Chapter 3

Mathematical modelling of the
dispersive mixing

Dispersive mixing of carbon black agglomerates is mainlyegoed by erosion and
rupture mechanisms. Here, we develop a model to predictvbleteon of agglom-
erates size during the mixing in taken into account both raeigms. As the number
of agglomerates is very large, we cannot calculate the &eolof each agglomerate
one by one. We therefore use a continuous mass densityodisbr based on a sam-
ple averaging approach to represent the distribution ofosgegrates in rubber. The
evolution of such a distribution will be given by a new disgiee model that is based
on transfer function. On one hand, the discrete reccurregoation associated to
this model is determined by discretizing the space sizematiglomerates in several
classes. On the other hand, a family of continuous dispeesialytical models is de-
termined from the kinetic laws presented previously. Withse models, we are able
to predict the evolution of any mass density distributiopsblving a simple analyt-
ical equation. In a sensitivity analysis, we compare thdwtian of a given size of
agglomerates predicted by every model. Numerical resbligimed with these mod-
els are also compared to experimental results obtained kipgniubber with carbon
black agglomerates in Mooney rheometer.
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Figure 3.1: The small volumé™P" centered at the pointin the mixer chamber.

3.1 A micro-macro representation of agglomerates

Let us consider a small volum&eP', called representative volume, that only contains
rubber. Dimensions of this volume, centered &t the mixer chamber, are on the order
of 1 um. Molecular weight of the styrene-co-butadiene rubber isabtp 2100093—0,
where a mole contains roughly. 0°® molecules (Avogadro’s number). With the
density of the styrene-co-butadiene drg{s this volume contains roughtly. 28. 10°
molecules. This number leads to the usual continuum assomph other words, it is
extremely accurate to characterize this volume of rubberasoscopically small yet
microscopically large. The macroscopically small chaggzstion is warranted since
such volume has near a uniform set of thermodynamics pliepétemperature, den-
sity, ect. ). The microscopically large characterizatiarsants treating the fluid as a
mathematical continuum. This assumption is acceptableusecthe flow in the whole
mixer chamber is not dependent on the discrete nature ofaulele Consequently,
limits can be taken as volume goes to zero when formulatieditferential laws of the
fluid motion. This proposition is known as the continuum hyyasis (Grieffies,2004)
(Roberts,1994).

Continuum fluid equations are in principle related to momedamental equations of
motion through a series of averaging operations. Thosedimedital equations de-
scribe the multitude of molecular degrees of freedom. Lafaatinuum dynamics

therefore represent a mean field theory. Huang proved ttisrsent for the simplest
gaseous system (Huang,1987). Moreover, high degree oéssiof such an approach
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is also an evidence of its validity. From the continuum hyyests and by applying
the basic ideas from Newtonian dynamics and thermodynaimiasollection of lo-
cal thermodynamically equilibrated volumes, differehiisavs of hydrodynamics and
thermodynamics can be derived. Large spectrum of fluid motigth spatial scale
reaching from the volume to those relevant for global dyramian be studied from
the information contained in the resulting field equationd this for temporal scales
on the order of milliseconds to millennia. The efficiencylod tontinuum equations,
for Newtonian fluids, called Navier-Stokes equations, isatibing the fluid flow is
very well established in the literature. As written by Gafi(2004), "That these equa-
tions are relevant over such a large space-time range eapises spectacular success
in providing a rational mathematical description of nakpteenomena”.

According to the same approach, we can now define differertsiales associated
with the distribution of carbon black agglomerates. Witbpect to previous case,
those scales are shifted to larger dimensions. We now cemnaidepresentative vol-
ume with dimensions on the order ofrfitnand centered atin mixer chamber (Figure
3.1). If volume fraction of carbon black in rubber is equaRi®6, a volume/™P" of
1mn? contains around 382 agglomerates with a size oftB0 This number of ag-
glomerates increases in time, due to dispersion, to quigldgh the number of 3056
agglomerates if the agglomerate size decreases untiirR%such a number suggests
that the mass of carbon black contained in the represeatetiumeV™P" can be re-
garded as being spread uniformly over the volOifé" instead of being concentrated
in each agglomerate containedffP". This volume can be considered as macroscop-
ically small yet microscopically large with respect to aggkrate dimension.

Suppose that we wish to measure the mass density of carbadadila poinix located

in the gap between the tip of the wing and the wall chambeiis&ttt Mass density
of carbon black ak is calculated by measuring the mass of agglomerates cextain
in the representative volum&®eP' centered ak. The mass density of carbon black in
V'ePlis given by :

m(L,x,t)

p(L.xt) = VR (L)

wherep is the mass densit}/"™P'(L) is a box with edges of size andm is the
mass of carbon black contained in this volume. Mass densitydepends on the
size of V'®P', We show in Figure 3.2 qualitative evolution of the mass dgras a
function of the edge sizk of V™P". Three regions are distinguished on this plot : a
region A where the evolution ¢f is governed by the chance to have a small or a high
number of agglomerates in the box; a region B where masstgéssipproximatively
constant and a region C where mass density decreases syndoghio macroscopic
heterogeneity. If the box is too large, heterogeneity ofabglomerates distribution
in rubber can modify the carbon black mass contained in tixe loreover, a part of
the volumeV'™P" can be filled by one rotor and not by the mix carbon black - rubbe
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Figure 3.2: The evolution of the mass dengtyersus the size of the edges

In this last case, the mass of carbon blacki#" is constant, but the volume ®f€Pr
increases. These three regions show the same kind of sepasedles than the usual
continuum assumption where molecular and macroscopiescah be identified.

Three size scales, shown in Figure 3.3, can be associatedheite regions :

e anagglomerate scalgegion A) that corresponds to the agglomerates size (lower
than 102mm),

e anintermediate scaldregion B) that corresponds to the box size where the
agglomerates size distribution is viewed as a continuol firethe interval
[1072,10 mm

e amacroscopic scaléregion C) that corresponds to the size of the mixer. Such
a scale is represented by the size of the gap between thettip ofings of the
rotors and the wall of the mixer chamber, typicallyrith

Finally, density of the continuum at the positiviand at time is assigned to the value
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Figure 3.3: The different size scales considered in our Hlindeapproach.

of the mass density of intermediate scale extrapolatedrtmleagth. The mathemat-
ical pointx is therefore assumed to be slightly smaller than macroscapiations
and bigger than microscopic fluctuations in continuum maidsa Now, we have two
scales separations. On one hand, the first separation dutwsen macroscopic and
agglomerate scales for the description of agglomerat&sadison that will be viewed
as a continuum. On the other hand, we will observe again aatmabetween molec-
ular and continuous scales within the agglomerate scaleghom

From this observation, it is clear that we cannot define, ahwerld, the density when
the size of the volum&™P" tends to zero. However, considering sample averaging or
just imposing that such a limit is defined by using an extrapoh procedure for the
intermediate scales whepéL, X, t) is basically constant, it is possible to define a mass
density agglomerate of sizein any point of the mixek at timet as follows :

M (. ¢
plxt) = MDD, 3.1)

whereV'™P' is a typical representative volume. In the virtual continsimmathematical
world (that does not correspond to the reality), we use thielpunathematical limits,

M (x, )

vl Ve (3:2)

pi(xt) =

whereM;*"" is the mass of agglomerates of sizeontained iV, If we replace
agglomerates madd°"" by a continuous mass distribution functionr, x,t), which
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provides the agglomerates mass of size V™P", we then obtain a continuous mass
density distribution :
. m(r,X,t)
p(r,x,t) = V'LIFI'}TLOW’
This distribution provides the mass density of any size d@fl@gerates at positioxn
and at time. The evolution of the mass density distribution is goverbgdhe usual
mass transfer theory. The governing equation reads :

Dp

Dt
wherew is the term of production and destruction of mass densitytdubispersion
processj is the spatial flux of mass density abd Dt is material derivative. In order
to close this set of equations, we define a new constitutiveaton forw. If we
consider the initial mass density distribution illusticte Figure 3.4, dispersion of the
agglomerates of size(in gray) implies a transfer of mass density frorto smaller
sizes. In the same time, dispersion of the agglomerateg®@$,sh blue in Figure 3.4,
also implies a transfer of mass density from the site smaller sizes and therefore
to the sizer. To model those mechanisms, the constitutive equatiotefined for a
given sizer, is composed of two terms : a term of production of mass dgasid a
term of loss of mass density. This equation reads :

w = /Q G(s,1,x) p(s) ds—p(r)'/g; G(r,s,x) ds

Term of production Term of loss

(3.3)

= -0:j +w, (3.4)

whereG(r,s,x) is the function that provides the rate of transfer of massitefrom
sizer to any sizesandQ is the space of agglomerates size.

Rate of transfer of mass density from the cla$s the class depends on the mech-
anism of dispersion, on the sizeand on the shear rate. We here assume that the
transfer functiorG(r, s, x) is obtained by linear combination of two independent func-
tions Gerosion and Grupture that respectively model rupture and erosion mechanisms.
Obviously, it is a strong assumption but this approach isecgiitractive because it is
very simple and it models correctly the dispersion when dnéyerosion mechanism

or the rupture mechanism is observed. Nevertheless, weaddrabite to prove that
linear combination of transfer functions is the most effitiway to model dispersion
when both mechanisms are observed simultaneously. Fus@@os.on andGrypture

are determined by multiplying two parent transfer funcsi®arosion and Grupture, by

two independent functionk andl, that take into account the dependence of ero-
sion and rupture mechanisms on the agglomerates size armbanrate respectively.
Those functions modify the amplitude of parent transfercfioms to obtain a better
prediction of both mechanisms. The shape of the functiohsGerosionand érupture

is arbitrary. Typical shape of parent transfer functionsdimsion and rupture are il-
lustrated in Figure 3.5. Parent transfer function for emé$$ composed of two peaks.
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The peak centered at the sizenodels the transfer of mass density froro the sizes
s, close tor, due to the removal of small fragments at the surface of tigboagerates
of sizer. The second peak, located in the smallest sizes, models¢heaise of mass
density of these small fragments. Parent transfer funddomupture is only com-
posed of one peak centered at an intermediate size. Thisrpedéls the transfer of
mass density from to several sizes of agglomerates due to rupture mechanisal. F
transfer functior5(r, s) is then given by :

G(r,s) = Kerosior(r) |erosion(y) _éergsior(ra S)
+ krupture(r) |rupture(V) Grupture(ﬂ S)

The spatial flux of masgis modelled by the Fick’s law but we neglect it because it
is a very slow process with respect to the transfer rate obrdassity from size to
any sizes. The Fick’s law assumes that flux of mass is proportional éogtadient of
mass density in the flow. This law reads :

j = _DDp(r)a

whereD is the spatial mass diffusion coefficient. Finally, the mada be written as :

2 = —0:(0pM) + [ Glsrx) (9 ds— p(r) [ Grsxds  (35)

o
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Figure 3.4: Dispersion mechanism implies a transfer of ndassity from the size
andr to a set of sizes. Transfer of mass density can be observedfi®sizesto the
sizer.
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Figure 3.5: Typical shape of the parent transfer functiemgd) the erosion mecha-
nism and (b) the rupture mechanism of agglomerates ofrsize

An efficient way to solve such an equation is to adopt a Lagearapproach where the
Fick’s law is neglected. In fact in most application consédkin this work, the effects
of rupture and erosion are quite larger than the Fick’s difin. However, if we adopt
an Eulerian numerical scheme, the Fick’s diffusion can ts#lyeacorporated and is,
in general, suitable for numerical purposes.

In a Lagrangian framework when the Fick’s diffusion is netgel, the equation 3.5
becomes:

W) — [ 6(sr) p(s) ds —p() [ G(r9) ds (3.56)

In order to better understand the dynamics of our models,isgeatize the continuum

mass density distribution in several classes. The trarfisfeation G then becomes

transfer matrix. Each term of this matrix governs the transf mass density between
each class. Such an approach allows us to investigate iitsdbi@effect of the shape
of the transfer matrix on the evolution of the mass fractistrbution. In the next sec-

tion, we propose two kinds of matrix that respectively rejuce the effect of erosion
and rupture mechanisms on the mass density distribution.
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3.2 Adiscrete recurrence equation

If we discretize mass density distribution in several @a&s (withi = 1...n) charac-
terized by a typical sizg, the discrete recurrence equation associated to the equati
3.6 is the following :

S Gyp-p Y G @)
Q= — | - M I- "
ot ; 1 VM) ; J

whereG;; is the transfer rate of mass density from cl@gdo classe<; andG;j is

the fraction of mass density of cla€sthat is not transfered to other classes. Transfer
functionG is transformed in a transfer mati@;. If we assume that agglomerates do
not fuse together to generate larger agglomerates, tramsteix Gi; is upper trian-
gular; transfer of mass density from the cl@do the clas<; with j > i is equal to
zero. The transfer matri;; is given by a linear combination of the transfer matrix

for erosion,G&"S°" with the transfer matrix for ruptur&;;' PLU'® The typical shape

) ij
of the transfer matrixG*°"for At seconds is the following :

1 a+p B B
0 1-a-pB a 0 0
Gﬁrosion _ 0 1_(:)_ﬁ (3.8)
. . . . a
0 l1-a-

wherea andp are the transfer rates of mass density from the €atsthe clas€i 1
andC; respectively. Those rates are obtained by calculating itbe of the transfer
function Gerosion associated at clagg, for the classe€;, andCi_; as illustrated in
Figure 3.6a for the transfer function associated with tleessiC, of a mass density
distribution composed of only four classes. To build thenra.8, we assume that
transfer fonction$Gerosion for every classe€; are identical. In more complex cases,
values ofa andf depend on the clasg. The sum ofa andf is equal to 1 only if all
agglomerates of clasg are eroded in agglomerates of the cl@ss, in At seconds,
otherwise this sum is lower than 1. Typical evolution of a sndsnsity distribution
composed of 10 classes with such a transfer matrix is showigure 3.7. We observe
that the mass density of the claSs progressively increases due to erosion of the
agglomerates of the clag. Erosion of those agglomerates also implies a slow
transfer of mass density from the cl&g to the classe€g, Csg, . ..

Typical shape of transfer matrix for rupture mechan@}ﬁm”re for At seconds is the
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following :
1 y+A A 0 .. 0
0 1-y-2A y A
Girjuplure _ 0 1-y—A vy A (3.9)
: 0 . v
o .. L 1-y-A

whereA andy are rates of mass density from cl&$do classe€; andC;j_; respec-
tively. Those rates are obtained by calculating the arelaeofrainsfer functio®ru prure

, associated at class, for classeC; andC;_1 as illustrated in Figure 3.6b for the
transfer function associated at the cl@g®f a mass density distribution composed of
four classes. As for erosion matrix, we assume that thefeafsctionsGyypture are
the same for every class€s We therefore obtain the same valuesy@ndA for all
classe€;. In a more complex case, valuesyadndA will depend on clas€;. The sum
of yandA is equal to 1 only if all agglomerates of claSsare broken up into smaller
agglomerates iAt seconds, otherwise this sum is lower than 1. Typical evatuif a
given mass density distribution with such a transfer masrshown in Figure 3.7. We
can observe a fast transfer of mass density from the €lga® the classe€s andCs,
but no mass density is transfered at the claisduring the firstAt seconds. If we com-
pare both evolutions, it clearly appears that the trangfevass density to the different
classes is faster with the rupture mechanism than with th&@r mechanism.

Such a model will strongly depend on the number of classeset:fiwith the choice
of parent transfer function illustrated in Figure 3.6, waetve a mass density transfer
even if the time step is very small. After, two incrementsiofd, mass density of
the clas<Ci_» is different of zero. We thus overestimates the decreaskeosize of
the agglomerates. If we now consider parent transfer fanatefined on the interval
[0,ri] for a clas<C; as illustrated in Figure 3.8, we observe a rate of transfequal to
zero if we use coarse discretization of mass density digtdh. Even if the technique
to obtain theG;j; entries seems more relevant than in the previous case, Weengr
observe transfer of mass density for the clad® the clas€;_; for any time. Value of
o is equal to zero at each time increment wiilés different of zero. In other words,
we only observe a reduction of the number of agglomeratdsdner the reduction
of the size of those agglomerates. Obviously, we can inerdresnumber of classes
in order to observe a transfer of mass density from the €ass the clas<C;_; as
illustrated in Figure 3.8b.

One of the major drawback and also one of the major advantaifpgsanodel is the
large flexibility allowed in the design of parent transfenétions and the definition

of corresponding coefficiens;;. If we increase the number of classes, we have a
model with a very large number of parameters and it will baegdifficult to have
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Figure 3.6: The rate of transfer, 3, A andy calculated to determine the transfer
matrix for (a) the erosion and (b) the rupture.

experimental data to identify these parameters. Howeveiom elegant and simple
way to model erosion is to incorporate experimental kinkire in the mathematical
model. This is the subject of the next section where we deterseveral continuous
dispersive analytical models from the kinetic laws avdédab the literature.

3.3 A continuous dispersive analytical model

If we assume that all agglomerates of a given siaee dispersed in agglomerates of
sizer in At seconds witts > r, the evolution of mass density distribution reads :

3
p(rt+At) = p(at)r? (3.10)

where the ratids models the loss of mass density due to dispersion of agghieser

of sizesin agglomerates of size This loss of mass density corresponds to the mass
density of tiny fragments generated during dispersion gfi@yerates of size. This
mass density is given by the following expression :

p(st) 33;3r3 (3.11)
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Figure 3.7: The effect of the transfer mati®erosion and Grupture ON @ given mass
density distribution.

If we consider that agglomerates are spherical, the equatil is easily determined
by mass conservation and by conservation of the number ¢tdiaggates. The number
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Figure 3.8: The rate of transfer for a given time incremenit when the number of
classes is equal to (a) 4 and (b) 20.

of agglomerates of a given sizat timet is given by :
n(S,t) = P(Sﬂ)ﬁm

wherepcg is the density of carbon black amds; t) is the number of agglomerates of
sizes. If we assume thadcg = 1, we can write the following expression :

nst) = p(st)zs
nrt+at) = p(rt+At) ;2
n(r,t+At) = n(st)

wheren(r,t) is the number of agglomerates of sizat timet. The equation 3.10 is
determined by combining these different relations.

From the data available in the literature, we can determinielwagglomerates size,
s, generate agglomerates of sizin At seconds. For example, experimental data pro-
vides the size evolution of the agglomerates in time for &igivondition. Typically,
we observe : 4 4

§m3(t) - §nr3(t+At) = KAt (3.12)
where is a function that depends on the initial size of thd@aggrates and on the
interaction between the flow and the agglomerates. Thisdatien can be expressed
as a function of shear rate or shear stress. The relatioBst?can be now written as
a following ordinary differential equation :

dr —K

at = am? (3.13)
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If we assume tha is independent of and if we definex = %T, we obtain the next
equation that is identical to the law proposed by Kao and Masal by Collin and
Peuvrel-Disdier : dr B

i (3.14)
wherek only depends on shear rate and shear stress. The size oblzgtpmerates
decrease more slightly than the size of small agglomeratiesthe peeling of potatoes.
Bigger the potatoes, larger the time to peel it because the $action of potatoes is
peeled for eaclt seconds. In the law of Collin and Peuvrel-Disdier, the \tavtaof
agglomerate volume is observed if shear stress exceedem giue denoted called

shear stress. This kinetic law is denotegbamt wise law

If we now assume that is proportional to the surface of agglomerates, given here
by the product #r? (k = k1r?), we obtain the law proposed by Powell and Mason.
Equation 3.14 then becomes : g
r

at -~
wherek; depends on shear rate and shear stress. With this law, thefsil agglom-
erates decreases at the same velocity. Such a mechanisispefdon is observed
if the thickness of the fine layer removed along the wholeam@fof agglomerates at
eachAt is independent of agglomerate size. This second law is ddragsurface
law. If we suppose thak depends on the volume of agglomerates given by the prod-
uct g‘rrre’ (k = kor®), we find the differential equation associated at the lawwéRet

al.:
dr

dt
This law is denoted agolume law In this case, the size of agglomerates decreases
faster for big agglomerates than for small agglomerateseagh time step, the size
of all agglomerates decreases in the same ratio. When anraggite of size 1 is
dispersed in an agglomerate of siz& @ At seconds, agglomerates of siz& @re
dispersed in agglomerates of siz2®. Finally, we can assume that parametete-
pends on the kinetic energy of agglomerates. As agglombestenainly a rotating
motion on itself in the flow, its kinetic energy is given by h@ductV w? r? wherew
is its angular velocity ani is the agglomerate mass that is proportional to its volume.
K is then equal tasr®. A fourth differential equation is then obtained :

dr
dt
whereks depends on shear rate and shear stress and also on thenaitatilmcity of
agglomerates. This last law is denoteckagrgetical law Units of the parameteus,
K1, K2 andks are /s if we work with a dimensionless size of agglomerates. All of
those laws are valid if the agglomerate size is larger thitic@rsize denoted,. Oth-
erwise carbon black volume removed from agglomerates tendero and becomes

= —Kar

= —Kgr®



A continuous dispersive analytical model 59

smaller than the volume of smallest entities that composedon black agglomer-
ates. Here, we have to emphasize that a large number of dtietickbehaviors can
be defined (Scuratti et al,2002) (Bohin et al,1996).

Let us now use the kinetics law of Kao and Mason (or the law dfit€Cand Disdier) to
predict the sizes of agglomerates that generate agglomerates ofrsizé\t seconds.

In such a lawk is independent of sizeand only depends on shear stress and shear
rate. The sizais then given by the following relation :

s = Vr3 + kAt

If we introduce this expression in equation 3.10, the evotubf the mass density
distribution reads :

3

p(rt+At) = p(Vr3 + kit t) 3 ' (3.15)

+ KAt
This equation, that only depends on the parametef the kinetic law, provides the
mass density evolution of any size of agglomeratémger than critical size.. By
replacings by its expression in the equation 3.11, we calculate the rdessity of
fragments removed from agglomerates surface ofsaeachit :

KAt

3/r3
r KAL) (54—

)
The advantage of such an approach is that the value of thenpteek is easily ex-
tracted from experimental results.

The expression 3.15 can be seen as the solution of a spectiil piéfferential equa-
tion by observing :

3

B L9 LA
p(rt+0) =p(rt) = P(VFFKBLY e~ p()

s 3.16
_p(rt+At) —p(rt) _ P(Vr3+KOtY) i —p(nt) (3.16)
A At = Mao At

r3

Let us substitute the term(v/r3 + kAt t) P by its Taylor development :

3
3/.3 r _
p( r+KAt’t)7r3+KAt p(r,t) +
ap(rt) 1 K rs 3/ —kr3
At{ or 313/(r3+KAt)2r3+KAt+p( r+KAt’t)(rC‘H-KAt)Z B

+At2...
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We then obtain :

im p(r,t+At) —p(r,t)
At—0 At

. 1 At dp(rt) K -k, At? 1

And we finally derive the partial differential model assae:

op(r,t) dp(rt) K Kkp(r,t)

ot odr 3r2 r3

We present in Table 3.1, the differential equations obtaimith the different kinetics
laws presented previously. With these models, we are alalettin in one calculation
the evolution of the mass density distribution for any tinepsf value ofk does not
change in time. A lot of calculation time is also saved beeahsse models do not
depend on complex transfer matrices. We now have a familyoofats that are able to
predict the evolution of agglomerates size in time. But ezfdhese models provides
different evolutions of agglomerate size because theymtkpédifferent kinetic law.
For a better understanding of the behavior of these modlasinow study in detail
each kinetic law through a sensitivity analysis.
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Kinetics laws Analytical models Differential models
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= r r,t
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<) _ r(0) r(0) — 23 p 3 _ 2
o re = V/(2k3tr(0)2+1) p(\/172K3r(0)27t) (1-2kstr(0%) ar af Skar=p(r)
i}

Table 3.1: Kinetic laws and the analytical and partial défgtial models associated.
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3.4 Sensitivity analysis of the kinetics law

From the observation of the shape of the differential eguatissociated at each ki-
netics law, it clearly appears that the evolution of the aggdrates size depends on
the law selected. It is impossible to obtain the same evaiutfr in giving the same
value at the parameteks k1, K2 andks. Nevertheless, it is possible to determine a set
of values fork, K1, ko andks that minimize the deviation, in the least-square sense,
between the different evolutions ofobtained with these laws during a given time.
Without lost of generality, we here consider that thesepatars are constant in time
as in simple shear flow.

To determine these set of parameters, we firstly calculatédesience evolution of

by using the point wise law witk = 2.510°°. The pointwise law is selected as
reference law because it seems the more appropriate lavetlicpthe evolution of
single agglomerate in rubber in our case (Collin,2004). Vdee ofk is the value
determined by Cemef group during their experiments. Thialnialue ofr (t = 0)

is choosen (arbitrary) as equal t@80 The value ok, k» andks are then optimized

to minimize the deviation between this reference evolutiod the evolutions of
obtained with the surface, volume and energetical lawseesely. As illustrated in
Figure 3.9, similar evolutions of are obtained during 20000 seconds with the set of
parametersi, K1, K2 andks) given in Table 3.2. But deviation between the evolutions
of r increases when the time reaches and exceeds 20000 secmhﬁs%mcreases
with volume and energetical laws to tend to zero and decseailk point wise law to
tend to—oo. With surface law, this ratio is constant.

If we use this set of parameters to obtain the evolutionfadmr = 1, we observe that
the time needed to reach= 0.8 depends on the kinetic laws as illustrated in Figure
3.10. Fromr = 0.8, we obtain the same evolution othan in previous example but
shifted in time. The four sections of curves representecethgorresponds to the

The parameters of the kinetic las ¢)

Initial sizer

K K1 K2 K3

r=0.8 2510° | 2.0210°% | 3.0510° | 6910°

Table 3.2: Values ok, k1, ko andks whenr is equal to 08
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Figure 3.9: Evolution of the agglomerates size in time asation of the kinetic law
when the size is initially equal to 08.

evolution ofr(t) observed in Figure 3.9 froin= 0 tot = 20000. Deviation between
those red curves is therefore minimum with the set of pararaselected.

In order to evaluate the effect of the kinetic laws on the ettoh of a given mass
density distribution, we calculate the evolution in timeaofaussian distribution cen-
tered atr = 0.8 with the different models. These simulations are perfarmih the
same set of values for the parametarsK;, K> andks) than previously (Table 3.2).
The critical sizer; under which we do not predict the evolution of this mass dgnsi
distribution is imposed at.05. It clearly appears that the maximum of mass density
moves along as predicted in Figure 3.9. For time lower than 15000 secdtaeves
faster with energetical model than with pointwise modet,this trend changes when
time reaches 15000 seconds. In the same time, the width of deansity distribution
decreases with energetical and volume models and increagepointwise model.
With surface model, width is almost constant. However, tlessndensity of small
fragments generated during the agglomerates dispersimmds on the model as il-
lustrated in Table 3.3. This mass density increases fasteremergetical model than
with pointwise model. Intermediate mass density of smaljfnents is obtained with
surface and volume models. Distributions of agglomeralésined with energetical,
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Figure 3.10: Evolution of the agglomerates size in time asnation of kinetic laws
when the size is initialy equal to 1.

volume and surface models are composed of a small numbegafragrates with a
dimensionless size around4d7, 0439 and ™10 and a large number of small frag-
ments with a dimensionless size smaller tha®b0 These parts of the distributions
are not represented in the Figure 3.11. With pointwise madehave a wider distri-
bution of agglomerates of various sizes betweghahd 07 and a smaller amount of
mass eroded. Dynamics of the mass density distributiomigldapends on the model
chosen even if we select a set of parameters(, k2 andks) that provide a similar
evolution ofr during a given time. Let us now compare the quality of eachehtal
predict the evolution of a given mass density distributiércarbon black in simple
shear flow. The experimental evolutions of the mass dengtyilalition, considered
as reference evolutions, are measured withdiepergrader
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Figure 3.11: Evolution of a given mass density distribufiotime with the different
models.
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Times (S)
Model
5000 10000 15000 20000
Pointwise model 0.09 0.21 0.41 0.73
Surface model 0.33 0.58 0.76 0.88
Volume model 0.45 0.70 0.84 0.91
Energetical mode 0.66 0.85 0.92 0.95

Table 3.3: Evolution of the mass density of small fragments 0.05) vs. the time
for each model.

3.5 Thedispergrader data

Quality of continuous dispersive analytical models is ea#dd by predicting the evo-
lution of an experimental mass density distribution in aegilow. Experimental
evolution of this mass density distribution is obtained iiximg styrene-co-butadiene
rubber and carbon black agglomerates in a Mooney rheomeffiee rotor of the
Mooney rheomether used in these experiments is conicaltamdtation generates a
simple shear flow. The shear rate observed in this flow depamtise velocity of the
rotor. Three different cases are consideredprf, 5rpmand 10 pmthat corresponds
to a shear rate ofd4 1, 2.5s 1 and 51 respectively. The sample of rubber introduced
in the Mooney chamber already contains carbon black aggke® These agglom-
erates are relatively well distributed in the whole rubkemple but their dispersion
is not perfect. The Mooney rheometer allows us to improve digpersion. With the
dispergrader we measure the evolution of the dispersion of carbon blggkoaner-
ates in rubber as explained in chapter 1. The state of dispesscharacterized by a
first histogram that represents the cumulative suréaassociated at each class of size
of agglomerate€; and by a second histogram that provides the number of surface
each class. By sake of simplicity, let us assume E'@ES = 1 at the start of the
mixing with K the total number of class.
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Figure 3.12: (a) The surface density histograms built frov® data of the disper-
grader for the experiment performed apgh and (b) the surface density histogram
obtained when we distribute the surface density of the ct&@gsn on the interval
[57um, 72um.
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Figure 3.13: (a) The surface density histograms built frowa data of the Disper-
grader for the experiment performed ap® and (b) the surface density histograms
obtained when we distribute the surface density of the ct&@gsn on the interval
[57um, 72um.
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Figure 3.14: (a) The surface density histograms built frowa data of the Disper-
grader for the experiment performed ar fath and (b) the surface density histograms
obtained when we distribute the surface density of the ct&@gsn on the interval
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As illustrated in Figure 3.12a for the experiment apgn, we observe that thgK | s
decreases progressively during the mixing becausaipfeegraderis not able to detect
the tiny fragments, with a size smaller thanr, generated by the dispersion of the
big agglomerates (larger thamB®y). This effect is also observed in the experiments at
5rpmand 10 pm. As explained previously, the dispergrader ranks in thgdstrclass
57umall the surfaces with a typical size larger thanuB¥and this explains the peak
observed in the Figure 3.12a, 3.13a, 3.144, in the clagerb This peak indicates that

it exists in the mix a given amount of agglomerates largen thgum. We decide to
distribute this amount of surface density on several ciabséveen 5gmand 72um

to eliminate this "anomaly".

Face view of the cube Zoom of the
__ : agglomerate

Agglomerat
1 of sizeR @
Rj —& Rj +€

: ICutting plane
|

ICutting plane A4

|

|

|

— —4—t——
A set of classes Ci G

Figure 3.15: The probability to cut the agglomerate and taioka circle with a radius
betweerR; + € andR; — ¢ is equal to the distanced2

The continuous dispersive analytical models predict th@ution of a mass density
distribution in time and not directly the evolution of a aaré density distribution.
Therefore, it is necessary to transform a surface denstyilolitionsin the equivalent
mass density distributiop. Let us consider a uniform distribution of spherical ag-
glomerates in a cube of large size in comparison with theaaggtates size. In other
words, we assume that the sizes of the agglomemteare small in comparison of a
unitary box R << 1). From this distribution, we calculate a mass densityitistion
composed oK classes characterized by a typical de@nd such thaR 1 — R = €.
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The mass density of agglomera@g®f the clas< is given by the following relation :

AT
Pizﬂi—];RB

wheren; is the number of agglomerates contained in the das8y analogy to the
protocol used to obtain the experimental surface densé#pgiam, we cut this cube

by a plane parallel to one of its face. The probabififythat the intersection between

an agglomerate of siz®& and this plane be a surface that could be ranked in the class
C; corresponds to the distanced.2The distance is illustrated in Figure 3.15 and
depends on the coupl&(R;) considered. The probabili§; for each coupleR;,R;)

is given by the following relation :

R = 2(/R-(Ri—eP—\/R-(Ri+e?) ifR>R
hy

hy

-
|

2v/2R g —¢€? ifRj =R

Ri = 0 ifRj >R,

From this expression, we build a matrix of probability thatipper triangular. With
this matrix, we estimate the number of surface ranked in ekdsN;, when we cut
the cube by a given plane, as a function of the number of agglatesy; contained in
the cube :

K
Nj = Rjni
2

This relation is only valid if the distribution of the aggl@mates in the cube is uniform
and if the number of agglomerates contained in each cladsglis i we assume that
all the surfaces ranked in the cl&3shave a surface equal tmRJ?, the surface density
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is given by the following relation :
sj = 4TRN;

K
= 4R Ryn;
2

<8R
PR

- &

~
w
av

I
2|5
k)

i
2|

k)

The relation betweesg andp; reads :
s = Ajj pj

Finally, we transform a surface density distribution in guigalent mass density dis-
tribution, by writting :

po= Als

It is important to keep in mind that the mass density distidouobtained by this
calculation is not the real mass density distribution buy @m approximation of this
distribution. We now use this technique to calculate the svdensity distribution
associated at each surface density distribution obtairidtie dispergrader As for
the surface density distribution, the sum of all the valpe§ = 1..K) is only equal
to 1 at the start of the mixing. The evolution of the surfacesity distributions and
the equivalent evolution of mass density histograms obthiat 2rpm, 5rpm and
10rpmare illustrated in Figure 3.16, 3.17 and 3.18 respectiwdy.observe on those
figures that the mass density distributions are not as smemthe surface density
distributions. The small oscillations of the mass densitye from the transformation
of the surface density distribution in a mass density diation. We therefore decide
to fit those distributions by a six-order polynome to obtasnzooth evolution of the
mass density. This data are now used to evaluate the quaiyoh model to predict
the evolution of experimental mass density distributionsimple shear flow.
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3.6 Comparison of the experimental data with numer-
ical results

To investigate the quality of our continuous dispersiveital models, we consider
the mass density distribution of the agglomerates measwitbdhe dispergraderin
the Mooney experiments. We then calculate the evolutiohisfrhass density distri-
bution in time with the different models. This evolution isnapared to the evolution
of this mass density distribution in the Mooney rheometéiisBvolution is obtained
in measuring at different time of mixing the state of dispmrf the agglomerates
in the rubber with thedispergrader In such an approach, we assume that the mix
rubber-carbon black is homogeneous during the mixing andomsider that the shear
rate is the same in the whole Mooney chamber. The evolutigche®xperimental
mass density distribution is therefore independent of tlea avhere the measure is
performed during the experiment.

The domain of comparison between numerical and experirergalts is limited to
the interval[16 um,56 um| because the quality of the measure performed bylthe
pergraderoutside this interval is low. In the intervi8 um, 16 um|, thedispergrader
does not detect a modification of the mass density distobudiuring all the mixing

as if the dispersion does not occur for such size of agglot@&rd his result is quite
surprising and the evolution of this part of the mass derdiggtribution is not taken
into account in our analysis. Moreover, the evolution of thass density distribu-
tion in the interval[57 um,72 um| depends on the distribution of the peak of mass
density observed in 5dm in this interval. As we do not know the validity of this
transformation, the evolution of the mass density distidsuin this interval is not
analyzed. Let us now consider the experimental result oéthior the evolution of
the mix rubber-carbon black in the experiment ap&. Firstly, we determine the
value for the parameters k1, K> andks that provides the best agreement between the
experimental and numerical results atp2n. Secondly, these parameters are used to
predict the evolution of the mass density distribution ia #xperiments ati5m and
10rpm. In these two cases, the valuexofk;, k» andks are not adapted to obtain the
best fit between experimental and numerical results. In éise at 2pm, the simple
shear flow is characterized by a constant shear rate equal foahd a shear stress
equal to 12600Pa.

Collin and Peuvrel-Disdier propose the following formidat for the parameterg
(Collin et al,2004) :

K = a(o—o)y ifo>oc
kK = 0 if o < o.

wherea is a constantg is the shear stress; is the critical shear stress apds the
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Parameters a [umPPal] | 1. [Pdl

Styrene Butadiene rubbef 1.78 10°° 71400

Table 3.4: The value of the parameters of the law proposedemet group to cal-
culate the value ok. These values are relevant only for carbon black agglomerat
N234.

shear rate. The value of those different parameters depenitie kind of rubber and
on the property of carbon black. The values determined byCe#maef group for the

carbon blaciN234 in styrene-co-butadiene rubber are given in Table $14s& values

were determined to fit the experimental evolution of the siza single agglomerates
in a simple shear flow of styrene-co-butadiene rubber.

The value of the parametexs, k» andks is determined to obtain the same evolution
with all models of the agglomerates with an inital size eqoad4um during 3600
seconds. The value af, calculated from the data provided by Cemef group, is equal

to 0.97@. The parameterg;, K, and ks are respectively equal t0.36 104 %”
3.50105s ! and 734108 L. We select the size 44 as reference size because

the mass density distribution is maximum for this size oflaggerates. We thus follow
the same approach than in the sensibility analysis.

As shown in Figure 3.19, we do not obtain a very good agreeinemteen the nu-
merical and experimental results with these values of tharpaters. But, we have to
keep in mind that the value af is determined from the results obtained by Collin and
Peuvrel-Disdier for a mix that contains a very small concaidn of agglomerates. In
their experiments, the only mechanism observed is the@r@sid the agglomerate is
considered as alone in the rubber matrix. In the Mooney éxyarts, the rubber con-
tains around 20% of volume fraction of carbon black and weetloee observe other
mechanisms as collision that increases the efficiency aidpersion. Moreover, it is
highly difficult to evaluate the initial state of the agglorates in the Mooney experi-
ments unlikely to the experiments of Cemef where all the erpental conditions are
well controlled. The initial state of the agglomerates d&fseon the level of infiltra-
tion of the matrix in the agglomerates and on the stress@otinthese agglomerates
by the rubber or/and by the mixer during the setting of théahimix rubber-carbon
black that we introduced in the Mooney rheometer. Nervesglit exists a set of pa-
rameters that improves the results provided by each modlistsated in Figure 3.20.
The best agreement between experimental and numeric#brissihen observed with

i 3 pm
the volume model. In this case, the parameters are equaﬂﬁi‘—g , 231077 5,
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1.210%s 1 and 4107 ;A for K, K1, k2 andks respectively. These values are de-
termined in minimizing tﬁe error between experimental amcharical distributions in
least-square sense.
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Figure 3.19: The mass density distributions predicted tgy dliferent continuous
models at Bpm vs. the experimental mass density distributions. The wabfe,
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spm*

A second set of experimental results were obtained apa0 In such a case, the ro-
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Figure 3.20: The mass density distributions predicted byltfferent continuous mod-
els at 2pmuwith the second set of parameters vs. the experimental neasiy distri-

butions. The values &f, k1 k» andks are equal to 25@ , 231037, 1.210%s71
and 4107 1

sum-*

tating motion of the rotor in the Mooney chamber generatesiple shear flow with

a shear rate of §1. Those experiments are performed during a maximum of 720
seconds. The produgt is kept constant between those experiments and the experi-
ments performed atpm. The value of the parameters considered in this calculation



80 Mathematical modelling of the dispersive mixing

are obtained in multiplying the value &f, k1, k» andk3 used in the case atrpm
by 5 to take into account the increase of the shear rate bytarfac They are not
determined by minimizing the error between the experimentd numerical results.
These values are given in Table 3.5. With this set of paraisiefee same evolution
of the mass density distribution is obtained than for the@®rpm. A surprisingly
good agreement is observed with the volume model for thetse eleen if some small
shifts are observed for intermediate curves. Those dewisittan be explained by the
non-continuum character of the process including colisiad rupture, but also by
some of the exact time of the measurement performed duriageperimental work.
Finally, we show in Figure 3.22 the numerical results oldifor the experiments at
5rpm. The value ofk, K1, k» andk3 used in this calculation are not determined by
curve fitting approach but they are obtained in multiplyihg value of the parameters
at 2rpm by 2.5 to take into the increase of the shear rate. The values sé tharam-
eters are given in Tables 3.5. The quality of the predictibauw models is slightly
lower than in the experiments at @m as for the case at ¥@m. Small shifts are ob-
served for intermediate curves. Those deviations haveghiglthe same origins than
in the experiments at IGpm.

The comparison between experimental and numerical evolsibf the mass density
shows that our models predict the complex dynamics of thesrdagsity distribu-
tion in a given flow. But, the quality of the prediction strdywdepends on the model
considered. A very good agreement between experimentahamerical results is
reached only with one parameter for the whole set of data.idDbly, these results
could be improved in adaptating the value of the parametetisne. In each exper-
iment, the model that provides the best results is the volomadel. Initially, such
an observation slightly disappoints us because we thobghthe pointwise model
would provide the best results. The pointwise model is liht@the kinetics law de-
termined by Collin and Disdier to predict the dispersiontsd same kind of carbon
black agglomerates than in this experiment and the samerubtoreover, the way
followed by Collin and Disdier to model the erosion is clos®trr idea of the erosion
process.

But, we have to keep in mind that the mechanism of rupture aosien can occur
simultaneously in the Mooney experiments. For exampldyéreixperiments atrpm,

all the agglomerates larger than@é could break-up in several fragments. This crit-
ical size decreases with the increase of the rotor velooitgach 46:m and 36um

for the experiments atfpm and 10rpm respectively. As the mass concentration of
carbon black in the rubber is high, each agglomerate int&ragith its neighborhood
and the shear rate flow around the agglomerates is modifiedllision between two
agglomerates is sometimes observed.

Those differences between the experiments performed iMtianey rheometer and
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the conditions in which the Cemef group determined theirdaight explain a part of
the deviations observed between the prediction of the wisetmodel and the exper-
imental results. Unlikely to the pointwise law, the voluragIpredicts that the size of
the large agglomerates decreases faster than the size sshtiileagglomerates. This
approach of the dispersion mechanism is at the boundaryeleetéihe mechanism of
erosion and the mechanism of rupture. This way to model tgedsion mechanisms
is therefore more appropriate to predict the evolution efrtiass density distribution
in the Mooney experiments.

Parameters of model
Experiment
m -
k(B | kB | kelsTY | ksl
2rpm 2.25 23103 12104 4107
5rpm 5.6 0.5710°7? 310 9.9107
10rpm 11.25 1.1510°2 6104 19106

Table 3.5: Values ok, K1, K2 andks for the experiment at m, 5rpmand 10 pm.
The value for the experiment at@m have been determined to obtain the best fit be-
tween experimental and numerical results. The value foexiperiments at Epmand
10rpmare extrapolated from the values at@2n in taken into account the increasing
of the shear rate.
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Figure 3.21: The mass fraction distributions predicted liy different continuous

models at 10pmvs. the experimental mass fraction distributions. The eslofk,
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