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ABSTRACT

In this paper, we consider the problem of finding e-approximate
stationary points of convex functions that are p-times differen-
tiable with v-Holder continuous pth derivatives. We present ten-
sor methods with and without acceleration. Specifically, we show
that the non-accelerated schemes take at most O (e~'/(+7=D)
iterations to reduce the norm of the gradient of the objective
below given € € (0, 1). For accelerated tensor schemes, we estab-
lish improved complexity bounds of O (e~®+)/lPHv=p+v+1I)

and O (|log(e)|e~"/?P+")), when the Holder parameter v € [0, 1] is
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known. For the case in which v is unknown, we obtain a bound of
O (e~ P+V/Up+v=N(p+2)]) for a universal accelerated scheme. Finally,
we also obtain a lower complexity bound of O (e~%/B(+v)-2)
for finding e-approximate stationary points using p-order tensor
methods.
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90C25; 90C30

1. Introduction
1.1. Motivation

In this paper, we study tensor methods for unconstrained optimization, i.e. methods in

which the iterates are obtained by the (approximate) minimization of models defined

from high-order Taylor approximations of the objective function. This type of method is

not new in the optimization literature (see, e.g. [1,4,33]). Recently, the interest for tensor

methods has been renewed by the work in [2], where p-order tensor methods were pro-

posed for unconstrained minimization of nonconvex functions with Lipschitz continuous
+1

pth derivatives. It was shown that these methods take at most O(E_PT) iterations to find
an e-approximate first-order stationary point of the objective, generalizing the bound of
O(e~3/?), originally established in [31] for the Cubic Regularization of Newton’s Method
(p = 2). After [2], several high-order methods have been proposed and analysed for non-
convex optimization (see, e.g. [9-11,23]), resulting even in worst-case complexity bounds
for the number of iterations that p-order methods need to generate approximate gth order
stationary points [7,8].

CONTACT G. N. Grapiglia @ grapiglia@ufpr.br, geovani_mat@outlook.com @ Departamento de Matemética,
Universidade Federal do Parana, Centro Politécnico, Cx. postal 19.081, 81531-980 Curitiba, Parand, Brazil

© 2020 The Author(s). Published by Informa UK Limited, trading as Taylor & Francis Group

This is an Open Access article distributed under the terms of the Creative Commons Attribution-NonCommercial-NoDerivatives License
(http://creativecommons.org/licenses/by-nc-nd/4.0/), which permits non-commercial re-use, distribution, and reproduction in any medium,
provided the original work is properly cited, and is not altered, transformed, or built upon in any way.



606 (&) G.N.GRAPIGLIA AND Y. NESTEROV

More recently, in [27], p-order tensor methods with and without acceleration were pro-
posed for unconstrained minimization of convex functions with Lipschitz continuous pth
derivatives. As it is usual in Convex Optimization, these methods aim the generation of a
point x such that f (x) — f* < €, where f is the objective function, f* is its optimal value and
€ > 01isa given precision. Specifically, it was shown that the non-accelerated scheme takes
at most O (e ~1/P) iterations to reduce the functional residual below a given € > 0, while the
accelerated scheme takes at most O (e ~1/®*D) jterations to accomplish the same task. Aux-
iliary problems in these methods consist in the minimization of a (p + 1)-regularization of
the pth order Taylor approximation of the objective, which is a multivariate polynomial. A
remarkable result shown in [27] (which distinguishes this work from [1]) is that, in the con-
vex case, the auxiliary problems in tensor methods become convex when the corresponding
regularization parameter is sufficiently large. Since [27], several high-order methods have
been proposed for convex optimization (see, e.g. [13,14,18,20]), including near-optimal
methods [5,15,21,28,29] motivated by the second-order method in [24]. In particular, in
[18], we have adapted and generalized the methods in [16,17,27] to handle convex func-
tions with v-Holder continuous pth derivatives. It was shown that the non-accelerated
schemes take at most O (e ~1/(P+V=D) jterations to generate a point with functional resid-
ual smaller than a given € € (0, 1), while the accelerated variants take only O(e~1/p+v)y
iterations when the parameter v is explicitly used in the scheme. For the case in which v is
not known, we also proposed a universal accelerated scheme for which we established an
iteration complexity bound of O(e ~#/[(P+D(p+v=DI),

As a natural development, in this paper, we present variants of the p-order methods
(p > 2) proposed in [18] that aim the generation of a point x such that || Vf(x)||« < €, fora
given threshold € € (0, 1). In the context of nonconvex optimization, finding approximate
stationary points is usually the best one can expect from local optimization methods. In
the context of convex optimization, one motivation to search for approximate stationary
points is the fact that the norm of the gradient may serve as a measure of feasibility and
optimality when one applies the dual approach for solving constrained convex problems
(see, e.g. [26]). Another motivation comes from the inexact high-order proximal-point
methods, recently proposed in [28,29], in which the iterates are computed as approximate
stationary points of uniformly convex models.

Specifically, our contributions are the following:

(1) We show that the non-accelerated schemes in [18] take at most O (e ~1/®+v—1D) jter-
ations to reduce the norm of the gradient of the objective below a given € € (0, 1),
when the objective is convex, and O (e~ @t/ (P+v=1)y jterations, when f isnonconvex.
These complexity bounds extend our previous results reported in [16] for regularized
Newton methods (case p = 2). Moreover, our complexity bound for the nonconvex
case agrees in order with the bounds obtained in [9,23] for different tensor methods.

(2) For accelerated tensor schemes, we establish improved complexity bounds of
O (e~ @t/lp+v=Dp+v+D]y when the Holder parameter v € [0, 1] is known. This
result generalizes the bound of O(e~2/3) obtained in [26] for the accelerated gra-
dient method (p = v = 1). In contrast, when v is unknown, we prove a bound of
O(e~P+tV/lp+v=D(+D]) for 3 universal accelerated scheme.

(2) For the case in which v and the corresponding Hélder constant are known, we pro-
pose tensor schemes for the composite minimization problem. In particular, we prove
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ptv=1 1
a bound of O(R 7+ |log,(€)|e 7+") iterations, where R is an upper bound for the
initial distance to the optimal set. This result generalizes the bounds obtained in [26]
for first-order and second-order accelerated schemes combined with a regularization

v—1
approach (p =1, 2 and v = 1). We also prove a bound of O(S%Hogz(e)le_l)
iterations, where S is an upper bound for the initial functional residual.

(3) Considering the same class of difficult functions described in [18], we derive a lower
complexity bound of O(e~%/B®+V)=2]y jterations (in terms of the initial distance
to the optimal set), and a lower complexity bound of (e 2®+V)/BE+1=2]y jter.
ations (in terms of the initial functional residual), for p-order tensor methods to
find e-approximate stationary points of convex functions with v-Hoélder continuous
pth derivatives. These bounds generalize the corresponding bounds given in [6] for
first-order methods (p = v = 1).

The paper is organized as follows. In Section 2, we define our problem. In Section 3, we
present complexity results for tensor schemes without acceleration. In Section 4, we present
complexity results for accelerated schemes. In Section 5, we analyse tensor schemes for
the composite minimization problem. Finally, in Section 6, we establish lower complexity
bounds for tensor methods find e-approximate stationary points of convex functions under
the Holder condition. Some auxiliary results are left in the Appendix.

1.2. Notations and generalities

Let E be a finite-dimensional real vector space, and [E* be its dual space. We denote by (s, x)
the value of the linear functional s € [E* at point x € . Spaces E and E* are equipped with
conjugate Euclidean norms:

x|l = Bx,x)'%, x€E, |sls=(sB 's)/% seE* (1)

where B : E — E* is a self-adjoint positive definite operator (B > 0). For a smooth func-
tionf : E — R, denote by Vf(x) its gradient, and by V?f(x) its Hessian evaluated at point
x € E. Then Vf(x) € E* and V3f(x)h € E* for x,h € E.

For any integer p > 1, denote by

DPf@)[h, ...yl

the directional derivative of function f at x along directions h; € E, i = 1,.. ., p. For any
x € domf and hy, h; € E we have

Df(x)[m] = (Vf(x),h1) and D*f(x)[h1,h2] = (V*f(x)h1, hp).

If hy = ... =hy = h € E, we denote Df(x)[hy,...,h,] by DPf(x)[h]F. Using this nota-
tion, the pth order Taylor approximation of function f at x € [E can be written as follows:

flx+h) = Dypx+h) + o(llh]1P), 2)
where

p
1 .
Srp() =f)+ ) FDf@l =« yekE 3)
i=1
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Since DPf(x)[-] is a symmetric p-linear form, its norm is defined as:

|1 DPf (x) | = max {|IDPf) [y, hp)| o il <1, i=1,...,p}.
Lo--osllp

It can be shown that (see, e.g. Appendix 1 in [30])

IDPf Gl = max {[DPFGIP] = [kl < 1}
Similarly, since DPf(x)[.,...,.] — D’f(»)[.,...,.] is also a symmetric p-linear form for
fixed x, y € E, it follows that

IDPf(x) — DPF(y) =m;x{|DPf<x>[h]P—Df’f(y>[h11’| s nll < 1}.

2. Problem statement

In this paper, we consider methods for solving the following minimization problem
min f(x), (4)
xeE

where f : E — R is a convex function p-times differentiable. We assume that (4) has at
least one optimal solution x* € [E. As in [18], the level of smoothness of the objective f will
be characterized by the family of Holder constants

Hip(0) = sup {IID"f(x) —D‘:f(y)ll}) o<v<l. 5)
x,yek ”x —)’||
From (5), it can be shown that, for all x, y € E,
Hy,(v) )
) = g0l = =2 =lly =+l (6)
Hyp(v) e
IVFG) — Vo ()lls < (Pf il =P, 7)
and
Hyp(v) b
IV2F() — V2,0l < (pff il =l (8)

Given x € K, if Hy ,(v) < +o0oand H > Hy,(v), by (6) we have
H s
JO) = Prp(y) + 17”}/ —x[I”™, y ek 9)
This property motivates the use of the following class of models of f around x € E:

H
Q4 0) = Pep(y) + Sy =l @ e o (10)

Note that, by (9), if H > Hy,(v) then f(y) < Qi‘)g,H(y) forally € E.
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3. Tensor schemes without acceleration

Let us consider the following assumption:
H1 Hy,(v) < +oo0 for some v € [0, 1].

Regarding the smoothness parameter v, there are only two possible situations: either v is
known, or v is unknown. In order to cover both cases in a single framework, as in [18], we
shall consider the parameter

v, if v is known,

1, if v is unknown.

Algorithm 1 Tensor Method (Algorithm 2 in 19)

Step 0. Choose xp € E, Hy > 0,0 > 0and € € (0,1). Set o by (11) and ¢ := 0.
Step 1. If || Vf (x) ||« < €, STOP.

Step 2. Set i := 0.

Step 2.1 Compute an approximate solution xfl to

min ) (12)
such that
Q) i ) Sfe) and IV DIl < Ol — xllPFe (13)
Step 2.2. If either ||Vf(x2',-)||* <e€or
1 pto
flx) —flxh) = —IVFEHIE, (14)

8(p + DIQIH,) P

holds, set i; := i and go to Step 3. Otherwise, set i := i + 1 and go to Step 2.1.
Step 3. Set Xt41 = x;ri[ and Ht+1 = 2it*1Ht.
Step 4. Set t := t + 1 and go back to Step 1.

Remark 3.1: Ifvisunknown, by (11) weseta = 1in Algorithm 1. The resulting algorithm
is a universal scheme that can be viewed as a generalization of the universal second-order
method (6.10) in [16]. Moreover, it is worth mentioning that for p = 3 and @ = v, one can
use Gradient Methods with Bregman distance [19] to approximately solve (12) in the sense
of (13).

For both cases (v known or unknown), Algorithm 1 is a particular instance of Algorithm
1in [18] in which M; = 2/ H; for all t > 0. Let us define the following function of e:

3H,
max [ 2202

,30(p — 1)!} , if v is known,
3Hf)p(])) ﬁ 1—v . Y] . . (15)
max {0, | ——— 4rtv=1 3 ¢ pPv=1_ if p is unknown.

Ny(e) =

2
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The next lemma provides upper bounds on M; and on the number of calls of the oracle in
Algorithm 1.

Lemma 3.1: Suppose that H1 holds. Given € € (0,1), assume that {xt}tho is a sequence
generated by Algorithm 1 such that

IVf(xp)ll« >€, t=0,...,T. (16)
Then,
H; < max{Hp,Ny,(€)}, fort=0,...,T, (17)
and, consequently,
M; = 2"H; < 2max {Ho,N,(€)}, fort=0,...,T—1, (18)

Moreover, the number O of calls of the oracle after T iterations is bounded as follows:

Or < 2T + log, max {Hp, N, (¢)} — log, H. (19)

Proof: Let us prove (17) by induction. Clearly, it holds for t = 0. Assume that (17) is
true for some t, 0 < t < T — 1. If v is known, then by (11) we have ¢ = v. Thus, it fol-
lows from H1 and Lemma A.2 in [18] that the final value of 2" H; cannot be bigger than
2max{(3/2)Hsp(v),30(p — 1)!}, since otherwise we should stop the line search earlier.
Therefore,

3Hf,P(U)
2

1.
Hy = EZ’th < max{ ,30(p — 1)!} = N, (¢) < max {Hp,Ny(e)},

that is, (17) holds for t = t + 1. On the other hand, if v is unknown, we have @ = 1. In
view of (16), Corollary A.5 [18] and € € (0, 1), we must have

)4 1—v
. 3Hr,(v)\ pFv=1 /4 p+v—T
2" H, < 2 max {e, (pr()> (—) } < 2N, (e).

€

Consequently, it follows that
1.
Hip = EZ’th =< Ny(€) = max{Ho,Ny(€)},

that is, (17) holds for ¢ + 1. This completes the induction argument. Using (17), for t =
0,...,T —1weget My = 2H;11 < 2max{Hy, N, (¢)}. Finally, note that at the #th iteration
of Algorithm 1, the oracle is called i; + 1 times. Since Hy4 = 2i—1H, it follows that i, —
1 = log, Hi+1 — log, H;. Thus, by (17) we get

T-1 T-1
Or = Z(it +1) = Z 2 +log, Hy1 — log, Hy = 2T + log, Hr — log, Hyp
t=0 t=0

< 2T + log, max {Hy, N, (¢)} — log, Ho,

and the proof is complete. ]
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Let us consider the additional assumption:

H2 The level sets of f are bounded, that is, maxye(x) |l — x*[| < Do € (1,+00) for
Lxg) ={x € E : f(x) <f(x0)}, with x¢ being the starting point.

The next theorem gives global convergence rates for Algorithm 1 in terms of the
functional residual.

Theorem 3.2: Suppose that H1 and H2 are true and let {x;}_, be a sequence generated by
Algorithm 1 such that, fort = 0,..., T, we have

IVl > €, i=0,...,i.
Let m be the first iteration number such that
flom) = f(*) < 418(p + DIPF " max {Ho, N (1)} D§ ™,

and assume that m < T. Then

1 fxo) — f(x*)
“n(e) . 20
m= In (%) nmaxi 08, 2(8(p + D!JPHe—1 max {HO,NV(E)}D€+‘X (20)
and, for allk, m < k < T, we have
flp) — f(x) < [24p(p + D212 max {Hy, N, (€)} DI(;+O{ o

(k — m)p+oz—1

Proof: By Lemma 3.1, this result follows from Theorem 3.2 in [18] with M, =
2 max{Hy, N, (¢)}. |

Now, we can derive global convergence rates for Algorithm 1 in terms of the norm of
the gradient.

Theorem 3.3: Under the same assumptions of Theorem 3.2, if T = m+ 3s for some s > 1,
then

[288p(p +1)!Dy

pta—1
] max {Hy, N, (¢)}. (22)
T—m

.
gr = min IVF(x)ll« <2
Consequently,
1
T < m+ k" [288p(p 4 1)!Dgle 77T, (23)
with

1
3H +v—1
f’zp(v),se(p - 1)!})” ., if visknown,

<2 max {Ho,
v _

K 1
! 3Hp )\ |\
2 max { Hy, 0, T) 4ptv-1 , if v is unknown.
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Proof: By Theorem 3.2, we have

[24p(p + 1)!]P+e~12 max {Ho, N, (€)} D
(k — m)p+a—1

Sfla) —f(x™) < , (24)

forall k, m < k < T. In particular, it follows from (14) and (24) that

[24p(p + D!PT*~12 max {Ho, N, (€)} D}
(25)p+ot71
Zf(merZs) _f(x*)

T-1

=fGr) —fGN) + Y (Few) — f(rg)

k=m+2s

1

. s 1 R
~8(p+ 1) |:2max{H0>Nv(E)}] e

Therefore,

gy < B0+ DI24p(p + D! 2 ma {(Ho, Ny (€))7 DI
- op+a—1gpta

_ (96137 (p 4 DIP (2 max (Ho, No(e)) P T DB
= (T — mypre

and so (22) holds. By assumption, we have g7 > €. Thus, by (22) we get

1 p-’ra—l
<2 (W) max {HO) NU(G)}
T—m
— T < m+ [288p(p + 1)!Do] (2 max {Ho, Ny (€)))FFT e 771, (25)

Finally, by analysing separately the cases in which v is known and unknown, it follows
from (25) and (15) that (23) is true. [ |

Remark 3.2: Suppose that the objective f in (4) is nonconvex and bounded from below by
f*. Then, it follows from (14) and (18) that

1 1 +1 1 p+

p o— o

fler) — flxe1) = erta1, t=0,...,T—1.
8(p+ 1)! | 2max {Hp, N, (¢)}

Summing up these inequalities, we get

(o) —f* = flw) —fx) 2 o : i
Fo0) =f7 2 f0) =fn) 2 g0 | 3 mmax (Ho, No ()] ¢

+v v
and so, by (15), weobtain T < O(efPi”—l ). This bound generalizes the bound of O(e —tH )
proved in [16] for p = 2. It agrees in order with the complexity bounds proved in [23] and
[9] for different universal tensor methods.
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4. Accelerated tensor schemes

The schemes presented here generalize the procedures described in [26] for p = 1 and
p = 2. Specifically, our general scheme is obtained by adding Step 2 of Algorithm 1 at the
end of Algorithm 4 in [18], in order to relate the functional decrease with the norm of the
gradient of f in suitable points:

Algorithm 2 Adaptive Accelerated Tensor Method

Step 0. Choose xo € E, Hy, Hy > 0,6 > 0and e € (0,1). Seta by (11) and define function
Yo(x) = Iﬁ”x — xp||PT¥. Set vy = z9 = %9, Ag = 0and t := 0.

Step 1. If min{||Vf (x|« | Vf(z0) |l«} < €, STOP.

Step 2. Seti:= 0.

Step 2.1. Compute the coefficient a;; > 0 by solving equation

o 1 .
afj_ :m[%}@%-l- gt

Step 2.2. Set y;; = i a and compute y;; = (1 — y.i)xt + Vr,ive.

+ asi

Step 2.3 Compute an approximate solution xtl to minyeg Q( ) (x), such that

D2 H

Q () <f(ri) and ||vs2(‘*>

1
) Gl < Bl — yeall? e,

D21 H, =

Step 2.4. If either condition ||Vf (x:;-) [l« < €or

(P 1)[:| pta

(V)i —xh) = = [ o (NZE70]

4
holds, set i; := i and go to Step 3. Otherwise, set i := i 4 1 and go back to Step 2.1.
Step 3. Set x4 = x:'it and Ht_l,_l =21,
Step 4. Define v41(x) = ¥(x) + arlf (xe+1) + (Vf(x¢41),x — x¢41)] and compute
Vi1 = argmingeg Yi4+1(x).
Step 5. Set z; = argmin{f(y) : y € {z;,x+1}} andj := 0.
Step 6. Setj := 0.

Step 6.1 Compute an approximate solution z; ; to minyeg Q“ (y) such that

zp21H

Q) @) <f@) and VR @Dk < Ol — zlP T

Step 6.2 If either ||Vf(z;;)||* <eor

_pto

1 +a—1
@) —f&) = ——— IV &)L (26)
8(p + D!I(ZHy) P

holds, set j; := jand go to Step 7. Otherwise, set j := j + 1 and go to Step 6.1.
Step 7. Set ;11 = zzrjt, Hyy1 =2"'H;, t :=t + 1 and go to Step 1.
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Let us define the following function of e:

(p+v—DHp0) +0(p—1Y, if v is known,

Ny(e) = FiveT 27)

max { 40(p — D), (4Hj p(v)) 701 (;_*)

} , if v is unknown.

In Algorithm 2, note that {x;} is independent of {z;}. The next theorem establishes global
convergence rates for the functional residual with respect to {x;}.

Theorem 4.1: Assume that HI holds and let the sequence {x;}L, be generated by
Algorithm 2 such that, fort = 0,..., T we have

IVFaDIs > e i=0,...,ir (28)
Then,
i} 23P max {HOyNU (E)} (p+ a)PTe1|x — x¥||pTe
flx) —f(x) < o= DIG— 1P , (29)
fort=2,...,T.

Proof: As in the proof of Lemma 3.1, it follows from (28), (27) and Lemmas A.6 and A.7
in [18] that

H < maX{I:IO,NU(e)}, t=0,...,T,

which gives
M, =2"H, =2 (2"H;) = 2H;41 < 2max {Hy,Ny(e)}, t=0,...,T— L
Then, (29) follows directly from Theorem 4.3 in [18] with M, = 2 max{Hy, Ny(¢)}. MW

Now we can obtain global convergence rates for Algorithm 2 in terms of the norm of
the gradient.

Theorem 4.2: Suppose that HI holds and let sequences {x;}_, and {z;}L_, be generated by
Algorithm 2. Assume that, fort =0, ..., T, we have

min {IVFO o IVFEDIL) > € i=0, i j=0,0je  (30)

If T = 2s for some s > 1, then

(p+a—1)(pta+l)
p —+ 1 pta

T—2 (3D

¢ = min | Vf(z)llx < Cy(€)llxo — x*[IPF* ! [
0<k<T

where

pta—1
pto

Cole) = [2<4P+6> max {Ho, N, (¢)} max {Hy, N, (e)}zﬁ] ,
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with Ny (€) and N, (¢) defined in (15) and (27), respectively. Consequently,

~ ptv _ ptv
T <2+ 2979 (p + 1) max {1, Ho, Ho, 3p (Hyp(v) + 0(p — D!)} llxg — x*|| 7751 € GRmnimdn, (32)

ifvis known (i.e. « = v), and

1

~ P 3 ptl p+1
T <242 + 1) max {I,HO,H0,4 [(4Hf,p(u))p+w—l +O(p— 1)!} } P llx — x*|| P2 e TRoDE,

(33)
ifv is unknown (i.e. = 1).
Proof: By Theorem 4.1, we have
230 max {HO,NU(G)} (p + a)P T xo — x*||PHe
_ k
fln) —f() < %= D= (34)
fort =2,...,T. On the other hand, as in Lemma 3.1, by (30) we get
2'H, < 2max {Hp,N,(€)}, t=0,...,T —1,
where N, (¢) is defined in (15). Then, in view of (26), it follows that
1
1 1 T e
Z1) — > v g 35
f@) —flzi) = 5o+ 1) |:2maX{H0,Nv(€)}i| IVf ) s (35)

fort =0,...,T — 1. In particular, f(z;41) < f(z;) fort =0,..., T — 1. Moreover, by the
definition of z;, we get f(z:) < f(x¢+1) and f(z¢) < f(z¢). Therefore

f(Zt) §f(xt), t=0,..., T, (36)

and

pta

1
1 pta—1 i
} IVf (D17 (37)

2 max {Hy, N, (¢)}

1
zt) — f(zt41) =
flz) = flz1) = 5o+ 1) [
Now, since T' = 2s, summing up (37), we get

2% max {Ho, Ny (€)} (p + a)?** |l xg — x*||P*
(p — DI(s — 1Pt
> flxs) = f(x") > f(zs) — f(x")

T—1
=fGr) —f(&) + Y (f(@) — f(zri1)

k=s
_ -1 [ 1 }pﬁ_l . e
= 8(p+1)! | 2max {Hy, N, (¢)} er '
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Thus,

~ ~ 1
o e 24779 max {Ho, Ny (€) } max {Ho, Nu ()} 77~ (p + 1D)PF ™ flg — x|
&r) = (T — 2)pta+1

>

and so (31) holds. By assumption, we have g7. > €. Thus, it follows from (31) that

(p+a—1D)(p+a+l)
p+1 i| (o)

€ < Cy(e — x*|pre—l
v (€)llxo [ T

pta
C,(€) | p+a=DpFa+D pta
- llxg — ¥ || P, (38)

— T<2+(p+1)|:

If v is known, by (15) and (27) we have max{N, (¢), N,(e)} < 3p(Hpp(v) +0(p — D).
Then,

ptv

max {Eo, N, (€)} max (Ho, Ny(€)} 77T < max {Ho, Ho, 3p (Hy,p(v) +6(p — DY)} 77T
and so
Cy(e) < 2“*% max {Ho, Ho, 3p (Hpp(v) +0(p — D)} . (39)

Combining (38), (39) and Mﬁ < 1, we obtain (32). If v is unknown, it follows
from (15) and (27) that

max [Ny (€), Ny ()} = 4 (47, ()77 +6(p — 1)t] € T,

Then,
max {I:IO,NU (E)} max {Hy, N, (E)}IL’
P 1—v el
< [max{HO,HO,4[(4Hf,p(u))P+v—1 YOG — 1)!]}6_1’7”—1] "
and so
Cy(€) < 204P76) mayx {HO,H0,4 [(4Hf,p(u))p7+€—l +op— 1)!]} AT (40)
Combining (38), (40) and Pl 1 e obtain (33). |

p(p+2) 2

Remark 4.1: When v = 1, bounds (32) and (33) have the same dependence on €. How-
ever, when v # 1, the bound of O(e~@+D/[(P+v=D(p+2]) obtained for the universal
scheme (i.e. @ = 1) is worse than the bound of @ (e~ ®tV)/[p+v=D(p+v+D]y ghtained for
the non-universal scheme (i.e. « = v). In both cases, these complexity bounds are better
than the bound of O (e ~V/*+v=D) proved for Algorithm 1.
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5. Composite minimization

From now on, we will assume that v and Hy ,(v) are known. In this setting, we can consider
the composite minimization problem:

min fx) =f(x) + o), (41)

where f : E — Ris a convex function satisfying H1 (see page 5), and ¢ : E — R U {400}
is a simple closed convex function whose effective domain has nonempty relative interior,
that is, ri(dom ¢) # ). We assume that there exists at least one optimal solution x* € E
for (41). By (6),if H > Hpp(v) we have

o <olL0)+ (), VyeE
This motivates the following class of models off around a fixed point x € E:
Q) = Q0 H0) + 00, (42)

where Q,(Cv; (+) is defined in (10). The next lemma gives a sufficient condition for function

Qi‘g,H(J to be convex. Its proof is an adaptation of the proof of Theorem 1 in [27].

Lemma 5.1: Suppose that H1 holds for some p > 2. Then, for any x,y € E we have

V() = V0up(y) + (f "(2)), lly — x|IP*72B. (43)

Moreover, if H > (p — 1)Hy ,(v), then function QJ(C‘,);,H(') is convex for any x € E.

Proof: For any u € E, it follows from (8) that

(V) — V250 tu) < IV () — V2O p(0) [l llull?

< Hyp )
(-2

—2y, 12
——ly — [P u %

Since u € E is arbitrary, we get (43).
Now, suppose that H > (p — 1)Hy,,(v). Then, by (43) we have

Hqu(U)(p — 1) ”y _ x”p-H)—ZB
(-D!

H
< V2 — |y — x|t 2B
< Vi) + Iy

H(p+v) )
< V20, () + I;T”y — x|t 2B

0 < V() < Vi ,(») +

H
< V20, ,(y) + V2 (E“y - xll“”) = i”;w)

Therefore, Q( e () is convex. [ |
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(v)

From Lemma 5.1, if H > (p — 1)Hy ,(v), it follows that Qx,p’H

case, since ri(dom ¢) # ¢, any solution x™ of

(+) is also convex. In this

mip ONEPNeD) (44)

satisfies the first-order optimality condition:
0€ 900 () = 99U (xH) + dp(xh) = {vszfc,”;,H(xﬂ} Foph).  (45)
Therefore, there exists g, (x) € dp(x™) such that
vg;jg,H(m +g,(") =0. (46)

Instead of solving (44) exactly, in our algorithms we consider inexact solutions x* such
that!

QU <f and VL) H(H) + gDl < Ol — P (47)

for some g, (x*) € dp(x™) and 6 > 0. For such points x*, we define
Vi) = V) + g (), (48)
with g, (xT) satisfying (47). Clearly, we have Vf(xT) € 3f (x*).

Lemma 5.2: Suppose that H1 holds and let x* be an approximate solution of (44) such that
(47) holds for some x € E. If

H > max {pHy,,(v),30(p — D!}, (49)

then
L ! e
f) —f(xt) > —————IVFH I (50)
8(p + DHIHPT

Proof: By (48), (7), (10), (47) and (49) we have

IVFG) e = IVF() + gl
< IVFGET) = Vo) e + IV Prp(r) = VRL) (D)l

+ VR ) + g (Dl
[ Hp®™ | He+v)

B [(P— D! r

+ 9} " — xIIPT 7Y < 2H||xT — x| (51)
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where the last inequality is due to p > 2. On the other hand, by (6), (42), (49), we have

. v) .
Fah) = Q0 )0 = @) + f; et — P+ 4 g
H H - H,
= Papl) + T =l %nﬁ = P + o)

~ H—H, - H—-H
= Q)(CI,J;,H(x+) _ %(V)HJ# — x|t Sf(x+) _ %(V)”,ﬁ — x|Ptv.
Note that H > pHy ,(v) > (%)Hﬂp(u). Thus,

_ . H-H H H
fo —feh = —p{’p(v) lt — 2P > —< e >||x+ — x|+

p!

[l — x|PF. (52)

BTSN

Finally, combining (51) and (52), we get (50). [ |

In this composite context, let us consider the following scheme:

Algorithm 3 Tensor Method for Composite Minimization
Step 0. Choose xo € E and 6 > 0. Set M = max{pHy ,(v),360(p — 1)!} and ¢ := 0.
Step 1. Compute an approximate solution x4 to minyeg fZJ(:fD v () such that

tPM(x‘“) <fGa) and ”VthpM(xt+1) + 8o (e D) 1 < Ollxeyr — x P,

for some gy, (x141) € 99 (x41).
Step 2. Set t := t + 1 and go back to Step 1.

For p = 3, point x;1; at Step 1 can be computed by Algorithm 2 in [19], which is linearly
convergent. As far as we know, the development of efficient algorithms to approximately
solve (44)-(42) with p > 3 is still an open problem.

Theorem 5.3: Suppose that H1 holds and that f is bounded from below by_}?*; Given € €
(0, 1), assume that {xt}tT=0 is a sequence generated by Algorithm 3 such that ||Vf(x¢) |« > €
fort=0,...,T. Then,

T < 8(p + 1)IMPHT (Foo) - F7) T (53)

Proof: By Lemma 5.2, bound (53) follows as in Remark 3.2. ]
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5.1. Extended accelerated scheme

Let us consider the following variant of Algorithm 2 for composite minimization:

Algorithm 4 Two-Phase Accelerated Tensor Method

Step 0. Choose xp € E, > 0 and € € (0,1). Define yy(x) =
zg = x0, Ag = 0, M = p(Hy,(v) +30(p — )!) and ¢ := 0.
Step 1. If t > 0 and min{|| VS (x))|l+ | Vf(z) s} < €, STOP.
Step 2. Compute the coefficient a; > 0 by solving the equation

1
Sl = xo[PH. Set vy =

,o1 — 1! .
A = g | L e

Step 3. Set yr = (1 — yi)x; | + yive, with yr = ar/[A¢ + a].

Step 4. Compute an approximate solution x4 to minycg Qv

M (x) such that

QU G <fO) and VR L (Gegn) + g (s DIl < Ollxigs — ylPTUTL (54)

for some g, (xt41) € 0 (x41).

Step 5. Define ¥ryq1(x) = ¥e(x) + a¢[f (xeg1) + (Vf(Xt41), X — X41) + ¢(x)] and com-
pute Ve = argmingeg Y41 ().

Step 6. Set z; = argmin{f(y) : y € {z;,x1+1}} andj := 0.

Step 7 Compute an approximate solution z;1; to minyeg Qg; () such that

Q) (s <f@) and IVRY) \(z41) + g2y D)l < Ollzers — ZIPTT(55)

p

for some g, (z:11) € 0¢(zt41).
Step 8 Set t := ¢ + 1 and go to Step 1.

The next theorem gives the global convergence rate for Algorithm 4 in terms of the
norm of the gradient. Its proof is a direct adaptation of the proof of Theorem 4.2.

Theorem 5.4: Suppose that HI holds. Assume that {z;}L is a sequence generated by
Algorithm 4 such that
IVf@)llx > € t=0,...,T. (56)
If T = 2s for some s > 1, then
pv—1
~ [24(p+1)]pT M||x0 _ x*”p+u—1

8T = OLT}CTT ||Vf(zt)||* = (ptv—D(p+v+1) . (57)
- (T -2) Pty

Consequently,

M (p+v—€;;+v+1>
. (58)

711) ptv
T<2+ |:24(P+1):|P+ +1 llxo — x*||p+v+1 <_
€
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Proof: In view of Theorem A.2, we have

23p—1M(p + v)p+v—1||x0 _ x*”p+v

7 Tro*
oo —F) = T , (59)
fort = 2,...,T. On the other hand, by (55) and Lemma 5.2, we have
- - 1 ~ pfrtzl
f@) = flziy1) = ————————IVf(zerDllx (60)
8(p + 1)IMPFT
fort =0,...,T — 1. Thus, f(z¢+1) < f(z:) < min{f(xt+1),f (z¢)} and, consequently,
f@) <fex), t=0,...,T, (61)
and
. . 1 2 A
fz) = flzr41) = ——————IIVf (Dl >, t=0,...,T—1. (62)

8(p + IMpri-T
Since T = 2s, combining (59), (61) and (62), we obtain

23p—1M(P + v)p+v—l ”xO _ x*||p+v
(p — DI(s — Pty

> flxs) — f(x) > f(zs) — f(x")

T-1
=fler) —f&) + Y _f@) — flzr)
k=s
(5 — 1) - ptv
> (gT) pvT
8(p + 1)IM -1
where gr = ming<x<r || Vf(zt) |l+. Therefore,
ptv 24(P+1)M;% (P + 1)p+v+1”x0 _ x*||p+v

(gT) T <

>

(T — 2)p+v+1

which gives (57). Finally, by (56) we have gr > €. Thus, (58) follows directly from (57). W

5.2. Regularization approach

Now, let us consider the ideal situation in which v, Hy ,(v) and R > |xo — x*|| are known.
In this case, a complexity bound with a better dependence on € can be obtained by repeat-
edly applying an accelerated algorithm to a suitable regularization off. Specifically, given
8 > 0, consider the regularized problem

min Fs (x) = F5(0) + ¢ (), (63)

for

Fs(x) = f(x) + llx — o [1P+”. (64)

p+v
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Lemma5.5: Givenxo € Eandv € [0,1],letdyy, : E — R be defined by dpy, (x) = [|x —
xo0||P1V, where || - || is the Euclidean norm defined in (1). Then,

”Dpdp+v(x) - Dpdp+v(y)|| E Cp,v”x —}’||V) Vx,)/ € E)

where Cp,, = 21'[57:1(1) + ).
Proof: See [32]. |
As a consequence of the lemma above, we have the following property.

Lemma 5.6: If H1 holds, then the pth derivative of F5(-) in (64) is v-Hoélder continuous with

constant Hp; »(v) = Hyp(v) + I%CP’”'

In view of Lemma 5.6, to solve (63) we can use the following instance of Algorithm Al
(see Appendix):

Algorithm 5 Accelerated Tensor Method for Problem (63)
Step 0. Choose xy € E, 6 > 0 and € € (0, 1). Define function
Vo) = 5 Il — xo 1P, Set

Hs = p (Hp,p +30(p — 1)), (65)

Vo = X9, Ag = 0and t := 0.
Step 1. Compute the coeflicient a; > 0 by solving equation

o 1 [-1!
E T @p-1) H;

:| (At +aPtet,

Step 2. Compute yy = (1 — ye)x¢ + yeve, with yr = a¢/[Ar + ay].
Step 3. Compute an approximate solution x4 to minycg Q)(f:}, u (%) such that

Q) w@isn) < Fs(r) and VR (o) + g Gl < Ollxepn — el P07

for some g, (xt41) € 3 (x41).

Step 4. Define ¥y (x) = ¥¢(x) + a¢[Fs(xe41) + (VFs(xt41), x — Xp+1) + @(x)] and com-
pute vy = arg minger Yet1(x).

Step 5. Set t := t + 1 and go back to Step 1.

Let us consider the following restart procedure based on Algorithm 5.
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Algorithm 6 Accelerated Regularized Tensor Method
Step 0. Choose xp € E, ¢ € (0,1),6 > 0and § > 0. Define

1
24p+v—2 PV PV
m=1+ ( P+ 5) , (66)

s(p— 1!

for Hs defined in (65). Set yo = x¢, up = xp and k := 0.
Step 1. If k > 0 and || VF5(u) |5 < €/2, STOP.

Step 2. By applying Algorithm 5 to problem (63), with x(()k) = yk, compute the first m iter-

ates {xgk) o

Step 3. Set yry1 = x,(jf) and compute u; € R” such that
Q) ) < B and VRS (i) + gy (ki )| < Ol — e 1777
(67)

for some gy (ug41) € ¢ (Ukt1).
Step 4. Set k := k + 1 and go back to Step 1.

Theorem 5.7: Suppose that HI holds and let {uk},fzo be a sequence generated by Algorithm 6
such that

- €
I VFEs(ui) |l > > k=o,...,T. (68)

Then,
1

32(p + DIH T SR

T <1+ log, (69)

p+v
opt+v—1 (P + v)e pHv—1
Proof: Let xj = argminycg Fs(x). By Theorem A.2 and (66), we have

Fs(r1) — Fs(x3) = Fs () — Fs ()
237 Hy (p + )PP — P
<
- (p — D!(m — 1)p+v
§2—(p+v=2)

e _ Sk ptv
< 20TV lyk — x5 1P (70)

On the other hand, by Lemma 5 in [12] and Lemma 1 in [25], function F;s(-) is uniformly
convex of degree p + v with parameter 2~*+V=2)_ Thus,

2—(p+v=2)

F —Fiy > ———— — x|, 71
s k1) — Fs(x3) = Py lyke1 — x5 (71)

1
Combining (70) and (71), we obtain ||yx41 — x5 [|P1" < 3 llyk — x5[1PT", and so

k k
1 1
Iy — x5 1P < (5) llyo — x5 P = (5> llxo — x5 11P*. (72)
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Thus, it follows from (70) and (72) that

. . 5 1\
_ * I S _ Lkpty
Fs(yk41) — Fs(x5) < PTG+ ) (2) lIxo — x5 1177 (73)
In view of Lemma 5.2, by (67) and (65), we get
: : ! -
Fs(k+1) — Fs(uiq1) = ————————IVEs(uep Dl (74)
8(p+ DIH™
Then, combining (73) and (74), it follows that
3 P 8 1\* .
T IV Fs (1) [l = m 5 llxo — x5 1777

8(p+ DIH™

In particular, for k = T—1, it follows from (68) that

1
1274 _ X pty
271 < 32(p + 1)!Hy llxo — x5 | ' 75)

ptv

2p+v71 (P + v)€p+v—1

Since Fj (x5) < Fs(x*), it follows that ||xg — x5 || < llxo — x*|| < R. Thus, combining this
with (75), we get (69). |

Corollary 5.8: Suppose that H1 holds and that R > 1. Then, Algorithm 6 with

€
8= 2(p+v) gptv—1° (76)
perform at most
1
Rp+v—1 Rp+v—1 v
Ollo . 77
- () () ™
iterations of Algorithm 5 in order to generate ur such that ||Vf(uT) I« <e.
Proof: By Theorem 5.7, we can obtain || VFs(ur) ||« < €/2 with
1
32(p + DIH T SRPTY
T <2+log, ®+ Dy (78)

21 )T

Moreover, it follows from (65), (76), the definition of H; »(v) in Lemma 5.6, € € (0, 1) and
R > 1 that

8
Hs=p (HF(g,p +360(p — 1)!) =p (Hf,p(l)) + me,u +30(p — 1)!)

€ Cov
2(p+v) pptv—1 (p+v)

=p (Hf,p(v) + +36(p — 1)!>
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< p (Hpp() + Cpu +30(p — D). (79)
Combining (78), (79) and (76), we have

32(p + D! [p (Hyp(v) + Cpy +30(p — 1)!)]zﬁ R
22(P+V—2) (p + \))e[ﬁ

T <2+log, (80)

At this point ur, we have
~ ~ 8 € _
IVfur)lls < IVEsQur)llx + mHVderu(uT)ll =5 +ofur— xolPFh(81)

Since Fs(-) is uniformly convex of degree p + v with parameter 2~®+"=2) it follows
from (74) and (73) that
§2—(p+v=2)

pTlluT — X5|IPT < Fs(ur) — Fs(x}) < Fs(yr) — Fs(x})

8 1\!
L S Py
= 2Pt (2) %o = %1

Therefore, |lur — x§|| < llxo — x|, and so

_ +v—1
lur — xoPH"71 < [llur — 51| + lx — xoll ]
< 2P kg — P (82)
< 2p+l)—lRp+U—1. (83)
Now, combining (81), (83) and (76), we obtain
~ € €
IVf(upll < £+5 =e. (84)

The conclusion is obtained by noticing that, for § given in (76) we have

1

4ptv—2 Py 7

m=1+ <2 (p+v) Hs)‘”’
s(p— 1!

s (24p+v—2(p + U)P"FV [p (Hf’P(U) + Cp,v + 39(P - 1)')])W

8(p— D!
i 5p+2v—2 p+vppt+v—1 _ ;ﬁ
s (2 (p+ v)PHR E(E{Hlfﬁ(u) + Cpu +30(p 1)!)]) )

Thus, (77) follows from multiplying (80) and (85). [ |

Suppose now that § > f(xo) — f(x*) isknown. In this case, we have the following variant
of Theorem 5.7.
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Theorem 5.9: Suppose that HI holds and let {”k}lz:o be a sequence generated by Algorithm 6
such that

- €
|V Fs(ui) |« > > k=o,...,T. (86)
Then,
1
16(p + DIH™'S
T <1+log, P p)ﬂ d (87)
g1
Proof: By (75), we have
T
32(p+ DIH™ 8
T<1+lo ., o — 1P | (88)
82 e PP 207v=2(p 4 v) b
Since F;(-) is uniformly convex of degree p + v with parameter §2~ ¢+~ we have
) - -
+
m”xo — x5 [P < Fs(x0) — Fs(x5)
— 7 o N * p+v
f(x0) — f(x5) v llxs — xoll
< fxo) —F ()
< fx0) — f(x")
<S. (89)
Combining (88) and (89) we get (87). [ |
Corollary 5.10: Suppose that H1 holds and that S > 1. Then, Algorithm 6 with
p+v
6= : prv—1 (90)
2p+v [2p+u72(p + \))S]P‘*i"
performs at most
S Sp+v—1
ptv
@ 10g2 (W) c (91)
€ ptv
iterations of Algorithm 5 in order to generate ut such that ||V]~‘(uT) I« <e.
Proof: By Theorem 5.9, we can obtain || VFs(ur)|« < €/2 with
1
16(p + DIH™'S
T <2+1log, P e (92)

ep+v-1



OPTIMIZATION METHODS & SOFTWARE 627
In view of (90), € € (0,1) and S > 1, we also have
Hs < p (Hfp(v) + Cpp +30(p — ). (93)

Thus, from (92) and (93), it follows that

T <2 +log,

ptv
eptv—1

16(p + D! [p (Hpp(v) + Cpp + 30(p — 1)!)]zﬁ s) (o)

At this point u7 we have
~ - ) € _
IVf@p)ll« < IVEs(ur)ll« + ImHVdpw(uT)ll* = 5 +dllur - xollPFV1

By (82) and (89),

ptv—1
p+v—2 e
lur — xo TV~ < 2PFHjxg — o2V < 2Pt [2 (p+ V)S} P
- - )
1 ptv—1 prv1
p+v prv—1
- (3) 2PV 2PV 2 (p 4 y)S] P (95)
Thus, it follows from (95), (95) and (90) that
~ 1 pv—1
IVl < 5 +577 22 [P 2wy 77 < 24D =

Finally, by (66) and (90) we have

1
24p+v—2 PV PV
m=1+ P+ i =<1
s(p—1)!

1
X (24p+v2(p + )P [pHyp (1) + Cpo +30(p — 1)!])"”

(p—D!
pHv—1
op+v [2p+v72(p + U)S] pFv
€
Thus, (91) follows by multiplying (94) by the upper bound on m given above. u

6. Lower complexity bounds under Holder condition

In this section, we derive lower complexity bounds for p-order tensor methods applied to
the problem (4) in terms of the norm of the gradient of f, where the objective f is convex
and Hfp(v) < 400 for some v € [0,1].
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For simplicity, assume that E = R" and B = I,. Given an approximation x for the solu-
tion of (4), we consider p-order methods that compute trial points of the form xT=Xx+h,
where the search direction 4 is the solution of an auxiliary problem of the form

p
}1121'1@ Payq(h) = Z a"Dif ®)[h]) + y k]9, (96)

i=1

with @ € R?, y > 0 and g > 1. Denote by I'z(a, ¥, q) the set of all stationary points of
function ¢, 4(-) and define the linear subspace

S¢(x) = Lin (Tzf(a,7,q) [a €RP, y > 0,4 > 1). (97)

More specifically, we consider the class of p-order tensor methods characterized by the
following assumption.

Assumption 6.1: Given xp € R”, the method generates a sequence of test points {xx}r>0
such that

k

Xey1 € X0+ Y Sp(x), k=0 (98)
i=0

Given v € [0, 1], we consider the same family of difficult problems discussed in [18],
namely:

k—1 n
1 . . .
fi) = o= [Z e — XD N O +v] —xV, 2<k<n (99
V
i=1 i=k

The next lemma establishes that for each fi(-) we have Hj, ,(v) < +o0.

Lemma 6.1: Given an integer k € [2, n], the pth derivative of fi() is v-Hélder continuous
with

24y p—1 .
Hpp(v) =272 Iy (p+v — ). (100)
Proof: See Lemma 5.1 in [18]. |
The next lemma provides additional properties of fi(-).

Lemma 6.2: Given an integer k € [2, n], let function fi.(-) be defined by (99). Then, fi(-) has
a unique global minimizer x;.. Moreover,

” Pp+v—Dk N
fk = —pT and ”xk” <

(k+1)3
e

Proof: See Lemma 5.2 in [18]. [ |

(101)
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Our goal is to understand the behaviour of the tensor methods specified by Assump-
tion 1 when applied to the minimization of fi(-) with a suitable k. For that, let us consider
the following subspaces:

RZ:{xeR”|x(i)=0, i:k—}—l,...,n}, 1<k<n-—1.
Lemma 6.3: Forany q > 0 and x € R, fry4(x) = fr(x).
Proof: It follows directly from (99). u

Lemma 6.4: Let M be a p-order tensor method satisfying Assumption 1. If M is applied to
the minimization of f;(-) (2 < t < n) starting from xo = 0, then the sequence {xi}r>o of test
points generated by M satisfies

k
X1 € Zsﬁ(x,-) CRy,, 0<k=<t-1L
i=0

Proof: See Lemma 2 in [27]. [ |

The next lemma gives a lower bound for the norm of the gradient of f;(-) on suitable
points.

Lemma 6.5: Let k be an integer in the interval [1,t — 1), with t + 1 < n. If x € R}, then
1
VA @)1 = Jhil

Proof: In view of (99) we have

Se(x) = nptu(Agx) — (e1,x), (102)
where
1 n
Npo () = —— > [uPP+, (103)
SIS
and
1 -1 0 0 0
0 1 -1 ... 0 o0
Ay = (l(])k Iok)’ withUp= [ @ co e R (104)
e
0 O 0 1 -1
0 o0 0 0 1
By (104) and (103), we have
y [ 1x® — xEFD P2 Dy =y
(Vipro(am)? =17 0 .
@ [Prv=2 (x(@), i=t...,n
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Since x € RZ, it follows that x) = 0 for i > k. Therefore,

(Viprs(Am)? =0, i=k+1,...,m,

which means that V1,1, (Asx) € RY. Then, from (102), we obtain

INA@IE = AT Vilps (Ar) — erllZ = inf |47y — el
YERE

= inf ||Bz—el||i [whereB:AtT( T >:|
zeRk 0

= |BB"B)"'Ble; — ey
n @) \2
=3 ([B(BTB)—IBTel] - (el)(’)) :
i=1

By (104), we have

1 0 0 0 0
—1 1 0 0 0
7 0 — ...
B= (U) e Rk with U = b o0 e Rk+HDxk
0 > : . : . :
0 0 0 -1 1
0 0 0 0 1
Consequently,
1
0
BTe1 =1. S Rk.
0
and
2 —1 0 0 0 0 0
—1 2 -1 0 0 0 0
0 0 0 0 -1 2 -1
0 0 0 0 0o -1 2
From (108), it can be checked that
k+1 ’

with
. _ Jilk+ D —jl ifj=i
T jl(k+1) —i], otherwise.

(105)

(106)

(107)

(108)

(109)

(110)



OPTIMIZATION METHODS & SOFTWARE 631

Now, combining (107) and (108)-(109), we get

O (k+1)—i

[(BTB)*lBTel] T i=beok (111)
Then, it follows from (106) and (111) that
k i1
k+1 , ‘ =0
® _(k+1)—(z—1) k+1)—i iP5 P
[B(BTB)*IBTeI] — | K+l k+1 > Tl
__k_|_1’ i=k+1,
0, i=k+2,...,n.
k 1
=,
k+11
=1———, i=2,...,k+1, (112)
P i +
0, i=k+2,...,n

Finally, by (105) and (112) we have

! (i) A\ 2
IVf@IE = ([B(BTB)—lBTel] —(e1><’>)

i=1

1 2 k+1 1 2 k+1 1
- (_k+1) +;<_k+1) :;(k—l-l)z

1

k+1

—_ >

and the proof is complete. |

The next theorem establishes a lower bound for the rate of convergence of p-order tensor
methods with respect to the initial functional residual (f (xo) — f*).

Theorem 6.6: Let M be a p-order tensor method satisfying Assumption 6.1. Assume that
for any function f with Hy,,(v) < +00 this method ensures the rate of convergence:

H ; pv—1
. p (V)P (f (x0) — f*) PV
1§kfutl—1 IVl < K (t)

where {xi}x>0 is the sequence generated by method M and f* is the optimal value of f. Then,
forallt > 2 such that t + 1 < n we have

» =12, (113)

+v—1
p+v— 1i|p17+v
p+v '

3(p4v)—2 . 200 _pol . ﬁ
k() < Dpyt 2077 with Dy, = [27 - (p+v— z)]

(114)
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Proof: Suppose that method M is applied to minimize function f;(-) with initial point
xo = 0. By Lemma 6.4, we have x; € R} forall k, 1 < k <t — 1. Thus, from Lemma 6.5,
it follows that

1 1
min ||Vfi(x > min — = —. 115
1<k<t—1 IVfiGaoll = 1<k<t—1/k+1 /t (115)
Then, combining (113), (115), Lemma 6.1 and Lemma 6.2, we get
1
H v —fr
) < f',,p(v) (fe(x0) — f1")
ming <g<¢—1 |V (i) [«
1 4 1 ptv—1 vt
v — v vV — ptv ptv—l g
<[ e+v-n]" [p—] T
- p+v
3(p+v)—2
< Dy, (t+1) 070,
where constant D, ,, is given in (114). [ |

3 v)—2

Remark 6.1: Theorem 6.6 gives a lower bound of O((%)%) for the rate of conver-
gence of tensor methods with respect to the initial functional residual. For first-order
methods in the Lipschitz case (i.e. p = v = 1), we have O(3). This gives a lower complex-
ity bound of O(e ') iterations for finding e-stationary points of convex functions using
first-order methods, which coincides with the lower bound (8a) in [6]. Moreover, in view of
Corollary 5.8, Algorithm 6 is suboptimal in terms of the initial residual, with the complexity
a complexity gap that increases as p grows.

Now, we obtain a lower bound for the rate of convergence of p-order tensor methods
with respect to the distance |lxg — x*||.

Theorem 6.7: Let M be a p-order tensor method satisfying Assumption 1. Assume that for

any function f with Hy,,(v) < +00 this method ensures the rate of convergence:

Hyp(0)[lxo — x* ([P~
K (t)

where {Xi}i>0 is the sequence generated by method M and x* is a global minimizer of f.
Then, for all t > 2 such thatt + 1 < n we have

» =12, (116)

min || Vf () [« <
1<k<t-—1

3(p+v)—2 2+v ptv—1

K(t) < Lp’v(t + 1) 2 with LP’U = 27(3)_ 2

o p+v—i.  (117)

Proof: Let us apply method M for minimizing function f;(-) starting from point x9p = 0.
By Lemma 6.4, we have x; € RZ forallk,1 < k <t — 1. Thus, from Lemma 6.5, it follows
that

1 1

15?51?—1 VEk+1 - \ﬁ

Then, combining (116), (118), Lemma 6.1 and Lemma 6.2 we get

min 1IIsz(xk)ll* > (118)

1<k<t—

p+v—1 240

— 1
< 2T (p+ v — e

() < Hft,‘.u(v)llxo — X
ming <k<¢—1 Ve (x0) [l
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3

pt+v—1
v _ t 1)2 3(p+v)—2
<2 p+v-1) ¢+ n? tE+1)7 <Ly (t+1) 7,
V3
where constant L, is given in (117). |

Remark 6.2: Theorem 6.7 establishes that the lower bound for the rate of convergence of
3(p+v)—2
tensor methods in terms of the norm of the gradient is also of (’)((%) = ). For first-

order methods in the Lipschitz case (i.e. p = v = 1), we have O(klz). This gives a lower

complexity bound of (9(67%) for finding e-stationary points of convex functions using
first-order methods, which coincides with the lower bound (8b) in [6].

3(p+v)—2
Remark 6.3: The rate of O((,lc) = ) corresponds to a worst-case complexity bound of

O (e~ 2/BP+=21) jterations necessary to ensure || Vf(xx) ||« < €. Note that, for € € (0, 1),
we have

___ptv 1 ptl 2
1\ G—Dev+D 1\ =T 1\ 062 (/1) 3p+v—2
- <|- <|(- - :
€ € € €

Thus, by increasing the power of the oracle (i.e. the order p), our non-universal schemes

1
become nearly optimal. For example, if € = 107® and p > 4, we have (é)l’”—l <

2
10(%) 32

7. Conclusion

In this paper, we presented p-order methods that can find e-approximate stationary
points of convex functions that are p-times differentiable with v-Hélder continuous
pth derivatives. For the universal and the non-universal schemes without acceleration,
we established iteration complexity bounds of O(e~/®+'=1) for finding % such that
IVf(X)|l« < €. For the case in which v is known, we obtain improved complexity
bounds of O(e~@+V/Ip+v=D@+v+Dly and O(|log(e)|e ~/®*) for the correspond-
ing accelerated schemes. For the case in which v is unknown, we obtained a bound of
O (e~ @D/l +v=D(P+D]y for a universal accelerated scheme. Similar bounds were also
obtained for tensor schemes adapted to the minimization of composite convex functions. A
lower complexity bound of O(e ~%/BP+")=2]) ywas obtained for the referred problem class.
Therefore, in practice, our non-universal schemes become nearly optimal as we increase
the order p.

As an additional result, we showed that Algorithm 6 takes at most O(log(e ~1)) iter-
ations to find e-stationary points of uniformly convex functions of degree p + v in the
form (64). Notice that strongly convex functions are uniformly convex of degree 2. Thus,
our result generalizes the known bound of O(log(e ~!)) obtained for first-order schemes
(p = 1) applied to strongly convex functions with Lipschitz continuous gradients (v = 1).
At this point, it is not clear to us how p-order methods (with p > 2) behave when the objec-
tive functions are strongly convex with v-Holder continuous pth derivatives. Nevertheless,
from the remarks done in [12, p. 6] for p = 2, it appears that in our case the class of uni-
formly convex functions of degree p + v is the most suitable for p-order methods from a
physical point of view.
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Note

1. Conditions (47) have already been used in [20] and are the composite analogue of the conditions
proposed in [2]. It is worth to mention that, for p = 3 and v = 1, the tensor model Qi‘g m®)
has very nice relative smoothness properties (see [27]) which allow the approximate solution

of (44) by Bregman Proximal Gradient Algorithms [3,22].
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Appendix. Accelerated scheme for composite minimization

To solve problem (41), we can apply the following modification of Algorithm 3 in [18]:

Algorithm A1 Accelerated Tensor Method for Composite Minimization

Step 0. Choose xp € dom ¢, 6 > 0 and define y(x) = x— xo||PTV. Set M > (p +
v — 1D)(Hfp(v) +60(p — DY), vo = x0, Ag =0and t := 0.

Step 1. Compute a; > 0 by solving the equation

;”
p+v

v 1 — D! _
" = 2Gp—1) [%] (A + aP ™l (A1)

Step 2. Compute y; = (1 — y¢)x¢ + y¢v with vy = a¢/[As + a].
Step 3. Compute an approximate solution x;1 to minyeg €2y, p.m (x) such that

|p+1)71
(A2)

Qy,pm (1) <fGy and 1VS2y, pm (Xe1) + o (X1 15 < OlIXer1 — Yil

for some g, (xt41) € 0 (x41).
Step 4. Define Y111 (x) = (%) + ar[f (xe1) + (Vf(xe11)5 X — xe11) + @(0)].
Step 5. Set t := t + 1 and go to Step 1.

In order to establish a convergence rate for Algorithm A1, we will need the following result.

Lemma A.1: Suppose that HI holds and let xt be an approximate solution to min,eg Q,(CV;H (y) such
that

QU <f@) and VR L) + gy rhI < OllxT — xP T (A3)
for some g, (xT) € dp(x). IfH > (p + v — D(Hy,(v) + 6(p — D)), then
- 1 e ey
(VFehx -2t = 5 [(p > ]” VP (Ad)

Proof: Denote r = ||x* — x||. Then,

e
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= IVF(x") = VOrp(xh) + VL) (M) + gDl

< IVFG) = VD) s + 1V 5 (6 + g D)l

Hyp(v) pv—1
S<(p—l)!+9>r >

which gives

i i
(L(“) + «9) PORD > vfet) 4 TEED prvapir )2
(p— D! P

= ||V_];(x+)||i + WHTP'FU_Z(Vf(x'F),x*' — )

H*(p + v)? 2+v—1)
(pH? '

From (A5), the rest of the proof follows exactly as in the proof of Lemma A.6 in [18]. [ |

+ (A5)

Theorem A.2: Suppose that HI holds and let the sequence {x;}_, be generated by Algorithm Al.
Then, fort =2,...,T,

23p—1M(p + U)P+U||XO _ x*||p+v

) —f(x") = =Dl P (A6)
Proof: For all t > 0, we have
~ 1
Ve (x) SAzf(x)+p+U||x—xollp+”, Vxel (A7)

Indeed, (A7) is true for t = 0 because Ag = 0 and o(x) =
true for some t > 0. Then,

Vi1 (%) = Y (%) + a [f (1) + (V1) x — xi41) + (%) ]

Iﬁ llx — x0[IPT". Suppose that (A7) is

- - 1 -
< A + + _ ptv —A 4 _ p+\).
< Af () + af (%) Py llx = xoll t+1f (%) Py llx — xoll
Thus, (A7) follows by induction. Now, let us prove that
Af () < Y7 = min (). (A8)
x€E

Again, using Ag = 0, we see that (A8) is true for t = 0. Assume that (A8) is true for some t > 0. Note
that v;(-) is uniformly convex of degree p 4 v with parameter 2~ V=2, Thus, by the induction
assumption

2—(p+v=-2) 2—(p+v=2)

] . V1 £7) [ mpmm— V)
P I tIPT = Agf (x1) I I ¢l

Ye(x) > Y +
Consequently,
Vi = xeféloigw {10 + ar [f(xe41) 4+ (Vf Geer1), x — xe41 + 9(0) ]}

~ 2—(p+v=2) .
> min {A R TPV
> min of (xr) + v llx — well

xedomg

+ar [f (1) + (Vf (Keg1)sx — xe1) + (0]} (A9)
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Since f is convex and differentiable and g, (x;41) € d¢(x¢41), we have

Fx0) = F@ra1) 4 (VFGeern)s X — Xep1) (A10)
and

©(x) = @(xXt11) + (8o (Xt+1)> X — Xey1)- (A11)
Using (A10) and (A11) in (A9), it follows that

Wiz min {AmafGer) + (TG, A — Avxis)
xedom ¢

27(p+v—2)

+ar(VF (1), X — Xe41) + I

llx— Vrll“”} : (A12)

Note that Aix; = App1yr — arve and A 1x41 = Aixep1 + arXe1. Thus, combining (A12) and
Lemma A.1, we obtain

pt+v

1
ptv—1 ~
-1
] IVf Cerp) 127

P> A f(x )+ min {A 1 (- D!
t+1 = 4+ t+1 xedom ¢ If+l4 M

2—(p+v-2)

+ar (Vf (Xe41), X — ve) + P

lloce — Vt||P+v} > Aprrf (1),

where the last inequality follows from (A1) exactly as in the proof of Theorem 4.3 in [18]. Thus, (A8)
also holds for ¢ + 1, which completes the induction argument.
Now, combining (A7) and (A8), we have

- ~ 1
) —f(x") < A [ llxo — x+||"+”] . (A13)

p+v
Once again, as in the proof of Theorem 4.3 in [18], it follows from (A1) that

ptv—1 TPtV

G-D'| 1 (1) o
‘'z 5y i b (t— 1P, Vi>2. (A14)

Finally, (A6) follows directly from (A13) and (A14). [ |
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