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Abstract

In this paper, we analyze the properties of turbulent natural convection in a water-air system via Proper
Orthogonal Decomposition (POD). The flow domain is an open-top cuboid uniformly heated from below,
while the water and air are separated by an evaporative interface. Direct numerical simulations of this
problem were presented in an earlier publication of ours; herein we investigate in detail the emerging
flow structures and the interaction between the two phases. In the water, the flow is organized around a
dominant convective roll. In the gas the flow is due to combined thermal-concentration convection. The
flow pattern is more complex and consists of an outer circulation plus an inner dual-roll structure with
one roll above the other. First we discuss spectra of the thermal fluctuations. In the gas, the spectrum is
bimodal. The high-frequency peak is due to natural convection while the low-frequency one is due to the
interaction with water at the free surface. Then, we present the results of our POD analysis and elaborate
on the properties of the dominant spatial and temporal modes. The spectra of the temporal modes are
also examined herein. Our analysis shows that there is high correlation and coherence between the low-
frequency signals in the dominant modes of the two phases, which implies that the convective patterns in
the two phases influence each other. We also present the reconstructed snapshots with the dominant POD
modes and discuss their influence. Our analysis shows that they provide a fairly accurate approximation
of the instantaneous flow patterns. Further, in the water, the dominant mode modifies the length of the
main convective roll, whereas the second mode tends to rotate its impingement point.

Keywords: natural convection, low-Mach number flow, thermal-concentration convection, evaporation,

turbulent convection, proper orthogonal decomposition

1. Introduction

The purpose of this paper is to analyze the flow structures of natural convection in two superimposed
columns of liquid water and humid air that are separated by an evaporative interface (the free surface of
the water). In such systems, due to the evaporation across the free surface. a temperature gradient arises

in the liquid and convection motions are developed; this phenomenon is known as evaporative cooling

*Corresponding author: email julien.carlier@uclouvain.be;

Preprint submitted to Elsevier April 9, 2025



[56L165]. However, the case considered herein does not fall into this category; instead, heat is added from
below and evacuated primarily from above and secondarily at the free surface via evaporation. Such
flows are commonly encountered in nature; for example in lakes and seas [[13]]. They also occur in tech-
nological applications and industrial processes, for example in boilers, power plants and spent-fuel pools
in nuclear power stations [8]]. In such systems, convection is established in both phases and the emerg-
ing flow patterns in each phase bear similarities to the classical Rayleigh-Bénard Convection (RBC), i.e.
convection of a single fluid between two horizontal walls that is heated from below. Nonetheless, the
evaporation process and the flow structures in the two phases influence one another.

Over the years, several studies have been devoted to convection in gas-liquid systems. For example,
experiments and numerical simulations of two-layer Rayleigh-Bénard convection (two immiscible fluids
in a box) with and without phase change have been presented in the recent papers [28, 29, 48|, 164]].
Nonetheless, thermal convection in gas-liquid systems in open-top containers, such as pools and cavities,
has been studied to a much lesser extent. Most efforts on this topic were focused on the evaporation
across the free surface. For example, Quinn Brewster [[8] proposed a model for the evaporation rate
across the free surface and applied it to study convection in spent-fuel pools. Also, Martin et al. [30]
provided measurements of the evaporation rate as a function of the free-surface temperature and derived
an evaporation model as well.

Direct Numerical Simulations (DNS) of turbulent convection in cavities [36] filled with water were
performed in [18}20]. Therein, the free surface (top boundary) was approximated as a free-slip plane and
the evaporation rate was calculated by applying the evaporation model of [36]. Those works examined
the dependence of the evaporative flux on the free-surface temperature and also provided correlations
between the Nusselt and Rayleigh numbers. However, the convective and transport phenomena that
occur in the air above the water were not taken into account. These phenomena, however, are expected to
have an influence on the evaporation rate. Similarly, the simulation time was limited so as to keep small
the descent of the free surface and the loss of water due to evaporation.

In fact, in the problem of interest, the liquid and gas phases and the free surface constitute three
coupled systems whose dynamics have to be solved simultaneously. To this end, in [10] the first and
third authors proposed a numerical scheme that solves simultaneously for the flow in both phases and
computes dynamically the evaporation rate and the free-surface descent. Subsequently, they employed
this scheme to study numerically natural convection in water/air systems at different Rayleigh numbers
[[L1]]. One of the findings of that study was that the impingement points of the large-scale circulations at
the two sides of the free surface are kept in proximity, which suggests that there is a certain degree of
correlation between the convective rolls in the two phases and that these rolls influence one another.

In this paper, we extend the work [11]] and present a detailed analysis of the emerging turbulent struc-



tures below and above the free surface. Our analysis is based on the Proper Orthogonal Decomposition
(POD). This is a popular statistical technique that was first applied in turbulent flows by Lumley [31.[32].
It allows to extract from an unsteady flow the coherent structures that compose it. These structures, or
modes, are ordered in terms of their energies. It is then possible to study the most energetic modes to
identify important flow features thus providing additional physical insight.

Over the years, POD has been employed in a variety of fluid-flow problems. For example, it was
employed in [} [14} 145/ 161] for RBC in cuboids of low aspect ratio and in [3]] for RBC in cylinders of
high aspect ratio. An important advantage of this technique is that the modes thus obtained can be used to
construct reduced models. Indeed, POD-based reduced modeling in RBC was presented in [46, 47, 54].
Also, [S5]] presented reduced modeling of RBC coupled with radiation. POD has also been successfully
applied in the study of multiphase flows. For instance, it was employed in [37, [38] to study the modes
in slug flows. It was also used in porous media: in [15] to investigate the turbulent boundary layer in
fishing nets and in [27] for reduced-order modeling. Yet another example of the application of POD is
bubbly flow [40, [63]] in which the authors studied the effects of the bubbles on turbulent structures.

With regard to the configuration of interest, in this paper we consider a cuboid with an open-top
boundary in contact with atmospheric air. The vertical walls are adiabatically isolated and the bottom
wall is heated from below. The lower part of the cuboid contains liquid water and is referred to as the
water column. While the upper part contains humid air and is referred to as the gas column. The two
columns are separated by an interface (the free surface of the water) across which liquid water evaporates.
Hereafter we will use the terms inferface and free surface. interchangeably.

Due to the difference of temperatures at the bottom and the top boundaries, thermal convection is
established in both columns. For the flow in hand we perform DNS based on the solver [10] and then
apply POD in the numerical results. Herein, we discuss and analyze both the temporal and the spatial
modes. Particular emphasis is placed on the influence of the dominant modes in the water to those in the
gas. Additionally, we reconstruct the flow in the two columns with the most dominant modes in the two
columns and elaborate on their effects on the flow.

This paper is structured as follows. In section 2 we present the governing equations and the jump
relations of the problem of interest. In section 3 we outline the main steps of POD. In section 4 we first
explain the numerical setup of the simulation. Then, we discuss the main properties and characteristics
of the flow patterns in the two phases and analyze the spectrum of the thermal fluctuations in each phase.

In section 5, we present the results of our POD analysis. Finally, section 6 concludes.



2. Mathematical model
2.1. Governing equations

We consider an open-top water, partially filled with liquid water. The part of the cuboid above the
water is filled with humid air. The two phases are separated by an interface, i.e. the free surface of the
water. The governing system of equations is the low-Mach number approximation of the compressible

Navier-Stokes-Fourier equations [26, 41],
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According to standard notation, p is the density and u = (u,v, w) is the velocity vector. Also, T stands
for the temperature while Y, denotes the concentration of water vapor in the gaseous domain. pg is the
thermodynamic pressure and corresponds to the first-order term of the low-Mach number expansion of
the pressure. Since we consider an open domain in this study, pg is constant and equal to its value at
the open boundary which is the atmospheric pressure. Further p’ represents the piezometric pressure [2]]

which reads,
P = p+pgy, Q)

with y being the spatial coordinate in the vertical direction (opposite to gravity), g the gravitational
acceleration and p the sum of the dynamic and bulk viscous pressures [42]].

Further, § is twice the deviatoric part of the strain-rate tensor, § = (Vu+ (Vu)") — %(V -u)l, with
I being the identity matrix. Also u is the dynamic viscosity, A the thermal conductivity, and & is the
molecular diffusivity of water vapor in air. With regard to the energy equation (3)) since po constant, then
the specific enthalpy A is a function of the temperature only; in particular, dhs, = c,dT, where c,, refers
to the specific heat capacity under constant pressure.

The above system is valid for both phases. The flow quantities are cast in a unified manner via the
indicator function /(x,¢) which is equal to unity in the gas and zero in the water. For example, the density

p is written as,
p = p'(T.po)+1(x.1) (P*(T,po) —p'(T.p0) ) . ©

where the superscripts [ and g refer, respectively, to the water and air-vapor mixture.



The air-vapor mixture is treated as an ideal gas and, therefore,
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In this equation R, is the universal gas constant and M# the molar mass of the gaseous mixture,
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where M, and M,, are respectively, the molar mass of dry air and water.

The dynamic viscosity p8 and thermal conductivity A¢ of the gas are approximated by a Sutherland-
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type law,

with 7, the ambient temperature (prescribed at the open-top boundary) and ué and A the dynamic
viscosity and thermal conductivity of ambient air at 7,. The specific heat capacity of the gas 5 is
assumed to be constant and equal to that of ambient air. This approximation is deemed satisfactory, in
view of the temperature range in the problem under study. Additionally, the molecular diffusivity in the
air-vapor mixture is computed as follows [35],

2 =187x1071° ﬂ, (10)

Po

with pg expressed in bar. In our case, pg = 1 bar.

The liquid water is assumed to obey an isobaric equation of state, i.e. its density is function of the

temperature only. Herein it is approximated by a fourth-order polynomial fit of the tabulated data of [235]],
I _ & 13 12 !
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with ¢g - ¢4 being the polynomial coefficients. Similarly, the heat capacity, dynamic viscosity and thermal
conductivity of the water are also approximated by fourth-order polynomial fits of the data of [25]. The
values of the coefficients in these fits are provided in [18}, [34]].

It is convenient to introduce reference values for purposes of non-dimensionalization of the numerical
results and for the introduction of the relevant dimensionless groups. The atmospheric pressure py is the
reference pressure. Since convection is developed in both columns, we use two reference temperatures.
The one in the water column is the average of the bottom temperature and the initial temperature of
the free surface. Similarly, the reference temperature in the gas is the average between the ambient
atmospheric temperature and the initial one of the free surface. The differences between the bottom-
top temperatures at the two columns are denoted by AT for the water and AT for the air. H is the
total height of the cuboid, while /4y is the initial height of the water column and serves as the reference

length. The free-fall velocity in the water column ug = +/ghoB!AT! is the reference velocity, where 3/



is the thermal expansion coefficient of water at its reference temperature. Similarly, B¢ is the thermal
expansion coefficient of air at the reference temperature in air. Finally, the free-fall time in the water
column, g = i’—g serves as the reference time.

Following [[11]], since we have two separated fluid columns, we introduce two sets of dimensionless
numbers, one for each column. For the water column, the Prandtl and Rayleigh numbers are given by,
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with v/ the kinematic viscosity and o/ = p,’lc, the thermal diffusivity of the liquid water at the reference
P

state. Similarly, the Prandtl, Rayleigh numbers and Lewis numbers for the gas column are defined as,
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with the kinematic viscosity v& and thermal diffusivity aé = pé’}ig of air being evaluated at the reference
D

thermodynamic state.

2.2. Jump relations

The above system of balance laws (I)-(), is closed with appropriate jump conditions of the flow
variables at the free surface. The jump of the generic variable ¢ from the water side to the gas side
is denoted by [¢] = ¢/ — ¢¢. In our study, the free surface of the water, F, is approximated as a flat
horizontal surface. For the physical and geometrical parameters considered herein, this hypothesis has
been validated on the basis of the work of Liu et al. [28] on two-layer thermally driven turbulence. Below

we list the jump relations across F. Details on their derivation can be found in [52] and in [10} 23} 59].

e Temperature,
x] -3 (14)

with 7ir” the local evaporative mass flux and L' the latent heat of evaporation of water.

e Density,
lp] = p'(Tr, po) — P*(Tr, po), (15)

with T the local temperature at the free surface.

e Vapor mass fraction,

Y] =1-Y,F, and —pf 9 o

=m"(1-Y,r) atF, (16)

with Y, r the mass fraction of water vapor at the free surface. Liquid water is assumed to be at

equilibrium with its vapor. Therefore, the partial pressure of water vapor at the interface is equal



to the saturation pressure. The vapor concentration at the interface is Y, r and is then computed on

the basis of the vapor saturation and thermodynamic pressures.

e Normal velocity component,

V] = m" (;l—plg), and Vv =0, v = —m" <pll_plg> at F. (17)
e Tangential velocity components,
=l =0, |ugt] = [u] =0 13)
e Piezometric pressure,
¥) = i (;-;) +lplgh+ [mg;—iuw} , (19)

where £ is the distance between the free surface and the bottom wall, i.e. the instantaneous height
of the water column. It is noted that the evaporative flux 7" does not appear in the jump relation of
the shear stresses in (18] but always appears in the jump relation of the piezometric pressure (19).
In other words, at the interface, the shear stresses are continuous whereas the piezometric pressure

is discontinuous.

The system of balance laws (I)—(4), coupled with the above jump relations, is integrated numerically
with the time-accurate numerical scheme for low-Mach number flows of liquid-gas systems [[10]. This
algorithm is an extension of the low-Mach number solver [26]] for single-phase flows and incorporates a
numerical procedure for the tracking of the free surface that is based on the ghost-fluid method. Details of
the flow solver and the interface-tracking algorithm are provided in [[10], along with a series of validation
tests. Since its design and development, the algorithm has been successfully applied in DNS of turbulent

natural convection in liquid-gas systems [[11]].

3. Outline of POD

As mentioned above, POD was first employed in fluid mechanics by Lumley [31}32]] for the study of
coherent structures in turbulent flows. In statistics, this procedure is referred to as principal-components
analysis and in signal processing as Karhunen-Loeve decomposition [24} [30]. The underlying principle
of POD is to consider an unsteady flow as a juxtaposition of several structures (or modes) whose inten-
sities vary in time. The objective is then to suitably decompose the flow in order to obtain those modes
which form a set of coherent structures. This decomposition produces modes that are orthogonal, i.e.
uncorrelated with one another, and optimal in the sense that the first K modes contain as much energy

of the flow as any other decomposition. A review of the application of POD in turbulent flows can be



found in [6]. Also, a tutorial on POD with emphasis on applications in fluid dynamics is presented in
[62]. Further, an overview of modal decomposition methods (including POD) for various flow problems

is provided in [58]]. Below we provide a brief account of the elements of this technique.

3.0.1. Definitions

We consider a three-dimensional flow domain € and its discretization via a computational mesh
that consists of a total number of M cells. Let x = (x, y, z) denotes the position vector of any point
in the flow domain. The position vector of the center of a computational cell m is denoted by x,,,
m=1,..., M. First we introduce the concatenated vector g that consists of the five flow variables of
interest, ¢ = (¢',¢%,¢°,¢*,¢°) = (u,v,w, T,Y,). Values of all the components of g are provided at the cell
centers of the computational mesh and at all time instances, ¢, of the computation. The time average of g
is denoted by (gq),. Its fluctuation, ¢’ = (u/,v/,w',T',Y}), is given by ¢’ = q — (q);. Further, the so-called

POD energy of the fluctuations, Eppp, over Q is defined as the integral of the time average of ¢’ - ¢,

Epop = /Q<q’.q’>tdx = /Q((u’-u’>,+<T’~T’>,+(YV’-YV’>,) dx. (20)

For the purposes of POD, we consider a sequence of instantaneous values of g(x,7") at N time
instances (snapshots), n =1,...,N. These instantaneous values are referred to as snapshots and are taken
over a constant time increment. In other words, the time difference between two successive snapshots is
constant.

The objective is to decompose each fluctuation, g’(x,#"), into a sum of N modes @ (x),

N
qdx1") =Y V(") ®(x), n=1,..,N. 1)
k=1

In the above equation, A is the k-th eigenvalue of the correlation matrix R, k = 1,..., N, which repre-

sents the POD energy of each mode,

1 _
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Also in (21)) @y (x) is the k-th normalized spatial mode while .7 is the k-th normalized temporal mode,
k=1,...,N. It is noted that in equation (21)), all the modes are ordered in terms of the values of the
eigenvalues Ay, from the highest to the lowest one.

The spatial modes before normalization, ¢ (x) = (¢}, 92,7, ¢, 7). are obtained as solutions of the

following eigenproblems,

5 .
/QZ<q’f(x,r")q"'(x,t")>,c/),;'(x) dx = Lol (x), k=1,...,N. (23)
i=1

For numerical purposes, one eigenproblem has to be solved for each component of @, and for each

cell center of the computational mesh. However, since the number of computational cells is very high,



and in particular much higher than the number of snapshots, solving these eigenproblems would be
overly expensive from the computational point of view. This difficulty is circumvented by employing the
method of snapshots introduced by Sirovich [51]. According to it, one assumes that the spatial modes
can be written as a linear combination of N instantaneous flow fields (snapshots). This allows to replace

(23) by the following simpler eigenproblems,
RAL=MAr,  k=1,....N, (24)

with the eigenvectors A; being the temporal modes before normalization. Finally, once these eigenprob-

lems are solved, the spatial modes ¢, are computed from the temporal modes via the relation,

A" g (x,t"),  k=1,...N. (25)

M=

¢ (x) =

Below we outline the procedure for the computation of the correlation matrix, the temporal modes and

the spatial modes.

3.0.2. Computation of the correlation matrix and the normalized modes
In order to proceed with the decomposition of g(x,#) and the computation of the correlation matrix,
we construct the matrix Q which contains the arrays g’(x,#") at all time instances. In other words, Q is

defined as,

u’(xl,tl) u’(xl,tN)
M/(XM,ZI) u’(xM,tN)
V(xg,t!) Vi (x1,tN)
v’(xM,t]) v’(xM,tN)
w’(xl,tl) w’(xl,tN)

o-| - | (26)

w’(xM,tl) W/(.XM,lN)

/(Xl,ll) T’(xl,tN)
T’(xM,tl) T’(xM,tN)

\:(xl’t]) Y\;(xlatN)
Y\;(XMJ]) Y\f(xM,l‘N)

Next we introduce the weight matrix %#. This is the SM x 5SM diagonal matrix that contains the



square roots of the cell volumes V,,, m =1,...,5M, [53],

N7 0 0 0

0 0

0 - Vg O 0
W = o - 0 VVi 0 27

0 0

0o .- 0 0 vVVu

0o - 0 0 0

We can then compute the product between # and Q, denoted by 2,
2=%Q. (28)

The correlation matrix R,; (22) can then be approximated as follows,

R~ ~9"9 (29)
To obtain the temporal modes Ay, we compute the eigenvalues A, k =1,..., N, of the correlation matrix

R,; and order them from the largest (k = 1) to the smallest value (k = N). Subsequently, we solve the
eigenproblem for each mode k to obtain the corresponding unit vector A;. Next, the spatial modes

¢, are computed from the equation (23). Finally, the normalized spatial and temporal modes are obtained

from
1
b, =—9,, k=1,...,N, (30)
v O
and
. = VNAg, k=1,...,N, (31)
respectively.

3.1. On the definition of the POD energy

With regard to the POD analysis presented herein, it is worth noting that the distribution of the
energy of the fluctuations Eppp, depends on the way that this energy is defined. According to (20,
Epop is defined as the sum of the inner products of the velocity, temperature and vapor mass fraction
fluctuations. If one had considered the velocity fluctuations only, then Eppp would have been equal to the
turbulent kinetic energy of the flow #’.u’. In that case, the eigenproblem (24)) would have led to different
energy distribution [22, 43]].

In fact, the authors of [4, 33| 144} |45]] performed POD analysis of RBC based on the velocities and
temperature. In those works, a mixed formulation of the POD energy was employed by introducing

a scaled temperature (with the ratio of the inner products of the velocity and temperature being the

10



scaling factor) and by equating the turbulent kinetic energy with the energy of the thermal fluctuations.
It was then observed that the definition of Eppp affects not only the POD energy distributions but also
the orderings of the spatial and temporal modes. Nonetheless, the definition of Eppp does not affect the
spatial modes themselves. For this reason, in our study, we have not set the turbulent kinetic energy equal
to the energy of the thermal fluctuations. Moreover, such a choice would be cumbersome to implement
since our snapshots involve flow quantities from both phases. In any case, our simulations predicted
that, in dimensionless terms, the turbulent kinetic energy #’ - #’ is much higher than the energies of the
fluctuations of the temperature and vapor mass fraction, (7’ - T') and Y, - Y/, respectively. Consequently,
the spatial modes are ordered in terms of the intensity of their turbulent kinetic energy.

Another important point is that in the flow under study the ratio between the water and air densities
is very large. But since the kinetic energy is proportional to the density of the media of each column, this
means that the inner product of the velocity fluctuations #’ - ¥’ cannot provide a reliable representation
of the turbulent kinetic energy in both columns simultaneously. The complexities that are caused by
the large density ratio can be circumvented by two different approaches. The first one is to include the
mass density at each cell in the weight matrix of the POD # [12,49]. The second one is to apply the
decomposition in the water and gas columns separately [37, 138]]. In the context of our study, we tested
both approaches and observed that in the first approach, the fluid column with the higher turbulent kinetic
energy imposes its structure on the other one. This implies that POD in the column with the lower energy
is not performed optimally. For this reason we have opted for the second approach and performed POD

for the water and gas columns separately.

4. Numerical setup and main features of the flow

Before proceeding with the results of our POD analysis, we outline the numerical setup and discuss

the organization of the flow in the two columns.

4.1. Numerical setup

The flow domain is the same as in [11]. More specifically, it is an open-top cuboid with height (in
the vertical y direction) H = 11.5 cm and width (in the horizontal x and z directions) W = 4.5 cm. Its
lower part contains liquid water. The initial height of the water column is sy = 2.25 cm, which is also
the initial height of the free surface. The upper part (above the free surface) is occupied by humid air.
Accordingly, the initial aspect ratios of the water and gas columns are I/ = ,‘;V—O =2andI¥ = %ho =0.5,
respectively. The temperature of the bottom wall is uniform and fixed at 7, = 315.25 K. Whereas the
open-top boundary is maintained at the temperature of the ambient air above the cuboid 7, = 298.15 K.

Given these parameters, the (initial) Rayleigh number in the gas column is Ra8 = 10°. Also, the (initial)

Rayleigh number in the water column is Ra’ = 6 x 10°. These values are such that turbulent convection
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of moderate intensity is established in both phases. A schematic representation of the computational

domain is provided in figure|[T]

diag 1 Tc diag 2
/ e S A
Airfvapor P B
A
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n{?
Liquid water
Y
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Figure 1: Computational domain and coordinate system. The warm bottom wall is maintained at 7},
while the cooler top boundary is at 7.. The grey plane depicts the initial position of the free surface at
hg. The letters A, B, C and D refer to the points at the corners of the free surface.

With regard to boundary conditions, zero-Neumann data are prescribed for the temperatures and va-
por mass fraction at the vertical boundaries. In other words, the side walls are assumed to be adiabatically
isolated. As mentioned above, Dirichlet thermal conditions are prescribed at the bottom and top bound-
aries: the temperatures therein are maintained at 7, and 7; respectively. Similarly, a Dirichlet condition
is prescribed for the vapor mass fraction at the top boundary, Y% = 0.00742 which corresponds to an
ambient relative humidity RH = 40%. Whereas zero-slip kinematics conditions are applied at the bottom
and side walls. Concerning the open-top boundary, a convective kinematic condition [16]] is used in order
to avoid spurious reflections of any flow structures exiting the domain. For details on the implementation
of the convective kinematic condition, the reader is referred to [11]].

As initial condition, we use an instantaneous flow profile that was obtained from the DNS of [11]]
once the flow becomes fully developed and all transient effects have decayed. For this reason, the free-
surface temperature used to compute # and ug is Tr = 313.5 K according to the value reported in [11]].

The computational mesh used in the DNS is the same as the one in [[11]. To generate the mesh,
we have followed the same procedure as in [19, which is based on the grid-resolution criteria of
[17, [57] for DNS of turbulent natural convection. The first criterion relates to the resolution of the
near-boundary regions and the second one to the resolution in the bulk of the domain, i.e. away from
boundaries. The mesh resolution are N, = N, = 80 cells in the x and z directions and N, = 240 cells in

the y direction. Details on the mesh generation are available in [11].
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4.2. Main features of the flow

The properties of the problem under study have been discussed in [[11]] and therefore herein we
discuss only the basic main features of the flow. With regard to notation, the time average of a generic
quantity ¢ is denoted by (¢),, the instantaneous area average in the xz plane by (¢),., and the combined
volume and time average by (@) .y,

In figure 2| we have plotted the evolution of the area-averaged evaporative flux, ri2”. According to it,
the evaporative flux is stabilized at approximately, (ri2"),, = 0.15 g/(m?s), see also relevant discussion
in [I1]. It can also be observed that (ri"),, is subject to low-amplitude high-frequency oscillations,
presumably due to turbulence at the two sides of the interface. In the same figure we have also plotted
the evolution of the height of the water column 4. Since the evaporative flux varies little with time, then
the rate of decrease of 4 is practically constant. Additionally, on the basis of this plot, it can be deduced
that the total loss of liquid water during the simulation (400 #g) is equal to 0.5% of the initial mass of

liquid water.
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Figure 2: Evolution of the evaporative flux (top) and the height of the water column (bottom).

Figure [3| depicts the evolution of the area-averaged temperature at the free surface (7r),,. Accord-
ing to it, the temperature of the free surface is stabilized at approximately, (Tr),, = 313.9 K; see also
relevant discussion in [[11]. Similarly to the evaporative flux, (7F),; is also subjected to high-frequency
oscillations. The amplitude of these oscillations is also quite low, 0.1 K or less, and is also attributed to
the turbulence of the flow. It is noted that the fluctuations of (7f),, are too small to have an impact on
the Rayleigh numbers Ra' and Raf. In particular, the computed fluctuations of (7)., result in a 0.65%
variation of Ra® and a 6% variation of Ra'. Such variations are too small to exert a noticeable effect on
the flow statistics in the two phases. It is also worth adding that, in terms of sensibility analysis, in our
study [11] we performed simulations at different values of Ra® in the range of 10* — 10°. According to

our analysis, in that range, the evaporative flux and free-surface temperature are only slightly affected by
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the turbulence intensity in the gas column.
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Figure 3: Evolution of the temperature of the free surface.

In figure 4] we present time-averaged streamlines colored by the time-averaged temperature. These
plots are obtained by averaging 2000 snapshots (instantaneous profiles) over a time period of 400 #; in
other words, the sampling interval is 0.2 #;. These are the same snapshots that were used for our POD
analysis. The results shown herein are very close to the corresponding time-averaged results in [[11]
which were obtained at a much higher sampling rate and are not shown herein for the purposes of the
economy of space. This in turn is an indication that the selected averaging period and sampling interval
are adequate for the purposes of POD.

Further, it is interesting to observe that in figure[d] the impingement points of the large-scale circula-
tions of the two columns on the free surface are close to one another. These impingement points are near
corner D close to the diagonal D-B (diagonal 2). As discussed in [[L1], this is due to the continuity of the
shear stresses across the free surface and implies that the flow structures in the two columns interact with
one another.

In figure [5| we provide color plots of the time-averaged temperature, superimposed with the time-
averaged vector plots, at the two diagonal planes. These plots are obtained from the same 2000 snapshots
mentioned above. Concerning the water column, figure [5p shows that the large-scale circulation of the
flow consists of a main roll in the diagonal plane 2 (with an axis in the diagonal plane 1), and of a
corner structure. Hereafter, when referring to the water column, we will use the expressions large-scale
circulation and main convective roll interchangeably.

The extent of the main roll coincides with the impingement point. The heat is essentially transported
vertically in this impingement region. Figure [Sp also shows that the impingement region coincides with
a strong downward motion of cold fluid in the gas, while at the other side (corner B), warm fluid is
transported upwards, thus forming an outer large-scale circulation spanning the entire height of the gas
column. The absence of such motion in [Sh shows that the large-scale circulation is aligned with the

diagonal plane 2. In the gas column, the flow is organized into large-scale circulation consisting of two
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(a) gas column, bottom view. (b) water column, top view.

Figure 4: Time-averaged streamlines in both domains colored by the time-averaged temperature. The
profiles are obtained by averaging 2000 snapshots over 400 #;. a) gas column, bottom view. b) water
column, top view. The letters A, B, C and D refer to the four corners of the computational domain.

main rolls superposed on top of each other and with axes orthogonal to each other. The bottom roll is
aligned in the x axis, while the top one in the z axis. The rolls twist into each other along the diagonal
plane 1 (A-C), with a strong shearing motion at mid-height above corner A.

Another interesting prediction of our DNS is that reorientation events of the large-scale circulation
in the gas are rare. This can be attributed to the low aspect ratio of the gas column which is known to
stabilize the flow structures [1]. Furthermore, reorientation events are rare in the water too. One plausible
explanation for this is that in the water such events are inhibited by the convective rolls in the gas.

With regard to the temperature fluctuations, the relative values of the temperature rms in the two
phases have been computed with respect to the bottom-top temperature difference of each phase in [11].
It is observed that the relative amplitudes of the temperature rms are quite close to each other with a
deviation of 20% of the time-averaged temperature of the respective phase.

An important feature of the flow under study is the effect of evaporation on the convective structures
in the two phases. With regard to this effect, we remark that evaporation under the conditions considered
herein is a slow process. In particular, the time scale associated to it is much longer than the time scales
of turbulent motions. As such, evaporation is not expected to have a direct short-term effect on the
flow dynamics. This can be corroborated by the fact that the normal velocity of the gas just above the
free surface is three orders of magnitude lower than the velocity in the bulk of the gas. Accordingly,
evaporation has only a long-term direct effect, which is the decrease of the size of the water column and
the increase of the size of the gas column. Therefore, over long periods of time the turbulence intensity
will decrease in the water and increase in the gas.

However, evaporation has an important indirect effect on the emerging turbulent structures in the
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Figure 5: Color plots of time-averaged temperature and superimposed time-averaged vector plots of the
velocity. (a) diagonal plane 1 (A-C), (b) diagonal plane 2 (D-B). Since the interface descends, the layers
of cells in which the interface was located have been excluded from time averaging and are thus removed
from the plots. For visibility purposes, we have used different color maps for each phase.

gas. More specifically, due to evaporation, the gas right above the free surface is at saturation conditions;
i.e. the vapor concentration therein is kept at the saturation value. This creates a top-bottom difference
in vapor concentration which induces convection motions. Their intensity is measured in terms of the

8(H—hn)3 . ..
= W. For example, for isothermal conditions

concentration Rayleigh number which reads Rag
at temperature 7 = 306 K, the initial concentration Rayleigh number in the gas is Raé = 3.4 x 10°. This
value is 3 times lower than that of Ra® but still sufficiently high to establish turbulent natural convection.
In other words, in the flow under study, evaporation establishes a difference in vapor concentration
which acts as an additional forcing in the gas, besides the forcing due to temperature difference ATS.
Accordingly, the observed flow structures in the gas column are the result of the combined effect of
thermal and vapor-concentration differences. In summary, due to evaporation, in the gas column we have
combined thermal and concentration convection instead of just thermal one.

For the sake of completeness, it is worth mentioning that since our study is based on the low-Mach
number equations, the effect of the vapor concentration in the gas density is taken into account in the
equation of state of the gas. But if one had chosen to invoke the Boussinesq approximation, then the
buoyancy force would consist of two terms, one due to the temperature difference and the other one due

to the vapor-concentration difference between the free surface and the open-top boundary [9].

In figure[6] we present the power spectrum S of the signals of the thermal fluctuations at the centers
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of each column. In these plots, the signal noise has been suppressed by applying a Gaussian filter. With
regard to the water column, in the inertial-convective subrange the spectrum drops following a power law
with a slope equal to -5/3, as is the case in channel flows [60] and RBC [21}, 39]. Then, at frequencies
higher than f ~ 1 the spectrum decays rapidly.

Interestingly, the spectrum in the gas column has a more complex profile. It exhibits two peaks,
one at a low frequency (f =~ 0.022) and a sharp one at high frequency (f ~ 0.7). Between these peaks,
the spectrum has a slope of -5/3, similarly to the spectrum in the water. Beyond the second peak, the
spectrum of the thermal fluctuations assumes again a slope of -5/3 until f ~ 3, beyond which it falls off
rapidly.

On the one hand, in the low-frequency range, the two spectra exhibit the same trends. This suggests
that the interaction between the flow structures in the two columns occurs mostly in this range. In other
words, the fluctuations in the water could act like a low-frequency excitation of the gas at the free surface
and vice versa. Nonetheless, since the water is more dense and viscous than humid air, it is expected that
it is mostly the water fluctuations that modulate those in the air rather than the other way around.

Furthermore, at high frequencies, the energetic content of the thermal fluctuations in the gas is con-
siderable, whereas in the water it is very small. This can be attributed to the fact that the characteristic
speeds in the air and in the gas are different: the ratio of the high frequency to low frequency ratio (25)
matches that of the free-fall velocities in the air and in the water (about 20). Since it is difficult to draw
global conclusions from local measurements, we will use POD analysis to investigate these points in
detail in the next section.

For the sake of completeness, we have also examined the spectrum of the vapor mass fraction to the
temperature spectrum in the gas column. As it turns out, it is very similar to that of the gas temperature
and for this reason is not reproduced herein. The close similarity of the two spectra is consistent with the

fact that the Lewis number of air is close to unity, Le® = 0.82, for the conditions considered in our study.

5. POD analysis

For a global description of the fluctuations, we now turn to POD analysis. As mentioned in the
previous section, all variables of interest (velocity components, temperature and vapor mass fraction)
are recorded each 0.2# for a total duration of 4001, which amounts to a total of N = 2000 snapshots.
Further, all variables are made dimensionless with respect to the reference quantities in the water column.
In order to check the appropriateness of the snapshot sampling we have performed two different PODs in
each column; one with 2000 snapshots and one with 400 snapshots. For the second POD, the sampling
increment was 1#y. The two PODs yielded the same temporal and spatial modes. All results presented

in this section refer to the normalized spatial and temporal modes of POD.
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Figure 6: Power spectra S of the signals of the thermal fluctuations. (a) gas column, (b) water column.
The frequency f has been nondimensionalized by 7, L

5.1. Spatial modes

We proceed to study the results obtained for the PODs performed in the two columns. The distri-
bution of the POD energy in the spatial modes are shown in figures [7p (for the gas column) and [7p (for
the water column). In the same figures, we have also plotted the cumulative POD energies up to the k-th
mode, k=1,...,N. According to these figures, the energy distribution in the gas decays much faster than
in the water. This may appear counterintuitive, since the gas contains a much wider range of frequencies
than the water, while the Rayleigh numbers in the two phases are similar. The fast energy decay in the
gas is explained by the fact that the aspect ratio of the gas column is approximately four times lower than
that of the water column. While, as mentioned above, it is known that a low aspect ratio tends to stabilize
the structures of the flow. This implies that the energies of the dominant modes are higher in a column
of low aspect ratio. The distribution of energy in the gas column confirms this fact.

More specifically, in the gas, the first mode accounts for approximately 25% of the total POD energy,
while the first 3 modes contain 60% of it. Since the decomposition of the flow is based on the square
root of the energy (21), this implies that the first mode represents roughly 50% of the fluctuations of the
time-averaged field. Further, we can observe that the decay of the energy of the spatial modes decreases

abruptly after the third mode.
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On the other hand, the distribution of the POD energy in the water is much smoother. The first
mode contains 15% of the total POD energy, which represents roughly 39% of the fluctuations of the
time-averaged field. Also, it takes 15 modes to account for 60% of the total POD energy (compared to 3
modes for the gas).

Given the smooth energy distribution in the water column, it would be interesting to examine the
streamlines that correspond to the velocity components of the first modes. To this end, in figure [§] we
have plotted the streamlines for modes 1-3 and 8, colored with the temperature of the corresponding
mode. (We have chosen to present mode 8 instead of mode 4 because the structures of the streamlines
that correspond to mode 8 are useful to explain the results obtained by reconstruction of the flow fields
that are presented below). According to these plots, warm water corresponds to ascending streamlines,
while cold water corresponds to descending ones. This, in turn, shows that the temperature and velocity

modes contribute positively to the convective heat flux.
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Figure 7: POD energy of the N = 2000 modes and cumulative POD energy. a) gas column. b) water
column.

In the same figures, we observe that in modes 1-3, the more intense fluctuations are located near the
corners A, C and D. In particular, these fluctuations are characterized by relatively large scales taking the
form of rolls. With regard to modes 1 and 2, we note that the horizontal alignment of both fluctuating

modes is along diagonal 1, i.e orthogonal to the main roll axis. Similarly, according to figure @ shown
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above, the time-averaged streamlines are practically aligned in the second diagonal plane (D-B) and have
an impingement point on the free surface close to point D. The effect of the fluctuations due to modes 1
and 2 is therefore to change the strength (and possibly the direction) of the flow streamlines at the inter-
face. Moreover, mode 1 is characterized by a critical point (node-like) close to the mean impingement
point and the diagonal, so that it is expected to modulate the size of the convection roll region, but not its
orientation. In contrast, mode 2 is characterized by two such connected points, associated with vertical
motions of opposite sign on each side of the diagonal plane 2 (B-D). The effect of mode 2 will therefore
be to distort streamlines towards the walls and away from the main diagonal.

Further, in figure |§|d, we can observe that the fluctuation streamlines of mode 8 are much less ordered
and more intermingled than those of modes 1-3. Nonetheless, small structures in the forms of rolls are

discernible in corners A and C. The rolls impinge on the free surface at almost right angles.

(¢) mode 3 (d) mode 8

Figure 8: Water column: top view of streamlines corresponding to spatial modes 1-3 and 8, colored by
the temperature of the corresponding mode. The color bar is the same for all modes.
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For the gas column, in figure 9] we present color plots of the first 2 modes of the thermal fluctuations
at the two diagonal planes, superimposed with vector plots of the corresponding velocity modes. A
striking fact is that the peaks of the magnitude of the modes (higher positive values and lower negative
values) are all located in the bulk of the gas column close to the mid-height plane. We note that since the
top and bottom boundary conditions in the gas column are different, the spatial modes are not symmetric.

It is quite cumbersome to educe three-dimensional coherent motions for the full column from the two
diagonal planes, as they contain many vortical structures. In diagonal plane 1, a peak is observed at the
junction between the two rolls (above A). Mode 1 is characterized by a global pattern that tends to carry
warm fluid upwards at C (or cold fluid downwards) through the two-roll pattern. In the other diagonal
plane, a strong motion of uniform sign is observed along the cell walls (except at the top above point D),
which tends to limit the convective roll. In both planes, the vortical fluctuations tend to accentuate the
asymmetry between the strength of the top and bottom rolls. Accordingly, mode 1 involves complex 3D
fluctuations of the convective motions of the gas. This issue is discussed further below.

With regard to mode 2, in diagonal plane 1, it is characterized by fluctuations of opposite sign in
the top and bottom half of the columns. This means that this mode tends to strengthen or weaken both
rolls. In diagonal plane 2, mode 2 is characterized by a strong vortical structure at mid-height, and a
weak motion above the impingement point at the interface (near D). Moreover, upon comparison with
the plots shown in figure [5] we infer that the 2nd mode follows the time-averaged convective motions.
For example, at diagonal plane 2, (figure [9d), we can discern two elongated zones of high-intensity
fluctuations (shown in red and blue color, respectively) that are symmetrically located with respect to
the center of plane. The locations of these zones coincide with the transition zone between the two
large convective rolls that are depicted by the vector plots of the time-averaged velocity in figure [5p.
Also, at diagonal plane 1, the hook-shaped zones of high fluctuations at the right edge coincide with
similarly shaped zones in the plot of the time-averaged temperature. This suggests that the second-mode
fluctuations therein modulate the size and intensity of the corresponding zones of (7¢),. In particular,
positive values of the second-mode fluctuations tend to reduce the time-averaged temperature and vice
versa.

Further, we have examined the distribution of the first 2 modes of the fluctuations of the vapor
concentration. These were very similar to the corresponding modes of the thermal fluctuations, with a
correlation coefficient larger than 0.99. This is consistent with the fact that the Lewis number of air is

close to unity.
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Figure 9: Gas column: color plots of the first 2 spatial modes of the thermal fluctuations, superimposed
with vector plots of the corresponding velocity modes. The color bar is the same in all plots. (a) diagonal
plane 1 (A-C), mode 1. (b) diagonal plane 2 (D-B), mode 1. (c) diagonal plane 1, mode 2. (d) diagonal
plane 2, mode 2.
5.2. Temporal modes

In this section, we analyze the normalized temporal modes obtained from POD in the water and gas
columns.

The evolution of the first 4 temporal modes in the gas, Jz{kg, k=1,...,4, is provided in figure

As observed for the local temperature signal, the amplitudes are apparently chaotic with both high-
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frequency and low-frequency components. We can also notice that the first two modes are characterized
by infrequent, large, negative values. The spectral intensities of the modes, defined as the square root
of their power spectra S(,sz/kg) are represented in figure All modes are characterized by two main
ranges of frequencies, one below f < 0.25 with a peak around f; ~ 0.022, and one around f, ~ 0.6.
This is in good agreement with the local measurements described in section 4. The high-frequency
energetic content is particularly high for modes 3 and 4. We also observe secondary peaks at intermediate

frequencies, between f] and f5.
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Figure 10: Gas column: evolution of the first 4 temporal modes ﬂ/kg, k=1,2,3,4.

With regard to the water column, the evolution of the first 4 temporal modes, <7, k = 1,...,4, are
presented in figure [[2] According to this figure, the temporal modes in the water are much smoother
than in the gas. More specifically, their signals are characterized by high-amplitude but low-frequency
oscillations. Some high-frequency oscillations are also present but their amplitude is quite small.

Further, in figure [I3] we have plotted the square roots of the power spectra of the first 4 temporal
modes in the water column. All 4 modes are characterized by a single predominant frequency at f; =
0.022, which coincides with the first dominant frequency of the temporal modes in the gas.

It is now possible to attribute a physical meaning to the low frequencies observed in the global water
modes as well as to the high ones observed in the gas mode. According to the reasoning presented in
[54]}, in turbulent natural convection, the frequency of the highest peak of the power spectra corresponds
to the time that is necessary for a fluid particle to travel around the perimeter of the large-scale circulation
(or main convective roll) of the flow. For computational purposes, the projection of this convective roll

on the plane of alignment can be approximated as an ellipse.

23



0.00 0.25 0.50 0.75 1.00

f(tgh)

9200
=
0

f(tzt)

0
0.00 0.25 0.50 0.75 1.00

5,400
3
% 200

0.

53
3 200
w0
0
0

ok

00 0.25 050 0.75 1.00
f (&)

00 0.25 0.50 0.75 1.00
f(tzh)

Figure 11: Gas column: square roots of the power spectra of the first 4 temporal modes.
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Figure 12: Water column: evolution of the first 4 temporal modes, .7}, k = 1, 2, 3, 4.

On the basis of this approximation, we infer from figure [5p that the major axis of the main convective
roll in the water column is equal to 0.6 of the length of the diagonal of the free surface. Whereas its
minor axis is equal to the height of the water column. This allows us to obtain an approximation of the
perimeter of the main convective roll. To compute an estimate of the time that it takes for a fluid particle
to circumvent the main roll, we use the volume and time average of the velocity norm. By following this

procedure, we compute that the frequency associated with the main convective roll is f/ =

is very close to the dominant frequency f; of the power spectra of the first 4 temporal modes.
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Figure 13: Water column: square roots of the power spectra of the first 4 temporal modes.

The same procedure can be applied in the gas column. More specifically, the major axis of the lower
convective roll is equal to 0.6 of the diagonal of the free surface. While its minor axis is equal to 0.3 of
the height of the gas column. We then compute that the frequency associated with the dual-roll structure
is f8 = 0.63. This value is close to the second dominant frequency f> of the power spectra of temporal
modes 1, 3 and 4. We note that the intermediate frequency around f = 0.3 could be attributed to the
outer circulation in the gas column. The results for both columns are provided in table [I They show
that the frequencies are consistent with the large-scale circulation in both the water and the gas columns.
They also suggest that the low frequency of the gas temporal modes f is associated to modulation of the
turbulent motions of air by the main convective roll in the water. In other words, whereas the intermediate
and high frequencies are related to the intrinsic flow dynamics in the gas, the low frequency is related to
the interaction between the two columns at the free surface and, as such, it affects both the outer roll and

the inner dual-roll structure. This point will be elaborated in the next section.

(0o /s | ([0 ])syes fuse | P'/ho | PS/ho | 1= (W) /P | fS = (u$)/P®
0.097 291 439 | 463 |0.022 0.63

Table 1: Dominant frequencies in the water and air. In this table, P! and P are estimates of the perimeters
of the large-scale circulations in the two fluid columns.

5.3. Correlation between temporal modes in the two phases

To investigate if the low-frequency motions in the gas and in the water are connected, we proceed
to study the correlation between the first temporal modes in the water and gas. To this end, we have

computed the correlation coefficients between these modes. For purposes of comparison, we have also
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performed POD of the flow variables of interest on the water side of the free surface. This POD is realized
by considering a thin layer of water just below the free surface. This layer corresponds to a small number
of horizontal layers of cells. More specifically, the layers that we considered amount for 3% of the height
of the water column. Then, it was verified that the spatial hence temporal modes obtained in this manner
did not depend on the y variable, thereby confirming that the layer of water that we considered for the
POD was sufficiently thin. The decomposition of the flow field obtained in this manner is referred to
herein as the POD at the free surface.

First we examine the correlation between the modes of the water and those of the free surface. In
table 2] we provide the highest correlation coefficients between the first 10 temporal modes in the water
and the 2000 temporal modes at the free surface. According to it each of the first 10 modes in the water
(with the exception of mode 8) is well correlated with one of the first 10 modes at the free surface.
The correlation coefficients range between 0.42 and 0.8 (for modes 10 and 2 in the water, respectively).
The only exception is mode 8 in the water which is weakly correlated to the free-surface modes; its
highest correlation coefficient is 0.28. Nonetheless, these results show that overall there is a substantial
correlation between the flow dynamics of the water column and those of the interface. This in turn

indicates that the water motions can be tracked directly through the free surface.

modes in water 1 2 3 4 5 6 7 8 9 10
modes at the free surface | 2 1 3 5 5 6 7 5 10 9
correlation coefficient 073108 068|043 | 058|060 | 055|028 | 0551 042

Table 2: Highest correlation coefficients between the first 10 temporal modes in the water and the 2000
temporal modes at the free surface.

We now focus on the correlation between the dominant temporal mode in the water, mode 1, and
those at the free surface and in the gas column. The highest correlation coefficients are provided in table
Bl According to this table, mode 1 of water is mostly correlated with mode 2 at the free surface. The

correlation coefficient is 0.73, which implies strong coupling between these modes.

mode 2 of the free surface | mode 1 in gas | filtered mode 1 in gas
mode 1 in water | 0.731 0.43 0.60

Table 3: Highest correlation coefficients between temporal mode 1 in the water and the 2000 temporal
modes in the gas and at the free surface. In the third column, all the frequencies above 0.05 are removed.

With regard to the coupling with the gas, mode 1 in the water is mostly correlated with mode 1 in
the gas. The correlation coefficient between them is equal to 0.43, which implies weaker correlation
than with the modes at the free surface. Nonetheless, this value (0.43) is still sufficiently high to suggest
considerable interaction between the fluctuations in the two columns. At this point, it is worth recalling

that the signal of the temporal modes in the gas is rich in low-frequency low-amplitude oscillations.
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Motivated by this fact, we have examined the correlation between the low-frequency content of the gas
modes with mode 1 of the gas. To this end, we filter out all frequencies higher than 0.05. According to
our analysis, mode 1 of the water is strongly correlated to filtered mode 1 of the gas, with a correlation
coefficient equal to 0.60. In other words, the interaction between the first modes in the two columns
occurs mostly via the low-frequency component of the gas mode.

As a side note, we may add that the maximum correlation between the free surface and the gas
involves modes 1 and 5 respectively, with the coefficient being equal to 0.39. This suggests that the
dynamics of the turbulent motions in the gas are, at least partially, related to those at the free surface.

The connection between the dominant POD modes in the water and gas is further established by
computing their coherence, C'2, the plot of which is shown in figure The coherence is quite high
at low frequencies and attains a maximum of 0.6 at f; = 0.022, which corresponds to the dominant
frequencies of the temporal modes and is associated to the main convective roll in the water. On the
other hand, the coherence at medium and high frequencies is very low. These findings confirm the
connection in the low-frequency range between the turbulent fluctuations due to the dominant mode in

the water (mode 1) and those in the gas.
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Figure 14: Coherence coefficient C'¢ between temporal mode 1 of the water and filtered temporal mode
1 of the gas. All frequencies above 0.05 have been removed from the signal of mode 1 of the gas.

Additional evidence can be obtained by applying extended POD in order to extract the part of the
gas signal that is directly correlated with the dominant water fluctuation [7]. In the gas, the dominant
extended POD mode can be obtained from a linear combination of snapshots where the coefficients of
the combination correspond to the POD amplitudes of the dominant water fluctuation. More specifically,
the first extended POD mode in the gas, §$", is computed from equation (23) by using the values in the
gas column g¢ (x,7") and the first temporal mode in the water column A (). In other words,

N

o= Y AL (). (32)
n=1
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In figures and we provide color plots of the normalized extended mode 1, @, of the thermal
fluctuations in the gas at the two diagonal planes. Upon comparison with the equivalent plots of spatial
mode 1 in the gas column, in figures Pp and @b respectively, we can see that the dominant extended
POD displays similar features to the dominant POD mode in the gas column. This observation further
reaffirms the strong correlation between the dominant fluctuations in the water and the gas columns.

ext ext
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-0.0211 0.0211 0.0194

(a) diagonal plane 1, mode 1. (b) diagonal plane 2, mode 1.

Figure 15: Extended POD: color plots of the first spatial mode of the thermal fluctuations, superimposed
with vector plots of the corresponding velocity modes. (a) diagonal plane 1 (A-C), mode 1. (b) diagonal
plane 2 (D-B), mode 1.

5.4. Reconstruction of the flow field

We now discuss the physical meaning of the dominant POD modes in the gas and in the water
and their strong coupling observed in the previous section. To this end, we use reconstructions of the
instantaneous field using the time-averaged flow and the dominant POD mode.

More specifically, we have reconstructed the fluctuations in the water at ¢t = 212, 220 and 240 #; via
equation (ZI). These time instances have been selected because temporal mode 1 exhibits high peaks at
them. Then spatial mode 1 of the fluctuations is added to the time-averaged values in order to reconstruct
the instantaneous flow field at these instances. The first spatial modes of the fluctuations in the water and

gas columns are denoted by Fl1 and Flg, respectively, and are given by,

F = /Aol and  Ff = \JA]DTE. (33)

In figure [I6] we compare the reconstructed streamlines in the water with the instantaneous ones
computed via our DNS. The instantaneous streamlines exhibit complicated patterns and are characterized
by three impingement points near corners A, D and C at f = 212 and 220 # and one impingement point
near corner D at t = 240 #. The latter one is due to the main convective roll in diagonal plane 2 whereas

the impingement points near corners A and C are due to rolls of smaller size.
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Figure 16: Water column: comparison of instantaneous streamlines from DNS and reconstructed ones
from mode 1, at r = 212, 220 and 240 #¢. The streamlines are colored with the corresponding instan-
taneous values of the temperature. Left: top view of DNS results. Right: top view of reconstructed
streamlines.
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We observe that this reconstruction provides a fairly accurate approximation of the instantaneous
streamlines in the water. Further, it predicts accurately the location of the impingement point near corner
D at the three time instances considered herein. This allows to conjecture that the evolution of the main
convective roll in the water is mostly controlled by mode 1. This is not surprising since the main roll is
the largest flow structure and mode 1 has the largest contribution to the POD energy. Additionally, when
the amplitude of the first POD mode is positive at ¢t = 240 t (respectively, negative at t = 212 # and
t = 220 tg), it can be shown that the extent of the convection roll is longer (respectively, shorter). Due to
the continuity of shear stresses across the free surface and the strong correlation between temporal modes
1 in the two phases, it is expected the size of the bottom roll in the gas to follow these same variations.
In other words, the bottom roll in the gas domain becomes shorter at t = 212 #.

However, the reconstructed flow fields based on mode 1 do not capture the impingement points near
corners A and C. This implies that these features are due to a different mode. In order to determine the
modes responsible for them, we have computed two additional reconstructed flow fields at r = 212 #,
using the first 5 and the first 10 spatial modes, respectively. Plots of the instantaneous streamlines
obtained from these two reconstructed fields are provided in figure According to this figure, the
first 5 modes do not contribute to the impingement points near corners A and C even though they contain
the vast majority of the POD energy. On the other hand, the main roll which impinges on the free surface
near corner D is accurately reconstructed. As explained above, the length of the main roll, i.e. its extent
in the diagonal D-B, is affected by mode 1. Additionally, we can notice that in the reconstruction with
the first five modes, the streamlines of the main rolls become aligned in the z axis, as in the DNS results.
We have confirmed that this rotation of the streamlines is due to mode 2. More specifically, a positive
value of temporal mode 2 makes these streamlines rotate counterclockwise, from D towards C. On the
contrary, a negative value of mode 2 makes these streamlines rotate clockwise, from D towards A.

Further the reconstructed streamlines based on the first 10 modes do capture these impingement
points. This in turn indicates that the vortical structures that impinge on the free surface at corners A
and C are associated with low-energy modes (modes 6 to 10) and, therefore, represent a small part of the
turbulent kinetic energy in the water column.

The same procedure, i.e. adding spatial mode 1 to the time-averaged quantities, is used for the
reconstruction of the flow field in the gas column. In figure[I8 we present color plots of the instantaneous
temperature distribution at the two diagonal planes and at r = 212 #, superimposed with vector plots of
the velocity.

The DNS results are shown in figures[I8p and[I8p and the reconstructed fields in figures[I8 and[I8.
Upon comparison, we deduce that this reconstruction provides a good approximation of the instantaneous

flow field. In particular, it captures accurately the inner dual-roll structure, the upward and downward
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plumes and the thermal boundary layers at the boundaries. The good agreement between reconstructed
fields and DNS results is not surprising because mode 1 represents half of the fluctuations of the flow

variables and the value of &/ at# = 2121 is quite high.
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(a) modes 1-5 (b) modes 1-10

Figure 17: Water column: top view of reconstructed instantaneous streamlines at f = 212 tg. The stream-
lines are colored by the instantaneous values of the reconstructed temperature field. (a) reconstruction
with modes 1-5. (b) reconstruction with modes 1-10.

Comparison of the instantaneous and the time-averaged field in figure [5] shows that the effect of the
first mode contribution is to decrease the extent of the lower roll, while increasing that of the higher
roll. This observation is consistent with the effect of modes 1 in the two phases at = 212t discussed
above. In order to get a better idea of the effect of spatial mode 1 we have also performed a “reverse
reconstruction”, according to which the mode is subtracted from the time-averaged fields. In other words,
we have performed a reconstruction with the sign of szlg been reversed. The results of this procedure are
shown in figures [I8f and [T8f. The rolls of the dual-roll structure in diagonal plane 2 are marked with
white circles in figures [I8d and [I8f. We can observe that in the reverse reconstruction (figure [I8f) the
size of the lower roll has increased and that of the upper roll has decreased. Consequently, the lower
roll has now become the largest one. Whereas, according to the DNS results (figure [I8d), the upper roll
is in fact the largest one. Also the reverse reconstruction gives a narrower separation between the two
interior rolls in diagonal plane 2. Further, comparison of the DNS results with the reverse reconstruction
reveals visible differences in the direction of the velocity vectors and in the temperature distribution in
the bulk of the gas column. For example, the reverse reconstruction predicts higher temperatures therein,

especially in diagonal plane 1.
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(e) diagonal plane 1, reverse reconstruction. (f) diagonal plane 2, reverse reconstruction.

Figure 18: Gas column: color plots of the instantaneous temperature distribution at t = 212#¢ and
superimposed vector plots of the velocity field. (a)-(b) DNS results. (c)-(d) reconstructed field with
mode 1. (e)-(f) reverse reconstruction (subtraction of mode 1 from the time-averaged field). The white
circles in figures (d) and (f) mark the location and size of the rolls comprising the dual-roll structure.
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On the other hand, the reverse reconstruction has not modified the direction of rotation of the large
convective rolls of the flow field, or the structures of the boundary layers. This implies that the main
effect of spatial mode 1 is on the dual-roll structure. For example, the difference between the size of the
upper and lower rolls is attributed to mode 1. Furthermore, since this dual-roll structure is present in both
the time-averaged and the fluctuating flow fields, we deduce that the fluctuations due to mode 1 are not
sufficiently strong to break this structure.

As a side note, it is worth adding that the instantaneous temperature and velocity fields ¢t = 212#;
bear certain similarities with the time-averaged results (shown in figure [3)), especially with regard to the
structure of the large vortical structures. Nonetheless, there are some differences too; the most noticeable
ones relate to the direction of the currents and the details of the temperature distribution in the bulk.

With the aim of investigating further the effect of the first spatial mode in the gas column, we have
computed the angular momentum L = (L, Ly, L;) of each horizontal layer of cells with respect to the

center Xy of the layer, xo = (W /2, y, W/2). Accordingly, L is defined by

L = / (x—x0) Apudv, (34)
\

where V}, is the total volume of the horizontal layer of cells. It is noted that this definition is different
from the classical one, where a single reference point is used.

In figure [I9 we provide plots of the y component of the angular momentum of the layers. This
corresponds to the torsion of the fluid at xz planes with respect to the centerline, i.e. the y axis at mid-
width. More specifically, in this figure we have plotted the time-averaged profile of the torsion Ly ({pu);),
the torsion L, (F}) associated with spatial mode 1 at# = 2121, and their sum. We observe that L, ({pu),)
assumes an S-shaped profile and its amplitude is characterized by two peaks that correspond to the two
principal rolls of the large-scale circulation. On the other hand, its profile is not symmetric with respect to
the mid-height of the gas column; for example, the top peak is higher than the lower one. Also, L,({(pu);)
vanishes (is zero) at the free surface whereas it attains a non-zero value at the open-top boundary. This
asymmetry is attributed to the difference of the shear stresses at these two planes. More specifically, the
open-top boundary is shear-free. Whereas the free surface supports shear stresses which tend to constrain
the motions of the gas above it. Another interesting observation in figure [I9]is that the torsion due to the

first spatial mode reinforces the time-averaged torsion throughout the gas column.
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Figure 19: Plots of the y component of the angular momentum (torsion). The profile due to spatial mode
1 is taken at t = 212 t4.

Finally, the x and z components of the angular momentum, are presented in figure 20} As before, in
this figure we have plotted the time-averaged profile, the profile due to spatial mode 1 at r = 212# and
their sum. According to them, the time-averaged profiles are everywhere positive and are characterized
by two peaks. However, their order is reversed in the x and z components: in the x component the
lower peak is the highest one while the opposite holds true for the z component. Further, spatial mode
1 reinforces the angular momentum in the upper part of the gas column since both L(F}) and L,(F})
components of it are positive therein. On the other hand, it tends to reduce it in the lower part, because
L(Ff) and L,(F}) are negative. As a result, the sum of the two contributions (time-averaged and the one
related to mode 1) attains higher values in the upper part than in the lower one. This is in accordance with
the observation made above that, in the gas column and at this particular time, the upper roll becomes

predominant.
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Figure 20: Plots of the x and z components of the angular momentum. The profile due to spatial mode 1
is taken at t = 212 .
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6. Conclusions

In this paper, we analyzed the turbulent structures during natural convection of water and air in a
pool with evaporation across the free surface. In the water, the time-averaged flow consists of a large
convective roll aligned in one of the diagonals. While in the air the flow is organized in complex pattern
consisting of an inner dual-roll structure with wall-parallel orthogonal axes and an outer circulation
aligned in the same diagonal plane as the large roll of water.

In order to calculate appropriately the energy of the fluctuations in each phase, we have performed
separate PODs in the water and gas columns. According to our analysis, the spectrum of the fluctuations
in the water is characterized by a single low-frequency peak that corresponds to the recirculation fre-
quency of the mean roll. In contrast, the spectrum in the air is bimodal, with a high-frequency peak that
can be attributed to recirculation motions associated with the dual-roll structure, and a low-frequency
modulation that matches that of the water. Despite this complexity, POD analysis showed that the fluctu-
ations are more coherent in the gas than in the water. More specifically, in the gas the fluctuations were
strong at mid-height and in the regions of strong-shear that connect the two convective rolls. While in
the water, the most energetic POD modes can be well tracked through the interface, where a key feature
is the location of the main impingement point.

To investigate the connection between the fluctuations in the water and in the gas, we determined
which POD modes in the air were best correlated with the dominant POD modes in the water. It was
established that the most energetic fluctuation in the air was well correlated with the dominant water
fluctuation.

Further, we have reconstructed the flow field in each column by using the corresponding dominant
POD modes. It was shown that the superposition of the time-averaged field with those due to the first
spatial modes can yield reasonable approximations of the instantaneous distributions of the flow vari-
ables. In particular, such a reconstruction captures well the instantaneous realizations of the large-scale
circulations in the two phases. It was observed that, in the water, the main effect of the dominant mode
is to modify the size of the mean convective roll. Nonetheless, the dominant mode does not affect its
orientation. Additionally, a reduced convective roll in the water is associated with a weaker bottom roll
in the air, and a stronger top roll. The second most energetic mode in the water is also associated with a
displacement of the main impingement point, but in a direction orthogonal to that of the main roll.

This study was based on a single pair of initial Rayleigh numbers for the water and gas columns, Ra'
and Ra®. The values considered herein (at the order of 10°) are representative of natural convection at
weak to moderate turbulence intensities. Accordingly, the turbulent structures and flow properties pre-
dicted by our study are expected to be relevant for natural convection in this regime. Evidently, at higher

Rayleigh numbers the organization of the flow might be different. Nonetheless, certain characteristics,
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such as the bimodality of the spectra of the fluctuations and temporal modes in the gas and the correlation
between the large-scale circulations in the two phases, are due to the interaction between the two phases
at the free surface. This suggests that these characteristics are intrinsic to the dynamics of the two-phase
system and that they are present even at high turbulence intensities. Finally, it is interesting to mention
that no flow reorientations were predicted in our simulation. Although such phenomena are expected to
be hampered by the low aspect ratio of the gas column and the gas-water interaction, more studies would

be needed to determine whether they occur in a different range of Rayleigh numbers.
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