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Abstract

The overall goal of the present thesis is double, namely to develop and
validate an efficient numerical simulation code to study finite and infinite
periodic structures and to propose efficient techniques for the design of

high gain antennas based on metamaterials.

In a first instance, general properties of electromagnetic fields and
sources are recalled. Then, some details are given on the numerical im-
plementation of the Method of Moments based on the surface equivalence
principle. Thanks to this code, both large phased arrays and metamate-
rials made of metal (either PEC or lossy) and/or dielectrics can be easily
studied. The integral equation formulations at the heart of this code
are the EFTE and the PMCHWT, respectively for metallic and dielectric
structures. The first one enforces the nullity of the tangential electric
field along PEC surfaces while the second insures the continuity of both

tangential F and H fields along the interfaces between dielectric media.

To describe the fields radiated by large antenna arrays, or to com-
pute transmission and reflection properties of metamaterials, fast infinite-
array simulations can be used. To our best knowledge, it is the first time
that a MoM implementation allows the simulation of both metallic and
dielectric infinitely periodic structures. These simulations resort to the
fast computation of the doubly periodic Green’s function. It is shown
how the latter is tabulated to further reduce computation time, using
three different formulations, adequately chosen to guarantee optimum
convergence in any practical situation. These formulations also allow a
very easy extraction of the singularities present in the Green’s function

and its gradient.
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The analysis of radiating devices based on periodic metamaterials
often needs the analysis of periodic structures excited by a single primary
source. We show that the Array Scanning Method allows to efficiently
simulate periodic structures, made of three-dimensional cells, excited by
a single (non periodic) source. Moreover, finite periodic structures can
also be studied, in first approximation, by resorting to a combination of

the Array scanning Method and a windowing technique.

Another way of accounting for the finiteness of real structures, based
on a finite-by-infinite array approach, is presented. This approach relies
on the use of the singly periodic Green’s function, combined with an
iterative solver. It is also demonstrated that this finite-by-infinite array
approach can be used in conjunction with the Array Scanning Method
and windowing to estimate element patterns of any element in a finite

array.

In-depth analysis of periodic metamaterials is also possible thanks to
the numerical computation of their dispersion curves. These curves are of
prime importance in the determination of the modes that can propagate
in periodic structures, as well as in the description of the characteris-
tics of these modes. This technique is illustrated on wire media and it
is shown how a numerical eigenmode analysis demonstrated that when
a waveguide is filled with a wire medium, waves can propagate below
the cut-off frequency of the empty guide. This yields very promising

perspectives in terms of miniaturization of waveguide-based antennas.

All these techniques are validated numerically on several examples
and it will then be shown how they can be combined to design high gain
antennas based on metamaterials. Two optimized examples of such an-
tennas are proposed. The first one uses a low permittivity metamaterial
and the second one is based on a slotted waveguide exciting a metamate-
rial superstrate made of frequency selective surfaces. In the latter case,
an efficient design method is presented. This method resorts to the sepa-
rate analysis of the waveguide and the superstrate by defining an interior
and an exterior problem, and replacing the electric field in the slot by

equivalent magnetic currents.
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The tools and methods presented in this thesis continue to be ex-
tended to further improve performance and broaden the range of appli-
cations. For instance, the interior-exterior separation mentioned above
is currently extended to more than one feeding slot. This opens the
possibility to efficiently design arrays of slots, dual-band as well as dual-
polarization high gain antennas.

Some work is also carried out towards the analysis of large finite ar-
rays of strongly coupled elements (such as electrically connected tapered
slot antennas), using a combination of Macro Basis Functions, the Array

Scanning Method and a multipole approach.
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Introduction

1.1 Objective of the thesis

These last decades, periodic structures have received more and more
attention in electromagnetics and particularly in antenna design. In
this domain, the most common and well known periodic structure is
the phased array. A phased array is a group of antennas in which the
relative phases of the respective signals feeding the antennas are varied in
such a way that the effective radiation pattern of the array is reinforced
in a desired direction and suppressed in undesired directions. This tech-
nology was originally developed by Luis Alvarez during World War II as
a rapidly steerable radar system for “ground-controlled approach”, a sys-
tem to aid in the landing of aeroplanes in England. It was later adapted
for radio astronomy, and generalized in interferometric radio antennas.
Nowadays, phased arrays are used in innumerable applications for the
versatility of their radiation pattern.

Besides this, recent years have seen a growing interest in a new kind of
periodic structures called “metamaterials”. These new artificial materi-
als exhibit many new appealing properties, not found in nature, and open
many new possibilities in the domain of antenna design. An overview of
these metamaterials and their properties can be found in the next sec-
tion.

The leading idea at the basis of the present thesis is to develop efficient

numerical techniques to study periodic structures such as phased arrays
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and metamaterials, and to show how these techniques can be used in the

design of compact, high gain antennas, based on metamaterials.

1.2 History of metamaterials

1.2.1 Definition

Over the past five years, metamaterials have become one of the hottest
topics in several areas of science and technology, encompassing electro-
magnetics and photonics, materials science, and engineering. “Meta”
means “beyond” in Greek. But why this simple merging of “meta” and
“materials” has attracted so much attention from researchers, and why
has it resulted in an exponentially growing number of publications in the
field? Here are some definitions of metamaterials that can be found in

the literature and that could provide a partial answer to this question:

e Electromagnetic metamaterials are artificially structured compos-
ite materials that can be engineered to have desired electromagnetic

properties, while having other advantageous material properties [1].
e Structures composed of macroscopically scattering elements [2].

e Materials whose permeability and permittivity derive from their

structure. [3]

e A new class of ordered nanocomposites that exhibit exceptional
properties not readily observed in nature. These properties arise
from qualitatively new response functions that are not observed in
the constituent materials and result from the inclusion of artificially

fabricated, extrinsic, low dimensional inhomogeneities [4].

e Macroscopic composites having a man-made, three dimensional,
periodic cellular architecture designed to produce an optimized
combination, not available in nature, of two or more responses to a
specific excitation. Each cell contains metaparticles, macroscopic
constituents designed with low dimensionality that allow each com-

ponent of the excitation to be isolated and separately maximized.
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The metamaterial architecture is selected to strategically recom-
bine local quasi-static responses, or to combine or isolate specific

non-local responses [5].

Regarding such definitions, one can notice that two essential properties

are mentioned. The materials should exhibit electromagnetic properties
e not observed in the constituent materials, and/or
e not observed in nature.

The notion of metamaterials, i.e., artificial materials with properties not
available in nature, originated in the microwave community but has been
quickly adopted in optics research, thanks to rapidly developing nanofab-
rication and subwavelength imaging applications. Metamaterials are ex-
pected to open a new gateway to unprecedented electromagnetic prop-
erties and functionalities that are unattainable from naturally occurring
materials, i.e. unattainable if based just on what may happen at atomic
or molecular level. The structural units of metamaterials can be tailored
in shape and size; their composition and morphology can be artificially
tuned, and inclusions can be designed and placed at desired locations to
achieve new functionalities. In the broad sense defined above, the field
of metamaterials includes a large range of engineered materials with pre-
designed properties. However, the notion of metamaterials was originally
proposed in regard to the idea of a negative refractive index, or negative-
index materials (NIMs), which are also referred to as left-handed materi-
als (LHMs), double negative media (DNG) or backward-waves materials
(BW). Indeed, the refractive index of a material gives the factor by which
the phase velocity of waves is decreased in the material compared to vac-
uum. NIMs have a negative refractive index, so the phase velocity is

directed against the flow of energy (or group velocity).

1.2.2 Veselago’s materials and perfect lenses

In 1968, V.G. Veselago, a physicist from the Lebedjev Physical Institute

in Moscow, theoretically investigated plane wave propagation in a mate-



4 CHAPTER 1. INTRODUCTION

rial whose permittivity and permeability were assumed to be simultane-
ously negative [6]. His theoretical study showed that for a monochromatic
uniform plane wave in such a medium, the direction of the Poynting vec-
tor is antiparallel to the direction of phase velocity, contrary to the case
of plane wave propagation in simple conventional media. Hence these
media exhibit a negative group velocity and the wavevector k forms a
left-handed set with the vectors E and H.

As a consequence of this, Veselago also showed that in left-handed sub-
stances, the Doppler effect will be reversed, i.e. the red-shift occurs in
approaching conditions and the blue-shift occurs when the source and
receiver move away. The Cerenkov effect will also be reversed, i.e. the
cone of radiation of a particle moving in a straight line will be directed
backward relative to the motion of the particle.

Finally, another interesting property of LHMs is negative refraction. In-
deed, according to Snell’s law, a wave coming from a medium with a
refractive index 11, on the interface with a second medium with refrac-
tive index no and an incidence angle ¢ with respect to the normal at the
interface will be refracted in the second medium with an angle r. And

the following relation holds:
ny - sin(i) = ng - sin(r) (1.1)

In the case where n; and ny would have opposite signs, it is clear that
the refracted wave will be on the same side of the normal as the incident
wave (Fig. 1.1). This is called “negative refraction”.

But why would anyone try to build such materials? An interesting ap-
plication of negative refraction is the so-called “flat lens”. When a ray
passes from a medium with a refracting index n; to a medium with re-
fracting index ny = —nq, the ray undergoes refraction at the interface
between the two media, but there is no reflected ray. Considering a plate
of thickness d with a refracting index no = —1, placed in vacuum, it is
possible to obtain a flat lens that reproduces at a given point the radi-
ation from a point source, as shown in Fig. 1.2. This yields an almost
perfect lens, with perfect focusing of the source. Indeed, unlike classical

curved lenses made from regular transparent materials, planar metama-
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I d d-1

Figure 1.1: Passage of a ray

through the boundary between Figure 1.2: Passage of a ray

two media. 1:Incident ray, 2:Re- through a plate of thickness d
flected ray, 3:Refracted ray if the ,54e of a left-handed material.

second medium is right-handed, A. Source of radiation, B: Focus-

4:Refracted ray if the second ing point.
medium is left-handed.

terial lenses have no optical axis and reconstitute the near-field as well
as the far-field of the source with sub-wavelength resolution. The sub-
wavelength imaging property relies on the amplification of evanescent
waves, which contain the high-resolution components of the image [9].
These lenses could be used in improved semiconductor lithography tech-
niques and near-field imaging techniques. They could also be used for
high capacity storage devices, such as DVDs. Finally, there would be a
wide range of applications for materials that give rise to electromagnetic
waves with “backward” properties. LHM are proposed for the design of
compact novel filters, antennas and waveguides for use in wireless com-

munications [7], [8].

1.2.3 Possible values of ¢ and u

Fig. 1.3 shows a diagram with the values of ¢ and p marked on the
axes. The first quadrant contains the majority of isotropic dielectrics,
for which both values of € and i are positive. These materials are right-

handed and support forward-wave propagation. The second quadrant
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contains plasmas, for which the value of the permittivity is expressed as
follows:

2

“p
621—0? and w < wp (1.2)

Where w), is the so-called “plasma frequency”. It is obvious in Eq. 1.2
that at low frequencies, the permittivity is negative, which leads to re-
flection of waves from such media. Indeed, in this case, the refraction
index is imaginary and waves are evanescent. The third quadrant is un-
occupied in nature, there is indeed no substance in nature that exhibits
both negative values of the magnetic permeability u and the electric per-
mittivity e. However, Veselago showed that if it were possible to build
such materials, they would exhibit a real but negative refraction index
and that backward waves could propagate. Indeed, the complex refrac-
tive index of a given medium is defined as the ratio between the speed of
an electromagnetic wave through that medium and that in vacuum and

can thus be written as n?

= eu, where y is the complex relative magnetic
permeability and €, the complex relative dielectric permittivity. If both
i and € are negative in a given wavelength range, this means that we

may write 4 = |p|e’™ and in an equivalent way € = |e|e/™. It follows that

no= y/lellplexT
= Vlellule™

= —Vlellul (1.3)

Hence, the refractive index of a medium with simultaneously negative €
and p must be negative. A more detailed consideration based on causality
may be found in [10].

Finally, the fourth quadrant contains ferrimagnetic materials, such as
ferrites and magnetic garnets. Again, in this case the refraction index is

imaginary and waves cannot propagate.
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“’A

II. I
e<0;4>0 e>0;4>0
n=,/epg el n=,egeER;n>0

Plasmas (w < wpe) Isotropic dielectrics
metals at optical frequencies Right-handed (RH)
Evanescent waves Forward-wave propagation
€
II1. IV.
e<0;<0 e>0;u<0
n=,epeER;n<0 n=. e el
Veselago’s materials Ferrites (w < wpm)
Left-handed (LH) Ferrimagnetic materials
Backward-wave propagation Evanescent waves

Figure 1.3: Diagram with theoretically possible values of € and p.

1.2.4 Realization of e <0 and <0

Negative permittivity

In 1996 J. B. Pendry from the Imperial College London and his co-authors
from the GEC-Marconi published a paper [11] about an artificial metallic
construction, which exhibits negative permittivity. The understanding
of this concept starts from the nature of the dielectric constant of metals
[12]. The structure they proposed is made of a three-dimensional cu-
bic lattice of metallic conducting wires with a periodicity smaller than
the wavelength. This structure is depicted in Fig. 1.4 and can model
the response of a diluted plasma, giving a negative ¢ below the plasma
frequency (cf. Eq. 1.2). In other terms, the dilution offered by the re-
duction of the medium to wires allows to reduce the plasma frequency

from optical to microwave frequencies.
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Figure 1.4: Periodic wire-frame

structure for obtaining a negative Figure 1.5:  Unit cell of the
€. Thick lines are only shown split ring three-dimensional ar-
for a better visualization of the ray used to obtain a negative u

structure.

Negative permeability

In Veselago’s days no negative-u materials were known, nor thought likely
to exist. But in 1999, Pendry and his co-authors published a solution
to obtain a negative p [13]. The idea is the same as for the negative e,
i.e. a periodic structure was proposed with a periodicity smaller than
the wavelength of the exciting electromagnetic field. Then the average
values of B and H were calculated and y was determined as their ratio.
The structure consists of a three dimensional array of split ring resonators
(SRR). Each SRR is made of two concentric circles of metal, each of them
being split. So the induced current can not close within one ring, but
only in the capacitively coupled other one. The unit cell of this periodic
structure is depicted in Fig. 1.5. This structure is resonant, and at
frequencies slightly beyond the resonant frequency the mentioned average
1 has a negative real part. The frequency behavior of the permeability

can be expressed as follows [13]:

F 2
d (1.4)
w

S D S
Hw) 2—w8+jl/w

Where wy is the resonant frequency of the SRRs, v is a loss term and F'

depends on geometrical parameters of the lattice.
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Figure 1.6: The double negative metamaterial used in the experimental

verification at the University of California.

Combination of negative ¢ and p

Until 1999, how to physically realize a material with simultaneously neg-
ative permittivity and permeability still remained a mystery. Then,
Pendry, et. al., suggested that separate inclusions would provide each
of the negative properties, permittivity and permeability. Smith, et. al.
then suggested that interlacing the two lattices of carefully designed pe-
riodic arrays of conducting materials produced an amalgamation with
simultaneously negative permittivity and permeability. Hence, in order
to obtain a double negative material (DNG), and following these prescrip-
tions, the idea was to build a periodic structure whose unit cell combines
the unit cell of a metamaterial with a negative € and the unit cell of
another metamaterial with a negative y. This has been done and the
first experimental verification was made by Shelby, Smith and Schultz at
the University of California in San Diego in 2001 [14]. The left-handed
material was prepared by the standard shadow mask and etching circuit
fabrication technique on 0.25mm thick fiber glass reinforced circuit board
material. The structure consists of square split ring resonators and flat
wire strips, both from copper. The rings and wires were on the opposite
sides of the board. After processing, the boards were cut and assembled
in an interlocking unit, which is shown in Fig. 1.6. The negative ¢ and pu
occurred simultaneously at microwave frequencies between 10.2 GHz and
10.8 GHz and the verification of the negative index of refraction could

be carried out for the first time.
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1.3 Applications of metamaterials

Initially, the term metamaterial was used to describe artificial media
possessing a left-handed behavior. However, this term is now accepted
in a more general sense as engineered media whose electromagnetic re-
sponses are different from those of their constituent components. They
are often generated by incorporating in a periodic manner various types
of artificially fabricated, extrinsic, low dimensional inhomogeneities in
some background substrate. Metamaterials that mimic known material
responses or that qualitatively have new response functions that do not
occur in nature have been realized. Some of these new artificial materials

as well as their antenna related applications are described in this section.

1.3.1 Low ¢ metamaterials

As mentioned in section 1.2.4, some periodic structures made of conduct-
ing wires behave as a diluted plasma and hence, present a negative value
of the permittivity below the plasma frequency (cf. Eq. 1.2). Looking
at this equation, it is obvious that, in some frequency range, the permit-
tivity can be close to zero. Hence, the refractive index of such structures
is also close to zero and the energy radiated from an embedded source,
when going out of the structure, will be refracted close to the normal
with the interface with the outside medium. This property can be ex-
ploited to design high gain antennas. This is illustrated in Fig. 1.7, from
[74], showing the electric field amplitude and phase in a structure made
of parallel conducting wires and excited by an embedded monopole. The
left picture shows clearly that the electric field outside the structure is in-
deed concentrated near the normal at the interface. On the right picture,
one can see that the phase velocity inside the wire medium is very high
(very small phase variation) and this is a proof that the refractive index
is very low. The application of this phenomenon to high gain antennas

will be discussed in section 5.1.
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Figure 1.7: Amplitude (left) and lines of equal phase (right) in a structure
made of parallel, infinite conducting wires excited by a small imbedded

monopole. From [74].

1.3.2 High impedance surfaces and artificial magnetic conduc-
tors

Artificial magnetic conductors (AMCs) or high impedance surfaces, i.e.
metamaterials that produce in-phase reflections are highly interesting for
compact antenna solutions, in order to miniaturize and minimize the cost
of communication components and systems. Such systems have already
been transferred to the market and constitute an effective demonstra-
tion of the potential of metamaterials. A now well-known AMC design
is the Sievenpiper class of mushroom high impedance surfaces [15]. An
example of artificial perfect magnetic conductor (PMC) based on such
a periodic mushroom-type structure will be discussed in section 3.4.2.
Another application for high impedance surfaces is the improvement of
radiation efficiency of patch antennas. Indeed, when designing patch
antennas, compact circuit design is best achieved on high dielectric con-
stant substrates. However, using these high permittivity dielectrics tends
to increase surface waves phenomena and hence decreases the radiation
efficiency. A solution to this problem consists of using PBG surfaces

forbidding propagation of those surface waves (cf. Fig. 1.8).

1.3.3 Frequency selective reflection/transmission

Some metamaterials also exhibit frequency selective transmission char-
acteristics and can be used to provide coatings with specific frequency
filtering / reflection characteristics. This effort clearly originates from

military applications (radomes, stealth planes, etc.), but has actually
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Figure 1.8: Patch antenna on a mushroom-type PBG ground plane to

suppress surface waves and increase radiation efficiency.

important civil applications, especially in the field of electromagnetic
compatibility (EMC) of civil devices like cell phones or providing colors
or special optical effects on consumer goods. Frequency selective surfaces
(FSS) or partially reflective surfaces (PRS) can also be used to design
Fabry-Perot type resonators used to increase the gain of antennas. This

application will be discussed in section 5.2.

1.3.4 Applications of DNG materials for small antennas

It has been shown [16] that surrounding an electrically small dipole an-
tenna with a shell of double negative (DNG) material ( € < 0 and p < 0)
can increase the real power radiated by more than an order of magni-
tude over the corresponding free space case. Studies indeed shown that
this electrically small antenna embedded in a DNG shell acts inductively
rather than capacitively as it would in free space, hence, the DNG shell

could act as a natural matching network for the dipole.

1.4 Numerical methods in electromagnetics

In electromagnetics, the starting point of all treatments are the four
Maxwell’s equations [17], which have to be solved for the corresponding

geometries of the problems. Unfortunately, the majority of structures
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used today are complex enough to prevent their analytical resolution,
and accurate computer-aided analysis and design tools have become es-
sential. The requirements put on these methods are very severe since one
wants them to be very efficient in terms of final results (typically when
compared with measurements) and at the same time, not too CPU and

memory intensive.

1.4.1 Overview of some classical methods
Finite Difference method

One of the very first techniques developed was the Finite Difference
method (FD) [18]. The latter is often referred to as the least analytical
one, since the mathematical processing it requires is minimal. However,
this feature renders this method applicable to a wide range of complicated
structures, as well as to frequency or time domain problems (FDTD) [19].
The overall principle is quite basic, since the idea is to solve a discretized
version of the equation (Maxwell’s, Laplace, wave equation, etc) instead
of the equation itself. Hence, the first step in an FD approach is to de-
fine a mesh over the structure which allows for the expansion of various
quantities (fields, potentials, etc), where derivatives are computed with
the help of finite differences. The resulting matrices contain a lot of ze-
ros, so they are in general inverted using special methods to speed up
the process.

However, in its original version, the method was very inefficient for open
structures, since it required to mesh the free-space region also, leading
to unreasonable computation times. Nowadays, a lot of work has been
dedicated to the investigation of proper absorbing layer conditions [20],
[21], allowing the meshes to be limited to the immediate vicinity of the
structures only. But nevertheless, many designs remain very challeng-
ing for FD methods (e.g. open media which are still better addressed
by other methods), mainly because of the very large mesh they require,
leading to large matrix equations and to excessive computational times.

This major drawback seems to be the price to pay for the versatility of
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the method.

Finite Element Method

The Finite Element Method (FEM) [22] can be viewed as quite similar to
FD methods but including variational features (the problem is in general
replaced by a minimization problem of some functional) and, in general,
a more flexible mesh. The drawback of this method appears again when
applied to open structures since in this case, the region to analyze has
to be truncated. This is not a trivial task since, in some situations, the
fields may be slowly decaying and a bad truncation can result in strong
errors. However, like for FD methods, this point is being extensively
studied in the literature and one way to overcome it is to define proper
absorbing boundary conditions [20], [21].

Mode Matching

As it can be seen, FD and FEM are two methods mainly based on nu-
merical mathematics, in the sense that they approximate the operator of
an equation by its discretized version.

The Mode Matching technique is based on more physical considerations,
taking advantage of some peculiarities of the geometries to analyze. It is
most typically applied to the problem of scattering into waveguide struc-
tures on both sides of a discontinuity. Actually, the name of the method
is self-explanatory since it consists in matching the modes between two
structures, and hence, should be applied to closed environments (where
modes can indeed be defined). To do so, fields on both sides of the dis-
continuity are expanded in terms of modal functions with unknown coef-
ficients, which are then matched by a proper application of the boundary

conditions.

Transmission Line Matrix

The Transmission Line Matrix method (TLM) [23] is conceptually very
similar to the FDTD method. Instead of discretizing the Maxwell’s equa-
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tions, an equivalent array of short transmission lines is used. This method
is usually applied in the time domain, where the field problem is con-
verted into a network problem in which the physical characteristics are
matched onto electrical constraints (e.g. electric walls correspond to
short- circuits and magnetic walls to open-circuits). Notice that after
the time domain response has been obtained, the frequency domain one

can be retrieved by a simple Fourier transformation.

Method of Moments

In the framework of this thesis, our main concern is to deal with open en-
vironments such as antennas or antenna arrays radiating into free-space.
Thanks to the versatility of FD and FEM, such structures could be ad-
dressed by these two methods. The periodicity of the structures can be
taken into account with the help of appropriate periodic boundary con-
ditions applied to the fields on each side of the unit cell of the periodic
structure. However, in order to avoid the heaviness of FD or FEM, re-
searchers have built other techniques best suited for these media, based
on more physical considerations. One of these techniques is the Method
of Moments [28], used to solve integral equation formulations. Our ap-
proach is based on this method and the surface equivalence principle,
where the fields are replaced by unknown equivalent electric and mag-
netic currents. Only surfaces need to be meshed (i.e. interfaces between
different homogeneous media) instead of a whole volume, and this leads
to less unknowns when compared to FD or FEM. This method will be
described in details in Section 2.2.1. The periodicity of the structure can
be taken into account with the help of periodic Green’s functions, which
are nothing else than a description of the fields radiated by a periodic

array of point current sources (cf. Section 3.1).

1.5 Qutline of this thesis

A description of our MoM simulation code will be given in Chapter 2.

This description will be of tutorial nature. Before going deeply into the
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details of the numerical simulation code, general properties of electro-
magnetic fields will be recalled, such as the relations between fields and
sources, the boundary conditions and the equivalence principle. Then
the basics of the Method of Moments are explained, and it is shown how
it can be used to solve the integral equations involved in scattering prob-
lems including metallic and dielectric objects. The integral formulations
used to this purpose, respectively the EFIE and the PMCHWT approach
are also explained. Finally, the accuracy of the code on finite structures

is demonstrated on several validating examples.

Chapter 3 deals with infinitely periodic structures. Solving prob-
lems that involve large periodic structures such as metamaterials can be
excessively time-consuming because of the large number of unknowns in-
volved and the infinite-array approximation provides, in most situations,
good estimates of the behavior of the fields in such structures. In in-
finite arrays, the periodicity is accounted for, thanks to the use of the
periodic Green’s function. Hence, this periodic Green’s functions is first
introduced, as well as efficient computation techniques for it and for its
gradient. The infinite-array code is then validated on an example con-
sisting of a self-complementary antenna array. Then, several applications
of infinite-array simulations are shown, such as the computation of trans-
mission and reflection properties of infinitely periodic structures. It is
then shown how ohmic losses can be taken into account in the MoM sim-
ulation and the proposed approach is validated in the case of an infinite
array of TEM horns. This validation is based on energy conservation.
When dealing with metamaterials, one often needs to compute the re-
sponse of a periodic structure to a non-periodic excitation. A way to
achieve this is to resort to the so-called “Array Scanning Method” which
is introduced in Section 3.6. An elegant convergence criterion, based on
infinite array radiation pattern, is also proposed for the ASM. Then, the
simulations involving dielectrics are validated on an infinite-array of di-
electric spheres. To our best knowledge, our implementation is the only
one for this kind of problems. Several ideas ensuring its efficiency will

be discussed.
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Finally, the last section of this chapter is dedicated to finite-by-infinite
array simulations. In large arrays, the couplings between elements can
be very strong, and the elements near the edges of the array can exhibit a
strongly deviating behavior with respect to elements further inside that
behave almost as if they were in an infinite-array. A first step in the
prediction of the effects of truncation is to consider structures that are
infinitely periodic in one direction and finite in the orthogonal direction.
The basics of finite-by-infinite array simulations are first recalled and a
fast iterative solution of the system of equations is presented. Then the
application to the array truncation analysis is discussed and it is also
shown how the Array Scanning Method can be used to estimate the ele-
ment patterns of any element of a finite array. Finally, the application of
the singly periodic Green’s function to the analysis of infinite dielectric

objects is presented.

Chapter 4 descibes how the dispersion curves of periodic structures
can be computed numerically with our MoM code. This requires an effi-
cient extension of our Green’s function formulation to 3D periodic struc-
tures. The knowledge of these dispersion relations can be very helpful in
the design of metamaterial based antennas. The computation technique
is then demonstrated on the analysis of wire media. It will also be shown
how, thanks to the computation of these curves, we were able to pre-
dict surprising properties for waveguides filled with wire media, such as
the propagation of waves below the cut-off frequency of the fundamental

mode.

Finally, Chapter 5 is dedicated to the application of all the previously
mentioned techniques in the design of high gain antennas based on meta-
materials. Two particular cases will be presented. The first one consists
of a metallic EBG structure that exhibits a low refraction index and is
used to collimate energy of a primary source. Then, the second example
is about FSS superstrates creating some sort of Fabry-Perot resonator
used to increase the gain of a slotted waveguide. For this second exam-
ple, an efficient design method based on the separation of the structure

in two different problems (one interior to the waveguide and an exterior
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one consisting of the superstrate) is proposed. In this method, the elec-
tric field in the slot is replaced by equivalent magnetic currents, and this
allows fast separate optimizations of the radiation pattern and the input
impedance, respectively in the exterior and interior problems.

Conclusions are then drawn in Chapter 6.



MoM based numerical
simulation code

2.1 General relations between fields and sources

2.1.1 Fields radiated from sources

Maxwell’s equations describe all classical electromagnetic phenomena
and are expressed in the frequency domain as follows.

VxE = —jwuH (2.1)
VxH = J+ jweE (2.2)
V.-E = %p (2.3)
V-H = 0 (2.4)

In this work, media in which propagation is considered are homogeneous,
i.e. the electric permittivity ¢ and the magnetic permeability u are as-
sumed to be constant, or at least piecewise constant when working with
homogeneous dielectric objects. In order to evaluate fields from sources,
it is convenient to work with electric and magnetic potentials rather than
the E and H fields themselves. Two of Maxwell’s equations allow us to
introduce these potentials, then the other two, written in terms of these
potentials take the form of a Helmoltz equation. The divergenceless B
implies the existance of a vector potential Asuchas B =V x A. Hence,

Eq. (2.1) can be written as:

V x (E 4 jwA) =0 (2.5)

19
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Then, the curl-less quantity E+ jwff can be represented as the gradient

of a scalar potential ¢:
E+ jwA =—-V¢ (2.6)

Hence the fields are obtainable from these potentials by

E = —V¢—jwl

B = Vx4 (2.7)
The potentials A and ¢ are not uniquely defined. To ensure the unique-

ness of these potentials, it is customary to impose the Lorenz condition:

V- A= —jweud (2.8)

Then we can use egs. (2.7) and (2.8) in the remaining two Maxwell’s
equations.

-,

V-E = V(-V¢—jwA)

= —V¥—jwV.-A
= —V?¢+ j2wPeud
= —V¢—Fk¢

Using the third Maxwell’s equation (2.3), we obtain the Helmoltz equa-

tion for the scalar potential ¢:

V2 + k¢ = —é (2.9)

And similarly,

-, -,

VxB—jwuD = Vx (VxA)—jweu(—Veo — jwA)
= V x(VxA)+ jweuVe — w?eud
= Vx(VxA) -V -V-A-KA
= —V2A-k*4 (2.10)
Using the second Maxwell’s equation (2.2), we obtain the Helmoltz equa-

tion for the vector potential A:

VIA+ kA= —uJ (2.11)
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Solving the Helmoltz equation yields the expressions for both scalar and

vector potentials in terms of current and charge densities J and p

N ,—jkR
p(r) = /V p(:)eMR av’ (2.12)
o . —jkR
Ar) = /V ) eav (2.13)

With R = |r — 7’|, the distance between observation and source points.

These solutions may be written in the convolutional form:

o) = [ e - av (2.14)
i) = / TG — )V (2.15)

where G/(r) is the Green’s function for the Helmoltz equation:
V2G + K2G = —6(x)3(y)5(z) and G(r) = 64_:; (2.16)

With the help of the Lorenz condition the fields can be expressed com-
pletely in terms of the vector potential. Indeed, from (2.6) and (2.8) we

get
—1

Jwep
Replacing this expression for the scalar potential in (2.6) finally yields

V¢ = VV-A4

the expression for the electric field.
1

E = —jwff—l— - VV-A
JWep
1 . .
= —(—j*w*eupAd+VV - A)
Jwep
1 2 -
- (L A+VV.-A)
JWEN ¢
1 - .
= —(K*A4+VV-4) (2.17)
Jwep

Where k = % represents the free-space wavenumber. To summarize, with
A(r) computed from Eq. (2.13), the E and H fields are obtained from
. 1 - -
E = —(K*A+VV-A) (2.18)
Jwep

lyxi (2.19)
W

T
I
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2.1.2 Magpnetic sources and duality

In addition to ordinary electric charge and current densities p and f,
we can also consider magnetic charges and current densities p,,, and M.
Although the latter ones are fictitious and have no physical existance,
they prove to be very helpful in some circumstances such as the study of
aperture problems or scattering by dielectric objects. Introducing these
new sources in Maxwell’s equations leads to the so-called generalized

form of Maxwell’s equations:

VxE = —M - jwuH (2.20)

VxH = J+jweE (2.21)
. 1

V-E = —p (2.22)
. 1

There is now complete symmetry, or duality, between the electric and
the magnetic quantities. The solution of this new set of equations is
obtained in terms of the usual scalar and vector potentials ¢ and A, as

well as two new potentials ¢,, and A,,.

b (7) = pm—(ﬁ)a(f— )dV’ (2.24)
v

An(@) = | eM()G(F - r')dV’ (2.25)
VI

¢m is called the magnetic scalar potential and A, the electric vector

potential. Hence the new expressions of E and H fields are now:

E = —V¢—jwA— %v X Am (2.26)

=]l
I

. 1 o
Vo = jwhn + x 4 (2.27)

Using the Lorenz condition (2.8), the scalar potentials may be eliminated
from these expressions as in Eq. (2.18) and (2.19). This yields the fol-

lowing expressions for Eand H , depending only on electric and magnetic
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vector potentials:

L 1 o - 1 -

E = —(K*A+VV-A) - -VxA4, (2.28)
JWEN €

e ]. - — ]_ —_

H = —(k*4,+VV-4,)+-VxA (2.29)
JWEL 1%

Using the expressions (2.15) and (2.25) for the vector potentials, the
fields E and H can also be expressed directly in terms of the source
currents J and M:

27 ST - > W
B / FIEVY: TG =) =M x VG~ r)dv’ (2:30)
VI

Jjwe
. k2T - S -
A= / I+ VY [M G(F— r')] + T x VIG(7 — )V’ (2.31)
r jwu
Where T is the identity matrix. These last expressions will be particularly

useful in the development of the Method of Moment simulation code.

2.1.3 Boundary conditions

Maxwell’s equations allow the computation of fields in homogeneous me-
dia. In such media, fields as well as their first and second derivatives are
continuous. However, in order to determine the fields behavior at the
interface between two media with different electromagnetic properties,
these equations must be completed with boundary conditions along the
interface. These boundary conditions express the field discontinuities in

terms of surface currents and charge densities as follows:

ax (HY —H®) = J, (2.32)

ax (EW —E®) = —M, (2.33)

no(BO g2y = L, (2.34)
€

i (A A = (2.35)

Where 7 is the unit normal at the interface between media 1 and 2,

pointing towards the medium 1.
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E;H EiH ﬁ_nE/‘n

Zero Field

. Figure 2.2: Surface currents pro-

Figure 2.1: Volume V containing & p
duce the same field external to S

some sources and bounded by S. .

as do the original sources.

2.1.4 Field equivalence principle

The Field equivalence principle [24] is at the heart of the MoM simulation
and is recalled in this section. Many source distributions inside a given
region can produce the same fields outside that region. Two sources
producing the same field within a given region of space are said to be
equivalent within that region. When we are interested in the field in a
given region of space, we do not need to know the actual sources. Equiv-
alent sources will serve as well. A simple application of this principle is
depicted in Figs. 2.1 and 2.2. Fig.2.1 shows a volume V bounded by a
closed surface S and containing electric and magnetic sources that pro-
duce electric and magnetic fields E and H inside and outside the volume
V. A problem equivalent to the original problem external to S can be set
up as follows. Let us assume that the original fields exist external to S
but null fields internal to S. To support this field, boundary conditions
on S imply that there must exist electric and magnetic surface currents

J, and M, on S expressed as

=

J,=nxH and M,=—-nxE (2.36)

where 7 points outward V, E and H are respectively the original electric
and magnetic fields along the boundary S. Fields outside V' can be de-
termined from these surface currents and, from the uniqueness theorem,

we know that those fields are the originally postulated ones.
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Figure 2.3: Volume V containing

all the sources and bounded by Figure 2.4: Sources outside the

S. volume V.

2.1.5 Kottler’s formulas and the surface field equivalence prin-
ciple

The field equivalence principle can also be demonstrated mathematically
starting from Kottler’s formulas which in turn are obtained from the
vector Green’s second identity [25]. The Kottler’s formulas [25] allow
the electromagnetic field to be calculated at any point of a volume V,
containing a homogeneous medium, from the volumic source densities J,
M , p, and pp,, and from the values of the fields on the boundary S of V
(Fig. 2.3).

A7) = / (—jwpG i — M x V'G + 2V'G) dv
Vv €

—

- / [—ij(ﬁ x H) + (A x B) x V'G + (A - E)V'G] S (2.37)
S

where G(R) is the free-space Green’s function with R = |7 — |, 7 is the
observation point and r , the integration point.

If one is interested in the fields outside the volume containing the sources,
these formulas can still be used, assuming that surface S, volume V and
the normals are defined as in figure 2.4. In this case, there are no sources
within V and the volume integral vanishes. Moreover, if S,,; recedes to

infinity, the integral over Sy,; tends to zero. Hence Eq. (2.37) becomes:

A7) = / [~jwnGix A) + (A x B) x V'G + (- B)V'G] ds
Sin
(2.38)
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It is more convenient to work only with tangential components of the
fields, and it can be shown that (Appendix C):

/ (- E)V'G dS = jﬁvv [ (A x H)G dS (2.39)
S S

Hence, equation (2.38) becomes
E(7) :/ [—jqu(ﬁxﬁ)+(ﬁxE) x V'G
Sin

+Lyv. ((ﬁ x ﬁ)G) ]ds (2.40)

Jwe

The electric and magnetic fields along S can be replaced by equivalent

magnetic and electric currents respectively. These currents are defined

as:
Jog = fxH (2.41)
M, = -axE (2.42)
and (2.40) finally reads:
, k2T _— .
B = / MITVV: 7 G- N, x V'G] is  (2.43)
Sin Jwe

It can be shown, thanks to the symmetry of generalized Maxwell’s equa-
tions, that the H field reads:

Egs. (2.43) and (2.44) are obviously equivalent to egs. (2.30) and (2.31)

where real source currents J and M would have been replaced by equiv-

Jﬂqu + g x V'G
W

2:
k Ij+ ds  (2.44)

alent surface currents Jgq and M.

2.1.6 Note on the surface fields

We showed that eqs. (2.43) and (2.44) can be used to compute fields out-

side any volume V containing any source distribution under the condition
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that the surface S bounding V' supports equivalent electric and magnetic
currents defined in egs. (2.41) and (2.42). However, if one is interested
in the value of the fields on S, those integrals exhibit a discontinuity. To
solve this problem, we use the following mathematical theorem (demon-
strated in [25]), holding for any vector /T, S being a closed surface with
exterior normal 7, G is the free space Green function and 75 is a point

on S:

+ [(ﬁ(r’) x A(r1)) x V'G(7s, ) + (A(r) - A’(ﬁ))v”'c;(rg,ﬁ)]ds
(2.45)

with the negative sign if 7s is approached from the inside and the pos-
itive sign otherwise. And { stands for principal value integration. The
resulting integral over S is a principal value integral or Cauchy integral
because it presents a singularity at the coordinate 7 = 7s. This prin-
cipal value integral excludes the integrand over an infinitesimal surface
element supporting the singularity. The numerical integration of such
integrals will be discussed later. Applying this theorem to Eq. (2.38),
and considering that 7 approaches 7s from outside, we finally get for the
electric field on S:

, KT+ VV- - . i x M
Sin Jwe 2
and similarly for H:
_ k2T . . i x
H(7s) = ][ ﬂMqu + Jeg x V'G | dS — DX 2ea (47)
Sin Jwp 2
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2.2 The Method of Moments

2.2.1 Principle

The Method of Moments (MoM) [28] is used to solve equations of the
form:

Lf=g (2.48)

where L is a linear integro-differential operator, g is a known excitation
and f is the unknown function to be determined. The steps to solve
equation (2.48) with the MoM are:

1. Choose a set of N expansion functions f, and let f be expanded

in a series of these functions:
f = Z anfn (2'49)
n

where «a,, are constants and the f, are called basis functions.

2. Choose a set of N weighting functions w,, and define a suitable
inner product < .,. > for the problem. w,, are also called testing

functions.

3. Take the inner product of Eq. (2.48) with each testing function.

Zan < Lfp, Wy >=< g, Wy, >

n

This yields a system of N equations with N unknowns «, that can be

written in matrix form:

[Zmn]lan] = [gm]
where

<Ef1,w1> <Ef1,w2> a1l
[Zmn] = < ﬁfz,’wl > < ﬁfQ,’wQ > .. , [an] = Qa9
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< g, w1 >
[gm]: <g, w2 >

If the matrix [Z,,,] is not singular, the unknowns «,, are simply given
by:
[on] = [Zmn]_l[gm]

and the unknown function f can be reconstructed using Eq. (2.49).
The convergence of the MoM is closely related to the choice of basis func-
tions and, although to a lesser extend, to the choice of testing functions.

There are essentially two families of basis functions:

Entire domain basis functions: using these functions to expand the
unknowns is analogous to a Fourier expansion or to a modal ex-
pansion. These types of functions yield a good convergence of the
method but are not versatile since the geometry need to be regular
in order to have the modes defined. Note that in this case there is

no need to mesh the geometry.

Sub-domain basis functions: they rely on a proper meshing of the
geometry, which can be rectangular, triangular, etc. The choice
of basis functions is here very wide, from Dirac, pulses , piecewise

linear, higher orders, etc.
There are also two popular ways of choosing the testing functions:

Point matching: w,, = 6(F — 7),). In this case, Eq. (2.48) is exactly
enforced at m points 7,. It leads to a relatively simple evaluation of
the inner product and to a rapid building of the impedance matrix,
but generally leads to less accurate solutions that are very sensitive
to the choice of the m points and the convergence of the MoM may

not be optimal.

Galerkin testing: w,, = f;;. The testing functions are the same as
the basis functions. With this choice Eq. (2.48) is enforced in an
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Figure 2.5: Geometry of the Figure 2.6: Geometry of the
RWG basis function. rooftop basis function.

average sense over the subdomains in which the N basis functions

are defined.

2.2.2 Discretization: RWG and Rooftop basis functions

As shown in the previous section, in order to solve numerically the inte-
gral equations with the Method of Moments for any geometry, one first
needs to discretize the surface in small non-overlapping sub-domains on
which equivalent currents will be approximated. A very popular dis-
cretization is made of triangles, but in order to reduce the number of
unknowns, we chose to include also the possibility to use rectangular
subdomains (or parallelograms). Moreover, using rectangular shaped
subdomains allows in some cases a better precision in current approx-
imation because using rectangles sometimes allows to account for the
symmetry in the simulated geometries. The meshes of the structures are
generated by Gmsh [29], a three-dimensional mesh generator. A basis
function will be associated to each interior edge of the discretization (i.e.
not the boundary edges) and is to vanish everywhere except in the two
facets attached to that edge. In the case of triangular facets, we used the
well known Rao-Wilton-Glisson basis functions (RWG) [30], and for rect-
angular sub-domains, the Rooftop basis functions. These basis functions

are defined as follows:



2.2. THE METHOD OF MOMENTS 31

Figure 2.7: Illustration of vector fields defined in RWG and rooftop basis

functions.

Figure 2.8: Metallic object surrounded by an imaginary closed surface

pr /Rt if s in ST
fa(™) =< pn /by ifFisin S,
0 elsewhere
and are depicted in Figs. 2.5, 2.6 and 2.7. Note that hybrid basis func-

tions are needed for edges belonging to both triangular and rectangular

facets.

2.2.3 Scattering by metallic objects: solving the EFIE

In order to compute the scattering by a metallic object, the surface equiv-
alence principle can be used. The body is then removed and replaced by
fictitious electric and magnetic currents flowing on a surface S enclosing
the object (Fig. 2.8). The knowledge of these currents is sufficient to
compute all the scattered fields. The problem can be simplified if the

surface S is taken infinitely close to the metallic surface. Indeed, if ohmic
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losses are neglected, in that case the boundary conditions along S are

those applicable at the surface of a PEC object:

A x B =0= My, (2.52)
ax H=J=J, (2.53)

The tangential electric field along S is null as well as the equivalent mag-
netic currents and one only need to solve for equivalent electric currents
which in this particular case will correspond to physical currents flowing

on the metallic surface. Hence, Eq. (2.46) simplifies to:

B = j% [ (K276 +vv-(JG)| ds (2.54)

Where the equivalent magnetic currents are omitted. In the more general

case where there would be an incident electric field E;(7) on the structure,

this equation can be rewritten:
. . 1 - -
E() = Ejf)+— / [kQJG +VV- (JG)] ds (2.55)
Jwe Jg
= Ei(7) + Ey(7) (2.56)

Where E,(7) is the scattered electric field.
By enforcing condition (2.52), we obtain the electric field integral equa-
tion (EFIE):

A x Ey(7) = —h x E;(7) (2.57)

which can be rewritten:
]. — —_ -
 Ax / [kQJG +VV- (JG)] dS = —i x By(7) (2.58)
Jwe S

To solve this equation, the unknown surface currents J are dicretized

using N weighted basis functions and can be written:
N
J® =3 aidi(?)
i=1

In order to get N equations, the testing procedure consists of enforcing

the boundary conditions in an average sense by taking the dot product
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of both sides of Eq. (2.58) with N testing functions w;(7):

[ i) B0 = - [ ) B

S S

In the Galerkin testing procedure, the testing and basis functions are the
same : w;(7) = fj(f'), and we get N linear equations with the unknowns
a;:

1 & , = - -
Ly / T (RT+VV) / J(7)G(R)dS'dS = — / Ji(7) - By(7)
Jwe = Js s s

(2.59)
with j = 1...N.
Note that the cross-product with the unit normal 7 is no longer necessary
as the normal component of fields is automatically omitted thanks to the
dot-product with testing functions. One should also notice that, in the
case of thin PEC structures, the computed current implicitly is the sum

of currents on both sides of the metallic sheets.

Computation of the impedance matrix elements

Using Eq. (2.59), one can see that the MoM impedance matrix elements

can be computed as follows:

1 - = -
Zomn = — | Jm - (K*T + VV-) / J,G(R) dS'dS
JWwe Jg St
Where J—;z are the basis functions and fm, the testing functions.
By distributing the VV- operator on the basis and testing functions, this

expression can be rewritten:

T = - [ /S /S (R = (V)9 7)) G(R)ds'ds] (2.61)

0 T
Jwe
where V- J,, =V - J, =2 /h for triangular basis funtions and V - T =
V-J, =1 /h for rectangular ones. h is the height of the basis functions,
as shown in Figs 2.5 and 2.6.

Details on how to obtain this expression can be found in Appendix B.
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Figure 2.9: Schematic view of a basis function supporting a delta-gap

excitation.

Computing the excitation vector

Delta-gap excitation: Right member of equation (2.59) is nul every-
where except for the basis function supporting the delta-gap. So
the excitation vector has only one element that is non zero, the ele-
ment corresponding to the basis function supporting the delta-gap.
The electric field along the basis function supporting the delta-gap
(cf. Fig. 2.9) writes:

Ei(z) = —V¢(z) = —6(x)

hence
L. W  pL/2
Im = —/ E;-J,dS = —/ / —Jm(2)0(z)dz dy
m 0o J-rs2
= WJm(O)
= W

Where S, is the surface of the m'? basis function.

Plane wave excitation: In this case, all the elements of the excitation
vector must be computed. Assuming an incident plane wave coming

from the direction (6, ¢), the incident electric field writes
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Where k is the wave vector for the incident wave:
- 2w, . . .
k= 5% ( sin @ cos ¢, sin @ sin ¢, cos 0)

Hence, assuming that the amplitude of the electric field is |E0| =

1 V/m, the elements of the excitation vector are:
Gm = —/ elk T €p - fm ds
Where €, is the polarization of the electric field.

2.2.4 Scattering by dielectric objects: PMCHWT formulation

The body is removed and replaced by fictitious equivalent currents on
the interface [24]. These equivalent currents are expressed respectively
as J = it x H and M = —ii x E, where 7 is the unit normal pointing
outward the object and E and H are the electric and magnetic fields. The
knowledge of these currents is sufficient to compute the fields scattered
by the object. They can be determined by ensuring the continuity of
scattered fields at the object surface. Assuming incident fields E',-m and

H;pc, the fields outside the dielectric body computed from equivalent

currents are written:

Bou(7) = Bl + |

|:k§ut + VV' =
S

- (JGout)—]V[xV’G’out] ds (2.62)

|:kgut + VV'
J Whout

o) = Fine?) + [

(MG ) + J x V'th] ds (2.63)
S

Where J and M are the unknown equivalent electric and magnetic cur-
rents, S is the interface between the dielectric body and the outside
medium, and G,y is the free-space Green’s function for the outside

medium. Inside the dielectric object, fields are expressed as:

2 .o .
Em(’l:') = —/ [M(JGM) — M x V,Gm dsS (2.64)
S

JWEin
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3} K2 L 3
() = — /S [%(Mam) TV Gim|dS  (2.65)
m

The negative sign in Eq. (2.64) and (2.65) is due to the fact that equiv-
alent currents, as seen from inside the dielectrics, have an opposite sign
to those seen from outside. G;, is the Green’s function for the medium
inside the dielectrics. One should recall that when fields are evaluated on
the surface of the dielectric body, the integrals involved in Egs. (2.62) to
(2.65) are singular and must be evaluated as in Eqgs. (2.46) and (2.47).
These two set of equations are then completed with the boundary con-
ditions enforcing the continuity of tangential fields along the surface of

the dielectric object.

7t X Ejp = 71 X By (2.66)
7t X Hyp =7 x Hyyy (2.67)

Introducing Egs. (2.62) to (2.65) in these expressions yields the integral

equations for the electric and magnetic fields::

S 2 I 7 -
7 (En 4 kil +VV: / G Jis + Foul +VV: / Gour JdS
JWein JWeout
— ][ M x V' (Gin + G(mt)dS) =0 (2.68)
s
. B2 T : - k2 T : .
7l X (Hinc + M GinMdS + M G ot MdS
JWhin S Jwﬂout S
+ ][ J x V'(Gin + Gout)d5> =0 (2.69)
s
Computation of the impedance matrix elements
Let us define
. B2 T : .
7 = _FnltVV: / GinJdS (2.70)
JWEin S
. k2T . .
B = KT + VY- / Gt JdS (2.71)
JWeout S
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the electric field inside and outside the dielectric object radiated by elec-

tric currents and
EM = ][ M x V'GindS (2.72)
S
EM = —][ M x V'GyidS (2.73)
S

the electric field inside and outside the dielectric object radiated by mag-
netic currents. And similar definitions for the magnetic field:

H = - ][ J x V'GindS (2.74)
S
H, = ][ J X V'GoyydS (2.75)
S
o k2T . -
fy = faltVV: / GinMdS (2.76)
JWhin S
. k2T : .
Hyy = ———— VY / GourMdS (2.77)
JWHout S

Eqgs. (2.68) and (2.69) can be rewritten:

i x (Bf+ By — B — BM) = =i x Bye  (278)
i x (A + By~ A, BY) =~ x Hipe  (279)

These equation are tested by taking the dot product with testing func-
tions J,, and omitting the cross product with the normal 7, which is no

longer necessary.
/ (Bl + By — By — BY) - TondS = — / Bine - JndS  (2.80)
s s
/ (ﬁgut + ﬁ%ﬁ - ﬁz{z - ﬁ%) ' jmdS = _/ ﬁmc . fmdS (2.81)
s s

If the object’s surface is discretized using N basis functions for electric

currents and N for magnetic currents:

N

J = o (2.82)
n=1
N

M = Y oM, (2.83)
n=1

(2.84)
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This procedure yields a set of 2N equations that can be put in matrix

form. The impedance matrix has now 4 distinct blocks:

ZEJ ZEM
[Zmn] = HJ r7HM
Z Z

The elements in the EJ and HM blocks are similar to those of the
impedance matrix for a metallic object and can be computed as described
in Section 2.2.3.

25 = [ Bh— Bl Tuds

2:

2 T . -

- / [kn YV [ G dids!
S

jwem S’
K2 T : . .
4+ Foul +VV- GoutJndS'] - JpdS (2.86)
JWe€out S’

ZHM /S (BM, — @M. J.dS

mn
2:
2 T ; .
B / [kn YV [ G dids!
S

JWihtin S’
k2T : - -
+ W;TJFTV GoutJndS’] - JdS (2.87)
ou S’

—

z5 = [ (B~ BN Tuds

_ /S ]élfnxV'(Gm—l-Gout)dS'-fmdS (2.88)
28 = [(ha= ) Tuds

_ /S ][,va'(a,-ﬁ(;out)ds'-fmds (2.89)

Striking is the fact that the integrals involved in EJ and HM blocks of
the impedance matrix are almost identical as well as those in EM and
HJ blocks.

The vector of unknown currents is organized as follows:

OéJ
[an] = < oM )
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J is a vector with unknown electric currents and o™ with un-

where «
known magnetic currents. The excitation vector contains the impressed

FE and H fields on every basis functions.

E
[9m] = ( :H )

2.2.5 Evaluation of the integrals, treatment of singularities

As seen in the previous section, the computation of the MoM impedance
matrix elements requires the evaluation of several surface integrals. These
can be carried out with the help of numerical methods called quadratures.
They consist of approximating the integral over a domain S by a summa-
tion of integrand samples. Each sample point has a weighting coefficient

associated with it.
/S e dy ~ 8 S wif (ws,0) (2.90)
%

Where S is the area of the domain, N is the total number of integrand
sample points and w; is the weighting coefficient associated to the sample
point (z;,v;). In our case, these quadratures are performed over trian-
gular and rectangular domains, respectively for RWG and Rooftop basis
functions. For triangular domains, Dunavant [32] quadratures are used
and Gauss-Legendre quadratures for rectangular domains.

However, the presence of the Green’s function G(R), in the integrand
way cause numerical problems when the point samples on the basis and
testing functions are close from each other (R is then close to zero). In-
deed, as shown by Eq. (2.91) the real part of the Green’s function exhibit
a 1/R singularity at the origin.

o JkR
GER) = 4R
1 1 i k? K3 2 4
_ E<E—]k—7R+JFR +O[R ]) (2.91)

Moreover, when dealing with dielectric objects, the gradient of the Green’s

function appear in the integrals of the PMCHWT formulation (Section
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Figure 2.10: Amplitude of the Figure 2.11: Amplitude of the

free-space Green’s function (A = free-space Green’s function with
1 cm). 1/R singularity extracted (A =1
cm).

2.2.4). And this gradient contains a double singularity at the origin. One
behaves also as 1/R and the other one as 1/R3, as shown by Eq. (2.92).

1—34 —JjkR _,
(1 - jkR)e™ ™" »

AT R3
1 /1 K1 K K o\ 2
= —|=+=s—-F-—— 2.92
4W(R3+2R i 8R+O[R]>R (2.92)

The integrals involved in the MoM become very difficult to evaluate ac-
curately on a domain in which R is small because of the steepness of the
Green’s function and it’s gradient around R = 0. An elegant approach
to overcome this problem is to perform the extraction of the singulari-
ties. These singularities are substracted from the Green’s function and
its gradient before the numerical integration. They are then integrated
analytically over the basis function, and numerically over the testing

function.
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The 1/R singularity

As shown by Eq. (2.61), the elements of the MoM impedance matrix are

written as follows:
Znm = / / f(7MG(7,r)dS'dS (2.93)
S i

where f(7,r) = L. (k?Jm T = (V- T (V- Jn)).
The principle of singularity extraction is to decompose this integral in
two parts : a first one I g in which the singularities have been extracted

and a second one Ig containing the singularities.

Zyn = Ins + Ig
- - 1 - 1
— = ol = ol ! - 7 !
—/S/lf(r,r) [G(r,r) —47rR] deS+/S S,f(r,r)—47TRdeS
(2.94)

-

Where R = |7 — r'|. The first term (Iys) can now be easily evaluated
numerically with a very good accuracy. Depending on the actual (small)
value of R it might be preferable to use a Taylor approximation of the
Green’s function (cf. Eq. 2.91) in this term in order to avoid substracting
huge numbers. The inner integral of the second term Ig will be evalu-
ated analytically over the basis function Jy,(r') and the result is then
integrated numerically over the testing function Jy,(7). Looking at the
expression for Ig, one can see that two different analytical integrals must

be computed:

1.

/S , ﬁds’ (2.95)

/S | 4?;{(15’ (2.96)

The analytical expression for the first integral (2.95) over polygons can
be found in [33] under the form of line integrals. The second expression

(2.96) however needs a little rewriting depending on the type of basis
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SQ.
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Figure 2.12: Current in triangu- Figure 2.13: Current in rectan-

lar basis functions. gular basis functions.

function. In the case of a triangular basis function, the basis function is
expressed as follows (cf. Section 2.2.2):
g
2 3 —p
Jn(r,) = p h 0
Where p_7 is the projection in the plane of the basis function of the vector
r' where the current is computed, /;70 is the projection of the vector
pointing to the origin of the basis function (triangle summit) and h is
the height of the triangle (cf. Fig. 2.12). Hence, expression (2.96) can

be rewritten:

fn ! 1 /,0_;_/;;0 !
ds' = ds
Sl47TR 47Th S’ R
1 f;;_ﬁ ! 1 /ﬁ—ﬂ_;o l
= as'+ — | o9
47Th S! R +47Th S’ R
1 [ p—F ﬁ—ﬁ'o/ 1w
= — [ E_Lfge4 E_LO0 [ —g49 (297
47rh/5, B S o JoR (2:97)

The expression for [, %EdS' can also be found in [33].
A similar derivation can be done in case of rectangular basis function.
Assuming for the sake of simplicity that the rectangle has its edges par-

allel to z and y axis, the current is expressed (Fig. 2.13):

-
!
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And expression (2.96) can be rewritten:

Jn 1 Pe—Po
s’ = 2P0z g
s’ AR 4mh S’ R
1 p_7x — ﬁm ! 1 / p_'m - p_;O
= ds Zds’
4mh /S’ R + dmh S R
1 p_7$ — ﬁw ! ﬁz — p_;Oa: 1 !
= ds —dS" (2.98
4rh /l R + Arh S’ R ( )

where the subscript £ means that only the £ component of the vector is

concerned.

The 1/R3 singularity

As previously mentioned, when dealing with dielectric objects the gra-
dient of the Green’s function appear in the integrals of the PMCHWT
formulation (Section 2.2.4). And looking at the expression (2.92) of this
gradient, one can note that in addition to the 1/R type singularity, a
1/R? singularity now also needs to be treated. In the case of triangu-
lar basis functions, this can be done by using similar techniques as for
the 1/R singularity and the analytical expression for the two following
integrals (2.99) and (2.100) can be found in [34].

1
—dS’ 2.99
[ o
P =0
ds 2.100
g R3 ( )

However, the case of rectangular basis functions cannot be found in the
literature and is treated as follows:

The integral that needs to be computed analytically reads:
I= [ V'GF ) x J(r") dS' (2.101)

Where the current in a rectangular basis function can be written (cf.
Fig. 2.14):
(@ (' — 1)) (2.102)
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Figure 2.14: Definitions of the origin 7 of the basis function, the unit

vector % and the point r’ where current is evaluated.

Eq. (2.101) can then be rewritten:

L[ —(1+jkR)eTIME ;
I= / d+ ]g‘z)e (Rxa)(a- (7 — 7)) dS’
SI

= _ 2 2 L
:ax/ %((1 + jkR)e IR — (14 kQR ) (@ (! — 1)) dS'
S/

~ J

Inys : Non Singular

D 2 P2
+a x/ B "By @ ¢ - 7)) ds' (2.103)
<R 2

~ J

-~

Is : Singular

The first integral Iy in Eq. (2.103) is non singular and can be computed
numerically. However, the second one, Ig, must be computed analyti-
cally.

The vector ' — r',, can be decomposed as follows:
r—rly =" =7+ (F—1"p)

Where 7 is the observation point.

Then, noticing that

= —V'l and =V'R

L
R3 R

=] =]
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The singular integral I can be rewritten:

R K [ R -
Io = @ A r N 1t ! o (= 7
s ux[/S’deS+2/IRdS](u (7 —1"m))

- -

I Ip)
2
+ﬁx[—/(V%ﬂwUl4md9+%- (V'R) (- (7 — 7)) dS
J 7 R Sl ,,
7 i
(2.104)
Let us define
Zn = [(F—1'm) - Rg) s (2.105)

Where 715 is the unit normal to the plane of the half basis function.

—y

Hence, Z

n 1s a vector normal to the plane of the half basis function and

joining this plane to the observation point. Then, the vector R can be

decomposed as follows:

And the integral Tj in (2.104) can be computed as:

. R p—p q/ 1
L= =d¥ = ds'—z, | = ds' 2.1
. /SIRg s / L dS' 5 [ gz as (2.106)

Where, as already mentioned above, the two integrals in the right mem-

ber can be found in [34]. Similarly, I is computed as:

- _ [ R P =0 1
L= [ =ds z/ —=ds' -7 / — ds' (2.107)
o R s R "Jo R
And the two integrals in the right member can be found in [33]. Let us
now concentrate on the two remaining integrals, I, and I,. It can be

shown (cf. internal note by C. Craeye) that:

1 1 1
! ! =
V _Fl = VS_ — Zn—3
and
1

V'R= V4R~ 7
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Hence, I—:l can be rewritten as follows:
I, = (a7 ds' + z, L a7 s’
o= [ o) @ -0) ds' 5 [ (a7 )
- (rf — 1 -
#W(%) 45 /,EV'(@'(T’—F?) ds’

~

Will be zero after cross-product with 4

-

..
+zna-/ " T

=S fi- / Rtz T, (2.108)
as: R

7 i

-

I3

Where the index ¢ in the summation relates to the edges 9S; of the
rectangular surface S’ and #; is the unit normal to this i** edge, in the
plane of the surface and pointing outward. In a similar way, it can be
shown that:
Iy=> - | RRdl—Zy-I (2.109)
i

as!
——

-

n

It can then be shown (cf. internal note by C. Craeye) that these line

integrals can be computed in the following way:

[ = l;(R} — Ry) (2.110)
. +° _p?
[ = li(u> (2.111)

Where the [;, R} and R; are defined in Fig. 2.15, from [33]. To sum-

marize, the singular integral Is can be computed as follows:

- k2. S
Is=dax (I + 512) (@ (F—1"p))
- - k2. k2 -
+ AU X [=T'1 = Zp(t- I) + —T'y — —Zp (0 Ip)] (2.112)

6 2
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Figure 2.15: Geometrical quantities associated with an edge of the basis
function lying in the plane P. From [33]
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Where Z, is defined in Eq. (2.105), I; in Eq. (2.106), I in Eq. (2.107)

and the two new quantities I’y and I’y are expressed as follows:

Iy =Y nia-B;) (R} — Ry) (2.113)
%

Iy =>"fi(a- ;) (R — Ry) (2.114)
%

2

2.3 Examples and validations

In this section, the accuracy of the simulation code is demonstrated on

several examples.

2.3.1 Fractal antennas: The Sierpinski gasket

The Sierpinski gasket is named after the Polish mathematician Sierpin-
ski who described some of the main properties of this fractal shape in
1916. The original gasket is constructed by subtracting a central inverted
triangle from a main triangle shape. After the subtraction, three equal
triangles remain on the structure, each one being half of the size of the
original one. One can iterate the same subtraction procedure on the re-
maining triangles and if the iteration is carried out, an infinite number
of times, the ideal fractal Sierpinski gasket is obtained. In such an ideal
structure, each one of its three main parts is exactly equal to the whole
object, but scaled by a factor of two and so are each of the three gas-
kets that compose any of those parts. Due to this particular similarity
properties, shared with many other fractal shapes, it is said that the
Sierpinski gasket is a self-similar structure. The mesh of a five-iteration
gasket is presented in Fig. 2.16. If one admits that the current flowing
from the feed should concentrate over a region that is comparable in size
to the wavelength, and because of self-similarity, the frequency behavior
should be similar at frequencies spaced by a factor equal to the ratio
of the sizes of triangles in successive iterations (a factor of two in this
case). Hence fractal antennas exhibit a multi-band behavior, as shown

in Fig. 2.18. Simulation results obtained with our MoM code are in
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Figure 2.16: Mesh of the five-iteration Sierpinski monopole.

excellent agreement with experimental results found in [35] and shown
in Fig. 2.17. Our results actually compare better with the experimental
results than those obtained with the FDTD method, also presented in
Fig. 2.17 from [35].

2.3.2 Input impedance of a slotted waveguide fed with a coaxial
pin

Slotted waveguides have been studied here because, as it will be shown
in Section 5.2, they can be used in the design of compact, high gain
antennas using metamaterial superstrates. However, the full-wave sim-
ulation of large periodic structures excited by a slotted waveguide can
be excessively time consuming because of the large number of unknowns
involved. In order to speed up the design process, analytical models for
the slotted waveguide can be very helpful. It is indeed possible to develop
equivalent circuits based on the transmission line theory that account for
the waveguide dimensions, size and position of the slots and of the feed
probe. These equivalent circuits help in understanding the influence of
the key parameters of the waveguide on the input impedance and allow a
faster optimization of the latter than a method relying only on full-wave
simulation.

The equivalent TL model for a waveguide with one transversal slot cut
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Figure 2.17: Input impedance Figure 2.18: Input impedance

of the five-iteration Sierpinski of the five-iteration Sierpinski

monopole (from [35]). monopole obtained mith our
MoM code.

in its top wall (Fig. 2.19) is represented in Fig. 2.22. In this model,
each portion of the waveguide is modelled as a piece of transmission
line and the transversal slots are represented by series resistance and
reactance (longitudinal slots would be represented by shunt elements),
whose expressions can be found in [37] and [38]. The feed probe is mod-
eled by an ideal transformer and a series reactance [36]. If the end of the
guide is open or closed, the equivalent transmission line is respectively
open-circuited or short-circuited. However, both of these situations may
involve strong reflections at the end of the guide and cause strong reso-
nances that would dramatically reduce the achievable impedance band-
width. Our goal was to test the optimization procedure for the input
impedance, hence we chose to put a matched load at the end of the guide
to avoid reflections. In full-wave simulations, the matched load was im-
plemented as a hyperbolic resistive profile in the walls of the guide. The
characteristic impedance of the equivalent transmission line is computed
as follows.

Assuming that only the T'E1g mode is propagating, fields in the waveg-
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Figure 2.19: Waveguide with a transversal slot cut in its top wall.

Figure 2.20: E Field in the Figure 2.21: H Field in the

waveguide cross-section. waveguide cross-section.
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uide cross-section are expressed as follows:

Ey(z) = Egsin(’2) (2.115)
a
Eo . T
Hy(z) = ———sin(— 2.116
(@) = —psin(™) (2116
Where Zpp = ——L— is the TEjy wave impedance and n = /u/e.

RVECE

The power flowing in the waveguide can be computed by integrating the

Poynting vector over the whole cross-section.

a b
P = / / (Ex H")-a,dzdy
z=0 Jy=0
a
= b Ey(z) Hy(z)dx
=0

‘E0|2 ab
ZTE 2

(2.117)

The voltage difference between bottom and top walls of the waveguide
can be obtained by integrating the electric field along a vertical straight

line joining these walls.

b
V= / E(x=2)dy=Eyb (2.118)
y=0 2

The current flowing on top and bottom walls and crossing the waveguide
cross-section is obtained by integrating the surface current density K
along the bottom wall of the guide. This current density is given by
K=nxH , where 7 is the unit normal to the waveguide bottom wall.

Hence, this current is simply obtained as follows:

_ ZG,E()
N 7TZTE

(2.119)

a a
I:ﬂz-/ ﬁtzdaxz/ H,(z) dz
=0 =0

Where i, is the unit vector perpendicular to the waveguide cross-section.
Three different equivalent models can be used. They differ by the param-
eters chosen to be equal in the transmission line model and the physical
waveguide. They yield slightly different expressions for the characteristic

impedance of the equivalent transmission line.
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Figure 2.22: Equivalent TL model for the slotted waveguide (here for

one slot).
. VI _V _ b
Voltage and Current: 7" = - =72

. gPV _ V2 _ b
Power and Voltage: 2"V = 35 = ¢ ——

Power and Current: ZF7 =28 = 72—2%%
1-(3)

Although the generally adopted empirical formula for the characteristic
impedance is the geometric mean of the formulas given by the V — I and
P —V models [39], after comparing these models with full-wave simula-
tions on several examples, we noted that, in this case, the P — I model,
based on the equivalence of power and current flow was the most accu-
rate and that is the one we used for the following simulations.
Simulation results are presented in Fig. 2.23 where the input impedance
of a waveguide with 10 equidistant slots cut in its top wall is shown. The
blue curves are obtained with the equivalent TL model and the red bul-
lets are obtained from full-wave simulations. Striking is the very good
agreement between these curves except above 2.8GHz. Actually, the
waveguide cross-section was 12cm by 6cm, hence the cut-off frequency
for the dominant T'E1p mode is 1.25GHz. The next higher order mode
is the T'Eyy with a cut-off at 2.5GHz, but this mode cannot be excited
with a feed probe in the middle of the bottom wall. However, the T E1;
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Figure 2.24: Input impedance
and VSWR of the waveguide
with optimized positions of the
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mode can be excited and has a cut-off at 2.8GHz. Hence the analytical
model is no longer valid from 2.8GHz because it was developed assum-
ing only the propagation of the dominant mode and that is the reason
for the difference between analytical and numerical results at high fre-
quencies. Non-linear regression techniques were tested to optimize the
input impedance around 2.4GHz by changing slot positions. The input
impedance after optimization is shown in Fig. 2.24 where the VSWR is

around 1.5 in a fractional bandwidth of more than 15 percent.

2.3.3 Near field computation: Fields in a waveguide supporting
a TE]_O mode.

It is possible to visualize fields in the structure that has been simu-
lated. Indeed, once the equivalent currents have been computed, they
can be integrated using (2.28), (2.29) and (2.15), (2.25) to compute elec-
tric and magnetic fields anywhere around the simulated structure. This
is demonstrated here on a very simple example. We considered a slotted
waveguide whose dimensions are as follows: width=1.5 cm, height=0.75
cm and length=2 cm. The transversal slot is cut in the middle of the
top wall and the guide is excited with a small vertical probe located 0.5

cm from the back wall and supporting a delta-gap. From the size of the
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waveguide, we can determine that the dominant mode (TEjg) cut-off
frequency is £ = 10GHz and the next mode is the T E5y mode with a
cut-off at f20 = 20G Hz. Hence the waveguide was excited at a frequency
of f = 18GHz to allow only the dominant mode to propagate. Then,
the currents obtained by simulation were integrated to compute E and
H fields that are represented respectively in Figs. 2.25 and 2.26, where
we recognize the typical field distributions for the T'E1¢ mode.

It is interesting to notice how these fields can be obtained very easily
with the MoM code. Indeed, as mentioned in Section 2.2.3, the testing

procedure used to solve the EFIE with the method of moments reads:
/E'S(F) T dS = —/ E;(7) - Jom dS
S S

Where E, (7) is the scattered electric field, E; (7), the incident electric

field, and fm is the testing function. The scattered field is expressed as

follows:
. 1 . .
E = 2 . !
() = o / [wic vV (o) as
1 - -
~ ﬁZan / [k2JnG+VV-(JnG)] ds' (2.120)
n

Where J_;l are the basis functions used to discretize the current and «,
are the associated unknowns. Hence, the scattered electric field projected

on a testing function can be written:
/ Ey(7) - JmdS = Zan/ y / [kanG +VV-(J,G)| ds'dS
5 - 5 '
=" anZmn (2.121)

Hence, the vector [E,,] containing the values of the electric field projected

on every the testing functions can be obtained as follows:
[Em] = [Zmn][an] (2.122)

Where [Z,,,] is the impedance matrix and [a,] the vector of unknowns.

So, in order to compute the electric field in a plane such as in Fig. 2.25,
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Figure 2.25: E field in the slotted Figure 2.26: H field in the slotted

waveguide. waveguide.

one just needs to discretize this observation plane in small rectangular
domains, over which the fields are assumed to be constant, and testing
functions are defined on these small domains. Then, an impedance ma-
trix is filled using the basis functions of the original structure (i.e. the
waveguide in this case) and the newly defined testing functions. This
impedance matrix is then multiplied by the vector of unknows computed
previously when simulating the original structure and the result is a vec-
tor containing values of the average projected electric field at the place
of the testing functions multiplied by the surface of these functions. A

similar procedure can be used to compute the magnetic field.

2.4 Conclusion

In this chapter, general relations between fields and sources were recalled

and the basic features of the MoM code were presented:
e Based on the surface field equivalence principle.
e Method of Moments used to solve integral equations formulations.
e EFIE formulation for metallic structures.

e PMCHWT formulation for dielectric structures.
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e Separate treatment of the 1/R and 1/R? singularities involved re-

spectively in the Green’s function and its gradient.

Finally, some validating examples were presented.
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Infinitely periodic
structures

Solving problems that involve large periodic structures such as metama-
terials or large antenna arrays can be excessively time-consuming because
of the number of unknowns included in such structures. A convenient
approach for solving such problems is the infinite-array approximation.
It provides good estimates of the behavior of the fields radiated by very
large arrays and it is a good starting point for more accurate techniques
involving the estimation of the truncation effets.

In infinite arrays, the periodicity is accounted for by replacing the sin-
gle dipole Green’s function by the Green’s function related to an infinite
array of electric dipoles with constant amplitudes and linear phase pro-

gressions.

3.1 Computation of the periodic Green’s function

Let us consider an infinite array of point current sources, located at
m = (ma,nb,0), phase shifts between successive sources of 1), in the z
direction and 1, in the y direction and an observation point 7 = (z,y, 2).
The Green’s function for this array is the solution of the following Hel-

moltz equation:

(V+E)G == Y > d(x—ma)d(y—nb)s(z)e ™= e 7™ (3.1)

m=—0o0 nN=—0o0

59
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Three different formulations will be used, depending on the location of

the observation point.

3.1.1 First formulation : direct summation

Solving directly Eq. 3.1 yields the spatial formulation of the Green’s

function:
s imab 0 in e_jk"'mn
G = —Imya —Invy 2
= Y eime 3o e ST )
m=—o00 n=—00
where
Tonn = \/(3: —ma)? + (y — nb)? + 22

and

Vg = kza Py = kyb
This spatial summation converges very slowly for most observation po-
sitions. However, as shown in [31] a spectral formulation can be used
where the Green’s function is expressed as a sum of plane waves. This is

the second formulation.

3.1.2 Second formulation : Sum of plane waves

It can be shown [31] that when written as a Fourier series, the periodic

excitation in Eq. (3.1) can be expressed as:

Z Z 6(-’13 — ma)é(y — nb)é‘(z)e—jm’lﬁm eIty _

o o 1 [e’s} [e’s} ' _
_b Z Z e]ﬁmwejﬁny(g(z)
a m=—00 nN=—00
with

2mm 2mn

,Bm: _k;c ﬁn:—_k
a b

And the spectral domain Green’s function, expressed as a sum of plane

waves, reads:
e~ Jvmnlz IeJ(,Bmerﬂny)

G(z,y,2) 2jab Z Z (3.3)

m=—0o0 nNn=—0oo mn
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where

[ VE=BL-B if K> 6+ 6,

e = { —JVPBEL+BE —k? if K* < B+
This spectral formulation converges rapidly as long as z # 0 (the “off-
plane” case). This rapid convergence occurs because as m ans n increase,
the plane-wave response changes from propagating waves to exponen-
tially decaying evanescent waves. When z = 0 (the “on-plane” case), the
convergence is slower because it doesn’t benefit from this exponential
decay. To overcome this problem, a third formulation will be used where

the Green’s function is expressed as a sum of cylindrical waves.

3.1.3 Third formulation : Sum of cylindrical waves

Let us first consider a linear infinite array of point sources located at
(ma,0,0) with a phase shift 1, between successive sources. The spatial

Green’s function for this array is expressed as follows:

e—jkrmn

Gla,y,2)= Y, e ™= (3.4)

A7r
m=—00 mn

where

T = V/ (z — ma)? + y2 + 22

As already mentioned, this sum is slowly convergent. But via the Poisson

sum formula, it can be transformed into [40]:

1
G) = G(Rw) = o 3 & (uR) (3.5)
n=—00
with
R = (y?2+2?) (3.6)
B { VE2 =K if k2> k2
T SRR i 2SR
where )
kp = Ya + n=—"
a a
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and Hé2) is the Hankel function of the second kind and order zero. For
indices n leading to real values of ,, the cylindrical waves are propa-
gating and for imaginary values of 7y,, the Hankel function becomes a
rapidly decaying modified Bessel function of the first kind, which repre-

sent evanescent cylindrical waves:

HP (@) = Jolz) - jYo(z)
B (o) = ZiKo(e)

For observation points located far from the X axis, very few evanes-
cent waves need to be taken into account and the summation converges
rapidly. For observation points close to the X axis, the convergence is
slower and the direct summation (3.4) will be used.

The doubly periodic array of point sources can be seen as the super-
position of an infinite number of infinite linear arrays along X. The
associated Green’s function can then also be seen as the superposition
of Green’s functions associated to infinite lines along X, with a phase
shift 1), between successive lines. The expression for the doubly periodic
Green’s function then becomes :

o0

1 = :
G(;L"y,z) :4]—a Z e*]llwy Z e*]kan(()Z)(,Yan) (37)

p=—00 n=-—oc

where

Ry, = (y—pb)?>+2*

2
kn, = %—l—n—?T
a a

§ _{ V=K if K> k2
=

—jVkE —k? if K <K2

3.1.4 Tabulation of the periodic Green’s function

In the previous sections, we showed that, depending on where the peri-
odic Green’s function needs to be evaluated, the adequate formulation is

chosen to ensure the fastest possible convergence. Moreover, convergence
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may still be accelerated using techniques such as Shank’s [41] or Levin’s
[42] extrapolation formula . Although efficient techniques are used, in a
MoM scheme, the computation time of the periodic Green’s function may
still be considered as prohibitive, especially for small distances above the
array plane. To overcome this problem, the Green’s function is tabulated
in a 2D or 3D table (depending on the structure to be simulated). The
singularity is extracted before tabulation, hence the function obtained is
smooth and can be stored accurately in a table of limited size. When the
Green’s function needs to be evaluated (when filling the impedance ma-
trix), a second order interpolation technique is used on the values stored
in the table. Then, the singular component is either added back after
interpolation or integrated separately as explained in Section 2.2.5.

We would like to stress that, thanks to our efficient computation scheme
for the periodic Green’s function, the singularity can be extracted very
easily. Actually, only the first singularity (the one at the origin) has
to be extracted. This allows to perform exactly the same treatment of
this singularity in the case of isolated objects or in periodic arrays. In
periodic structures, when the observation point lies too close to the next
singularity, the testing functions are shifted of one unit cell, and the
result of the integration is multiplied by the adequate phase factor.

3.2 Gradient of the doubly periodic Green’s function

As shown is Section 2.2.4, when simulating dielectric objects, the gradient
of the periodic Green’s function appears in the integral equations of the
PMCHWT formulation: Egs (2.88) and (2.89). The three formulations
used for the computation of this gradient are derived in this section.

3.2.1 First formulation : direct summation

By derivation of Eq.(3.2) :

o

o ) )

v : (14 ik —jkrmn

Gy == 3 e 3 o LT
mn

m=—0oQ n=—oo

(3.8)
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3.2.2 Second formulation : Sum of plane waves

By derivation of Eq.(3.3) :
e*j')’mn‘dej(ﬂml"?ﬁny)

oG 1 & =
B = 2u 2 Pm Yomn (39

oG 1 e—Ivmn|zl gd (Bma+Bny)
= = 57 > > b (3.10)
Oy 2ab £~ Ymn

o0 o
aa—G = 2_—11_) Z e_j%nn‘z‘ej(ﬁmm"'ﬂny) (311)
z a

m=—00 n=—00

Note that Eq. (3.11) is only valid for positive values of z. If this compo-
nent of the gradient needs to be computed for z < 0, the sign has to be
changed.

3.2.3 Third formulation : Sum of cylindrical waves

By derivation of Eq.(3.7) :

oG 1 o= > . )

9 a Z e IPYu Z —jknefjk"wHé )(’yan) (3.12)
p=—00 n=-—00

oG 1 &~ iy, = Yy—pb . /

T - —jp y—p —jknz 77(2)

oy Tia Z e IP%y Z 7, Yne Hy” (vnRp)(3-13)
p=—00 n=-—00

el L iy N 2 ke @)
P = 4]—'a Z e Z R—p’)’ne Hy (’)’an) (3.14)

p=—00 n=-—00

Where the derivative of Hankel function of the second kind and order

Zero 1s:
HY (2) = —Ji(2) + jYi(z)
’ . 2
HiY (=jz) = —=Ki(a)

3.3 Validation in the case of a self-complementary

array

As shown by Mushiake [26], self-complementary antennas exhibit a con-

stant impedance equal to 7/2, where 7 is the free-space impedance. Of
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Metal '
Figure 3.1: Planar bicone array. Figure 3.2: Mesh of the unit cell
for the planar bicone array.

course, to be exactly self- complementary, the antennas should be infi-
nite. In fact, there exists a relationship between the volume occupied
by an antenna and its lowest achievable Q [27]. As for large arrays, the
largest dimension of the whole structure may, in principle, be sufficient
to achieve a large bandwidth. An elegant solution, proposed by McGrath
and Baum [43], consists in ensuring that the array itself, rather than the
array elements, has a self-complementary structure. This is, for instance,
the case for arrays made of square plates connected at the corners, where
they are also fed (“planar bicone” array). This array is depicted in Fig.
3.1 and the mesh of its unit-cell in Fig. 3.2. In order to get a good
accuracy in the representation of currents, it is always a good idea to use
a finer mesh where the current is stronger. In this case, the mesh is finer
along the edges of the metallic plate and a typical current distribution
at 1GHz is shown in Fig. 3.3. One can note that the current is indeed
stronger along the edges of the plate.

Such arrays are compact and naturally exhibit a very wide bandwidth.
However, these structures radiate on both sides of the plane, which makes
them practically useless for most applications. The simplest structure to
avoid radiation on the backside probably consists in placing a ground
plane. It has been shown in the literature that the presence of a ground

plane may have a dramatic effect on the bandwidth of isolated elements.
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Figure 3.3: Current distribution in the unit cell of the planar bicone

array at 1GHz.

Based on this, it may be expected that a ground plane may destroy the
wideband behavior of self-complementary arrays. Infinite array simula-
tions carried out with the MoM code showed that the input impedance
of the array element is indeed constant and extremely close to /2, as
shown by the blue curve in Fig. 3.4. Simulations including a ground
plane below the array also showed that the bandwidth is dramatically
reduced because of destructive interferences of the fields radiated by the
array itself and its image in the ground plane when their distance is a
multiple of the wavelength. The red curve in Fig. 3.4 shows indeed that
the radiation resistance drops to zero when the distance separating the

array plane from the ground plane is a multiple of half a wavelength.
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Figure 3.4: Impedance of self-complementary array without ground plane

and with ground plane at d=10 cm below the array.

3.4 Transmission/Reflection properties of infinitely

periodic structures

3.4.1 Metallic EBG structures

Electromagnetic Band Gap (EBG) structures are periodic structures,
which exhibit passbands and stopbands to electromagnetic waves in some
directions. The applications of such structures are numerous and, among
them, one can find the enhancement of antenna gain, sidelobe level reduc-
tion and reduction of mutual coupling between antennas by suppressing
surface-wave effects. One of the simplest EBG structures is made of par-
allel conducting wires arranged in a 2D square lattice. This structure
is studied in [75] and in [74] where it is used to increase the gain of a
monopole antenna. In this section, we will focus on the transmission
properties of this structure illuminated by a plane wave. For the sake
of simplicity, the parallel conducting wires are replaced by thin metal-
lic strips, as described in Fig. 3.5. Infinite array simulations can be
carried out with our MoM code to efficiently analyze the transmission
properties of such a structure. Results for the transmission and reflection
coefficients through 6 an 12 layers are presented respectively in Figs. 3.6

and 3.7. In this case, the unit cell is made of very small pieces of metallic
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Figure 3.5: Description of the EBG structure. The incident plane wave

propagates along the z axis.

strips (one for each layer), each of which contains only a few unknowns
(typically 2 or 3) and hence the computation of the transmission charac-
teristics can be performed very rapidly. The results of these simulations
are presented in Figs. 3.6 and 3.7 where the transmission and reflection
coefficients respectively through 6 and 12 layers are presented, as well
as the sum of their amplitudes. One can see the typical low frequency
cut-off of metallic periodic structures (here around 13 GHz). This cut-off
frequency is due to the fact that when the wavelength is much greater
than the period of a metallic grid, the latter behaves as a plain metallic
sheet. Then, a first bandgap is visible around 27 GHz and a second one
around 48 GHz. As expected, the depth of these bandgaps increases with
the number of layers. Also, one can notice that the number of transmis-
sion peaks in the first passband is also directly related to the number
of layers. Indeed, in an EBG structure composed of N layers, there are
(N-1) Fabry-Perrot cavities and then (N-1) resonance frequencies asso-
ciated [44]. Therefore, at normal incidence, the number of propagation
peaks Npqps is associated to the number of layers Nj,yers by the following
relationship:

Npeaks = Nlayers -1

The consistency of the computation technique is assessed by verifying
that the sum of the transmission and reflection coefficients is constant at
0 dB within a few tenths of a dB.
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We also verified the equivalence between metallic strips and wires with
a circular cross-section, when the width of the strips is equal to four
times the wire radius: w = 4r. This is illustrated in Fig. 3.8 where the
transmission characteristics were computed in both cases. The band-gap
is exacltly at the same position and there is only a slight increase of the

cut-off frequency when simulating wires.

3.4.2 Perfect magnetic conductors

A straightforward method to enhance the directivity of antennas and
prevent back radiation is to use a metallic reflector (as in Section 3.3. If

the reflector behaves as a perfect electric conductor (PEC), a horizontal

antenna must be placed at a distance d = 2"2“ . %, withn =20,1,2,---,
from the reflector to interfere constructively with its image in the reflec-
tor. This is due to the 180° reflection phase of a PEC reflector. Indeed,
boundary conditions along a PEC object (Eq. (2.52)) force the total
tangential electric field to vanish along the interface, hence the reflected
field must be in phase opposition with respect to the incident field at
the interface. The duality theorem for Maxwell’s equations says that
if a PEC is substituted by a PMC (Perfect Magnetic Conductor), the

boundary conditions change in a corresponding manner. Hence, using
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Figure 3.8: Comparison of the transmission characteristics through 6

layers made of wires with circular cross-section and thin strips. All other
parameters are the same as in Fig. 3.5.
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Figure 3.9: Tlustration of the image theory applied to PEC and PMC
ground planes.
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image theory, the image currents of a PEC are in opposite phase to the
original ones, while those of a PMC are in-phase. this is illustrated in
Fig. 3.9. Also, a normally incident wave reflected by a PEC experiences
a phase shift of 180°; in contrast, a PMC causes no phase shift. Thus, for
constructive interference the PMC has to be placed at a distance d = n%
from the antenna. In order to save space in antenna design, the reflector
should be put as close as possible to the antenna. However, with a PEC
reflector, very short distances are not possible because the antenna would
be almost short-circuited by its image. This problem doesn’t occur when
using PMC reflectors and the antenna can then be placed very close to
the reflector. Actually, no PMC material has been discoverd yet, but
periodic structures that shows the same characteristics in a limited fre-
quency band can be used as artificial PMCs [45]. An example of such a
structure is the mushroom-like EBG [15] structure depicted in Fig. 3.10
that consists of an array of square metallic patches connected to a PEC
ground plane with vias. The unit cell of this periodic structure, used for
infinite-array simulations is shown in Fig. 3.11. The result of these sim-
ulations for the phase of the reflection coefficient are presented in Fig.
3.12 and are in very good agreement with those presented in [45] and
obtained with FDTD simulations. It is obvious that around 27GH z, the
reflection phase is close to 0° and that in a small frequency band, this

periodic EBG structure behaves like a PMC.

3.4.3 Field canalization: Sub-wavelength imaging

Recently, important efforts have been produced towards the develop-
ment of lenses that are not limited by diffraction and able to repro-
duce images with sub-wavelength resolution. A first approach was pro-
posed by Pendry [46] and uses a slab of left-handed medium (LHM) with
e = = —1. Another approach suggested by Wiltshire and Pendry [47]
uses arrays of magnetic wires called Swiss Rolls. Both of these designs
only work at resonance and hence, are narrow band and very sensitive
to losses. Recently, P. Belov et al. proposed [48],[49] to use wire media
(WM), i.e. an array of parallel conducting wires (Fig. 3.13) that will
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Figure 3.10: Geometry of the mushroom-like PMC.
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Figure 3.12: Phase of the reflec-
Figure 3.11: Unit cell for the 5 coefficient for the PMC sur-
PMC surface depicted in Fig. g06 depicted in Fig. 3.10 with
3.10. W =0.3cm,g=0.05cm, h=0.1
cm and r = 0.0125 cm.
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y Figure 3.14: Transmission line

model for the propagating waves

x in the wire medium.

Figure 3.13: Wire medium.

operate as a multi-conductor transmission line and canalize the source
electric field to produce images with sub-wavelength resolution far away
from that source. As it was demonstrated in [48], this wire medium
provides total transmission for any incidence angle, if Fabry-Perot con-
ditions are satisfied. In this section, we study how parameters of WM
influence on the transmisson for different incidence angles and, hence, on
the resolution of the WM slab.

Analytical model

The structure under study is depicted in Figure 3.13 and consists of a
periodic array of thin metallic strips with a square lattice. The length of
the strips and the spacing between them are respectively represented by
L and d. In a first instance, the transmission properties of a plane wave
are studied. The incidence angle with respect to the wire axis is # and
the E-field polarization is parallel to the plane of the strips (TM waves).
Assuming that the wire medium behaves like a transmission line, a very
simple analytical model, presented in Figure 3.14 can be used. Only TEM
modes can propagate between the wires at low frequencies, and at the

interface of the structure, the longitudinal component of the electric field
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of TM waves will vanish. Only the component tangential to the interface
propagates. Establishing an equivalent transmission line model limited
to the tangential component of E and H fields, we get a characteristic
impedance of Z, = 7 - cos (#) in free space. Where n = 377Q is the free-
space impedance. The medium outside the structure is just free-space
with a wave impedance which is Z, = n. With this simple model, it is
trivial to show that the input impedance of the equivalent transmission

line can be written as:

Zo+ jZctan (kL) ) 2
in = Lo th k= — 3.15
§ Ze+ jZ,tan (kL) W A (3.15)

And the input reflection coefficient follows :

Zin — Zo

=" 9 3.16
Zin + Zo ( )

The magnitude of this reflection coefficient is depicted in Figure 3.15 for
several incidence angles. One can notice that, according to this simple
model, the fields are fully transmitted each time the length of the wires
is a multiple of the half-wavelength. Also, reflections are stronger for
greater incidence angles. As the incidence angle increases, interactions
between electric field and wires are stronger and induce greater reflec-
tions. At normal incidence, the fields do not interact at all with the wires

and the structure is fully transparent.

Numerical analysis

In order to check the consistency of the simple model described above,
this structure has been investigated numerically with our MoM simula-
tion code. The structure is supposed to be infinitely periodic. With this
assumption, and by resorting to doubly infinite Green’s function, the
unknowns of the problem reduce to a single unit cell and very fast simu-
lations can be carried out. Figure 3.16 presents the reflection coefficient
of a plane wave for several incidence angles. By comparing these curves
with analytical results in Figure 3.15, one can notice that the analytical

model perfectly predicts the dependance of the maximum magnitude of
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Figure 3.15: Magnitude of the Figure 3.16: Simulated reflection
reflection coefficient computed coefficient for several incidence
with Eq. 3.16 angles, d = 0.0625cm.

the reflection coefficient with respect to incidence angle. However, it is
also obvious that reflection nulls are shifted towards lower wavelengths.
And as shown in Figure 3.17, the lower the wire density, the greater
the shift. This may be explained by considering evanescent waves ap-
pearing on each side of the wire medium which penetrate further in the
material when the \/d ratio, i.e. the wire density, is lower. Because
of these edge effects, the effective length of the wires is decreasing with
decreasing density. This is illustrated in Figure 3.18, where the differ-
ence real length — ef fective length is shown for several values of wire
density and incidence angle. In each case, the effective length of wires
is obtained by matching the analytical model and the simulation results
using non-linear regression techniques on the wire length. This picture
clearly shows that only in very dense arrays the effective length is close

to the real physical length.

Analytical model for wire length reduction

According to the transmission line model, at resonance (i.e. when there
is no reflection), the currents at the ends of the wire medium should
be non zero (local maximum), which is physically not possible for finite
wires. Our interpretation is that those currents are annihilated by the

currents associated with the evanescent waves appearing at the transition
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between free space and wire medium. Extra length may be necessary for
this annihilation to occur. It is expected that this extra length is of the
order of the decay distance of the evanescent wave. The latter can be
computed as follows:

The wavenumber k, of these evanescent waves along z must fulfill [50]:

k2=ky—ki—k —k (3.17)
where ky is the free-space wavenumber and k,, is the plasma wavenumber

of the wire medium, which can be approximated by [50]:

2m
k2 = 3.18
P d2(In(£) + 0.535) (3.18)

where a is the width of the strips and d is the distance between strips.
As the plane wave propagation is in the XZ plane, k; = kosin(6) and

ky = 0. Finally, we get the attenuation coefficient o :

k. = \/k§ cos?0 — k2 = ja (3.19)

Assuming that these evanescent waves have a significant effect along a
distance 1/« at each ends, the difference between real and effective length
of wires should be of the order of 2/« and is plotted in Fig. 3.19. Striking

is the quite good agreement between these curves and those obtained
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Figure 3.19: Predicted length difference computed as 2/c.

numerically in Fig. 3.18, especially for § = 15°. However, according to
the analytical model, the effect of incidence angle on length reduction
is negligible as long as the wavelength is much greater than the lattice
period. This effect seems to be stronger in Fig. 3.18, but one should
note that values of length reduction obtained for d = 0.25cm are not very
accurate, due to the very small frequency domain over which simulation
results could be compared to the analytical model. Indeed, to obtain full
transmission, the wire length has to be a multiple of half a wavelength;
moreover, to effectively canalize the fields, the distance between wires
must be small compared to the wavelength. This is expressed by the
following condition:
d<< A<2L

And this condition can only be fulfilled over a small frequency range if

the density of wires is too small.

Practical example of canalization

The last step of this study is to assess the canalization performance on
a practical example. In this case, the structure was made of 23 x 23
strips of length L = 15 cm and spaced by d = 0.2 cm. The wires are
illuminated by a loop of magnetic current at a frequency f = 1 GHz

placed 0.1 cm below them. Figure 3.20 shows the structure as well as
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Figure 3.20: Canalization of electric field by wires

the source and image electric fields. Knowing that the size of these
images is 0.26\ by 0.18), it is clear that the image of the electric field
has been propagated from one side of the structure to the other one with
a resolution much finer than the wavelength. As stated in [48], the image
resolution is only limited by the density of the wires and is about twice
the lattice period. Hence, in our example, the resolution would be about
0.4 cm= A/75. It is worth noticing that these simulations can be carried
out very efficiently by resorting to infinite array simulations, combined
with the Array Scanning Method as described in [51].

3.5 Losses

When the conductors considered in simulations exhibit a finite conduc-
tivity, ohmic losses occur and can lead to some deviations of the input
impedance when compared to antennas made of PEC materials. In this
section, we show how it is possible to account for Ohmic losses in metal-

lic structures, and the chosen approach is validated by verifying energy
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conservation in the case of an infinite array of TEM horns.

3.5.1 Impedance matrix elements

In order to take these losses into account, we developed a simple model
based on the surface impedance of the conductors. From Snell’s law of
refraction, if an electromagnetic wave propagates from a low (or zero)
conductivity medium to a high conductivity medium, the transmitted
wave will be refracted very close the the normal at the interface, almost
independently of the angle of incidence. Because of the finite conductiv-
ity of the medium, the refracted wave will be exponentially decaying, as
energy is dissipated in ohmic losses. Suppose that the conducting region
is so large that the evanescent wave attenuates completely. Then, the
refracted electric field can be described as a damped plane wave prop-
agating into the depth of the conductor. Because fields are continuous
along the interface between both regions, the intrinsinc impedance of the
wave remains the same at the interface and the surface impedance can
be computed as follows:

E jwu

7= o T juwe (3.20)
Where i and € and o are respectively the magnetic permeability, the
electric permittivity and the conductivity of the metal. Assuming a good
conductor (o > we), expression (3.20) simplifies to:

11,

7. =
s 2

7 (3.21)

= (1+7) % (3.22)

Where § = 4 /ﬁ is the skin depth. The presence of losses brings a new

boundary condition along the metallic surface. Instead of Eq. (2.52),

enforcing zero tangential electric field, one now has to use:

A X E(7) = Zm (7 x H(F)) (3.23)
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dx

Figure 3.21: Schematic view of a thin metal plate supporting currents

on both faces.

And using the fact that 7 x H(7) is the “near-surface” current J(7) (in

A /m) flowing on the metal, Eq. (2.57)is now replaced by:

-

A X Ey(F) — Zm J(F) = —1 x Ey(F) (3.24)

And the Galerkin MoM matrix elements now reads:

1 [ = = , ;
T = —— | T - [(/81 +vvy) | J,GR)dS' — Zm | T, dS'dS]
Jwe Jg S s!
(3.25)

3.5.2 Dissipated power

Let the infinitesimal piece of thin metallic plate depicted in Fig. 3.21,
support a total current density J distributed on both faces of the plate.
The current is supposed to be non negligible over a depth equal to the
skin depth § on both faces. The power dissipated by ohmic losses in this

piece of metal can be expressed as:

1]
dP = dR"- (3.26)
2 2
= dR'J‘% 3.27)
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Figure 3.22: Unit cell for a TEM Horn array with 120° opening angle.

where I is the total current flowing on the piece of metal and J is the
surface current density. The resistance dR is computed as:
pdy

dA
dy
= 3.29
o(édx) (3:29)
Where p = 1/0 is the resistivity of metal and dA = 2§ dz is the total sur-

face through which current flow is considered as non-negligible. Hence,

dR =

the dissipated power can be computed as:

|72
406
where dS = dz dy is the surface of the metal piece. So the total dissi-

dP =

ds (3.30)

pated power can be computed by integrating (3.30) on the whole metallic

surface S.
[P

- Jsdoé
s
A way of verifying the consistency of the computation method con-

P ds (3.31)

sists in computing power budgets. The Poynting theorem stipulates that

the real power absorbed by the active input impedance of the antenna

corresponds to the power transferred into the far fields, plus the power

dissipated as a result of ohmic losses. It can be written as follows:

a b cos|E,|? 4 |J|?
2n g 4oé

2
Re{Z,} |I;”| = ds (3.32)
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Figure 3.23: Verification of the Poynting theorem for the array of TEM
horns whose unit cell is shown in Fig. 3.22 (spacing 5 cm, 120° opening
angle) placed 2 cm above a ground plane. Left: broadside scan, Right:
30° scan in the E-plane. Top: without losses. Bottom: with a conductiv-
ity of 52 'cm~!. Dashed line: power radiated in the direction of interest.
Solid line: power delivered to the antenna (based on impedance). Circles:

radiated power plus dissipated power.

where Z, is the active input impedance, I;;, is the port current, J is the
surface current density, a and b are the element spacings of the array, F,
is the far radiated field, and 6 is the angle of radiation from broadside.
The magnitude of the far radiated field in the direction of the main lobe
(we assume here a configuration without grating lobes) can be written
as:

Bl = (2 abncosﬂ>2 [

where G, and @, are unit vectors describing orthogonal polarizations in

2

/ T ane®as| + / T ayel*7ds
S S

2] (3.33)

the direction of the main lobe, k is the vector wave number in that di-
rection, and 7 are the coordinates of a point on the surface S of the
antenna.

This identity has been verified for arrays of TEM horns with a 120°
opening angle and with 5 c¢m spacings, placed 2 ¢m above a ground
plane. The unit cell for this array is shown in Fig. 3.22. When losses

are included in the analysis, the Method-of-Moments solution has been
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computed considering a surface impedance corresponding to a (very low)
conductivity equal to 52 'ecm~!. Fig. 3.23 shows the different compo-
nents of the power versus frequency. The left-side plots correspond to
broadside observation. The power delivered to the antenna (cf. the in-
put impedance) is represented by the solid line, while the power obtained
from the radiated fields and losses in the conductors is represented by
the circles. When there are no losses, the correspondence is surprisingly
good. Knowing that the far radiated fields are variational with respect to
the current distribution [56], this provides a good confidence on the value
of the active input impedance. When losses are considered (bottom), the
dashed line corresponds to the power radiated in the far fields. This is
complemented by the losses in the conductors to correspond, within a
good accuracy, to the power delivered to the antennas. To the author’s
best knowledge, this is the first time such a comparison is made for an-
tennas in infinite arrays. On the right side of Fig. 3.23, results are shown
for the same array scanned at an angle of 30° from normal in the E-plane.
Striking is the deviation between the delivered power and the radiated
(plus lost) power above 4 GHz. It should be noted that the far fields, as
computed by Eq. (3.33), only concern the main beam. Near 4 GHz, a
grating lobe enters visible space, and the available power has to be shared
with it. When the grating lobe is very close to horizon, it conveys the
major part of the radiated power; when it comes closer to broadside (at
higher frequencies, here), the power radiated in that direction becomes

comparable to the power radiated in the direction of the main beam.

3.6 Array Scanning Method (ASM)

3.6.1 Infinite array analysis

As explained above, the approach presented here and relying on infinite-
array simulations reduces the unknowns involved in the simulation of
periodic structures to one unit cell. The simulation code can efficiently
analyze infinitely periodic structures by resorting to the doubly peri-

odic Green’s function. This method greatly reduces the computing time,
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but doing this, the excitation of the structure will also be periodized.
However, when studying periodic structures such as FSS superstrates to
increase the gain of a single radiating antenna or when one is interested
in the central element pattern of a phased array, we want only one unit
cell to be excited. The solution to this issue consists in using the Array
Scanning Method [57], [58], [59]. This technique allows us to compute
the response of a periodic structure to an excitation every N unit cell in
both directions as a sum of N? responses where each unit cell is excited.
This is illustrated in one dimension by equation (3.34) in which I, is the
current in the n'® cell when one cell over N is excited and I*(),) is the
current flowing in a cell in the infinite array conditions with each cell

excited and an inter-element phase shift 1.

=

1 .
In=+ I®(3py)e™I™? where b, =

2T

P (3.34)

3
Il
o

As shown by Eq. (3.34), the array scanning method is just a discrete
Fourier transform (DFT). The interesting property that is used here is
the fact that the DF'T of a sequence of ones has only one non zero element.
This is illustrated in table 3.1 for N = 4 where each line describes the
phases applied to successive unit cells in infinite array simulations with
each cell excited. It is obvious that adding the excitations in the four
lines is equivalent to simulating the same structure but with one cell

over four excited. If N is taken large enough, depending on the strength

" 0 1 2

0 0 O 0 0

1 0 § 37” 21

2 0 m 27 3m 4nm
- 36]% 0 2 3r & 6n
== 11 0 0 0 1

Table 3.1: Mlustration of the excitation phases for ASM with N=4.

of the coupling between cells, the response of the cells surrounding the
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Figure 3.24: Structure of the Figure 3.25: Element pattern for
the infinite array computed with

Eq. 3.35.

dipole array. A = 1.56, Ground
plane A/4 below the array.

excitation will be close to the response obtained when only one cell is
excited. Hence, the radiation pattern of this N-by-N array will be close
to the infinite-array element pattern. In order to determine how large
N should be to avoid interactions between successive excited cells, we
can compare the pattern computed using the ASM with the radiation
pattern of the infinite array where only one cell is excited. This pattern
can indeed be obtained using Eq. (3.35) used in [55] in the receiving
case, knowing that, by reciprocity the same relation holds on transmit:

Fy(a) = /S J®(F) - &, e?*47dS (3.35)

F,(4) is the radiation pattern in direction 4, J® is the current in the
unit cell of the infinite array when every cell is excited, é, is the desired
E field polarization and S is the unit cell surface. Fig. 3.25 shows the
radiation pattern computed with Eq. 3.35 for the simple case of a dipole
array depicted in Fig. 3.24. When N is large enough, depending on the
strength of the coupling between cells, the pattern obtained with the
ASM will be very close to the pattern of the infinite array with only
one cell excited. Fig. 3.26 illustrates, for the dipole array shown above,
the convergence of the radiation patterns with increasing values of N.
The excellent agreement between the pattern obtained by Eq. 3.35 in
Fig. 3.25 and the pattern obtained with the ASM considering N=31
obviously means that the current distribution computed with the ASM

is very close to the current distribution in the case of only one cell excited.
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Figure 3.26: Convergence of ASM towards the infinite array solution.
Left : N=5, Right : N=31

In practical situations, one should stop increasing N for example when
the normalized RMS deviation between the infinite array pattern and
the pattern computed with ASM is below a given value € :
[0,
|E(0) 2

0 <e (3.36)

3.6.2 Finite array analysis

When finite array element patterns are needed, a simple windowing tech-
nique can be applied to the ASM results. After performing the ASM with
a large enough N, as described in the previous section, infinite array cur-
rents when only one cell is excited are known in the excited cell and the
N? — 1 surrounding cells. To obtain the central element pattern of a M-
by-M finite array, with M < N, one only needs to integrate currents in
the M? cells around the excited element, simply omitting the fraction of
the ASM-computed current distribution that is beyond the physical size
of the array. This obviously assumes that reflections at the edges of this
new array can be neglected. Moreover, by moving the truncation window
around the excited cell, it is possible to obtain the element patterns for
any array element. Fig. 3.27 illustrates the truncation needed to obtain
the central element pattern as well as a corner element pattern for a 3-

by-3 finite array. This windowing technique was applied to ASM results



3.6. ARRAY SCANNING METHOD 87

Corner Element

- -
I T . BN | DI - - —3—
- o
Center Element

Figure 3.27: Truncation scheme for central element pattern (dashed) and

corner element pattern (dotted) for a 3-by-3 finite array

Figure 3.28: Element patterns : Left: Center element, Right: Bottom
left Corner element Top row: Finite 7x7 array, Bottom row: ASM 31X31
truncated to 7X7
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for the dipole array with N = 31 depicted in Fig. 3.24. The window
size is 7-by-7 and the element patterns computed with this technique are
compared to brute-force finite array simulation results. As shown in Fig.
3.28, the agreement between both methods is quite good for the center
element but degrades significantly for an element in the corner of the
array. A way of improving this technique and partially take reflections
along the edges into account will be presented in the last section of this

chapter, describing finite-by-infinite array simulations.

3.7 Dielectric structures

This section present simulations of infinite arrays of dielectric objects. As
desribed in Section 2.2.4, when simulating dielectric objects, two different
Green’s functions are needed, as well as their gradient. In the simulation
of an isolated dielectric object, the Green’s functions G, and G, both
have the same expression, except for the wavenumber, which depends on

the media:

e_jkinR e_jkoutR
4R

(3.37)

where R = |7— 77| is the distance between source and observation points.
When simulating periodic structures made of finite dielectric objects, the
Green’s function inside the dielectric object is the same as in the previous
case. Indeed, as seen from inside the dielectric object, the influence of
the outside medium (and the periodicity) is accounted for by equivalent
electric and magnetic currents flowing on the boundary of the object.
The case of infinite dielectric objects, such as infinite dielectric rods, will
be treated in Section 3.8.5. However, in the outside medium, the doubly
periodic Green’s function has to be used and the unit cell is composed
of a single object. Because the doubly periodic Green’s function is not
evaluated as quickly as a single exponential, it is computed and tabulated
before filling the MoM impedance matrix. A second order interpolation

technique is then used to evaluate the Green’s function where needed.
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Figure 3.29: Transmission through an infinite array of spheres. Radius=2

cm, distances between spheres=4.2 cm.

3.7.1 Infinite array of spheres

Infinite array simulations have been validated on a doubly periodic dense
array of spheres for several values of the dielectric constant. The trans-
mission and reflection coefficients were computed and are shown in Fig.
3.29, as well as the sum of their squared magnitudes in order to check en-
ergy conservation. Fig. 3.29 shows that energy conservation is excellent:
in most cases, the error does not exceed 0.01dB, except for high values
of ¢, and high frequencies, where the error increases to a few tenths of a
dB. It is worth noting that, as expected, the magnitude of the transmis-
sion coefficient obtained for ¢, = 1 is constant at 0 dB over the whole
frequency range. The unit cell of the array simulated in Fig. 3.29 is
shown in Fig. 3.30 and contains 612 basis functions. The total compu-
tation time for each frequency point is about 7.5 minutes on a 2.5 GHz
desktop computer (24 s for the tabulation of the Green’s function and
the 3 coordinates of its gradient, 7 min. for the filling of the impedance

matrix and about 6 s for the inversion of the matrix).
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Figure 3.30: Mesh of the unit cell of an infinite array of spheres with 612

unknowns.

3.8 Finite-by-Infinite arrays

Given that couplings between elements are very strong in broadband
arrays, the elements near the edges are in a completely different electro-
magnetic environment. Hence, those elements usually exhibit a strongly
deviating behavior in terms of impedance matching and element pat-
tern. Therefore, it is important to be able to correct the infinite-array
predictions for the effects of truncation. A first step towards the simula-
tion of finite arrays consists in considering structures which are infinitely
periodic in one direction, and finite in the orthogonal direction. For
instance, when the arrays under study are rectangular, the finite-by-
infinite array solution provides correction factors that can be applied to
the infinite-array result. This has been demonstrated in [61] by com-
parisons with brute-force solutions obtained for finite-by-finite arrays of
tapered-slot antennas. Another approach was proposed in [62], which
combines finite-by-infinite array simulation results and infinite-array so-
lutions to estimate the element patterns in arrays finite in both direc-
tions. In the following, we will recall the basics of the analysis of finite-
by-infinite arrays and present a fast iterative solution of the system of

equations.

3.8.1 Singly periodic Green’s function

The computational complexity associated with an array finite in one

direction can only be reduced to the complexity related to a linear array
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by replacing the Green’s function related to a point source to the one
related to an infinitely periodic line of sources. As far as the elements
are made of thin perfectly conducting sheets, the latter Green’s function

can be written as (cf. section 3.1.3):

L S ke ®
G(R,z) = 1= H_Z_jooe T H5 (4 R) (3.38)
with )
2
2=k k2 =k (% + nf) (3.39)

where a is the array spacing along z, 1, is the phase shift between these
elements, and R is the distance to the array axis. The Hankel func-
tions appearing in (3.38) correspond to cylindrical waves radiated from
the axis of the infinite array of sources. In this series, the propagating
modes correspond to the values of n leading to a positive value for 2
in (3.39). They correspond to the main and grating lobes of the infinite
array of dipoles. All the other modes are evanescent. It should be noted
that the estimation of the Hankel functions involved in expression (3.38)
requires a relatively large computation time. In this case, the Green’s
function is also tabulated, but as it depends only on two spatial coordi-
nates, tabulation only requires a limited amount of memory and second
order interpolation turns out to be several times faster than the direct es-
timation of the function. The singular behavior of the successive Hankel
functions combine with each other to generate the 1/R-type singularity

appearing near each source.

3.8.2 lterative solver

As it is well known, the periodicity of the array leads to a block-Toeplitz
structure for the Method-of-Moments impedance matrix. Specific tech-
niques exist for the solution of block-Toeplitz systems. However, com-
pared to the solutions of problems without structure, the time saving
is only proportional to the number of antennas. This is why we resort

to iterative techniques, as the Stabilized bi-conjugate gradient technique
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(Bi-CGstab, [63]). Contrary to the basic Conjugate Gradient technique,
convergence is not absolutely garanteed. However, through the use of a
proper pre-conditionner, the convergence is practically always achieved,
and a five or six digit accuracy is generally obtained within ten to twenty
iterations. The preconditioner used here consists of inverting once and
for all a block-Toeplitz matrix corresponding to a smaller problem, with
p antennas in the finite-array direction (p = 3 is the value we consid-
ered for our computations). Let us denote by Z, this smaller impedance
matrix, and write the entire block-Toeplitz system as Zz = v. If the
array has N elements in the finite-array direction, Z has N x N blocks,
and x and v are composed of NV smaller vectors z; and v;, corresponding
to basis and testing functions located on successive antennas. Then, an
approximate solution is obtained rapidly by considering the solutions of

the following systems:

Zp : = : (3.40)
Ti+p—1 Vi+p—1
fori=1t0 N —p+1.
As Z,, is inverted once and for all (decomposed in LU form, in fact), the

pre-conditioning operation is much faster than the matrix-vector prod-

ucts appearing elsewhere in the iteration procedure.

3.8.3 Application to the array truncation analysis
Standing waves in a finite-by-infinite planar bicone array

Fig. 3.32 shows the active input impedances for both polarizations of
a planar bicone array with 16 elements in the finite-array direction de-
picted in Fig. 3.31. Each port presents a series impedance of 50 2. The
left pictures represent the impedance for the polarization parallel to the
infinite-array direction, while the right picture describes the impedance
for the polarization perpendicular to the infinite-array direction. In both
cases, deviations from the infinite array solution are the strongest for the

outer elements while the impedances are very close to each other further
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Infinite

Figure 3.31: Structure of the finite-by-infinite planar bicone array with

16 elements in the finite-array direction.
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Figure 3.32: Active input impedances for the planar bicone 2 cm above
a ground plane, with 5 cm spacing and 16 elements in the finite-array
direction. Left: feed parallel to infinite-array direction. Right: feed
perpendicular to finite-array direction. The curves represent the input
impedances of antennas located in the successive lines along the finite-

array direction.
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Figure 3.33: Amplitude of currents on successive elements of the finite-
by-infinite planar bicone array with ground plane at 2 c¢m, with first
element fed only, polarization parallel to the finite-array direction, at
471 MHz.

inside the array. When the feed is parallel to the finite-array direction,
the deviations between elements are very large, and the results becomes
completely chaotic at lower frequencies. Simulations performed at lower
frequencies showed a number of strong and regularly spaced resonances.
This is most probably due to resonances involving the whole finite-array
length. This is illustrated by Fig. 3.33, which corresponds to excitation
at just the first element (more exactly, the first infinite line of elements).
Currents through the successive ports are shown. The resonance is very
clear; the length of a double oscillation in Fig. 3.33 corresponds to ap-
proximately 11 spacings, while the free-space wavelength is about 12.7
spacings. It should be noted that, given the shape of the elements, it
may be expected that they tend to lengthen the electrical path (cf. the

current distribution in Fig. 3.3).

3.8.4 Computation of array element patterns with ASM and
windowing

As shown in Section 3.6.2, when computing finite-array element patterns
using infinite-array simulations and a windowing technique, the accuracy

of the results is quite good for the center element of the array, but it
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Figure 3.34: Element patterns based on finite-by-infinite array simula-
tions and ASM. Left: Center element, Right: Bottom left Corner ele-

ment.

degrades significantly for elements located close to the edges or in the
corner of the array. To overcome this problem, it is possible to improve
our approach thanks to finite-by-infinite array simulations. Indeed, to
approximate the 7-by-7 finite array, one can simulate an array that is
finite in the direction where couplings between cells are the strongest
and infinite in the other direction. Doing this automatically includes the
effects of truncation in the finite direction and hence should improve the
results. In the infinite-array direction, the ASM can still be used and
the results truncated as explained in section 3.6.2. Fig. 3.34 illustrates
the excellent results achieved with this new approach. Indeed, these
radiation patterns perfectly match those presented for the finite array
(top row of Fig. 3.28), even for the corner element. One should notice
that when using the finite-by-infinite array approach, although the unit
cell is bigger (7 times bigger in this case), the computation cost can be
kept very low thanks to the use of 1D periodic Green’s function and to

the iterative solver.

3.8.5 Dielectric EBG superstrate

In general, EBG materials are comprised of a periodic array of metallic or
dielectric elements and are characterized by stop bands and pass bands.

This property was already illustrated in section 3.4.1 in the case of a
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r=1.82mm

Figure 3.35: Dielectric EBG  Figure 3.36: Unit cell for the sin-
structure. gle layer EBG.

metallic EBG structure. Another interesting property of EBG materials
is that they display localized frequency windows within the forbidden
frequency band when the periodicity is broken up by some defects. This
property is very useful for improving the directivity of an antenna when
using the EBG structure as its superstrate [52]. In this section, a method
resorting to the singly periodic Green’s function to simulate infinite di-
electric EBG materials will be presented. In order to simulate an infinite
dielectric EBG, as the one shown in Fig. 3.35, a slightly different method
than the one presented in Section 3.7 has to be used. A Green’s func-
tion for singly infinite arrays of line sources could be used. However, we
wanted to be able to treat this case with the formulation presented in
3.7, assuming very minor changes. In this case, the dielectric object to
be simulated is infinite and the unit cell is made of thin slices of dielec-
tric rods (Fig. 3.36). As seen from the exterior medium, these slices
are periodized in both directions and the doubly periodic Green’s func-
tion is used. However, as seen from inside the rods, the unit cell must
be periodized in only one direction, along the rods. Hence, for interior
integrals, the singly periodic Green’s function is used. The rods are dis-
cretized using roof-top basis functions defined on rectangular domains,
as shown in Fig. 3.36 and overlapping basis functions are added along
one edge of the unit cell to allow the equivalent currents to flow from one

cell to the next. The transmission and reflection coefficients of a plane
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in Fig. 3.35. with and without defect.

wave through several layers of rods are presented in Fig. 3.37 where the
typical band-gap exhibited by these structures is shown. Fig. 3.38 com-
pares those coefficients for a 6 layers EBG with and without a defect.
The defect introduced consists of an increased distance between the 3rd
and 4th layers of rods. When this distance is increased to 26.1mm, a
transmission peak is observed in the middle of the band-gap. These re-
sults are in excellent agreement with those presented in [52], which were
obtained with the help of the FDTD method and are shown in Fig. 3.39.
The green curve (corresponding to a defect length of 1.7 times the pe-
riodicity corresponds to the red dashed curve shown in Fig. 3.38 while
the red curve (no defect) is to be compared to the blue solid curve in Fig
3.38.

3.9 Conclusion

In this chapter, we showed how fast infinite-array simulations can be
used, in a first instance, for the analysis of large periodic structures.
Then, a way of estimating the effects of truncation, relying on finite-by-
infinite array simulations was presented. The key concepts developed in

this chapter are the following:
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Figure 3.39: Transmission coefficients of a plane wave through the EBG
depicted in Fig. 3.35 for several values of the periodicity defect (from
[52]).

e Efficient formulations for the periodic Green’s function and its gra-
dient.

e Computation of the transmission and reflection properties of peri-
odic structures.

e Modelling of Ohmic losses.

e Array Scanning Method with 3D objects used for the simulation of

periodic structures with a single excitation + convergence criterion.

e Truncation analysis: Finite-by-infinite array approach with itera-

tive solver, windowing.

e Validations: Comparison with measurements and FDTD simula-

tions, energy conservation.



Eigenmode analysis

This chapter describes how dispersion curves of periodic structures can be
computed numerically with the MoM code and presents some application
examples. The knowledge of dispersion curves may be very helpful in the
design of metamaterial based antennas. Indeed, they can inform about
the frequency ranges and directions in which wave propagation is allowed
as well as the value of the phase velocity. The first section describes how
these curves can be computed with the MoM code. Then the dispersion
in single and double wire media is analyzed. Finally a waveguide filled
with a double wire medium is studied and it will be shown that waves
can propagate below the cut-off frequency of such a waveguide. This
phenomenon is very interesting because it allows to reduce the size of

waveguide based antennas.
4.1 Computation of eigenmodes
As described in Section 2.2.1, the MoM system of equations reads:

Z-1=V

Where Z is the N-by-N MoM impedance matrix (if there are N un-
knowns), I is the column vector containing the N unknowns describing
the currents and V is the excitation vector (fields impressed on the N

basis functions). The eigenmodes of the structure are modes that can

99
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propagate (hence current flows in the structure) although there is no ex-
citation and are therefore characterized by a singular impedance matrix.
For a three-dimensional periodic structure, the search for eigenmodes is
carried out by searching the values of the frequency f and of the phase
shifts between successive unit cells, ¥;,, and 1),, in the three directions
of space that produce an impedance matrix with a zero determinant. We
then get the dispersion relation f = f (E) binding the frequency to the
wavevector k. It is worth noting that this relation is a periodic function
of k and, thanks to this periodicity, the search for eigenmodes only needs
to be carried out in a unit cell of the reciprocal lattice of the periodic
structure. Generally, this search is performed in the so-called first Bril-
louin zone. Furthermore, the first Brillouin zone may be redundant if
the periodic structure possesses additional symmetries, such as mirror
planes. By eliminating the redundant regions, one obtain the irreducible
Brillouin zone [53].

The accuracy of this technique is demonstrated on a simple structure
consisting of an infinite waveguide with a square cross-section. The unit
cell of this waveguide is shown in Fig. 4.1. The singly periodic Green’s
function is used to periodize this cell along the axis of the guide (z axis)
and hence computing the impedance matrix for the infinite waveguide
for several values of the frequency f and wavevector k;. A map of the
values obtained for the determinant of the impedance matrix is shown in
Fig. 4.2. The horizontal axis represents the amplitude of the wavevec-
tor k, and the vertical axis represents the frequency, normalized to the
cut-off frequency of the dominant mode of the waveguide, i.e. the T Eyq
mode. Dark regions indicate low values of the determinant. The disper-
sion curve for the T'F1y and T Ey; modes is clearly visible as the dark line
starting at w/w. = 1. These two modes are identical as the waveguide
has a square cross-section. The dispersion curve for the next higher order
mode, T Ey1, is also visible, starting at w/w, = V2. The third line visible
in the bottom right of the picture is the dispersion curve of free-space.
It is present because, in addition to modes that can propagate inside the

waveguide, waves can obviously also propagate in the outside medium
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Figure 4.1: Unit cell for an infi- Figure 4.2: Dispersion curves ob-

nite waveguide with square cross- . . . .
tained for an infinite waveguide

section. ) i
with square cross section.

which is just free-space. The dispersion curves for these three modes
were computed analytically [54] and plotted in Fig. 4.3 for comparison.

For the T'E1y mode, the dispersion relation reads:

w _ s (’f_a>2
We T

For the T'E1; mode, one has:

and for free-space:

Where a is the width and height of the waveguide with a square cross-
section, ¢ the speed of light in free-space and w,. the cut-off frequency
of the waveguide. Comparing Figs. 4.2 and 4.3, it is obvious that our
numerical method correctly computes the dispersion relations. This tech-
nique has been extended to the analysis of structures periodic in the three

directions of space, such as wire media.
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Figure 4.3: Theoretical dispersion curves obtained for an infinite waveg-

uide with square cross section.

4.2 Single wire medium

A single wire medium is made of a doubly periodic lattice of parallel
conducting wires. The transmission properties of such a medium have
already been studied in Section 3.4.1, where the structure was limited to
a few layers. We also showed the equivalence between wires with circular
cross-section and thin strips as long as the width of the strips is four
times the radius of the wires. Using thin strips allows us to reduce the

number of unknowns involved and to get faster simulations.

4.2.1 Green'’s function periodic in the three directions of space

In order to compute the dispersion curves of this wire medium, the unit
cell is made of a short piece of metallic strip and the Green’s function
periodic in the three directions of space is used. The periodicity along
the wire axis creates infinite wires, while periodicity in the two other
directions fills the whole space with infinite parallel wires. This new
Green’s function is computed from the doubly periodic Green’s function
(periodic along z and y) described in Section 3.1 as follows.

Assuming a periodicity dz along the z axis and a phase shift ¢, between
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successive layers yields:

G3D($ay’z) = Z GQD(-T,y,Z +p- dz) ejm/)z (41)

p=—00

Where Gop(z,y, z) is the double periodic Green’s function. For the “on-
plane” case, the formulation (3.7) is used far from the first line of point
sources (z axis) and the direct summation (3.4) is used closer from this
line (cf. Section 3.1.3). For the “off-plane” case, the formulation (3.3) is
used, where the doubly periodic Green’s function is expressed as a sum of
propagating and evanescent cylindrical waves. Hence, the computation

is carried out in two steps, as expressed by Eq. (4.2).

1)
G3D($a Y, Z) = GQD("E’ya Z) + E : GQD('T’ Y,2 +p dz)ejmbz (42)
p=—00
p#0

The “on-plane” case is treated as needed in the first term and the second

term can be computed with the formulation (3.3).

Gsp(z, y,z) = Gaop(z,y, 2)
e—j7mn|2+p'd2\ej(ﬁm$+ﬂny)

2j(],b Z Z Z ePY: (4.3)

P=—00M=—00 N=—00 Tmn

p#0

Reorganizing the summations, one can write:

G3D(xayaz) = GZD(‘T yaz)

2jab Z Z

m=—00 N=—00

e] (ﬂm$+ﬂny)

Z e~J vmn(z+p dZ)+p1bz + Z ’Ymn z—p-d2)+pwz}
p>0 p<0
(4.4)
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And the expression between parentheses can be rewritten:

Z e*j ['Ymn (Z+p-dz)+p'¢’z:| + Z efj [7mn(*Z+p-dZ)7p'¢’z:|

p>0 p>0
= e_j’ymnz Z e_jp(’)‘mndz—w:,) + ej’)’mnz Z e_jp('andZ'f"l/Jz)
p>0 p>0
) 1 . 1
— p—JYmnZ _ Ymn 2 _
€ (]_ — e*j(’YmndZ*’l/)z) 1) + ¢’ (]_ — e*j('YmndZ‘Hﬁz) 1)

(4.5)

This last step uses the fact that Z;io QP = li—q and avoids an additional
summation on the variable p. Hence the computational complexity for
the tabulation of the Green’s function periodic in the three directions
of space remains comparable to the case of the tabulation of the doubly

periodic Green’s function!

4.2.2 Dispersion curves for the single wire medium

Using this new periodic Green’s function, it is now possible to com-
pute the dispersion curves for the single wire medium depicted in Fig.
4.4, with an infinite number of layers. Simulation results are shown in
Fig. 4.5. The blue curves correspond to the dispersion obtained with
a zero phase shift between successive wires along x and describes waves
propagating along the z axis. Comparing these blue curves with the
transmission properties through 6 and 12 layers presented respectively
in Figs. 3.6 and 3.7, one can note the perfect correspondance of the
band-gap position (between 24 GHz and 30 GHz) and the cut-off fre-
quency near 13 GHz. Looking at the lowest blue curve (1P, = 1, = 0)
of Fig. 4.5, just below 15 GHz, the phase shift 1, is also close to zero.
This means that, at these frequencies, modes can propagate within this
structure with a phase shift between successive wires that is very low or
null in both directions. This in turn means that the phase velocity of
these modes is very high and hence the refractive index is very low. This
is a proof that this medium behaves as an homogeneous medium with a
very low effective permittivity. This property can be used to design high

gain antennas, as it will be shown in section 5.1.
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4.3 Double wire medium

To further validate the computation technique for eigenmodes, double
wire media were also studied numerically. A double wire medium (DWM)
is also made of infinite arrays of parallel wires, but wires in two successive
layers are orthogonal to each other. The unit cell for a DWM is presented
in Fig. 4.6. The properties of DWM have been investiguated analytically
in [60] and some dispersion curves obtained are presented in Fig. 4.7.
These are isofrequency contours, i.e. relations between phase shifts in
2 directions ¢y and g, (or between 2 components of the wavevector) of
the modes that can propagate in the structure. Our numerical results
computed with the same parameters are presented in Figs. 4.8 and 4.9

and striking is the excellent agreement with analytical curves.
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4.4 Application to the analysis of backward waves in

a waveguide filled with a wire medium

As previously mentioned in section 2.3.2, and will be demonstrated in
section 5.2, slotted waveguides can be useful as primary sources for meta-
material based antennas. Hence, this section is devoted to the study of
waveguides filled with a wire medium. As it will be shown, very inter-
esting properties arise in such structures. This work was carried out in
collaboration with Prof. I. Nefedov who was in charge of the analytical
part of the study while we confirmed these analytical models with our
MoM simulations.

The concept of metamaterials has been found useful in many applica-
tions, from low frequencies to optics. They can be designed to achieve
properties with respect to electromagnetic waves that cannot be found
in nature. An important role among metamaterials is played by artificial
media with negative permittivity and permeability. Having both of these

parameters negative is a sufficient condition for propagation of backward
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waves in such structures (backward waves are referred to waves whose
phase and group velocities are directed oppositely). Media with one of
the parameters negative are also of great interest, namely, wire media
(the media formed by lattices of ideally conducting parallel thin wires).
A single wire medium (WM), two-dimensional periodic lattice of thin
conducting wires, can be described as a uniaxial material, whose relative

permittivity tensor can be written as (the wires are in the z direction)

e, 0 O
€= 0 ¢ O (4.6)
0 0 e

where €, is expressed by the well-known Drude formula

w? k2
€, = €p (1_&)22};) :6h< —k—g) (4.7

Here ¢}, is the permittivity of the host medium, k = w/c /€, = ko+/€p and

c is the speed of light. The constant w, (or the corresponding k) is an

equivalent “plasma frequency”. However, formula (4.7) is correct only
if a wave propagates perpendicular to the wires. It has recently been
shown that if the wavevector in a wire medium (WM) has a nonzero
component along the wires, the plasma model (4.7) gives nonphysical
results [65]. The plasma model has been corrected introducing spatial

dispersion (SD) into formula (4.7):

k2
=en [1- 52— ]. (4.8)
‘ k? — k2

Recently J. Esteban et al. [66] have shown that if one inserts a WM
sample into a rectangular waveguide, propagation of backward waves
below T E1y mode cutoff becomes possible. Thus, it is not necessary to
be in presence of a double negative metamaterial; a negative permittivity
is sufficient. In this section, we will examine the structure considered in
[66], revising the explanation given by authors for the effect of backward
wave propagation. Low-order modes will be studied in the waveguide

under different types of filling. We will compare results, given by the
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Figure 4.10: Double wire medium in a square waveguide.

effective medium theory and two different realisations of the Method of
Moment (MoM). Geometries with connected and non-connected wires
are compared, as well as the influence of the wire connection with the

waveguide walls.

4.4.1 Waveguide filled with DWM, effective medium models

A square cross-section waveguide, filled with a double wire medium (DWM),
formed by two mutually orthogonal wire lattices, is shown in Fig. 4.10.
The double wire medium can be made in two topologies, connected and
non-connected [67], and these kind of DWM exhibit different wave prop-
erties.

Note that, very recently, the DWM has been studied in details, using
analytical and different numerical methods, [67]-[69]. In [69] a very good
agreement between the results given by the effective medium and full-
wave theories for all types of waves in DWM (if the wires are thin) has
been demonstrated. In addition, the effective medium (EM) model gives
good results not only at low frequencies, but also above plasma resonance,
ie. w> wp.

The following explanation, based on the effective medium model,
was given in [66] for the existence of backward waves in the structure
of Fig. 4.10. If mutually perpendicular wires are identical, the medium
inside the waveguide can be considered as a uniaxial crystal with permit-

tivity dyadic components €; = €;5 = €yy, €,, = €5, Where ¢ is expressed



110 CHAPTER 4. EIGENMODE ANALYSIS

by the conventional formula (4.7) and is negative at low frequencies.
Then, the known formula for the propagation constant vy of guided TM

modes in a waveguide filled with a uniaxial crystal, is used:
V2 = e [k — (K2 + 2)/en] (4.9)

where k; = k, = m/a. Obviously, formula (4.9) predicts propagating
waves below cutoff and below plasma resonance. Moreover, it leads to a
countable spectrum of propagating waves at low frequencies; that can be
seen if one takes k, = mm/a, ky = nm/b. For any low ko, we can find m
and n such that wave propagation becomes possible, which looks weird.
In [65] and [69] it is shown, that these unphysical results disappear if one
uses an EM model that takes into account spatial dispersion.

Namely, application of formula (4.8) in EM theory yields the following
expression for v, assuming that k, = k; [69].

2 2 2 kikf} 2

v = kgen — ky m — 2k;. (4.10)
This formula does not allow propagation of a countable spectrum of
modes, in opposition to formula (4.9). However, the formula (4.9) re-
lates to non-connected geometry, and in [66] the connected topology was
considered (see Fig. 10 of [66]). Applicability of formulas (4.9) and (4.10)
for both geometries as well as difference between their spectra of modes
is discussed below.

The next important issue is the correct model for computing the
plasma frequency. This problem seems important to us for the inter-
pretation of the results obtained in the framework of effective medium
theories.

The most generally used are the following formulas:

1. Formula from [70]:
B2 27
P d?In(d/r)’

where d and r are the period and the radius of WM lattice, respec-

(4.11)

tively.



4.4. BACKWARD WAVES IN A WAVEGUIDE 111

Figure 4.11: Spectrum of modes for circular wires and non-connected
geometry. Inset shows the cross-section. Dotted curve — dispersion,
calculated using formula (4.9), dashed curves — results obtained from

formula (4.10), solid curves — results of Green’s function method.

2. Formula from [72]:

B2 2m
P @ (Ing +0.5275)

(4.12)

The results, given by formulas (4.11) and (4.12), as well as by another
proposed model, have been compared in [71]. A little difference was
shown between models developed in [72] and [71] for thin wires, but also
a strong difference with Pendry’s formula (4.11), which does not take
into account the interaction between wires. Namely, even for thin wires
with 7/d = 0.01, considered by us here, formulas (4.11) and (4.12) give
kpd ~1.17 and k,d ~1.38, respectively that makes results obtained by
the use of (4.11) too rough. The applicability of the effective medium
theory for DWM, composed of thin wires and using the formula (4.12)
for the plasma wavenumber, was proven in [69] comparing the results

obtained from Eq. (4.10) with the results from full-wave simulations.
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4.4.2 Spectrum of eigenmodes

We first consider the waveguide, loaded by wires as shown in Fig. 4.10
(one lattice period within the cross section and period of WM in z-
direction is the same, equal to a). The ratio r/a = 0.01 leads to the
plasma wavenumber k,a ~ 1.38 and the wires are assumed to be non-
connected. In Fig. 4.11, we compare results, given by formula (4.9),
which was used by authors of [66] with the results obtained in the frame-
work of the corrected EM theory (4.10) and those of the Green’s func-
tion method, described in [69]. We can use for a waveguide structure
the same algorithm as for a periodic structure, taking phase shifts per
period v, = 1y, = 7 and controlling the field distribution which must cor-
respond to electric walls at £ = +a/2 and y = +a/2. We can see a good
agreement between the results of the corrected EM and full-wave theo-
ries. It is remarkable that two low-order pass bands lie above the plasma
wavenumber, which is equal to 1.38/a for the chosen wires parameters,
though below cutoff, which is equal to 4.44/a for TM1; mode. Strik-
ing is that the first pass band lies even below cutoff for the dominant
mode TE;y mode. This is obviously very promising for the miniatur-
ization of waveguide based antennas. In opposite, the result, obtained
from formula (4.9) (the curve, marked by ‘0’), strongly differs from the
one described above and provides a wave propagating below the plasma
frequency. In addition, under the taken parameters and geometry, the
backward wave belongs to the second passband and the lowest mode is
a forward wave. Also two higher-order modes, propagating above cutoff,
are shown in Fig. 4.11.

A similar structure has been simulated by using full-wave MoM. How-
ever, the wires have been taken as thin strips whose width w satisfies the
condition w = 4r that approximately gives the same plasma frequency
for strip-like WM as for circular cross-section WM with the radius of
wires 7 (in the case of thin wires and narrow strips). Thus the strip-like
WM with w/a = 0.04 is equivalent to the circular WM with r/a = 0.01
(cf. section 3.4.1 and Fig. 3.8). The results obtained are in a good

agreement both with analytical and Green’s function [69] methods for
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two lowest modes. The black horizontal line in the middle of forward
and backward modes corresponds to the cutoff of the TE;y; mode and
white line corresponds to the free space mode. Next, we consider the
connected geometry, with the map of determinant in Fig. 4.12. Here we
see that the lowest forward mode is absent. This result is in agreement
with that obtained by Esteban et al, [66]. However, other modes are sim-
ilar to those marked by ’1’ and ’3’ for the non-connected geometry and
they are well described by the model (4.10), not by (4.9) which was used
in [66]. Then, we consider the waveguide, filled with a non-connected
circular WM, as shown in the inset of Fig. 4.14. In this case the period
of WM in all three dimensions is d = a/2 and the phase shifts per period
of WM in z and y directions are 9, = v, = w/2. It corresponds to
the phase shift 7 across the waveguide walls, as it takes place for the
TM;i; mode. Calculations have been made using formula (4.10) as well

as with the Green’s function method and the results are presented in
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Figure 4.14: Non-connected geometry. Dashed curves — results obtained

from formula 4, Solid curves — results of Green’s function method.

Fig. 4.14. We observe again a very good agreement between the EM
approach and the numerical results. In this case the backward wave
also belongs to the second pass band but its cutoff wavenumber shifts to
higher frequency, thereby decreasing the gap between the second and the
third pass bands, where the last one occupies practically the same fre-
quency range. Dispersion diagrams for the non-connected and connected
geometries, calculated using MoM [73], are presented in Fig. 4.15 and
Fig. 4.16, respectively. The main difference with the non-connected case
is the absence of the lowest forward wave. Dispersion of other modes

only slightly differs from the ones for the non-connected geometry.

Then, let us consider three wires in cross-section, as shown in the
inset in Fig. 4.17. Here ¢, = 9y = /3 and a = 3d. In this case we
observe quite a large shift of the first pass band to lower frequencies.
However, positions of other modes are not changed substantially. The
spectrum of modes for the strip wires, calculated by MoM, looks very
similar: see Fig. 4.18, excepting horizontal line, which corresponds to the
cutoff of the TE;g mode. The waveguide structure with connected wires

has no low-order forward-mode as in previous cases, see Fig. 4.19.

To conclude this section, we showed that the conventional plasma

model, used in Fig. 4.18, is not applicable for the analysis of a waveguide
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Figure 4.15: Non-connected ge- Figure 4.16: Connected geome-
ometry. Map of the determinant try. Map of the determinant of
of the MoM impedance matrix. =~ the MoM impedance matrix.

Figure 4.17: Non-connected geometry. Dashed curves — results obtained

from formula 4, Solid curves — results of Green’s function method.
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Figure 4.18: Non-connected ge- Figure 4.19: Connected geome-
ometry. Map of the determinant try. Map of the determinant of

of the MoM impedance matrix. the MoM impedance matrix.

filled with crossed wires both for geometries with connected and non-
connected wires. The corrected effective medium model, which takes into
account spatial dispersion, gives a good agreement with the full-wave
models both for geometries with non-connected and connected wires.
Both analytical and numerical models predict the propagation of back-
ward waves in the waveguide. Only one essential difference between con-
nected and non-connected geometries is observed. Namely, the spectrum
of modes for non-connected geometry contains an extra forward mode,
which is the lowest mode in the waveguide, filled with WM. Striking is the
fact that this mode propagates even below cutoff of the dominant mode
TEjg- This opens new perspectives in the miniaturization of waveguide
based antennas. It was also demonstrated, that waveguide structures,
containing more wires in cross-section, have similar spectra of modes but
their pass band can be substantially shifted compared with the case of

two perpendicular wires in a cross-section.

4.5 Conclusion

This chapter described how the MoM simulation code can be used to

compute the dispersion curves of periodic structures:

e Computation of eigenmodes.
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e Efficient computation of the Green’s function periodic in three di-

rections.

e Validations: Computation of the dispersion relations of single and

double wire media.

e Application: Demonstration of wave propagation below cut-off in

a waveguide filled with a double wire medium.
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Application to the design
of high gain antennas

This chapter describes how the MoM code and associated techniques pre-
sented in this work, as well as the structures studied, can be used in the
design of high gain antennas. This will be demonstrated on two different
examples. We first show that a metallic EBG structure made of parallel
conducting wires can be used as a low refractive index metamaterial to
increase the gain of a short dipole antenna. Then, the second example
consists of a frequency selective surfaces (FSS) used as a superstrate to

increase the gain of a slotted waveguide.

5.1 Low equivalent permittivity metamaterials

It has been shown in [74] that a structure made of stacked metallic grids
of parallel conducting wires can focus energy in a narrow radiation pat-
tern. This conclusion came from a semi-analytical study of a structure
infinite in both x and y directions (Fig. 5.1) and an experimental ver-
ification in a real finite case. The structure studied here is made of a
stack of 12 metallic grids infinite along both x and y directions. The
grids are made of flat metallic strips. Fig. 5.2 shows the transmission
coefficient of a plane wave polarized along y, at normal incidence. We
clearly notice two frequency gaps; the lower one corresponds to wave-
lengths greater than about 4 times the periodicity of the structure. It is
shown in [74] and [76] that near the band edges, this structure behaves as

a homogeneous medium with a very low refractive index. Hence, under
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Figure 5.1: Structure of the metamaterial.

proper conditions, the energy radiated by a source embedded inside the
metamaterial should be concentrated in a narrow emission lobe. This
can be understood if we notice that the band edge is moving with the
angle of incidence (Fig. 5.3). Indeed, a plane wave with a wavelength
close to the band edge is transmitted at normal incidence but is totally
reflected for higher incidences. This illustrates that, near the band edge
(i.e. near 14 GHz in the present example), this metamaterial effectively
behaves as a medium with a very low refractive index. This fact was also
demonstrated by looking at the dispersion curves of this structure in sec-
tion 4.2.2. Using our code, these simulations can be performed over the
whole frequency band (150 frequency points) within a couple of minutes
on a 2.5 GHz desktop computer.

5.1.1 Finite array case

In this case, we simulated a very short dipole embedded in a stack of 6
grids over a ground plane in several different finite-array configurations.
The frequency is equal to 14.02 GHz, i.e. near the band edge. Fig. 5.1.1
shows the radiation patterns in 3 different conditions. When comparing
these patterns we notice, as expected, that the directivity in the H plane
is mainly influenced by the number of strips along x, while directivity in

the E plane (along the strips) depends on the length of the strips along
y.
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5.2 FSS superstrate excited by a slotted cavity

In this section, it is shown how a metamaterial superstrate made of peri-
odic frequency selective surfaces (FSS) can be used to increase the gain
of a slotted waveguide or cavity. There are several reasons to explain the
fact that we chose a slotted waveguide as the feeding structure. First,
the whole structure can be entirely metallic, which can be mandatory in
some applications. Then, such a waveguide exhibits many parameters
that can be used to optimize the input impedance (cf. section 2.3.2):
dimensions of the guide itself, size and position of the slot(s), size and
position of the feed probe etc. Finally, as it will be shown in this section,
the waveguide and the superstrate can be optimized separately, which
greatly simplifies the design process. Numerical simulations of antennas
based on periodic metamaterials fed by a slotted waveguide can be exces-
sively time consuming because of the large number of unknowns involved
in such structures. This Section describes how the analysis of the meta-
material can be carried out separately from the waveguide by defining
interior and exterior equivalent problems. Moreover, we will show how
the combination of both equivalent problems allows a fast computation

of the antenna impedance properties.

5.2.1 The structure

It is now well known that periodic metamaterials can be used as an-
tenna superstrates to collimate energy in a narrow lobe. For instance,
it is shown in Section 5.1 how periodic metallic grids can behave as an
ultrarefractive metamaterial to enhance the gain of monopole and dipole
antennas. Another approach which consists of using frequency selective
surfaces (FSS), made of short dipole arrays, to increase the directivity
of a patch antenna is described in [79]. FSS superstrates can also be
used in conjunction with metamaterial ground planes (Section 3.4.2 and
[80]), that exhibit zero degrees reflection phase, to reduce antenna pro-
file. Metamaterials can then also be used, for example, to increase the

directivity of a slotted cavity. For instance, in Fig. 5.5, a superstrate
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072% 15cm

Figure 5.5: Slotted waveguide exciting a periodic metamaterial super-
strate made of 6 layers of metallic strips. Left: description of the guide;

Right: current distribution on the whole structure at 14 GHz.

made of six layers of metallic strips is used. The strips are 4.9 cm long
and the spacings between them are 0.58 cm horizontally and 0.63 cm
vertically. Fig. 5.6 shows the radiation pattern obtained at 14GHz.
However, brute force simulations of such structures require a large com-
puting power, because of the large number of unknowns, especially in
the feeding structure. Another and more efficient approach consists of
analyzing separately the waveguide and the metamaterial. A similar
separation of the problem into two regions, an internal and an external
one, was already used and validated in [81] for the analysis of slotted
waveguide arrays. The method proposed here is based on the use of our
MoM simulation code and the separate analysis of equivalent interior
and exterior problems. Section 5.2.2 defines these interior and exterior
equivalent problems and validate this approach on simple examples. It is
then shown in Section 5.2.3 how both interior and exterior problems can

be combined to obtain easily the impedance properties of the antenna.



124 CHAPT

ER 5. DESIGN OF HIGH GAIN ANTENNAS

180

Figure 5.6: Radiation pattern of the structure in Fig. 5.5 at 14GHz.
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Figure 5.8: Schematic view of the

Figure 5.7: Description of the )
whole structure studied.

slotted cavity.
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Figure 5.9: Interior equivalent problem.

5.2.2 Interior and exterior problems

The structure under study is illustrated in Figs. 5.7 and 5.8. It consists
of a slotted waveguide or cavity, whose top wall is extended into a ground
plane. A slot is cut in this top wall and the cavity is excited by some sort
of feed probe. The interior problem, depicted in Fig. 5.9, can then be
seen as a closed waveguide (the slot is short-circuited) with two different
excitations. The first excitation is the voltage source V at the feed probe,
modeled as a delta-gap, and the second one comes from magnetic currents
M=-7#ixE equivalent to fields in the slot. By exciting only the T'E1q
mode in the waveguide, one can assume that M;n; and ﬁmt, respectively
the magnetic currents and H field in the slot for the interior problem
both have a sinusoidal distribution along the slot. Hence, by simulating
this structure, and by using the superposition principle, it is possible to
find on one side the ratio Y;{ftM of the amplitudes H;,; and M;,; when the
probe is not excited (V' = 0) and on the other side, the ratio Y#V of the
amplitudes H;,; and V (the voltage source), when there is no magnetic
current (M = 0). This yields for the interior H field amplitude:

Hing =YV + Y My, (5-1)

nt

Then, the exterior problem consists of a periodic metamaterial super-
strate excited by a slot cut in the ground plane extending the top wall
of the waveguide. Assuming that this ground plane is large enough, the
problem can be seen as a periodic structure excited by magnetic currents
M = —i x E, equivalent to fields in the slot, and flowing on an infinite
ground plane, as shown in Fig. 5.10. This structure can also be simu-

lated, and using the same assumption of sinusoidal field distribution as



126 CHAPTER 5. DESIGN OF HIGH GAIN ANTENNAS
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Figure 5.10: Exterior equivalent problem.

in the interior problem, we now have for the H field amplitude in the
exterior problem.

Heact = YHMMezt (52)

ext

5.2.3 Combining both problems

By enforcing the continuity of tangential fields along the slot, i.e. H;py =
Hepy and M;py = —Mey, one can find the amplitude of equivalent mag-
netic currents using equations (5.1) and (5.2).

YHEVY
YHM + YHM

int ext

Megt = —Mint = (5.3)
Then, using again the superposition principle in the interior problem, one
can obtain the relations binding I (amplitude of the current induced on
the feed probe) with both V' (amplitude of the voltage excitation at the

probe level) and M;,; (amplitude of magnetic currents along the slot).
I=Y"Vv +vMpm,, (5.4)

Then introducing (5.3) into (5.4), the current along the feed probe is
obtained and the input impedance of the antenna, V/I at the proble

level, can be determined.

7 =

V 1
7 YIMyHV (5'5)
Yind HYG

:YIV_

With this method, the radiation pattern can be optimized in the exterior

problem by tuning the properties of the superstrate. Then, under the
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Figure 5.11: Comparison of current induced on a half-wave dipole in
a slotted cavity. Solid lines: Slot open, Dotted lines: Slot is short-
circuited and replaced by a sheet of magnetic currents, with a sinusoidal

distribution.

single-mode approximation for fields in the slot, Eq. (5.5) will allow the
determination of the impedance at the waveguide feed level. This input
impedance can be optimized by tuning the waveguide parameters in the
interior problem. The procedure that consists of replacing the electric
field along the slot by magnetic currents with a sinusoidal distribution
has been validated on three simple examples. In the first one, a small
metallic box containing a half-wave dipole and with a slot cut in its top
wall was simulated. Fig. 5.11 shows the current induced on the dipole
(solid lines) when it is excited by a delta-gap. Then the slot was short-
circuited and replaced by a sheet of magnetic currents with a sinusoidal
distribution. The current induced on the dipole is also shown in figure
5.11 (dotted lines) and is almost exactly the same as in the previous
case. The second example consists of a metallic cavity fed by a probe
and also with a slot cut on its top broad wall. Its cross-section is 1.5 ¢cm
X 0.75 cm and its length is 2 cm. A 1 cm long slot is cut in the top wall.
The input impedance at the probe level around the resonant frequency
of the cavity is shown in Fig. 5.12. Solid lines show the impedance with
the slot open and the small bullets and squares when the slot is short-

circuited and replaced by a magnetic current sheet. Again the agreement
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Figure 5.12: Comparison of the input impedance of a slotted cavity (1.5
cm X 0.75 cm x 2 cm). Solid lines: Slot open, Bullets and Squares: Slot

is short-circuited and replaced by a sheet of magnetic currents.

is excellent. Finally, the third example is the simulation of a FSS made of
two layers of 41x11 dipoles each and described in [79]. In a first instance,
the transmission of a plane wave through this structure was computed
and is shown in Fig. 5.13. One can note that there is a full transmission
peak at 12.5 GHz. Then the FSS was placed above an infinite ground
plane and excited by magnetic currents. The radiation pattern obtained
at 12.5GHz is shown in Fig. 5.14. As mentioned in [79], we indeed obtain
a high directivity. Finally, the optimization method described above was
validated by full wave simulations of the complete structure made of
the slotted cavity whose top wall is extended into a finite ground plane,
above which the FSS was placed. The current distribution at 12.5 GHz is
shown in Fig. 5.15 and the radiation pattern in Fig. 5.16. The achieved
gain is about 22dB and corresponds to the directivity obtained in [79] by
full-wave FDTD simulations. The difference between radiation patterns
of Figs. 5.14 and 5.16 could be expected: the finite size of the ground
plane allows a little back radiation, the side lobes are a little higher and
the directivity is a little lower. The return loss obtained at the feed probe
level is shown in Fig. 5.17. The achieved impedance bandwidth is about
6%, while the gain bandwidth (Gain>20dB) is about 2%.
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Figure 5.13: Transmission properties of a FSS described in [79] made of
two layers of 41x11 dipoles.
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Figure 5.14: Radiation pattern at 12.5 GHz of a FSS described in [79]
made of two layers of 41x11 dipoles and excited by magnetic currents

on an infinite ground plane.
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Figure 5.15: Current distribution
at 12.5 GHz of the whole radi-

ating structure made of a slot- Figure 5.16: Radiation pattern

ted cavity exciting the FSS su- 4 195 QHy of the structure
perstrate. The size of the whole shown in Fig. 5.15.
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Figure 5.17: Return loss for the structure shown in Fig. 5.15.
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5.3 Conclusion

This chapter described how all the tools and techniques presented in pre-
vious chapters can be used for the design of high-gain antennas based on a

slotted waveguide or cavity exciting a periodic metamaterial superstrate:
e Separate analysis of the waveguide and the periodic superstrate.

e Combination of interior and exterior problems under the single-

mode approximation for fields in the slot.

e Radiation pattern optimization: Infinite array simulations of the

exterior problem

e Optimization of the input impedance in the interior problem
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Conclusions

6.1 The MoM simulation code

One of the goals of this work was to develop efficient numerical tools for
the analysis of large periodic structures such as metamaterials. Because
of the large number of unknowns involved in these structures, brute-force
simulation can be excessively time-consuming. A solution to overcome
this problem is the infinite-array approximation. Indeed, this approxi-
mation reduces the unknowns of the problem to a single unit cell and
dramatically reduces the computation time. That is why we developed
an efficient implementation of the Method of Moments for the simula-
tion of finite and infinitely periodic structures. This code is able to deal
with metallic objects (EFIE formulation), dielectric objects (PMCHWT
formulation) or mixed structures. It is based on the surface equivalence
principle, hence, only surfaces need to be discretized, i.e. metallic sur-
faces or interfaces between homogeneous dielectric objects. This is a big
advantage over other methods such as the FDTD, where the whole vol-
ume surrounding the structures under study needs to be meshed.

In infinite-array simulations, the periodicity is accounted for by resort-
ing to the periodic Green’s function. Three different formulations for the
computation of this function were proposed and are used in conjunction,
depending on the position of the observation point relative to the array
plane. This always ensures the faster possible convergence. Moreover,

to further reduce simulation time, this function is tabulated and a sec-
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ond order interpolation technique is used during the filling of the MoM
impedance matrix. In order to obtain the greatest possible accuracy,
the singularity is extracted before the tabulation and the interpolation
is then carried out on a very smooth function. The singularity is then
reintroduced after interpolation, or it is treated separately for close in-
teractions, ensuring a good accuracy of the numerical integration while
keeping a reasonable number of integrand samples. It is worth notic-
ing that our efficient formulations for the computation of the Green’s
function and its gradient allows a very easy extraction of the singular-
ity. Actually, it can be extracted from the periodic Green’s function in
exactly the same way as in the case of an isolated object.

The code has been validated on numerous examples. Among these exam-
ples, we showed the simulation of the input impedance of a multi-band
fractal antenna, the comparison of the input impedance of slotted waveg-
uides computed by full-wave simulations and with analytical models, the
demonstration of the constant input impedance of self-complementary
arrays, and finally, the transmission/reflection properties of EBG struc-
tures, while artificial magnetic conductors were compared with results
found in the literature. We also developed a simple model for ohmic
losses in metallic structures which was validated through the verification
of energy conservation in the case of an infinite TEM horn array. Fi-
nally, the simulation of infinite-array of dielectric objects was validated
by verifying energy conservation in the case of infinite-array of dielectric
spheres, with several values of the permittivity, illuminated by a plane

wave.

6.2 Design methods and tools

Besides the simulation code, we also developed efficient design methods
for large periodic structures such as large phased arrays or metamaterial
based high gain antennas.

First, when considering metamaterials to improve the performance of
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antennas (impedance, gain, sidelobe level,...), one needs to be able to
study periodic structures with a non-periodic excitation. However, when
using the periodic Green’s function to simulate infinitely periodic struc-
tures, the excitation is periodized in the same way as the unit cell of the
metamaterial. This problem could be solved by resorting to the Array
Scanning Method. By combining N? infinite-array simulations with ev-
ery cell excited, this method multiplies by N the excitation period in
both directions. It was demonstrated that, when N is large enough, the
portion of the structure surrounding an excited cell behaves effectively
as if there were only one cell excited. We extended this method to 3D
structures and proposed a convergence criterion based on the infinite-

array radiation pattern to determine how large N has to be.

We have also investigated several ways of estimating the effects of the
truncation of infinitely periodic structures. Indeed, in large but finite pe-
riodic structures, the elements along the edges of the array are in a com-
pletely different electromagnetic environment, compared to the element
further inside the structure. Hence, the behavior of the inner elements
can be estimated with a very good accuracy with the infinite-array ap-
proximation. However, elements along the edges or in corners can behave
very differently. A first step towards the estimation of the effects of trun-
cation may be to consider finite-by-infinite arrays. Indeed, by combining
an infinite-array simulation with two finite-by-infinite array simulations
with different finite array directions, it is possible to obtain an accurate
estimation of the effects of truncation. Finite-by-infinite array simula-
tions are carried out using the Green’s function periodic in one direction
and leads to a Block-Toeplitz structure of the MoM impedance matrix.
Using an iterative solver (Bi-CGstab) with a proper pre-conditionner,
the system of equations can be solved very efficiently.

Another approach to estimate the effect of truncation consists of combin-
ing finite-by-infinite array simulations with the Array Scanning Method
and a windowing technique. By comparing results obtained with this
technique with those obtained by brute-force simulation of finite struc-

tures, we demonstrated that this method allows to accurately compute
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the element pattern of any element of a finite array, provided that cou-
plings are not excessively strong in both directions and generate strong
surface waves.

We finally also proposed an elegant way of computing numerically
the dispersion curves of periodic structures. These curves may be very
important in the analysis of metamaterials as they contain a lot of in-
formations about their properties. They can indeed inform us about the
positions of stop and pass-bands, the directions in which modes can prop-
agate as well as their phase velocity. We showed that these dispersion
curves can be computed by searching for the nulls of the determinant
of the MoM impedance matrix associated to the periodic structure. For
the analysis of metamaterials periodic in the three directions of space,
we developed an expression for the three-fold periodic Green’s function,
which can be evaluated with the same computational complexity as the
doubly periodic Green’s function.

The chosen approach was validated by comparing the dispersion curves
obtained numerically for an infinite empty waveguide with those obtained
analytically. Other validations were carried out on single and double wire
media, for which the numerical results were also compared to analytical
models found in the literature.

Surprising results obtained when studying waveguides filled with such
wire media are then presented. In this study, we could show that back-
ward waves can propagate in such waveguides. Moreover, we could also
demonstrate the propagation of forward waves below the cut-off fre-
quency of the fundamental mode. These results were again compared

with analytical models.

6.3 Design of high gain antennas

The last chapter of this thesis focuses on the application of all the pre-
viously mentioned techniques to the design of high gain antennas based
on metamaterials. Two examples are presented. The first one consists

of a wire medium that exhibits a low dielectric permittivity, and hence,
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a low refraction index. According to Snell’s law, the waves radiated by a
source embedded in such a medium are refracted very close to the nor-
mal with the interface. This fact has been confirmed by simulation of
a small dipole put in the middle of this wire medium. The second ex-
ample describes how a superstrate made of frequency selective surfaces
can be used to increase the gain of a slotted waveguide. Moreover, an
efficient technique for the design of such slotted waveguide antennas is
proposed and validated. This technique consists of separating the whole
structure into and interior problem (interior of the waveguide) and an
exterior one (the periodic superstrate) and then enforcing the continu-
ity of tangential fields along the slots. In both problems, the slot was
short-circuited and the electric field was replaced by equivalent magnetic
currents with a sinusoidal distribution. We showed that the superstrate
can be analyzed alone to optimize the radiation pattern, while the input
impedance of the waveguide can be optimized by tuning parameters of
the interior problem. We would like to stress that the input impedance
of high-gain metamaterial antennas is almost never analyzed. The effi-
ciency of this design method was demonstrated on an example in which

we could achieve a gain of 22dB with a return loss of -10dB.

6.4 Further prospects

The technique presented above for the design of slotted waveguide anten-
nas with a metamaterial superstrate is currently being extended to more
than one feeding slot. For instance, one can study two separate slotted
cavities exciting the metamaterial with almost no increase in simulation
complexity. This opens new perspectives in the fast analysis of arrays of
slots, dual-polarization as well as dual-band high gain antennas. More-
over, we demonstrated that, when waveguides are filled with wire media,
waves can propagate below the cut-off frequency. This is very promising
in terms of miniaturization of these slotted waveguide antennas.

An ASM-based method to compute the effect of truncation of the peri-

odic superstrate and its impact on the aperture efficiency of the structure
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is also under study.

Thanks to the finite-by-infinite array approach, our code can also be very
useful in the design of wideband antenna arrays, and in the analysis of
the effects of truncation in such arrays with electrically connected, and
hence, strongly coupled elements [62].

Finally, work is currently carried out towards the fast analysis of finite ar-
rays with the help of Macro Basis Functions (MBF). Recently fast meth-
ods have been described where the interactions between macro basis and
macro testing functions are computed with the help of a multipole ap-
proach [82]. Extensions of these methods, where physically based MBF’s
can be obtained with the Array Scanning Method are under study and

seem to be very promising.



List of acronyms

AMC: Artificial Magnetic Conductor

ASM: Array Scanning Method

Bi-CGstab: Bi-Conjugate Gradient stabilized
BW: Backward-Waves materials

DFT: Discrete Fourier Transform

DNG: Double Negative media

DWDM: Double Wire Medium

EBG: Electromagnetic Band-Gap

EFIE: Electric Field Integral Equation

EM: Effective Medium

EMC: Electromagnetic Compatibility

FD: Finite Difference method

FDTD: Finite Difference Time Domain method
FEM: Finite Element Method

FSS: Frequency Selective Surface
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MBEF: Macro Basis Function

MoM: Method of Moments

NIM: Negative-Index Materials

LHM: Left-Handed Material

PBG: Photonic Band-Gap

PEC: Perfect Electric Conductor

PMC: Perfect Magnetic Conductor
PRS: Partially Reflective Surface
PMCHWT: Poggio-Miller-Chang-Harrington-Wu-Tsai formulation
RWG: Rao-Wilton-Glisson

SRR: Split Ring Resonator

TE: Transverse Electric

TEM: Transverse Electromagnetic

TL: Transmission Line

TM: Transverse Magnetic

TLM: Transmission Line Matrix method
VSWR: Voltage Standing Wave Ratio

WM: Wire Medium



Computation of the
MoM matrix elements

Using Eq. 2.59, one can see that the MoM impedance matrix elements

can be computed as follows:

1 - = -
Zyn = — [ Jm- (K*T+VV) / JnG(R) dS'dS
Jwe Js ’

1
= .—(Il + IQ)
Jwe

Where we defined I; and I as
L = k2 / I+ | J,G(R) dS'dS
s s

L = / Jpm - VV - | J,G(R)dS'dS
S S!

Let
¢1 = / Vs [fnG(R)] s’

Where Vg is a surface divergence.

Hence, I> can be rewritten as:
I, = / I - VeprdS
s
= / V- (Jp1)dS — / 1V - JndS (B.1)
s s
but from the divergence theorem:

/V-(fm¢1)d5: b1 - dl =0
S as
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Where 7 is the outward pointing unit normal of the boundary 0S. This
integral is null because the current vecJ,, has no component normal to

the edges of the basis function. Hence
I = —/ P1V - Jp,dS
S
and ¢ can be rewritten as follows:
T / Vs [fnG(R)] ds’
Sl
~ [ J-vslGm)as
Sl
= - / Jp, - Vg [G(R)] dS'"
= - / V [fnG(R)] ds'+ | G(R)Vg - J,dS'
! Sl
From the divergence theorem, and using the fact that the current has no

component normal to the edges of the basis functions, the first integral

of the right member is always null:
/S' Ve (fnG(R)) ds'= | G(R)J,-adl =0
so the integral I finally writes
I = _/S (VT Fyawis'is
and the impedance matrix elements finally writes:

Fnn = Ji [/S /S (kam T (V- T (V- fn)) G(R)dS’dS] (B.2)



Proof of expression 2.39

1 ov. G(n x H)dS' = 1lv/v. [G(7 x H)]|dS'

Jjwe S jwe  Jgr
_ ,iv[ (V@) - (ax H) ds' — [ av- (7 x B) dS’]
Jwe s’ S’
_ j%lev[/l(v'a) (h x H) dS’]
- j%lev/, [V’- [G(ax H)] =GV (7 x ﬁ)]dS' = (1) +(2) (C1)

(1) = —=v [ V[G@ax H)]ds' = v [ V'(axGH)dS'

Jjwe  Jg jwe  Jgr
1y [Gﬁ-V’xﬁ—ﬁ-V’x(Gﬁ)]dS’
jwe  Jg
(C.2)
If S is closed, this can be rewritten:
-1y Gﬁ-v'xﬁdswr,iv/V-VX(Gﬁ)ds'
Jwe S’ Jwe %
-1 o
=—V [ GH-V' x#adS (C.3)
jwe  Jgr
Then,
(z):.iv GH (7 x H) s’ = v G[H -V'xa—n-V' x H]dS'
Jwe S’ Jwe S’
(C.4)
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If J=0on S, this can be rewritten:

1 _ o
—V | G[H-V' x#—i-jweE]dsS'
Jwe St

And finally:

W)+ =-v [ G- Bds = —/’V[G(fz-

Sl

=— [ V(VG)(a-E)dS
Sl

/ (V'Q) (7 - E) dS'

(C.5)

&

)]ds’
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