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Abstract

This paper considers a risk sharing scheme of independent discrete losses that combines risk
retention at individual level, risk transfer for too expensive losses and risk pooling for the
middle layer. This ensures that pooled losses can be considered as being uniformly bounded.
We study the no-sabotage requirement and diversification effects when the conditional mean
risk-sharing rule is applied to allocate pooled losses. The no-sabotage requirement is equiv-
alent to Efron’s monotonicity property for conditional expectations, which is known to hold
under log-concavity. Elementary proofs of this result for discrete losses are provided for finite
population pools. The no-sabotage requirement and diversification effects are then examined
within large pools. It is shown that Efron’s monotonicity property holds asymptotically and
that risk can be eliminated under fairly general conditions which are fulfilled in applications.

Keywords Risk pooling - Peer-to-Peer (P2P) insurance - Conditional mean risk-sharing -
Likelihood ratio order - Log-concavity

Mathematics Subject Classification (2010) 62P05

1 Introduction and Motivation

Peer-to-Peer (P2P) insurance, or crowdsurance refers to emerging, technology-based risk
sharing networks where participants pool their resources to mutually protect against the
financial consequences of a given peril. Rooted in the sharing economy, it revives early
forms of mutual insurance. P2P insurance aims to mitigate the conflict inherent to commercial
insurance (where insurers keep the part of premiums that is not paid out for claims) and to
lower prices or extend coverability.
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Actuaries started to investigate the mathematics supporting P2P insurance quite recently.
See e.g. Abdikerimova and Feng (2022) and Denuit (2019). The main challenge is to fairly
distribute total losses among participants within P2P insurance funds aiming at standardiza-
tion (that is, using general behavioral traits like risk aversion but not individual preferences).
Appropriate risk-sharing rules are needed to that end. Inspired by properties that premium
principles or risk measures may or may not satisfy, Denuit et al. (2022a) systematically
studied the properties that risk-sharing rules could/should satisty. This resulted in a list of
reasonable (not necessarily independent) requirements that a risk-sharing scheme may ful-
fill. In particular, the no-sabotage (as termed by Carlier and Dana (2003) or comonotonicity
property (as termed in Denuit et al. 2022a) appears to be a desirable property since it ensures
that the interests of all participants are aligned, in the sense that they all have an interest in
keeping their losses as small as possible. Throughout this paper, we consider the conditional
mean risk-sharing rule where the contribution paid in arrear by each participant is the con-
ditional expectation of the loss brought to the pool, given the total losses experienced by the
entire pool.

The conditional mean risk-sharing rule has been proposed by Denuit and Dhaene (2012)
building upon the work by Landsberger and Meilijson (1994). It has been axiomatized by
Jiao et al. (2022). The reader is referred e.g. to Blier-Wong et al. (2022); Clemente et al.
(2023, 2024); Denuit and Robert (2023); Ghossoub et al. (2024) and Levantesi and Piscopo
(2022) for contributions to the study of the conditional mean risk-sharing rule, as well as to
Feng (2023) for a general presentation of the topic.

Under pure P2P insurance, participants’ contributions are theoretically unlimited. A more
effective solution can be obtained by combining self-insurance, or retention by individual
participants, P2P pooling of the middle risk layer at the level of a community and risk transfer
of the upper layer to an insurance company. By partnering with an established insurance
company, the community can benefit not only from its risk-bearing capacity, but also from its
experience in claim settlement and the related administration. Denuit (2020) designed such
a scheme under the conditional mean risk-sharing rule and Denuit et al. (2023) extended it
to any aggregate rule satisfying the no-sabotage or comonotonicity property. In practice, this
means that losses brought to the pool are bounded from above, either thanks to the transfer
of the upper layer to an insurance company, or by limiting the intervention of the pool to a
maximum. Consider for instance cyber risk. According to Faure and Nieuwesteeg (2018),
cyber risk pooling offers promising opportunities. An example is the new cyber mutual insurer
MIRIS (acronym for “Mutual Insurance and Reinsurance for Information Systems”) licensed
in 2022 by the Belgian regulator to underwrite direct cyber insurance on behalf of its owner-
members in the European Union. MIRIS allocates up to 25 millions euros of capacity to each
member for underwriting years 2023 and 2024. The same ceiling of indemnities happens
with other types of insurance risk pooling. Thus, we can safely assumed that pooled losses
are bounded from above.

In the present paper, we study the no-sabotage requirement and diversification effects
obtained when the conditional mean risk-sharing rule is applied to allocate discrete inde-
pendent losses among participants. This is in line with practice where insurance losses are
generally discretized before performing actuarial calculations.

Under the conditional mean risk-sharing rule, the no-sabotage requirement is equivalent
to Efron’s monotonicity for conditional expectations given sums. The latter is known to
hold true under log-concavity. We provide an elementary proof of this classical result for
discrete distributions (since existing proofs rely on the basic composition formula and deal
with probability density functions). The no-sabotage property is also carefully studied in large
pools where log-concavity is recovered thanks to local limit theorems. We thus provide results
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comparable to those obtained in Denuit and Robert (2021b) where the loss distributions have
been assumed to be absolutely continuous.

We also study diversification effects obtained with the conditional mean risk-sharing rule.
Diversification effects of this risk-sharing rule when the size of the pool becomes larger and
larger have already been documented in Denuit and Robert (2021a) for absolutely continuous
losses or when the losses have compound Poisson distributions for which the claim severities
are positive and absolutely continuous. Results have also been provided when losses are
given by independent Bernoulli random variables multiplied by a capital belonging to a
predefined menu in Denuit et al. (2022b). But no results seem to be available for general
discrete distributions. We show that insurance at fair price can be recovered within large
pools, under fairly general conditions which are fulfilled in applications to P2P insurance.

The remainder of this paper is organized as follows. Section 2 presents the 3-layer scheme
studied in this paper where risk pooling operates in the middle layer. This ensures that
insurance losses to be pooled are uniformly bounded from above. It also recalls the definition
of the conditional mean risk-sharing rule. Section 3 presents the no-sabotage property and
then discusses the likelihood ratio order and the log-concavity concept. This section also
provides the reader with an elementary proof of Efron’s monotonicity property for counting
random variables. Log-concavity appears to be a strong requirement since it constrains in
particular the loss distribution to be light-tailed. Section 4 is dedicated to large pools. It is
proved that the no-sabotage property is generally recovered within large pools thanks to local
limit theorems. The latter are also exploited to obtain risk elimination under fairly general
conditions. Section 5 applies these results to losses obeying Binomial distributions with
varying success probabilities, recovering as particular cases results similar to some of those
derived in Denuit et al. (2022b) for binary losses. Section 6 offers numerical illustrations
within an hypothetical P2P insurance pool. The final Section 7 summarizes the main findings
of the paper and discusses some of the results.

2 Risk Retention, Transfer and Sharing
2.1 Collaborative System and Pooled Losses

As explained in the introduction, this paper considers a collaborative system built on self-
insurance, or retention by individual participants, P2P pooling of the middle risk layer at the
level of a community and risk transfer of larger losses to an insurance company. Let us briefly
explain how this 3-layer system operates.

Consider 7 individuals, numbered i = 1,2, ..., n. Each of them is exposed to some peril
causing a random non-negative monetary loss at the end of a given observation period, taken
to be the time interval (0, 1). P2P insurance is not costless to operate so that running fees
supplement participants’ contributions. Therefore, some participants may consider retaining
some risk, to save money. This may also be imposed by the sponsor, to guarantee that
participants have interest to keep their losses under control. In practice, this is often achieved
by applying a deductible or a quota-share arrangement. Let ¥; > 0 be the loss for participant
i, in excess of individual retention.

In liability insurance for instance, some large losses may happen which exceed the risk-
sharing capacities of the P2P insurance community. It is therefore useful to limit the maximum
loss per participant, to some value m. This means that min{Y;, m} is pooled and that (Y; —m) +
is transferred to the partnering insurer through an excess-of-loss cover and does not enter risk
pooling. The corresponding premium must be supported directly by participant i, in addition
to his or her own contribution to the pool.
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From now on, let X; = min{Y;, m} be the amount of losses pooled by participant i. Thus,
X; < mholds for all i, where m corresponds to the priority of the yearly excess-of-loss cover
limiting the amount entering pooling. Moreover, we assume that X1, X», ... are independent
and valued in {0, 1, 2, ..., m}.

2.2 Conditional Mean Risk-sharing Rule

Henceforth, we use the notation S, = )7, X; for the total risk of the pool. In a risk pooling
scheme, each participant in a pool of size n contributes an amount i; , (s) wheres = > 1 x;
is the sum of the observed realizations of X1, X», ..., X,.
Denuit and Dhaene (2012) studied the conditional mean risk allocation/{]™ defined as
h$TS(S,) = E[X;]S,], i=1,2,...,n. 2.1)

n

Clearly, the conditional mean risk sharing (2.1) allocates the full risk S,, as we obviously

have ;
Zh"m“(s ) =Y E[XS,] = S,

i=1

In words, participant i must contribute the expected value of the risk X; brought to the
pool, given the total loss S,,. This rule is obviously fair in the actuarial sense as the expected
contribution is equal to the expected loss, thatis,E[hff}q‘rS(Sn)] = E[X;]foralli =1,2,...,n

3 No-sabotage Condition

In the context of risk sharing, it is important that the interests of all participants are aligned,
in the sense that they all have an interest in keeping their losses as small as possible. Under
the conditional mean risk-sharing rule, this means that all functions s > hcmrs (s) are non-
decreasing. This is referred to as the no-sabotage condition, after Carlier and Dana (2003) and
renders individual contributions A7 (S,) perfectly positively dependent (or comonotonic)
since they are all non-decreasing functions of the random variable S,,. It implies that no
individual contribution hf,'zrs(Sn) is allowed to increase more than the total losses S,,.

3.1 Likelihood Ratio Order

The likelihood ratio order plays a central role in the study of the no-sabotage condition.
Recall that given two counting random variables V and W, V is said to be smaller than
W in the likelihood ratio order, which is henceforth denoted as V <igr W, when the ratio
of their respective probability mass functions P[W = k]/P[V = k] is non-decreasing in
k € {0, 1, ...}. Equivalently,

V <R W & P[V =k]P[W = k'] > P[V = k']P[W = k] forallk <k’ €{0,1,...}.
When V and W are independent, this means that it is more likely that W assumes the
larger value k" and V the smaller k, expressing the fact that W tends to be larger than V. We

refer the reader to Denuit et al. (2005, Chapter 3) for more details concerning this stochastic
order relation expressing the idea of “being larger than” for random variables.
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3.2 Log-concavity

Recall that Z is said to be log-concave when the probability ratio P[Z = k + 1]/P[Z = k]
is non-increasing in k € {0, 1, ...}. Clearly,

P[Z=k—-1
Z log-concave < ﬁ non-decreasing in k € {0, 1, ...}
PIZA 1=k 4 ingink e {0,1,...) & Z <r Z+ 1
——————— non-decreasing in B P =< .
PIZ = ] g LR
More generally,
Z log-concave <& Z <ir Z + j forany j € {0, 1,...}. 3.1

Log-concavity implies that the distribution is light-tailed, as explained next. Define the
discrete failure rate as
P[Z = k] .
rz(k) = ———— provided P[Z > k] > 0.
P[Z > k]
We refer the reader e.g. to Chapter 6 in Lai and Xie (2006) for an introduction to discrete
failure time models. In particular, if Z is log-concave then it has an increasing failure rate,
thatis, rz(0) < rz(1) <rz(2) <...holds true. Now,

1—rz(0)=1—P[Z=0]=P[Z > 0]
P[Z>1]1-P[Z=1] P[Z>1]
1—rz(l) = =

P[Z > 1] ~ P[Z > 0]
and in general
g~ P1Z=K

" =Rz s k=]
so that

k

Z log-concave = P[Z > k] = [ | (1 = rz(j)) < (1 = rz(©)"" = (P(Z > o))"
j=0

which expresses the light-tailed behavior of Z.

Notice that when the probability ratio P[Z = k + 1]/P[Z = k] is constantly equal to
¢ > 0, only three distributions are possible: the Geometric distribution for which P[Z =
k]l = (1 — p)k p for some p € (0, 1), the Uniform distribution and the distribution with

probability mass function P[Z = k] = m for k € {0,1,...,m}. The discrete
failure rate is constantly equal to p for the Geometric distribution.

The ratio P[Z = k4 1]/P[Z = k] can be used to order discrete distributions. Considering
Proposition 3.4.10 in Denuit et al. (2005), if Z is log-concave then there is a unique crossing
between P[Z = k 4+ 1]/P[Z = k] and the horizontal line at any height 1 — p € (0, 1)
corresponding to the Geometric distribution, so that the latter dominates Z in the convex
order when p is selected so that expected values coincide. Hence, Z has uniformly smaller
stop-loss premiums compared to those of the Geometric distribution with the same mean, as
well as uniformly smaller moments of any order. This confirms that log-concavity implies
that the distribution is light-tailed.

Let us show that (j, k) — P[Z = j — k] is a TP2 function when Z is log-concave. This
result is well known but generally stated for random variables with a probability density
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function. Here, we provide a direct proof of it for counting random variables, deduced from
the close relationship between log-concavity and likelihood ratio order recalled earlier.

Property 3.1 If the counting random variable Z is log-concave then
P[Z=j —KIP[Z=j—kl|>PlZ=j —klP[Z=j — k'] for any j <j'and k <k'.

Proof Clearly,
- L PZ=l—kt1] S
0og-concave — X X X  non-increasing in
& PIZ=1—k| gme=

so that if Z is log-concave then Z + k also is for any k € {0, 1, ...}. Considering (3.1), we
then see that
Z log-concave => Z + k <{gr Z + k' forany k <k,

which is equivalent to the stated inequality. This ends the proof. O

It is well documented that the likelihood ratio order is not preserved by convolution,
in general. However, log-concavity ensures its stability under convolution. This result is
generally established by applying the so-called basic composition formula to probability
density functions. We propose here a direct proof of this result for integer-valued random
variables, inspired from Hu and Zhu (2001). The direct reasoning given below will be adapted
in Section 4 to deal with large pools.

Property 3.2 Let U, V and W be independent random variables valued in {0, 1,2, ...}. If
W is log-concave then U <jp V = U+ W <ig V+ W.

Proof We have to show that
PIU+W=I[P[V+W=Il>PlU+W=IP[V+W=I[]foralll <!' €{0,1,...}.
This is equivalent to show that A > O forall/ <1’ € {0, 1, ...} where
o0 o0
A= ZZP[U = jIP[V = k](P[W =[—jIP[W =1'"—k]—-P[W =1I'—j]P[W = l—k]).
j=0 k=0
Let us rewrite A as

A=Y PIU=jIPV :k](P[W —I—jIPW =10 —kl—P[W=1— jIP[W :l—k])

J#k
=Y PlU = jIP[V = k](P[W —1— jIP[(W=1—k|—P[W=1— jIP[W =1 — k])
j>k
+ ZP[U = k]P[V = j](P[W =1—klP(W=1!—j1—-PW=1I—k]P[W=1[-— j]).
j>k

Now, U <rr V implies that P[U = k]P[V = j] > P[U = jIP[V = k] forall j > k and
Property 3.1 shows that P[W = [ — k]P[W =1’ — j] > P[W =1’ — k]P[W = [ — j] when
j > k. Hence,

A=Y PU=jIPV = k](P[W — ] — jIP[W=1—k]—P[W =1 — jIP[W =1 — k]
j>k
+P[W =1 —kIP[W =1 — j]
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—ﬂW:ﬂ—HHWZZ—ﬂ)
:0!

which ends the proof. O

3.3 Efron’s Monotonicity Property

Consider two independent, integer-valued random variables Y and Z. This section studies the
monotonicity of the conditional expectation E[Y|Y 4+ Z = k] as a functionof k € {0, 1, ...}.
This property is referred to as Efron’s monotonicity, after Efron (1965).

The next result shows that log-concavity of Z ensures that Efron’s monotonicity property
holds true. The proof proposed in this paper uses the size-biased transform, whose definition
is recalled next. Given arandom variable X valued in {0, 1, ...} with finite expectation, define
X valued in {1,2, ...} with probability mass function function

kP[X = k]

PIX =k] = IO

kefl,2,...)

the random variable X is said to be a size-biased version of X. We refer the reader to Arratia
et al. (2019) for a detailed account of the size-biased transform.

Proposition 3.3 Consider independent random variables Y and Z valued in {0, 1, ...}. If

Z is log-concave then the conditional expectation E[Y|Y + Z = k] is non-decreasing in
ke{0,1,...}.

Proof Using Proposition 2.2(ii) in Denuit (2019), we have
P[Y + Z = k]
E[Y|Y+Z=k]=E[Y] ——
Y|y + ] []P[Y+Z:k]
where the size-biased version Y is assumed to be independent of Y and Z. Now,
PIY =k]

k ~
m = m increasesink € {0,1,...} = Y <(r Y.

By Property 3.2, the log-concavity of Z ensures that Y + Z <1 r Y + Z so that %
is non-decreasing in k. This ends the proof. O

Compared to Efron (1965), Property 3.3 does not impose any log-concavity condition on
Y. Only Z is assumed to be log-concave there. The result is known but generally stated for
probability density functions. See e.g. Denuit and Robert (2021b) or Pellerey and Navarro
(2022).

As a consequence of Property 3.3, we can conclude that s +— h$7™(s) is a non-decreasing
function if Z j=i X j islog-concave. Log-concavity of losses is therefore a sufficient condition
for no sabotage but it appears to be restrictive for applications to insurance. For a large pool
however, log-concavity does not appear to be such a restrictive assumption as explained in
the following section.

4 Large Pools

In this section, we let the size of the pool increase to infinity. The no-sabotage property has
already been studied in large pools by Denuit and Robert (2021b) when the loss distributions
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are absolutely continuous. This assumption however appears as being too strong for insurance
applications since the probability that a participant does not report any loss is in general high.
In our framework this probability will be assumed to be larger than the probabilities to have
a loss with size k € {1, 2, ...} for all participants. This is in line with empirical data where
the no-loss probability largely exceeds 0.5 for individual insurance contracts.

Diversification effects of the conditional mean risk-sharing rule for large pools has been
studied in Denuit and Robert (2021a) for absolutely continuous losses or when the losses have
compound Poisson distributions for which the claim severities are positive and absolutely
continuous. We show further in this section that insurance at fair price can also be recovered
within large pools for discrete losses, under fairly general conditions.

4.1 Local Limit Theorem

Local limit theorems (LLTSs) describe how the probability mass function of a sum of random
variables follows the Normal curve. In probability theory, these theorems have often been
considered as being of secondary importance when compared with Central limit theorems,
as explained in the recent survey by Szewczak and Weber (2022). But they are essential for
our results. Let X, X, X3, ... be independent integer-valued random variables with

n n
wr =EXi]. ap =E[S,] =)y and b = Var[Sy] = Y E[(Xk — )],
k=1 k=1

2
exp (—W)‘ ) (4.1)

LLTs provide conditions such that

1
sup by P[S, = k] N
asn — oo.

Let us assume that P[X; = 0] > P[X; = j] for every participant i and all j € {1,2,...}.
Such an assumption is generally satisfied in insurance applications, where the probability
mass at zero dominates all other probabilities. We refer the reader e.g. to Klein et al. (2014) for
empirical evidence in motor insurance as well as to Chapter 2 in Kaas et al. (2008) describing
the individual risk model for insurance portfolios, specially designed to account for the large
probability mass at 0, referred to as the no-claim probability.

As proved in Theorem 3 of Petrov (1975), a necessary and sufficient condition for the
convergence in Eq. 4.1 hold when X1, X5, X3, ... are uniformly bounded integer-valued
random variables is that

[e.¢]
g.cd {l : ZP[X,- =ll=0c0} =1,
i=1

where g.c.d is the greatest common divisor of the terms enclosed in parentheses. The previous
condition means that the g.c.d. of the positive integers such that there is an infinite number
of X; that can take as values these positive integers must be equal to 1.

In this paper, we need stronger conditions to get asymptotic expansions and uniform
estimates for the remainder term. We will use the following result given in Petrov (1975).

Proposition 4.1 (Theorem 12 of Chapter VII in Petrov (1975)) Assume that:

(I) P[Xx =0] > P[Xy = jlforallk and j;

(Il) there exists a constant ¢ > 0 such that lim inf,,_, o bﬁ > ¢y
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(HI) limsup, o L 30 E[Xx — ml”] < o0 and limy oo + 34—, D lj—plsnt 1 —
wk|P = 0 for some integer p > 3 and some positive t < 1/2;
(1v)

1 n
ged{l: — ZP[Xk —0P[X; =1] > oot = 1.
lognk=l

Then,

1 2 Pon ()C) 1
byP[S, = k] = «/E exXp (—*X ) I+ Z nv/2 <W>

uniformly ink (—oo < k < 00), where x = (k — ay) /by and p,,,, () is a polynomial of degree
3v with coefficients depending only on the cumulants of the random variables X1, ..., X,
up to and including order v 4 2.

LLTs are often studied by using specific indicators. For an integer-valued random variable
X, define

9x = Y min{P[X = j1.P[X = j + 1]}
j=—00
and .
sx= Y |PIX=j1-PX=j—1]|.
j=—o0

The latter series is often used to measure smoothness. Let us recall some useful properties
of these indicators, that can be found in Szewczak and Weber (2022). For any positive real
values a and b, one has a + b — |a — b| = 2 min{a, b} so that

1 [e.¢]
dx =5 Y (PIX=j1+PIX = j+11— [PLX = jI—P[X = j +1]|)

or§y =2(1 — ¥x).
If the distribution of X is unimodal, in the sense that there exists an integer jo such that
P[X =j—1] <P[X = j]forall j < joand P[X = j+ 1] < P[X = j]forall j > jp then

5x =y (PIX=jl—PX=j—11)+ Y (P[X=j—1]1—P[X = j])

i<o J>Jo
=) PIX=jl+ ) PIX=jl—[ ) PIX=jl+ ) PIX=]]
J<Jo JzJo j<o i>Jo

= 2P[X = jo] =2maxP[X = j].
J

This is for instance the case when X is log-concave since every log-concave distribution
is unimodal.
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With individual yearly insurance losses, it is common to have the largest probability mass
at zero and then a unique mode on strictly positive values, that is,

P[X =0] >P[X = j]forall j =1,2,...
P(X=j—1]<P[X =j]forall j =2,..., jo

Then,
Jo
§x =P[X =0]+P[X =0] —P[X = 1]+ Y _(P[X = j] —P[X = j — 1])
j=2

+ > (PIX =j—11-P[X = j])

J=Jo
=P[X =0]-2P[X = 1]+ » P[X=jl+ Y PIX =]
J=Jo J=Jo
Jo—1
[ doPix=j1+ ) Pix =]
j=1 Jj>Jo

= 2(P[X = 0] — P[X = 1]+ P[X = jo]).

Sometimes, there is a local mode at the maximum value m, because of truncation, that is,
P[X =m — 1] < P[X = m]. We then get

5x =P[X =0]+P[X =0]-P[X =11+ Y (PX = j]—P[X =j—1])

m—1
+ ) (PIX=j—11-P[X=j]) +P[X =m] —P[X =m — 1]
J=Jjo+1
=2(P[X = 0] = P[X = 1]+ P[X = jo] = P[X = m — 1]+ P[X = m]).

We will use the following LLT given in McDonald (1979) for establishing risk diversifi-
cation of the conditional mean risk sharing rule.

Proposition 4.2 (Theorem 1 in McDonald (1979)). Assume that:

(I) limsup,,_, o, % ZZ:I Elexp (a|Xk|)] < oo for some positive constant a;
(II) there exists a constant ¢ > 0 such that lim inf,,_, 5 %bﬁ > ¢
(1) liminf, oo 2 3} ; 0%, > 0.

Let w(n) be a sequence such that lim,,_, o w(n) = o0o. Then

PLS) = k] = — (—(k_a")z J kma’s (k_“”)> <1+0<"‘J)>
VT R 2b2 PR G p

uniformly for k in

I <k—ayl <

w(n)

where A, (T) is a special power series converging uniformly with respect to n for sufficiently
small t.
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Condition (IIT) of Proposition 4.2 requires that two consecutive integer values must be
taken by a large number of random variables Xj. Indeed, it is easy to see that if for instance
X only assumes even values then ¢y, = 0. If ¥x, > O then there is a positive integer j
such that P[X; = j] > 0 and P[ X} = j — 1] > 0 simultaneously hold, so that X} assumes
the two consecutive values j — 1 and j. Condition (II) expresses the fact that this must
happen for sufficiently many indices k. This excludes the classical counter-example with
X1 € {0, 1} and all other X; € {0, 2} where E[X]|S,] = X and the conditional mean
risk-sharing rule fails to diversify risk. Condition (III) of Proposition 4.2 generally holds
true in the applications to risk sharing as it can be seen from the values of ¥y computed in
the cases commonly encountered with insurance losses. Condition (III) of Proposition 4.2
is automatically fulfilled when all random variables X have the same support {0, 1, 2, ...},
i.e. P[X; = j] > O forany j > 0.

Conditions (I)-(I)-(IIT) of Proposition 4.2 generally hold true when individual losses X;
have been obtained by discretizing a continuous severity model over (0, 0o), like Gamma or
Inverse Gaussian for instance, supplemented with a probability mass at zero.

4.2 No-sabotage Condition for Large Pools

LLTs lead to show that the assumption that log-concavity for sums approximately holds true
in a sufficiently large pool and for a sufficiently large interval around the mean of the sum,
so that the no-sabotage requirement is almost valid for the conditional mean risk-sharing
rule operated among many participants. The next result shows that the no-sabotage condition
asymptotically holds for intervals larger than those where the Central limit theorem holds.

Proposition 4.3 Ler X1, X2, X3, ... be independent integer-valued random variables such
that there is an integer m such that X; < m holds for all i. Suppose also conditions (), (II)
and (IV) of Proposition 4.1 are fulfilled. Let T, = {l € Z : |l — a,| < n3/4/a)(n)} where
w(n) is a sequence such that lim,_, o w(n) = oo and limsup,,_, o, n3/4/a)(n) > 1. There
exists ng such that for n > ng

E[X;|S, = k] is non-decreasing in k over Z,,.

Proof Without loss of generality we consider the case i = 1. Let us define S,(l\l) = s Xk,
atV = Y ien Ik and (l),(1\l))2 =31 L E[(Xk — wi)?]. The proof then proceeds as follows.
Using Proposition 2.2(ii) in Denuit (2019), we have

v (\1)
P[X; + Sp' =k]
ELX11X) + 85" = K] = BIX = ——

P[X1 + 8§, =kl

where the size-biased version )71 is assumed to be independent of X and S,(l\l) and satisfies
PIXi=0 I
P[X; =11 E[XiI’

Therefore E[X;|S,, = [] is non-decreasing in / over the range of integer values Z, if and
only if

1e{0,1,...).

PIX; + 50" =1

=R | S is non-increasing in/ € Z,,
P[X1 + 8, =1]

or equivalently

PIX; + S = P[X; + 8 =141 > Prxy £ S =1 1PIX; £ S =1, 1 e 7,
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This is equivalent to show that A; > O forall/,/ + 1 € Z,, where

i 1
=YY PIX) = jIP[X| = k]

=0 k=1
(P[s,(,\" =1 — PSS =14 1=k = PSS =11 — jiPsY =7 — k]).

Let us assume that / is large enough such that / > m and let us rewrite A; as

1 m m
A = kP[X) = jIP[X) = k
I E[XIJX(:MZI [X1 = jIP[X| = k]
(P[s,ﬁ\” =1 — 1P =14 1 =k =P[O =1 41— jIpEsO =7 — k])
I

= kP[X1 = jIP[X| =k
E[Xl]of,gkgm [X) = jIP[X| = k]

(P[s,(,\“ — 1= jIPS =14 1=k =PSSO =1 41— jIpEsO = — k])
L
E[X/]

> kPIXy = jIP[X; =k]

1<k<j<m
(P[S,i\" == PSR =1+ 1=k = PLSI =1+ 1= 1P =1 - k1)

1
= BIX1] P ka[xl = 0]P[X; = k]

(P[s,(,\" =1PSM) =1 41—k —P[S\D =1+ 11P[s\D =/ — k])
L
E[X1]

> (k= jPIX) = jIP[X; = k]

1<j<k<m

(P =1 — jIPLsi" =11 = kIP(SI =1+ 1= jIPS{" =1 — k1)
I

= k— j))P[X; = jIP[X1 =k
E[XI]OSjgkzsm( JP[X| = jIP[X| = k]

(P =1 — jIPLsi =1+ 1= k1 = PLS{Y =1+ 1= jIP(SE =1 - k1)

Then we have

PLS =1 jIPLS)Y =1+ 1— k1= P[S;" =1+ 1 - jIP[S;\ =1 — k]

(1) . (D)
. P[S," " =1—-j] PIS) =1l—-(k-1)]
= Pis\ =141 jIpisi” :l—ld( D BT - 1>~
P[S," " =1— (= DI P[S,"" =1—k]

Let us study the sign of

WP =11 Pis =1 —(k—l)]
P, =1— (=D PIS =1k
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forl,l +1eZ,. Let

D |k — g\

and x; = —
b;\l)

[—=j

Xlj = 1
pOD

By Proposition 4.1 with p =4

. PIs =141 PISM =1—(k—1)]
PSS =1—(—11 PSSP =1 —k]

1
= ((xlzj — xlzjfl) — (xlzk — xlzkfl))

T2
2 1
+ ; m((pvn (x15) = pon (x1j=1) ) = (Pon (1) = Pom (xai—1) )) +o (;) .
We have | ) , , , k—j
3 ((x,j —xp_p) — (g — xlk,l)) = W
and
(Pon (x17) = Pon (x1j=1) ) = (Pon (k) = pun Gix=1) ) = O <(()ZO’(;T);2> .

We deduce that, if for v = 1,2, (x;0)°""2 = o (n"/?), then the dominant term is (k —
7/ (b,(,\l))z, which is equivalent to have
=

— 1/4
i =o).

This condition is satisfied for [ € Z,,. It follows that, for [ € Z,,,

(D . (\1)
P[S,' =1— PSS, ' =1—(k—1 .
lim b2 (El) P - G=DI NV _ik<o
P[Sn =l_(]—1)] P[Sn =l—k]

Finally, we can conclude that there exists ng such that for n > ng,

2
by N
_ 1<
PLs; " =1]

uniformly for |/ — a,| < n3/4/w(n). m]

The sequence w(n) appearing in the statement of Proposition 4.3 should not increase too
rapidly to oo, to ensure that there is a non-empty set where the conditional expectation is
non-decreasing. For instance, we see that with w(n) = 3n3/* there is no integer value k
fulfilling the condition |k — a,| < n3/*/w(n) = 1/3. The only relevant sequences w (1) are
those for which there is a non-empty set of integer values k fulfilling this constraint. The
same comment applies to the sequence w (n) involved in Proposition 4.2.
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4.3 Risk-reducing Effect, Risk Elimination and Insurance at Fair Price

The conditional mean risk allocation is regarded as beneficial by all risk-averse economic
agents, because

Elu; (w; — X;)] < E[u; (w; — hff‘“S(Sn))] foralli € {1,2,...,n}, 4.2)

n

whatever the concave utility function u; and the initial wealth level w;. This is a direct
application of Jensen inequality for conditional expectations. Inequality (4.2) shows that
provided total losses are distributed among participants according to the conditional mean
risk-sharing rule, every risk-averse agent prefers joining the pool and paying 1™ (S,) over
the stand-alone position, keeping the individual loss X;. Interestingly, this is true whatever
the distribution of the other losses X ;, j # i, comprised in the pool.

Enlarging the pool is always beneficial, even with heterogeneous losses provided S, is
allocated among participants according to the conditional mean risk-sharing rule hf':,‘“ Pre-
cisely, for any independent losses X;, we have

Efu; (w; — h{""®(Sp)] < Elu; (w;i — h{5% (Spr1))] forallnandi € {1,2,...,n}, (4.3)

nn

for any concave utility function u; and initial wealth w;. See e.g. Denuit and Robert (2023)
and the references therein.

Risk elimination may be obtained at the limit, when it can be shown that /" (S,,) con-
verges to the pure premium E[X;] as the number n of participants tends to infinity. Insurance
at fair price is recovered at the limit when such a law of large numbers applies to the pool
under consideration. We now provide sufficient conditions such that risk elimination becomes
possible within infinitely large pools with independent integer-valued losses.

Proposition 4.4 Let X1, X», X3, ... be independent integer-valued random variables.
Assume that:

(I) there exists an integer m such that | X;| < m, foralli > 1;
(II) there exists a constant ¢ > 0 such that lim inf,,_, o %bﬁ > ¢
(Il) liminf, o0 2 37, ¥x, > 0.

Then, for all i, E[X:|S,] = E[X;] as n — oco.

Proof Without loss of generality we consider the case i = 1. Let us define S,(l\l) = ZZ:Z Xk,
al\) = > i—o ik and b\Dy2 = S 7, E[(Xx — ux)?]. The proof then proceeds as follows.
First, notice that Lyapunov’s condition holds for partial sums S,,, n > 1, i.e. for any § > 0,
we have . ais

_ B[ Xk —

0.
n—00 b%_HS

Therefore, for any t € R,

S, — ay ] 1 /" 2
P <t|—> — exp (—u“/2)du as n — oo.
|: bn - /\/27‘[ —00 p( /)

Second, notice that

P[X1 ={]P[S, = s|X1 =1]

E[X]lSn:s]ZZlP[Xl=l|Sn:S]:Zl P[S, = s]

=0

=0
y PIX; = 1IPLS;" = s — 1]
= Y PIX) = jIPIS; =5 — ]
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and

E[X1]S, =] Zle —l]zdz jn(s)

with ' '
PSS =5 — 11— PSO =5 —

Yo PIX = rIPs) ) =5 —r]

dyjn(s) =P[X1 =]l

Then, we have, for t > 0,

E[[ELX118,1 - E1X1][] = E[[ELX11S.1 — ELx1 1|

S, —a,(,\l)’ < tb,(l\l)]]
+E[|E[X1|Sn] —E[X] |1[ Sy a,(,\l)' > tb,(,\l)]]

= 1,(t) + 11,(1).

The second part, I1,(t), is bounded as follows

an
S —
I5,(1) <2mp | |2 =8 | oy
0D
n
S, —ay

< 2mP

O A Y
- b, A

lim sup 71,(t) <2m—— / exp —u /2

n—oo

n

and therefore

so that
lim lim sup 77,(t) = 0.

=00 n—00

Let us now consider the first part, 7, (¢). We have

I(t) < ZIP[XI =1 Z > \d1.j.n(5)IPLS, = s1.

J=0 g1 <p5—a\D<rp\D

By Proposition 4.2 for which all the conditions are satisfied, we have

an 1 s—at""? (s—al"?  (s—al"
P [Sn = s] = = exp| — o + 5 An
b, N2 2(by, )2 n n

< (s_a}{l\l)>>
x[1+0|——
n

1 =< ‘ an\l)‘ = T
a)(n)

uniformly for s in

where 4, (1) is a special power series converging uniformly with respect to n for sufficiently
small 7, and lim,,_, oo @(n) = co. We easily deduce choosing w (n) = n/(tb,(,\l)) that

lim sup sup |, jn(s)| =0

n—oo
1<ls—a\V<epy\V 0=t j=m
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and therefore that, for all t > 0,
lim I,(t) = 0.
n—oo

This ends the proof. O

Proposition 4.4 shows that insurance at fair price can be recovered at the limit, by pooling
among a large number of participants. The added value of the insurance company remains for
covering the upper layer, since the assumption X; < m in Condition (I) is needed to establish
Proposition 4.4. The middle risk layer can be effectively pooled among participants, offering
them insurance at fair price for medium losses.

5 Application to Binomial Distributions

Consider losses X; obeying the Binomial distribution with common size parameter m and
respective success probabilities p;,i = 1, 2, .... We assume that the sequence of probabilities
pi issuch that the inequalitiesd < p; < 1/(m+1) hold foralli,forsome0 < d < 1/(m+1).
The particular case m = 1 has been studied by Denuit et al. (2022b).

We know from Proposition 3.3 in Denuit et al. (2022b) that the conditional expectations
E[X;|S, = k], i = 1,2,...,n, are non-decreasing in kK when m = 1. This result may
be extended when summing Bernoulli indicators to get Binomially distributed losses. Let us
recover this result as an application of Proposition 4.3. The constraints imposed on the success
probabilities p; ensure that Conditions (I), (II) and (IV) of Proposition 4.1 are fulfilled. If
the sequence w (1) grows slowly towards infinity (e.g. as log(log(n))), then the length of the
interval (around the expectation of S,), where E[X;|S, = k] is non-decreasing, is of order
n**/log(log(n)).

Moreover it is shown in Proposition 3.1 in Denuit et al. (2022b) that

lim Var[E[X;|S,]] =0

n—00
and therefore that E[ XS, ] i'> E[X;] for the Binomially distributed losses considered in this
section. Conditions (I)-(II) of Proposition 4.4 are clearly fulfilled. Considering Condition
(II), the decreasingness of the probability mass function over {0, 1, ..., m} ensures that

Sx,
Dy, = —7"=1—P[Xk=0]=1—(1—l7k)m~

Hence, Condition (III) is valid, too. Proposition 4.4 then shows that E[X;|S;,] i‘) E[X;] as
n— oo.

6 Numerical lllustrations

Consider a P2P insurance community composed of three risk profiles. Each participant brings
aloss X; = I;C; to the pool, where I; is Bernoulli(g;), thatisP[l; = 1] = 1—-P[l; = 0] = ¢;
and severities C; are obtained by discretizing the Beta distribution with mean a; /(a; + b;)
and variance a;b; /((a; + b,~)2(a,- + b; + 1)), concentrating the probability mass of each
interval (j/10, (j 4+ 1)/10) on its upper right endpoint, j = 0, 1, ..., 9. The corresponding
probabilities are then assigned to severity values 10/, j = 1,2, ..., 10. Hence, each C; is
valued in {1, 2, ..., 10} and each X; is valued in {0, 1, ..., 10} so that m = 10. Precisely,
the three groups are as follows:
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Group 1 (low risks) with n; = 0.5n individuals, ¢; = 5%, a; =2 and b; = 5.
Group 2 (medium risks) with np = 0.3n individuals, g; = 10%, a; = 3 and b; = 5.
Group 2 (high risks) with n3 = 0.2n individuals, ¢; = 20%, a; = 4 and b; = 5.

The probability mass functions of the severities C; are displayed in Fig. 1 for each of the three
groups. We can see there that the probability mass progressively shifts towards larger values.
Participants in Group 3 bring comparatively higher severities compared to participants in
Group 2 who themselves bring comparatively higher severities compared to participants in
Group 1. Groups are thus ranked in increasing magnitude of both claim probabilities and
severities. Computing (P[X; = kD?—P[X; =k —1]P[X; = k+ 1] fork € {0, ..., 10}, we
can see that these differences are positive, except for k = 1. Hence, individual risks X; are
not log-concave.

The R packages distr contributed by Ruckdeschel et al. (2006) is particularly effective to
perform convolutions while the actuar package contributed by Dutang et al. (2008) imple-
ments Panjer algorithm. The latter has been used to derive the distribution of the total losses
for each group, which obeys the compound Binomial distribution with parameters n;, ¢; and
severity distribution C;. Panjer recursion is performed using the function aggregateDist
included in actuar. The three compound Binomial distributions have finally been convo-
luted with distr to derive the distribution of S,,.

The functions s +— E[X;|S, = s] are displayed in Fig. 2 for each of the three groups
when n € {10, 100}. Within a small pool gathering n = 10 participants, the conditional
expectations are not comonotonic. We have for instance E[X|S19p = 2] = 0.1914391,
E[X1|S10 = 3] = 0.1897761, E[X1|S10 = 4] = 0.1815142, E[X|S10 = 5] = 0.1812234
and E[X{]S10 = 6] = 0.1976959 so that this conditional expectation exhibits a U-shape
over {2, 3,4, 5, 6}. As guaranteed by Proposition 4.3, the conditional expectations become
monotonic when n increases (from 10 to 100 in this example) as it can be seen from the lower
panel of Fig. 2.

The assumptions of Proposition 4.4 are fulfilled in our example: (I) holds with m = 10,
(II) is valid since %b% is a weighted average of Var[X;] in the three groups (with respective
weights 0.5, 0.3 and 0.2) and % > i—1 Px, appearing in (III) is also a weighted average of
2(P[X,- = 0] = P[X; = 1] + max .o P[X; = j]) in the three groups. Figure 3 displays
the expected absolute differences E[|E[X i1Sn]1— E[X i]|] in function of n. The decrease to 0
guaranteed by Proposition 4.4 is clearly visible there, at rates (square root of n) as could be
expected, but up to coefficients which depend on the size and variability of the risks: smaller
risks are more rapidly diversified within the pool while larger risks require more participants
to be diluted within the community.
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I
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010 045 020
| |
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|
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010

|

0.05
I

0.05
I

0.05
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0.00
L
0.00
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Fig. 1 Probability mass functions of the severities C; in Group 1 (left panel), in Group 2 (middle panel), and
in Group 3 (right panel)
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E[Xi[S10=s]

0 5 10 15 20

Aggregate loss s

2.0

E[XiS100=5]
1.0 1.5

0.5

0 20 40 60 80
Aggregate loss s

Fig. 2 Contributions s > E[X;|S = s] in Group 1 (solid line appearing at the bottom), in Group 2 (broken
line appearing in the middle), and in Group 3 (dotted line appearing at the top). Pool size n = 10 (top panel)
and 100 (bottom panel)
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7 Discussion

This paper studied the no-sabotage requirement and investigated diversification effects within
pools gathering discrete losses. The discrete case is of particular importance for applications
because actuarial calculations are generally carried out after discretization, resulting in losses
valued in an arithmetic grid. The analysis is restricted to bounded random variables. As
explained in the introduction, this assumption is generally fulfilled in applications since
insurance pools always limit the maximal indemnity paid to participants.

Section 3 considered pools with a finite number of participants. Log-concavity appears
to provide the actuary with a sufficient condition for avoiding sabotage opportunities. This
was expected since Efron (1965) related this concept to the monotonicity of conditional
expectations. This paper nevertheless relaxes some results in Efron (1965) by imposing log-
concavity on the random variable representing the aggregate loss of the rest of the pool,
only. Section 4 then studied the same problem by letting the number of participants tend
to infinity. The key argument is that log-concavity for sums approximately holds true in
a sufficiently large pool under general conditions. Risk elimination at the limit is finally
investigated and shown to hold under general conditions, too. Sections 5-6 illustrate the
methodological results with some examples, so that the reader can figure out the practical
applications of the mechanism studied in this paper.

Figure 2 shows that the risk-sharing functions are linear in s as the pool size becomes
very large. This does not contradict Proposition 4.4, which shows that agent i’s contribution
converges to the expectation of his/her risk brought to the pool. Indeed, when s is close to
E[S, ], his/her contribution (as a function of s) will be approximated by a straight line with
slope tending towards O (as the pool size increases) and level E[X;]. On the other hand,
approximation by a straight line is not always possible, even for comonotonic risk-sharing
rules. The following example shows that, in some cases, it will be necessary to approximate
by a piecewise linear function (depending on whether s is larger or smaller than E[S,]).
The next example shows that some results derived in this paper under the conditional mean
risk-sharing rule do not extend to general comonotonic ones.

Example 7.1 Assume that individual losses X; are independent and identically distributed,
and such that X; < m. Consider an even number n of participants and define the following
comonotonic risk-sharing rule:

n

slls < BLS 0] + (35 = B8 ) 1[5 = B[S, 1] if i s even
hin (s) =

n

Bls < BIS0] + (35 + B30 ) 1[5 = EBLS,1] if i s odd.

It is easy to see that the risk-sharing functions #; , (-) are increasing, piecewise linear and
that the full-allocation condition holds true as

D hin () =s.

i=1

@ Springer



36

Page 20 of 22 Methodology and Computing in Applied Probability (2024) 26:36
«
o
© _|
o
~
o
~ |0
o ‘\
e
o
\ T T T T T
0 200 400 600 800 1000
n
o

7
log(n)
Fig. 3 Expected absolute differences E[lE[Xi |Snl — E[X,-]l] in function of n (original scale in top panel,
log-log scale in bottom panel) for X; in Group 1 (solid line appearing at the bottom), in Group 2 (broken line
appearing in the middle), and in Group 3 (dotted line appearing at the top)
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Let us show that the result of Proposition 4.4 does not hold for this comonotonic risk-
sharing rule. If i is even, we have that

E[X;] 1S, |:Sn :| (3 Sn ) |:Sn :| E[X;]
hin (Sn) — = -—I|— <E[X;1|+| s — —EIX;]1|I| — = E[X;]| —
’ 2 2 n n 2n n 2

! (S— - E[xi1> 1 [S— < E[x,-]] 42 (S— - E[x,-]) 1 [S— zE[x,-]] .
2\ n n 2\ n n

Hence, we deduce that

E[X; S,
hin (Sn) — [2’] <2 |~ —E[X]
n
and then, for ¢ > 0,
E[X; S
P[hi,n(sn)_ X 8]§P[—”—E[X,~] >§]
n

By the weak law of large numbers, this implies that &; , (S,) converges in probability
to E[X;]/2. Proceeding in a similar way, we see that if i is odd then h; ,, (S,) converges in
probability to 3E[X;]/2.

A systematic study of the properties investigated in this paper for general comonotonic
risk-sharing rules is a relevant topic for future research.
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