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Abstract. As additional perturbative degrees of freedom, it is known that magnetic fields of
inflationary origin can source curvature perturbations on super-Hubble scales. By requiring
the magnetic generated curvature to remain smaller than its inflationary adiabatic counter-
part during inflation and reheating, we derive new constraints on the maximal field value
today, the reheating energy scale and its equation of state parameter. These bounds end up
being stronger by a few order of magnitude than those associated with a possible backreaction
of the magnetic field onto the background. Our results are readily applicable to any slow-roll
single field inflationary models and any magnetic field having its energy density scaling as a”
during inflation. As an illustrative example, massive inflation is found to remain compatible
with a magnetic field today By = 5x 10715 G for some values of  only if a matter dominated
reheating takes place at energies larger than 10° GeV. Conversely, assuming v = —1, massive
inflation followed by a matter dominated reheating cannot explain large scale magnetic fields
larger than 1072° G today.
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1 Introduction

Current measurements of magnetic fields filling the intergalactic medium show that they are
not vanishing on the largest length scales. Using the spectra of blazars, and under the safest
assumptions, Ref. [1] finds the two-sigma limit By > 10717 G whereas other data yield that
By > 5x 1071 G [2-4] and By > 1072°G [5]. A non-vanishing magnetic field today, and
on the largest length scales, suggests that it has a primordial origin. Indeed, as any other
perturbation modes, large scale magnetic fields are necessarily of super-Hubble wavelengths at
higher redshifts, and this triggers the problem of an astrophysical generation mechanism [6-8].
Since inflation solves exactly the same problem for the generation of the primordial curvature
perturbations, it sounds the best candidate to generate magnetic field [9]. However, in flat
space [10], the conformal invariance of electromagnetism prevents an amplification mechanism
to take place during inflation. Even worse, as the magnetic energy density redshifts as
pr o 1/a*, its contribution during inflation can become dominant and leads to a severe
backreaction problem [11-15]. In fact, backreaction can already appear during the reheating
era as soon as the mean equation of state parameter wp, < 1/3. As shown in Ref. [16],
this yields some non-trivial constraints between the energy density pen at the end of the
reheating era, the equation of state parameter wy., and the present Hubble scale value of
the magnetic field By. As a result, if magnetic fields have an inflationary origin, conformal
invariance has to be broken, at least during inflation [17-27].

Assuming the background evolution is under control, one still has to consider the gravi-
tational effects of the magnetic degrees of freedom onto the evolution of the cosmological per-
turbations. Among others, one expects the generation of primordial non-Gaussianities [28—32]
and a non-conservation of the curvature perturbation on super-Hubble scales, in a way simi-
lar to the presence of entropy modes [28, 33—-35]. In this context, magnetic fields should not
induce too large curvature perturbations on super-Hubble scales which would otherwise spoil
the standard adiabatic contribution of inflationary origin. In this paper, we look into this
issue, both during inflation and reheating, and use a phenomenological model to describe the
evolution of the magnetic field during inflation as B o« a”. Although our approach does not
allow to derive the backreaction of the perturbations onto the magnetic field itself, our results
should give the correct order of magnitude. In particular, and in addition to v, we show that
the maximal allowed value of By on Hubble scales today depends on the way the reheating



proceeded and on the inflation model itself. By assuming only slow-roll during inflation and
a constant equation of state during reheating, we derive a generic formulae giving the upper
bound of By in terms of the energy scale of reheating pie/ﬁ‘ and the corresponding equation of
state parameter wen. Such a result therefore generalizes the background constraints derived
in Ref. [16] and extend the results of Ref. [34] to any reheating history. Our findings are then
applied to large field massive inflation and the small field inflationary models. For instance,
we find that massive inflation can only be compatible with a matter dominated reheating
and a magnetic field value today of By = 5 x 10715 G if the energy scale of reheating is higher
than F,e, > 10° GeV, independently of . If some assumptions are made on 7, the bounds
can be much stronger and are represented in Fig. 1. Our main formulae are Eq. (2.7) and
Eqgs. (2.11) to (2.13) which explicitly give the amplitude of the curvature perturbation given
an inflationary potential, the magnetic field today and the reheating parameter.

2 Super-Hubble curvature perturbations from magnetic fields

The super-Hubble scale curvature perturbation ¢ on the constant energy density hypersurface
sourced by an inhomogeneous primordial magnetic field is given by [34],

[ H(t) 8xG [t dt, [ .
C(t)— /t* dtl—p(t1)+P(t1)5Prel(t1)+ 3 /t* —a3(t1) /t* dtQ 3(t2)H(t2), (2.1)

where we have imposed an initial condition that ((t.) = 0. In the actual situation, t, may
be taken to be a Hubble crossing time. The first term, which we denote by (1, represents the
contribution due to the relative entropy perturbation, 0 P,e) = 0 Pg— %5 pp where 0 Pg and dpp
denote pressure and energy density perturbation of the electromagnetic field. The quantities
P and p are the total pressure and the total energy density, respectively. Assuming that
the electromagnetic field obeys the Maxwell equations after the end of inflation, (; becomes
independent of time after reheating. On the other hand, the second term, which we denote
by (2, is sourced by the anisotropic stress of the magnetic field. Since the anisotropic stress
persists even after reheating, (5 still continues to evolve during and after reheating.

2.1 Phenomenological model

In order to evaluate Eq. (2.1), we need to specify the time evolution of § P, and II during
inflation, which requires specification of the generation model of the magnetic field. Since we
do not want to concentrate on the particular model of the magnetogenesis, in this paper, we
will take a phenomenological approach and make the following ansatz:

0Pel(t) = apg,,, [@ Z(tﬂ 7 ’

Qend
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} ;1) = Bps,,, [ (2.2)
where «, 3 and v are constant parameters and pp_, is the energy density of the magnetic
field at the end of inflation, which is treated as first order perturbation.
Then, adopting the slow-roll approximation and assuming a constant equation of state
during reheating, Eq. (2.1) can be explicitly integrated in terms of the number of e-folds N:
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where a dot stands for differentiation with respect to N. The first term can be further
simplified by assuming slow-roll while the second can be integrated explicitly. In reduced
Planck mass units (Mgl = 87G = 1), and at first order in the Hubble flow functions, one gets
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In this expression
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is the reheating parameter [36-39]. The labels “end” and “reh” denote respectively the end
of inflation and the end of reheating, i.e. the beginning of the radiation era. Since after
inflation we assume the magnetic field to obey Maxwell equations, one can express the ratio
Ps,../Pend in terms of energy densities today [16]. In particular, one has pp_ | = pg,(1+ Zend)*
where zgnq is the redshift at the end of inflation. Assuming instantaneous transitions [40]
and making use of the reheating parameter, one has
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Here p,, = 3Hg§29{ is the total radiation density today, and Q.. = qgl/ 39reh/ (Qfe/s go) is the
measure of the change of relativistic degrees of freedom between the reheating epoch and
today, where ¢ and ¢ respectively denotes the number of entropy and energetic relativistic
degrees of freedom at the epoch of interest. Plugging Eq. (2.6) into Eq. (2.4), and making
use of the Friedmann—-Lemaitre equations to express penq in terms of the field potential
Vend = V (bend ), one finally gets
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Here AN(¢) < 0 is the number of e-folds before the end of inflation and can be obtained
from the slow-roll trajectory

¢V
AN(¢) = N(¢) - Nend ~ _A V—¢dﬁp . (28)

The first Hubble flow function €1 (¢) is evaluated along the field trajectory and is also uniquely
determined by the potential in the slow-roll approximation [41]

s
al6) = =5 (%) - (2.9

By definition, the quantity €1e,q = €1(@end) is unity for inflationary models ending by slow-
roll violation but can be much smaller than unity for inflationary models ending by tachyonic
instabilities. This formula allows us to evaluate {; once the inflation model and the reheating
are specified.



In a similar manner, straightforward calculations yield (s at any e-fold N during the
radiation era. For this, it is convenient to split the integral over the three domains, inflation
for N, < N < Neng, reheating for Ngpg < N < Nyen and radiation era with N > Nygp:

N = 6"+ G + (). (2.10)
Again assuming slow-roll during inflation, and a constant equation of state during reheating,
one gets, at first order in the Hubble flow functions:
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As before, €1(¢) stands for the first Hubble flow function evaluated along the field trajectory
and €1¢nq = €1(¢end)- The quantity AN, = N, — Nepg < 0 is the number of e-folds before
the end of inflation at which the pivot scale k, crossed the Hubble radius during inflation. It
does not depend on ¢ in the previous equations but, as discussed below, it is an inflationary
model-dependent function of the reheating parameter R,,q (see Ref. [39]). The same remark
holds for Vi = V(¢,). Finally, when relevant, we have dropped all terms involving €;, as we
always have €1, < 1 for all inflationary models.

Let us stress that the quantity CQ(rad)(N ) grows during the radiation era, as N — Nyep.
However, Eq. (2.13) only makes sense if the perturbation mode under consideration is super-
Hubble. As a result, an upper bound for N — N,e, is given by the number of e-fold after the
end of reheating at which the pivot scale k, re-enters the Hubble radius.

Finally, let us notice that the expressions for (i, Q(inf), 2(reh) and Cérad) are all propor-
tional to the factor ps_ . /pend = R 4pn,/Pro- As shown in Ref. [16], imposing this factor to
be smaller than unity is equivalent to avoid magnetic field backreaction over the background
energy density during reheating. As here we are requiring that |¢| < 1075, our constraints
are expected to be typically, and at least, 2.5 order of magnitude stronger than those derived
from the background evolution (see Fig. 1).

2.2 Reheating consistent slow-roll

As already mentioned, both {; and (5 depends on parameters of the inflationary model as
well as the reheating energy scale. In particular, one needs to determine the value of all “x”



quantities, i.e. evaluated AN, e-folds before the end of inflation. These parameters cannot
be freely chosen as one wants them to be compatible with the observed amplitude of the
CMB fluctuations. In fact, as shown in Ref. [36], AN, is itself a function of R;,q. In order
to ensure consistency with reheating, we here follow the slow-roll approach of Ref. [39] that
we briefly recap.

The e-fold N, is by definition solution of k./a(N,) = H(N,) during inflation. This
equation can be recast in terms of “observable” quantities, namely

ki
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The right hand side of this equation can be fixed by the amplitude of the adiabatic primordial
power spectrum, which is a well measured quantity. At leading order in slow-roll

H2

Po=———. 2.15
8m2er, M2, (2.15)

From Eqs. (2.5) and (2.6), zenq can be expressed in terms of Ry,q and pepq, the energy
density at the end of inflation. The latter can, in turn, be further simplified using the
Friedmann-Lemaitre equations for a scalar field (in Planck units)
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As before, one can drop the term in €1, < 3. The advantage of this last expression is that
it does no longer depend on the potential normalization but involves only H,. Plugging
everything back into Eq. (2.14), AN, is a solution of the algebraic equation [36]
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Here the quantity |Ny| roughly measures the number of e-folds of deceleration and is defined
in Planck units by

k./a
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Notice that the trajectory is needed to evaluate the right hand side of Eq. (2.17) as V, and

€1, are functions of ¢(N,). One can nevertheless render this equation more explicit in terms
of ¢, and pre by assuming slow-roll and expanding R4 from Egs. (2.5) and (2.16), i.e.

(2.18)
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Once the slow-roll trajectory is integrated, this expression is explicit in ¢, and can be solved
by specifying only FEe, = pie/fll and wyen. Plugging the result into Eqs. (2.11), (2.12), (2.13),
(2.19), (2.20) and finally Eq. (2.7) allows to determine ((NNy)/pp, uniquely from the input of
Eren and wye,. Imposing that [¢(N,)|? < P, actually yields the reheating-dependent upper

bound on pg,.

3 Application to some representative models

3.1 Large field models
The potential energy for the large field models is given by

V(9) = M'gP, (3.1)

where M is a constant of mass dimension (in Planck unit) and p is a positive number. In order
to be definite, we assume that this potential is correct not only for large ¢ responsible for
inflation but also for small ¢ relevant for oscillating period and reheating. For this potential,
the field value at which inflation terminates is given by

Gend = % ’ (32)
the solution of €1 (¢enq) = 1 where
2
p

The slow-roll evolution of ¢ during inflation is given by integrating Eq. (2.8). In Planck
units, one gets .

AN = 2 (Fona — 97) (3.4)
where, as before AN = N — Ngpq, is the number of e-fold measured from the end of inflation.
After inflation, ¢ oscillates around the minimum such that the natural equation of state
parameter is given by wyen, = (p — 2)/(p + 2) [42].

Plugging Eqgs. (3.1), (3.2), (3.3) and (3.4) into Eq. (2.7) and Egs. (2.11) to (2.13) gives
the expression of ((N,)/pg, in terms of the potential parameter p, Ry,q and ¢, only (plus
the magnetic parameters). What remains to do is to solve Eq. (2.20) to get ¢, in terms of p
and pren, from which Ry,q is determined by Eq. (2.19).

For the large field model, an analytic solution of Eq. (2.20) can be found in terms of
the Lambert function [39], but as the various integrations entering into the expression of
((N,) that can only be performed numerically, we have here preferred to solve this equation
numerically. The various cosmological parameters have been set to their preferred values
from the WMAP data [43-45], ie. P, ~ 2.16 x 1077, h ~ 0.72, QY = 4.6 x 107°, and we
have set all Q to unity for simplicity (they have only a small effect). With a pivot scale
chosen at k., = 0.05Mpc™', one has Ny ~ —62. The final result is a parametric curve
By = B ,5,p(Freh, Wren ), solution of

C(N,) = VP, (3.5)

which separates the plane (E,en, Bp) in two regions. Above this curve, the combination of
the magnetic field value today and the energy scale of reheating would be such that the
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Figure 1. Limits on the amplitude of the present magnetic field of inflationary origin with respect
to the reheating energy scale. We have assumed a large field model with p = 2 (and generic values for
a =4/3, 8 =1). Each line is the solution of Eq. (3.5) for various values of 7. The region above the

corresponding line is excluded. The reheating energy scale Eion, = p:e/fll varies from 100 MeV (BBN
energy scale) to pi/i, the energy at which inflation ends, see Eq. (2.16). For convenience, the CMB

n

lower bound for the large field with p = 2 reheating energy has been reported Fyon, > 70 GeV (95%),
see Ref. [38]. We have also represented the region excluded by magnetic field backreaction over the
background energy density during reheating, see Ref. [16].

magnetically generated super-Hubble curvature perturbation would be equal or larger than
the adiabatic modes generated during inflation. The allowed region therefore lies under this
curve. Let us notice that this is a very conservative upper limit as current constraints on
isocurvature modes show that they cannot exceed 10% of the adiabatic counterparts [46, 47].

In Fig. 1, we have plotted these limits for the large field model with p = 2 and for
various values of v (taking o = 4/3 and § = 1 as reference values of O(1) parameters).
Negative values of v provides the tightest bounds on the magnetic field. This is expected
since in that situation the magnetic contribution increases more and more for a — 0, i.e.
deep during inflation. As it is already known, standard values for v = —4 during inflation
would even generate a strong backreaction problem [11, 12, 15]. Here, even for v = —1,
curvature perturbations generated by the magnetic fields become important during inflation
and ((N,) ~ (1 + Cémf). We see on the figure that, for v = —1, one cannot actually generate
a magnetic field today larger than By = 10720 G. In the opposite situation, v > 0, deep
during inflation the magnetic effects are very small and ((V,) ~ Céreh) + Cérad) (N,) is mostly
generated after inflation. Remembering that after inflation py o a™*, at fixed By, a longer
period of reheating, i.e. a lower reheating temperature, results in higher magnetic field
values at the end of inflation; and hence a larger (. As for the background case discussed in
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Figure 2. Limits on the amplitude of the present magnetic field of inflationary origin with respect
to the reheating energy scale for a large field model p = 2, v = 2 and for various values of wye},.

Ref. [16], this effect is enhanced if the energy density of the universe decreases more slowly
than radiation, as this is the case for wy, = 0 here. As can be checked in Eqgs. (2.12) and
(2.13), the ¢-dependency of these two terms with respect to v is very weak (as opposed to
Cémf)). In Fig. 1, one indeed sees that the bounds become almost insensitive to v as soon as
~ 2 2 such that this limit is actually very conservative and somehow model-independent. At
around F,q, = 104 GeV, a spiky bump is observed for v = 1 curve (and similar one for 4 = 0
curve at higher value of E,¢p,.). This is due to the occasional vanishing of ¢, which is possible
since ( is a function of R.,q and hence of E..,. At that point, ¢ vanishes irrespective of the
amplitude of the magnetic field and, as a result, we have no constraint on the magnetic field,
which shows up as the bump.

In Fig. 2, we have plotted the magneto-reheating constraints, still for a large field
model with p = 2, but assuming another equation of state parameter wye,. As expected, the
more wyep becomes negative, the tighter the limits are whereas there is no constraints for a
radiation-like reheating era.

3.2 Small field models
Let us next consider the small field models for which the potential is given by
¢ p
v (2], s
1

where M and p are constants of mass dimension in Planck unit and p is a positive number.
Notice that this potential is valid only for the inflationary regime ¢/u < 1 and has to be
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Figure 3. Limits on the amplitude of the present magnetic field of inflationary origin assuming the
small field models with p = 2 and p = 10M,,. For each labelled value of v, the region above the
corresponding line is excluded. These bounds are almost unchanged for larger values of p (see text).

replaced by another function after the end of inflation. If this is a quadratic function, one
can assume wpep ~ 0. For this potential, normalizing the field value by p as x = ¢/u, the
slow-roll trajectory reads (in Planck units)

av =L 2o} (b 2id (3.7)
2p 9 _ P end 9 _ P end ’ .

where Xenq is determined by €1(Xenq) = 1. From

2
L(p !
a(x) =5 <; =) (3.8)
one finds a transcendental equation for Yeng:
- Iz
Xze)ndl = \/55 (1 o Xze)nd) : (39)

Equation (3.7) can also be applied to the case p = 2 by taking the limit p — 2, which yields
terms in In(x/Xend). Along the lines detailed for the large field models, these expressions are
enough to completely determine the upper bound By = B(FEyeh, Wyeh) parametrized by p and
p (see Sect. 3.1).

In Fig. 3, we have plotted the limits on the amplitude of the present magnetic field of
inflationary origin as a function of the reheating temperature assuming small field models
with p = 2 and g = 10M,,. Notice that for wye, = 0, there is currently no bounds on the
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Figure 4. This panel shows the limit on the amplitude of the present magnetic field of inflationary
origin assuming the small field models with with various values of p and at fixed u = M,. As before,
the region above the lines is excluded and o = %, B8 =1.

reheating energy scale coming from CMB alone [38]. Let us also recap that the models having
p = 2 are compatible with the current spectral index and tensor-to-scalar ratio only for large

,10,



values of p, typically > M, [36]. The bounds of Fig. 3 exhibits the same behaviour as the
large field models, i.e. tighter bounds on the magnetic field for lower reheating temperatures
and for lower values of v. We also find that those results remain insensitive to larger values of
w. This is not surprising since, for the small field models, the first two-Hubble flow functions
become independent of u in the large p-limit [38]. Moreover, the above equations imply that
1 — Xend = O(M,, /1) and Xena — X« = O(M,,/1). Therefore the integral in Eq. (2.7) scales
as Msl /i and hence ¢; becomes also independent of y in the large p-limit.

In the top panel of Fig. 4, the limits on the amplitude of the magnetic field have
been derived for the case p = 5, and we have made both v and p vary. Contrary to the
case p = 2, sub-Planckian values for ;1 can be made compatible with CMB data [38]. The
magneto-reheating bounds become generically stronger at small y; but such a behaviour can
be transiently inverted for some very large values of v > 1. For instance, this is the case for
v = 50, but for values of ;1 < 1072 the upper bound moves again downwards in Fig. 4 (not
represented). As before, for v < 0 the bounds are driven by the behaviour of (; because the
magnetic effects are dominant deep in inflation. For v > 0, magnetic effects during reheating
are the most important, and Céreh) is the dominant term such that the p-dependence ends
up being related to the values of . In the limit ;/M,, < 1, one can nevertheless use some
crude approximations to guess the dependency in g. One has x, ~ [p(p — 2)p2/|AN, ||/ #P=2)
such that the dominant terms in Eq. (2.7) scale as (in Planck units)

Xend 4 2
/ Ex P exp [_77“_ 2 XH] dy oc =072, (3.10)
. D p(p—2)

Similarly, one can use Eq. (2.19) to get R%, elgw“h*l)/(ﬁgwreh). In the limit p < 1,

Eq. (3.8) shows that €1, oc u?/®P=2) and, for wye, = 0, one finally gets that ¢; o 61;2/3. As
expected, this quantity increases as p decreases. For v > 0, the behaviour of (» is now driven
by powers of R;,q, which again increases when u decreases, albeit in a different way.

In the bottom panel of Fig. 4, we have fixed = M, and plotted the upper limits for
p =3, p=238 and p = 20. Since p only appears in the equation as an order unity factor, the
final dependency in p remains weak. Notice again the change of behaviour between large and
low values of v that can, as for u, be traced back to which part of { contributes the most.

4 Conclusion

Recent observations of the cosmic rays reveal that the magnetic fields are ubiquitous in the
universe. Lack of the convincing astrophysical explanation for the origin of such magnetic
fields has led some theorists to seriously consider the possibility that those magnetic fields
are produced during the primordial inflation. In addition to the obvious condition on the
model of the inflationary magnetogenesis that it must produce the observed amplitude of
the magnetic field at the relevant scales, there is another condition that must be taken
into account for whatever the model of the magnetogenesis is. Since the inhomogeneous
magnetic fields enter the right hand side of the Einstein equation as perturbations of the
energy-momentum tensor, they induce the metric perturbation in addition to the standard
adiabatic one produced by the inflaton fluctuation. The condition must be satisfied that
this additional metric perturbation should not exceed the observed one in order for any
inflationary magnetogenesis model to be embedded consistently in the standard model of the
early universe.
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In this paper, we first derived general expression of the resulting super-horizon scale
curvature perturbation sourced by the primordial magnetic field, without resorting to the
specific model of inflationary magnetogenesis but with a phenomenological assumption that
the magnetic field energy density and the associated anisotropic stress scale as a”, where ~ is
a free parameter, so that our result provides a wide coverage for any magnetogenesis model
satisfying the above scaling behavior. Our result can be also applied to any canonical single
field inflation model followed by the oscillations of the inflaton with any equation of state and
by reheating with any reheating energy scale. Given the inflation model and the measure-
ment of the curvature power spectrum at the pivot scale, our formula allows us to put bound
on the combination of the amplitude of the today’s magnetic field, reheating energy scale
and its equation of state parameter. In practice, our formula requires numerical solution of
the algebraic equation to find the inflaton field value corresponding to the Hubble crossing of
the pivot scale and one dimensional numerical integration for evaluating the curvature per-
turbation, both of which are quite feasible to implement. Our perturbation bound is tighter
by a few orders of magnitude than the one given in the literature, which is derived from
the requirement that the magnetic field energy density be smaller than the background en-
ergy density so that it does not destroy the homogeneous and isotropic Friedmann—Lemaitre
metric.

We then applied our formula to the large field inflation models and the small field
inflation models, which are representative models of inflation. In either case, the upper bound
on the value of the magnetic field today becomes tighter for negative value of ~, where the
magnetic curvature perturbation is dominantly produced deep inside inflation. In particular,
the magnetic field strength of 10~ G, which has the observational relevance, with v < —1 is
completely incompatible with the perturbation bound. On the other hand, the upper bound
is insensitive for positive v and saturates at v = O(1). Thus we can interpret the upper
bound for 7 = O(1) as the fairly conservative bound. With + being fixed, the upper bound
on the magnetic field becomes severer as the reheating energy scale becomes lower if the
reheating equation of state parameter is less than 1/3. This is expected since the magnetic
field energy density contributes more to the total energy density as we go back into the past.
For example, for the chaotic inflation model with a quadratic potential, the magnetic field
today must be less than 10'7 G if the reheating energy scale is as low as 70 GeV that is the
possible minimal energy scale allowed by WMAP 7yr data. If the cosmic magnetic fields
actually turn out to be of the inflationary origin in the future and search for the realistic
model of the inflationary magnetogenesis becomes an indispensable pillar in constructing a
realistic evolutionary scenario of the early universe, our perturbation bound derived in this
paper provides one of the necessary conditions that must be considered for constraining the
magnetogenesis models.
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