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Abstract

We consider the “and” communication mechanism that inputs mes-
sages from two players and outputs the public signal “yes” if both
messages are “yes”, and outputs “no” otherwise. We prove that no
correlation can securely be implemented through finite or infinite rep-
etition of this mechanism.
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1 Introduction

Assume that two players communicate repeatedly through some mechanism
(or channel) M, sending messages to and receiving signals from M, for an
infinite number of stages, and finally choose decisions d! and d? from sets
D' and D?, based upon the sequence of signals received. The o-algebras H._
and H?2 which represent the informations held by the players at the end of
the communication phase, are in general not comparable, hence the decisions
are correlated.

For which distributions p over D = D! x D? is it possible to design
communication strategies (i.e., specifications of which messages to send as a
function of previously received signals) and decision rules, such that

(i) the law of (d*,d?) is p,

(ii) each player knows only his decision prior to the decision stage, and

(iii) the whole procedure can not be manipulated by either player?

This question is related to issues in computer science and in game theory.
For instance, in the design of fault-tolerant distributed systems, protocols
(i.e., communication strategies) are sought for that enable interconnected
processors to perform a given task, even if one (or more) is to fail. More than
two processors are assumed, and the communication mechanism consists of
secure communication lines between each two processors, which allow them
to exchange messages without being eavesdropped. We refer to Linial [9]
for references and an extensive discussion of the links between game theory
and computer science. Similar questions were addressed in game theory (see
Bérdnyi [1], Forges [4] ,[5]). A somewhat dual problem is solved in [3]: given
, one tries to design a (simple) mechanism M, with which the players can
generate £ in the above sense. The closest to our work is Lehrer [8] who
studies the correlation opportunities offered by the and-protocol (see below).
However, his focus is quite different, and the robustness requirements are
much weaker than ours.

We study here a benchmark mechanism. The and-operator in logic
is defined over {0,1} x {0,1} as and(z,y) = zy. By analogy, we define
the and-mechanism as a communication mechanism which receive messages
z,y from two players, taken from {0, 1}, and sends them back the value of
and(z,y). We assume in addition that each player remembers which mes-
sage he sent or, equivalently, that the signals to 1 and 2 are respectively
the pairs (z,and(z,y)) and (y,and(z,y)). The crucial feature of this mech-
anism is that when player 1 sends z = 0 to the mechanism, the signal he



gets gives him no information about the value of y (and(0,y) = 0) whereas
when he sends x = 1, he is able to deduce the value of y from his signal
(and(1,y) = y).

Our result is essentially negative: we prove that only babbling is secure.
If decisions are not independent of the outcome of the communication phase,
the procedure can be manipulated by one player. Parts of the proofs below
may be found in [6], [10].

The paper is organized as follows. Section 1 contains the model and the
statement of the result. Sections 2 and 3 contain the proof. Section 2 deals
with the case where finitely many rounds of communication are allowed. Sec-
tion 3 deals with the general case, and is independent of section 2. Although
the result of section 2 is encompassed in section 3, its proof is both simple
and intuitive. We thus find it worthy to include it.

2 Concepts and results

We take up the study of the repeated and-mechanism described in the in-
troduction. For emphasis, we label the possible messages of player i € {1, 2}
as N* (for non-informative) and I* (for informative). We set M* = {N* I'}.
For simplicity, we label a, b, ¢, * the different input combinations, as specified
in the next array:

N2 ]2
Nl alc
It b | =

The signal function ' of player 1 is best described by introducing P! =
{{a,c},{b},{x}}. Tt is the partition of the set of message pairs induced by
the signaling function of player 1: when the combination of messages sent
to the mechanism is m, player 1 is told which atom of P! contains m. For
simplicity, we sometimes write P! = {N', I' x}. The information partition
P? of player 2 is defined symmetrically.

Repeated communication unfolds as follows: at every stage n € IN, play-
ers send simultaneously messages ml, m2 to the mechanism. Player i is told
I'(m;,,m2).

The set of plays is Hy, = M¥ = {a,b,c,+x}. We denote by H! the
information available to player ¢ in stage n, prior to sending a message: it
is the sub o-algebra of H’_ over H,, generated by cylinder sets of the form
h, x H, where h, € (P")" is a sequence of n — 1 elements of {N*, I, x}.
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The set S, of pure (resp. X! of mixed) strategies of communication at
stage n is the set of all maps from (Hu, H’,) to M* (resp. A(M")): such a
map specifies which message to send in round n, as a function of the signals
received so far. A pure (resp. behavioural) strategy of communication of
player i is a sequence o' = (0%),>1, where o%, € S% (resp. o' € X¢). Thus
the set of pure strategies of player i is S* = x,>15,, endowed with the
product topology of the discrete ones on each factor. S is then compact and
metrizable. We denote by S° the Borel o-algebra on S?. A mixed strategy of
player ¢ is a probability distribution over (S*,S*). Since perfect recall holds,
any mixed strategy is equivalent to a behavioral strategy.

At the end of the communication phase, player i takes a decision from
a finite set D’. A decision rule ¢ specifies which decision to choose as
a function of the signals; it is a mapping from (H.,H..) to A(D"). A
protocol consists of a pair of strategies (o',0?) together with a pair of
decision rules ¢ = (¢!, ¢%). Set D = D' x D?. Given a protocol (o, ¢), P,4
represents the probability distribution induced by o and ¢ on (Hy, X D, Hoo ®
2P) and p, ,and p, 4 are the marginals of P, 4 on D and D' respectively.
Similarly, P, is the distribution induced by o on (Hu, Hoo). We call p,, , the
information structure generated by the protocol (o, ¢).

It is clear how the above specializes when only finitely many stages of
communication are allowed. In the N-stages version, the decision rule ¢/, is
taken as HY% measurable.

We use extensively various coordinate mappings, which we represent in
bold type: m, s! are respectively the message sent and signal received by
player 7 in stage n, h’, is the sequence of signals by i up to stage n (such a
sequence is usually identified to an atom of H,), d* is the decision of player
1. Bold type symbols hence represent random variables.

For simplicity, we sometimes write h’ for the event {h? = h’ } of H’, and
use similar shortcuts when convenient.

Definition 1 A protocol (o, ¢) is secure when for any alternative strategy
TLof player 1:

Ro1. s on) 9 = How
R.2. hl s less informative on d? under P71 52y 4 than d! under Py .

Similar conditions hold for player 2.



The notion of less informative refers to Blackwell’s (1953,[2]) comparison
of experiments. The comparison in R.2 is meaningful since the distributions
of d? under Py 4 and Pir1 42 4 are the same. A consequence of R.2 is that d!
is a sufficient statistic for d® for player 1 under P, ; (i.e., P, 4(d* = -|d') =
P, 4(d? = |HL), Prsas.).

This definition is motivated by the following property (Gossner [7]). A
protocol is secure if and only if for every strategic form game G:

- for every Nash equilibrium f of the game in which d € D is drawn
according to p, player i is informed of the coordinate d?, then plays in G

- it is a Nash equilibrium of the game in which players communicate
through the mechanism, then play in G

- to communicate according to o, take decisions following ¢, then play in
G according to f.

We call € A(D) a secure distribution, or secure information structure,
if u = p, 4 for some secure protocol (7, ¢).

Theorem 1 The set of secure distributions is A(D?) x A(D?).

Remark 1: let p = p! @ p? € A(D') x A(D?). Tt is straighforward to
generate 4 as the result of babbling. Define o = (¢!, %) arbitrarily (players
babble), and let player i ignore the communication and choose d* according
to p’: ¢ is the constant map u’. Such (o, ¢) is clearly secure. Therefore,
what our result really entails is that every non-trivial protocol based upon

the and-mechanism can be manipulated. No correlation can be secured.

3 Finitely many stages
3.1 Reduction to minimal information structures
An information structure p € A(D) is called minimal when:

e For any d},d} € suppu!, the conditional probabilities u(-|d) and
u(-|d}) on D? differ.

e A similar condition holds for player 2.



This amounts to assuming that the statistic d° must be minimal for
player 1.

For instance, the only minimal information structures in A(D') x A(D?)
are the Dirac masses.

Remark 2: It is proven in [7] that Theorem 1 follows if we only prove that
manimal secure information structures are Dirac masses.

Remark 3: Let (0,¢) be a secure protocol which generates p. Then, I -
a.s., for every d' € supp¢’(hl,), P,g(d*" = -|d') = P,4(d*" = -|hl).

Therefore, if 1 is minimal, ¢‘(h%) is a Dirac mass, P, s-a.s.

3.2 Proof for finitely many stages

We assume here that N stages of communication are allowed.

Let (0, ¢) be a secure protocol, and p = p1, 4. We view p as a D' x D*
matrix. As noted in the previous section, we may assume that, P,-a.s.,
¢'(h’,) puts probability one on some decision. It is crucial to note that we
cannot assume this to hold outside of the support of P,.

The proof is divided in two steps. First, we introduce a most informative
deviation of player 7, and argue that up to some permutation of lines and
columns, u is diagonal: at the end of the communication phase, each player
knows P, s-a.s. the decision of the other. Second, we introduce a least
informative deviation of player i, and prove that p is concentrated on one
decision pair.

Step 1: a most informative strategy.

Clearly, the way to get the most information is to use the strategy &'
defined as: play I' in every stage, irrespective of past signals. This falls
short of proving anything since the supports of P ,2), and I, may be
disjoint: hence, knowing which signals player 2 did receive may not enable
player 1 to deduce which decision player 2 is about to take (since it might
be random).

Hence we amend the above definition of &' as: play I' whenever player
2 finds it plausible that player 1 does play I', i.e., when, conditional upon
player 2’s past signals, there is a positive P, 4-probability that player 1 sends
the message I'. Of course, this is not well-defined since the message sent by
player 1 is then a function of the information held by player 2. Therefore,
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our first task is to show that this construction is essentially meaningful: we
show inductively that if player 1 abides by this strategy up to stage n, he
will know at stage n the belief held by player 2.

Definition 2 Let P be a probability distribution, X be a random variable
defined over (Hu, Hoo), and n € IN. We say that player 1 knows X under
P at stage n if there exists an H}-measurable version of X under P.

It is convenient to define C(h2) as the set of sequences of signals which
are consistent with the fact that player 2 receives h?:

Cp(hy) = {hp, hyy (i, # 0}

n

where the intersection hl N A2 is taken as of elements of Hu.: hl € CL(h2) if,
for some sequence h,,, the signals received along h,, are respectively h! and
h2. C2(h}) is defined similarly.

Let p2 = P, 4[-|H2] be the posterior belief on H,, given HZ. Notice that
p? is a constant (H? is trivial), hence known to player 1 at stage 1.

We construct o inductively. Assume that o, has been defined for
m < n, and that player 1 knows p? at stage n under Po-}HOQ (this depends

only upon the first n — 1 first coordinates of (¢},0?)). Denote by p? an
H}-measurable version of p2. We set

fohalf) =11 B =) >0

0y n(hy) =n'  otherwise

Claim: player 1 knows p2,, at stage n + 1 under Ppi g2
Proof: let hy,,, € H,,, in the support of ;1 ,2. We need to prove that
P, 1 is constant over CF ; (fy, 1) N supply o2. Write hy, 4 as (hy, s,) where

hl contains the signals to player 1 up to stage n. Let hZ., = (h3,s2) €
Crr1(hir) NsuppPyi 52 We distinguish three cases.

Case 1: s} = N%.
By construction and the induction hypothesis, one has

Py, (hp){m, = N'} =1,

therefore the belief p2;(h2_,) of player 2 at stage n + 1 is given by



~ 2(p2 fbl if 51 = N1
P2, (h2, ) IFL, 5% :{ P[] it 5,

0 otherwise

Case 2: st =T
In that case, s2 = N? and the belief of player 2 at stage n+ 1 is given by

o p(R2)AL] x A BL)I)  for 3L = I'
P (hna)lhns, 53] = p2(B2)[AL] x o (RL)[N]  for &L = N
0 for 51 =
Case 3: s! =
In that case, s?2 = *, and Bayes’s rule yields
pn(hQ)[ﬁl]Xal(ﬁl)[Il] for 5! —
Pi+1(hn+1)[hi> ~iz] 2 PA( (Bl (RiIT) ! .
0 otherwise

In each case, the belief of player 2 in stage n + 1 is known to player 1.
Therefore, under (0,0%, ¢), player 1 knows at stage N the belief held by
player 2 over H1, hence the belief over d'. Using the minimality assumption,
this implies that, PULUQ@—a.S., player 2 knows d? at stage N. By secureness,
h}; is less informative on d? under Pp1 42,4 than d! on d? under P, 4. Thus,
for every d' € suppu!, d> € D?, P(d?*|d") is either equal to 0 or 1. Using
once again the minimality assumption, p is a diagonal matrix, up to some
permutation of lines and columns and after deletion of lines and and columns
containing only 0’s.

Step 2: a least informative strategy

Clearly, the least informative way of communicating is to send repeatedly
the message N'. As above, this has to be amended, since it might be the case
that player 2 knovvs at some stage that player 1 should play I' according to
ol. We define (7 as play N! whenever N' is played With positive probability
according to o', o' (h}) = N if ¢*(h})[N'] > 0, and o' (h}) = I' otherwise.
It is clear that P0.17 o2 << P, (absolutely contmuous). We set S =suppP,1 ,e.
We prove in Lemma 2 that d! is constant on S. Since S CsuppP, and pu is
diagonal, d? is also constant on S. Since the distributions of d* under P,: 2
and P, are the same, this implies that px is concentrated on a single decision
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pair d € D, and concludes the proof of the theorem in the finitely repeated
case.

We first briefly give the intuition behind Lemma 2. If the decision of
player 1 were to depend upon the signal received in the stages in which he
plays I', there would be a sequence h! such that (hl, I') and (hl,*) belong
to S, and the distributions of d! conditional on these sequences differ. One
then can define a strategy of player 2 which enables him to know at stage
n whether player 1 did receive hl or not. By playing either N? or I? in
that case, and properly mimicking o2 afterwards, player 2 would be able
to influence the distribution of d*. This would contradict the secureness of

(0,90).
Lemma 2 d! is constant on S.

Proof: we prove inductively that the conditional distribution P,[d! = «|H}]
is constant, P,1 ,2-a.s. There is nothing to prove for n = 1 since Hi is trivial;
we assume this is true for some n. We shall prove that

Po[dl = '|H111+1] = Pa[dl = |H’}L]7 (1)
Py j2-a.s.
Fix hy, = (s},...,5h_1) € H} with P,1 ,2(h),) > 0. If there is only one

sequence h;,,; which has positive probability under (¢, 0?) given hj,, then
(1) holds trivially. Therefore, we need to discuss the case where o! (hl) = I'
and P, ,2[m2 = I?|hl] €]0,1[. In that case h;,,, may either be (h},I') or
(hy,,*). We need to prove that

Pyld' = |(h,, I')] = Py[d" = [(h,,, )]. (2)
Define a strategy o% for the first n — 1 stages as: play N? in stage p <n —1
if 5, = I', and I? otherwise. Define h}, = (s7,...,s; 1) by
N2 if 5; =TI
sa=1< I* ifs = N!
* if 511) = %

By construction of S, P12 (A7) > 0 and Py 2 (R, |h7) = 1.
Based upon o2, we define two strategies 63 and 7> which differ only

after h2. 52 is defined as:



1. follow o2 up to stage n and continue with o2 if h? # hZ;

2. if h2 = h2, play N? in stage n, select a fictitious past h?,, according
to Py[- |(hy, I")] and continue with ¢ as if the sequence of signals
received in the first n stages had been A2 ;.

72 is defined as:

1. same as 1 for 61;

2. if h2 = h2, play I? in stage n, select a fictitious past h2,, according
to P,[-|(hy,*)] and continue with o2, as if the sequence of signals

received in the first n stages had been h2_;.

By secureness, for every d' € D!,

Pal,&%r(dl = dl) = Pal,ﬁi(dl = d1)>
therefore
Pou g (d = d[h2) = Py e (dF = d|12). (3)
By construction,
Py sz |d! =d'|hy] = P,[d' = d'|(hy,, I')]
and
Pz [d =d'|hy] = P,[d" = d'|h,,, ).

Thus, (2) follows from (3), which ends the proof of the induction step.
Finally, remark that P,: ,2[d' = -|H}] = lqi_., P,1 ,2-a.s., since d' has
a H}V—measurable version. The result follows. &

4 Infinitely many stages

4.1 Secure protocols generating minimal information
structures

We start with some preliminary results on secure protocols.
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Proposition 3 Assume (0,¢) is a secure protocol generating the minimal
information structure pu, and o' = pol + (1 — p)ot with 0 < p < 1. Then

/‘L(Ué,UQ),(j) = Q.

In this statement, o! is interpreted as a mized strategy, and 0! = po} +

(1—p)ot is an equality between probability distributions (elements of A(S?)).
The proposition holds for any general communication mechanism, as long
as players remember their past messages (perfect recall). For simplicity of
notations let P = P, ; and P’ = P(U(%’UQ)@, so that P’ << P. The proof of

Proposition 3 is postponed to the end of the section.
Lemma 4 For h,, € H,, P'(h,| H}) = P(h,| HL) P’ almost surely.

Shortly, P'(-|H.) = P(:|H}), P'-a.s.: at stage n, the beliefs of player 1
on the actual play are the same under P and P’.

Proof: This proof relies on perfect recall but does not require the secureness
of (c,¢). Let h!, = hi/(h,) be the sequence of signals received by player i
along h,, and (m},...,m! ;) the messages sent by player i along h. Tt
is enough to prove P’'(h,|h.) = P(hy|h;.). Set S(h%) = [1o%(hi)[mi] and
S'(hy,) = T10g.(hi)[m;] where h is the truncation of hj, at stage t. Note
that P(h,) = S(h.)S(h2). Denote by C(hl) the sequences in H2 which are
consistent with hl (see Section 3.2 for related definitions). For any h], €
C(hL), ;2 and S(h.?) are defined as above. By Bayes’ rule:
S'(hy,)S(h3) S(hz)

P'(hy|hl) = — = — = P(h,|hl
hathn) = o SISO~ Someoum S L Pnlfn)

[ )

Lemma 5 For d* € D*, P(d* = d*|H.,) = P'(d* = d*|HL) P’ almost
surely.

Proof: Lemma 4 shows that for any h,, € H,, and n > m, P(hy,|H}) =
P'(hy|HL) P'-a.s.. The left side is a (P, (H,),) martingale converging to
P(hy|HL) P-a.s. while the right side is a (P, (H,,),) martingale converg-
ing to P'(hy,|HL) P-as.. Since P’ << P, P(h,|HL) = P'(h,|HL) P-
a.s.. Since H is generated by the countable family of events {h,, = h,,},
P(AIHY) = P'(AJHL) P'-as. for any A € Ho. Since d? has a Hoo—
measurable version under P’, this completes the proof.de
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Lemma 6 Under P, d! is a sufficient statistic for d* for player 1.

Proof: Tt is enough to prove that P'(d*|HL.) = P'(d?|d}) P’ a. s., for any
d*> € D?. Fix d' such that P'(d') > 0:

P(d*d") = , P(d*h)dP (he)

L(hl,)=d

P(dhL)dP (kL)

PP ()

/

_ 1 /

- P(dY) Jetni)=a
/¢1<h;>=d

Thus, P'(d?|d') = P(d?*|d'), P’-a.s.. The result follows by secureness (R.2)
and Lemma 5. &

Lemma 7 Under P', d' is a minimal sufficient statistic for d* for player 1.

Proof: Let d',d* € suppP’, and assume that P'(d?|d}) = P'(d?|d?) for
all d> € D?. Since P’ << P, d*,d" € suppP. Now P(d?|d") = P'(d?|d")
(see the previous proof), and similarly P(d?|d') = P'(d?|d'). Since d' is a
minimal sufficient statistic for d? for player 1 under P, d' = d''.&

Proof of Proposition 3: By R.2, hl_is less informative on d? both under
P' = P 424 and under Pgi ;2 , than d' under P = pPi1 524 + (1 — p)
Pis1 62),4- Therefore h! is equally informative on d? under P and under P'.

For each d* € D? consider the random variables p(d*) = P(d*|d') =
P(d*[H;,) and p/(d?) = P'(d*|d") = P'(d*|HL,). Set p = (p(d*))aep2 and
P = (p'(d*)eep2. p and p’ are the standard experiments (see Blackwell
[2]) characterizing the information of hl on d? under P and P’ respectively.
Since hl_ is equally informative under P and P’, the random vectors p and
P’ have the same distribution under P and P'. For d' € D', define now r(d")
and r'(d') in A(D?) by r(d")[d?] = P(d*|d") and 7/(d")[d*] = P'(d?*|d"). One
has:

P'(d") = P'(p' =1'(d") = P(p =r(d")) = P(d"),

where the first and third equalities use minimality properties. Hence the
marginals of P and P’ on D! are equal. Since furthermore P(d?|d!) =
P'(d?|d"), the marginals of P and P’ on D = D! x D? are also equal.d
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4.2 Proof for infinitely many stages

We fix a secure protocol (o, ¢) generating a minimal information structure,
and write 7w} = P, 4(d'|H,), where d' is fixed. We shall prove:

Proposition 8 For every n, wl, is constant P, s almost surely.

We first show how to derive Theorem 1 from Proposition 8. One has lim,,_., 7 =
lgi—g1, P, 4-a.s. From Proposition 8, one derives the existence of d! € D!
sucg that d* = d' P, s-a.s.. The support of ' is thus a singleton, and the
same argument applies for p2.d

We shall prove Proposition 8 using first an informative deviation of player
2, then deviations “in probabilities” of players 1 and 2.

4.2.1 Informative deviations: c’s become a’s

The title of this section is best understood with the statement of Lemma 9.
We sketch informally the argument used in this section. Assume that player
2, upon receiving the signal I? in stage 1 (i.e., if the combination of messages
is ¢) continues as if he had received N2. In that case, the distribution of
d! is what it would have been, had the combination of messages been a.
Since the distribution of d* is invariant under deviations of player 2, one has
my(c) = mi(a).

We extend the argument and show that if the signals to player 1 along
two sequences h,, and h,, are the same, 7! (h,) = 7 (h,,).

We follow standard notation and write XcY € {a,b, ¢, *}" to denote the
sequence obtained by concatenation of some sequence X, then a ¢, then some
Y (where X and Y may be empty).

For emphasis, we denote by h? (h,) the sequence of signals to player i
along h,, (it is the value of the r.v. h’, on the set h,,).

Let u? be a completely mixed strategy of player 2: by this, we mean that
uZ(h2) has full support for every p and h2.

This implies that, for every n and XpaXia---aXy € {a,b, c, "1,

Py 2(XoaXia---aXy) > 06 P2 (XoeXic---cXy) >0, (4)
since hl(XpaXia---aXy) = h(XecXic- - cXy).
Lemma 9 For any history XcY € {a,b,c,x}" ! such that P,1 ,2(XcY) > 0:

m(XaY) = wL(XcY) (5)
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We prove the result by induction over the number of b’s in Xc¢Y. The
proofs of the initial and induction steps are the same. Assume (5) holds
for sequences with less than £b’s and let XcY be a sequence with exactly &

b’s. Write X as XoaX;---aX;, Y = YpaYi---aY,, where the X,’s and Y,’s
contain no a’s. For p € {0,...,1}, ¢ € {0,...,m}, we let z7 and y; denote
the sequences of signals to player 2 along X, and Y, respectively.
Thus,
hZ(XaY) = xiN*z% - N>z N*ygN? - - - y2,,
and
h?(XocX, -+ eXieYocYy -+ - cYy,) = aal?a? - - PaiIPya 1 -2

We denote by h? the former, and by h2 the latter.

For any sequence h, = XocX; - --cX;cYoceYs - - - ¢Yy, such that h2(h,) =
izi, we denote by r(h,,) the sequence XoaX; - -aXaYpaY; - - - aYy,. Since, the
distribution of d' must remain unaffected if player 2 plays after fzi as if he
had received h?, one has

Z Pg27u2 (hn)ﬂ'qll(hn) = Z PU27u2 (hn)ﬂ'i(r(hn))
b2 (hn)=h3 b2 (hn)=h3

or equivalently

> Porga(hn)[my(hn) — 70, (r(hn))] =0 (6)

h2 (hn)=h3

For any such sequence h,, either h, contains strictly less than &k b’s,
or h, = XcY. In the first case, w}(h,) = w.(r(h,)) by the induction
assumption.

Therefore, (6) yields
P12 (XeY)[m(XeY) — mh(XaY)] = 0.
&

4.3 Deviations in probabilities

For every n € IN, and any pair (f!, f?) of pure strategies, we denote by
M,(f*, f3) € {a,b,c,*}" ! the induced sequence of message pairs up to
stage n.
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We say that two pure strategies f! and f are n-equivalent if M, (fY, f?) =
Mn(fl, f?) for every f%. For simplicity, we call an equivalence class of n-
equivalent pure strategies a pure strategy up to stage n.

Therefore a pure strategy f* up to stage n+1 can be described as (N, fi,)
or (I', (f}, f1)) where the first coordinate is the message sent in stage 1, and
the second one is the continuation strategy: f%, f+, f¢ are pure strategies of
player 7 up to stage n. We denote by v,, the number of strategies up to stage
n: it is determined by v; = 2 and the induction formula v, = UZ + v,

This enables us to view M,, as a square matrix of size v,, with entries in
{a,b,c,*}" L.

The relations between M,, and M, are summarized in the next self-
explanatory array:

N2 f% I* (f7, f2)
M, 1= N fk <aMn<f}v,ffv> cMn<f}V,f%))
I (ff, f) OM,(f7, fr)  *Ma(f2, f2)

Given 7 : {a,b,c,x}"' — IR, we denote by < m, M, > the matrix
obtained by replacing entry e of M, by m(e).

A mixed strategy of player 1 up to stage n is identified to a vector in
M., 1 (row matrices of size v,,) with nonnegative components which sum up
to 1. The corresponding set is denoted by S}. The subset S2 of My,, of
mixed strategies of player 2 is defined similarly.

Given 7¢ € S', 7° denotes the strategy which plays according to 7%, up
to stage n, and then to 0. More formally, 7¢ first selects a n -equivalence
class of pure strategies using 77, plays according this class up to stage n, and
coincides afterwards with the behavioral strategy o°.

Also, we denote by ¢!, the distribution induced by the mixed strategy o
over the set of pure strategies up to stage n.

Note that this notation is at variance with earlier notations, where o,
denoted the behavior in stage n. For simplicity, we abbreviate (o7,),(h) to
oy (hy)-

By construction, one has

P(717T2)7¢(d1) = T}.L < 71'71.” M, > 7—721' (7)
Since (o, ¢) is a secure protocol, one has therefore, for all 72 € S2,
oy <mL M, >71:=0.<m M, > o>

15



On the other hand, let f! € suppol, and consider the strategy f! as defined

1

above. In terms of mixed strategies, it is clear that o' = ol(f}) + (1 —
al(f1))oi, for some of, where o} (f}) is the probability assigned to (the

equivalence class) f! by ol. Thus, by Proposition 3,
fr<ml M,>o%=fl<ml M, > o>,

for any f;! in the support of o.

Therefore, o} < wl M, > is a constant lign vector and < wl M, > o2
is a column vector which is constant on the support of ol.

Proposition 8 follows from the next Lemma:

Lemma 10 Let n € IN, (0},02) € S; x S2, and p, : {a,b,c,x}" — IR.
Assume that:

(a) pu(XaY) =pp(XcY) for every XaY €suppPyi 2.
(b) o), < pn, My, > is a constant vector

(¢) < pn, M, > 02 is a constant vector on the support of ol.
then py, is constant on the support of Py 2.

Recall that u? is the probability distribution on S? induced by the com-
pletely mixed strategy u?. We prove Lemma, 10 by induction on n.

Proof: First assume n = 1. If 01(0)[N!] = 1 condition (a) implies the
result. If o1(0)[/'] = 1 condition (b) implies the result. If 0 < o1(0)[I!] < 1,
first (a) implies p;(c) = p1(a), then (b) implies p;(b) = p;1(*), and finally (c)
implies py(x) = p1(a).

Assume that the lemma holds for some n. We discuss only the case
0<ob (0[] <1and0 <o, (0)[N?] <1, since other cases can be dealt
with in a similar way. Denote by Z,,.1 the matrix < p,.1, M1 > from
which all rows that have zero probability under o, ; have been deleted. We
need to prove that Z,, ., is constant. Given a square matrix M of size v, 1,
we let M. be the matrix M from which all lines with zero probability under
07,1 have been deleted. Note that Z,;; is of the form:

7 — <pn+17aMn('7') > <pn+17CMn(-7') >
il < Pur1, bMa(2) > < P # M) > ),
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The induction proof is divided in 4 steps, of which Step 1 and Step 2 are
independent.
STEP 1: From (a), Z,; writes:

7 — <pn+17aMn(-7') > <pn+17aMn(-7') >
T < Par, BM () > < pa *x M) > )
(the top two submatrices of Z,.; are identical for rows in the support of
0y 11, given (4) and Lemma 9).
STEP 2: Define o}, 02 and p,, by:

i pn(hn) = pn+1(*hn)

o 0y(hy) = onpi(xhy), p<n

o on(hy) = o (¥hy), p < .

Pn, 0L, 02 should be interpreted as the play until stage n + 1, conditional
on the common knowledge fact that * was played in the first stage.

Properties (a) (b) and (c) for o,,.,,0%,; and p,;; imply properties (a)
(b) and (c) respectively for o}, 02 and p,. Hence the induction assump-
tion implies the existence of p* € IR such that p,yi(xh,) = p*for any
*hy, €suppF,1 REIE Therefore, letting E,, denote the square matrix of size
v, with all entries equal to 1, Z,, 1 writes:

Z L= <pn+1,aMn(.,.) > <pn+1,aMn(.,.) >
nr < Prt1, bMy (., ) > pE, .

STEP 3: Next, consider o}, 02 and p,, defined by:

i pn(hn) = pn—i—l(Chn)
o 0,(hy) =051 (N'Ry)

n

o on(hn) = o (I7h7)

These can be seen as continuation strategies conditional to the fact that
N' and I* have been played in the first round. Property (a) goes from
or 1,021 and p,11 to ok, 02 and p,. Property (b) for o} and p,, is implied
by STEP 1 and by (b) for o), and p,4i. Property (c) for o2 and p, is
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implied by STEP 2 and (c) for o2, and p,4i. The induction assumption
therefore implies the existence of p¢ € IR such that p,1(hny1) = p©for any
hy1 = chy in Supppagbﬂ,uiﬂ- By (a), pni1(hni1) = p° for any hy,1 = ah,
in suppPU}L+17u%+l. Thus,

o~ P P°En
< Pn+1, an(u ) > p*En +

STEP 4: Applying the same reasoning to:

i pn(hn) = pn+1(bhn)
o 0,(hy) =0y (IMhy,)
o oi(hy) =00 (N?h2)

n

shows the existence of p® with p,,, 1 (bh,,) = p® for any bh,, esuppl1 .2 -
Hence,

7 [ PEn P°Ey
T\ PE B ),

STEP 5: To conclude, (b) implies p’ = p*, and finally (c) implies p* = p®.&

References

[1] 1. Bérdnyi. Fair distribution protocols or how players replace fortune.
Mathematics of Operations Research, 17:327-340, 1992.

[2] D. Blackwell. Equivalent comparison of experiments. Annals of Mathe-
matical Statistics, 24:265-272, 1953.

[3] Lehrer E. and S. Sorin. One-shot public mediated talk. Games and
Economic Behavior, 20:131-148, 1997.

[4] F. Forges. An approach to communication equilibria. FEconometrica,
54:1375-1385, 1986.

[5] F. Forges. Universal mechanisms. Econometrica, 58:1341-1364, 1990.

18



[6] O. Gossner. Jeur répétés et mécanismes de communication. These,
Université Paris 6, 1996.

[7] O. Gossner. Secure protocols-or how communication generates correla-
tion. Core D.P 9792, 1997. to appear in Journal of Economic Theory.

[8] E. Lehrer. Internal correlation in repeated games. International Journal
of Game Theory, 19:431-456, 1991.

[9] N. Linial. Games computers play: game-theoretic aspects of computing.
In Handbook of Game Theory with Economic Applications, volume 2.
Elsevier Science Publishers B.V., 1995.

[10] N. Vieille. Cheap talk with imperfect monitoring. mimeo, 1994.

19



