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M arine/oceanic variability (1)

A classic sketch of the surface ocean general circulation...



Marine/oceanic variability (II)

But, if we have a closer
look at the ocean surface
velocity field...




The range of
time and space
scales of
marine/oceanic
Processes IS
enormous!

Marine/oceanic variability (I11)
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Need for closure

* It iIsimpossible to resolve all time-scales of motion. Therefore, it is
necessary to delineate the border between the phenomena which will

be represented explicitly, I1.e. resolved, and those which will not be
resolved.

» Subgrid-scale, or unresolved, motions lead to an additional flux:

%Lf = s- [ [uy K4 <u1']L|J'>]

where k <10°m?2s71 is the molecular diffusivity, and ( ) is an
appropriate low-pass filter, filtering out subgrid-scale motions.

« The additional flux (u'y’) has to be expressed/parameterised in
terms of resolved variables, which is not that easy...



Fourier-Fick parameterisations

o Subgrid-scale motions are generally assumed to lead to mixing.
Hence, Fourier-Fick parameterisations are often used:

'y = - Key,
where K is the diffusivity tensor, which needs to be symmetric and
positive-definite.

o Turbulent fluxes are generally much larger than molecular diffusion
fluxes: [K|>> K.

e 3D turbulence (T =109 -102s, L =1073 -109m) is associated with
motions that are — very — roughly speaking isotropic. Therefore,
the relevant parameterisations simplifies to (u'y’)=-A0Y , where
the eddy diffusivity isA =10™* -10"1m?2s1,



FAQs (1)

1. Why must tensor K be symmetric?

Answer: Formulate K as the sum of its symmetric part, K 5, and anti-
symmetric part, K4, so that K =Kg¢+K 5. The divergence of the
subgrid-scale flux reads:

4 € kD )¢ - (K5 +p)- «(UKa ).
As one always has —-K 5 eJyr w [ ), where v Is an appropriate

vector, the anti-symmetric part of the divergence above is, in fact, an
advection-like term:

[ Kal @t x@@ =yx («Ov) .
This has nothing to do with diffusion. QED.

(See e.g. Griffies 1998, and Deleersnijder et al. 2001)



FAQs (1)

2. Why must tensor K be positive definite?

Answer: Consider domain Q limited by surface 0Q, which is
iImpermeable. If n is the outward unit normal to 0Q, the
Impermeability conditions read:

ondQ: uen=0 and (Key») B O.

If P Is neither produced not destroyed (s=0), the evolution of | Is
governed by eguation

a—LlJ:— @
o 3 (U KO W).

As there is no production/destruction and incoming/outgoing fluxes,
the domain-averaged value of ) must remain constant:



FAQs (111

ap _d o1 K 50 =
dtﬁgwdxﬁ_ QS[l(w.p KeOyy n dx%= 0.

dt

Then, the variance of ) obeys

d b

dt j _g];(tp - )2 dXx

If the subgrid-scale flux has a mixing/diffusive effect, the variance of
) should decrease monotonically. This is guaranteed if and only if
[JYys kel @ O forany Ly¥ 0. Thus, K must be positive definite.
QED.

__ 2 .
= ngq,KD G dx .
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FAQs (IV)

3. Why is horizontal diffusion related to 3D turbulence negligeable?

Answer: Most marine/oceanic processes have a small aspect ratio:
vertical lengthscale Ly

horizontal |length scale L
Vertica and horizontal diffusion terms are such that

oy
0z Ly
DH’ (Al TMJ) QLTE

Therefore, for small-aspect ratio flows, i.e. for most flows addressed
In marine/oceanic studies, horizontal diffusion parameterising the
Impact of 3D turbulence may be neglected. QED.
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FAQs (V)

4. Why is a horizontal diffusion term needed?

Answer: If 3D turbulence is the only subgrid-scale phenomenon, then
the grid of the numerical model is = isotropic, with grid sizes of the
order Ax=Ay=Az=100-10Im. In most models, the grid is not
Isotropic: Ax = Ay >>Az.

So, there Is a range of motions which are essentially “horizontal”,
have a small aspect ratio and are unresolved. Their impact on the
resolved flow must be parameterised: horizontal diffusion is often
resorted to, with diffusivity A, >> A, leading to generic equation:

oy _ . 00, oy
5 S (¢ (up)+ Oen (Ah nt) az§ 3,0

QED.
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FAQs (VI)

5. What isisopycnal diffusion?

Answer: For horizontal-vertical diffusion, the diffusivity tensor is

An 0 OC
K =00 A, o.
30 O AL

Thismodel is not appropriate dispycnal unit vector: e= 2P
for representing the impact of Cp
meso-scale eddies. For a model

which does not resolve these

eddies, there should be isopycnal surface:

Isopycnal-diapycnal diffusion. density p = constant
(Seee.g. Redi, 1982)
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FAQs (V1)

Two diffusivities are needed: K, the isopycnal diffusivity, and Kp,
the diapycnal diffusivity, with Ap=K; >>Kp =A. Then, the
difusivity tensor is

K = K (l —eg) + Kpee,

Kp K []
2 2 , "D D _
ﬂDZ TPy + K, Px° Qﬁ 1pr %ﬁ 1%&92 E
_ K Kp %D >, Kp > Kp
K = D —1pxp 02 +p +— %——1§oypz [,
Px° "'py2 +p2 0 0K i ’ " Py Ki ]
[]

0 K K
E KD —1§3xpz Qﬁ 1§)ypz x> + py2 +K—D o
| |

Withpng, py=—, and pz =—-.

or
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FAQs (V)

L et the diapycnal and isopycnal gradient operators be defined as
o= e(el] andl=[+ 1] D .

Hence, the diffusive flux may be split easily into its isopycnal and
diapycnal components:

- Kely= - Kel ¢ Kgl pu.

The i1sopycnal-diapycnal diffusivity tensor is symmetric: this is
obvious — no need for a demonstration. It is also positive-definite as,

for any vector y # 0, one has
yeKey = Kilyx&® + Kp(y* €2 > 0,
| f Ki,Kp >0.

Note: the isopycnal diffusion operator generally is applied to scalar
variables only.
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How to estimate the eddy coefficients (1)

e The diffusivity A depends of the flow. There are many recipes for
estimating eddy coefficients. Usually, there is a difference between
the eddy viscosity (momentum), Ky, and the eddy diffusivity (scalar
variables), Ky.

* The ssimplest approach: constant eddy coefficients. Too simple: no
way to account for the mechanisms producing and destroying
turbulence. However, it is used for idealised studies in order to obtain
an analytical solution.

o Taking eddy coefficients as prescribed functions of time and
position, which usually reduce to functions of the vertical coordinate
only (e.g. Bryan and Lewis, 1979). Too simple, but still used in large-
scale ocean models with coarse time and space resolution.
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How to estimate the eddy coefficients (11)

e To take into account in a simple way the impact of stratification,
which tends to inhibit turbulence, the eddy coefficients can be
decreasing functions of the Richardson number,

ob ob

Ri = 02 = oz
dupl?>  purf EﬁVDz
9z (pz0 EBZD

where b is the buoyancy

b=-9(p—pPo)/pPo,
with g the gravitational acceleration, and pg a constant, reference
value of the density.
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How to estimate the eddy coefficients (111)
The Munk-Anderson (1949) closure is as follows:
KO K?
= . Kh = o
(L+BmRi)Im (1+PByRi)H

Commonly used values are: ay =1/2, By =10, ay =3/2, and
By =10/3. The neutral values, K9, and KQ2, are obtained for zero
stratification and must be specified arbitrarily.

Kwm

The Pacanowski-Philander (1981) closure is as follows:

0
= KM_ +KP and Ky = KM."'KH-
(1+BpmRi)IM 1+aRi

Commonly used values are: ay =2 and By =5. Positive constants
K9, K and KE must be specified arbitrarily.

Kwm
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How to estimate the eddy coefficients (1V)

e One-eguation turbulence closure scheme aka “k-model”: every
eddy coefficient is of the form
Kx =109Sx,
where:
| Is the turbulence macro-scale [1 size of the energy-containing
eddies,
g2 / 2 isthe turbulent kinetic energy,
Sx I1san O(1) dimensionless function, termed “stability function”,
In the Mellor-Y amada (1982) approach.

The product |Sx Is derived from an empirical formula, which is often
a function of position and a measure of stratification. Many
expressions exist. All of them are consistent with the log. layer, i.e.
|Sx 1salinear function of the distance to the wall near awall.
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How to estimate the eddy coefficients (V)

The turbulent kinetic energy (TKE) Is governed by an evolution
equation taking into account key-phenomenain the TKE budget:

0 g2 oup|? ob
i —| — Ky— - € + (transport terms),
ot 2 M 9z " 9z (transp )
dup|® .
where Ky |—— : energy transfer from the mean flow,
ob . .
KH 3 . TKE conversion into potential energy,

€ : viscous dissipation of TKE, parameterised as 0 g3 /(1) ,

LI T ]

. 0 0072
the transport terms often ssimplify to — §<q —.
0z 0z
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How to estimate the eddy coefficients (VI)

« Two-eguation turbulence closure scheme: same as the one-

equation, except that there is a second evolution equation from which
| IS derived.

There is no consensus as to what the second eguation should be:

- In the k- model, there is an equation for € (see Burchard, 2002,
for state-of-art review and references);

- In the k-kl or Méellor-Y amada level 2.5 model, the unknown of the
second equation is g2l;

- Other options are possible, such as the k-w model, in which the
second eguation is for afrequency w (e.g. Umlauf et al., 2003).

All these models may be seen as members of the same family
(Launder and Spalding, 1974).
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The Médlor-Yamada level 2.5 scheme (1)
« The viscous dissipation of turbulence kinetic energy Is
92
16.61

parameterised as e =

* The second equation of the Mellor-Yamada level 2.5 turbulence
closure scheme is as follows (Yamada, 1977):

ob  Wg®
— 1.8 Ky — —— + (transport terms
H 0z 16.6 ( P )

g(qu) 1.81Ky 20 un
0z

where the transport terms often smplify to — §< Q

Kg =10&, with § =0.2,
W isthe so-called “wall proximity function”.
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The Méllor-Yamada level 2.5 scheme (1)

 The wall proximity function is a dimensionless non-local term. A
similar term is needed in all the models belonging to the family of the
two-equation turbulence closure schemes, except the k-€ model,

which can represent a log. layer without the introduction of a non-
local term.

e The original stability functions for momentum and scalar variables

are (Mellor and Y amada, 1982).
Sy = 0.698 — 9.288GH

1-36.71Gy +5.078Gy +187.387G3 —88.814GH Gy

0.730 - 4.533Gy +0.907Gy,
1-36.71Gy +5.078Gy +187.387G3 —88.814GH Gy

with Gy :I2u§/q2 and Gy :—IZbZ/qZ.

SH:
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The Méllor-Yamada level 2.5 scheme (111)

o Alternative stability functions have been proposed, such as
Galperin's et al (1988) quasi-equilibrium ones:
0.393 - 3.09GH 0.494

= and = .
M 1-40.8GH + 212(3,3 H 1-34.7GH

There are also those of Kantha and Clayson (1994), or Canuto et al.
(2001).

o Some stability functions seem to lead to unstable solutions, In
which spurious oscillations arise. See, for instance, Deleersnijder and
Luyten (1994), Burchard and Deleersnijder (2001), Mellor (2003), or
Deleersnijder and Burchard (2003). In this respect, a tentative
stability analysisis outlined below.
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The Kato-Phillipstest case(l)

 Above, severa turbulence closure schemes of various levels of
complexity were presented. How to select the appropriate level of
complexity? There is no universally-accepted answer; the choice
depends on the type of flow under consideration and the purposes of
the study.

 Keep in mind that the skills of the model also depends on its
numerics. There I1s now a largely-accepted approach to the
discretisation of two-equations turbulence closure schemes (see
Burchard, 2002, and http://www.gotm.net).

o A widely-used test case for stratified flow models is that of Kato
and Phillips (1969).
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TheKato-Phillipstest case (11)

o Kato and Phillips conducted |aboratory experiments on the stress-
driven penetration of a turbulent layer into stratified fluid initially
motionless, which may be re-scaled to become relevant to the
dynamics of the upper layers of the ocean.

initial instant; t =0 instant; t >0
TZ ATMOSPHERE TZ ATMOSPHERE
wind stess wind stress
—7z=0 —‘Z =0
OCEAN \ OCEAN

h : mixed layer height\

\
| . | \ hi2
linear density profile Y \

densi&

NZ
o(t=0,2) = po —p"g

y4

po . ref.density, N: Vaisaafreq.
g: gravitational accel.
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TheKato-Phillipstest case (111)

 Model equations:
ou 0 ou[] ob 0 ob[]
— = — —Z and — = — — .

ot 0z ozl ot 0z ozl
e Initial values; u(t=0,2)=0, b(t=0,2) =N?z.
e Boundary conditions:

KmoOu/0z],=0 =uq , [Knob/0z],=0 =0.

e Price's (1979) mixed layer growth : h(t) = (6/5)Y4uN-1/2t1/2

ldh _ 1 . growth rates dimishes as the density contrast at the

hdt 2t
bottom of the mixed layer increases, since the work to be done to
entrain unperturbed water into the mixed layer increases.
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TheKato-Phillipstest case (1V)

 Model results:

* Constant or prescribed-profile eddy coefficients fail.

* Richardson-dependent eddy coefficients can be calibrated so as
to produced a mixed layer depth deepening similar to Price's.
However, a version calibrated for a given wind stress fails for
another wind stress. Validation is thus impossible.

* One-eguation models are about right, but the formulation of the
length scale | remains tricky.

* Two-equation models perform well, without any tuning.



dimensionless thickness

The Kato-Phillipstest case (V)

49.“[

Pollard et al. - ; *

39 .

20 .

10 . 1

2 250. 500. 750. 1000

dimensionless time

(from Deleersnijder and Luyten, 1994)
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On the stability of the solutions (1)

o A salient feature of turbulent parameterisations is that the eddy
coefficients may depend on the gradient of some of the unknowns —
which would not occur with molecular diffusivities only.

e In the domain t=0 and zyin £ z2< Zmax, this suggests examining
first ahighly idealised water column mode!:
oy _ 00 op[]

ot oz az0

with AW 2) >0, |W(t =0,2) < oo, Yz(t, Zmin) =0 = W2(t, Zmax) -

The eddy coefficient I1s assumed to be a
function the vertical gradient of the unknown,
l.e. PY=0y/oz.




30

On the stability of the solutions (11)

e The solution i1s bounded as

d Zmax , Zmax ,
_ = - <
& ZIQJ dz ZZI As dz £ 0.
However, a global measure of the gradient of the solution,
d Zmax , ~ Zmax _ ,
p ZI Ps dz = - 2 ZI Aps dz,

oA
E:

may well increase, if the effective diffusivity, A =

Yz +A,isnot
positive definite.

 This suggests the possible existence — at least for some time — of
bounded solutions with small-scale oscillations.
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On the stability of the solutions (111)

e Now, consider a generic water column, i.e. horizontally

homogeneous, model!:

al.lJm a anmD

= + — —
ot " adM e O
with: sy 1S source/sink term:

for instance: Yq = u (velocity), Wo =b (buoyancy), etc.

m=12..M,

o If (t,Z2) denotes a small-amplitude perturbation of solution Y(t, 2),
then linearised equations may be derived:
52
0L|Jm Z @Awnwn"'anann +Cmnaaw2n§,
Z
where matrlcesA B and C only depend on Yi(t,z) and its derivatives
— and are independent of i(t, 2).
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On the stability of the solutions (1V)

OAm
On,z

e |f the time- and space-scales of the perturbations ()(t, z) are much
smaller than those associated with Y(t, z), the equations governing
the evolution of the perturbation may be simplified to
0LIJ_m — Z 0?(r
m,Nn azz )
where C may be regarded as locally constant. Then, for the
perturbation to be stable, it Is necessary that the real part of the

eigenvalues of C be positive. The eigenvalues of C may be regarded
as effective diffusivities.

e Consider the Mellor-Y amada level 2.5 moddl.

e Only matrix Cisimportant: Cy,, =

L|Jm,z + )\m5m,n-
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On the stability of the solutions (V)

 Thereis an evolution equation for Y3 =g2 and P4 =q?l. There are

different versions of the closure, depending only on the expression of
Sv and S4. Inall versions, A3 =A 4 =Kq =1g&;, with §=0.2.

e Matrix Cis:

5,0 &, Sy Guu,
£ 0Gw Gm +Su Gy b,
:| aS—| GMbZ aS—|

IH Gy + 0 O
3Gy U,  aGy H T

0 0 § O

O

[

o
LI IE L] ||:||:|
IIIIIIIIII|_:||:|IIIIII

0 0 0 S



On the stability of the solutions (V1)

* There are two identical, positive eigenvalues, 1g&;, which lead to no

stability problem. Of interest is the reduced stability matrix:

0Sm

C = iq 5 9w

HOM 5+,

oGy

For the original version of the closure, the eigenvalues of the reduced
stability matrix may be negative, implying that instabilities may

OCCuUr.

For Galperin's quasi-equilibrium version, the eigenvalues are always

Uz

aS\A GH UZ
aGH bz

—G +
3G H +SH

positive, so that the solution should be stable.

LI IE 1] L



On the stability of the solutions (VII)

 Numerical results after

20 hours: dotted curve
(quasi-equilibrium

closure) and solid curve
(original closure).

Spurious oscillations are

grid-dependent, asitis
the smallest-scale

perturbations that are the

most unstable.

depth: z (m) depth: z (m)

depth: z (m)

[N
o

N
o

w
o

o

Az=05m

0.01 0.02 0.03
eddy viscosity: KM (m2 s'l)

0.04

depth: z (m)

depth: z (m)

depth: z (m)

N
o

@w
o

o

=
o

N
o

w
o

[N
o

Az=0.5m

0 0.01 0.02 0.03 0.04
Az=20m
- ‘

- P

-

0 0.01 0.02 0.03 0.04

eddy diffusivity: Ky (m2 s'l)
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On the stability of the solutions (VIII)

e The spurious oscillations are not a numerical artefact, though they
are largely influenced by the details of the discretisation.

e The stability criterion suggested above seems to be relevant, though
It rests on many simplifying hypotheses. It is further supported by an
earlier numerical sensitivity study (Deleersnijder and Luyten, 1994),
Indicating that the spurious oscillations are sensitive mostly to
modifications of the stability functions in the diffusive terms, I.e.

modifying elsewhere the stability functions does not cause spurious
oscillations.

* |t Is suggested that any new turbulence closure development take
Into account the stability criterion devel oped above.



A 3D moded sensitivity analysisin the Rhine plumeregion (I)

(From Ruddick et al., 1995)

NORTH SEA
L 52730
@
=
= .
= R52%5 NOORDWIIK
3
SCHEVENINGEN
92°
’_ HOEK VAN HOLLAND
RHINE—-MEUSE
| 5% 5 4'30 4745 o 10 &
l I | | bt T
Longitude
Fig. 1. The domain of interest showing che location of the grid, the cross-shore transcct O == @

and the “mooring™ & used for the presentation of results.
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A 3D moded sensitivity analysisin the Rhine plumeregion (1)

— 0.20m /s

HOEK SCHEVENINGEN NOORDWIJK

Tidally-averaged surface current and surface salinity (PSU),
obtained from a k-mode!.
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A 3D moded sensitivity analysisin the Rhine plumeregion (I1)

DEFTH

10 M

CROS5-5HORE DISTANCE
20 KM 40 KM

!;//I//
‘i//

20 L

7/

£
Ay /
| / /
J !

{

|

Tidally-averaged salinity (PSU), obtained from a constant eddy
coefficient model. Stratification almost absent.
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A 3D modd sensitivity analysisin the Rhine plumeregion (1V)

CROSS5-5HORE DISTANCE

20 KM 40 KM
<?> A | | 2
0 .. \_j://
DEPTH ﬁ@,%/
@
10 ML
-
it
20 M 1 T

Tidally-averaged salinity (PSU), obtained from a Pacanowski -
Philander-like model. Stratification insufficient.
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A 3D modd sensitivity analysisin the Rhine plumeregion (V)

CROSS~SHORE DISTANCE
20 KM 40 KM

=

e S

20M L

Tidally-averaged salinity (PSU), obtained from ak modd!.
Stratification qualitatively acceptable.
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A 3D modd sensitivity analysisin the Rhine plumeregion (V1)

CROSS5—-SHORE DISTANCE

20 KM 40 KM
& A = *

DEFTH

i0M 1

|
i
20 M L

Tidally-averaged salinity (PSU), obtained from a k-kl (Méellor-
Y amada 2.5) model. Stratification qualitatively acceptable.
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