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hwlwlrq ri wklv phfkdqlvp1

�FRUH/ Yrlh gx Urpdq Sd|v/ 67/ Xqlyhuvlwì Fdwkroltxh gh Orxydlq/ Ehojlxp dqg
WKHPD/ Xqlyhuvlwì Sdulv [0Qdqwhuuh/ 533 dyhqxh gh od Uìsxeoltxh/ <5334 Qdqwhuuh/
Iudqfh

|FHUHPDGH/ Xqlyhuvlwì Sdulv L[0Gdxsklqh/ Sodfh gh Odwwuh gh Wdvvljq|/ :8::8 Sdulv
49/ Iudqfh
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4 Lqwurgxfwlrq
Dvvxph wkdw wzr sod|huv frppxqlfdwh uhshdwhgo| wkurxjk vrph phfkdqlvp
+ru fkdqqho, � / vhqglqj phvvdjhv wr dqg uhfhlylqj vljqdov iurp � / iru dq
lq�qlwh qxpehu ri vwdjhv/ dqg �qdoo| fkrrvh ghflvlrqv _� dqg _2 iurp vhwv
(� dqg (2/ edvhg xsrq wkh vhtxhqfh ri vljqdov uhfhlyhg1 Wkh j0dojheudv K�

"

dqg K2
" zklfk uhsuhvhqw wkh lqirupdwlrqv khog e| wkh sod|huv dw wkh hqg ri

wkh frppxqlfdwlrq skdvh/ duh lq jhqhudo qrw frpsdudeoh/ khqfh wkh ghflvlrqv
duh fruuhodwhg1

Iru zklfk glvwulexwlrqv > ryhu ( ' (� � (2 lv lw srvvleoh wr ghvljq
frppxqlfdwlrq vwudwhjlhv +l1h1/ vshfl�fdwlrqv ri zklfk phvvdjhv wr vhqg dv d
ixqfwlrq ri suhylrxvo| uhfhlyhg vljqdov, dqg ghflvlrq uxohv/ vxfk wkdw

+l, wkh odz ri E_�c_2� lv >/
+ll, hdfk sod|hu nqrzv rqo| klv ghflvlrq sulru wr wkh ghflvlrq vwdjh/ dqg
+lll, wkh zkroh surfhgxuh fdq qrw eh pdqlsxodwhg e| hlwkhu sod|huB
Wklv txhvwlrq lv uhodwhg wr lvvxhv lq frpsxwhu vflhqfh dqg lq jdph wkhru|1

Iru lqvwdqfh/ lq wkh ghvljq ri idxow0wrohudqw glvwulexwhg v|vwhpv/ surwrfrov
+l1h1/ frppxqlfdwlrq vwudwhjlhv, duh vrxjkw iru wkdw hqdeoh lqwhufrqqhfwhg
surfhvvruv wr shuirup d jlyhq wdvn/ hyhq li rqh +ru pruh, lv wr idlo1 Pruh wkdq
wzr surfhvvruv duh dvvxphg/ dqg wkh frppxqlfdwlrq phfkdqlvp frqvlvwv ri
vhfxuh frppxqlfdwlrq olqhv ehwzhhq hdfk wzr surfhvvruv/ zklfk doorz wkhp
wr h{fkdqjh phvvdjhv zlwkrxw ehlqj hdyhvgursshg1 Zh uhihu wr Olqldo ^<`
iru uhihuhqfhv dqg dq h{whqvlyh glvfxvvlrq ri wkh olqnv ehwzhhq jdph wkhru|
dqg frpsxwhu vflhqfh1 Vlplodu txhvwlrqv zhuh dgguhvvhg lq jdph wkhru| +vhh
Eäuäq|l ^4`/ Irujhv ^7` /^8`,1 D vrphzkdw gxdo sureohp lv vroyhg lq ^6`= jlyhq
>/ rqh wulhv wr ghvljq d +vlpsoh, phfkdqlvp � / zlwk zklfk wkh sod|huv fdq
jhqhudwh > lq wkh deryh vhqvh1 Wkh forvhvw wr rxu zrun lv Ohkuhu ^;` zkr
vwxglhv wkh fruuhodwlrq rssruwxqlwlhv r�huhg e| wkh dqg0surwrfro +vhh ehorz,1
Krzhyhu/ klv irfxv lv txlwh gl�huhqw/ dqg wkh urexvwqhvv uhtxluhphqwv duh
pxfk zhdnhu wkdq rxuv1

Zh vwxg| khuh d ehqfkpdun phfkdqlvp1 Wkh dqg0rshudwru lq orjlf
lv gh�qhg ryhu ifc �j � ifc �j dv @?_E%c +� ' %+1 E| dqdorj|/ zh gh�qh
wkh dqg0phfkdqlvp dv d frppxqlfdwlrq phfkdqlvp zklfk uhfhlyh phvvdjhv
%c + iurp wzr sod|huv/ wdnhq iurp ifc �j/ dqg vhqgv wkhp edfn wkh ydoxh ri
@?_E%c +�1 Zh dvvxph lq dgglwlrq wkdw hdfk sod|hu uhphpehuv zklfk phv0
vdjh kh vhqw ru/ htxlydohqwo|/ wkdw wkh vljqdov wr 4 dqg 5 duh uhvshfwlyho|
wkh sdluv E%c @?_E%c +�� dqg E+c @?_E%c +��1 Wkh fuxfldo ihdwxuh ri wklv phfk0
dqlvp lv wkdw zkhq sod|hu 4 vhqgv % ' f wr wkh phfkdqlvp/ wkh vljqdo kh
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jhwv jlyhv klp qr lqirupdwlrq derxw wkh ydoxh ri + +@?_Efc +� ' f, zkhuhdv
zkhq kh vhqgv % ' �/ kh lv deoh wr ghgxfh wkh ydoxh ri + iurp klv vljqdo
+@?_E�c +� ' +,1

Rxu uhvxow lv hvvhqwldoo| qhjdwlyh= zh suryh wkdw rqo| edeeolqj lv vhfxuh1
Li ghflvlrqv duh qrw lqghshqghqw ri wkh rxwfrph ri wkh frppxqlfdwlrq skdvh/
wkh surfhgxuh fdq eh pdqlsxodwhg e| rqh sod|hu1 Sduwv ri wkh surriv ehorz
pd| eh irxqg lq ^9`/ ^43`1

Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 4 frqwdlqv wkh prgho dqg wkh
vwdwhphqw ri wkh uhvxow1 Vhfwlrqv 5 dqg 6 frqwdlq wkh surri1 Vhfwlrq 5 ghdov
zlwk wkh fdvh zkhuh �qlwho| pdq| urxqgv ri frppxqlfdwlrq duh doorzhg1 Vhf0
wlrq 6 ghdov zlwk wkh jhqhudo fdvh/ dqg lv lqghshqghqw ri vhfwlrq 51 Dowkrxjk
wkh uhvxow ri vhfwlrq 5 lv hqfrpsdvvhg lq vhfwlrq 6/ lwv surri lv erwk vlpsoh
dqg lqwxlwlyh1 Zh wkxv �qg lw zruwk| wr lqfoxgh lw1

5 Frqfhswv dqg uhvxowv
Zh wdnh xs wkh vwxg| ri wkh uhshdwhg @?_0phfkdqlvp ghvfulehg lq wkh lq0
wurgxfwlrq1 Iru hpskdvlv/ zh odeho wkh srvvleoh phvvdjhv ri sod|hu � 5 i�c 2j
dv � � +iru qrq0lqirupdwlyh, dqg U � +iru lqirupdwlyh,1 Zh vhw � � ' i� �c U �j1
Iru vlpsolflw|/ zh odeho @c Kc Sc � wkh gl�huhqw lqsxw frpelqdwlrqv/ dv vshfl�hg
lq wkh qh{w duud|=

�2 U2

�� @ S
U� K �

Wkh vljqdo ixqfwlrq ,� ri sod|hu � lv ehvw ghvfulehg e| lqwurgxflqj S� '
ii@c Sjc iKjc i�jj1 Lw lv wkh sduwlwlrq ri wkh vhw ri phvvdjh sdluv lqgxfhg e|
wkh vljqdolqj ixqfwlrq ri sod|hu �= zkhq wkh frpelqdwlrq ri phvvdjhv vhqw
wr wkh phfkdqlvp lv 6/ sod|hu 4 lv wrog zklfk dwrp ri S� frqwdlqv 61 Iru
vlpsolflw|/ zh vrphwlphv zulwh S� ' i� �c U�c �j1 Wkh lqirupdwlrq sduwlwlrq
S2 ri sod|hu 5 lv gh�qhg v|pphwulfdoo|1

Uhshdwhg frppxqlfdwlrq xqirogv dv iroorzv= dw hyhu| vwdjh ? 5 U� / sod|0
huv vhqg vlpxowdqhrxvo| phvvdjhv 6�

?c 6
2
? wr wkh phfkdqlvp1 Sod|hu � lv wrog

,�E6�
?c 6

2
?�1

Wkh vhw ri sod|v lv M" ' � U� ' i@c Kc Sc �jU� 1 Zh ghqrwh e| K�
? wkh

lqirupdwlrq dydlodeoh wr sod|hu � lq vwdjh ?/ sulru wr vhqglqj d phvvdjh= lw
lv wkh vxe j0dojheud ri K�

" ryhu M" jhqhudwhg e| f|olqghu vhwv ri wkh irup
��? �M"/ zkhuh ��? 5 ES ��? lv d vhtxhqfh ri ?� � hohphqwv ri i� �c U �c �j1
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Wkh vhw 7�
? ri sxuh +uhvs1 P�

? ri pl{hg, vwudwhjlhv ri frppxqlfdwlrq dw
vwdjh ? lv wkh vhw ri doo pdsv iurp EM"cK�

?� wr � � +uhvs1 {E� ��,= vxfk d
pds vshfl�hv zklfk phvvdjh wr vhqg lq urxqg ?/ dv d ixqfwlrq ri wkh vljqdov
uhfhlyhg vr idu1 D sxuh +uhvs1 ehkdylrxudo, vwudwhj| ri frppxqlfdwlrq ri
sod|hu � lv d vhtxhqfh j� ' Ej�?�?D�/ zkhuh j�? 5 7�

? +uhvs1 j�? 5 P�
?,1 Wkxv

wkh vhw ri sxuh vwudwhjlhv ri sod|hu � lv 7� ' �?D�7
�
?/ hqgrzhg zlwk wkh

surgxfw wrsrorj| ri wkh glvfuhwh rqhv rq hdfk idfwru1 7� lv wkhq frpsdfw dqg
phwul}deoh1 Zh ghqrwh e| V� wkh Eruho j0dojheud rq 7�1 D pl{hg vwudwhj| ri
sod|hu � lv d suredelolw| glvwulexwlrq ryhu E7�cV��1 Vlqfh shuihfw uhfdoo krogv/
dq| pl{hg vwudwhj| lv htxlydohqw wr d ehkdylrudo vwudwhj|1

Dw wkh hqg ri wkh frppxqlfdwlrq skdvh/ sod|hu � wdnhv d ghflvlrq iurp
d �qlwh vhw (�1 D ghflvlrq uxoh �� vshfl�hv zklfk ghflvlrq wr fkrrvh dv
d ixqfwlrq ri wkh vljqdov> lw lv d pdsslqj iurp EM�

"cK�
"� wr {E(��1 D

surwrfro frqvlvwv ri d sdlu ri vwudwhjlhv Ej�c j2� wrjhwkhu zlwk d sdlu ri
ghflvlrq uxohv � ' E��c �2�1 Vhw ( ' (� �(21 Jlyhq d surwrfro Ejc ��/ �jc�

uhsuhvhqwv wkh suredelolw| glvwulexwlrq lqgxfhg e| j dqg � rq EM"�(cK"

2(� dqg >jc� dqg >�jc� duh wkh pdujlqdov ri �jc� rq ( dqg (� uhvshfwlyho|1
Vlploduo|/ �j lv wkh glvwulexwlrq lqgxfhg e| j rq EM"cK"�1 Zh fdoo >jc� wkh
lqirupdwlrq vwuxfwxuh jhqhudwhg e| wkh surwrfro Ejc ��1

Lw lv fohdu krz wkh deryh vshfldol}hv zkhq rqo| �qlwho| pdq| vwdjhv ri
frppxqlfdwlrq duh doorzhg1 Lq wkh �0vwdjhv yhuvlrq/ wkh ghflvlrq uxoh ��? lv
wdnhq dv K�

� phdvxudeoh1
Zh xvh h{whqvlyho| ydulrxv frruglqdwh pdsslqjv/ zklfk zh uhsuhvhqw lq

erog w|sh= 4�
?/ t

�
? duh uhvshfwlyho| wkh phvvdjh vhqw dqg vljqdo uhfhlyhg e|

sod|hu � lq vwdjh ?/ ��
? lv wkh vhtxhqfh ri vljqdov e| � xs wr vwdjh ? +vxfk d

vhtxhqfh lv xvxdoo| lghqwl�hg wr dq dwrp ri K�
?,/ _

� lv wkh ghflvlrq ri sod|hu
�1 Erog w|sh v|perov khqfh uhsuhvhqw udqgrp yduldeohv1

Iru vlpsolflw|/ zh vrphwlphv zulwh ��? iru wkh hyhqw i��
? ' ��?j ri K�

?/ dqg
xvh vlplodu vkruwfxwv zkhq frqyhqlhqw1

Gh�qlwlrq 4 D surwrfro Ejc �� lv vhfxuh zkhq iru dq| dowhuqdwlyh vwudwhj|
� �ri sod|hu 4=

U141 >2
E��cj2�c� ' >2

jc�>

U151 ��
" lv ohvv lqirupdwlyh rq _2 xqghu �E��cj2�c� wkdq _� xqghu �jc�1

Vlplodu frqglwlrqv krog iru sod|hu 51
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Wkh qrwlrq ri ohvv lqirupdwlyh uhihuv wr Eodfnzhoo*v +4<86/^5`, frpsdulvrq
ri h{shulphqwv1 Wkh frpsdulvrq lq U15 lv phdqlqjixo vlqfh wkh glvwulexwlrqv
ri _2 xqghu �jc� dqg �E��cj2�c� duh wkh vdph1 D frqvhtxhqfh ri U15 lv wkdw _�

lv d vx!flhqw vwdwlvwlf iru _2 iru sod|hu 4 xqghu �jc� +l1h1/ �jc�E_
2 ' �m_�� '

�jc�E_
2 ' �mK�

"�/ �jc�0d1v1,1
Wklv gh�qlwlrq lv prwlydwhg e| wkh iroorzlqj surshuw| +Jrvvqhu ^:`,1 D

surwrfro lv vhfxuh li dqg rqo| li iru hyhu| vwudwhjlf irup jdph C=
0 iru hyhu| Qdvk htxloleulxp s ri wkh jdph lq zklfk _ 5 ( lv gudzq

dffruglqj wr >/ sod|hu � lv lqiruphg ri wkh frruglqdwh _�/ wkhq sod|v lq C
0 lw lv d Qdvk htxloleulxp ri wkh jdph lq zklfk sod|huv frppxqlfdwh

wkurxjk wkh phfkdqlvp/ wkhq sod| lq C
0 wr frppxqlfdwh dffruglqj wr j/ wdnh ghflvlrqv iroorzlqj �/ wkhq sod| lq

C dffruglqj wr s 1

Zh fdoo > 5 {E(� d vhfxuh glvwulexwlrq/ ru vhfxuh lqirupdwlrq vwuxfwxuh/
li > ' >jc� iru vrph vhfxuh surwrfro Ejc ��1

Wkhruhp 4 Wkh vhw ri vhfxuh glvwulexwlrqv lv {E(���{E(2�1

Uhpdun 4= ohw > ' >� 
 >2 5 {E(�� � {E(2�1 Lw lv vwudljkiruzdug wr
jhqhudwh > dv wkh uhvxow ri edeeolqj1 Gh�qh j ' Ej�c j2� duelwudulo| +sod|huv
edeeoh,/ dqg ohw sod|hu � ljqruh wkh frppxqlfdwlrq dqg fkrrvh _� dffruglqj
wr >�= �� lv wkh frqvwdqw pds >�1 Vxfk Ejc �� lv fohduo| vhfxuh1 Wkhuhiruh/
zkdw rxu uhvxow uhdoo| hqwdlov lv wkdw hyhu| qrq0wulyldo surwrfro edvhg xsrq
wkh @?_0phfkdqlvp fdq eh pdqlsxodwhg1 Qr fruuhodwlrq fdq eh vhfxuhg1

6 Ilqlwho| pdq| vwdjhv

614 Uhgxfwlrq wr plqlpdo lqirupdwlrq vwuxfwxuhv

Dq lqirupdwlrq vwuxfwxuh > 5 {E(� lv fdoohg plqlpdo zkhq=

� Iru dq| _�fc _
�
� 5 t�TT>�/ wkh frqglwlrqdo suredelolwlhv >E�m_�f� dqg

>E�m_��� rq (2 gl�hu1

� D vlplodu frqglwlrq krogv iru sod|hu 51
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Wklv dprxqwv wr dvvxplqj wkdw wkh vwdwlvwlf _� pxvw eh plqlpdo iru
sod|hu �1

Iru lqvwdqfh/ wkh rqo| plqlpdo lqirupdwlrq vwuxfwxuhv lq {E(���{E(2�
duh wkh Gludf pdvvhv1

Uhpdun 5= Lw lv suryhq lq ^:` wkdw Wkhruhp 4 iroorzv li zh rqo| suryh wkdw
plqlpdo vhfxuh lqirupdwlrq vwuxfwxuhv duh Gludf pdvvhv1

Uhpdun 6= Ohw Ejc �� eh d vhfxuh surwrfro zklfk jhqhudwhv >1 Wkhq/ �jc�0
d1v1/ iru hyhu| _� 5 t�TT��E��

"�/ �jc�E_
�3� ' �m_�� ' �jc�E_

�3� ' �m��
"�1

Wkhuhiruh/ li > lv plqlpdo/ ��E��
"� lv d Gludf pdvv/ �jc�0d1v1

615 Surri iru �qlwho| pdq| vwdjhv

Zh dvvxph khuh wkdw � vwdjhv ri frppxqlfdwlrq duh doorzhg1
Ohw Ejc �� eh d vhfxuh surwrfro/ dqg > ' >jc�1 Zh ylhz > dv d (� �(20

pdwul{1 Dv qrwhg lq wkh suhylrxv vhfwlrq/ zh pd| dvvxph wkdw/ �j0d1v1/
��E��

"� sxwv suredelolw| rqh rq vrph ghflvlrq1 Lw lv fuxfldo wr qrwh wkdw zh
fdqqrw dvvxph wklv wr krog rxwvlgh ri wkh vxssruw ri �j1

Wkh surri lv glylghg lq wzr vwhsv1 Iluvw/ zh lqwurgxfh d prvw lqirupdwlyh
ghyldwlrq ri sod|hu �/ dqg dujxh wkdw xs wr vrph shupxwdwlrq ri olqhv dqg
froxpqv/ > lv gldjrqdo= dw wkh hqg ri wkh frppxqlfdwlrq skdvh/ hdfk sod|hu
nqrzv �jc�0d1v1 wkh ghflvlrq ri wkh rwkhu1 Vhfrqg/ zh lqwurgxfh d ohdvw
lqirupdwlyh ghyldwlrq ri sod|hu �/ dqg suryh wkdw > lv frqfhqwudwhg rq rqh
ghflvlrq sdlu1

Vwhs 4= d prvw lqirupdwlyh vwudwhj|1
Fohduo|/ wkh zd| wr jhw wkh prvw lqirupdwlrq lv wr xvh wkh vwudwhj| �j�

gh�qhg dv= sod| U� lq hyhu| vwdjh/ luuhvshfwlyh ri sdvw vljqdov1 Wklv idoov
vkruw ri surylqj dq|wklqj vlqfh wkh vxssruwv ri �E�j�cj2�c� dqg �jc� pd| eh
glvmrlqw= khqfh/ nqrzlqj zklfk vljqdov sod|hu 5 glg uhfhlyh pd| qrw hqdeoh
sod|hu 4 wr ghgxfh zklfk ghflvlrq sod|hu 5 lv derxw wr wdnh +vlqfh lw pljkw
eh udqgrp,1

Khqfh zh dphqg wkh deryh gh�qlwlrq ri �j� dv= sod| U� zkhqhyhu sod|hu
5 �qgv lw sodxvleoh wkdw sod|hu 4 grhv sod| U�/ l1h1/ zkhq/ frqglwlrqdo xsrq
sod|hu 5*v sdvw vljqdov/ wkhuh lv d srvlwlyh �jc�0suredelolw| wkdw sod|hu 4 vhqgv
wkh phvvdjh U�1 Ri frxuvh/ wklv lv qrw zhoo0gh�qhg vlqfh wkh phvvdjh vhqw e|
sod|hu 4 lv wkhq d ixqfwlrq ri wkh lqirupdwlrq khog e| sod|hu 51 Wkhuhiruh/
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rxu �uvw wdvn lv wr vkrz wkdw wklv frqvwuxfwlrq lv hvvhqwldoo| phdqlqjixo= zh
vkrz lqgxfwlyho| wkdw li sod|hu 4 delghv e| wklv vwudwhj| xs wr vwdjh ?/ kh
zloo nqrz dw vwdjh ? wkh eholhi khog e| sod|hu 51

Gh�qlwlrq 5 Ohw � eh d suredelolw| glvwulexwlrq/ f eh d udqgrp yduldeoh
gh�qhg ryhu EM"cK"�/ dqg ? 5 U� 1 Zh vd| wkdw sod|hu 4 nqrzv f xqghu
� dw vwdjh ? li wkhuh h{lvwv dq K�

?0phdvxudeoh yhuvlrq ri f xqghu � 1

Lw lv frqyhqlhqw wr gh�qh ��
?E�

2
?� dv wkh vhw ri vhtxhqfhv ri vljqdov zklfk

duh frqvlvwhqw zlwk wkh idfw wkdw sod|hu 5 uhfhlyhv �2?=

��
?E�

2
?� ' i��?c ��? _ �2

? 9' >j

zkhuh wkh lqwhuvhfwlrq ��?_�2? lv wdnhq dv ri hohphqwv ri K"= ��? 5 ��
?E�

2
?� li/

iru vrph vhtxhqfh �?/ wkh vljqdov uhfhlyhg dorqj �? duh uhvshfwlyho| ��? dqg
�2?1 �

2
?E�

�
?� lv gh�qhg vlploduo|1

Ohw T2
? ' �jc�d�mK2

?o eh wkh srvwhulru eholhi rq K�
? jlyhq K2

?1 Qrwlfh wkdw
T2
� lv d frqvwdqw +K2

� lv wulyldo,/ khqfh nqrzq wr sod|hu 4 dw vwdjh 41
Zh frqvwuxfw j�

n lqgxfwlyho|1 Dvvxph wkdw j�
nc6 kdv ehhq gh�qhg iru

6 	 ?/ dqg wkdw sod|hu 4 nqrzv T2
? dw vwdjh ? xqghu �j�

n
cj2 +wklv ghshqgv

rqo| xsrq wkh �uvw ? � � �uvw frruglqdwhv ri Ej�
nc j

2�,1 Ghqrwh e| �T2
? dq

K�
?0phdvxudeoh yhuvlrq ri T2

?1 Zh vhw
+

j�
nc?E�

�
?� ' U� li �T2

?E�
�
?�i4�

? ' U�j : f
j�
nc?E�

�
?� ' ?� rwkhuzlvh

Fodlp= sod|hu 4 nqrzv T2
?n� dw vwdjh ? n � xqghu �j�

n
cj21

Surri= ohw ��?n� 5 K�
?n� lq wkh vxssruw ri �j�

n
cj21 Zh qhhg wr suryh wkdw

T2
?n� lv frqvwdqw ryhu �

2
?n�E�

�
?n��_ vxss�j�

n
cj21 Zulwh ��?n� dv E�

�
?c r

�
?� zkhuh

��? frqwdlqv wkh vljqdov wr sod|hu 4 xs wr vwdjh ?1 Ohw �2?n� ' E�2?c r
2
?� 5

��
?n�E�

�
?n�� _ vxss�j�

n
cj21 Zh glvwlqjxlvk wkuhh fdvhv1

Fdvh 4= r�? ' ��1
E| frqvwuxfwlrq dqg wkh lqgxfwlrq k|srwkhvlv/ rqh kdv

T2
?E�

2
?�i4�

? ' � �j ' �c

wkhuhiruh wkh eholhi T2
?n�E�

2
?n�� ri sod|hu 5 dw vwdjh ? n � lv jlyhq e|

:



T2
?n�E�

2
?n��d

���?c �r
�
?o '

+
T2
?E�

2
?�d

���?o li �r�? ' � �

f rwkhuzlvh

Fdvh 5= r�? ' U�1
Lq wkdw fdvh/ r2? ' � 2 dqg wkh eholhi ri sod|hu 5 dw vwdjh ?n� lv jlyhq e|

T2
?n�E�

2
?n��d

���
?c �r

�
?o '

;A?
A=

T2
?E�

2
?�d

���?o� j�E���
?�dU

�o iru �r�? ' U�

T2
?E�

2
?�d

���?o� j�E���
?�d�

�o iru �r�? ' � �

f iru �r�? ' �

Fdvh 6= r�? ' �1
Lq wkdw fdvh/ r2? ' �/ dqg Ed|hv*v uxoh |lhogv

T2
?n�E�

2
?n��d

���
?c �r

�
?o '

;?
=

T2?E�
2
?�d

���?ofj
�E���?�dU

�oS
	��
?

T2?E�
2
?�d

	��?ofj
�E	��?�dU

�o
iru �r�? ' �

f rwkhuzlvh

Lq hdfk fdvh/ wkh eholhi ri sod|hu 5 lq vwdjh ? n � lv nqrzq wr sod|hu 41
Wkhuhiruh/ xqghu Ej�

nc j
2c ��/ sod|hu 4 nqrzv dw vwdjh � wkh eholhi khog e|

sod|hu 5 ryhuK�
� / khqfh wkh eholhi ryhu _

�1 Xvlqj wkh plqlpdolw| dvvxpswlrq/
wklv lpsolhv wkdw/ �j�

n
cj2c�0d1v1/ sod|hu 5 nqrzv _2 dw vwdjh � 1 E| vhfxuhqhvv/

��
� lv ohvv lqirupdwlyh rq _2 xqghu �j�

n
cj2c� wkdq _� rq _2 xqghu �jc�1 Wkxv/

iru hyhu| _� 5 t�TT>�/ _2 5 (2/ � E_2m_�� lv hlwkhu htxdo wr 3 ru 41 Xvlqj
rqfh djdlq wkh plqlpdolw| dvvxpswlrq/ > lv d gldjrqdo pdwul{/ xs wr vrph
shupxwdwlrq ri olqhv dqg froxpqv dqg diwhu ghohwlrq ri olqhv dqg dqg froxpqv
frqwdlqlqj rqo| 3*v1

Vwhs 5= d ohdvw lqirupdwlyh vwudwhj|
Fohduo|/ wkh ohdvw lqirupdwlyh zd| ri frppxqlfdwlqj lv wr vhqg uhshdwhgo|

wkh phvvdjh ��1 Dv deryh/ wklv kdv wr eh dphqghg/ vlqfh lw pljkw eh wkh fdvh
wkdw sod|hu 5 nqrzv dw vrph vwdjh wkdw sod|hu 4 vkrxog sod| U� dffruglqj wr
j�1 Zh gh�qh j�

3 dv= sod|� � zkhqhyhu� � lv sod|hg zlwk srvlwlyh suredelolw|
dffruglqj wr j�/ j�

3E�
�
?� ' � � li j�E��?�d�

�o : f/ dqg j�
3E�

�
?� ' U� rwkhuzlvh1

Lw lv fohdu wkdw �j�
3
cj2 		 �j +devroxwho| frqwlqxrxv,1 Zh vhw 7 'vxss�j�

3
cj21

Zh suryh lq Ohppd 5 wkdw _� lv frqvwdqw rq 71 Vlqfh 7 �vxss�j dqg > lv
gldjrqdo/ _2 lv dovr frqvwdqw rq 71 Vlqfh wkh glvwulexwlrqv ri _2 xqghu �j�

3
cj2

dqg �j duh wkh vdph/ wklv lpsolhv wkdw > lv frqfhqwudwhg rq d vlqjoh ghflvlrq

;



sdlu _ 5 (/ dqg frqfoxghv wkh surri ri wkh wkhruhp lq wkh �qlwho| uhshdwhg
fdvh1

Zh �uvw eulh | jlyh wkh lqwxlwlrq ehklqg Ohppd 51 Li wkh ghflvlrq ri
sod|hu 4 zhuh wr ghshqg xsrq wkh vljqdo uhfhlyhg lq wkh vwdjhv lq zklfk kh
sod|v U�/ wkhuh zrxog eh d vhtxhqfh ��

? vxfk wkdw E��
?c U

�� dqg E��?c �� ehorqj
wr 7/ dqg wkh glvwulexwlrqv ri _� frqglwlrqdo rq wkhvh vhtxhqfhv gl�hu1 Rqh
wkhq fdq gh�qh d vwudwhj| ri sod|hu 5 zklfk hqdeohv klp wr nqrz dw vwdjh
? zkhwkhu sod|hu 4 glg uhfhlyh ��? ru qrw1 E| sod|lqj hlwkhu �2 ru U2 lq
wkdw fdvh/ dqg surshuo| plplfnlqj j2 diwhuzdugv/ sod|hu 5 zrxog eh deoh
wr lq xhqfh wkh glvwulexwlrq ri _�1 Wklv zrxog frqwudglfw wkh vhfxuhqhvv ri
Ejc ��1

Ohppd 5 _� lv frqvwdqw rq 71

Surri= zh suryh lqgxfwlyho| wkdw wkh frqglwlrqdo glvwulexwlrq �jd_
� ' �mK�

?o
lv frqvwdqw/ �j�

3
cj20d1v1 Wkhuh lv qrwklqj wr suryh iru ? ' � vlqfhK�

� lv wulyldo>
zh dvvxph wklv lv wuxh iru vrph ?1 Zh vkdoo suryh wkdw

�jd_
� ' �mK�

?n�o ' �jd_
� ' �mK�

?oc +4,

�j�
3
cj20d1v1
Il{ ��? ' Er��c � � � c r

�
?3�� 5 K�

? zlwk �j�
3
cj2E�

�
?� : f1 Li wkhuh lv rqo| rqh

vhtxhqfh ��?n� zklfk kdv srvlwlyh suredelolw| xqghu Ej�c j2� jlyhq ��?/ wkhq
+4, krogv wulyldoo|1 Wkhuhiruh/ zh qhhg wr glvfxvv wkh fdvh zkhuh j�

3E�
�
?� ' U�

dqg �j�
3
cj2d4

2
? ' U2m��

?o 5ofc �d1 Lq wkdw fdvh ��
?n� pd| hlwkhu eh E��?c U

�� ru
E��?c ��1 Zh qhhg wr suryh wkdw

�jd_
� ' �mE��?c U��o ' �jd_

� ' �mE��?c ��o� +5,

Gh�qh d vwudwhj| j2
n iru wkh �uvw ?� � vwdjhv dv= sod| �2 lq vwdjh R � ?� �

li r�R ' U�/ dqg U2 rwkhuzlvh1 Gh�qh �2? ' Er2�c � � � c r
2
?3�� e|

r2R '

;A?
A=

� 2 li r�R ' U�

U2 li r�R ' ��

� li r�R ' �

E| frqvwuxfwlrq ri 7/ �j�cj2
n
E�2?� : f dqg �j�cj2

n
E��?m�2?� ' �1

Edvhg xsrq j2
n/ zh gh�qh wzr vwudwhjlhv �j2

n dqg j2
n zklfk gl�hu rqo|

diwhu �2?1 �j
2
n lv gh�qhg dv=

<



41 iroorz j2
n xs wr vwdjh ? dqg frqwlqxh zlwk j2 li �2

? 9' �2?>

51 li �2
? ' �2?/ sod| � 2 lq vwdjh ?/ vhohfw d �fwlwlrxv sdvw ��2?n� dffruglqj

wr �jd� mE��?c U��o dqg frqwlqxh zlwk j2 dv li wkh vhtxhqfh ri vljqdov
uhfhlyhg lq wkh �uvw ? vwdjhv kdg ehhq ��2?n�1

j2
n lv gh�qhg dv=

41 vdph dv 4 iru �j2
n>

51 li �2
? ' �2

?/ sod| U2 lq vwdjh ?/ vhohfw d �fwlwlrxv sdvw ��2
?n� dffruglqj

wr �jd�mE��?c ��o dqg frqwlqxh zlwk j2/ dv li wkh vhtxhqfh ri vljqdov
uhfhlyhg lq wkh �uvw ? vwdjhv kdg ehhq ��2?n�1

E| vhfxuhqhvv/ iru hyhu| _� 5 (�/

�j�c�j2
n
E_� ' _�� ' �j�cj2

n
E_� ' _��c

wkhuhiruh
�j�c�j2

n
E_� ' _�m�2

?� ' �j�cj2n
E_� ' _�m�2?�� +6,

E| frqvwuxfwlrq/

�j�c�j2
n
d_� ' _�m�2?o ' �jd_

� ' _�mE��?c U��o

dqg
�j�cj2n

d_� ' _�m�2
?o ' �jd_

� ' _�m��
?c �o�

Wkxv/ +5, iroorzv iurp +6,/ zklfk hqgv wkh surri ri wkh lqgxfwlrq vwhs1
Ilqdoo|/ uhpdun wkdw �j�

3
cj2d_

� ' �mK�
� o ' �_�'uc �j�

3
cj20d1v1/ vlqfh _� kdv

d K�
� 0phdvxudeoh yhuvlrq1 Wkh uhvxow iroorzv1 �

7 Lq�qlwho| pdq| vwdjhv

714 Vhfxuh surwrfrov jhqhudwlqj plqlpdo lqirupdwlrq
vwuxfwxuhv

Zh vwduw zlwk vrph suholplqdu| uhvxowv rq vhfxuh surwrfrov1

43



Sursrvlwlrq 6 Dvvxph Ejc �� lv d vhfxuh surwrfro jhqhudwlqj wkh plqlpdo
lqirupdwlrq vwuxfwxuh >/ dqg j� ' Rj�

f n E� � R�j�
� zlwk f 	 R � �1 Wkhq

>Ej�
f
cj2�c� ' >1

Lq wklv vwdwhphqw/ j� lv lqwhusuhwhg dv d pl{hg vwudwhj|/ dqg j� ' Rj�
f n

E��R�j�
� lv dq htxdolw| ehwzhhq suredelolw| glvwulexwlrqv +hohphqwv ri{E7��,1

Wkh sursrvlwlrq krogv iru dq| jhqhudo frppxqlfdwlrq phfkdqlvp/ dv orqj
dv sod|huv uhphpehu wkhlu sdvw phvvdjhv +shuihfw uhfdoo,1 Iru vlpsolflw| ri
qrwdwlrqv ohw � ' �jc� dqg � � ' �Ej�fcj2�c�

/ vr wkdw � � 		 � 1 Wkh surri ri
Sursrvlwlrq 6 lv srvwsrqhg wr wkh hqg ri wkh vhfwlrq1

Ohppd 7 Iru �? 5 M?/ � �E�?m K�
?� ' � E�?m K�

?� � � doprvw vxuho|1

Vkruwo|/ � �E�mK�
?� ' � E�mK�

?�/ �
�0d1v1= dw vwdjh ?/ wkh eholhiv ri sod|hu 4

rq wkh dfwxdo sod| duh wkh vdph xqghu � dqg � �1

Surri= Wklv surri uholhv rq shuihfw uhfdoo exw grhv qrw uhtxluh wkh vhfxuhqhvv
ri Ejc ��1 Ohw ��? ' ��

?E�?� eh wkh vhtxhqfh ri vljqdov uhfhlyhg e| sod|hu �
dorqj �?/ dqg E6�

�c � � � c 6
�
?3�� wkh phvvdjhv vhqw e| sod|hu � dorqj ��?1 Lw

lv hqrxjk wr suryh � �E�?m��?� ' � E�?m��?�1 Vhw 7E��?� '
T
j�|E�

�
|�d6

�
|o dqg

7 �E��?� '
T
j�
fc|E�

�
| �d6

�
| o zkhuh ��| lv wkh wuxqfdwlrq ri ��? dw vwdjh |1 Qrwh

wkdw � E�?� ' 7E��
?�7E�

2
?�1 Ghqrwh e| �E��?� wkh vhtxhqfhv lq K2

? zklfk duh
frqvlvwhqw zlwk ��

? +vhh Vhfwlrq 615 iru uhodwhg gh�qlwlrqv,1 Iru dq| ��? 5
�E��?�/ �

�2
? dqg 7E�

�2
? � duh gh�qhg dv deryh1 E| Ed|hv* uxoh=

� �E�?m��?� '
7 �E��?�7E�

2
?�S

��?M�E��?�
7 �E��?�7E�

�2
? �

'
7E�2?�S

��?M�E��?�
7E��2? �

' � E�?m��?�

�
Ohppd 8 Iru _2 5 (2/ � E_2 ' _2mK�

"� ' � �E_2 ' _2mK�
"� � � doprvw

vxuho|1

Surri= Ohppd 7 vkrzv wkdw iru dq| �6 5 M6 dqg ? � 6/ � E�6mK�
?� '

� �E�6mK�
?� � �0d1v11 Wkh ohiw vlgh lv d E�c EK?�?� pduwlqjdoh frqyhujlqj wr

� E�6mK�
"� � 0d1v1 zkloh wkh uljkw vlgh lv d E� �c EK?�?� pduwlqjdoh frqyhuj0

lqj wr � �E�6mK�
"� � �0d1v11 Vlqfh � � 		 � / � E�6mK�

"� ' � �E�6mK�
"� � �0

d1v11 Vlqfh K" lv jhqhudwhg e| wkh frxqwdeoh idplo| ri hyhqwv i�6 ' �6j/
� E�mK�

"� ' � �E�mK�
"� � � 0d1v1 iru dq| � 5 K"1 Vlqfh _2 kdv d K"�

phdvxudeoh yhuvlrq xqghu � �/ wklv frpsohwhv wkh surri1�
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Ohppd 9 Xqghu � �/ _� lv d vx!flhqw vwdwlvwlf iru _2 iru sod|hu 41

Surri= Lw lv hqrxjk wr suryh wkdw � �E_2mK�
"� ' � �E_2m_�� � � d1 v1/ iru dq|

_2 5 (21 Il{ _� vxfk wkdw � �E_�� : f =

� �E_2m_�� '
�

� �E_��

]
��E��

"
�'_�

� �E_2m��"�_� �E��
"�

'
�

� �E_��

]
��E��

"
�'_�

� E_2m��"�_� �E��"�

'
�

� �E_��

]
��E��

"
�'_�

� E_2m_��_� �E��"�

' � E_2m_���
Wkxv/ � �E_2m_�� ' � E_2m_��/ � �0d1v11 Wkh uhvxow iroorzv e| vhfxuhqhvv +U15,
dqg Ohppd 81 �
Ohppd : Xqghu � �/ _� lv d plqlpdo vx!flhqw vwdwlvwlf iru _2 iru sod|hu 41

Surri= Ohw _�c _
�� 5 t�TT� �/ dqg dvvxph wkdw � �E_2m_�� ' � �E_2m_��� iru

doo _2 5 (21 Vlqfh � � 		 � / _�c _
�� 5 t�TT� 1 Qrz � E_2m_�� ' � �E_2m_��

+vhh wkh suhylrxv surri,/ dqg vlploduo| � E_2m_��� ' � �E_2m_��1 Vlqfh _� lv d
plqlpdo vx!flhqw vwdwlvwlf iru _2 iru sod|hu 4 xqghu � / _� ' _

��1�

Surri ri Sursrvlwlrq 6= E| U15/ ��
" lv ohvv lqirupdwlyh rq _2 erwk xqghu

� � ' �Ej�
f
cj2�c� dqg xqghu �Ej�

�
cj2�c� wkdq _� xqghu � ' R�Ej�

f
cj2�c� n E� � R�

�Ej�
�
cj2�c�1 Wkhuhiruh ��

" lv htxdoo| lqirupdwlyh rq _2 xqghu � dqg xqghu � �1
Iru hdfk _2 5 (2/ frqvlghu wkh udqgrp yduldeohv �E_2� ' � E_2m_�� '

� E_2mK�
"� dqg ��E_2� ' � �E_2m_�� ' � �E_2mK�

"�1 Vhw � ' E�E_2��_2M(2 dqg
�� ' E��E_2��_2M(21 � dqg �� duh wkh vwdqgdug h{shulphqwv +vhh Eodfnzhoo
^5`, fkdudfwhul}lqj wkh lqirupdwlrq ri ��

" rq _2 xqghu � dqg � � uhvshfwlyho|1
Vlqfh ��

" lv htxdoo| lqirupdwlyh xqghu � dqg � �/ wkh udqgrp yhfwruv � dqg
�� kdyh wkh vdph glvwulexwlrq xqghu � dqg � �1 Iru _� 5 (�/ gh�qh qrz oE_��
dqg o�E_�� lq {E(2� e| oE_��d_2o ' � E_2m_�� dqg o�E_��d_2o ' � �E_2m_��1 Rqh
kdv=

� �E_�� ' � �E�� ' o�E_��� ' � E� ' oE_��� ' � E_��c

zkhuh wkh �uvw dqg wklug htxdolwlhv xvh plqlpdolw| surshuwlhv1 Khqfh wkh
pdujlqdov ri � dqg � � rq (� duh htxdo1 Vlqfh ixuwkhupruh � E_2m_�� '
� �E_2m_��/ wkh pdujlqdov ri � dqg � � rq ( ' (� �(2 duh dovr htxdo1�
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715 Surri iru lq�qlwho| pdq| vwdjhv

Zh �{ d vhfxuh surwrfro Ejc �� jhqhudwlqj d plqlpdo lqirupdwlrq vwuxfwxuh/
dqg zulwh ��

? ' �jc�E_
�mK?�/ zkhuh _� lv �{hg1 Zh vkdoo suryh=

Sursrvlwlrq ; Iru hyhu| ?/ ��
? lv frqvwdqw �jc� doprvw vxuho|1

Zh �uvw vkrz krz wr ghulyh Wkhruhp 4 iurpSursrvlwlrq ;1 Rqh kdv *�4?<" ��
? '

�_�'_�c �jc�0d1v1 Iurp Sursrvlwlrq ;/ rqh ghulyhv wkh h{lvwhqfh ri _� 5 (�

vxfj wkdw _� ' _� �jc�0d1v11 Wkh vxssruw ri >� lv wkxv d vlqjohwrq/ dqg wkh
vdph dujxphqw dssolhv iru >21�

Zh vkdoo suryh Sursrvlwlrq ; xvlqj �uvw dq lqirupdwlyh ghyldwlrq ri sod|hu
5/ wkhq ghyldwlrqv �lq suredelolwlhv� ri sod|huv 4 dqg 51

71514 Lqirupdwlyh ghyldwlrqv= f*v ehfrph d*v

Wkh wlwoh ri wklv vhfwlrq lv ehvw xqghuvwrrg zlwk wkh vwdwhphqw ri Ohppd <1
Zh vnhwfk lqirupdoo| wkh dujxphqw xvhg lq wklv vhfwlrq1 Dvvxph wkdw sod|hu
5/ xsrq uhfhlylqj wkh vljqdo U2 lq vwdjh 4 +l1h1/ li wkh frpelqdwlrq ri phvvdjhv
lv S, frqwlqxhv dv li kh kdg uhfhlyhg � 21 Lq wkdw fdvh/ wkh glvwulexwlrq ri
_� lv zkdw lw zrxog kdyh ehhq/ kdg wkh frpelqdwlrq ri phvvdjhv ehhq @1
Vlqfh wkh glvwulexwlrq ri _� lv lqyduldqw xqghu ghyldwlrqv ri sod|hu 5/ rqh kdv
��

�ES� ' ��
�E@�1

Zh h{whqg wkh dujxphqw dqg vkrz wkdw li wkh vljqdov wr sod|hu 4 dorqj
wzr vhtxhqfhv �? dqg ��? duh wkh vdph/ ��

?E�?� ' ��
?E
��?�1

Zh iroorz vwdqgdug qrwdwlrq dqg zulwh fSt 5 i@c Kc Sc �j? wr ghqrwh wkh
vhtxhqfh rewdlqhg e| frqfdwhqdwlrq ri vrph vhtxhqfh f/ wkhq d S/ wkhq vrph
t +zkhuh f dqg t pd| eh hpsw|,1

Iru hpskdvlv/ zh ghqrwh e| ��
?E�?� wkh vhtxhqfh ri vljqdov wr sod|hu �

dorqj �? +lw lv wkh ydoxh ri wkh u1y1 ��
? rq wkh vhw �?,1

Ohw �2 eh d frpsohwho| pl{hg vwudwhj| ri sod|hu 2= e| wklv/ zh phdq wkdw
�2RE�

2
R� kdv ixoo vxssruw iru hyhu| R dqg �2R1
Wklv lpsolhv wkdw/ iru hyhu| ? dqg ff@f�@ � � � @f& 5 i@c Kc Sc �j?3�/

�j�c�2Eff@f�@ � � � @f&� : f / �j�c�2EffSf�S � � � Sf&� : fc +7,

vlqfh ��
?Eff@f�@ � � � @f&� ' ��

?EffSf�S � � � Sf&��

Ohppd < Iru dq| klvwru| fSt 5 i@c Kc Sc �j?3� vxfk wkdw �j�c�2EfSt � : f=

��
?Ef@t � ' ��

?EfSt � +8,
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Zh suryh wkh uhvxow e| lqgxfwlrq ryhu wkh qxpehu ri K*v lq fSt 1 Wkh
surriv ri wkh lqlwldo dqg lqgxfwlrq vwhsv duh wkh vdph1 Dvvxph +8, krogv
iru vhtxhqfhv zlwk ohvv wkdq & K*v dqg ohw fSt eh d vhtxhqfh zlwk h{dfwo| &
K*v1 Zulwh f dv ff@f� � � � @f,/ t ' tf@t� � � � @t6/ zkhuh wkh fR*v dqg t^*v
frqwdlq qr @*v1 Iru R 5 ifc � � � c ,j/ ^ 5 ifc � � � c 6j/ zh ohw %2R dqg +2^ ghqrwh
wkh vhtxhqfhv ri vljqdov wr sod|hu 5 dorqj fR dqg t^ uhvshfwlyho|1

Wkxv/
�2
?Ef@t � ' %2f�

2%2� � � ��2%2,�
2+2f�

2 � � � +26c
dqg

�2
?EffSf� � � � Sf,StfSt� � � � St6� ' %2fU

2%2� � � � U2%2, U2+2fU2 � � � +26�
Zh ghqrwh e| �2

? wkh iruphu/ dqg e| ��2? wkh odwwhu1
Iru dq| vhtxhqfh �? ' �ffS �f� � � � S �f,S �tfS �t� � � � S�t6 vxfk wkdw �2

?E�?� '
��2?/ zh ghqrwh e| oE�?� wkh vhtxhqfh �ff@ �f� � � � @ �f,@ �tf@ �t� � � � @ �t61 Vlqfh/ wkh
glvwulexwlrq ri _� pxvw uhpdlq xqd�hfwhg li sod|hu 5 sod|v diwhu ��2? dv li kh
kdg uhfhlyhg �2?/ rqh kdv[

�2?E�?�'
��2?

�j2c�2E�?��
�
?E�?� '

[
�2?E�?�'

��2?

�j2c�2E�?��
�
?EoE�?��

ru htxlydohqwo| [
�2?E�?�'

��2?

�j2c�2E�?�d�
�
?E�?�� ��

?EoE�?��o ' f +9,

Iru dq| vxfk vhtxhqfh �?/ hlwkhu �? frqwdlqv vwulfwo| ohvv wkdq & K*v/
ru �? ' fSt 1 Lq wkh �uvw fdvh/ ��

?E�?� ' ��
?EoE�?�� e| wkh lqgxfwlrq

dvvxpswlrq1
Wkhuhiruh/ +9, |lhogv

�j�c�2EfSt �d��
?EfSt �� ��

?Ef@t �o ' f�

�

716 Ghyldwlrqv lq suredelolwlhv

Iru hyhu| ? 5 U� / dqg dq| sdlu Es �c s 2� ri sxuh vwudwhjlhv/ zh ghqrwh e|
�?Es

�c s 2� 5 i@c Kc Sc �j?3� wkh lqgxfhg vhtxhqfh ri phvvdjh sdluv xs wr
vwdjh ?1
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Zh vd| wkdw wzr sxuh vwudwhjlhv s � dqg s
�
duh ?0htxlydohqw li�?Es

�c s 2� '

�?Es
�
c s 2� iru hyhu| s21 Iru vlpsolflw|/ zh fdoo dq htxlydohqfh fodvv ri ?0

htxlydohqw sxuh vwudwhjlhv d sxuh vwudwhj| xs wr vwdjh ?1
Wkhuhiruh d sxuh vwudwhj| s � xs wr vwdjh ?n� fdq eh ghvfulehg dv E� �c s �� �

ru EU �c Es �U c s
�
W�� zkhuh wkh �uvw frruglqdwh lv wkh phvvdjh vhqw lq vwdjh 4/ dqg

wkh vhfrqg rqh lv wkh frqwlqxdwlrq vwudwhj|= s �� c s
�
U c s

�
W duh sxuh vwudwhjlhv ri

sod|hu � xs wr vwdjh ?1 Zh ghqrwh e| �? wkh qxpehu ri vwudwhjlhv xs wr vwdjh
?= lw lv ghwhuplqhg e| �� ' 2 dqg wkh lqgxfwlrq irupxod �?n� ' �2? n �?1

Wklv hqdeohv xv wr ylhz �? dv d vtxduh pdwul{ ri vl}h �? zlwk hqwulhv lq
i@c Kc Sc �j?3�1

Wkh uhodwlrqv ehwzhhq �? dqg �?n� duh vxppdul}hg lq wkh qh{w vhoi0
h{sodqdwru| duud|=

�?n� '

� 2c s 2
� U2c Es 2

U c s
2
W �

��c s �
�

U�c Es �
U c s

�
W �

#
@�?Es

�
� c s

2
�� S�?Es

�
� c s

2
U �

K�?Es
�
U c s

2
�� ��?Es

�
W c s

2
W �

$

Jlyhq � G i@c Kc Sc �j?3� $ U-/ zh ghqrwh e| 	 �c�? : wkh pdwul{
rewdlqhg e| uhsodflqj hqwu| e ri �? e| �Ee�1

D pl{hg vwudwhj| ri sod|hu 4 xs wr vwdjh ? lv lghqwl�hg wr d yhfwru lq
P�?c� +urz pdwulfhv ri vl}h �?, zlwk qrqqhjdwlyh frpsrqhqwv zklfk vxp xs
wr 41 Wkh fruuhvsrqglqj vhw lv ghqrwhg e| 7�

?1 Wkh vxevhw 72
? ri P�c�? ri

pl{hg vwudwhjlhv ri sod|hu 5 lv gh�qhg vlploduo|1
Jlyhq � �? 5 7�

?/ �
� ghqrwhv wkh vwudwhj| zklfk sod|v dffruglqj wr � �? xs

wr vwdjh ?/ dqg wkhq wr j�1 Pruh irupdoo|/ � � �uvw vhohfwv d ? 0htxlydohqfh
fodvv ri sxuh vwudwhjlhv xvlqj � �?/ sod|v dffruglqj wklv fodvv xs wr vwdjh ?/ dqg
frlqflghv diwhuzdugv zlwk wkh ehkdylrudo vwudwhj| j�1

Dovr/ zh ghqrwh e| j�? wkh glvwulexwlrq lqgxfhg e| wkh pl{hg vwudwhj| j�

ryhu wkh vhw ri sxuh vwudwhjlhv xs wr vwdjh ?1
Qrwh wkdw wklv qrwdwlrq lv dw yduldqfh zlwk hduolhu qrwdwlrqv/ zkhuh j�?

ghqrwhg wkh ehkdylru lq vwdjh ?1 Iru vlpsolflw|/ zh deeuhyldwh Ej�?�RE�
�
R� wr

j�?E�
�
R�1
E| frqvwuxfwlrq/ rqh kdv

�E��c�2�c�E_
�� ' � �? 	 ��

?c�? : � 2?� +:,

Vlqfh Ejc �� lv d vhfxuh surwrfro/ rqh kdv wkhuhiruh/ iru doo � 2? 5 72
?/

j�
? 	 ��

?c�? : � 2? ' j�
? 	 ��

?c�? : j2
?�
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Rq wkh rwkhu kdqg/ ohw s �
? 5 t�TTj�

?/ dqg frqvlghu wkh vwudwhj| s � dv gh�qhg
deryh1 Lq whupv ri pl{hg vwudwhjlhv/ lw lv fohdu wkdw j� ' j�

?Es
�
?� n E� �

j�Es �
?��j

�
�/ iru vrph j�

�/ zkhuh j�
?Es

�
?� lv wkh suredelolw| dvvljqhg wr +wkh

htxlydohqfh fodvv, s �
? e| j�

?1 Wkxv/ e| Sursrvlwlrq 6/

s �
? 	 ��

?c�? : j2
? ' s�

? 	 ��
?c�? : j2

?c

iru dq| s �
? lq wkh vxssruw ri j�

?1
Wkhuhiruh/ j�

? 	 ��
?c�? : lv d frqvwdqw oljq yhfwru dqg 	 ��

?c�? : j2
?

lv d froxpq yhfwru zklfk lv frqvwdqw rq wkh vxssruw ri j�
?1

Sursrvlwlrq ; iroorzv iurp wkh qh{w Ohppd=

Ohppd 43 Ohw ? 5 U� / Ej�
?c j

2
?� 5 7�

? � 72
?/ dqg R? G i@c Kc Sc �j? $ U-1

Dvvxph wkdw=

+d, R?Ef@t � ' R?EfSt � iru hyhu| f@t 5vxss�j�?c�
2
?
�

+e, j�
? 	 R?c�? : lv d frqvwdqw yhfwru

+f, 	 R?c�? : j2
? lv d frqvwdqw yhfwru rq wkh vxssruw ri j�

?1

wkhq R? lv frqvwdqw rq wkh vxssruw ri �j�?c�
2
?
1

Uhfdoo wkdw �2? lv wkh suredelolw| glvwulexwlrq rq 72 lqgxfhg e| wkh frp0
sohwho| pl{hg vwudwhj| �21 Zh suryh Ohppd 43 e| lqgxfwlrq rq ?1

Surri= Iluvw dvvxph ? ' �1 Li j�
�E>�d��o ' � frqglwlrq +d, lpsolhv wkh

uhvxow1 Li j�
�E>�dU�o ' � frqglwlrq +e, lpsolhv wkh uhvxow1 Li f 	 j�

�E>�dU�o 	 �/
�uvw +d, lpsolhv R�ES� ' R�E@�/ wkhq +e, lpsolhv R�EK� ' R�E��/ dqg �qdoo| +f,
lpsolhv R�E�� ' R�E@�1

Dvvxph wkdw wkh ohppd krogv iru vrph ?1 Zh glvfxvv rqo| wkh fdvh
f 	 j�

?n�E>�dU�o 	 � dqg f 	 j2
?n�E>�d�2o 	 �/ vlqfh rwkhu fdvhv fdq eh ghdow

zlwk lq d vlplodu zd|1 Ghqrwh e| ~?n� wkh pdwul{ 	 R?n�c�?n� : iurp
zklfk doo urzv wkdw kdyh }hur suredelolw| xqghu j�

?n� kdyh ehhq ghohwhg1 Zh
qhhg wr suryh wkdw ~?n� lv frqvwdqw1 Jlyhq d vtxduh pdwul{ � ri vl}h �?n�/
zh ohw �n eh wkh pdwul{ � iurp zklfk doo olqhv zlwk }hur suredelolw| xqghu
j�
?n� kdyh ehhq ghohwhg1 Qrwh wkdw ~?n� lv ri wkh irup=

~?n� '

#
	 R?n�c @�?E�c �� : 	 R?n�c S�?E�c �� :
	 R?n�c K�?E�c �� : 	 R?n�c ��?E�c �� :

$
n
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Wkh lqgxfwlrq surri lv glylghg lq 7 vwhsv/ ri zklfk Vwhs 4 dqg Vwhs 5 duh
lqghshqghqw1
VWHS 4= Iurp +d,/ ~?n� zulwhv=

~?n� '

#
	 R?n�c @�?E�c �� : 	 R?n�c @�?E�c �� :
	 R?n�c K�?E�c �� : 	 R?n�c ��?E�c �� :

$
n

+wkh wrs wzr vxepdwulfhv ri ~?n� duh lghqwlfdo iru urzv lq wkh vxssruw ri
j�
?n�/ jlyhq +7, dqg Ohppd <,1

VWHS 5= Gh�qh j�
?c j

2
? dqg R? e|=

� R?E�?� ' R?n�E��?�
� j�

?E�
�
R� ' j�

?n�E���
R�/ R � ?

� j2
?E�

2
R� ' j2

?n�E��2
R�/ R � ?1

R?/ j�
?c j

2
? vkrxog eh lqwhusuhwhg dv wkh sod| xqwlo vwdjh ?n�/ frqglwlrqdo

rq wkh frpprq nqrzohgjh idfw wkdw � zdv sod|hg lq wkh �uvw vwdjh1
Surshuwlhv +d, +e, dqg +f, iru j�

?n�c j
2
?n� dqg R?n� lpso| surshuwlhv +d,

+e, dqg +f, uhvshfwlyho| iru j�
?c j

2
? dqg R?1 Khqfh wkh lqgxfwlrq dvvxps0

wlrq lpsolhv wkh h{lvwhqfh ri RW 5 U- vxfk wkdw R?n�E��?� ' RW iru dq|
��? 5vxss�j�

?n�
c�2
?n�

1 Wkhuhiruh/ ohwwlqj .? ghqrwh wkh vtxduh pdwul{ ri vl}h
�? zlwk doo hqwulhv htxdo wr 4/ ~?n� zulwhv=

~?n� '

#
	 R?n�c @�?E�c �� : 	 R?n�c @�?E�c �� :
	 R?n�c K�?E�c �� : RW.?

$
n

VWHS 6= Qh{w/ frqvlghu j�
?c j

2
? dqg R? gh�qhg e|=

� R?E�?� ' R?n�ES�?�

� j�
?E�

�
?� ' j�

?n�E�
���?�

� j2
?E�

2
?� ' j2

?n�EU
2�2?�

Wkhvh fdq eh vhhq dv frqwlqxdwlrq vwudwhjlhv frqglwlrqdo wr wkh idfw wkdw
�� dqg U2 kdyh ehhq sod|hg lq wkh �uvw urxqg1 Surshuw| +d, jrhv iurp
j�
?n�c j

2
?n� dqg R?n� wr j�

?c j
2
? dqg R?1 Surshuw| +e, iru j�

? dqg R? lv lpsolhg
e| VWHS 4 dqg e| +e, iru j�

?n� dqg R?n�1 Surshuw| +f, iru j2
? dqg R? lv

4:



lpsolhg e| VWHS 5 dqg +f, iru j2
?n� dqg R?n�1 Wkh lqgxfwlrq dvvxpswlrq

wkhuhiruh lpsolhv wkh h{lvwhqfh ri RS 5 U- vxfk wkdw R?n�E�?n�� ' RS iru dq|
�?n� ' S�? lq vxss�j�

?n�
c�2
?n�

1 E| +d,/ R?n�E�?n�� ' RS iru dq| �?n� ' @�?
lq vxss�j�

?n�
c�2
?n�

1 Wkxv/

~?n� '

#
RS.? RS.?

	 R?n�c K�?E�c �� : RW.?

$
n

VWHS 7= Dsso|lqj wkh vdph uhdvrqlqj wr=

� R?E�?� ' R?n�EK�?�

� j�
?E�

�
?� ' j�

?n�EU
���?�

� j2
?E�

2
?� ' j2

?n�E�
2�2?�

vkrzv wkh h{lvwhqfh ri RK zlwk R?n�EK�?� ' RK iru dq| K�? 5vxss�j�
?n�

c�2
?n�

1
Khqfh/

~?n� '

#
RS.? RS.?

RK.? RW.?

$
n

VWHS 8= Wr frqfoxgh/ +e, lpsolhv RK ' RW/ dqg �qdoo| +f, lpsolhv RW ' R@1�

Uhihuhqfhv
^4` L1 Eäuäq|l1 Idlu glvwulexwlrq surwrfrov ru krz sod|huv uhsodfh iruwxqh1

Pdwkhpdwlfv ri Rshudwlrqv Uhvhdufk/ 4:=65:�673/ 4<<51

^5` G1 Eodfnzhoo1 Htxlydohqw frpsdulvrq ri h{shulphqwv1 Dqqdov ri Pdwkh0
pdwlfdo Vwdwlvwlfv/ 57=598�5:5/ 4<861

^6` Ohkuhu H1 dqg V1 Vrulq1 Rqh0vkrw sxeolf phgldwhg wdon1 Jdphv dqg
Hfrqrplf Ehkdylru/ 53=464�47;/ 4<<:1

^7` I1 Irujhv1 Dq dssurdfk wr frppxqlfdwlrq htxloleuld1 Hfrqrphwulfd/
87=46:8�46;8/ 4<;91

^8` I1 Irujhv1 Xqlyhuvdo phfkdqlvpv1 Hfrqrphwulfd/ 8;=4674�4697/ 4<<31

4;



^9` R1 Jrvvqhu1 Mhx{ uìsìwìv hw pìfdqlvphv gh frppxqlfdwlrq1 Wkëvh/
Xqlyhuvlwì Sdulv 9/ 4<<91

^:` R1 Jrvvqhu1 Vhfxuh surwrfrov0ru krz frppxqlfdwlrq jhqhudwhv fruuhod0
wlrq1 Fruh G1S <:<5/ 4<<:1 wr dsshdu lq Mrxuqdo ri Hfrqrplf Wkhru|1

^;` H1 Ohkuhu1 Lqwhuqdo fruuhodwlrq lq uhshdwhg jdphv1 Lqwhuqdwlrqdo Mrxuqdo
ri Jdph Wkhru|/ 4<=764�789/ 4<<41

^<` Q1 Olqldo1 Jdphv frpsxwhuv sod|= jdph0wkhruhwlf dvshfwv ri frpsxwlqj1
Lq Kdqgerrn ri Jdph Wkhru| zlwk Hfrqrplf Dssolfdwlrqv/ yroxph 51
Hovhylhu Vflhqfh Sxeolvkhuv E1Y1/ 4<<81

^43` Q1 Ylhlooh1 Fkhds wdon zlwk lpshuihfw prqlwrulqj1 plphr/ 4<<71
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