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1. Introduction

The paper has two principal aims. The first is representation theoretical and concerns
the program initiated in [3] to disentangle U(ZG) using geometric group theoretical
notions, and this without losing track of the torsion elements. The ultimate goal hereof
would be to develop reduction methods for certain guiding questions in integral represen-
tation theory such as the integral isomorphism problem and the Zassenhaus conjectures.
The main contribution of this paper to this goal is Theorem 6.10 which says that, under
a mild condition on the finite group G, the unit group U(ZG) either has Kazhdan’s
property (T) or is, up to commensurability, a non-trivial amalgamated product A *¢ B
(and hence in this case all torsion subgroups are conjugated to subgroups in A or B).
In order to obtain (useful) reduction methods one needs in the second case to produce
concrete amalgamations, whereas in the first case an abundance of literature equips us
with new machinery. Interestingly, combining the recently obtained characterization of
property (T) of the authors [3, Theorem 7.1] with Jespers-Leal’s theorem [26, Theorem
3.3] one obtains that property (T) occurs (almost) exactly when the generic construc-
tions of bicyclic and Bass units [24, Chapter 1] form a subgroup of finite index in U(ZG).
Consequently, one may confidently expect that the dichotomy mentioned above will form
a pillar for future research in the above program.

The proof of the dichotomy ultimately relies on understanding the structure of the
linear groups SLy(O) and their subgroups generated by elementary matrices Eo(O) with
O an order in a rational division algebra D. In particular, it will rely on the modular
group PSLy(Z) and the Bianchi groups PSLs(Z,;), where Z; is the ring of integers of
Q(v/—d). Bianchi groups have already a long history and presentations and amalgamated
decompositions (when they exist) are well known, for example see the books [15,39].
However, to obtain the dichotomy we cannot escape from also considering special linear
groups over smaller orders in quadratic imaginary extensions of Q. Moreover, we are
forced to handle the by far less well understood cases when O is an order in a quaternion
algebra.

One of the first papers handling units in 2 X 2 matrix groups over orders in quater-
nion algebras is [29]. It is shown that it all comes down to studying discrete subgroups
of Vahlen groups, which are 2 x 2 matrices with entries in a Clifford algebra. These
groups were described in [42], where Vahlen generalized Mobius transformations to higher
dimensional hyperbolic spaces. Discrete subgroups of the latter provide a natural gen-
eralization of the modular group to higher dimensions. These generalized groups are
denoted by SL, (I',(Z)) and referred to as higher dimensional modular groups. These
groups were rediscovered later by Ahlfors in [1].

In this paper, we consider subgroups of SL (I',,(Z)) generated by elementary matrices,
which we denote by Eo(T",,(Z)). We will see that, although I',,(Z) is not a ring, the newly
defined group Ez(I',,(Z)) mimics remarkably well the classical group Ea(R), for a ring R,
and its use for the study of GLy(R). Next, in the spirit of [7,15], a constructive method
is given to obtain useful finite presentations for the elementary subgroup. Using the
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latter presentations, we then obtain concrete non-trivial amalgamated decompositions
of E5(T',(Z)) for n > 1.

The modular and Bianchi groups have numerous applications throughout number the-
ory, geometry and analysis. One can be optimistic that the higher-dimensional analogue
of these groups will turn out to have similar uses (for instance see [33]) and hence these
groups constitute a topic of independent interest. This is why, although the important
case in the group ring context is the case when n = 4, we consider the groups Eo(T',,(Z))
in their whole generality for all n > 1.

We will now highlight in two parts the main results obtained in this paper.

Presentations and amalgamations of higher modular groups. As described earlier, Vahlen
[42] introduced a special linear group of 2 x 2 matrices with entries in the Clifford group
I',,(R) of the real Clifford algebra C,(R) of degree n. In [31] Maass also described this
group. Recall that C,(R) is the (associative and unital) R-algebra generated by n — 1
symbols 41,...,i,_1 and solely subject to the relations zi = —1 and 49, = —igt; for
t # k. The Clifford group I'y(R) is the group of invertible elements in C,(R). Both,
Vahlen and Maass prove that these newly introduced special linear groups act via Mobius
transformations on the hyperbolic space H**! of dimension n + 1.

In 1985, in [1], Ahlfors draws attention to these special linear groups, mentioned in the
paragraph before, and denotes these groups by SLy (T',(R)). In this paper we consider
their discrete subgroups SL, (I',,(Z)), which act discontinuously on H™*!. This group
generalizes the classical case of Fuchsian and Kleinian groups, that act discontinuously
on hyperbolic space of dimension 2 and 3 respectively, to higher dimensions. Recently
generalizations of Kleinian groups to higher dimensions [28] or Vahlen groups in general
[33] have received more attention.

In [7] Cohn initiated, for general rings R, the systematic study of the group Eo(R) gen-
erated by the elementary matrices over R. Nowadays, their predominant role in the study
of GLy(R) goes without saying. For example, building on Cohn’s work, Fine [15] was
able, among other things, to obtain amalgam decompositions for the Euclidian Bianchi
groups.

With this in mind, we initiate in Section 3 the study of the group generated by
elementary matrices in SLy(T',,(Z)), denoted Eo(T',(Z)), and investigate this subgroup
in the subsequent sections. As a first main theorem we show that, to our surprise, the
elementary groups are nested into each other in a very precise structural way. As a
consequence we obtain an amalgam decomposition for the “Euclidean” higher modular
groups, i.e. in case n < 4.

Theorem A (Theorem 5.6 and Corollary 5.7). The group Eo(T',(Z)) has a non-trivial
decomposition as an amalgamated product with amalgamated subgroup Eo(Ty,—1(Z)). In
particular, forn <4, SLy(T',(Z)) is an amalgamated product over SLy(T'y_1(Z)).

To prove the result, we first carefully explain in Section 4 how to obtain a finite
presentation of Eq(T',,(Z)) for all n > 1. Thereafter, inspired by methods in [15], we
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obtain in Section 5 a surprisingly smooth concrete amalgamated decomposition, yielding
the main theorem above.

Remark. For n = 1 and n = 2 the higher modular group SL, (T',,(Z)) is isomorphic to
SL2(Z) and SLo(Z]i]), respectively. For n = 3, we get an isomorphism with the group
described in [32] and for n = 4, this group is isomorphic to a subgroup of finite index in
the group of 2 x 2 matrices of reduced norm 1 over the Lipschitz quaternions £. Hence,
Theorem A generalizes the classical results for SLy(Z) and SLa(Z[i]), but it also yields a
previously unknown amalgamation of SL (I'3(Z)) over SLy(Z[i]) and SL(T'4(Z)) over
SL+(I'3(2)).

A dichotomy for integral group rings. Let G be a finite group. One of the most natural
questions in representation theory is the so-called integral isomorphism problem which
asks whether G is uniquely determined by the integral group ring ZG. This question
was already posed explicitly for the first time by Higman in 1940 [21] and thereafter
popularized by Brauer [5] in the 1960’s.

Interestingly, this problem has an equivalent purely group theoretical reformulation,
namely whether the unit group U(ZG) determines G uniquely. This is one of the reasons
why the structure of U(ZG) received tremendous attention in the last five decades and
we refer to the books [24,25,38] for the main advances on this topic. Over time two
main research directions emerged. On the one hand, the search for generic constructions
of subgroups of finite index in U(ZG) and on the other hand the understanding of
torsion units in ZG with a special emphasis on the Zassenhaus conjectures. The third
and strongest of these conjectures, denoted (ZC3), asserts that every finite subgroup
of U(ZG) is conjugated, within U(QG), to a subgroup of G. Since the groundbreaking
work of Roggenkamp-Scott [37] and Weiss [43,44], proving (ZC3) for nilpotent groups,
progress on (ZC3) and the isomorphism problem has been scarce. The main issues for
further progress on the latter questions are the following

(1) The lack of (generic) constructions of (torsion) units.
(2) The absence of reduction methods.

As mentioned by Kleinert in [30] a “Unit Theorem” for U(ZG) (i.e. a basic structure
theorem such as Dirichlet’s unit theorem) is still missing. For abelian groups this was
solved by Higman [21], however for only very few non-abelian groups G a full presenta-
tion of U(ZG) is known. A main reason for this is the first problem mentioned above.
According to Kleinert [30], “a unit theorem for a finite-dimensional (semi-)simple ratio-
nal algebra A consists of the definition, in purely group theoretical terms, of a class of
groups C(A) such that almost all generic unit groups of A are members of C(A).” Here
a generic unit group stands for a torsion-free subgroup of finite index in SL;(QO), the
elements of reduced norm 1 of some order O in A. The reason one considers SL;(QO)
instead of U () is that (SL1(0O), Z(U(0O))) is always a subgroup of finite index in U(O).
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By Dirichlet’s unit theorem, the structure of Z(U(0)) is then considered as known. In
other words, the best one can hope for is to describe in a generic way representatives
of the commensurability class of U(ZG). This point of view was explicitly formulated in
[23] and called the virtual structure problem:

Problem (The virtual structure problem for unit groups of integral group rings). For a
class of groups G, classify the finite groups G, such that U(ZG@G) is virtually in G.

In [27], the authors solved the problem in case G is the class consisting of direct
products of free-by-free groups. Joint with the results in [3] we obtain (almost) the virtual
structure problem for the class consisting of the non-trivial amalgamated products.

Theorem B (Theorem 6.10). Let G be finite group, such that G does not have a com-
position factor isomorphic to As. If U(ZG) has finite center, then exactly one of the
following properties holds:

(1) U(ZG) has property (T).

(2) U(ZG) is commensurable with a non-trivial amalgamated product.

Clearly, if G is solvable or has an order not divisible by 2, 3, or 5, then the first
assumption on G is fulfilled.

Recall that by the Delorme-Guichardet Theorem [4, Theorem 2.12.4] a countable
discrete group I' has property (T) if and only if every affine isometric action of I on a
real Hilbert space has a fixed point. Theorem B lays the first pillar towards the solution
of the second problem, i.e. “the absence of reduction methods”. Indeed, in case U(ZG)
is a non-trivial free product with amalgamation A x¢ B, the study of torsion units, is
reduced to (conjugates) of the proper subgroups A and B of U(ZG). The next milestone
would be a generic construction of the amalgamated product mentioned in the theorem.
Recently in [22], building on [19], the first generic constructions of free products of torsion
subgroups in U(ZG) have been found.

In [3, Theorem 7.1 and Corollary 7.4] the authors obtained the following characteriza-
tion, in terms of G, of when property (T) occurs for U(Z@G). It is proven that the group
U(ZG) has property (T) if and only if U(ZG) has finite center and the group algebra
Q@G does not have My(D) as an epimorphic image, where D is

.o, (%) (1)
Q

with d > 0 and a, b < 0. Therefore, in order to prove Theorem B, we need to understand

SL2(O), with O an order in any of these algebras. This will be done through its elemen-

tary subgroup E5(O), and here the amalgamated products obtained in the first part of

the paper play an important role. We, furthermore, obtain the following result which we

believe is interesting on its own.
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Put B5(R) = Eo(R)NBa(R), for any ring R, where By(R) denotes the Borel subgroup
of GLa(R) (i.e. the group of invertible upper triangular 2 x 2-matrices).

Theorem C (Theorem 6.8). Let O be an order in Q(de) with d > 0 a square-free
integer. Then Eqo(O) has a decomposition as a non-trivial amalgamated product if and
only if O # I3. Moreover, if O is different from Z[\/=3] and also from Iy with d €
{1,2,3,7,11}, then

E3(0) = Ey(Z) *pyz) B5(0).

Note that the rings Z[\/—3] and Z,, with d = 1,2,3,7,11, are exactly those orders in
imaginary quadratic extensions of Q which are GE,-rings, i.e. the general linear group
is generated by elementary and diagonal matrices (see [11, Theorem 3]). Interestingly,
for d ¢ {1,2,3,7,11}, Frohman and Fine [17] proved that

SLa(Za4) = E2(Za) *r, Ga

for certain concrete groups F; and Gy4. Hence, our description complements their result.
Note that for O = Zs, it is well-known that the Bianchi group PSLa(Z3) satisfies Serre’s
property FA. In particular, SLo(Z3) has no non-trivial decomposition as an amalgamated
product. The group SLa(Z[v/—3]) is a subgroup of index 2 in SLy(Z3) and it comes a bit
as a surprise that it does have a non-trivial amalgamated decomposition.

To end, in case U(ZG) does not have property (T), we investigate which concrete
subgroup is an amalgamated product. By [3, Appendix A], when QG has an epimorphic
image of the form Msy(D), with D as listed in (1.1), it will also have Ms(Q) as an
epimorphic image. This condition is in fact equivalent for G to have Dg or S3 as an
epimorphic image, see Remark 6.17. One of the results obtained in this context is the
following.

Theorem D (Corollary 6.16). Let G be a finite group having Ds or S3 as an epimorphic
image. Then U(ZG) is virtually a non-trivial amalgamated product. Furthermore, every
subgroup H of finite index in SL1(ZG) has a non-trivial amalgamated decomposition.

The outline of the paper is as follows. In Section 2, we give the necessary background
on free products with amalgamation, 2-by-2 matrices over quaternion algebras and higher
modular groups. In Section 3 we initiate the Eo and GE5 part of the higher modular
groups. Thereafter, in Section 4, we give a finite concrete presentation of the latter
groups. In Section 5 we succeed in obtaining a non-trivial amalgamated decomposition
for Eo(T',,(Z) over E5(T',,—1(Z)). Finally in the last section 6 we consider U(ZG), prove
the dichotomy and obtain the refinements obtained above. In the appendix we give a
non-exotic example of a quaternion order which is not universal for GEs.
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2. Preliminaries
2.1. Free products with amalgamation

First we recall the definition of a free product with amalgamation.

Definition 2.1. Let G1, G2 and H be groups and f; : H — Gy and fy : H — G2 be
injective homomorphisms. Let N be the normal subgroup of the free product G; * G
generated by elements of the form fi(h)f2(h)~! for h € H. Then the free product with
amalgamation Gy g G is defined as the quotient (G * G3)/N. This free product with
amalgamation is said to be trivial if f; or f; are surjective. If not stated differently, we
always assume the free product with amalgamation to be non-trivial. The group H is
called the amalgamated subgroup.

Throughout the paper, abusing terminology, we will often abbreviate the term “free
product with amalgamation” simply as “amalgamated product”.
The next proposition is standard (see for example [45, Lemma 3.2]).

Proposition 2.2. Let G = Gy xg G2 be a free product with amalgamation. If ® is an
epimorphism from G to G, then G is the free product with amalgamation fI)*l(Gl)*q,q(H)
®~1(Gy). In particular, for any group H, the direct product G x H is again a free product
with amalgamation.

The following proposition is folklore, but as we will use it later on in the paper, we
state it here explicitly.

Proposition 2.3. Let G be a group and let A, B,C C G be pairwise disjoint subsets such
that

G:=(AUBUC | Rac,Rpc),

where Rac, Rpc is a collection of relations on the generators in AU C and B U C
respectively. Write G ac, Gpc and G¢ for the subgroup of G generated by AUC, BUC
and C respectively. Then

G =Gac *Go Ggc.

As Go € Gac NGpe, the injections of G¢ in both components in the amalgamation
are the canonical injections.

2.2. A matrix ring over a totally definite rational quaternion algebra

u,v

Recall that the rational quaternion algebra (U) is the Q-vector space with basis
{1,4,4,k} and multiplication determined by the relations
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=u, j-=wv, 1j=k=—ji,

where u,v € Q\ {0}. This quaternion algebra is said to be totally definite if u and v are
negative.

Leta=a1-14as-i14+as-j+aq-k € (%), with a1, a2, a3,a4 € Q. The real part of
a is defined to be Re(a) = a; and we put @ =a; -1 —ag-i —as-j — a4 -k and |a| = Vaa.
It is well-known that the latter defines an analytic norm (i.e. it also satisfies the triangle

u,v

inequality) on ( ) ) if and only if the quaternion algebra is totally definite. The square,

i.e. the map a — aa, makes some quaternion algebras right Euclidean, a notion which
generalizes the notion of Euclidean rings to the non-commutative setting.

Definition 2.4. Let R be a ring and § : R — N a map with 6(0) = 0. We call R a right
Euclidean ring if

Va,be Rwithb#0,3¢q,r € R:a=bg+r with 6(r) < d(b) or r=0.

By [16] the only totally definite rational quaternion algebras having a right Euclidean

order are (_1@_1), (_1@_3) and (_2@_5), where ¢ is the square map. Recall that a

Z-order (or for brevity just order) of a finite-dimensional rational algebra A over Q is

a subring of A that is finitely generated as a Z-module and contains a Q-basis of A.
Moreover in the mentioned cases the right Euclidean order is the (up to conjugation)
unique maximal order.

For our purposes, we need to deal with a generalization of the special linear group
over a totally definite rational quaternion algebra. To do so, we consider the elements of
reduced norm 1 in 2-by-2 matrix rings over an order in a quaternion algebra (%)

For convenience, we recall some definitions and standard notations. Let A be a finite
dimensional central simple algebra over a field K. Let E be a splitting field of A, i.e.

E®g A= M,(F), a full matrix ring over E. The reduced norm of a € A is defined as
RNry/k(a) = det(1 ® a).

Note that RNr 4, is a multiplicative map, RNr4,x(A) € K and RNr 4,k (a) does only
depend on K and a € A (and not on the chosen splitting field E and isomorphism
E®x A= M,(E)), see [24, page 51]. For a subring R of A, put

SL1(R) = {a € U(R) | RNry/k(a) =1},

which is a (multiplicative) group. If A = M, (D) and R = M,,(O) with O an order in D,
then we also write SL;(A4) = SL,, (D) and SL;(R) = SL,,(O).

Remark 2.5. For O an order in (%) the group SLy(O) may alternatively be defined
via the so called Dieudonné determinant. For more details on Dieudonné determinants
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we refer the interested reader to the very acces&ble paper [2] or to [9,12]. The following

formula for the Dieudonné determinant A of 6 M, ((%)) can be derived.

A((2)) = \/laPId? + [bP|d]? — 2Re [acdb]. 2.1)

There is a link between the Dieudonné determinant of a matrix and the reduced norm.
Indeed, by [12, Theorem 1, page 146], for A = ( ) € M, (( )) we get that

A(A)? = RNry, (50) 0 (4) (2.2)

This shows that the reduced norm of a matrix in My ((%)) is rational and positive
and thus the groups GLs (O) and SLy (O) are equal.

2.3. Clifford algebras

We recall the concepts of Clifford algebras and Clifford groups. This is based on [1]
and [14]. Let R be a unital associative ring. The Clifford algebra C,(R) (with n > 1) is
the unital associative R-algebra generated by n — 1 elements ¢1,...,%,_1 subject to the
following relations

iniy = —igin, for h#k and i =-1for1<h<n-—1. (2.3)

Let V*(R) denote the free R-submodule of C,,(R) with basis {ip := 1,41,...,9,-1}. The
image of a € C,,(R) under the linear automorphism determined by ij, — —i), is denoted
by a’. The map a + a* consists in reversing the order of the factors in a basis element
ih, - --%h,, of the algebra. Note that (ab)* = b*a*. Finally the composition of these two
maps gives another map denoted by a — @ = a’* = (a*)’. Note that if « € V*(R), then
a*=aand o' =a.

Consider now R = R. For small values of n, one has the following isomorphisms.

Ci(R) = R, C2(R) = C and C3(R) = <_1I’R_1> .

The vector space Cp,(R) of R-dimension 2”71 is endowed with the Euclidean norm,

1
la] = (Za%)Q fora:ZaIIGCn(]R), I'=ij -4, 1<ji<..<jr<n-1

It is clear that if @ € V"*(R), then aa@ = |a|?. Thus the inverse of every non-zero a € V*(R)
is given by a=! = @|a|~2. The real Clifford group I',,(R) is the multiplicative group of all
products of invertible vectors of V*(R). By [1, Lemma 1.2}, for a,b € T',(R), |ab| = |a||b|.

This allows to define the general linear group and the special linear group over the
Clifford group.



194 A. Bdchle et al. / Journal of Algebra 604 (2022) 185-223

Definition 2.6 (/1, Definition 2.1]).

GL(T,(R)) = {(“ 2) | a,b,e,d € To(R) U{0}, ad® —be* € R\ {0},

Cc

ab*, ed*, c*a, d*b € V*(R)},
SL, (T'n(R)) = {(‘g Z) € GL(Tw(R)) | ad* — be* = 1}.

One can straightforwardly prove that the map GL(I',(R)) — R\ {0}: (‘i Z) —
ad* —bc* is multiplicative. Moreover, all the above definitions make sense when replacing
the field R by Q. Hence we also get the rational Clifford group I',,(Q) and SL (T, (Q)).

In [1], it has been shown that GL(T',,(R)) and SL(T',,(R)) are multiplicative groups.
The same is true when replacing R by Q. For full disclosure, in [14, Definition 3.1] a
significantly more involved definition of SL; (T',,(R)) is given, but it has been later shown
in [14, Theorem 3.7] that both definitions are equivalent.

Although the real Clifford algebra of dimension 3 is isomorphic to the classical quater-
nion algebra over R, this isomorphism does not extend to an isomorphism between
SLo ((_1]1’{1)), as defined in Section 2.2, and SL(T'3(R)). However, as the following

theorem shows, the special linear group SLy ((=%—)) is isomorphic to the special linear

group over a higher Clifford group.

Theorem 2.7 ([1/, Section 6]). The groups SLo ((_115{1)) and SLi (T'4(R)) are isomor-
phic.

The following lemma is well-known and will be useful later in concrete computations.

Lemma 2.8. Let R be equal to R or Q. Let a,b,c,d € T',,(R) and x € V*(R). The
following properties hold.

(1) Either both or none of ab=! and a*b belong to V*(R). Idem for a='b and ab*.
(2) axa* € V*'(R).
(3) If (*°) € GL(I'n(R)), then axd + bxc € V"(R).

The first item is exactly [1, Lemma 1.4]. The second item is [14, (3.9)]. The last
item is proven in [14, Proof of Theorem 3.7]. In [14], everything is done for the field
Q, but the proofs remain valid for R. Moreover, the last item is proven for a matrix
(¢") € SLy(I'x(Q)), but again the proof remains valid for a matrix in GL(I', (R)).

Let ', (Z) be the multiplicative monoid consisting of the elements of C,(Z) that are
products of non-zero elements of V*(R), i.e.
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Using the Euclidean norm, it is easy to see that the unit group U(T,(Z)) =
(i1,...,%n—1) (see Remark 3.5 below for a presentation).

One defines SL(I',(Z)) as the subgroup of SL; (I',(R)) consisting of all matrices
with entries in I',,(Z) U {0}. More precisely,

SLy (Tn(Z)) = SLy(n(R)) N Ma(T'n (Z) U {0}). (2.4)

Note that SL;(T',,(Z)) indeed is a group since the inverse of a matrix in SL (T, (Z))
also belongs to SL4(T',,(Z)) by [14, Proposition 3.2].

2.4. The groups GEo and Eg

We recall from [7] some definitions concerning the groups GE2(R) and Eo(R) for an
arbitrary unital ring R. The group GE2(R) is the group generated by all matrices

[, 0] = <g 2) for v €U(R),  E(x) = (_xl é) for z € R.

For p € U(R), put D(u) = [p, u~1]. Define the groups Da(R) = ([, v] | u,v € U(R))
and DEg(R) = (D(u) | p € U(R)).
In the group GE(R) the following relations hold, see [7, (2.2)-(2.4)]

E(z)E(0)E(y) = E(0)*E(x +y), T,y €R (R1)
E(w)E(u~")E(n) = E(0)*D(u), p € U(R) (R2)
E(x)[p,v] = [v, ) E(v ™ ap), z € R, p,v eU(R) (R3)

E(0)? = D(-1). (R4)

The group E5(R) is the group generated by all matrices

E(z) = <_x1 é) for x € R.

Note that, by (R2), E2(R) contains the matrices D(p) = [p, p~!]. Moreover, it can
be shown, that Es(R) is the group generated by the classical elementary matrices and
that FE5(D) is a subgroup of SLy(D) for D a division algebra.

Definition 2.9. The ring R is said to be universal for GEg if the relations (R1)-(R4)
together with a set of defining relations in the group Dy(R), form a complete set of
defining relations of GE2(R). These relations are called the universal relations.

In order to describe GEo(R) and Eq(R) of some ring R we will often try to provide a
full presentation of these groups via abstract generators and relations. From now on we
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will adopt an abuse of notation: we will not make the distinction between the elements
E(z) and [p, v] as matrices in GEo(R) and the corresponding elements of an abstractly
generated group which satisfy the same relations.

In [3, Proposition 3.4], it is shown that if R is a ring such that there exists a set ® of
relations solely defined in Eo(R) such that ® together with the universal relations yield
a full list of relations for GE2(R), then

GE»(R)/Ex(R) = U(R)*. (2.5)
The following definition is also taken from [7].
Definition 2.10. A ring R is a GE3-ring if GLa(R) = GE2(R).
The following proposition is folklore.
Proposition 2.11. Left and Right Euclidean rings are GEg-rings.
The discrete subrings R of C that are GEy-rings have been classified in [11, Theorem
3]. Namely, a discrete subring of C is a GEq-ring if and only if it is one of the following

seven rings:

(1) Zg, the ring of integers in Q(v/—d), for d =1,2,3,7,11,

Note that the numbers d = 1,2, 3,7, 11 are exactly those for which Z; is a Euclidean
ring.

3. The groups GE; and E; over the Clifford group

In this section we define the groups GEs and E; over the Clifford group T'\,(Z).
As T',(Z) is merely a group, but not a ring, one has to be careful while generalizing
these concepts. Once we have well defined the groups GE2(I',,(Z)) and Eo(T',(Z)), we
determine a presentation in terms of generators and relations of the latter. Recall that
io = 1 and set

B={ti,|0<h<n-—1} (3.1)

Definition 3.1. The group GE3(I',,(Z)) is the subgroup of GL(I',,(Z)) generated by all
matrices

[, v] = <’g S) for p,v € U(T,(Z)) and pr* € R\ {0},
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E() = (”31 é) for z € V*(Z).

Note that the matrices [u1, ] € GLa(I',,(Z)) are all of the form [, £(p*)~!]. Indeed,
as p and v are units in I',,(Z) and pv* € R, pv* = +1. Hence

GE(T(2)) = (B(), [, +(u") Y] |2 € V(Z), p €UTn(Z).  (32)

Definition 3.2. The group E5(T',,(Z)) is the subgroup of GL(I',,(Z)) generated by all
matrices

E(z) = (fl é) for z € V*(Z).

Remark 3.3. The definition of GE4(T',(Z)) slightly differs from the definition of GE2(R)
for a ring R, due to the condition ur* € R for the entries p and v in the diagonal matrix
[, v]. For instance, for the case n = 2, when I'y(Z) = Z[i], the group GE2(T'2(Z)) is
isomorphic to a subgroup of index 2 in GE5(Z[i]) = GLo(Z[i]) (defined according to
Section 2.4). The condition ur* € R ensures precisely that GEo(I',,(R)) is a group.
Concerning the group Eg, Definition 3.2 and the definition given in Section 2.4 give the
same groups when I',(Z) is a commutative ring. Thus Eq(T'1(Z)) = Eo(Z) = SLy(Z)
and Eo(T'2(Z)) = Eo(Z[i]) = SLo(Z][i]).

In GE5(T,,(Z)) the universal relations (R1)-(R4) hold, if we specify x,y, u, v correctly
for the Clifford group context. This means the following.

(R1) with z,y € V*(Z).

(R2) with g € V(Z)NU(T,(Z)) = B and D(u) the matrix [p, p!] with 4 € B.

(R3) with p,v € U(T',(Z)) and pr* € R\ {0}. For the latter, note that if [u,v] €
GL(T',(Z)), then also [7, 1] € GL(T',,(Z)). Hence by Lemma 2.8, for z € V*(Z), vzp
is an element in V*(Q). As 7 = |[v|?v~!, also v~ 1zpu is in V*(Q). As v is by definition
a unit in I',,(Z), the element v~'zy is contained in V*(Z).

(R4) stays the same relation.

In E5(T',,(Z)), the relations (R1), (R2) and (R4) hold with the elements quantified as in
the previous paragraph. The equation (R3) specializes to

B@)D(u) = D) E(uay),  ©€ V™(Z), p € UTw(Z)). (R3)

Note that by (R2), Eo(I',,(Z)) contains the elements D(u) = [, u~1] with u € B.
Nevertheless we will often add these diagonal matrices to the set of generators, as it
simplifies the calculations. Further define the following subgroups of GE3(I',,(Z)) and
Eo (T, (Z)) respectively.
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Dy(T(Z)) = (1,1 | 1w € UTL(Z)), v € R\ {0}). (3.3)
DEo(T(2)) = ([ p "] | € B). (3.4)

The following lemma describes the group DEy(T",,(Z)) more precisely.

Lemma 3.4. The group DE3(I',,(Z)) is isomorphic to UL (Z)) for every n > 1.

Proof. A matrix in DE5(T",,(Z)) is a product of matrices of the form (lg i?l) for 1 <
h
iy s ihy, 0 .
h < n—1. Thus such a matrix has the form (“ L 20 " jo1m1 1 ) In general a matrix
hi ho Thiy,

in DEo(T',,(Z)) is hence of the form (g (a*(;—l ), for some a € U(T',(Z)). Now let ¢ be
the following map:

a — (8 (a*(;—l) .

* and inversion are commuting anti-involutions, ¢ is a homomorphism, which is

Since
clearly bijective. O

Remark 3.5. We briefly elucidate the structure of the invertible elements of the monoid
', (Z). For n > 2, the group

U=UTW(Z)) = (=1,i1,i9,...in_1 | (=1)> =1, —1 central,

i =—1, inik = (—igin (1 <h<k<n-1))

has order 2" and exponent 4. Assume first n odd. Then Z(U) = (-1) = Cs and
U/Z(U) = Cy~ !, hence U is extraspecial. Write n = 2k + 1, then,
Yk : —
fn=1,3 mod 8
u(l—\n(Z)) Q{ 8 irn mo

=lyDg  ifn=5,7 mod 8,

where ¥ denotes a central product and Q§" denotes the iterated central product with r
factors isomorphic to Qg.

Second assume that n is even and set z = 4142+ ip—1. Then Z(U) = ( —1, z ); the
element z € U has order 2 if n = 0 mod 4 and order 4 otherwise. This gives the following.

UT(Z)) = {<i1""’i”—2> X (z) 2UT-1(Z)) x Cy ifn=0 mod 4

<Z'17 ...,in_2>Y Z> = U(Fn_l(Z))YC4 ifn=2 mod 4.

In particular, U(I'2(Z)) = Cy, U(T'5(Z)) = Qs, U(T'4(Z)) = Qs x Ca, U(I'5(Z)) = Qs Ds.
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In [8, page 160] a description of the extra relations needed aside from the universal
relations to obtain a presentation of GE2(R) for R an order in certain algebraic number
fields has been obtained. In [3, Proposition 3.1], a quaternion variant of this theorem has
been proven. In the same way it is possible to extend this theorem to the Clifford case,
which is given below. We briefly point out the differences in the two proofs and sketch
why it is possible to generalize the proof given in [3].

Proposition 3.6. Let K = Q(v—d) with d > 0 and H = (%) a totally definite quater-
nion algebra. Let O be an order in K, an order in H or let O =T, (Z). Then, a complete
set of defining relations for GEo(O) is given by the universal relations together with

(B@E(a)™ = B(0)> if 1< a|=vm <2, (3.5)

and a € O, ora e V*(Z), if O =T, (Z).
A complete set of defining relations for Eo(O) is given by (R1), (R2), (R3"), (R4),
the relations in the group DEo(O) and relation (3.5).

Proof. For O an order in K or H, Proposition 3.6 is exactly [3, Proposition 3.1]. To
prove [3, Proposition 3.1], one important auxiliary lemma is necessary. In the Clifford
context, this lemma states that for z,a € V*(R), z # 0

27— ! al < 1
m—1 m—1’

|z —al <1 if and only if (3.6)

where 1 < |a] = /m. Note that if 0 # z € V*(R), then also 27! € V*(R). Also if
a € V*(R), then also —1<a € V™(R). Moreover the sum (or difference) of two elements
in V*(R) is contained in V"(R). Hence the norm in (3.6) is well defined. Now everything
works as in [3].

Concerning the second part of the defining relations of Ey(O), for O an order in K
or H, this is proven in [3, Theorem 2.12]. Although, T';,(Z) is not a ring, the proof stays
valid. O

Next, we show the link between the groups Eq(I',(Z)) and SL4(T',,(Z)) for small
values of n.

Proposition 3.7. For 1 <n <4, Ey(I",(Z)) = SL+ (T',(2)).

Proof. Assume that 1 < n < 4. By Definition 3.2, the matrices generating E2(T',,(Z))
have all entries in V™*(Z). As Z-module, V"(Z) is exactly Z" and the norm on V"(Z)
equals the Euclidean norm on Z™. This norm defines a kind of right Euclidean division
on I',(Z) for n < 4. Indeed if a,b € T',,(Z) such that ab* € V™(Z), then there exists
g € V™(Z) such that |a — bg| < |b|, where the inequality is strict for n < 3. To prove
this, for z € V*(R) define [z] to be an element zg € V"(Z) that minimizes |z — zg|. By
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identifying V*(Z) with Z™, a lattice in R™, one sees that |z—[z]| < 1 for every z € V*(R)
if n < 4 and the inequality is strict for n < 3. Let a,b € T',,(Z) such that ab* € V"(Z).
By Lemma 2.8, a='b € V*(R) and thus also b~!a € V*(R) and if we denote [b~ta] by
q, we have [b='a — q| < 1 or equivalently |a — bg| < |b| and the inequality is strict for
n < 3. This proves the claim from above.

We can now proceed in the folklore way of the proof of Proposition 2.11. Let (‘; Z)
be a matrix in SL4 (I, (Z)). If b = 0, then Proposition 2.11,

(i 3) = [a,dIE(0)*E(d""¢).

By definition, ad* = 1 and hence a, d* € U(T",,(Z)) and thus, as in the proof of Lemma 3.4,
the matrix [a,d] is a product of generators of DEq(I',,(Z)). The latter are products of
generators of Eq(I',(Z)). Also by definition ¢d* € V™(Z) and hence by Lemma 2.8,
c~td € V*(Q) and also d~tc € V*(Q). As d is a unit, d"'c € V*(Z) and hence E(d~'c)
is a generator of Eq(I',,(Z)).

Suppose now that b # 0 and suppose first that n < 3. Moreover, without loss of
generality, we may suppose that [b| < |a| (otherwise multiply the matrix by E(0)).
By definition ab* € V™(Z) and thus, by the discussion above, there exists ¢ such that
la — bq| < |b]. Thus the matrix

(25) E0)°E(=q)E(0)
has (—b,a — bq) as first row and hence the norm of the upper right entry is smaller than
b. As the norm function only takes values in N, this process ends up in a matrix where
the upper right entry is 0. Finally the first step allows to conclude.

If n = 4, it is sufficient to prove that the case |a — bg| = |b| cannot occur. This is
equivalent to [b~'a—[b~'a]| = 1. The latter means that b~'a is of the form z+ H11fi2+is
for z € V*(Z). Hence a = b - (2 + 1£245)  Ag the matrix has a kind of determinant,
which is equal to 1 (see Definition 2.6), we get

b.<(2+1+h+++%)d*_c*>:1_

Taking the norm on both sides, we get |b|N = 1, where N € N. Hence the inverse of b
has integer coefficients, which contradicts the fact that b~ 'a is of the form z+ H“+++’3
This finishes the proof. 0O

In Remark 3.3, we stated that Eo(T",(Z)) is isomorphic to the group Ex(R) if I',,(Z) is
a commutative ring. For n = 4, although T'4(Z) is not a ring, we get that Eo(T'4(Z)), and

hence also SL (T'4(Z)), is isomorphic to the group Eo(L), where L is the ring of Lipschitz
—1,-1

quaternions. Recall that if D = ( ) is the ring of the “standard” quaternions over
the rationals with standard basis 1,4, j, k, then L =Z + Zi+ Zj + Zk C D is the ring
of Lipschitz quaternions.
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Corollary 3.8. The group Eqo(T'4(Z)) is isomorphic to Eo(L).

Proof. It suffices to compare for both groups the presentations stated in Proposition 3.6.
Clearly the correspondence i1 — i, io — j and i3 — k determines a natural one-to-one
correspondence between the generators of the groups Eq(I',,(Z)) and Eo(L) and this
agrees in both groups with the relations (R1)—(R4). The only relations which still need
to be checked in order to have an isomorphism between the two groups are the relations
defined by DE5(T'4(Z)) and DE» (L) and the relations (3.5) for both groups. For the latter
relations, it is sufficient to note that for T'y(Z) and £, the elements of norm V2 and /3 are
also in correspondence. Finally, it is readily seen that DE5 (L) = Qg x Cy = DEo(T'4(Z))
and these isomorphisms are compatible with the correspondence stated above. O

Corollary 3.8 might seem confusing as I'3(Z) is isomorphic to £. However on the matrix
level, one has to go up to I'y(Z) to find an isomorphism with the standard quaternions.
This same behavior has been spotted in Theorem 2.7.

4. A finite presentation of GE2 and E, over I',, (Z)

In the following we will describe a finite presentation for GE3(I',(Z)) and Eo(T',(Z)).
Recall that B = {£ip |0 < h <n—1} (see (3.1)).

Let us come back to the relations (R1)-(R4). From the relations (R1) to (R4) and the
relations in the group Dy(R) it follows that the involution F(0)? = D(—1) is central in
GE>(R) and we denote it by —I. Moreover, (R1) is equivalent to

E(x+y)=E(x)E(0) 'E(y), x,y € V(Z). (R1)

The inverse of E(z) (with x € V*(Z)) is given by the formula

which follows from Equation (R1).
We first prove that the group GE2(T',(Z)) is finitely generated.

Lemma 4.1. The group GE3(I',,(Z)) is generated by E(x) for x € BU{0} and [u, £u],
for p € B. In particular, GE2(I',,(Z)) is finitely generated.

Proof. For non-negative integers a,, (R1’) yields that

E() azx) = E(0) [[ E0) ' E(a.=).

zeB z€B

Using (R1), we get that E(a,z) € (E(0), E(x)) for every € B. Hence, E( > a,x) €
z€B
(E(0), E(x) | x € B).
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Now we show that it is enough to consider the matrices [u, +u], for u € B. By (3.2),
we know that the generators of GEy(I',(Z)) are all of the form [p, (u*)~!] for some
p € UTL(Z)). Tt is not hard to see that every matrix [u, £(u*)~1] is a product of
matrices of the form [iy, £(i5) 7). O

Remark 4.2. Note that in fact it is enough to consider E(x) for x € {i, |0 <h <n —1}
as generators, because F(—x) can be described by E(x) and (R1). However, in a first
instance, for the purpose of the relations, it is easier to keep these generators.

We now reduce the relations.
Lemma 4.3. The set of all relations (R1) is equivalent to the set of finitely many relations

E(z)E(0)'E(y) = E(y)E(0)"'E(x), (RC1)
E(z)E(0) *E(—z) = E(0), (RC13)

for x,y € BU{0}.

Proof. We first notice that (RC11) is exactly relation (R1) for y = —z. Furthermore
(RC1) follows trivially from (R1’) as both the left and right hand side equal E(x+y). Next
we show that (R1) for all z,y € V"(Z) follows from (RC1) and (RC13) for z,y € BU{0}.
For this notice that (R1) or (R1’) are equivalent to the relation

Y q,r s,te€V(Z) if g+ r =5+t then E(q)E(0) *E(r) = E(s)E(0) ' E(t). (4.1)

Indeed one implication is trivial. For the converse, set ¢ =z, r =y, s=x+y and t = 0.
Thus we need to prove (4.1). To do so, let g,r,s,t € V*(Z) with ¢ +r = s+ t. Fix

an order on B. Write ¢ = > ¢4, ¢» € Z>o. Then, in terms of generators, E(q) can be
zeB
written as

E(q) = B0) [] E0) e,

zEeB
where

er = E(x)E(0) 'E(x)... E(0) ' E(z)

qr times

Similarly, we can split up E(r), E(s) and E(t) and by (RC1), we can regroup the
E(x)’s, x € B, for a fixed order of B. If g+r =}z cox = s+, then this decomposition
is obtained from rearranging the decompositions of ¢ and r and canceling out those
coefficients corresponding to elements of B with opposing sign. Of course, the same
holds for s and ¢t. We can do the same on the level of matrices E(x) via (RC1) for
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rearranging and via (R,Clé) for canceling. Thus, using those two relations (RC1) and
(RC11), we obtain

E(q)E(0)'E 0) [T EO) 7 fo = E(s)E0) ' E(t),
zeB
where
fe=FE(@)EQ0) 'E(x)...E(0)"'BE(z). O

c, times

Lemma 4.4. The relation (R3) for x € V(Z) and u,v € U(T'(Z)) is equivalent to (R3)
for x € BU{0} and u € B.

Proof. First note that (R3) is equivalent to
v, 1] " E(z) [ v] = BE(v™'ap), zeV™Z), uelUl,(Z)). (R3”)

Suppose that (R3”) is true for a fixed z,y € V*(Z) and arbitrary pu,v € U(I',,(Z)). Then,
by (R1) (and thus (R1%)) and the fact that F(0)? is central and of order 2,

u] "t E(z)E(0) T E(y) 1]
0)2 [v, ) " E(2) [, ] [, v] " E(O) [v, 1] [v, 1) " E(y) [, V]
0)2E(w  ap)E(p 0v)E(v yp)

v, 1] B+ y) [nv] = v,
(
(
(v e E(0) " E(v ™ yp)
(
(

X

v lap+ v yp)
vz +y)p)

|
S B R I

By induction the relation (R3) for x € V*(Z) and arbitrary pu, v € U(I',(Z)) is equivalent
to (R3) for x € B and arbitrary p,v € U(T',(Z)).

The only thing missing is to show that it is enough to consider (R3) for u € B.
Suppose (R3) for iy, € B and we want to prove (R3) for general u € U(T',(Z)). By (3.2),
a matrix [p,v] € GE3(I',(Z)) is of the form [u, £(p*)~1] with u € U, (Z)). Write
[, ()Y = [in,, £(in,) Y- [in,,, (in,, )], where p = ip, - - -ip,, for some m € N
and some choice of + in the first generator, depending on m. Then

E(@)[u, (")) = E@)in,, £(in,) - [ing, (in,,) 7]
= [iy ) in, ) B(in, win,) - . [in,, (in,,) "'
= [&iy in, ). [y in, | E(Ein,, - in, Tin, -k,

= [F=(") L B zp). O
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The next theorem follows immediately from the previous lemmas and Proposition 3.6.
It actually states that the universal relations for GE2(I',(Z)) may be reduced to the
universal relations for the generating set B. Moreover the same is true for the group
Eo(I'n(Z)).

Theorem 4.5. The group GE3(T',(Z)) (respectively Eo(T',(Z))) is generated by E(x),
with x € BU {0}, and [u, £u] (respectively D(u)) for p € B.
A complete set of defining relations for GEo(T,,(Z)) is given by

E(x)E(0) ' E(y) = E(y)B(0)" ' E(x), z,y € BU{0}, (RC1)
E(z)E(0) *E(—z) = E(0), z € BU{0}, (RC13)
E(w)E(u™")E(p) = E(0)*D(u), p e B, (RC2)
E(x)p, +p~ ") = [2p~ " plB(fpap),  ze€BU{0}, peB, (RC3)
E(0)? = D(-1), (RC4)

defining relations in Do(I'y(Z)), (RC5)
(E@)E(a))™ = E(0)? a € V'(Z) such that 1 < |a| = v/m < 2.
(RC6)

The group Eo(T',(Z)) is defined by the same relations, except that (RC3) and (RC5) are
replaced by

E(x)D(p) = D(u™ ) E(pxp),  xeBU{0},peB (RC3)
Defining relations in DEo(T,,(Z)). (RC5)

In particular GE3(T'(Z)) and Eo(I',(Z)) are finitely presented.

Remark 4.6. Theorem 4.5 stays valid for a special class of unital rings R (almost universal
rings, see [3, Definition 2.11] for more details) which are finitely generated and free as
a Z-module with basis B, with x,y € B and pu,v € U(R). Moreover a complete set of
relations for GE2(R) is given by the universal relations and a set @ of relations solely
defined in Eg(R). If both U(R) and the set ® are finite, then GE3(R) and Ey(R) are
finitely presented.

Although there are several elements in V"(Z) with norms between 1 and 2, the next
theorem shows that nevertheless the universal relations are enough to give a presentation
of GEz(T'(Z)).

Theorem 4.7. The universal relations give a complete set of relations for GE2(T'y,(Z))
and Eo(T(Z)).
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Proof. We only need to prove that the relations (RC6) can be deduced from the universal
relations. Then Proposition 3.6 allows to conclude.

Analogously to [7, (2.9)], one can derive the following crucial formula from the uni-
versal relations.

E()E(a)E(y) = E(x —a Y)D(a)E(y —a™), z,y € V'(Z),a € B. (4.2)

We first consider the elements a € V™(Z) appearing in E(a) and that are of norm
2. They are necessarily of the form v 4+ § with v, € B = {£i, | 0 < h < n—1}
and v # +0. We can assume, without loss of generality, that v # +1 (as v # £4J) and
thus 42 = —1. Furthermore, 676 = v, ¥ =~"' = —y and 6 = §~'. In what follows, the
central element E(0)? will frequently be replaced by a minus sign in front of the product.
Consider (E(y+0)E(y + 5))2.

(E(+8)E(v+9))" =

(RCH’

(v~
"2 By E(=5 =y D) E0)E(~5 1) E()
(

Y DY) E(y ) E(—0y — 1) E(0)E(—5~) E(7)

YS) DB E(—8y — v~ )ER).

As —y6y = 671, the last right hand side simplifies to

(RC2)
=" D(y)*=-1I.

If a has norm 3, the computations are similar, but longer. The details can be found in
[41, Proof of Theorem 4.4.4].

The reductions in both cases were actually done completely within the group
E2(T,.(Z)), by which we mean that we used relations which are also true in Eo(T',(Z))
and not just in GEo(I',(Z)). For example, we used (RC3’) instead of (RC3) and (RC5")
instead of (RC5). This also implies that (RC6) may be dropped in the relations of
Ex(Tn(Z)). O
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Remark 4.8. Note that the relations (RC6) were never used in the reduction processes in
the proofs of Lemma 4.1 to Lemma 4.4. Thus the relations (RC6) may also be dropped
in Theorem 4.5.

The idea of the proof of Theorem 4.7 is not unique to the case of Clifford algebras. An
important aspect of the proof is that the “basis” of T',,(Z) consists of units. Hence, with
some extra work, Theorem 4.7 remains valid for quaternion orders containing a basis of

units. For example the bases of the Lipschitz and Hurwitz order £ and Os in (71@71>

and the maximal order O3 in (1(@3) stated in [3, (3.20)] consist of units. Thus by

a similar, but more complicated, proo

as above, one can extend Theorem 4.7 to these
orders.

However the universal relations do not always give a complete set of relations of
GE2(0O) for O an order in a quaternion algebra. A non-exotic example of this is given in
Appendix A.

5. The group E2(T',,(Z)) is an amalgamated product

In this section we prove that Eo(I',(Z)) is a non-trivial amalgamated product for
every n € N. This is well-known for n = 1 and n = 2. Indeed in [39, 1.4.2 Example ],
Serre showed that Ex(I'1(Z)) = SL2(Z) is a non-trivial free product with amalgamation
and in [15, Theorem 4.4.1], it is shown that Eo(T'2(Z)) = SLy(Z]i]) is a non-trivial free
product with amalgamation. In this section, we will show the amalgamation for n > 3.
The work is inspired by [15, Section 4].

Theorem 4.5 and Theorem 4.7 give a first presentation for Eo(T',(Z)). This is sum-
marized in the following lemma.

Lemma 5.1. For everyn > 1, the group Eo(I',,(Z)) is generated by E(x) for x € {0, £iy, |
0<h<mn-—1} and D(u) for u € {£in | 0 < h <n— 1} with the following relations.

[N

« i~
slcBoNoNoEoBoNeleliwie o R

A~~~/
w
—_— N —

)D(-1) = D(*l)E(O)

0)D(in) = D(—ip)E(0) for1<h<n-1
1)D(-1) = D(-1)E(1)

1)D(ip) = D(—ip)E(=1) for1<h<n-—1
in)D(—1) = D(-1 E(zh)forlghgn—l

)D( )
ih)D(ih) = D(—ih)E( ) forit<h<n-1
)D(ix) = D(—ik)
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(6) Defining relations given by DEo(T,,(Z)) = U(T\,(Z)).

Proof. It is straightforward that the relations (1) to (6) follow from the relations in
Theorem 4.5.

For the converse, note that the relations (1) to (6) are in fact just the relations from
Theorem 4.5, but where we dropped the cases yu = —ip, in D(i) for 1 <h <n —1 and
x = —ip in E(z) for 1 < h < n — 1. The relations for those cases can be deduced from
the other relations by using

E(z) = E(0)E(—x)"'E(0), ze{in|0<h<n-—1},
which is implied by (2) and
E(0)D(—ip) = D(in)E(0), 0<h<n-—1,

which is implied by (5) and (6). Moreover the relations involving the generator D(1)
may be dropped, as D(1) is the neutral element of the group by (6).

Finally by Remark 4.8, the relations (RC6) can be dropped anyway. O

We reduce this list of relations and generators further in the following lemma. Remark
that we technically do not need to add the element —I as generator, but it will make

some relations easier to write down.

Lemma 5.2. Let n > 1. The group Eo(T',,(Z)) is generated by —I, E(0), E(1), E(ip), D(ir)
for 1 < h <n—1 with the following relations.

(a) (=I)%2=1,—1I central
(b) B(0)® = D(in)? = (D(in) E(O))? = E()* = ~I and (D) EG)) = I for 1 < h <

(c) E(E()D(i)E(1)D(ir)E(0) = I

E(in)E(0)D(in)E(in)D(in)E0) =1 for1<h<n-—1

(d) E(1)E(0)E(ip) = E(in)E(0)E(1) for1<h<n-—1
Blin) EO)E(ix) = E(i) E(O)E(ir) for L <h <k <n—1

(&) D(i)E()D(ir) = D(iz) E()Dlis) = ... = D{in—1)E(1)Dlin_1)

() D(ix) E(in) D(ir) = -... = D{in1) E(in) Dlin_1) = Dlins1) (i) Dlinsr) = .. =
D(in-1)E(in)D(in- ) =FE(ip) forl<h<n-1

(g) D(in)D(ix)D(in) = D(ig) for1<h<k<n-1

Proof. First note that the previous lemma is true for n = 1. For the rest of the proof we
suppose n > 2. We show that we can drop some of the generators. By relations (6) from
Lemma 5.1, D(—iy) = D(ip)~* for 1 < h < n — 1. Hence the generators D(—ij), with
0 < h <n -1, may be dropped. By relations (5),
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E(-1) = D(=i1) " E(1)D(ix) = D(ir) E(1) D(i1)
E(—in) = D(=in) " E(in)D(in) = D(in) E(in) D(in)

Hence we can also drop the elements E(—1) and E(—ij) from the list of generators by re-
placing them with the above expressions. We set —I = F(0)? and add it to the generators.
Finally D(—1) may be written by the second relation in (4) as E(0)2D(iy)E(1)3D(iy)
and hence it may also be dropped. This gives the list of generators.

Now we turn to the relations. Clearly relation (1) and (a) are equivalent. We consider
the relations in (b). The first one is the definition of —I. The relations D(iz)? = —I for
1 < h < n—1 are parts of the relations given by DEy(I",,(Z)), i.e. (6). The next relations
are equivalent with the second relations in (5).

Finally, the first relation in (4) is equivalent with E(1)®> = —I. Note that this also
gives us that D(—1) = FE(0)> = —I. Replacing E(—ij,) for 1 < h < n — 1 by their
expressions in relations (4) gives,

D(in) = E(0)*E(in) D (i) E(in) D(in) E in)-

Multiplying the left hand side and the right hand side by D(i;) gives the relation in (b).
Relations (c) are exactly relations (2) where E(—1) and E(—iy) for 1 < h <n — 1 have
been replaced by their new expressions. Also relations (d) and (3) are exactly the same.
Relations (e) come from the fact that E(—1) can be expressed in three different forms
from relations (5). In the same way, relations (f) are derived from the fact that E(iy,) for
1 < h <n —1 have different expressions in relations (5). Finally relations (g) represent
parts of the relations defining DEy(T',,(Z)).

This shows that relations (a)-(g) are derived from (1)-(6). To show the converse, we
only need to prove that the second relation of (4), the relations of (5) involving D(—1)
and the relations (6) can be derived from (a)-(g). For the second relation of (4), since
D(—1) is renamed —I and E(0)? = —I this is equivalent to showing that F(—1)3 = I.
Using the form of F(—1) above, E(—1)? = D(i)E(1)3>D(i) = —D(i)? = I. Consider now
the relations in (5). These are just a consequence of the fact that D(—1) = —I which
is central by (a). Finally the relations D(iy)? = —I for 1 < h < n — 1 together with
(g) give all the relations defining U(I',,(Z)), and by Lemma 3.4, the latter is isomorphic
with DE5(T',,(Z)). Thus relations (6) can be derived from (a)-(g). O

Continuing our quest for an amalgamation, we follow the strategy of Fine in [15] and
rewrite the generators as follows

1=-1= (30 %), a-p0 = (" §).
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Then we get the following abstract presentation for Eq(T',(Z)).

Lemma 5.3. For n > 1, Eo(T',,(Z)) is generated by J, A, T1,T;, ,L;, for1 <h<mn-—1
and the relations are given by

(i) J2 =1, J central
(i) A =L} =(ALy,)*=J for1<h<n-—1
(iii) (1WA)® = (T;, L;, A)> =1 for L <h<n-1
(iv) [T, T, =T, i) =1, for I<h<k<n-1
(V) (LlllTl) - (‘Li}lltz—"‘h,)2 =J fOT 1 S h S n—1
(Vl) LilTlLil = :Li” 1T1Lin 1
(vii) [Lih,Tz]—If0r1<h7ék<n—1
(viii) (Li, Liy)?*=J forl<h<k<n-—1

Proof. Clearly (i) and (a) are exactly the same. Relations (ii) and (iii) are just a
rewriting of the relations (b) from Lemma 5.2. Relations (iv) and (v) are equivalent
with relations (d) and (c) respectively. Relation (vi) corresponds to (e) and (vii) cor-
responds to the relations in (f). Indeed, consider the relation [L;,,T;,] = I. This gives
D(in)E(0)E(iy) "' D(ip)E(ix)E(0) = I. Using that D(is) and E(0) anticommute and
that F(0)? = J, we get that D(ij,)E(ix) ' D(in)E(ix) = I. This is clearly equivalent
with D(ip)E(ix)"*D(ip) = E(ir)~!. By taking inverses we are done. Finally relations
(viii) are exactly the relations in (g). O

Remark 5.4. From the presentation in Lemma 5.3 one can easily determine the abelian-
ization of E4(I',(Z)). One obtains

Eo(['1(Z))™ = Cha,
Eo([',(Z))® = C} for n > 2.
In particular we recover the well-known results that SLy(Z)® = C1o and SLo(Z[i])*"

Co x Cy [40, Corollary 5.2]. It also shows, by Corollary 3.8, that Eo(£)® = Ey(I'y(Z))%®
C3. Note that this has been proven with different methods in [3].

1R

We rewrite the generators one last time. Inspired by [15] and [32], we set

j=J,a=A4A, b, =AL;

ins CcC = TlAydih = TihLihAa
for 1 < h < n — 1. We are able to rewrite the presentation of Eq(T',,(Z)) given these
generators. The proof of the following lemma works along the same lines as the proofs

before.
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Lemma 5.5. Forn > 1,

Eo(Tn(2)) = (j,a,b;,,,¢,d;,, for 1 <h<n-—1|
j2=1,j central ,
a®> =0b} =(ab;,)> =j for1<h<n-—1,
A =d} =1for1<h<n-1,
(binc)? = (ady,)* = (di,c™)? =j for 1 <h <n—1,
(biybi ) =g forl<h<k<n-—1,
(b, di, V> =j forl<h#k<n-—1,
(diyd; 2 =1for1<h<k<n-—1).

Th i,

h k

Finally, the presentation in Lemma 5.5 has the perfect form to prove our main theorem.

Theorem 5.6. For n > 1, the group Eo(T',(Z)) is a non-trivial amalgamated product.
Furthermore, forn > 2, the group over which the product is amalgamated is Eo(Ty—1(Z)).

Proof. For n > 2, this is a consequence of Proposition 2.3 and Lemma 5.5. It suffices to
take A = {j,a,bil, .. ~7bin_1acvdi1; N ,din_g}, B = {j,a,bil, .. '7bin_2acvdi1a .. "din—l}
and C = {j,a,b;,,¢,d;;, | 1 < h <n—2}. The group over which the amalgamated product
is taken, is a subgroup of Eq(T',,(Z)) generated by j,a,b;,,c,d;, for 1 < h <n —2. By
Lemma 5.5, this is clearly Eo(T',,—1(Z)).

For n = 1, it suffices to take A = {j,a}, B = {j,c} and C = {j}. Then E5(Z) is an
amalgamated product over the group Cs. O

Theorem 5.6 confirms results that are well-known in case n = 1 and n = 2. In [39,
1.4.2 Example c)] it is shown that SLy(Z) is the amalgamated product Cy *¢, Cs, which
is exactly what we obtain for n = 1. In [15, Theorem 4.4.1], it is shown that the group
PSLy(Z[i]) is the amalgamated product Gy *pgp,(z) G2. By Proposition 2.2, we get an
amalgamated product for SLy(Z[i]), which is exactly the one we obtain for n = 2. By
Remark 3.3, SLy(Z) and SLo(Z[i]) are exactly the cases n =1 and n = 2.

By Proposition 3.7, this implies an amalgam structure for SL (T',,(Z)) for small values
of n.

Corollary 5.7. For n < 4, the group SL4 (T (Z)) is a non-trivial amalgamated product
over SLy (T',,_1(Z)).

Theorem 5.6 provides us thus with an alternative proof of [15, Theorem 4.4.1], which
is the case n = 2. Moreover, the group described in [32, Section 6], which is SL (I'3(Z)),
is thus an amalgamated product over SLo(Z[i]) and it is the amalgamated subgroup of
the over group Eqo(T'4(Z)) = SL(T'4(Z)) = E3(L). Theorem 5.6 says that this behavior,
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i.e. the previous group is the amalgamated subgroup of the next group, continues on for
the series of groups (E2(I'n(Z)))nen\ {0} Remark that we use the groups Eo(T',(Z)) and
not SLy (T',(2)).

With a view to Section 6, we are especially interested in the more concrete group
SLy(L), the special linear group of Lipschitz quaternions. Unfortunately, in contrast
to the cases n = 1 and n = 2, one cannot directly deduce an isomorphism be-
tween SLy (T4(Z)) = Eo(T4(Z)) and SLy(L). On a higher level, we indeed have that
SL4(T4(R)) = SLy ((=%)) (see Theorem 2.7) but on this level we only have that
SL4(T'4(Z)) and SLa(L) are commensurable since they are both arithmetic subgroups of
the Q-groups SL (T'4(Q)) and SLy(£ ® Q). However we can prove more precisely that
up to isomorphism SL, (I'4(Z)) < SLy(£) and that the index is 4. In order to prove this,
we first need the following proposition.

Proposition 5.8. £ is a GEa-ring

Proof. The proof follows exactly the same strategy as the proof of Proposition 3.7. Again,
for z € (_1(@_1), define [z] to be an element 2y of £ that minimizes |z — zg|. We have to
make sure that for (Z Z) € GLz(L), the situation [b~ta — [b~1a]| = 1 cannot occur. Via
the Dieudonné determinant, one shows again that this would lead to a contradiction. O

Remark 5.9. An alternative proof for Proposition 5.8 could also be derived from [11,
Proposition 6].

In [3], it is proven that the group SL2(L£) has property FA. This shows that SLo(L)
does not have a decomposition as a non-trivial free product with amalgamation. However
we will now see that it has a subgroup of finite index which has a decomposition as an
amalgamated product. Proposition 5.8 shows that GE9(L£) is isomorphic to GLa(L),
which equals SLy (L) (see Remark 2.5). However the groups GE2(£) and E2(£) are not
the same. Indeed, for example, the matrix <5 ?) is in GE2(£), but not in Eo(L). By
(2.5) the index of Eo(L£) in GE3(L) is the order of the abelianization of the unit group
U(L). As U(L) is simply the quaternion group Qs, the index is four. Hence we get the
following corollary.

Corollary 5.10. The group SLo(L) has a subgroup of index four isomorphic to a non-
trivial amalgamated product. This subgroup is Eo(L) = SL4 (T'4(Z)) = Eo(Ty(Z)).

This result agrees with [29, Lemma 5.3]. There it is shown that SL (I'4(Z)) is of index
four in a group, denoted SL, (I'y(Z)), which is isomorphic to SLy(L).

6. A dichotomy for the unit group of an integral group ring

In the remainder of the paper we will make a step towards an answer to the virtual
structure problem in case G is the class of groups that have decompositions as non-trivial
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amalgamated products. We will make use of decompositions in amalgamated products
obtained in the previous section to get information about the structure of the unit group
U(ZG) of the integral group ring ZG of a finite group G. For this we consider actions of
U(ZG) on simplicial trees. Therefore we start with shortly reviewing property FA. We
recall some important results from [3] where we link property FA to so-called exceptional
simple algebras. This will settle the necessary background to prove a dichotomy for
U(ZG), with G a solvable cut group: U(ZG) either has property (T) (see definition
below) or is commensurable with a non-trivial amalgamated product. Subsequently, we
investigate, in the non-(T) case, concrete realizations of a subgroup of finite index in
U(ZG) with a non-trivial amalgamation.

6.1. Background

Definition 6.1. A connected, undirected graph T is said to be a simplicial tree (or simply
a tree) if it contains no cycle graph as a subgraph. A group T is said to have property
FA if every action, without inversion, on a tree has a fixed point.

Definition 6.2. A countable discrete group T is said to have Kazhdan’s property (7T) if
and only if every affine isometric action of I on a real Hilbert space has a fixed point.

In this section we consider the case that T' = U(ZG), with G a finite group. Recall
that ZG is a Z-order in the rational group algebra QG, a semi-simple algebra. By the
celebrated Wedderburn-Artin Theorem, QG is the direct product of simple algebras,
ie. QG = 12, M,,,(D;), where m and n; are positive integers and each D; is a finite
dimensional division algebra over Q. Each simple component M,,, (D;) corresponds to
a unique primitive central idempotent e; € QG such that QGe; = M, (D;) (see [35,
Section 2.6] for details). In [3, Theorem 7.1], it is shown that, for U(ZG) property (T)
only depends on the form of the simple components M,,,(D;) of QG. Note that in fact
the previous is shown for property HFA (a group has property HFA if every subgroup
of finite index has property FA). However in [3, Corollary 7.3], it is shown that for the
unit group U(ZG) of a finite group G, property (T) and HFA are equivalent. One of the
main obstructions lies exactly in the following type of simple components.

Definition 6.3. Let D be a finite dimensional division Q-algebra. The algebra M,,(D) is
called exceptional if it is of one of the following types:

(I) a non-commutative division algebra other than a totally definite quaternion alge-
bra over a number field,
(I.a) Ma(Q(v/—d)) with d > 0,
(ILb) M, ((%’)) with a,b < 0.

Note that this is equivalent with the definition given in [3, Definition 6.6].
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The 2 x 2-matrix algebras My (D) of type (I.a) and (II.b) are exactly those where D
contains an order O with finite unit group (or equivalently, where any order in D has
finite unit group) [3, Theorem 2.8]. Another condition for the unit group U(ZG) to have
property (T) is that the group G is cut.

Definition 6.4. A finite group G is said to be cut (central units trivial) if U(Z(ZG)) is
finite.

Indeed, in [3, Corollary 6.3] we proved that a necessary condition for U(ZG) to have
finite abelianization is that the group G is cut. It is well-known that property (T) implies
property FA and hence also finite abelianization.

We now state the following version of [3, Theorem 7.1] that encapsulates the infor-
mation relevant here. Note that the original theorem is stated for property HFA (which
by [3, Corollary 7.3] is equivalent to property (T)) and also contains a group theoretical
characterization of property HFA, in terms of forbidden quotients of G.

Theorem 6.5 ([3]). Let G be a finite group. The following properties are equivalent

(1) The group U(ZG) has property (T).
(2) G is cut and QG has no exceptional components.

Remark 6.6. There seems to be an interesting link between U(ZG) having property (T)
and a subgroup generated by certain generic units in having finite index in U(ZG). In
[26, Theorem 3.3], the authors show that if QG does not have exceptional components,
then the group generated by the generalized bicyclic units and the Bass units (see [24,
Chapter 11] for more details) is of finite index in U (ZG). Thus, by the previous theorem,
if U(ZG) does have property (T), then the latter subgroup is of finite index in U(ZG).
Moreover, often, if QG has exceptional components, then the subgroup generated by the
generalized bicyclic units and the Bass units does not have finite index in U(ZG).

We are interested to know what structure U(ZG) still has when it does not have
property (T). Due to Theorem 6.5 one might expect that the answer will depend on
the precise exceptional components of QG. Therefore we summarize in the following
theorem several known results that show that the possible simple algebras arising as an
exceptional component of QG are of a very limited shape, especially if G is a cut group.

Theorem 6.7. Let G be a finite cut group and e a primitive central idempotent of QG
such that QGe is exceptional. Then we have the following.

(1) If QGe is of type (I1.a), then d € {0,—1,—2,—3}.



214 A. Bdchle et al. / Journal of Algebra 604 (2022) 185-223

(2) If QGe is of type (I1.b), then (a,b) € {(-1,-1),(-1,-3),(—2,-5)}.

(3) If G is cut and QGe = My ((_1@_3)) or QGe = My (Q(v/—2)) then there exists an-
other primitive central idempotent ¢’ such that QGe' = M2(Q) or QGe’ = My (Q(%)).

(4) There exists a primitive central idempotent e of QG such that QGe = My ((_%@_5)>
if and only if G maps onto Gaao,90, where Gaa0,90 s the group with SMALLGROUP
ID [240,90].

(5) If G is solvable and cut, then QGe 2 Ma ((72(@75))

(6) If G is cut, then QGe cannot be of type (I).

Items (1) and (2) are proven in [13, Theorem 3.1] and [13, Theorem 3.5], respectively.
The three other items follow from [3, Propositions 6.14 and 6.10]. Note that the group
G240,090 can also been seen as the Schur cover of S5 of plus type.

6.2. The dichotomy

In the following theorem we will be interested in when the group F5(O) is a non-trivial
amalgamated product, for O some order in Q(v/—d) and d > 0 a square-free integer.
Recall that we denote the maximal order of Q(v/—d) by Z,. It is shown in [39, Section
6.5, Exercise 5] or in [3, Theorem 5.1] that SL2(Z3) has property FA. This property is in
contradiction with being an amalgamated product. This is however not the case, as we
will show in the proof of the following result, if one considers the order Z [\/—_3] which
is a suborder of the ring of integers Zs. Set B{(R) = Eo(R) N B2(R), for any ring R,
where By (R) denotes the Borel subgroup of GLo(R), i.e. the group of invertible upper
triangular 2 x 2-matrices.

Theorem 6.8. Let O be an order in Q(v/—d) with d > 0 square-free. Then Eq(O) has a
decomposition as a non-trivial amalgamated product if and only if O # Is. Moreover, if
O is different from Z[/—3] and also from Ty with d € {1,2,3,7,11}, then

E2(O) = Ey(Z) *pyz) B3(O).

Proof. All the orders in our context come along with a norm |a + bv/—d| = Va2 + b%d
for a +by/—d € O. One calls O discretely normed if there exists no elements = € @ with
1 < |z| < 2. If O is discretely normed, then, by Proposition 3.6, O is universal for GEy
and consequently [34, Lemma 2.1.] yields that

E3(O) = Ey(S) *py(s) By(0), (6.1)
where S is the subring of O generated by U(O). Now if O is an order in Q or Q(v/—d)

with d > 0 a square-free integer, then a direct computation shows that O is discretely
normed exactly when O is either Z or not a GEa-ring (i.e. O is not Z[v/—3] or Z with
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d=1,2,3,7,11 [11, Theorem 3]). For these rings O, it is also not difficult to see that
U(O) = {£1} and hence S = Z. This proves the second part of the statement.

To prove the first part, we will use (6.1). The decomposition (6.1) is non-trivial if
O does not have a Z-basis consisting of units. This is indeed the case for all orders
satisfying (6.1) except for O = Z. Hence for all these orders different from Z, Z[/=3]
and Zy for d € {1,2,3,7,11}, Eo(O) has a decomposition as a non-trivial amalgamated
product. Note that the orders Z, Z[v/—3] and Z for d € {1,2,3,7,11} are all GEp-rings.
Moreover, one can show that for R such a ring, Eo(R) = SL2(R) (using (2.5)). f R=Z
or R=17,for d =2,7,11, then an amalgamation of SLy(R) was obtained in [20] and for
d = 1, Corollary 5.7 also provides an amalgamation. To prove that Eg(Z[y/—3]) has an
amalgamated decomposition, we will take a completely different route.

Consider the additive map ¢ : Z[v/—=3] — Zy; defined by @(a + by/=3) = a +
b (@) This induces an epimorphism @ from Eg(Z[v/—3]) to E3(Z11) by defin-
ing B(E(x)) = E(p(x)). To check that P is well-defined it is enough to prove that the
defining relations from Proposition 3.6 are preserved, but this is a straightforward cal-
culation. As Eo(Z;q) is itself a non-trivial amalgamated product, by Proposition 2.2,
E2(Z[y/—3]) is also an amalgamated product. 0O

Remark 6.9. Note that applying similar methods as in Section 4 and 5, the exact de-
composition as an amalgamated product of PSLy(Z(v/—3]) can be obtained. The group
PSLy(Z[v/—3]) has the following decomposition as a non-trivial amalgamated product:

PSLy(Z[V-3]) = Gy *u Ga,
where

2 2

Gi = {a,m,u|a®*=m? = (am)®> =1,m=u""

auw)
and

5= (sv71)? =1,0=u""su)

Go = (u,s,v |8 =0
and H = (u,am) = (u, sv™1). For more details, we refer to [41].

With these results at hand, we are ready to prove the following dichotomy.

Theorem 6.10. Let G be a finite cut group that has no composition factor isomorphic to
As. Then exactly one of the following properties holds:

(1) U(ZG) has property (T),
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(2) U(ZG) is commensurable with a non-trivial amalgamated product.

In particular this is the case when G is a solvable cut group or G is a cut group with
order not divisible by 2, 3, or by 5.

Proof. Let QG = [],c; My, (D;) be the Wedderburn-Artin decomposition of QG, with [
some index set. Split I = I; U5 in such a way that I; contains all the indices ¢ such that
M,,, (D;) is exceptional and I contains those indices that correspond to non-exceptional
components.

Since (T) is a property of a commensurability class, it suffices to prove that if (1) is
false, (2) holds. So suppose that G is a solvable cut group and U(ZG) does not have
property (T). As G is cut, Theorem 6.5 implies that I; # §. So, by Theorem 6.7, there
exists 19 € [; such that M, (D;,) = Ma(D;,) is an exceptional component of type
(IL.a) or (IL.b). Furthermore, by Theorem 6.7, we may assume, without loss of generality
that D,;, 2 (71@73) and D;, % Q(v/=2). Since G does not have A5 as a composition
factor, G' cannot map onto Gagp o0 = 2 - S5, the Schur cover of S5 of plus type. Thus,
by Theorem 6.7, D;, 2 (72@75). Hence the possibilities for D;, are Q, Q(i), Q(v/—3)

or the classical quaternion algebra (_1@_1). In all these cases D;, has a unique, up to

conjugation, maximal order (for the commutative case this is just the ring of integers;
for the quaternion algebra we refer to [6]) which we denote by O;,. In view of [36, (21.6),
page 189] this yields that Ma(O;,) is also up to conjugation the unique maximal order
in Ma(D;,). Since the reduced norm has image in a maximal order in Z(D;,), which
has finite unit group in all relevant cases, SL2(O;,) has finite index in GL2(O;,). Thus

by Corollary 5.7, Theorem 6.8 and Corollary 5.10, respectively, GL2(Q;,) contains a

)
subgroup of finite index, say H, which has a non-trivial decomposition as amalgamated
product. Finally, Proposition 2.2 yields that H x Hiel\{io} GL,, (0;) inherits from H a
non-trivial decomposition as amalgamated product. As orders have commensurable unit

group [24, Lemma 4.6.9], the latter finishes the proof. O

Remark 6.11. The property that G does not have a composition factor isomorphic to As

only matters to make sure that D, 2 (7%@75> (see Theorem 6.7). Therefore the same

theorem holds for every finite group G for which QG does not have My (<_2@_5)) as a
simple component.
This obstruction is due to the fact that we do not know whether there is a subgroup of

finite index in GL2(O) = GE2(0O), for O the unique (up to conjugation) maximal order

in (7%@75), that has a decomposition as a non-trivial amalgamated product. Hence the

condition of G being solvable in the previous theorem.

Question 6.12. Does GLy(0), for O the unique maximal order in (_QQ_5) have a decom-

position as amalgamated product? Is there a subgroup of finite index in GL2(Q) that
has a decomposition as an amalgamated product?
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Recall that we defined the concepts of reduced norm and SIL; for a subring of a central
simple algebra in Section 2.2. In what follows, we will frequently need the notion SL; (R)
for R a subring in a semisimple Q-algebra A. Let A = [[ My, (D;) be the Wedderburn-
Artin decomposition of A and h; the projections onto the i-th component. Then

SL1(R) = {CL cR ‘ Vi RNrM,Li(Di)/Z(Di)(hi(a’)) = 1}

The next natural question is whether it is possible, in case U(ZG) is non-(T), to find
a concrete realization of this amalgamated product inside U(ZG), i.e. can we describe
a subgroup H of finite index in U(ZG) which is in a non-trivial way an amalgamated
product. We expect that H = SL;(Z(@) is always such a realization.

Question 6.13. Let G be a finite group. Are the following properties equivalent?

(1) U(ZG) is, up to commensurability, a non-trivial amalgamated product.
(2) SL1(ZG) is a non-trivial amalgamated product

If G is a finite cut group, then SL;(ZG) is of finite index in U(ZG) [24, Proposi-
tion 5.5.1] and hence if QG has no exceptional components, then SL; (ZG) has property
(T) by Theorem 6.10. Therefore, from now on, we may assume the existence of an excep-
tional component My (D) whose form is given by Theorem 6.7. We want to determine
a precise subgroup of finite index in SLg(Oezc), where Oy is an order in De,., with a
non-trivial amalgamated product and retract it to a subgroup of finite index in SL; (ZG).
We start by considering the case Ma(Deye) = M2 (Q) which is a very generic case, as can
be seen by inspecting [3, Appendix A].

Proposition 6.14. Let A be a finite dimensional semisimple Q-algebra and O an order in
A. Suppose My(Q) is a Wedderburn-Artin component of A and let H be a subgroup of
finite index in SL1(O). Then H has a non-trivial amalgamated decomposition.

Proof. Let A =[],.; My, (D;) be the Wedderburn-Artin decomposition and {e; | i € I}
the associated system of primitive central idempotents. For the remainder of the proof,
fix ig € I such that Ae;, = M3(Q). Recall that Oe; is an order in Ae; for all 7. Further,
it is well known that My(Z) is up to conjugation the unique maximal order of My(Q).
Assume that H is a subgroup of finite index in SL;(O). By definition, SL;(O) can
be viewed as a subgroup of I' = SLy(Z) x [];cp (53 SL1(Oe;). By [24, Lemma 4.6.6,
4.6.9 and Proposition 5.5.1] one readily proves that SL;(O), hence also H, has finite
index in I'. By a classical result (or the results in Section 5), SLa(Z) = C4 x¢, Cs
with Cy = (¢) a central and hence normal subgroup. By Proposition 2.2 we get that
I' = Bxy D, with B = Cy X [[;ep 403 SL1(O6i), D = Cg X [Liep (5y SL1(O¢;) and
U = Co x [Tien iy SLa(O¢;). In particular, U is normal in B and D. Now consider
I'/U =2 B/U %« D/U and its subgroup of finite index H/(H NU). It is easy to show
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that B/U and D/U are of infinite index in I'/U and by the Kurosh subgroup theorem,
H/(H NVU) is a non-trivial free product. Hence, by Proposition 2.2, H has a non-trivial
amalgamated decomposition. O

We do not know if the previous proposition stays true when replacing SL;(O) by
U(O). Nevertheless, the following presentation of GLo(Z) is well-known (for instance see

[10]).
GLy(Z) = (z,y,2 | 2> = y* = 2> = 1, (ay)® = (x2)*, (x2)* = 1).

By Proposition 2.3, GL3(Z) has a non-trivial decomposition as an amalgamated product
and hence it makes sense asking the question if SL; (O) could be replaced more generally
by U(O).

Corollary 6.15. Every finite index subgroup of SLa(Z) is a non-trivial amalgamated prod-
uct.

Proof. This follows from Proposition 6.14 applied to A = M2(Q) and O = My(Z). In
that case SL1(0) = SLy(Z). O

In case A = QG the condition in Proposition 6.14 can be reformulated in terms of G.

Corollary 6.16. Let G be a finite group having Dg or S3 as an epimorphic image. If H
is a subgroup of finite index in SL1(ZG), then H is a non-trivial amalgamated product.
Moreover, U(ZG) is virtually an amalgamated product.

Proof. Let N be a normal subgroup of G such that G/N = Dg or Ss. It is well known
(see for example [35, Proposition 3.6.7]) that QG = QGen x QG(1 — ey), where ey =
|—]{[‘ > nen T the (central) idempotent associated to NV, and QGeny = QG/N. Now, since
Dg and S3 have an irreducible Q-representation of degree 2, QG/N has M2(Q) as a
simple component. Hence, by the above, so does QG. The first part of the result now
follows from Proposition 6.14.

For the second part, note that (SL;((ZQG)), Z(U(ZG))) is always of finite index in
U(ZG) (see for example [24, Proposition 5.5.1]). As SL;1(ZG) is a non-trivial amalga-
mated product and Z(U(ZG)) is central in (SL;((ZQ)), Z(U(ZG))), the whole group
(SL1((ZQ)), Z(U(ZG))) is a non-trivial amalgamated product. O

Remark 6.17. As follows from the proof, My(Q) is a simple component of QG if and only
if G contains a normal subgroup N such that G/N faithfully embeds in GLy(Q) and it
is non-abelian. Since the only finite non-abelian subgroups of GLy(Q) are the dihedral
groups Da,, of order 2n for n € {3,4,6}, it follows that QG has a M2(Q) as component
if and only if Dg or Dg = S3 is an epimorphic image of G.
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Now we consider the other components in Theorem 6.7. Unfortunately, such a strong
result as in Proposition 6.14 is impossible to obtain for De,. = Q(v/=3) or (_1@_1)
since in [3] it is shown that SLy(I3) and SLy(O3) are FA. Here Oy denotes the maximal
order in (_1@_1) having {1, 1, j, W} as a basis (this order is also called Hurwitz
order). In contrast, when D.,. = Q(i), then SLy(Z[i]) = SL4(T'2(Z)) is an amalgamated
product. As such we know that every subgroup of finite index does not have FA, but

we’re unsure whether it has an amalgamated decomposition or an infinite abelianization.

Question 6.18. Is every finite index subgroup of SLy(Z[i]) a non-trivial amalgamated
product?

For the last proposition, we recall the definition of an HNN extension. Let T" be a
group with presentation (S | R), H; and Hs be two isomorphic subgroups of I' and
0 : Hi — Hs an isomorphism. Let ¢t ¢ T be a new element and (t) a cyclic group of
infinite order. The HNN extension of I relative to Hy, Hy and 6 is the group

(S,t| R, tgt—! = 0(g9),9 € Hy).

By classical Bass-Serre theory, a finitely generated group is an HNN extension if and
only if it has infinite abelianization, i.e. it maps onto Z. Thus a finitely generated group
has property FA exactly when it is neither an HNN extension nor a non-trivial amalgam.

The following proposition gives a concrete subgroup of SL;(ZG) that has a decom-
position as an amalgamated product or an HNN extension. Note that the indices of the
groups G's2.50, Ggs,202 and G'sga 618 appearing in the proposition indicate their SMALL-
GRrOUP IDs in the Small Group library of GAP [18]. For a presentation of the groups,
we refer to [3, Appendix BJ.

Proposition 6.19. Let G be a finite cut group such that G does not map onto

SL(2,3), C3xQs, Gsa50, Gos202, Gaao0 or Gsgaeis.

Suppose that U(ZG) does not have property (T). Then any subgroup of finite index in
SL1(ZG) has a non-trivial decomposition as amalgamated product or is an HNN exten-
ston.

Proof. Let QG = [[;c; Mp,(D;) be the decomposition into simple algebras and let
{e; | i € I} be the associated system of primitive central idempotents. By The-
orems 6.5 and 6.7 there exists ig € I such that QGe;;, = My(D;,) is an excep-
tional component of type (IL.a) or (IL.b). Again by Theorem 6.7, we may assume that

D;, € {Q,Q(),Q(v/-3), (_1@_1>} (since G does not map onto Ga49,90, by assumption,
D;, 2 (7%@75)). Now from [3, Appendix A] we can deduce:
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(1) G maps onto SL(2,3) or onto Cs x Qs if and only if Ma(Q(1/—3)) is a component
of QG, but My (Q) is not.

(2) G maps onto G323 50, Gog,202 or onto Gssg 18 if and only if My ((71@71)> is a com-
ponent, but not My(Q).

Thus we may further assume that D;; = Q or D;, = Q(4). Let O;, be a maximal order
in D;, (which is unique up to conjugation). By Corollary 5.7, SLy(O;,) is non-trivially
an amalgamated product. Set I' := SL2(Oiy) x [L;ep (503 SL1(ZGe;). This is again an
amalgamated product and hence I' does not have property FA. Thus every finite index
subgroup of I' does not have property FA. As explained before the proposition, this
implies that every subgroup of finite index in I' is an HNN extension or a non-trivial
amalgamated product. As SL;(Z@G) has finite index in T", the result follows. O

The group Ga40,90 in the previous proposition is excluded as epimorphic image of G

just to prevent the occurrence of My ((_2@_5)) as a Wedderburn-Artin component of
QG. If Question 6.12 has a positive answer, excluding this component and hence also the
epimorphic image G240,90 would no longer be necessary. Unfortunately, this component
cannot be handled in the same way as My ((71@73>>, since Mo ((7%@75)) is the unique
type of exceptional components of type (II) in the cut group Gasp,90-
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Appendix A. A non-exotic example of a quaternion order that is not universal for GE,

Let O be an order in a division algebra, equipped with a norm function |-|. Recall that
O is said to be discretely normed if there exists no elements x € O with 1 < |z| < 2. It
is well-known that the maximal orders in imaginary quadratic extensions of QQ are either
discretely normed or Euclidean. If they are discretely normed, then by Proposition 3.6,
they are universal for GE,, i.e. the universal relations form a complete set of relations for
GE2(0). In [8], it is shown that among the Euclidean maximal orders, only the two orders
having a basis consisting of units, i.e. Z; € Q(v/—1) and Z3 € Q(y/—1), are universal
for GE5. In this Appendix, we show that a similar result holds for the Euclidean orders
in totally definite rational quaternion algebras.

By [16] the only totally definite rational quaternion algebras having a right Euclidean
order are (71@71>, (71@73> and (7%@75) Note that orders that are (right norm) Eu-

clidean are maximal [6, Proposition 2.8]. Furthermore a quaternion algebra having a

right norm Euclidean order has class number one [6, Proposition 2.9] and thus also type
number one meaning that there is only one conjugacy class of maximal orders. In [16]
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also a specific representative of that unique conjugacy class, denoted Oy, O3 and Os
respectively, is constructed. In the table below, we state specific Z-bases {by, ba, b3, by}
of these orders (which also can be found in [24, Proposition 12.3.2]).

bl b2 b3 b4
0, 1 i j wy = itk
05 1 i wy = 152 =5

The quaternion algebra (%) also contains the order of Lipschitz quaternions L

consisting of all integral linear combinations of the basis elements 1,4, j, k. Although £
is not Euclidean, Proposition 5.8 shows that it also is a GEs-ring, like Oy, O3 and Os.
The basis of the orders £, Os and O3 consist of units. This allows to apply a similar
reasoning as in the proof of Theorem 4.7 and prove that these three orders are universal.

On the contrary, the order O5 does not have a basis of units and hence the proof of
Theorem 4.7 is not applicable. Even stronger, by using an elegant result from [7] involving
U-homomorphisms, we show that the universal relations do not form a complete set of
relations for GE2(O5). A map f : R — S between two unital rings R and S is called a
U-homomorphism if it is a morphism between the additive groups of the rings mapping
1g to 1g and moreover if for any a € R and units «, 5 of R the following holds:

flaaB) = f(a)f(a)f(B)-

Let R be a ring, such that the universal relations form a complete set of relations for
GEg, S any ring and let f: R — S be any U-homomorphism. Then Cohn’s result [7,
Theorem (11.2)] states that f induces a homomorphism f*: GE3(R) — GE2(S) by the
rule E(z) — E(f(x)), [o, 8] — [f(a), f(B8)]. One may use this result ad absurdum to
prove that the universal relations do not form a complete set of relations for GE5 of a
certain ring.

Suppose that the universal relations give a complete set of relations for GE2(Os). It
is straightforward to check that f: O5 — O,, defined by the Z-linear expansion of

. 7 -/ -/ ’
1 = 1/7 2+Z_k — 1"+ 5] +k

)

}_)

1+i+j V4i 45 4k 243itk 1 —i' 45’ +k'
2 2 ? 4 2

is a U-homomorphism where we denoted the standard quaternion basis of <_1©_1> by

1,4, j',k’. By Cohn’s result it follows that the induced map f* : GE2(O5) — GE2(O2)
1+

is a morphism. Since 2+ is an element of norm 2 in O, Proposition 3.6 claims that

2

(2o 240 (2520 -
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Taking f* on both sides yields

1 -/ . / 1 ./ ./ ’ 2
(E(l’— —1-2—12—] —l—k)E( +z42-] +k)> — B(0?,

which does clearly not hold in Os.
To sum up, let £ denote the Lipschitz quaternions in (_1@_1) and let Oy, O3 and Os

denote the maximal order in (_1@_1), (_1@_3) and (_%(’2_5) respectively, stated in [3,
(3.20)]. By the previous and the explanation after Theorem 4.7, we have the following
proposition.

Proposition. The universal relations form a complete set of relations for GEs(L),
GE2(0O3) and GE2(Os3). This does not hold for GE2(Os).
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