Chapter 3

Risk measure

3.1 Introduction

This chapter is a preliminary chapter where we briefly review the theory of
risk measure in finite case. We present here the fundamental results in a finite
probability space that we will latter use on chapter 4 and on chapter 5. We
recall some implications from a mathematical programming point of view (see
Shapiro et al. [104])! and the extension in a multi-period framework. We ad-
ditionally introduce the risk measures used later in Chapter 4 and Chapter 5
namely the conditional value at risk and the good-deal. We discuss the good-
deal, a less-known risk measure introduced by Cochrane and Sai-Requejo [31],
and elaborate on its interpretation in terms of standard corporate finance and
portfolio optimization.

3.2 Convex risk measure in short

The quantification of how risk affects the value of a portfolio, and the com-
parison of uncertain future cash-flows, received a particular attention in the
past decade?. This led to the introduction of certain functionals, called risk
measures, of the random pay-off. In their seminal paper, Artzner et al. [7] pre-
sented and justified a set of four desirable properties that define coherent risk
measures. Follmer and Schied [51] extended the notion to convex risk measures.

1Note that [104] focus on losses and use a slightly different presentation of the axioms.

2Notably the value at risk, a measure widely used in the industry, receives many critics.
Artzner et al. [6] pointed several deficiencies as encouraging the accumulation of risk in
particular scenarios.
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CHAPTER 3. RISK MEASURE

We work in a finite probability space (2, P) and denote a scenario and
its probability by w and prob(w). Consider a two stage context (¢ = 0,1): a
random variable of future net worth accruing in the second stage (t = 1) is
described by a function Z : Q@ — R. We work with discounted quantities, i.e.
value every asset in terms of zero-coupon bonds. Let Z be the space of all
bounded measurable functions (containing the constants) on the space € and
P the set of all probability measures on €.

A risk measure is a mapping p from the space Z to the real line. The risk
measure of the random pay-off Z is a number p(Z) that can be interpreted as
capital requirement, i.e. the minimal (certain) amount of capital which when
added to the position makes its future value acceptable. If it is negative, —p(2)
can be withdrawn from the position and the position Z+p(Z) is still acceptable.

Definition 3.1 (Convex risk measure). A convex (monetary) risk measure is
a function p : Z — R satisfying the following axioms.

- Monotonicity: YZ1,7Zs € Z : if Zy1 X Zs, then p(Z1) > p(Z2)
- Cash invariance: VZ € Z: if a € R then p(Z +a) = p(Z) —a
- Convezity: Y71, 73 € Z, ¥t € [0,1] :

p(tZy + (1 =) Z2) < tp(Z1) + (1 — t)p(Z2)

The monotonicity axiom is very natural: an uncertain cash-flow Z5 which
is higher than Z; in every state of nature, needs less capital injection to be
acceptable for an investor. Cash invariance, also called translation property,
is justified by the existence of a perfectly liquid risk-free asset. Finally, the
axiom of convexity imposes that diversification does not increase the risk. As
noted by Follmer and Schied [52] , the idea becomes clearer when one note
that, for a monetary risk measure, convexity is in fact equivalent to the weaker
requirement of

- Quasi-Converity: Y21, Zy € Z, ¥t € [0,1] :

p(tZ1 + (1 = t)Z) < max (p(Z1), p(Z2))
Every convex risk measure p takes only finite values on (€2, P) and is Lips-
chitz continuous with respect to the infinity norm for the space Z .

Definition 3.2 (Coherent risk measure). A convex risk measure is called co-
herent if it also satisfies the axiom of positive homogeneity.

- Positive homogeneity: VA € RT VZ € Z : p(AZ) = \p(Z)
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3.2. CONVEX RISK MEASURE IN SHORT

The positive homogeneity is particularly suited for measuring risk for traded
assets in perfect liquid markets. It states that the risk grows linearly in the
volume of the portfolio Z. When liquidity cannot be assured, the exposure
might grow faster than linear (the bigger the position, the more difficult to
convert it into cash). This fact initially motivated the relaxed notion of convex
risk measures.

Definition 3.3 (Acceptance set). The acceptance set for any risk measure
p: Z — R is defined by

A, = {Z € Z|p(2) < 0}

The acceptance set A4, is the set of positions which are acceptable in the
sense that they do not require additional capital. Clearly this set is closed,
convex and non-empty for convex risk measures.

Important representation theorems have been derived, originally by Artzner
et al. [7] in the coherent case. We recall here the representation theorem for
convex risk measures.

Theorem 3.1 (Representation theorem due to Féllmer and Schied [51]). Any
convex risk measure has a dual representation :

p(Z) = sup {Eq[-Z] — a(Q)}
QeM

where M = {Q € P : a(Q) < +oo} is a closed and convex set of probability
measures. The functional a(-) : P — R U {—oco} is a penalty function; it is
convex and continuous on P.

This representation theorem states that every convex risk measure p can be
represented as an expectation taken with respect to a probability measure @
(selected from some convex set) and penalized by the function «.

Corollary 3.1 (Representation of Coherent Risk Measure). The risk measure
p is coherent if and only if the penalty function o in Theorem 3.1 is an indicator
function of a non-empty, closed and convex set Q,, :

0 ifQeQ,CP

o0 otherwise

(@ = {

Definition 3.4 (Entropic Risk Measure). The entropic risk measure, also
called expected exponential risk measure, of a random profit Z is defined as
follows: L,
(7)) = yInEp {CT}
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CHAPTER 3. RISK MEASURE

It is convex and admits the representation:

. - 1 q(w)
PE(Z) = s, Eql-Z] + 5 ;}q(w) In prob(w)

Definition 3.5. [CVaR| The conditional value at risk CVaR,(Z) of a random
profit Z is the conditional expected loss (-Z) over the (1 —«) % worst scenarios.
The CVaR is a coherent risk measure and has the following representation

CVaR,(Z) = sup Eg[-Z]
QEQcvar

where Qcvar = {Q € P: 0 < q(w) < %ﬁ“)}.
Rockafellar and Uryasev [96] have shown that it can be computed by solving
the linear program:

CVaR,(2) := min {t+a " E[-Z - t];}

The concept is illustrated in Figure 3.1, where the shaded area measures the
CVaR.

CVaRggy

Figure 3.1: Illustration of the CVaR

We also want to emphasize that convex risk measures are not differentiable
in general and may lead to non-smooth problem. We recall here the generic
portfolio optimization’s example studied by Liithi and Doege [79].

Problem 3.1. [Generic Portfolio Optimization| An investor, having a convex
risk measure as disutility function, optimizes its portfolio by choosing a decision
vector s € S C R™ which minimizes its risk:

inf { sup {~a(@) + Eql-As - b}
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3.2. CONVEX RISK MEASURE IN SHORT

where A € RI?I*™ b e RI®l and S is a nonempty, convex and compact set.
The vector b can be seen as an uncertain pay-off that the investor wants to
hedge by a portfolio of financial products. The decision vector s gives the
weights of the portfolio, composed of m different assets. The net value of this
portfolio in the different scenarios is given by As.

The objective function of Problem 3.1 is the following:

f(s) = sup {—a(Q) + Eq[-As — b}
QeM

The function f(s) is clearly non-smooth and the subgradients of f(s) are given
by :
9f(s) = —A'Q(s)

where Q(s) is an optimal probability measure for measuring the risk of the
position s. It is yet differentiable in particular whenever «(-) is continuous and
strictly convex (i.e. the solution Q(s) is unique). This is for example the case
for entropy based risk measures where a(Q) = 3~ ., u(w) pr%(&)w) In pr'i)(}f()w),
the entropic risk measure. Actually, the structure of the generic portfolio is
the one of non smooth problem studied in Nesterov [84], for which efficient
approximation algorithms based on smoothing techniques exist.

as

Finally, some risk measures can also be represented as mathematical pro-
grams with differentiable objective function. This is the case of the popular
CVaR risk measure that can be represented as a linear program [96].
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CHAPTER 3. RISK MEASURE

3.3 The good-deal risk measure

3.3.1 Framework and definition

Asset pricing (valuation of an uncertain pay-off) can be approached by two po-
lar approaches: the arbitrage pricing and the equilibrium theory. The arbitrage
pricing, also called relative pricing, is based on replication arguments. The ab-
sence of arbitrage opportunity allows one to uniquely value uncertain pay-offs in
a complete market by perfect hedging. The prices are determined on the basis
of underlying traded assets and without reference to agents’ risk-aversion. The
Black-Scholes option pricing and most financial engineering models are classi-
cal examples. This pricing methodology breaks down in incomplete markets.
The price of an asset is no longer unambiguously determined by its correlation
to other assets. It is still possible to bound the price by no arbitrage consid-
eration (super replication), but it is well recognized that such bounds are too
wide to be helpful in practice. In the equilibrium theory, the asset price results
from an equilibrium among agents who maximize their utility. The prices are
function of the assets exposure to fundamental sources of macroeconomic risk.
The consumption-based and general equilibrium models are examples of this
approach.

Cochrane and Saé-Requejo introduced the good-deal pricing as a mix of
arbitrage valuation and equilibrium theory. It gives tight bounds on prices of
uncertain pay-offs, that the authors call good-deal bounds. They impose that
the pricing kernel rule out arbitrage opportunities (i.e. the price kernel should
be positive) and assets with too high Sharpe ratio because, similarly to arbi-
trage opportunities, those "good-deals" would quickly disappear as investors
would immediately grab them. It is common in finance to regard high Sharpe

ratios as "good-deals" that are not sustainable at equilibrium?.

Problem 3.2. [Good-deal bounds from [31]] Consider an incomplete market
with I traded assets, and a pay-off Z that one wants to value. The vector fj
is formed by the I assets prices at t =0: fy € RHI = (fo,i)ier and the vector
f1(w) is the assets prices realizations at scenario w : f1(w) € RN = (f1;(w))ier.
The good-deal theory give valuation bounds (noted m and 7) of the random
pay-off Z, that are obtained by solving problems of the form:

7= min Eplm(@)Z(w)
st. m(w)>0

fo=Ep[m(w) f1(w)]

Var[m] < (£)°

3For example, the CAPM theory specifies that the market portfolio is mean-variance
efficient, i.e. no asset can have a higher Sharpe ratio than the market.
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3.3. THE GOOD-DEAL RISK MEASURE

According to the good-deal theory, the lower bound for the price of asset Z is
given by Ep[m(w)Z(w)], where m is a stochastic discount factor, i.e. a stochas-
tic vector that generates prices from pay-offs : p = Ep[m(w)z(w)], where p is
the price of the pay-off = (we refer to [29] for a more complete discussion on
stochastic discount factors). This discount factor is constrained to be positive
and to price selected traded assets ¢ € I, which implies that there is no arbi-
trage opportunity (first and second constraints). Finally, it also imposes that
no cash-flows priced by m can have a Sharpe ratio greater than h. This is im-
posed by the last constraint which is actually the famous bound of Hansen and
Jagannathan [58]*. The measure thus rules out high Sharpe ratio (no "good
deals") as well as pure arbitrage opportunities.

The upper good-deal bound is obtained by solving the same problem but re-
placing minimization by maximization.

Cerny and Hodges [27] extend the work of Cochrane and Sad-Requejo and
present a theory of generalized arbitrage pricing that is based on the absence
of attractive investment opportunities at equilibrium but does not necessarily
invoke Sharpe ratio. Price bounds can then be derived in their theory by consid-
ering super-hedging and arbitrage arguments. Jaschke and Kiichler [68] show
that the mathematical structure behind coherent risk measures and good-deal
bounds is exactly the same, i.e. to any generalized arbitrage bounds correspond
an essentially equivalent coherent risk measure.

The coherent risk measure associated to the bounds of Cochrane and Saé-
Requejo [31] based on Sharpe ratio is given below (Problem 3.3). It is obtained
by reformulating Problem 3.2, using the variables ¢(w) = m(w)prob(w) and
focusing on capital requirement instead of price bounds.

Problem 3.3. [Good-deal risk measure|] The good-deal risk measure is defined
as

pSP(Z) = sup Egl[-Z]
Q€Qcep

where Qgp is the following convex and compact set:

Qap = {Q €P:qlw)>0;Eq[fi] = fo; Ep

dQ\?

= < A?
() ] <]
The interpretation of the good-deal risk measure is similar to the good-deal
bounds. The capital requirement of Z is computed in a way that does not

4Indeed, all assets i priced by the discount factor m satisfy

(B[R — RF])* _ Var[m]
Var[R'] T (Rf)?

)

where R! is the return of asset ¢ and RS the risk-free return
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CHAPTER 3. RISK MEASURE

introduce arbitrage opportunities (i.e. accounts for the risk exposure of Z to
the different assets ¢ € I and does not ask more (or less) capital requirement
for the risk that can be hedged), but also rules out Sharpe ratio greater than
h := 1A% — 1. In the context of risk measure, the scalar A is related to the
investor view about what the market would consider as "good-deal" (i.e. he
will accept to pay for an uncertain payoff not more than the price that would
turn it into an opportunity to grab for the market).

The good-deal risk measure is coherent and already formulated in the "rep-
resentation theorem" form (cf. Theorem 3.1) of coherent risk measure. It re-
quires to solve a Second Order Cone Program (SOCP)5[11]). Finally, the formu-
lation of the good-deal in continuous time and in term of equivalent martingale
measure can be found in Carassus and Temam [23], Bjérk and Slinko [17]. They
also provide very interesting results of option pricing in incomplete market.

As an illustration of the good-deal risk measure, Figure 3.2 shows the differ-
ence between the physical probability measure P and the one of the good-deal
risk measure ). One clearly sees that this probability is well risk averse and
puts more probability weights on the bad events.

80 100 120

Figure 3.2: Cumulative distribution function of a pay-off under the true prob-
ability measure P (blue) and under the one defined by the good-deal (green).

5Recall that Ep[(dQ/dP)?] = Y, % and so the inequality ( \/WT)(),A) € Lt
prob(w

defines a Lorentz cone.
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3.3. THE GOOD-DEAL RISK MEASURE

3.3.2 The dual representation of the good-deal

Coherent risk measures have both primal and dual representations. In a finite
probability space, the good-deal risk measure admits the following Lagrangian
dual formulation.

Problem 3.4. The dual of the conic problem 3.3 is the following conic problem:

1
pSP(2) = min A(Ep[p’])® - fow
weRIT neRr!?!

n(w) = fr(w)'w - Z(w)

It is known (see e.g [27, 17]) the problem of hedging is dual to the problem of
pricing and it is thus not surprising that Problem (3.4) has a natural interpre-
tation in terms of portfolio replication. The replicating portfolio is constituted
in ¢ = 0 and composed of i € I assets with weight w. Because the market is
incomplete, this portfolio cannot perfectly hedge the random cash-flow Z. The
variable 1 in Problem (3.4) is a measure of the under performance. Indeed, the
optimality conditions of (3.4) give :

n(w) = max(0, fi(w)"w — Z(w)) 3.1)

The vector 7 is the one of the positive deviations from Z. In other words, when
n(w) is positive, the portfolio in the scenario w gives a higher cash-flow than
Z(w) and thus badly hedges the possible loss of Z. The capital requirement
for holding Z is then equal to the capital requirement of the portfolio (its cost)
plus a measure of the under-performance equal to E[5?]. The expectation E[n?]
is called a regret in the literature (see e.g. Dembo and Rosen [37]). When
A — o0, the appearance of the regret in the objective function of Problem 3.4
imposes that the replicating portfolio over-hedges Z and the good-deal value is
equal to the bound computed under the sole absence of arbitrage®.

To sum up, the good-deal risk measure is a compensation in ¢ = 0 for hold-
ing the uncertain payoff Z occurring in ¢ = 1. It can be decomposed in the
capital requirement in ¢ = 0 of the portfolio which best hedges Z, plus an ad-
ditional sum of money, to compensate one for a the un-hedged part of Z. Such
additional value, can be as large up to make the compensation of holding Z a
good-deal.

3.3.3 The good-deal and capital budgeting

The common practice in corporate finance is to use the Capital Asset Pric-
ing Model (CAPM, from [105]) to discount cash-flows for investment decisions.

SNote that this interpretation can be directly derived from the primal problem (see Prob-
lem 3.3).
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CHAPTER 3. RISK MEASURE

The primary implication of the CAPM is that there exists a positive linear
relation between expected returns and the market portfolio return. However,
over the last decades, many researchers find empirically that expected returns
do not line up with CAPM beta, but rather with multifactors betas such as
firm-size, value-to-price ratios, past returns and liquidity while market beta
has no power (see [49, 30, 9] and the cited literature). This suggests to use the
Arbitrage Pricing Theory (APT, from [98]) for capital budgeting. The different
risk factors signify different types of systematic risk that cannot be neutralized
by diversification. But the APT has also its own difficulties; no one knows the
exact factors that constitute the systematic risk, the specification of a mul-
tifactors model is unsure and all the important parameters are rather poorly
estimated. The good-deal recognizes that inability to accurately identify all the
sources of systematic risk and accounts for the risk that is not captured by the
factors. It values it by adding a safe measure” of the possible losses associated
to that risk, i.e. the expression /E[n?] in Problem 3.4.

The assets ¢ € I used in the good-deal play a role analogous to the risk
factors in CAPM or APT models. In order to see it, consider the following
complementarity condition obtained from the KKT conditions of Problem 3.3:

0< q(w)Lpr%‘”()w) - ;aifl,,-(w) — . Z(w) >0 (3.2)

The corresponding strictly positive pricing kernel m(w) = ¢(w)/prob(w) would
be linear in the risk factors, as in the two cited theories. Alternatively one
would immediately obtain a linear pricing kernel by dropping the non arbitrage
conditions, as in the CAPM 8 or APT.

"Note that both CAPM and APT would have discount that risk at risk-free rate.

80ne can recover the CAPM formula by introducing the same assumptions of that theory.
Suppose, as in the the CAPM that the market portfolio is mean-variance efficient (i.e. no asset
can have a higher Sharpe ratio) and consider only the risk-free asset (Ry) and the market
portfolio (Rjps) as risk factors; dropping the positivity constraint on the pricing kernel (that
is, allowing for arbitrage opportunities), the good-deal risk measure of asset Z (in Problem
3.3) becomes

pCAPM(Z) _ sup <<.7 Z>
{cez}
(GRp)=13 (¢ Ra)=1 (3.3)
E[Ryv] — R
(o) < Bl

0'12»1 R?
The optimality conditions of problem (3.3) give a pricing kernel m(w) = prob(w){(w) equal

e | (E[Ru] - Rp)

mw) = — —
“=x oii Ry
This pricing kernel is identical to the one of the CAPM (cf. [29]).
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3.4. MULTIPERIOD RISK MEASURE

3.4 Multiperiod risk measure

In this section we discuss the extension of a static risk measure to a multistage
setting, i.e. how to quantify the risk of a sequence of discounted® future cash-
flows (Z¢)¢=1,...,r occurring at stages t = 1,2,...,7. The interpretation of a
multiperiod risk measure is a capital requirement that makes the whole process
acceptable at every stage t = 1,...,T.

We work on a finite probability space (€2, F, P) equipped with a filtration
(Fi)ter,...T, 1. a sequence of increasingly refined algebras of subsets of 2. In
other words , the sigma algebra F; models the information available after each
stage t. The pay-off incurred at stage ¢ is represented by a function Z; € Z,
where Z; denotes the space of measurable function on (2, 7).

Definition 3.6. A multiperiod risk measure is a function p : Z — R, where
Zzleng...xZT.

The construction of multiperiod risk measures raises the question of time
consistency. Judgements based on a risk measure may not be contradictory
over time (i.e. a project preferred to another one in all states of the world in
period ¢ remains preferred in all states of the world in period ¢t — 1). Time
consistency has been formulated in different ways (see among [94, 8, 104]); we
here focus on Shapiro’s definition, which has been tailored to risk optimization
but also applies to pure risk evaluation: a decision policy (or evaluation) should
not involve states that cannot happen in the future [103]. We disregards risk
models applying directly to the entire sum of Z, as they ignore the dynamic
character of the problem and thus fail to be time consistent. We rather follow
various authors [94, 99, 15, 104] and concentrate on dynamic risk measures.

Definition 3.7. A dynamic risk measure p consists of a composition mappings
p = (pt|F,_, )t=2,..., 7 such that p; : Z; = Z; 4 :
p(Z1, .00 Z1) = Zy + poy 7, {ZQ n
+01-1|Fr_s [ 271 + PTIFr_, [ZTH}
where the mappings p; : Z; — Z;_1 satisfy the following properties.
- Monotonicity: VZ,Z' € Z:, it Z X Z', then p:(Z) > p:(Z')
- Convexity: VZ,7' € Z;,Ya € [0,1] :

plaZ +(1-a)Z') < api(Z) + (1 - )pu(Z))

9We choose zero coupon bond with maturity 7', the time of the last stage. The price of
a bond at time ¢ is given by the random variable P; 7, where Pr 7 = 1, that is, the bond is
default free. As noted in Artzner et al. 8], it is only after this choice of numeéraire, that risk
measure can be qualified as monetary.
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CHAPTER 3. RISK MEASURE

- Translation invariance: VZ € 2;,Y € Zy_1: pi(Z+Y)=p(Z) =Y

Lemma 3.1 (from Shapiro [103]). A dynamic risk measure is convex and time-
consistent.

Note that the operation generally suffers from two important defects. First
the recursive formulation is not directly amenable to a general-purpose solver.
A restatement of the recursive formulation into a single static risk function
optimization problem would be useful for computation. Second the multistage
and single stage formulation are not interpretable in the same terms: the single
stage risk function is lost in the recursive formulation (i.e. the CVaR of a CVaR
is not a CVaR).

3.4.1 Multiperiod good-deal

Cochrane and Saa-Requejo[31] extended the good-deal measure to multiperiod
and continuous time environments. We limit ourselves to the discrete form and
consider their recursive definition.

Definition 3.8. The good-deal of a sequence (Zi, ..., Zr) of F; measurable
pay-off Z; is given by :

pGD(Zl,...,ZT) —Z1 —l—]Ep |:C2(w)(—22—|—<3(w)...

= max
G2(w),-sCr (w)

e G @) (-2 + o)~ 21) ) 7|

st G(w) eUP(w), ..., ¢r(w) € UP(w)

where the sets U® are defined by

URL (@) = {Gn @) fui(@) = Bl @) frni@)F);
Ep[Gi+1(w)?|F] < AF; (3.4)

Gir1(w) > 0}

One shall note that the measures appearing are conditional: the correspond-
ing pricing kernel (; is a function of the conditioning information available at
time ¢. One can again recover a conditional CAPM formula as in the static
case (3.3). Because the corresponding static good deal measure is coherent it
is also straightforward to show that the dynamic good-deal is coherent.
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Chapter 4

Liquidity risks on power
exchange

4.1 Introduction

Electricity is a derivative product: its price depends on the evolution of other
energy forms such as oil, natural gas, COs or coal. These impacts are non
linear and the prices processes of the underlying energy forms often difficult to
construct. Electricity is thus per se a difficult product. Limited storage possi-
bilities also make it an unusual commodity. The electricity system is subject
to forced outages that can suddenly change the price pattern of the product
without storage being able to smooth out the shocks. This introduces a mix of
seasonality and spike effects that existing commodity price models do not easily
accommodate. Last electricity is difficult to transport and the grid is subject to
defaults and bottlenecks. Prices are thus geographically differentiated whether
at a quite disaggregated level (as in the nodal systems of the restructured US
markets) or by zones (as in the European Market Coupling, the Nordic market
or Australia). As if these idiosyncrasies were not sufficient, electricity markets
and their derivatives are often poorly liquid!; which adds a substantive com-
plexity. All this renders the understanding of electricity prices difficult. It also
makes the pricing of its derivatives particularly challenging.

Insufficient liquidity was already evident in the early days of the restructured electricity
markets [86, 85]. Since then, the volume of spot and derivative contracts increased signif-
icantly but electricity still remains considerably less liquid than other energy commodities
(Table C.1). As an example PJM [91] recognizes that mature energy markets will require
increased forward trading in order to reduce risk and provide clear price signals to support
investment and hedging. Nowadays, market operators or power exchanges regularly publish
technical reports on trade volumes and numbers of active participants [e.g. 81].

41



CHAPTER 4. LIQUIDITY RISKS ON POWER ECHANGE

We consider a spatial market where the electricity prices can be hedged by
standard financial contracts such as futures, options and swaps. In order to
increase liquidity these products are generally only traded at some hubs of the
grid and for long delivery periods?. Because the sole trading of these products
leaves agents (generators and consumers) exposed to congestion risks that re-
sult from bottlenecks in the grid, the Independent System Operator (ISO) runs
a market of locational derivatives often called Financial Transmission Rights
(FTRs)3. In contrast with energy hedging products the FTRs market is or-
ganized through auctions conducted by the ISO, which for network feasibility
reason also imposes restrictions? on the volume of FTRs traded. Possibly be-
cause of these idiosyncrasies the FTRs market received a particular attention
in the past years. Siddiqui et al. [107], Adamson and Englander [2] and [3]
empirically point to the inefficiency of the market and the high risk premium
embedded in FTR prices. They suggest that it may be due to the low liquidity
of the product. Deng et al. [38] argue that the market is inefficient because
"quantity limits on the FTR bids may cause the auction clearing prices to
differ from the bid prices and this phenomenon is inherent in the theoretical
properties of the optimization algorithm used to clear the auction". All this
justifies paying a particular attention to liquidity problems in electricity market.

Our analysis focuses on the liquidity of both energy and transmission finan-
cial markets. The chapter illustrates and quantifies the effect of illiquidity in
the market of power derivatives. To our knowledge this problem has not been
explored before. Liquidity plays a crucial role in financial markets. It enlarges
the capacity of the market to accommodate order flows and guarantees the
ability to quickly buy/sell sufficient quantities of an asset without significantly
affecting its price. Liquidity is among the most important market character-
istics for asset managers who want to easily convert their portfolio into cash.
Insufficient liquidity, on the other hand, creates new risks and frictions. The
literature provides ample empirical evidence that liquidity is an important state
variable for asset pricing and that investors demand a higher return from less
liquid securities (see Pastor and Stambaugh [89], Amihud [4] and the cited lit-
erature).

Two important issues arise when dealing with liquidity. One is the empiri-
cal proxy used to measure it. Liquidity is an unobserved variable that embeds
several dimensions such as volume, depth, resiliency and tightness®. The vol-
ume of exchange and the bid-ask spread are the most commonly mentioned

2e.g. PJM AEP Dayton Hub Peak LMP Swap Futures (traded on NYMEX), or German
Month Futures (traded on the EEX)

30ther names (e.g. Transmission Congestion Contracts) are sometimes given.

4There exists a secondary market, not regulated by the ISO, where one can trade those
contracts through bilateral transactions

5for definitions of those concepts, see among O’Hara [87], Kyle [75]
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4.2. FORWARD EQUILIBRIUM IN A LIQUID MARKET

measures but it is now generally recognized that they are not fully appropriate.
Several other measures that relate the volume of the trade and the size of the
price movements have been proposed and explored. Hasbrouck [62] provides
a comprehensive discussion of these questions. A second issue is the effect of
insufficient liquidity on the pricing of financial contracts. Most pricing models
rely on the assumption of absence of arbitrage, which is only sustainable in a
very liquid market where arbitrageurs can instantaneously exploit all possible
mispricings. Illiquid markets do not satisfy this assumption and hence such
models might not be applicable.

We analyze liquidity through a two stage stochastic equilibrium model of
power derivatives in a market that satisfies the usual assumptions of perfect
competition (price taking agents) except for liquidity that is limited. We de-
fine liquidity on the basis of the volume exchanged and examine the impact of
restricting the amount of available derivative contracts. In this set up agents
cannot hedge up to their desired level because their strategy sets are restricted
by the actions of the others players. Mathematically, this situation is formu-
lated as a Generalized Nash Equilibrium (GNE) problem for which different
solutions may exist. The chapter is organized as follows. Section 2 introduces
an equilibrium model in a liquid financial market where agents value their port-
folio according to a convex risk measure ( in the sense of Féllmer and Schied [51]
). We show that such an approach allows one to derive the usual no arbitrage
property without imposing it ex ante in the reasoning. We treat illiquidity in
section 3 where we explicitly introduce volume constraints on financial transac-
tions in the equilibrium model. We illustrate it on a 6-node example taken from
Chao et al. [28] on section 4. Simulation results are presented for liquid and in-
sufficiently liquid energy markets. We introduce two liquidity constraints, one
on energy futures, the other on FTRs. We analyze a range of equilibria with
the view of quantifying the effect of illiquidity on the agents hedging strategies,
profits volatility and risk-premiums. We also study the impact of illiquidity on
the energy market as well as the implication of illiquidity in one market (here
FTRs) on the other market (here energy). As found in Deng et al. [38], we
observe that such restrictions importantly impact the contract prices. We also
show that illiquid FTRs can drastically decrease the incentive to hedge in the
energy market.

4.2 Forward equilibrium in a liquid market

4.2.1 Framework and notation

The literature offers two main methodologies for pricing derivative products.
The most common approach is to resort to risk neutral valuation. The method
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is based on stochastic processes that capture the spot price (e.g. [55, 114]) or
the forward curve (e.g. [12, 63]) dynamics and are used to value contingent
claims on this price. The other stream of the literature relies on economic
models of power generation and consumption. Bessembinder and Lemmon [13]
were the first to introduce a two stage equilibrium model of the power futures
market where market participants hedge their profit by entering futures posi-
tions before bidding in the spot market. Their methodology has subsequently
been used by several authors. Cavallo and Termini [25] study the benefits of
introducing a market of standardized derivatives. Notably, they showed that
this increases electricity purchases through the spot market and diminishes the
share of bilateral contracts. Willems and Morbee [116] quantify the impact of
power derivatives on welfare and investment incentives. Their computational
results indicate that aggregate welfare increases with the number of derivatives
offered and that investment decisions improve with market completeness be-
cause of decoupling of investment and speculation. Biilher and Miiller-Merbach
[21] extend the model to a dynamic equilibrium and derive an endogenous term
structure of electricity futures prices. Our model is part of this latter stream
of literature.

We study the financial contract market through a two stage equilibrium
model, where hedging through financial products takes place in the first stage
(t = 0), before the spot prices (and hence the spot profits) are revealed. We as-
sume a (finite) probability space (2, P) and denote a scenario and its probability
by w and prob(w). A random variable is described by a function Z : Q — R.
We denote by Z the space of all bounded measurable functions (containing the
constants) on the space Q and P the set of all probability measures on €.

There are N players aiming at hedging their spot profit by contracting finan-
cial derivatives. The financial market comprises a risk free asset and C' different
contracts. We discount all prices at the risk-free rate, i.e. we take the risk free
asset as numéraire. Each financial contract ¢ = 1, ..., C has price pf and gives a
(finite-valued) stochastic discounted pay-off pf(w) at t = 1. We assume w.l.o.g.
that the contracts payoffs are linearly independent (which expresses that con-
tracts are not redundant). For each player v = 1,..., N, we let 75(w) be its
(finite valued) random spot profit (t = 1) and =z, := (z,,..)_; € RY be the vec-
tor of its positions (the strategy in game parlance) in the different contracts.
A positive z, . corresponds to a long position in the financial contract ¢ and a
negative x, . corresponds to a short position. The vector of all these financial
positions is denoted z := (x,)Y_; € RV*C and the vector of all player’s posi-
tions except those of player v is denoted by z_,, := (xw)ﬁ{:l_u,# € RW-1xC,
Finally, pf is the vector of all contract prices p/ := (pf)<_, € RC.

c=1
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4.2.2 Players hedging problem

Players trade financial contracts to hedge the random profit earned in the spot
market. They are price takers in a perfectly competitive market. They can
influence neither the spot price, nor the price of the financial contracts in order
to earn extra profit from trading. The outcome of the spot market (7f) is
independent of the financial portfolios of agents®. We model the player’s risk
aversion in the optimization problem by the modern approach of risk measure”
(cf. Chapter 3). A player v optimizes its portfolio by choosing a strategy that
minimizes the risk measure p, (a disutility function) of its profit distribution
IT, (w). This problem is stated as follow:

Problem 4.1. Under the usual assumption of no transaction cost and portfolio
restriction, an agent v hedges its stochastic spot profit with financial contracts
and solves the following stochastic program :

PY(pf)= min  p,(II,)

z, ERC

C
HV(W) = 71—5((’*’) + le/,c (pi(W) - p({)

c=1

We specialize the agents hedging problem by assuming that they quantify
their risk with a convex risk measure (see chapter 3.1). Using the representation
Theorem 3.1, it is possible to restate the player’s hedging Problem 4.1 as follows:

Problem 4.2. An agent v having a convex risk measure as disutility function,
hedges its stochastic spot profit by solving:

c
PY(p’) = min sup Eg[—7] — tye (Eolpl] —pf) —a
(p') = min, {Qeﬂgy ol=m] ; ve (Eqlpe] = pl) — au(Q)
where M, ={Q € P: o, (Q) < +o0o} is a compact set of probability measures.
It is a characteristics of the risk measure p,,.

6This implies that one can first find the equilibrium of the spot market and then solve for
the forward market on the basis of the obtained equilibrium spot prices. Note that this sim-
plification does not hold in an imperfectly competitive environment because forward decisions
can influence the outcome of the spot market. Zhang et al. [118] propose a stochastic equi-
librium model with equilibrium constraints (SEPEC) to characterize the interaction between
the two markets in a Cournot game. It also breaks down when considering more general risk
management that combines hedging decisions on financial contract and on the dispatch of a
hydro pump storage facility (see [80, 40]).

"Mean-risk models are the best known examples of risk measure. An agent minimizes
its expected loss E[—II] accounting for a measure ]D)[H] of the profit dispersion. This risk
measure is expressed as p(IT) = E[—II] + <D[II].
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Figure 4.1: Tllustration of the set P, in a market with two financial contracts.
The crosses represent the pay-offs realizations of the financial contracts. The
set P, is included in the convex hull of those pay-offs.

The hedging problem of agent v defines the following convex set P,, which
is an linear transformation of M, (see Figure 4.1).

P, = {pERCEIQEMV,Vc:1,...,C:pC=EQ Lpg]} (4.1)

Obviously, Problem 4.2 is unbounded if pf ¢ P,. Note also that the bounded-
ness of the payoffs p3(w) ensures that P, is compact. When pf € P,, one can
formulate the agent’s hedging Problem 4.2 as follows

Problem 4.3. Let p/ € P,, the agent’s hedging problem becomes
PY() = infEol-ri] - a,(Q)
st. QeM,={QeP:a(Q) <o}
e = Eqlpe] (Zv.c)
where the z, . are the dual variables of the equality constraints p! = Eq[p?].

Problem 4.3 looks similar to the representation Theorem 3.1. The differ-
ence is that it imposes that the probability measure @), used to value the agent’s
profit, must also price® the derivatives contracts.

Proposition 4.1. The set of solutions to Problem 4.3 is non-empty, compact
and convex iff p/ € int P,

8This is commonly referred to in financial parlance by saying that the Radon-Nikodym
derivative of the measure Q with respect to the measure P is a price kernel or a state price
le.g. 106].
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Proof. The constraint set of Problem 4.3 satisfies the strong Slater condition
(e.g. Hiriart-Urruty and Lemaréchal [64, chap. VII]) when p/ € int P,. The
objective function of Problem 4.3 is finite value VQ € M, because the 75 (w)
are assumed to be finite. Those are necessary and sufficient conditions for the
set of multipliers z, to be a non-empty compact and convex set. O

4.2.3 Equilibrium: definition and properties

Definition 4.1 (Equilibrium). An allocation z* and a price vector p/* con-
stitute a competitive equilibrium in a liquid financial market if :

(i) For every player v = 1,..., N, x} is an optimal hedging strategy, Vz, €
RC:
p’/(x:;7pf’*) < py(xy,pf’*)

(ii) For each financial contract ¢ = 1,...,C, the following market clearing
condition holds:

Throughout this section, we make the assumption that the agents risk mea-

sures are convex (in the sense of Definition 3.1) but not necessarily differen-
N

tiable? (cf. 3.2). We define the following sets M := ﬂf,vzl M, and P = (,_; Py,
which are compact and convex (see Figure 4.2). We assume that M has a non
empty interior. Accordingly the space P has also a non empty interior. The

economic interpretation of this condition will be explained later.

Figure 4.2: Illustration of the set P in a market with two financial contracts.

9Notice that, because of this lack of differentiability, we will not study the Nash equilibrium
by the theory of variational inequality (VI) as is common in practice [see e.g. 48|.
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Before proving an existence result for the competitive equilibrium in a per-
fectly liquid market, we introduce the corresponding Nash game involving the
following market agent.

Problem 4.4 (Market agent). The market agent chooses a financial price
vector pf that solves:

c N
PM(z,.) = pﬁiﬂgc Z —pf (Z xw) (4.2)
c=0 v=0

Zf,vzo —,, is referred to as the the total demand shortfall of financial contract
¢ (remember that z, . is positive for a long position, and negative for a short
position). The market agent selects prices that minimize the total value of
demand shortfalls.

Definition 4.2 (Nash game). An allocation z* and a price vector pf* consti-
tute an equilibrium of the Nash game with the market agent and the IV players
if
(i) For every player v = 1,..., N, z} is an optimal hedging strategy, Vz, €
RC:
(3, p"*) < pu @y, p7")

(ii) For the market agent, the price p/** minimizes the value of demand short-
fall, Vp/ € RC:

The relation between the competitive and Nash equilibrium is stated in the
following result.

Proposition 4.2. A Nash equilibrium of the game 4.2, if it exists, is a com-
petitive equilibrium in a liquid market and conversely.

Proof. Note that players v = 1, ..., N optimize their hedging strategy in both
the Nash game and the competitive equilibrium. Note also that the market
clearing condition implies that the price of a competitive equilibrium is a solu-
tion to the market agent problem in the Nash game. A competitive equilibrium
is thus a Nash equilibrium of the game 4.2.
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In order to prove the converse proposition one only needs to show that an
equilibrium of the Nash game satisfies the market clearing condition. Suppose
that the market does not clear for contract c; the contract price pf is then
unbounded as this is optimal for the market agent. Take p/ = 400 (respectively
—00), the optimal hedge for all players v = 1,..., N is then an infinite short
(resp. long) position on this contract: ny:l Ty, = —oo (resp. +00). The
objective function value of the market agent is then +o0o which is clearly not
its optimum in the Nash game. We have a contradiction and conclude that
every equilibrium of the Nash game satisfies the market clearing conditions for
all contracts. O

Proposition 4.3. Suppose (z, pf) is a Nash equilibrium of the game 4.2 ; then
the price vector p! belongs to the set P defined by

P={peRPQe MVe=1,.,C:p. = Eq[pil} (4.3)

Proof. Suppose that p/ ¢ P for the Nash equilibrium (x,p/). Applying the
strict separation hyperplane theorem between a point and a compact convex set,
(e.g. Boyd and Vandenberghe [20]), there exists a strategy y € R that we can
normalize to ||y||2 = 1 and some 3 € R such that ¥Q € M, Zle yEq[ps] > S
and ch=1 yepl = B. Recalling that M = ﬂivzl M,,, the condition becomes:

c c
I :VQ e M,,7ZyCEQ[p2] > (3 and Zycp{: =8 (4.4)

c=1 c=1
Such strategy y is a strict arbitrage opportunity for player v, meaning that the
optimal hedging position of player v is unbounded (abusing language, z, =
+ooy is an optimal hedging strategy for player v’s Problem 4.2, leading to
a infinite negative value of its risk measure) and hence (z,p’) is not a Nash

equilibrium.

O

Proposition 4.4. Suppose (z, p) is a Nash equilibrium of the game 4.2 ; then
the financial hedging positions x, are bounded for every player v = 1,..., N.

Proof. The result is obvious if p/ € int P (cf. Proposition 4.1). Suppose that
p/ € bd P and there exists a player v with an unbounded set of optimal po-
sitions. Let ¥ be an unbounded sequence of optimal positions of the player.
The unboundedness!'® of the z* implies that p/ € bd P, and

C
vQeM, s Y ok, (Bolpll —pf) >0 (4.5)

c=1

101f pf € int P,, the set of optimal position of v would be bounded. If the condition
4.14 was not satisfied, an unbounded ¥ would lead to an infinite positive value of the risk
measure. Note also that this condition is feasible because pf € bd P, and the existence of
supporting hyperplane.
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or equivalently, in order to work in a compact set

VQ e M, : ZH k” s —pl) >0 (4.6)

k
This proves that there exists a limit point y, # 0 of a subsequence of W

such that

C C
VQ € MV : Zyu,cpg > Z uc]EQ pc (47)

Because the market clears (for every k in the sequence) there exists a set of
players Z C {1,..., N}\ {r} also taking unbounded positions and hence for some

subsequence
E ko _ E
Lie= "Tye ”ka Yv (48)

i€ €T

There thus exists a (non empty) subset of player ¢ € Z' C Z such that

k
i 0 4.9
bl 7 (4.9)
Z Yie = —Yue (4.10)
€L’
C C
VQi e Myt Y wienl =Y uicEq,[p])] (4.11)
c=1

where conditions 4.11 are required by the optimality of the unbounded posi-
tions z¥. These hold simultaneously VQ € Mz = Niez: Mi. Summing these
conditions on ¢ € I/, one gets

C C
VQEMI/ZZ(Z%,C) ! ~Eolpl)) = 3 (~uc) (o ~Eqlpi)) 2 0 (4.12)

c=1 \ieZ’ c=1

This latter condition combined with 4.4 means that y, is a separating hyper-
plane between int P, and int Pz; = (1,7, P; and hence int P, (int Pz = 0.
This violates the hypothesis that the set M has a non empty interior. O

We recall a fundamental theorem that will be used to prove the existence
of an equilibrium in the financial market.

Theorem 4.1 (Debreu [36]). Consider a game in strategic form whose strategy
space X, are non-empty compact conver subsets of an euclidean space. If the
disutility functions 0,(x,,x_,) are continuous in x, and convex in x_,, there
exists a pure strategy Nash equilibrium.
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We can state the following existence result.

Theorem 4.2. Suppose players risk functions are convexr and M has an non
empty interior, then there exists a competitive equilibrium in a liquid financial
market

Proof. We first consider a Nash game in a truncated economy defined as fol-
lows. We first restrict the strategy sets of the players to belong to X, := {z, . :
|z,.c| < 7}. We then impose that the market agent minimizes the value of de-

. . . : . c
mand shortfall by choosing financial contract prices pl € A, with A =T]_, A,
and A, = [d,,d.] where :

3. = inf (pi(w)) —€; dc = sup (pi(w)) +e (4.13)
weh weQ

and € > 0.

Figure 4.3: Illustration of the set A in a market with two financial contracts.

Note that P € A'! . Tt is obvious that the objective function in P (p/) is
convex in p/. Similarly the market agent objective function is convex in the
Z,,. Following Theorem 4.1, every Nash game in a truncated economy has a (at
least one) equilibrium (z", p/7).

We first prove that this equilibrium satisfies the market clearing condition.
Suppose not and let ¢ be the contract that violates the market clearing condi-
tion . The market agent selects a price pf = .. (resp. p/ = . depending on the
sign of the violation). The only optimal response of all agents v = 1,..., N to
this price is to take a position z, . = r (resp. z, . = —r). This in turn implies
an objective function value of —rN§, (resp. 7N§.) for the market agent, which

1By defmition7 Vp € P,3Q € M,Ve = 1,...,C : pc = Eg[ps]. One also has that §, <
Eq[ps] < 8¢, VQ € P. This implies that P C A.
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is clearly not optimal for this agent and hence contradicts the definition of a
Nash equilibrium.

Consider now a sequence (2", p/*") of Nash equilibrium, obtained by letting
r — oo in the truncated economy. The sequence of p] is obviously bounded
because the prices belong to the compact set A. We show that the sequence
of x" is also bounded. Suppose not. Then, there exists at least one player v
with an unbounded sequence of optimal positions z],. As r — oo, it must be
the case that

C
VQeM,: Y —ap. (Eqlpi] —pl") 20 (4.14)

c=1

Because the market clears for every game in the truncated economy, there exists
a (non empty) subset of players who also take unbounded positions that globally
clear the position of player v. One can show, similarly to the proof of Proposi-
tion 4.4, that this implies the existence of a separating hyperplane between the
interior of some agent sets P,,. This violates the hypothesis int M # 0.

There thus exists a r’ in the sequence of truncated Nash games such that
the equilibrium in the truncated economy satisfies ], € int X for all v =
.,N. Note also that 2 € int X, implies'? p/*" € P. Because the players
hedges their profit accordmg to a convex program, every optimal position in
the truncated economy satisfying z], € int X v is also optimal in the economy
of the initial game. A Nash equlhbrlum in a truncated economy satisfying
#” € int X, is thus a Nash equilibrium of the initial game 4.2 and hence a

14
competitive equilibrium in a liquid financial market. O

Remark 4.1. The proof highlights the key role of the set M and its interior in
the existence of an equilibrium solution. We also pointed in Proposition 4.3 that
M = ) is not amenable to an equilibrium. Indeed in this particular situation,
there always exists (at least) a player which hedging problem is unbounded. The
final case is when M = bd M. The Proposition 4.4 shows that the hedging
positions might be unbounded in that case. A famous example of this kind of
situation is when players are risk neutral (i.e. p,(Z) = Ep[Z]) which leads to
a set M equal to the singleton {P}. It is well-known that in this risk-neutral
case, pf =Ep [pf] and any hedging position is optimal for the players.

4.2.4 Discussion on arbitrage opportunities

In contrast with the risk-neutral valuation approach, equilibrium models do
not rely on the assumption of no arbitrage but rather suppose that prices are

120therwise, one can show that the strategy «7, is not optimal for an agent as in Proposition
4.3
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determined by the simultaneous minimization of agent’s risk measures. If this
equilibrium contains arbitrage opportunities, outside speculators in a liquid
market will massively enter and trade them away. We do not model specu-
lators and hence do not make the usual assumption of no arbitrage'3. It is
however possible to infer the absence of arbitrage as a result of the equilibrium
by modeling the agents risk aversion by convex and equivalent (Definition 4.3)
risk measures.

Definition 4.3. A convex risk measure is called equivalent if the probabilities
@ € M in the dual representation 3.1 and the probability measure P share the
same set of zero measure events.

Lemma 4.1. Suppose players risk measures are conver and equivalent, then a
competitive equilibrium in a liquid market is arbitrage free.

Proof. Proposition 4.3 shows that equilibrium prices satisfy p/ € P at equilib-
rium. When the risk measures are convex and equivalent, the contract prices
can be written as pc' = Eq[pf], where @ is a probability measure equivalent to
P. By a well known theorem of finance [e.g. 106] this latter condition ensures
that the market has no arbitrage. O

Modeling risk aversion through non convex risk measure may lead to equi-
librium with arbitrage opportunities. For example, mean-variance, as used in
Bessembinder and Lemmon [13] or Willems and Morbee [116], violates the pos-
itive homogeneity and monotonicity axioms, and hence is not coherent. The
absence of arbitrage in the equilibrium solution can be checked ex-post, by
verifying that the prices of the derivatives strictly lie inside the convex hull of
the spot payoffs of these derivatives. We give an illustration of an equilibrium
leading to arbitrage opportunities in appendix C.3.

4.3 Forward equilibrium in an illiquid market

4.3.1 Modeling illiquidity

As explained in the introduction we model illiquidity through constraints on
transaction volumes. We first measure trade by the absolute value of agents
hedging positions and characterize illiquidity by a bound on the sum of these
absolute values. This is represented through the constraints

> Jak] < Le (4.15)

13The market contains an arbitrage opportunity, if there exists a portfolio . such that:
Zle zepl =0,VweQ: 25:1 zeps(w) > 0 and Ele zeps(w) > 0 for some w.
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where the constant L. can be adapted to represent different degrees of liquidity.
Constraints 4.15 are shared by all players. In game parlance this implies that
the set of hedging strategies of a player is restricted by the hedging actions of
the others (noted x_,). This suggests reformulating the hedging problem of
player v as follows:

Problem 4.5. A player v hedges its stochastic profit with illiquid contracts
by solving the following program:

z, ERY Q, eM, c=1

st (W) =2, 2e(pi(w) = pl) + 75 (w)
Ty,c S Lc - qu ‘$*V70| ()\u,c)
xu,c 2 _LC + Z—y |$—V1C| ('UV’C)

c
P(pla-y) = min sup SEq[-m]— ) wuc(pl —Eq[pl]) - au(Q)}

The problem is the same as Problem 4.2, except that the player hedging strategy
2y, is now restricted by the other players positions so that it satisfies the
liquidity bounds L..

4.3.2 Equilibrium: definition and properties

The inclusion of liquidity constraints (equation 4.15) transforms the perfect
competitive equilibrium problem into a Generalized Nash Equilibrium problem.
The goal is now to find a hedge tuple (z*, p/*) such that x? minimizes the risk
measure of each agent’s portfolio taking the hedging strategies of the other
agents as given. Any such tuple is called a Generalized Nash Equilibrium
(GNE). This is formalized as follows:

Definition 4.4. An allocation z* and a price vector p/>* constitute an equi-
librium in an illiquid financial market if :

(i) For every player v = 1,..., N, z is an optimal hedging strategy:

pu(xiapf’*) < pu(wuapf’*) ku € RC : ‘xu,c| < Lc - Z |$*—V,c

(ii) For each financial contract ¢ = 1,...,C, the following market clearing

condition holds:
N
S o -0
v=1

The Generalized Nash Equilibrium problem was formally introduced by Ar-
row and Debreu [5] in their paper on abstract economies. It is well known (e.g.
Harker [60], Facchinei and Kanzow [46]) that General Nash Equilibrium prob-
lems (GNE) can be formulated as Quasi Variational Inequality problems(QVI),
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when utility functions are differentiable. These are known to have multiple, pos-
sibly infinitely many solutions (often a manifold). This lack of uniqueness is
often interpreted as a difficulty that limits the usefulness of the concept. For
this reason GNEs have often been criticized by economists because they do not
offer a plausible solution concept of a meaningful game.

We take a quite different view and note that the multiplicity of solutions

reflects a fundamental feature of a market affected by liquidity problems: illig-
uidity is a market failure and the indeterminate outcome of the market is a
consequence of that market failure. With this remark in mind and given our
practical objective of illustrating the impact of the liquidity constraints on the
equilibrium, we aim at finding a large set of GNEs in order to assess the de-
gree of inefficiency that illiquidity can lead to. From a mathematical point of
view, our problem is a GNE problem with shared constraints [97, 53|, meaning
that the liquidity constraint bears on all market agents. This special class of
problems has received increasing attention in recent years.
Unlike Nash Equilibrium problems, there are only few methods available to
solve GNE problems (see Facchinei and Kanzow [46] for a recent survey on
GNEs). Existing algorithms are usually based on parametrized variational in-
equality problems!4[83] or on control penalty methods[47, 53]. As for liquid
markets, we analyze the existence of equilibria by resorting to an associated
Generalized Nash game constructed by introducing a market agent. The N
players solve their hedging Problem 4.5 and the market agent minimizes, as in
the liquid case, the demand shortfall value (cf. Problem 4.4).

Definition 4.5 (Corresponding Generalized Nash game). An allocation z* and
a price vector pf* constitute a GNE of the game if:

(i) For every player v = 1,..., N, z} is an optimal hedging strategy, Vz, €
RO : |z, <L.—Y_ |z

—v ¥ —v,cl*

p,,(x:i,pf’*) < pu(xuapﬂ*)

(ii) For the market agent, the price p/** minimizes the value of demand short-

fall :
c N c N

Proposition 4.5. A Generalized Nash Equilibrium of the game 4.5, if it exists,
is an equilibrium in an illiquid financial market, and conversely.

Mwhich, under a mild constraint qualification, allow one to find all solutions of the GNEP.
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Proof. 1t is clear that an equilibrium in an illiquid market is a GNE of the game
4.5. To prove the converse, one shows that every GNE of the game satisfies
the market clearing condition. Suppose not and let ¢ be a contract where the
condition is violated. The optimal strategy of the market agent is to select
an unbounded price p/ = 400 (respectively p! = —o0). With such price, the
optimal hedge of any agent is to take a lower (resp. upper) position in contract
¢ wye=—Le+ Y _, |z, | (vesp. w, .= Lo~ _, |z, [). This implies
> Zye = —L¢ (vesp. L) which gives an objective value for the market agent
equal to +o0o and hence cannot be its optimal position. O

Proposition 4.6. Suppose (z,p) is a GNE of the game 4.5, then

pl e |inf (pi(w)) ; sup (Pi(w))
weN weN

Proof. Writing the KKT conditions of player v’s hedging Problem 4.5, we get

(v — By 2)) = e — Mo (4.16)

Suppose that p{ < inf,cq(ps(w)) for contract ¢ (respectively pf > sup,,cq (P (w))).
One then has that

VQ, €M, : pl —Egq,[pi] <0 (or respectively >0) Vv:1,..,N. (4.17)

This implies A, . > 0 (resp. p,. < 0), meaning that all players positions are
positive (resp. negative) and constrained by the upper (lower) liquidity bounds
© >, Tye =L (vesp. Y., Ty = —Lc). The market clearing conditions do not
hold and hence (z,p/) is not a GNE of the game 4.5. O

Invoking the following result of Arrow and Debreu [5]

Theorem 4.3 (Arrow and Debreu [5]). If, for each v, the disutility function
0, (zy,2_,) is continuous and quasi-convez in x,, for every x_,, X, (x_,) is a
convex compact and non-empty set, then the abstract economy has an equilib-
rium point.

we can state

Theorem 4.4. If players risk measures are convex, there exists an equilibrium
in an illiquid market.

Proof. The strategy set of player v X, (z_,) = {zyc: —Le+ >, |t_0c] <
ZTye < Le— Y, _,|z—ve|} is convex, compact and non-empty. Following the
proof of Proposition 4.2, one can also bound the strategy set of the market agent
to the compact, convex and non empty set A (cf. equation 4.13). Theorem 4.3
applies directly and proves the existence of the equilibrium. O
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4.3.3 Illiquidity and remaining arbitrage

Arbitrage opportunities are more likely to persist over time in illiquid markets.
These result from the difficulties for arbitrageurs to exploit mispricing. For
example, Deville and Riva [39] show the existence of temporary arbitrage in
option markets and note that the speed of reversion to the no arbitrage situ-
ation is critically impacted by liquidity-linked variables. Perfect liquidity and
unconstrained portfolio formation are key hypothesis to justify the fundamental
no-arbitrage assumption that most asset pricing theories rely upon'®. These
are far from satisfied in restructured power markets.

The theory of Generalized Nash Equilibrium suggests that modeling illig-
uidity by shared constraints on tradable volumes implies that the obtained
equilibrium solutions may contain arbitrage opportunities, regardless of the
valuation criterion used to model agents’ risk aversion. Indeed, the optimality
conditions of an agent restricted by shared constraints on its positions'® lead
to the condition :

Pl =EQpi] + twe — Aew (4.18)

where (py.c, Av,c) are agent v’s shadow prices of the illiquidity constraints on
contract ¢. In a GNE, those shadow prices can differ by agents, which implies
an important difference with respect to the equilibrium of the liquid market.
While the pricing kernels associated with @, in a liquid market can differ
among agents, they still give the same price of the futures contracts. In con-
trast the appearance of the shadow prices in 4.18 implies that different agents
v no longer value contract at the same level. Arbitrage opportunities may thus
exist at equilibrium when the volume constraints are tight and agents are not
able to hedge up to the desired level . Insufficient liquidity prevents traders
from exploiting these arbitrage opportunities. This is a market failure induced
by illiquidity.

4.4 A stylized power market example

The restructuring of electricity markets has led to many, sometimes quite dif-
ferent, market designs. Congestion management plays a key element in these

15Recently, the theory have been adapted to tackle assets which dynamics changes with the
order balance. Cetin et al. [26] extend the fundamental theorems of finance and show that
the no-arbitrage condition still implies the existence of a risk neutral measure, but that the
perfect hedging, even for complete market, does not hold anymore. One difficulty of applying
the model is to quantify correctly the asset’s dynamics with respect to the level liquidity.

164 e. relation 4.15 ; other quantitative restrictions on hedging positions would lead to the
same result
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designs. Following up on a general trend in the literature, we focus on a partic-
ular design where the market is geographically segmented into several nodes of
supply or demand connected by transmission lines. The prices are defined at
each node of the network reflecting that only feasible bids, i.e. bids that comply
with the limited capacity of the network, can be accepted at the nodes in the
day ahead auction'”. The nodal prices are called Locational Based Marginal
Prices (LBMP) and are calculated for each generation and load zone by an In-
dependent System Operator (ISO). In such system, the buyers pay the LBMP
calculated at the node in which they take delivery of electricity and the sellers
receive the LBMP at the bus to which they supply. Besides the price volatility
due to factors such as fuel prices and forced outages, market participants are
also exposed to the risk of congestion rents, which are highly volatile [3]. In
order to offer risk mitigation capabilities on transmission, the ISO organizes a
forward market of congestion revenue rights. We focus here on financial trans-
mission rights (FTRs, initially proposed by Hogan [65]) which pay the price
difference between two specified point of the network.

4.4.1 The day ahead market model

We consider a restructured electricity system where the forward market trades
contracts that matures on the day-ahead. We develop the argument on Chao
et al. [28]’s six nodes network (Figure 4.4) and use both their model and numer-
ical assumptions (see the original paper for more discussion of that example).

The description of the market is standard. The power grid contains N busses
and L transmission lines. Each line ¢ € L is characterized by its impedance
and a thermal capacity K,. Using the DC approximation of the AC load flow
equations, every MW injected (retrieved) at a generating (load) bus n and
withdrawn (injected) at some reference hub node creates a power flow PTDF,, ,
(—PTDF,, ;) on the line ¢ € L. The ISO clears the energy and transmission
markets (as well as other markets that are not represented here, e.g. reserve).
At each bus of the network, there is a single economic agent ¥ € N, which can
be a generator (v € N,) or a retailer (v € N;).

Definition 4.6 (Generators). Generators have unlimited capacity. Each gen-
erator v € N, bids its marginal cost of supply C, in the day-ahead market.
Generators have no fixed cost and their total and marginal cost functions, noted

17The day-ahead market trades power for physical delivery the next day. It is based on an
hourly auction with bids for purchase and sale.
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125 MW (1)

®

200 MW (2)
250 MW (2)

125 MW (1)

&)
=)

Figure 4.4: 6-nodes network from Chao et al. [28]

CT and C,, take the following form!®:
2
CJ(a) = avay + by Colan) = ay + bugy

Definition 4.7 (Retailers). Each retailer v € N, serves final consumers at its
bus. It sells power at a fixed retail price p],. It bids its inverse demand function,
which is also assumed to be linear!? in the day-ahead market.

pu(qu) =ay — bqu/

Table 4.1 recalls the bids of the different economic agents assumed in Chao
et al. [28].

18The model can easily be extended to more complex production functions and production
sets restricted by a limited capacity.

190ne can easily extend the model to inelastic demand, which is probably a better rep-
resentation of actual markets. The computation of the spot equilibrium by maximizing the
welfare becomes then the minimization of the total cost for meeting the inelastic demand.
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Bus-ID | Supply bids: C,(q,) Bus-ID | Load bids: p,(q,) | p}
1 10 + 0.05 q 3 37.5-0.05 q 33.6
2 15 4+ 0.05 q 5 75-0.1q 61.7
4 42.5 + 0.025 g 6 80-0.1q 62.6

Table 4.1: Bid functions of generation and load

Definition 4.8 (System Operator). The ISO collects the bids in the day-ahead
market and maximizes the total welfare subject to network constraints, leading
to the following mathematical programming problem.:

ma > [Mnierie - X [T,

0 ERY veEN, ven, /0
s.t. Z q, =0
veN
~K;< Y PTDF,; ¢, < Ky
veEN

The day-ahead price p; at each node v is given by the marginal cost at
a generating bus, or by the inverse demand function at a load bus. The ISO
makes a spot profit w¥2°! ( the "merchandising surplus") by collecting trans-
mission rents:

wo = Y tre(pi, — pj,) (4.19)
LeL

In this expression, tr, is the power flow on line £. It can be derived from the
injection/withdrawal ¢, and the power distribution factor of the line. (pj, —pj, )
is the difference of electricity prices at the end nodes of line . The profits of
generators/retailers on the day-ahead market are given by:

s _f awpi—CJ(q) fveN,
Y { (P, — ;) if ve N, (4.20)

4.4.2 A risk analysis of the day-ahead market

We assume two risk factors affecting the day-ahead market. One is the weather
variation : it influences the final consumer and induces a stochastic demand at
the retail side. We model this risk factor through scenarios for the parameters
a, of the demand function at the load busses. Specifically the load parameters
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a, vary from -25% to +25% (by step of 12.5%). Following Bessembinder and
Lemmon [13] we suppose that the retail price p, is fixed in the short term. It
is here set at 120% of the expected nodal price. The network availability is the
second risk factor. Line outages can seriously impact the spot equilibrium. We
consider two contingencies: there is no default with 90% probability and the
line linking nodes 1 and 6 is down with 10% probability. The realization of the
two risk factors is known at the time of the day-ahead market but unknown
in the forward market. Combining both risk factors leads to a total of 250
scenarios of equal probability. Solving the equilibrium of the day-ahead market
(cf. Problem 4.8) for the different scenarios we obtain the results summarized
in Table 4.2.

[ Bus-ID: [ 1 [ 2] 3 ] 4] 5 [ 6]
Nodal prices:
- E[pg] 24.72 | 26.2 | 28.13 | 45.98 | 51.46 | 53.05
- Var[p$ | 3.08 | 4.56 | 17.96 | 1.71 | 43.31 | 76.69
Market Agents:
- E[rPef] 2197 | 1300 | 652 | 345 | 1646 | 1979
- vol (m5pet) 1% | 37% | 5% | 56% | 76% | 87%

- —CVaRy759 (WﬁpOt) 1517 | 702 -83 86 78 -309

Table 4.2: Nodal prices and agents profit statistics

E and Var in the table respectively denote expectation and variance. The
statistics "vol" measures the volatility of the profit; it is the ratio between the
standard deviation and the expectation. The definition of the conditional value
at risk CVaR, is recalled in chapter 3.5. This measure is growing in popularity
in the literature on electricity restructuring [10, 93, 56] and risk management in
power markets[80]. In all tables of results of this section, the statistics —CVaR
represents the negative of the capital requirement. In other words a negative
value in those tables represents a capital requirement for the agent to insure
again its losses and remain in the business.

Table 4.2 shows that retailers profits are much more volatile than those of
generators. Retailers face price and volume risks in meeting their load, and both
are highly correlated. More importantly, their —CVaR75¢ (i.e. the conditional
expectation of their profit in the 63 worst scenarios) are very low compared
to their expected profits. They are even negative?® at busses 3 and 6. The
revenues collected by the ISO are given in Table C.2, appendix A. They result
from congestion on a line (price difference at its two extremity busses). The
transmission prices are more volatile than the nodal energy prices, reflecting

20indicating that they require a capital injection in their business
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the fact that the demands in the three load busses are independent. Table
C.2 also shows the first and second moments of those prices. Not surprisingly,
the transmission price between the nodes 1 and 6 is the most expensive and
volatile, because those two nodes are linked by a transmission line subject to
outages.

4.4.3 The financial market

We consider two types of financial derivatives namely on energy and transmis-
sion. Energy futures maturing in the day-ahead market are the most widely
traded in real markets. An agent holding a long futures position receives the
difference between the day-ahead price at maturity and the futures price. En-
ergy futures do not exist for all nodes. In order to enhance liquidity, they are
often restricted to a few busses (the hubs). Agents remain exposed to the con-
gestion charge between their home node and the hub. In order to allow agents
to mitigate that risk, the ISO periodically auctions financial transmission rights
(FTRs) that are effectively futures on congestion charges. We therefore com-
plement the 6-nodes day-ahead market by introducing financial energy and
transmission markets. There is one energy futures on node 6 day-ahead price
and FTRs from all other nodes to node 6 (point to hub FTRs contracts that
span all node to node transmission risks).

Generators and retailers participating in the financial market are exposed to
the risk incurred because of fluctuating day-ahead prices, demand shocks and
network congestion. They mitigate this risk by taking positions in the financial
contracts leading to the following profit formula (adapted from equations 4.19
and 4.20) for retailers, generators and ISO :

Yot (piw) = pl) + o (w)pp(w) — CF (g (w))  ifveN,
Sewl (pi(w) = pl) + a(w) (), — pj(w)) if v € N,

Moo =22 (p2(w) = pl) + X pep tre(w) (pf, (W) — pf, (w))
(4.21)

Producers and retailers hedge their stochastic profit according to Problem
4.1 . We model risk aversion through a E-CVaR, s defined as follows:

Definition 4.9. The risk measure E-CVaR,, g is a weighted sum of the expec-
tation of the losses and a CVaR,.

E-CVaR, 5(II,) = (1 — 8) E[-11,] + 8 CVaR, (IL,))
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The E-CVaR,, g is a coherent risk measure; it is also equivalent in the sense of
Definition 4.3.

We set the parameters 8 to 0.9 and a to 20% in the computation. The cor-
responding hedging problem for the agents (retailers and producers) is given in
appendix C.1.

The ISO problem is slightly more complicated. The ISO is the ultimate
counter-party in the transmission market. For reasons of "revenue adequacy",
the ISO initially auctions FTR contracts that it restricts to be feasible for a
given network topology subject to reliability constraints?'. Also, the ISO only
trades FTRs and does not take positions in energy futures on the hub (here
node 6).

Problem 4.6. The ISO sells FTRs so as to minimize the risk measure of
its profit, subject to the N-1 simultaneous feasibility constraints?2. The ISO
problem is then stated as follows.

P = min py,(IL,)

Tso,c

~Ky <) PIDFY) T < Ko

ftr ’
Ts0,energy — 0
The complete formulation of the equilibrium is given in appendix C.2. We
prove that the set of equilibrium solutions is convex (cf. Proposition C.2). We
also describe the fixed point algorithm used to compute the equilibrium.

4.4.4 Simulation results: the liquid case

Table 4.3 reports the futures prices pfand volumes?® of the different derivatives
at equilibrium. p/ — E[pf] is the risk premium embedded in the futures price.
One first observes that the traded volume is high as energy futures traded at
node 6 amount to 82% of the expected day-ahead trade at that node. One also
observes that the contracts with the highest risk premium capture the highest
share of the market. Those contracts are both most risky in terms of pay-off
and most effective for hedging purposes.

21This is normally expressed through the "N-1" requirement that imposes that flows of
FTRs remain feasible in case of default of one equipment.

22Note that this formulation of the problem with a risk measure goes beyond the "N-
1" requirement of revenue adequacy. It is known that the revenue adequacy is not fully
guaranteed if contingencies occurs that have not been foreseen in the auction organized by
the ISO. The recourse to a risk measure and its interpretation of capital requirement allows
one to overcome that problem (assuming the TSO finds a counter party for accepting the risk
of revenue adequacy in exchange of some capital payment). We also note that the contracts
of the ISO problem guarantee the simultaneous physical feasibility of the FTRs.

23The volume refers to the total quantity of MWH sold/bought on the market.
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I [ pl | pl—Ep | Volume (MW) ||

FUTURE 6 | 53.5 0.45 564
FTR 1—6 28.9 0.58 462
FTR 2—6 27.4 0.55 696
FTR 3—6 || 25.53 0.55 359
FTR 4—6 7.59 0.46 242
FTR 5—6 1.57 -0.01 94

Table 4.3: Equilibrium prices, risk premium and volumes of the derivatives
contract

A comparison of Table 4.4 and Table 4.2 shows the benefits of the derivative
contracts for the players. Profit volatility decreases considerably compared to
the situation with a full exposition to the day-ahead market. The CVaRy59
are also closer to the expected profits than without financial market. Forward
positions dramatically reduce the risk exposure of all agents at the cost of only
a small change of expected profit. Specifically, all agents remain in business
without injection of capital. This effective impact of derivatives is illustrated in
the figure 4.5, which compares the cumulative distribution function (cdf) of the
day-ahead and hedged profits (7§ and Ilg respectively) for the retailer located
at node 6 (the hub).

= With derivatives
=== Without derivatives

Probabilities

leem” I ! L
-2000 <1000 0 1000 2000 3000
Retailer Profit (v= 8)

L
4000 5000

Figure 4.5: The cdf 24 for the retailer at node 6

24Cumulative distribution function of the profit : cdf(m,) = Prob(Il, < )
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E[IL] | voI(II,) [ —CVaRy;54(IL,)
1| 2198 | 1.8% 1517
2 | 1283 | 4.9% 1209
3 | 657 33% 329
4 | 349 17% 277
5 | 1602 | 49% 600
6 | 1890 | 48% 604
SO | 11138 | 35% 6624

Table 4.4: Statistics of the market players total profit and

These figures, which reveal an important trading volume are in line with
those precedingly obtained by various authors. Our treatment adds to that
literature by introducing a transmission market and convex risk measures that
guarantee the absence of arbitrage and hence tie in with the risk-neutral ap-
proach.

4.4.5 Simulation results : insufficient liquidity

The literature on contingent claims in electricity pays comparatively little at-
tention to the impact of illiquidity. Pricing models do not include illiquidity
as a state variable and hence cannot quantify its impact. Commodity port-
folio models sometimes explicitly include bounds to represent illiquidity but
prices remain exogenously given and independent of the positions?® [54]. This
implicitly assumes that modifying the bounds that reflect illiquidity does not
change prices, which is a logical contradiction. Equilibrium models commonly
predict high hedge ratio, even with agents with low risk aversion. For example,
Bessembinder and Lemmon [13| find optimal hedge ratios?® roughly ranging
from 0.8 to 1.2, depending on the market parameters. In Willems and Mor-
bee [116]’s computation, the total optimal number of futures goes up to 68GW
when the expected demand is only 60 GW. All studies based on this type of
methodology conclude to similar quantitative results. Producers and retailers
massively buy/sell financial contracts in order to minimize their risks. Our
model uses a different risk measure but concludes similarly (Table 4.5).

These results contradict observation as volumes such as those predicted
by equilibrium models have never been observed on any real power exchange:
illiquidity constrains agents’ strategies and makes such high hedging positions
impossible. This justifies modifying the model to explicitly insert illiquidity.

25where the latter assumption only holds in very liquid market
26the hedge ratio is the ratio between the volume of future contracts and the expected
production
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1 2 3 4 5 6
Hedge ratio | 0.92 | 0.82 | 0.26 | 0.63 | 0.6 | 1.4

Table 4.5: Market player’s future position divided by its expected day-ahead
quantity

As explained in the section 4.3.1 we represent illiquidity by upper bounds on
the volume of each traded energy contract (see equation 4.15). Because the
ISO does not trade energy, these liquidity constraints only apply to generators
and retailers.

We already mentioned that the "revenue adequacy" condition imposed by
the auction on the FTRs imposes specific liquidity constraints on the ISO.
These are expressed in the formulation of the ISO problem stated in (4.6).
But, the practice of the FTR auction in the transmission market reveals other
liquidity bounds. Indeed, besides the N — 1 rule, the ISO also restricts the
number of auctioned FTRs to some share of the total transmission capacity.
For example, New-England [see 67, p. 88-90] offers 50% of its capacity in the
annual process, while California ISO [see 22, p. 10-19] delivers up to 75 %.
Accordingly, the retailers and the generators are restricted by those bounds in
their hedging problem.

The complete formulation of the equilibrium problem, accounting for these
liquidity constraints, is given in appendix C.2. As discussed in section 3, the
solution of the model is in term of Generalized Nash Equilibrium. We compute
them using the method presented in Nabetani et al. [83] based on price-directed
parametrization. Because we are interested in assessing how illiquidity can cre-
ate inefficiencies, we randomly sample on the players shadow prices in order
to heuristically span a subset of the solution space. We compute up to 4000
equilibria for each case presented in the analysis.

4.4.6 Simulation results: the illiquid case

We set the liquidity constraints on energy futures as a fraction of the expected
total power traded in the day-ahead market. This reflects the observation that
the volume effectively traded in the market is generally lower than the one
coming out of equilibrium models. We similarly fix the liquidity constraint
on FTRs to a share of the total capacity of the transmission lines (sum of
thermal capacities over all lines of the grid). We construct a first scenario
(noted LIQgs% ), where the total futures volume at the hub cannot exceed 66%
of the expected total day-ahead energy and the FTR’s volume is limited to
100% of the total transmission capacity. We fix these bounds at 33% and 50%
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respectively for a second scenario (noted LIQ339).

LIQGG% LIQ:%:;%

pl Volume p! Volume
FUTURE 6 || [51.2,53.7] | [33,457] || [50.1,54.3] | [17, 228]
FTR 1—6 | [26.8,29.1] | [34,307] | [25.4,29.2] | [0, 28]
FTR 2—6 || [25.2,27.5] | [2,262] | [23.8,27.6] | [0, 232
FTR 3—6 || [23.3,25.8] | [21,196] | [21.9,262] | [0, 26]
FTR 4—6 [5.5,7.6] | [125,140] || [45,7.8] | [0,179]
FTR 5—6 [1.4,21] | [75,136] 0.9, 3.2] [0, 25]

Table 4.6: Computed intervals for equilibria prices and volume of derivatives
contracts)

Table 4.6 shows the range of contract prices and volumes at equilibrium.
As found in Deng et al. [38] for the FTR market, the model reveals that vol-
ume limits may cause drastic changes in the contract prices compared to the
perfectly liquid case and may even lead to equilibria with different signs of risk
premium. Tables 4.7 and 4.8 show important profit statistics in the different
equilibria. One observes that the agents’ profit can be severely impacted by
insufficient liquidity. It may even happen that some agent is excluded from
financial trading. This corresponds to the worst hedging situation. Also, as
liquidity decreases, the intervals of the CVaR759, (H) and vol (H) (and obviously
the volume) shrink to a value closer to the day-ahead. Figures of the profit
distribution in Table C.3 indicate how illiquidity impacts the profit of retailer
at the node 6.

E[IT,] vol (I1,) —CVaRy5%(1,) | Volume
1| 2116, 2226] | [1.8% , 22%] | [1509, 2160] | [1, 712]
2 || 1220, 1315] | [3.1% , 37%) | [697 , 1260] | [0, 551]
3| (628,743 | [27%,75%] | [-83,444] | [0, 656]
4 || [334,441) | [14% ,79%) | [-33,316] | [17, 363]
5 || (1583 , 1814] | [44% , 76%] 78, 711] [0, 590]
6 || (1860 , 2502] | [41% ,48%] | [599 ,1003] | [113, 677]

Table 4.7: Producers and retailers profits for LIQgs

Even though insufficient liquidity limits trading, one also observes that the
constraint expressing illiquidity of the energy futures market is not always bind-
ing. This may be surprising but is easily explainable. Indeed, the limited
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E[IL,] vol (II,,) —CVaRys59 (I,) | Volume
1| [2197,2960] | [5% , 24%] [1480 , 2775] | [0, 546]
2 || [1300, 1973] | [2% , 48%)] (614, 1905] | [0, 485]
3| [652,1173] | [37% , 76%)] [-83,418] | [0, 198]
4| [332,921] | [13%,250%] | [-145,370] | [0, 426]
5 | [1677 , 2210] | [42% , 76%)] (78 , 838 [0, 571]
6 || [1853 , 2655] | [38% ,87%] | [-308,1254] | [0, 541]

Table 4.8: Producers and retailers profits for LIQ339;

number of FTR’s prevents players from effectively hedging nodal profits, which
essentially depend on the day-ahead price that they receive at their home node
while energy futures only allow to hedge at the hub. Being unable to purchase
FTRs, they have less incentive to take futures positions at the hub. The ex-
tremely low volume of 17M W at the hub is achieved when all Northern players
are unable to buy any FTRs.

Volume FTRs || Volume Futures | p! (FUTURE 6)
960 570 (92%)%7 [52.9,53.6]
720 478 (69%) [52.9,53.7]
480 320 (56%) [52.9,53.8]
240 269 (39%) [53.5,54.0]
0 152 (22%) 54.8

Table 4.9: Induced energy futures volume for a given liquidity bound on FTRs

Table 4.9 illustrates the interdependence between the energy and transmis-
sion markets in a remarkable way, by showing the maximum (over all computed
GNEs) volume of energy futures as a function of the bound (illiquidity) on FTRs
trading. One clearly sees the energy futures positions decreasing with the lig-
uidity of the FTR market. In the extreme situation, with no FTR market, the
volume of energy futures drops to 152 MW. One also notes that the maximal
energy futures price tends to be higher. This reflects the fact that producers,
not located at the hub, demand higher expected returns on the energy futures,
as they can less perfectly hedge their profits (which highly depend on the con-
gestion costs because of the lack of FTRs).

27The percentage of volume with respect to the expected quantities contracted in the day-
ahead market
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Chapter 5

Stochastic capacity expansion
models

5.1 Introduction

Generation capacity expansion models have a long tradition in the power indus-
try. Designed as optimization problems for the regulated monopoly industry,
they can be interpreted in terms of equilibrium in a competitive environment.
This transposition is straightforward for a deterministic model representing a
risk free economy: investment and operations levels found by the optimization
model are equilibrium quantities and dual variables are equilibrium prices. The
property remains valid in a perfectly competitive economy in a risky world but
its interpretation can be much more complex.

Standard stochastic optimization capacity expansion models, minimizing
expected cost or maximizing expected profits bypass risk aversion. Their in-
terpretation as a perfectly competitive economy is similar to the one of the
deterministic model, where all agents of the economy are risk-neutral. Invest-
ment and operations levels at the optimum of the stochastic capacity expansion
model are equilibrium quantities in different states of the world. The dual vari-
ables of the model play a crucial role as they represent prices in these states
of the world. We focus on those models in the first section of this chapter and
particularly on two-stage models where uncertain parameters are modeled by
random variables. We notably show that the Lagrange multipliers of the nonan-
ticipativity constraints are the profit margins of the different technologies. We
give a procedure for estimating the distribution of these profit margins (which
allows one to compute accurately statistics of their distribution). We illustrate
our findings on a simple example. We particularly show that the uncertainty
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about wind penetration leads to high risk than cannot be hedged in an usual
manner.

In the second section we cast the standard multiperiod stochastic capacity
expansion problem in a risk measure context. The good deal introduced by
Cochrane and Saa Requejo in [31] is the chosen risk measure. We explain that
this formulation has several advantages. From the point of view of industrial
practice, Chapter 3.3 show that the good-deal can be seen as an extension of
the stochastic discount factor constructed from standard corporate finance the-
ories such as the CAPM and the APT. In term of optimization of risk measure,
the multiperiod good-deal benefits from the two very desirable properties of
coherence and time consistency. The risk measure offers also an interesting
economic interpretation and computational advantages. The multi-period ca-
pacity expansion model under Good-Deal is a second order cone program and
hence amenable to a treatment of large size.

The last section of this chapter extends the stochastic risk averse capac-
ity expansion problem to an equilibrium version, considering risk averse agent
that value their profit according to a good-deal risk measure. This extension
departs from the optimization paradigm (cost minimization) and requires a full
equilibrium model. We focus on the two-stage problem and solve the problem
for the very specific case of symmetric generators.

5.2 Stochastic capacity expansion problem

The restructuring of the electricity system provides the contextual background
of this chapter. Changes occurred in this sector from at least two sides: the
sector moved from a monopoly to a competitive regime; it also went from an
almost risk-free environment to one assailed by uncertainties from all sides. We
only treat the first problem in this section and assume that all agents are risk
neutral, or more realistically value their investment according to a common
exogenous discount factor (e.g. coming from the CAPM theory).

We adopt the following standard formulation of stochastic programs from
[104, 16] and consider a two-stage! framework where some investment decisions
x need to be made in the first stage and other operations decisions y take place
in a second stage after uncertain data & := (g, h, T, W) has been revealed. We
work on a probability space (2, F, P) equipped with a sigma algebra F and a
probability distribution P. The vector £ is a random vector whose probability
distribution P is supported on the set = C R,

LCapacity expansion problems in electricity are typically multi-stage, but for the sake of
simplification, we start with two-stage problems.
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Both z and y may be subject to stage specific constraints but the second
stage operations variables y are also constrained by investment decisions x, im-
plying a relation between x and y. Mathematically, all operations constraints
on y are expressed by the linear relations Tx + Wy = h. These relations always
embed constraints representing the satisfaction of the demand, the production
set of the generators and relations linking the operations variables y to the level
of investment z. The constraint set can also embed more general constraints as
the electric grid limited capacity due to the thermal limits of electric lines. All
parameters of the models (e.g. demand, fuel cost, availability of older power
plant) can be taken as uncertain.

Problem 5.1. The general capacity expansion problem is the following two
stage stochastic linear programming problem

min ‘'z 4+ ElQ(xz,8)]

s.t. X = {m eR"alx < b;i=1, ...,p}
Q(z,6) = minc'y
y
st. Te+Wy=h
y=>0

where the vector a; are the rows of a matrix A € R"*P and y € R™. The vector
1 is the one of annual investment costs of the different technologies computed
from overnight construction and fixed operating cost using a standard annual-
isation procedure. The vector ¢ represents the operations cost in scenario.

We start the analysis by recalling well-known results about linear two stage
problems.

Definition 5.1. Let us define the following sets that appear in the analysis.
o I(e) = {m: Whr < ¢}
o The positive hull of a matrix W is defined as:

posW := {x: x = Wy,y > 0}

o dom¢ :={x € R" : h — Tz € pos Ww.p. 1}

o D(x,&) :=arg max 7' (h—Tx)
well(c)
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The recourse cost Q(+,&) is convex in x and lower semicontinuous for ev-
ery £ € = and its differentiability structure can be described by the following
proposition.

Proposition 5.1. Suppose that for given x = z9 and £ € =, the value of
Q(xq, ) is finite. Then Q(-, &) is subdifferentiable at zy and

0Q(x0,8) = =TT D(x0,8).

One can further specialize the property of the recourse function when the
recourse is fixed, i.e. the matrix W is deterministic.

Theorem 5.1 (e.g. [16, 71]). For a stochastic program with fixed recourse
where £ has finite second moments and an absolutely continuous distribution,
the recourse function Q(x,&) is differentiable in x.

We can now formulate the optimality conditions and duality relations for
the linear two-stage capacity expansion problem.

Theorem 5.2 (from [104]). Let T be a feasible solution of the Problem 5.1.
Suppose that: (i) the matriz W is deterministic?, (ii) for a.e. c the set II(c) is
non empty, (111) the two following conditions are satisfied

Efllefll[nll} < +o0 and E[l[|[T1]] < +o0,

(iv) int dom¢ N X is non empty and (v) the matriz T is deterministic. Then
T is an optimal solution of Problem 5.1 iff there exist a measurable function
e D(x,§); and a vector X € RY. such that

TTE[r] + ATX <, (5.1)
z' (¢ = TTE[r] — ATA) = 0.

2In other words, the two-stage Problem 5.1 has fixed recourse
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5.2.1 A basic model

We elaborate on a basic model taken from [42] and [16, section 1.3]. The
industry initially invests in K different technology (e.g. nuclear, coal-fired,
CCGT,...). Each equipment k has both an investment cost i, and operat-
ing cost ¢, per MW h. The industry faces a price insensitive demand which is
described by a load duration curve® decomposed in L different time segments.
The duration of a time segment ¢ is denoted 7, and its level dy (see picture 5.1).

N

N

Demand

T

8760
Hours

Figure 5.1: Segmentation of the load duration curve

Finally, the industry has the possibility not to satisfy a demand segment at
the cost of PC. We denote the investment in capacity of technology k by xj,
its operating level in time segment ¢ by y , and the unsatisfied demand during
time segment £ by z, . All data’s in the second period are possibly random.
We denote by D = (D, ..., Dy) the random demand and C = (C4,...,Ck) the
random cost (d and ¢ denote a particular realization of those random vector).

3The load duration curve measures the number of hours per year the total load is at or
above any given level of demand (definition taken from [109])
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Problem 5.2 (The basic capacity expansion problem).

K
min ; wey + E[Q(z, D, C)]

where Q(z,d, ¢) is the optimal value of the second stage problem

. L K
duin S (S e + POx)

st. 0< ka— Yo, 0 (Tetin,e)
0< > i Yo+ 2e—de (Teme)

One recovers the interpretation of the competitive equilibrium for the op-
erations stage. Indeed, the KKT conditions of the second stage can be stated
as follows:

O<zr—yre L pre=0 (5.3)
K
0< Zyk,e +ze—dy L m >0 (5.4)
k=1
O<ecp+pre—m L yre=0 (5.5)

0<PC—-—7mp L 2z>0

Given a particular realization of the load duration curve (di,...,dr) and tech-
nology costs (cq, ..., ¢x), complementarity conditions (5.3) to (5.6) are inter-
pretable in terms of a perfect competitive equilibrium where price taking agents
face a price insensitive demand (e.g. [42] and the cited literature). It complies
with market organization of the "energy only" type (see [109, 69] and the note
in 2.2.1 for a discussion) where PC' is the Value of Lost load (VOLL), i.e. the
economic value of unsatisfied demand. The dual variable 7, is the price in time
segment ¢ and is equal to the variable cost of the marginal generating unit
or, when load is curtailed, is equal to PC. The variable py, ¢ gives the hourly
marginal value (profit) on capacity k in time segment ¢. It is nonnegative when
the capacity is saturated.

The basic Problem 5.2 has the following properties

- The corresponding matrices W and T of the problem are fixed (not ran-
dom).

- The problem has relatively complete recourse, meaning that Q(z,d,c) <
400 holds true for every z > 0, for all ¢ € C and d € D.

- The set II(c) := {r € Rﬁ,u € RffXL s < e+ preyme < PCY s
non-empty.
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- int dom¢ N X is non empty.

II(c) can be interpreted as the set of acceptable price 7 and units profit py ,
for the units. Indeed the first constraint specifies that the price 7, can not
be higher than the operating cost ¢ without making that unit profitable (i.e.
tig,e > 0). It constraints also that price to be positive and less than the price
cap PC.

The set D(z,d, c) involves the dual of the second stage problem which can
be stated as follows

Problem 5.3. For fixed x, the dual problem of the second stage of 5.2 is the
following LP problem

D(z,d,c) = argmax 25:1 Tymedy — Zszl (25:1 Tg/lk’g) Ty
;,LG]RfIfXL,ﬂ'E]RPF
s.t. Ck-l-uk,({—’ﬂ'gzo k=1,..K;/=1,....L
PC -7 >0 {=1,.. L

Proposition 5.2. Suppose that the condition (iii) of Theorem 5.2 is satisfied.
A feasible solution T is optimal iff there exist measurable functions (7, k) €
D(x, D, C) such that

L

0<aploy — Y B[] > 0. (5.7)
=1

The interpretation of condition (5.7) as investment criterion is straightfor-
ward. One invests in technology k if the investment cost 1 is compensated by
the (discounted) expected gross margin of the plant k, i.e. the marginal value
summed over the year. It reveals in a striking way the importance of the mea-
surable function py (D, C) in the investment choice. We discuss in the next
section how estimate this function accurately. Finally, as noted previously and
pointed by various authors, the whole model (i.e. the condition (5.7) combined
with the operations relations (5.3) to (5.6) ) describes a perfectly competitive
equilibrium with risk-neutral agents.

5.2.2 Nonanticipativity constraints
General discussion

The concept of nonanticipativity has been introduced since the beginning of
stochastic programming (e.g. Rockafellar and Wets [95]). It permits to gain
additional insight into the structure and properties of stochastic program but
also to develop algorithms. We recall here from [104] the fundamental analysis
of the nonanticipativity constraints and their dualizations. We thank Alexan-
der Shapiro for his additional developments that permitted us to tackle the
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problem of estimating the distribution of the Lagrange multipliers.

Consider the two-stage Problem 5.1 and write it in the following equivalent
form

min {f(z) := E[F(z, £)]} (5-8)

xERn
where F(z,¢) := 1"z + Q(z, &) + Ix and Iy is an indicator function, meaning
that :

Lo — 0 ifreX

Y7 4o ifz¢x

Note that the function 172+ Q(x, £) is a random lower semicontinuous function
and Q(+,&) is convex.

Let X be the space of measurable mappings? from Q to R™ where, for every
x € X the expectation E[F(x, )] is well defined. The dual space is denoted by®
X*. We can write the Problem 5.8 as

min E[F(x(6), ) (59)

where £ is a linear subspace of X formed by the mapping x : 2 — R™ which
are constant almost everywhere, i.e.

L:={xe€X:x(§) =z for some z € R"},

where x(§) = « holds true for a.e. £ € E. After some developments (see [104]),
the associated Lagrangian of problem (5.9) can be stated as follows :

L(x,A) = E[F(x(€),€) + (&) ()] (5.10)
This leads to the following dual of problem (5.9)

maxyex+r {D(A) :=infxex L(x,\)}

St. E[\] = 0. (5.11)

We can now state the following theorem that gives the optimality condition for
the two stage Problem 5.1.

Theorem 5.3. Suppose that X is convex and closed. There is no duality gap
between the problems (5.9) and (5.11), and both problems have optimal solutions
iff there exists T € R™ satisfying the following condition

0 € E[0,.F(z,¢)].

4We actually use X := L,(Q,F,P;R") for some p € [l,+00], i.e. the set of all F-
measurable functions ¢ :  — R™ such that [, [|¢||PdP < +oo.

5Recall that for the dual of the space X := L, (Q, F, P;R"™) for some p € [1,+o0], is the
X* = Ly(Q,F,P;R") where 1/p+1/g=1.
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In that case T is an optimal solution of the primal problem (5.9) and a mea-
surable function A(§) € 0, F (&) such that E[A] = 0 is an optimal solution of the
dual problem (5.11).

Estimation of distribution of A\(¢)

Let & € X be an optimal solution of problem (5.8). Then a measurable func-
tion A(§) € —OF(%,€) such that E[A(£)] = 0, is an optimal solution of (5.11)
(cf. Theorem 5.3). As we consider the two-stage Problem 5.1, we can further
specialize

azF(i'vg) =1+ 8IQ(i.a£) +NX(£)5

where the normal cone Ny is generated by vectors {a:}iczz) , with
I(z):={i:alz =b;i=1,.. p}

being the set of active constraints.

Suppose now that the function Q(-,z) is differentiable at = Z with prob-
ability 1, i.e. 9,Q(%,&) = {V.Q(Z,£)} is a singleton for a.e. £. This typically
happens with continuous distributions (cf. Theorem 5.1). Then Lagrange mul-
tiplier functions can be any measurable function of the form

AE) === V.Q(@,) = > vil&ai (5.12)
ieZ(z)
such that E[A(§)] = 0 and ~;(§) > 0,i € Z(Z),£ € Z. Since Q(-, &) is supposed
to be differentiable at 2 = Z, the expected function f(x) = E[/Tz + Q(z,¢)] is
also differentiable and V f(z) = Els + V,Q(Z,&)]. Consequently (cf. Theorem
5.3), by optimality of Z we have that there exists 4; > 0,7 € Z(Z), such that:

Vi@ + Y i =0. (5.13)
=)
Moreover, the multipliers 7; are defined uniquely if the vector a; i € Z(Z),
are linearly independent. In that case, combining (5.12) and (5.13), leads to
¥ = E[vi(¢)],i € Z(z). It seems to be very natural (as it directly implies
E[A(£)] = 0) to choose A(§) in (5.12) such that coefficients 7;(&) are the con-
stants in (5.13), i.e., to take

A(€) = =1 = V.Q(z,8) + Vf(z)
In order to estimate the distribution of A(§) we can proceed as follows. First
compute an estimate & € X of the optimal solution Z, by applying the SAA
method. Then generate a sample &1, ..., &V of € and set

N

V= V.Q,8)+ £ Y V0N, =1 N (5.14)
k=1
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One can then use the M, j = 1,..,N to construct an approximation of the
distribution A(§).

Remark 5.1. Unless V f(Z) = 0, there is more than one solution A(¢) satisfying
(5.12). Let ¢ be a vector such that ¢cT'a; = 0,7 € Z(z). Then ¢TI \(€) is defined
uniquely,

NE) = —clr— T'V,Q(7,€)

Estimation of the profit margins distribution for the basic stochastic
capacity expansion problem

Let us apply those results to the basic capacity expansion Problem 5.2. We
have the X = RE, F(z,d,c) = Zszl war + Q(z,d, c). The Lagrangian of the
second (operation) stage of Problem 5.2 is:

L(z,y,z,p,m) = 25:1 (Zle(ck + e — 7o) Yre + (PC — We)ze)
— S S ek 4+ Y0y Tedem

According to Proposition 5.1, we have that the subdifferential 9,Q(z,d,c) is
given by

L
0:Q(x, ¢, d) (ZT”“ e7~--,ZTeﬁK,z> ;
=1

where (1, 7) = (f(d, ¢), 7(d, ¢)) is an optimal solution of (5.3).

If the random vectors D and C' satisfy the hypothesis of Theorem 5.1, the
recourse () is differentiable. In that case, the Lagrange multipliers of nonantic-
ipativity constraints of the basic capacity expansion problem are given by

Zﬂzuke(d c ZTéﬂkZ

Combining this result with the optimality condition (5.7), one has that the La-
grange multipliers of the nonanticipativity constraint represents the net margin
of the investment for a particular realization of D and C.

To estimate the distribution of the gross margins we can proceed now as
follows. Let & be an estimate of optimal solution of the first stage Problem 5.2.
Suppose that £ > 0, i.e. all components of & are strictly positive. Generate
iid. sample d,...,dY and c!,...,c" of random vectors D and C. For z = &
and each (d,c) = (d7,¢?),7 = 1,..., N, solve the problem in Proposition 5.1.
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Let (p?,79),5 = 1,...,N be the respective optimal solutions. Then vectors
M,j=1,..., N computes as (5.14) with

L L
VZQ(i"C?,Cp) = <Z Tlﬂ‘i7g7 --'7277“%(75) ’ j = 1> 7N
(=1 (=1

can be used to construct an empirical distribution of the Lagrange multipliers
of the nonanticipativity constraints.

Remark 5.2. Adapting Remark 5.1 to the basic stochastic capacity expan-
sion problem, on deduces that Lagrange multipliers of the nonanticipativity
constraints are not uniquely defined for the components of Z equal to zeros.

5.2.3 A case study: the wind penetration
Description of the problem

We illustrate our findings on a simple example of the basic capacity expansion
problem. The simple example is meant to represent a market subject to 3
types of uncertainty, namely wind penetration, demand growth and the gas
price. We consider K = 4 capacity types: nuclear, coal, Combined Cycle Gas
Turbine (CCGT) and Open Cycle Gas turbine (OCGT). The investment costs
1 are annualized and the operating costs ¢ are derived from fuel prices, carbon
prices, the heat rate (thermal efficiency) and the carbon emission rate 7, of the
technology. The gas price is a uncertain. We model it through the random
variable &; by setting p&2° = 28¢;.

¢ = HRy, % pf“el + M X pc02

Finally we set PC to 500[€/MW].

For the sake of simplicity, we only take gas prices as uncertain. The price
of COy remains at 15[€/tonneco,| while the variable cost of nuclear unit is
set to 9[€ /M W] and to 47.48[€ /M W] for coal unit. Table 5.1 summarizes the
cost structure for the different technologies. This example is inspired by data
found in Du and Parsons [41].

Nuclear | Coal CCGT OCGT
1 [K€E/MW]| 499.3 280.3 96.36 57.8
ck: [€/MW] 9 47.48 | 1.89 x p° 4+ 6.04 | 2.91 x p&* +9.29

Table 5.1: Fixed annual cost and operation cost structure

We consider initially a load duration curve which is a straight line between

[d, d] that we decompose in L = 50 different segments, each of them of duration
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T¢ = 175.2 h. The load duration curve is impacted by the growth and the wind
penetration. Our model does not account for endogenous wind production
but we capture the effects of exogenous wind penetration by considering a
load duration curve that is only satisfied by the thermal generators (i.e. we
subtract the wind production from the load to obtain a net load satisfied by
thermal generators). The obtained load duration curve exhibits more peaky
behavior (see [1]). We accordingly stylize this finding by considering that wind
penetration impacts the slope of the load duration curve with load now varying
in the interval [d — (£ — 1)d, &2d]. The second risk factor is the global demand
growth (i.e. the area under the load duration curve). We model it by the
random variable £3 and set the total yearly demand to %(¢+8). To summarize,
for particular realizations (&2,&3), the demand d, is given by the following
expression:

dp = &ad — % B + (- 1)} ((262 — &3)d — &3d) .

We assume the following distributions® for the random variables &1, &, €3 ¢

€ ~ N(0.04;0.0009) , & ~ U(1;1.1), & ~ U(1;1.03)

Results

We solve the problem using the sample average approximation (SAA) method,
i.e. by generating an i.i.d. sample of N realizations of the vector £ := (&1, &2, &3).
We get the corresponding realizations of the demand d*, ..., d™ and cost ¢!, ...cN.
This leads to the following approximation of the "true" Problem 5.2.

N
1512151 fn(z) = szwk NE_: Qz,d, &) p . (5.15)

By the Law of Large Numbers, we know that, under some regularity conditions
fn(z) converges pointwise w.p. 1to f(z) as N — oo. Let (8%, 2*) and (Y, V)
denote the optimal value and optimal solutions of respectively the true problem
and the SAA problem. Table 5.2 reports the solution of the problem obtained
with 2000 realizations of (d, c).

6N (u,02) is a normal distribution of mean p and variance o2 and U(a, b) is the continuous
uniform distribution supported on the interval [a, b].
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Installed capacity | 2 (N=2000) [MW] |

Nuclear 4795.1
Coal 0.0
CCGT 4818.0
OCGT 901.5
| oN [G€/year] | 4655.0 |

Table 5.2: Solution of the basic stochastic capacity expansion problem

The total installed capacity is 10514.6MW and it is optimal not to invest
in coal units. The next table 5.3 shows some confidence intervals for the true
optimal solution” (we refer to chapter 4 of Shapiro et al. [104] for the statistical
inference of the SAA method). One sees that the problem was solved with
enough accuracy.

’ ‘ 0* |G€ /year] ‘
@ 95 % [ 4656.06 ,4659.94 |

@99 % | [4655.98 ,4661.67 |
@99.9 % | [ 4655.91 ,4662.29 |

Table 5.3: Confidence interval for the optimal value

Net margins distribution

Applying the procedures described previously and generating up to 30,000
scenarios, we obtain the following histogram for the distribution of the profit
margins for each installed capacity.

The distribution patterns are certainly quite unusual. They take the form of
multimodal distributions for the nuclear technology and the two other distribu-
tions do not resemble at any known distribution. Each distribution is positively
skewed indicating, for each technology, a higher probability of unprofitable in-
vestment.

One also notes that the distributions are subdivided into 4 different re-
gions (which particularly remarkable for the OCGT). Those correspond to the
number of time periods where demand is unsatisfied (e.g. the least profitable
scenario are obtained when demand is always satisfied).

"The bounds were obtained by solving M = 100 times the problem (with different real-
izations of the random vector £). The approximation of the value of f(2"V) (which differs of
6N) was obtained with 5000 scenarios.
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Frequency

0
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Figure 5.2: Histogram of the profit margins for the Nuclear technology.
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Figure 5.3: Histogram of the profit margins for the CCGT technology.

84



5.2. STOCHASTIC CAPACITY EXPANSION PROBLEM
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Figure 5.4: Histogram of the profit margins for the OCGT technology.

Prob

{#0:my=PC}=0 | 5827 %
{#:my=PC} =1 11438 %
[#0:m=PCY =2 | 1498 %
{#L:7m,=PC} =3 | 1237 %

Table 5.4: Probability of time period where demand is unsatisfied

Table 5.4 reports the probability of the period’s occurrence of unsatisfied
demand. One can interpret the high probability of curtailment as resulting
from the low price cap PC used in this example. Alternatively it can also be
interpreted as resulting from a high penetration of demand response. Load
curtailment (and the associated price jump to PC) is actually the main driving
factor of the margin. Correspondingly, the correlation coefficient between the
profit margins of different technologies is very close to one (see Table 5.5). There
is thus no diversification/hedging effect: either the demand is low and the whole
industry suffers from over-investment, or the demand is high compared to the
installed capacity and all technologies earn large profits.

CCGT | OCGT
Nuclear | 0.9736 | 0.9750
CCGT - 0.9979

Table 5.5: Correlation coefficient of marginal profits
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As mentioned before, wind penetration acts both on the global demand
level and on the shape of the load duration curve. We highlight the fact that
uncertainty on the shape of the curve induces new risks that are particularly
important. In order to see this consider the two problems respectively labelled
"wind" and "growth" cases where & and &3 are the sole random variables and
the other risk factors are taken at their average. The optimal investment levels

are given in Table 5.6.

[ Installed capacity [ 2V [MW] "Wind" | &~ [MW] "Growth" |

Nuclear
Coal
CCGT

4797.7
0.0
4811.0

5048.1
0.0
4269.5

Table 5.6: Solution of the basic stochastic capacity expansion problem :

"Wind" and "Growth" cases.
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The investment profile differs between the two cases. Clearly, in the "wind"
case it is optimal to invest more in "peak" (less capital incentives) units. The
corresponding histograms of net margins are given in Figures 5.5, 5.6 and 5.7.

Frequency

14000 T T
N ' Growth"
- "Wind"
12000 -
10000 b
8000 b
6000 1
4000 b
2000
! I I | || | 1
-100 -50 0 50 100 150

Figure 5.5: Nuclear technology ("Wind" and

87
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Figure 5.6: CCGT technology ("Wind" and "Growth" cases).
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Figure 5.7: OCGT technology ("Wind" and "Growth" case).
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One also sees that the margin distribution in the "Wind" case involves
more scenarios with negative profit. To measure and compare the risks, we
show for each technology in Table 5.7 the CVaR3p¢ of the profit margins and
their standard deviation o for the different cases.

] ‘ 3 uncertainties ‘ "Growth" ‘ "Wind" ‘
Nuclear : - CVaRjzq9 43.75 10.63 44.07
-0 74.25 35.22 73.78
CCGT : - CVaR3yy 50.70 8.68 51.63
-0 85.73 33.6 86.82
OCGT : - CVaRgzqgy, 46.05 7.71 46.99
-0 70T 31.14 78.74

Table 5.7: CVaRgzq¢, [k€/MW] and standard deviation o [k€ /MW] of the profit
margins

In case of risk aversion (which was not assumed in this section), uncertainty
about future wind penetration clearly exacerbates the need of capital require-
ment of an investment (here measured by the CVaR). Those figures motivate
the next two sections where we consider risk aversion in the analysis.
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5.3 Risk averse stochastic capacity expansion

This section discusses risk averse optimization capacity expansion models in an
environment affected by different uncertainties. It is well known that the NPVs
of nuclear, coal, or gas plants drastically change with the discount rate adopted
in a capacity expansion problem. The discount factor, which is directly derived
from considerations of cost of equity and debt is a crucial and commonly used
parameter in investment evaluation in general and capacity expansion models
in particular. We rather use here the modern approach of risk averse stochastic
optimization based on risk measures. We particularly focus on the good-deal
risk measure (presented in Chapter 3.3) which can be interpreted in corpo-
rate finance terms. Also this risk measure is both time consistent and exhibits
more satisfactory hedging behavior than the CVaR. Indeed, even though the
CVaR is gaining in popularity as a risk measure that overcomes some defects
of the well-established VaR, it still suffers from some drawbacks. One is that
it is not time consistent® in the sense of Artzner et al. [7] , the other is that
it may induce inappropriate hedging behaviors as pointed out in Eisenberg [44].

Throughout this section, we work on a finite probability space (0, P), i.e.
we only consider random variable with finite distribution. A scenario is denoted
by w and its probability by prob(w). We recall in the next subsection the move
from a risk neutral optimization to a risk averse formulation with a good-deal
risk measure and its interpretation in terms of discount factor.

5.3.1 Stochastic discount factor

The Problem 5.1 is formulated by assuming an exogenous discount factor (e.g.
coming from the CAPM theory). The question of the appropriate discounting
of E[Q(z,w)] or equivalently of the computation of the annual investment cost
is minor from a stochastic programming point of view, but quite relevant in
capacity expansion whether formulated as optimization or equilibrium mod-
els. As a first departure from the standard analysis, we modify the objective
function in Problem 5.1 into
min "z + E[¢(w)Q(z,w)]. (5.16)
zeEX
This expression can be interpreted as follows. We still value every asset in
terms of zero-coupon bonds®. The vector ¢ of annualized cost is thus computed

80ne can easily get a time consistent problem by taking a nested formulation, but at the
price of loosing the traditional interpretation of the CVaR.

9We choose zero coupon bond with maturity T, the final time of the capacity expansion
problem. The price of a bond at time ¢ is given by the random variable P; 7, where Pr 1 = 1,
that is, the bond is default free. As noted in Artzner et al. [8], it is only after this choice of
numéraire, that risk measure can be qualified as monetary.
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from the overnight investment cost using the risk free rate Rf. The variable
((w) is a stochastic vector that satisfies E[((w)] = 1. All other elements of
the problem (5.1) remain unchanged. The stochastic vector {(w) is referred to
either a state price or a stochastic discount rate. Models of type (5.16) allow
one to deal with CAPM or APT formulations by choosing a stochastic discount
factor compatible with these theories (Ehrenmann and Smeers [42]) .

As a further step in the analysis, we suppose that ((w) takes its values in a
convex set of probabilities i and replace the expression (5.16) by

;Iéi;(lZTl‘ —O—Igleazch[C(w)Q(:r,w)] (5.17)

Denoting Q(z,w) as -Z(w), the expression introduces a new function p(Z) of
the type
p(7) = max B[ ~C()Z(@)]. (5.18)

In the context of the quantification of the risk of financial positions, p(Z)
is referred to as a static coherent risk measure (cf. Chapter 3). Stochastic
optimization models with risk measures of the form

min"z + p (Q(x,w)), (5.19)

have been extensively treated in [104]. An extension of this notion to an equi-
librium model of the investment capacity type can be found in Ehrenmann and
Smeers [42].

This section deals with problem (5.19) with a particular focus on the good
deal risk measure introduced in the Section 3.3 of this thesis. We can re-
formulate (5.19) as a full minimization by using the dual formulation of the
good-deal measure. The good-deal capacity expansion problem can be restated
as the following conic two stages problem:

[

: T T
xrenjcnw 1T+ W f0+E[Q(CL’7W7w)] ) (5.20)

where Q(z,w,w) is the optimal value of the second stage problem

Q(z,w,w) = min A%
Yw Nw
st flow+ne > cly (5.21)

Woy=hy —Tuy; y=>0

Remember from Section 3.3.1 that the good-deal risk measure involves a hedg-
ing portfolio composed of i € I assets. The variable vector w is composed of
the weights of the assets in the portfolio, the vector f; is formed by the assets
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prices at t = 0 (fo € RHI = (fo,i)ier) and the vector fi,, is the assets prices
realization at scenario w. We also show in the previous section that the assets
play a role analogous to the risk factors in the standard CAPM or APT models.
The variable n(w) represents the deviation and is positive if the portfolio in the
scenario w gives a smaller cash-flow than the operating cost cLy,,. It thus badly
hedges the possible loss. The capital requirement for investing is then equal to
the investment cost +7x plus the capital requirement of the portfolio (its cost)
and plus a measure of the under-performance equal to (E[n%])z.

5.3.2 The multiperiod problem

These notions extend to the multiperiod capacity expansion problem. Let
(Q, F, P) be a probability space equipped with a filtration (F;)e1,... v (i.e a
sequence of increasingly refined algebras of subsets of €2). Because investment
and operations variables occur in each period, they can no longer be associated
to specific stages as in the two stage model (respectively investment in stage
0 and operations in stage 1). To simplify notation, we collect the investment
vector x4, the total installed capacity k; and the operations variable y; in a
vector uy = (xy, ki, y:) for each t. The value taken by u; is a function of the
available information (i.e. fuels and investment cost, load level,...) up to time
t. In other words wu; is F; measurable.

Because operations variables y; are now constrained by the total capac-
ity k;, we modify the stage specific constraints so that they relate y; and k.
This total installed capacity is obtained by the following recursive formula
ki = ki—1 + x1—1. The time t contribution to the objective function and con-
straint of the problem are as follows:

gt (ug,w) = ¢ (W) e (w) + u(w) 2 (w)
ke(w) = ke—1(w) + -1 (w) (5.22)
_ Ty € Xy
ur € Xt (u-1(w),w) = T whi—1(w) + Wi(w)ye(w) = hi(w)
yr(w) >0

The expression is slightly different in stage 1, which only involves the in-
vestment variables, i.e. gi(u1) = I'z; as no investment has been committed
before (k1 = 0). The situation is again different in the final stage, which only
involves operations costs, therefore leading to gr(ur(w),w) = c(w)tzr(w).

Applying the multi-period good-deal measure to our problem, the multi-
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period risk averse capacity expansion problem can be stated as

. GD .
Jnin g1 (u1) + P37, [W(w)égf(uw) g2(uz(w),w) + ...

071 | inf g1 (ur(w), w)]] (5.23)

ur (w)Ext (ur—1(w),w)

This recursive derivation leads to a time consistent risk averse multistage stochas-
tic programming [103]. Also, due to the good-deal characteristics, the multi-
stage model can be reformulated a single static optimization model that can be
submitted to a general-purpose code. Second the multistage and single stage
problem can both be interpreted in terms of optimal hedging in incomplete
markets. In order to see this consider first a restatement of (5.23) obtained by
recursively calling upon the dual formulation of the Good-Deal. This leads to
the problem:

min gy (u1) + ffwy + AE[’?%‘}H]%
u,w,n

st u € x1,w(w) € xe(um1(w),w),t=2,...,T (5.24)
fe(@) (wimi (@) = wi (@) + e (w).-..
> ge(ur(w), w) + AE[ne11(w)?| F]
The obtained problem is a SOCP and hence amenable to a treatment of very

large size (using interior point method). One can also see that the obtained
model takes the form of a dynamic hedging problem in an incomplete market.

[N

5.3.3 Stylized example

Our model was developed as an approach to overcome shortcomings arising from
the use of standard stochastic programming models in real industrial conditions.
We argued in the introduction that multistage stochastic planning models have
a natural interpretation of competitive markets. These models, while affected
by usual numerical difficulties due to their size, also raise their own problems
when used in this economic context. They rely on risk-adjusted discount rates
that are difficult to estimate these days because of rapidly changing economic
conditions. Standard stochastic programming models also reveals plants with
quite different risk exposures that investors maybe reluctant to value on the sole
basis of expectation. The Good Deal function remedies those two difficulties.
It bypasses the question of the risk adjusted discount rate by using a pricing
kernel that prices the free asset (E[¢] = 1 in (5.16)). It also allows investors
to directly insert a market interpretable parameter of risk aversion (the Sharpe
ratio) in the evaluation of their plants. The full implementation of this type of
model in an industrial context is a subject for further work!'°.

10We believe that it overcomes two major difficulties encountered with existing stochastic
programming models.
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We rather illustrate the approach on a simple generation capacity expansion
problem with two risks factors, namely demand growth and gas price. The
problem is inspired by [43]. Consider a 3-stage scenario tree representing the
evolution of the corresponding data process. Stage (time) ¢ = 0 consists of a
single root node denoted wy. Stage ¢t = 1 comprises 25 nodes corresponding to
different realizations of the demand and gas price. Each of them is connected to
the root node. We have 625 different scenarios at stage t = 2. A generic node
is denoted wy at stage t = 1 and ws at ¢ = 2. Each node w; has 25 successors
nodes. We denote 2; the set of all possible nodes at stage t.

=0 t=1 =2

Figure 5.8: The tree representation

Because we are dealing with an investment problem, these periods are mul-
tiyear and can be interpreted as five years long. Multiyear periods imply some
discount technicalities in the calculation of investment and operating costs.
These are standard and not discussed here.

The industry initially invests at stage ¢ = 0. Depending on the realization
of data at t = 1, the industry operates those capacities and possibly reinvests
in new ones. Finally, at ¢ = 2, the industry operates the total capacity in-
stalled according to the realization of demand and gas prices. The number
K of capacity types consists of Coal, Combined Cycle Gas Turbine (CCGT)
and Open Cycle Gas Turbine (OCGT). Each equipment has both an invest-
ment cost and operating cost. The investment costs are annualized costs in
thousand euro per MW that affect existing capacities in each year of a period.
They are computed from overnight construction and fixed operating cost using
a standard annualisation procedure (see Table 5.12). The operating costs are
derived from fuel prices and the heat rate (thermal efficiency) of the technol-

ogy: ¢t p(wy) = HR(K) x pf*®(w;). For the sake of simplicity we assume that
94



5.3. RISK AVERSE STOCHASTIC CAPACITY EXPANSION

the price of the coal remains constant at 12 € /MWy, and do not consider CO4
regulation or emission market.

Coal | CCGT | OCGT
1(k): Investment cost [k€/MW] | 160 80 60
HR(k): Heat rate MWy, /Mw]| | 278 | 1.80 | 2.91

Table 5.8: Fixed annual cost and heat rate

Demand is price insensitive and described by a load duration curve decom-
posed in L different time segments as depicted in Figure 1. The shape of the
load duration curve is given in a reference scenario noted dg. Table 5.9 reports
the decomposition of this reference load duration curve in time segments of
duration 7, and level dg ¢.

I Lo L3 by | U5 | Lg
dp: demand [GW]| 86 83 80 | 60 | 40 | 20
7: duration [k hours|] | 0.01 | 0.04 | 0.31 | 44| 3 | 1

Table 5.9: Reference load duration curve

The evolution of demand is random. We model this risk factor in stage t = 1
through 5 different scenarios determined by the growth « of the load duration
curve'': dy g(w1) = ai(w1) x doe. The load duration curve at stage t = 2 is
similarly obtained using the same stochastic growth rate a and the realization
of the load duration curve at ¢t =1 : dg ¢(w2) = a(ws) X di ¢(w1). Table 5.11
represents the different scenarios and their probabilities for the demand growth
rate .

a: demand growth | - 5% | 0% 5% | 10% | 15%
Probability 10% | 15% | 30 % | 25 % | 20 %

Table 5.10: Demand growth

Demand growth in Table 5.11 is stated for five years periods. The corre-
sponding annual growth rate therefore ranges from less than —1% to less than
+3%.

11'We assume that all demand blocks varies with the same growth rate «
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The price of the gas fuel is the second source of uncertainty. It impacts
the operations cost of the CCGT and OCGT technologies. Similarly to the
load, we model the gas evolution by assuming a random growth rate 5. The
reference gas price is set at 14 € /MWyy,. The two growth rates are stochastically
independent, generating 25 scenarios at the stage ¢ = 1 and 625 scenarios at
t = 2. Again one should interpret these growth rates as referring to five year
periods.

B: Gas price growth | 0% | 12% | 24% | 36% | 48%
Probability 10% | 40% | 20 % | 20 % | 10 %

Table 5.11: Gas price growth

We introduce the following notation: zj(w;) is the capacity (in MW) of
technology k in stage t; this capacity is operated at level y; . ¢(w;) (in MW)
in time segment ¢. The variable PC can be interpreted as the Value of Lost
Load (VOLL), that is, the economic value ( set to 500 € /MWh) of unsatisfied
electricity demand. The VOLL notion has been around since several decades
but has so far escaped any precise evaluation. 500 € /MWh is definitively a low
value inspired by regulation concerns. It does not provide a sufficient incentive
to invest. We accordingly introduce z; ¢(w;), the unsatisfied demand in demand
segment ¢ (in MW) in time ¢ for scenario w; and demand segment £.

Finally we assume a risk free rate R/ equal to 1.02 and set the scalar A to
V1.5 in the good-deal risk measure. The model (5.24) adapted to this simpli-
fied example leads to the following conic problem.
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ol

min Zz(k)xo,k(wo) + 1wo(wo) + AE[n1 (w1)?|Fo]

w4
st zor(wo) >0 ;5 @ p(wr) > zo(k,wo)

Yeke(we) 20 5 zpe(we) >0 t=1,2
Tr—1 gk (We—1) > Yo k,e(we) t=1,2
Z Yeko(we) + 2z p(we) —dep(we) >0 t=1,2
keK
(Rf)(wo(wo) — wi(wi)) +m(wr) > ... (5.25)
L

> o (Z c1,k(w1)y1,k,e(w1) + PC zl,l(wl))
£=1 k=1

+ 3w (wi) + AE[na(ws)?|F1) 2
k=1

(Ry)*wi(w1) 4+ m2(w2) > ...
L

K
Z Te (Z 2.k (w2)y2 k.0 (w) + PC zz,g(w2)>
=1

(=1

Problem (5.25) has 16354 variables. The expressions E[n?,; (w)|F;] define a
total of 26 Lorentz cones, each of dimension 25. We solve the problem using
yalmip [77] and the MOSEK solver. The solver running time is approximatively
3 seconds.

Simulation results

The following table reports the investments in the different types of plants in
stage 0 (operated in stage 1 and 2) and the expected investment in stage 1
(operated in stage 2). Recall that there is no initial exogenous capacity in this
model and hence that investment in ¢ = 0 have to make up for the bulk of d;.
The industry invests principally in coal and OCGT technologies, mainly due to
the "peaky" characteristic of the load duration curve (interpreted as resulting
from a significant wind penetration).

As expected the investment in stage ¢ = 1 strongly depends on the real-
ization of the demand growth and the gas price. The total level of investment
is more impacted by demand growth and the optimal technology mix depends
more on the gas price. This is highlighted in Figure 5.9 and 5.10 showing the

97



CHAPTER 5. STOCHASTIC CAPACITY EXPANSION MODELS

Investment [GW] | Coal | CCGT | OCGT
Jio(k}., wo) 66 3 23

Table 5.12: Investment

investment in £ = 1 in Coal and CCGT. These are standard stochastic pro-
gramming phenomena.

Investement in coal [GW

14 ¢

—_—
]
T

—_—
=
T

a=15%

a=10%

o= 0°/q

24 26 28

30

32

Gas price [eur/MWth]

Figure 5.9: Investment in Coal at t =1
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Investement in CCGT [GW

24 26 28 30 32 34 36
Gas price [eur/MWth]

Figure 5.10: Investment in CCGT at ¢t = 1

Less standard, Table 5.13 shows the optimal mix of technology at t = 0
varying with the risk aversion parameter A. The more the industry is risk
averse, the more it invests in capacities and also neglects the CCGT technol-
ogy. The higher investment is meant to avoid curtailments and hence VOLL
costs. The second effect is intended to avoid a lower utilization of relatively
high capital investment plants (CCGT) when demand is low.

A=1.05 | A=1.22 | A=2.23
Coal 63 65 69
CCGT 6 3 0
OCGT 19 23 23

Table 5.13: Initial investment (¢ = 0) for different sharpe ratio
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5.4 Stochastic capacity expansion equilibrium

A theoretically convenient way to represent a perfect competition equilibrium
under uncertainty is to consider an economy that trades all risks at some price.
Risk trading takes place through so called Arrow Debreu securities that pay one
currency unit in a given state of the world and zero otherwise. The price of risk
is found as the price of these Arrow Debreu securities at equilibrium. Apply-
ing this concept to standard stochastic programming implies that exogenously
given probabilities of the stochastic capacity expansion model are exogenously
given risk neutral probabilities or alternatively, prices of those Arrow Debreu
securities that are not represented explicitly in the model. A stochastic ca-
pacity expansion model can thus be interpreted as a partial equilibrium model
where the price of risk is given. While partial equilibrium models are common
in practice, this one embeds an internal contradiction: it determines endoge-
nous electricity prices but considers that the probability of occurrence of these
prices is exogenously given. The easy interpretation of the model and the im-
plicit contradiction that it contains disappear when one dispenses with risk
neutral agents, as one may wish to do in the very risky environment where
utilities are operating today. The risk neutral probabilities are no longer given
to the models as exogenous probabilities of the stochastic capacity expansion
model; in contrast their derivation should be made part of the problem.

Ehrenmann and Smeers [42] address that problem that they cast in the
context of stochastic discount rates (see e.g. Cochrane [29] for the concept)
where risk neutral probabilities are made endogenous to the problem. They
consider two different cases. One assumes a stochastic discount factor that is
linear in some risk factors. This is a reinterpretation of the standard CAPM or
APT methodologies of corporate finance. We study this case in the following
section by representing the behavior of agents with respect to risk through the
good-deal risk measure. This extension however departs from the optimization
paradigm (cost minimization) and requires a full equilibrium model. The work
is related to [42, 43] where the authors represent the behavior of agents with
respect to idiosyncratic risk through CVaRs. Also Ralph and Smeers [92] con-
sider a CVaR based capacity expansion model of the optimization type and
elaborate on its interpretation in terms of equilibrium in physical and financial
assets.

5.4.1 The general two stage equilibrium

We work on a probability space (€2, F, P) with a finite number of scenario 2.
We denote by w and prob(w) a scenario and its probability. We adapt the basic
capacity expansion problem to a two stage equilibrium problem. There are N
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risk averse players on the market aiming to minimize the capital requirement
of their investment. They are price taker and valuate the capital requirement
according to a risk measure p,. At the first stage t = 0, each player v invests
an amount z¥ := (xZ)le in K different technologies, and operates its plants
at level y ,(w) after the scenario w (and so the operating cost cj(w) and price
m¢(w)) has been revealed. Define the following vectors :

o x¥ = (2¥)K | € RE ie. the investments of all players in the different
technologies
K,L,|Q|
o yY = (y%ﬂw)) € REXLxIQl ¢ the productions of the units
' k=1,0=1,w=1

for all the players (for the different load time segment and realization of
w).

o W= (W(W))ZL:JSL:l € RLXI9 e, the electricity prices for the different

load time segment and realization of w.

od:= (d@(w))ﬂﬂuzl e REXI2 e, the demand parameter for the different
load time segment and realization of w.

Problem 5.4 (Player’s investment problem). A risk averse player v chooses
its optimal level of investment x” and its production y” by solving

PY(m) = H,ljlanmu + py (I, (%Y, 7))

where II,, is the optimal players profit at the second stage and

L K
I, (%7, m(w)) = m;LXZZTwZ,z(w) (me(w) = ex(w))
=1k=1
s.t. 0 <yy,(w) <af

We are now ready to give the definition of the competitive stochastic capac-
ity expansion equilibrium problem with risk averse agents facing a stochastic
price insensitive demand d.

Definition 5.2. An investment plan (x“*),—;, generations (y”*))_; and a

price vector w* constitute a perfect competitive equilibrium in a market with
a price insensitive demand if :

Uk

(i) For every player v = 1,..., N, (x***,y”*) is an optimal solution of P”(7*)

(ii) For each scenario w € €, and each demand segment ¢ = 1,..., L, the
following market clearing conditions hold:

0<mi(w) L Yoly Yoy vrs (@) + 2e(w) — de(w) > 0
0<z(w) L PC—-mj(w)>0
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Remark 5.3. As usual in equilibrium analysis, the corresponding Nash game
is obtained by replacing the market clearing conditions by introducing a market
agent, who minimizes the excess demand :

L K,N
min Y mw) | de(w) = Y (W)
weN =1 k=1,v=1

st. 0<m(w) < PC

5.4.2 Investment valuation using good-deal

When the player optimizes the good-deal of its profit, its investment problem
becomes the following SOCP.

Problem 5.5. [Investment good-deal valuation| A player v valuing its invest-
ment according to the good-deal measure, chooses its investment x” and pro-
duction y” so as to solve

Pép(m)=  min A7 (El(n")?)* +17x" — fIw”
s.t. 0< yz,z(w)
Yio(w) <y (ki (W)
L K
(W) =Y i (er(w) = me(w)) yh (@) + L ww”  (6¥(w))
=1 k=1

The KKT conditions of the optimization Problem 5.5, in their nonlinear
complementarity form (i.e. considering only R’ cone), are the following :

foi=>_ ¢"(w)fri(w)
weN

V() — AProbLn (W)
() (E[(n*)?))2

L
O<azf L u— ¢'(w) (Z Téﬂk,e(w)) >0
=1

weN

L K
0<¢"(w) L 77(w) =D mlen(w) = me(w)) gk o(w) = fi (@)w” =0
t=1k=1
0< y}éj(w) 1L ep(w) — me(w) + pi,e(w) >0
(5.26)
Taking into account the conic structure of the problem, we present in appendix
the KKT conditions written in a conic form (cf. Problem D.1) and give the
corresponding generalized complementarity problem’s formulation (cf. Prob-
lem D.3).
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When players value their investment according to the good-deal measure, a
tuple ((x**))_, (y**)?_,, ") constitute a competitive equilibrium (definition
5.2) iff

(i) For every player v = 1,..., N, ((x**)I_, (y**))_,,7*) solve the com-
plementarity conditions 5.26 (or equivalently Problem D.1 or Problem
D.3

(ii) For each scenario w € €, and each demand segment ¢ = 1,..., L, the
market clearing conditions hold.

We give in appendix the formulation of the equilibrium problem in term of a
variational inequalities problem, denoted as VI(F, K). The obtained mapping
is not monotone and the set is not compact. Accordingly, we do not have any
results about the existence of solution [59]. The problem is computationally
hard to solve. Its size depends on the number of scenarios (which is large
for any reasonable application), and efficient algorithm for solving VI requires
monotonicity.

The symmetric case

In order to make the problem tractable, we assume in this section that the
players are symmetric, i.e. they value their investment according to the same
risk measure and they all invest an equal amounts of the total investment. In
that case, (x”,y", u”,w”,n", ¢") are equal among all v = 1,..., N. Also, as the
good-deal risk measure is coherent, the variable ¢” do not depend on the num-
ber of players'? The total investment level do not thus depends on the number
of player. We describe in the Appendix 5.2 a simple heuristic that permit us
to obtain a solution.

We illustrate this discussion on a finite version of the example described in
Section 5.2.3, i.e. we consider 1500 scenarios with equal probability, obtained
by sampling the random variable £ := (£1,&2,&3). We take the risk-free asset
as factor in the good-deal measure (cf. chapter 3.3.3). Table 5.14 displays the
installed capacity for different risk aversion parameter A.

The more the players are risk averse, the less they invest and the more
those investments are profitable (cf. Table 5.15). When comparing those re-
sults with the risk-neutral case 5.2, one observes that players invest less in the
CCGT and OCGT technologies. Those result are in line with the statistics of

12Indeed, if II denote the total profit of the industry, the good deal measure of the profit,
for agent v, is given by
II 1
GD GD
Pv (N) = pr (H)
The probability measure ¢¥ € MSP | characterizing the good-deal measure, does not depend
thus on the number of players (because of the positive homogeneity).
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| Installed capacity [MW] | A=1.22 | A=18 [ A=25 |

Nuclear 4933.4 5046.5 | 5080.0
CCGT 4539.9 4314.3 | 4240.6
OCGT 769.7 670.8 649.3
27,421 Tk 10,243.0 | 10,031.6 | 9969.9

Table 5.14: Total installed capacity

the margin profit in Table 5.7. The generation is now less risky and, the capital
requirement measured by a CVaRgzqy is now negative.

] | A=1.22 [ A=1.8 | A=25 |

Nuclear : - E 83.0 175.6 210.6
- CVaRspy | -18.46 | -108.4 | -144.34
-0 145 221.1 249
| CCGT:-E | 92.11 | 192.7 | 230.28 |
- CVaR3py | -21.65 | -119.8 | -158.8
-0 161 242.6 272.2
| OCGT:-E | 86 | 181.5 | 217.26 |
- CVaR3p -19.9 -112.8 | -149.8
-0 150 228.5 256.9

Table 5.15: Esperance[k€ /MW] , CVaRzqy, [k€/MW] and standard deviation
o [k€/MW] of the profit margins for different risk aversion parameter A

We display the histogram of the net margin for each technology in figures
5.11, 5.12 and 5.13.
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Figure 5.11: Profit margins for the Nuclear technology (A=1.8)
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Figure 5.12: Profit margins for the CCGT technology (A=1.8)
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Figure 5.13: Profit margins for the OCGT technology (A=1.8)
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Chapter 6

Conclusion

Summary and Further research

We present in chapter 2 a new model for pricing power futures. It is based
on the main fundamental factors driving electricity generation. We assume a
perfectly competitive market and perfectly dispatchable generators. In that
case the price of electricity is given by the marginal cost of producing the
last unit of power. The main factors driving this short run marginal cost are
the demand, the fuel prices and the carbon price in European countries. We
extend the Pirrong-Jermakyan framework to all those variables and finally get
a partial differential equation that any power contingent claim must satisfy.
Examining the special structure of marginal cost, we simplify this equation for
the futures valuation problem in order to make it computationally tractable.
Also, as demand is not a traded asset, this valuation problem contains a market
price of risk that has to be estimated from market data. We test the model
and extract the market price of risk of BaseLoad and PeakLoad contracts on
the German market for June and September 2008. We find that the modeled
prices fit market data quite well and that the marginal cost hypothesis can well
reproduce the power futures dynamics resulting from fuel and carbon prices.
Nevertheless, we observe two different market prices of risk for Baseload and
Peakload. The market price of risk is significant for PeakLoad contracts but
is almost non-existent for Baseload contracts. A possible explanation of this
contradiction can be found in the computation of the marginal cost that links
the state variables to electricity prices. Indeed we have evidence that spot
prices can somewhat differ from computed marginal costs. The reason for this
is that we are neglecting important constraints of electricity generation, like
minimum output and start-up cost. From a practical point of view, a possible
way to obtain a better fit to observed prices is to use the following spot price
model from Langregé, Campi, and Aid [76].
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CONCLUSION

S = g(KM™ — Q,)MC(Qy, f7, f£, F£?)

where K" is the total available capacity and the term (K["®* — Q;) represents
the margin capacity of the system. The function g measure the scarcity of the
system and is a bounded real-valued given by

. «
g(l’) = min (Ma ;) H{ac>0} + Mﬂ{xgo}

The authors [76] give a clear methodology to estimate this scarcity function
and obtain better fit to historical spot prices. Note that including this scarcity
function will only change the initial condition in the PDE and the model will
still be computationally tractable. For a fundamental point of view, adding
a better representation of the generators cost function is difficult because it
makes the unit commitment problem harder to solve, and, more importantly,
because it is not anymore possible to define an equilibrium price vector. Future
work could also try to incorporate the discrete nature of the unit commitment
in order to improve the matching between computed and observed spot prices.
In this perspective, pricing schemes presented by Gribik, Hogan, and Pope [57]
seem a good starting point.

In chapter 3, we recall briefly the basic theory of risk measure in a finite
probability space which is used in the two following chapter. We present in this
chapter the good-deal, a risk measure introduced by Cochrane and Saa-Requejo
[31]. We discuss its attractiveness and derive its dual representation which is
interpretable in terms of portfolio replication. Further work should extend the
work to a general probability space (€2, F, P) and continuous random variables.

The chapter 4 studies the impact of insufficient liquidity in financial energy
and transmission markets on the pricing of these financial products through
an equilibrium model. The analysis is inspired by the empirical findings of
[107, 3, 38]. We model both liquid and illiquid markets, the former as a com-
petitive equilibrium (equivalent to a Nash equilibrium), the latter as a social
equilibrium (equivalent to a Generalized Nash Equilibrium problem). Taking
up the liquid market first we show that equilibrium models without speculators
may leave residual arbitrage opportunities. The reason is technical and due to
the modeling of the players risk aversion by non-convex risk measures. The
no arbitrage property can be restored either by modeling risk aversion by con-
vex risk measures, or more traditionally by allowing speculators in the market.
Considering illiquid markets we show that arbitrage opportunities may remain
even with convex risk measures and with speculators: these are intrinsic to
illiquidity and correspond to a market failure. An important consequence of
illiquidity is that there exist several equilibria in the market. Computing a
large panel of equilibria, we show that insufficient liquidity can dramatically
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impact the distribution of agents profits and that the risk premium may dras-
tically increase in illiquid markets. We also detect that an illiquid FTR market
can notably impact the financial energy market: lack of hedging possibilities
on transmission may render energy hedging ineffective . Through this study,
we rely on a definition of illiquidity based on the volume. We leave to future
research to explore the impact of other measures such as the bid-ask spread on
the equilibrium.

The last chapter performs some risk analysis of investment in generation ca-
pacity expansion models. The first part of the chapter is dedicated to stochastic
capacity expansion models which are interpretable in terms of a perfectly com-
petitive economy with risk-neutral agents. We give a procedure to estimate the
distribution of the Lagrange multipliers of the nonanticipativity constraints. In
a restructured electricity markets operating under perfect competition, those
are the profit margins of the investments. In the second part of this chapter, we
cast the standard multiperiod capacity expansion planning in a risk measure
context. The good deal introduced in chapter 3 is the chosen risk measure. We
explain that this formulation has several advantages. From the point of view
of industrial practice, the good-deal can be seen as an extension of the stochas-
tic discount factor constructed from standard corporate finance theories. In
term of optimization of risk measure, the multiperiod good-deal benefits from
the two very desirable properties of coherence and time consistency. The risk
measure has also economic interpretation and computational advantages. The
multi-period capacity expansion model under good-deal is a SOCP and hence
amenable to a treatment of very large size. From an economic point of view,
one can interpret the dual of the capacity expansion model in terms of portfolio
replication in an incomplete market. In the last part of the chapter, we briefly
present a full equilibrium model of generation capacity expansion where agents
are risk averse and value their investments according to the good-deal. We give
a heuristic for solving the simple symmetric case. Further work should involve
more general cases and extend the work to a multiperiod equilibrium.
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Appendix A

A.1 The functions H in the Futures valuation
PDE

We develop in this appendix how to obtain the partial differential equation
(2.20) on the function g. We compute all the term of the initial PDE on F
(2.13) by using the decomposition:

Ft,T = g(tha ’Vt) ( tc,r + CCfgoz)

Let us first compute the different derivatives of F in terms of g , v and (. The
first derivative of F with respect to the fuels and carbon prices are given by

OF  9(f+cf)g

afs) a(f9) 99 o
= (fe+cf9) oy 0f9
Jg
D+ e
OF O +ef"2)yg
o) o(f°) (A1)
dg
=9 - 787
y
OF  O(f+cf9)g
a(feoz) a(feO2)
= c.g + {egf® = cf?) O

(fe+ccfCO2) 0y
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The second derivatives are given by

PF Dy 1
A(f9)? OV (fe+cefC02)
0*F _0g Oy dg Oy

afey o) oy ofo)

5 0%g 1
A el =
O*F = ¢, (Cgf - Cch) —c, (Cgfc - Ccfg) 67
ofeo)? % (ot cefC0)" " (fot ccfO02)° O
(Cgf - Ccfg) 82
e+ eaf 00y 972
The cross derivatives of F' = ( fe+cof CO?) g are given by
9*F T ]
AFIF) a0 92
71? =c (1 - @’y) 71 8729
8(f9) (f60) TN e (e e f992) Oy (A.3)
PF dg Oy 9y g '

A(f)D(fO02) 0y 0(fCO) — 8(f90) ay
B 02 g | e ) 1
’YB'YQCQ( cgry (fc+cchOQ)

The derivatives with respect to the logarithm of the load ¢ are given by:

oF 0
— = (f+cf99) 29
da 9%
FE - co.\ 979
92 (f +cof ) 92
O*F 9% (A1)
dq0(f9) 0q0y '
PF o9 9%
dq0(f°) dq ' 9q0y
O*F dg 0%g

T e (1
000770~ “aq W% 900y
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This leads to the following terms of the partial differential equation (2.13):

(kg = 04(t)) — o

0*F

Pq,C0,0q0CO, (fc )W

G
o2 oF
f(fg)Za(

@(f002)2 aF

0*F
Pg,c0q0c(fCf9)

0*F

P.00:797¢0, (1% 1) 5 icony

0*F

Pec,C020c0C0, (fCOz fc) W

a(f7)?
a(f?
a(fC0)2
a(fo)o(f7)

X <Pg,cozo'g0C02(7 —O)(1— *V)CW>

= (fc + Ccfg)

= (e cof) (4 (g = 0,0) = 020, 32 )
= (fe +ccf?) ("62‘6’>
eT Ce 2 9q2
= (fe +cef9) (p 0404(7 — Q) ! )
9% 9% g aqaa,y
= (fc + Ccfg) (pq CO'ch(l . )ag
0
- (fc + Ccfg) (Pq chUc(1 - 3<)76q§7>
= (fe+cof?) <pq C02040C0, ¢ ng)
2
= (fe +cef?) (Pq C0,040¢0, (1 = gv)(aqéqv)
_ U‘g 2 829
= (fo+cof9) (7 (v=¢) W2>82
— e+ eut?) (57 (1- 520) W?
= (fe+ cof?) ( ¢ (1-29) gi’)
A
= (o ef) (prcogontn = 00 - =055
= (fe+cof9)

. &
X\ pe.co:0e000, (1= GO = 570y g5

(A.5)

Combining all this terms, one gets the PDE (2.20) on g,y and (.
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Appendix B

B.1 Estimation of the load process

We estimate the stochastic process of the load @ using non-parametric tech-
niques, as Pirrong-Jermakyan [90]. We collect the data (¢;, Q;)", for the daily
peak load value!(at 12 am) for 2006-2007 during working days. Ignoring the
local time processes, the SDE to calibrate is the following exponential mean-
reverting process.

Q,

Q:
In this SDE, the parameter 6,(t) is the expected value of the logarithm of the
series. We estimate it by fitting a local polynomial to the series for each day t;
of the year. The expected value of the log-load 6,(t;) at ¢; is the value of the
local polynomial This local polynomial is obtained by minimizing the following
function:

=k (In(Qy) — 0,(t)) dt + ogduy (B.1)

R(Gy(t;),bist) = Y [ln Qi) — 0,(t;) — by dist(ti,tj)rK (W) (B.2)
i=1

The symbol dist(¢;,¢;) represents the distance between 2 working days. It

takes care of the calendar effects of the date. K(...) is a Gaussian probability

density. It gives the weight of the different observations for the least square

problem. Only the data that are within a bandwidth h of t; have a consequent

weight in the minimization problem (B.2). Finally, once the conditional mean

is known, k and o4 can be obtained by OLS regressing % on (In(Q) —b4(1)).

1The net load data in Germany comes from the Union of Co-ordination of Transmis-
sion of Electricity (www.ucte.org). For the import-export flows, we use data from ETSO
(www.etsovista.org). The wind production data are given by the Association of German
network operators (www.vdn-berlin.de)
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Figure B.1: Log load time series and estimated 6,(¢)
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C.1 Additional figures and tables

H Category H Oil ‘ Natural Gas ‘ Coal Electricity H
Physical 7730 7730 1990 1197
Suppliers
Physical 4836 72

Wholesale Buyers + 3216" 2376 313 + 7325%°
Volume 7.6B barrels | 22B MMBtu | 1.1B short tons | 3.8B MWh
(Physical) ($22B) ($152B) (%22 B) (3152 B)
Price Volatility 11% 29% 6% 66%

Table C.1: Commodity Comparison (from PJM [91])

Inon-bulk data
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09+ :
o i E[P;] | Var[P/]
; 153 | 34 20.4
Do ; 1-2 | 1.5 5.9
305 | 16 | 283 | 852
$ : 255 | 25.3 47.9
= i 253 | 1.9 6.0
i 4—6 | 7.1 65.4
i 45 | 55 32.4
01 i 5—6 1.6 27.7
%0 2 :a'u 0 50 %0 E[ﬂ-:o} = 10,965

—CV3R75% (7'['20) = 6, 624

Transmission price (1->6)

Table C.2: Statistics of transmission day-ahead prices and cumulative distri-
bution function for 1—6

1- 1-

illig1
09- =spot
==liquid

[itiguida s

—spot
-
liquid
08- - 0
07-
06- 08-
05-
04- 04-
03-
02- 02-
]
01- [}
[}
+
L i | i | | I I I !
0 oL ; . o | ! ! ! !
-3000 2000 -1000 0 1000 2000 3000 4000 5000 5000 2000 -1000 0 1000 2000 3000 4000 5000 6000

Table C.3: Range of distribution functions of the profit of the hub retailer (left
: LIQgey, right: LIQs3%)
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C.2 Formulation and computation of the futures
equilibrium in a liquid market

Problem C.1. The problem of an agent minimizing a E-CVaR risk measure in
a liquid market can be formulated as:

PY = max {ﬁyty + Zprob(w) [(1-B,) L (w) — Byay, ' U, ()] }

ty,x,, Uy,

st: Uy(w)>0
U,(w) >t, — I, (w)
I, (w) = Y 2 (pi(w) — pl) + 75 (w)

Problem C.2 (Nash Equilibrium). Applying standard duality theory, one can
convert the utility optimization problem of the agent into the following optimal-
ity conditions for all agents (i.e. retailers, producers and ISO). An equilibrium
is a solution of the complementarity system given by conditions C.1 - C.8.

0<U,(w) L Bya, prob(w)— Be,(w) >0 (C.1)

0<op(w) L 5 (U”(w)tu +Yalpi(w) —pl-) + Wﬁ(W)> >0(C2)
> puw) =1 (C.3)
weN

Equations C.4-C.5 impose that the FTRs auctioned by the ISO satisfy the N-1
rule.

0<puf L K;—» PTDFN); Zaou: >0 (C.4)

0<p; L > PIDFNY @eon — Ko >0 (C.5)
C

Finally, the following equations give the contract prices at equilibrium and the
market clearing conditions.

pl=(1-5)> probw) pi(w)+ 8> ¢u(w)p(w) (C.6)
weN weN
pl= (1-8)3, prob(w) pi(w) + B Y ¢u(w)pi(w)
wen (c.n)
+ > (uy — g )PTOFY
D Tyet Tooe =0 (C.8)
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Problem C.3 (Variational Inequalities formulation). One can transform this
Karush-Kuhn-Tucker system into a variational inequality problem VI(F, K)
where the goal is to find a mathbftor y € K such that

(z=9)"F(y) >0, Vze K

The vector y is composed of y 1= (Y1, ..., YN, Yso, Ym i) L, Wwhere y, = (tu;2,.0; Uy (w); ¢ (w))
y Yso = (tso;xso,c;Uso(w);¢so(w)) and YMK ‘= (pf)
The functional F' is given by F' = (F4, ..., Fn, Fso, Far k) where

0
pl— (1= p) ) prob(w)pi(w)® = B by (w)ps(w)

w

B(a~!prob(w) — ¢y (w))

C
BUL (W) =ty + Y @e(pi(w) = pl) + 75 (w))
c=1

Fy(ty; 2,0 Uy (w); ¢ (w)) =

Fur(pl) = (f Yo Tue — wso,c)
The space K = K7 X ... x Ky X K, X Ky has the following description.
K, = 2w Pvw)=1; ¢p(w) 20 ;Coz‘lprob(W) —¢u(w) =20
U, ()20 Uy(w) >ty — Y 2e(pi(w) — pl) — w5 (w)
c=1

Kso = KV ﬂ {Kg 2 Zc PTDFZ:Z Tso,ttr Z 7K€}
KMK ZIF
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Proposition C.1. The mapping F' of problem D.4 is monotone on K.

Proof. By definition, one has to show that (F(y') — F(y?))T(y' — y?) > 0,
Vy! y? € K. Let us first analyze the contribution of all agents (including the
ISO):

(o (y)— Fu(gi))T(yi —yp) =(0-0) x (t, — )

s (<sz P x a2,
c=1
- Z ﬁpc ¢2( )) (xllj,c - xl%,c))

we

=) BBy w) = $2(w)) x (UL(w) — UZ(w))

+ﬁ< —tl) +Z xp pb? =, ol )xz (w))
weN

i3 (zpzwx;c L) % (6w) - 6Ew)
w c=1
+8(UL(w) — UZ(w)) x (¢ (w) — ¢3(w))>

Recalling that for y € K : Y _(¢L(w) — ¢2(w)) = (1 — 1), one gets
c
(Fo(uh) = Fo) (s —v2) = > _ (b = pl?) x (2}, — 27 ,)

c=1

The contribution of the market agent is given by

(Fur (W) — FMK(yMK)) (Whrre — Yirr) =
- Z (Z(xuc - VC + (xso c xio,c)) X (p{’l - p£’2)

One concludes that (F(y') — F(y?))T (y' — y?) = 0 and hence the mapping is
monotone. O O

Proposition C.2. The Nash Equilibrium problem C.2 has a convex non-empty
solution set.

Proof. First, according to theorem 4.2, the problem has a solution. We argued
in the proof of the latter theorem that one can restrict the financial position x,
to belong to some compact and convex set strategy set X,,, without perturbing
the equilibrium. Correspondingly, one can restrict the set K to some compact
and convex set K in the variational inequality problem D.4. By the theorem of
the VI with pseudo-monotone functional [e.g. 59, proposition 3.1], the problem
VI(F,K) has a convex solution set. O O
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C.2.1 Computation and algorithm

There exists several algorithms [see 48, chapter 12] for solving monotone varia-
tional inequalities problem. In our context, the variational inequalities problem
has a large size depending on the number of scenario. We rather propose a
heuristic method to find the equilibria. The fixed point method used requires
a sequence of maximization problems and is well known in macroeconomics
(Negishi like algorithm) community for solving large scale general equilibrium
problem.

Suppose a tentative equilibrium prices p One can compute the optimal posi-
tions of an agent by solving the following linear programming problem (where
the p/ are fixed ).

fpi= max Y {Byty + > prob(w) ((1 = B),(w) — ﬁyayluy(m)}
ve{N,,N,,S0} weN
U,(w) >0
U,(w) >t, —1I,(w)
I (@) = 3, 2%(p3(w) — pl) + 75 (w)
~K, <Y PIDFY, ' a0 < K, (teg > 1)
Zz/ :EZ = O (770)
(C.9)
The Karush-Kuhn-Tucker optimality conditions of C.9 are similar to the
original NEP except that p/ is replaced by p/ and that equality (C.6) and
(C.7) are changed to:

Pl +n.=(1-5) > prob(w) pi(w)+B Y ¢u(wpi,  (C.10)
wEN weN
p!+n.= (1-8))  prob(w) pi(w)
wel (C.11)
+8)  dulw PCW+Z — pif )PTDFY
weN

One see that when the dual variables 7. are all equal to zero (i.e. given the
derivatives prices, no agent has an incentive to modify its portfolio), then the
solution of &, is also a Nash Equilibrium. This lead to the following fixed-point
algorithm.
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Require: § >0, P/ € R°
1: while € > § do

2: Solve &, using Ip
3: PZ — Pél + N
4 e=|lnell

5: end while

This fixed-point algorithm is a heuristic and do not guarantee any conver-
gence. Neverthelessn, we implemented it in GAMS using CPLEX as solver and
in all the cases solved in this thesis, it performed rather well (usually less than
ten iterations) and could solve every cases.

C.3 Non convex risk measure

While mean-variance has probably been the most used risk function for mod-
eling risk aversion, it is not convex in the sense of Follmer and Schied [51] and,
in the context of an equilibrium model, it may lead to solutions with arbitrage
opportunities. This is highlighted in the following example. Consider a market
with 2 goods. Their prices are denoted (pj,p5) and depend on the state s of
the world. We consider 3 possible states, each having a probability ¢ to occur.
There is a financial market where futures contracts on those goods are traded.
Their futures prices are (P{, P{).

s=scl | s=sc2 | s =sc3
s 0.3 0.3 0.4
p 1 1 2
D5 1 2 3.5

There are 2 agents yielding a stochastic profit (73, 7)) depending on s. The
profit of agent a is positively affected by good 1 and negatively by good 2. The
profit of agent b is inversely impacted.

s=uscl | s=15c2 | s =53 Cov(,) | pi | ps
m 45 31.67 50 Ty | 28136
Ty 30 110 50 Ty -4.8"'24

Agents are risk averse and their utility is modeled by a mean-variance with
a parameter a = 0.1.

p(Il) = —E[M] + aVar 1] (C.12)
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They trade futures in order to minimize their risk measures. Intuitively, a, be-
cause of his stochastic profit, has an incentive to sell futures 1 and buy futures
2 and conversely for agent b.

The equilibrium conditions are, as derived in Bessembinder and Lemmon

[13]:

p’ =Elp] + 2237, Cov(n), ps)

agtay
n-1
a;

(pf — Ep,) — S~1Cov(ns, ps) (C13)

€T; =

The equilibrium solution is reported in the next Table. One can see that it
contains arbitrage opportunities?. Indeed, there exist no equivalent risk-neutral
probability measure. Graphically, futures prices do not strictly belong to the
convex hull of the day-ahead prices.

sc3
3.5 %
- ’:’
> _
3t LT
"—’ ’r’
2 P L Future 1 | Future 2
S , el P 15 2
SC Pee ’ N= 71" “aA~ « |7 = A~ A~ —
2 Y’ 7 pt z] || 109.1 -46.6
1 ’,
. af || -109.1 46.6
150 ! P
1 /’
| o
I P
! sf(‘l )
1 15 2
p1

2Numerically, the strategy ¢f = (—1,0.5) is an arbitrage opportunity. Notice that, as
financial contracts are futures, the payments are due at maturity.
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C.4 Formulation and computation of the future
equilibrium with liquidity constraints

Problem C.4. The problem of an agent minimizing a E-CVaR risk measure in
an illiquid market is:

PY(x7Y) = . mw % o {ﬁyt + Z prob(w) ((1 = B,)I, (w) — Bl,ozl,lU,,(w))}

weN

s.t:
— I, (w)

e Toe(pE(w) = pf) + 75 (w)
Z |Z el

> Lot S e ul

The Complementary conditions of this problem are quite similar to the pre-
vious problem. Complementary conditions C.1 - C.5 are unchanged. One adds
the following conditions to represent the volume constraints.

€
v v

N

ac
PR
\./E/

=

»:S\

|/\§/
M=

8
N
~
S

0<Me L L= |ropel = 20e >0 (C.14)
0<te L TyetLe— Y [w el >0 (C.15)
-V
(C.16)
The equilibrium derivative prices are also changed into :
pl=01-8)> probw) pi(w)+ 8 ¢u(@)pi(w) + pive — Aew  (C.17)
weN weN

C.4.1 Computation

As the shared constraints are separable, we compute the different GNE using
the parametrized Variational Inequality approaches described in Nabetani et al.
[83]. We construct a family of VIs that contains all the equilibria of the initial
GNEP. We perturb the initial objective function of agent by penalizing it by
its financial volume with a positive weight n”:

pV(xcvyc 7/01/ +Zn ‘xuc| (018)

We then compute the associate NEP, using the heuristic developed in appendix
C.2. According to Nabetani et al. [83], the equilibrium found is a solution of

the initial GNEP if:
D onl(Le= lwuel) =0 (C.19)
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Appendix D

D.1 Formulations of the optimal investment prob-
lem

We present in this appendix different formulations of the investment valuation
problem using a good-deal measure.

Problem D.1 (KKT conditions). Given a price vector 7, an investment plan
x¥ and the corresponding operations decision y” are an optimal strategy for
a player v minimizing the good-deal measure of its profit (problem 5.5), iff it
satisfies the KKT conditions:

v o, v |Q+1 ¢”(w) v |1Q]+1
(6,7 (W)yeq) €L ((\/m)wm’fl ) €L

w” € RII fo=Y_ ¢" (W) fi(w)=0
weN
L
X € R w3 ) € R
v KxLx|Q| v v weR =l KxLx|Q|
yr e Ry 1E (W) + ¢ (W) (cr(w) — me(w)) € RY
W) 1TW” — ..
y/prob(w)
¢’ e R L X e R/
Te(ck(w) — me(w)yg o (w)
=1 k=1
pe € REEXI a — gy (w) e RE P19
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>owy (fo,i—ZQbu(w)f >+A770—Z \/IW (W) + -

zGI we weN
E Ty (Zk - E E Tepty, o (W) )
=1 weN

Z Z D ko) (1f o (@) + ¢ () (er(w) = me(w))) =0

l=1 k=1we

Problem D.2 (Dual formulation). The dual problem of 5.5 is the following
SOCP. It involves two decision variables p” € REXEXI2l and ¢” € RI9I.

Pép(m) = meg( 0T + 07 ¢”

s.t. fOz*ZQﬁ ) fri(w (wy)
wWEN
¢V(w)2 v\2
ZQ prob(w) < (4%)
L
U — Z ZTWZ ¢ (%)

weN (=1

One recovers that the probability distribution ¢” belongs to the set Q&P
characterizing the good-deal measure (cf. section 3.3.1).

Problem D.3. One can formulate the problem of satisfying the KKT condi-
tions (i.e. problem D.1) into a generalized complementarity problem, denoted
GCP(K,,F,), where the goal is to find is to find a vector u}, € K such that!

F,(u}) € K* and F,(u})Tu; =0
where the variable u” is the following vector :

uy, = (W, " x5y % u”)

I'We denote by K* the dual space of the set K, i.e. K* = {y|yTz > 0Vx € K}
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the mapping F), is defined as :

Jfoi — Z 9" (W) f1i(w)

wY weN

v A
yl v

0 —¢"(w)

" (w) ——

F, zy, \/@
ygl;e(gj)) U — Z ZUM%,[(W)

L weN =1
1 o (W) g (W) + ¢ (W) (ck(w) — me(w))
0
0

and finally the set K, is the convex set:

w” € R
(7" (@)yeq »mg) € LI

x" € Rf

y,, c foLx|Q|
v Q

K, = P" € RL‘
uv e foLx\Q\
zy, — Yy (w) =0

L K
v v 7" (w)
; ; Te(cr(w) — me(w))y (W) + fr(w)Tw” < W

D.2 Variational inequalities formulation of the
equilibrium problem

Karamardian [72] was the first to establish the direct relationship between
the generalized complementarity problem and the variational equality problem.
This allows us to formulate the equilibrium problem as the following variational
inequality problem

Problem D.4 (Variational Inequalities formulation). One can transform the
complementarity conditions problem defining the competitive equilibrium (def-
inition 5.2 ) into a variational inequality problem VI(F, K) where the goal is
to find a vector v* € K such that

(v —v*)TF(v*) >0, Yo e K

The vector v is composed of v := (ul,...,uN,uMK)T, where wu, is defined
in problem D.3 and upx := (m;2). The functional F is given by F =
(Fi,..., Fn, Farie) where F, is defined in problem D.3 and
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Furse(tarsc) = ( o zf_llgzc,fgw;;wsz) — dy(w) )

The space K = Ky X ... x Ky X Kk is composed of K, defined in problem
D.3 and
Kyx = { m(w)>0; z(w) >0 }

D.2.1 The symmetric case

Symmetric producers have the same risk measure and hence share the total
investment (proportionally to their number). We already argue that the global
outcome of the equilibrium problem do not depend of the number of players.
Computationally, we treat the problem as there was a unique producer. We de-
velop a heuristic to find an equilibrium which is very similar to the one exposed
in section C.2.1 . It is based on the observation that, once the variable ¢ is
known, it can be considered as an exogenous discounted factor and thus leads
to an equilibrium amenable to a stochastic capacity expansion optimization
problem such as studied in section 5.2. Correspondingly, when the investments
levels x are determined, one can compute the good-deal value and the variable
¢ associated with it. The heuristic seek a fixed point by sequentially solving
the two problems and stop when convergence has been reached.
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