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1 Introduction

1.1. This paper proves a result, stated informally as Theorem 5.1 in my

(2009) Borch Lecture, concerning existence of a multiplicity of equilibria, in

a 2-period Temporary General Equilibrium (TGE) model with money and

(downward) nominal price rigidities.

Relative to the canonical TGE model, one innovation concerns the in-

troduction of a convincing (to me!) decision criterion for firms, namely

the “control principle” introduced in Drèze (1989) for the GEI model. The

resulting criterion is defined in Section 3. That criterion generates a par-

tial ordering of production plans and existence of equilibrium is proved by

invoking the Shafer-Sonnenschein (1975) theorem.

In this paper, I proceed similarly from incomplete household preferences.

This is an important step towards realism, in particular regarding portfo-

lio choices. As noted in Section 2.2, the standard approach to TGE as-

sumes that households assign subjective probability densities to future sig-

nals (prices, quantity constraints and dividends). I proceed here without

that extreme1 assumption and rely instead on weakenings of the standard

assumptions of convexity and continuity (Section 2.1). These weakenings

(borrowed from Shafer-Sonnenschein) are of independent interest.

Another (minor, but relevant) innovation concerns the modeling of money,

which allows here for different interest rates on bankloans and bonds. Oth-

erwise, the model and assumptions are standard.

1I for one do not satisfy it – so, under Muthian rational expectations....
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1.2. The economy extends over 2 periods with S possible states tomorrow

s = 1, · · · , S and state 0 today. I write S for the set S = {0, 1, · · · , S}

and for its cardinality S + 1, and I write S for the set S = {1, · · · , S}.

There are L commodities, � = 1, · · · , L, with L = L
I ∪ L

II and with prices

(p0, p1, · · · , pS) := (pI
, p

II) in R
L(S+1)
+ ; for � ∈ L

II , p� 0 ≥ p̃� 0 > 0 (downward

nominal rigidities). Commodity 1 belongs to L
I .

There are H households, h = 1, · · · , H, J firms, j = 1, · · · , J , and a

(central) bank with index j = 0. Initial ownership fractions are θ
hj
≥ 0,

�
h
θ

hj = 1 for all j = 0, 1, · · · , J .2 There is a stock market at time 0

with market prices for shares π in R
J
+. The profits of firm j in state s

are denoted V
j
s , j = 1, · · · , J, s = 0, 1, · · · , S. The profits of the bank are

similarly denoted V
0
s .

Prices and profits are evaluated as of beginning of periods.

Transactions take place in continuous time and consist in exchange of

commodities (or services) for “cash”. Households and firms keep accounts

with the bank; deposits (positive balances) earn no interest; they are thus

fully equivalent to (here stand for) cash holdings; overdrafts (negative bal-

ances) are subject to interest charges at rates r = (r0, r1, · · · , rS), exoge-

nously given (set by the bank); interest is paid at end of period.

There is a safe nominal bond issued at the beginning of period 0 for a

price ϕ ∈ [0, 1] and paying 1 at time 1 (end of period 0) in every state.

Define ρ0 := 1−ϕ

ϕ
, so that ϕ = 1

1+ρ0
; ρ0 ≥ 0 is the interest rate on bonds – a

market clearing rate.
2Thus, the (central) bank is owned by households. For simplicity, and analogy with

public ownership, bank shares are not traded.
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The bond transactions of a household b
h may have either one of two

purposes: (i) to reallocate resources between periods 0 and 1; or (ii) to an-

ticipate financial flows linked to current trades in commodities. The second

purpose may consist in buying bonds paid for by a bank loan (overdraft)

to be reimbursed by the proceeds of net sales occurring early in the period;

or in selling bonds and holding the proceeds in (cash or) bank deposit to

finance net purchases early in the period.

From the viewpoint of the households, all the type (ii) financial trans-

actions are in the nature of interest swaps; they leave unchanged the gross

proceeds from trade in commodities; they enter the budget constraint by

adding interest terms to the trade proceeds – but do not otherwise affect

preferences or feasibility.

From the viewpoint of the bank, the beginning of period balance sheet

consists of deposits and loans, as resulting from the financial transactions

of households just described. As the period unfolds, the households deposit

the proceeds of their sales or withdraw the value of their purchases. In

the aggregate, these amounts match, so that the balance sheet of the bank

remains constant.

It simplifies notation w.l.o.g. to assume that the bond transactions of

households amounting to interest swaps are met by the bank and settled

at the end of the initial period – thus do not enter the period 1 budgets.

The initial balance sheet of the bank will thus include bond holdings when

deposits exceed overdrafts, or bond sales when overdrafts exceed deposits.

As for households, the bonds settled (with the bank) at the end of period 0

enter that period’s budget constraints for interests only.

3



In period 1, state s, ρs is an interest rate on time deposits, set by the

bank.

2 Households

2.1. Households consume vectors x
h ∈ X

h ⊂ R
S L; they are endowed with

initial resources ω
h ∈ int X

h; their net trades are denoted z
h := x

h − ω
h.

To satisfy a cash-in-advance constraint in continuous time, they may hold

initial bank deposits m
h

ds
≥ 0, s ∈ S, financed by bonds3 repaid with interest

ρs m
h

ds
at end of period. I treat the timing of transactions (net trades)

within periods as exogenous; accordingly, net trades z
h
s at prices ps with

initial deposit m
h

ds
may entail bank account overdrafts of average (over time)

level m
h
s entailing interest costs rsm

h
s . The transactions technology defines,

conditionally on ps, the set of feasible triplets (zh
s , m

h

ds
,m

h
s | ps), s ∈ S; I

denote that set by X h
s (ps) ⊂ R

L × R
2
+. I also write m

h
s := (mh

ds
,m

h
s ). And

I define

X̃
h(p) = {(x, m) | x ∈ X

h
, ((x− ω

h), m) ∈ X
h(p)}.

The total interest cost at end of period s is ρs m
h

ds
+rsm

h
s ; valued at beginning

of period, it amounts to (ρs m
h

ds
+rs m

h
s )/(1+ρs); that amount must be added

to ps z
h
s in order to insert the total cost of the transactions zs in the budget

constraint for s.4

The prices p� 0 of commodities � ∈ L
II in period 0 are subject to lower

bounds p̃� 0 > 0, entailing the possibility of excess supply – to be eliminated
3By term deposits in period 1.
4If transactions pz > 0 occur at a constant rate within the period, then interest charges

ρ md + rm are minimal with md = pz(r − ρ)/r and m = pz ρ/r.
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by quantity constraints on net sales. For household h, the net supply of

commodity �0 is −z
h

� 0 = ω
h

� 0 − x
h

� 0. A constraint (upper bound) on net

supply takes the form −z
h

� 0 ≤ −�
h

� 0, i.e. x
h

� 0 ≥ �
h

� 0 + ω
h

� 0, −ω
h

� 0 ≤ �
h

� 0 ≤ 0.

Similarly, a constraint on the net supply of commodity �0 by firm j will take

the form y
j

� 0 ≤ �
j

� 0. The maximal market net supply of commodity � 0 is

thus
�

j
�
j

� 0 −
�

h
�
h

� 0 := σ� 0.

I assume here that excess supply of commodity � 0 ∈ L
II is eliminated

by individual quantity constraints (�h

� 0, �
j

� 0), all h ∈ H and j ∈ J , obtained

as primitive functions of, and adding up to σ� 0.5 And I define

X̂
h(p, σ) = {(x, m) ∈ X̃

h(p) | x0 ≥ �
h

0 + ω
h

0} := X̂
h(ξ0).

Incomplete preferences over X
h are modeled by the preference correspon-

dence P
h : X

h → X
h defined by P

h(x) = {x� ∈ X
h | x

� � x}, the subset of

X
h collecting the elements x

� identified as strictly preferred to x. A simple

monotonicity assumption will entail that P
h(x) is non-empty:

(A.1) If x
� ≥ x with x

�
10 > x10, then x

� ∈ P
h(x).

Two conditions on preference correspondences enter the assumptions of

the Shafer-Sonnenschein theorem. They will be required for preferences

over elements of the household’s feasible set, namely the intersection of X̂
h

with the household’s budget set. But it aids intuition to define and discuss

these conditions first for X
h. The conditions boil down, in this introductory

discussion, to:
5Simple examples are provided by uniform rationing, proportional rationing, predrawn

random rationing, a.s.o..
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(Ca) For each each x ∈ X
h
, x /∈ HP

h(x), where HP
h(x) denotes the convex

hull of P
h.

(Cb) P
h has an open graph in X

h ×X
h.

Under complete preferences, the standard assumption of convex prefer-

ences6 entails that the preference correspondence P
h is convex-valued, so

that (Ca) holds.7 The standard continuity assumption on preferences re-

quires that the sets PI
h(x) := {x� ∈ X

h | x
� � x} be closed. This implies

that P
h(x) is open – cf. Debreu (1959, p. 57). Thus, (Ca) and (Cb) on

X
h are weakenings of the standard convexity and continuity assumptions

on household preferences; the main dimension of “weakening” lies with the

allowance for incomplete preferences.

The role of the standard assumptions is to derive the properties of de-

mand correspondences required to invoke Kakutani’s fixed-point theorem,

namely convex-valuedness and upper hemi-continuity. Similarly, I want to

invoke (Ca) and (Cb) for preferences over household decisions in period 0,

i.e. choices of initial consumption and portfolios. Actually, the complex-

ity of portfolio choices is my main motivation for modeling preference as

incomplete. So I turn next to feasible sets for these decisions.

In the sequel, I shall work with the intersection of X̂(p, σ) with a hyper-

cube (of length) K centered at 0 and containing all feasible allocations.

I assume, for all h ∈ H:

(A.2.1) ω
h ∈ int X

h, and ω
h
s ∈ intX

h
s (x0)∀x

h
0 ∈ X

h
0 , s = 1, · · · , S.8

6
x

� ∈ P
h(x) implies λx

� + (1− λ)x ∈ P
h(x) for all λ ∈ (0, 1).

7Indeed, every element of HP
h(x) is strictly preferred to x, hence different from x.

8This assumption is definitely unrealistic. It is widely used, because we know how it
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(A.2.2) The correspondences χ
h(p), X̃h(p) and X

h
s (x0) are convex-valued

and continuous; their intersections with K are closed-valued.

(A.2.3) The correspondence χ
h(p) is linear homogeneous in pz and m; that

is, if (z, m) ∈ χ
h(p), then (z, λm) ∈ χ

h(λ p) and (λ z, λ m) ∈ χ
h(p).

2.2. Households receive signals ξ0 = (ξ1
0 , ξ

2
0) = ((p0, r0, π, ϕ, σ0),

((V j

0 )j∈J , V
0
0 ), (yj

0)j∈J ), where ϕ = 1
1+ρ0

; these signals define the initial

budget constraints

B
h
0 (ξ0) = p0x0 + ρ0 md 0 + r0 m0

1 + ρ0
+

�

j

θ
hj(πj − V

j

0 ) + ϕ b

−[p0ω
h
0 + πθ

h + θ
h0

V
0
0 ] ≤ 0.

(2.1)

The decision d
h
0 := (x0, m0, θ, b) in D

h
0 := X̃

h
0 × [0, 1]J ×R must in addition

satisfy (x0, m0) ∈ X̂
h(p0). I write henceforth B̂

h
0 (ξ0) for the constrained

budget set incorporating the supply constraints.

The feasible set for d
h
0 is thus

F
h

0 (ξ0) := {d
h

0 ∈ D
h

0 ∩K | B̂
h

0 (ξ0) ≤ 0}. (2.2)

Vector inqualities: a ≥ b iff ai ≥ bi ∀ i; a > b iff a ≥ b and a �= b; a � b iff

ai > bi ∀ i.

Lemma 1 The correspondence defined by (2.2) is continuous for p
I
0 > 0.

Proof. (2.2) defines the feasible set F
h
0 (ξ0) as the intersection of three corre-

spondences, namely the budget set (2.1), the consumption-and-transactions

set X̃
h
0 (ξ0)∩K, and the set, say Γh

0(σ0), defined by the quantity constraints

could be generalized – at some inconvenience; see Arrow and Hahn (1971).
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x0 ≥ �
h
0(σ0) + ω

h
0 . It is convenient to combine first the inequality in (2.1)

with Γh
0 into the constrained budget set B̂

h
0 (ξ0).

Then, F
h
0 (ξ0) = B̂

h
0 (ξ0) ∩ X̃

h
0 (ξ0). B̂

h
0 (ξ0) is continuous in ξ0 when

p
I
0 > 0;9 and X̃

h
0 is continuous by assumption (A.2.2); they are both closed-

valued; so their intersection is u.h.c. (Hildenbrand, 1974, Proposition 2.(a),

p. 23). With ω
h
0 ∈ int X

h
0 , as per assumption (A.2.1), the interiors of both

B̂
h
0 (ξ0) and X̃

h
0 (ξ0) include all x ∈ X

h
0 with x ≤ ω

h
0 and a continuum of

m-values. The intersection of these two convex interiors is non-empty, and

the intersection of the two correspondences is l.h.c. (Hildenbrand, 1974,

Problem 6-(2), p. 25), hence continuous.

Households know that they will receive tomorrow in state s the signal

ξ
1
s = (ps, rs, ϕs, σs). Whereas (ps, σs) reflect market clearing, rs and ϕs =
1

1+ρs
will be set by the bank – possibly according to a pricing rule (an interest

rule) whereby rs, ρs are continuous functions of ξ0.

In order to define the prospective budget constraints of the households

tomorrow in state s, the signals ξ
1
s must be extended to profits of the firms

and of the bank, ((V j
s )j∈J , V

0
s )). Let ξs := (ξ1

s , V
1
s , · · · , V J

s , V
0
s ) := (ξ1

s , ξ
2
s ).

Using the profit levels V
j
s , one defines the budget constraints of the

households tomorrow as

B
h
s (ξs | ξ0, d

h
0) = psxs + ρsmds + rsms

1 + ρs

− [psω
h
s +

�
j
θ

jh
V

j
s + b

h + θ
h0

V
0
s ] ≤ 0.

(2.3)

The feasible set for household h at s is well-defined given d
h
0 and ξs =

9See the lemma in section 3 of Drèze (1975).
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(ξ1
s , ξ

2
s ) as

F
h

s (ξs | ξ0, d
h

0) := {(xs, ms) ∈ X̂
h

s (x0, ps, σs) ∩K | B̂
h

s (ξs | ξ0, d
h

0) ≤ 0},

(2.4)

where

B̂
h

s (ξs | ξ0, d
h

0) := {(xs, ms) | Bh

s (ξs | ξ0, d
h

0) ≤ 0, xs ≤ �
h

s (σs) + ω
h

s } ∩K.

(2.5)

By a straightforward transposition of the proof of Lemma 1, one verifies:

Lemma 2 The correspondence defined by (2.4) is continuous for p
I
s > 0.

F
h
s (ξs | ξ0, d

h
0) ∩K is a convex, compact set. Upon observing ξs, house-

hold h will select (xs, ms) ∈ F
h
s (ξs | ξ0, d

h
0) such that P

h(xs | x
h
0) ∩ F

h
s (ξs |

ξ0, d
h
0) = ∅. I denote such a selection by x

h
s (ξs | ξ0, d

h
0); it needs not be

unique.10 For given ξ0, the decision d
h
0 thus entails a consumption profile

(xh
0 , x

h
s (ξs | ξ0, d

h
0)) defined for all states s and signals ξs. The preferences

among decisions d
h
0 = (xh

0 , m
h
0 , θ

h
, b

h) ∈ F
h
0 (ξ0) should thus reflect prefer-

ences among the associated consumption profiles.

I henceforth write x(dh
0) for a consumption profile associated with d

h
0 .

2.3. The incomplete preferences of household h over current decisions

d
h
0 = (xh

0 , m
h
0 , θ

h
, b

h) will be represented by the preference correspondence

P
h(dh

0 | ξ0) : (Xh
0 , R

2
+,∆J

, R) → (Xh
0 , R

2
+,∆J

, R) defined by P
h
0 (dh

0 | ξ0) =

{d0 ∈ (Xh
0 , R

2
+,∆J

, R) | d0 � d
h
0 given ξ0}, that will be assumed to satisfy

10Uniqueness is not required for the sequel. Under complete preferences over xs ∈

X̂s(x
h
0 ), alternative selections are mutually indifferent.
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extensions of the conditions (Ca) and (Cb), justified again by reference to

standard convexity and continuity properties of consumption preferences.

The standard approach in TGE11 is to: (i) associate with a portfolio

(θ, b) the collection of feasible sets F
h
s (ξs | ξ0, d

h
0); (ii) select for each ξs a

consumption vector in F
h
s (ξs | ξ0, d

h
c ) that is optimal given x

h
0 ; (iii) assume

that preferences among vectors (xh
0 , xs(ξs)) are represented by an expected

utility v
h(dh

0) := Eξsus(xh
0 , xs(ξs)), where the expectation is computed with

subjective probabilities ψ
h(ξs | ξ0) assumed unique, tight12 and continuous.

It is worth noting that the separation of utilities and probabilities is

arbitrary under state-dependent preferences.13 It is thus equivalent to ex-

press v
h(dh

0 | ξ0) as a function of vectors (xh
0 , xs(ξs)). Convexity (and

continuity) of preferences among such vectors is part of the standard ap-

proach. Note also that convexity of preferences among pairs of vectors like

(xh
0 , xs(ξs), xs(ξ�s)) and (xh

0 , x
�
s(ξs), x�s(ξ�s)) amounts to risk aversion.

The link between complete consumption preferences and preferences over

decisions d
h
0 = (xh

0 , m
h
0 , θ

h
, b

h) ∈ F
h
0 (ξ0) is fairly transparent when the

signals ξs belong to finite sets Ξs
14 – a feasible specification given that

TGE does not entail market clearing prices tomorrow. Let indeed d and

d
� belong to F

h
0 (ξ0) with d � d

�, and consider the consumption profiles

x(d), x(d�) and λx(d) + (1 − λ)x(d�), λ ∈ (0, 1). Under complete con-
11See Grandmont (1977, 1988), Jordan (1977) or Sondermann (1974).
12“Tight”: for every ε > 0, there exists a compact subset C ⊂ R

S(2L+1) such that

ψ
h
C | ξ0) ≥ 1− ε identically in ξ0.
13See Drèze and Rustichini (2004) for a survey of this issue.
14This is assumed, for instance, by Balasko (2003, p. 2) “for the sake of simplicity ...

though it would be more appropriate, if technically more demanding, to assume this set

to be infinite”. Under incomplete preferences, a finite support is natural.
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vex consumption preferences, λx(d) + (1 − λ)x(d�) � d
�. Consider next

the decision d
λ = λd + (1 − λ)d� = (λx0 + (1 − λ)x�0, λm0 + (1 − λ)m�

0,

λθ + (1 − λ)θ�, λb + (1 − λ)b�). By (A.2.3), (xλ
0 , m

λ
0) ∈ X̃

h(ξ0), so that

d
λ ∈ F

h
0 (ξ0); and for all (s, ξs), λxs(ξs | ξ0, d) + (1 − λ)xs(ξs | ξ0, d

�) ∈

F
h
s (ξs | ξ0, d

λ), because B
h
s (ξs | ξ0, ·) is linear in (θ, b). Accordingly, for each

(s, ξs), (xλ
0 , xs(ξs | ξ0, d

λ
0)) � λxs(ξs | ξ0, d) + (1 − λ)xs(ξs | ξ0, d

�), so that

d
λ � λx(d) + (1 − λ)x(d�) � d

�: preferences over the decisions (dh
0 | ξ0) are

convex – and thus satisfy the condition (Ca).

This reasoning underlies my intuitive justification for imposing (Ca) di-

rectly on preferences over initial decisions d
h
0 :

(CF0a) Identically in ξ0 and d
h
0 ∈ F

h
0 (ξ0), d

h
0 /∈ HP

h
0 (dh

0 | ξ0).

The other property that I wish to assume for P
h
0 (dh

0 | ξ0) is

(CF0b) P
h
0 has an open graph in Ξ0 × F

h
0 (ξ0)×D

h
0 for p

I
0 > 0.

This property can be spelled out as follows. For some ξ0, let d
h
0 in F

h
0 (ξ0)

and d0 ∈ P
h
0 (dh

0 | ξ0). There exists an open neighborhood B(ξ0, d
h
0 , d0) ∈

Ξ0 × F
h
0 (ξ0)×D

h
0 such that (ξ, dh

, d) ∈ B implies d ∈ P
h
0 (dh | ξ0). In other

words, small variations in period 0 signals and/or decisions do not entail

major variations in (incomplete) preferences. This of course requires that

the sets P
h
0 (dh

0 | ξ0) be open. Beyond that natural implication of standard

continuity assumptions, it is also required here that the feasible set F
h
0 (ξ0)

be continuous, as verified in Lemma 1 for p
I
0 > 0 – hence the caveat in

(CF0b).

2.4. The analysis of initial decisions often concentrates on the portfolio vari-

ables (θh
, b

h) under fixed values for (xh
0 , m

h
0 , ξ0). The derivation of portfolio
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preferences from consumption preferences rests upon a standard concept:

the indirect utility function defined on incomes and prices.

Under given consumption x
h
0 , the preferences over portfolios (θh

, b
h) may

be interpreted as reflecting the indirect utilities of income at node 0 given

ξ0 (hence p0) and at nodes s given ξs (hence ps). Indeed, a given portfolio

(θh
, b

h) has a cost today (πθ
h+ϕb

h) and yields incomes tomorrow (θh
V +b

h).

Accordingly, preferences over income streams are implicit in preferences over

portfolios (over current decisions) – hence satisfy (CF0a) and (CF0b).

In Section 3, I shall be concerned with preferences over (marginal) vari-

ations in incomes under given initial signals ξ0 and decisions d
h
0(ξ0). The

relevant definitions of “incomes” are then:

W
h
0 (ξ0 | d

h
0) = p0ω

h
0 + πθ

h + (V0 − π)θh − ϕb
h
,

W
h
s (ξs | d

h
0) = psω

h
s + b

h + Vsθ
h + V

0
s θ

h0
.

(2.6)

Variations in incomes will be denoted ∆W
h = (∆W

h
0 , (∆W

h
s (ξs))s∈S,ξs∈Ξs).

Preferences over such variations follow from preferences over the associated

variations in consumption at the given prices (p0(ξ0), ps(ξs)s∈S). Standard

assumptions would imply that preferences over ∆W
h are convex and con-

tinuous. I shall assume that they satisfy (Ca) and (Cb).

Let P
h

W
(W h | ξ0, d

h
0) : R

1+
�

s
Ξs → R

1+
�

s
Ξs be defined by

P
h

W (W h
| ξ0, d

h

0) := {W ∈ R
1+

�
s
Ξs | W � W

h given ξ0, d
h

0}.

(CWa) Identically in ξ0 and d
h
0 ∈ F

h
0 (ξ0), W h

/∈ HP
h

W
(W h | ξ0, d

h
0).

(CWb) P
h

W
has an open graph in Ξ0 × F

h
0 (ξ0)×R

1+
�

s
Ξs .
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3 Firms

3.1. A firm j is defined by its production set Y
j ⊂ R

L(S+1), by a set of S +1

transactions correspondences Ψj
s(ps), s = 0, 1, · · · , S defining the feasible

pairs (yj
s, n

j
s) in function of the prices ps, and by a correspondence J j(Θ) ⊂

{1, 2, · · · , H} defining the firm’s “control group” (veto players for production

decisions, more on this below). For each s, n
j
s = (nj

ds
, n

j
s). I define Ỹ

j(p) =

{(y, n) | y ∈ Y
j ∩ K, (y, n) ∈ Ψj(p)}, Ŷ

j(ξ0) = {(y, n) ∈ Ỹ
j(p) | y

j

0 ≤ �
j

0}

and I assume

(B.1) ∀ j ∈ J , Y
j is convex and closed; it satisfies free disposal: −R

L S
+ ⊂

Y
j .

(B.2) ∀j ∈ J , Ψj(p) and Ỹ
j(p) are continuous.

For every s ∈ S and y
j

0 ∈ Y
j

0 , these properties are inherited by Y
j
s (yj

0) and

Ỹ
j
s (yj

0, ps). Also, Ŷ
j(ξ0) is continuous.15

In the GEI approach, a production decision for firm j is an (L+2)(S+1)

vector (yj
, n

j) = ((yj

0, n
j

0), · · · (yj
s, n

j
s), · · · ) defining uniquely the production

(and liquidity) plan for today (yj

0, n
j

0) and for tomorrow under every state

(yj
s, n

j
s)s=1,···,S . Because all agents share common correct point expectations

about equilibrium prices in every state s = 1, · · · , S, the profit maximising

period 1 plans can be decided unequivocally at node 0.

In the TGE approach developed here, where price expectations for to-

morrow under state s are idiosyncratic and probabilistic, the decision at

node 0 concerns the initial vector (yj

0, n
j

0) and the conditional production
15See Dehez and Drèze (1984, footnote 8).
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sets Y
j
s (yj

0) defined by the projections of Y
j on the subspace containing

y
j
s, given y

j

0. That is, the firm chooses current outputs and inputs (in-

cluding investments) and the S production sets constraining its activity

under state s, Y
j
s (yj

0), s = 1, · · · , S. After observing ξ
1
s , the firm will choose

(yj
s, n

j
s) ∈ Ỹ

j
s (yj

0, ps) so as to maximise profits ps y
j
s + ρsn

j

ds
+ rsn

j

s

1 + ρs
= V

j
s (ξ1

s ).

Since Ỹ
j
s (yj

0) is convex and closed, V
j
s (ξ1

s ) is a continuous function of ξ
1
s . If

the range of the relevant elements of ps is wide, the firm will privilege “flex-

ibility” under Y
j
s (yj

0) – a consideration absent under GEI.16

I am not aware of any satisfactory published discussion of decision crite-

ria for business firms under TGE. The approach used here rests upon Drèze

(1989), where a reasonably realistic decision criterion for firms is introduced,

that lends itself to a TGE extension. That criterion, labeled “control prin-

ciple”, works as follows (in the present context):

(i) for each firm j, with every vector of shareholdings (θhj)h∈H is associated

a subset of shareholders Ij , called “control group”;

(ii) a feasible plan ((yj

0, n
j

0), (Y j
s (yj

0))s=1,···,S
) := d

j is preferred by firm j to

the alternative feasible plan d̂
j if and only if it is preferred by a set of

shareholders Îj ⊂ {1, 2, · · · , H} with
�

h∈Îj θ
jh

>
1
2 and Ij ⊆ Îj .

As an illustration, think of Ij as the “board of directors” for firm j. A

modification of the firm’s production plan requires approval by every board

member and by a majority of shareholders. So, the director(s) is (are) veto

player(s), and majority voting is immune to the Condorcet paradox.17

16I allude here to “flexibility given state s”. Under GEI, there remains scope for “flexi-

bility across states” – a different notion (also present here).
17Thus, the “control group” is not itself a primitive, as it is allowed to reflect equilibrium
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The resulting decision criterion defines only a partial ordering of pro-

duction plans, leaving room for multiple equilibria. But that partial or-

dering satisfies the two conditions required for reliance upon the Shafer-

Sonnenschein (1975) existence theorem.18

Remark 3.1. Under incomplete preferences, it would be natural to

replace the simple majority rule
�

h∈Ij θ
hj

>
1
2 by the weaker requirement

�
h
(θhj | d

j ∈ P
hj(d̂j)) >

�
h
(θhj | d̂

j ∈ P
hj(dj)). But the resulting

preference correspondences for firms would not have an open graph. This

point deserves further attention.

Existence of an equilibrium for the control principle rests on a simple

assumption about the control group.

(CC) Continuity of control: For all h and j, the set of ownership matrices

Θ such that h ∈ Ij(Θ) is closed.19

3.2. In order to use the “control principle”, one must specify the meaning

of the statement: “d
j is preferred to d̂

j by shareholder h”.

shareholdings (endogenous). Only the statutory rule defining the control group on the

basis of equilibrium shareholdings is exogenous. As noted in Drèze (1989), the approach

can readily be extended to multistage control (e.g. majority voting inside the control

group) and to (partial) delegation of authority to the board, or to management; also how

absentee ownership could be reflected in the majority rule; a.s.o..
18See Appendix 2 in Drèze (1989).
19Examples: all shareholders owning at least α% of the shares; the n leading share-

holders; the leading shareholders owning together β% of the shares; a.s.o.. Alternative

statement of (CC): For all j, the correspondence Ij(Θ)s upper hemi-continuous for the

discrete topology. See Drèze (1989, Appendix 2).
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I recall that a decision d
j of firm j entails a family of dividends (V j

0 ((yj

0, n
j

0) |

ξ
1
0), (V j

s (yj

0, ξ
1
s ), s = 1, · · · , S)) of which agent h collects a fraction θ

jh. The

implications for h of a change from d
j to d̂

j are captured by the family

of associated changes in dividends, of which a fraction θ
jh appears in the

incomes W
h
s (·).

Thus, replacing the decision δ
j by the feasible alternative δ̂

j entails for

shareholder h the collection of “income effects”

∆ W
h
0 = W

h
0 (δ̂j)−W

h
0 (δj) = θ

hj(V̂ j

0 − V
j

0 )

∆ W
h
s (ξ1

s ) = W
h
s (ξ1

s | δ̂
j)−W

h
s (ξ1

s | δ
j) = θ

hj [V̂ j
s (ξ1

s )− V
j
s (ξ1

s )],
(3.1)

where V̂
j

0 − V
j

0 = p0(ŷj

0− y
j

0) + ρ0(n̂j

do
− n

j

d0) + r0(n̂
j

0 − n
j

0)
1 + ρ0

and likewise for

V̂
j
s − V

j
s , s = 1, · · · , S.

Accordingly, initial shareholder h will favor the replacement of δ
j by δ̂

j is

and only if the income effects (∆W
h
0 ,∆W

h
s (ξs)) defined in (3.1) are desirable

(are preferred to the status quo); that is:

W
h + ∆W

h
∈ P

h

W (W h
| ξ0, d

h

0).

Hence:

d̂
j
∈ P

j

h
(dj) iff W

h(d̂j) ∈ P
h

W (W h(dj) | ξ0, d
h

0). (3.2)

Condition (3.2) may be inserted into condition (ii) defining the “control

principle”. Before commenting further on the rationale of (3.2), I note that

if P
j

h
(dj) satisfies properties (Ca) and (Cb) above for every shareholder h

of firm j (every h with θ
jh

> 0) – see Lemma 3 below – then the partial

ordering of d
j ’s resulting from the control principle will also verify (Ca) and

(Cb) – see Lemma 4 below.

It thus follows from assumptions (CWa) and (CWb) that:

16



Lemma 3 P
j

h
(dj) as defined by (3.2) satisfies properties (Ca) and (Cb).

Lemma 4 P
j(dj) as defined by the control principle and (3.1) satisfies

properties (Ca) and (Cb).

Proof.

Ad (Ca). Let h ∈ Ij . Then, P
j(dj) ⊆ P

j

h
(dj). Hence H P

j(dj) ⊆ H P
j

h
(dj).

Because d
j

/∈ H P
j

h
(dj), it follows that d

j
/∈ H P

j(dj).

Ad (Cb). P
j(·) has open graph if and only if, for all d

j and d̂
j ∈ P

j(dj), there

exists a neighborhood B(dj
, d̂

j) such that all elements (d�, d̂�) of B(dj
, d̂

j)

satisfy d̂
� ∈ P

j(d�).

According to the control principle, d̂
j ∈ P

j(dj) implies the existence of a set

of shareholders Îj
, Ij ⊆ Îj ,

�
h∈Îj θ

jh
>

1
2 , such that d̂

j ∈ P
j

h
(dj)∀h ∈ Îj .

Because P
j

h
(·) has open graph (Lemma 3), d̂

� ∈ P
j

h
(d�) for all h in Îj ; this

entails d̂
� ∈ P

j(d�). It is shown in Drèze (1989, p. 127) that P
j(·) is robust

to rescalings of θ
j when π

j = 0 with
�

h
θ

hj
< 1.

4 Existence theorem

Definition 4.1 A TGE for the economy described above is defined by:

• a set of decision rules (δh)h∈H and (δj)j∈J with node 0 components

d
h
0 , d

j

0;

• a set of node 0 signals ξ
1
0 = (p0, r0, π, ϕ, σ0, V

0
0 ),

such that

(i) ∀h, d
h
0 ∈ F

h
0 (ξ0) and F

h
0 (ξ0) ∩ P

h(δh) = ∅;

17



(ii) ∀ j, d
j

0 ∈ Ŷ
j

0 (ξ0) and Ŷ
j

0 (ξ0) ∩ P
j(δj) = ∅;

(iii)
�

h
b
h = 0;

(iv)
�

h
θ

jh = 1, j = 1, · · · , J ;

(v) V
0
0 =

�
h

ρ0m
h

d0 + rm
h

0
1 + ρ0

+
�

j
(
�

h
θ

jh)ρ0n
j

d0 + rn
j

0
1 + ρ0

;

(vi)
�

h
(xh

0 − ω
h
0 )−

�
j
(
�

h
θ

jh)yj ≤ 0;

(vii) p� 0 > p̃� 0, � ∈ LII , implies

x
h

� 0 > �
h(σ� 0) + ω

h

� 0 and y
j

� 0 < �
j(σ� 0).

Theorem 4.2 Under the assumptions (A.1), (A.2), (CF0a), (CF0b), (CWa),

(CWb) (B.1), (B.2) and (CC), for every A ∈ R++, there exists a TGE with
�

�
p� 0σ̃� 0 = A, σ̃� 0 = σ� 0

K
.

Define u :=
�

�
(1 − σ�0

K
)p�0/

�
�
p�0= weighted average of relative ag-

gregate supply limitations K−σ�0
K

∈ [0, 1) – one, among several, measure of

“output gap”. Since A in Theorem 4.2 is arbitrary (positive), we may di-

vide that number by the sum of past prices
�

�
p�(−1) and write A for the

quotient. Define 1+ i0 :=
�

�
p�0/

�
�
p�(−1), so that i0 is the rate of inflation

for period 0. The conclusion of Theorem 4.2 may then be rewritten as:

For every A ∈ R++, there exists a TGE with (1 + i0)(1− u) = A. (4.1)

The interpretation of (4.4) is discussed at some length in Drèze (2013,

section 5.3). I limit myself here to quote “an intriguing implication: formula

(4.4)20 allows for two distinct tradeoffs between inflation and unemployment!

Indeed:
20Formula (5.5) in Drèze (2013).
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- keeping A fixed, u and i0 can move in parallel, either increasing (stagfla-

tion) or decreasing (recovery) together;

- under variations of A, u and i can move in opposite directions (Phillips

curve).”

Proof of Theorem 4.2.

Following standard practice, I compactify the domains of the decision rules

δ
h, δ

j to belong to a hypercube centered at 0 and with length K, a cube

containing all feasible allocations.

In Part I of the proof, I impose θ
jh ≥ εθ

jh, ε > 0, and let ε → 0 in Part

IIa. Also, I impose π ∈ [0, G]J for some large, arbitrary scalar G in R++,

and let G →∞ in Part IIb. To handle
�

h
θ

jh �= 1, I proceed as follows:

(i) if πj = 0 with
�

h
θ

jh
< 1, I rescale (yj

0, n
j

0) by
�

h
θ

jh and θ
jh by

1/
�

h
θ

jh; this leaves dividends per shareholder unchanged, but enters

the formulation of conditions (v) and (vi).

(ii) if πj = G with
�

h
θ

jh
> 1, I introduce an aggregate demand constraint

on shareholdings γj , translated into individual constraints �
j(γj) > 0,

θ
jh ≤ �

j(γj), where the functions �
j are single-valued continuous.

Part I.

I.a. I consider the abstract economy defined by H + J + 1 agents:

• h = 1, · · · , H, with decisions δ
h(ξ0) of period 0 components d

h
0 ∈

F
h
0 (ξ0) and preferences defined by Ph(δh);

• j = H + 1, · · · , H + J , with decisions δ
j(ξ1

0) of period 0 components

(yj

0, n
j

0) ∈ Ŷ
j

0 (ξ0) and preferences defined by Pj(δj);
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• n = H+J+1, the market agent, with decision (q, ψ, ϕ) and preferences

Pn(q, ψ, ϕ) defined by

Pn(q, ψ, ϕ) =
�

(q�, ψ�, ϕ�) ∈ A∆L × [0, 2G]J × [0, 1]

|
�

�
(q�

�
− q�)

��
h
(xh

0 − ω
h
0 )−

�
j
(
�

h
θ

hj)yj

0

�

+
�

j
(ψ�

j
− ψj)(

�
h
θ

jh − 1) + (ϕ� − ϕ)
�

h
b
h

> 0
�

.

It is immediate that Pn(·) has open graph, and that (q, ψ, ϕ) /∈

HP (q, ψ, ϕ), a convex set. Also, the domain of Pn(·) is (constant, hence)

continuous. As for Ph(·) and Pj(·), similar properties have been established

in Sections 2 and 3. As for the side-condition “p
I
0 > 0” in Lemma 1, it is

sown below that it is always satsified at equilibrium, so that the device in

Greenberg (1977) permits ignoring that condition.

The bank is not introduced as a separate agent, but it is understood that

V
0
0 is defined by (v) in Definition 4.1 and V

0
s is part of ξs ∀ s ∈ S.

The prices p0 and the aggregate supply constraints σ0 are defined as

follows, where p̃�0 ≥ 0 denotes the lower bounds on p�0 (as part of the

primitives):

onLI
, p�0 = q� and σ� 0 = K; (4.2)

on LII
, p�0 = max(q�, p̃�0) and σ� 0 =

K

p̃� 0
min(q�, p̃�0). (4.3)

Similarly the prices πj and the aggregate demand constraints γj are

defined as follows:

πj = min(ψj , G), γj = K

�
1−

max(ψj , G)−G

G

�
∈ [0, K]. (4.4)

The aggregate demand constraint γj is transposed to households h through

continuous functions.
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Applying the Shafer-Sonnenschein theorem, the abstract economy has

an equilibrium. I next show that it is a temporary equilibrium as per Def-

inition 4.1 for the economy of this Part I, and label it a (G, ε)-equilibrium.

It departs from an equilibrium for Definition 4.1 in two respects: the con-

straints θ
hj ≥ εθ

hj and the allowance for demand rationing on the asset

markets (when γj < K).

I.b.

1. From the preferences of the market agent, it follows that ϕ
�

h
b
h ≥ 0,

because otherwise ϕ = 0 would be preferred by the market agent.

2. From the preferences of the market agent, it follows that
�

j
πj(

�
j
θ

jh−

1) ≥ 0. Indeed, πj ≥ 0∀ j by construction, since πj ≥ min(ψj , G) ≥ 0.

If
�

h
θ

jh − 1 < 0, the market agent chooses ψj = 0, implying πj = 0.

3.
�

h
B

h
0 = pz +

�
j
πj(

�
h
θ

jh − 1) + ϕ
�

h
b
h = τ1 + τ2 + τ3 ≤ 0. Since

τ2 ≥ 0 by (2) and τ3 ≥ 0 by (1), it must be that τ1 ≤ 0.

4. p1 = q1 > 0.

Indeed, if p1 = q1 = 0, then z1 = K by strict monotonocity (A.1), and

for all �, q� > 0 implies z� = K, so that qz = AK.

By construction, p� ≥ q� ∀ � ∈ L. If there exists � ∈ LI with z� < 0,

then q� = p� = 0. If there exists � ∈ LII with z� < K, then q� = 0,

p� = p̃� > 0 and σ� = 0 implying z� ≥ 0. Thus p� z� ≥ q� z� ∀ � ∈ L and

pz ≥ qz = AK – contradicting 3 above.

With p1 = q1 > 0,
�

h
B

h
0 = 0.
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5. z� ≤ 0 and p� z� = 0 ∀ � ∈ L.

Indeed, if there exists � with z
�
> 0, then q� = 0 for all � with z� < z

�

and qz ≥ z
�
A > 0. Repeating the reasoning under 4, pz ≥ z

�
A > 0,

contradicting again 3 above. If z� < 0, then q� = 0. If � ∈ LI , p� = 0;

if � ∈ LII , q� = 0 implies σ� = 0, z� ≥ 0 hence z� = 0. Thus, p�z� = 0

∀ � ∈ L.

6. Returning to 1 and 3 with
�

h
B

h
0 = 0 and pz = 0, it follows that

ϕ
�

h
b
h +

�
j
πj(

�
h
θ

jh − 1) = 0, hence each of these two terms is

equal to 0. This implies either
�

h
θ

jh = 1 or
�

h
θ

jh − 1 < 0 with

πj = 0. Indeed,
�

h
θ

jh − 1 > 0 with π
j

> 0, hence ψj > 0, would

imply
�

j
πj(

�
h
θ

jh − 1) > 0, contradicting 3.

7. When z� < 0 (with p� = 0), z� may be set equal to 0 by free disposal.

When
�

h
θ

jh
< 1, one may rescale (yj

, n
j) by a positive scalar equal

to
�

j
θ

jh. The rescaled plan remains feasible because 0 ∈ Y
j . Mul-

tiplying parallely θ
jh by 1/

�
h
θ

jh, the dividends of every shareholder

are unchanged. This last adjustment was already part of conditions

(v) - (vi); it was implicit in the definitions underlying the proof, and

explicit in the definition of the preferences of the market agent.

I have thus established that an equilibrium of the constrained econ-

omy E(G, ε) is a temporary equilibrium of that economy, in so far as

conditions (i) - (vi) are concerned.

8. That conditions (vii) are also satisfied is immediate. Indeed, (4.3)

implies σ� = K whenever p� = q� < p̃�. A similar property holds for

portfolios, since (4.4) implies γj = K whenever πj = ψj < G. Thus,
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for every G > 0, there exists a (G, ε)-equilibrium.

Part II.

II.a. As a first step, I wish to eliminate the restriction θ
jh ≥ εθ

jh, intro-

duced above to guarantee
�

h
θ

jh
> 0 and permit the rescaling of portfolios

by a finite scalar 1/
�

j
θ

jh.

Consider the sequence of (G, ε
ν)-equilibria indexed by ν = 1, 2, · · · ,

limν→∞ ε
ν = 0, and defined by the conditions θ

jh ≥ ε
ν
θ

jh. We wish to show

that a limit of the (G, ε
ν)-equilibria exists, and is itself a G-equilibrium.

A (G, ε
ν)-equilibrium is a tuple a

ν = (pν
, π

ν
, ϕ

ν
,

σ
ν

K
,

ψ
ν

K
, z

ν
,Θ,

�
h
b
hν

, V
oν)

in A∆L × [0, G]J × [0, 1] × [0, 1]L × [0, 1]J × [−K,+K]L(∆J)J × [−AK −

G, +AK + G]H × [0, AK]K . Thus every element of a is bounded, and there

exist convergent subsequences. I must show that every limit point of such a

subsequence is a G-equilibrium for ε = 0.

It is readily verified that only conditions (i) and (ii) in Definition 4.1

require verification. The other conditions involve linear inequalities or equal-

ities that are preserved at the limit. Now both P
h(·) and P

j(·) have open

graph. So, if conditions (i) and (ii) hold for every ε > 0, they also hold for

ε = 0.

II.b. Consider now an increasing sequence of values G
1
, · · · , Gk

, · · · in

R+ with limitk→∞G
k = +∞. For each finite G

k there exists a tempo-

rary equilibrium (with quantity constraints on the demand for shares), say

a
k = (pk

, π
k
, ϕ

k
,

σ
k

K
,

ψ
k

K
, z

k
, V

ok). All the components of a
k, other than

ψ
k, belong to compact sets. Hence, there exist for these convergent subse-

quences. For any such subsequence, if π
k also converges, then the limit is a
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temporary equilibrium according to Definition 4.1. Indeed, let the limit cor-

respond to G
N , so that for each j we have π

N

j
≤ G

N . That limit also defines

a (N + 1)-equilibrium with π
N+1
j

≤ G
N

< G
N+1, which implies γ

N+1
j

= K,

so that the (N + 1)-equilibrium satisfies Definition 4.1.

Suppose instead that π
k diverges to infinity along the converging sub-

sequence, so that the relative prices of commodities (adding up to A) and

of bonds (ϕ ≤ 1) in terms of asset prices tend to 0. The budget sets of

households remain continuous at the limit prices (0), because: (i) initial en-

dowments of commodities are strictly positive; (ii) net trades in bonds have

arbitrary signs, so that a 0 price does not entail a discontinuity.

Along the relevant subsequence, z ≤ 0 (= 0 after free disposal) and
�

h
b
h = 0 at every k-equilibrium. At the limit, however, z

h
1 = K and

b
h = K for all h, implying z1 > 0 and

�
h
b
h

> 0. This contradicts the open-

graph property of household preferences. Hence, this case is ruled out and

π
k must converge to a finite limit, where Defintion 4.1 holds, as concluded

in the penultimate paragraph. This completes the proof of Theorem 4.2.
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