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Abstract

Conditional mean risk sharing appears to be effective in collaborative insurance to distribute
total losses among participants. This paper develops analytical results for this risk sharing
rule when risks are zero-augmented random variables whose joint occurrences distributions
and claim amount distributions are based on network structures and may be characterized
by graphical models. More specifically we consider the Ising model for occurrences and de-
composable graphical models for the claim amount structures. Such models are typically
useful for modeling operational risk or cyber security risk.
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1 Introduction

Graphical models are a very useful tool to factorize probability distributions over a multi-
dimensional space. They use graph-based representations to express e.g. the conditional
dependence structure within the random variables or to characterize groups of random vari-
ables as common factors. They are commonly used in Bayesian statistics and machine
learning. Their popularity has grown in recent years due to the development of efficient
algorithms for performing computationally intensive inference in high-dimensional models.
They have been widely used in applications ranging from causal inference, information ex-
traction to speech recognition, natural language processing and computer vision. Recently
Ramsahai (2020) showed that some actuarial models in current practice can be expressed
graphically to exploit the advantages of such an approach and concluded that the graphical
models can be very useful for applications e.g. in the modelling of home insurance property
damage. Oberoi et al. (2020) applied statistical graphical models to simulate economic
variables for the purpose of risk calculations over long time horizons. Lin et al. (2014) also
considered Bayesian networks (which are a particular case of graphical models) to perform
convolution of loss distributions required to aggregate risk in the presence of common causal
dependencies.

This paper aims at contributing to the literature on risk sharing when risks are dependent
and their distributions can be efficiently summarize with graphical models. Denuit (2019,
2020b) demonstrated that conditional mean risk sharing introduced by Denuit and Dhaene
(2012) is an effective mechanism in collaborative insurance to distribute total losses among
participants. Denuit and Robert (2020a,b,c) established several attractive properties of
this sharing rule. In particular they showed that the conditional expectation defining the
conditional mean risk sharing is in general asymptotically increasing in the total loss under
mild technical assumptions, which ensures that the risk exchange is Pareto-optimal and that
all participants have an interest to keep total losses as small as possible. Recently Denuit and
Robert (2020d) developed analytical formulas of the conditional mean risk sharing rule for
general risk multivariate distributions (without assuming independence between risks). They
proved that the conditional expectations can be expressed from the size-biased version of the
vector of risks. Several examples are discussed, including Liouville and infinitely divisible
multivariate distributions, for which the conditional expectations are linear in the total loss
amount. In general analytical expressions of the multivariate distributions of the size-biased
transform are difficult to derive from the original multivariate distributions of the vectors of
risks.

In this paper, we assume that the risks can be represented by zero-augmented random
variables whose joint occurrences distributions and claim amount distributions are based
on network structures and may be derived from graphical models. More specifically we
assume that joint occurrences may be characterized by the famous Ising model, named after
the physicist Ernst Ising. The claim amount structures will be supposed to be based on
decomposable graphical models for which it is known that junction trees can be used to
obtain an explicit form for the factorization of the multivariate distributions of individual
claim amounts.

Such models are typically useful for modeling operational risk or cyber security risk.
Operational risk management needs quantitative risk models to constitute a sound basis



for fruitful discussions on the acceptance or the mitigation of such specific risks. Detailed
causal modelling at business process level is required for the understanding of organization
specific input, highlight the criticality of causal factors, identify the potential lack of con-
trols/barriers, etc. Such an approach may create more value than a risk model based solely
on actuarial techniques (see e.g. Politou and Giudici (2009)). Cyber risks refer to threats to
businesses or individuals such as data breaches or malicious cyber hacks on work computer
systems. One property that distinguishes cyber risks from conventional risk is the network
environment. [T-related resources controlled by a firm include physical resources associated
such as I'T infrastructure, databases, networks and software packages, as well as non-physical
(human) resources such as organization-wide IT expertise and IT managers’ skills. 1T re-
sources are strongly interconnected inside the firm, but also between firms by the internet
network. Cyber risks emerge from this interconnection, therefore the analysis of risk and
potential losses may fruitfully take into account the inter-dependencies between connected
nodes of the network through graphical models (see e.g. Xie et al. (2010)).

The remainder of this paper is organized as follows. In Section 2, we first recall the defini-
tions of the conditional mean risk sharing rule and of the size-biased versions of multivariate
distributions. Then, we establish useful representations of the individual contributions to
the pool under conditional mean risk sharing rule in the case of multivariate zero-augmented
vector of risks. Section 3 is devoted to the presentation of the Ising model and provides a
result on the characterization of their size-biased versions. Section 4 presents the theory of
decomposable graphical models for absolutely continuous multivariate distributions and ex-
plains how to derive their size-biased versions. The results are applied in Section 5 where an
extensive numerical illustration shows the flexibility of graphical models. The final Section 6
briefly discusses the results. An appendix provides the specifications of the graphical models
considered in Section 5 (number of vertices, number of edges, sets of maximal cliques, sets
of minimal seperators, precision matrices of the associated multivariate Gaussian random
variables, etc.).

2 Conditional mean sharing rule for dependent zero-
augmented risks

We consider n participants to an insurance pool, numbered ¢ € {1,2,...,n}. Participant
it faces a zero-augmented risk X;, i.e. X; is a positive random variable with a strictly
positive probability equal to zero, P[X; = 0] > 0, and absolutely continuous otherwise.
We write X; = I,C; where I; is a Bernoulli random variable and C; is a strictly positive
absolutely continuous random variable modeling the claim amount. We assume that these
claim amounts C; are independent and independent on the vector I = (1, ..., I,,) of possibly
correlated Bernoulli random variables (see Dai et al. (2013)). We denote by S = > | X,
the sum of the risks.

In the design of a risk sharing scheme, it is important that the sharing rule between par-
ticipants represented by the functions h;, i € {1,2,...,n}, is both intuitively acceptable and
transparent. In that respect, the conditional mean risk sharing (or allocation) h} proposed



by Denuit and Dhaene (2012) is particularly attractive and is defined as
RI(S) =E[X;|S], i=1,2,...,n. (2.1)

In words, participant ¢ must contribute the expected value of the risk X; brought to the
pool, given the total loss S. Clearly, the conditional mean risk sharing (2.1) allocates the
full risk S as we obviously have

D_hi(8) = B8] =

so that the sum of participants’ contributions covers the entire loss S. In the expected
utility setting, every risk-averse decision-maker prefers hf(.S) over the initial risk X; so that
the conditional mean risk sharing rule appears to be beneficial to all participants (as an
application of Jensen’s inequality).

Denuit and Robert (2020d) developed analytical formulas of the conditional mean risk
sharing rule for general risk multivariate distributions (without assuming independence
between risks). They are based on the size-biased version of the vector of risks. For
each i € {1,2,...,n}, we define the i-th size-biased version of X by the random vector
X0 —(x 1[i], . ,Xr[f]) with joint distribution function Fy given by

o i dFx (41,
Fo(21,..., ) :/ / y Xyl_ )

B[Xi| X, < 21, ... Xngxn]
F ). 2.2
E[XZ] X($17 y L ) ( )

Distribution (2.2) has been considered by Arratia et al. (2019) in relation to size-biasing
sums of random variables. The distribution function (2.2) is a multivariate weighted version
of the distribution function for X. Multivariate weighted distributions have been reviewed
by Navarro et al. (2006). The weight function w corresponding to (2.2) is w(z1,...,x,) =
x;/E[X;] that has been considered in Jain and Nanda (1995). It is proved in Proposition 3.1
iii) of Denuit and Robert (2020d) that, if X, ..., X,, are zero-augmented random variables
with positive probability masses at the origin and probability density functions over (0, c0)
then E[X;|S = 0] = 0 and, for any s > 0, the representation

E [XZ] fXEi]+...+X,[f] (S)
2 B iy i (s)

E[X,|S = s] =

holds true.

In the particular case of our model described above, we can say more on the distribution
of XU for i € {1,2,...,n}. Let us recall that the size-biased version X of a positive
(univariate) random variable X is defined through its distribution function by

P[X <t] = ﬁ/o xdFx(z).

The distribution of X m, where X; = I,C; i € {1,2,...,n}, has the following representation.
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Proposition 2.1. We have
i d 7 i ~ i ;
XL (1,1, Coy, G 1l i, o, 10C,)

where Im, Ci,...,Ci_1, C’i, Cii1, ..., Cy, are all independent, and O I, =1.

Proof. We have

1
FX[i] (5[1, . ,.’L‘n) = E [X]E [XII[Xl S xq, ,Xn S .’L’n“
1
E[1,C}]
1

- Ci <y, ... < .
E [_[ZCl]E [E [IzCzI[[lcl ~ T, 7InCn >~ wn]‘jh 7]71“

But note that

E [IZCZI[[lcl S L1y enny -[nCn S xn]]h, ceey In]
JFi
and

E [LCILC; < x|, ..., L]
E[1,C}]
B [LCA[LC: < @il|h, o L] BIGC T, . L)
E(L,CiT, ... 1] E[I,C]
E[LCILC; < x|, ..., 1] I;
E[LCi|I, .., I,)] E[I]

and therefore

E[LCILC; < x)|h, ... L) L
P[L;C; < xjlLy,.... L] | .
E[I’LC7,|-[1,,_[”] x E[IZ] :]l;!: [ ]C] > .%']‘ 1y -0y ]

FX[i](SCh...,.’L‘n) =

We deduce that X1 & (1{“01, I 6T O Ilf]cn).
Moreover, for x € {0,1}",

P[IY = x] =
E



Since the claim amount of participant ¢ may be the result of an aggregation of several
individual claims in practice, we will moreover assume that the absolutely continuous part
of X; may be written as a sum: C; = Z;“:l Z;j where Z; = (Zu, ..., Zin,;) is a vector of
non-negative random variables of size n; € {1,2,...}. The size-biased version of C; may be

characterized in the following way. Define the random variable K; valued in {1,2,...,n;},
independent of Z; and of Zgl], o Zy”] such that P[K; = k| = EE[[ZCM]] for k€ {1,2,...,n;}.

The following proposition is derived from Section 2.4 in Denuit and Robert (2020d).

Proposition 2.2. We have

Zﬁ] +...+ ZZ-[EZ_ with probability %
A g K] Zg] +...+ Zz[i]i with probability ]g[zcj]
C; = Zij = .
=1 :
Zm ZZ[ZZ} with probability EE[%"]Z]
In the next sections, we present the graphical models used for I and Z;, i € {1,2,...,n}.

3 Ising model

The Ising model is a classical example of a graphical model for binary random variables in
statistical physics. It was named after the physicist Ernst Ising.

Let V' ={1,...,n} and let P2(V') denote the unordered subsets of V' of size 2 (assuming
that n > 2). For E C Py(V), an undirected graph is denoted by G = (V, E) where V is
the set of vertices/nodes and E is the set of edges of G. We associate to each node i € V'
the Bernoulli random variable I;. Components I; and I; of the full random vector I interact
“directly” only if ¢ and j are joined by an edge in the graph.

In the context of statistical physics, these values might represent the orientations of
magnets in a field, or the presence/absence of particles in a gas. In the context of image
processing, these values might represent the pixel values in a black-and-white image. And
in the context of social network analysis and political statistics, these values might also
represent the voting patterns of politicians.

The distribution of vector I of the Ising model is defined for an undirected graph G =
(V, E') and is characterized by the following exponential family

D1 (X) = exp Z Qul’z + Z Qijxixj — A ((9) (31)

% (3,4)€E

where x € {0,1}", 0 = (03),cy.(; j)e > and the function A satisfies

A(0) =log Z exp ZﬁimmL Z Oi;zix;

xe{0,1}n eV (i,9)eE



Here 6,; € R is the strength of edge (4, ), and 6; € R is a “potential” for node ¢, which
models an “external field” in statistical physics, or a noisy observation in spatial statistics.
For (i,j) ¢ E, i # j, we have I; L I;|L\f j3, i.e., I; and I; are independent given all other
I’s. The Ising model is said to satisfy the Pairwise Markov property.

The Ising model can be generalized in a number of different ways. Equation (3.1) includes
only pairwise interactions, but it is possible to take into account higher-order interactions
among the random variables. For example, to include coupling of order 3, {i, 7, k}, we could
add a monomial of the form wz;x;z; with corresponding canonical parameter 6;;,. Note
however that higher-order interactions can also be converted to pairwise ones through the
introduction of additional variables and thus retain the Markovian structure of the network.
See also Dai et al. (2013) for a related generalization of the Ising model.

The size-biased versions of I may be characterized as distributions associated to Ising
models defined on subgraphs of GG. For a subset A C V, the subgraph of GG induced by A is
defined as G4 := (A, E4) with E4 :={(i,j) € E|li € A,j € A}

Proposition 3.1. For k € {1,2,...,n}, I* is associated to the Ising model defined on
the graph Gyv\(gy with parameter 0" = (eg;‘])ieV\{k},(i,j)eEV\{k} satisfying, for i € V\{k},
01 = 0, + 0ul[(i, k) € E, and, for (i,j) € By\quy, 01 = 0.

Proof. T has for probability mass function

1
piw (x) = mpl (@1, pe1, 1, g, -, 2
= p (x| =1)
= exp Z oMz, + Z Hz[f]xix]- — A[k](é’m)

ieV\{k} (1,5)EEv\ {ry

4 Decomposable graphical models

Let G = (V, F) be an undirected graph. We associate to the nodes of G a random vector of
claim amounts, Z = (74, ..., Z,), with probability density function fz. To define decompos-
able graphical models for Z, we need to introduce a few key definitions and notations.

Definition 4.1. (Clique). A graph G = (V, E) is said to be complete if E = Po(V). If G4
is complete for A CV, A is said to be a clique of G. A mazimal clique of G is a clique for
which every superset of vertices of G is not a clique.

Definition 4.2. (Path). Let o, 5 be two distinct nodes in V. A path from « to [ is a
sequence o = Yo, ...,Ym = [, m > 1, of distinct nodes such that, for all 1 < i < m,
{~i—17:} € E. A cycle is a path from a node to itself.

Definition 4.3. (Separation). Let A, B,C be subsets of V.. C' is said to separate A from B
if any path from o € A to 5 € B intersects C'.
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Definition 4.4. (Decomposition). A pair (A, B) of subsets of V' is said to be a decomposition
of G if V.= AU B, the subgraph induced by G on AN B is complete and AN B separates
A from B. . If A and B are both proper subsets of V' (i.e. they are strictly included in V),
the decomposition is said to be proper. A graph G is said to be decomposable if it is either
complete or if there exists a proper decomposition of G into two decomposable subgraphs.

You can note that the definition of a decomposable graph is recursive. The equivalent
notion of chordality may be easier to handle since a graph G is a decomposable graph if and
only if G is a chordal graph (see e.g. Proposition 2.5 in Lauritzen (1996)).

Definition 4.5. (Chordal graphs). A graph G is chordal if all cycles of four or more vertices
have a chord, which is an edge that is not part of the cycle but connects two vertices of the
cycle.

Definition 4.6. A subset S of V is a separator in G when Gy\s has more than one connected
component. S is a minimal separator, when it does not contain another separator as a proper
subset.

Whenever a graph G is decomposable, the set S of its minimal separators can be built
by the following algorithm. Begin with the empty set S = @. Then consider a proper
decomposition (A, B) of G such that A N B is of minimal cardinality. If there is no such
decomposition, it means that G is complete and stop. Otherwise, add AN B to & and apply
the same procedure to the subgraphs G4 and Gg. For any subset S € S, let v(S) denote
the number of times it appeared in the procedure. An other product of this algorithm is the
set C containing the maximal cliques of G.

This algorithm is referred to as the junction tree algorithm because the result of this
algorithm can be represented by a factor graph, i.e. a bipartite graph whose vertices are
indexed by C and S. Put an edge between C' € C and S € § if and only if C NS = S. The
graph obtained this way is the junction tree (see an example in Figure 1).

Whenever G is decomposable, the junction tree algorithm can be used to obtain an ex-
plicit formula for the density function of Z since it factorizes over GG using marginal distribu-
tions over complete subsets. Indeed, if fz., (z¢) denotes the density function of Z¢ = (Z;),.(,
and if § and C respectively denote the set of minimal separators and maximal cliques of G
yielded by the junction tree algorithm, it can be shown that

) — HCEC fz. (zc)
fa () HSes fzs (ZS)V(S).

(see e.g. Theorem 4 in Bartlett (2003)). Note that v (S) is also equal to d(S) — 1 where
d (S) denotes the degree of the node corresponding to S in the junction tree (i.e. the number
of edges connected to this node).

The size-biased versions of Z may be characterized by the same decomposable graph G
(and hence with the same set of minimal separators and maximal cliques, S and C). For
ke{l,2,...,n}, let C" be the subset of C for which node k € C, and S be the subset of
S for which node k € C.

(4.1)



@ @
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®
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@ O maximal clique
@ I:l minimal separator

Figure 1: An example of decomposable graph with its junction tree.

Proposition 4.7. For k € {1,2,...,n}, ZW has the following density function

F (2) = HCecm fz[ck] (zc) HCec\c[k] fze (z¢)
Zlk = — )
[Isesm S (z5)"" )HSES\SM Fas (25)"®

Proof. Z!¥ has for density function

zkfz (215 ey Z0)
E[Z]

fz[k] (Zl, ceey Zn) =

In the factored form of fz (Eq. (4.1)), 2 only appears in fz, for C € C* and in fz, for
S € Sl¥l. The result then follows by noting that

2z leeem fzo (2c) _ [ecew (fz0 (zc) 2 /E[Zy]) _ [cecn fz[ck] (zc) )
E[Z)] Hs€$[kJ Jzs (ZS)V(S) Hsgs[k] (fzs (zs) Zk:/E[ZkDV(S) Hses[kJ fz[;l (ZS)V(S)

5 Numerical illustrations

In order to demonstrate the usefulness of the graphical model approach presented in this
paper, we consider a numerical example for which the pool is composed of n = 9 partici-
pants. We use several R packages to generate graphs and simulate occurence and claim data:
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a) Random graph c) Tree graph e) Hub graph
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Figure 2: Ising graphs.

BDgraph for simulating multivariate distributions with different types of underlying graph
structures, GLSE for generating decomposable graphs based on given numbers of vertices and
edges in graphs and igraph for creating graphs from adjacency matrices.

The claim occurrences of these participants will be represented by several Ising models
associated to six graphs (depicted in Figure 2): i) a random graph (edges have been chosen
randomly), ii) a tree graph (edges have been chosen randomly but there is no cycle in the
graph), iii) a hub graph (a non random star-shaped graph), iv) a cluster graph, v) a lattice
graph (nodes are on a lattice), vi) a circle graph (nodes are on a circle). With such choices
of graphs we show that it is possible to choose a graph structure suited to any practical
problem.

The values of the probabilities of the Bernoulli distributions are given in Figure 3 for each
graph. For the random graph, the tree graph, the hub graph and the lattice graph, these
probabilities are roughly homogeneous between participants. For the cluster graph and the
circle graph, one or two participants may have a probability of occurrence significantly lower
than for the other participants.

We also provide in Figure 4 graphical representations of the correlation matrices of the
Bernoulli vector for each graph to visualize the intensity of dependencies between occurrences
of participants.

Note that the correlation coefficients may be either positive, negative or null, showing the
adaptability of the Ising model. However they are bounded by functions of the probabilities
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Figure 4: Correlation matrices for the Ising models.

of the (univariate) Bernoulli distributions: if p;; denotes the correlation coefficient between
I; and I;, then

i _\/ DiD; - (1-pi)(1—-py) < i < pi/\pj(l—pivm)’
(1—pi) (1= pj) Pip; P\ pivp; (1 piAp;)
as explained e.g. in p.210 of Joe (1997).

For the participants’ networks, we have considered the decomposable graphs given in
Figure 5. The numbers of vertices, the numbers of edges, the sets of maximal cliques and
the sets of minimal seperators for all participants are given in Appendix. We selected different
shapes and intensities of interconnectedness, once again to show the flexibility of the approach
provided by the family of decomposable graphs.

For each participant, we chose for the distribution of his vector Z; a multivariate log-
normal distribution based on his decomposable graph. The means of the associated mul-
tivariate normal distributions are assumed to be equal to zero and their precision matrices
(the inverse of the variance matrices) are provided in Appendix. You could note that every
multivariate normal distributions defined on a maximal clique have precision matrices with
non-zero entries. We finally provide on Figure 6 the histograms of the total losses for each
participant. They have been obtained with 10° simulations. As aggregations of dependent
log-normal distributions, their shape are also close from the one of a log-normal distribu-
tion. The distributions of participants 1, 2, 5, 6 and 7 appear as skewer than for the other
participants.
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Figure 5: Participants’ networks.
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Risk sharing conditional rule for the random Ising network Risk sharing conditional rule for the tree Ising network Risk sharing conditional rule for the hub Ising network
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Figure 7: Conditional mean risk sharing values.

The conditional mean risk sharing values as well as the conditional mean risk sharing
proportions are provided respectively in Figures 7 and 8 according to the values of the sum
of the risks, S. These values have been estimated using 10° simulations. Depending on
the Ising models, the shapes and the levels of the conditional mean risk sharing values and
proportions change significantly. For example, participant 8 has the largest conditional mean
risk sharing values for large S for all Ising models except for the cluster model mainly because
his probability of occurence is significantly lower for this model. We can see that the curves
of the conditional expectations are nonlinear most of the time (contrary to the Liouville
distribution as explained in Denuit and Robert (2020d)). Note also that some curves are
not increasing everywhere (e.g. participant 1 for the random Ising model or participant 9
for the lattice Ising model).

6 Conclusion and discussion

The conditional mean risk sharing rule proposed by Denuit and Dhaene (2012) has proven to
be relevant for actuarial applications when risks are assumed to be independent. Denuit and
Robert (2020d) provide new results for conditional expectations when risks are no more in-
dependent, but their analytical expressions may be difficult to be handled when the number
of participants is large. Graphical models offer an incredible opportunity to summarize effi-
ciently through graph-based representations of their conditional dependence structures. The
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Figure 8: Cumulated conditional mean risk sharing proportions. Dashed lines provide the
values of the cumulated (unconditional) mean risk sharing proportions.
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Ising model for the joint occurrences of claims as well as the decomposable graphical models
for claim amounts have size-biased versions that can be characterized from the same graphs
or from subgraphs ot these models. Such graphical models are therefore very appealing to
be used to compute the conditional mean risk sharing values.

The present paper offers practitioners new tools for managing new community-based
insurance schemes when dependencies between participants or dependencies between indi-
vidual claims brought by each participant can not be ignored.
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7 Appendix

Participant 1’s decomposable graph and precison matrix

e Number of vertices: 10
e Number of edges: 20
e Maximal cliques

-1: 531 -2:831 -3: 834 -4: 83610

69 -7:729
e Minimal separators

-5:82610 -6: 82

- 1 -2:31 -3:83 -4:83 -5: 8610 -6:826 -7:29
e Precision matrix of the Gaussian vector:
1 2 3 4 5 6 7 8 9 10
1 4.51 0 -0.49 0 -0.49 0 0 -0.49 0 0
2 0 4.51 0 0 0 -0.49 -0.49 -049 -0.49 -0.49
3 -0.49 0 451 -049 -0.49 -0.49 0 -0.49 0 -0.49
4 0 0 -049 451 0 0 0 -0.49 0 0
5 -0.49 0 -0.49 0 451 0 0 0 0 0
6 0 -0.49 -0.49 0 0 4.51 0 -0.49 -0.49 -0.49
7 0 -0.49 0 0 0 0 4.51 0 -0.49 0
8 -049 -0.49 -0.49 -0.49 0 -0.49 0 451 -0.49 -0.49
9 0 -0.49 0 0 0 -0.49 -049 -049 4.51 0
10 0 -0.49 -0.49 0 0 -0.49 0 -0.49 0 4.51
Participant 2’s decomposable graph and precison matrix
e Number of vertices: 8
e Number of edges: 17
e Maximal cliques
-1:1742 -2:1752 -3:1736 -4:1738
e Minimal separators
- 1: -2:172 -3: 17 -4:173
e Precision matrix of the Gaussian vector:
1 2 3 4 5 6 7 8
1 439 -0.61 -0.61 -0.61 -0.61 -0.61 -0.61 -0.61
2 -0.61 4.39 0 -0.61 -0.61 0 -0.61 0
3 -0.61 0 4.39 0 0 -0.61 -0.61 -0.61
4 -0.61 -0.61 0 4.39 0 0 -0.61 0
5 -0.61 -0.61 0 0 4.39 0 -0.61 0
6 -0.61 0 -0.61 0 0 439 -0.61 0
7 -0.61 -0.61 -0.61 -0.61 -0.61 -0.61 4.39 -0.61
8 -0.61 0 -0.61 0 0 0 -0.61 4.39
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Participant 3’s decomposable graph and precison matrix
e Number of vertices: 15
e Number of edges: 30
e Maximal cliques
-1: 31116 -2:311112 -3: 311012 -4: 3151210 -5:961
-6:2689 -7 415 -8: 314 -9: 571314
e Minimal separators
- 1: -2:3111 -3:3112 -4: 31210 -5:61 -6:69 -7:15
-8 3 -9: 14
e Precision matrix of the Gaussian vector:

6 8 9 10 11 12 13 14 15
-0.33 0 -0.33 -0.33 -0.33 -0.33 0 0 0
-0.33 -0.33 -0.33 0 0 0 0 0 0

5 7
0 0
0 0
0 -0.33 0 0 0 -0.33 -0.33 -0.33 0 -0.33 -0.33
0 0
7 3
0 0

0 0 0 0 0 0 0 -0.33

0 -0.3 0 0

0~ TR W
[en)
o
o

0
-0.33 -0.33 -0.33 4.67 -0.33 -0.33 -0.33 0 0 0 0
0 0 0 0 -0.33 -0.33 0
0 -0.33 0 0 -0.33 0 467 -0.33 0 0 0 0 0

0
0
-0.33 0 467 0 0 0 0
0
0

©
|
o
o
&
1
<
o
&
o

0 -0.33 0 -0.33 4.67
0 0 0 0 0 4.67 0 -0.33 0 0 -0.33
0 -0.33 0 0 0 0 467 -0.33 0 0 0

H
o
1
o
o)
It
=)
1
<
o)
&

4
0
0
0
.67
0 4.6
0
0
0
0
0
(

11 -0.33 0 -0.33

o

12 -0.33 0 -0.33 0 0 0 0 0 0 -033 -0.33 4.67 0 0 -0.33
13 0 0 0 0 -0.33 0 -0.33 0 0 0 0 0 467 -0.33 0
14 0 0 -0.33 0 -0.33 0 -0.33 0 0 0 0 0 -0.33 4.67 0
15 0 0 -0.33 -0.33 0 0 0 0 0 -0.33 0 -0.33 0 0 4.67

Participant 4’s decomposable graph and precison matrix
e Number of vertices: 12
e Number of edges: 18
e Maximal cliques
-1: 81 -2:11110 -3:11210 -4: 1124 -5:1134 -6: 542
9 -7 73 -8:67 -9: 1112
e Minimal separators
- 1: -2:1 -3: 1110 -4: 112 -5:114 -6: 42 -7 3 - 8:
7 -9: 11
e Precision matrix of the Gaussian vector:

Participant 5’s decomposable graph and precison matrix
e Number of vertices: 8
e Number of edges: 7
e Maximal cliques
-1:13 -2:34 -3:48 -4:68 -5:65 -6: 25 -T727
e Minimal separators
- 1: -2:3 -3: 4 -4: 8 -5 6 -6:5 -7 2
e Precision matrix of the Gaussian vector:
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1 2 3 4 5 6 7 8 9 10 11 12
1 4.59 0 0 0 0 0 0 -0.41 0 -0.41 -0.41 0
2 0 4.59 0 -041 -041 0 0 0 -041 -041 -0.41 0
3 0 0 459 -041 0 0 -0.41 0 0 0 -0.41 0
4 0 -0.41 -0.41 459 -0.41 0 0 0 -0.41 0 -0.41 0
5 0 -0.41 0 -0.41 4.59 0 0 0 -0.41 0 0 0
6 0 0 0 0 0 459 -041 0 0 0 0 0
7 0 0 -0.41 0 0 -0.41 4.59 0 0 0 0 0
8 -0.41 0 0 0 0 0 0 4.59 0 0 0 0
9 0 -0.41 0 -041 -041 0 0 0 4.59 0 0 0
10 -041 -041 0 0 0 0 0 0 0 4.59 -041 0
11 -0.41 -041 -041 -0.41 0 0 0 0 0 -0.41 459 -041
12 0 0 0 0 0 0 0 0 0 0 -0.41 4.59
1 2 3 4 5 6 7 8
1 4.39 0 -0.61 0 0 0 0 0
2 0 4.39 0 0 -0.61 0 -0.61 0
3 -0.61 0 439 -0.61 0 0 0 0
4 0 0 -0.61 4.39 0 0 0 -0.61
5 0 -0.61 0 0 439 -0.61 0 0
6 0 0 0 0 -0.61 4.39 0 -0.61
7 0 -0.61 0 0 0 0 4.39 0
8 0 0 0 -0.61 0 -0.61 0 4.39
Participant 6’s decomposable graph and precison matrix
e Number of vertices: 8
e Number of edges: 25
e Maximal cliques
-1:246731 -2:246738 -3:246758
e Minimal separators
- 1 -2:24673 -3:24678
e Precision matrix of the Gaussian vector:
1 2 3 4 5 6 7 8
1 439 -0.61 -0.61 -0.61 0 -0.61 -0.61 0
2 -0.61 439 -0.61 -0.61 -0.61 -0.61 -0.61 -0.61
3 -0.61 -0.61 4.39 -0.61 0 -0.61 -0.61 -0.61
4 -0.61 -0.61 -0.61 4.39 -0.61 -0.61 -0.61 -0.61
5 0 -0.61 0 -0.61 439 -0.61 -0.61 -0.61
6 -0.61 -0.61 -0.61 -0.61 -0.61 4.39 -0.61 -0.61
7 -0.61 -0.61 -0.61 -0.61 -0.61 -0.61 4.39 -0.61
8 0 -0.61 -0.61 -0.61 -0.61 -0.61 -0.61 4.39
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Participant 7’s decomposable graph and precison matrix

e Number of vertices: 7
e Number of edges: 13

e Maximal cliques

-2:1257 -3:652 -4:143

-1:1253
e Minimal separators

-2:125 -3:952 -4:13

- 1:
e Precision matrix of the Gaussian vector:

-0.69
-0.69

0
-0.69

-0.69
-0.69
-0.69

-0.69

-0.69
-0.69

-0.69
4.31
-0.69

4.31
-0.69
-0.69
-0.69
-0.69

1
2
3
4
)

0
-0.69

0

4.31
-0.69
-0.69

4.31

0
-0.69
-0.69
-0.69

-0.69

-0.69
4.31

4.31
-0.69
-0.69

0
0
0

0
0

0
-0.69

4.31

0

7

Participant 8’s decomposable graph and precison matrix

e Number of vertices: 20
e Number of edges: 25
e Maximal cliques

- 6: 13 10

-5 910

-11: 519 15
-17: 720

-2: 8618 -3: 9186 -4: 918 11

-1: 81

-7 313
13: 16 18

-12: 415

-9:2514 -10: 2515

-8:914

-15: 1217 - 16: 8 20

-14: 12 14

e Minimal separators

9

- 8:

-7 13

-6: 10
-14: 14

-5 9
-13: 18

-4: 918

-12: 15

-3: 186
-11: 515

8

-2
-10: 25

- 16:

- 15: 12

-9: 14

-17: 20
e Precision matrix of the Gaussian vector:
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Participant 9’s decomposable graph and precison matrix
e Number of vertices: 14
e Number of edges: 20
e Maximal cliques
-1: 1714 -2:13 147 -3:131453 -4: 25 -5: 134 -6: 94
-7: 8910 -8 11121 -9:63
e Minimal separators
- 1: -2: 147 -3:13 14 -4:5 -5 13 -6: 4 -7 9 -8 1

-9: 3
e Precision matrix of the Gaussian vector:

1 2 3 4 S 6 7 8 9 10 11 12 13 14

1 465 0 0 0 0 0 -0.35 0 0 0 -0.35 -0.35 0 -0.35
2 0 4.65 0 0 -0.35 0 0 0 0 0 0 0 0 0
3 0 0 4.65 0 -0.35 -0.35 0 0 0 0 0 0 -0.35 -0.35
4 0 0 0 4.65 0 0 0 0 -0.35 0 0 0 -0.35 0
) 0 -035 -0.35 0 4.65 0 0 0 0 0 0 0 -0.35 -0.35
6 0 0 -0.35 0 0 4.65 0 0 0 0 0 0 0 0
7 -0.35 0 0 0 0 0 4.65 0 0 0 0 0 -0.35 -0.35
8 0 0 0 0 0 0 0 4.65 -0.35 -0.35 0 0 0 0
9 0 0 0 -0.35 0 0 0 -035 465 -0.35 0 0 0 0
10 0 0 0 0 0 0 0 -035 -0.35 4.65 0 0 0 0
11 -0.35 0 0 0 0 0 0 0 0 0 465 -0.35 0 0
12 -0.35 0 0 0 0 0 0 0 -0.35 4.65 0 0

0 0
13 0 0 -0.35 -0.35 -0.35 0 -0.35 0 0 0 0 0 4.65 -0.35
14 -0.35 0 -0.35 0 -0.35 0 -0.35 0 0 0 0 0 -035 4.65
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