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In this note, an enhanced trajectory tracking (or equivalently, tracking-error) approach is devel-
oped for the control of nonlinear systems whenever the stage of feedback passivation design prior
to synthesizing state feedback controllers is impossible. To achieve this purpose while using the
original state vector to retain its interpretation, it is possible without the use of input and state
coordinate transformations to combine the system dynamics with the so-called extended quadratic
port-Hamiltonian (PH) models (including possibly the quadratic pseudo PH models) which are then
divided into non-relaxing and relaxing ones for further study on control benefits. Interestingly, both
cases are associated to a unifying quadratic Hamiltonian storage function similar to that of electrical,
mechanical, or electromechanical systems with a specific insight. Sufficient conditions for the global
asymptotic or exponential convergence of the system trajectory to the reference one are shown. In
addition, a Proportional-Integral action can be added to the tracking control for improving the closed-
loop performance and robustness. The proposed approach is illustrated via two case studies, including
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the non-minimum phase Van de Vusse reaction system and the 3-DOF SCARA robot.
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1. Introduction

Many industrial applications occur in the domains — electrical,
mechanical and biochemical, etc. belonging to lumped parameter
systems (i.e. with one independent variable, time, described by a
set of ordinary differential equations) [1]. In some instances, the
dynamics of such systems may exhibit the abnormal behaviors
(such as the input/output multiplicity or limit-cycle oscillations
and chaos, etc.) which are mainly caused by the highly nonlin-
ear characteristics of multi-physics domain, irreversible thermal
effects or hysteresis behavior of materials [2]. As a consequence,
these behaviors give rise to strong sensitivity w.r.t. internal and/or
external factors (such as noise/disturbance or parameter uncer-
tainty, etc.), i.e. the sources of generating internal instabilities and
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therefore restrict the systems themselves to reach their desirable
performance if they are operated without control [3]. Hence,
during the last few decades, numerous control strategies have
been proposed to tackle this theoretically difficult but interest-
ing challenge. It is the case, for instance, for model predictive
control [4], extremum-seeking control [5] and passivity-based
control (PBC) [6] together with energy/power-shaping [7,8] or
physics-based control approaches (e.g. [9,10] to cite a few, and
references therein). Nevertheless, one of the important issues
is the applicability of developed control methods for a wide
range of nonlinear systems, in particular for non-minimum phase
systems [11]. This is due to the fact that the non-minimum
phase system has unstable zero dynamics and its stabilization
cannot be achieved by using the well-known conventional ap-
proaches such as input-output linearization because asymptotic
stability of these zero dynamics is a necessary condition for
nominal closed-loop stability [12]. Unlike the results reported
in [13,14] for which the minimum phase behavior and the output
relative degree one of the given system are a priori required,
the passivity-based control approach developed in [15,16] have
considered the transversality condition instead so that feedback
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passivation design is workable using an appropriate input coordi-
nate transformation before a feedback controller is synthesized.
Concretely, the feedback passivation design is first implemented
in order to express the system dynamics in a structured form,
called port-Hamiltonian (PH) representation, prior to developing
passivity-based controllers via predefined reference dynamics.
As a particular part of the reference trajectory is assigned to
be a desired constant equilibrium value, this approach can be
considered as a simplified version of the tracking-error-based
control (TEBC) approach with generalized canonical transforma-
tions [17], whereby all the reference trajectory is time-variant.
In this context, how to (i) lift restrictions on the minimum phase
behavior and/or the systems fulfilling the transversality condition
to be SISO and (ii) extend the TEBC approach without using input
and state coordinate transformations for the stabilization of non-
minimum phase nonlinear MIMO systems is a key challenge in
the control research field, and it is the primary objective of this
work.

Note that PH representation has been first considered for
mechanical and electrical systems such as mass-spring-damper
systems and series/parallel RLC circuits, etc. (see e.g. [18,19]). For
those systems, the PH formulations are explicitly associated with
a unified quadratic Hamiltonian potential

1
H(x) £ ExTRdiX, (1)

where x and T are the system state vector and matrix transpose,
respectively, and Ry;; = R; > 0. Hence the adaptation of the
unified potential (1) to the port-based modeling of chemical
processes? is the secondary objective of this work.

In this work, an unstable non-minimum phase nonlinear
chemical system known as Van de Vusse reaction system (see
also [25-27]) is used together with a mechanical system to
illustrate the developments. It is important to note that the
heat effects in such systems have to be considered properly
in the treatment because the temperature is one of the major
concerns of the thermal-material coupling, thereby describing
the interaction of rate processes (reaction kinetics, heat transfer)
and leading to non-minimum phase behavior. From a modeling
perspective, the inclusion of the temperature may change the
PH representation of the system from one non-relaxing form to
another. The contributions of this paper are twofold:

e A class of extended quadratic PH systems (including the
quadratic pseudo PH systems) is introduced. Under certain
conditions, the original dynamics can be formatted into
this class, and associated to a unified quadratic potential
(1) without input and state coordinate transformations as
in [28,29].

e A standard and flexible framework of the enhanced TEBC
approach for the stabilization of the extended quadratic
PH systems is developed based on the error-state dynam-
ics preserving the port-Hamiltonian structure. It is shown
that the global asymptotic or exponential stability of the
TEBC can be achieved depending on the relaxing or non-
relaxing nature of the considered quadratic PH system. On
the other hand, for nonlinear systems with equilibrium and

1 The Hamiltonian storage function (1) is equal to the total energy of the
system (i.e. it characterizes the amount of the elastic potential energy of the
spring and the kinetic energy of the body or the energies stored in capacitor
and inductor in case of a mass-spring-damper system or series RLC circuit,
respectively). We refer the reader to Batlle [20] for a similar description of
coupled electro-magneto-mechanical systems (for example, a magnetic levitation
system). In general, the PH representation with (1) belongs to the so-called
quadratic PH system [21,22].

2 Consequently, it also has a clear physical meaning because of its link with
the inventory-based storage function of chemical processes [23,24].
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over a wide range of applications, different functions of time
with either time-finite or exponential/asymptotic stability
are proposed for reference states to be tracked. Also, an ad-
dition of the Proportional-Integral action to the error-state
system is proposed not only to preserve the PH structure
but also to improve the control performance and robustness.
These extensions, therefore, complete the results developed
in previous work [30,31].

It should be pointed out that the enhanced trajectory tracking
control framework developed in this paper is different com-
pared to others available in the literature [17,32]. Three of the
key differences are summarized as follows, (i) under a so-called
separability condition there is no need to determine a time/state-
dependent transformation by solving a set of partial differential
equations (PDEs)? in order to transform the error dynamics into a
PH representation [17,33,34], (ii) no additional restrictions (such
as closed-loop interconnection and damping matrices to be con-
stant) are imposed on the closed-loop system while the desired
trajectory is fixed or predefined [32] and (iii) the quadratic Hamil-
tonian may also have a clear physical meaning as extended to
chemical reaction systems.

This paper is organized as follows. Section 2 briefly introduces
a large class of the so-called extended PH models of affine non-
linear systems. An enhanced TEBC approach is then developed
for the class of systems considered. The illustrations including
numerical simulations for the tracking control design of the Van
de Vusse reaction system and the 3-DOF SCARA robot are given
in Section 3 to illustrate the results. It is interesting to note
that while the reaction system will be stabilized at an optimal
equilibrium point, the dynamics of the robot will track a desired
oscillatory reference trajectory.

2. The control design of extended PH systems

Throughout this paper, we consider nonlinear dynamical sys-
tems that are affine in the control input u and whose dynamics
are given by the following set of ordinary differential equations
(ODEs) [6,11,12]:

x=f(x)+gx)u, x(t=0)=x" (2)

where x = x(t) is the state vector contained in the operating
region D C R", f(x) € R" expresses the vector-valued smooth
nonlinear function w.r.t. x. The full rank input-state matrix and
the control input are represented by g(x) € R™™ and u € R™,
m < n, respectively.

2.1. About extended port-Hamiltonian (PH) systems

An extension of port-based network modeling of physical sys-
tems* allows to re-express f(x) in (2) as a decomposition of the
product of some structurally extended matrices and the gradient
of certain extended potential function w.r.t. x, i.e. the co-state
variables

OH(X)

fx) = Ux) — R — (3)

where J(x) and R(x) are called the n x n skew-symmetric extended
interconnection matrix (i.e. J(x) = —J(x)") and the n x n sym-
metric extended damping matrix (i.e. R(x) = R(x)"), respectively,
while # : D — R presents the extended Hamiltonian storage
function (possibly related to the total energy of the system). From

3 This challenging task is time consuming and not easy to carry out.

4 See, e.g. [18] for conservative mechanical systems governed by the
Euler-Lagrange equations of motion with independent storage elements.
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a mathematical point of view, (3) can generally be considered
as the separability condition® and extensively used in particular
in [38] for lumped parameter process systems.

In addition to (3), the dynamics (2) is then completed with
the output defined by y £ g(x)TM;—X” € R™ so that the resulting

representation
% = [J(x) — Rx)] 2% 1 g(x)u (@)
y =g’ W

verifies the following equality:

dH(x) oH(x)7T OH(X)
dt :_[ ox ] RO Tu )

This work focuses on a large class of the extended PH models
(including also the so-called pseudo PH models) that is defined
on the basis of the positive semi-definiteness property of the
damping structure matrix R(x). This concept is summarized in
Definition 1.

Definition 1. The structured form (4) belongs to the class of
extended PH models (EPH models, denoted by #%) if it satisfies
one of the following two constraints:

(i) The matrix R(x) is positive semi-definite, i.e.:
YoeR" v£0, v'RXv > 0 (6)

(ii) Or R(x) is negative semi-definite or indefinite (i.e. neither
positive nor negative semi-definite).

The structure (4) fulfilling (i) is a standard PH representa-
tion [19] and considered here as a non-relaxed EPH model. Oth-
erwise, (4) with (ii) is a pseudo PH representation and considered
here as a relaxed EPH model [39]. It is worth noting that the class
of EPH models considered here is particular but large because
it encompasses both the non-relaxed (i.e. standard) and relaxed
(i.e. pseudo) PH models, thereby allowing the development of a
flexible TEBC approach with specific control benefits. We shall not
elaborate any further on the existence of the EPH models here and
for a system-theoretic treatment, we refer the reader to e.g. [18]
(see also [40] for an extensive exposition and a large number of
references).

Let # nr and #;, be the (disjoint) subclasses of #; which en-
compass the non-relaxed and relaxed EPH models, respectively.
For all models belonging to either 7 , or #, ., and for the sake of
brevity, the argument ~-~ ‘W (1f any) has been omitted from R (and
J) since there is no doubt as to what the non-relaxed/relaxed EPH
model is and 7:;{") is a vector-valued function w.r.t. ¥ explicitly.

We make the following assumption regarding systems with
equilibrium.

Assumption 1 (Feasibility Condition for Systems with Equilibrium).
Given u, € R™, the set &, defined by

(x,) — R(x,)] 224 x*)-i-g(x*)u* = 01 exists. Also, x, € &,

g N L
is said to be an equihbrlum point (or the steady state value)
corresponding to u,.

Assumption 1 is clearly fulfilled for nonlinear systems (such
as chemical reaction systems), of which at least one equilibrium
point is present when time becomes very large or goes to infin-
ity [10,15,25,41]. This assumption is no longer valid for systems
having the oscillatory behavior (i.e. the limit cycle) [42,43] or
systems without equilibrium [44].

5 Solutions for such a separability can be found using the orthogonal de-
composition method [22], the dual Brayton-Moser formulation [35,36] or the
Hodge decomposition technique [37]. Importantly, the orthogonal decomposition
method [22] allows transforming f(x) into the form (3) without solving PDEs.
Note, however, that in this method the input coordinate transformation may be
required.
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2.2. An enhanced tracking-error-based control approach

For the sake of deriving the main results in the remaining
of the paper, let Z be the subset having m elements derived
from the set N of ordered indices, N = {1, ..., n}. An additional
assumption related to the zero-state detectability condition is
considered.

Assumption 2 (Zero-State Detectability [17]). Given some reach-
able desired equilibrium, say x,, € &,. Let x; and x,, ; respectively
be the ith elements of x and x,,, and consider a suitable selection
Tof N, if ;] = X, i € Tast — +oo then lim,_  x(t) =
Xurj, J €T =N\

Assumption 2 may be interpreted as follows. At the steady
state, there exists X,, associated with u,, satisfying F, (x*r, u*r) =
0 with F, 1 =1, 2, ..., n, being nonlinear functions derived from
the state steady condition f(x,;) + g(x.;)u,, = 0. Consequently,
using the implicit function theorem it may be possible to rep-
resent X,rj = Gj((X.r)z. Ur) With G; being a nonlinear function
of only (x*r)z6 and u,r, and x,j, j € J, are well-defined and
unique. This assumption is generally satisfied in accordance with
common physical knowledge. This is for instance the case for
the temperature of reaction systems with the chemical kinetics
governed by mass-action law [25]. In addition, its validity still
holds for hydraulic systems and many others (possibly even with
input or output multiplicity behavior) (see e.g. [28,38]). Hence
it will pose no real restriction on the class of considered sys-
tems. From a mathematical point of view, it implies that the
system can be fully controlled by acting on x;, i € Z only.
The zero-state detectability assumption can be alternatively and
more generally stated that if (x(t)), — (Xa(t)), as t — +oo
then lim,_, . (x(t)) g = (x4(1)) ., where x4(t) is some reference
trajectory (for example, it reacﬁes the desired setpoint as time
goes to infinity). The following theorem presents our main result
in its full generality, but in a rather conceptual and flexible form
for the tracking control of the EPH model (4) of the dynamics (2)
using an enhanced tracking-error-based control (TEBC) approach.

Theorem 1. Assume that:

(i) The dynamics (2) possesses an EPH model described by (4) (i.e. €
Hnr OF € H, ;) and the Hamiltonian storage function H(x) is
given by (1);

(ii) A generalized reference trajectory x4 is governed by

9H(Xq) 9.7 (er) n

ka2 [J00) = RO = 52 4 Rifx) gou (7)
0X,4 oe,

where e, = x X4 is the error-state vector, 27 (e.) 2 1 TRd,e,,

H(xg) = de,xd and Ri(x) is the generalized dampmg

=R(x)").
Then if X € %, X converges globally exponentially to x4 with a
decay constant bounded by c; = 2% where:

injection (i.e. Rj(x)

A= inf(eig(RdiR,(x)Rd,-)> (8)
xeD

and

p = sup(eig (Ra) (9)
xeh

if the following condition is met

Ri(x)>0 (10)

6

The notation (.)r stands for a subvector (or generally, a submatrix)
extracted from (.) by selecting elements corresponding to row i, i€ I.
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Otherwise, when x € 4., the global asymptotic convergence of x
to x4 is guaranteed if R;(x) is chosen so that the following condition
holds:

R+ R = (R +R() >0 (11)

For any case, assume that the selection T is made available, thus
guaranteeing that a submatrix gs(x) extracted from g(x), i.e. g;(x) £
(g(x)) o is invertible then x converges globally to the desired ref-

erence Xy using the feedback law given by u = p(x,x4) with
. OH(X, a7 (e
pxna) = 5™ (50 100 = R0 ) — o7 )
X4 e, I

(12)

where (xq)7 is predefined as a function of time while (x4)7 is
constructed from the following expression

IH(X da7(e,
(%) | p oo ?2te)
0Xg oe,

(k) = ([J(x) ~ R + 8B, xd)>

Na

(13)

Proof. The idea of the proof is to prove that x; converges to X,
in finite-time or when time goes to infinity, while the system
trajectory x tracks x4. Indeed, it can be shown that the time

, aoee))]
derivative of J#(e;) is expressed by 7 (e.) = [ 5 (er)] e.. On

er

the other hand, the error state vector dynamics is’
. d.7(e;)
e = 10 — IR + RN} =22 (14)
de;
where 248 _ M;T(Zd) = Ry (x — X) = Rge, = %e(f') the first
entry of (4) and Eq. (7) have been used. Consequently, one has
. d(e)]" 3. er)
() = — = | [R®) +Ri()] : (15)
aer 8e,

First, if X € %, i.e. Rx) = R(x)" > 0, the following (strict)
inequality holds

.
8%”(&)] Ri() 0.7 (er)
oe; oe;

#(e) < —[ <0 (16)

since R;(x) = R;(x)" > 0. The exponential convergence property
of the system trajectory x to the reference trajectory Xy is straight-

forward. Indeed from (16) and since d‘ﬁ(rer) = Rge, one obtains
#(e;) < —e, T RgiR;(%)Ryie,. Hence
#(e) < —he, e (17)

with A defined by (8). By #(e;) = Je. " Rye;, it gives #(e;) > 0

and e, "e, > %f(er) where g is defined in (9). Therefore (17)

becomes #(e,) < —2% #(e,) < 0. Since ##(e,) is negative and
(radially) bounded above by itself, it follows immediately that
e, — 0ast — oo with some exponential decay cg. Alternatively,
if x € #,, (15) yields s#(e;) < O thanks to (11). The error
dynamics (14) is then globally asymptotically stabilized at the
origin by invoking the LaSalle’s invariance principle [12] since the
largest invariant set contained in {e|eTRd,-e = 0} equals 0. On the
other hand, one has from (7)

. a .7 (er
(ke = ([roo - o] i) 4 o2

Ri(x
0Xy +R®) oe,

+g(x)u> (18)
v

7 Obviously, the dynamics of the error state vector e given by (14) belongs to
an extended PH structure, i.e. e, € #. As shown, the derivation of this structural
form is straightforward and the Hamiltonian is explicit without using generalized
canonical transformations as compared to [17].
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——————————— Zero—Error Tracking --------------

u Plant (4) x e
()1, (%) =

Generator (7) ~ i
(@a)z, (@a)7 | !

\4

Bz, zaq) (12)
(with (z4)z predefined)

A

Fig. 1. Tracking control system model.

. _ 0H(X4) 0.7(e;)
(X )j = ([](X)—R(X)] oy +Rl(x)Ter +g(X)U)J (19)

Once (x4)7 is predefined, using the matching Eq. (18) one obtains
(12) that in turn allows the construction of (x4) 7 via (13) prior
to implementing the feedback law S(x, x4). The latter completes
the proof provided that Assumption 2 holds. W

Remark 1. At the stage of control design, one assigns x4(t), i €

7, directly as predefined functions of time (one thus has x4 ;(t), i
€ 1I). For systems with the desired (constant) setpoint, one

possibility is to assign x4 ; first, i.e.
Xdi = Tq,i(Xai, Xur.i) Subject to Xgi(+00) = X,rj, 1 € T (20)

with ry; being a function satisfying ryi(X.ri, X.ri) = 0. Once
T4,i(Xa.i, Xar i) i0 (20) is explicitly made, the time derivatives of
X¢i, i € Z, are determined. For the sake of illustration,
74.i(Xa.i, X«r.i) can be chosen so that (20) yields

Xai = —ki(Xgi — Xur i), 1€ T (21)

with the scalars k; > 0 and y; > 0. As a result, there exists
a finite-time and asymptotic convergence solution to (21) when
1
0 < ¥ < 1, thatis, x4i(t) = Xari + (= 8ikit + (x5, —xar))%) %, 0 <
t < torXxgt) = X4, £t > TwWithg; = 1—-—9p > 0
0 o
and the finite-time constant t given by t 2 W > 0.
18]
There is exponential convergence given by Xq i(t) = X.r.; + (xg’i —
Xuri)€Xp(—kit), YVt > 0 if 3 = 1. Otherwise, an asymptotic
convergence solution is derived if ;3 > 1. Note that it is also
possible to generate damped oscillations (decreasing amplitude)
of the reference states x4 ;(t), i € Z, with

t
. C Co , ,
i = —— (Xdi — Xari) — — / (xai(t') = Xur)dt (22)
G2 G Jo

with coc; > 0, coc; > 0 and 0 < %E—(‘) %(2) <1

Fig. 1 summarizes the main features of the proposed tracking
control theory. As shown, this encompasses two crucial blocks,
namely the Zero-Error Tracking (ZET) and Trajectory Tracking
Controller (TTC) blocks. The ZET block guarantees a global con-
vergence of the error state vector e to the zero vector as time
goes to infinity, while the TTC block synthesizes a smooth (or, at
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least, continuous) control law using a partially predefined, desired
trajectory to achieve trajectory tracking under the assumption of
zero-state detectability.

Remark 2. As the extended dynamics
e

t _T0
- fo g (ae, dt’

2
_[]—[R+R1+g1<di,PgT] 8 } {f
—gT 0 _Kdi,l fot gT %d[/
(23)

is stable because W = 7 + (fot g’ %f dt/)TKd“ (fot g’ E’aff dt’)
is a strict Lyapunov function, the stabilization of e, at the origin

remains valid using a more general form of the control input, i.e.
u=p(x xq)+v (24)

with B(x, x4) given in (12) and v being a coupled Proportional-
Integral (PI) action below

P t 4 7
v=—Kapgx)' BJ;”(er) - Kdi,l/ g(x(f/))TM‘it, (25)
e, 0 de,

where Ky p and Kgi; are the m x m matrices fulfilling Kgip =
K{p = 0 and Kg; = Kg, > 0. It should be also noted
that this generalizes the integral action presented in previous
work [17]. However, unlike the former, the latter directly acts on
the error-state system while still preserving the pH format.

Remark 3. Despite the fact that the desired equilibrium may not
be at the origin, and the input and output variables of the system
take nonzero values at steady state, the enhanced TEBC approach
proposed here simply relies on a straightforward derivation of the
reference trajectory with suitable damping injection for the error
tracking algorithm, and thereby remaining unaffected by the dis-
sipation obstacle as compared with the previous PBC approaches
(for instance, the energy-balancing PBC design fails when applied
to a parallel RLC circuit [7,19]).

3. Case studies
3.1. Case study 1: A chemical system with equilibrium

3.1.1. The mathematical model and system analysis
We consider the Van de Vusse reaction scheme in a continuous
stirred tank reactor, as described in [25-27]

K K
C5H5 —(1——) C5H7OH —l—é C5H3(0H)2
= +HZO/H+ — +H20/H+ —
s, S S3 (26)
K
2 CsHs = CioHyy
—_—— ———

M Sa

where cyclopentadiene (species S;) and cyclopentenol (species
S,) are the reactant and main product, respectively. Species S,
is considered as the product of interest. The two other products
are cyclopentanediol (species S3) and dicyclopentadiene (species
S4). The reactor model consists of material balances for species
S1 and S,, and an energy balance, as described by (2) with ¥ =
(x1, X2, x3) " [25-27],

—k1x1 — 2k3x?
k1X1 — kzXz (27)
—AH1k1X1—Aszzxz—ZAH:;ng%
ﬂCp

fx) =
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(x10o—%x1) O y
g2(x) = —X2 0 and u = [ 1 } (28)
(X30 — X3) Tlcp 12

where u; and u, are the dilution rate and the heat removal
rate, respectively. All process parameters, their significance and
numerical values are listed in Appendix A. Note that the molar
concentration of each species is always smaller than the inlet mo-
lar concentration and the absolute temperature is positive [41],
the operating region of the states is thus givenas D = (0 x10)* X
(0 +o00).

Also kq, k, and k3 in (27) are the reaction kinetics and governed
by the Arrhenius equation below

—E\ .
ki (x3) = kip exp (Rx3> ,i=1,2,3 (29)
Assume that the reactor is initially operated corresponding to
the nominal conditions u,; = 19.52 (1/h) and u,, = —500
(kJ/(1.h)). The equilibrium point x, is then calculated by x, =
(1.25, 0.86, 404.7)". In this case, the zero of the transfer function
of the linearized system from u; to x, is found to be +89.11. This
indicates that the process is locally non-minimum phase around
the given equilibrium. As a consequence, it prevents input-output
linearization technique [12] and previous PBC approaches such
as [13,14] from controlling the system because of the unstable
zero dynamics of the system. In what follows, we shall show
the way to apply the proposed enhanced TEBC theory as per
Theorem 1 without using input and/or state coordinate transfor-
mations as compared with previous works [15-17,28].

3.1.2. The steady-state optimization problem
The following three equalities hold at the steady state:

A (REN 1)+\/(’<', 11U, 1)2+8k,,3X10U*,1

A _ —
F] = X*,l a3 =0
N kﬁ,l _ '
FZ = x*,Z - "*,2+”*,1 X*,] =0
A k*,lk 2
F; = (AH*]k*_] + AH, "*,2+;*,1 )X,,y]

+ 2AH31<*,3X3,1 - pG (X30 - X*.3) U1 — U, =0

where k,; = ki(x.3). On the other hand, the system (2) and
(27)-(29) is usually operated by manipulating with the process
input u so that the steady-state concentration of primary product
X, reaches the optimal solution xfpzt Hence the mathematical
formulation of this statement leads to

H;ax X*,Z (X*,l (X*,37 u*)! Xi,3a u*) (30)

min max

subject to X, >0 and X3 <X,3 <X,5

In (30), X" and x"3* are the physical bounds imposed on the
temperature for practical implementation. This optimization
problem is an implicit nonlinear programming one with con-
straints. The optimal solution can be found by analytical/numerical
methods [45]. As an example, a simple solution to (30) (that
is, X, = 0.96 (mol/l) corresponding to x}; = 1.87 (mol/l)
and x; = 392.67 (K) when x™! = 382 (K), x"* = 407 (K),
u,, = —1100 (kJ/(Lh)) and u, ; fixed at 19.52 (1/h)) is found
using the iterative algorithm. Physically, the cooling system needs
to efficiently remove excess heat from the reaction process to
drive the dynamics (2), (27) and (28) to the optimal equilibrium
point. In what follows, ¥2* will be used as the set-point, i.e

X, 2 &% for the illustration of the control design.

3.1.3. The control design
First of all, we check quickly the isothermal case, thereb
—k]X] — 2’(3)(% T

leading to the simplified vector field f(x) = [ Kxe — kox
1X1 — K2X2
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Fig. 2. The closed-loop phase plane.

from Eq. (27). The separability condition (3) follows immediatel
—k
with #(x) (1) where Ry = diag(1, 1) and J(x) = |:k10/ E)/zj
2

ky + 2ksxy  h
and R( ) [ 1 :‘rkl/ 3X1 k2/2

tation (4) is a non-relaxing EPH model (€ H, ) since all the
principal minors determinants of R(x) are positive (i.e., R(x) is
positive definite) due to the fact that k; = kj. A feedback law,
given by (24) with Z = {1} or Z = {2}, therefore globally
exponentially stabilizes the isothermal system at x,;.

Unlike the isothermal case, the Hamiltonian formulation of the
non-isothermal dynamics, associated with the unified quadratic
storage function #(x) (1), can only be obtained with losing some
structural properties due to the nonlinearities of thermal effects.
Indeed, we reconsider a single-variable change given by [26]

:|. Hence the resulting represen-

X3 = —A"—Z‘;xg,g thereby leading to the alternative dynamics as
X = f(x) + g(X)u where X = (x1,%2,X3)) € D with D =
(0 x10)? x (—oo 0), u as seen in (28) and,
—E]X] —}EgX%
f(x) = kix1 — kaxa (31)
AHqkyx1+AHykyxp+2AH3k3x2
AH3
X10 — X1 0
_ —X 0
gx) = ’ 1 (32)

5 (4 30%) 3,

in which the term k; 2 k; (X3) has been used. Note that the equiv-
alent set-point is X,, 2 X" with ¥ = (x(’plt , xfpzt , z;” fp; )y
We state the following proposition that corresponds to a spec1f1ed

version of Theorem 1.

Proposition 1. The system dynamics expressed by X admits an EPH
presentation (i.e., € #, ;) with the Hamiltonian storage function H(x)
given by (1) where Ry = diag(1, 1, 1), and the structural matrices
as below

0 a b1 dl €1 0
](x):|: —a; 0 O } and R(X) = [ er dy O } (33)
—-b; 0 O 0 0 ds

8 It should be noted that this change of variable does not constitute and
is different from the nonlinear canonical transformation via solving a PDE [17]
and/or the linear time-invariant state transformation that is constructed from
the stoichiometry [29]. The advantage of using this new notation is to express
the resulting dynamics in terms of the dimensionless parameters % < 0 and
ﬁ—:i > 0, and therefore enables the quadratic EPH formulation and control
design.

where X € D; a; = k‘ + "3"1"3 + 2:2 kzzx"f, by = —2ksx; —
%%; dl = k] + 2](3)(} > 70,7 d2 = 7]{3 > 0; d3 =
—%"%ﬂ >0ande; = -8 — "32"3 - 3—2’2% Consequently,
a szmple choice of the damping injection R;(X)
Ri(x) = diag(ry,1, 12,1, 13,1) (34)
where 131 > 0 and

ksx1Xs  AHj koX
ry = B L 2B a0 (35)

' X2 AH3 2xq

—_ ksx1X3  AH, koX

T'Z’]=2k3X]+ 37178 252 3+Ol>0 (36)

X2 AH3 2Xq

with o € R as an additional scalar guarantees the global asymp-
totic convergence of the dynamics of X to X; with

IH(E) o)

®a = [J®) - RE)) 28+ R(®) g (37)

3
where e, = X — Xg while u and g(x) are given in (28) and (32),
respectively.

Proof. First one derives using (31) f(x) = M(x)m;(" with
—d1 a; —eq b]

M(E) = —a; — € —dz 0
—b, 0 —ds

and % = (X1, X2,X3)". From this, J(X) and R(X) are shown

M and RX) =
AH1

as seen in (33) by considering J(x) =

_ M&)+M @'
2

, respectively. It is worth noting that < 0 and

ﬁ—ﬁg > 0. The first part of the proof follows 1mmecliate1y. In
other words, the symmetric matrix R(x) 4+ R;(x) is positive def-
inite thanks to the Schur complement lemma since all its prin-
cipal minors determinants given by Ay = dy + ryy, 4; =
(d1 +114) (d2 +124) —€f and A3 = (d3 +13)A; are positive. Fi-
nally we can check easily that one of the following two selections,

X10 — Xl 0
= {1, 3} yielding g,(x) = e 1 |or
s AHpa (X3o + I8 X3> AH,

—X2 0
7 = {2, 3} yielding gs(X) = | _ ¢ 1 | can
 AH; (X30 06 3) B AH3

be adopted and for that Assumption 2 holds. The latter concludes
the proof by invoking Theorem 1 to compute the feedback law for

u where we adapt the notations ¥ with X, and x; with x; while
designating (x;)z. ®

For the sake of illustration, the feasible subset Z = {2, 3} is
considered to derive the control equation for u = [u; u2]' (28)
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Fig. 3. The dynamics of x1, x, and x3 with several representative initial conditions.

1
X2 0

(X30 + %%) —AH3

and Kgyip being zero matrices as follows:

using (24) with g,(x)~! = |:pcp

X2

:| and Kdi,l

1
u =—- —
X2

Uy = — AHs|Xq3 — [ 2ksx; + =222 )%
2 3|: d,3 ( 341 AH3 ) ) d,1

(211,2 —kiXg 1 + koXg 2 — r21(%2 — Xd,z)) , (38)

 AH; X3

C AH3 _
+ i <X3o + 73X3>
X2 pCp

AH] E]X17 _ _
X43 — 13,1(X3 — Xq,3)

X (?d,z — kiXa 1 + koXg o — 121(x2 — Xd,z)) , (39)

where id,i is assigned as analogous to (21) with «; = 5, y; =
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Fig. 4. The dynamics of the control inputs with several representative initial conditions.

1, i € Z, and x4 ; is constructed from the integration of X 4 1 given

by (13)
2%3){1%3 AHZ k2X3) —
+ 222 )%

id,l = — (ky + 2ksx1) Xq1 + ( " A x
2 3 X1

— <2k3X1 +

=+ T']J(X] _Rd,l)
(x10 —x1) (= T kX X
_ % Xa2 — kiXg1 + KkaXaz — T20(X2 —Xg2) ) -
2
(40)
Additionally, R;(x) is computed using « = 15 and r3; = 5.

Obviously, the control inputs u; (38) and u; (39) as well as X 44
(40) are well-defined because xi, X, and X3 never equal zero.
Fig. 2 shows that the trajectories x, and x3 converge to the
desired steady states x(*, and xJ%, respectively, from fourteen
initial conditions lying everywhere in the phase plane (denoted
by ICy, IC,, ..., ICy4; we refer also to Appendix B for their
values). This means that the system state reaches the optimal
equilibrium point x%”*. Moreover, it can be clearly seen from
Fig. 3 that the dynamics of x;, x, and x; starting from several
representative initial conditions converge to the corresponding
reference trajectories x41 (= Xg4.1), X42 (= Xg2) and X433 <:
—A—?de) passing through x
thepregore, supports the theoretical developments in Proposition 1
(also Theorem 1). In addition, Fig. 4 shows the time evolution of
the control inputs including u; and u,. Note that the proposed
enhanced TEBC approach can also be applied to the system at
hand with single input scenario being either u; or u, by consid-
ering T = {3}, g(x) = [g1(x) g2(x)] and splitting g(x)u (28) into
gi(®)ur + g(x)uy.

Furthermore, the proposed TEBC approach with the PI action
(25)in (24) can improve the robustness of the closed-loop system
against the model uncertainty. For example, we assume that the
density of the mixture is uncertain’ and proportional to the
nominal value as p’ = 1.1p (i.e. an error of 10%). In that respect,

250  4962.7 275 0
49627 98515 | M Kar=1"9" 470
are chosen. It can be clearly seen from Fig. 5 that the state
variables under the PI-TEBC converge to the desired setpoints
after a settling time t; = 1.2 hours while the normal TEBC needs

opt
*,1°?

opt opt

x,, and x5, respectively. It,

the matrices Kgip =

9 In practice, kinetic model is not easy to obtain and almost assumed to be
known for the computation and design purposes. Otherwise, we refer the reader
to [46] for a detailed analysis.

to be re-tuned with r3; = 90 to guarantee the convergence of x,
X, and x3 in the same period. Obviously, fine oscillations in the
x1 and x, dynamics confirm the presence of the integral action.
On the other hand, as shown in Fig. 6, under the PI-TEBC, the
dynamics and amplitude of the manipulated variables are physi-
cally admissible. Note, however, that under the re-tuned TEBC a
large and sudden variation of u, from —1000 to —5000 kJ/(Lh) is
needed at the beginning of the reaction course to cool down (and
thus to stabilize) the reactor, which may be impractical.

3.2. Case study 2: A mechanical system without equilibrium

3.2.1. Model description

In this section, we illustrate the proposed method via the
tracking control of 3—DOF SCARA Robot toward a reference tra-
jectory without equilibrium. The dynamics of the robot can be
expressed by (2) [47,48] in terms of the state x = (q, vT)T with
q = (01, 6,,2)" being the position vector, v = (v, v, v,) | being
the velocity vector and

v
f(X) = _M(q)—l (8P(q) + Dv> )
oq

0 um,l
g(x) = (M*?(q)) and u= (um;) .
uz

For the sake of brevity and clarity, we refer the reader to [47,48]
for more details on the notations used. In this model, M(q) =

M M

M3 m3l§ 0

0 0 (m1 +my + m3)g

msl5 + 2msll; cos(6;) and My, = msl3 + mslil; cos(6,)) is the
positive-definite inertia matrix, P(q) = (m; + my + ms3)gz is
the total potential energy and D = diag(D;, D, D3) > 0 is the
natural damping matrix and u is the control input force vector.
Additionally, 05 denotes the 3 x 3 zero matrix. Numerical values
of the physical parameters are listed in Appendix C.

(41)

(with My = (my + m;,)l% +

3.2.2. The control design

To formulate the robot dynamics into the EPH representation
with #(x) (1), we consider a single-variable change of u, as u, =
u, — (my + my + m3)g that leads to an alternative dynamics of
x as follows ¥ = f/(x) + g(x)u’, where g(x) is same as (41) while

/

T .
U = (Um1 Um2 u) and f/(x) = are given.

v
—M(q)" Dy
We state the following proposition that corresponds to a specified
version of Theorem 1.
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Fig. 5. The dynamics of x;, x, and x3 for ICg with the uncertain density.

Proposition 2. The robot dynamics described by x = f'(x) + g(x)u’ m3l§ — M 0
can be formulated into an EPH representation, i.e. € #,,, with the D/\f:t” /]\)AM
_ —Mip 11
storage function H(x) (1) and the following structural matrices Mg = D Do 0 (43)
M M
1
105 I -1 (0, I 0 0
X) = and R(x)= — -, (mq + my + m3)g
J® =3 (—13 0; ®=5 1 —2M(q)"'D
4y WithDu = Mymsls — M3, > 0.
(42) In addition, if the damping injection R; = diag(R; 1, Ry 2) (with
Ri1 = diag(r; 1,112, 113) and Ry, = diag(r; 4,115, 11,6)) is chosen
where I3 denotes the identity matrix and M(q)~" is given by asRiy > 0,114 = ﬁ +oay, s = ﬁ +ayand g = ﬁ +
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Fig. 6. The representation of control inputs for ICo with the uncertain density.

m32D; 1 MiaD
r11<T14+7DM )_Z —T
- MisD MaiD
R(X) = —T1p 5 1.2 (ﬁ 5+ oy 2) 2
0 0

D3
.3 [Ws + m] 2

0

0 )
1

Box 1.

. T
as, o1, g, 03 € Ry, then x asymptotically tracks X, = (g7, v])

. T T
(with @ = (0a,1.0a2.24) and vy = (va1, va2, vaz) ) where the
reference dynamics is of the form

IH(x 9.7 (e
iy = 00) — R Dy g 070 (44)
0Xg de;,
Proof. It can be seen from (41) that f(x) can be separated
as f(x) = Q)M with Q(x) = gz —M(I;)—lD , thereby

leading to the expressionsTof J(x) and R(x) as shov¥n in (42) by
employing J(x) = ¥ and R(x) = — LAY Hence, the
first part of this proof then follows immediately.
On the other hand, we can easily check that the condition (11),
Rx) + R > 0,l is met if the matrix
R(X) 2 Ri1[Ri2+M(q)'D] — 23 is positive definite. As the
explicit form of R(x) is given in Box I, its principal minors
determinants are thus obtained as

Ar =1 STt m3l D] 1
1=I11| T4 Dot 12

A i m3l%D1 1 T
=T T] - = T T
2 L1\ 'L,4 Dy 4 1,2\ "5

(45)
2
M
— 111172010, (12)

ie.

> 0,

M11D, 1
Do, 4
D

Mq1D, 1 m3l%D] 1
=T 11171 —_ = T Ty 2T - —
1.2 Dy (1,1 1.4 4) + 11 Doy 12715 = 2 +

1 1
Il g — 1 Iols — 1

DD,
+ nan2—— 02 (msBMiyy — M%) > 0, (46)
M
A {r [r + D> ] 1}A 0 (47)
= —_—— | — — > U,
’ BTy my+my)g ] 4 7

10

which are positive due to M(q) > 0. Hence the positive definite
property of R(x) immediately follows using Schur complement
lemma.

Finally, a selection Z = {4, 5, 6} is made leading to gs(x) =
M(q)~! given by (43). Note, in this case, that (x)z (= v) and
the position vector q can be determined by the integration of the
velocity vector v over time. We complete the proof by invoking
Theorem 1 with the adaptation of u by 1’ to compute the feedback
law while designating (x4)z. ®

For the sake of illustration, R; ; = diag(1, 1, 1), &y = 29.75,

= 49.75 and a3 1.75 are chosen, whereas Kgip and Kgi;
are zero matrices (i.e. without the PI action for simplicity and
due to space limitations). And, (x4)z, i.e. vq, is assigned directly
as vg = [cos(t) —sin(Z —t) cos(t)]” whereas (X4)7, i.e. g =

!
(01, 0a2.24)
éd,z and z4 which are respectively given by 041 = vg 1 +11.1(61 —

04.1), 02 = va +112(6> — 642) and Zg = vy, + 17.3(z — z4) using
(13). Consequently, the control inputs uy 1, Um > and u;, expressed
by

is then constructed from the integration of éd_l,

ms2 Miz
Va1 + D7D1Vd1 - TDzvdz —11.4(v1 — vg1)
Um,1 _ ) MM MM
Un | = M(@) | gy — =2D1vg1 + = Dyvgs — r15(va — va2)
u; DM DM
. 3
Vaz+ ———————— V4, — rI‘G(Vz — Vdz)
(my +my +ms)g
(48)

are well-defined because of Dy, > 0 and g # 0. As shown in
Fig. 7, the state variables vy, v, and v, track the desired reference
states vq 1, vg2 and vg ., respectively. In addition, 01,6, and z
track the generated corresponding reference states 6,1, 64, and
z4 as seen in Fig. 8. Finally, Fig. 9 represents the time evolution of
the control input forces um 1, Um, and u,.
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Fig. 9. The representation of control inputs.

4. Conclusion

In this work, an enhanced tracking-error-based control ap-
proach is developed for the control design of extended port-
Hamiltonian systems (including possibly the pseudo port-Hamil-
tonian models) which are explicitly associated with a unified
quadratic Hamiltonian storage function as similar as possible to
that of electrical, mechanical, or electromechanical systems. The

11

proposed approach guarantees the global asymptotic or expo-
nential convergence of the system states to the reference states,
while part of the reference states is directly assigned or chosen
to achieve either finite-time or exponential/asymptotic stabil-
ity. Besides, a Proportional-Integral action can also be added to
the developed tracking controller for improving the closed-loop
performance and robustness against the model uncertainty. One
of the main computational advantages of the approach is that
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input and/or state coordinate transformations are not involved in
the control design as compared to [13,14,17], thereby decreasing
the computational cost, while stabilizing a non-minimum phase
nonlinear chemical system at a desired set-point with different
convergence properties. Also, the proposed tracking control ap-
proach has also been applied to a 3-DOF SCARA robot without
equilibrium.

Unlike the previous passivity-based control approaches ap-
plied to systems with equilibrium such as energy balancing
passivity-based control, and interconnection and damping assign-
ment passivity-based control [7,49] where their applications to
the control design require to solve a set of PDEs or the approaches
may make the control system worse whenever the dissipation
obstacle occurs. As shown, the proposed enhanced TEBC approach
seems efficient and flexible since the approach works out despite
the aforementioned challenges. In that respect, an in-depth com-
parative analysis of these control approaches will be part of our
future work.
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Appendix A. Nomenclature and numerical values of the reac-
tion system

All the numerical values here are extracted from [26], and
references therein.

Symbol Quantity/Value (Unit)

X1, X2 Molar concentrations of A and B, mol/l

X3 Reactor temperature, K

uq, Uy Dilution rate, 1/h and heat removal rate, kJ/(1h)

X10 Molar concentration of A in the inlet, mol/l
X10 = 5

X30 Reactor feed temperature, K
X30 = 403.15

0 Density of reacting mixture, kgl
p =0.930

G Heat capacity of reacting mixture, kJ/(kgK)
C, =3.01
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AH; Heat of ith reaction, kJ/mol
AH; = 4.20; AH, = —11.00
AH3 = —41.85
kio Kinetic constant of ith reaction
kio(= ko) = 1.287 x 10'2 (1/h)
k3o = 9.403 x 10° (1/(mol h))
% Activation temperature of ith reaction, K

L(=%)=9758.3; & = 8560.0

Appendix B. The initial conditions

All the initial conditions considered for the simulations are
IC; = (1.5, 1.0, 360); IC, = (1.5, 1.1, 360); IC; = (1.6, 1.2, 365);
IC, = (1.7, 1.3, 370); ICs = (1.8, 1.3, 380); ICs = (1.9, 1.3, 390);
IC; = (2.0, 1.3, 400); ICg = (1.8, 1.2, 405); ICo = (1.5, 0.9, 410);
IC1o (2.1,0.8,403); ICy (1.9, 0.8, 395);
ICq3 (1.8,0.8,385); ICy3 (2.0,0.8,375) and
ICi4 = (2.2,0.8, 365).

Appendix C. Physical parameter values for 3-DOF SCARA robot

All the numerical values here are extracted from [47,48], and
references therein.

Symbol Value (Unit) Symbol Value (Unit)

m 1.510 (kg) L 0.343 (m)

m, 0.873 (kg) I, 0.267 (m)

ms 0.500 (kg) g 9.81 (m/s?)
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