
BOOT 0.28 0.4216 0.24 0.3616 0.20 0.3014 0.18 0.2490
BOOTRor 0.30 0.4169 0.24 0.3610 0.20 0.3031 0.16 0.2532
Table 6
Case D. Optimal value of h and the corresponding values of RAMSE, obtained through MC = 200 Monte Carlo trials.
n =100 n =200 n =400 n =800
hopt RAMSE hopt RAMSE hopt RAMSE hopt RAMSE
FDH - 21.00881 - 23.3558 - 25.8223 - 28.2463
LSCV 0.64 0.8417 0.51 0.6548 0.45 0.5807 0.38 0.4901
CORR 0.34 0.5685 0.25 0.5030 0.20 0.4455 0.15 0.3710
BOOT 0.27 0.5793 0.23 0.4981 0.20 0.4387 0.17 0.3507
BOOTRor 0.29 0.5685 0.23 0.4952 0.20 0.4397 0.16 0.3575

here are limited to 200 replications. Under the heading “BOOTgor”,
we also report the results of the Rule Of Thumb (ROT) for selecting
m = n3/4, which decreases the computing time by a factor 5. The
resulting optimal bandwidths with the corresponding evaluation of
the AMSE are displayed in Tables 3-6. In fact we report, as above,
the RAMSE, i.e. the square root of the AMSE.

From the results of our Monte Carlo experiments summarized
in Tables 3-6, we learn the following. For Case A, Z is indepen-
dent of (X, Y) and so is separable as expected, the benchmark is
the FDH: no need to condition, but when conditioning is used,
the LSCV criterion gives rather good estimator of the bandwidths
and so of the resulting efficiency scores (RAMSE, not far from the
benchmark values of the FDH). The CORR, as expected, behaves less
good (there is no localization bias here). The good news is that
the BOOT approach and its ROT version behave even slightly bet-
ter than the LSCV.

Case B (Z is separable but influences the production process
through inefficiency) seems to be the most difficult case for all the
approaches, compared with the benchmark solution (no condition-
ing and use of the FDH estimator). The bootstrap approaches seems
to be more robust, giving the smallest RAMSE among its competi-
tors.

On the contrary, if Z is not separable (Case C and Case D), the
FDH does not have any meaning, as shown by the achieved RAMSE.

Here as expected, for both cases, the LSCV approach does not work
well even for large n, because it does not take into account the
correction for the localization bias. We can see that by correcting
the rate, the CORR method does much better. However, here again,
the bootstrap approaches BOOT and BOOTggr seem to be able to
adapt the procedure to the actual situation: the achieved RAMSE
are smaller than for CORR, in particular when n increases.

Although there is a price to be payed in the numerical burden,
which is typical for bootstrap-based methods (unless we use an
appropriate Rule Of Thumb for selecting m), our new bootstrap ap-
proach appears to be able to handle all the cases. Therefore we
think it will be suitable for practical applications where the prac-
titioner does not a priori know whether the separability condition
holds or not.

5. Numerical illustration with a real data set

We illustrate our proposed methodology by the US Aggressive-
Growth Mutual Funds data set, previously analyzed by Daraio and
Simar (2006, 2007b), to which the reader is referred for descrip-
tive statistics, a detailed analysis and for references on the evalu-
ation of the performance of mutual funds. This data set has 129
observations and has also been used for illustration in Jeong et al.
(2010) and in Badin et al. (2014). We will use here too an input
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Table 7

US Aggressive-Growth Mutual Funds data. Results for 10 randomly selected funds.
The last row is the average over the 129 funds. 6,(x,y) is the FDH, Oyo0 (X, ¥|2)
is the conditional efficiency score computed with the optimal bandwidth obtained
by bootstrap and 6Oy, (x,y|z) is the conditional efficiency score computed with
the LSCV bandwidth. The optimal bandwidths are respectively hpoor = 5.2081 and
hiscv = 15.2841.

Units On(x.y) Bgoor.n (%, y12) Oiscv.n (%, y12)
19 0.5095 0.7938 0.6614
13 0.5185 1.0000 0.6492
109 0.5625 1.0000 1.0000
30 1.0000 1.0000 1.0000
107 0.5115 1.0000 1.0000
18 0.5552 1.0000 1.0000
128 0.5848 0.9812 0.5848
58 1.0000 1.0000 1.0000
89 1.0000 1.0000 1.0000
36 0.4860 0.8855 0.8855
Mean 0.6083 0.9111 0.8329

oriented framework in order to evaluate how mutual funds per-
form in terms of their Risk (measured by the standard deviation of
return) and transaction costs (Expense Ratio and Turnover Ratio),
which makes 3 inputs. The output is the Total Return of funds. The
idea is to analyze the effect of the Market Risks (the environmen-
tal variable Z) on the performance of the funds. So we have 129
observations, 3 inputs, 1 output and 1 environmental factor.

The focus here is limited to the comparison between the ef-
ficiency scores obtained by using our bootstrap bandwidth hpgor
and the more traditional LSCV one, h;scy and to investigate how
the two methods are able to detect the effect of Z on the fron-
tier levels. Table 7 gives the unconditional and conditional effi-
ciency estimates for randomly selected funds. The bottom line of
the table shows the average computed over the full data set. Since
hgoor = 5.2081 < hyscy = 15.2841 (the range of Z is [6,100]), clearly
both approaches detect an effect of the market risk Z on the fron-
tier levels, but the bootstrap approach, as expected, does a bet-
ter job (Ogoor.n(X,y12) = Orscv.n(x,y]z), we are in an input orien-
tation here). The left panel of Fig. 7 provides an illustration of
this result for the 129 efficiency scores, by showing the ratios
Opoot.n (X, ¥12) /01scv.n (%, y|2z) evaluated at each data point. For some
funds the difference is substantial.

An effective illustration of the effect of the market risk Z on the
frontier level, captured by the two methods is given in the right

panel of Fig. 7. If the global picture for both methods is similar
we see again a better view of the effect by using the bootstrap
approach developed in this paper. Of course, final conclusion and
comments about the shape of the regression line should be taken
with care, since we only have 129 points and the procedure in-
volves nonparametric estimation in a 5-dimensional space (3 in-
puts, 1 output and 1 conditioning variable). We remind that our
purpose is limited to illustrate, with a real data set, how a better
estimation of the optimal bandwidth can impact the analysis.

6. Conclusions

This paper provides a complete investigation on the practi-
cal aspects of bandwidth selection procedures for the particular
framework of conditional efficiency estimation. It proposes a new
approach based on bootstrap for selecting the bandwidth, crucial
for obtaining reliable estimates of conditional efficiency in empir-
ical studies. The theoretical developments are complemented by
practical implementation details and the related Matlab codes are
provided as well.

Traditional LSCV methods focus on the estimation of an ap-
propriate conditional distribution, but not on the estimation of its
support. When the external variable Z is non separable (i.e. it has
an effect on the frontier), the order of the resulting bandwidth ob-
tained by LSCV may be not optimal. In these cases, we suggest to
correct the LSCV bandwidth. On the contrary, when the separabil-
ity condition holds, this correction is not recommended. Our new
bootstrap-based approach is able to handle all these cases. Indeed,
by developing the component of the MSE for conditional efficiency
estimators, we have been able to disentangle the role of the band-
width for the underlying localization bias and the estimation pro-
cess itself. Our approach suggests how to estimate these two parts.

By Monte Carlo techniques, we have illustrated that our
new procedure is robust with respect to various separable/non-
separable DGPs and this leads to an improvement of the quality of
the estimation. In a practical situation where the researcher has no
information about the separability condition, the bootstrap method
is an attractive approach which allows us to handle all the cases
correctly. To be more specific, it gives an approach able to handle
separable and non-separable cases performing as well as the tradi-
tional LSCV (and its CORR version) when the latter are appropriate,
and much better when they are not.
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If one is interested to estimate partial frontiers like order-m or
order-o, then the target would no longer be the support of the
distribution and the story may be quite different in these cases. In
particular, LSCV remains a reasonable way to determine the band-
width for fitting the quantile, but these issues are kept for future
work. Another track for future research is to derive better esti-
mates of the derivatives, in the light of the techniques developed
e.g. in Park, Simar, and Zelenyuk (2008).
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