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a b s t r a c t 

A density-based solver based on the OpenFoam library coupled with a tabulated equation of state is 

developed. The Navier–Stokes characteristic boundary condition is considered to guarantee the accuracy 

and stability of the simulation. Firstly, two validation test cases are considered to illustrate the solver 

capability. Then, the flows in two converging-diverging nozzles are simulated under supercritical and 

subcritical conditions. A good agreement in terms of pressure distribution is obtained for all nozzles. 

The bulk viscosity and turbulence effects are then carefully assessed. The bulk viscosity does not affect 

significantly the predictions of the new solver, whereas it is of prime importance to well model the 

thermal and flow fields up to the wall. Finally, it is recommended to use an unsteady density-based 

solver for CO 2 flows in converging-diverging nozzles associated with a Homogeneous Equilibrium Model 

and the k- ω SST closure to get the best overall predictions. 
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1. Introduction 

According to the present European legislation (Regulations EC

No 2037/20 0 0 and No 842/20 06) ( European Parliament and the

Council, 2014; The National Archives, 2006 ), the refrigerants bear-

ing a high Global Warning Potential (GWP higher than 150), and

high ozone depletion potential (ODP) will be phased out later in

2025. It means that most of current synthetic refrigerants which

are commonly used for the refrigeration, air-conditioning, and heat

pump industries, will be banned. Carbon dioxide (denoted as CO 2 )

as a natural fluid possesses zero ODP and low GWP as well as non-

toxic and non-flammable characteristics, and is thus considered as

a potential alternative to CFCs and HCFCs refrigerants in the future.
∗ Corresponding author at: Département de génie mécanique, Université de Sher- 

brooke, 2500 boulevard de l’Université, Sherbrooke. (QC) J1K 2R1, Canada. 
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asson et al. (2014) indicated that CO 2 is increasingly applied for

efrigeration applications in European supermarkets (increase of

17% between 2011 and 2013). However, the main issue of apply-

ng CO 2 in a vapor-compression cycle is that the system efficiency

or its coefficient of performance, COP) is relatively low, especially

hen operating in transcritical conditions. A promising way to im-

rove its COP is to replace the conventional expansion valve by an

jector. It can reduce significantly both the throttling losses and

he compressor load ( Lorentzen, 1983 ). The ejector-expansion CO 2 

ranscritical refrigeration cycle (EERC) was firstly proposed by Liu

t al. (2002) and then extensively investigated during the past few

ears. The experimental investigations on the CO 2 transcritical cy-

le by Elbel and Hrnjak (2008) reported an improvement in terms

f COP and cooling capacity by 7% and 8%, respectively. Further-

ore, Li and Groll (2004) confirmed a COP improvement up to

6% based on a constant pressure mixing model. Besides, Deng

t al. (2007) analyzed the CO transcritical EERC by means of a
2 
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hermodynamic model and an improvement of 22% and 11.5% in

erms of COP and cooling capacity were obtained respectively. CO 2 

ulti-ejector systems have also been proposed for the supermarket

pplications ( Hafner et al., 2014 ). Through transient simulations,

OP improvement up to 30% was obtained ( Hafner et al., 2014 ). An

744 vapour compression rack equipped with multi-ejector expan-

ion pack was investigated experimentally by Haida et al. (2016) .

gain, an improvement of COP up to 7% was obtained for trans-

ritical conditions. 

The previous studies are mainly concerned with global perfor-

ance parameters, such as the COP, cooling capacity, entrainment

atio, and pressure ratio. Recently, more attention has been paid to

he detailed flow fields within CO 2 two-phase ejectors by means

f Computational Fluid Dynamics (CFD) simulations. CFD allows

o provide a fundamental understanding of the complex phenom-

na within the ejector. Smolka et al. (2013) proposed an enthalpy-

ased energy equation to replace the temperature-based energy

quation within ANSYS Fluent ( ANSYS, 2010 ). The homogeneous

quilibrium model (HEM) was coupled with the Refprop database

 Lemmon et al., 2010 ) for the property calculation and with a

ressure-based solver. Pressure is then coupled with the velocity

eld, whereas density is computed by the EoS. The mass flowrate

greed well with the experimental measurements, whereas a large

iscrepancy was obtained for the pressure distribution within the

ixing chamber of the transcritical CO 2 ejector. A similar approach

as been used by Palacz et al. (2015) to analyze the accuracy of the

EM for two-phase CO 2 ejectors for supermarket refrigeration ap-

lications. A better agreement in terms of mass flowrate was ob-

ained for operating conditions close or above the critical point.

ucas et al. (2014) also developed a pressure-based solver coupled

ith the HEM using the OpenFOAM library. The authors obtained a

0% (resp. 20%) error in terms of pressure recovery without (resp.

ith) suction flow for a two-phase CO 2 ejector. The Homogeneous

elaxation Model (HRM) was also applied for CO 2 two-phase ejec-

ors by Colarossi et al. (2012) . They reported an average error of

8.6% in terms of pressure differences between the inlets and out-

et. They attributed these discrepancies to first the choice of the k-

turbulence model and then to the imposed boundary conditions, 

amely a fixed mass flowrate with a zero gradient pressure bound-

ry condition at the inlets and a zero velocity gradient with a non-

eflecting pressure boundary condition at the outlet. Palacz et al.

2016) compared the predictions of the HEM and HRM for two-

hase CO 2 ejectors for supermarket refrigeration applications. Their

umerical results were compared to experimental ones in terms of

ntrainment ratio and primary mass flowrate. For operating con-

itions above the critical point, the HEM is found to be more ac-

urate than the HRM, while for operating conditions far below the

ritical point, the HRM performed around 5% better than the HEM

n terms of primary mass flow rate. Haida et al. (2018) proposed a

odified HRM in which the relaxation time was optimised through

 genetic algorithm. A short relaxation time was obtained for the

upercritical and transcritical regimes, such that the modified HRM

ends to the HEM. A higher relaxation time was obtained for pres-

ures lower than 5.9 MPa leading to relative errors in terms of pri-

ary mass flowrate below 15%. 

The heat and mass transfer mechanisms within a two-phase

O 2 ejector are extremely complex to capture and understand:

ransient phase change (flashing), turbulent mixing, condensa-

ion, evaporation, two phase interactions, shock waves and shock-

oundary layer interactions. In terms of numerical method, each

echanism mentioned above can affect significantly the predic-

ions of the CFD tools. The inaccurate prediction of one mechanism

an lead to poor predictions, whereas the inaccurate predictions of

wo different mechanisms can compensate each other and lead to

atisfactory results in terms of global parameters. Most of the open

iterature on two-phase CO 2 ejectors for refrigeration applications
as been published based on pressure-based solvers, whereas it is

ow well known in the fluid mechanics community that density-

ased flow solvers are required for high compressible flows. They

ave been indeed extensively used for water transient simulations,

ombustion applications, and single-phase ejectors. On the con-

rary, no CFD simulations based on a density-based solver have

een performed for transcritical CO 2 ejectors, which is mainly due

o numerical stability issues of commercial solvers and their un-

apacity to couple a density-based solver with external real gas

roperties such as the Refprop or any other external subroutines.

he prediction of compressible flows is based on a good resolu-

ion and capture of acoustic waves and their speeds of propaga-

ion within the flow. Though the pressure-based solver with some

ompressible corrections could perform relatively well for weakly

ompressible flows, it cannot accurately predict the flow field for

ighly compressible flows, such as for transcritical CO 2 ejectors.

ence, in the present work, the authors develop a new density-

ased flow solver based on rhoCentralFoam proposed in the Open-

OAM library. The present solver is based on a conservative for-

ulation, which guarantees to correctly capture the acoustic waves

ithin the computational domain. The thermodynamic properties

re computed by an accurate and efficient look-up table equation

f state (EoS) based on Span-Wagner EoS ( Span and Wagner, 1994 )

nd covering the supercritical, vapor, liquid and vapor-liquid states

f CO 2 . Another important issue for a compressible solver is the

reatment of boundary conditions. Inappropriate inlet and outlet

oundary conditions can indeed generate non-physical waves in

he computational domain. Depending on the numerical scheme,

f these numerical waves are not dissipated, they accumulate and

ay lead to the divergence of the simulation. Hence, the Navier–

tokes characteristic boundary condition (NSCBC) is firstly imple-

ented for the outlet boundary, which insures the correct ingoing

nd outgoing of acoustic waves at the boundary and so enhances

he stability of the simulation. It should be noted that the NSCBC

s also coupled with EoS in order to compute the ingoing and out-

oing waves. 

Converging-diverging Laval nozzles are simulated and presented

n the following sections, as it constitutes a first and necessary step

owards the modeling of a full supersonic ejector. It transforms the

ressure energy of the primary flow into kinetic energy. As a re-

ult, the flow becomes supersonic. Meanwhile, due to the pres-

ure drop, the flashing occurs near the throat. Eventually, a low-

ressure supersonic two-phase jet at outlet of the primary noz-

le is obtained which entrains the high-pressure secondary flow.

ence, the flow condition at the outlet of the primary nozzle af-

ects considerably the entrainment of the secondary flow and the

ixing phenomenon in the mixing chamber and diffuser. The CO 2 

onverging-diverging nozzle has been extensively investigated ex-

erimentally and numerically. Nakagawa et al. (2009b) provided

 very useful experimental database in terms of pressure and

emperature distributions for benchmarking purpose. According to

heir measurements, the flow in the diverging part was nearly in

hermodynamic equilibrium for supercritical ( p = 9 . 1 MPa), tran-

critical ( p = 7 . 1 MPa) and subcritical ( p = 6 . 1 MPa) conditions

nd diverging angles ranging from 0.076 o to 0.612 o . Berana et al.

2009) measured the pressure distributions along the nozzle with

nd without the appearance of shock waves. The pseudo-shock and

ispersed shock waves were obtained, which are much thicker and

eaker than equilibrium shock waves ( Berana et al., 2009 ). The

wo-phase CO 2 nozzle was investigated by flow visualizations by Li

t al. (2018) . They revealed that the phase-change position can be

fter or before the nozzle throat depending on the operating con-

itions. Angielczyk et al. (2010) proposed a 1D HRM model for CO 2 

ozzle simulations. A good agreement was obtained in ( Angielczyk

t al., 2010 ) for nozzles with large diverging angles compared to

akagawa et al. (2009a) ’s measurements. However, large discrep-
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ancies were obtained for the nozzles with small diverging an-

gles. Yazdani et al. (2014) considered the cavitation and boiling

phase-change phenomena in their simulations. The pressure-based

solver in ANSYS Fluent was used to simulate one small and one

large diverging angle nozzle. A good agreement in terms of pres-

sure distribution was obtained compared to the experimental mea-

surements of Nakagawa et al. (2009a) . However, some shock waves

were observed at the outlet, which could be related to the inappro-

priate choice of boundary condition. Ameli et al. (2017) simulated

the nozzle of Berana et al. (2009) using ANSYS CFX. The Refprop

database was used to build a Real Gas Properties (RGP) table em-

bedded within ANSYS CFX. Though the pressure distribution was

well predicted, an abnormal shock wave was predicted near the

outlet, which may be attributed to unappropriate outlet boundary

condition. Raman and Kim (2018) used a 1D gas dynamic model

to simulate the shock waves within the nozzle. Different EoS were

assessed and showed a significant influence on the prediction of

the shock wave position. However, their operating conditions were

based on the pressure ratio rather than the real pressures imposed

in Berana et al. (2009) . The small angle nozzles in Nakagawa et al.

(2009a) were investigated by Giacomelli et al. (2018) . A tabulated

property calculation approach based on Refprop was coupled with

the pressure-based solver of ANSYS Fluent. The sensitivity to differ-

ent types of boundary condition was analyzed without exhibiting

significant difference. However, an unphysical pressure drop was

predicted at the outlet in all cases. The accommodation coefficient

for the evaporation was calibrated based on subcritical conditions

( Giacomelli et al., 2018 ). Better results were obtained for larger di-

verging angles. The Wallis’ formulation available within ANSYS Flu-

ent ( ANSYS, 2010 ) and Yazdani’s formulation ( Yazdani et al., 2014 )

for the Mach number were also compared revealing a significant

difference ( Giacomelli et al., 2018 ). The default formulation pre-

dicts a subsonic nozzle with a normal shock at the outlet, while

Yazdani’s formulation predicts the supersonic flow after the throat

( Giacomelli et al., 2018 ). As the authors mentioned in ( Giacomelli

et al., 2018 ), the speed of sound is not involved in the simula-

tion, except for the pressure-correction equation. Generally, the

pressure-based solver does not deal with the acoustic waves trav-

elling within the computational domain, therefore the sound speed

is not required. However, the pressure-correction equation is cru-

cial when dealing with compressible flows. As the information is

not currently available within ANSYS Fluent, the evaluation of the

default sound speed formulation is difficult. On the contrary, for

density-based solvers, the sound speed is required by the solver to

estimate numerically the wave propagation speed and is most of

the time computed by the EoS. The wave propagation speed is be-

sides intrinsic for hyperbolic systems, therefore the choice of the

sound speed formulation should not affect the final converged so-

lution. 

The objective of the present work is to propose a new flow

solver developed under the OpenFOAM library. All the different in-

gredients (two-phase model, fluid properties, bulk viscosity, turbu-

lence model, 2D/3D, boundary conditions) are introduced in detail,

carefully validated and discussed to clearly demonstrate the appro-

priate way to build a new solver for such complex flows. To the

best of the authors’ knowledge, such a detailed numerical analysis

has never been published to date. 

The organisation of this paper is as follows: In Section 2 , the

numerical method is first described. It consists of the two-phase

model, the density-based solver, the real gas approach, and the

NSCBC boundary condition. Then, in Section 3 , two classical test

cases are considered to validate the density-based solver, namely

the shock tube and the depressurization. In Section 4 , two differ-

ent converging-diverging Laval nozzles are simulated under super-

critical and subcritical operating conditions. The pressure profiles

are compared against the numerical and experimental results of
akagawa et al. (2009a) . Then, the bulk viscosity and turbulence

ffects are analyzed in detail. 

. Numerical modeling 

.1. Homogeneous Equilibrium Model (HEM) 

Numerous two-phase models have been proposed in the lit-

rature, from the most complete one which assumes two sepa-

ate phases ( Pelanti and Shyue, 2014; Saurel et al., 2009 ) being

ully in thermodynamic and mechanical non-equilibrium ( Bilicki

nd Kestin, 1990 ) to the simplest one which considers only the

ixture with fully equilibrium between the two phases ( Baer and

unziato, 1986 ). In the context of two-phase CO 2 supersonic ejec-

ors, the most considered two-phase model is the HEM ( Lucas

t al., 2014; Palacz et al., 2015; Smolka et al., 2013 ). Palacz et al.

2016) obtained good results with the HEM in supercritical and

ranscritical operating conditions. In the optimised HRM proposed

y Haida et al. (2018) , the HEM provide the results as good as the

RM in relevant operating conditions. Angielczyk et al. (2010) also

btained similar results between the HEM and HRM for simula-

ions of Nakagawa nozzle ( Nakagawa et al., 2009a ). Hence, for sake

f the simplicity, in the present study the HEM is considered to

redict the flashing phenomenon in the ejector’s primary nozzle,

hich determines the two-phase flow condition at its outlet. 

As mentioned above, the HEM assumes the fully thermody-

amic and mechanical equilibrium between the gas and liquid

hases, which means that the two phases share the same temper-

ture, pressure and velocity. Hence, it can be defined by a set of

hree partial differential equations consisting of the conservation

f mass ( Eq. (1) ), the conservation of momentum ( Eq. (2) ) and the

onservation of total energy ( Eq. (3) ) for the two-phase mixture.

he set of equations writes 

∂ρ

∂t 
+ ∇ · (ρu ) = 0 , (1)

∂ρu 

∂t 
+ ∇ · (ρu u + p I ) = 0 , (2)

∂ρE 

∂t 
+ ∇ · [(ρE + p) u )] = 0 . (3)

he system is written under its conservation form and the con-

ervative variables are: ρ the density, ρu the momentum and ρE

he total energy of the mixture. u and E denote the velocity of the

ixture and its specific total energy, respectively, E = e + | u | 2 / 2 ,
here e is the specific internal energy. This non-linear hyperbolic

onservative equation system governs the dynamics of the inviscid,

nd adiabatic compressible two-phase flow without body forces.

t has formally the same structure as the single-phase Euler sys-

em. It can be solved by rhoCentralFoam solver in the OpenFOAM li-

rary. Additionally, the viscous effect can also be considered by the

olver, such that the flow is governed by the Navier–Stokes equa-

ions. The treatment of the viscous dissipation terms are discussed

n Section 2.2 . 

The fully thermodynamic and mechanical equilibrium assumed

n HEM leads to the following constraints: 

p l = p v = p sat , 

T l = T v = T sat , 

u l = u v = u, 

g l = g v = g, (4)

here the subscripts l and v denote the liquid and the vapor

hases, respectively. The term g represents the specific Gibbs free

nergy, g = h − T s, where h is the specific enthalpy, T is the tem-

erature and s is the specific entropy. For two-phase states, the liq-

id and the vapor are saturated, with the specific internal energy
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nd the specific volume of the mixture being: 

e = x e v + (1 − x ) e l , 

 = x v v + (1 − x ) v l , (5) 

here e l , v l , e v , v v are the quantities at saturation, v = 1 /ρ and x

s the vapor quality, expressed as in the HEM frame 

 = 

h − h l 

h g − h l 

, (6) 

here the specific enthalpy h is written as h = e + pv . 
The wave propagation speed is an intrinsic characteristic of hy-

erpolic system of equations. However, in order to solve the sys-

em numerically, the wave propagation speed is often assumed to

e equal to the speed of sound of the material, which can be esti-

ated by thermodynamic variables. Here, the two-phase speed of

ound of the HEM is written as: ( De Lorenzo et al., 2017 ) 

 

2 = 

p 
ρ − ρ

(
∂e 
∂ρ

)
p 

ρ
(

∂e 
∂ p 

)
ρ

. (7) 

ue to the nature of the HEM model, it estimates the lowest speed

f sound comparing to non-equilibrium models. This two-phase

peed of sound is compared to other formulations of two-phase

peed of sound for CO 2 in ( Fang et al., 2018 ). Two discontinu-

ties are observed across the saturation line on the liquid and va-

or sides. This characteristic of the HEM has been discussed by

akagawa et al. (2009a) and Fl ̇atten and Lund (2012) . 

.2. Density-based solver 

The rhoCentralFoam solver is a density-based solver, which is

riginally designed for simulations of high-speed compressible

ows. The density, velocity and internal energy are solved by the

quations of conservation of mass, momentum and energy, respec-

ively. The pressure is computed by the EoS, as it depends simul-

aneously on density and temperature (though it could be also

efined by two other independent thermodynamic variables). The

riginal rhoCentralFoam solver was implemented by Greenshields

t al. (2010) in the OpenFOAM library. It is based on a finite vol-

me method using semi-discrete, non-staggered central schemes

or collocated variables. It is a Riemann-solver-free approach to

apture the discontinuities in compresssible flows, such as shock

aves or contact surfaces. This solver compares fairly well to

ore complex methods involving Riemann solver, characteristic

ecomposition or Jacobian evaluation (e.g. monotonous upstream-

entered scheme for conservation laws ( van Leer, 1979 ), essential

on-oscillatory (ENO) schemes ( Harten et al., 1987 )...). 

The Navier–Stokes equations are considered as the govern-

ng equations in the present case. The viscous terms, ∇ · T and

 · ( T · u ) + ∇ · j are added to the right-hand side (RHS) of

q. (2) and Eq. (3) , respectively. T is the stress tensor assuming

 zero bulk viscosity: 

 = 2 μ ∗ dev ( D ) , (8)

here μ is the dynamic viscosity and D denotes the deforma-

ion gradient tensor, D = 

1 
2 (∇ u + ∇ u 

T ) . Its deviatoric component

s dev ( D ) = D − 1 
3 tr ( D ) I , where I is the unit tensor. The heat diffu-

ion is presented by Fourier’s Law: 

 = −k ∇ T , (9) 

here k is the thermal conductivity. In practice, temperature T is

ransformed to the internal energy in the solver to respect its con-

ervative formulation. 

A first-order Euler implicit scheme is employed for the tem-

oral discretization. The Kurganov and Tadmor (KT) or Kurganov,

oelle and Petrova (KNP) schemes ( Kurganov et al., 2001;
urganov and Tadmor, 2001 ) are considered for the spatial

iscretization. They are both second-order semi-discrete, non-

taggered schemes and the KNP is considered for the following

imulations. For example, the convective terms, such as ∇[ u ρ] ,

 [ u (ρu )] , ∇ [ u ( u ρE)] , and ∇[ u ( u p)] are transformed from the

olume integration to the surface integration over a control vol-

me by using the Gauss’s theorem: 

 

V 

∇ · [ u�] dV = 

∫ 
S 

[ u�] dS ≈
∑ 

f 

φ f � f , (10)

here �f represents the summation over all surfaces of the con-

rol volume and φf is a volumetric flux at the surface defined as

f = S f u f . � denotes the convected variables, such as ρ , ρu , ρE ,

nd p . The summation of all fluxes over the interface is computed

y inward and outward fluxes at the interface combined with a

eight factor and writes as 

 

f 

φ f � f = 

∑ 

f 

[ αφ f+ � f+ + (1 − α) φ f−� f− + ω f (� f+ − � f−)] , 

(11) 

here the weight factor α is fixed to 0.5 for the KT scheme which

s considered as a central scheme, while the KNP scheme is biased

n the upwind direction which depends on one-sided local speed

f sound. The third term on the RHS of Eq. (11) represents a diffu-

ion term weighted by a volumetric flux ω f , which depends on the

aximum propagation speed of the discontinuities. The detailed

ormulations are found in ( Greenshields et al., 2010 ). The inward

nd outward fluxes at the interface are determined based on the

ell-centered values by interpolating methods in the OpenFOAM li-

rary, such as the upwind, Minmod ( Roe, 1986 ) or van Leer ( van

eer, 1974 ) interpolations. The gradient terms, such as the pressure

radient, are constructed in a similar way by the weighted inward

nd outward fluxes. The Laplacian terms for the viscous force are

plit into orthogonal and non-orthogonal parts, which is suitable

hen using polyhedral meshes. 

The equations are solved sequentially by the solver. The proce-

ure can be summarized as follows: 

• Construct interface fluxes by interpolating the conservative

variables, U 

n 
, at the previous time step with limiters. 

• Solve the density equation to obtain ρn +1 . 
• Solve the inviscid momentum equation to obtain ρu n +1 . 
• Solve the diffusion equation for the velocity to update u n +1 . 
• Solve the inviscid energy equation to obtain ρE n +1 . 
• Solve the diffusion equation for the internal energy to update e .
• Update the conservative variables at boundaries. 

.3. Bulk viscosity 

The bulk viscosity κ is usually set equal to zero according to

he Stokes’ hypothesis: 

= λ + 

2 

3 

μ = 0 , (12)

ith λ the second coefficient of the viscosity and μ the dynamic

iscosity. This hypothesis is valid for mono-atomic gases. How-

ver, it was revealed that for some polyatomic gases, such as

O 2 , the bulk viscosity may become important. The viscosity ra-

io κ/ μ can reach indeed 10 3 at ambient temperature, which could

ave a significant impact on the numerical modelling ( Cramer,

012; Emanuel, 1992; Tisza, 1941 ). Physically, the bulk viscosity is

ue to the relaxation of internal degrees of freedom such as vi-

rational and rotational degrees of freedom. It can be measured
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Fig. 1. Entire range of the tabulated EoS in the e − v diagram. 
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experimentally by supersonic absorption ( Tisza, 1941 ). The general

form of the stress tensor writes: 

T = λ(∇ · u ) I + μ[ ∇ u + (∇ u ) T ] . (13)

If the flow is incompressible, the first term on the RHS of Eq.

(13) is equal to zero. If the flow is compressible, the stress tensor

can be rewritten as: 

T = μ∇ u + μ
[ 
∇ u 

T − 2 

3 

tr(∇ · u ) I 
] 

+ κ tr(∇ · u ) I , (14)

where tr represents the trace of the matrix. If the bulk viscos-

ity is set to zero, Eq. (14) simplifies to Eq. (8) . It can be seen

that the stress tensor is separated into three parts: the orthogonal,

non-orthogonal and bulk viscosity parts. It is also noticed that the

bulk viscosity part has only diagonal contributions, which provides

a second-order correction to the pressure prediction, arising as a

consequence of both compression and dilatation. The main diffi-

culty remains to accurately determine the bulk viscosity. Only very

limited experimental data have been reported in the literature and

the results are highly dependant on the characteristic of the mea-

surement technique ( Jaeger et al., 2018 ). In this study, a simple for-

mulation derived by Zuckerwar and Ash (2006) from Chapman and

Cowling (1970) ’s formulation is used: 

κ = 

2(d − 3) 

d 2 
P τ, (15)

where d is the number of molecular degrees of freedom ( d = 5 for

CO 2 according to Zuckerwar and Ash, 2006 ), P denotes the pressure

and τ indicates the relaxation time. It should be mentioned that

there is currently no reference to fix the relaxation time for CO 2 .

Its influence will be then discussed in the following sections. 

2.4. Real gas approach 

An accurate and efficient look-up table method has been de-

veloped and validated for CO 2 ( Fang et al., 2018 ) based on the

works of De Lorenzo et al. (2017) and Kunick et al. (2008) . The

original Span–Wagner EoS ( Span and Wagner, 1994 ), which is con-

sidered as the standard EoS for CO 2 , is tabulated. The Refprop

( Lemmon et al., 2010 ) and Coolprop ( Bell et al., 2014 ) database

equally rely on it for CO 2 properties. This tabulated approach is

designed for the conservative formulation, where the density and

the internal energy are considered as two independent variables.

Therefore, the rest of thermodynamic properties can be computed

directly without any iterative inversion process. In Fig. 1 , the range

of the tabulated approach is shown on an e − v diagram, for tem-

peratures from 216.59 K (the triple point temperature) to 10 0 0 K

and pressures up to 50 MPa. The details and validation of this
ethod in terms of accuracy and efficiency may be found in

 Fang et al., 2018 ). Additionally, the transport properties, such as

he dynamic viscosity and the thermal conductivity, are imple-

ented as separated equations depending on density and temper-

ture ( Harvey, 2016; Huber et al., 2016; Vesovic et al., 1989 ). It is

oted that the viscosity of the two-phase mixture is based on the

ass averaged value ( Cicchitti et al., 1960 ): 

m 

= x μg + (1 − x ) μl , (16)

here x denotes the vapor quality, μm 

, μg and μl denote the mix-

ure, vapor, and liquid dynamic viscosities. Other mixing laws used

o determine the two-phase viscosity can be easily evaluated, such

s McAdams et al. (1942) , Beattie and Whalley (1982) , or Fourar

nd Bories (1995) . The thermal conductivity of CO 2 in its different

tates is computed based on the experimental data of Vesovic et al.

1989) and a mixing law is also used to determine the conductivity

f the two-phase mixture similarly to the dynamic viscosity ( Eq.

16) ). 

During the solving procedure, thermodynamic variables (e.g.

he pressure, speed of sound, temperature, dynamic viscosity,and

sobaric heat capacity) at the center of cells are computed by using

he density and the internal energy at the same cell. This in-house

abulated approach was developed in Fortran language. Practically,

t is wrapped as an external static library in the C ++ -based rho-

entralFoam solver. 

.5. NSCBC boundary condition 

The basic Dirichlet and Neumann type boundary conditions are

vailable in the OpenFOAM library. However, they are not sufficient

or compressible flows. For an hyperbolic system of equations, the

ost appropriate way to manipulate the inlet and outlet bound-

ry conditions is indeed by using characteristic variables. Fixing

irectly the characteristic variables at the boundary can generate

on-physical spurious waves, which can affect the accuracy and

he numerical stability of the solver. Therefore, a special treatment

or open boundary conditions (i.e. outlet) is required. This kind of

ssue has been extensively investigated for the high resolution of

ompressible flows (e.g. through Large-eddy (LES) and Direct nu-

erical (DNS) simulations) ( Fosso et al., 2012; Poinsot and Lele,

992; Yoo and Im, 2007 ). In the present solver, the Navier–Stokes

haracteristic boundary condition (NSCBC) is implemented based

n the former works of ( Fosso et al., 2012; Poinsot and Lele, 1992 )

nd coupled to the tabulated EoS. Primarily, one focuses on the

utlet boundary condition as illustrated in Fig. 2 . Navier–Stokes

quations in their characteristic form following the x-direction may
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Fig. 2. Scheme displaying the incoming and outgoing waves at the outlet boundary and the procedure to compute corrected boundary variables. 
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e written as ( Fosso et al., 2012 ): 
 

 

 

 

 

 

 

 

 

 

 

 

 

c 2 
∂ρ

∂t 
− ∂ p 

∂t 
∂v 
∂t 
∂w 

∂t 
∂ p 

∂t 
+ ρc 

∂u 

∂t 
∂ p 

∂t 
− ρc 

∂u 

∂t 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

+ 

⎡ 

⎢ ⎢ ⎣ 

c 2 L 1 
L 2 
L 3 

ρcL 4 
ρcL 5 

⎤ 

⎥ ⎥ ⎦ 

+ 

⎡ 

⎢ ⎢ ⎣ 

T 1 
T 2 
T 3 
T 4 
T 5 

⎤ 

⎥ ⎥ ⎦ 

+ 

⎡ 

⎢ ⎢ ⎣ 

D 1 

D 2 

D 3 

D 4 

D 5 

⎤ 

⎥ ⎥ ⎦ 

= 

⎡ 

⎢ ⎢ ⎣ 

0 

0 

0 

0 

0 

⎤ 

⎥ ⎥ ⎦ 

, (17) 

here T i denotes the transverse terms, D i represents the diffusion

erms, and L i is the vector of the characteristic wave amplitude. It

rites 

 = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

u 

[
∂ρ

∂x 
− 1 

c 2 
∂ p 

∂x 

]

u 

[
∂v 
∂x 

]

u 

[
∂w 

∂x 

]

(u + c) 

[
∂u 

∂x 
− 1 

ρc 

∂ p 

∂x 

]

(u − c) 

[
−∂u 

∂x 
− 1 

ρc 

∂ p 

∂x 

]

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

. (18) 

epending on the sign of the propagation speed (u, u + c, u − c) ,

he characteristic waves can be defined as incoming or outgo-

ng waves. Outgoing waves are computed using interior informa-

ion with an one-sided scheme, while the incoming waves are

etermined by the physical information available at the bound-

ry (i.e. the outlet pressure). Here, one assumes that the outflow

s along the x-direction only. The transverse and viscous terms

re neglected. At the outlet, the flow is indeed usually unidirec-

ional or a sponge layer is often added for stabilizing the simu-

ation, such that the transversal contribution has a negligible ef-

ect. Moreover, for a fully turbulent flow, viscous effects can be

eglected as well. Regarding a subsonic pressure outlet bound-

ry condition, L 5 is the only incoming wave. Hence, L 1 , L 2 , L 3 , L 4 
re evaluated by values available in the computational domain.
oinsot and Lele (1992) proposed the following equation to eval-

ate L 5 : 

 5 = K ∗ (p − p tar ) , (19)

here p is the instantaneous pressure at the boundary, while p tar 

s the target pressure which is fixed at the boundary. K is a relax-

tion coefficient defined as K = σ c 
1 −M 

2 
max 

l 
, where σ = 0 . 25 , M max 

enotes the maximum Mach number at the boundary and l is a

haracteristic length, fixed here to the nozzle’s length. 

As shown in Fig. 2 , by solving Eq. (17) , one can obtain the cor-

ected values of ρ , u, v, w, p for the next time step. However, the

esolved variables at the boundary are conservative variables, ρ ,

u, ρv, ρw , and ρE . Therefore, the corrected conservative variables

re computed by the corrected primitive variables through the EoS.

oting that if the Mach number is higher than one at the bound-

ry, this subsonic pressure outlet boundary condition switches to

he supersonic outlet boundary condition in which all information

ome from the interior of the computational domain. 

Two validation cases are presented in the next section: first one

s to assess the density-based solver, the second one is to evaluate

SCBC at the outlet boundary. 

. Validation of the flow solver 

.1. Configuration 1: the shock tube 

The shock tube problem is simulated by applying the modi-

ed rhoCentralFoam solver in order to evaluate the capture of dis-

ontinuities (e.g. shock waves, expansion waves, and contact sur-

aces) in compressible flows. Initially, a discontinuity is created

n the middle of the tube, by imposing p L = 3 MPa, T L = 300 K

nd ρL = 63 . 376 kg.m 

−3 
at rest for the left part and p R = 1 MPa,

 R = 300 K and ρR = 18 . 579 kg.m 

−3 
at rest for the right part. As a

esult, the CO 2 flow is driven by the pressure difference from left

o right. A shock wave forms and propagates to the right of the

ube, while expansion waves are generated and propagate to the

eft. A contact surface is created as well, which can be observed

n Fig. 3 from the density profile. The 1D tube is meshed with

0 0 0 regularly spaced nodes. The time step is computed at each

ime step to guarantee that the Courant–Friedrich–Levy (CFL) num-

er remains smaller than 0.2. Viscous effects are neglected, such

hat the code solves the Euler equations. The Van Leer interpo-

ation is used to compute the variables at the cell-interface. The
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Fig. 3. Pressure, density, velocity and temperature profiles at t = 0 . 08 s for the shock tube problem. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4. Comparisons between the present solver and the numerical results of Fang 

et al. (2018) and Hammer et al. (2013) in terms of pressure, temperature and liquid 

mass fraction distributions in the streamwise direction at t = 0 . 2 s . 
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present results are compared to those of Fang et al. (2018) and

Giljarhus et al. (2012) . The results of Fang et al. (2018) are based on

the CLAWPACK solver ( LeVeque, 2002; LeVeque and Berger, 2017 )

which uses the Godunov approach combining HLLC Riemann solver

( Toro, 1997; Toro et al., 1994 ). Giljarhus et al. (2012) conducted the

simulation using the MultiSTage Approach (MUSTA), which is also

a Riemann-solver-free approach ( Titarev and Toro, 2005 ). The com-

parison is shown in Fig. 3 . A good agreement is obtained among

these three simulations. Only some weak discrepancies can be ob-

served at the discontinuities, which come from the numerical dis-

sipation. It is noted that rhoCentralFoam solver is less accurate than

the CLAWPACK solver, but more accurate than the MUSTA. This

case was also simulated by the pressure-based solver and density-

based solver using ANSYS Fluent (not presented here for sake of

brevity). The SIMPLEC and COUPLED schemes with PRESTO! and a

second-order spatial discretization scheme for the pressure have

been also evaluated. It was found that in order to capture cor-

rectly the shock waves, contact surface and expansion waves, the

pressure must be discretized by at least a second-order accurate

scheme. Otherwise noticeable numerical oscillations appear at the

locations of the contact surface and the shock waves. Hence, the

pressure-based solver is less suitable than the density-based solver

for compressible flows. 

3.2. Configuration 2: depressurization 

The depressurization is a classic scenario of the flashing phe-

nomenon. Hence, it was chosen to validate the HEM and mean-

while to evaluate the NSCBC at the outlet boundary. A 100-meter

tube was filled with CO 2 at p = 10 MPa and T = 300 K (super-

critical state). At the initial time, the right side of the tube is

opened to the ambient with pressure at 3 MPa. The discontinu-

ities are generated and propagate toward the left side of the tube.

A 10 0 0-node mesh is used associated with a maximum CFL num-

ber equal to 0.2. The profiles of pressure, temperature and speed

of sound at t = 0 . 2 s are shown in Fig. 4 . Two discontinuities can

be observed for the pressure profile. The left one is the expansion

wave of the supercritical CO 2 , while the right one is the evapo-

ration front where the CO 2 vapor is created. The present results

are compared to those of Hammer et al. (2013) and Fang et al.

(2018) . A second-order accurate MUSCL-FORCE scheme was used

by Hammer et al. (2013) , whereas the upwind interpolation was

used in rhoCentralFoam solver. The differences are located at the

discontinuities. rhoCentralFoam provides similar results compared

to the MUSCL-FORCE scheme, while being more dissipative than

the CLAWPACK solver. In this simulation, the upwind interpolation
nstead of the Van Leer interpolation is used to construct the sur-

ace fluxes (inward and outward fluxes in Eq. (11) ). It is more dis-

ipative at the discontinuity but it can insure the stability of the

imulation. 

. Converging-diverging Laval nozzles 

.1. Simulation set-up 

Two converging-diverging nozzles are simulated in 2D plan-

ymmetric corresponding to the experimental set-ups developed

y Nakagawa et al. (2009b) . The semi-dimension parameters are

hown in Table 1 , where d in and d out denote the semi-heights

t the inlet and the outlet of the nozzle, l c and l d represent the

engths of the converging and diverging parts, respectively. h t is the

emi-height at the throat, while d w 

is the thickness of the rectan-

ular nozzle. The two nozzles differ only in terms of their diverg-

ng angle θ . 
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Fig. 5. Considered operating conditions for the A1 and A2 nozzles represented on a p − h diagram. 

Table 1 

Geometric parameters of the nozzles. 

Nozzle d in (mm) l c (mm) h t (mm) l d (mm) θ [ o ] d out (mm) d w (mm) 

A1 5 27.35 0.12 56.15 0.306 0.42 3 

A2 5 27.35 0.12 56.15 0.612 0.72 3 

Table 2 

Boundary conditions for the Laval nozzle simulations. 

Case P in [ MPa ] T in [ K ] Outlet Top wall Bottom wall Lateral walls 

A1a 9.1 308.95 Supersonic Non-slip Symmetry Empty 

A1b 7.1 299.85 Supersonic Non-slip Symmetry Empty 

A2a 9.1 309.65 Supersonic Non-slip Symmetry Empty 

A2b 7.1 299.55 Supersonic Non-slip Symmetry Empty 
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Supercritical and subcritical operating conditions are simulated

or each nozzle. According to the experimental measurements,

here is no shock wave appearing within these two nozzles. There-

ore, the supersonic outlet boundary condition is used, in which all

ariables at the boundary are computed by using the interior in-

ormation. The boundary conditions are summarized in Table 2 . At

he inlet, the pressure and temperature are imposed, whereas the

op wall is set to a no-slip condition. The bottom wall is considered

s the symmetric plan. The term “empty” used for the lateral walls

efers to the case for which the equations are not solved in that di-

ection. It is a proper method inherent to the OpenFOAM library to

erform 2D simulations. The operating conditions at the nozzle in-

et are displayed on the p − h diagram, in Fig. 5 . It can be observed

hat the A1 and A2 nozzles operate almost at the same operat-

ng conditions for the supercritical case as well as for the subcriti-

al case. The structured mesh is generated by Gmsh ( Geuzaine and

emacle, 2009 ) and consists of 11 , 514 cells. The grid convergence

as been carefully checked by considering 3 mesh grids composed

f 11 , 514 , 24 , 804 , and 48 , 032 elements, respectively. 

The Kurganov approach is used to compute the interface fluxes

nd the Van Leer interpolation method is considered to interpo-

ate variables from the cell center to the surface. A first-order Eu-

er implicit scheme is used for the temporal discretization together

ith the least square method to compute gradient terms at the

nterfaces. The Gauss linear method is applied for the divergence

nd Laplacian terms at the interfaces. The “Gauss–Seidel” smooth
olver is enabled to solve implicitly the diffusion equation. The rho-

entralFoam solver is an unsteady solver. Hence, the steady state is

onsidered to be achieved when the difference in terms of mass

ow rates between the inlet and the outlet remains below 0.5%. 

.2. 2D numerical results 

First of all, it is noteworthy that all calculations have also been

erformed in 3D. As absolutely no difference was observed be-

ween the 2D and 3D calculations, all the results presented here-

fter have been obtained by 2D symmetric simulations. Moreover,

he mixing laws proposed by McAdams et al. (1942) , Beattie and

halley (1982) , Fourar and Bories (1995) to evaluate the two-

hase viscosity have also been compared here leading here to

ndistinguishable results. These comparisons are not shown here

or sake of brevity. Note also that all the streamwise profiles dis-

layed in this section are extracted on the symmetry axis at y = 0 .

he values at the wall and on the symmetry axis have been ver-

fied and no difference has been noticed. The 2D calculations in

his section are performed through Mammouth Parallel 2bs cluster

hich consists of 1096 nodes in total at Universit de Sherbrooke.

ach node has 24 CPUs with 31 GB of memory. The computational

ime is about 40 h with 24 CPUs running in parallel. 

The pressure distributions for nozzles A1 and A2 under super-

ritical conditions are shown in Fig. 6 (a) and Fig. 6 (b), respectively.

n Fig. 6 (a), the present numerical results (the solid black curve)

re compared with Angielczyk et al. (2010) (the blue dotted curve)

omputed by a 1D HRM. For the HRM, the flashing starts just be-

ore the throat, while the present solver based on the HEM predicts

he flashing when saturation conditions are met right at the throat.

he experimental pressure measurements (the red diamonds) and

he saturation pressures computed by the temperature measure-

ents (the white squares) are also displayed in Fig. 6 (a). The HRM

redicts slightly better the pressure profile near the throat than

he present model. However, regarding the experimental results,

he measured pressure is very close to the computed saturation

ressure, which indeed confirms the thermodynamic equilibrium

ssumption. Hence, it can not ensure that the HRM is more appro-

riate in the present case. Concerning the present results (HEM),

elatively larger discrepancies are found right after the throat,

hereas a good agreement is obtained at the nozzle outlet. These
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Fig. 6. Pressure profiles for nozzles A1 and A2 under supercritical operating conditions. Comparisons with the experimental data of Nakagawa et al. (2009b) , the 1D HRM 

of Angielczyk et al. (2010) , the CLAWPACK solver used by Fang et al. (2018) and the two-phase model of Yazdani et al. (2014) . (For interpretation of the references to color 

in this figure, the reader is referred to the web version of this article.) 
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differences could be explained by turbulence or bulk viscosity ef-

fects, which will be considered hereafter. Besides, considering the

very low diameter of the throat (0.24 mm), if the measurement

volume has a comparable dimension, it could have a non-negligible

effect on the measurement accuracy. 

A good agreement in terms of pressure distribution is obtained

for case A2a. The nozzle A2 has a larger diverging angle and oper-

ates equally under supercritical conditions. In Fig. 6 (b), Angielczyk

et al. (2010) results (the blue dotted curve) stop at the middle of

the diverging part because of the presence of the solid phase due

to a overestimate expansion rate. On the contrary, the present re-

sults continue up to the outlet and agree perfectly with the ex-

perimental results. Furthermore, the present results are compared

to those computed by the CLAWPACK solver ( Fang et al., 2018 ) (the

green dash-dot curve). Some small discrepancies are observed near

the throat. Here, the differences are due to viscous effects, because

the CLAWPACK solver considers only the inviscid Euler equations,

while the present solver solves the Navier–Stokes equations. The

two-phase model of Yazdani et al. (2014) (red line), which includes

real-fluid properties of CO 2 , local mass and energy transfer be-

tween phases, and a two-phase sonic velocity model, is also dis-

played and some differences appear mainly located in the middle

of the diverging part. Some oscillations are also observed around
Fig. 7. Pressure profiles for nozzles A1 and A2 under subcritical operating conditions. Com

model of Yazdani et al. (2014) . 
he outlet, which may be attributed to an inappropriate outlet

oundary condition. Even though the pressure profiles are similar

etween the present simulation and those of Yazdani et al. (2014) ,

he vapor volume fraction, the Mach number, and the streamwise

elocity in the diverging part are totally different (see Fig. 4 in

 Yazdani et al., 2014 )). In the present simulation, the vapor creates

t the throat and the quality has a quasi flat profile at each cross

ection, while in Yazdani et al. (2014) , the vapor creates primar-

ly near the wall and the vapor quality is minimum at the center

f each cross section. It is besides surprising that in Yazdani et al.

2014) , the flow firstly becomes supersonic near the wall then at

he center of the nozzle. 

Fig. 7 (a) and Fig. 7 (b) illustrate the pressure profiles under sub-

ritical conditions for both nozzles. A good agreement is still ob-

ained for the nozzle A2, while for the nozzle A1, the pressure

grees better near the outlet than close to the throat. An abrupt

hange in the experimental pressure profile can be observed be-

ween second and third points in the diverging part. Hence, the

ncertainty of the experimental measurement should be also con-

idered. Unfortunately uncertainties of experimental measurement

s not reported in Nakagawa et al. (2009b) . As mentioned previ-

usly about Yazdani et al. (2014) ’s simulation, even though the

ressure profile is identical, the flow features could be different.
parisons with the experimental data of Nakagawa et al. (2009b) and the two-phase 
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Fig. 8. Pressure and vapor quality distributions along the streamwise direction for nozzle A1 under supercritical conditions. The red solid line presents the results with- 

out considering the bulk viscosity. The green dashed line and blue dotted line present the results with bulk viscosity and τ = 5 × 10 −6 and τ = 10 −5 , respectively. (For 

interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 

Table 3 

The maximum discrepancies between numerical results and experimental results in 

different cases. 

Cases 

Max diff to measured 

pressures (%) 

Max diff to saturated 

pressures (%) 

A1a supercritical 34 27.6 

A1b subcritical 31 33 

A2a supercritical 14 16 

A2b subcritical 17 11 
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ence, more experimental measures are required, such as the ve-

ocity, the mass flow rate, the visualisation of the density gradi-

nt and the vapor quality. Furthermore, the accuracy of the present

odel is surprisingly not related to the operating condition (what-

ver supercritical or subcritical), but it seems to be related only

o the nozzle geometry itself. The maximum discrepancies be-

ween numerical results and experimental results are summarized

n Table 3 for different cases. The measured pressures are pre-

ented by the red square in the original figures, while the sat-

rated pressures are presented by the white squares. It can be

een that for the nozzle A, under the supercritical and subcriti-

al conditions, the discrepancies are both larger than those for the

ozzle B. 

.3. Influence of the bulk viscosity 

The bulk viscosity is considered in the simulation of the noz-

le A1 under supercritical conditions. Two values of the relaxation

ime have been considered so far: τ = 10 −5 and τ = 5 × 10 −6 . Note

hat, for τ ≥ 10 −5 , numerical instabilities arise. Fig. 8 displays the

orresponding pressure and vapor quality profiles. 

A slight difference in terms of pressure and vapor quality can be

bserved near the throat. This is due to a difference in expansion

ates beyond the throat. However, it does not change the location

f the flashing. It can be concluded that the bulk viscosity has no

oticeable effect on the flow in a supersonic converging-diverging
Table 4 

Numerical set-up for simulations with the k − ω SST mode

Grid element number Turbulence model Wall func

89,072 Realizable k − ε Standard 

926,054 k − ω SST no 
ozzle for CO 2 . However, it should be noted that if a strong com-

ression or expansion occurs, e.g. shock waves, more significant ef-

ects could be encountered. 

.4. Influence of the turbulence closure 

Reynolds-averaged Navier–Stokes (RANS) simulations have been

arried out for nozzle A1 under supercritical conditions. The real-

zable k − ε model with standard wall functions and the k − ω SST

odel are compared. A 2D structured mesh composed of 89 , 072

lements is used for the realizable k − ε model, which implies a

aximum wall coordinate y + around 65. For this mesh, the com-

utational time is about 63 hours with 40 CPUs using the Nia-

aras Cluster of Compute Canada consisting of 1500 nodes, each

ith 40 Intel Skylake cores and 202 GB of memory. The “LowRe-

allfunction” was set for the turbulence characteristic variables,

amely ε and k , at the wall boundary, supporting then that y + 

ay be in the buffer layer. The k- ω SST model is associated with

 structured mesh composed of 926 , 054 elements to guarantee

hat the maximum of y + remains smaller than 1, to fully solve

he wall boundary layers.It takes about 690 h with 480 CPUs using

he Mammouth Parallel 2bs Cluster of Compute Canada. The de-

ail of the meshes are presented in Fig. 9 . It can be seen that in

rder to obtain y + < 1 , the region close to wall is extremely re-

ned. The numerical set-ups for simulations applying k − ω SST

odel and k − ε model are shown in Fig. 4 . Fig. 10 (a) displays

he pressure profiles obtained by the realizable k- ε and k- ω SST

urbulence models. The measurements of Nakagawa et al.

2008) are also equally presented. It can be seen that the k- ω 

ST improves significantly the predictions of the realizable k- ε.

he pressure distribution agrees particularly well with the experi-

ental measurements after the throat, whereas the realizable k- ε
odel provides the same profile as the laminar model previously

iscussed, underestimating the pressure along the diverging part.

o explain that, one should recall that the k- ω SST is also a two-

quation eddy-viscosity model, which combines a k- ω formulation

n the inner parts of the boundary layer and a standard k- ε in the
l and the k − ε model. 

tion y + Inlet 

wall functions ≈ 65 5% turbulence intensity 

< 1 5% turbulence intensity 



536 Y. Fang, S. Poncet and H. Nesreddine et al. / International Journal of Refrigeration 106 (2019) 526–538 

Fig. 9. (a) Mesh used for the simulation with the realizable k- ε model. The y + is 65. (b) Mesh used for the simulation applying k- ω SST turbulence model. The y + is smaller 

than 1. 

Fig. 10. (a) Streamwise profiles of pressure obtained by the realizable k- ε and k- ω SST turbulence models for nozzle A1 under supercritical conditions. Symbols represent 

Nakagawa et al. (2008) ’s measurements; (b) Vertical profiles of the streamwise velocity (solid lines) and viscosity ratio μt / μm (dashed lines) at x = 28 mm . 
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bulk region. Saying that, there are two possible explanations for

the best behavior of the k- ω SST: (i) it is known to produce too

large turbulence intensities in flow regions with strong accelera-

tion but still less than the k- ε model; (ii) it exhibits an inherent

low-Reynolds number behavior without damping functions. So it

points out the prime importance to well solve the boundary layer

development along the wall of diverging part. 

In the present case, the flow inside the nozzle is fully turbulent

with Reynolds numbers (based on the local diameter, which ranges

between 0.2 mm at the throat and 5 mm at the inlet) � 10 6 . At

such a high Reynolds number, the realizable k- ε model overdis-

sipates with a viscosity ratio, μt / μm 

around 10 5 , whereas μt / μm 

for the k- ω SST closure is around 10 2 at this particular streamwise

position x = 28 mm just after the throat ( Fig. 10 (b)). μt denotes the

turbulent viscosity, while μm 

denotes the laminar mixture viscos-

ity. The extremely high numerical dissipation of the realizable k- ε
model results in a thicker boundary layer. By conservation of mass,

the streamwise velocity close to the symmetry plane is then much

higher than the one predicted by the k- ω SST. Thus, it explains

the underprediction of the pressure by the realizable k- ε previ-

ously observed. Moreover, for Nakagawa nozzles the throat is quite

narrow ( h t = 0 . 12 mm). Hence, the boundary layer could occupy a

large fraction of the duct and may give a significant effect. It can

be seen in Fig. 10 (b) that the k- ω SST model predicts a thinner

boundary layer than that by the realizable k- ε model. It results in

the different pressure distribution in Fig. 10 (a). For the simulation

applying the realizable k- ε, the wall function is used, which cannot

accurately predict the boundary layer for this case. Though using

wall functions benefits a significant gain of computation time, it

should be carefully validated. Moreover, the subcritical conditions

( p = 6 MPa and p = 7 MPa ) of the nozzle A have also been simu-
ated by using k − ω SST model without wall function. Good agree-

ents have been also obtained. 

. Conclusion 

A new flow solver has been developed under the opensource

ibrary OpenFOAM for simulating two-phase CO 2 supersonic flows.

ompared to most existing solvers, its main ingredients are: 

1. A full density based solver suitable to simulate highly com-

pressible flows; 

2. The Homogeneous Equilibrium Model (HEM) is used to predict

the flashing phenomenon; 

3. The CO 2 properties are computed by an accurate and efficient

tabulated EoS, which has proven to be up to 67 faster than the

underlying Span–Wagner EoS ( Fang et al., 2018 ); 

4. The Navier–Stokes Characteristic Boundary Condition (NSCBC) is

implemented to insure stable boundary conditions at the outlet

of the computational domain; 

5. The bulk viscosity is modeled through the Zuckerwar and Ash’s

( Zuckerwar and Ash, 2006 ) formulation; 

6. Turbulence effects are accounted for by a k- ε realizable model

with wall functions and a k- ω SST model without wall func-

tions. 

Even if more sophisticated two-phase models could be imple-

ented further, it can be considered as a promising tool to investi-

ate two-phase compressible CO 2 flows in ejectors for refrigeration

pplications. To demonstrate that, two test cases have been first

erformed, namely the shock tube and depressurization, to vali-

ate successively the capture of shock waves and the modeling of

he flashing phenomenon. Then, two converging-diverging nozzles
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ith two different diverging angles have been simulated under su-

ercritical and subcritical operating conditions. Fairly good agree-

ents have been obtained compared to the existing experimental

esults. The results first revealed the 2D nature of the flow field

nd the weak influence of the two-phase viscosity model. The ef-

ects of the bulk viscosity and turbulence have been then quanti-

ed in detail in terms of the pressure distribution. The bulk viscos-

ty does not affect significantly the results for these particular con-

itions. However, this work demonstrated the prime importance to

ully resolve the boundary layers to obtain good pressure/velocity

redictions which are key parameters driving exergetic transfers

ithin ejectors. Wall-function based models are then not suited for

uch applications. 

k- ω SST calculations and Large Eddy Simulations (LES) are cur-

ently running to model more accurately the turbulent mixing for

ranscritical CO 2 ejectors. The exergy tube analysis proposed by

amberts et al. (2017) will be applied to better understand the ex-

rgy transfer within this type of ejector. 
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ppendix A. Nomenclature 

Acronyms 

CFCs ChloroFluoroCarbons 

CFD Computational fluid dynamics 

CFL Courant-Friedrich-Levy 

CO 2 Carbon dioxide 

DNS Direct numerical simulation 

EERC Ejector-expansion CO 2 transcritical refrigeration cycle 

EoS Equation of state 

ENO Essential non-oscillatory 

FORCE First ORder CEntral 

GWP Global warming potential 

HCFCs HydroChloroFluoroCarbons 

HEM Homogeneous equilibrium model 

HLLC Harten-Lax-van Leer-Contact 

HRM Homogeneous relaxation model 

KT Kurganov and Tadmor 

KNP Kurganov, Noelle and Petrova 

LES Large Eddy simulation 

MUSCL Monotonic upwind scheme for conservation law 

MUSTA MUlti-STage approach 

NSCBC Navier–Stokes characteristic boundary condition 

ODP Ozone depletion potential 

RANS Reynolds-averaged Navier–Stokes 

RHS Right hand side 

RGP Real gas properties 

tr Trace of the matrix 

Symbols 

c Speed of sound ( m.s −1 ) 

D Deformation gradient tensor ( s −1 ) 

D Diffusion terms (−) 

d Diameter ( mm ) 

d Degree of freedom 

E Specific total energy ( J.m 

3 
. kg 

−1 
) 

e Specific internal energy ( J.m 

3 
. kg 

−1 
) 

g Specific Gibbs energy ( J.m 

3 
. kg 

−1 
) 

h Specific enthalpy ( J.m 

3 
. kg 

−1 
) 

h Height ( mm ) 

I Unit tensor (−) 
j Heat flux ( kg.s 
−3 

) 

K Relaxation coefficient ( m 

2 .kg −1 ) 

k Turbulence kinetic energy ( J.m 

3 
. kg 

−1 
) 

L Vector of characteristic wave amplitude (−) 

l Characteristic length (m ) 

M Mach number (−) 

p, P Pressure (Pa ) 

T Stress tensor (Pa ) 

T Temperature ( K ) 

T Transverse terms (−) 

U Vector of conservative variables (−) 

u Velocity (m.s −1 ) 

v Specific volume ( m 

3 . kg 
−1 

) 

x Vapor quality (−) 

y + Dimensionless wall distance (−) 

Greek letter 

α Weighting factor (−) 

α Void fraction (−) 

ε Turbulence dissipation (J.m 

3 .kg −1 ) 

κ Bulk viscosity ( Pa.s ) 

φ Volumetric flux 

μ Dynamic viscosity ( Pa.s ) 

ν Kinematic viscosity ( m 

2 . s −1 ) 

ω Diffusive volumetric flux based on the speed of 

sound 

ω Specific turbulence dissipation rate s −1 

τ Relaxation time ( s −1 ) 

θ Diverging angle of the nozzle ( ◦) 
� Convective variables 

ρ Density ( kg.m 

−3 
) 

Subscripts 

c Converging part 

d Diverging part 

diff Diffuser 

f Flux at interfaces 

f + Flow outward direction 

f- Flow inward direction 

in Inlet 

L Left side 

l Liquid phase 

m Mixture phase 

max Maximum value 

mix Mixing chamber 

out Outlet 

p Derivative at constant pressure 

R Right side 

sat Saturation state 

tar Target value 

t Turbulence variables 

t Throat 

v Vapor phase 

w Thickness 

ρ Derivative at constant density 

Superscripts 

n Numbering of the time step 
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