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CHAPTER

Introduction

The long-standing desire for a profound understanding of the surrounding
physical phenomena has led to numerous scientific breakthroughs, which are
mirrored in the development of formalism and the means to predict the behavior
of these abstract systems. In the language of mathematical physics, these
phenomenons are described through the lenses of a particular entity: the partial
differential equations, which aid the comprehension of an abstract physical
system’s life cycle through time and space.

Historically, it was precisely the field of meteorology where, as a direct
way to find the solution of the specific partial differential equation (PDE), the
numerical methods have been suggested for the first time. The work of Lewis
Frey Richardson [1] on forecasting in the mid-1920s involved an uncommon
angle for that time: “Weather prediction by numerical process.” Visualization
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2 Chapter 1 — Introduction

of partial differential equations via vector fields, which can encode a tremendous
amount of information, for this particular field, but in a much broader sense as
it will turn out later, is considered a crucial resource. A vector field associates
a direction and a magnitude to the given point, where for the visual aid, a
velocity of the steady wind can be taken as an example. Based on this, it’s no
wonder that Richardson’s pioneering idea based on approximation was indeed
promising. Still, because of the vast computations relying solely on manual
efforts, this innovative approach resulted in changing the weather faster than
obtaining the numerical results, i.e., being utterly impractical. Yet, not for
long.

The true power of numerical methods for solving partial differential equa-
tions (PDEs) has been unleashed with the birth of the computer era in the
1950s. It was not long to realize that these methods offer superior physical
insight and design over the classical experiments at reduced costs and risks [2].
Indeed, this paradigm shift from experimental to numerical approach allowed
remarkable advancement of many fields in science and industry, meteorology
being just one of them. Nowadays, Richardson’s dream is reality: it is possible
to predict the weather for several days in advance with almost an absolute
confidence level [3]!

The fast computations, beneficial for various fields, had been supported by
the dramatic innovation of computers, and by so, different numerical methods
suiting particular phenomena had arisen. One of them was the Finite Element
Method (FEM). In the 1930s, Courant—Friedrichs-Lewy’s paper [4] presented
the formalism of the finite element method, and a bit later, the genuinely out-
standing contribution on the matter was given by Argyris [5]. Motivated by the
need to solve practical problems in civil engineering, the Earthquake Engineer-
ing Research Center of the University of California, Berkeley, became a home
of this newly born numerical method during the mid-1950s-1970s [6]. One of
the main outcomes of their work was the development of a three-dimensional,
linear, static, and dynamic finite element Structural Analysis Program (SAP
IV) [7]. Tt was one of the fastest and the most exhaustive structural analysis
programs globally, whose free distribution greatly influenced the further de-
velopment of FEM in academia and various engineering communities. Many
decades after, thanks to the contributions of numerous scientists [8, 9, 10], the
FEM has become a standard procedure in aeronautics, automotive design, me-
teorology, fluid mechanics, soil mechanics, biomechanics, medical imaging, civil
engineering, electrical engineering, and electronics [11].

The driving mechanism of FEM in solving PDEs is the double discretization
of both the equations and the geometrical model on which the computation is
performed. In this manner, the infinite dimensional continuous problem is



thus transformed into a finite dimensional one, allowing actual computations
on computers. The mesh is the discrete version of the continuous geometrical
model. A finite element mesh is a set of elements of simple shape that intersect
only at vertices, edges, or faces. Since FEM programs are not usually able to
handle non-conforming meshes, i.e., meshes with t-junctions, this thesis will
be focused on conformal ones, as illustrated in figure 1.1. Standard elements’
types used for FEM calculations are triangles and quadrilaterals (in 2D) and
tetrahedra, hexahedra, prisms and pyramids (in 3D). Mesh quality is known to
be of paramount importance for obtaining accurate FEM solution [12]. This
fact implies the high-quality discretization of often very complex bodies, such
as an aircraft, and therefore can be an extremely demanding process.

Figure 1.1: Conformal (left) and non-conformal mesh right (picture from [13])

The famous Baker’s paper “Mesh generation: Art or science?“ ([14]) elu-
cidates the history of mesh generation, underlying its decades-long challenges
and advances. Although the unglamorous tedious manual efforts are no longer
needed to obtain it, due to the development of the automatic algorithms (de-
tailed in [15]), it still represents the major bottleneck in engineering simulations.
As estimated by Prof. Hughes, the mesh generation is taking more than 80% of
overall analysis time, which imposes an emergency in its further development,
especially when considering that it is present in over a million offices per day
worldwide [16].

There exist various types of meshes designed in such a way to suit a par-
ticular application’s demands. However, the common distinction can be based
on the level of the structure that mesh exhibits and the type of elements.
Among FEM practitioners, there are two distinct streams: the ones focused on
triangular/tetrahedral meshes due to the maturity of their generation, which
supplies fast and robust algorithms, and the ones that favor block-structured
quadrilateral /hexahedral meshes. As presented by many researchers [17, 18,
19, 20], the latter kinds of meshes offer better properties such as numerical sta-
bility, alignment with physical features of the object, capturing the anisotropy,
the use on multi-structured domains, lower computational costs, and efficient
memory usage. Still, the actual process of obtaining block-structured quadri-
lateral/hexahedral meshes indeed comes with a tremendous challenge: the de-
velopment of a robust and fast algorithm.
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The issue of generating block-structured quadrilateral/hexahedral meshes
originates from the strict geometrical and topological constraints that these
kinds of meshes must obey, which will be thoroughly outlined in the following
Chapter 2 and Chapter 3. Here, it is essential to mention that many works
over the years have been dedicated to this particular subject [11, 15, 21], con-
firming the actual need and the great challenge for its generation. Despite
the tremendous amount of invested efforts, there still exists the profound need
for the further development of block-structured quadrilateral mesh generation,
which will be able to deal successfully with approximation and quad mesh qual-
ity, robustness on geometrically inconsistent inputs, the efficiency, interactive
control, scalability, and evaluation [21].

The subject of this thesis is precisely targeting the challenging issue of
robust and high-quality block-structured quadrilateral mesh generation. In
order to reach this goal, the rigorous mathematical background served as the
foundation and motivation for developing the corresponding methodology. The
exploration of Ginzburg-Landau PDE and its related theory, previously known
in the field of superconductors, as well as the properties of an auxiliary object
cross-field (kin of a vector field) hand-in-hand with the use of a quad layout
concept from [13], turned out to be very fruitful idea for this matter. More
specifically, it will be shown that this specific PDE exhibits very advantageous
properties for quad mesh generation and that further can even be used to
obtain a surprising theoretical result: the Elliptic Fekete points on 2-sphere!
At the same time, the related Ginzburg-Landau theory [22] aids the thorough
understanding of the behavior of this particular PDE and, by so, crucially
assists in the development of the interactive quad mesh generation.

The design and implementation of the methodology have been carried out
in the frames of ERC HEXTREME! project and the software GMSH. The
HEXTREME project is devoted to creating two breakthroughs in the art of
mesh generation: the parallelizing of all meshing aspects and the development
of robust conformal quadrilateral/hexahedral and boundary layer meshing al-
gorithms. The GMSH software by Geuzaine & Remacle [23] is an open-source
3D finite element mesh generator built around four modules: geometry, mesh,
solver, and post-processing, providing a reliable and user-friendly meshing tool.
Indeed, the presented working environment offered fruitful soil for guiding the
subject of this thesis.

IEuropean Resarch Council project: Hexahedral Mesh Generation in Real Time (ERC-
2015-AdG-694020)
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1 Thesis objective, structure, and contributions

The objective of this thesis is twofold:

1. To develop the block-structured quad mesher that is automatic and pro-
duces high-quality elements.

2. To design the interactive block-structured quad mesher that preserves
properties of the first objective.

The manuscript is organized in the following manner:

Chapter 2 depicts the possible manners and the crucial importance of a trust-
worthy representation of a geometrical object for FEM purposes. The primer,
including the topics as surface representations and types of meshes, serves here
as a foundation for a deeper understanding of the strict constraints for gen-
erating block-structured quad meshes and discussing a long-lasting dilemma:
"Are quadrilaterals better than triangles?".

Chapter 3 presents the state-of-the-art in quad mesh generation by discussing
the most notable methodologies related to the subject of this thesis. It also
describes the profound relationship between a quad mesh and a corresponding
concept of a quad layout. The notation, generation, topological properties,
and a crucial role of an auxiliary object - cross-field for quad mesh/quad layout
generation is elaborated in detail.

Chapter 4 represents the reproduction of the paper Multi-block decomposi-
tion and meshing of the 2D domain using Ginzburg-Landau PDE. A crucial
contribution of this particular PDE is developing an automatic mechanism to
obtain block-structured quad mesh. The same paper shows that the solutions
of Ginzburg-Landau PDE have an adequate distribution of singularities and
that, in combination with the use of Crouzeix-Raviart elements, reduce the
appearance of limit-cycles, advocating its usage for quad meshing purposes.

Chapter 5 depicts the reproduction of the paper FElliptic Fekete points ob-
tained by Ginzburg-Landau PDE. It is shown here that the computation of the
cross-field on a 2-sphere with the Ginzburg-Landau model yields a surprising
result: the Elliptic Fekete points. The theoretical link between the asymptotic
behavior of Ginzburg-Landau energy and Smale’s 7th problem is presented, and
a very competitive method to obtain the Elliptic Fekete points in an automatic
manner is developed.

Chapter 6 represents the reproduction of the paper Quad layouts with high va-
lence singularities for flexible quad meshing. The crucial contributions outlined
here are developing a formulation and implementation of an automatic algo-
rithm that allows the generation of high-quality block-structured quad mesh
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from a given set of singularities, possibly with high valences. A designed cor-
rection scheme that repairs limit cycles and non-quadrilateral patches is also
presented.

Chapter 7 details the flexible quad layout generation on 2D manifolds relying
on strict mathematical background for integrable cross-field generation and
isotropic size field. The formulation supports the quad layout construction
from a given set of singularities fulfilling the Abel-Jacobi theorem and possibly
with high valences.

Chapter 8 considers the issue of limit cycle free cross-field formulation. It
outlines the mathematical background for the generation of integrable and
anisotropic cross-field and presents the promising preliminary results obtained
by the developed numerical schemes.

Finally, the contributions and future perspectives are outlined in Chapter 9.

The developed formulations and implementations had been carried out under
the supervision of Prof. Jean-Francois Remacle and had strong connections
with the works of Dr. Pierre-Alexandre Beaufort, Dr. Maxence Reberol, and
Dr. Alexandre Chemin. For the sake of clarity, my contributions are illustrated
in figure 1.2 and figure 1.3.

Ginzburg-Landau
formulation

0 Cross-field 1

- The codes (C) -
Hextreme version

1. Singularity configuration
extraction
2. Separatrices generation
3. Quad layout generation
a) Minimal number of separatrices
b) Correcting the ill-defined partitions
c) Obtaining planar embedded graph
4. Quad meshing
a) Transfinite interpolation
b) Winslow smoothing

Figure 1.2: Ginzburg-Landau formulation implementation contributions
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H function formulation

Cross-field 1

-0.5

H field 13

-2.54

H field 7.32

Figure 1.3: H function formulation implementation contributions

iy

- The codes (C/C++) -
Hextreme version in GMSH

. Singularity configuration:

a) extraction
b) remeshing *

. Separatrices generation
. Quad layout generation

a) Minimal number of separatrices
b) Correcting the ill-defined partitions
c) Obtaining planar embedded graph

. Quad meshing

a) Discretization of partitions
b) Transfinite interpolation







CHAPTER

Motivation and foundations

A subject of high interest in FEM is a trustworthy representation of a geomet-
rical object, as an important structure on which the numerical solution is built
[15]. There exist various mathematical representations of a geometrical object
and its features, each suitable for a particular class of applications. Concen-
trating on the needs of numerical analysis, specifically FEM, and considering a
surface the most prominent object‘s feature [13], a detailed focus here is given
to its reliable representation for this particular application.

More specifically, in this chapter, the type of surfaces of interest and the
suitable ways for their representation used in numerical analysis are presented.
Afterward, a thorough classification and properties of quadrilateral meshes
are introduced. Particular attention is paid to constraints and difficulties for
generating a high-quality block-structured quad mesh. Last but not least,
the truth about choosing the (mesh) elements with the best performances is

9
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revealed.

1 Surface representation for numerical purposes

Surfaces represent a special class of topological spaces whose classification is
based on characteristics as orientability, Euler characteristic, homeomorphism,
and curvature. The following definition specifies the class of surfaces of interest
for this thesis, displayed in figure 2.1:

Definition 1.1. A surface is an orientable continuous two-dimensional mani-
fold S (with or without boundary 95) embedded in R3.

- e
=N

Figure 2.1: Surfaces of interest for numerical analysis

Surfaces can be represented in two different fashions:

o implicit: S={z€R3> | f(x)=0}, f:R>—=Rand

o parametric: S = f(Q) C R®, f:Q — 5, Q C R? (illustration in
figure 2.2).

A set of surfaces that can be represented in this manner is of negligible
size in comparison with the number of complex geometrical shapes for which
this representation is not feasible. Nevertheless, it is possible to partition the
model S into smaller sub-regions Q;, 4 € 1,...,n, n € N (see figure 2.3),
obtaining a trimmed surface representation. Computer-aided design (CAD)
systems, on which FEM relies, use precisely this manner of model describing.
More specifically, in CAD systems, a boundary representation (BREP) is a
method for representing a model as a collection of connected surface elements,
which define the boundary between interior and exterior points. For example,
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implicit:

(z—20)*+ (y —w0)° + (2 — 20)* = R?
parametric:

x = x9+ Rsinfcos ¢

y =1y + Rsinfsin¢

z=2y+ Rcosb
0<f<m, 0<o¢<27m

Figure 2.2: Implicit and parametric representation of a sphere

figure 2.3 reresents a BREP composed of 12 model surfaces, 20 model curves
and 10 model vertices. The graph of model entities’ adjacencies defines the
topology of its parts, and the trimmed surface is then defined by geometry of
each model’s face and the trace of its boundary on that geometry.

Q j 'Yj.m Q m
z(t) =rcos(t) x(t) = Reos(t) x(t) = Rcos(t)
y(t) =rsin(t) y(t) = Rsin(t) y(t) = Rsin(?)

v ogtgg DSth Oﬁtég
)_ 0<r<R z=0 0<z<L
x - -
~ z=0

Figure 2.3: Trimmed surface representation of a cylinder

In some CAD systems, e.g., OpenCASCADE and Parasolid, surfaces are
built directly via simple primitives (e.g., cubes, spheres, cylinders, and cones),
and/or NURBS/Splines networks (see figure 2.4), and by boolean operations.
This approach is used as well for surface modifications [24, 25, 26]. Nowadays,
modern CAD systems can even handle non-manifold models, composed of,
for example, embedded surfaces into volumes or volumes sharing a node face.
In order to represent the object exactly (up to a priori given tolerance), it
is possible to use an alternative processing pipeline [24]. It starts with the
input data, i.e., CAD representation of an object, followed by the removal
of topological and geometrical errors, analysis of surface quality, and finally,
surface smoothing. In this manner, the optimal result for representing an object
is achieved.

After a trustworthy CAD representation of an object is obtained, FEM
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Figure 2.4: CAD of an aircraft. The surface is built from NURBS which respect the
geometrical features of the object (picture from [2])

can further proceed with the remaining steps for finding the solution to the
particular numerical problem. These steps involve: discretization of the object
for simulation, computation of the solution, and post-processing. In order to
perform numerical simulation on a particular object, the first step to tackle
in FEM is to create a function space to look for the solution. Building an
approximation space for FEM solution implies decomposing the object into
smaller elements (related to the geometrical shape of reference), i.e., generating
a mesh. A finite element mesh is a set of elements of simple shape that intersect
only at vertices, edges or faces, an illustration in figure 2.5. These elements
can be: polygons (triangles and quadrilaterals) for 2D objects, or polyhedrons
(tetrahedra, hexahedra, prisms and pyramids) for 3D objects. Since FEM
programs are not usually able to handle non-conforming meshes, i.e., meshes
with t-junctions, this thesis will be focused on conformal ones. It is crucial that
the function space (associated with the mesh) contains a good approximation of
the solution and that, at the same time, a mesh approximates well the geometry
of the object.

Figure 2.5: A triangulated mesh of an aircraft (picture from [27])

The main sources of errors in a FEM come from: formulation errors, geom-
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etry representation errors, solution discretization errors, and numerical errors.
Geometry representation errors are related to the CAD modeling of the object.
For the cases when CAD workflow respects the above-mentioned geometry
processing pipeline (from [24]), the geometrical representation of the object is
considered trustworthy. Solution discretization errors are a direct consequence
of generating a mesh of poor quality (see figure 2.6). A high-quality mesh re-
spects geometrical features of the object - as boundary shape or curves (i.e.,
feature lines) and is suitable for a specific numerical simulation. These con-
straints (coming from geometry and numerical problem) impose the shape, size
and density of elements so that the best possible accuracy of the solution can
be achieved.

a) b) c)

Figure 2.6: Geometry (a), a discretization error due to poor mesh representation (b)
and elimination of a discretization error (c)

Above mentioned constraints for generating a mesh are non-negotiable in
FEM procedure, and although it is not the subject of this thesis, it is worth
mentioning that improvement of the mesh quality, which influences higher accu-
racy of the solution, can be performed a posteriori. This procedure can involve
refinement of the mesh (h-version), or, by taking into account that FEM so-
lution is computed by using polynomial interpolation functions over the mesh,
fixing the size of the elements and increasing the degree of the polynomial
interpolation functions (p-version), or by using a hybrid approach (hp-version).

1.1 Types of surface meshes

The building of an approximation space on a surface for computing FEM so-
lution is commonly performed via generating (see figure 2.7):

o Triangular meshes (piecewise linear /high-order)
o Nurbs/splines networks (piecewise polynomial)

o Multiblock grids (piecewise regular quad grid) and
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o Quad meshes (piecewise bilinear/high-order).

Triangle mesh Spline domain net

Quad mesh

Figure 2.7: Types of meshes (picture from [28])

Triangular meshes have been ubiquitous in numerical analysis applications;
its generation is comprehensively documented and there exist numerous robust
implementations [15, 21, 29, 30]. Due to the needs of specific applications and
aspiration for low computational time and memory cost, other piecewise surface
representations have started emanating.

The NURBS networks have recently started emerging in FEM applications,
i.e., mesh generation [31, 32, 33]. For this purpose, they are habitually either
used for a particular class of surfaces (for example surfaces with Euler charac-
teristic 0 from [34]) or particular application (for instance in fluid dynamics [35,
36] or isogeometric analysis [37]). The main drawback of this type of surface
representation is its sustainability in terms of fulfilling numerous geometrical
and topological constraints of the specific object [34, 38].

Multi-block grids decompose the domain into polygonal partitions with var-
ious shapes and qualities. As defined in [39], “the partitioning of an object’s
surface into simple networks of conforming quadrilateral patches” is called a
quad layout. The quality of this particular type of surface discretization typi-
cally depends on conformity with topological characteristics of the surface [13,
28]. Due to its natural structure and a good trade-off between the number of
patches and the level of distortion, a regular refinement of a quad layout leads
to generating a high-quality block-structured quad mesh [40]. As stressed out
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by [38], an intimate relationship exists between a quad layout and a quad mesh;
still, their purposes and properties differ immensely, more details in section 2.2.

A lot of work has been devoted to quad mesh generation because of a large
number of tasks that are better suited to quad meshes than to triangular meshes
[21]. This trend arises from the need for capturing anisotropic features and
decreasing approximation error, which are essential for elastic and elastoplastic
analysis [20], spectral and iso-geometric simulations [41] as well for high-order
surface modeling purposes [21]. Moreover, a high-quality quad mesh is in its
core structured, which enables efficient memory usage (an explanation of this
property is detailed in the following section).

In order to meet the requirements for the above-mentioned applications, a
quad mesh must obtain certain properties. A detailed explanation of the tax-
onomy, classification and quality of quad meshes is presented in the following.

2 Taxonomy and classification of quad meshes

Unless its a hybrid, i.e., quad-dominant mesh (a mesh with a majority of quadri-
lateral elements and a fraction of triangles and/or pentagons), a quad mesh is
constituted of:

o wvertices V = {v; € R3} which bound each edge,
o oriented edges E = {e;; € V x V} that bound each element and

o distinct quadrilateral elements (faces/facets) F = {fi;u € V*}.

The wvalence of a vertex is the number of its incident edges. The vertex is
regular if it has valence 4, otherwise irreqular. The edge with just one incident
facet is considered boundary; a vertex on the boundary edge is also considered
boundary (an illustration of the structure is shown in figure 2.8).

irregular node
regular node

€5l
boundary node

D facet

@00

Figure 2.8: Structure of a quad mesh

Based on connectivity among its constituents, a quad mesh can be:
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e Conformal or non-conformal

e Structured or unstructured.

A quad mesh is non-conformal if there exist at least two faces that share
only a part of an edge, otherwise conformal (any two faces share either a sin-
gle vertex, an entire common edge, or nothing), the illustration is shown in
figure 2.9. Conforming meshes are preferred in industrial and scientific ap-
plications due to the ease of the definition of function spaces, which enables
lightweight computations [2], although their generation is a challenging task.
Non-conformal meshes are in the literature typically referred to as T-meshes,
due to the appearance of a node of a face lying down on the interior of an
edge (of the other face). It is possible to convert the conformal mesh into the
non-conformal one by removing/adding the nodes and edges. On the other
hand, the vise-versa process is either computationally very expensive or algo-
rithmically challenging to perform (with the exception of the recent method
42]).

Figure 2.9: Conformal (left) and non-conformal mesh right (picture from [13])

The difference between structured and unstructured meshes relies mainly
on the nature of their respective connectivities. Structured mesh connectivity
is implicit, i.e., elements can be automatically stored and accessed using the
IJK enumeration scheme, while an unstructured mesh’s connectivity is explicit,
i.e., each element must be described individually. The regular connectivity of
structured meshes is closely related to the notion of topological quality [11],
and it also allows making analytical queries on neighboring elements upon
their coordinates, which influence low memory usage. A strict alignment of
elements that structured meshes exhibit is preferred in various simulations, e.g.,
boundary layers in computational fluid dynamics and composites in structural
dynamics. Taking into account all previously mentioned characteristics of a
structured mesh and under the assumption that it is feasible to compute it
over a complicated object with the rapid change of element size (underlined
as a challenging task by [43]), the utility of structured meshes prevails over
unstructured ones.

Among structured quad meshes, it is possible to differentiate the follow-
ing three subcategories: all-structured, block-structured and semi-structured
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meshes, illustrated in figure 2.10. An all-structured mesh is a mesh that is
structured everywhere, a block-structured mesh consists of a limited number
of all-structured blocks, while a semi-structured does not obtain a high level
of structure and typically has a large number of irregular nodes (nodes which
are not surrounded by exactly four quadrilaterals) which typically hinder its
usability [21].

U T T
O OO FET
O O e
O T A
ﬁﬁ BEes! H

1 B

——C—¢

Figure 2.10: A representation of a) all-structured, b) block-structured and c) semi-
structured mesh (picture from [44])

2.1 Characteristics of a quad mesh

In order to be used for finite element simulations, a quad mesh must obtain par-
ticular attributes, which point out its “sufficient quality“ for solving a specific
numerical problem. The topological validity defines the quad mesh; geometric
validity is a requirement for numerical simulations, and it is measured by the
value of scaled Jacobian [45] which should be strictly positive. A high-quality
quad mesh features refer to:

o The quality of quadrilateral elements
represents the measure of the deviation of a quadrilateral element from
a “perfect square/rectangle“, i.e., each element of a quad mesh should
be flat and have corners close to 90 degrees with sides of approximately
equal length. This characteristic allows better matrix conditioning, better
theoretical error bounds, and better numerical accuracy.

o Control over anisotropy (orientation, shape, density and element size)
is of crucial importance for working on specific simulations, e.g., in com-
putational fluid dynamics, with physical problems which are by them-
selves anisotropic, and complex objects. Varying density and anisotropy
of elements allow better adaptation to the specific features of the ob-
ject (see figure 2.11) and therefore improve the approximation error in
numerical simulations.
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Figure 2.11: Anisotropic refining for capturing object’s features (picture from [46])

3 Challenges of generating a block-structured quad
mesh

Creating a high-quality structured quad mesh on an arbitrary surface in an
automatic manner is not a trivial task. It implies fulfilling all of the above
mentioned attributes and obeying the topological and geometrical characteris-
tics of a surface. More specifically, the number and the valence of the irregular
vertices of a quad mesh are constrained by the Euler characteristic x, which is
a topological invariant of the surface.

To better understand this topological constraint, it is helpful to consider an
“ideal” all-structured mesh, where every vertex is regular, i.e., has a valence 4.
It is possible to show [44] that only surfaces with the Euler characteristic equal
to x = 0 can be paved with an ideal structured mesh, as shown in figure 2.12. In
general, structured meshes involve irregular vertices, i.e., vertices with valence
# 4 and therefore the main subject of this thesis will be dealing with block-
structured quad meshes.

Figure 2.12: An ideal quad mesh on a torus

To show how the topology of the domain constrains the number and valences
of irregular nodes, we start from 3.1 theorem. It shows the connection between
the number of vertices V', edges F and facets F' of an orientable surface S
embedded in R3 with Fuler characteristic of this surface x(9):
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Theorem 3.1 (Euler’s polyhedron theorem).

V- E+F=x(S). (2.1)

Further, by exploiting the relations between the number of vertices, edges
and facets of a quad mesh, it can be derived [13, 44]:

Theorem 3.2 (Poincaré-Hopf theorem).
valence valence(z;)
Z 1- = x(S). (2.2)

Observing the fact that regular nodes do not influence the sum in 3.2,
the Poincaré-Hopf theorem demonstrates the emerging of irregular nodes on
surfaces with x # 0. A noteworthy remark is that two vertices with valence = 5
and valence = 3 cancel each other out in the sum. This points out that
the number of irregular nodes in a quad mesh could be arbitrarily high (see
figure 2.13), hindering its usability.
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Figure 2.13: Imposing a set of 3—5 irregular nodes without jeopardizing the topology.
The minimal number of singularities per cube face a), an increased number of singu-

larities per cube face b). Irregular nodes of valence = 3 are in red and of valence =5
in blue.

As shown, an overall quad mesh quality is intimately related to the surface
on which it is generated. Nevertheless, to be valid, it must also capture an-
other topological, this time intrinsic, characteristic: inherent global connectiv-
ity structures. This restriction can be explained with Spatial Twist Continuum
(STC) theory, developed by [47]. The STC formalism provides a solid ground
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for not only generating [48], but also modifying [49, 50] and inspecting the
validity of a quad mesh. Its structure relies on two entities: a chord repre-
senting a stack of quadrilaterals/hexahedra and a sheet representing a layer
of hexahedra [11]. Based on the construction above, a quad mesh can be in-
terpreted as an intertwining of chords. Consequently, the chords’ properties
and relationships between them dictate the validity of a quad mesh and the
possibility of any topological modification, more details in [47, 49, 50]. As al-
ready observed [11], the STC theory points out that topological modification
of all-quadrilateral (all-hexahedral) mesh is a non-local process and that the
problem of its generation is much more constrained than for any other type of
FEM meshes.

The topological constraints outlined above do not address all complexities
of generating a quad mesh suitable for FEM. The other group of restrictions
arises from geometry - as preserving the object’s features (boundary and curves
shape) or working with a poor representation (which includes, but is not lim-
ited to: overlapping patches, gaps between patches or surface intersections
[11]), pointing out that the block-structured quad meshing is indeed a very
constrained and a challenging task to perform.
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4 Are quadrilaterals better than triangles?

Triangle meshing represents the mature, well-documented, and robust tech-
nique used in various engineering fields. On the other hand, quad meshing has
been an active research area in the last few decades, due to the constraints out-
lined earlier. Consequently, the legitimate question arises here: if so much time
and effort are invested in generating the latter kind of meshes, do quadrilateral
elements indeed offer better performances for numerical simulations compared
to triangles?

It will be shown that the nature of the specific numerical problem constrains
the choice of a mesh type, e.g., the shape of elements, the level of structure,
particular polynomial interpolation. An overview of elements’ types of interest
is shown in figure 2.14. The illustration of the importance of the choice of the
mesh type (on the example of the approximation of a smooth function) is in
figure 2.15.

It is vital to note the lack of works comparing the triangular and quadrilat-
eral elements’ performances. Nevertheless, available findings and inputs from
FEM practitioners offer insight into this topic. A thorough comparison between
tetrahedral and hexahedral elements is available in [17, 51, 52].
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Figure 2.14: An illustration of different polynomial order of triangles and quadrilater-
als. Triangle P1 a), triangle P2 b), quadrilateral Q1 c), quadrilateral Q2-serendipity
d), quadrilateral Q2 e)

The level of structure. Block-structured quad meshes, by being combina-
torially equivalent to regular grids, offer numerous advantages for numerical
simulations [51]. As reported [17, 18, 19, 20], these advantages refer to more
accurate results, the quality of the solution, decreased computational time, and
the use for multi-structured domains. On the other hand, obtaining this kind
of mesh typically involves a sophisticated algorithm (which can deal with chal-
lenging topology or geometry of the domain) and immensely more elements
since structured meshes do not endorse well the rapid change of size [43].

Computational optimization. Quadrilateral elements display tensor-product
nature which is easier to manipulate in numerical simulations, and the ability
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Figure 2.15: The FEM solution for —Au = 272 sin(rz) sin(rx),u = 0 on Q. Tri-
angular and quadrilateral mesh on the left; elements of order one in the middle and
order two on the right. A picture from [51].

to align with the principal directions of curvature [21, 41, 51]. These features
advocate the usage of Q1 elements for anisotropic mesh transformation [41] as
well as for fluid mechanics and fluid-structure interaction simulations [51].

Elastic, aero-elastic, and elastoplastic problems. On these benchmarks,
quadrilateral elements are reducing the approximation error, computational
time and the number of elements compared to triangles [20, 53]. More specif-
ically, as findings [53] outline, Q1 elements are most suitable for elastic-free
vibration analysis; Q2-serendipity for stress analysis, and Q2 for aero-elastic
and laminated composite plates analysis.

Modal and stress analysis simulations. Triangular elements can cause
mesh locking in bending computations and in simulations on nearly incom-
pressible materials, which is why the authors [53, 54] highly suggest the use of
quadrilaterals for these cases.

Miscellaneous. Special finite elements used in the private sector, e.g., com-
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mercial software Abaqus FEA, often demand or at least prefer quadrilaterals.
The similar stands for practitioners in mechanics deformations, contact prob-
lems, computational fluid dynamics (CFD), and PDE’s solvers as deal.II library.

The studies mentioned above did not consider non-elliptic PDEs, spectral
methods, and numerically challenging problems such as fracture, dynamics
shocks, collision response, or multi-physics simulations. The analyses suggested
would be of immense importance in thoroughly addressing the question from
the title.






CHAPTER

Methods for quad mesh generation

The evolution of quad mesh generation is reflected in the development of meth-
ods that can comply with some (or majority) of the restrictions mentioned
above. This chapter provides their condensed overview, where special attention
is paid to the methods closest to this thesis. Afterward, structural properties
of the quad layout and its intimate relationship with the block-structured quad
mesh are outlined. This section is followed by a presentation of challenges for
generating the quad layout via an auxiliary object - cross-field. The character-
istics of cross-fields and their connection with quad meshes are shown in the
end.

25
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1 A brief literature review

The history of quad mesh generation started with algorithms that were in their
core manual, yielding great human expertise and being a time-consuming pro-
cess [11]. Since then, especially in the last several years, numerous algorithms
have been developed, and significant progress has been made [21], figure 3.1.
This progress is reflected in influential evolution in speed and quality. Never-
theless, quad mesh generation is still a very active research area because its
several aspects demand additional efforts to fulfill all requirements of the vast
set of its applications. As reported by [21], the most critical areas which need
further improvement are approximation and quad mesh quality, robustness on
geometrically inconsistent inputs, efficiency, interactive control, scalability, and
evaluation.

Figure 3.1: High-quality block-structured quad mesh generation (picture from [55])

Bearing in mind that numerous - essentially different approaches have been
developed, the classification of quad mesh generation algorithms can be made
based on several different criteria. For instance, it can rely on the level of
quadrilateral mesh structure that the approach can produce (as presented in
[11] and [56]), shown in figure 3.2, or on the essential principle of the algorithm
(as in [21]), more details on developed mesh generation methods in [15, 21, 28,
29, 57].

A review of approaches closest to the subject of this thesis is discussed in
the following. In particular, a group of methods based on obtaining the quad
layout of the domain is presented. This set of approaches aims to partition the
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Figure 3.2: Classification of quadrilateral mesh generation methods

geometry so that obtained patches can be trivially refined in order to generate
a block-structured quadrilateral mesh of high quality (pipeline illustration in
figure 3.3). One way to obtain the partitioning of the domain is by using the
driving force of a cross-field (see section 3.1) to guide and orient the parti-
tioning of the object. By following the cross-field streamlines emanating from
singularities partitions are obtained and at this point their validity and shape
can be improved. After, the valid partitions of the geometry are typically indi-
vidually remeshed by one of the core (mapped) algorithms. These algorithms
are easy to implement, have low computational cost and work only on simple
geometries or, like in this case, patches - which are topologically equivalent
to quadrilaterals. The basic idea of core methods is establishing a mapping
between computational and physical domain figure 3.4. The most habitually
used ones are algebraic (transfinite interpolation TFI) and PDE-based (elliptic,
parabolic, hyperbolic) algorithms, the details of their implementation can be
found in [15].

The advantages of a quad layout generation are numerous; however, they
indeed come with the high price in dealing with complex and time-consuming
algorithms, to which an extensive amount of research has been devoted [58].
The family of quad layout methods shares the same underlying principle and
the goal, still there are significant differences among its constituents in terms
of the cross-field features exploitation and background numerics. Among the
developed algorithms, a general distinction can be made among the ones which
are, like in the case of this thesis, constructing a cross-field structure that will
guide the integral lines emanating from singular points [19, 59, 60, 61, 62, 63];
computing a seamless global parametrization of the domain where integer iso-
values of the parameter fields form the sides [55, 64, 65], or the most recently
using Riemann surface theory [66, 67].

To discuss the first group, the work of Fogg et al. [68] is reviewed. This
approach generates smooth cross-fields on triangulated surfaces by using a fast
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Figure 3.3: The principal workflow of quad layout methods based on cross-field gen-
eration. Triangulated mesh of a model a), a cross-field b), extracting patches c),
remeshing patches d) and a final block-structured quad mesh e).
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Figure 3.4: Mapping of computational (left) onto physical space (right)

marching algorithm (introduced by [69]). To compute a cross-field, the authors
minimize and penalize the Dirichlet energy, so that the variation of directions
and element sizes is minimal. Further, the cross-field is set to be aligned with
the boundary, so that a conforming quadrilateral mesh can be produced. Par-
titioning of the geometry is obtained by following the critical streamlines, i.e.,
separatrices of a cross-field from irregular points and boundary corners by using
the Runge-Kutta numerical scheme. The authors only show results of 2D do-
mains, on which the obtained multi-block decomposition has a large number of
thin patches, which is not suitable for obtaining a high-quality block-structured
quad mesh. A significant leap into improving geometry partitioning, has been
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taken by Kowalski et al. [19], see figure 3.5. Their algorithm has a compara-
ble numerical background to [68] which also does not handle 3D domains, yet
it is able to preserve the symmetry of the domain and minimize the number of
singular points. The quadrilateral mesh with constant size elements is created
by refining each patch by TFI.
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Figure 3.5: An overview of the approach [19]. Triangulated mesh of the geometry with
two domains a), a cross-field b), partitioning of the domain c¢) and a full quadrilateral
mesh obtained by TFI d) (picture from [19])

An exceptional trade-off between the minimal number of singular points
and distortion of the geometry is accomplished using Ginzburg-Landau energy
functional instead of Dirichlet energy. Driven by this idea is the method from
Viertel et al. [63] which relies on computing a harmonic cross-field based
on Ginzburg-Landau PDE, widely known in mathematical physics. The ob-
tained partitions are guaranteed to be four-sided regions, yet with possible
T-junctions, which are a direct consequence of limit cycles appearance, i.e.,
separatrices that don’t stop on the boundary or at a singularity, figure 3.6.
The authors restrain their work on simple planar Euclidean domains, yet claim
that its extendable to surfaces due to the theoretical background from [70].

Figure 3.6: A cross-field with a limit cycle (left) and non-conformal partitions (right)
(picture from [63])

When it comes to global parameterization approaches, their most impor-
tant contributions for quad meshing purposes, as highlighted by [64], are high
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regularity due to explicit control over singularities and smooth distribution of
distortion achieved by convex variational formulations. One of the represen-
tatives of this set of algorithms is the work of Ray et al. [65]. This method
aims to construct a globally smooth parameterization obtained from a cross-
field (user-defined or based on principal curvatures). It is able to construct
quasi-conformal (angle preserving) and, with the aid of introducing more sin-
gularities, quasi-geometric (angle and area-preserving) parameterization. The
algorithm relies on well-defined and curl-free cross-field, therefore the opera-
tions of smoothing and scaling are performed on it. Afterward, iso-parametric
curves of the parameterization are penalized to be as tangential as possible to
the input vector fields. Patches obtained in this manner are extracted, split
in singular areas and finally re-parametrized. This method is able to produce
quad-dominant patches, the workflow is shown in figure 3.7. Like [65], a method
from Kdlberer et al. [71], known as QuadCover, is focused on constructing
a global surface parameterization via cross-field guidance. By defining and
optimizing the topological structure of the surface and ensuring that the pa-
rameterization is globally closed, this method achieves the level of curvature
alignment of [65], while drastically reducing the number of singularities and
obtaining all quadrilateral patches.

Although following the global parameterization idea from above, Campen
et al. [72], in addition, also ensures geometric fidelity and structural simplicity
of patches, which accomplishes the task of creating full quadrilateral mesh (the
pipeline is shown in figure 3.8). To ensure valid connectivities of patches, the
authors introduce the concept of dual loops. This idea is based on generating the
loops aligned to the cross-field by following the closest directions until singular
points are separated from each other. By construction, dual loops obey the
following properties: intersect only transversely, no three loops intersect in one
point, at least two loop segments bound each region, and each region has disc
topology. Dualizing the graph formed in this manner, generates the patches
with regular connectivity and good shape. From this point, a final quad mesh
is generated trivially. This method’s only drawback is in the local minima since
a quad layout is obtained via the greedy process. The same authors later on
introduce a novel quantization concept, where an integer value is assigned to
every constituent of the quad layout [55] so that the global parametrization of
an object can be obtained. With clearly defined constraints and properties, the
quantization process showed as particularly beneficial for repairing T-meshes
into block-structured ones [42].

Bommes et al. [73] base their algorithm on global parameterization by
starting from insuring well-defined principal curvature directions. Afterward,
a cross-field aligned with curvature is constructed, so that the method can per-
form well on models with sharp feature edges. The computation of this cross-
field relies on an angle field with period jumps of 90 degrees. Consequently,
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Figure 3.7: The pipeline from Ray et al. Obtained patches (D) from a smoothed
cross-field (B) (picture from [65])

Figure 3.8: Global parameterization via dual loops. A cross-field a), dual loops b),
extracted patches ¢) and full quad mesh d) (picture from [72])
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each face is assigned with a real number and each edge with an integer. After
that, the algorithm minimizes the energy obtained from angles which are real
values and the jumps which are integer values, whence mized-integer problem
formulation. A global parameterization with singularities of integer values is
generated from these steps, wherefrom a quad mesh is derived, figure 3.9. This
algorithm reduces the number of partitions in a quad layout, which in some
cases can lead to deviation from the cross-field and finally introduce distor-
tion. An upgrade of this work is a method [64] that uses a global optimization
approach instead of a habitual greedy strategy. It overcomes the degenera-
cies in parameterization caused by the not strictly positive (local) Jacobian
determinant of the piecewise linear mapping by using Mized-Integer Quadratic
Programming formulation, so that the obtained patches indorse the class of
Integer-Grid Maps.

(a) (b) (©)

Figure 3.9: Global parameterization via mixed-integer formulation. Alignment con-
straints a), cross-field b), a globally smooth parameterization ¢) and quad mesh d)
(picture from [73])

Very recently, the correspondence between a quad mesh and a special Rie-
mannian metric with cone singularities, i.e., quad mesh metric has been derived
by Chen et al. [66] and Lei et al. [67]. To show this equivalence, the authors
use the algebraic-geometric approach and rely on the theoretical background
of Riemannian surface properties and meromorphic quartic differentials. In
addition, [67] presents Abel-Jacoby conditions, i.e., necessary and sufficient
conditions for imposing specific singularity configuration, pointing out that,
for instance a quad mesh on a torus with 2 singularities of valence 3 and 5 does
not exist.

2 Quad layout for quad meshing

The quad layout represents an effective structure for parameterization, obtain-
ing subdivision surfaces and shape abstraction, as pointed out by [74]. As
shown, partitioning the domain into patches can be performed in different
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Figure 3.10: A quad mesh with 4 and 8 singularities on a genus 2 surface, a picture
from [66]

manners and depending on the driving force of the background numerics, the
obtained blocks can be unstructured, ill-shaped or of high quality. The prop-
erties as shape, number, level of distortion and structure of obtained partitions
greatly influence a final quad mesh. The most desirable features that partitions
can acquire are patch simplicity, high-level structure, conformity, rectangular-
ity, and feature and principal direction alignment [28]. This specific class of
multi-block grids that fulfills these properties is in literature known as a quad
layout. Quad layouting of the model enables the generation of multi-block
structured meshes which represent, as highlighted by [21], "the most important
class in terms of applications" - used in polygonal and high-order modeling,
texturing, mesh compression and isogeometric analysis. On the other hand,
the algorithm for generation of high-quality quad layouts is very challenging
to develop, due to capturing strict inherent structure, geometrical and topo-
logical features while solving the optimization problem which includes discrete
(number and valence of nodes), combinatorial (layout graph connectivity) and
continuous degrees of freedom (embedding of nodes, partitions and partitions’
edges), as pointed out in [13].

In order to capture the constraints of the relationship between a quad lay-
out and a quad mesh, the structure and properties of the former are firstly
discussed. In the following, a concept and construction of a quad layout graph
are introduced, so that refining and modifications of partitions can be deliber-
ated from a more global point of view. Details on obtaining a quad layout from
a cross-field can be found in section 3 and additional details on its generation
in a recent extensive survey [28].

2.1 Structural properties of a quad layout

A quad layout of a surface consists of patches that are bounded by partition’s
edges, i.e., arcs and nodes. A chain of arcs bounded by two singularities is called
a separatriz, as shown in figure 3.11. The number of separatrices springing up
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from a singularity defines its valence and is always different from 4. Nodes
that are obtained by intersection of two separatrices or a separatrix and the
boundary are called intersection nodes, and their valence is always 4.

@ singularity
intersection node
arc

separatrix

@)
——0
Ij patch

Figure 3.11: An illustration of a quad layout structure

When it comes to quad layout properties, a definition from [28] states:

Definition 2.1. If each arc of a quad layout is part of a separatrix, the layout
is minimal.

This definition points out that there are no chains of arcs that are cyclic or
start and end at the boundary in a minimal layout. Further, a quad layout is
non-conformal if there exist two patches that share only a part of the arc, other-
wise conformal. The former case arises from a presence of limit cycle(s) from un-
derlying parameterization whose cuttings produced T-junction(s). Construct-
ing a non-conformal from a conformal quad layout can be accomplished by
adding/removing arcs and points. The vice-versa process is usually impossi-
ble to achieve on complicated geometries due to the connectivity constraints.
However, it is feasible to reduce a limited number of T-junctions from a non-
conformal quad layout (as in [74, 75]), so that the underlying partitions are
suitable for a specific application.

From a higher point of view, the quality of a quad layout is in general as-
sessed based on the specific application. However, as pointed out by [28], it
must at least fulfill the geometric fidelity and structural simplicity, i.e., patches
should map to planar rectangles with low parametric distortion while the num-
ber of patches remains low. This task is hard to fulfill because a small number
of patches can produce significant distortions, and only a small amount of
state-of-the-art methods can find a good trade-off among these properties.

Depending on an arbitrary surface’s geometrical and topological character-
istics, its decomposition into partitions can be very complex [28]. To modify a
quad layout (for instance remeshing or simplification), the concept of its planar
embedded graph and its dual graph is invoked. An embedded planar graph of a
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quad layout is a layout graph G = {V, E'} formed from vertices V of the quad
layout and its corresponding edges E, drawn (embedded) in the plane without
edge crossings. Habitually, connectivity and orientation data are encoded on
top of this informations. The dual planar graph G* is obtained from a planar
graph simply by exchanging the functions of vertices and faces, as illustrated in
figure 3.12. Details on the structure and generating a planar graph from a quad
layout are presented in Chapter 4 and the thorough theoretical background in
[76].

Figure 3.12: A quad layout of a cube (on the left), its planar graph with 8 vertices, 6
facets and 12 edges (in the middle) and the dual graph with 6 vertices, 8 facets and
12 edges (on the right).

When it comes to the merits of layout graph construction for valid mod-
ifications or obtaining well-defined partitions, the authors of [74] reduce the
number of T-junctions by firstly constructing a graph of all potential separa-
trices, which is further used for obtaining a final layout graph where (by the
construction of their algorithm) completeness and orthogonality of separatri-
ces is insured. The method [72] gains the structural simplicity of patches by
generating a graph of all cross-field aligned loops, where from, by dualization
of its minimal subset a quad layout is extracted. A method [77] constructs a
graph defining all possible layouts of the surface derived from a given frame
field. By using constrained minimum weight perfect matching on it, this work
accomplishes the goal of obtaining valid partitions.

2.2 Quad layout and quad mesh relationship

Taking into account the presented structures of both quad layouts and quadri-
lateral meshes and the fact that the number and placement of irregular vertices
(singularities) are the same in both cases [21], the former can be viewed as a
coarse version of the latter one. Despite this structural resemblance, quad
layouts convey important data as capturing intrinsic connectivity complexity,
which otherwise could not be sustained if the aim of the method was only
preserving the quadrilateral shape [78]. The primal role of a quad layout is a
trustworthy partitioning of the domain with the minimal number of patches
and distortion on top of which additional data can be encoded [28]. On the
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other hand, the objective of a quad mesh to ensure the geometrical fidelity of
a model’s representation. Their quality assessments also differ: quadrilateral
mesh quality can be measured locally with different metrics (for instance scaled
Jacobian, Hausdorff distance, editability and rigging quality - more details in
[21]), while quality of a quad layout represents "a function of the layout’s struc-
tural complexity, its topological connectivity and its geometrical embedding’, as
defined by [13].

Due to these core differences, the generation of a quad layout from a quad
mesh is usually not suitable and it requires sophisticated algorithms [13]. Albeit
it is not the topic of this thesis, its worth mentioning that some applications
(typically for entertainment industry purposes) do perform this conversion, by
simplifying the structure of a quadrilateral mesh as long as the good patch
quality is preserved (more details in [78, 79, 80]) or improving the overall
structure by conversion of T-mesh into the conformal quad layout [42].

Starting from a quad layout and by remeshing each patch individually, a
block-structured quadrilateral mesh with control on size and (an)isotropy of
elements can be trivially obtained. The great challenge in reaching this goal
is in ensuring that a quad layout is of high quality (as being conformal, well-
shaped, aligned with the model’s features). Seeing through the lenses of [80], a
quad layout is defined by the network of separatrices which connect cross-field’s
singularities, in terms of quadrilateral mesh this network is constituted of edges
that arise from irregular nodes [74]. This connection points out not only the
dependence of a quadrilateral mesh on quad layout properties, but also the
remedy for improving the quality of both. More specifically, as highlighted by
[74], the solution is in finding a genuine network of separatrices. In the past,
this task relied on tedious manual efforts, nowadays (as the work of this thesis)
on the suitable algorithm with a strong mathematical background, more details
in: Chapter 4, Chapter 6 and Chapter 7.

3 Automatic generation of a quad layout via cross-
fields

The task of generating a quad layout of a surface can be performed via direct
algorithms, spectral methods, parameterization approaches or direction field
tracing techniques [77]. Cross-fields, the four symmetry direction fields, are
ubiquitous for quad mesh generation and are of particular interest for this
thesis. As observed by [75], the quality of a quad layout (and a final quad mesh)
is in many ways related to the initial cross-field. To show this connection, a
discussion on cross-field’s representation, computation and characteristics is in
the following.
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3.1 A 2D cross-field generation

There are many varieties of directional fields: vector and tensor fields, line
fields, cross-fields, frame-fields and vector-set fields, which are used in numer-
ical analysis, medical imaging, computer graphics and geometry processing
methods, more details in a survey [81]. Their classification can be made based
on several criteria as the type of data (scalar, vector, tensor) or temporal and
spatial dimension (point, line, surface or volume), as detailed in [82]. Further,
depending on an application’s objectives, their representation, discretization
and optimization algorithms also differ at large. In general, direction fields rep-
resent a very broad domain, which surpasses the scope of this work. Therefore,
finding all additional information is pointed out to an elaborated mathematical
background in [83] and comprehensive visualization techniques in [82, 84, 85].

Cross-fields, the special kind of directional fields, are of high interest for
quad meshing purposes because of their tensor nature and ability to guide,
scale and orient the quadrilateral elements. In other words, a cross-field can
be seen as a set of quads of infinitely small size whose edges are aligned with
cross-field branches. Locally, cross-field features impose the orientation and
size of quadrilateral elements. Further, it is possible to show that cross-fields
have isolated singularities that correspond to the location of irregular vertices
of the quad mesh (more details in [44]), which make them a popular auxiliary
object on which a high-quality block-structured quad mesh can be built upon.

A 2D cross ¢ is a set of 2 orthogonal vectors and their opposite, i.e., ¢ =
{@,v,—0,—v} with G- ¥ = 0. These vectors are called the cross’ branches.

A unit 2D cross ¢ is a 2D cross with unit branches, i.e., ¢ = {u, v, —u, —v}
with u-v =0 and ||[u]| = ||v]| = 1.

Assuming that the domain €2 is a smooth orientable 2D manifold embedded

in the Euclidian space E®, at each point X € € the normal unit vector n(X)

is uniquely defined. A 2D cross-field on 2 is a map Cq : X € Q — ¢(X) with

the constraint that branches of crosses ¢ belong to the tangent bundle T°C2. In
other words:

a(X) - n(X) =v(X) n(X)=0,vX € Q. (3.1)

It is possible to define a local orthonormal basis (t(X), T(X), n(X)) for all
points X € ). By doing so, a 2D cross ¢ can be defined with 3 scalar fields
(0, ll, 12)2

0 such as @ = [y (cos(0)t + sin(6)T)
Iy = ||ul| (3.2)
by = [|vl|

At first glance, it would seem that for quad layout and quad mesh gen-
eration, only crosses’ orientation is relevant. Well-established methods are
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therefore focusing on unit 2D cross-field generation, and in this manner, the
problem complexity is reduced as Iy = I3 = 1. Unit crosses can be defined with
one scalar 6, as illustrated in figure 3.13.

T A
U ﬁ
0
t
—v

Figure 3.13: Illustration of a 2D cross definition

It is important to note that a unit cross c¢ is not uniquely defined by a scalar
6. Indeed, any 0; = 6 + k3, k € Z is also representing c. Using a one to one
2D cross representation allows easing the 2D cross-field generation through a
numerical method and can be done through Hertzmann’s representation.
The representation of Hertzmann [86] allowing to uniquely define a cross is:
s
— 3.3
) (33)
where a is invariant by a rotation of . At the same time, a can be seen as
a complex number as well, where u(f) = ¢, with a; and ay as its real and
imaginary part and a% + a% =1.

a = (ay1,a2) = (cos46,sin40), 6 € [0,

The thorough vector calculus and its connection with differential geometry
and Riemann metric are elaborated in [81], the special focus here is on the key
definitions which are of high importance for quad meshing purposes.

An example of 2D cross-field computed on a torus is given in figure 3.14.

Noteworthy properties of a cross-field Cg, are its branches flux and rotation,
which are respectively estimated by computing the divergence div(u) and the
curl curl(u). Special classes of cross-fields are divergence-free and curl-free
cross-fields.

o A divergence-free cross-field is a cross-field Cq where div(@) = div(v) = 0:

Oty Oty Ols

— 4+ — 4+ —=0. 3.4
or oy | 0- (34)
This type of cross-field is area/volume preserving and can be particularly useful

for simulation of deformation or mechanics of fluids.

Voi=
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Figure 3.14: A 2D cross-field on a torus. Blue color describes that the cross-field
norm is close to zero and red to be close to unity, a picture from [2]. Areas where the
crosses’ norms collapse to zero are vicinities of singularities.

e A curl-free cross-field is a cross-field Cq which is path independant, i.e.,
where curl(@) = curl(v) = 0:

Vxa=Vxv=0. (3.5)

Some works [65] emphasize this type of cross-fields for quad meshing purposes.
Since it is not always feasible to generate it, the authors rescale the cross-
field to obtain curl correction, leading to high-quality curvature-aligned quad
mesh. In this particular case, the parallel transport of vectors is linked to
the geodesic curvature [81]. For optimal results, it is also possible to encode
additional information on the curvature. Other desirable cross-field properties
include fairness, feature alignment, symmetry and control over field topology
[81].

Nevertheless, neither divergence-free nor curl-free cross-field is suitable to
generate a valid quad layout and associated quad mesh in the general case.
According to Riemannian manifold theory, a cross-field Cq will generate a valid
quad layout and quad mesh if and only if the Lie bracket of its branches @
and v vanishes (more details in Chapter 6 and Chapter 7). This requirement
coincides with the constraint of a curl-free cross-field in the planar case but
takes a different meaning on a 2D manifold.

The considered 2D manifold © is embedded in the euclidian space E3, nat-
ural choice for its Riemannian metric < -,- >q is the restriction of E? natural
metric < -,- >pgs to  tangent bundle 7). The associated Levi-Civita con-
nection is noted V. The Lie bracket of two vectors u,v € TQU(X), X € Q0 is
defined as:

[, ¥] = Va¥ — Vil (3.6)
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A cross-field Cq, will generate a valid quad layout if and only if:
[a(X),v(X)] =0, VX € Q. (3.7)

This type of cross-field is integrable and therefore of high importance in
quad meshing, detailed information available in Chapter 6 and 7. Neverthe-
less, computing such a cross-field with no prior information - such as singu-
larities number, index and location, holonomies - turns out to be a difficult
task. Therefore, existing methods for 2D cross-field generation are focusing on
generating as smooth as possible unitary cross-field, leaving the integrability
problem aside and dealing with it in the cross-field post-processing stage. The
downside of not taking into account cross-field integrability is the appearance
of limit-cycles, making the generated quad layout invalid, detailed in section
3.3.

3.1.1 Formulating the cross-field generation as a non-linear
problem

The computation of a unitary cross-field typically involves either a non-linear
or integer-valued task. The first group, which is of interest here, represents
an optimization problem involving the solving of a particular partial differen-
tial equation (PDE) by using FEM, typically over a triangulation of domain
Q. However, there exist different discretizations: face-based, edge-based (e.g.,
Crouzeix-Raviart elements [44]) and vertex-based (e.g., Lagrange P1 elements
[63]), as well as the numerous formulations to fulfill this task. It will be shown
in the following that the choice of specific PDE and background numerics is of
high importance since it directly affects the results in practice.

The formulations of divergence and curl outlined above satisfy Stokes’ the-
orem and can be used to derivate the Dirichlet energy, more details in [87].
Here, precisely the simple minimization of Dirichlet energy:

EP(a) = %/Q|Va\2dv (3.8)

with the appropriate boundary conditions is used as a first approach to
generate a cross-field. Although simple, this approach is not adequate for
obtaining a quad layout [60], see figure 3.15. On the other hand, it can be
particularly useful as a starting point for a more elaborate formulation. Namely,
by adding an additional penalty term to ensure that the norm of the cross stays
as close to unity as possible, a new functional with promising results for quad
meshing can be developed:

1 1
ECL(a) = EP + EF = 7/ Val* + — [ (lal* - 1)2 : (3.9)
2 o) 4de 0
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The second term is scaled by a coherence length €, which represents a mesh
size and influences the position of singularities. The functional ESF itself is
known in the literature [22] as Ginzburg-Landau functional and it is reported to
yield very competitive results, in terms of a good trade-off between the number
of singularities and distortion [44, 60, 63]. More details on Ginzburg-Landau
theory and its application in meshing are in Chapter 4.
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Figure 3.15: A 2D cross-field obtained via: minimizing Dirichlet energy (on the left)
and minimizing Ginzburg-Landau energy (on the right). Blue color describes that
the cross-field norm is close to zero and red to be close to unity, a picture from [2].

Ginzburg-Landau PDE represents a very beneficial tool for quad-meshing
purposes, specifically due to the adequate singularity configuration [60]. Al-
though the number of singularities is not minimal, their symmetrical location
aids the reduction of overall distortion, more details in Chapter 4. The corre-
sponding theory, coming from the domain of superconductors and superfluids
[22], explains the singularity behavior: their stability, corresponding energies,
and locations, unlike other formulations that assess the cross-field quality only
by following Poincaré-Hopf theorem [2]. More specifically, the asymptotic be-
havior of Ginzburg-Landau energy, thoroughly elaborated in [22], points out
that the singularities carry the overall energy and for this matter only singu-
larities of valence 3 and 5 are supported by this model, while their number is
bounded, i.e., N = 4x, more details in Chapter 5. This theoretical remark
highly suggests using this particular model to design cross-fields due to the low
number and valence of singular points.

The benefits of the Ginzburg-Landau model for meshing purposes indeed
come with high computational costs [44]. The authors of [63] bypass this diffi-
culty by using a generalization of the Merriman-Bence-Osher (MBO) algorithm
[88]. Their method relies on repeating the implicit diffusion step and pointwise
renormalization as long as threshold convergence is not achieved, and by doing
so, efficiently approximate local minimizers for the Ginzburg-Landau energy,
more details in Chapter 6.
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3.1.2 Formulating the cross-field generation as a linear problem

The downsides of generating a cross-field by minimizing Ginzburg-Landau en-
ergy or using a mixed integer formulation [64] are that the location of ob-
tained singularities depends on the mesh used for the problem discretization
(see Chapter 6). Singularities are repulsed from the refined regions and at-
tracted to the coarser ones. As vicinity of singularities are areas where we
would need a more precise discretization due to the presence of high gradients of
the cross-field representation, this behavior is highly undesirable. Furthermore,
the cross-field generation is computationally expensive due to the non-linear
nature of these formulations.

In order to bypass these difficulties, methods to compute a cross-field with
an imposed singularity configuration - possibly with high valences - wherefrom
a high-quality cross-field and finally a quad mesh can be obtained have been
developed [61, 67]. The one presented in Chapter 6 and Chapter 7 relies on
the following constraints:

e branches @1 and v have to be of the same norm, and

. [0,¥]=0.

These conditions for the 2D cross-field generation, demand the existence
of a conformal mapping between the resulting quad mesh and the domain €.
Relying on these constraints and working with an imposed singularity configu-
ration, it is possible to introduce a dual scalar field H = log ||@||. This field is
continuous on €2, endorsing the reformulation of the 2D cross-field generation
problem as a diffusion problem on H. The detailed theoretical foundation for
this approach is available in [22, 89], and computational details in Chapter 6
(planar domains) and Chapter 7 (2D manifold surfaces).

Computing a cross-field with an imposed set of singularities allows obtain-
ing a mesh independent solution, the integrability condition is now taken into
account in the formulation and the cross-field generation problem becomes lin-
ear. This decrease in problem complexity comes from the fact that in this
case, singularity locations and indices are known and imposed by the user. An
example of the quad layout and quad mesh generated using the dual scalar
function H is presented in figure 3.16.
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Figure 3.16: From left to right: dual scalar field H, quad layout obtained and resulting
quad mesh.

3.2 A 2D cross-field topology

The cross-field’s topological degrees of freedom are determined by the turning
numbers of a homology basis of cycles [62], which measure the number of rota-
tions of the cross-field along loops. Turning numbers also generalize the notion
of singularities (equation (3.10)), an important cross-field characteristic [90],
representing points on the domain where the norm [ of the associated cross
tends to zero. A cross-field has a finite number of singularities, but it is not an
arbitrary set. Further, it is possible to calculate the identifier of such a point,
i.e., its indexr by computing the number of times the cross-field coils around
it. More specifically, let v be an infinitesimal curve around singularity X; not
containing any other singularity, the index of X; is then estimated as:

1
index(X;) = — f oy, 05 = arctan(ﬂ), uy = cos(46), uz = sin(46),
27 [, U2
(3.10)
where 2 = f,y df, an illustration in figure 3.17.

It can be shown that the number of singularities and their respective in-
dices correspond exactly to the topology of the given surface [62, 81, 91]. The
Poincaré-Hopf theorem states exactly this relationship:

N
index(X;) = x(2), X;€S. (3.11)
=1

This finding indicates that singular points will emerge on domains with Euler
characteristic xy # 0. Pictorially, as The hairy ball theorem [92] points out, it
is possible to comb a torus without tufts (xy = 0), which is not the case with
the sphere (y = 2) though.
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Figure 3.17: Illustration of singularities of index %, 0 and —% (from left to right), a
picture from [2].

By following the Euler polyhedron and Poincaré-Hopf theorems, it can be
derived that the singularities of a cross-field represent the irregular points of
the quad mesh and quad layout [13, 44]. Moreover, their configuration (in
terms of their locations and number) greatly influences the quality of a quad
layout and, finally, a block-structured quad mesh [21].

An index of singularity is related to the number of integral lines, i.e., sepa-
ratrices that spring out from this point, also known as its valence. These two
concepts are related via:

valence(X;) = 4 — 4 x index(X;), X;€S. (3.12)

The typical valance of singularities appearing in cross-fields is 3 or 5, where
a point with valence 4 is a regular point obtained via orthogonal crossings of
separatrices (an illustration in figure 3.18). The observation of equation 3.11
points out that doublets of singularities of valence 3 and 5 do not influence
the final sum, which means that the cross-field may exhibit many irregular
points, and by so highly degrade the quality of the final quad mesh. This re-
mark highlights the need for control over singularity configuration via adequate
formulation for cross-field computation.

The practice of imposing singularity locations and valences has been preva-
lent in the past when the partitioning of the domain was performed manually;
nowadays, it is possible to do so in an automatic manner (see Chapter 6 and
Chapter 7). By following the Poincaré-Hopf theorem it appears that the only
constraint to be fulfilled is assuring that the number of singularities and their
indices match the corresponding sum in equation 3.11. Nevertheless, it is not
the case. The generation of a conformal quadrangulation is under the con-
straint of a combination of choices of holonomies and singularities’ indices [93].
These additionnal constraints come from the assumption ||a|| = ||V]|. As an il-
lustration of this surprising fact, an example of imposing only two singularities
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Figure 3.18: Cross-field singularities of valence 3 on the sphere, blue curves represent
separatrices, a picture from [2].

on a torus y = 0 can be used. As already proved [67, 94, 95, 96], impos-
ing a pair of valence 3 — 5 singularities, although fulfilling the constraints of
Poincaré-Hopf theorem, is not feasible in this case. These works use different
manners for proving this claim, the closest one to quad meshing purposes is the
method [67], which uses the profound link between Riemann surface theory and
quad meshing. The authors derive the Abel-Jacobi theorem and corresponding
algorithm to give for the first time the necessary and sufficient conditions for
imposing singularity configuration.

3.3 The separatrices network

To generate a quad mesh from a cross-field it is possible to use explicit and
parametrization methods, more details in [21]. The former group of methods
relies on tracing the integral lines emanating from singularities of the cross-field,
i.e., separatrices to partition the domain, as it is the case here.

Separatrices represent curves that are consistent with the underlying cross-
field and are obtained via the propagation of integral lines emanating from
singularities. As a formal definition from [19] states:

Let v(s), s € [0,1] be a parametrization of a C! curve defined over €2, with
07(s) its derivative and u; orthogonal branches of a cross u. Then v is a
separatriz if:

Vs €[0,1], Fiell,..,4], 0v(s)xu;(dy(s)) =0. (3.13)

These integral curves are a cross-field vital feature since their network de-
termines the intrinsic connectivity complexity of a quad layout, and finally a
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quad mesh [21]. The possible behavior of separatrices of a cross-field is ex-
plained via Poincaré-Bendixson theorem for manifolds [97], in quad meshing
sense, their desirable properties include being aligned with cross-field, generat-
ing only orthogonal crossings and being as short as possible.

Figure 3.19: Illustration of separatrices springing out from a singularity of valence 3
on the left and valence 5 on the right, a picture from [21].

Obtaining a quad layout by simply tracing these curves is a challenging
problem [74, 98, 99], since it may not necessarily provide a good solution
[79, 80]. This issue typically arises from re-entrant corners and misalign-
ment of singularities [100], which cause a global problem: thin partitions, non-
quadrilateral patches or limit cycles in a final quad layout, as illustrated in
figure 3.20.

Figure 3.20: Illustration of thin partitions and non-quadrilateral patches on the left,
a picture from [68]. A limit cycle appearance on the right, a picture from [59].

Of notable interest here are limit cycles which represent separatrices that
coil up inside the domain, and by so not ending up neither at the singularity nor
orthogonally to the boundary, more details in [83]. This type of separatrices is,
for quad meshing purposes, typically stopped at the first (or last) orthogonal
intersection, leaving behind a quad layout with T-junctions.
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Figure 3.21: A limit cycle and reparation of a quad layout involving appearance of a
T-junction, a picture [59].

The issues mentioned above highly inhibit the generation of a quad lay-
out, and heterogeneous methods are developed to bypass these difficulties by
finding the genuine network of separatrices, 7.e., the minimal number of sim-
ply connected integral lines. Some of the most notable approaches include
graph-based techniques [74, 80, 101], collapse operation techniques [98, 100],
separatrices snapping with the given tolerance around singularities methods
[19, 60, 68], various quantization techniques [55] and their hybrid versions in
order to obtain the best results. Novel criteria to obtain the minimal number
of separatrices and reparation schemes of ill-defined patches for obtaining the
genuine set of separatrices are detailed in Chapter 4, Chapter 6 and Chapter 7.

The majority of methods outlined above are relying on repairing the integral
curves network, a work [77] suggests instead improving cross-field properties
a priori. Namely, the authors suggest that curl-free cross-field are particu-
larly useful in avoiding the existence of limit cycles. The thesis adopts this
line of thinking and points out the importance of cross-field integrability and
improving its accuracy around singular points (see Chapter 4, 6 and 7).






CHAPTER

Quad layout and quad mesh generation
obtained with Ginzburg-Landau PDE

Numerous theoretical and experimental results proved the benefits of Ginzburg-
Landau’s theory in the area of superconductors and superfluids [102, 103, 104,
105]. The strict mathematical background presented in [22] has supported
exploring its advantages for quad meshing purposes. More specifically, the
motivation for its use comes from analyzing the asymptotic regime of energy
minimization, pointing out the adequate type, position, and number of sin-
gularities. The following chapter details the quad meshing pipeline based on
Ginzburg-Landau theory!.

L Jezdimirovié, J., Chemin, A., and Remacle, J. F. (2019) Multi-block decomposition and
meshing of 2D domain using Ginzburg-Landaw PDE., Proceedings of the 28th International
Meshing Roundtable
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Abstract

An in-depth method to generate a quad layout of the arbitrary 2D domain
using 2D cross-fields solution of Ginzburg-Landau partial differential equation
(PDE) is presented. It relies on the parameterization of decomposition of the
domain, obtained by using particular PDE to generate direction fields, appro-
priate number, and localization of singular points and their separatrices. We
have proved that solutions of particular PDE imply locally integrable vector
fields and have the adequate distribution of singularities, advocating its usage.
Quad layout graph was generated by the separatrices and extraordinary ver-
tices of the domain (singularities, corners, and separatrices intersections), and
obtained partitions were parameterized /remeshed. As a result, a mechanism
to obtain block-structured quad mesh in an automatic manner is developed.

Keywords: Ginzburg-Landau PDE, cross-fields, quad layout, block-structured
quad mesh

1 Introduction

Block-structured quad meshes offer numerous advantages for mesh generation
in general, as reported by an increasing number of authors [17, 18, 19, 20]. Some
of the crucial improvements refer to: numerical stability, quality of the solu-
tion and computational time, efficient use of advanced vector extensions (AVX)
of modern microprocessors, development of efficient/optimal preconditioners,
dramatically reduced memory footprint and the use for multi-structured do-
mains.

The goal of the method presented here is to obtain automatic solution for
the issue of quad layout generataion and quad meshing of 2D domains starting
from a specific partial differential equation (PDE).

We consider as input a triangulated surface 2. Ginzburg-Landau PDE is
then solved on € which allowed computation of a cross-field Cq [44]. The
cross-field is then used for computing a quad layout of €2 which is a global
parameterization of the domain. In our approach, singularities are precisely
located at first, lifting of the cross-field is then computed and used to obtain
domain separatrices. This stage leads to a domain decomposition that is used
to build a finite element quadrilateral mesh with the use of an elliptic smoother.
Figure 4.1 presents an overview of the methodology.

Our method has specificities/advantages with respect to existing methods.
First, we give a proof of integrability of unitary cross-field, justifying its us-
age for domain partitioning. Quad layout is generated to be aligned with the
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Figure 4.1: Simplicial mesh on 2, computed cross-field, generated separatrices and
final quad mesh (from left hand side to right hand side respectively)

cross-field. Control over adding/reducing the number of partitions for cre-
ation/discarding of boundary layers is presented. The numerical methodology
used avoids the problem of limit cycles in the reported examples from [59, 63].
Finally, the true outcome of this paper is a fully functional block-structured
mesh generator that is available in Gmsh [23], the open source finite element
mesh generator.

2 Related work

Numerous methods for field designed parameterization/remeshing have been
developed in the past decades, thorough overviews given in [21, 28]. One of
the research lines generally relies on cut graph methodology, where cross-field
construction is followed by continuous parameterization, with differences on
integer rounding [55, 64]. When it comes to developments in correlation with
our work, similarly to [19, 63], we used a PDE based approach for quad layout
generation purpose. In our case, more in depth developed procedures with
extension to surfaces and specificities of the chosen PDE are shown. To avoid
possible misalignments in the resulting parameterization, contrary to [98], the
quad layout remained aligned with the cross-field. The techniques used for
computing the cross-field are from [44] and they may seem to be similar to [65],
although there are many differences. Some of the crucial divergencies are: the
finite scheme relies on a Ginzburg-Landau PDE and not on the guidance field;
the degrees of freedom are the real and imaginary parts of a vector field and not
two angles defining the parameterization; the penalty factor is not constant,
but it is governed by the mesh size. Following the idea of the importance of
improving integrability of a cross-field by [65, 106], we have shown that, for a
given cross-field, it is always possible to find a scaling scalar function allowing
to obtain a locally integrable cross-field. This demonstration legitimates the
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usage of 2D cross-fields to generate quad layouts and finally block-structured
quad meshes.

3 Purpose of 2D cross-fields for quad mesh genera-
tion

A 2D cross c is defined as a set of 4 orthogonal vectors of norm [, ¢ =

{ur }eeqr,ap- With a given 2D orthonormal basis (x,y), ug = lcos(0 + k5 )x +

Isin(f + k3 )y, represented in figure 4.2.

YA

Figure 4.2: Cross definition

On a 2D domain €, for each point x € 2 it is possible to define a cross
c(x). A 2D cross-field on  is defined as the set Cq = {c(x),x € Q}.

In order to highlight the use of 2D cross-fields for quad mesh generation,
we will focus on a 2D domain 2 conformal to the unit square. Let’s i/ be the
planar unit square, F a conformal transformation and Q = F(U) (figure 4.3).
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Figure 4.3: Conformal transformation between unitary square and physical domain
with associated cross-fields

Let’s define Cyy as a uniform cross-field of norm 1 aligned with the principal
axis of U laying in the tangent space of U, and Cq the image of Gy by F. Cq
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is a representation of the jacobian of F and in the following we will define Cq
as the normalized jacobian of F.

It is possible to generate a quad layout of by tracing integral lines of Co,
represented in figure 4.4, which are identical to integral lines of Cq.

Y

u o
Figure 4.4: Quadrilateral multi-block decomposition of domain €2 obtained by prop-
agating integral lines of Cq

Unfortunately, the conformal transformation F is usually unknown, and
computing it is a challenging process. Instead, we will focus on computing the
normalized jacobian Cq of F, knowing that on the boundary 92 one direction
of the normalized jacobian has to be aligned with the normal of 02 (figure 4.5).
Therefore, we are looking for a normalized 2D cross-field Cq on 2, as smooth
as possible and having one direction aligned to 9€2’s normal on the boundary.

Q

Figure 4.5: Reference problem for 2D cross-field computation

The quad layout is then obtained by tracing Cq’s integral lines. As we
only computed a normalized cross-field, which correspond to a normalized ja-
cobian, one could wonder if it exists a conformal transformation F such as its
normalized jacobian is equal to Cq. To show that it is the case, we will show
that for a given normalized cross-field Cq, it is easy to build a corresponding
2D cross-field with the same orientation and non uniform norms Cq which is
integrable.
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Assuming we know a normalized 2D cross-field Cq, Cq = {c(x),x € Q}
with:

c = {uk}(keE(Ul)ﬂ kT (4.1)
Uk = [sin(@(x) + kf)] xe

which is completely defined by the function . We are looking for Co =
{€(x),x € Q} with :

¢ = {ﬁk}ken}(g? ) T (4.2)
a, = I(x) Sin(g(X)Jrk;%)}’XGQ’ |

where 6 is known, such that Cq is integrable.

A 2D cross-field Cq is integrable if and only if for Vx € Q, the Lie bracket
of 2 orthogonal branches (g, @1z) is equal to 0:

[fll,ﬁg} = Vﬁzﬁlvljl Uy = Vﬁl -l — Vﬁg -1 = 0. (43)

As detailed computation in Appendix 12.2 shows, for [ # 0, Cq is integrable
if [ verifies:

V(log(l)) = [em] on Q. (4.4)

As 6 is known, it is easy to compute [, with a multiplicative constant, and
build an integrable cross-field Co. As crosses of Cq and Cq have the same
orientation, integral lines of these 2 cross-fields are identical. This justifies
the usage of integral lines of a normalized cross-field Cq for generating a quad
layout.

Note that H = log(l) is defined in [22] as a Green’s function that is proven,
contrary to 6, to be continuous everywhere in the domain except at singular
points where H blows up as logr which means that [ tends linearly to 0 at the
vicinity of singularities.

The partitioning of a domain 2 will be obtained in 2 steps. First, a normal-
ized 2D cross-field Cg, is generated on €2, then integral lines of Cq are computed
to obtain the quad layout.

4 Generating cross-field based on Ginzburg-Landau
PDE
4.1 2D crosses representation

As presented in the previous section, it is possible to completely define a cross
with an angle 6. However, symmetries of the cross lead to the fact that 6 and
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0 + k%, k € Z define the same cross, thus this representation is not unique. It
is possible to uniquely define a cross using the following representation:
T

u = (cos46,sin46), 6€ [0, -

5. (4.5)

In this representation, u is invariant by a rotation of 7, thus represents a
“cross” with 4 orthogonal branches, as shown in figure 4.6 and figure 4.7.
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Figure 4.7: Rotation of reference cross by 6 (left) and its representation with 2D
vector u (right)

4.2 Computing 2D cross-field through partial differential
equations

The idea of computing a cross-field u = (u7,u2) is to force crosses to be aligned
with the boundaries of 2 and to propagate those crosses inside 2 using a PDE
that eventually produces smooth cross-fields. In what follows, we propose a
series of formulations that produce quite different results in practice.

The first approach is to choose u € (H;(9))? and simply minimize the
Dirichlet energy:

1
EP(u) = 3 /Q |Vul|?dv
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with appropriate boundary conditions. Minimizing E” is equivalent to solve
V2u = 0. The main issue of that simple approach is that u; and u, are going
to rapidly become equal to zero away from the boundaries. This is simply due
to the mean value property of harmonic functions. When u; = uy = 0, the
cross direction § = Latan2(ug,u;) is undefined. Even though cross-fields issued
from this naive approach are not suitable for obtaining the quad layout, they
will be used as a starting point for other methods.

The main drawback of the first “naive” approach that has just been pre-
sented is that u actually leaves S! away from boundaries and is not a cross
anymore. There are two possible options to force u to stay in S*: (i) choosing
u € St explicitly or (ii) choosing u € (H1(£2))? and penalize u away from S*.

The first approach thus consists in choosing u € S! explicitly and writes
u(f) = €. In this case, u is a complex number with u; and us as its real and
imaginary part and u? 4+ u3 = 1. In this case,

min [ |Vul?dv
uest Jq
is equivalent to

min E’ = [ |VO|*dv.
beH"/Q Q

Here, 6 lives in the quotient space H'/Q where @ is the group of symmetries
of the square. Angle 6 thus does not live in a linear space and minimizing
EY is not strictly equivalent to solve V20 = 0. Solutions to that problem have
already been provided by using a mixed integer approach [73]. It is also possible
to write an explicit smoother that averages 6 locally. This method provides
exploitable results when the 6’s are initiated by minimizing E” using the first
naive approach.

Another approach is to propose an alternative energy, namely the Ginzburg-
Landay energy functional:

1 1
B (u) = BP + BY = 3 /Q IVul? + 472/0 (lu]> = 1)*, (4.6)

where the parameter € has a dimension of length and in literature is known as
coherence length [22]. Energy (4.6) contains two terms: the standard Dirich-
let energy and a penalization. The only minimizer of the Ginzburg-Landau
functional is solution of:
1 2
2 2 _
\Y u+6—2u(|u| -1)" =0.

The only vector field that satisfies both VZu = 0 and |u| = 1 is the constant
vector field. Consequently, whenever € # 0, the Ginzburg-Landau formulation
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cannot force u € S* everywhere and unit vectors can only exist if they don’t
actually “turn”, i.e., if 8 is constant.

A mixed approach consists in choosing u € Hy (£, S1), i.e., choosing u € S!
while keeping both its components. In this context, it can be shown [22] that
the only minimizer of the Dirichlet energy E” is solution of

V2u +u|Vul®> = 0.

This formulation is strictly equivalent to V26 = 0. Yet, it requires to choose
u € St a priori which is of course not easy. One can penalize u away from S!
by using a penalization like in the Ginzburg-Landau case and solve

1 2
V2u + u|Vul? + 2 (ju?-1)" =0.

The smoothness term of this energy functional minimizes the gradient of the
cross-field and a penalty term makes its norm close to unity.

Further on, 2D cross-fields will be computed by minimizing energy func-
tional defined by the equation 4.6. Crouzeix-Raviart finite elements are used
for the interpolation and a Newton-Raphson scheme for solving the nonlinear
problem (computational details in [44]), obtained result is shown in figure 4.8.

Figure 4.8: Generated crosses on triangulated surface €2

4.3 Cross-field topology

For the orientable surface €2 with genus g and b as the number of connected
components of 92, the Euler characteristic x of {2 is an integer:

X=2-2g—b. (4.7

Considering a mesh on ) with n nodes, n. edges and ny facets, the Euler
formula states:
X =n—"nc+ny. (4.8)
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According to equation (4.7) and (4.8) the mesh on the surface with Euler char-
acteristic x # 0 will have irregular vertices. As shown in [44], these irregular
vertices of the mesh are corresponding to singular points obtained by the cross-
field. Moreover, their number and type depend on Euler characteristic x. The
type of critical point z; is defined by its index index(x;) and can be found
directly by computing:

index(x;) = %f de (4.9)
T C;

where 6 is an angular reference and C; is a closed curve on the surface 2
enclosing only one singularity: z;. For a given quad mesh, a vertex z; with
valance v;, where v; represents the number of facets in the mesh adjacent to
the z;, the integral (4.9) is evaluated as:

4 — v
index(z;) = .
4
Therefore, vertices with index 0, i, —% are respectively adjacent to 4, 3 and 5

quadrangular elements. Dependency of number and type of singular points on
Q with Euler characteristic x is given by Poincaré-Hopf theorem:

> index(x;) = x(Q). (4.10)
According to [22], the result of the minimization of the Ginzburg-Landau energy
(4.6) in 2D supports coexistence of index(z;) = £1, as shown in figure 4.9.

Figure 4.9: Coexistence of positive singularity (red) and negative singularity (blue)
in 2D

In a special case, following [107], the result of (4.6) for u € S'/Cy, corre-
sponds to the elliptic Fekete points on a sphere, illustration in figure 4.10 and
more details on this subject in Chapter 5.

5 Tracing separatrices

As already reported [19, 59, 63, 98] the tracing of separatrices of computed
cross-field accomplishes the goal of domain partitioning. This section describes
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Figure 4.10: Singular points forming an anticube on the sphere

procedures for generating the separatrices on arbitrary 2D domain 2. Our
algorithm is divided into three stages: (i) the initiation of separatrices on a
locally small neighborhood containing one singular point, (ii) the propagation
of separatrices on the whole domain Q and (iii) a post processing stage that
allows to obtain the minimal number of separatrices.

5.1 Initialization of separatrices inside the critical elements

A triangular element C;,i € [|1;n]|] of the mesh is considered critical if a sin-
gular point is located at its vertex, edge or area, [19, 107]. For the sake of
consistency with the numerical scheme used (i.e. Crouzeix-Raviart finite ele-
ments), singular points S;, ¢ € [|1;n|] will be located on the middle of the edges
where cross-field vanishes. By traversing all edges of the mesh and finding the
locations with the smallest ||ul|, the critical elements are marked and singular
points extracted.

For the purpose of separatrices propagation on each critical element Cj,
we iterated over each edge of C; to find points where the cross-field is aligned
with a singularity .S;, i.e., fulfilling 4.11 or 4.12, an illustration in figure 4.11.
Finding values of a cross-field in these points is done by linear interpolation,
similarly as in [19].

Gpi :'9P¢Si +a (411)

GQZ, = HQiS'L + « (4.12)

with « representing the tolerance criteria.
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Figure 4.11: Obtaining separatri- Figure 4.12: Separatrices propa-
ces on C; gation method

5.2 Propagation of separatrices on the whole domain (2

In order to obtain a decomposition of the domain 2, separatrices are propa-
gated through a finite number of elements of triangulation ' = T, — {C4, ..., Cy, }
following the adequate direction of the cross-field until stopping criteria is ful-
filled. We used the propagation scheme described in [19] relying on Heun’s (a
variation of Runge-Kutta 2) numerical scheme:

1= D+ R wi(P) (4.13)
(P + P!

4 — w (4.14)

P11 =P+ h;-d; (4.15)

where P; is no-singular point on critical element C;; u; and uj are cross-
field directions; h; and h; represent the mesh size dependent step and P,y is
computed point. More detailed, as shown in figure 4.12, the algorithm aims to
compute the point P; 1, where S; represents a critical point, and P; is derived
based on information about the direction u; which is the closest one to the
input direction p; = S; ;. Further on, the information about the direction uj,
at the cross at point P/, is used to obtain direction d; generating point P;i;
and allowing further propagation in the same manner.

5.3 Stopping criteria for separatrices propagation

Separatrices generated in the manner described above are traced until they
reached critical patch E,; (figure 4.13) or the boundary 9. For the computa-
tional purposes we defined a critical patch E,; around each singular point .S;,
which represents a set of triangles with a locally small distance r from .S;.
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Figure 4.13: Critical patch

5.4 Cleaning the redundant separatrices

Presented method for separatrices propagation is not generating a minimal
number of separatrices needed for multi-block decomposition of €. This result
is a direct consequence of allowing the propagation of the same separatrice from
two different singular points (as shown in figure 4.14).

| | N
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Figure 4.14: Quad layout of a circle: separatrices before (left) and after cleaning
(right)

In order to obtain the minimal number of separatrices, we developed the
procedure, detailed in algorithm 1, to determine and discard redundant ones.
Two or more separatrices are defined as redundant if they have: identical begin-
nings, identical endings and intersect the same set of separatrices. An example
for two redundant separatrices is given in figures 4.15-4.16. In red are rep-
resented two singular points, in black generated separatrices and in blue and
green two separatrices meeting the criterion for defining redundant separatrices
exposed previously.
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Figure 4.15 is a case where the set of intersected separatrices is empty. The
patch generated by redundant separatrices (in white) is made of two edges
and can be removed by deleting one of the redundant separatrices without
modifying the type of adjacent blocks (in grey).

M Yk

Figure 4.15: An empty set of separatrices’ intersection (before and after)

Figure 4.16 is a case where the set of intersected separatrices is not empty.
Redundant separatrices create the quadrangular blocks and two triangular
blocks (in white). Deleting one of the redundant separatrices removes all blocks
in white (including triangular blocks) without modifying the type of adjacent

blocks (in grey).

Figure 4.16: Not an empty set of separatrices’ intersection (before and after)

Therefore, for each group of redundant separatrices a random one is chosen
to be kept and all the other (redundant) separatrices are removed.

Algorithm 1 Obtain minimal number of separatrices

while There is a non-traversed separatrice ¢ do
Determine beginning and ending of separatrice 4
Associate these data to separatrice i attributes
end while
Define groups by gathering separatrices with the same beginning and the
same ending
while There is a non-traversed separatrice ¢+ do
Determine which separatrices from other groups separatrice ¢ is intersect-
ing
end while
Find redundant separatrices
Discard copies
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The reason for taking into account separatrices intersections is demon-
strated in figures 4.17-4.18: separatrices number 1 and 2 have the same be-
ginnings and endings (belong to the same group), but they are intersecting
different sets of separatrices (as for separatrices 3 and 4).

Figure 4.18: Overview of intersecting separatrices

6 Examples of multi-block decomposition

In this section we present the results obtained by applying Ginzburg-Landau
PDE for the purpose of generating a quad layout of the given domain €. By the
definition of separatrices, each partition is smooth inside which allows meshing
with quad elements. The quality of the mesh generated in this manner is
expected to be high, due to the proven torsion free properties of a generated
cross-field.

In the following, we demonstrate the dependency of generated quad layout
on:

o geometrical properties of the domain, figure 4.19



Chapter 4 — Quad layout and quad mesh generation obtained with
64 Ginzburg-Landau PDE

o the type of boundary conditions imposed, figure 4.20

¢ the value of coherence length parameter ¢, figure 4.21.

Depending on requirements, we can add (remove) a boundary layer (as
shown in figures 4.20) by imposing weak or strong boundary conditions. Using
different values for global coherence length €, we can generate different quad
layouts of the same domain. As shown in figure 4.21, both of them are valid.

Figure 4.19: Quad layout dependence on geometrical characteristics of the domain.
Eccentricity of the ellipse on the left is e = 0.71 and on the right is e = 0.95.

Figure 4.20: Quad layout with imposed weak boundary conditions on the left and
with imposed strong boundary conditions on the right

We have chosen a few examples (figures 4.22-4.24) to demonstrate abilities of
our algorithm for creating the quad layout of topologically and /or geometrically
challenging domains.
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L 2 I

Figure 4.21: Coherence length e = 0.001 (left) and € = 0.01 (right)

Figure 4.22: Euler characteristic x = —3 on the left and x = —6 on the right

Following [44], generating cross-field using Ginzburg-Landau functional has
many desirable properties for meshing purposes. Recent reports on cross-field
generation [59, 63], pointed out the existence of the limit cycle, defined as
one or more separatrices failure to converge to a singular point or a boundary,
which prevents generating the quad layout. The decompositions we obtained,
on reported domains by [59, 63|, are shown in figures 4.25 and 4.26.
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Figure 4.23: Quad layout of manifolds

Figure 4.24: Quad layout of three component wing

7T Planar graph embedding of the multi-block de-
composition

For the purpose of the efficient and practical representation of complex domains
Q, according to [28], we will generate the planar graph embedding based on its



§7 Planar graph embedding of the multi-block decomposition 67

Figure 4.25: Multi-block decomposition by [63] (left) and by our approach (right)
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Figure 4.26: Multi-block decomposition by [59] (left) and by our approach (right)

multi-block decomposition (figure 4.27). To do so, we will use extraordinary
vertices T;, ¢ € {1,--- ,n}, defined as singular points, corners and intersections
between separatrices and separatrices with 92. These vertices are further on
used for creating the graph I' = {V, E'} defined by vertices V = {1}, T5, ..., T,}
and corresponding edges E = {{T1,T2}, {12, T3},...,{T},Tn}}. For the pur-
pose of meeting well-defined connectivity (figure 4.28) data information of ori-
entation is associated with each extraordinary vertex T;: T}y, Ty, T, e.g., listing
of neighbors in counter-clockwise direction, wherefrom graph edges E are de-
rived. Information on orientation and data structure ensured that each edge
will be traversed only once and all quads Q; = {7}, T}, T}, T; } will be extracted.
The used algorithm 2, showed below, is the adaptation of work described by
[76].
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Figure 4.27: Illustration of a multi-block decomposition (left) and its planar graph
embedding (right)

Y

Figure 4.28: Importance of orientation data: connected (left) and disconnected graph
(right)

Algorithm 2 Generate the graph

Compute extraordinary vertices T;

Associate orientation data to each T;

while There is a non-traversed oriented edge {T;T;} do
Take the first edge 17
Take T}, - the counter-clock oriented neighbor of T} which is before T;
Take T} - the counter-clock oriented neighbor of T}, which is before T}
Define the quad Q; = {1}, T}, Tk, T3}

end while

The obtained patches @ = Q1 |JQ2J ... @n, by the definition of separa-
trices and singular points, have a smooth cross-field inside, allowing further on
parameterization/remeshing.

8 Workflow for planar domains

In case of planar domain €2, partitions defined by a planar graph embedding,
are directly used for applying algebraic (1) and afterward (2) elliptic grid gen-
eration (figure 4.29). The result obtained is high quality block-structured quad
mesh. Theoretical and computational details on these methods are given in
the following sections.
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Figure 4.29: Illustration of the pipeline for the planar cases

8.1 Transfinite bilinear interpolation

For the aim of refinement of each block, transfinite interpolation (TFI) is used
as a, according to [15, 19, 108], computationally efficient algebraic grid genera-
tion technique. The grid obtained with this procedure is structured, conforming
the 092 and has controlled grid spacing. For a given physical domain @;, defined
with parameterized curves ¢ (u), c3(u), ce(v) and c4(v) (shown in figure 4.30),
the position of point X;(u,v) in the given domain is defined by the equation
4.16:

Ty C3(u) T3y

Ty c1(u) Ty

Figure 4.30: TFI grid points on physical domain Q);
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Xi(u,v) = (1—v)- c1(u)
+ wv-cz(u)+ (1 —u)-ca(v) +u-cq(v)
BT (419

—|—’LL'(1—U)'T14
+(1—u)-v-T32].

Figure 4.31: TFI mesh (left) and mesh smoothing (right)

As a result, a block-structured quad mesh M; = (V, E,Q), with vertices V,
edges F and corresponding quadrilaterals @) is generated (figure 4.31 left).
In order to obtain better orthogonality and improve overall quality of elements
in the quad mesh obtained, bilinear TFI has been used as a step towards
implementing a PDE based meshing technique (figure 4.31 right).

8.2 Grid smoothing

To ensure robustness and computational efficiency of a PDE based algorithm,
which can be adopted for an unstructured mesh, our approach followed the
work described in [109]. This work represents the Winslow smoothing [110]
on 2D unstructured mesh and its based on solving the second-order nonlinear
elliptic partial differential equations:

922Tee — 2912%ey + g11Tny =0 (4.17)
922Yee — 2912Yen + G11Ynn =0

with g11, g12 and goo computed as:

g11 = TeXe + YeYe
g12 = Teky + Yeln (4.18)

922 = Ty + YnlYn-
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For the sake of completeness, the algorithm and its implementation are in detail
explained in the Appendix 12.1.

In order to determine the quality of a quad mesh, the measure of quadri-
lateral element quality n(g) of the element ¢ with angles «;, is computed as in
[111]:

n(q) = mam(l - %max(|g - ai|),0). (4.19)

Figure 4.32: Quality of a mesh generated using TFI on the left and the quality of a
mesh generated using Winslow smoother on the right

Improvements of the mesh quality using Winslow smoother are shown in a
few examples in the table below. Notations used for values of the minimum
and average quality of elements are respectively 7, and 77, where 7). 9 represents
the percentage of elements in the mesh whose quality is greater than 0.9 and
h is the mesh size.

Figure h Algorithm Mesh quality
Nw n N0.9
Fig 4.32 0.01 | TFI 0.01 | 0.90 | 0.59
Winslow 0.47 | 0.94 | 0.80
Fig 4.22 left 0.05 | TFI 0.00 | 0.94 | 0.82
Winslow 0.52 | 0.93 | 0.79
Fig 4.22 right | 0.01 | TFI 0.14 | 0.92 | 0.73
Winslow 0.48 | 0.93 | 0.80

Table 4.1: Comparison of TFI and Winslow mesh quality
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9 Workflow for 2D manifolds

We will now suppose that the domain €2 we are interested in is a 2D manifold.
Workflow presented previously for planar domains has to be adapted for such
domains. Indeed, the quad layout can be obtained in the same manner, but the
algebraic grid generation and the elliptic grid smoothing will generate points
not belonging to €2 in the general case. To be able to follow the grid generation
procedure, first a parameterization of the domain 2 is needed. Figure 4.33
points out the main steps of the workflow.
b)

a) c)

Figure 4.33: Ilustration of the pipeline for the manifold cases a-e)

9.1 Parametrization of the domain

There are many ways to parameterize arbitrary 2D manifolds  [112, 113,
114] and they usually require to split £ in a finite number n of subdomains
Q;,i € [|1,n|]. Then each €, is parametrized independently from each other.
Such methods could be used to further generate grids only if boundaries of
these subdomains correspond to the edges of the quad layout. The choice
made here is to define each quadrilateral of the quad layout as a subdomain
Q; and parameterize it independently following the method proposed in [114]
(figure 4.34). The parameterization relies on mean value coordinates [115]
which guarantees a one-to-one parameterization of each subdomain. For most
of the obtained quad layouts, each partition can be parameterized with only
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one atlas, but it can happen that it is necessary to split it in subdomains in
order to get a proper parameterization. These kinds of cases are handled by
the methodology proposed in [114].

Figure 4.34: Tllustration of the proposed parameterization

Once each subdomain €); is parameterized, it is possible to generate a first
grid on each €); with an algebraic method and then use an elliptic smoother in
order to obtain a high quality block-structured quad mesh.

It is important to note that, due to the choice of independent parameter-
ization of each partition, it is not possible anymore as in the planar case, to
optimize the position of separatrices and extraordinary vertices with the elliptic
smoother.

9.2 Modification of original workflow

The workflow for 2D manifold is obtained by modifying the workflow for pla-
nar cases through adding a parameterization step, as presented in figure 4.33.
First, the quad layout is generated and then each partition is parameterized
independently. On each one of them, an initial grid is created in the parametric
space, smoothed with Winslow smoother [109] and then mapped back to € in
the physical space.
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10 Discussion

Due to the behavior of the cross-field at the vicinity of singular points, as well
as our algorithm for creating critical patches, a triangular block can appear
(figures 4.35 - 4.36). This issue is resolved by further propagation (figure 4.35),
or, in cases when neither one of separatrices from the triangular block can not
be further propagated, removal of the separatrice (figure 4.36).

Figure 4.35: Before and after applying the algorithm for triangular block cleaning
(repropagating)

Figure 4.36: Before and after applying the algorithm for triangular block cleaning
(removing)

When it comes to the computational cost of our method, it is subordinated
to the number of elements of the triangulation. For most of the geometries, time
for obtaining multi-block decomposition varied from less than one up to a few
seconds with the same addition for parameterization/remeshing step. Concern-
ing computational time for cross-field generation, the current numerical scheme
to solve the Ginzburg-Landau PDE described in [44] is not competitive with
existing cross-fields generators. Addressing this issue is presented in Chapter 6.

The future directions of the work include: optimization of performance time
(detailed in Chapter 6), reported problem of limit cycles existence (Chapter 6,
7 and 8) and meshing with varying elements’ sizes, as shown in figure 4.37
(detailed in Chapter 6, 7 and 8).
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Figure 4.37: Uniform (left) and non-uniform quad mesh (right)

11 Conclusion

This paper presents a contribution in developing an algorithm for generating a
quad layout and block-structured quad mesh of manifolds. The specific interest
in using cross-fields for these purposes is pointed out from a mathematical point
of view. Choosing Ginzburg-Landau PDE is advocated by fair distribution of
singular points - a crucial asset for a parameterization [81, 116]. To the best
of our knowledge, the algorithms to obtain the minimal number of separatrices
and the proof of local integrability of 2D cross-fields have not been exposed
before. Last but not least, we demonstrated how to use our method to create
block-structured quad meshes in an automatic manner and made it available
in Gmsh [23], the open source finite element mesh generator.

12 Appendix

12.1 Winslow smoother

Using the finite difference discretization, equations 4.17 can be written, for each
node n of the mesh, as:

Dn(X) = GQQDE&(Xn) — 2G12D§7](Xn) =+ Glann(Xn) =0, (420)
where G11, G12 and Gy are:

G11 = De(xy) - De(xy)
G12 = Dg(xn) . Dn(Xn) (421)
G22 = Dn(xn) . Dn(xn)7

with values D¢, Dy, D¢¢, Deyy and D,y,, depending on the valance v,, of the
node n.
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By defining logical space with: £ = cos,,,, n = sin 6, at each node, where

2m-m
O =

)
Un

the following equations (4.22 - 4.23) are derived:
Approximations for v, = 4:

2 Vp—1

De¢(x) = — Z (X — Xp) COS O,

v
™ m=0

2 vp—1
D, (x,) = o Z (X — Xp) sin b,

™ m=0
vp—1

Dee(x,) = o Z (Xm — Xp) cos% 0, (4.22)
" m=0

2 vy —1 e e
Dey(x,) = o Z (Xm — Xp) €08 0, sin 6,

" m=0

4 vp—1
Dy (x,) = — E (Xm — Xp,) sin?6,,
v

n

m=0

where:

Un

and X,, are associated with the diagonal nodes, as shown in figure 4.38.

Loy L, T, L, Lmy

Tn
Ly L, Ly L,

Lo L Ly Loy, Tmy

Figure 4.38: Dependency on v, of x, used for approximation of 3, 4 and 5 valent
nodes (left to right)

Considering 3-valant nodes, equations demonstrated below are considering
6 neighbouring nodes (figure 4.38) and therefore the valant degree v,, = 3 rises
up to v, = 6, more detailed in [109].
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Approximations for v, = 3 and v, > 5:

9 Vp—1
D¢(xp) = o Z (Xm — Xp) €08 O,y

n
m=0

Dy (x,) = o Z (X — Xp) sin Oy,

Dee(xn) = — > (Xm — Xp)(4cos” O, — 1) (4.23)

™ m=0

8 Vp—1 .
Dey, (xXn) = o Z (X — Xp) €08 Oy, 8in 6,

™ m=0

9 Vp—1
Dy (xn) = o Z (X — X, )(4sin? 6, — 1)

n

m=0

To solve the nonlinear problem D, (x) = 0, for each node n from M; where
boundary nodes are fixed, Picard iterations are performed. In order to do
so, the following notations are defined: M, (f as the current quad mesh, x* the
coordinates of its nodes, x**1 the coordinates of nodes after one smoothing

iteration and Mé““ the corresponding quad mesh. By computing the values
G%,, G, and G%, evaluated on every node of le, we can define:

DZ(X) = G§2D€€(Xk+l) - 2G11€2D£77<sz+1) + G’lenn(Xk+1)

n n

for all nodes n. This system of n nonlinear equations is put under the form
DF . x**+1 where DF depends only on x*. Finding x**! is done by solving
DF . xF+1 = 0. Performed computational steps are described in algorithm 3.

Algorithm 3 Solving D,,(x) = 0 with Picard iterations

Define convergence criteria ¢

k=0

.1\4-(])C == Mt

while || D* - x**1||, > ¢ do
Compute G¥,, G%,, G5, for all nodes of M;
Build D*
Solve DFx*+1 =0
Generate MF+! from x**!
k=k+1

end while

Write new smoothed mesh M, = Mq’“
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12.2 Local integrability of the cross-field

Starting from the definition of 2D cross-field Co with the non uniform norms
(equation 4.2) and replacing the corresponding values in equation (4.3), we ob-
tain the result computed in (4.24), which shows that for I # 0, Cg, is integrable
if [ verifies the condition (4.4).

[G1,02] =

ly-cosf—1-sinf-0, I ~cos@—l~sin9~9,y} . {—l~sin()}

Y
lo-sin@+1-cosf-0, I, -sinf+1-cosb-0, l-cosf

[(—l,-sin —1-cos@-0, —l;-sinﬁ—kcosﬂﬂﬂ l-cosf
| lo-cos@—1-sinf-60, I, -cosf—1-sinf-6, | |l-sinf

[(—1-1,-sin6-cos®+1%-sin?0-0, +1-1, cos?0 —1?-sin6-cosb-0,
_—l-lﬂw~sin29—l2 ~Sin6’-cos¢9~9,m+l~l7y~sin0~cos€+l2~cosz(9~0>y

(—1-1,-sin6-cos® —1?-cos?0 -0, —1-1, -sin?0 —1?-sin6-cosb-0,
_l-lvz~cos20—lz-Sin9~cos(ﬁ-07x+l~l,y~sin€-cosﬁ—l2 ~Sin20~07y

l

Y

I L PR A B L e Y
B R N L]~ [0
L P

(4.24)



CHAPTER

Elliptic Fekete points obtained by
Ginzburg-Landau PDE

The computation of the cross-field on a 2-sphere with the Ginzburg-Landau
model yields a surprising result. Namely, the singularities’ locations do not
form a cube as expected, but an anticube. The reason for such an unusual
result lies in the asymptotic behavior of Ginzburg-Landau energy, and as it will
be shown in this chapter!, this result corresponds to the solution of Smale’s
7th problem [117], i.e., the determination of the minimum potential energy
location of N points z;, i=1,..., N on the 2-sphere.

1Jezdimirovié, J., Chemin, A., Beaufort, P. A., and Remacle, J. F. (2017) Elliptic Fekete
points obtained by Ginzburg-Landau PDE. Proceedings of the 26th International Meshing
Roundtable
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Abstract

The Ginzburg-Landau model exhibits the existence of a logarithmic force be-
tween singularities: attractive in the case when their indices are of the opposite
sign, otherwise repulsive. It will be shown that minimization of this specific
energy on a unit 2-sphere locates the singularities on vertices of the two squares
of side %, which are tilted by 7 degrees around their common axis, and by so
forming an anticube, corresponding to the solution of Smale’s 7th problem.

The specific case that is treated here is the Fekete problem where points re-
pel each other with a force that depends on the logarithm of their respective
distance. This chapter presents a method to compute Fekete points by solving
a partial differential equation that is usually used for computing cross-fields.
This approach is quite uncommon and quite competitive for N large.

Keywords: Smale’s 7th problem, Fekete problem, minimal energy, PDEs

1 Introduction

In a famous paper [117], Steve Smale details eighteen open mathematical prob-
lems for the 21st century. Smale gives there an update for the twenty-three
open problems that David Hilbert presented at the 2nd international mathe-
matical congress in 1900.

Smale’s 7th problem is about distribution of points on the 2-sphere S2.
Consider a set of distinct points Xy = {x1,Xa,...,xx} that all belong to S2.
We use notation |x; — x| for the geodesic distance between x; and x;. The
energy of point set X'y is written as:

E(Xy) ==Y log|x; — x;. (5.1)
i#]
The problem is to find X that minimizes E(Xy). The optimal points are
called elliptic Fekete points. Another way of looking at the problem is to
maximize the function:

W) = (exp Er(Xn) " = | [[ i —x1 7" | =]]lx—x[ (52
i i#]

There exists an abundant literature on that problem, both on the theoretical
side and on the algorithmic side [117, 118, 119, 120]. In this paper, we show
that it is possible to find Fekete points by solving a partial differential equation
(PDE) on the sphere. The PDE is essentially the one that is used for computing
direction fields in the context of quadrilateral mesh generation [44].
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1.1 Ginzburg-Landau PDE

In this section, we aim at showing the profound link between Fekete points and
the minimization of the following energy functional, namely Ginzburg-Landau’s
functional:

Eo(w)= /G Vul + oy /G (uf? - 1) (5.3)

Here, u represents an element of the quotient space S'/Cx where S! is the
circle group and Cl is the group of N-fold symmetry, i.e., rotational symmetry
of order N. Computing the first variation of equation (4.6) allows to express
this minimization problem as the solution of the following PDE:

1
Viu + = (1—|uf*)u=0. (5.4)

According to Alberti-Ambrosio-Cabré theorem for stable solutions of elliptic
PDE’s [121], there is a unique minimizer for the given energy F.(u) when
€ — 0. Moreover, it is also possible to show that [22]:

1
lim E. = 2N7 log(1l — . .
61_15(1) € i Og( /€)+W(X1,X27 7X2N)+O<|10g6|) (5 5)
Here, the 2N points {x1,X3,...,Xon} are singular points, 4.e., points where u
vanishes. It is indeed possible to show that those points are Fekete points (note
here that our approach is only able to compute Fekete points of even orders).

The first term of equation (5.5), namely 2N7 log(1/¢) is called singular
core energy: energy indeed blows up when € — 0. This term being totally
independent of the position of the critical points, it has no influence on their
locations. The third term of equation (5.5) goes to zero when e — 0, it has no
influence as well. The only term of equation (5.5) that is finite when € — 0
and that depends on the position of critical points is the second one, W, the
renormalized energy:

W(x1,X2,....;XN) = 7’/T210g Ix; — x5 (5.6)
i#]
The position of the 2N singular points that result of the minimization of the

Ginzburg-Landau energy (4.6) for u € S'/Cy thus correspond to the Fekete
points of order 2.

2 Computational procedure

A finite element method (FEM) has been used to approximate solution of
Ginzburg-Landau PDE. A conformal triangulation U;§2; = § over domain ) =
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52 € R? is generated. In order to handle N-folds symmetry issues, a N-fold
symmetry vector field u = (uy,us):

(u1,u2) = (cos Na,sin Na), « € (0,27), (5.7)

is chosen as the unknown vector. Details on the finite element procedure that
has been used can be found in [44]. The principal ingredients are:

e The use of non conforming Crouzeix-Raviart’s triangular finite elements
to discretize u,

¢ A Newton-Raphson’s scheme to solve the non linear system of equations,

e Choice of the coherence length ¢ of the order of magnitude of mesh size
but way smaller than the distance between singular points.

2.1 Localization of singular points

According to the Hairy ball theorem of algebraic topology and following [81],
a vector field V has a singularity at a certain point x; if it vanishes or is
not defined at this point. Therefore, singularities are detected as the zeros of
piecewise linear interpolation of the representation cross-field u obtained at the
triangle element edges of the mesh. In order to localize these singular points
on an element size area, elements with the smallest vector norms are extracted.
A triangular element, in this sense, is considered to be singular if contains a
singular edge. By traversing all existing triangle elements of a mesh in the
given domain €2, regions with finite number of triangles are obtained. For the
purpose of accurate localization of singular points, every region is refined and
singular triangular elements with singular points, on the middle of their mutual
edges, are extracted.

The result on a unit 2-sphere is shown in figure 5.1 and it consists of 8
singular points whose locations form an anticube. For special cases of 4, 6
and 12 singular points obtained via the same methodology, it can be shown
that their positions actually form Platonic solids, i.e., respectively tetrahedron,
octahedron and icosahedron. In the latter cases, the obtained partitions are
triangular, which leads to a very important remark: the cross-fields can be used
in triangular meshing as well!

3 Results

According to many authors [117, 120, 122], there is a variety of computational
techniques for obtaining log-optimal configurations: equal area points method



§3 Results 83

Crossfield z Crossfield z

0556 0779 1 X Y 0.556 0.779 1 x|y

Crossfield

Y
0556 0.779 1 z x
I T

Figure 5.1: Fekete points on a unit 2-sphere, a picture from [2].

[123], spiral points algorithm [120], hexagonal tilings [122], force method ap-
proach [124], etc. Drawbacks of above-mentioned algorithms, as restriction for
N large, are bypassed by recent contributions of Cluster Clonetroop, FinisTer-
rae challenge and MareNostrum numerical experiments [124]. Both theoretical
and computer-aided approaches have mainly relied on geometrical properties
of the domain, classical optimization algorithms, combinatorial optimization
methods and ODE integrators [124]. Yet, to the best of our knowledge, ellip-
tic Fekete points have never been obtained by a solution of a PDE. Moreover,
in comparison with up-to-date calculations for electrostatic potential energy
minimum (EPEM) equation (5.2), as shown in figure 5.2, the use of Ginzburg-
Landau energy (GLE) equation (4.6) is giving competitive results.
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Figure 5.2: Preliminary results.

4 Conclusion

This paper presents a contribution in developing a novel approach for gener-
ating elliptic Fekete configurations. According to the asymptotic behavior of
Ginzburg-Landau functional, the number and localization of singular points
obtained by the solution of the cross-field u correspond to Smale’s 7th prob-
lem. The algorithm used the FEM for solving elliptic Ginzburg-Landau PDE in
order to determine these points in an automatic way. As a result, log-optimal
configurations, on the unit sphere S? € R3, were obtained in a robust and effi-
cient way. Depending on requirements, the future work would be addressed to
finding reliable solutions for different dimensional cases, topologies and values
of N in order to provide more general results on computational cost, conver-
gence and stability of the proposed approach.



CHAPTER

Flexible quad layout and quad mesh
generation: the planar case

This chapter! aims to answer the issues of the presented numerical scheme
for quad meshing based on Ginzburg-Landau PDE in Chapter 4 for planar
domains. More specifically, decreasing the computational time for cross-field
generation, reported problems of limit cycles existence, and numerical inaccu-
racies around singularities are addressed. The MBO algorithm [63] is used to
locate singularities and determine their valences, and the integrable cross-field
with isotropic scaling (from the obtained singularity configuration) is generated
with the computation of scalar field H, corresponding to the branches’ scaling,
from related Ginzburg-Landau literature [22].

LJezdimirovié, J., Chemin, A., Reberol, M., Henrotte, F., and Remacle, J. F. (2021)
Quad layouts with high valence singularities for flexible quad meshing. Proceedings of the
29th International Meshing Roundtable
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Abstract

A novel algorithm that produces a quad layout based on imposed set of singular-
ities is proposed. In this paper, we either use singularities that appear naturally,
e.g., by minimizing Ginzburg-Landau energy, or use as an input user-defined
singularity pattern, possibly with high valence singularities that do not appear
naturally in cross-field computations. The first contribution of the paper is
the development of a formulation that allows computing a cross-field from a
given set of singularities through the resolution of two linear PDEs. A specific
mesh refinement is applied at the vicinity of singularities to accommodate the
large gradients of cross directions that appear in the vicinity of singularities of
high valence. The second contribution of the paper is a correction scheme that
repairs limit cycles and/or non-quadrilateral patches. Finally, a high quality
(elements edges being as close to orthogonal as possible) block-structured quad
mesh is generated from the quad layout and per-partition parametrization.

Keywords: quad layout, quad meshing, high valence singularities

1 Introduction

Quad meshing is a discipline that has been developed for different purposes by
two distinct communities. Computer graphics and engineering analysis com-
munities have indeed produced extensive research in the subject for decades,
leading to both unstructured and structured approaches of quad meshing. A
recent survey [28] comprehensively discusses the issue of quad meshing from
manual to fully automatic generation, along with the respective advantages
and drawbacks of the different methods.

In a block-structured quad mesh, most of the vertices are regular. A vertex
v is regular if it has the optimal number n, of adjacent quads: n, = 2 if the
vertex is on the boundary 9 of the domain 2 to be meshed, and n, = 4 if it
is an internal vertex. Our approach for block-structured quad meshing relies
on the computation of an auxiliary object, called a cross-field, as a guide to
orient the quadrangular elements. Cross-fields have isolated singularities that
can be shown to correspond to the location of irregular vertices of the quad
mesh [44]. Using this useful structure of cross-fields has become popular to
generate block-structured quad meshes [19, 21, 59, 60, 63]. More specifically,
generating block-structured quad meshes requires the construction of a quad
layout. A quad layout is the partitioning of an object’s surface into simple
networks of conforming quadrilateral patches [39]. Figure 6.1 shows examples
of quad layouts for a simple 2D domain.
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Figure 6.1: Three quad layouts of a simple domain defined by a square minus a disk.
Colored points are the irregular corners of the layouts.

Two main approaches exist to extract a quad layout from the singular struc-
ture of a cross-field. The first approach consists of computing a seamless global
parameterization of the domain where integer iso-values of the parameter fields
form the sides, or the separatrices, of the quad layout [55, 64, 65]. This ap-
proach is implicit in the sense that it does not explicitly compute separatrices
from the cross-field. The second approach is explicit. It is the one used in
this paper. It consists of directly tracing the separatrices of the quad layout,
starting at the singularities of the cross-field. A singularity of valence 5 corre-
sponds to a vertex v with n, = 5 adjacent quads, so that 5 separatrices can be
started at this vertex v. Separatrices then follow integral lines of the cross-field,
eventually ending on 92 or on another singularity.

The main drawback of the explicit approach is related to its lack of geo-
metrical robustness. Assuming that singularities are located at vertices of our
mesh, the orientation of the cross-field is thus varying abruptly at the vicinity
of a singular vertex v. That bad representation of the cross-field can have dra-
matic consequences. In many cases, the right number of separatrices cannot
even be traced starting at v. Bad cross representation around singularities is
also the cause of tangential crossings, i.e., separatrices that should meet at a
singular vertex but that miss the rendez-vous and continue further, eventually
forming an infinite loop.

Mesh refinement around singularities would then seem to be a reasonable
idea. Disappointingly, it is not. Cross-field smoothers have the bad habit
to push singularities away from refined zones, because the energies used in
cross-field models are unbounded (in the continuous case) at singularities, so
that locating singularities in coarse region allows finding better minima (in the
discrete case). Standard mesh adaptation thus fails here, because the solution
does not converge in terms of energy. Figure 6.2 shows an example of that
typical behavior. Figure 6.2 (left) shows a cross-field computed on a uniform
mesh. Mesh refinement is then applied close to those singularities, and the
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Figure 6.2: Displacement of singular points due to a cross-field mesh dependency.
Cross-field computation follows the work from [44].

cross-field solver is then applied once again with the refined mesh. On figure 6.2
(right), one can observe that the singularities have moved with respect to their
position after the first cross-field computation. The tendency to escape refined
regions is so strong that the solution is actually breaking the symmetry of the
problem.

In order to avoid this issue, our cross-field computation is implemented as a
two-step process. A first cross-field is computed in a standard fashion by means
of minimizing a nonlinear energy (the Ginzburg-Landau energy functional in
our case). The singularity pattern of the cross-field is extracted from this first
computation and then injected as a constraint for a second cross-field computa-
tion on an adapted mesh. The formulation for computing this second cross-field
is different. Here, the singularity pattern is taken as an input and a cross-field
is computed by means of solving two linear systems. Singularity positions are
thus prescribed so mesh adaptation can be performed. The local structure of
a cross-field at a singularity is essentially radial: the mesh that is used in this
second step thus involves specific bicycle spokes patterns at singularities (see
section 4). With that ad hoc refinement, the singular structure of the cross-field
is perfectly captured. Another advantage of our approach is the possibility of
moving singularities, adding or removing some, while still respecting topologi-
cal constraints. In this work, we use that advantage for correcting or adapting
the quad layout when necessary, e.g., to fix non-quadrilateral partitions or to
avoid limit cycles.

The full pipeline of our block-structured quad mesher consists of four steps
and is described in figure 6.3.

Step 1: compute a first cross-field using standard non linear minimization
procedure that allows to find a singularity pattern, i.e., singularity positions
and indices.
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0 Cross-field 1 05 H field 13

Figure 6.3: Illustration of 4-steps pipeline

Step 2: compute a second cross-field with the prescribed singularity pattern
of Step 1 on a refined mesh.

Step 3: compute a neat quad layout decomposition without infinite loops or
t-junctions. Quad layout partitioning is performed on the accurate cross-field
of Step 2 by applying the separatrice tracing scheme presented in [60].

Step 4: generate a full quadrilateral mesh.

Note that Step 1 can be skipped if a singularity pattern is provided by
the user. Figure 6.4 shows this reduced 3-step process with a very unique
singularity of very high valence 8!

-2.54 H field 7.32

Figure 6.4: Illustration of the reduced 3-steps pipeline

The two-step cross-field computation delivers thus an accurate mesh inde-
pendent cross-field, figure 6.3, from which one can then continue with a neat
quad layout decomposition, and eventually a full quadrilateral mesh, figure 6.3
and 6.4. Quad layout partitioning is performed on the final (accurate) cross-
field by applying the separatrice tracing scheme presented in [60]. The final step
is the generation of the quadrilateral mesh by following the parameterization
imposed by the cross-field (section 7).
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The steps of the proposed approach are detailed in Algorithm 4. The whole
pipeline has been implemented as a fully functional module in Gmsh [23], the
open source finite element mesh generator. Although the pipeline can be fully
automated, a certain level of interactivity is possible. The user is indeed given
the opportunity to modify the singularity pattern and to adapt the location and
index of singularities, as long as it corresponds to the topology of the domain.
The modified singularity valence can be as high as six or eight, figure 6.4.

Algorithm 4 Generate all quad mesh

INPUT: FILE in .geo format
OUTPUT: FILE in .msh format

Non-linear cross-field computation on 2 (section 3)
Extract singularity pattern (section 4)

Compute cross-field with imposed singularities (section 5)
Obtain and correct quad layout (section 6)

Generate quad mesh on Q (section 7)

2 Related work

Due to the fact that some of the techniques used in our approach are customary
in the meshing and computational geometry communities, we will focus in this
article on the most notable trends and contrasts/resemblances with existing
works. For the sake of comprehensiveness, bibliographic references for our
algorithm are indicated in corresponding sections.

2.1 Cross-field generation for meshing purposes

For quad meshing purposes, authors are generally relying on either explicit
quadrangulations or parameterization/remeshing techniques [73]. The group
of parameterization approaches is enriched with numerous methods [28], where
rough dissemination could be made with two generalized flows: cross-field guid-
ance algorithms [19, 59, 60, 63] and cut-graph techniques [55, 64]. Our approach
follows the first flow with the difference of using two independent successive
cross-fields, which is unusual in related work on cross-field generation [62, 81].
Similarly to [60, 65, 106], we aim at obtaining a locally integrable cross-fields,
such that for each point X inside a patch holds:

VXI.ll:O7 VXUQZO, (61)

where u; and us represent two orthogonal branches of the cross defined in point
X.
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Stressed out by [125], a major compromise to be done in the computation of
cross-fields is between efficient design of vector field and control over singulari-
ties. Our algorithm runs fully automatic which frees the user of painful task to
explicitly specify all singularities on complex domains [126]. At the same time,
due to the independent steps of the algorithm, we are also able to fulfill the aim
of generating a fast smooth cross-field that respects a user-defined singularity
patterns as in [62, 73].

2.2 Singularities with high valences

High-order singularities’ patterns play an important role in numerous scientific
applications [90, 127, 128, 129, 130]. Initially, high-order singularities’ defi-
nition, extraction and visualization were relying on mathematical background
of Clifford algebra, typically motivated by applications for fluid mechanics or
electrostatics [90, 127, 130]. Some more recent papers [129, 130] are focused on
their role in vector field generation. In our case, the application of high-order
singular points is exploited for its benefits for quad meshing purposes, specif-
ically obtaining a quad layout and inducing important element size gradients
in the refined block-structured quad mesh.

When it comes to imposed singularity configuration, it is essential to note
that not all of the topologically correct singularity patterns will be valid for
quad meshing. The work [67] presents the sufficient and necessary conditions
for valid singularity configuration, where both the singularities’ valances and
holonomy are taken into account. Some of the most interesting findings on the
non-existence of conformal quandragulations can be found in [67, 94, 95, 96].

2.3 Quad layout partition guided by cross-field

Representation of geometrically or topologically complex domains requires their
decomposition into blocks, preferably quadrilateral. A wide range of existing
methods is described in the survey [28]. Works analogous to ours, i.e., cross-
field based approaches, are decomposing the domain either by generating sep-
aratrice graph obtained from numerical integration of streamlines [19, 59, 60,
63, 100] or by constructing edge maps [98, 99, 131] and motorcycle graph [101]
using the isolines of an underlying parameterization. As already reported by
authors working on the first group of approaches, generated quad layout com-
monly requires repairing of invalid configurations caused by the appearance of
limit cycles and thin blocks. Some of the efficient methods for solving these
issues are [49, 98, 100, 132] as well as the quantization method [55]. Generating
and correcting the quad layout, in our case, shares some common points with
[55, 60, 100], exact differences with respect to these works will be outlined in
the corresponding sections.
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3 First cross-field computation

A 2D cross c is a set of 4 orthogonal vectors of the same norm [, i.e., ¢ =
{ug,|ux] = 1,k € [|1,4]]}. On a planar 2D domain 2, a Cartesian basis
{x,¥y} can be defined, and the angular orientation of the cross ¢ can be simply
represented by an angle # in that basis, since one has uy = lcos(f + k% )x +
Isin(0 + k%)y, as depicted in figure 6.5. This angular representation 6 of the
cross is however determined only up to an additive factor &'% with &’ € Z.

Figure 6.5: 2D cross definition as a set of four orthogonal vectors

A 2D cross-field, now, is a map Cq : X € Q — ¢(X), and the standard
approach to compute a smooth boundary-aligned cross-field is to minimize the
Dirichlet energy

min/ 1V Cal? (6.2)
Ca Jo

subject to the boundary condition ¢(X) = g(X) on 912, where g is a given
function.

The indetermination on 6 mentioned above prevents from using it directly
as unknown for the finite element formulation of the problem. In order to
have a unique (symmetry invariant) and continuous cross representation, the
alternative vector representation v(X) = (cos(46),sin(46)) is preferred [86],
which leaves us with a vector field to solve for.

This vector field is continuous, but also subject to the nonlinear constraint
|[v(X)] = 1. An elegant way to deal with this constraint is to minimize a
Ginzburg-Landau type functional, which penalizes local vector values that de-
viate from the unit norm [44]. Direct solving of the non-linear Ginzburg-Landau
problem is however rather expensive. Another approach is the MBO algorithm
proposed in [63]. It is a faster and simpler alternative that provably converges
to the same results on uniform meshes. The main idea of the MBO algorithm is
to alternate a heat diffusion problem, that performs the Laplacian smoothing of
the vector field, with a projection back onto the space of unit norm cross-fields,
until convergence is achieved. Each step of MBO algorithm is thus given by

ov v
— =aV?v then v+ —. 6.3
o v 63)
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As in [133], we start with large diffusion (e.g. o = (0.1 * bbox diagonal)?)
and we progressively decrease until we reach the small diffusivity coefficient
associated with the mesh size (e.g. a = (edge min)?). This strategy consider-
ably accelerates convergence as the low frequencies are solved before the larger
ones, as in a multi-grid approach. To further accelerate the computation, we
use a small number of diffusivity coefficients (e.g., five to ten) and we apply
the MBO step until convergence for each diffusivity coefficient. As the dif-
fusion linear system is not changing for a given diffusivity coefficient, we can
factorize the linear system one time and reuse it until convergence. In the end,
the computational cost is approximately one linear system solve per diffusivity
coefficient, i.e., five to ten in total, which is very reasonable to accurately solve
the cross-field non-linear problem (equation 7.2).

It is important to note that the aim of this first cross-field computation is
to locate singularities. Therefore, any cross-field computation method could be
used here instead, as for example the one described in [134], which could prove
to be faster.

4 Singularity pattern

Singularities play an important role for meshing purposes and their properties
are well documented in the literature [19, 59, 60, 63, 100]. Obviously, cross-
fields have a close parenthood with vector fields and, like any direction field (a
normalized vector field, a cross-field, ..., more details in [62]), they are subject
to the topological constraints of the Poincaré-Hopf theorem. Let us consider,
for instance, a smooth unit norm vector field u on a surface 2. The local
value of this vector field can be defined as the rotation by a certain angle 6
with respect to a local angular reference around the local normal vector to the
surface. This natural geometric representation of the vector field has however
a number of issues. It is only defined up to an additive angle 2kw, k € Z. It
is also discontinuous wherever the value of § jumps from 0 to 27 or reversely.
Finally, as customary in differential geometry, 6 values at distant points are
incommensurable unless a parallel transport rule is added, because they refer
to different local normal vectors and different local reference positions.

Still, in an infinitesimal neighborhood Vx of a point X € 2, the parallel
transport is superfluous because both the normal vector and the reference an-
gular reference can be considered constant. The smooth vector field u then
induces a map C! — C1, where C! is the unit circle, for any (infinitesimal)
closed curve C' C Vx. This map follows the turns done by u as the curve C'
is traveled once. As u is smooth, the number of turns is necessarily an integer
number, called the index of u at X, indexx (u) € Z. The point X is regular if
the index is zero, and it is a singularity of index index x (u) otherwise.
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The principle is similar for a cross-field Cq except that the map is C' —
C'/O where O stands for the symmetry group of the cross, and that the index
is now an integer multiple of %. If one notes Sj,j = 1,... N, the singularities
of the cross-field, the Poincaré-Hopf theorem states that

N
> indexcq () = x(9), (6.4)

Jj=1

where x(£2) is the Euler characteristic of the (not necessarily planar) surface
Q). The indices of the singularities will be noted

t
k; = indexc, (S;) = 1 teZ (6.5)

and we shall also use the related concept of valence defined by

4 — valence(S;)

kj = 1 ,

valence(S;) = 4 — 4k;.

In practice, we use a simple way to find the singularity location by comput-
ing the winding number in a similar fashion as in [63], originally from [135].
The corresponding valence is then determined by detecting the number of sep-
aratrices concurring at the singularity [60]. When the cross-field is computed
on a domain with a coarse mesh around singularities (of valence five or higher),
numerical inaccuracies can be expected in the determination of the cross-field
orientations, which will finally lead to an invalid quad layout generation. To
prevent this, the mesh is refined in the form of bicycle spokes in the vicinity
of the identified singularities, so that the large gradients of cross directions are
well accommodated, as shown in figure 6.6.

2.54 H field 7.32
L ]

Figure 6.6: Mesh refinement around singularity of valence 8

An adaptation of the singularity pattern can be performed at this stage
of the pipeline. With the two-step approach, the user is indeed offered the
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Figure 6.7: Two quad layouts of the same region. The addition of a 3-5 pair to the
singularity pattern, in the second example, allows imposing a specific size map on the
region.

opportunity before the second cross-field computation to modify the location
of singularities, or even to place additional singularities, provided the final
singularity pattern still fulfills the Poincaré-Hopf topological constraint (7.1).
For instance, additional pairs of singularities of valence 3 and 5 do not modify
the result of the summation in (7.1). Such 3-5 pairs can therefore be added
freely to the singularity pattern in order, for instance, to allow a less distorted
quad layout or to impose a specific size map, as shown in figure 6.7.

In practice, imposing a singularity pattern simply consists of encoding va-
lences data for vertices of the initial mesh and ensuring a sufficient mesh re-
finement in their respective vicinities.

It will also be shown at the end of the following section that not all Poincaré-
Hopf valid singularity patterns will be suitable for obtaining a high quality quad
layout. Mispositioning of singularities or imposing inadequate valences may
lead in practice to non-quadrilateral patches, since the developed formulation
is under constraint of Abel-Jacobi theorem [67].

5 Cross-field computation with imposed singularity
pattern

The nonlinear problem described in section 3 is able to reveal a singularity
pattern for the domain 2 under analysis. The computed cross-field v is however
rather inaccurate. It is indeed continuous and singularities are areas in this
continuous field where the norm deviation from unity fails to be ruled out
by the penalty term. This inaccuracy does not heavily affect the singularity
pattern, because singularity indices are integer quantities and their location
needs only to be known approximately. However, it jeopardizes the accurate
subsequent tracing of separatrices and thus justifies the construction of a second
more accurate cross-field with a truly nonlinear field representation, and whose
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computation is based on the singularity pattern that has been extracted from
the first computation (section 4).

Let the singularity pattern be defined as the set S = {S;,j € [|1,N||}
of N singularities located at X; and of respective index k;. A cross-field Cq
matching this singularity pattern must fulfill three constraints:

o if X is on 99, at least one branch of Cq(X) is tangent to 9€,
o if X is a singularity of Cq then X € S,

o if X =38, then index(Cq (X)) = k;.

As in this paper only the planar case is considered, €2 C C can be regarded
as a subset of the complex plane. We shall note n the unit normal vector to
the complex plane, g the interior unit normal vector to the boundary 0f), and
T = g x n the unit vector tangent to 0.

The method presented in this section relies on the computation of a dual
scalar field H defined in section 5.1, continuous on the whole domain €. This
approach is similar as the one detailed in [89)].

5.1 Computation of the H field

We are looking for a holomorphic function

F PcC — C

z=U+iV — P=z+iy (6.6)

where P is a parametric space. As F and P are unknown, solving directly this
problem is proved to be a difficult task. Instead, the focus is on finding the
2 x 2 jacobian matrix of F

J]:(Z) - (aU]:(Z)aaV-F(Z)) = (ﬁ7‘~’)a (67)

where @, v are the column vectors of J. The function F being holomorphic,
the columns of J have the same norm ||i|| = ||¥|| = ¢! and are orthogonal to
each other, 1- v = 0, so that one can write

Jr(z)=ef(u,v) , n=uAv

a and v are 2 branches of the cross-field we are looking for, and @ can be
represented by a complex function

f:Q—=C , f=elt9, (6.8)
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The computation of the cross-field is rephrased into the computation of two
real functions, H : @ — R and 0 : Q@ — R, from which the first branch
i = f = 19 can be deduced, and the second branch of the cross-field is
simply v =ia =if.

By construction, @ being a partial derivative of a holomorphic function, f
is holomorphic. As equation (6.8) shows, H and # are the real and imaginary
parts of a complex logarithmic function. Indeed,

log(f) = In(|f]) +iarg(f)
S H+i(9+2kg;r),kez. (6.9)

The complex logarithm being a holomorphic function, both H and 6 are har-
monic real functions. The H field, which is the real part of the logarithm, is
continuous on Q\ S, i.e., on the domain Q from which the pointwise singulari-
ties S; have been excluded. The 0 field, on the other hand, is multi-valued and
a branch cut (see section 5.2.1) has to be additionally defined on 2\ S to have
it single-valued, and make its computation possible. Finally H and 6 obey the
Cauchy-Riemann equations

V6 =nx VH, (6.10)

which shall allow to obtain 6, once H has been computed.

The computation of the scaling field H, with regard to boundary curvature
and singularities indices, is performed first. As shown in [22], it is the solution
of the partial differential problem on 2

N
k.
VPH =21 TO(X;). (6.11)
j=1

The boundary condition T(s) = (cos6(s),sinf(s)) ensures that the cross, rep-
resented by 6(s), is tangent to the boundary 99, represented by the tangent
vector T(s), with s a curvilinear coordinate on 9. This entails by derivation

05T = (—sinb,cos ) 0,0 = g 0,0.
On the other hand, one knows from the differential geometry of surfaces that
0,T = kyg with s, the geodesic curvature of the curve JQ0. One has thus by
identification

kg=00=T-Vd=(nxVH)-T=-g-VH,

where equation (6.10) has been used.
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Summing up, the computation of H consists of solving the linear boundary
value problem

N Kk .
ViH = 27 2 ie1 Zjé(Xj) in Q (6.12)
—g-VH = &y on Of.
As the boundary condition is of Neumann type on the entire boundary, a
solution H exists if the condition

N
k,
K d@Q:/Qw 5 5(X;) A9 6.13
I 272 0% (6.13)

is verified, which is obviously the case, as the Gauss-Bonnet theorem states the
first identity in

N
/ 1y O = 273 (Q) = / 23 B5(x,) a0 (6.14)
00 o 4

whereas the second identity is the Poincaré-Hopf theorem.

The solution H of the boundary value problem equation (6.12) is however
known up to an arbitrary additive constant, which is not harmful as only VH
is needed to determine 6. It is a linear problem solved using the finite element
method on a triangulation of 2 with order 1 Lagrange elements. Once H is
known, one proceeds with the determination of 8, as explained in the next
section, to complete the cross-field (f,f).

Figure 6.8: H field obtained for 4 singularities of valence 3 on corners, and 4 singu-
larities of valence 5 inside the domain.
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5.2 Computation of the 0 field

As the curl of the right-hand side of equation (6.10)
Vx(nxVH)=(V?H)n=0

vanishes in Q2 \ S, one knows that the left-hand side is indeed a gradient, and
that there exists a scalar field 6 verifying the differential equation (6.10). This
function is however multi-valued and a branch cut has to be determined to
make it single-valued, and make its computation possible.

5.2.1 Generate the branch cut

A branch cut is a set £ of curves of a domain € that do not form any closed
loop and that cut the domain in such a way that it is impossible to find any
closed loop in Q \ £ that encloses one or several singularities, or an internal
boundary. As we already have a triangulation of €2, the branch cut £ is in
practice simply a set of edges of the triangulation. The method presented here
is based on [73].

The nodes and the edges of a triangulation of a domain 2 can be regarded
as a graph G. A spanning tree 7 is a sub-graph of G that links all vertices
of G with the minimum number of edges. A spanning tree can be generated
by a Breadth-first-search algorithm. One starts from an arbitrary vertex v,
and adds to the spanning tree T all edges (v,v;) that are adjacent to v and
that connect vertices v; that have not yet been visited by the algorithm. The
procedure is continued recursively with all newly considered vertices v; until
running out of unvisited vertices. There exist many equivalent spanning trees
for a given mesh. Their shape can be improved by modifying the Breadth-first-
search algorithm so that vertices which are the closest to the singularities or
to the boundaries are processed in priority. A spanning tree built this way is
presented in red in figure 6.9.

This spanning tree forbids however closed curves around all nodes of the
mesh, which is an unnecessarily strong restriction, as we only want to forbid
closed curves around the singularities. If we call hanging edge of T an edge
whose leaf node v; is not a singularity (a leaf node is a node of the graph
adjacent to exactly one edge), the branch cut is the sub-graph of 7 obtained
by successively removing hanging edges until no hanging edges is left in the
spanning tree. The result of this substraction is the branch cut £ needed for
the computation of 6. It is depicted in black in figure 6.9.

5.2.2 Solve the Cauchy-Riemann equations

Once a branch cut £ is available, the field 6 can be computed by solving
the linear Cauchy-Riemann equations (6.10). The chosen boundary condition
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Figure 6.9: 0N is represented in blue, in white the singularities, in red are edges of
the spanning tree 7, and in black the edges of the branch cut L.

consists of fixing the angle 6 at one arbitrary point P € 9Q so that Cq(P)
has one of its branches collinear with T(P). The problem can be rewritten
as the well-posed equation (6.15) and is solved using finite element method
on the triangulation {0 with order one Crouzeix-Raviart elements. This kind
of elements have proven to be more efficient for cross-field representation as
underlined in [60].

VO =nxVH in )
6(P) = 0p for an arbitrary P € 02 (6.15)
6  discontinuous on £

Figure 6.10 presents results for 3 different types of singularities. As ex-
pected, H and @ isolines are orthogonal, these two scalar fields being harmonic
conjugate.

Once H and 0 scalar fields are computed on 2, the cross-field Cq can be
retrieved for all X € €:

c(X) = {uy, = TXHHRX) 1 [11,4]]} (6.16)
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Figure 6.10: H isolvalues (in red) and 6 isovalues (in blue) for different singularities
configurations. The black line represent the cutgraph. All cases have valence 3
singularities imposed at corners (for a total of 4 singularities in each case). The extra
singularities which are added inside the domain are: 4 singularities of valence 5 (left
figure), 2 singularities of valence 6 (center figure), 1 singularity of valence 8 (right
figure).

5.2.3 Non quad-meshable cross-fields

We showed in the previous section that if the imposed singularity pattern re-
spects the condition on Euler’s characteristic, then there exists a unique scalar
function H (up to an additive constant) verifying equation (6.12) and a unique
scalar function # verifying equation (6.15). This is leading us to a unique
cross-field solution Cq to our problem.

However, we never showed that the obtained cross-field Cq is actually re-
specting the following and mandatory condition:

o VX € 09, at least one branch of Cq(X) is tangent to 052

Indeed, problem (6.15) is well-posed and only ensures this condition for
a given P € 0. Adding extra boundary conditions for 6 will lead to make
problem (6.15) ill-posed. Therefore, when domain 2 is not simply connected,
it is possible that obtained cross-field Cq, is not tangent on parts of 0€2.

When this happens, it means that there is no holomorphic function F (equa-
tion 6.6) matching all conditions imposed (i.e. singularity pattern and tangency
to domain boundaries). Figure 6.11 shows two different singularity patterns
where only the singularity location differs for a same domain 2. The domain
Q) considered is an annulus, and a set of 4 index —1 and 4 index 1 singularities
is imposed. Singularity pattern for the example on the left leads to a quad
decomposition of the domain and singularity pattern for the example on the
right does not. Cross-field obtained for example on the right does not respect
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the tangency condition on 2 interior boundary. There exists no holomorphic
transformation matching at the same time singularity pattern and cross-field
tangency to 2 boundaries.

Figure 6.11: Highlighting of singularity patterns for which no holomorphic transfor-
mation matching all imposed conditions exists.

The issue mentioned above emanates from the fact that the developed for-
mulation is under constraint of having singularity configuration fulfilling the
Abel-Jacobi conditions presented in [67]. More specifically, imposing Poincaré-
Hopf’s valid singularity configuration ensures that the flat metric, 7.e., the
H field can be obtained, and if this singularity configuration also verifies the
holonomy condition, the cross-field will be aligned with the boundary and con-
sistent across the cut graph. The algorithm for valid singularity configurations
[67] is developed for closed 2D manifolds, illustration of invalid singularity con-
figuration on closed 2D manifold in figure 6.12 and its topologically equivalent
flat 2D domain in figure 6.13.

a) b) )

Figure 6.12: Imposing a 3 — 5 singularity configuration on a torus with the boundary
marked in blue a), marking the boundary and the cut graph in black b), consistent
cross-field across the cut graph c), and cross-field not aligned with the boundary d)
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a) b) ) d)

Figure 6.13: Imposing a 3 — 5 singularity configuration on an annulus a), marking the
boundary and the cut graph in black b), consistent cross-field across the cut graph
¢), and cross-field not aligned with the boundary d)

5.3 Computing the per-partition parameterization

Obtaining a global parameterization comes down to computing real values func-
tions U(x,y) and V(x,y) defined in equation (6.6), from the known smooth ja-
cobian of the mapping F : Jr(z) = (OuF(z), 0y F(z)) = (4, V) equation (6.7).
Establishing U and V is equivalent to determining F~!. We know that VP =
F(z) € Q\ S, Jr corresponds to two branches of the cross-field.

We also know that Jz-1 jacobian of F~1is, VP € 2\ S, such as:

Jr(P) = (0. F 1(P),0,F (P))

= JUFL(P)) (6.17)

= (u,v)T.

which, by using the equation (6.7), gives:

a =efu =VU
{ v =efHy =VV. (6.18)
Now, the parameterization can be simply obtained by solving:
U=nu
vU=u (6.19)
VV =v,

using a finite element method with order one Lagrange elements.

We mentioned earlier that for the problem to be well-posed, Jr has to be
smooth, meaning that @1 and v have to be smooth. This implies that a lifting of
the cross-field Cq has to be done on 2 allowing discontinuities of (@, V) across
L. Once this operation is done, it is possible to determine (@1, v) and compute
U and V by solving the equation (6.19). By construction, U and V will be
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Figure 6.14: U isolvalues (in red) and V isovalues (in blue) for different singularities
configurations. The black line represents the cutgraph.

discontinuous across £, and their isolines will be in all points tangent to the
cross-field Cq.

It is important to note that for this global parameterization computation,
no conditions are imposed on the cut graph £. Therefore, nothing guarantees
correspondence of U and V isolines across £. In principle, this global parame-
terization is not enough by itself to generate a conforming quadrilateral mesh
of a domain Q. Some works bypass these difficulties [64, 71, 73] by constraining
parametric coordinates on boundaries and on £, however it is not the direction
followed in our approach.

The goal here is to obtain per-partition parameterization, starting from
the construction of a conformal quad layout of Q (section 6) and followed by
the computation of independent parameterizations for each of the resulting
quadrilateral partitions. The per-partition parameterization computed in this
manner is aligned with smooth cross-field (singularities can only be located
on corners of the partitions). To achieve this goal, the first step is to extract
corresponding triangles of each patch. Due to the mutual separatrices’ points,
neighboring partitions contain the overlapping triangles, as shown in figure 6.15.

An important remark is that no cut graph is needed here to perform a lifting
of the underlying cross-field to obtain smooth couple of vector fields (u,v). As
no cut graph is used, all isolines of U and V will be continuous inside the patch,
figure 6.16.

Based on [60] for locally integrable cross-fields, note that on each partition

holds:
Vxe Hy=0
6.20
{V x e Hy =0, ( )
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Figure 6.16: U isolvalues (in red) and V isovalues (in blue) on extracted partition

where from (@,7) is a locally curl-free cross-field. Thus, the resulting parame-
terization (U, V') is conformal on each patch [65]. Following [136], a conformal
mapping is also harmonic. Radé-Kneser-Choquet (RKC) theorem for planar
harmonic mappings (details in [136, 137]) states:

If f:S — R? is harmonic and maps the boundary S homeomorphically
into the boundary 9Q of some convex region Q@ C R?, then f is one-to-one.

In our case, the parametric (image) region is in the shape of a rectangle,
thus, our parameterization (U, V') is per-partition bijective.

6 | Quad layout: generating and correcting the par-
titions

In order to reach the ultimate goal of generating a block-structured quad mesh,
we must ensure that the quad layout contains only conformal quadrilateral
partitions. To do so, a special attention is paid on obtaining the minimal
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number of separatrices, existence of limit cycles and non-quadrilateral parti-
tions. Although the quad mesh generation here relies on integrable cross-field,
it is essential to note that it is under the constraint of Abel-Jacobi conditions.
Therefore, misplacing singularities’ locations and numerical inconsistencies can
cause separatrix to miss the singularity and loop around the domain. In the
following, we present ways to modify all ill-defined partitions, such that the
overall quad layout topology is not jeopardized.

6.1 Obtaining the partitions

To obtain the quad layout, the separatrix-tracing algorithm is performed on
retrieved cross-field from H function. Initiation of separatrices in singular areas
follows the method from [60], while the tracing of separatrices in the smooth
parts of domain relies on Heun’s (a variation of Runge-Kutta 2) numerical
scheme.

Our algorithm doesn’t have an order of tracing the separatrices - they are
all generated simultaneously and independently, similarly to motorcycle graph
algorithm. Contrary to motorcycle graph’s stopping criteria, in our case, the
tracing of separatrices is finished as soon as they reach the boundary or en-
counter a singular point. The number of generated separatrices in this manner
is not appropriate for a quad layout, due to the separatrices’ initiation process
which allows tracing the same separatrice from two different singular points,
as shown in figure 6.17. To obtain the valid quad layout, criteria for gaining
the minimal number of separatrices are adopted from [60].

K — Ak

Figure 6.17: Hlustration of doubled separatrice and removal of the duplicate

In case when Abel-Jacobi conditions are not fulfilled, the next step is to
establish the existence of limit cycle(s) in the set of the generated separatrices.
In more details, we define a separatrix which is transpassing the other separa-
trices more than once as a possible limit cycle. An authentic limit cycle is a
possible limit cycle which has more far-flung intersections than its pair, or a
separatrix not reaching the boundary orthogonally. An authentic limit cycle
is then cut at the closest orthogonal intersection with another separatrix, as
shown in figure 6.18. By doing so, simplifying the quad layout is accomplished
(due to the disappearance of the thin chords), however the obtained partitions
can contain T-junctions, which will be modified later on.
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Figure 6.18: Illustration of an authentic limit cycle treatment

6.2 Valid quad layout

If the quad layout contains T-junctions (generated from cutting the authentic
limit cycles) or non-quadrilateral partitions, its no longer suitable for block-
structured quad meshing. More specifically, a high-quality quad mesh, accord-
ing to [21], must obtain not only the adequate configuration of singularities (in
terms of their number and placement) but also respect the connectivity con-
straint of being conforming and purely quadrilateral, which the previous issues
hinder.

The appearance of T-junctions in our algorithm has already been elucidated,
which is not the case with the non-quadrilateral blocks though. In order to
examine (and later on correct) the latter case, it’s important to mention that
our algorithm deals with planar geometries on which, as stressed out by [21]
and [62], degenerate singularities (of valence 1 - singlet or of valence 2 - doublet)
may appear. For instance, the typical placement of singularities of valence 2
is on corners of convex boundaries [21] or on very sharp/obtuse angles due
to the number of cross-field’s rotations around the local normal, as the exact
formulas for singularity index in [63] show. While these types of singularities
do not endanger topological validity of the obtain quad layout, they can cause
problems for the block-structured quad meshing by forming non-quadrilateral
blocks, as shown in figure 6.20.

6.3 Correcting the partitions

When the partition contains a T-junction, the idea is to find the closest neigh-
bor (which is not the boundary vertex or another T-junction) and, by knowing
the parameterization of these blocks, to merge these two separatrices in the
parametric space and correct all patches affected by this action, figure 6.19.
This process is iteratively repeated until the quad layout is T-junction free.
Following the definition of separatrices and singular points, each of the newly
obtained partitions have smooth cross-field inside allowing further on parame-
terization.
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Figure 6.19: Modifying patches containing T-junctions and affected partitions

Correcting the triangular partitions is performed by forcing the singularity
of valence 2 on the boundary into splitting in two singularities of valence 3, so
that the topology of the overall obtained partitions remains valid (figure 6.20).
The position of the imposed singularity is determined simply by finding the
barycenter of the partition. Final quad layout is obtained by splitting the
triangular patch into three quadrilateral partitions and correcting all patches
influenced by the former action.

Figure 6.20: Modifying the patch containing a singularity of valence 2 and affected
partitions

7 Quad meshing

To generate a final quad mesh of the model, we start by remeshing each layout’s
partition with bilinear transfinite interpolation (TFI) in the parametric space,
while respecting the discretizations of layout’s edges implied by the field H.
This step is followed by a computation of a per-partition parameterization
aligned with the cross-field (as detailed in section 5.3). Finally, generating
a quad mesh of pleasing quality and intact singularities’ positions (examples
in section 8) is obtained by mapping TFI mesh onto the physical space. At
this point, it is indeed possible to further optimize vertices’ placements via
smoothing (e.g. Winslow from [109, 110]), in the cases when the application
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allows/encourages moving singularities away from their initial positions. For
the sake of completeness, details of the above-mentioned steps are elucidated
in the following.

In order to remesh each patch of the quad layout, the chords’ data has been
extracted. Keeping in mind that the quad layout is now composed of only
conforming quadrilaterals, it is possible to consistently discretize all its edges
by following the size map implied by H:

s=el, (6.21)

where s represents the mesh size. This step tends to generate a uniform
quad mesh, unless a specific size map (via implying an adequate configuration
of singularities) is imposed by the user. With obtained discretization of edges, a
quad mesh in parametric space is trivially created by remeshing each partition
with bilinear transfinite interpolation [15].

As the parameterization is now defined, the mapping of the quad mesh
from parametric onto physical space is achieved by simply finding the triangle
Ty in the parametric space to which the point M (U, V') belongs. Afterward,
the computing of coordinates M (x,y, z) is done by assuming that there exists a
linear mapping from physical space X to parametric space P inside the triangle
T]V[.

8 Conclusion and Future Work

We presented an algorithm that can effectively generate a conformal quad lay-
out from a naturally appearing as well as user-imposed set of singularities, as
shown in figure 6.21. The latter case is possible under constraints of the topo-
logical correctness and existence of conformal mapping for imposed singularity
pattern. In particular, the developed method relies on the computation of two
cross-fields. The first one is computed solving a non-linear system and is used
to locate singularities and obtain their valence, the second one is computed on a
refined triangular mesh to accommodate high gradients and improve cross-field
representation around singularities. It is obtained by solving two linear sys-
tems. With the correction scheme for limit cycles and non-quadrilateral parti-
tions, we can produce a conformal quad layout and, finally, a block-structured
quad mesh. Remeshing of each patch relies on constructing a per-partition
parametrization and following the isolines from the second cross-field. A quad
mesh obtained in this manner preserves singularity placement and is of pleasing
quality, as shown in Table 6.1. Once the quad layout obtained, the computa-
tional cost of our quad meshing algorithm depends on the target number of
quads or the approximate length of the edge imposed by the user, which takes
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Model 3

Model 1 Model 2

Model 8

Model 9 Model 10

Figure 6.21: Examples of quad meshes generated from natural and user-imposed
singularity configurations. Singularities of valence 3 are marked in blue, of valance 5
in red, of valance 6 in orange and of valence 8 in yellow.

less than a second in the presented examples. At last, our novel pipeline ex-
hibits interactive design while being simple, automatic and available in the
Gmsh software.

Attractive directions for future work include, although are not limited to
extending the algorithm for computations on various surfaces (more details in
Chapter 7), as well as its adaptation for working on varying user-prescribed el-
ement sizes. In the first case, the extension of the algorithm includes a different



§8 Conclusion and Future Work 111

computational procedure for the H function and an updated scheme for dealing
with limit cycles and T-junctions. If the anisotropic quad mesh is required, two
scalings for the cross-field must be defined instead of only one like in our case
(more details in Chapter 8).

Geometry Edge length Mesh quality
n N T

Figure 6.3 0.05 0.96 0.74 88.16
Figure 6.4 0.02 0.98 0.40 98.39
Model 1 0.05 0.96 0.34 93.38
Model 2 0.05 0.94 047 89.44
Model 3 0.05 0.94 0.52 89.19
Model 4 0.20 0.98 0.76 96.93
Model 5 0.20 0.98 0.63 96.94
Model 6 0.05 0.88 0.70 4891
Model 7 0.02 0.98 0.78 98.78
Model 8 0.02 0.97 0.51 98.28
Model 9 0.02 0.98 0.74 96.36
Model 10 0.02 0.97 037 95.03

Table 6.1: The quality of obtained meshes: average quality of elements under 7, the
worst element’s quality under 7., and percentage of elements with quality higher than
0.9 under 7. Element’s quality is adopted from [111], and is a measure of the deviation

of element’s angle from 7.






CHAPTER

Flexible quad layout generation: the 2D
manifold case

This chapter presents the generation of integrable cross-field with isotropic
scaling on 2D manifolds, relying on the computation of scalar field H from
related Ginzburg-Landau literature [22]. The strict mathematical background
from Chapter 6 underwent several changes due to curvatures; nevertheless, the
concept itself and quad meshing pipeline, previously detailed only for planar
domains, remained intact. The developed formulation also supports imposing
singularity configuration, possibly with high valences, under the constraint of
fulfilling the Abel-Jacobi theorem. The preliminary results and discussion on
the developed formulation are elucidated in the following.
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1 Introduction

Numerous methods for surface parametrization/representation have been de-
veloped for a large number of applications, more details in surveys [21, 28,
136]. In cases when a shape exhibits complex topological or geometrical char-
acteristics, it is necessary to split it into disk-alike partitions, the special case
of partitioning it into a simple connected network of conformal quadrilateral
partitions is called the quad layout [13]. The latter manner of surface rep-
resentation is a subject of great interest in meshing and computer graphics
communities, due to the providing of a wide range of benefits for engineering
and entertainment industry purposes [21, 28, 58].

The advantages of a quad layout generation indeed come with the high price
of dealing with complex and time-consuming algorithms, to which an extensive
amount of research has been devoted [58]. Among the developed algorithms,
a general distinction can be made among the ones which are: computing a
seamless global parametrization of the domain where integer iso-values of the
parameter fields form the sides [55, 64, 65], using Riemann surface theory [66,
67], or like in our case, constructing a cross-field structure which will guide the
integral lines emanating from singularities [19, 59, 60, 61, 62, 63].

The latter group of methods relies on the computation of an auxiliary object:
a cross-field, to partition the domain and orient the quadrilateral elements.
This structure represents the set of four perpendicular directions associated to
each point of € and is typically obtained via minimization of a nonlinear energy,
e.g., the Dirichlet energy, Ginzburg-Landau energy functional [60] or Laplacian
smoothing [63], more details in [81, 86]. In the following, it will be shown that
we are in fact generating two cross-fields, which is a very unusual action in
related engineering fields. The motivation for designing such an object is to
be able to force both singularities’ locations and valences in refined regions for
more accurate numerical results.

In our case, the first cross-field computation follows the MBO algorithm
[63], due to the appealing results and time efficiency, while the second cross-
field requires solving only two linear systems and is based on the theory of
Ginzburg-Landau PDE [22]. Similarly to [60, 65], we generate curl-free cross-
fields, as integrability contributes greatly to accurate surface parameterizations
[106].

Although leaning on heterogeneous approaches, all the above mentioned
methods share the common challenge: dealing with the inevitable singularity
configuration. A singularity appears where a cross-field vanishes and it repre-
sents an irregular vertex of a quad layout / quad mesh [44], i.e., a vertex which
doesn’t have exactly four adjacent quadrilaterals. It is important to note that
the number and valence (the number of adjacent quadrilaterals) of the singu-
lar structure are constrained by Euler characteristic y, which is a topological
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Figure 7.1: Two quad layouts of a sphere. Colored points are the irregular corners of
the layouts of valence 3, which form an anti-cube on the left and a cube on the right.

invariant of a surface, making a quad layout generation a very constrained
problem. Moreover, as already observed [58, 63, 64], a sub-optimal number
or location of singularities have severe consequences: causing undesirable thin
partitions, large distortion, not adequate number and/or tangential crossings
of separatrices as well as limit cycles. Indeed, singularity configuration has a
dramatically important role in both quad layout and quad mesh generation.

Our approach offers a contribution regarding this issue through the concept
of user-imposed singularity pattern in order to gain direct control over their
number, location, and valence. More specifically, the present work focuses on
extending the algorithm [61], now for generating a quad layout and finally a
block-structured quad mesh on an orientable and compact 2—manifold sur-
face, possibly with boundaries. As in the case of planar domains, detailed in
Chapter 6, the user is enabled to use either naturally appearing singularities,
obtained by solving a non-linear problem, or to impose its own singularity con-
figuration, possibly with high valences, illustrated in figure 7.18. Making sure
that the high gradients of the cross-field around singularities are well resolved,
we also impose a mesh refinement around them, section 2.

1.1 The algorithm

The complete pipeline of our block-structured quad mesher consists of four
steps, illustrated in figure 7.2 and it follows the idea of [61], although there
exist theoretical differences in computing the second cross-field, which will be
elucidated in the following (section 3), allowing the expansion of the algorithm
[61] on 2—manifolds.

Step 1: compute a first cross-field using a standard non-linear minimization
procedure that allows finding a singularity pattern, i.e., position and indices of
singularities (see [61]).
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Step 2: compute a second cross-field with the prescribed singularity pattern
of Step 1 on an adapted mesh, by solving only two linear systems (section 3).

Step 3: compute a quad layout on the accurate cross-field of Step 2 by applying
the separatrice tracing scheme presented in [60] and upgraded scheme for limit
cycles handling from [61].

Step 4: eventually generate a full block-structured quadrilateral mesh (sec-
tion 4).

Note that Step 1 can be skipped if the user provides a singularity configu-
ration, figure 7.3 shows this reduced 3-step process.

0.45 Cross-field 1 -0.99 H field 11

Figure 7.2: Illustration of the 4-step algorithm. Quad mesh on a 2-sphere with natural
singularity configuration coming from solving a non-linear problem, i.e., by using the
MBO algorithm from [63].

-0.97 H field 0.11

Figure 7.3: Illustration of the 3-step algorithm. Quad mesh on a 2-sphere with
imposed singularity configuration.

Obtained quad mesh in this manner is isotropic, in case when the application
demands an anisotropic one, two sizing fields must be computed instead of one
like in our case. Quad mesh in figure 7.2 has average quality 0.96, the worst
element’s quality is 0.42, and the percentage of elements with the quality higher
than 0.9 is 92%. Similarly, the quad mesh in figure 7.3 has average quality
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0.97, the worst element’s quality is 0.47, and the percentage of elements with
a quality higher than 0.9 is 96%. The estimation of the element’s quality as

a measure of the element’s angle deviation from Z relies on the evaluation

2
presented in [111].

It is interesting to note that these two singularity configurations carry dif-
ferent Ginzburg-Landau energies. Although both configurations are composed
of 8 singular points of valence 3, the overall energy also considers their locations
(more details in [22]). By tilting the base squares of the singularity configura-
tion around their common axis from 0 to 5 degrees, it is possible to show that
the minimum energy corresponds to a tilting angle of 7, i.e., the anticube con-
figuration, as shown in figure 7.4. A significant remark is that both singularity
configurations are valid for quad meshing despite the energy differences.
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Figure 7.4: Ginzburg-Landau renormalized energy evaluation and the tilting angle

(ranging from 0 to Z degrees) of singularity configuration on the sphere, a picture

2
from [2]

2 Singularity configurations

The number and valance of singularities of the cross-field are under the topo-
logical constraints of the Poincaré-Hopf theorem. More specifically, for the set
of singularities S = |J Sk, k =1,...N and a surface €, this theorem states:

N
Z 4— valince(Sk) — (), (7.1)

j=1
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where x () is the Euler characteristic of .

It can also be shown that singularities represent the irregular vertices of the
quad layout, subsequently a quad mesh [44]. Due to this intimate relationship,
the generation of a quad layout and finally a quad mesh are constrained in the
same manner.

When it comes to naturally obtained singularity configuration, their loca-
tions and valences are in our algorithm determined by following the standard
procedure, i.e., computing the winding number and the number of integral
lines emanating from each of them (see details in [61, 63]). On the other hand,
our method as well endorses the user-imposed singularity pattern, i.e., the
case when their number, locations and valances are imposed by the user. In
practice, this procedure, simply consists of encoding valence data for vertices
of the initial mesh and ensuring mesh refinement around them, as illustrated
in figure 7.7. Nevertheless, not all user-imposed singularity configurations ful-
filling the equation (7.1) will be valid for quad meshing. The central cause
for this lies in the fact that a combination of choices of valences and holon-
omy (turning numbers) is not arbitrary [93]. Indeed, the topologically correct
singularity configuration respecting the equation (7.1) represents a necessary
condition, but not the sufficient one for reaching the aim of generating a con-
formal quadrilateral mesh.

The topic of the non-existence of conformal quandragulations has been ex-
plored for some time. The most exciting findings [67, 93, 94, 95, 96], are related
to proving that there exists no conformal quad mesh on a torus with only one
valence 3 and one valence 5 singular vertices, figure 7.5! Interestingly enough,
it can be shown that this is not the case with imposing a singularity doublet
with 2 — 6 valences on the same surface or two valence 3 and two valence 5
singularities, figure 7.6. Recently, authors of [67] presented for the first time
the Abel-Jacobi conditions which are taking into the account both topological
correctness of both imposed singularity configuration and holonomy for closed
2D manifolds.

It is important to stress out that our algorithm yields representative re-
sults in cases when a singularity pattern is obtained naturally, which was not
previously the case with all imposed singularity sets. As shown in the previ-
ous Chapter 6, competitive results in the latter case are typically constrained
on working on surfaces that are simply connected. Now, following [67], it is
possible to determine and impose the adequate singularity configuration, and
therefore, our method could be used on a much broader set of models and
singularity configurations.

The quality of a conformal quad mesh does not depend only on obtaining
the adequate singularity configuration. Considering that the large gradients of
cross directions are typically not well accommodated on a coarse mesh around
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a) b) c)

Figure 7.5: Imposing 3 — 5 set of singularities on the torus a), a cut graph in black
b) and cross-field inconsistencies along the cut graph c) illustrating that singularity
configuration is not valid for quad meshing

Figure 7.6: Illustrations of conformal quandragulations on the torus with 2—6 valences
(in orange and black) under a) and two valence 3 and two valence 5 (in blue and red)
singularities under b) (a picture from [96])

singularities, the optimal results may not be reached. To surpass this chal-
lenge, our block-structured quad mesher imposes a special mesh refinement
around singular points (both naturally obtained or user-imposed), as shown in
figure 7.7. In this manner, it is possible to compute all integral lines emanating
from singularities and therefore obtain a genuine network of separatrices.

Figure 7.7: Mesh refinement around singularity of valence 3
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3 Cross-field computation on prescribed singularity
configuration

We define a 2D cross c as a set of 2 unit coplanar orthogonal vectors and their
opposite, i.e., ¢ = {u,v,—u,—v} with u.v =0, |u] = |v| = 1} and u,v are
coplanar. These vectors are called cross’ branches.

A 2D cross-field on a 2D manifold M, now, is a map Cy : X € M — ¢(X),
and the standard approach to compute a smooth boundary-aligned cross-field
is to minimize the Dirichlet energy:

min/ IVC 2 (72)
Cm M

subject to the boundary condition ¢(X) = g(X) on dM, where g is a given
function.

The classical boundary condition for cross-field computation is that VP &
OM, with T(P) a unit tangent vector to M at P, one branch of ¢(P) has to
be colinear to T(P). In the general case, there exists no smooth cross-field
matching this boundary condition. The cross-field will present a finite number
of singularities S;, located at X; and of index k;. We define a singularity
pattern as the set S = {S;,j € [|1, N[, N € Z}.

In this section a method to compute a cross-field Cpq matching a given
singularity pattern S is developed. In other words, we are looking for Ca such
as:

- if X belongs to O M, at least one branch of Cp is tangent to OM,
- singularities of Cy4 are matching the given singularity pattern S
(same location and indices).

(7.3)

Before developing the method to compute such a cross-field, a few operators
on 2D manifold have to be defined.

3.1 Curvature and Levi-Civita connection on the 2D
manifold

Let E3 be the Euclidean space equipped with a Cartesian coordinates system
{x%,i=1,2,3}, and M the 2D domain to be meshed. We are assuming M to
be an oriented two-dimensional manifold embedded in E3. We note n(X) the
unit normal to M at X € M. It is assumed that the normal field n is smooth
and that the Gaussian curvature K is defined and smoothed on M.
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If v(s) is a curve on M parametrized by arc length, the Darboux frame is
the orthonormal frame defined by

T(s) = +/(s (7.9
n(s) =n(y(s)) 7.5
t(s) = n(s) x T(s) (7.6)

One then has the differential structure

T 0 Kg  Kn T
d| ¢ =| -k 0 7 t |ds (7.7)
n —kn —Tr O n

where kg is the geodesic curvature of the curve, k, the normal curvature of
the curve, and 7, the relative torsion of the curve. T is the unit tangent, t the
tangent normal and n the unit normal.

Arbitrary vector fields V and W € E? can be expressed as
V=V'E, , W=WE,

in the natural basis vectors {E;,i = 1,2, 3} of this coordinate system, and we
shall note

<V,W>=V'Wi5; , ||[V]l=y/<V,V>

the Euclidean metric and the associated norm for vectors. The Levi-Civita
connection on E? in Cartesian coordinates is trivial (all Christoffel symbols
vanish), and one has

VW = (VyWHE;.

The Levi-Civita connection on the Riemannian submanifold M, now, is not
a trivial one. It is the orthogonal projection of V{E, in the tangent bundle T M,
so that one has

VvW = Pry[VEW] = (Vv W) Proy[Ei (7.8)

where Pryq : E? — TM is the orthogonal projection operator on T M.

3.2 Conformal mapping

We are looking for a conformal mapping

F P - MCE3 (7.9)
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where P is a parametric space. As finding F right away is a difficult problem,
one focus instead on finding the 3 x 2 jacobian matrix of F

J(P) = (9 F(P), 9, F(P)) = (a(P), v(P)), (7.10)

where @,V € T M are the columns vectors of J. The mapping F being confor-
mal, the columns of J(P) have same norm L(P) = [|a(P)|| = ||[¥(P)|| and are
orthogonal to each other, u(P) - v(P) = 0, so that one can write

J=Luv) , n=uAv
where (u, v, n) forms a set of 3 orthonormal basis vectors. A triplet (u, v, n) can

be represented by means of the Euler angles (v, , ¢) and with the shorthands
54 = sin ¢ and cg = cos ¢, as

—S¢SyCy + CpCy —S¢pCyp — SyhCpCry SepSny
U=\ S¢pCyCy+5ycs |, V=1 —845¢p +cocypcy |, n= | —55cy (7.11)
S¢Sy SyCe Cy

in the vector basis of E®. The projection operator Praq introduced in (7.8)
then simply amounts in disregarding the component along n of vectors.

For a vector field w defined on M, one can write by derivation of (7.11)
VEu=vVyo+ssnVyy+ (¢, v — 5,c4n) V¥
VEv=—uv,o+ o VY + (—cyu + 5,54n) Vi, ¥
Vin = —(sgu+ cyv) Vi + 5, (cou — 54v) Vi 0

and hence, using (7.8), the expression of the covariant derivatives on the sub-
manifold M

Vwu =vVyo+c, vV ¥
Vwv=-uVyo—cuVyV.

This allows writing the Lie bracket

[u,v] = Vyv — Vyu
= —(uVu9¢ + vVi0) — cy(uVuyh + vV 1), (7.12)
which will be used in the upcoming section.

It is important to note that u and v are 2 branches of the cross-field Cay
we are looking for.
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3.3 Integrability condition

The mapping F, now, defines a conformal parametrization of M if the columns
of J commute as vector fields, i.e., if the differential condition

0=[a,v]=Vav—Veu=[Lu,LvV] (7.13)
is verified. Developing the latter expression and posing for convenience L = e
gives

0=vVuyH —uV,H + [u,v],

and then
Vol = —<v,[u,v]>
{ VeH = <uu,v]|> (7.14)
which after substitution of (7.12)
VuH - Vv¢ + C’yvv'(/)
{ “VoH = Vo + ¢,V (7.15)

In order to obtain the boundary value problem for H, partial differential
equation (PDE) governing H have to be expressed on M as well as on the
interior of M without Euler angles (v, 0, ¢) which are unknown.

3.4 H PDE on the boundary

As the boundary M is represented by curves on M, it is possible to parametrize
them by arc length and thus associate for each X € dM a Darboux frame
(T(X),t(X),n(X)). As we are looking for a cross-field Cp4 fulfilling conditions
7.3, the triplet (u, v,n) can be identified as (T(X), t(X), n(X)). One then has:

0T = kgt + Kt = Vyu = vV + 540V + (¢4 vV — 5yc4n) Vyt)

where from follows

Rg = Vud + C’yvud)
{ kn = 84VuY — 5ycsVu¥) (7.16)
Using 7.15 it becomes:
Vil = —ky4 (7.17)

This is a comforting result as one ends up with the boundary condition that
matches exactly the one, —t - VH = k4, found in the planar case [61].
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3.5 H PDE in smooth region on the interior of M

To find the PDE governing H, let’s assume the jacobian J is smooth (and
therefore H) in a vicinity V of X € M.

We choose U C V such as X € U, JU such as unit tangent vector T to dlUy
verifies Tg = v, T to Ol verifies T = u, Ty to Iy verifies Ty = —v, T3 to
OUs verifies T3 = —u.

Thus we have a submanifold &/ C M on which h is smooth, and such as
OU = Uy U Uy U OUs U OUs. Darboux frames of OU are (figure 7.8):

(T,t,n) = ( v,—u,n) on I
(T,t,n) = (—u,—v,n) ondl
(T,t,n) = (—v, u,n) on s (7.18)
(T,t,n) = ( u, v,n) on dls

U OUs

Figure 7.8: Vicinity of X considered.

In order for (@, ¥) to be a local coordinate system, we recall equation (7.17)
demonstrated in section 3.4:

kg =—V¢H, witht =nAT (7.19)

and the divergence theorem stating that:

/W VeH = f/uAH. (7.20)

Applying the Gauss-Bonnet theorem on U leads to:

/Kdu+/ kg dl + 42 = 2my ()
u ou 2
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where K and x(U) are respectively the Gaussian curvature and Euler charac-
teristic of U. As x(U) = 1 and using equations (7.19) and (7.20), it becomes:

/Kdu:—/ AH dU (7.21)
u u

which holds for any chosen U. Hence, there is:

AH = —K, if J is smooth. (7.22)

For general cases, it is impossible for J to be smooth everywhere. Indeed,
let’s assume M to be with smooth boundary OM (i.e. with no corners) and
of Euler characteristic x(M) = 1. If we assume J is smooth everywhere, it
becomes:

JuEKdM+ [o kgdl = 0
{Q?TAX(M) o = 27 (7.23)

which is not in accordance with the Gauss-Bonnet theorem. Therefore, J has
to be singular somewhere in M.

The goal being the building of a usable parametrization of M, i.e., being
able to use this parametrization to build a quad mesh of M, we will allow J
to be singular on a finite number N of points S;, j € [|0,N — 1|]. We will
show that this condition is sufficient for this problem always to have a unique
solution.

3.6 H PDE at singular points

For now, we know boundary conditions for H (equation (7.17)) and local equa-
tion in smooth regions (equation (7.22)). The only thing left is to determine
a local PDE governing H at singular points {S;}. We define k; the index of
singularity S;.

For this, we are making two reasonable assumptions:
AH(S;) = —K(S;)+a;0(S;) where a; is a constant

and ¢ is Dirac distribution  (7.24)
ks

kj = 0 = Q.

We consider the disk M represented in figure (7.9) with 4 singularities
Sj,j S “0,3” of index k}j =1.
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Figure 7.9: The disk with 4 singularities of valence 3

The Gauss-Bonnet theorem states that:

/ Kdm +/ kgdl = 2mx(M).
M oM

Replacing K and kg, by their values in equations (7.17) and (7.22), and using
hypothesis (7.24) we have:

m —AHAM + 30 i0(S;) dM + [, —VeHdl = 27x(M)
= JuSAHAM = [ [ VeHdl+a [, 35 0(S)dM = 27

— 1
= a—27r4

For singularity of index 1 we have:
1
Using the same idea, we can generalize the following:

AH(SJ) = —K(S])—FQF%(S(S]) (725)

3.7 Boundary value problem for H

To sum up, equations governing H on M are:

{ AH = -K+27%§(S;) on M (7.26)
ViH = -k, on OM )

This problem is well-posed and admits a unique solution to an arbitrary
additive constant. A triangulation Mp of the manifold M is generated and
problem 7.26 is solved using a finite element formulation with order 1 Lagrange
elements. Once H is determined, the next step is to retrieve J orientation,
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detailed in the next section. The fact that H is only known up to an additive
constant is not harmful as only VH will be needed to retrieve J orientation.

Figure 7.10: H function obtained on a closed manifold.

3.8 Retrieving crosses orientation from H

In order to get an orientation at a given point X € M, a local reference basis
in X is needed.

Let’s define arbitrary local basis (ux,vx,n) for every X € M such as
euler angles (1,7, ¢) associated are C* on M. Orientation @ is defined as
u=Ryn(ux) and v =Ry n(vx). Equation (7.14) impose that:

VuH = Vy(¢o+6) +¢, Vo (7.27)
VvH = —Vu(¢+0) —cyVup ’
which is equivalent to:
{ vllx‘ly = va ((b + 0) + C’YVVx"/) (728)
Vol = —Vyuy (d) + '9) - C’YVUX"-/)

and eventually gives:

{VMG::—V“H—VM¢—qV“w (7.20)
Vexl = VuH =V —c Vo
which is linear in 6.

We can show that there always exists a scalar field 6 verifying (7.29). 0
exists if and only if we have:

Vax Vux 0 — Voy Vi 0 = 0 (7.30)
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Using equations 7.29 we obtain:

Vux Vux0 — Vyx Va0
= AH+Vyy (cwvqu/)) — Vux(cyvvxzb) (7.31)
= —K + Vi (¢4 Vux®) — Vux (¢4 Vg ?)

We know that, for 2D manifolds embedded in R?, the Gaussian curvature K is
equal to the jacobian of the Gauss map of the manifold [138]. We have:

Cw 757/)6’7

Vax = 5,Vux® | sy | = Vuxv | cucy
0 Sy (7.32)
Cw —8#,0y

Vux = 5,V ¥ | sy | = Vv | cucy
0 Sy

Therefore we also have:
K = 8’7 (vvxwvux7 - vuxwvvxly) (733)

Using equation (7.33) in equation (7.31) we get:

K+ vi (C’lelx'(/)) - vllx (C’vaxw)
K+ C’vax vux¢ - SWVfoyvuxw - C’Yvux vaw + S’Yvux'}/vvxw
= 0

(7.34)
As equation (7.30) is verified, we know that there exists a scalar field 6 verifying
the equation (7.29), and therefore that our problem has a solution which is
unique.

In order to solve equation (7.29), it is needed to define a smooth global
basis (ux,vx,n) on M. This is possible by generating a branch cut L, as
defined below, and computing a smooth global basis (ux, vx,n) on M allowing
discontinuities across L.

A branch cut is a set £ of curves of a domain M that do not form any closed
loop and that cut the domain in such a way that it is impossible to find any
closed loop in M \ £ that encloses one or several singularities, or an internal
boundary. As we already have a triangulation of M, the branch cut £ is in
practice simply a set of edges of the triangulation.

The branch cut is generated with the method described in [61] which is
based on [73]. An example of generated branch cut is presented in figure 7.11.
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Figure 7.11: Edges of the branch cut £ are represented in blue. There exists no closed
loop in M \ L enclosing one or several singularities.

Once a branch cut £ is available, the field 6 can be computed by solving
the linear equations (7.29). With equations 7.29, 6 is known up to an additive
constant. For the problem to be well-posed, 6 value has to be imposed at
one point of domain M. The chosen boundary condition consists in fixing
the angle 6 at one arbitrary point Xpo € OM so that Cp(Xpe) has one
of its branches collinear with T(X). The problem can be rewritten as the
well-posed equation (7.35) and is solved using the finite element method on
the triangulation My with order one Crouzeix-Raviart elements. This kind
of elements has proven to be more efficient for cross-field representation as
underlined in [60].

Pry(V0) =Prp(nxVH —V¢ —c,Vp) in M
0(Xpc) = 0xpe for an arbitrary Xpc € OM (7.35)
0  discontinuous on L

It is important to note that for (equation 7.35) to be well-posed, the 6 value
can only be imposed on a single point. A consequence is that if M has more
than one boundary (M = OM; UIMy U ---UIM,,), the resulting cross-
field is guaranteed to be tangent to the boundary dM; such as Xpge € OM;,
which does not necessarily hold for all boundaries dM; for j # i, as detailed in
section 3.8.1.

Once H and 6 scalar fields are computed on M, the cross-field Cyq can be
retrieved for all X € M:

¢(X) = {ux = Rotrz n(ux),k € [|0,3(]} (7.36)
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Figure 7.12: Scalar field 0 obtained from H represented figure 7.10.

3.8.1 Non quad-meshable cross-fields

Problem (7.35) is well-posed. Suppose the imposed singularity pattern respects
the condition on Euler’s characteristic. In that case, there exists a unique scalar
function H (up to an additive constant) verifying equation (7.26) and a unique
scalar function 6 verifying equation (7.35), which is leading to a unique cross-
field solution Cjs for presented a problem.

Nevertheless, it is not proven that the obtained cross-field C,; is actually
respecting the following and mandatory condition:

¢ if X belongs to M, at least one branch of Cy is tangent to OM,

Indeed, the problem (7.35) is well-posed and only ensures this condition for
a given P € 0M. Imposing additional boundary conditions for 6 will make the
problem (7.35) ill-posed. Therefore, when domain M is not simply connected,
it is possible that obtained cross-field Cj; is not tangent on some parts of M.

This issue arises from the non-existence of holomorphic function F (equa-
tion 6.6) matching all conditions imposed (i.e., singularity pattern and tan-
gency to domain boundaries). For F to exist, the singularity pattern must
fulfill all Abel-Jacobi conditions presented in [67]. Otherwise, the resulting
cross-field will not be boundary aligned, hence generating non-quadrilateral
partitions or limit cycles.
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4 Quad layout and quad mesh generation

The following section gives a brief description of the computational process and
necessary changes of criteria from [61] for the minimal number of separatrices
and limit cycles handling on 2-manifolds. Afterward, examples of quad layouts
are shown, and a discussion on results and possible improvements is presented.

4.1 Obtaining the genuine network of separatrices

Separatrices represent integral lines emanating from singular points and trac-
ing these curves, in our case, followed the standard numerical Runge-Kutta 2
scheme (more details in [60]). Their network indeed partitions the domain into
patches, unfortunately there are no guarantees that those partitions would be
suitable for block-structured quad meshing, which is well documented in the
literature [19, 21, 55, 59, 63, 67, 93]. The main causes for ill-defined parti-
tions (non-quadrilateral or thin patches) are typically related to not obtaining
the minimal number of separatrices as well as the appearance of limit cycles,
i.e. separatrices which are not converging to any singularity or a boundary.
However, it is possible to establish criterias for obtaining the genuine network
of these integral curves and to ultimately repair the ill-defined patches. For
these particular matters, our quad layout generation relies on the works [60,
61]. It is important to note here that the above mentioned algorithms deal only
with planar domains, which is not the case here. As it will be elucidated in
the following, the additional criteria are imposed on the previously developed
methods to suit the 2-manifold cases.

The first issue to be tackled here is to adopt all feature lines of the model
that are imposed as boundary conditions into the family of existing separatrices,
wherefrom the network with the minimal number of these integral curves can
be defined. As already established by [60], two (or more) separatrices are
identical if they have the same beginning and ending as well as the same set of
intersected separatrices. On 2-manifold cases, this criteria demands additional
conditions. As illustrated in figure 7.13, separatrices v, and -, should be, by
the the previous criteria, defined as identical and by doing so, the removal
of one of them would be required. Proceeding in this manner would mean
obtaining the ill-defined patches, leaving the dramatic consequences upon the
quad mesh generation. Motivated by the results from the practice, we impose
an additional requirement to former criteria for separatrices to be identical:
the necessity of moving towards the same direction, while not looping on itself,
illustrations below.

The decreasing of separatrices number in this manner simplifies the con-
nectivity complexity of the obtained quad layout. Nevertheless, there would
typically still be many partitions due to the appearance of separatrices that
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revolve around the domain, figure 7.15. In order to generate as simple as pos-
sible quad layout, dealing with this kind of separatrices’ behavior is necessary,
and it is detailed in the following section 4.2.

Figure 7.13: The network of separatrices on 2-sphere. Separatrices 7, and =, have
the same beginning and ending (feature node marked as a black circle) as well as the
same set of intersecting separatrices (vi, ¥;, V&, Ym), yet they are not identical.

Figure 7.14: Illustration of the importance of loops consideration

4.2 Limit cycles on 2-manifolds

The findings on separatrices behavior from [83] and Poincaré-Bendixson the-
orem [97] point out the possibility of limit cycles’ presence on 2D manifolds.
Although the quad mesh generation here relies on integrable cross-field, it is
essential to note that it is under the constraint of Abel-Jacobi conditions, as
in the planar case (Chapter 6). Therefore, misplacing singularities’ locations
and numerical inconsistencies can cause separatrix to miss the singularity and
loop around the domain, figure 7.15, generating a very fine quad layout that
resembles a quad mesh in practice.

Although the algorithm follows the steps from Chapter 6, it is essential
to note that the detection of limit cycles and correction scheme for ill-defined
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partitions (non-quadrilateral patches or partitions containing t-junction) must
be redefined. The reasons for imposing these redefinitions are related to the
more complex behavior of separatrices on 2-manifolds than planar domains,
especially when it comes to 2-manifolds without boundaries.

Figure 7.15: Illustration of limit cycles on a 2D manifold

After a careful examination of separatrices behavior on 2-manifold cases,
the results from practice indicate that the separatrix is a limit cycle if it respects
limit cycle criteria from [61] and it is not a loop (the singularity of its emanating
is the same as the one where separatrix ends). Limit cycles defined in this
manner can not be stopped at the first orthogonal intersection with another
separatrix, as is the case in [61], since it would be impossible to generate a
quad layout. Instead, on 2-manifolds cases, limit cycles are stopped at the first
intersection with a feature line. Obtained quad layout in this manner is not
conformal, and typically ill-defined partitions can not be corrected as in the
planar case due to the connectivity complexities of the obtained quad layout.

4.3 Obtaining conformal quad layout

The partitioning of the domain obtained in the previously presented manner
typically consists of a finite number of non-quadrilateral patches. Many correc-
tion schemes have been developed [139, 140, 141, 142], nevertheless the solution
is typically not optimal because many new singularities are introduced on each
of the ill-defined partitions. The method recently presented in [143] relies on
the algorithm for quadrangulation of N-polygons from [144] and introduces
only one singularity per N-polygon partition, as presented in figure 7.16, while
enabling the generalizations for non-quadrilateral partitions with large N. This
method aims in the quad-tessellation of N-polygon, by subdividing all of its
edges and applying one step of Catmull-Clark subdivision [145]. The applica-
bility of this approach is constrained by fulfillment of inequalities 7.37, corre-
sponding illustration in figure 7.17. At this point, complex base of obtained
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partitioning can be updated so that all quadrilateral conformal partitions are
well defined for remeshing.

4// . // \\>
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Figure 7.16: An example of quadrangulation of a pentagon, a picture from [144]
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Figure 7.17: Quandragulations of non-quadrilateral patches, a picture from [144]
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Figure 7.18: Preliminary results. Obtained quad layouts with singularities of valence
2 are marked in black, of valence 3 in blue, of valence 5 in red, of valence 6 in orange
and of valence 8 in yellow.
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4.4 Quad meshing algorithm

The generating of a final quad mesh relies on the algorithm presented in Chap-
ter 6. More specifically, the layout’s partitions are remeshed with bilinear
transfinite interpolation (TFI) in the parametric space while respecting the
discretizations of the layout’s edges implied by the field H. Since there exists
a per-partition parametrization (section 3), remeshed partitions are mapped
back onto the physical space by assuming that there exists a linear mapping
from physical to parametric space. The quad mesh obtained in this manner
is isotropic, and depending on the properties of the final quad layout, can be
conformal or non-conformal. The meshing time depends on the target number
of quads or the approximate length of the edge imposed by the user, and it
takes a negligible time compared to the rest of the pipeline.

5 Conclusion

This work proposes a novel algorithm to obtain flexible quad layout and quad
mesh generation from naturally or user-imposed singularity configuration. It
relies on the extension of the planar concept presented in Chapter 6 for 2D
manifolds. The specific changes made upon the original pipeline, as the math-
ematical foundations and calculus of scalar field H and dealing with challenging
separatrices’ behavior, are presented. Although the algorithm not necessarily
generates a conformal quad layout, a manner to overcome this issue is outlined,
allowing the obtaining of conformal isometric quad mesh.

The shown quad layout examples present the proof of concept of the pro-
posed method, and the improving overall robustness and computational time
are underway. The future works include the automatic generation of anisotropic
quad meshes by computing two independent scalar fields (more details in Chap-
ter 8) and comparing the quality of elements between isotropic and anisotropic
versions of the algorithm.



CHAPTER

The generation of integrable cross-field
with anisotropic scaling

The integrability condition, along with computing only one scaling field H,
imposes the strict constraint on singularity locations and configurations, i.e.,
the need for fulfilling the Abel Jacobi theorem from [67]. In practice, the mis-
positioning of singularities leads to generating a cross-field that is not aligned
with all boundaries, and consequently, to the appearance of limit cycles. In
order to bypass this limitation, a new mathematical formulation relying on an
integrable cross-field with an anisotropic scaling has been developed. As the
initial results demonstrate, this formulation allows the computation of an inte-
grable boundary-aligned cross-field on an imposed set of singularities that do
not respect the location’s condition from the Abel-Jacobi theorem.
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1 Limit cycle free cross-field formulation

Limit cycles represent a central stepping stone in the field-guided quad mesh-
ing algorithms [60, 63], causing the appearance of thin partitions and non-
quadrilateral patches. In order to resolve these problems, the associated works
typically rely on improving the obtained partitioning of the domain a posteri-
ori, using quantization based [42, 55] or quad-tesselation of N-polygon based
algorithms [139, 140, 141, 142, 143], which principally leads to not obtaining
the optimal solution since many new singularities could be introduced. The
work of [77] suggests solving limit cycles issue a priori by improving the cross-
field quality, i.e., its integrability. Nevertheless, to the best author’s knowledge,
the limit cycle free cross-field generation represents an open problem.

Motivated by the need for generating a limit cycle free cross-field, a new
formulation with an imposed singularity configuration considering its integra-
bility a priori is developed, as presented in section 3.1.2. Although this method
yields very competitive results in terms of more accurate solution at singulari-
ties’ vicinity, 7.e., finding the exact number of separatrices, and low computa-
tional costs (as detailed in Chapter 6 and 7), its flexibility is limited. Indeed,
the imposing of both the integrability condition and isotropic scaling of crosses’
branches (||@|| = ||V||) leads to the constraint on the valid singularity pattern,
i.e., fulfilling the Abel Jacobi theorem [67]. In practice, the mispositioning
of singularities leads to generating a cross-field that is not aligned with all
boundaries, leading to the generation of non-quadrilateral partitions and limit
cycles.

This issue imposes the need for developing a new cross-field formulation
on the imposed set of singularities, which considers the integrability, while
relaxing the condition on isotropic scaling of crosses’ branches. Therefore, two
sizing fields L = ||@|| and Ly = ||¥|| are introduced. As it will be shown in the
following, this setting presents promising results in generating an integrable and
boundary-aligned cross-field on the imposed set of singularities, even when their
positions are not fulfilling all Abel Jacobi conditions, illustrated in figure 8.1.

In order to properly define this new formulation for a 2D cross-field genera-
tion along with integrability conditions, the mathematical context is settled in
the following.

Let E? be the Euclidean space equipped with a Cartesian coordinates sys-
tem {z¢,i = 1,2,3}, and Q triangulated 2D domain. We are assuming € to
be an oriented two-dimensional manifold embedded in E3. We note n(X) the
unit normal to 2 at X € Q. It is assumed that the normal field n is smooth
and that there exists a smooth orthonormal local basis (t(X), T(X),n(X)) for
all X in .

Arbitrary vector fields V and W € E? can be expressed as:
V=V'E; , W=W'E,
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Figure 8.1: Obtained quad layouts on an imposed set of singularities that do not
respect the location’s condition from the Abel-Jacobi theorem. Quad layouts obtained
using the integrable cross-field with isotropic scaling are not aligned with boundaries
a), quad layouts obtained with imposing the 6 value are boundary aligned but not
integrable and demonstrate the presence of t-junctions (marked in T) b), and quad
layouts obtained using the integrable cross-field with an anisotropic scaling c)

in the natural basis vectors {E;,i = 1,2, 3} of this coordinate system, and we
shall note

<V,W>=V'Wi5; , ||V|]|=y/<V,V>

the Euclidean metric and the associated norm for vectors. The Levi-Civita
connection on E? in Cartesian coordinates is trivial (all Christoffel symbols
vanish), and one has:

VEW = (VyWHE,.

The Levi-Civita connection on the Riemannian submanifold 2, now, is not
a trivial one. It is the orthogonal projection of V& in the tangent bundle T2,
such that:

VvW = Prq[VEW] = (Vy W) Prq[E;] (8.1)

where Prq : E% — T is the orthogonal projection operator on 7.
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The triple (t, T, n) can be represented by means of the Euler angles (1, v, ¢)
and with the shorthands s4 = sin ¢ and cg4 = cos ¢, as

—S¢SyCy + CpCy —SpCyp — SypCpCy Sap Sy
t=| sgcpcy +sycy |, T = | =55y +cocycy | ,n= | —5,cy (8.2)
8(258,Y S,YC¢ C’Y

in the vector basis of E3.

As defined previously, a 2D cross ¢(X), X € Q is the set
&X) = {u(X), v(X), —u(X), —v(X)},

respecting the following conditions:

a(X) - v(X) 0
uX) nX) = 0 (8.3)
v(X) -n(X) = 0.
We define:
Ly =|[a]], L2 = |[¥]| (8.4)
and a
u ||::,1H (8.5)

<

where (u,v,n) can be seen as a rotation of (t, T,n) among the direction
n. Therefore, a 2D cross é(X), X € Q can be defined with the help of a scalar
field 6 and the local manifold basis (t, T,n) as:

u=cyt + 5T, v=—sgu+cyv (8.6)

where (u,v,n) can also be expressed using the Euler angles (¢,, ¢) and 6 as:

—S80+¢SyCy + Co+Cy T80+¢Cy — SypCo+Cy S Sy
U= | Se4¢CyCy + SypCot+¢p | s V= —S0+¢Syp T Co+4CyCy | , M= | —S4Cy
S6+¢Sy 5vCo+¢ Cry
(8.7)

The projection operator Prq introduced in equation (8.1) then simply
amounts in disregarding the component along n of vectors.

For a vector field w defined on €, one can write by derivation of (8.2):
VEu = vVy(0+ @)+ se4en Vyy + (v — 5,co440) Vi ¥

VEv=—-uVy(0+ )+ coren Vwy + (—cyu + 5,504 41n) Vi ¥
Vel = (8440 + co16V)Vay + 85(Corou — 5944V) Vi ¥
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and hence, using (8.1), the expression of the covariant derivatives on the sub-
manifold € is:

Vawu =vVy(0+¢) +c,vVy ¥
VwVv =—-uVy(0+¢) — c,uVy V.

This allows writing the Lie bracket

[u,v] = Vyv — Vyu
=—(uVu(0+¢)+vVy(0+9)) —c,(uVuy) + vVi1)), (8.8)

which will be used in the upcoming section.

It is important to note that u and v are the two unit branches of the
cross-field C we are looking for.

2 Integrability condition

As explained previously, a cross-field Cq is integrable if an only if G and v
commute under the Lie Bracket. In other words, the condition:

0= [@,¥] = Va¥ — Vet = [L1u, Lyv] (8.9)

has to be verified. Developing the latter expression and posing for convenience
L, = eft and Ly, = ™2, it becomes:

0=vVyHs; —uV,H; + [u, V],

and then vl
VuHs = —<v,|u,v]|>
{ VyH: = <ufu,v]> (8.10)
which after the substitution of (8.8) gives:
Vol = vv9 + vv(b + vaxﬂﬁ (8 11)
-VyH1 = V4,0 + Vu¢ + C'yvuw '

It is important to note that the three scalar fields (8, Hy, Hy) are completely
defining the cross-field Cq, as (1,7, ¢) are known, since they are defining the
local manifold basis (t, T, n).

From the equations 8.11, we can define the cross-field Cq, integrability error
E as:

E?(0,H\,Hy) = [, (VuHz— V0 —Vyo —c,Virh)>+

(VoH, + Vb +Vus +c,Va)2de 12
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The problem of generating a limit cycle free cross-field can therefore be
reduced at finding three scalar fields (6, Hy, Hs) verifying E(6, Hy, Hz) = 0.

The process of solving this problem presents several difficulties. First,
(0,1,7,¢) are the multivalued functions. This kind of difficulty is commonly
encountered in cross-field generation and is tackled here by cutting the domain
Q along a generated cut graph. Then, minimizing F regarding (0, Hq, Hs) is
an ill-posed problem. Indeed, there are no constraints on V,H; and VHo.
This is the main obstacle for generating an integrable 2D cross-field with an
anisotropic scaling.

A simple approach to solve this problem is proposed here. In order to do
so, it is needed to:

e be able to generate a boundary aligned cross-field matching the imposed
singularity pattern,

o compute (Hy, Hy) minimizing F for an imposed 6,

« compute # minimizing E for an imposed (Hy, Hs).

The final resolution algorithm proposed in section 3 allows finding a local
minimum for £ around an initialization (§°, HY, HY).

2.1 Local manifold basis generation and 0 initialization

As shown previously, generating a boundary-aligned cross-field using the H
function will fail if € is not simply connected, and if singularity locations are
not matching Abel-Jacobi conditions, which is typically the case. The aim
here is to generate a boundary-aligned cross-field fitting an imposed singularity
pattern without taking the integrability into consideration.

This problem has already been tackled in the existing literature. The
method presented here is inspired by the work presented in [73].

As exposed earlier, in order to completely define a unitary cross-field Cq
with a scalar field 6 it is needed to define a smooth global basis (t, T,n) on €.
This is possible by generating a branch cut £ and computing a smooth global
basis (t, T,n) on  allowing discontinuities across L.

A branch cut is a set £ of curves of a domain M that do not form any
closed loop and that cut the domain in such a way that it is impossible to find
any closed loop in Q\ £ that encloses one or several singularities, or an internal
boundary. As we are working on a triangulation of €2, the branch cut £ is in
practice simply a set of edges of the triangulation.

The branch cut is generated using the method described in Chapter 6, based
on [73]. A local basis (t,T,n) on Q can be generated with any cross-field
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method. Such local basis will be smooth and will not show any singularities, as
discontinuities are allowed across the cut graph £ and no boundary alignment
is required.

Once the cut graph £ and the local basis (t, T, n) are generated, it is possible
to compute 6 only if:

e 0 values on 0f) are known,

e 0 jump values across £ are known.

These can be found using methods described in [73], or can be deduced
from a low computational cost cross-field generation using method detailed in
section 3.1.2, Chapter 6 and 7.

2.2 Computing (H;, Hs) from imposed 6

For a given 6, it is possible to find (Hi, H2) minimizing E. It is important
to note that, in general, there does not exist a couple (Hy, H2) such as E =
0. Minimizing F with imposed 0 is finding the couple (H;, Hz) for which
integrability error is minimal.

The problem to solve is the following: Find (H;, H») such as

E(0,Hy, Hy) = min E(0,H,, H>) (8.13)
(H1,Hz)€(CH(2))2

Let’s define S = {(Hy, Hs) | (Hy, Hs) verifies 8.13}.

For the problem to be well-posed, a necessary condition is to have 2 inde-
pendant scalar equations involving V Hy, and the same for VHs. We can note
that in our case, there are no constraints on VyH, and Vy Hy. Therefore, there
is only 1 scalar equation involving VH;, and 1 scalar equation involving V Hs.
As a consequence, the problem we are looking to solve is ill-defined.

As this problem is ill-defined, S will not be a singleton. In the general case,
there will be more than one solution to problem 8.13. This can be highlighted
with the simple example illustrated in figure 8.2.
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=

Figure 8.2: Planar square.

In this case, the unitary frame field Cq obtained with common methods is:
CQ = {C(X) = {X7 y, =X, _Y}y X e Q} (814)

which is equivalent to: -
0 =0. (8.15)

As in this case 2 is planar, we also have:

Y=y=¢=0 (8.16)
Equation 8.11 becomes:
VxHy, = 0
{ _V,H, = 0 (8.17)

which gives:

f(@), ¥(z,y) € 2, Vf € CH(R)

H (x’y) Z,
{ : 9(y), ¥(z,y) € Q, Vg € C*(R) (8.18)

H2(xay)

Knowing this, we finally have & = (C1(R))2. There is an infinity of solu-
tions, confirming the fact that problem 8.13 is ill-defined.

The solution we could expect to obtain for quad meshing purposes would
be:
S = {(H:, Hz2) = (0,0)}, (8.19)

which is equivalent to (L1, L2) = (1,1).

Therefore, problem (8.13) has to be regularized in order to reduce the solu-
tion space. One way to achieve this goal is to add a constraint on the (Hy, Hs)
fields we are looking for. A natural one is to look for (Hy, Hy) verifying equa-
tion (8.13) and being as smooth as possible.
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With this constraint, the problem to solve becomes:

Find (H;, Hy) € S such as

/\|VH1||2+||vﬁ2u2dsz = min /||VH1||2+\|VH2||2dﬂ
Q (H1,H2)ES Jq

(8.20)

Adding this constraint transforms the linear problem 8.13 into a non-linear
one 8.20. The solving is performed in the following manner:

Algorithm 5 Regularized solver for (Hy, Ha)
k=0
initial guess HY, HY
compute € = E(0, HY, HY)
while ¢ < ¢*~! do
k=k+1
find (H¥, HY) minimizing:
(B, f1, f2) + [ [V fr = VHT P + |V fo — VH; H[2dQ),
(f1.f2) € (C'(Q)°
compute € = E(0, HF, HY)
end

Applying the algorithm 5 is leading to an E’s local minimum (6, Hy, Hy)
close to (0, HY, HY).

2.3 Computing 0 from (H;H>)

For an imposed couple (HyH>), it is possible to find # minimizing E. The
problem to solve is formalized as:

Find 0 € C*(Q) such as E(0, H,, Hy) = , Igli?Q)E(O,Hl,Hg) (8.21)
€

This problem is non-linear too. Indeed, V\H; and V H> are showing a
non-linear dependence regarding 6.

The algorithm used to solve 8.21 is the following:
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Algorithm 6 Solver for 0
k=20

initial guess °

deduce (u?,v?) from 6°
compute €' = E(0°, Hy, Hy)
while ¢ < ¢#~! do
E=k+1

find % minimizing:

Ek(f7 HlaHQ) = fQ(vukEIQ - vka - Vvk¢ - C’)'vv“/))Q+
(VorHi + Vo f + Vo + nyvukil})Q dQ, f € Cl(Q)

compute € = E(0, HF, HY)
end

Solver 6 is leading to a E’s local minimum (6, Hy, Hy) close to (8°, Hy, Hy).

3 Minimizing integrability error E regarding (0, H, Hs)

Using the three steps exposed previously, it is possible to find a local minimum
in the vicinity of an initialization (6°, HY, HY) following the scheme:

Algorithm 7 Solver for (0, Hy, Hs)

k=20

initial guess 6° using method presented section 2.1

compute (HY, HY) from 6° using solver 5

compute €? = E(0° HY, HY)

while ¢ < ¢*~! do
k=k+1
compute 6% from (H*=1 H¥=1) using solver 6
compute (HF, H}) from 6% using solver 5
compute e¥ = E(0%, HF HY)

end

For the example presented in figure 8.3, a set of four index % and four index
—i singularities is imposed. As singularities’ locations are not fulfilling the
Abel-Jacobi condition, a cross-field generated using dual H function will not
be boundary aligned, and a cross-field generated using method presented in

section 2.1 will not be integrable and therefore will generate limit cycles.
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Figure 8.3: From left to right: singularity pattern imposed (index %1 in blue and —i in
red), quad layout obtained from a cross-field generated with dual H function, and a
quad layout obtained with method presented section 2.1. For the sake of clarity, limit
cycles are cut upon their first orthogonal intersection, therefore creating T-junctions.

The method presented here is applied to compute an integrable boundary-
aligned cross-field. Figure 8.4 represents the cross-field used as an initial guess
and figure 8.5 the one obtained at solver 7 convergence.

Integration error density
0.001 2.72
N

Figure 8.4: Left: quad layout obtained at initialization. Right: integration error
density on 2. The total integration error is £ = 0.307898.

This shows that generating a limit cycle free 2D cross-field can be done by
solving 8.11. Nevertheless, problem 8.11 is highly non-linear and ill-defined;
solving it turns out to be difficult. The method proposed here works well when
initialization is not far from an integrable solution, as we are looking for a local
minimum in the vicinity of this initialization.

If singularity pattern leads to an initialization far from such a solution, the
method exposed here does not converge up to the desired solution, by getting
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Integration error density
1.22e-08 6.29e-06

E) E) E)

Figure 8.5: Up left: quad layout obtained at convergence. Up right: integration error
density on Q2. Down: integration error regarding solver 7 iteration number. The total
integration error at convergence is ¥ = 1.45639% — 06.

stuck in a local minimum (6, Hy, Hy) which does not satisfy E(6, H;, Hy) = 0.
This is the case on the following example. Figure 8.6 shows the singularity
pattern imposed and the matching quad layout we would like to obtain.

Figure 8.6 is the cross-field from the method presented in section 2.1 used
as initialization. Applying solver 7 to this example gives results presented in
figure 8.7. The obtained quad layout is closer to the desired one (figure 8.6)
but still exhibits limit cycles due to the fact that solver 7 is stuck in a local
minimum for E.

These results highlight the fact that solver 7 is not robust enough to generate
an integrable (i.e. limit cycles free) boundary-aligned 2D cross-field in the
general case, but robust enough if initialization is not too far from the desired
solution. This finding suggests a profound need for developing an automated
scheme for optimizing the singularity configuration to satisfy the Abel-Jacobi
theorem not only for 2D closed manifolds (as presented in [146]), but also for
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Figure 8.6: Left: singularity pattern imposed ( mdex + in blue and —7 in red). Right:
ideal quad layout to obtain.

Figure 8.7: Left: quad layout obtained at initialization, the total integration error
is £ = 0.842169. Right: quad layout obtained at convergence, the total integration
error is £ = 0.013597

planar domains and surfaces with boundaries.






CHAPTER

Conclusion

Mesh generation represents a unique field, regarded both as an art and science
[14, 15]. Although this process heavily relies on mathematical foundations, it
requires a certain level of craftsmanship since there is no unique mathematical
path to follow. Its generation has evolved considerably from unglamorous and
tedious manual efforts to an automated methodology through the decades. As
elaborated in a famous book “Handbook of Grid Generation® [15], and more
recently in [147], numerous approaches have been developed to address this
exciting topic. These works represent the testimony of the severe difficulties
on the journey of accomplishing the goal mentioned above, regardless of the
chosen method or background numerics used. At the same time, they point
out the profound need for further improvements in reliability, robustness, and
complete automatization [147], making mesh generation an advancing field.
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As outlined in Chapter 2, there exist various types of meshes, each of
them suiting a particular group of applications. When it comes to captur-
ing anisotropic features and decreasing approximation error, which is essential
for elastic and elastoplastic analysis [20], spectral and iso-geometric simula-
tions [41], high-order surface modeling purposes [21], and many demanding
numerical problems, the guad meshes represent an indispensable tool [17, 18,
53]. As reviewed in Chapter 3, there is no lack of available algorithms tar-
geting this specific topic. Nevertheless, many important questions still remain
unanswered, e.g., how to deal successfully with approximation and quad mesh
quality, robustness on geometrically inconsistent inputs, efficiency, interactive
control, scalability, and evaluation [21].

Regarding the particular issue of block-structured quad mesh generation,
the objective of this thesis was twofold: (1) develop the block-structured quad
mesher that is automatic and produces high-quality elements, and (2) design
the interactive block-structured quad mesher that preserves properties of the
first objective.

In order to accomplish these goals, a field-guided method allowing control
over the orientation and the size of quad elements is explored. This path implied
using an auxiliary object: the cross-field, including its topology, i.e., singular
points hand in hand with the quad layout concept, which yielded two research
directions. The first one was finding the most promising Partial Differential
Equation (PDE) model for the cross-field computation. The main advantages
of the proposed Ginzburg-Landau formulation are the thorough mathematical
background and adequate singularities’ positions and valences, which are highly
advocated for quad meshing purposes (Chapter 4 and Chapter 5). Nevertheless,
due to the nature of this particular PDE, the solution is mesh dependant, i.e.,
singularities are repelled from the refined regions inhibiting the finding of the
accurate number of separatrices, and it generates high computational costs.
These facts, being both theoretically and practically explored, have shifted
the focus towards generating a cross-field with an imposed set of singularities,
relying on a dual scalar field H. This new formulation is well established
in the corresponding Ginzburg-Landau theory [22] and is in its core linear.
The H field showed quite competitive results in computational costs, mesh
independency of singularities’ locations, the improvement of numerical results,
and enabling interactive quad mesh design. It was precisely the characteristics
of this scalar field that enabled working with high valence singularities, an
advanced topic in quad meshing, and tackling the critical question of non-quad
meshable singularity configurations (Chapter 6, Chapter 7 and Chapter 8).

The fact that a cross-field’s properties are intimately related to quad mesh
generation [21, 81] served as a motivation for the second research direction,
i.e., working on its integrability. As detailed in Chapter 3, the Riemannian
manifold theory shows that a cross-field generates a valid quad layout, and
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consequently, a conformal block-structured quad mesh, if and only if it is in-
tegrable. The existing methods are leaving the integrability problem aside and
dealing with it in the post-processing stage, which influences the appearance
of coiled-up integral lines, i.e., limit cycles, leaving dramatic consequences on
the quad layout and associated quad mesh. Here, the integrability condition
was considered a priori, i.e., in the cross-field formulation. By doing so, the
quality of the final result, i.e., a quad mesh, was increased directly, and the
cross-field generation problem had become linear, as detailed in Chapter 6 (for
planar case) and Chapter 7 (for 2D manifold case), allowing the decrease in
overall problem complexity.

The integrability condition, along with computing only one scaling field H,
imposed the strict constraint on singularity locations and configurations, i.e.,
the need for fulfilling the Abel Jacobi theorem from [67]. In order to bypass
this limitation, a new mathematical formulation relying on anisotropic scaling
has been developed, detailed in Chapter 8, allowing the computation of an in-
tegrable and boundary-aligned cross-field on imposed set of singularities, while
not respecting the location’s condition from Abel Jacobi theorem. As pre-
sented, the initial results were promising; nevertheless, to accomplish the goal
of obtaining a conformal quad layout using the presented separatrix tracing
scheme, the development of an automated singularity configuration optimiza-
tion fulfilling the Abel-Jacobi theorem is of utmost importance.

The research journey of this thesis relied on the strict mathematical back-
ground, yielding the cross-field generation which is quad meshable and inte-
grable, both with isotropic and anisotropic scaling and computational costs
as low as solving only two linear systems. Presented advances went hand-
in-hand with flexibility on imposing singularity configurations, improving nu-
merical inconsistencies of the cross-field in singularities vicinity and reparation
schemes for ill-defined partitions. Unfortunately, the presented algorithm does
not guarantee to conformally quad mesh all possible domains, as figure 9.1
illustrates, yet the formulations’ characteristics would greatly benefit current
state-of-the-art methods. The robustness issue of the presented method orig-
inates from choosing the separatrix tracing scheme instead of methods less
sensitive to fulfilling the Abel-Jacobi conditions, e.g., point generation [148] or
global parametrization approach [65].
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Figure 9.1: The sub-optimal singularity configuration causing the appearance of limit
cycles and triangular partitions in the aircraft quad layout

1 Perspectives

1.1 Extension of the algorithm to 3D

The focus of this thesis was on obtaining a surface quad layout by using 2D
cross-field structure, wherefrom a quad mesh was generated. The straightfor-
ward extension of the proposed method to hexahedral meshing implies gen-
erating a hex layout relying on a 3D frame field. Although a 3D frame field
generation has been fairly explored [149, 150, 151, 152], the control over its
topology, i.e., singularity configurations, represents the principal bottleneck in
the current hex meshing state-of-the-art. As explained in [153]: “It remains an
open problem to give a sufficient condition on singularity graphs compatible to
non-degenerate hexahedral meshing.“ On the other hand, as extensive surveys
on hex meshing algorithms [40, 154] point out, it is possible in some cases to
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use surface quad mesh for generating a hex mesh, nevertheless, the developed
algorithms, e.g., [155, 156], typically can deal only with specific topologies, and
as already concluded in [157]: “Generating hexahedral meshes of valid topology
and practical geometric properties from quadrilateral surface meshes of arbi-
trary genus and possibly self-intersecting loops of quadrilaterals is unresolved
in general.“ Unfortunately, a similar conclusion stands for generating hex lay-
out from a quad layout, except for some particular cases [13].

1.2 Generating an anisotropic quad mesh

The existence of adaptive quad meshing algorithms is crucial for some fields,
e.g., computational fluid dynamics, dealing with anisotropic physical problems,
and consequently using anisotropic quad meshes. In order to gain control over
alignment, density, and anisotropy of the elements’ distribution, some works
rely on a specific metric [158, 159], two sizing fields [160], the curvature tensor
field [161], or a non-orthogonal and non-unit-length frame fields [162]. In this
thesis, the shape of quadrilateral elements is influenced by the isotropic sizing
field H (Chapter 6 and Chapter 7), resulting in generating the isotropic quad
mesh. At the same time, it is possible to compute two independent sizing fields
(Chapter 8), accomplishing the task of obtaining the anisotropic quad mesh.
Future work would include comparing the quality of elements between isotropic
and anisotropic versions of the algorithm.

1.3 Generating a quad mesh respecting the user-imposed
size map

The field-guided methods, in general, support a significant amount of user
control and imposing the mesh size is just one of them. Typically, the informa-
tion on user-prescribed target quad size or edge length, i.e., a size field, is not
considered in the cross-field computation step, rather during the remeshing pro-
cess, inducing considerable distortions or the algorithm failure originating from
geometrical or topological inconsistencies of the input mesh. The method pre-
sented in [163] reformulates the construction of the cross-field in a scale-aware
manner to target both the prescribed sizing field and dealing with ill-behaved
mesh inputs.

By using the integrable cross-field formulation relying on two sizing fields
H, and Hs, presented in Chapter 8, it would be possible to take into account the
anisotropic size field to guide the cross-field generation. The size field obtained
from the generated cross-field would not precisely match the one prescribed by
the user, but would be as close as possible with the singularity pattern chosen
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for the cross-field generation.

Some of the other exciting perspectives for future works include comparing
the differences in quality of an anisotropic version of the method presented in
this thesis with its original isotropic version, improving the robustness, and
decreasing the overall computational time of the presented algorithm.
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