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Abstract

Communication over wireless channels is affected by fading, i.e., fast random varia-
tions of the received signal strength. To prevent fading from causing communication
outages, a receiver can acquire several copies of the signal and recombine them to
average individual variations. In cooperative networks, terminals achieve this by prop-
agating the signal along multiple paths from its source to its destination.

The orthogonal relay channel is a simple model for such cooperative transmission, in
which a relay helps a source and a destination communicate. Protocols for relaying are
separated into three categories, depending on the kind of processing at the relay. In
Decode-Forward (DF) protocols, the relay decodes, re-encodes and forwards the signal
it receives. In Amplify-Forward (AF) protocols, the relay simply amplifies the signal
before forwarding it. And in Compress-Forward (CF) protocols, the relay forwards a
compressed version of the signal it observes.

This thesis is concerned with the design and analysis of relaying protocols, with a focus
on cases where the relay is not able to decode the signal perfectly.

A theoretical analysis of the CF protocol shows that the optimal compression method,
Wyner-Ziv coding, often reduces to simpler rate-distortion coding when the relay has
not enough information on the state of the channels.

Practical implementations of relaying protocols follow. The first implementation, Soft
Decode-Forward, is a DF relay that forwards the data with an amplitude reflecting its
reliability. The second implementation is a receiver for the DF protocol, that takes into
account the uncertainty at the relay. The third is a receiver for the CF protocol that
jointly decodes the signals from the source and from the relay. Comparisons show that
all these implementations outperform usual protocols. In hybrid schemes over wireless
channels, the CF protocol with joint reception is the most promising alternative.
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Notations and acronyms

NOTATIONS

Random variables : x is a realization of the random variable X; the probability
P(x) is the probability density/mass function of X evaluated in X = x. The notation
X —Y — Z indicates that X, Y and Z form a Markov chain. The expected value
of X is written E {X}. The abbreviation i.i.d. stands for independent and identically
distributed. By convention, in this document binary variables take values in {—1, +1}.

Vectors and matrices : Vectors are represented with bold lowercase letters (e.g. x),
and matrices with bold uppercase letters (e.g. M). Vectors and matrices are indexed
with square brackets : x[n] is the n-th element of the vector x, and M[m, n] is the
element in row m, column n of M. The determinant of M is written |M]|.

Miscellaneous : The absolute value or modulus of a is written |al. The conjugate of
a complex number a is written a*. The marginal of the function f(x, ...) with respect
to x, i.e. the summation over all variables except x, is written ZN{X} f(x,...). The
function I{statement} is equal to 1 if the statement is true, and to 0 otherwise. The
sign £ means is defined as, the sign oc means is proportional to and the sign & means
is approximately equal to.
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ACRONYMS
AF Amplify-Forward
ASK Amplitude-Shift Keying
AWGN  Additive White Gaussian Noise
BER Bit Error Rate
BCR Bahl Cocke Jelinek Raviv
BICM Bit-Interleaved Coded Modulation
BPSK Binary Phase Shift Keying
CF Compress-Forward
CRC Cyclic Redundancy Check
csl Channel State Information
DF Decode-Forward
EXIT EXtrinsic Information Transfer
FER Frame Error Rate
LDPC Low-Density Parity Check
LLR Log-Likelihood Ratio
MAP Maximum A Posteriori
MRC Maximum Ratio Combining
NSC Non-recursive Systematic Convolutional
RSC Recursive Systematic Convolutional
SISO Soft-Input Soft-Output
SNR Signal-to-Noise Ratio



Introduction

The future has come, as wireless communication technologies have invaded our lives.
Your pocket certainly contains a phone, maybe a television, and perhaps even a com-
puter connected to information networks. In less than a decade, wireless communi-
cations devices and networks went from esoteric science-fiction to ubiquitous main-
stream culture. Far from being confined to gadgets, they even became of critical social
and economical importance.

The rapid growth of telecommunication networks has been supported by large amounts
of research. However today, as wireless broadband data services are making inroads
into cellular networks, many challenges remain open to support further developments
and improvements of these services.

Wireless communications technologies are not a straightforward extension of their
wired counterparts. Differences are to a large extent due to the properties of electro-
magnetic propagation in the wireless medium, and to the network topologies resulting
thereof.

Electro-magnetic propagation in the wireless medium is a vast subject, but three prop-
erties are particularly important to motivate this work. Firstly, wireless transmissions
are broadcast by nature : signals are transmitted over the air, and can thus be heard
by any terminal within the transmission range. Secondly, electro-magnetic signals are
subject to reflection, refraction and diffusion by scattering objects of the environment,
as are for example buildings or people. As a result, a signal takes multiple paths be-
tween its source and its destination. Such multi-path propagation has advantages and
drawbacks. An advantage is that communication is possible even without line-of-sight
between the source and destination terminals, since signals can reach their destination
after several reflections or diffractions. However, a significant drawback of multi-path
propagation is that these multiple copies of the signal interfere at the destination, con-
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structively or destructively, thereby causing variations of the received signal strength.
Such random time and space variations of the received signal strength are referred to
as fading. Finally, a third important property of wireless propagation is that signals are
subject to path-loss, i.e., strong attenuation as they propagate through space.

The problem of communicating on such channels suggests part of its solution. Due to
the broadcast nature of wireless transmission, wireless networks are most often highly
connected since terminals in a same neighborhood can easily hear each other. This
is even more true given the often high density of terminals in the environment, as is
the case for instance in cellular networks and in most wireless computer networks. It
turns out that using this highly-connected network topology to get signals across the
network is an efficient way to overcome fading and path-loss. This is exactly the idea
behind cooperative communications, in which users of a wireless network can help
each other to get their messages to their destination.

Relay

Source @ @  Destination

Figure 1: Relay channel.

As a simple example of cooperative communications, consider the so-called relay chan-
nel of fig. 1. In this network, a single relay helps a pair of terminals communicate. An
obvious gain in using such a relay is that, due to the nature of path-loss, it is much
more energy-efficient to transmit the signal over two small hops, from the source to
the relay and from the relay to the destination, than directly from the source to the
destination. An equally interesting gain is that the destination receives two redun-
dant copies of the signal, so that the probability that both experience a deep fade is
drastically reduced. This is referred to as a diversity advantage.

However, what a relaying terminal should do to help two other terminals communicate
is not necessarily obvious. For this reason, and given the prospects of cooperation,
protocols for communicating over the elementary model of fig. 1 currently receive
a lot of attention. Such protocols are usually classified into three categories. In the
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first category of protocols, called Decode-Forward (DF), the relay decodes, re-encodes
and forwards the signal to the destination. In protocols of the second family, Amplify-
Forward (AF), the relay simply amplifies the signal it receives and forwards it to the
destination. And finally, in the third family of protocols termed Compress-Forward
(CF), the relay compresses the signal it receives and sends it to the destination.

This thesis is concerned with the design and analysis of these protocols, especially for
cases where the relay is not able to decode the signal perfectly.

From a theoretical point of view, this thesis analyses the nature of compression in the
CF protocol, when the transmitters have no information on the state of the channel. It
shows that, in that case, the optimal compression method, Wyner-Ziv coding or rate-
distortion coding with side information, often reduces to usual rate-distortion coding.

From a more practical point of view, this thesis presents three techniques for dealing
with signals known with limited reliability at the relay. Throughout the work, the
intention has been to include the codes in the design, as their use has a significant
impact on the nature of the protocols. A first technique, termed Soft Decode-Forward,
resembles a DF system where all operations are performed in a soft fashion; its aim
is to regenerate the signal while keeping reliability information on the decoded data.
A second technique is a receiver for the DF protocol that manages to handle errors
made by the relay. And finally, a third technique is an iterative receiver for the CF
protocol. Differing from usual CF receivers, this receiver decodes jointly the signals
received from the source terminal and from the relay. This enables to benefit from the
error-correcting codes to enhance the side-information used for Wyner-Ziv decoding.
These three techniques are then compared in the context of hybrid protocols. The
CF protocol with iterative reception is identified as the most interesting of all three
alternatives, in most situations.

Outline and contributions

Chapter 1 - Factor graphs presents the factor graphs framework, used in later chap-
ters to design several communication devices.

Chapter 2 - Codes and factor graphs sets the problem of receiver design in the
factor graphs framework. Decoders are derived for codes used in this thesis : convo-
lutional codes, turbo-codes, and bit-interleaved coded modulation. The chapter ends
with a presentation of extrinsic information transfer charts, a tool to analyze iterative



4 Contents

receivers, and with a derivation of an analytical method to analyze the convergence of
the turbo-decoding algorithm.

This method for analytical analysis of the convergence of the turbo-decoding algorithm
is an original contribution of this thesis (first reported in [1, 2]).

Chapter 3 - Relaying on orthogonal channels introduces the orthogonal relay
channel along with the DF, AF and CF protocols in an information-theoretic context.

Chapter 4 — Adaptive Compress-Forward relaying in fading environments fo-
cusses on the CF protocol over wireless channels, when the terminals have channel
state information at the receiver only. It shows that the optimal compression method
is often conventional source compression instead of Wyner-Ziv coding.

This chapter is an original contribution of this thesis (first reported in [3, 4]).

Chapter 5 - Practical codes and decoders for the relay channel deals with im-
plementable coded systems for the relay channel. After a presentation of a DF system
and of an AF system, it introduces three techniques for transmitting signals with lim-
ited reliability at the relay : the Soft Decode-Forward relaying technique, a receiver for
the DF protocols that handles errors made by the relay, and an iterative receiver for the
CF protocol. These protocols are then compared in hybrid transmission schemes that
use DF if the relay is able to decode, and one of the three protocols above otherwise.

This enables to identify CF with iterative reception as a very promising alternative.

The Soft-DF protocol, the DF receiver resilient to relay errors and the iterative receiver
for the CF protocol are original contributions of this thesis (first reported in [5,6, 7,8, 9)).



Factor graphs

The computation of the marginals of a global function can be simplified by exploiting
how this global function factorizes into a product of local functions.

This chapter presents a generic algorithm taking advantage of such a factorization.
This algorithm, called the sum-product algorithm, operates on a factor graph, i.e. on a
graphical representation of the factorization of the function. The algorithm consists in
making messages pass on the factor graph, using simple propagation and processing
rules. The sum-product algorithm is strictly valid for acyclic factor graphs only, but it
has been successfully used on cyclic graphs as well.

In addition to the sum-product algorithm, this chapter presents the sub-optimal max-
sum algorithm, obtained by simplifying the processing of messages.

The general framework of this chapter has applications in several domains, as for ex-
ample telecommunications, signal processing, or artificial intelligence. It is used in this
thesis to design receivers for communication over the relay channel.

This chapter follows closely [10, 11], as well as [12,13, 14].
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1.1 Definitions and notations 7

1.1 DEFINITIONS AND NOTATIONS

Consider variables X1, ..., Xp and their domains Ay, .. ., A,. We study functions

where the domain S'is A; X ... X A, and where the codomain R can in general be
any semiring. For the applications we consider, taking R = R, the set of real numbers,
suffices.

1.1.1 Marginals of a function

To each function g(X1, ..., Xn), we associate the n marginal functions g;(X;), (i =
1,..., n:
ga)= > g(Xi.....X,) Va€cA,. (1.1)
(X1,...Xn)ES
Xi=a

To represent the marginalization with respect to a variable, we define the shorthand
notation of “not-sum” or “summary”. Rather than writing the variables being summed
over, we write those not being summed over. Equation (1.1) expressing the marginal
function of g relative to X; becomes with this convention

gi(@)= > g(X1,.... Xp). (1.2)

~{Xi}

This notation is used throughout this document.

1.1.2 Factor graphs

The calculation of the marginals of a function can be simplified by taking advantage
of the way this function factorizes. To this end, a useful tool is the factor graph of the
function, i.e., a graph that represents the factors of the function and their dependen-
cies with the variables.

Afunction g(X1, ..., X,) can in general be factorized into a product of local functions
depending on a subset of the variables {X1, ..., Xn}. We write such a factorization
as follows :

g( X1, ..., Xn) = H fx (X), (1.3)



8 Chapter 1. Factor graphs

where X is a subset of the variables {X1, ..., Xn}, Q is a collection of subsets of
{X1,..., Xnt, and fx(X) is a function with the elements of X as arguments.
Definition 1 (Factor graph). A factor graph is a bipartite graph representing the
structure of the factorization (1.3). A factor graph has a variable node for each variable
X; and a factor node for each local function fx(X). An edge connects the variable
node X; and the factor node fx(X) if and only if X; is an argument of fx(X), i.e., if
X; € X.

Example 1.1 : Factor graph

Consider a function g(Xi, X2, X3, X4, Xs5) of five variables, that factorizes into the

following product :

9(X1, Xo, X3, X4, X5) = fa(X1)fe(X2)fc (X1, X2, X3)fp(X3, X4)fe(X3, Xs).
(1.4)

fa s fc o e
Figure 1.1: Factor graph of g(X1, X2, X3, X4, Xs).

The corresponding factor graph is represented in 1.1. Note that in this case the graph
is a tree. ]

1.2 MARGINALS AND THE SUM-PRODUCT ALGORITHM

Efficient calculation of all the marginals g;(X;), i=1, ..., n of a function should reuse
as much as possible intermediary calculations made for each marginal.

In this section, we first show how the factor graph of the function enables to iden-
tify these common intermediate calculations. Next we present the sum-product algo-
rithm, a generic algorithm using the previous observations to calculate efficiently all
the marginals of a function. The sum-product algorithm is then illustrated with an

example.
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1.2.1 Formal similarities between factor graphs and expression trees
lllustration
Consider the function of example 1.1. The marginal g; (X1) can be written

91(X1) = fa(X1) (1.5)

x (Z fa(X2) (Z fo (X1, X2, X3) (Z fD(X3vX4)> (Z fE(X3,X5)>>> ,
X2 X3 X Xs

or equivalently, using the summary notation,
g1(X1) = fa(X1) (1.6)

x Y | (Xo) fe (X Xo, X3) | D fo(Xa Xa) | | D (X, Xs)

~{X1} ~{Xs} ~{Xs}

The right-hand member of expression (1.6) can be represented by a so-called expres-
sion tree, as in fig. 1.2 (b).

(a) (b)
Figure 1.2: (a) Factor graph of example 1.1, represented as a tree with Xj as root. (b) Expression
tree for g1(X1). The operands of each operator are its children nodes in the tree.

The comparison between the factor graph and the expression tree in fig. 1.2 shows
that they share the same formal structure. Thus, a factor graph not only represents a
factorization of a function, it also represents a way to calculate its marginals.
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Transformation of a factor graph into an expression tree

The correspondence between a factor graph and the expression tree for the calcu-
lation a marginal is clear from fig. 1.2. The following operations convert an acyclic
factor graph of a function g(Xi, ..., X,) into an expression tree for g;(X;), i =

1,....n:

1. Draw the acyclic factor graph with X; as root.
2. Replace each variable node by a product operator (fig. 1.3 (a)).

3. Replace each factor node f by a product operator connected to a function node
f, then place an operator ZN{X} between f and its parent node X (fig. 1.3 (b)).

In some places these operations are trivial and can be omitted. This happens for prod-
uct operations with less than two operands, and for ZN{X} operators that apply to a
function depending on X only. These trivial operations are drawn with dashed lines in
fig. 1.2.

(a) (b)

Figure 1.3: Substitutions that transform an acyclic factor graph into an expression tree for the
calculation of a marginal : (a) for a variable node; (b) for a factor node.

General case and justification

We now give the justification for the correspondence between the calculation of marginals
and the structure of the factor graph, for acyclic graphs.

Consider a function g(X, X1, ..., X,_1) that can be represented by an acyclic factor
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graph, a factor tree T. We are interested in the marginal with respect to X, i.e.,

Z 9(X. X1, ..., Xn-1). (1.7)

We take X as root for T; all other nodes are thus descendants of X.

If X has K neighbors in the tree T (fig. 1.4), we can write g as follows, without loss
of generality :

K
9(X, X1, .. Xno1) = [ [ Fe(X V) (1.8)
k=1
where F (X, Vi) is the product of all local functions that are descendants of the k™
neighbor of X, and Vj is the set of all variables that are descendants of the k™ neighbor
of X. Since T isatree, V4, ..., V,,_1 is a partition of X4, ..., Xp—1:wehave VNV, =
Ofori#j,andViU---UV,_1 ={X1,..., Xn_1}. The graph corresponding to this
factorization is represented in fig. 1.4, where F1(X, V) is shown factorized.

Figure 1.4: Factor graph of g(X, X1, ..., Xn-1) = Hle Fr(X, V&).
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Since Wy, ..., Vi are pairwise disjoint, we obtain by the distributive law :

= D > > R Fa(X W) Fr(X, Vi)

i v Vk
= <Z Fu(X, v1>> (Z F2<X,v2)> (Z Fie(X, vm)
Vi V2 Vic
K
= I Y. Ax v (1.9)
k=1 ~{X}

this shows that the marginal relative to X of the function g is the product of the
marginals relatives to X of the functions F.

We now focus on the marginal of Fx, for example when k = 1. As shown in fig. 1.4,
the function F1 (X, W) is the product of all functions in the subtree rooted in f; of the
tree T :

Fi(X,W) = A(X, X1, ..., X1)G1(X1, V11)Ga(Xo, Vio) - G (X, Vi), (1.10)

with arguments of g re-numbered so that f;(X, X1, ..., X ) is the first neighbor of
X, and where G; is the product of all functions descendant of X;, I =1, ..., L. Note
that {Xy,..., X bV, .., Vi, is a partition of V4, and using the distributive law
again yields

Z Fl(Xv ‘/1)
~{X}
= > A X1 X6 (X0 Vi) -+ GL(Xe, Vi)
~{X}

I
(]
-
>
X

..... X0 (Z Gl(xl,vn)> (Z GL(XL,VM)>

X1, XL Vi1 Vi
L
= > (axxn...x0]] D axw) . (1.11)
~{X} =1 ~{X)}

Thus, if A (X, X1,..., X ) is a neighbor of X, calculating the marginal of F1(X, W)
with respect to X is done as follows :
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1. For each neighbor X, of f; other than X, calculate the marginal with respect to
X, of the product of functions in the subtree rooted in X,.

2. Make the product of these marginals with f;, then take the marginal with respect
to X.

This approach is applied recursively, for each calculation of a marginal function. This
generalizes the substitutions presented in fig. 1.3.

1.2.2 Calculation of a marginal

In the following we address the calculation of marginal functions directly on the factor
graph, instead of using expression trees. In this context, the calculation of a marginal
can be seen as an algorithm operating on the graph; the algorithm consists in making
messages (i.e., functions) flow on the edges of the graph and processing them at the
nodes.

The algorithm that calculates the marginal g;(X;) operates on the acyclic factor graph
rooted in X;. The algorithm starts at the leaves of the tree : each variable node sends a
trivial identity function to its parent. Next, each node of the graph waits until it receives
messages from all its descendants, then applies the appropriate operation and sends
the resulting message to its parent. As shown in fig. 1.3, a variable node simply sends
to its parent the product of its incoming messages, whereas a factor node f of parent
X makes the product of its incoming messages with f, takes the marginal with respect
to X and sends the message to the node X. The algorithm ends at the root X;, where
the marginal g;(X;) is the product of all messages received at the node X;.

Note that messages passing on the edges incident on a variable node X are functions
of the variable X only.

1.2.3 Calculation of all marginals : the sum-product algorithm

The preceding developments become attractive when it comes to calculating the marginals
gi(X;) for several values of i. Applying the algorithm of the preceding section, sepa-
rately for each i, is not efficient since many intermediary calculations are identical for
different values of /. The efficient way of calculating all marginals at once is to overlay,
on a single graph, one instance of the algorithm for each i. The resulting algorithm
is called the sum-product algorithm. This algorithm no longer considers a particular
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node as a root, and consequently the parent-child relations in the graph are no longer
defined. Instead each node W neighbor of V will be considered at some step as the
parent of V. The computation of the message passing from V to W is as in the al-
gorithm for a single marginal, when W is considered as the parent of V' and all other
neighbors of V as its children.

The sum-product algorithm starts at the leaves of the tree, as does the algorithm for a
single marginal. Each other node V stays inactive until it has received messages from
all its neighbors but one. A that moment, as in the algorithm for a single marginal,
the node V calculates and sends the message for its remaining neighbor, say W, con-
sidered as its parent. The node V is then again inactive until it receives a message
back from W. Upon reception of that message, the node V' calculates and sends the
messages for all its neighbors other than W, each being in turn considered as the
parent. The algorithm ends when two messages have passed over each edge, one in
each direction. For all i, the marginal g;(X;) is obtained by making the product of all
messages received at the node X;.

Summary Before giving an example, we summarize the results presented so far.
Let E = {X, } be an edge of a factor graph connecting the variable node X with
the factor node f. The message passing from the node X to the node f is written
x—¢(X), and the message in the opposite direction wr_,x(X). Let also N(V) be the
set of neighbors of a node V. The propagation and processing rules are as follows :

From a variable node to a factor node :

px—r(X) = H Ln—x(X). (1.12)
heN(O\{f}

From a factor node to a variable node :

pox(X) =D (FX) [T wvar(M) ], (1.13)

~{X} YEN(I\{X}

where X = N(f) is the set of arguments of the function .

Example 1.2 : Sum-product algorithm

Considering again the function of example 1.1, the sum-product algorithm follows the
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steps indicated in fig. 1.5. Each arrow represents a message, and the circled numbers

®

Figure 1.5: Progress of the sum-product algorithm.

indicate at which step the message passes.

The algorithm progresses as follows :

Step D :
:u'fA—>X1(X1) = Z fA(Xl) = fA(Xl)
~{X1}
:U’fBﬁxz(XQ) = Z fB(X2) = fB(XQ)
~{X2}
l"l’X4—>fD(X4) = ]-
Pxs—r(Xs) = 1
Step @ :
pxi—fe(X1) = prox, (X1)
Pxsre(X2) = bfx,(X2)
Kipsxs(X3) = Z pxs—n (Xa) o (X3, Xa)
~{X3}
pfe—xs(X3) = Z bxs—f (Xs) fe(X3, Xs)
~{X3}
Step 3 :
br—xs(X3) = Z pxi - (X1) bxo—fe (X2) fe (X1, X2, X3)
~{X3}

Uxsosre(X3) = Wpoxs(X3) Broxs (X3)
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Step @ :
Brox, (X1) = ZMX3—>fC(X3)MX2—>fC(X2) fe (X1, X2, X3)
~{X1}
Biox(X2) = Y b (X3) xa i (X1) e (Xa, Xa, X3)
~{X2}
:U’X3—>fD(X3) = /"Lfc—>X3(X3)/J'fE—>X3(X3)
Pxs—fe(X3) = roxs(X3) b —x: (X3)
Step © :
pxi = (X1) = prox (X1)
Bxoofs(X2) = P, (X2)
Wiysxs(Xa) = ZN/X3—>fD(X3) (X3, Xa)
~{Xa}
Broxs(X3) = ) xeor(X3) (X3, Xs)
~{Xs}

Termination : When all messages have been calculated, the marginal with respect to

a variable Xj is the product of all messages incoming into the variable node X,

thus

91(X1) =
92(X2) =
9(X3) =
94(Xs) =
g5(Xs) =

1.3 CYCLIC GRAPHS

As seen in the preceding section,

By (X1) Bt (X1)

Ptz (X2) B, (X2)

Pt x5 (X3) o5 (X3) Bofe x5 (X3)
Lot x4 (Xa)

Wt (Xs).

the sum-product algorithm applies in principle only

to acyclic factor graphs. In practice however, several applications use it successfully on

cyclic graphs, e.g. for decoding turbo-codes [15, 16] or low-density parity check (LDPC)
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codes [17].

This section first shows that the presence of cycles in a graph makes the sum-product
algorithm iterative, and then briefly discusses the sub-optimality due to the presence
of cycles.

1.3.1 Cycles induce iterations

Applying the message update rules to a cyclic graph induces endless updates of the
messages : the sum-product algorithm becomes iterative. Consider for example a node
V in a cycle. A message incoming in V triggers an update of the messages leaving V
on all other edges. Such updates propagate along the cycle so that at some point a
new message arrives in V, replacing the previous one, and again triggers an update of
all messages leaving V' — and so on. These endless updates make the sum-product
algorithm iterative.

The initialization of the algorithm must be adapted. Since a message leaving a node
V depends on messages received on all other edges incident to V/, the initialization of
nodes in cycles is a chicken-and-egg problem. To get round this problem, all messages
can be initialized to identity messages (constant functions); another option is to choose
an initialization depending on the application.

Since the algorithm is iterative, the scheduling of messages updates is no longer
unique. The choice of a scheduling is arbitrary, although all schedulings are not nec-
essarily equivalent. All schedulings are theoretical infinite since updates propagate
endlessly; however, in many practical applications, messages converge with iterations
so that the outputs of the algorithm no longer change, up to machine precision, after
a sufficient (finite) number of iterations.

When the algorithm terminates, the approximation of the marginal relative to X; is
obtained as in the acyclic case by calculating the product of all messages received at
the variable node X;.

1.3.2 Sub-optimality due to cycles

The sum-product algorithm applied to a cyclic graph does no longer compute the
marginals of the considered function, and the exact link between what the algorithm
computes and the true marginals is in general difficult to establish. In spite of that, the
sum-product algorithm has been successfully used in several applications with cyclic
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graphs, suggesting that the outputs of the algorithm can in some cases be a sufficient
approximation of the true marginals.

The fact that the algorithm becomes iterative when the graph contains cycles implies
that some pieces of information are taken into account several times along iterations.
While this biases the calculation of the marginals, in some applications the cycles are
long enough to keep this bias seemingly negligible. Also, in some particular cases, the
outputs of the algorithm can be related to the exact marginals (see e.g. [18, 19]). For
example if all factors are gaussian, the algorithm converges to marginals with exact

averages, but wrong variances.

1.4 SUB-OPTIMAL VARIANT OF THE SUM-PRODUCT ALGORITHM

Previous sections have defined the sum-product algorithm for a function g taking its
values in a semiring. The operations '+’ et ‘X" are defined accordingly; in particular
they satisfy the distributive law. Here we have implicitly considered the semiring con-
sisting of the set of real numbers R with the usual operations ‘+' (addition) and ‘x’

(multiplication).

As an approximation, each sum could be replaced by its dominant term; in other
words, the usual addition '+’ could be replaced by the operator max. The set R
equipped with the operations ‘max’ et ‘X’ is also a semiring, and in particular the
distributive law is satisfied :

X(max(Y, Z)) = max(XY, X 2). (1.14)

In this semi-ring, the sum-product algorithm is called the max-product algorithm. It
can be used as a sub-optimal variant of the sum-product algorithm, to calculate ap-
proximations of the marginals of a function.

When working in the logarithmic domain, the product operation becomes a sum.
Again, the set R equipped with the operations ‘max’ et '+’ is a semiring, and the
distributive law holds :

X+ max(Y, Z) = max(X + VY, X + 2). (1.15)

The max-product algorithm in this semi-ring is called the max-sum algorithm. It is
equivalent to the max-product algorithm, only that its outputs are expressed in the
log-domain.
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1.5 APPLICATIONS

The sum-product algorithm can be applied to virtually any problem of function marginal-
ization, provided that the functions have a suitable factorization. It has applications,
for example, in artificial intelligence, in telecommunications or in signal processing.
Particular cases are the belief propagation algorithm due to Pearl [14,20], an FFT com-
putation algorithm [10], the so-called BCJR algorithm for decoding convolutional codes
(see section 2.2), the turbo-decoding algorithm (see section 2.3), etc.

To summarize, the general procedure for applying the factor graph framework to a
marginalization problem is as follows :

1. Find a suitable factorization of the considered function.
2. Draw the corresponding factor graph.

3. Apply the sum-product algorithm to this graph.

Chapter 2 uses this framework to derive several decoding algorithms. It is then applied
in chapter 5 to design receivers for communication over the relay channel.
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Codes and

Factor graphs

The factor graphs framework offers a unified way of deriving decoding algorithms;
it has been successfully applied, for example, to important families of codes such as
turbo-codes or low-density parity check codes (LDPC codes) [13,21]. This chapter
surveys several decoding algorithms that are used later in this thesis as part of larger

receivers.

The chapter first addresses convolutional codes, and derives the so-called BCJR de-
coding algorithm in the factor graphs framework. Turbo-codes are addressed next,
and provide a first example of cyclic factor graph resulting in an iterative decoding
algorithm. Then comes the decoder of bit-interleaved coded modulation (BICM), also
addressed in prevision of future chapters.

The chapter ends with a presentation of two tools for analyzing iterative receivers. The
first analysis tool is the extrinsic information transfer chart (EXIT chart), and the second
one is an analytical prediction tool for the convergence threshold of turbo-codes.

This analytical prediction tool is an original contribution of this thesis. It was published
in[1,2].
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2.1 RECEIVER DESIGN IN THE FACTOR GRAPHS FRAMEWORK

This sections formulates the design of optimal receivers in the maximum a posteri-
ori (MAP) sense, using the factor graphs framework [22]. Using the factor graphs
framework is relevant because MAP decoding amounts to marginalizing some objec-
tive function, as shown below.

A sequence of independent equiprobable information bits U of length K is encoded
into a binary codeword X, modulated into a sequence of symbols S of length N.
These symbols are sent over a communication channel, and received as a sequence Y
(fig. 2.1). The channel is characterized by its transition probabilities P(Y|S).

U X S
——| Encoder Modulator
Channel
J| Y
L Decoder/demodulator

Figure 2.1: Transmission scheme.

After the receiver observes Y = y, decoding the sequence U in the MAP sense consists
in finding the values U, maximizing the probability mass function P(U|Y = y), for
each information bit k =1, ..., K. This problem can be recast as a marginalization
problem, since

Uec = arg max P(UklY =y) (2.1)
U=—1,1
= arg Ukn;@l(‘l {ZU} PUIY =y). (2.2)
~ k

Using the Bayes rule and the fact that the maximization problem is independent of
P(Y =y), we can write

Ux = arg max {ZU} P(y|U)- P(U). (2.3)
~ k

Since the information bits U are independent and equiprobable, the factor P(U) is
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constant and can be omitted. Making X and S apparent in the expression above gives

Ux = arg max %:} Xzs: P(y|S, X, U)- P(S|X,U)- P(X|U).  (2.4)

The summations over X and S can be omitted since the notation Z~{Uk} already
indicates that all variables are being summed over, except Uk. Using that U- X —-S-Y
is a Markov chain yields

P(y|S, X,U) = P(y|S) and (2.5)
P(S|X,U) = P(S|X). (2.6)

We finally obtain, from (2.4),

Uc = arg max %:} P(y|S) - P(S|X) - P(X|U). (2.7)
~ k

Estimating an information bit Uy in the MAP sense requires thus to marginalize an
objective function F(U, X, S) defined by

F(U,X,S) = P(y|S) - P(S|X) - P(X|U). (2.8)

Note that y is an observation and not a variable; it is thus not considered as an argu-
ment of the objective function.

The first factor of the objective function, P(y|S), accounts for the effect of the com-
munication channel. The factors P(S|X) and P(X|U) account for modulation an
coding; they characterize the unique correspondence, respectively, between symbols S
and codewords X, and between codewords X and information bits U. They are equal
to 1 if and only if the correspondence is valid, and to O otherwise. We write this

P(S|1X) =1{S = outy(X)} (2.9)
P(X|U) =T{X = outc(U)} (2.10)

where outc() is the encoding function, outy() the modulation function, and where
I() is an indicator function equal to 1 if its boolean argument is true, and equal to 0
otherwise.

All these factors of the objective function F(U, X, S) can usually be factorized further
by taking into account the channel model, the type of modulation and the type of
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coding. Using the resulting factorization, the sum-product algorithm can calculate the
marginals and finally find estimates of the bits U as in (2.7).

The following sections detail these steps for several families of codes.

2.2 CONVOLUTIONAL CODES

This section first defines convolutional codes, and then presents the derivation of the
appropriate bitwise MAP decoding algorithm.

2.2.1 Definition and encoding

A convolutional code transforms a continuous stream of information bits into a con-
tinuous stream of coded bits [23]. The encoding operation consists in shifting the
sequence into a shift register, from the contents of which coded bits are calculated.
The redundancy introduced by this operation gives to the sequence some resilience
against channel degradations.

The encoding operation is commonly represented by the generator matrix G(D) of size
r x n(n > r)and rank r; elements of this matrix are polynomials in the delay operator
D with binary coefficients :

g11(D) g12(D) -+ g1.n(D)
6(D) = 92,1‘(D) 92,2.(D) : g2,n.(D) 211
9r1(D)  gr2(D) -+ grn(D)
The encoder represented by this matrix associates r information sequences U; (D), . . ., U, (D)

to n coded sequences X1(D), ..., Xn(D) as follows :
(X1(D) ... Xa(D)) = (Us(D) ... U,(D)) G(D). 2.12)

Such an encoder, associating r information sequences to n coded sequences is said to
have a code rate R = r/n. To simplify notations we restrict ourselves to the case r = 1,
the extension to the general case being straightforward. We omit the corresponding

indices.

The encoding operation is as follows. The encoder produces, for the k™ information
bits Uk, n coded bits X}, ..., XJ. In particular, the /'™ coded bit X (output corre-
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sponding to the polynomial g;(D)) is obtained by
M
Xt =>" g Ui—m mod 2 (2.13)
m=0

where g(,m) is the m™ coefficient of the polynomial g;(D). The bits produced by the n

polynomials are then concatenated into a single sequence
(o XE o X Xy oo Xins o) (2.14)
The largest degree M of the polynomials in G(D) is called the memory of the encoder,

and the parameter K. = M + 1 is its constraint length.

If any of the polynomials is 1, the information sequence is included unmodified in the
coded sequence. The code is then said systematic. Otherwise it is said non-systematic;
such codes are usually refered to as Non-Systematic Convolutional codes (NSC codes).

Example 2.1 : NSC encoder

The encoder with generator matrix
G(D)=(1+D+D* 1+D?

has a memory M = 2 and a code rate R = % This matrix can be represented by the
octal representation of the binary coefficients of the polynomials, here (5g, 7g). The
corresponding code is a NSC code.

The implementation of this encoder with a shift register is represented in fig. 2.2. W

Xk

e
.,

Figure 2.2: NSC encoder with polynomials (5g, 7s) (octal notation).

Uk
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Another family of convolutional codes have encoders with a feedback loop from the
contents of the register to its input. Such codes are said recursive. In particular, recur-
sive systematic convolutional codes (RSC codes) have a generator matrix

%(D) gn(D)>
91(D) g1(D)

G(D) = (1 (2.15)

When the bit Uy enters the encoder, the feedback loop produces the following input
in the register

M
Ac=Uc+ Y 0" Aim mod 2, (2.16)

m=1
where the Ac_1, . .., Axk—wm are the contents of the register. The non-systematic coded

bits are calculated from the contents of the register as follows :
M
Xk=> d™A_m mod 2, (2.17)
m=0

whereas the systematic output is of course X} = Uk.

Example 2.2 : RSC encoder

The RSC encoder with generator matrix

1+ D?
G(D)_<1 1+D+D2>
is depicted in fig. 2.3. ]
Us Xk
+ D D
Ax A1 Ak

o

Figure 2.3: RSC encoder with generator matrix G(D) = (1 %).
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2.2.2 Optimal MAP decoding : the BCJR algorithm

The optimal bitwise MAP decoding of convolutional codes maximizes the a posteriori
probabilities of the information bits. The usual algorithm to achieve this is the Bahl-
Cocke-Jelinek-Raviv (BCJR) algorithm [24].

This algorithm is actually a particular instance of the sum-product algorithm, applied
to the factor graph of the a posteriori probability mass function of the information
sequence.

Factorization of the objective function

The first step for deriving the BCJR algorithm in the factor graphs framework is to
factorize the a posteriori probability mass function of the information sequence, as
initiated in section 2.1. We continue the factorization here, taking into account the
channel model and the encoding method. Since the focus is on decoding the code,

we simply use binary-phase shift keying (BPSK) modulation.

As discussed above, optimal bitwise decoding in the MAP sense amounts to marginal-
izing an objective function F(U, X, S):

F(U,X,S) 2 P(y|S)- P(S|X) - P(X|U).  (2.8)

This function must be factorized further in order to make the sum-product algorithm

more efficient.

Factorization of P(y|S) - P(S|X) The first factor depends on the channel model
and the second one on the modulation. For a memoryless channel and BPSK modula-
tion, we simply have

K n
P(y|S)- P(S|X) = [] T POilSk) - I{Sk = outm(X})} (2.18)

k=1I=1

where y/ is the channel observation for the transmitted symbol S}, which corresponds
to the coded bit X}, We can make the correspondence between BPSK symbols Sj and
coded bits X/, implicit by writing

K n
P(y|S)- P(SIX) =TT ] PilXb)- (2.19)

k=1I=1
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Factorization of P(X|U) The second factor,
P(X|U) = T{X = outc(U)}, (2.10)

factorizes easily by noting that the output of the convolutional encoder is a Markov
process : the outputs of the encoder depend only on the current input U and on
the state Ty of the encoder memory. For a non-recursive convolutional encoder, the

state of the memory is Ty = [Uk—1, ..., Uk—wm], whereas for a recursive encoder it is
Tk = [Ak—1, ..., Ak—m]. Consequently we can write
X =outc(U)} =Ty, =0} [l N{Tkt: ¢ (Uk, Ti)} (2.20)

x X, ..., Xi = outc(Uk, Ti) }-

The meaning of this expression is the following : X is the codeword corresponding to
U if, for all k, the following conditions are fulfilled :

m  The outputs of the encoder X}, ..., X} at time k correspond to its current state
Tk and to the input bit Uy;

m  The current state T, and the input bit Uy indeed produce a transition to the state

Tk+1-

Moreover, requiring the memory of the encoder to be initialized with zeros yields the
factor I{T, = o}. When the encoder encodes finite blocks of data instead of a con-
tinuous stream, one can also make the encoder terminate the blocks in the state zero
by adding some bits at the tail of each codeword; in that case the expression (2.20) is
multiplied by an additional factor I{ Tk, = o}.

Factor graph

The factor graph is made as usual by creating nodes for each factor and each variable,
and by connecting factors to variables the depend on. Its general structure is presented
in fig. 2.4, and its k™ section is detailed in fig. 2.5.

All other sections of the graph are identical, behalves the section corresponding to U;
which has an additional factor node I{ T, = o} in accordance with (2.20), and possibly
the last section which has a similar factor node when the encoder is required to finish
blocks in the zero state (in the case of block-by-block encoding).
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LTI

section k — 1 section k section k + 1 section k + 2

Figure 2.4: Structure of the factor graph for the derivation of the BCJR algorithm.

pyelXp) - POYEIXE)

Figure 2.5: Detail of the k' section of the factor graph used for the derivation of the BCJR
algorithm. The factor node fi represents I{ k1, < (Ux, Ta) YI{ X%, . . ., X = outc(Uk, Tk)}.

Application of the sum-product algorithm

Since the graph is a tree, the sum-product algorithm produces exact marginals. The
marginal with respect to a variable Uy is the product of all incoming messages at node
Uk : here the only message is 0x(Ux) (fig. 2.5). In the following we detail the algorithm
for obtaining 0x(Uk).

Initialization Initialization happens at the leaves of the graph.

m  Thenodes P(y}|X}), ..., P(y7|X]) send messages equal to their local function
to their neighbors, respectively X3, ..., XJ. Since the nodes X have degree 2,
they simply forward the message to the node fy.

m At the variable node Uy, a trivial identity message (constant function) is sent to
fx; this has no effect.
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m The factor node I{T, = o} sends a message o equal to itself, to its neighbor
node T,.

m [If it exists, the factor node I{Tk+, = o} sends a message Bx+1 equal to itself
to its neighbor Tk,. If this factor node does not exist, then the variable node
Tk, is the end of the graph; in that case the message Bx1 is initialized as an
identity message.

Propagation At the node fi, the propagation and processing rules of the sum-
product algorithm give the following recursions :

B Message sent to Ty, :

a1(Tira) = Y o(Te)  H{Thra < (U, Ti)}
~{Th+a}

n
< I{XE ... X = outc(Ue, TO} [ PUAIXD).  (2.21)
I=1

m  Message sent to Tk :

Be(T) = Y Brr1(Tira) - H{Tisa = (Ur, Ti)}
~{Ti}

n

x I{XL, ..., Xp =outc(Ue, T} [[ POAIXE). (2:22)
I=1

Termination The node 7 sends to Uy the following message :

0c(U) = > awlTi) - Brar(Tir1) - T = (Uk, T}
~{Ux}

n

X I{X}E, ..., Xp = outc (U, T} [ PUiIXD). (2.23)
I=1
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This message is the marginal relative to Uk of the objective function F(U, X, S). Con-
sequently, the bitwise MAP estimate of Uy is the argument that maximizes dx(Ux) :

U = argUkn;§>l<le(Uk|y) (2.24)

= argukn;@il Z F(U, X,S) (2.25)
~{Uk}

= argukn;%lék(Uk). (2.26)

The expressions above can be simplified further. Because of the indicator functions I,
several terms disappear; moreover using the definition

n
WXk XD 2T POIXD). (2.27)
=1

we can write, for a coded sequence X}, ..., X} corresponding to an information

o1 (Uk, oo Uk-m+1) = Zak(uk—l ----- U=m) (X5, - - - Xg), (2.28)

Uk-m

Br(Uk-1. - .., Uk-m) = Zﬁk+1(Uk ----- Uk—ms1) (X -+, X{), (2.29)
Uk

and

0k(Uk) = Z o (U1, .-+, Uk—m)
Uk-1,--sUk—m (2.30)

X Brr1(Uk, - .-, U—mi1) (X, - X%).-

This algorithm, derived as a particular instance of the sum-product algorithm, is actu-
ally the BCJR algorithm with its forward recursion a, backward recursion Bk and the
functions -k, written as in the usual formulation of the algorithm.

The messages o, can be regarded as the probability mass function of the bits Ux_1, . . ., Uk—m,
given the observation of the sequence until time k — 1 :

o (U1, -y Uk—m) = P(Uk-1, . . ., Uk—mlyt. .. Yio1)
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and conversely, Bx+1 is the probability mass function of Uy, ..., Uk—pm+1 given the
observation of the sequence from time k + 1 until time K :

Brr1(Uk, - - -, Uk-m11) = P(Uk, .. ., UMt Vists - Yi)-

The marginal dx(Ux) with respect to Uy is thus a combination of information over the
preceding part of the sequence (through ay), information over the following part of
the sequence (through Bk+1), and information over the current observation at time k
(through 7).

From these marginals relative to Uy, we obtain the log-ratio for each information bit,

s O0x(Ux = +1)

defined as follows :

Implementation

To avoid numerical accuracy problems, the BCJR is most often implemented in its log-
arithmic form (details in appendix 2.A). This logarithmic form of the BCIR algorithm is
usually referred to as the LOG-MAP algorithm.

2.2.3 Sub-optimal variant of the BCJR algorithm

A sub-optimal variant of the BCJR algorithm can be derived as above, but in the max-
sum semiring. The resulting algorithm is the so-called MAX-LOG-MAP algorithm. Using

the following notations :

o(Uk—1, .-+ Uk—m) In(ok(Uk—1, - -+, Uk—m))
Bi(Uk-1, ..., Uk-m) In(Bk (Uk-1. - - - Uk-m))
WXE XD = n(wd(XE XD,

akr1(Uk, ..., Uk_ma1) = Dﬁax(dk(uk71 ..... Uk—m) +’7k(X; ..... X2)) (2.32)
k—M
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and

ok(Uk) = uk,lmf”ék,M(o_‘k(UH ----- Uk—m)

B (2.34)
+ Brs1(Uk, ..., Uk—mg1) + 3 (XE, .., X%))-

In comparison with the BCIR algorithm, the MAX-LOG-MAP algorithm achieves a slightly
lower performance, but with a lower complexity.

2.3 TURBO-CODES

Turbo-codes have initiated a revolution in channel coding, for being the first codes
to achieve code rates close to the Shannon capacity on several important channel
models [15,16]. The coding technique consists in combining several simple constituent
codes into an efficient global code. MAP decoding of such a code would be far to
complex; however very good performance can be achieved by using instead the so-
called turbo-decoding algorithm, which is an iterative algorithm based on the decoding

algorithms of the constituent codes.

The turbo-decoding algorithm has been shown in [20, 14] to be a particular instance of
the sum-product algorithm, applied to the a posteriori probability of the information
bits. Since the factor graph of this probability contains cycles, the algorithm is iterative
and sub-optimal in comparison with MAP decoding.

The next two sections detail turbo-coding and the turbo-decoding algorithm.

2.3.1 Definition and encoding

This section briefly presents the classical parallel turbo-coding scheme, as initially pro-
posed by Berrou et al. in [15, 16].

Two constituent RSC codes of rate R = % are concatenated in parallel asin fig. 2.6. The
first code takes the sequence of information bits U as input, while the second works
on an interleaved copy of U. The constituent codes produce, besides their systematic
outputs, parity bits written respectively X} and XZ (k = 1,..., K). The information
bits and parity bits are then multiplexed in a single sequence :

(oo Uk X, X2 Uner, X Xia, 00). (2.35)
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Inter.
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Xi
= RSC encoder 2 -

Figure 2.6: Turbo-encoder.

This yields a global code rate R = % Higher code rates can be obtained by puncturing,
i.e. by throwing some of the parity bits.

Many variants of this construction are possible, by changing the constituent codes,
their rates, the puncturing, the interleaver, the number of constituent codes, or the
type of concatenation (serial instead of parallel).

2.3.2 Turbo-decoding algorithm

This section derives the turbo-decoding algorithm as a particular instance of the sum-

product algorithm.

As seen in section 2.1, MAP decoding consists in finding estimates Uy of the informa-

tion bits as follows :

Ue = arg max P(Ukly)

arg max %j} P(yIS) - P(SIX) - P(X|U).

The marginalization with respect to Uy is carried out in the factor graphs framework,
with the objective function F(U, X, S) :

F(U,X,S) £ P(y|S) - P(S|X) - P(X|U) (2.8)
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where X is the whole coded sequence, i.e.,
(oo Ui, Xi, X2 Ut X Xains ) (2.36)
and y the corresponding observations at the receiver,

(oo YR i Y Yiern Yiern Yiens +-): (2.37)

Factorization of the objective function

Factorization of P(y|S) - P(§|X) For a memoryless channel and BPSK modulation,

we have :

P(y|S) - P(SIX) =[] PORIUK) - P IXE) - POV2IXD), (2.38)
k

where the correspondence between coded bits and BPSK symbols has been made im-
plicit as in (2.19). If some bits have been punctured, the corresponding probabilities in
(2.38) are considered as uniform.

Factorization of P(X|U) The encoders are convolutional encoders, thus the func-
tion factorizes as in (2.20). Writing the interleaved bits Unr(ky, we have

P(X|U) = TI{X =outc(U)}
= HT; =o} [[ HTi, < (U T}
k
x I{X} = outc1(Uk, TH)}
x T =0} [] HTi « (U, TO)}
k
x I{X; = outco(Ur(ky, TR)}- (2.39)
The meaning of this expression is similar to the meaning of (2.20), but here for two

encoders. More precisely, it shows that a codeword X corresponds to information bits
U if and only if (with 1 = 1,2) :

m The initial state of each encoder is zero;
m  Forall k, the state T, of encoder / is obtained from state T} and input Uy;

m  Forall k, the output X/, results from a state T} and an input Uy.
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As for a convolutional code, the final encoder state can be brought to zero.

Factor graph
The factor graph of fig. 2.8 represents the above factorization of the objective function.

We highlight the following :

m  Firstly, the graph contains cycles. The sum-product algorithm is thus iterative and
does not produce the exact marginals of the objective function; in other words,
the outputs of the decoding algorithm are not optimal in the MAP sense.

m  Secondly, the factor graph for turbo-decoding includes the factor graphs of the
constituent codes. Consequently the turbo-decoding algorithm will include the
decoders for the constituent codes, i.e. two BCJR algorithms.

m  Finally, since the interleaver connects the graphs of the constituent decoders,
messages will be exchanged between these. We detail this below.

Application of the sum-product algorithm

Since the algorithm is iterative, the scheduling of updates can be chosen arbitrarily.
Here we follow the usual scheduling, i.e., first decoding the first constituent code,
then forwarding its messages to the second decoder through the interleaver, decoding
the second code, and carry out several iterations in this order. More precisely, these
steps are as follows.

Decoding of a constituent code The decoding algorithm for a constituent code
is very similar to the algorithm for this code if it was alone. The BCJR algorithm is
only slightly modified to take into account the messages sent by the other constituent
decoder.

Using the notations of fig. 2.7 (omitting the index / where no confusion is possi-
ble), the information available on Uy before decoding the constituent decoder can be
written

pk(Ui) = P(y21Uk) - Pa(Uk); (2.40)

it combines information from observing the channel and information from the other
constituent decoder. The latter is usually called a priori information. At the first iter-
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Figure 2.7: The k™ section of the constituent decoder i = 1,2 taken from the factor graph
of the turbo-decoder. The node f; represents the factor f{ = I{Ti,, < (Ux, T} - I{X} =
outc,i(Uk, T{)}. The a priori information message P; comes from the other constituent decoder,
through the interleaver.
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ation, no a priori information is available thus the message P,(Uy) is initialized as a
uniform probability mass function. The forward recursion a becomes

1 (Thra) = Y oul(Ti) - POyl XE) - (Ui
N{Tk+1}

X W Tiya < (U, Ti)} - I{X = outc(Uk, Te)}  (2.41)
and the backward recursion 3 is

B(T) = > Bresr(Tesa) - PWiIXE) - e (Us)

~{Ti}
X H{Tk+1 — (Uk, Tk)} . H{XL = Outc(Uk, Tk)} (2.42)

From these, the decoder calculates so-called extrinsic information :

Pe(Uk) = > aw(Ti) - Brra(Tusa) - Pvil X))
~{ U}

X H{Tiya — (Ui, Ti)} - T{X} = outc(Uy, T)}. (2.43)

The expression of these messages can be simplified by removing terms that the indica-
tor functions cancel; this amounts to make implicit the correspondence between coded
bits X and information bits U. Defining

YUk, - - -, Uk—m1) 2 P(yilX3) - P(R1Uk) - Pa(Uk), (2.44)

aky1(Uk, - .., Uk—m+1) = Z oy (Uk-1, ..., Uk=m) - ¥ (Uk, .. ., Uk-m) (2.45)

Pe(U) = Y. ok(Up,- ., Uk=m) - Bra1 Uk, - - ., Uk-m+1) - Pl Xi).-

(2.47)

Information exchanges between the constituent decoders As seen on the fac-
tor graph, the extrinsic information P.(Ux) computed by a constituent decoder is sent
to the other through the interleaver, and used as a priori information P,(Uy).
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The interpretation of the extrinsic information appears when calculating the marginal
relative to Uy, i.e. the a posteriori probability of the bit Uy (up to a multiplicative con-
stant, given the simplifications of the objective function). According to the rules of the
sum-product algorithm, the approximate a posteriori probability is, after a sufficient
number of iteration, the product of incoming messages at the node Ug; thus :

P(Ukly) = ¢ Pa(Uk) - P(y2|Uk) - Pe(Uk). (2.48)

This probability mass function, used to find an estimate Uk, combines three sources of
information :

B a priori information on the bit Uy,
m the observation of the channel,

m and extrinsic information.

Since the first two quantities are provided to the constituent decoder, the extrinsic
information can be interpreted as the additional information it produces.

Note that the calculation of extrinsic information P.(Ux) does not use information
on the current bit Ux. Hence, the extrinsic information is not redundant with the a
priori information and with the channel observation (this is rigorously true only with
an infinite-length interleaver, or as long as no cycle has been completed on the graph).
Moreover, the extrinsic information P.(Uy) sent to the other decoder does not depend
on the a priori information P,(Ux) received from that decoder; this ensures not reusing
known information as if it were fresh independent information (again as long as no
cycle has been completed on the graph).

Summary of the turbo-decoding algorithm The block diagram of fig. 2.9 sum-
marizes the turbo-decoding process.

After depuncturing and demultiplexing, the channel observations are transmitted to
the constituent decoders. The first one computes its extrinsic information, using uni-
form a priori. The sequence of extrinsic information is then interleaved and sent as
a priori information for the second decoder. The latter in turn computes its extrin-
sic information, which is recycled as a priori information by the first decoder, and so
on. After several iterations, the approximation of P(Uk|y) is calculated at the output
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Figure 2.9: Block diagram of the turbo-decoder.

of any decoder by combining the channel observation with the decoder a priori and
extrinsic informations.

The scheduling of the turbo-decoding algorithm can be illustrated on the factor graph,
as in fig. 2.10. The correspondence with the previous block diagram is as follows.
Operation (a) consists in providing the channel observations P(yj|X) to the decoders
(i =1,2), and to send the message P(y?|Ux) to the nodes Ux. This step is carried out
only once, since these messages do not change during the decoding process. Steps
(b) to (e) are performed iteratively, in turns by each decoder (the figure considers the
first decoder only). Figure (b) corresponds to sending the information available on Uy
to the constituent decoder; this information consists of a priori information P} and of
information from the channel P(y,?|Uk). Next, fig. (c) represents the forward recursion
ocj(, whereas fig. (d) represents the backward recursion 6L. Finally, step (e) corresponds
to the computation of extrinsic information P, of the decoder, or equivalently to the
update of the a priori information of the other decoder. The process returns to step
(b), but for the second decoder, and iterates. After several iterations, the product of
incoming messages at the node Uy yields the approximation of P(Uk|y).

This scheduling of operations yields an algorithm that uses the decoders of the con-
stituent codes alternately. Other schedulings are possible, and do not necessarily make
the constituent decoders apparent.

Comments

Effect of cycles The performance of the turbo-decoding algorithm is remarkable,
even though the presence of cycles in the graph make it sub-optimal (in comparison
with the MAP receiver). This favorable behavior is attributable to the presence of an
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Figure 2.10: lllustration of the scheduling of the turbo-decoder, on the factor graph. Steps
inside the dotted frame are carried out iteratively, aternately by each decoder.
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interleaver, that lengthen cycles in the graph. Intuitively and without going into the
details here, long cycles are less damaging than short ones because many iterations are
required before messages complete a cycle; the first iterations are thus relatively less
exposed to the effect of cycles. This emphasizes the importance of the design of good
interleavers.

Implementation In practice, as for convolutional codes, implementations use a log-
arithmic formulation of the algorithm. Expressions for each constituent decoder are
very similar to those for a convolutional code; they are not detailed here.

Lower complexity variants As for convolutional codes, a lower complexity variant
of the turbo-decoding algorithm can be obtained by working in the max-sum semiring
(as in section 2.2.3).

2.4 BIT-INTERLEAVED CODED MODULATION

Coded modulation consists in combining error-correcting codes with multilevel modu-
lations to achieve various trade-offs between error performance an data transmission

rate, for a fixed bandwidth.

The design of coded modulation with jointly optimized code and modulation has first
been addressed by Ungerboeck [25, 26] and Imai [27]. In the particular case of fading
channels however, Zehavi and Caire have shown that such joint optimization of coding
and modulation is outperformed by a technique called bit-interelaved coded modula-
tion (BICM), that better benefits from time diversity [28,29]. A BICM encoder consists
of a convolutional code, followed by a bit interleaver and a multilevel modulator. For
BICM, the optimal modulation was found to be Gray mapping; it is thus not jointly op-
timized with the code. Later, Li and Ritcey have discovered that BICM can outperform
joint design of coding and modulation over non-fading channels as well, when using
an iterative receiver [30,31]. The optimal modulation is no longer Gray mapping in

that case, as analyzed in [32, 33].

The iterative receiver for BICM turns out to be another particular instance of the sum-
product algorithm, as shown in this section. The first part of this section defines the
BICM coding scheme, and the second part presents the derivation of the BICM iterative
decoding algorithm in the factor graphs framework.
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2.4.1 Definition and encoding

A BICM encoder is made up of a convolutional encoder, an interleaver and a multilevel
modulator, as shown in fig. 2.11. The sequence of information bits U (length K) is
encoded into a codeword X (length n- K), interleaved and modulated into a sequence
S of symbols (length N = n- K/m, where 2™ is the size of the modulation alphabet).

The overall code rate is thus R = %

U | Convolutional X T/ 2M-ary S
7 encoder n modulator [
(length K) (length n - K) (length N = 2K)

Figure 2.11: BICM encoder.

2.4.2 Decoding algorithm

Again, as seen in section 2.1, MAP decoding consists in solving the following maxi-
mization problem :

Uk

arg max P(Ukly)

arg Ukmafu%:} P(y|S)- P(SIX) - P(X|U).

In the following we factorize the three factors above, then draw the factor graph and
apply the sum-product algorithm.

Factorization of the objective function

Factorization of P(y|S) Assuming a memoryless channel model, this factor can be

written :
N

P(yS) =[] P(vilS) (2.49)

=1

where y; is the channel observation for the transmitted symbol S;.

Factorization of P(S|X) This factor characterizes the correspondence between the
codeword X and the symbols S; it is equal to 1 only if S = outy(X), and to 0
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otherwise. For a modulator without memory we have

P(S|X) = I{S = outy(X)}

N
I &S = outm(X} ... XM} (2.50)
=1

where X} ... X/ are the interleaved coded bits that are mapped on the symbol S;.

Factorization of P(X|U) Finally, the factor P(X|U) characterizes the correspon-
dence between the information sequence U and the codeword X produced by the
convolutional encoder. We have, as for a convolutional code in equation (2.20),

P(X|U) = I{X = outc(U)} (2.51)
=T, = o} [ {Tisa ¢ (Ur, Ti)} (2.52)
k

x I{X}, ..., X = outc(Uk, Ti) }-

Note that we use a different indexing for coded bits before and after interleaving; be-
fore interleaving we write them X}, ..., Xpwithk=1,..., K, and after interleaving
Xbo XM withi=1

Factor graph
The factor graph corresponding to the previous factorization is depicted in fig. 2.12.

This graph contains cycles, made longer thanks to the interleaver. The sum-product
algorithm will thus be iterative. Moreover, the graph logically contains the graph of a
BCJR decoder; the BICM decoding algorithm will thus include the BCJR algorithm (not
necessarily though : this depends on the scheduling).

Application of the sum product algorithm

Decoding of the convolutional code The decoding algorithm for the constituent
code is the BCJR algorithm of section 2.2.2, behalves that it has to produce extrinsic
information on the parity bits, i.e. the messages Pe(X}), ..., Pe(X}7) on the graph.
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Figure 2.12: Section of the factor graph of the objective function for BICM decoding. The node
fi respresents the function i = I{ X}, ..., X = outc(Uk, Tx)}, and the node g; represents
gi = H{S, = Out/w(X,-l .. le)}

They are equal to

P(X{) = > awlTi) Brya(Tura) - |[] Po(XE)
~{XTY I=1
I#q
X I{Tkya < (Uk, Ti)}
X H{Xi .. X,’z = Outc(Uk, Tk)}, (2.53)
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fork=1,..., Kandg=1,..., n. Keeping implicit the correspondence between
information bits, coded bits and encoder states, yields equivalently

Pe(XD) = Y kUit Uem) -Brra(Uk, - Ueemsn) - T Pa(XD). (2.54)

~{X{} Izt
These extrinsic messages Pe(X}), ..., Pe(X}) are then interleaved and used by the
demodulator as a priori information P,(X1), ..., Pa(X™).

Demodulation The demodulator uses both the channel observations y and the a
priori information from the decoder to produce messages of extrinsic information (mes-
sages Po(X}), ..., Pe(X™) on the graph). These messages are computed as follows :

Pe(X?) = Z P(yilSi) - I{S; = outm (X} ... X")} - H Pa(X). (2.55)
~{XP} =1

j;p
fori=1,..., Nandp=1,..., m. Equivalently, the more compact formulation with
implicit correspondence between coded bits and symbols is
m .
Pe(XP) = > P(ilS) - [] Pa(X)). (2.56)
~{X7'} =1
J#p

Such a demodulator is referred to as a soft demodulator because it produces probabil-
ities on the bits X}, .. ., X[ rather than taking hard decisions on them.

Summary of the iterative BICM receiver The block diagram in fig. 2.13 schema-
tizes the operations of the iterative BICM receiver. As shown above, it is made up
of a BCJR decoder and of a demodulator, connected through an interleaver and a
de-interleaver. The extrinsic messages produced by each block are used as a priori mes-
sages by the other. Finally the BCJR decoder produces approximations of the marginal
probabilities P(Uy|y), to take decisions U.
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yi,fori=1,...,N
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P BCIR p
Fa(X7) Decoder Pe(X7)
n n
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Pe(Xi) Demodulator Fa(Xi)

l O(Uk) = P(y|Ux), fork =1, ..., K
Figure 2.13: Block diagram of the iterative BICM receiver.

2.5 ANALYSIS OF ITERATIVE RECEIVERS

Analyzing the behavior of a receiver can provide information over the performance of
the whole transmission system.

This section presents tools for analyzing the turbo-decoder : first EXIT charts [34, 35,
36], and then an analytical method with a similar purpose [1, 2]. Besides giving some
insight on the behavior of the receiver itself, both these methods enable to characterize
the performance of turbo-codes. More specifically, they enable to find the so-called
waterfall, a threshold of channel reliability from which the bit error rate of turbo-codes
decreases steeply.

Results are presented assuming transmission over an additive white Gaussian noise
(AWGN) channel.

2.5.1 System model

The considered turbo-code is made up of two RSC codes separated by an interleaver in
a typical parallel configuration (as in section 2.3). As these analysis tools characterize
the two constituent codes separately, this section defines the notations for one of them
only.

Encoding For each information bit Uy (k = 1, ..., K), each constituent code pro-
duces m parity bits X, (/ =1,..., m), as in section 2.2.
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Modulation The information and parity bits are then modulated into BPSK symbols.
Bits Uk, X|, are mapped to symbols S?, S| € {1, —1}, respectively.

Channel The symbols are transmitted over an AWGN channel. The baseband-equivalent

discrete-time signal is, fork =1, ..., K:
YO — SO ZO,
. ! M . (2.57)
Yk - Sk + Zk’ / - ]. ..... n

where Z¢, Z! are noise samples from a zero-mean white Gaussian process with two-
sided power spectral densitiy Np/2. The total energy spent for transmitting one infor-
mation bit is written Ep,.

Demodulation From channel observations Y? = y? and Y}/ = y/, the demodulator
calculates the likelihoods of the received symbols as follows :

1 0 _ SO 2
1 I _ S/ 2

where the correspondance between bits Uk, X} and symbols S?, S is assumed im-
plicitly.

2.5.2 EXIT Charts

Extrinsic information transfer charts (EXIT charts) analyze the behavior of an iterative
receiver by observing the exchanges of extrinsic information between the constituent
decoders. They describe the whole receiver by using separate input-output characteri-
zations of each constituent decoder.

The first part of this section focusses on the input-output characterization of one con-
stituent decoder, and the second part on the analysis of the whole receiver. Notations
assume a parallel turbo-code, but the method can be used with serial turbo-codes as
well.
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Extrinsic information transfer functions

This section analyzes the input-output relationship of a constituent decoder, in terms
of mutual information. More precisely, we are interested in the relationship between
the mutual informations (indices k are omitted)

I, 2 1(U; L) and le 2 1(U; Le) (2.60)

taken at the input and at the output of a constituent decoder respectively, where

L PU=41)

o (2.61)

and similarly for L.

Analytical treatment of the input-output extrinsic transfer function of a convolutional
decoder is difficult, so we resort to numerical simulations to compute it. This empirical
approach is made possible by the two following observations, made in [35] :

1. First, P(L¢|U), the distribution of the extrinsic log-ratios L. given U at the output
of a constituent decoder approaches a Gaussian-like distribution with increasing
number of iterations.

2. Second, the interleaver ensures that the log-ratios L , remain locally mutually un-
correlated, and uncorrelated with the channel observations, over many iterations.

For these reasons, one can generate input sequences of extrinsic log-ratios as if they
were made of independent Gaussian-distributed log-ratios (it enables separate analysis
of the constituent decoders because extrinsic log-ratios can be generated easily without
taking the other constituent decoder into account). One determines the input-output
correspondence between /, and /. by computing the empirical mutual information
observed at the output, for each value of the mutual information fed at the input.

With the assumptions above, the a priori information L, at the input of a constituent
decoder can be modeled as
L,=p.U+Z, (2.62)

where Z, is a centered white Gaussian noise with variance o2. Since L is assumed to
be Gaussian-distributed (given U), the parameter w, must fulfill

LN

o
Ha == (2.63)
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The probability density function of L, given U is then

1 7(5—%5-@2
P(La:E|U:U): G e 203 . (264)
\% a

The information contents of the sequence of log-ratios L, is measured by the mutual
information /, between the transmitted bits U and the log-ratios :

la

/(U; La)

+o0
5% [ Pt—du=-w

u=-1,1v"

2'P(La:£|U:U)

x lo d 2.65
R =gU= -1+ PL=gu=1n " @&
with the property that 0 < /, < 1. Substituting (2.64) yields :
7(5—?)2
e = logo(1 + e~€)) d¢ (2.66)
1,(0,) = ——F— (1 —lo + e , )
a( a) . maa ( 92( ))
along with the following definitions :
lim /;(c,=0)=0, |Im l,(c,=0)=1 (2.67)
o—0 o—00
0, > 0. (2.68)

Similarly, the information contents of the sequence of log-ratios L at the output of the
decoder are quantified by the mutual information /.. Because the other constituent
decoder receives the sequence of log-ratios L. after interleaving, it regards this se-
guence as memoryless; consequently the calculation of the mutual information /. uses
the same assumption :

U

-
—~

)

l, =

N -

; Le
+oo
> [ Pe=gu=u

u=—1,1V"°
, 2 P(Le = €U = u)
SRRl =gu="1)+P(L. = gU=+1)

X

d§ (2.69)

where P(L. = £|U = u) is obtained empirically by observing the outputs L. of the
decoder, and considering them as independent and identically distributed. We again
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have the property that 0 < /. < 1.

The mutual information /. can be regarded as a function of the mutual information /,
and of the signal-to-noise ratio £,/Np; this defines the extrinsic information transfer
function (EXIT function) :

le = T(/ax Eb/NO)- (2.70)

In practice, the transfer function T'(/,, Ep/Np) is obtained by simulation as follows :
for a given E,/Np and a value of /, fixed by o,, transmitted bits U are decoded by
using both channel observations and a priori information L, generated according to
(2.64). The empirical distribution P(L.|U) of the outputs of the decoder is measured
in an histogram, and finally the mutual information / is calculated with (2.69).

/e at the output 1
of the BCJR decoder

|
\

O |
0 /5 at the input 1
of the BCJR decoder

Figure 2.14: EXIT function for a RSC code with polynomials (23g, 37s). Curves for Ep/No =
—0.5,0,0.5,1,1.5,2,3 dB (in increasing order).

Example 2.3 : Extrinsic transfer functions

Figure 2.14 represents the EXIT function of the RSC code with polynomials (23g, 373)
for several values of the Ej,/Np ratio. Predictably enough, the extrinsic mutual infor-
mation /¢ increases with the a priori information /,. The extrinsic information /. is
non-zero even when /, = 0 since the decoder also uses the channel observations,
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besides a priori information. As expected, the higher the E,/Ny ratio the higher the
extrinsic information. When /, = 1, this code also has /. = 1. [ ]

Trajectories of iterative decoding

One can visualize the trajectories of iterative decoding in a single diagram displaying
the transfer functions of the two constituent decoders, by swapping the axes for the
function of the second decoder. Such a diagram is commonly called an EXIT chart.

le produced by dec. 1 1
=/, used by dec. 2

0 \
0 le produced by dec. 2
=/, used by dec. 1

Figure 2.15: EXIT chart for the turbo-code made of two RSC constituent codes (13s, 153).
Curves for Ep/No = —0.5 dB (light gray), —0.05 dB (blue), 0.5, 1, 1.5, 2, 3 dB (dark gray).

Typical EXIT charts are plotted in fig. 2.15-2.17, where the EXIT functions of both
decoders are displayed for several values of E,/Ng. The transfer functions of the two
constituent decoders are referred to as T1(/,1, Ep/No) and To(la2, Ep/No) in the

following. Before the first iteration the a priori information is zero, thus the trajectory

starts from the lower left corner where /gf’f = 0. Next, for every iteration £, the extrinsic
mutual information at the output of the first decoder is /ée{ = Tl(/gi, Eb/Np), and
becomes the a priori mutual information for the second decoder : /22 = /é’? Using
this a priori information the decoder computes an extrinsic mutual information /((f% =

T2(/§2, Ep/Np), that becomes the a priori of the first decoder, for the next iteration :
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le produced by dec. 1 1
=/, used by dec. 2

0 le produced by dec. 2 1
=/, used by dec. 1

Figure 2.16: EXIT chart for the turbo-code made of two RSC constituent codes (23g, 37s).
Curves for Ep/No = —0.5 dB (light gray), 0 dB (blue), 0.5, 1, 1.5, 2, 3 dB (dark gray).

le produced by dec. 1 1
=/, used by dec. 2

0 |
0 le produced by dec. 2 1
=/, used by dec. 1

Figure 2.17: EXIT chart for the turbo-code made of two RSC constituent codes (67g, 45s).
Curves for E,/No = —0.5, 0 dB (light gray), 0.1 dB (blue), 0.5, 1, 1.5, 2, 3 dB (dark gray).
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/gfl) = /é@ and so on.

Iterations continue as long as /é@l) > /g@ otherwise if /g;’l) = /g the decoder gets

stuck in a fixed point. This happens if the transfer functions 77 et T, have an inter-
section : the decoder cannot reach a value of the extrinsic mutual information higher
than the intersection, for this value of E,/Ny. Successful decoding (asymptotically
error-free) is achieved if the trajectory ends in the upper right point of the chart, where

le1=1lep=1.

In fig. 2.15-2.17, the blue EXIT functions correspond to E,/Ny equal to the error-
free decoding threshold, the lowest E,,/Ng at which the EXIT functions have no inter-
section. The light gray curves correspond to situations that do not enable error-free
decoding (the EXIT functions cut each other), and the dark gray to situations where

error-free decoding is possible.

In practice, real decoding trajectories follow the predicted trajectory if the interleaver
is large enough, because the assumptions required by the EXIT charts method stay
satisfied over many iterations. For small interleavers, the real trajectory becomes lower
than the predicted one after some iterations.

Bit error rate 10°
10-2 %ﬁ\\
1074
L | | |
—0.4 —0.2 0.0 0.2

Ep/No

Figure 2.18: Bit error rate for the turbo-code made of two RSC constituent codes (23, 37s).
Blocks of 65536 information bits, curves for 1, 3, 5,7 and 10 iterations (from top to bottom).

For example, the error-free decoding threshold for the code of fig. 2.15 is equal to
Ep/No = —0.05 dB. The bit error-rate achieved with this turbo-code on blocks of
65536 information bits is plotted in fig. 2.18, for decoding in 1,3,5,7 and 10 itera-
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tions. The waterfall is clearly visible; it starts indeed close to E,/Ny = —0.05 dB. The
longer the sequence, the steeper the waterfall.

2.5.3 Analytical prediction of the convergence threshold for turbo-codes

In contrast with the EXIT charts method, based on functions obtained by simulation,
this section addresses the analytical calculation of performance characteristics of turbo-
codes. The aim is to provide a method that has a low complexity and that enables the
analysis of a wide variety of turbo-coded schemes, with in mind the possibility of using
it as an optimization criterion in an adaptive system.

The proposed method enables the determination of the error-free decoding threshold
and of the number of iterations to achieve error-free decoding. Its complexity is low
and it offers an accuracy close the one of EXIT charts.

From the description of the turbo-decoding algorithm in section 2.3, we now derive
the new characterization of turbo-codes performance.

The analysis carried out here is based on the evolution of the average extrinsic infor-
mation throughout iterations. For SNRs above the error-free decoding threshold, the
extrinsic information exchanged between the constituent decoders becomes ambiva-
lent, i.e. high for the correct value of the information bit Uy and close to 0 for the
other. The analysis is based on the expectation that average values of the extrinsic
probabilities will reflect this behavior.

The first section below details the calculation of the average values of P.(Uy) for a
convolutional code, assuming BCJR decoding. The second one addresses the case of
turbo-codes.

Average extrinsic information for RSC codes

This section describes the calculation of average extrinsic information produced by a
constituent decoder. The extrinsic information, given in (2.43), is here slightly modified
to account for the more general case of m parity bits per information bit, instead of 1
in (2.43); this yields :

Pe(Ui) = > ae(Tid) - Bira(Tiewa) - [ [ PUAIXE), (2.71)

~{Ue} I=1
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where the correspondence between states Ty, Tk, and bits Uy, X], is kept implicit.

We assume that an infinite-length all-one codeword has been transmitted (because of
the linearity of RSC codes, this is equivalent from a performance point of view to the
transmission of any other code word). A priori information and channel observations
are assumed to be mutually independent, as for EXIT charts. We are interested in the
expected value of the extrinsic information at the output of the convolutional decoder
for any information bit Ux. The expectation is over the a priori information P, and over
the channel observations, i.e. the realizations of the noise, for a given SNR.

The calculation of the average extrinsic information can be broken down in the calcu-
lation of the averages of its factors, because these are independent. As it can be seen
from equation (2.71), each term in the expression of the extrinsic information is com-
pound of three statistically independent factors. The first factor, ax, depends on the
set of channel observations preceding the k™ bit; the second factor, By, 1, depends on
the set of channel observations following the k™ bit; and finally the remaining factor
depends only on the channel observations for the parity bits X!, with / = 1, ..., m.
Therefore when averaging over noise realizations, the average of the product of the
three factors is the product of the averages of each factor.

Average of channel observations \We first calculate the conditional average like-
lihood of the channel observations corresponding to the parity bits, knowing that
X], = 1 has been sent. This average likelihood is :

P(X}) 2 E{P(LXK) | Xk =1} (2.72)
- / PYLIXL) POYLIXL = 1) dy}
1 ; _
_ GTIIA if Uk =1 (2.73)
21‘_,\[0 e~2/MNo if Uk = -1.

Average of o, and Bx Next we consider the calculation of the averages of the
functions a, and Bx+1, that we write &, and Bk+1- This can be stated as a linear
eigenvalue problem. To formulate (2.41) and (2.42) in matrix notation, we form the
vectors a, and Bk 1 by stacking the functions ok (tx) and Bxx1(tks1) in a vector by
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ascending values of their argument

o[ T] ak(Tk) (2.74)
ﬁk+1[Tk+1] = 5k+1(Tk+1)- (2-75)

If the considered constituent code has a memory of length M, the length of these
vectors is 2M. Then the recursions (2.41) and (2.42) can be rewritten

ar = Te-ag (2.76)
B« = I} Brs. (2.77)

where the definition of the 2M x 2M transition matrix I follows :
T[T, Tia) = W (Ui, - - Uk—m) (2.78)

for Uy, .. ., Uk—m corresponding to Tx, Tkss, and with v, (U, . . ., Uk—m) adapted
from 2.44 to account for the m parity bits per information bit (instead of one in 2.44) :

WUk Ukem) £ PORIUR) - Pa(Ui) TT POAIX).: (2.79)
=1

In the following we consider only the case of a1, the case of By is identical. The
resolution of the recursion (2.76) gives

o1 =TI T . To-ag (2.80)

where ay is the appropriate initialization of the recurrence. All the matrices in the
product are mutually independent since they are functions of independent channel
observations and because of the independence assumption of the a priori information.
The average of this product of independent transition matrices is thus the product of
the averages; moreover they all have the same average I since they have the same
probability distribution. By taking the average of (2.80) it follows that

T =T &g (2.81)
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where I is the average transition matrix :

Tt ] =Y (Uk, - - - Uk—m) (2.82)
= P(Ux) Pa(Ui) TIZ P(Xk)
(2.83)

with P(Ux) defined and calculated as P(X}) in (2.72).

Going on with our development from equation (2.81), we note that for sufficiently
large values of k, the vector a1 is proportional to the eigenvector v, corresponding
to the dominant eigenvalue X of I :

Ti1 X Va. (2.84)

Vectors ok for successive values of k differ by a factor A. A similar result holds for
. . =T .
the recurrence B, and we note vz the dominant eigenvector of ' (the dominant

eigenvalues of I" and T are equal).

Average extrinsic information Finally, combining (2.79), (2.71) and (2.84) enables
to calculate the average extrinsic information, which is the same for every k :

m
Pe(Ui) o< > Va [Ti] - vs[Tiega] - [ PXD). (2.85)
~Uk =1

again for values of the bits X compatible with the state transition from Ty to Tk.,.
The proportionality factor between the two sides of the equality in (2.85) depends on
the initialization of the recursions and on the eigenvalue X to the power K. This pro-
portionality factor changes with K but the ratio between P.(Ux = 1) and P(Uyx =
—1) stays the same. The generalization to an infinite-length code word (K — o) is

straightforward.

Note that P.(Ux) is not defined as a probability since it is not normalized to 1; it is
instead a likelihood measure as are the outputs of the demodulator (2.58) and (2.59).
As a consequence, the averages are not normalized either.
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Average extrinsic information for turbo-codes

The analysis above is easily generalized to the case of turbo-codes. The assumption
of independence between the a priori information and the channel observations is
supported by the infinite-length code word assumption. Indeed, it places us in the
context of large interleavers for which the recycled a priori information remains roughly
uncorrelated, locally, from the corresponding channel observations.

Given the result (2.85) one can calculate the evolution of the average extrinsic probabil-
ity P along the whole iterative decoding process. Indeed equation (2.85) establishes,
for a fixed SNR on the channel, the relationship between the average a priori informa-
tion P, (through v, and vg) at the input of a constituent decoder and the average
extrinsic information P, at its output. At the first iteration and for the first constituent
decoder the average extrinsic information P, is calculated assuming equiprobable a
priori information at its input, so that P,(Uy) is equal to 1/2 for both values of the bit
Uk. At the following iterations the average a priori information is equal to the average
extrinsic information of the preceding step. Error-free decoding will be assumed in

cases where P.(Uy = 1) converges to zero.

This sequence of average extrinsic information can be visualized in a chart, yielding
something similar to the trajectories of mutual information in an EXIT chart. Figure
2.19 is an example of such P.-trajectories. After calculating the sequence of average
extrinsic information P, as above, the values of log(Pe(Ux = +1) / Pe(Ux = —1))
have been plotted in a diagram with the input of the first decoder / output of the
second as abscissa and the output of the first decoder / input of the second as ordinate.
Trajectories that reach error-free decoding go to infinity since P.(Ux = —1) gets
equal to zero; on the contrary trajectories corresponding to SNRs below the error-free
decoding threshold converge to a finite value.

Accuracy of the predictions

The calculated code properties compare well to the more accurate EXIT charts predic-
tions, as we will see below. The reason for comparing to the EXIT charts method is
that these charts enable the evaluation of the same decoding properties : the error-
free decoding threshold for infinite-length code words and, for signal-to-noise ratios
above that decoding threshold, the number of decoding iterations necessary to achieve
error-free decoding.

The differences between calculated code properties and the predictions of the EXIT
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log(Pe(Ux = +1) / Pe(Ux = —1))
at the output of dec. 1/ input of dec. 2

0.4

0.2 i

0 |
0 0.2 0.4
log(Pe(Ux = +1) / Pe(Ux = —1))
at the output of dec. 2 /input of dec. 1

Figure 2.19: Visualization of the evolution of P, for the turbo-code based on two RSC code
with polynomials (23g, 375). The two trajectories in the lower left corner (light gray) do not
enable error-free decoding; they correspond to E,/No = —0.2 and —0.1 dB. The other three
trajectories continue outside the range of the figure and finally go to infinity; they enable error-
free decoding. The blue trajectory corresponds to E,/No = 0.032 dB, the lowest £, /Ny found
that enables error-free decoding. The two dark gray trajectories correspond to E,/Ny = 0.1
and 0.2 dB respectively.

charts method are due to the finite precision of the calculations. EXIT charts rely on
an average mutual information measure, which is more robust than the one we pro-
pose; as a consequence the threshold predictions are more accurate. The slightly lower
accuracy of the method presented above is the price for the much lower complexity.

The comparisons are carried out for a turbo-code sent on an AWGN channel, with
BPSK modulation, and the same signal-to-noise ratio on all coded bits. A comparison
of the threshold for error-free decoding evaluated with the EXIT charts method to those
calculated as above is presented in table 2.1, for three turbo-codes. As shown in the
table, calculated thresholds are in accordance with the evaluations of the EXIT charts
method, even though they are slightly less accurate. Table 2.2 contains a comparison of
the number of iterations of turbo-decoding, evaluated with EXIT charts or calculated.
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Both methods have very similar predictions.

Code EXIT charts Calculated
(135, 155) -0.05 dB -0.1dB
(23g, 375) 0 dB 0.032 dB
(675, 455) 0.1 dB 0.3dB

Table 2.1: Error-free decoding thresholds, expressed in terms of Ej,/Np. The first column is the
polynomial of the constituent RSC codes making up the turbo-code, in octal notation (they have
memories of length 3, 4 and 5 respectively, and all three turbo-codes have a rate 1/3).

(13g, 153) (235, 373) (67g,453)

Ey/N, EXIT  Calc. EXIT  Calc. EXIT  Calc.

0.5dB 6 6 5 5 5 5
1dB 5 5 4 4 3 3
2dB 3 4 2 3 2 2
3dB 2 3 2 2 2 2

Table 2.2: For the same turbo-codes as in table 2.1, the number of iterations of turbo-decoding
necessary to achieve error-free decoding. In each column, the left part presents the evaluations
made with EXIT charts and the right part the calculated number of iterations.

Appendix 2.A°  LOGARITHMIC FORMULATION OF THE BCJR ALGORITHM

The BCJR algorithm suffers from numerical accuracy problems when implemented as
formulated in section 2.2. These accuracy problems come from the difference in order
of magnitude between the probabilities involved; they arise especially when the BCJR
algorithm is used in a turbo-decoder.

To prevent these numerical accuracy problems, implementations preferably use the
logarithmic formulation of the algorithm detailed below.

The objective of the BCJR algorithm is to compute a function 6, (Uy), proportional to
the a posteriori probability mass function P(Uk|y). The corresponding log-ratio is

_ 0x(Ux = +1)
Lka — |n ((Sk(le:—]_)) . (286)
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Developing this expression by using (2.30) yields

U=t 1 Ok “Bry1 -
Lux=In (Z {Ue=r1y Tl " Pl W). (2.87)

D {Up=—1} Ok * Bt 1 Vi

Notations are kept to the minimum here, section 2.2 gives the necessary details if
needed.

The logarithmic formulation of the BCJR algorithm deals with functions ok, Bx+1 and
Yk by using their logarithm written &, = In(ak), Brr1 = IN(Brs1) and Fx = In(yx)
respectively. Expression (2.87) becomes

] . > U=r1y ©XP(ak) - xp(Br+1) - exp (i)
a > U1y XP(a) - xXP(Br1) - exp(Vi)

= n > exp(ak + B + )
~{Uk=+1}

— | Y exp(ak+Bri+%) | - (2.88)
~AUe=-1}

An efficient calculation of this expression uses the following relation :

In(exp(x) + exp(y)) = max(x,y)+ In(1+ exp(—|x — y|))
2 max(x, y) (2.89)

which defines a modified-maximum function max. The definition of this function ex-
tends to more than two arguments x and y, by proceeding recursively :

In(exp(x) + exp(y) + exp(2)) = m*ax(x, v, 2)
= m%x(m%x(x, v), 2). (2.90)
Using this defintion, equation (2.88) becomes :
L = max (& +8 + 9
Uk ~{uk=+1}( Kk + Brg1 + Vi)
- ax  (ax + 5 2.91
nax | (@t Brer + ) (2.91)

where m*axN{Uk:u} denotes the modified maximization with respect to all variables
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behalves Uy which is set to u.

The logarithmic expression of the ax and Bk recursions (given by (2.28) and (2.29))
also use the modified maximum function. For &y this yields :

akr1(Uk, ..., Uk—ma1) = DW*aX(dk(Uk,1 ..... Uk—m) + ’_Yk(X,} ..... X3)) (2.92)
k—M

for coded bits X corresponding to information bits U. The initiation of this recursion
becomes in the logarithmic domain :

a1(T,=0)=0 and @;(T; #0) = —cc. (2.93)
Similarly the 3y recursion is :
Br(Uk-1, .- -, Uk—m) = m;?X(BkH(Uk ----- Uk—ms1) + 3 (XE, o, X3)) (2.94)
with the following initialization, when the last encoder state is brought to zero :

Br+1(Tk41=0) =0 and LBr41(Tk4s #0) = —o0, (2.95)

otherwise the initialization consists in taking Bx1 uniform.

As for 7, it has a simple expression in the case of binary-phase shift keying (BPSK) mod-
ulation and transmission over an AWGN channel. For example, for an AWGN channel
with noise variance aﬁ, BPSK modulation (thus S,’( = X,’(), and for the particular case
ofarate R = % code, the definition (2.27) becomes :

Fie(Xi, X7) In (p(ve IXz) - PVRIXR))

1 yw1\2 2 y2\2
(e (- EERE 2P
onV 2T 204
1 _Xl 2 2 _X2 2
_ in(opv/am) - Uk k);z(yk 3 (2.96)
n

Removing terms that do not depend on X/(, the previous expression of v, becomes :

VeSk +YiSk

2.97
P (2.97)

(X, X7) =

Note that using the max(-) function above, instead of the modified-maximum function
mEx(-), gives the lower complexity MAX-LOG-MAP algorithm.
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Relaying on
orthogonal channels

The relay channel is a simple three-terminal network, where a relay helps a source

terminal transmit to a destination. The particular case addressed in this chapter is the

orthogonal relay channel, where the source terminal and the relay communicate on

orthogonal channels.

After a description of the relay system model, this chapter presents three relaying pro-

tocols. These protocols are then briefly compared in terms of spectral efficiency on

static channels and in terms of outage probability on fading channel.
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3.1 INTRODUCTION

Users of a network can achieve higher transmission rates by relaying each others’ sig-
nals. An elementary form of such cooperation is modeled by the relay channel, where a
relay helps a pair of terminals communicate. The relay channel was introduced in [37],
and its largest-known achievable rates were presented in [38].

The relay channel currently receives a lot of attention due to the perspectives coop-
eration offers in wireless networks : relaying provides resilience against shadowing,
enhances the coverage of cellular networks, and provides so-called cooperative diver-
sity.

Cooperative diversity consists in using relays to propagate redundant copies of a signal
from a source to a destination. It enables to average fading of several point-to-point
channels, much like spatial diversity in multiple-antennas transmissions. Fading and co-
operative diversity both result from the broadcast nature of wireless transmission; fad-
ing comes from destructive interference between multiple propagation paths whereas
cooperative diversity is achieved by exploiting redundancy between multiple network
paths. Cooperative diversity was first explored in [39,40,41] and [42, 43, 44]. Subse-
guent analyzes closely related to the analysis of cooperative diversity include work on
the diversity-multiplexing tradeoff [45] for the relay channel [46,47,48,49]. Besides
works on cooperative diversity, fundamental theoretical results for the wireless relay
channel include most notably [50,51].

This chapter describes the three categories of communication protocols generally used
on the relay channel, and the associated achievable rates on Gaussian channels. The
first protocol, called Decode-Forward (DF), consists in making the relay decode, re-
encode and forward the signal. In the second protocol, Amplify-Forward (AF), the
relay simply amplifies the signal it receives and forwards it to the destination. And
finally, in the third protocol termed Compress-Forward (CF), the relay compresses the
signal it receives and sends it to the destination.

Section 3.2 defines the model of the system under consideration. Then sections 3.3,
3.4 and 3.5 describe the three communication protocols and section 3.6 compares
them.
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3.2 SYSTEM MODEL

The relay channel consists of a source terminal, a relay terminal and a destination (fig.
3.1); in the case we consider, these terminals communicate wirelessly. Transmissions
on wireless channels are broadcast by nature, thus the signal sent by the source to the
destination is also heard by the relay. The role of the relay is, after the observation
of this signal, to transmit any signal that improves the communication between the
source and the destination.

Relay
Yo @ Xr

Source @ @  Destination

Figure 3.1: Relay channel.

The next two sections describe particular assumptions made in this dissertation and
define the transmission models.

3.2.1 Medium Access

The relay acts both as a receiver and as a transmitter. However, current transceiver
circuitry hardly permits reception and transmission at the same time in the same fre-
guency band : the self-interference caused by the transmitted signal to the received
signal can in general not be cancelled, because of the much larger power of the trans-
mitted signal.

To account for this practical limitation, the relays we consider operate in half-duplex
mode, i.e., they receive and transmit either at a different time, or in a different fre-
quency band.

Furthermore, for half-duplex relays with separation in time only, the transmission of
the relay and of the source occupy the same frequency band and interfere at the
destination. To keep the destination receiver simple, we avoid such interference by
making the source silent when the relay transmits.
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Consequently, in our model, channels allocated to the source terminal and to the relay
are completely orthogonal.

We call this the orthogonal relay channel model. By contrast, the full-duplex relay
channel refers to the general case where the relay can transmit and receive at the same
time in the same frequency band. The half-duplex relay channel refers to the case
of a half-duplex relay that uses the same channel for the transmissions of the source
terminal and of the relay.

3.2.2 Equivalent channel models

We model the transmissions by their discrete-time baseband equivalent model. The
sequence X transmitted by the source is received by the relay and the destination as,
respectively :

Ysr = Hsrxs"f‘zsr (3.1
st = Hsdxs+zsd <3-2)

and is followed by the transmission of a sequence X, from the relay to the destination,
which receives
Yia = Hea Xy + Z14a. (3.3)

This chapter and the following, which address the theoretical characterization of the
relay channel, use random complex Gaussian codewords Xs and X,. All elements of
these codewords are mutually independent, identically distributed (i.i.d.) with zero
mean and variances Ps and P, respectively. We write the code rates Rs and R, re-
spectively. We assume that time and bandwidth are equally shared among the source
terminal and the relay, thus the codewords have length N/2 for an overall transmission
in NV channel uses.

The additive noise terms Z;; (with i € {s, r}, j € {r, d}) model the receiver noise and
possibly other interferences affecting the system. Statistically, we model them as zero-
mean, mutually independent, circularly symmetric complex Gaussian random variables.
Their variance is normalized to P, = 1, without loss of generality since the variances
of the signals, Ps and P, can account for any signal-to-noise ratio.

The factors Hj; are the channel coefficients from terminal / to terminal j, with i €
{s,r}, j € {r,d}. In this thesis, these factors capture the effects of path-loss and
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frequency non-selective fading.

Path-loss refers to the attenuation of the propagating signal as the distance between
transmitter and receiver increases. This attenuation affects the average power of the
coefficients H;;; a simple attenuation model is as follows :

E{|Hj|°} =G/d* (3.4)

where G is a constant depending on various parameters of the system, d is the distance
between transmitter / and receiver j, and « is the path-loss exponent. According
to field measurements, typical values of o lie between 2 and 6, depending on the
environment [52]. The constant G is taken equal to 1 in this thesis, without loss of
generality since several other degrees of freedom exist to account for different values.

Fading is due to reflection, refraction and diffusion of the signal on scattering objects in
the environment. These objects can be buildings, vegetation, cars, or people, to name
only a few. The propagation along multiple paths causes the receiver to get several
copies of the signal. These copies have, in general, different attenuations, but also
different phases and delays : they can thus add constructively or destructively at the
receiver. The resulting variations of received signal strength are referred to as fading,
and are modeled by the variations of H;;. A simple model for fading considers that a
large number of multipath components add at the receiver with independent random
phases; in that case the coefficients H;; can be modeled as circularly symmetric complex
Gaussian random variables. This fading model is referred to as Rayleigh block fading
because the amplitudes | H;;| follow a Rayleigh distribution and because, according to
our model defined in (3.1)—(3.3), they are considered constant during the transmission
of a block (i.e., N channel uses).

Finally, we also define the shorthand notations I's; = |Hs;|? Ps and g = |H,a|? P..
Given the modelization above, the [7j; are exponential random variables with the fol-
lowing mean :

o5 =E{|H,I*} P. (3.5)

Their cumulative distribution function is

1— e/ fory; >0,

(3.6)
0 for y;; < 0.

P(lij < i) :{
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3.3 DECODE-FORWARD PROTOCOL

This sections presents the achievable spectral efficiencies with the DF protocol on the
Gaussian orthogonal relay channel described in the previous section (the general case
can be found in [38]). For the descriptions of the protocols we consider fixed realiza-
tions of the channel coefficients, known to all terminals; we write them hsy4, hs, and
hq. The corresponding fixed values of ¢y, s, and [,4 are written ¥sq, ¥sr and ¥,q
respectively.

In the DF protocol, the relay decodes the codeword X, and forwards a codeword X,
to the destination. The destination jointly decodes the codewords X and X,. Without
going into the details here, the codes used by the source and the relay have equal code
rates R, = Rs. The spectral efficiency of the whole scheme is R = R,/2 = Rs/2,
where the factors 1/2 account for using the channel twice in total, for each channel
use by the source.

In DF, a first requirement for successful overall transmission is correct decoding at the
relay. The constraint to satisfy is

Rs < I(Xs;Ysr) (3.7)
= |092(1+'Ysr)- (3.8)

where the second equality results from the use of Gaussian codes on Gaussian chan-

nels’.

The second constraint ensuring successful transmission regards the receiver at the des-
tination. The destination is able to jointly decode the codewords X and X, from the
observation of Ys4 and Y,4 if and only if the overall spectral efficiency satisfies

(@
<

1
R = 1(XsXo: YeaYra). (3.9

by 1 1
(:) E /(Xer; st|yrd) + 5 /(Xer; Yrd)

—~

1 1
DS IXei Yad) + 5 1K i)

d 1 1
25 1002(1 +Yea) + 5 109(1 +Vra) (3.10)

where the factor 1/2 in (a) comes from using the channel twice per symbol in X,

"Note that Xs and Ys, are individual elements of the sequences Xs and Ys,. This notation convention is
used for all sequences throughout this chapter.
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where (b) follows from the chain rule for mutual information, (c) follows from the
independence of X, with respect to Y54, from the independence of Y,y with respect
to Xs and Y4, and from the independence of X, with respect to Y,4, and finally (d)
follows from the use of Gaussian codes on Gaussian channels. Note that some authors
use a slightly different expression that assumes repetition coding, as for example in
[41].

The achievable spectral efficiencies with the DF protocol are thus :

{ R < %|092(1+’Ysr), (3.11)

R < % log (1 + ¥sa) + % logs (1 + Yra).

3.4 AMPLIFY-FORWARD PROTOCOL

This section describes the achievable spectral efficiencies with the AF protocol of [41],
again for fixed channels known to all terminals.

In the AF protocol, the relay simply amplifies the received signal Ys, and forwards it to
the destination. The forwarded signal is

[ n
X, = ——Y. 3.12
© T PR o1

P

= —————(hs Xs + Zg;). 3.13

|h5r|2P5+1( Sr SJ’_ Sl’) ( )

where the amplification factor ensures that the forwarded sequence has elements of
variance P,. The forwarded signal is received at the destination as

\/rd hrer + Zrd

P, P
hrg mhsrxs+hrd mzy-ﬁ-zrd. (3.14)

The destination first combines its received signals Y4 and Y,4 with a maximum-ratio
combiner, then decodes them.

Spectral efficiencies achievable with AF satisfy the constraint
1
R < 5/(Xs§stYrd) (3.15)

1 1
= 3 h(YsaYrd) — > h(YsaYralXs) (3.16)
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where h() denotes the differential entropy. Moreover, since Yzq, Y;q and Xs are corre-
lated Gaussian random variables, these differential entropies are [53] :

hYaa¥ia) = log ((2me)?|Q@uovesl) (3.17)
hYeaVialXs) = logs ((27re>2"‘?x5“‘*“"'), (3.18)
|Qx, |

where Qy,,v,,. @x.v,,v,, and Qx, are covariance matrices defined below. The covari-
ance matrix of Ysq and Y;4 is
Ysd

E{ v RZ Yrdr} (3.19)

B |hsql?Ps 41 R
hzdhsrhrd'Ds\/ ‘hsr‘;ﬁ |hrd|2Pr +1

and its determinant is

(>

QstYrd

|hsd|2|hrd|2P5Pr

= 1+ |hsg*Ps + |hral?P,
|QstYm| Jr| sd‘ s+| rd‘ rt |h5r|2ps+1
= 1+%d+Yd+ ;YSdl’dl : (3.20)
Sr
The covariance matrix of X5, Ysq and Y4 is
Xs
QXsstYrd = E \/Sd |: Xs \/sd \/rd (321)
Yrd

Ps heqPs Wby Py ) et
= hsd'Ds |hsd|2'Ds +1 hsdh;rh;‘dps\/ ‘hsr‘zpﬁ
hsehraPey/ Ttirs MaahsehraPey) bt [hral?Pr + 1

and has a determinant equal to

|hrd‘2'DrPs
Pet "o
0 |hs|2Ps + 1

Yrd
P {1+ . 3.22
(122 .22

|QX,Y.gY,4
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Finally, we obviously have

Qx, = P (3.23)
Qx| (3.24)

The achievable spectral efficiencies defined in (3.16) finally become, using (3.17)-
(3.24) :

YsrYrd > . (325)

1
R< =lo 1+ + —
2 92( s L+ +Yrd

3.5 COMPRESS-FORWARD PROTOCOL

A relay using the AF protocol forwards the signal Ys, in an analog way; in contrast, a
relay using the CF protocol forwards a digital representation of the signal Y, it receives.

The number of bits for representing and forwarding the signal Y, is limited by the rate
R, available on the relay-to-destination channel. In general thus, only a compressed
representation \A’sr of Ys, can be forwarded; moreover, lossy compression might have
to be used to meet the rate constraint. This is obviously always the case for continuous
channels.

A simple method for compressing Y, is to use rate-distortion source coding [54]. But
in the CF protocol, compression can be improved by exploiting the knowledge of the
signal Ysq4 at the destination, because this signal is correlated with Yj,. The CF protocol
as described in [38] uses such a compression method, referred to as compression with
side-information, or Wyner-Ziv coding [55].

The next section presents rate-distortion source coding and Wyner-Ziv coding; in the
following one comes the description of the rates achievable with the CF protocol.

3.5.1 Rate-distortion coding and Wyner-Ziv source coding

Rate-distortion coding The goal of rate-distortion coding in this context is to com-
press, or quantize, the symbols sequence Y, of length N/2 into a binary representation

N/2 codewords

of R,N/2 bits. To do so, the source encoder uses a codebook of 2R
Yo (W), indexed by W € {1, ..., 2R-N/2}  The source encoder maps the sequence

Y, to a codeword \75,(W) and outputs the index W (see fig. 3.2).

In the case of a continuous variable Y;,, the reconstruction Ys (W) is inevitably a
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At the relay At the destination
Yer w w Yor (W)
—>| Encoder —— —>| Decoder ——
codewords Ya, (W)

Wel{l... 283

Figure 3.2: Rate-distortion coding in the context of the relay channel.

distorted representation of Y,. In the rate-distortion problem, the distortion measure
between the two sequences is the average of per-symbol distortions. That is, for a
per-symbol distortion measure d(Ys, i, \A/Sr,,-) (i=1,...,N/2), the average distortion
between Y, and \75,(W) is defined as

5 N/2
~E ;d(vsr,,-.Ysr,/) . (3.26)

A given average distortion level D can only be achieved if the quantization codebook
contains a sufficient number of (well-chosen) codewords )A’s,. Rate-distortion theory
determines how to generate such a codebook; in particular it shows that the constraint
on the rate R,, and thus on the number of codewords required in the codebook, is
the following :
R.(D) > min 1(Yer: Yer). (3.27)
P E{00Va $3)} <D

oRA(D)N/2

Thus, with a well-chosen codebook of at least codewords it is always possible

to find a codeword within distortion D of the sequence Y, .

Wyner-Ziv coding In the CF protocol, a lower distortion D can be achieved for a
same rate R,, by taking advantage of the statistical dependence between Y, and the
signal Ysg known at the destination. The sequence Y4 is then referred to as side-
information; it is available at the source decoder (destination) but not at the source
encoder (relay) (see fig. 3.3). Such coding with side-information at the receiver is
termed Wyner-Ziv coding (see [55]).

The source encoder uses a codebook of codewords U(W, V') indexed by W and V.
It maps the sequence Ys, to one of these codewords and outputs the index W €
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At the relay At the destination
Yer w w Yor = F(U, Yea)
——>| Encoder —— ——>| Decoder ——
codewords U(W, V) Y.y

we{l,..., 2RrN/2y

Figure 3.3: Wyner-Ziv coding in the context of the relay channel.

{1,..., 2R:N/21  The source decoder receives this index W and the side-information
Y.q correlated with Ys,. Using these two pieces of information, the decoder finds the
missing index V and thus the codeword U(W, V). Finally, the estimation of ¥;, is a
function of both the codeword U(W, V') and the side-information Ysg, i.e.,

\A/sr,i = f(U,', st,/’) (328)

Achieving a distortion D requires the following rate :

Rr(D) > /(Ysr; U) - /(st; U) (3.29)

min
Pupvs () i E{d(Yer, F(UY))}<D

Note that the minimization is over Py, which defines the statistical relation between
U and Y5, (and thus the way the codewords U are generated), and over the estimation
function (-).

The mutual informations in (3.29) can be rewritten as follows :

I(Ysr; U) = 1(Ysa: U) = H(U|Ysq) — H(UIYs)

H(U|Ysa) — H(U|Ys+Ysa)

1(Yer; UlYsq)

1(Yer: UYer|Yea)

1(Yer: Yar|Yea) + 1 (Yer: Ul Ve Yeq)

1(Yer: Yar| Yoa), (3.30)

—
L
~

—~
o
~

—~
3
~

v

where (a) follows from the fact that U — Y5, — Ysq is @ Markov chain (this depends on
the code construction, for more details see [55]); (b) follows from the fact that Ys, is a
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function of U and Ys4; and (c) follows from the chain rule for mutual information. The
inequality above becomes an equality if /(Ys,; U|Ys;Ysq) = 0. This happens in the CF
protocol, because the function f(+) is chosen such that

Ysr = f(U Ysq) = U
Thus, the achievable rates for Wyner-Ziv coding in the CF protocol are

R/(D) > min I(Yer; Yer|Yea)- (3.31)
Pooriver | E{d(Yer Yer) }<D

Observe that if the source encoder also knew the side information Y4, the achievable
rates would be :

R, (D i 1(Yer: Yer|Yeq),
/’( )> PVsr\Yersd:Er?‘;?YsmYsr)}<D ( ° Sf‘ Sd)

this rate being different from (3.31) in that \75, is allowed to have a statistical depen-
dence with Ysg described by PAer,s%d.

3.5.2 Achievable spectral efficiencies with CF

In the CF protocol, the relay observes Ys, and produces a corresponding compression
index W. This index W is sent with a codeword X,, received as Y,q4 by the destina-
tion. In order to decode X, from Y54 and Y,4, the destination performs the following
operations :

m First, the destination decodes X, (and thus W) from Y,q;

m Second, using the index W along with the side information Ysq, it computes
estimates Yz, of Ys,;

m  And third, it decodes X from Yz, and Yeq.

These decoding steps are successful for appropriate choices of the code parameters;
the relevant constraints on these parameters are detailed in the following.
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Decoding X, Successfully decoding X, from Y,4 is possible for code rates R, satis-
fying the following constraint :

Ry < I(Xr;Yra) (3.32)
= logs(1+ vrq). (3.33)

where the second equality follows from the use of Gaussian codewords on a Gaussian
channel.

Decompression (Wyner-Ziv decoding) From W and Ysq, the receiver tries to ob-
tain Ys;r. With our Gaussian assumptions on the channels and on their inputs, and
with compression of Y;, so as to minimize the mean square error on the estimates Y,
these can be modeled as

Yor = Yor + 2, (3.34)
where Z, is a sequence of i.i.d. circularly symmetric complex Gaussian quantization
noise samples of variance N,. Note that minimizing the mean square error on the
estimates Vsr does not necessarily maximize the overall achievable rate R; this choice
is made by default since the optimal distribution for Y, is not known.

The achievable level of noise variance N depends on the code rate used for transmis-
sion on the relay-to-destination channel. The constraint is as follows :

R, 1(Ysr; Yor|Yea) (3.35)

h(Ysr|st) - h(ysrhA/ersd)
QY. v, |QY Ye Y ‘
log (27res’ ) —log, | 2me—=rrsd-
? [ ’ Q. y,,|

where the last equality follows from the use of Gaussian codewords and channels.

\

The determinants of the covariance matrices in (3.35) are as follows. The covariance
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matrix of Ys,, Yer and Yeq is

\/SI' *
Quvvy 2 EQ| Vo || Yer Vor Y (3.36)
Ysd
lhsePPs+1 |hePPs+1 hse bty Ps
|hsr|?Ps + 1 |hst[Ps + 1+ Ny hschyPs
hg hsa Ps hg hsa Ps |hs/|2Ps + 1

and has a determinant equal to

|Q\’sr\7s,st| = Ng(1+ |hsr|2Ps + |hsd‘2Ps)
Ng (14 Ysr + Ysa)- (3.37)

The covariance matrix between Y5, and Ysq is

Y. *
Qvv, = E{ > [ Yor Ve ] } (3.38)
sd
_ [hs |2 Ps + 1 hsr h%, Ps
h:rhsdPs |hsr|2Ps +1
and its determinant is
|QYersd| = 1+ ‘hsr|2'Ds + |h5d|2P5

14+ Ysr + Ysa. (3.39)

Finally, the covariance matrix of Ye, and Yeq is

Y, . *
Qi 2 ES| | Ve Yo | (3.40)
sr¥sd »/Sd
_ | Ihs PP+ 14 Ng hsrhigPs
h;rhSd'DS |hsr|2Ps +1
and has a determinant equal to
Qy,v,,| = (L4 Ng)(L+ lhsal*Po) + |hsr 2Py

(1+Nq)(1+'}’sd)+’75r- (3.41)
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Substituting these determinants in (3.35) gives

R, > log, (1 + Hlf”) ) (3.42)
Nq

This specifies the rate R, needed to have estimates Y., of Y., with compression noise

level Ng. If conventional rate-distortion source coding is used instead of Wyner-Ziv

coding, i.e., when the side information is not taken into account, the rate R, and the

compression noise variance N, are related through the constraint

(3.43)

1
R, > log, (1 + +’ysr)

Nq

which is the same as above with ys¢ = 0.

Decoding X; Once the relay has decoded Y., it can decode X; if the overall trans-
mission rate satisfies

1 ~
R 5 /(Xs; Yersd) (344)

A

1 - 1 - 1
= 3 h(YsrYsa) — 5 h(Yer| Xs) — > h(YsalXs)
1 1 1
= 5 10g; ((27€)?(Qy, v, 1) — 5 109 (2mel@y, px,|) — 5 092 (2melQyix. )

where the factor 1/2 comes from using the channel twice per symbol Xs and where
the last equality comes from the use of Gaussian codes and channels. With |QVersd‘
given by (3.41), and since Y| Xs and Ysq|Xs are Gaussian distributed with variance
1+ Ng and 1 respectively, the constraint (3.44) becomes

1 Ysr
R< =1 1 ) A
<2092< +'st+l+Nq> (3.45)

Summary : achievable spectral efficiencies To sum up the results above, the
spectral efficiencies achievable with CF have to satisfy the following three constraints :

R < 3log, (1 + Ysd + lf;\,q)
Rr < 109 (14 7ra) (3.46)

sr

1+
R, > log, <1+ ,ﬁ,:”) .
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Source Relay  Destination
(] (] (]

Figure 3.4: Geometric configuration for the numerical evaluations of this section.

3.6 COMPARISON OF THE PROTOCOLS

This section compares the three cooperative protocols in two different situations :

m  First a comparison of spectral efficiencies for static channels;

m  Second a comparison of outage on fading channels.

The comparisons are made for the setup of fig. 3.4 : the source terminal and the
destination are at a normalized distance 1, and the relay is on the line joining them at
a distance d from the source terminal.

Static channels In this case, the channel coefficients hj; include the effects of path-
loss but not those of fading. The path-loss exponent is set equal to a = 3.5. We

have
lhee? = 1/d*
lheal? = 1/(1—d)*
lhsg|? = 1.

The three cooperative protocols are also compared with non-cooperative transmission,
i.e., transmission by the source only during the two time slots. The corresponding
achievable spectral efficiencies are of course

R < logs(1 + Ysd). (3.47)

The largest achievable spectral efficiencies are plotted in fig. 3.5, for transmission
powers set to Ps = P, = 3. The highest spectral efficiencies are achieved by the
DF protocol when the relay is close to the source terminal, and by non-cooperative
transmission when the relay is close to the destination. Note that for a full-duplex relay
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Spectral efficiency 4 —
[ bits /s/Hz ]

non-coop.

0 \ |
0 0.5 1

Position d of the relay

Figure 3.5: Spectral efficiencies achieved with the DF, AF and CF protocols, as well as with
non-cooperative transmission.

channel, all three cooperative protocols would achieve higher spectral efficiencies than
non-cooperative transmission.

Fading channels In the case of fading channels, we generate channel coefficients
H;; that include both the effects of path-loss and those of fading. We thus have

02, = Ps/d*
o2, = P/(1-d)
O-gd = PS'

with again a path-loss exponent o = 3.5. The source terminal attempts a transmission
at a spectral efficiency R = 1; an outage occurs when R = 1 is not achievable
for the realizations of the channel coefficients. The transmission powers are set to
Ps = P, = 10.

Channel state information (CSI) is assumed at all receivers in all protocols (each receiver
knows the channel coefficient h;; for the signals it receives). In the AF case, the receiver
at the destination also needs to know hg, to perform maximum ratio combining. In
the CF case, the transmitter at the relay needs to know either h,4 or hsy in order to
choose its encoding parameters Ny and R.

As seen in fig. 3.6, non-cooperative transmission is worse than all cooperative proto-
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Outage 10°

CF

[ \ |
0 0.5 1

Position d of the relay

Figure 3.6: Outage achieved with the DF, AF and CF protocols, as well as with non-cooperative
transmission.

cols when the relay is close to the source. The DF protocol performs better than the
AF protocol when the relay is close to the source, otherwise AF performs better. The
CF protocol achieves the lowest outage, but the comparison with the other protocols
is biased because it uses additional CSI at the relay, and can thus partially adapt to the
channel.

In contrast, the next chapter considers the CF protocol without additional CSI at the
relay, and discusses the optimal choice of the parameters Ny and R;.
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Adaptive

Compress-Forward
relaying in fading

environments

This chapter addresses the Compress-Forward (CF) protocol over a wireless relay net-
work with orthogonal transmissions from the source and the relay terminals. We
show that when the transmitters have no instantaneous channel state information
the optimal compression parameters often make Wyner-Ziv coding reduce to usual
rate-distortion coding, i.e. compression that does not take into account the side infor-
mation available at the destination.

This result simplifies the implementation of the CF protocol in the case we consider,
since it shows that in several situations one can use more convenient compression
methods without significant performance loss.

However, not being to use the side information efficiently makes the CF protocol
achieve a higher outage than the Amplify-Forward (AF) protocol. In contrast, we high-
light that CF becomes better than AF when the relay knows the level of side information
available at the destination.

These results are an original contribution of this thesis, they were first reported in [3,4].

Contents

4.1 Introduction . . . . ... 89

42 Systemmodel . . ... 89
4.2.1 Medium ACCESS . . . . . . 90

87



88 Chapter 4. Adaptive Compress-Forward relaying in fading environments

422 Transmissionmodel . . . ... 90
423 Cooperation protocol . . . . . . .. ... 91
4.2.4  Commentsonthe compression . . . . .. ... ... .. ... ..... 92
4.3  Optimal parameters for CF . . . . . . . . . . ... 93
4.3.1 QOutage probability . . . . . . . . . ... 93
432 Coderate R, minimizingoutage . . . . ... .. ... ... .. .... 94
4.3.3  Quantization noise variance Ny minimizingoutage . . . . . . . . .. .. 95
4.4 Bound on the usage of Wyner-Zivcoding . . . . . . ... ... L. 96
4.5 Simulations . . .. 98
4.6  DISCUSSION . . . . . e 101
4.6.1 Comparison with an adaptive DF-AF protocol . . . . . . . .. ... ... 101

4.6.2  Comparison with an adaptive DF-AF protocol, when the relay knows the
level of side information . . . . . . ... .. 102
47 Conclusion . ... 103
Appendix 4.A  Derivatives of the outage probability . . . . . . ... .. ... ... .. 104
4.A.1  Partial derivative withrespectto R, . . . . . . . . .. ... 104
4.A2 Derivativewithrespectto Ng . . . . . . . .. L 105
Appendix 4.B  CF rate with known level of side information . . . . . . ... ... ... 106

© 20009 [EEE. Parts reprinted, with permission, from Proc. [EEE ICC 2009, "Adaptive Compress-
and-Forward relaying in fading environments with or without Wyner-Ziv coding”, Harold H.

Sneessens, Luc Vandendorpe, J. Nicholas Laneman.



4.1 Introduction 89

4.1 INTRODUCTION

This chapter considers a hybrid protocol using DF when the relay can decode success-
fully, and CF otherwise. The focus is on the CF part of the protocol.

In the CF technique, Wyner-Ziv coding is used by the relay because the destination uses
the signal received directly from the source as side information [38, 55]. A practical
CF strategy with Wyner-Ziv coding is presented in [56], for fixed channels known to
all terminals. However other contributions as [57] have simplified the protocol by
using, instead of Wyner-Ziv coding, usual rate-distortion coding that does not take
into account the side information available at the destination.

In this work we investigate Wyner-Ziv coding in the case of fading channels unknown
to the transmitters and observe that, under some conditions, the compression parame-
ters minimizing outage make Wyner-Ziv coding reduce to usual rate-distortion coding.
This observation has some importance because rate-distortion coding is simpler than
Wyner-Ziv coding, because many CF schemes developed in the literature have adopted
rate-distortion coding, and because situations for which rate-distortion coding is opti-
mal can be rather frequent.

As such however the CF protocol yields a higher outage than the AF protocol; this
contrasts with the case of static channels, on which CF compares favorably to AF in
terms of transmission rate. To lower the outage of CF, one can inform the relay of the
side information available at the destination. This makes CF achieve a lower outage
than AF, even though only slightly so.

The chapter is organized as follows. The system model, the protocol used and the
relevant information theoretic relations are presented in section 4.2. Section 4.3 derives
the optimal compression parameters and section 4.4 presents an upper bound on
the probability that the optimal compression method would effectively be Wyner-Ziv.
Section 4.5 illustrates the results and section 4.6 compares CF with AF; finally section
4.7 concludes the chapter.

4.2 SYSTEM MODEL

We consider a simple wireless relay network consisting of a source terminal, a relay and
a destination as in fig. 4.1. Transmissions suffer from frequency-flat block-fading and
additive noise, which is deemed appropriate for a narrow-band low-mobility scenario.



20 Chapter 4. Adaptive Compress-Forward relaying in fading environments

Source Relay  Destination
(] (] [

Figure 4.1: Relay network and geometric configuration.

4.2.1 Medium Access

The relay operates in half-duplex mode, to get round the technical difficulty of receiving
and transmitting at the same time in the same frequency band. Moreover, in order to
keep the receiver at the destination simple, we allocate orthogonal channels to the
source and the relay. Bandwidth and time are equally shared out among these.

Instantaneous channel state information (CSI) is available at the receivers, whereas the
transmitters can obtain and use average CSI only.

4.2.2 Transmission model

We model the transmissions by their discrete-time baseband equivalent models. The
sequence X transmitted by the source is received by the relay and the destination as,
respectively :

)/sr = HsrXs""zsr (41)
st = Hsdxs+zsd (42)

and is followed by the transmission of a sequence X, from the relay to the destination,
which receives
\/rd = Hrer + Zrd- (4-3)

The input sequences X and X, are codewords of length N/2. We choose to use a
random code with complex Gaussian symbols, thus all elements of these sequences
are mutually independent, identically distributed (i.i.d.) with zero mean and variances
Ps and P, respectively. We write the code rates Rs and R, respectively. The factors
H,; are the channel fading coefficients from terminal / to terminal j and the Z;; are
sequences of additive noise, with i € {s, r},j € {r, d}. Statistically, we model the H;
and Z;; as zero-mean, mutually independent, circularly symmetric complex Gaussian
random variables. The noise samples in Z;; have a variance normalized to N;; = 1.
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Finally, we also define the shorthand notations I's; = |Hs;|? Ps and g = |H,a|? P..
Given the modelization above, these are exponential random variables with mean 0,21- £
E{IH;l?} P.

4.2.3 Cooperation protocol

Our cooperation protocol extends over two slots; the source transmits in the first slot
and the relay forwards in the second one. The processing at the relay depends on the
quality of the signal received from the source. If the relay is able to decode the signal,
it forwards it using DF, otherwise it uses CF. The reason for using this hybrid DF-CF
strategy is to focus our analysis of the CF protocol only on situations in which DF is not
possible.

Achievable rates with these protocols were derived in [38], and particularized to the
Gaussian orthogonal relay channel in chapter 3. Main results are summarized below.

DF relaying

If the relay is able to decode X, from Yj,, that is when
Rs < logo(1+ Iy,), (4.4)

then the DF protocol is used and the sequence X, is taken from a code with rate
R, = Rs and length N/2. The destination jointly decodes the signals from the source
and the relay. Achievable spectral efficiencies R for the whole cooperative transmission
are those satisfying the constraint

1 1
R< 5'092(1"‘rsd)+§|Og2(1+rrd) <45)

Note that we obviously have Rs = R, = 2R.

CF relaying

When the relay cannot decode the signal from the source it uses the CF protocol. In
this protocol the relay performs Wyner-Ziv coding, i.e., it compresses the sequence
Y, and sends a corresponding codeword X,; then, from these bits X, and from Y4
considered as side information, the destination calculates estimates \75, of Ys,. Finally,
the destination decodes Xs from Ys, and Yiq.
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In the following, we first characterize the Wyner-Ziv estimates Y;,, and then give the
rate constraints to be satisfied for successful decoding.

The level of compression of Y, is controlled by two parameters, namely the code rate
R, chosen for forwarding on the relay-to-destination channel and the quantization
noise variance Ng. With our Gaussian assumptions on the channels and their inputs,
and with compression of Y, so as to minimize the mean square error on the estimates
\75,, these can be modeled as

Yor = Yor + Zg, (4.6)
where Z; is a sequence of i.i.d. circularly symmetric complex Gaussian quantization

noise samples of variance Ng.

At the destination, the receiver first considers Y,4 and tries to decode X,. The event C
of correct decoding is given by

C: Ry<logy(l+ q). (4.7)

Then, from X, and Ysq the receivers tries to obtain Ys,; the event D of correct decom-

pression is written

1+ rsr
D: R, > log, (1 + &”) : (4.8)
q

If both C and D occur, the achievable spectral efficiencies for the cooperative transmis-
sion are those satisfying

1 I—Sr A
R < —| 1+ T = IcE. 4.
<2092( + sd+1+Nq> CF (4.9)

Otherwise the signal from the relay is unusable and the destination uses the signal
from the source only; the achievable rates are then limited to

1
R < 5 log, (14 Fsq) = Is. (4.10)

4.2.4 Comments on the compression

We give here some comments on the constraint (4.8) that links the compression pa-
rameters Ny and R;.
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First, the range of appropriate R, for a given N, extends as follows :

1
log, <1 + N) < R, < log, (1 + 4.11)

1+F5r)
q N '

a
where the limits correspond to the cases where 54 would be, respectively, very large

or equal to 0. The relay can thus choose any R, in this range, depending on the
assumption it makes on the (unknown) s4.

Second, the most conservative choice of R,, i.e. the upper limit in (4.11), reduces to
using conventional rate-distortion coding at the relay instead of Wyner-Ziv coding :
decompression is possible (i.e. (4.8) is satisfied) whatever the value of [¢4. In the
sequel we show that this most conservative choice of R, is often optimal in usual
configurations.

4.3 OPTIMAL PARAMETERS FOR CF

A relay using CF has to choose the values of the parameters R, and Ng. This can
be done on a frame-by-frame basis after reception of Y;,, to take advantage of the
knowledge of s, = ¥s,.

This section addresses the calculation of these optimal parameters so as to minimize
the outage probability for known s, = «s,. This outage probability is developed in
subsection 4.3.1; then the optimal value of R, for fixed /N, is derived in subsection
4.3.2. Finding the optimal N, however, has to be done numerically.

4.3.1 Outage probability

In the CF case, an outage event occurs when either (4.9) or (4.10) are not satisfied,
depending on whether the events C and D occur. More precisely, if the decoding fails
(C), or if it succeeds but the decompression fails (C, D), the appropriate constraint
on the spectral efficiency is (4.10); if both decoding and decompression succeed (C, D)
then (4.9) is the right constraint. This yields the following decomposition of the outage
probability for a spectral efficiency R and given s, = ys, :

Pout(R|'75r) (412)
- P(R > /CF|C.D,’Ysr) : ’D(D|Cv’Ysr)'D(C|'Ysr)
+ P(R > /sd) ’ ('D(C_h’sr) + P(ﬁ|cr75r)P(C|’Ysr))
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The probabilities appearing in (4.12) are :

m The probability of not satisfying the rate constraint (4.9), given that the destina-
tion has been able to decode and decompress the signal from the relay :

'D(R Z /CF|CrDersr)

= 1-— — (2R -1 L)), 413
exp(oé( 1+ Ny @13

This is valid only if Ny > 5¢5 — 1; this inequality always holds since we use CF
only when the relay is not able to decode, thus when the right-hand member of
the inequality is negative.

m The probability of not satisfying the rate constraint (4.10) :

2R —1
P(R>1lsq)=1—exp (— 5 ) ) (4.14)
Usd

m The probability of successfully decoding the signal from the relay :

2R —1
P(Clysr) =exp ({ ——— : (4.15)
Ord
m  And finally the probability of successfully decompressing the signal from the re-
lay :

_ -1 Vsr _

which is valid for pairs (R, Ng) satisfying (4.11).

4.3.2 Code rate R, minimizing outage

This section addresses the optimal choice of the relay code rate R,. For fixed Ng, an
analytical expression of the optimal R, is obtained by simply finding the zero of the
partial derivative of (4.12) with respect to R,.

The partial derivative %P—,g‘f can be transformed into a polynomial function of the vari-
able 2R+ after several simplifications that conserve its zeros and its sign (see appendix
4.A.1). This polynomial is

2
02 N2 — 2R DN, (Ng + 1) + (Ng 4 1)% — %Nq. 4.17)

sd
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’Ysrgzd ’YsrCf?d
Pout(Rl¥sr) for Ng < == Pout(RIsr) for Ng > =24
rd rd
Ry Ry
f———— e ——
logo(1+ 7)) loga(1+ H22)  logy(1+ 5-)  loga(1 + H5Er)
Range of valid R, Range of valid R,

Figure 4.2: Outage probability Pou(R|Ysr), when Ny < vs:02,/0%, (left) or when N, >
Y502,/ 02, (right). In the latter case, the probability of outage has a negative slope for all R, in
the range (4.11); consequently, the optimal R, for the considered N, is the upper limit of this
range. Such a solution corresponds to usual rate-distortion coding.

Figure 4.2 illustrates what follows. For Ng < Wg—fzd the polynomial (4.17) has one root
rd
in the range (4.11), equal to
1 o?
RI(Ng) =logs 14 — (14 /X, ) ). (4.18)
Nq Usd

This root corresponds to the unique minimum of the probability of outage, as can be
seen from (4.17).

On the contrary if Ny > A’U—gi’ the polynomial (4.17) is negative for all R, in the range
rd

(4.11), thus the outage probability decreases for increasing R,. The optimal R, is then

the largest R, allowed by (4.11), i.e.

(4.19)

1
R:(Ny) = log, (1 + E7> .

q

Among these two solutions, (4.18) corresponds to Wyner-Ziv coding, whereas (4.19)
uses conventional rate-distortion coding.

4.3.3 Quantization noise variance \; minimizing outage

The optimal solution for R, can be substituted in the outage probability (4.12), which
can then be minimized over N,. There is however no explicit expression for the optimal
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value of Ny, so that one has to resort to numerical optimization. Furthermore, the
outage probability is not convex in N, even if we have never observed any case in
which there are multiple local minima. After a thorough examination of the function,
we conjecture the following :

Conjecture 1. The outage probability (4.12) has only one minimum, that we write
(RF(N;). N3).

4.4 BOUND ON THE USAGE OF WYNER-ZIV CODING

The aim of this section is to assess how often the optimal compression parameters
(Ry(Ng), N;) correspond to Wyner-Ziv coding, and to usual rate-distortion coding.

To do so, we first observe the derivative d{f—,{’,:‘ at the border between the regions of

Wyner-Ziv coding and usual rate-distortion coding, i.e. for Ny = %O—%Zd (fig. 4.3). The
sign of this derivative tells on which side the N; minimizing outage is, and thus which
compression method is optimal. From this observation, we identify a range of values
of s, in which the optimal solution N7 never corresponds to Wyner-Ziv coding. Finally
this yields an upper bound on the usage of Wyner-Ziv coding.

2
We start with the outage probability for values of Ny < “’Z‘;sd, and substitute the
rd
corresponding optimal R, given by (4.18). The derivative ‘LP—,W can be transformed
into the following function, after several simplifications that conserve its zeros and its
sign (see appendix 4.A.2) :

2
YsrO
1+ ) Ede

sd Vsr

,YSI‘
exp [ ——r )~ 1} T (4.20)
{ (Ugd(l + Nq)) UEng 02,(14 Ng)?

Assuming that conjecture 1 holds, the value of (4.20) when N, gets close to the border

2
of the Wyner-Ziv region, i.e. for N; — 702" tells in which region the optimal N,

lies :

2
m  [f(4.20) s positive, then <7 > 0and the minimum N is such that N < T7>=2.

In that case the relay uses Wyner-Ziv coding.

2
m  If (4.20) is negative or zero, then N > 3¢ and the relay uses conventional

rd

rate-distortion coding.
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Pout(R|vsr) for Ry = Ry (Ng)

The slope is positive at this point,
thus Pout(R|ysr) reaches a minimum
when using Wyner-Ziv coding.

The slope is negative at this point,
thus Pout(R|ysr) reaches a minimum
when using conventional source compression.

Region of 512, Region of Nqg
Wyner-Ziv coding a2, conventional
solutions source compression
solutions

Figure 4.3: The slope of Py in Ny = vs,025/02, shows which of Wyner-Ziv coding or usual
rate-distortion coding is optimal.

We now find a value 4s, such that for every s, € [0,4s,] the outage probability
is minimized with conventional rate-distortion coding. An upper-bound of (4.20) is

2

obtained by using e™* <1 —x+ X2—2 After substituting Ny = 75(;?5", the function can
rd
be transformed into the following second-order polynomial in ys, :

o2 1 o2 02 1 02
“Y3r<1+2rg—z)+%r(— Pt o —2>— o (4.21)
Usd Osd Osd asd Usd asd

Conventional rate-distortion coding is always used when this polynomial is negative,
this happens :

m If the coefficient of the first term is negative, since in that case one can check
that the polynomial is negative for every -y, .

m [f the coefficient of the first term is positive, the polynomial is convex and has
one positive root written 4s,. The polynomial is negative for v, € [0, 4s,] thus
conventional rate-distortion coding is always used in that range of «ys,.

Now we can calculate an upper-bound on the usage of Wyner-Ziv coding. As discussed
above, Wyner-Ziv is never used if vs, < %5, and CF in general is never used if s, >
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22R 1. Thus, at most, CF with Wyner-Ziv coding can be used for vs, € [§s,, 2°F —1[.
The statistics of the source-to-relay channel then determine how often this happens.
This yields the following upper bound on the probability of using Wyner-Ziv compress-
and-forward :

S 2R '?sr 22R -1
PAsr <¥sr <2 =1)=exp| —— | —exp| ——— : (4.22)
USF sr
Note that increasing the rate R does not change the lower limit of the Wyner-Ziv region
/s, but increases the upper limit; thus Wyner-Ziv coding is more often used for higher
rates R.

4.5 SIMULATIONS

This section illustrates the results developed above with an investigation of the usage
of Wyner-Ziv coding for several choices of the transmission powers and spectral effi-
ciencies. We show that for low or moderate spectral efficiencies R, being limited to
conventional rate-distortion coding does not have a significant impact on the outage
probability.

The relay network is depicted in fig. 4.1 : all three terminals are lined up, the relay is at
a distance d from the source and the distance between the source and the destination
is normalized to 1. Path loss between the terminals determines the power levels at
the receivers. With a path loss exponent chosen equal to & = 3.5 we have 02, =
Ps, 02, = Ps/d* and 02, = P, /(1 — d)~.

The relay uses DF if it is able to decode, otherwise it uses CF. The parameters of CF
are optimized, and correspond either to Wyner-Ziv coding or to conventional rate-
distortion coding.

Based on the results of section 4.4, we evaluate the percentage of situations in which
DF and CF are used, for each position d of the relay; then among situations requiring
CF, we evaluate the upper bound (4.22) on the proportion of them requiring Wyner-Ziv
coding.

Figures 4.4-4.6 present three situations with different spectral efficiencies R = 0.5, 1
and 2 b/s/Hz respectively, with a choice of transmission powers Ps and P, such that
the overall outage probability is below or around 1072 in each case. The upper sub-
graphs show the usage of each CF method as a function of the position of the relay
d, both theoretically (filled areas) or as observed in Monte-Carlo simulations (crosses
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Figure 4.4: Usage of the CF protocols for R = 0.5, P = P- = 10. The optimal compression
does almost never require Wyner-Ziv (usage lower than 0.02 %). In the upper sub-graphs the
colored areas correspond to theoretical results, crosses + and x correspond to simulations. The
outage curves in the lower sub-graphs are obtained by simulation.

+ and x). Lower sub-graphs show the corresponding outage probability as obtained
by simulation. The dashed curves are obtained when limiting the optimization of relay

parameters to conventional rate-distortion coding.

In figure 4.4, for R = 0.5 b/s/Hz and P; = P; = 10 J/symbol, the optimal compression
method is almost never Wyner-Ziv coding (usage in less than 0.02 % of the frames at
its maximum). Note that this case corresponds to Rs = 1 b/s/Hz. Figure 4.5 shows
that for R = 1 b/s/Hz and Ps = Ps = 25 J/symbol, Wyner-Ziv is used in up to 1%
of the cases, for some positions of the relay. However, the outage curves show almost
no difference if conventional rate-distortion coding is always used. Finally, figure 4.6
shows that for R = 2 b/s/Hz and Ps = Ps = 100 J/symbol, Wyner-Ziv coding is more
often used and brings a performance gain.

These results highlight first that Wyner-Ziv is beneficial only if the source-to-relay and
source-to-destination signals are received with a good signal-to-noise ratio, so that
their correlation can be exploited. The bound of section 4.4 already showed this :
Wyner-Ziv coding is used only if s, is larger than a threshold 4s,, whereas conventional
rate-distortion coding is used for smaller values of -y, .

Second, these results show that the use of Wyner-Ziv coding decreases when the re-
lay gets close to the destination; this is because the relay-to-destination channel is
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Usage of CF ...
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Figure 4.5: Usage of the CF protocols for R = 1, P = P, = 25. Wyner-Ziv coding is optimal
for up to 1% of the frames, but using conventional rate-distortion coding instead does barely
have any impact on the outage (dotted curve in lower graph). In the upper sub-graphs the
colored areas correspond to theoretical results, crosses + and x correspond to simulations. The

outage curves in the lower sub-graphs are obtained by simulation.

Usage of CF ...

16 %
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° ... without Wyner-Ziv
8%

4%
0 7*/*/*’

0% . S

Outage probability
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G /

1
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Figure 4.6: Usage of the CF protocols for R = 2, Ps = P, = 100. Wyner-Ziv coding is more
often used than in fig. 4.4 and 4.5; not using it has an impact on the outage. In the upper
sub-graphs the colored areas correspond to theoretical results, crosses + and x correspond to
simulations. The outage curves in the lower sub-graphs are obtained by simulation.

expected to be strong, thus R, can be chosen large. The availability of a high trans-
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mission rate R, makes Wyner-Ziv coding less appealing.

4.6 DISCUSSION

In the CF protocol, the destination does not jointly decode the signals from the source
and the relay. This makes the overall performance dependent on the quality of point-
to-point channels. First, the point-to-point relay-to-destination transmission must be
successful (constraint (4.7)). Then, the point-to-point source-to-destination channel
must be good enough to enable successful Wyner-Ziv decoding (constraint (4.8)). Only
after these two preliminary steps, the destination can decode the source message by
recombining the source and relay signals (rate (4.9)).

As opposed to CF, the AF protocol make the destination decode the source and relay
signals jointly. This gives an advantage to the AF protocol over fading channels without
transmit CSI, even though the AF rate is lower than the CF rate on static channels.

For this reason, we compare our adaptive DF-CF protocol to the hybrid DF-AF protocol
in the following two sections.

4.6.1 Comparison with an adaptive DF-AF protocol

Uncoded (analog) transmission of a Gaussian source on a Gaussian channel is known
to achieve optimal mean square error distortion [58]. In comparison with digital coded
transmission of the same source, such an analog transmission has the advantage not
to need transmit CSI to achieve optimal performance.

Similarly, since in our case the signal to compress at the relay is Gaussian, the AF pro-
tocol yields the same distortion at the destination as the CF protocol with conventional
rate-distortion coding when the relay has transmit CSI. However when the relay has no
transmit CSI, CF cannot perform as well as AF.

This conclusion is valid only for CF with conventional rate-distortion coding, and not for
CF with Wyner-Ziv coding. But as shown above, rate-distortion coding might be much
more often used than Wyner-Ziv coding in an adaptive CF system. In the following we
compare by simulation the outage of the DF-CF scheme of this chapter with an hybrid
DF-AF scheme.



102 Chapter 4. Adaptive Compress-Forward relaying in fading environments
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Figure 4.7: Without transmit CSI the hybrid DF-AF protocol outperforms the DF-CF protocol,
even though CF achieves a higher rate than AF on static channels. P = £, = 100, R = 2.

In the AF protocol, the relay transmits the signal

P,
X, =Y. _— 4.23
=Y\ h R T N 4.23)

Achievable spectral efficiencies R satisfy the constraint

1 'Ysr/—rd
R< =lo 1+ Tsg+—"7 . 4.24
P 92 ( sd 1+’Ysr+ /—rd) ( )

The simulation results in fig. 4.7 show that the DF-AF scheme achieves better perfor-
mance. As suggested above, with no transmit CSI the relay often chooses conven-
tional rate-distortion coding instead of Wyner-Ziv coding, and CF with conventional
rate-distortion coding is worse than AF. While these simulation results cannot claim to
be general, we include them here because we have never observed a case in which
DF-CF achieves a lower outage than DF-AF.

Note that these conclusions are particular to the choices made in this chapter and
do not necessarily extend, for instance, to situations where the time/bandwith are
not equally shared between the source and the relay, or to practical (not Gaussian)

transmission schemes.

4.6.2 Comparison with an adaptive DF-AF protocol, when the relay knows
the level of side information

In this chapter we have shown that when the relay has only receive CSl, it is often better
to use conventional rate-distortion coding instead of Wyner-Ziv compression. This is
because the success of Wyner-Ziv decoding depends on 54 (equation (4.8)), which is
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Figure 4.8: When the relay knows the level of side information available at the destination, the
DF-CF protocol outperforms the DF-AF protocol but the difference is so small that it is not visible
on this figure. P = P, = 100, R = 2.

unknown to the relay.

However, the risk of incorrect Wyner-Ziv decoding can be eliminated if the destination
informs the relay of s4. This can be done at the end of the first slot, once the destina-
tion has observed Ys4; consequently the relay can choose N, and R, that satisfy both
the rate constraint (4.9) and the decompression constraint (4.8).

As shown in appendix 4.B, the achievable rate for CF when the relay knows sg = ¥sq

is

1 'Ysr/_rd
R< =lo 1+ + . 4.25
2 92 < Ysd 1 + lzfy,Sd i I—rd ( )

This rate is always higher than the AF rate (4.24), even though only slightly so. Note
that the same rate was found in [59, chapter 5] for a CF relay with full CSI (i.e., when

the relay knows I, sq and also [4).

Fig. 4.8 compares the outage probabilities with each of these protocols; the difference
is too small to be visible on the figure.

Again, this conclusion does not necessarily extend to practical transmission schemes,
for which compression minimizing mean square error distortion is not optimal.

4.7 CONCLUSION

This chapter addresses the optimization of the Wyner-Ziv coding parameters of the CF
protocol, and shows that for a range of transmission rates and powers the compression
method minimizing outage is simply conventional rate-distortion coding. Being able
to resort to this simpler compression method without significant performance gain
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is particularly interesting for the design and implementation of practical transmission
systems with CF relays.

We have also compared the performance of the hybrid DF-CF protocol with an hybrid
DF-AF protocol; if the relay knows the level of side information available at the desti-
nation DF-CF can achieve a slightly lower outage probability than DF-AF, otherwise we
have observed that DF-AF performs better.

These results are valid for the Gaussian relay channel with Gaussian codes; they do
not necessarily extend to practical CF codes even though they are a priori relevant in
that case as well. Also, if a joint decoding method was found for the CF protocol,
the preceding results regarding the usage of Wyner-Ziv compression would no longer
hold and the performance of CF over fading channels without transmitter CSI would
improve.

Appendix 4.A DERIVATIVES OF THE OUTAGE PROBABILITY
4.A.1 Partial derivative with respect to R,

In this section we calculate the partial derivative of P,y (R|vs,), given in (4.12), with
respect to the rate R, .

We first note that P(C|ys,) = 1 — P(C|s) involves

O PChe) = — 2 P(Clyer). (4.26)

OR,

0
ar, ¢
and similarly for P(DIC, 7s/).

Using these, the partial derivative of Py (R|vs,) can be written

0
a?'Dout(Rh’sr) (4'27)

= —(P(R>lsq) — P(R > Icr|C, D, vsr))

< (POl 5

0
aiRrP(Ch'sr) + P(C’Ysr)éRrP(Dcr'Ysr)) :

The derivatives appearing above are equal to

5, —2Rrlog(2)
aiRr'D(Ch’sr) - 'D(Ch'sr)T (4-28)
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and
5 oRr |Og(2)’Yerq
aRr P(D|C’ fysr) = P(D|Cy rYSI’)O,gd((2R, _ 1)Nq _ 1)2

(4.29)

As we are interested only in finding the roots and the sign of the derivative (4.27),
we now remove all factors that are always positive. The first factor in (4.27) is always
positive (behalves if ys, = 0, but this event has probability 0), and can thus be ne-
glected. The second factor can be divided by P(C|ys,)P(D|C,~sr) and by 277 log(2).
This gives the following function, that has the same roots and the same sign as the

derivative (4.27) :
1 Vsr Nq

— . (4.30)
0%, o2 (2F — N, — 17

Finally, multiplying by the positive factor o,((2R — 1)Ng; — 1) yields the polynomial
(4.17).

4.A.2 Derivative with respect to N,

This section presents the calculation of the derivative of FP,(R|vs,) with respect to
2
Ny, for Ng < % and the optimal R, = R}(N,) given by (4.18).
rd

After substituting R, = R} (Ng), the probabilities (4.15) and (4.16) become

P(Clvsr) = exp ( 5 (1 + ’YerO,dN )) (4.31)
Ord Osq

P(D|C,ve) = exp ( ( Vj‘;\sld 1)) . (4.32)
sd rd

Their derivatives with respect to N, are

d B C\’Ysr) %0 2y

it
(D|C ’Ysr)— (D|C1’Ysr) ngdm

dN (4.34)
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In the following we also need the derivative

d
— P(R > D =
qu ( = /CF|Cy , )sr)

—Ysr
(P(R>Icr|C.D,vsr) — 1) (W) - (4.35)

These preliminary steps enable now the calculation of the derivative of Pout(R|Ysr) :
d
7Pout(R|’Ysr) (436)

N,
= (P(R > /CF|CYID:’Ysr) - P(R > /sd))

d d
< (PDIC. 1) gy PO + P(Chi) g5 PDIC 1))
q q

d
+ P(Ch’sr)P(D‘Cv’Ysr)WP(RZ /CF|CYD,’Ysr)-
q

We substitute the derivatives (4.33), (4.34) and (4.35) into (4.36), and again, as we
are interested only in the roots and the sign of the derivative, we remove factors that
are always positive. We divide thus (4.36) by P(C|vs,), P(DIC,ys) and (1 — P(R >
Icr|C, D,vs,)) and finally obtain the function (4.20).

Appendix 4.B CF RATE WITH KNOWN LEVEL OF SIDE INFORMATION

If the relay knows both s, = vs, and sg = 7ysq, it can choose compression param-
eters Ny and R, such that the constraints (4.8) and (4.9) are always satisfied. The
success of the CF transmission becomes dependent on the inequality (4.7) only, i.e., on
the success of the transmission on the relay-to-destination channel.

More specifically, the parameters N, and R, are chosen as follows. The compression
noise Ny is chosen so as to satisfy the rate constraint (4.9), thus

N* — ’YSI'

— — L. 4.37
= — @3

This value is always positive, behalves in situations we discard because relaying is not
needed :

m The value is negative or infinite if 227 — 1 — v54 < 0, or equivalently if R <
% l0g(1+sq), but in in this case the destination is able to decode without help
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from the relay.

m  The value is negative or zero if y5, < 22R 1 — ¢4, OF equivalently if R >
% log, (1 + ¥sg + 7¥sr), but in this case even perfect transmission from the relay
to the destination would not enable successful decoding.

Next the rate R, is chosen as the smallest rate satifying (4.8) :

1 + Ysr
R = log, <1 + W’) : (4.38)
Ng

Given these choices N; and R7, the inequality (4.7) alone determines the success of
the overall relayed transmission :

RY < logo(1+ Ira). (4.39)

This constraint can be expressed equivalently as a constraint on the overall transmission
rate R, as we show now. Substituting (4.38) into (4.39) gives the inequality

Ysr

1+
[y > — s (4.40)
Ng

Multiplying by N and substituting its value given by (4.37) yields

r
Ysrl rd Ty > 1+ Vsr

— 4.41
22R_ 1 — Ysd ]—"’"st ( )

Next we multiply by 22F — 1 — ., (always positive in the case we consider) and re-
arrange the terms to find

:
Wsrl—rd > (22R -1- 'st) (]— + 1 +s’ry B + /—rd) - (4-42)
s

Finally, making R explicit gives

1 str/_rd
R < =lo 1+ + . 4.43
2 92 < Ysd 1 ¥ lzf}:Sd + I—rd ( )

This rate is slightly higher than the AF rate given in (4.24); it is achieved with CF when
the relay knows the level of side information available at the destination, vsg.
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Practical codes and
decoders for the

relay channel

The previous two chapters have addressed the relay channel from an information-
theoretic point of view. In this chapter, we focus instead on practical (in the sense
implementable) coded systems for transmission on the relay channel.

The chapter starts by describing implementations of the DF and AF protocols, then
presents three original contributions of this thesis. These contributions share a com-
mon objective : exploiting signals that are not reliable enough to be decoded correctly
at the relay. The first contribution is termed Soft-DF; it aims at regenerating (i.e., de-
coding) the signal at the relay and forwarding it in a way that conveys information
over its reliability. The second one is a modified DF receiver, that can deal with er-
rors made by the relay. The third contribution is an iterative MAP receiver for practical
implementations of the CF protocol.

Finally, all protocols are compared when used in hybrid schemes over wireless relay
channels. From these comparisons, the most promising technique is probably the CF
protocol with the associated MAP receiver.

The contributions of this chapter were first reported in [5,6, 7,8, 9].
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5.1 INTRODUCTION
This chapter addresses practical (implementable) coded systems for relaying.

Several code designs for the DF protocol have been proposed in the literature. For
relaying on orthogonal channels, the contributions [60, 61] propose designs based on
rate-compatible punctured convolutional codes [62]. In these schemes, the source
transmits with a punctured convolutional code and the relay, after decoding, forwards
additional parity bits. By adding an interleaver at the relay, one obtains a distributed
turbo-code (see [63, 64]) : even though the source terminal transmits a convolutional
code, the signals from the source terminal and from the relay make up a turbo-code.
More recently, the contribution [65] has proposed a code design based on LDPC codes.
Code designs have also been proposed for the cases of half-duplex or full-duplex relay
channels. They are based either on turbo-codes (see [66, 67]) or on LDPC codes (see
[68,69,70,71,72]). Other contributions include code designs with both channel coding
and network coding, as in [73].

The DF protocol requires the relay to decode successfully the signal from the source
terminal. When the relay cannot decode the signal, non-regenerative protocols like AF
or CF must be considered. Coded implementations of these protocols have been less
investigated, although several code designs for the CF protocol have been developed
recently. They all use scalar quantization at the relay (as in [74]), possibly followed by
source coding (as in [69, 75]) or Slepian-Wolf source coding (see [76]).

This chapter focuses on the cases where the relay is not able to decode the signal from
the source terminal. It proposes encoding techniques and reception techniques to deal
with imperfect decoding at the relay.

The propositions of this chapter are based on the distributed turbo-coded DF protocol
of Valenti et al. [63], chosen for its modularity and its low-complexity at the relay. They
extend Valenti’s DF scheme to handle situations where decoding fails at the relay.

A first proposition, that we term Soft Decode-Forward (Soft-DF), deals with uncertainty
at the relay by performing all relay operations in a soft fashion, so as to keep the
reliability information [5, 6,77, 8]. The soft values are forwarded analogically in a way
that conveys their reliability, instead of using discrete symbols. The aim is to exploit
the error-correcting code as much as possible (to regenerate the signal), without losing
information about the uncertainty of the data.

Another possibility is to deal with relay errors on the receiver side. To do so, we propose
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a decoding algorithm resilient to relay errors, i.e. a modified DF decoding algorithm
that takes into account the probability of errors between the source and the relay [7].
Results show that this receiver manages to take advantage of relayed frames even if
they contain errors.

After these two DF-based contributions, the third proposition of this chapter uses the
CF protocol. The focus is on the receiver at the destination, for a CF system similar
to the one in [76]. The receivers found in the literature for practical implementations
of the CF protocol follow the lines of the information-theoretic CF decoder : they first
decode the signal from the relay, decompress it and use it to help decoding the signal
from the source terminal. We derive instead a MAP receiver performing joint decoding
of the source and relay signals. Important differences between this receiver and the
previous ones include the fact that it is iterative, and that the error-correcting code
helps refining the side information used for the decompression of the relay signal. We
show that this receiver achieves better performance than usual algorithms.

All these non-regenerative protocols are compared on wireless channels in the context
of hybrid transmission schemes, that use DF when the relay is able to decode and a
non-regenerative protocol otherwise (AF, CF, Soft-DF or DF with the modified error-
resilient receiver). Interestingly, all protocols proposed in this chapter outperform the
AF protocol. This contrasts with the information-theoretic case addressed in section
4.6.1, where the AF protocol was shown to perform better than the CF protocol un-
der similar conditions. The CF protocol almost always yields the best performance on
frames that the relay is not able to decode correctly.

Section 5.2 defines the model of the system under consideration, then sections 5.3 and
5.4 present, respectively, the distributed turbo-coded DF protocol and an AF protocol
used as reference for comparisons. The Soft-DF protocol is presented in section 5.5,
and the DF decoding algorithm resilient to relay errors in section 5.6. Then section 5.7
presents the derivation of the iterative MAP receiver for the CF protocol, and finally
section 5.8 compares all protocols when used in hybrid schemes.

5.2 GENERAL SYSTEM MODEL

This chapter considers an orthogonal relay model, as presented in chapter 3. Trans-
missions of the source terminal and of the relay occur on channels separated in time
or frequency. We refer to these separate channel uses as slots in the following : the
source transmits in the first slot, and the destination in the second one.
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Differing from chapter 3, the codes used here are not Gaussian codes. The coding
operation is instead separated into binary coding followed by modulation into real
symbols. Note that the case of complex (two-dimensional) symbols is a straightforward
extension, not considered here.

Baseband-equivalent discrete-time model Transmission channels are modeled
as frequency-flat additive white Gaussian noise channels. Using a baseband-equivalent
discrete-time model of the transmissions, the signals received by the relay and the
destination are written :

)/sr = Hsr Ss + Zsry (51)
st = Hsd Ss + st, (52)
Yrd = Hrd 5r+Zrdv (53)

which describe the transmission of symbols S and S, with variance P; = E {|S;[?}
and P. £ E {|S,\2} respectively, experiencing channel factors Hs,, Hsg or H,q4 and
additive noise at the reception Zs,, Zsq or Z,4. These noise terms are modeled as zero-
mean white Gaussian noise samples with two-sided power spectral densities Npy/2.

As in previous chapters, when wireless channels are considered, the fading coefficients
Hsr, Hsq and H,4 are modeled as independent Rayleigh-distributed samples.

Each of the following sections particularizes this general system model to several pro-
tocols, codes and modulations.

5.3 DECODE-FORWARD WITH DISTRIBUTED TURBO-CODES

We consider the orthogonal relay channel model, with a source terminal transmitting
to a destination with help from a relay (see fig. 5.1).

The DF protocol with distributed turbo-codes [63] consists in using convolutional codes
at the source terminal and at the relay, in such a way that they make up a turbo-code
at the destination. The aim is to benefit from the performance of turbo-codes while
keeping the complexity low at the relay : the relay needs a BCJR decoder and not the
more complex turbo-decoder.

The source terminal transmits a sequence of information bits Us (length K), encoded
by an RSC code into a sequence of coded bits X;. These bits are then modulated into
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Source
Us RSC |[Xs| BPSK | Ss
enc. mod.
Relay
Yor | BPSK BAR |Ur 7] Rec. conv|Xr | BPSK | Sr
demod. | | dec. I enc. | | mod.
Destination
Ysd | BPsk
demod. ™\ "
Turbo | Us
-dec.
Yia | BPSK | 7
demod.

Figure 5.1: System model for the DF protocol with distributed turbo-codes.

a sequence of symbols S (length ) and sent over the channel. The relay receives Ys,
and the destination Ysq.

The relay demodulates and decodes Y, into bits U,. To avoid error propagation, the
relay forwards the sequence U, only if it is error-free, i.e., if U, = Us. This is easily
checked with an error-detecting code, for example a cyclic redundancy check code [78].
This modification to the DF protocol is usually referred to as selective DF, we use it by
default.

To transmit the bits U,, the relay interleaves them and encodes them with a recursive
non-systematic convolutional code. The resulting parity bits X, are modulated into
symbols S, and sent to the destination. The destination receives Y,q.

Finally, the destination uses both the direct and relayed signals Ysq4 and Y;4 to make
a joint decision. The signal from the source terminal contains both systematic bits
and parity bits, and the signal from the relay contains an additional set of parity bits.
Thanks to the interleaver at the relay, these bits all together make up a turbo-code. The
appropriate decoding algorithm is thus the turbo-decoding algorithm (section 2.3.2).

5.4 AMPLIFY-FORWARD REFERENCE SYSTEM

We define the AF system of fig. 5.2, for comparison with other relay systems of this
chapter.
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Source

Us | RSC |[Xs| BPSK | Ss
enc. mod. i

Relay

ﬁ) Ampli. _5,)

Destination

Ysa | Bpsk

demod. \ BSOR 0.
dec.
Yo [ gpsk | 7

demod.

Figure 5.2: System model for the AF protocol.

This system also uses an RSC code at the source terminal. The behavior of the relay
changes however. Instead of trying to decode, the relay simply amplifies the signal
Y., it receives from the source. The amplification factor is such that the variance of
transmitted symbols is P,, as in the DF system of the previous section. The signal sent

by the relay is :
| A
= =Y. 5.4
S, Ho 2P+ Noj2 7 (5.4)

P
= m("—/srss + Zs,). (5.5)
Sr S

The destination first combines Ys4 and Y,q with a maximum-ratio combiner; then it
demodulates the combined sequence, and decodes the RSC code to obtain Us.

5.5 SOFT DECODE-FORWARD

This section presents a technique that aims at combining the main advantages of both
DF and AF : it regenerates the signal as DF, but keeps soft information as AF. This
technique, that we call Soft-DF, amounts to a DF scheme where all operations are
performed in a soft-input soft-output fashion (fig. 5.3). Using soft values instead
of taking hard decisions at the relay enables to convey reliability information in the
forwarded signal.
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Source
Us RSC |[Xs| BPSK | Ss
enc. mod. ”
Relay
Ysr | BPSK BCR |Lu. [ A soft  |Lx:| Scaling | Sr
demod. | | dec. I enc. [ | B) [~
Destination
Yea | BPSK
demod. ™\ -
Turbo | Us
-dec.
Y,
rd | BPSK | 7
demod.

Figure 5.3: System model for the Soft-DF protocol. The variables Ly, and Lx, are the sequences
of soft log-ratios produced by the soft decoder and soft encoder, respectively.

A soft-DF relay first decodes its partner’s signal, keeping soft information, then inter-
leaves and re-encodes it with a soft-input soft-output (SISO) encoder. The outputs of
the SISO encoder can be seen as the outputs of an equivalent source-to-relay channel,
with a better signal-to-noise ratio (SNR) than the actual channel. The destination is
made of a turbo-decoder, as in the DF protocol of section 5.3.

We successively describe below the new SISO encoder, the equivalent channel modeling
its output and finally the receiver at destination.

5.5.1 Soft-Input Soft-Output Encoder

The proposed SISO encoding algorithm has some similarities with a SISO decoding
algorithm.

Given an observed signal Y;, = ys, a DF relay would compute estimates U, =
[Ur1,...,Urk]" of the K information bits and from these produce a sequence of
N coded bits X, = [X,1,..., X, n]". In contrast, the soft-DF relay keeps the soft
information on the information bits, i.e. the a posteriori probabilities P (Uy,k|ysr) and
produces from these a sequence of a posteriori probabilities P(X,,n|ys,) on the coded
bits X, ,. For the sake of notational simplicity in this section, we assume that the en-
coder produces only one parity bit per information bit (i.e. N = K). Generalization to
other rates is straightforward.



5.5 Soft Decode-Forward 117

For a convolutional code, the representation of this soft encoding operation within the
framework of factor graphs and the application of the sum-product algorithm lead to
an encoding algorithm quite similar to the well-known BCJR decoding algorithm. More
precisely, the soft encoder aims at computing

P(Xr,k‘ysr) = Z P(Xr‘ysr) k=1,..., K, (5.6)
’\‘Xr‘k

where Z~X,,k denotes the summation on all variables but X, . A convenient factoriza-
tion of P(X,|ys-) must be found to enable an efficient computation of the marginals
P(X, klysr) with the sum-product algorithm. Since Y5, — U, — X, forms a Markov
chain we have :

P(Xr,k|y$r) = Z P(Xr|Ur) ’ P(U,|y5,), (5.7)

~ Xk

where P(X,|U,) equals 1 if the codeword X, corresponds to the information bits
sequence U, and 0 otherwise. For a convolutional code, this factor expands in the
same way as for a SISO decoder (see section 2.2.2). In order to obtain the second
factor of (5.7) and to factorize it further we need to make the assumption that the bits
U, k are independent given Y, :

K
P(Urlysr) = TT P(Urklysr). (5.8)

k=1

where the P(U, «|ysr) are computed by the SISO decoder. This independence assump-
tion amounts to neglecting the correlation introduced by the SISO decoder between
elements of U,.

For a convolutional code, the corresponding factor graph has strong similarities with
the factor graph of the BCJR decoder (fig. 2.4 and 2.5), because of the formal similar-
ities between (5.7)-(5.8) and the factorization of section 2.2.2 (when assuming BCJR
modulation, i.e., S = X, and exchanging the roles of information bits and parity bits).

As a consequence, the application of the sum-product algorithm to this factor graph
gives slightly modified versions of the standard forward recursion a(-) and reverse
recursion B(-) of the BCJR decoding algorithm. For an encoder of state T at time

k, we can write the following recursions where each term in the summations has to
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correspond to a combination of (T, U, k, Xk, Tk+1) satisfying the code constraints :

i1 (Tha) = Z o (Tic) - P(Urlysr).
~Tiia
B(Tk) = ZﬁkJrl(TkJn) - P(Urxlysr)-
~Tk

We finally compute

P(Xr,k|ysr) = Z o51((-’-k)5k+1 (Tk+1)P(Ur,k|ysr)-
~ Xy k

5.5.2 Equivalent Channel Model

We need to re-transmit the signal lying behind the probabilities P(Xr,k|ys,). Since we
have no analytical model for the output of the SISO encoding/decoding process, we
deduce this signal from the log-ratios under the assumption that they have the same
form as at the output of an equivalent AWGN channel with BPSK modulation :

P(Xrn = 1|ysr)
Lx 210 : =
Xen J P(Xrn=—1|ysr)

Leq(Xrn+ Zeqn). (5.9)

The amplitude factor L4 reflects the signal reliability and Zeq , is a zero-mean white
Gaussian noise sample of variance 02,. Both amplitude Lq and variance o2, of the
noise depend on the signal-to-noise ratio inside a block on the inter-user channel. On
fading channels, they change thus at each frame. Their relation with the noise variance
on the inter-user channel has to be computed empirically.

From this interpretation of the log-ratios, the relay constructs and forwards to the
destination the signal B,(X,n + Zeq.n) Which contains the payload plus an additive
Gaussian noise. The factor B, is computed in order to normalize the power transmitted

1 [ R
= —_—. 5.10
ﬁr Leq 1+O‘§q ( )

The signal transmitted by the relay is thus

in the frame :

Sr,n = ﬁr . LXW (5-1 1)

P,
= \Trog Koot Zean) (5.12)
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forn=1,..., N.

This model suggests to interpret the transmission of coded data on the inter-user chan-
nel followed by the soft decoding/re-encoding process as the transmission of coded
data on a global super-channel with better SNR. This interpretation is depicted in fig-

ure 5.4.
/Jjeq Zrd
—'l_ ﬁr Hrd

L/
Equivalent Normalization Relay-to-destination
source-to-relay channel at the relay channel

Figure 5.4: Equivalent user-relay—destination channel for Soft-DF.

The SNR enhancement is quantified in figure 5.5. This figure presents in its upper part
the empirical input-output relation of the SISO decoder/re-encoder in terms of SNR,
for the simulation parameters of section 5.5.4 and under the previous assumption of
a gaussian i.i.d. noise corrupting the output. For a coded signal received with a SNR
of 5 dB for example, the relay produces an output signal with a SNR of about 12 dB.
The limitations of the i.i.d. Gaussian noise assumption appear distinctly below 0 dB

20

15F

-
(=]
T

(output SNR) [dB]
a

eq

Eb/N
o

0.1f b

Probability density

15 20

o

|
o

5 10
E,/N,, (input SNR) [dB]

Figure 5.5: Input-output relation of the decoding/re-encoding process, in terms of instanta-
neous SNRs (i.e. for a particular realization of the fading).

and above 15 dB where the output SNR is lower than the input SNR. However for
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common channel parameters, input SNRs lie mainly in the range of interest, as shown
in the lower part of figure 5.5 by the probability density function of the input SNR for
a Rayleigh fading channel with average SNR of 8 dB.

5.5.3 Reception and decoding

The destination receives the following signal from the relay :

Yrd Hrd Sr+zrd (513)

| P
H.q Tagq'(X’J’Ze")J’Z"” (5.14)

which is simply under the previous assumptions the output of a cascade composition of

two channels corrupted by gaussian noise. Of course the receiver needs to estimate the
parameters of the compound channel only and not the parameters of both channels
separately, thus no channel state information for the individual channels is required.

The decoding process of this signal jointly with the one from the direct path is achieved
by a standard turbo decoding operation.

5.5.4 Performance Comparison

Simulation results confirm the advantages of the Soft-DF relay technique over AF and
DF through the following analysis of bit error rate (BER) curves. Figure 5.6 compares the
performance of AF, DF and Soft-DF on Rayleigh block fading channels, with the follow-
ing parameters. The source terminal encodes its data blocks of length K = 1024 bits
with an RSC encoder of rate 1/2, constraint length 4 and generator polynomials
(13g,17g). The relay, receiving 2K symbols, forwards a block of another K sym-
bols : the DF relay re-encodes the decoded bits with the same RSC code and forwards
the parity bits only, the AF relay forwards the parity bits only, and the Soft-DF relay for-
wards the K parity bits computed with the non-recursive convolutional soft-encoder
of constraint length 2 and generator polynomial 3g. To decide whether to cooperate
or not, the DF relay checks if a frame is error-free thanks to a 16-bit CRC code with
generator polynomial given by the coefficients 0x1021 (hexadecimal notation). The
bandwidth overhead required to transmit the 16 CRC bits is neglected. The figure
compares the different schemes for equal overall energy consumption per information
bit. The source terminal and the destination are at a normalized distance 1, and the
relay is on the line joining them at a distance d = 0.8 from the source terminal (same
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geometry as in fig. 3.4). The path loss exponent is chosen equal to 3.5. Denoting
Ep s the energy spent by the source per information bit, the relay spends an additional
average energy Ej s/2 to cooperate. The turbo-decoders of DF and Soft-DF perform
five iterations, which is enough to achieve convergence.

Bit error rate 10°
1072
DF
Soft-DF
1074
L | | | | |
—4 0 4 8 12 16

Ep/No

Figure 5.6: BER curves for AF, DF and Soft-DF on Rayleigh block fading channels. The filled
area delimits the BERs achievable by allowing cooperation : the upper bound corresponds to
non-cooperative transmission and the lower bound corresponds to transmission with perfect
knowledge of Ys, at the destination (equivalent to single-antenna to two-antennas transmission).

To achieve a BER of 1073, Soft-DF requires almost 2 dB less power than AF or DF
The figure also shows an upper bound and a lower bound on the achievable BER;
these two bounds delimit the shaded area. The upper bound corresponds to non-
cooperative transmission (turbo-code of rate 1/3 with the same constituent codes
as for DF, and an equal total energy expense), and the lower bound corresponds to
transmission with perfect knowledge of Y;, at the destination (equivalent to single-
antenna to two-antennas transmission). Soft-DF almost achieves the BER of the lower
bound.

These results reflect the advantages of the principles underlying Soft-DF : in comparison
to DF, Soft-DF gains from an increased cooperation level and compared to AF, it wastes
less power to transmit noise.
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5.6 ERROR-RESILIENT RECEIVER FOR DECODE-FORWARD

In the presentation of the DF protocol of section 5.3, we have assumed that the relay
forwards only codewords decoded without errors.

In this section instead, we consider a DF relay that forwards data even if it contains
errors. We modify the MAP receiver at the destination to take into account the proba-
bility of errors on the source-to-relay link. The system is identical to the one of fig. 5.1,
for code choices corresponding to the distributed turbo-coded DF scheme of section
5.3 (other code choices are possible).

The source terminal transmits information bits Us, encoded into coded bits X and
modulated into symbols Ss. The signals received by the relay and the destination are,
respectively, Y5, and Ysq.

The relay decodes the signal Ys,, makes hard decisions U, and checks if errors occured
thanks to a parity check code. Unlike in a DF scheme, the signal is forwarded whether it
contains errors or not, after interleaving, re-encoding into X, and modulation into S,.
The relay also transmits to the destination some side information related to the source-
to-relay channel state : if errors occured, it transmits the observed value Hs, = hs,
as channel state information, so that the destination can determine the corresponding
average error rate P.(hs,) in the relayed codeword; otherwise it declares that the signal
was error-free. The destination then receives the signal Y;4 from the relay.

The destination uses both the direct and relayed signals Ys4 and Y,4 to make a joint
decision. The decoding algorithm is presented in the following section.

5.6.1 Decoding algorithm

At the destination we are interested in finding the optimal estimates of the information
bits in the maximum-a-posteriori (MAP) sense. For each bit Us x, where k is the index
of the bit in the sequence Us, these estimates Us,k are defined as follows :

Us x 2 arg , max P(Us k|Ysa, Yrd). (5.15)
s,k=—41,

The decoding algorithm is of course a standard turbo-decoding algorithm if no errors
occur on the source-to-relay link, otherwise it needs to be modified.

The differences with the usual turbo-decoding algorithm are easily derived in the fac-
tor graphs framework. We will adopt this approach here : we first factorize the a
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posteriori probability function in (5.15), then we draw the corresponding graph, and
finally we apply the message-passing algorithm to it. We will focus our attention on
the differences with the usual algorithm.

The a posteriori probability P(Us «|Ysd, Yra) is the marginal function of the a posteriori
probability of the whole sequence P(Us|Ysa, Yra), and the maximization of the latter
amounts to the maximization of the likelihood P(Ysq, Y;a|Us) :

Usy = arg  max | Z P(Us|Ysqa, Yra) (5.16)
' ~{Us i}

= arg, max | {zu:}P(st,Y,dus), (5.17)
~1Us k

where ZN{UM} is the sum over all bits of Us (and U, in (5.18)-(5.19)) except Us «. In
this expression we can make the dependence between Us and U, explicit, and then
factorize it thanks to the independence of Y54 and Y,4 given Us and U, :

Us,k = arg Us.ila—xl,l Z 'D(sterd‘USvUr)"D(Ur|Us) (5.18)
N{Us.k}

= arg max > P(YsalUs) P(YalUy) - P(U|US).  (5.19)
USVk:?LlN{U K}

The factor P(U,|Us) reflects the uncertainty of U, and is responsible for the differ-
ences with the usual turbo-decoding algorithm. Continuing this derivation in the fac-
tor graphs framework, the first two factors yield the convolutional decoders (as seen in
section 2.2.2) and the third describes the exchanges of information between them. The
exact description of the factor P(U,|Us) would require to model the errors in the se-
guence U,, resulting from its coded transmission through the source-to-relay channel.
A more simple yet clearly suboptimal assumption is to consider the errors as indepen-
dent, neglecting the correlation between errors at the output of the convolutional code
decoder. We write this assumption as follows :

P(UUs) = [ ] P(UrklUs). (5.20)
k

where P(U, «|Us k) is considered as constant for all k. It takes the following values

1= P ifUpg = Usy

. (5.21)
Pe if Ur,k T Us,k,

P(Ur,k|Us,k) = {
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where P is the average error rate between the source and the relay. Note that this
error rate depends on the instantaneous signal-to-noise ratio on the source-to-relay
channel.

Constituent decoder 1
(works on Us)

w(Us )} | 17(Us k)
[ ¥ | WP Usk) ME N
W (U} | 1/ (Ur)
\ M

. [ 11

Constituent decoder 2
(works on U,)

Figure 5.7: Outlines of the graph representing the iterative (turbo) decoding algorithm.

Given the factorizations (5.19) and (5.20), the factor graph is drawn in figure 5.7.
The nodes corresponding to the factors (5.20) appear between the two subgraphs
corresponding to the constituent decoders.

From the factor graph, deriving the modification of the usual algorithm is now straight-
forward. The information messages (shown in figure 5.7) sent by a constituent decoder
are modified before they reach the other decoder, according to the following update

equations :
WeUn) = D PUrklUs i) i(Us )
Usk=—1,1
vUsk) = Y PUrklUsk) vic(Ur), (5.22)
Urk=—1,1

for all k. This achieves the translation of information available on Us x to information
on U, x and conversely. Besides this modification, the other difference with the usual
turbo-decoding algorithm is that the second constituent decoder works on the bits U, .

5.6.2 Validation of the algorithm

In this section the transmission scheme and decoding algorithm are validated by sim-
ulations. Their performance in terms of bit error rate (BER) is shown to be superior to
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that of the classical AF and DF cooperative schemes.

Bit error rate 10°

DF with
error-resilient receiver

Eb/No

Figure 5.8: BER curves for the three cooperative strategies. The new DF strategy and the
corresponding algorithm offer an improvement of 2 dB or more, for BERs below 107>, The
filled area delimits the BERs achievable by allowing cooperation : the upper bound corresponds
to non-cooperative transmission and the lower bound corresponds to transmission with perfect
knowledge of Y, at the destination (equivalent to single-antenna to two-antennas transmission).

Figure 5.8 presents BER curves for the three different transmission strategies, with the
following parameters. The source encodes its data blocks of length K = 1024 bits
with a recursive systematic convolutional (RSC) encoder of rate 1/2, constraint length
5 and generator polynomials (23g,37g) (octal notation). For the DF schemes, the
relay decodes using a BCJR decoder, and re-encodes with the same RSC code as at
the source. The interleaver in between is chosen randomly. Error detection as the
relay is considered as optimal and the few additional parity check bits needed for error
detection are neglected. Channel coefficients Hs,, H,4 and Hs4 incorporate both
Rayleigh fading and path-loss depending on the relative positions of the devices. The
path loss exponent is chosen equal to 3.5 and the distance between the source and the
destination is normalized to 1. The relay is located on the line joining the source and
the destination at a distance 0.8 from the source. BER curves are plotted as a function
of Ep/Ng, where Ej, is the total energy per bit spent by the source and the relay all
together.

The bit error rate achieved with the new decoding algorithm is significantly lower in
comparison with the usual AF and DF strategies. For bit error rates of 1073 and lower,
the gain is at least 2 dB; in fact the BER of the new scheme is barely distinguishable,
on this figure, from the BER achieved with perfect knowledge of Y, at the destination
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(lower limit of the filled area).

In this setup, where the relay is rather far from the source, the usual DF strategy is lim-
ited by the low received power at the relay that often prevents successful decoding and
forwarding. The new algorithm presented here however, is able to use the erroneous
frames forwarded by the relay to enhance the final BER, as figure 5.8 demonstrates.

5.6.3 Comments on the information exchanges

Some insight on the behavior of the algorithm can be gained by analyzing the ex-
changes of messages between the two constituent decoders. These exchanges are
limited by the transformations (5.22) because their outputs always satisfy

/J/L(Ur,k) S 1-— Pe
U(Usk) < 1-=PF, (5.23)

N

which is a straightforward consequence of (5.22) since tx (—1)+ux(1l) = 1, v, (—1)+
v, (1) = 1, and the functions i, v} are always positive. This reflects that even the
certitude on the value of the bit U, x only enables to determine the value of the bit
Us « with a probability 1 — P, since there is still a probability P, that these two bits
differ. No further improvements are possible when the bounds (5.23) are reached.

The evolution of the information exchanges can be presented in terms of mutual
information. We are interested in the information available on Us, at the input
and at the output of the first constituent decoder, in the ux(Usx) and vi(Us k)
messages. The corresponding mutual informations are written /(Us x; ik (Us x)) and
1(Us.k; vk(Us x)). The improvements of these mutual informations throughout the it-
erations of the decoding algorithm can be computed by simulation, and then displayed
as a trajectory much like the trajectory of mutual information in an EXIT chart. Figure
5.9 shows three such trajectories, for three values of the instantaneous E,/Ng and the
following parameters : RSC code with polynomials (23g, 37g), probability of error at
the relay fixed to 0.01, fixed channel coefficients Hsy = H,4 = 1 and relay located at
a normalized distance 0.2 from the source.

As it can be expected from (5.23), the incertitude between Us and U, limits the mutual
information exchanged between the codes. In figure 5.9, the two trajectories with the
highest values of Ej,/Ng increase until /(Us «; vk (Us k) reaches its maximal achievable
value (vertical dotted line on the right). This maximal mutual information is reached
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1(Us ic; ik (Us k) 1
Output of decoder 1,
sent to decoder 2

f —ods| E=1d8] | -
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e 1(Us i vk (Us i) 1
Input of decoder 1, received from decoder 2

Figure 5.9: Evolution of the mutual informations /(Us k; tk(Us.k)) and /(Usk; vk(Us)) dur-
ing the decoding of a sequence, for three instantaneous Ej/Np.

when U, « is known with certitude; in that case we have either

{ ) =1=Fe ) 1 or { “ll) = Fe (5.24)
l/k(—l):Pe l/k(—].): 1_Pe

if U, x = —1; the corresponding value of /(Us x; vk(Us.x)) is
Imax = 1+ Pe 1095 (Pe) + (1 — Pe) logo(1 — Pe). (5.25)

In the reverse sense, the mutual information /(Ur «; 1} (Ur.x)) going from the first to
the second constituent decoder is also bounded by /ax.

5.7 ITERATIVE RECEIVER FOR COMPRESS-FORWARD

This section addresses the CF protocol, and proposes a new receiver for decoding in
the MAP sense at the destination.

As described in section 3.5, the CF protocol uses compression with side-information,
i.e., Wyner-Ziv coding [55]; the side-information available at the destination is the
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signal received on the direct user-to-destination link.

A practical way to implement Wyner-Ziv coding is to use scalar quantization followed
by Slepian-Wolf source coding [79], as suggested in [80,81]. Several coded implemen-
tations of the CF protocol do so, using scalar quantization at the relay [74], followed
by source coding [69, 75] or Slepian-Wolf source coding [76].

While several such code and quantizer implementations have already been proposed,
the corresponding decoder design as received comparatively less attention. Up to now,
receivers used at the destination have followed the lines of the CF decoder used with
random codes in [38]. These receivers decode the channel code used by the relay, then
decode the Slepian-Wolf source code, reconstruct the quantization samples and finally,
use them for decoding the signal sent by the source terminal.

We were interested instead in the maximum-a-posteriori (MAP) receiver for the CF
protocol, and in its consequences on the design of the system.

This section presents the derivation of the MAP receiver in the factor graphs frame-
work, for a half-duplex orthogonal relay channel. The MAP CF decoder is found to
be iterative : it alternates between decoding the signals from the user terminal and
from the relay terminal. Improvements made by each constituent decoder are recycled
by the other, as respectively better quantization estimates or better side information.
Exchanges are made of so-called soft information : the dequantizer for example, does
never choose a definite reconstruction value for the quantized samples; instead it keeps
probability information on possible reconstruction values. Differing from other algo-
rithms, the side information is also refined during the iterative process; these refine-
ments are made possible by using the code underlying the signal of side information.
The performance of this algorithm is evaluated by simulations, for a simple CF system
with scalar quantization and Slepian-Wolf source coding.

The analysis of the receiver also yields a design criterion for the scalar quantizer, be-
cause the latter determines how information is exchanged between the two constituent
decoders. A natural tool for the analysis of the quantizer are the extrinsic information
transfer functions (EXIT functions) of these exchanges. The quantizer can thus be cho-
sen so as to yield the most appropriate EXIT functions. As a consequence, besides
improving decoding performance, using the MAP receiver also impacts the system de-
sign.

In addition to the MAP receiver design, this section ends with a comparison between
relays quantizing channel observations or soft decoder outputs (as in section 5.6).
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Although the quantization of channel observations was proposed in [38], several works
use relays that quantize the outputs of a soft decoder, e.g. [7] (see section 5.6) or
[75,74]. The idea of preceding the quantizer with a soft channel decoder is to improve
the knowledge of the information bits of the user by using the channel code; this can
be thought of as a kind of vector pre-processing before scalar quantization. In our case
however, results show that quantizing channel observations works better, and suggest
that errors made by the soft-decoder tend to propagate to the destination.

The section is organized as follows. Section 5.7.1 introduces the system model and
section 5.7.2 presents the derivation of the MAP CF decoding algorithm. The receiver
is then validated by simulations in section 5.7.3. Section 5.7.4 analyzes the dequantizer
and identifies its EXIT functions as a design criterion. Finally, section 5.7.5 compares
the quantization of channel observations or soft decoder outputs.

5.7.1 System model
We consider the system of fig. 5.10.

Relay

Y U S
\ Destination
Source Y4

Ue s, T A |y,
enc. Ysd— receiver —

Figure 5.10: Cooperative system. The abbreviations enc. and quant. stand for encoder and
quantizer.

The user transmits a sequence of information bits Us (length K), coded and modulated
into a sequence of symbols S (length N). From the transmission of these symbols the
relay receives Ys, and the destination Ys4.

The relay quantizes Ys,, and after coding and modulation, forwards a signal S, to the
destination. This sequence is received as Y4 by the destination.

Finally, the destination uses both the direct and relayed signals Y54 and Y;,4 to make a
joint decision. The decoding algorithm is derived in section 5.7.2.



130 Chapter 5. Practical codes and decoders for the relay channel

Processing at the relay

The compression takes advantage of the side information available at the destination :
since Y, is correlated to Ysq, available at the destination, the relay uses Wyner-Ziv cod-
ing [55]. In our system, Wyner-Ziv coding is achieved by scalar quantization followed
by Slepian-Wolf source coding, as suggested in [80, 81], or specifically for the relay

channel in [76].
Distr. of Ys, \/

Partition Vi Vo V3
Bin index W, 1 2 3 4
Binary label U!U? 1,1 1,-1 | —-1,-1| —-1,1

Figure 5.11: The quantizer (here with 4 bins) is defined by its partition in bins and by the binary
labeling of the bins.

The scalar quantizer of the relay is defined by its partition in bins and by the bi-
nary labeling of the bins (example in fig. 5.11). The partition consists of B bins
w=1,..., B, delimited by B — 1 thresholds vy, . . ., vg_1; it is symmetric around
the origin because the signal to quantize has a symmetric distribution. The labeling
function £(-) defines a correspondence between a bin index W and a unique binary
label U}, ..., U of length Q :

(. UQl = L(W). (5.26)

After the scalar quantization, the sequence U, of binary labels is encoded by a Slepian-
Wolf source code, a channel code and is modulated into a sequence of symbols S,.

5.7.2 Iterative receiver

The Compress-Forward protocol for random codes in [38] uses at the destination a
receiver that first decodes the bits U,, then makes estimates of Ys, using the signal
from the user Y54 as side information, and finally decodes the information Us. Practi-
cal implementations of Compress-Forward [75, 69, 74, 76] use this same sequence of
operations.
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This section addresses instead decoding according to the maximum-a-posteriori (MAP)
criterion. The MAP estimates of the user’s bits Ux (k = 1,..., K) are defined as
follows :

Usk = arg y.max P(Usk|Ysa = Ysd. Yrd = Yra). (5.27)
s,k=——4,

A decoding algorithm for this problem is easily derived in the factor graphs and sum-
product algorithm framework.

The resulting algorithm differs from those found in the literature in three ways. First,
it decodes Ysq and Y,q4 jointly, by iterating between the corresponding constituent
decoders. Second, rather than taking a decision on reconstructed values for the com-
pressed samples of Yj,, it weights possible alternatives by their respective probability.
Third and last, the decompression uses the improving knowledge of S along iterations
to better exploit the correlation between Ys, and the side information Ysq.

Factor graph for the whole receiver

This section addresses the factorization of (5.27) and presents the corresponding factor
graph.

The a posteriori probability P(Us k|Ysd, Yrd) is the marginal function of the a posteriori
probability of the whole sequence P(Us|¥sd, Yra). and the maximization of the latter
amounts to the maximization of the likelihood P(ysq, yrq4|Us) for equiprobable bits
Us :

Us,k = arg Usl;:n:aixl,l Z P(Us‘.Vde_Vrd) (5.28)
' ~AUs i}

arg  max | {XU:} (Ysd, Yrd|Us) (5.29)
~ s,k

In this expression we can make the dependence between Us and U, explicit, and then
factorize thanks to the independence of Y;4 and Y,4 given Us and U, :

U = arg max > Pysa. yralUs. Ur) - P(U/Us) (5.30)
' N{Us,k}
= arg max | {zuj } P(ysalUs) - P(yralUy) - P(U,|Us).  (5.31)

Noting that Us — Ss — Ysq and U, — S, — Y, 4 are Markov chains, the first two factors
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of (5.31) can be factorized as follows :

P(ysd|Us) = P(st|55) : P(Ss‘Us)y (532)
P(yrd|Ur) = 'D(yrd‘sr) ' P(Sr|Ur) (533)

The third factor, P(U,|Us), reflects the correlation between the information bits Us
and the sequence U, sent by the relay. Since Us — Ss — W, — U, is a Markov chain, we
have

P(U|Us) = P(Ur|W,) - P(W,|Ss) - P(Ss|Us). (5.34)

The factorization (5.31) can thus be written :

Us,k:arg Usvr:lafxl,l {%:}P(ysd|ss) : P2(55|Us) (5.35)
~ sk

P(yra|Sr) - P(S/|U;) (5.36)

P(U:\W,) - P(W,|Ss). (5.37)

Functional blocks of the decoding algorithm become apparent in this last factorization.
Indeed, continuing the factorization in the factor graph framework,

m the factors in (5.35) yield the constituent decoder and demodulator for the sig-
nal Us from the user (Note that the square can be omitted since P(Ss|Us) is
equal either to 0 or 1, because the correspondance between the sequence of
information bits Us and the sequence of symbols S is deterministic);

m the factorsin (5.36) yield the constituent decoder and demodulator for the signal
U, from the relay;

m and finally, the factors in (5.37) describe the dequantization and, since it contains
both S5 and U,, connects the former two constituent decoders.

Decoders for the constituent codes of the user and the relay are assumed to be known
and are not addressed here. In the following we focus on the dequantization part.

We continue the factorization of (5.37) into symbol-level factors. Since the quantizer
is scalar and memoryless, we can write

N
P(UW,) - P(W,[Ss) = [] P(UE, ... US,IW,.n) - P(W,.4l S ). (5.38)

n=1
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The factors P(U}, ... UZ,|W,. ) describe the deterministic correspondence between a
binary label U}, ... US, and the quantizer bin number W, ,,, thus

. (5.39)
0 otherwise.

P}, .. . US|W,,) = {

The factors P(W, »|Ss,n) are the probabilities that, when the user sends a symbol S,
the relay receives a Ys, 5 in the bin W, , of the quantizer :

Vi 1 ,

P W S = _(y_Hers,n) /Nod 540

( r,n| s,n) /VW—1 me y ( )

if one defines vy = —oo and vg = +o0. This depends on the modulation used by the

user, on the signal-to-noise ratio on the user-to-relay channel, and on the position of
the bin W, .

| Sub-graph for constituent decoder of U, |

P(U}, .. US W)

w(We) l T Y(W,.0)
P(Wi.n|Ss.n)
Pa<ss,n>l TPe(ss,n)

| Sub-graph for constituent decoder of Us |

Figure 5.12: Outlines of the graph representing the iterative decoding algorithm. The arrows
and their labels represent messages of the sum-product algorithm.

Given the factorizations (5.35)—(5.38), the factor graph is drawn in fig. 5.12. The
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nodes corresponding to the dequantizer appear between the two sub-graphs corre-
sponding to the constituent demodulators and decoders of Us and U,.

Message-passing for the dequantizer

This section details the operations of the dequantizer, derived by applying the sum-
product algorithm to the graph of fig. 5.12.

The sum-product algorithm applied to the dequantizer describes how extrinsic prob-
abilities P(U7,). g =1,..., Q and P:(Ss. ) produced by the constituent decoders,
are transformed into a priori probabilities P;(Ss ) and P,(U?,), g = 1,..., Q, for
the other decoder.

In the relay-to-user decoder direction, the transformation is made of the following two

steps :
uWen) = Pe(U},) - Pe(US, (5.41)
for [Url,n T Ugn = L(W,.5),
B
Pa(ss,n) = Z P(Wr,n‘ss,n) 'U(Wr,n)~ (5.42)
W, =1

The dequantizer forms a priori information P,(Ss,) for the decoder of Us from a
weighted combination of all possible W, ,,, instead of choosing a definite reconstruc-
tion value.

Similarly, we have in the user-to-relay decoder direction :

B
U(Wr,n) = Z P(Wr,n‘ss,n) . Pe(ss,n). (543)
W, =1
Q .

P(U) = > vWen) [ Pe(UL,). (5.44)

Wrn:U,qn i=1

o i#q
forq=1,..., Q, and where the notation W, , : U7, indicates that the sum is over

all values of W, , compatible with U?,, through L(W,.,) = [U},. ..., ug, ..., Ug,).
The a priori probabilities P,(U7,) calculated by the dequantizer from the extrinsic
information P.(Ss.,) are used by the decoder of U, as side information; they enable
Slepian-Wolf source decoding.
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The said dequantizer has thus two functions, one being the actual dequantization
by (5.41)—(5.42) and the other being updating the side information by (5.43)—(5.44).
By simplicity we keep the name dequantizer for both in the sequel, as they are a
consequence of the presence of a quantizer.

Comments on the algorithm

In the previous two sections the MAP algorithm has been recognized to include con-
stituent decoders for the signals Us and U,, as well as a dequantizer that governs
exchanges between them. We now highlight some features of the overall decoding
process.

First, the presence of cycles in the factor graph makes the algorithm iterative. The
constituent decoders will exchange information, through the dequantizer, in order to
progressively refine their estimates. This is different from usual decoders that first
decode U, with S; as side information, then decode Us, and do not iterate. Various
scheduling between decoding operations are possible (e.g. start by decoding Us, or
U,, etc.).

Second, the dequantizer never takes a definite decision on the estimates; instead it
assigns probabilities to each possibility. For this reason, and following usual naming
conventions, we will term this soft dequantization.

Third, the decoder would not be iterative if the data sent from the user was memo-
ryless, because there would be no cycles (at least cycles including both the user and
relay signals, creating iterations between the constituent decoders of Us and U,). The
receivers makes thus specifically use of the correlations between symbols S induced by
the code. This results in refinements of P.(Ss.,) over iterations, and by (5.43)—~(5.44)
in refinements of the side information for Slepian-Wolf decoding.

5.7.3 Validation of the algorithm

This section illustrates the performance improvements brought about by the joint MAP
receiver. The following two sections present the codes and modulations used for the

simulations, followed by some simulation results.
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Choice of coding : a CF counterpart to Valenti’s DF

For these simulations we use a CF coding scheme that can be thought of as a counter-
part to the distributed turbo-coded DF scheme of Valenti et al. [63].

As described in section 5.3, the distributed turbo-coded DF scheme of Valenti consists
in using convolutional codes at the user transmitter and at the relay in such a way that
they make up a turbo-code. The advantage of this DF scheme is that it makes up a
turbo-coded transmission, while keeping the complexity low at the relay since the relay
only decodes a convolutional code, not a turbo-code.

The CF system used here is a counterpart to Valenti’s DF scheme in the sense, first, that
it also uses the same combination of convolutional codes and interleaver, and second,
that it also aims at keeping the complexity low at the relay. This CF scheme is intended
to enable the relay to switch from DF to CF when it does not successfully decode the
signal it receives. Using the same codes for both schemes enables reusing the same
hardware.

The transmitters and receivers are depicted in fig. 5.13. The user encodes its data
with a recursive convolutional code and binary phase-shift keying (BPSK) modulation.
The relay quantizes its channel observations with a scalar quantizer, and the resulting
sequence of binary labels is interleaved. Interleaving makes the binary sequence appear
uncorrelated for subsequent coding, and from a decoder perspective, avoids short
cycles in the factor graph, that are known to degrade the performance of an iterative
receiver. Interleaved bits are then encoded with a recursive convolutional code that
acts as a source-channel code (for the use of recursive convolutional codes as source-
channel codes, see [82, 83]). Parity bits produced by such a code are equiprobable,
as shown in [84]. This sequence of parity bits is then modulated either with BPSK
or, for higher rates, with M-size amplitude-shift keying (M-ASK). In the latter case,
the binary sequence is interleaved before transmission in order to yield bit-interleaved
coded modulation (BICM, see section 2.4).

Alternatively, the relay could encode into separate layers each position g = 1,...,Q
of the binary labels output by the quantizer, since they have in general different statis-
tics. As other alternatives, code choices in the literature include LDPC codes for the
user in [69,76], and irregular-repeat-accumulate codes for Slepian-Wolf source-channel
coding in [76].

As a consequence of our coding choices, the constituent decoders for Us and U, are
BCJR decoders. The constituent decoder of U, is complemented by an interleaver
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Source
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enc. mod.
Relay
Ysr | Scalar | Ur n Rec. conv. | [ M-ASK S
quantizer 1 enc. 2 mod.

Yia
Destination
M-ASK -1
demod. My

| Source-channel dec. for U,
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Side info
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— BPSK demod. + dec. for Us RN

Figure 5.13: System used for simulations.

and an M-ASK demodulator to handle the BICM. The decoding algorithms are imple-

mented in the log-domain, i.e. with probabilities represented by their log-ratio defined

as follows :
P:(Ssn=+1)

n———=~
P:(Ssn=-1)

and similarly for Le s, ,, L, ys, and L ya .

Las,, =1 (5.45)

The scheduling is as follows : the probabilities P(ysd,n|Ss.n) initialize the extrinsic
probabilities P.(Ss. ), then the decoding operations are carried out as shown by the
direction of the arrows in fig. 5.13. Such a scheduling makes the first iteration cor-
respond to the decoders found in the literature. After several iterations the receiver
finally outputs bit estimates Us,k.
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Simulations

In this section the iterative decoding algorithm is validated by simulations. The iterative
refinements are shown to improve significantly the performance in terms of bit error
rate (BER).

BER for bits Us

10*1 —t

\'\\‘\ iterations 1, 2, and 5
1073 \k
iy

BER for bits U,

[ \ |
=2 0 2

Es/No [dB]

Figure 5.14: Bit error rate over iterations. The first iteration corresponds to decoders that follow
the steps of the CF decoder for random codes.

Figure 5.14 presents curves of the BER for bits of Us and U,, for increasing number of
iterations, with the following parameters. The user encodes its data blocks of length
K = 1024 bits with a recursive systematic convolutional encoder of rate 1/2, con-
straint length 5 and generator polynomials (23g, 37g) (octal notation). At the relay,
the scalar quantizer has a partition of 4 bins, chosen so as to maximize the mutual
information /(Ss; W, ) (see section 5.7.4). The binary labeling of the bins is the same
as in fig. 5.11. The interleaver is random and re-encoding is achieved with the same
recursive code as at the source (systematic bits are not sent though, as in [84]). The
relay uses 16-ASK modulation with set-partitioning mapping. The number of symbols
sent by the relay is thus chosen to be half the number of symbols sent by the source.
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All three terminals are lined up, the relay is between the user and the destination at a
normalized distance d = 0.7 from the user. Path losses between the terminals deter-
mine the power levels at the receivers. The path loss exponent is chosen equal to 3.5.
The two-sided power spectral densities of noise Ny/2 are set equal for both the relay
and destination receivers. BER curves are plotted as a function of E,/Ng, where E,
is the total energy per bit spent by the source and the relay all together. Within each
global iteration, the BICM decoder for U, iterates as long as it provides improvements;
in practice 4 iterations were enough for this simulation.

The gain provided by MAP decoding is clear from fig. 5.14, given that the first iteration
corresponds to the receivers that follow the steps of the CF decoder for random codes.

5.7.4 Analysis of the quantizer

In our iterative receiver, the quantizer design affects exchanges of information in two
directions : the dequantizer transfers extrinsic information on U, into a priori informa-
tion on S, and conversely transfers extrinsic information on S into a priori informa-
tion on U,. The design of the partition of the quantizer should thus ensure that the
guantizer makes the most of these two-way transfers, the final performance measure
being the ability to decode Us successfully.

This section analyzes these transfers in terms of mutual information, a common prac-
tice for analyzing the behavior of iterative decoding algorithms (see section 2.5.2). The
two extrinsic information transfer functions (EXIT functions) can be used along with
the EXIT functions of the constituent codes to analyze the behavior of the decoder and
choose system parameters that enable successful decoding.

The EXIT functions for the dequantizer must describe the transfer from constituent
decoder to constituent decoder. For our receiver (fig. 5.13), the transfer functions
include thus both the dequantizer and the interleaver. Because of the interleaver, the
correlation between bits U, does not have to be considered.

Bit flipping

The computation of the mutual informations involving bits U, must be handled with
care, because these are in general not equiprobable. The method we use for dealing
with these biased bits is bit flipping as suggested in [85]. This consists in defining an
equivalent system where biased bits U, are pseudo-randomly flipped into a sequence
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of equiprobable bits U,. Given a sequence F of independent and uniformly distributed
bits, flipping is as follows :
U =U +F. (5.46)

The equivalent system uses this sequence Ur instead of U, as input to the encoder and
modulator. The receiver knows the sequence F and converts the log-ratios on bits U,
into log-ratios on U, where needed. By linearity of the codes and symmetry of the
channel, the flipped system is equivalent to the original one. The advantage of using
this trick here is that the relay code needs to be characterized only by its EXIT function
for equiprobable bits, whatever the bias in U,. Changes in the bias of U, are accounted
for by the two EXIT functions of the dequantizer instead. This enables fair comparisons
of quantizers from the comparison of the EXIT functions they yield.

EXIT functions of the dequantizer

We are now ready to define the two EXIT functions of the dequantizer Ty 5_and T g .
corresponding to (5.41)—(5.42) and (5.43)—(5.44) respectively, along with the mutual
informations under consideration (indices n and g have been omitted) :

TU,SS(/(Ur; Le,U,)) I(Ss; Las,) (5.47)
To.5.(I(SsiLes) 1(UniLeg)) = 1(UnL,g). (5.48)

Note that the transfer function T depends on informations coming from both con-
stituent decoders, as (5.43)—(5.44) show.

Analytical treatment of these two input-output transfer functions is difficult, so we
resort to numerical simulations to calculate them. This empirical approach is made
possible by the two following observations, made in [35]. First, the distribution of the
extrinsic log-ratios L, ;5 or Le s, approaches a Gaussian-like distribution with increas-
ing number of iterations; and second, the interleaver ensures that the log-ratios Le,U,
remain fairly uncorrelated, locally, over many iterations. For these reasons, one can
generate input sequences of extrinsic log-ratios as if they were made of independent
Gaussian-distributed log-ratios. One determines points of the EXIT function by com-
puting the empirical mutual information observed at the output, for several values of
the mutual information at the input.

EXIT functions for the quantizer of fig. 5.11 and two different partitions are presented

in fig. 5.15, for £ = —1 dB at the relay.
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To,s(1(0ri Le,)) Tsg,(I(Si Les), 1(Uri Lo )

1 1 \
i I(Ur;L,5) =005 and1
0 : 0
0 1 0 1

I(L,g,: 0 I(Les:;S)

Figure 5.15: EXIT functions T, 5(+) (left) and Ty, (-, ) (right, for three values of the second
argument I(Ur: L, 3,)). The solid blue curves correspond to a quantizer partition that maximizes
1(S; W) and thus Ty 5(1). The dashed black curves characterize a quantizer that produces a
lower value of /(S; W, ) but also a lower entropy H(W,). The lower entropy causes the vertical
shift of Tgg, (-, -).

Particular points of these curves can be related to two quantizer properties, namely the
mutual information between its inputs and outputs /(Ss; W, ), and the entropy of its
outputs H(W,). We have

Tg,5.(1) = 1(Ss:W}), (5.49)

because /(U,; L. ) = 1involves that the bits Uf,, and thus W, are known with cer-
tainty; in that case only one term is non-zero in (5.42) and P(L, s.|Ss) is distributed
as P(W;|Ss). In the appendix we also show that, for the quantizer of fig. 5.11,
Ts.5,(0,0) increases when H(VV,) decreases, and conversely (the exact relation de-
pends on the labeling function £(+)). In fig. 5.15, the quantizer corresponding to
the solid blue curves maximizes /(Ss; W, ). The quantizer corresponding to the dashed
black curves reaches a lower /(Ss; W,) but has a lower entropy H(W,), thus more
favorable functions TSSOr(" -) (i.e., bits U, are more biased, so that the a priori infor-
mation used by the source-channel code is higher).

Comparison with other criteria for quantizer design

In comparison with our approach, the quantizer design criterion of [75] corresponds to
choosing the partition that maximizes /(Ss; W, ), the upper right point of the transfer
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function Ty 5. ().

The design criterion of [69] is the same, but constraints the entropy H(W,) to be
lower than the available rate on the relay-to-destination channel. Such an optimization
addresses the same compromise as here between Tj; 5 (+) and T g (-, ). They require
however that U, be decoded successfully in just one iteration. The dual criterion is
addressed in [74].

Finally, in [76] the quantizer is chosen so as to maximize the achievable rate of the pro-
posed Compress-Forward system. The system is similar to ours, with a scalar quantizer
followed by a Slepian-Wolf source-channel code; the decoder however is not iterative.
The same rate optimization can be achieved with EXIT charts, using the EXIT functions
of the dequantizer along with those of the constituent decoders of Us and U,. The
EXIT charts approach enables to handle the iterative nature of the receiver.

5.7.5 Comparison between quantization of channel observations or soft de-
coder outputs

Practical Compress-Forward schemes found in the literature have considered either the
compression of the signal received by the relay, Y;,, or the compression of the outputs
Ly, of a soft-input/soft-output decoder at the relay (e.g. [75,7,74]). The latter option
is motivated by the idea that the soft decoder outputs should contain all relevant
information about Us present in Ys,; the soft decoder can be considered as a vector
pre-processer before the scalar quantizer. Note that the case studied in section 5.6
corresponds to the particular case of binary quantization of soft decoder outputs.

As no other paper has compared these two options, this section carries out a compar-
ison for the particular coded scheme presented above. The system of section 5.7.3 is
compared to a similar system that decodes Y, into a sequence of soft log-ratios Ly,
and quantizes them instead of Y;, (fig. 5.16). The relay is located at a normalized
distance d = 0.9 on the line joining the user and the destination. Quantizers use par-
titions with 2, 4, or 16 bins. The relay-to-destination channel is assumed to be perfect,
i.e., the quantizer outputs are perfectly known by the destination.

Proper comparison must take into account the fact that the five quantizers of fig.
5.16 produce different entropies of U,, for two reasons. The first reason is that the
five quantizers produce different entropies H(W,), and the second reason is that the
sequences Y, and Ly, have different lengths : quantizing Y, yields K - Q bits U,
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whereas quantizing Ly, produces N - Q bits U,. These simulations use a code of rate
5 at the source, thus N = 2 - K.

BER for bits Us

% of relay errors 100
not recovered
by the destination

Eb/No [dB]

= Quantization of soft decoder outputs Ly,
e Quantization of observations Yz,

— B =2bins --—--- B =4bins ---- B=16bins

Figure 5.16: Comparison of several coding schemes at the relay, with quantization of soft
decoder outputs or channel observations. The relay-to-destination link is considered perfect.
Four-levels quantization of observations achieves a bit error rate close to perfect unquantized
transmission (gray dashed curve in the upper graph). The lower figure suggests that errors made
by a soft decoder tend to propagate.

The upper part of fig. 5.16 shows that quantizing the observations Y, is always
better than gquantizing the soft decoder outputs Ly,, when the relay-to-destination
transmission is perfect. Quantizing Ly, might still have some interest in our case if
the relay-to-destination link is weak, because its can produce lower entropies for U,
(essentially because our codes choices make the sequence Ly, shorter).

The lower part of fig. 5.16 carries the comparison further by looking at the positions
of errors, at the relay and at the destination. Errors at the relay are defined as sign
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errors of the soft outputs Ly, or equivalently as binary errors in hard decisions based
on Ly,. To provide a point of comparison, we use this same definition of relay errors
for the relay quantizing Ys,, even though it is not supposed to calculate Ly,. Fig. 5.16
suggests that, in the case of soft decoder output quantization, errors made at the relay
are difficult to recover at the destination. In other words, errors made when attempting
to decode at the relay are the most favorable places for errors at the destination, i.e.,
errors propagate.

Part of the reason for explaining the poorer performance of quantizing Ly, instead of
Y5, is that the equivalent channel between S and Ly, is not memoryless, whereas the
receivers presented so far assume it is.

In conclusion, this shows that, at least for the system considered here, preceding the
quantizer with a soft decoder can be more harmful than beneficial.

5.8 PERFORMANCE COMPARISONS FOR HYBRID SCHEMES

The preceding sections have presented several relaying techniques and the correspond-
ing receivers; this section compares them.

Comparisons are carried out for transmission on wireless channels, without channel
state information at the transmitters. We also choose to use hybrid transmission
schemes, where the relay can switch between two protocols depending on the quality
of the signal it receives :

m [f the relay successfully decodes the error-correcting code, it uses a regenerative
protocol (i.e., DF, section 5.3).

m [f therelay is not able to decode successfully, it uses one of the non-regenerative
protocols : AF (section 5.4), Soft-DF (section 5.5), DF with the error-resilient
reception (section 5.6), or CF with iterative MAP reception (section 5.7).

Comparisons depend on the geometric configuration of the relay system. We provide
results for two distinct situations, either when the relay is at a distance d = 0.6 from
the source terminal on the line joining the source terminal and the destination, and
when the relay is at a distance d = 0.9 from the source terminal.

Our simulations suggest that the hybrid scheme using CF as non-regenerative protocol
tends to work best. More qualified results are presented in the following sections.
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5.8.1 Simulation setup

Wireless channels are modeled as Rayleigh block-fading channels. All three terminals
are lined up, the relay being located between the source terminal and the destination.
Path losses between the terminals determine the power levels at the receivers; the path
loss exponent is chosen equal to 3.5. The two-sided power spectral densities of noise
No/2 are set equal for both the relay and destination receivers.

In all schemes, the source terminal encodes its data blocks of length K = 512 bits with
an RSC encoder of rate 1/2, constraint length 5 and generator polynomials (23g, 373)
(octal notation). The source terminal uses BPSK modulation. It transmits thus N = 2- K
symbols, and the relay terminal forwards K additional symbols.

In all hybrid schemes, when using DF, the relay uses a random interleaver and re-
encodes the data with the same RSC encoder as the source terminal. As for the pa-
rameters of the non-regenerative protocols, they are given separately for each case
addressed below.

The simulations use as reference system an hybrid transmission scheme using, as non-
regenerative protocol, the CF protocol with binary quantization at the relay (as de-
scribed in section 5.7.3). The outputs of the quantizer are encoded with BICM : they
are encoded by the same recursive encoder as the source terminal; then the result-
ing parity bits are randomly interleaved and forwarded using 4-ASK modulation with
set-partitioning mapping (systematic bits are not forwarded).

For protocols using iterative receivers, the results correspond to the fifth iteration.
Moreover, for the iterative reception of CF, the BICM decoder makes two iterations
within each global iteration.

5.8.2 Performance comparisons for the non-regenerative part of the proto-
col

Figures 5.17-5.20 present four comparisons of hybrid schemes. Each of this figures
contains, in the left column, the results for a relay at distance d = 0.6 from the source
terminal, and in the right column, the results for a relay at distance d = 0.9.

In each column, the first figure is a comparison in terms of bit error rate, and the
second is a comparison in terms of frame error rate. These error rates are not for
the whole hybrid scheme, they consider only frames sent with the non-regenerative
protocol (frames that the relay could not decode successfully). Frames relayed with
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DF are thus not taken into account. The lowest figure shows the usage of the non-
regenerative protocol, which corresponds to the percentage of unsuccessful frame de-
coding at the relay.

BER and FER curves are plotted as a function of E,/Ngy, where Ej is the total energy
per bit spent by the source and the relay all together.

CF with binary quantization vs. AF

As shown in fig. 5.17, CF is better than AF both in terms of bit error rate (gain larger
than 2 dB) and in terms of frame error rate, for both locations of the relay. This con-
trasts with the information theoretic results of section 4.6.1, where AF was shown to
be better. The conclusions made for random Gaussian codes can thus not be extended
to practical systems using binary codes.

Note that the results of section 4.6.1 are obtained under slightly different assump-
tions. First, they assume that the relay forwards as many symbols as the source termi-
nal, whereas here the relay forwards half the number of symbols sent by the source.
We have verified however that the results of section 4.6.1 hold when using the latter
repartition of channel uses. Next, the two following differences make the CF protocol
used here less sophisticated than the one of section 4.6.1 :

B The practical scheme of this section uses simple scalar quantization followed by
a binary source-channel code. In contrast, the information theoretical scheme
used in section 4.6.1 uses (vector) Wyner-Ziv coding with a random Gaussian
codebook (which is not optimal but is the best known compression method —
or rather, the only one investigated in this context— when using a Gaussian
codebook at the source).

m The system of this section is not optimized, whereas the system of section 4.6.1
optimizes the parameters of CF forwarding at each frame (code rate R, and
compression noise Ng).

Thus, the CF protocol of this section manages to outperform AF even though it is
rather simple. And finally, as a last difference, the CF system of this section uses the
iterative reception algorithm of section 5.7, which, as noted in section 5.7.2, bears
some structural differences with respect to the information-theoretic decoding algo-
rithm. In particular, it uses the structure of the error-correcting code to refine the side
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information used for decompression.

CF with binary quantization vs. Soft-DF

The comparisons in fig. 5.18 show that Soft-DF performs almost always worse than CF
with iterative reception.

Comparing the performance of Soft-DF with that of AF (compare with fig. 5.17) gives
some insight on the advantages and disadvantages of Soft-DF. Soft-DF is better in terms
of BER, but worse in terms of FER. Using a soft decoder at the relay helps improving the
information forwarded on the bits, since the BER is lower. However, while producing
less bit errors, Soft-DF produces more frame errors. It seems that the decoder at the
destination hardly recovers errors produced by the decoder at the relay : the frame
error rate at the destination is pulled down by the frame error rate at the relay.

CF with binary quantization vs. DF with error-resilient receiver

As shown in fig. 5.19, DF can achieve better or almost equal BER as CF when using the
receiver resilient to relay errors presented in section 5.6 (even though the error rates
of fig. 5.19 are for frames not successfully decoded by the relay). However, CF works
much better in terms of frame error rate. Again, trying to decode at the relay improves
the bit error rate at the destination but pulls down the frame error rate, because the
errors made by the decoder at the relay are hardly recovered by the decoder at the
destination.

Using DF with the receiver resilient to relay errors is especially useful when the relay is
farther away from the destination (first column in fig. 5.19), because the number of
bits to transmit by the relay is lower than with CF (see discussion in section 5.7.5). In
this simulation, the CF and DF protocols forward the same number of symbols, but CF
uses 4-ASK while DF uses BPSK.

CF with binary quantization vs. CF with 4-levels quantization

Figure 5.20 compares the CF protocol with binary quantization with the following CF
protocol with 4-levels quantization. The partition of the scalar quantizer is chosen so as
to maximize the mutual information /(Ss; W, ) (see section 5.7.4). The binary labeling
of the bins is the same as in fig. 5.11, and the relay uses 16-ASK modulation with
set-partitioning mapping.
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As intuition suggests, CF with 4-levels quantization works better when the relay is
closer to the destination, because the relay-to-destination link is better in that case and
can support a higher transmission rate.

Conclusions
We conclude this section with some additional comments drawn from fig. 5.17-5.20.

First, in no situation is the AF protocol the best scheme. This contrasts with the
information-theoretical results of section 4.6.1.

Next, Soft-DF is always better than AF in terms of BER, and very close to AF in terms of
FER. It is however outperformed by DF with error-resilient receiver, and most often by
CF.

Finally, CF with 2 or 4-levels quantization performs better than any other protocol in
terms of FER. It is also always better in terms of BER, behalves when compared to DF

with error-resilient receiver, when the relay-to-destination is weak.

5.8.3 Performance comparisons for the whole protocol

To complete these simulation results, this section presents the overall performance of
hybrid protocols, i.e., the performance when both frames sent with DF and frames sent
with the non-regenerative protocol are taken into account.

Figure 5.21 compares the hybrid protocols that have respectively AF and CF as non-re-
generative protocol. The DF-AF protocol is taken as a reference since it corresponds to
a usual choice of hybrid protocol, and the DF-CF protocol is chosen because CF was
identified as the most promising non-regenerative protocol in the previous section, due
to its good performance both in BER and in FER. In the DF-CF protocol, the CF part of
the protocol uses two-levels quantization when the relay is located at d = 0.6, and
four-levels quantization when the relay is located at d = 0.9. The filled area delimits
the error rates achievable by allowing cooperation : the upper bound corresponds
to non-cooperative transmission and the lower bound corresponds to transmission
with perfect knowledge of Y;, at the destination (equivalent to single-antenna to two-

antennas transmission).

The DF-CF protocol outperforms the DF-AF protocol in terms of bit error rate and of
frame error rate, for both locations of the relay. Moreover, the error rates of the DF-CF
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Figure 5.17: Comparison of two hybrid schemes using, as non-regenerative protocol, either AF
or CF with binary quantization. The error rates are for frames sent with the non-regenerative
protocol only.
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Figure 5.18: Comparison of two hybrid schemes using, as non-regenerative protocol, either
Soft-DF or CF with binary quantization. The error rates are for frames sent with the non-
regenerative protocol only.



5.8 Performance comparisons for hybrid schemes 151

Position of the relay d = 0.6 Position of the relay d = 0.9

Bit error rate (for data sent with the non-regenerative protocol)
10°

~ S
1072 -\v EF\‘\ o
\-
| | | | L | | | |
0 4 8 12 0 4 8 12

Frame error rate (for data sent with the non-regenerative protocol)

10°
\ CF
1071

0 4 8 12

o
N
(00}
=
N

Usage of the non-regenerative protocol

100 %
O%K | |

I
0 4 8 12 0 4 8 12

Eb/NO Eb/NO

Figure 5.19: Comparison of two hybrid schemes using, as non-regenerative protocol, either DF
with an error-resilient receiver or CF with binary quantization. The error rates are for frames sent
with the non-regenerative protocol only.
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Figure 5.20: Comparison of two hybrid schemes using, as non-regenerative protocol, either CF
with binary quantization or CF with 4-levels quantization. The error rates are for frames sent
with the non-regenerative protocol only.
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Figure 5.21: Comparison of two hybrid schemes using, as non-regenerative protocol, either AF
or CF. The hybrid DF-CF protocol achieves lower bit error rates and frame error rates. Moreover,
the error rates achieved by this protocol are very close to the lower bound (lower limit of the

filled region).
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protocol are very close to the lower bound corresponding to perfect knowledge of Y,
at the destination.

An important conclusion of all these simulations, already observed and discussed in
section 5.8.2 (comparison between AF and CF), is that an hybrid DF-CF protocol can
perform better than an hybrid DF-AF protocol, even though information-theoretical
results would predict the opposite (see section 4.6.1). Reasons for the difference be-
tween information-theoretic results and these practical schemes is most probably re-
lated to a difference in channel input alphabets : the information-theoretic results use
Gaussian codes, whereas these practical transmission schemes use finite symbol alpha-
bets (here, BPSK or M-ASK). This emphasizes that comparisons between these two
approaches should be carried out with care.

Appendix 5.A LINK BETWEEN THE ENTROPY OF QUANTIZER OUTPUTS AND
THE DEQUANTIZER TRANSFER FUNCTIONS

This appendix shows how the entropy H(W, ) is related to the value of the EXIT transfer
function T (0, 0), for the quantizer of fig. 5.11. The relation is not general because
it depends on the labeling £(-), but it is provided here to give the intuition behind the
EXIT functions of fig. 5.15.

We first calculate the entropy of the quantizer indices W,. The distribution of W,
can be parametrized as follows, given the symmetry of the signal to quantize and the
symmetry of the quantizer :

Pw,(1) = Pw,(4) =p Oépéé (5.50)
An(2) = Pw(3) = 5 — . (551)

Consequently we have
H(W,) =2|—plog, p — (% -p) |092(% —p)| =1+ Hy(2p) (5.52)

where H,(x) £ —xlog, x — (1 — x) log,(1 — x).

The index W, is translated into a binary label U*U?. Given the labeling defined in fig.
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5.11, these are distributed as follows :

Pu(1) = 2p (5:53)

1
Poaiu (L11) = Pjop (1) = 1) = 7, (5.54)

which makes clear that bits U} are in general biased.

We now turn to the dequantizer, to evaluate the transfer function (5.48) :
Tsg,(1(SiLes) 1(Uri L)) =1(Uni L, g).

when I(S; Les) = /(LNJr;Leyar) = 0. Taking thus Les = L. = 0O, the output
log-ratios produced by (5.43)—(5.44) are equal to :

2p 5
1-2p
La,U? =0. (5.56)

L,y =log (5.55)

Bits U} U? are then randomly interleaved; at the output of the interleaver a bit U, may
correspond either U} or U? with equal probability. As a consequence,

Pna(l)+ Pe(1 1
Py (1) = M =p+g (5.57)
and )
H(U) = Ho(p+ 7). (5.58)

Similarly, a log-ratio L, , at the output of the interleaver may correspond either to
L, or L, 2 with equal probability; thus
1
P, ©0)="P,, ()= 5 (5.59)

The bits U, are then randomly flipped, and the log-ratios are correspondingly changed
sign. After flipping, log-ratios that where equal to zero do not change, thus

- 1 -
'DLa,g,\Ur(OW’) =5 forU, = —1, 1. (5.60)
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Half of the log-ratios that were equal to / are not flipped (U, =U,):

Pu.(1) Py, (=1)
Py () = =52, P g (1-1) = 2=,
and half of them are flipped (U, # U,) :

Py,(~1)
2

PLa,ar\Ur(_”l) - 'DLa,ar\Ur(_/' =

2

We also have
P, .(0)= 1 nd
Laf/r - 2 d

1
'DLa,o,(/) = PLJ,U,(_/) —

Finally, the mutual information /(U,; L, )isequalto:

3

= 21— ZHy(Py,(1
S — 1 SHs(PU (1)
1 1 1

PU,(l)_

(5.61)

(5.62)

(5.63)

(5.64)

(5.65)

Comparing (5.52) and (5.65) shows that T (0, 0) increases when H(WV,) decreases

and vice versa.



Conclusions

The last chapter of this thesis has presented three techniques for transmission over the
orthogonal relay channel. All three techniques aim at exploiting data frames that the
relay fails to decode.

First, the Soft-DF cooperation technique (section 5.5) deals with uncertainty at the relay
by avoiding taking hard decisions on the data. It performs instead the operations of a
DF relay in a soft fashion; this was made possible by the design of a SISO encoder. As
a consequence, the Soft-DF technique enables to regenerate the signal as a DF relay
does, while keeping the reliability information of the decoded bits, as an AF relay does.
It achieves better performance than these two protocols, as simulations show.

Second, the error-resilient decoding algorithm for DF (section 5.6) enables the use of
turbo-coded DF relaying even when the relay forwards sequences containing errors.
This strategy provides a sensible gain of performance over usual AF and DF strategies,
as shown in simulations. Of course, the probability of error on the source-to-relay link
still limits the performance at the destination; this was made clear by analyzing the
information exchanges between constituent decoders during the iterative decoding
process.

And third, the MAP CF decoding algorithm (section 5.7) improves the performance
of practical communication with the CF protocol, and shows that the structure of
the CF decoding algorithm for random codes is not well suited to the practical CF
implementations found in the literature. In particular, the proposed algorithm enables
to refine the side information used for Wyner-Ziv decoding by using the error correcting
code of the source signal, whereas usual algorithms do not. In addition to improving
the performance of CF decoding, the proposed algorithm also yields a criterion for
guantizer design : in a scenario where the relay has full channel state information,
the EXIT functions of the dequantizer could be used to choose code and quantizer

157
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parameters that match each other.

Comparisons of these three techniques and AF in the context of hybrid schemes have
shown that the CF protocol with the MAP decoding algorithm does most often achieve
the best performance. This conclusion is opposed to the theoretical results of chapter
4 where, under similar conditions, the AF protocol was shown to achieve lower outage
than the CF protocol (as long as the relay had receiver CSI only). Thus, the results
obtained for Gaussian random codes do not necessarily extend to discrete modulation
alphabets.

Considering side by side the information-theoretical results for the CF protocol and
the MAP decoding algorithm for CF offers some interesting perspectives. As stated
above, the MAP decoding algorithm uses the error-correcting code of the source-to-
destination signal to enhance the side-information used for Wyner-Ziv decoding. In
contrast, the CF decoding algorithm for Gaussian random code does not use such
joint decoding; whether this feature can be incorporated in the information-theoretic
coding scheme is probably worth investigation.

As to the design of practical coding schemes, systems using the CF protocol have
received comparatively less attention than those using the DF protocol. Whereas this
thesis has focused on low-complexity systems, perspectives include the design of more
complex schemes with stronger codes. Moreover, the MAP CF algorithm derived here,
with its new structure, has offered a new way to achieve Wyner-Ziv coding that future
code designs might take advantage of.
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