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INEXACT HIGH-ORDER PROXIMAL-POINT METHODS WITH
AUXILIARY SEARCH PROCEDURE*

YURII NESTEROVT

Abstract. In this paper, we complement the framework of bilevel unconstrained minimiza-
tion (BLUM) [Y. Nesterov, Math. Program., to appear]| by a new pth-order proximal-point method
convergent as O(k’(37’+1)/2), where k is the iteration counter. As compared with [Y. Nesterov,
Math. Program., to appear|, we replace the auxiliary line search by a segment search. This allows
us to bound its complexity by a logarithm of the desired accuracy. Each step in this search needs
an approximate computation of a high-order proximal-point operator. Under the assumption on
boundedness of (p+ 1)th derivative of the objective function, this can be done by one step of the pth-
order augmented tensor method. In this way, for p = 2, we get a new second-order method with the
rate of convergence O(k’7/2) and logarithmic complexity of the auxiliary search at each iteration.
Another possibility is to compute the proximal-point operator by lower-order minimization methods.
As an example, for p = 3, we consider the upper-level process convergent as O(k~°). Assuming the
boundedness of fourth derivative, an appropriate approximation of the proximal-point operator can
be computed by a second-order method in logarithmic number of iterations. This combination gives
a second-order scheme with much better complexity than the existing theoretical limits.

Key words. convex optimization, tensor methods, proximal-point operator, lower complexity
bounds, optimal methods
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1. Introduction. Motivation. In this paper, we develop a new and efficient
proximal-point method, which can be used at the upper level in the framework of
bilevel unconstrained minimization (BLUM) [22]. In this approach, we need to decide
first on the order of the upper-level procedure, and after that we choose a numerical
scheme for an approximate computation of the high-order proximal-point operator.
This structure allows a significant flexibility in applying the lower-order methods
to the problem classes which were traditionally out of their scope. Consequently, the
lower-order methods can now demonstrate a much higher rate of convergence breaking
down the traditional theoretical limits.

In the first time, the possibility of using the second-order schemes for minimizing
functions with a Lipschitz-continuous third derivative was demonstrated in [21]. The
optimization method in this paper is a second-order implementation of the third-
order scheme with the convergence rate O(k™%), where k is the iteration counter.
Note that the traditional upper bound for the rate of convergence of the second-order
methods is O(k~7/2) [1, 2, 5]. Of course, the result in [21] does not contradict the
theory since it is related only to a subclass of functions, which is usually considered
as the natural problem class for the second-order methods. (These are functions
with Lipschitz-continuous Hessians.) However, it destroys the traditional one-to-one
correspondence between the problem classes and the orders of applicable minimization
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schemes. We cannot call a method optimal anymore without mentioning explicitly
the corresponding problem class.

In the next paper [22], in order to explain the phenomena of [21], we proposed
the framework BLUM based on the notion of a high-order proximal-point operator.
The proximal approximation of function f(-), defined by

(1.1) eae) = min{f@)+ Ky}, A>o0,

was introduced by Moreau [14]. Later on, Martinet [13] proposed the first proximal-
point method based on this operation. The importance of this construction for com-
putational practice was questionable up to the developments of Rockafellar [25], who
used the proximal-point iteration in the dual space for justifying the augmented La-
grangians. This dual scheme was accelerated by Giiler [9], who introduced in this
method some elements of the fast gradient method from [15]. Some attempts were
made by Teboulle and Iusem, Svaiter, and Teboulle [26, 10] in studying proximal-
point iteration with a nonquadratic kernel, concentrating mainly on strongly convex
functions. However, for decades this idea was considered as a theoretical tool, which
cannot be used in the efficient optimization algorithms.

In [22], it was suggested to regularize the objective function in (1.1) by a power of
Euclidean norm || - [|[P™! with p > 1. We call the corresponding proximal step the pth-
order proxzimal-point operation. This terminology is justified by two facts. Firstly, it
was shown that the corresponding simple proximal-point method converges as O(k~P).
The rate of convergence of the accelerated version of this method is O(k~(®*1). In
both cases, we can use appropriate approximations of the proximal point.

Secondly, it appears that this approximation can be computed by one step of the
pth—order tensor method provided that the pth derivative of the objective function is
Lipschitz.

Another important contribution of [22] is the definition of the proximal-point
operator with line search. Using this auxiliary operation, it is possible to achieve the
rate of convergence of the order O(k~GP+1/2) However, in [22] it was assumed that
the proximal-point line search admits an exact computation. The main goal of this
paper is to relax this assumption and justify an implementable version of this method.

Contents. In this paper, we study the methods for solving convex unconstrained
optimization problem. It is organized as follows. In section 2, we introduce a pth-order
proximal-point operator with segment search (p > 1) and study its properties. We
justify also the rate of convergence O(k~3P+1)/2) of the accelerated method under the
assumption that the corresponding proximal-point operators admit exact computa-
tion. At this stage, we do not need any assumptions on the objective function besides
convexity. We discuss also the reason why the first-order proximal-point methods do
not need auxiliary search.

In section 3, we define the acceptable approximations for the proximal-point oper-
ators and present a conceptual scheme of the accelerated method. We do not specify
yet the segment search procedure, assuming only that it satisfies some stopping cri-
terion. The rate of convergence of this scheme is also O(k~(GP+1)/2).

In section 4, we describe the rules of a bisection procedure and show that its
length is bounded by logarithmic factors. At each iteration of this scheme, we need
to compute approximately a pth-order proximal point.

In section 5, we discuss different strategies for computing approximately the high-
order proximal points. In section 5.1, we show that this can be done by one step of

LThus, the standard construction (1.1) corresponds to the first-order proximal points.
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the pth-order augmented tensor method. For that, we need to assume boundedness
of the (p + 1)th derivative of the objective function. In this way, we get the second-
order methods for functions with a bounded third derivative with convergence rate
O(k~7/?).

Finally, in section 5.2 we present a second-order implementation of the third-order
accelerated proximal-point method with segment search. It has the convergence rate
O(k™5). To the best of our knowledge, this is the fastest rate of convergence known
so far for the second-order methods without assumptions on uniform convexity. The
number of auxiliary computations of the Hessians at each iteration of this scheme is
bounded by logarithmic factors.?

Notation and generalities. In what follows, we denote by E a finite-dimensional
real vector space and by E* its dual spaced composed by linear functions on E. For
such a function s € E*, we denote by (s, z) its value at x € E.

Let us measure distances in E and E* in a Euclidean norm. For that, using a
self-adjoint positive-definite operator B : E — E* (notation B = B* > 0), we define

[zl = <B$,l’>1/2, zeR, gl = <ng_1g>1/2v gE kL™

Sometimes, it will be convenient to treat x € E as a linear operator from R to E and
x* as a linear operator from E* to R. In this case, zx* is a linear operator from E*
to E, acting as follows:

(za*)g = (g,z)x € E, geE*

For a smooth function f : E — R, denote by Vf(x) its gradient and by V2 f(x)
its Hessian evaluated at point x € E. Note that

Vf(x) € E*, V2f(x)h € E*, =z hcE.

We denote by £z (-) the linear model of convex function f(-) at point z € E:

(1.2) t(z) Y f@)+ (Vi@),r-37) < flz), zeE
Using the above norm, we can define the standard Euclidean proximal functions
dp1(z) = llellP, w€E,
where p > 1 is an integer parameter. These functions have the following derivatives:
Vdpi1(z) = |z||P~'Bz, z€E,
(1.3) Vidpii(z) = |lz[P7'B+ (p—1)|z]|P~°Bza*B
= plafr'B.

Note that function dp41(-) is uniformly convex (see, for example, Lemma 4.2.3 in
[18]):
(1.4)

-1
dps1(y) > dpa(@) + (Vpia(2),y —2) + 537 (5)7 ly — 2P, 2,y €E.
In this paper, we also work with directional derivatives. For p > 1, denote by

DPf(x)[hi, ...~y

20n the level of nonconvex optimization, an acceleration for the smaller problem classes was
already observed in [6].
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the directional derivative of order p > 1 of the function f at x along directions h; € E,
i=1,...,p. Note that D? f(x)[-] is a symmetric p-linear form. Its norm is defined in
a standard way:

15 D @) = max {[D2f@) o hl| Il < 1= 1 p)

If all directions hq, ..., h, are the same, we apply the notation
DPf(x)[h]P, heE.

Note that, in general, we have (see, for example, Appendix 1 in [23])
(1.6) IDPf @) = max{|Drr@mle|: 0l <1}

2. Proximal-point methods with exact search. Consider the following op-
timization problem:
(2.1) min f(z),
where f(-) is a differentiable convex function. Denote by z* one of its optimal solu-
tions, and let f* = f(z*).

All methods presented in this paper are based on the pth-order proximal-point
operators, defined as follows:

(22) prox?/H(a_:) = arg glelél {fg,H(x) « f(x) + Hdpiy (x — j)},

where H > 0 and the parameter p > 1 is called the order of this operator.

In [22], it was shown that the rate of convergence of the high-order proximal-point
methods can be increased by including in operation (2.2) a line search. In this paper,
we will see that it is enough to use the proximal-point operators with segment search:

(2.3) SProx?/H(f,ﬁ) = arg min {f(a:)-l—Hde(x—f—Tﬂ)} € ExR.

T€[0,1]

Denote by z(z,u) and 7(Z,u) the solutions of this minimization problem. Since
(2.4)

min {f(w)+Hdp+1(w*i‘*Tﬂ)} = min {f(erTﬁHHde(y*i)}»
T€[0,1] T€[0,1]

the point ;1 = z(Z, ) and the value 7 = 7(Z,u) satisfy the first-order optimality
condition of the second problem in 7; that is,

(2.5) (r— o )(Vf(zs),@) > 0 Yrelo1].

On the other hand, the first-order optimality condition of (2.3) in z gives us the
following equation:

Vi(ey)+Hri 7 Bey —yy) = 0,

where y; = T+ 7.4 and r4 = |4 — y||. Therefore,

p+1l

IVF(@ )l

=

(2.6) (V@s)ye —as) = HE =[]

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Let us assume that we can compute the exact value of operator SPYOXZ; / g0

Then, it is possible to solve (2.1) by the following optimization scheme.

Exact pth-Order Proximal-Point Method With Segment Search

Initialization. Choose g € E and H > 0. Define Ay = 0 and

Yo(x) = |z — zol|*.

i > 0.
2.7) Iteration k£ >0

1. Compute vy = arg mig V(). Set up = v — xg.
xE
2. Compute (241, 7x) = SProx} o (wk, uk) and gr = ||V f(2rs1) |-

1-p
P

2 1
3. Compute ax41 > 0 from the equation Maﬁi;;“ = [%] " g,

4. Set Api1 = Ak + agy1, and update ’L/)k-Jrl(l’) = ’l/Jk(I) + ak+1€xk+l (1‘)

Using the same arguments as in [22], we can prove that the rate of convergence of
this scheme is of the order O(k~(3P+1)/2) in terms of the functional residual. In order
to see the impact of inexact computation of the proximal step presented in section 3,
we give here the full proof of the corresponding statement. It is based on two lemmas
on positive numbers justified in the appendix (section 6).

THEOREM 2.1. Let the sequence {xj}r>0 be generated by method (2.7). Then for
any k > 1 we have

7 -Grn/2
(2.8) fla) = f* < 2HRET [14 282D

where Ry = ||xg — z*||.
Proof. Note that

L def . 2 ) y
op = I;lelleNl)k(m) < Il‘flelllEl[Akf(ﬂ?)Jra\m*%HQ] < Apf(a*) + 5l — o2

Let us prove now that for all £ > 0, we have

(2.9) Apf(zr) + By <,
1 X ptl
where By, = 1 [£]7 Zi‘;ol Aiy19; 7 . For k=0, we have Ay = By = ¢ = 0. Hence,
in this case (2.9) is valid. Assume it is valid for some k& > 0. Then,
"Z)k—&-l(x) - Q/Jk (I) + ak+1£ivk+1 (iE)
(2.9) ) )
> Apf(xr) + B + slle — vil]® + agy1le,, (2)

> Apf(or) + By — %ai+1gl% + ak+1€xk+1 (vk)-

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Denote yi = x + 76 (ve — x1) and 73, = Z*k:ll € (0,1]. Then

Arf(zr) + arg 1oy, (V)

\%

Apt1f(@eg1) + (Vf(@rt1), ArTr + akp1v6 — Akt1Tr41)

= Applf(@r) +(Vf(@rer), (Fx — Te)uk + Yp — Tri1)]
(2.10)

> A lf(rgn) (V@) yr — Tri1)]

(2.6) 1 el
=" A [flzes) + [F]7 97

Thus, using the rule of step 3 in (2.7), we get

p+1

1 pT°
Vi1 = Akgr f(@es1) + Br — 503008 + Ak [%]7 90" = Akprf(2e41) + Brga,

and (2.9) is proved.
From (2.9) and step 3 of method (2.7), we get three important consequences.
Namely, for all £ > 1, we have

(A): flzr) — f < 2§0k7
11 & = 2

(2.11) B): [%]? ;Aigii} < Rg,
(C): Ay [%] gt = al.

Let us obtain from this information a lower bound for the rate of growth of coefficients
{Af}k>1. This can be done in three steps.
First of all, note that in view of (2.11)¢, we have

1-p

=

A1/2 7141/2 _ k41 > @kt _ 171 g W
k+1 k Az Al = 2al 2 [H] k
p—1 1 )
Hence, denoting & = ¢;”7, i > 1, we get Ay > 1 [%]” (Z?:l %)2 On the other
hand, in this notation, by (2.11)p, we have
k -
Azg;y S H? RO7
i=1
where v = %. Therefore, in view of Lemma 6.1, we have
14+~ 3p+1
k 1 1 1/~ k ﬁ R _ po1 7% k SPp_+11 2(p+1)
z; e 2 [HT/pRg} Z; A, = H »@i0R, z; A, .
Thus, we get

3p+1
_2(p—1) k p—1

Ay > ilmT#py o <ZA.3”“>W.

i
i=1

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/02/23 to 130.104.43.220 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

INEXACT HIGH-ORDER PROXIMAL-POINT METHODS 2813

Applying now Lemma 6.2 with

_2(p=1)

1 —1 3p+1
0 = H 1:+1R p+1 , a = .31;3+17 ﬁ = If)"rl R
ptl _ ., 8ptl .

we get Ay > () 2 %R(l) p[%] ? . Tt remains to use (2.11)a. O

Remark 1. In the proof of Theorem 2.1, it is easy to find the place where we need
the segment search. This is the last inequality in the chain (2.10), where we apply

the lower bound
2.5

(Vf(@rs1), (T — T )uk) (Z) 0.
However, if p = 1, then we can achieve this goal in a simpler way. Indeed, in this case
the new value of a1 at step 3 of the method (2.7) can be obtained before computing
the point z;4+1. Consequently, the simple choice 741 = 7341 ensures validity of the
above proof. This possibility is indeed used in fast gradient methods (e.g., [16]), where
no line search is needed.

3. Inexact proximal point computation. Very often, the proximal-point op-
erator (2.2) cannot be computed in a closed form. Instead, we are going to use an
approximate solution of this problem obtained by an appropriate optimization proce-
dure. Let us introduce the set of acceptable solutions to (2.2); that is,

(3.1) Ay (@8) = {eeB: V4@ <BIVI@)I.},

where § € [0, 1) is a tolerance parameter. Note that prox} . (z) € A} (7, 8). However,

since V f7 (%) = V f(Z), we see that = ¢ A} (z, 8) unless 7 = z*.
The main properties of the approximate proximal step are given in the following
statement (see [22]).

LEMMA 3.1. Let T € AL (7, B). Then
(3:2) A=BIVIMe < H|T-2z||F < 1+ B)IVAT)-,

(3.3) (VIT),z-T) > L5|T-z|P+.

Moreover, if 5 < %, then

1 p+1
(3.4) (Vi) E-T) = ]IV
We will need one more property of the approximate proximal step.

LEMMA 3.2. Let T € A} (z, 8) with B € [0,3). Then
* 1-8)% ) = *
(3.5) IT -2 > < S=gle -
In particular, if B < 3, then |T —z*|| < 2|z — 2*|.
Proof. Denote r = |T — Z||. Then

IT— 22 = e+ 2B - 2), T — ) =2
(L3) 1z — 2% + 2= (Vf2 4y (T) = V(T), T — a*) — 12
" e - UL 7 e 2
R R o
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Maximizing the right-hand side of the last expression in 7, we get (3.5). The remaining
1

inequality follows from (3.5) since its right-hand side is monotone in § € [0, 5). |
Note that the exact computation of operator SPronf’ / g (+,+) is also impossible.

Hence, in the remaining part of this section, we analyze an implementable version of

method (2.7) based on approximate computations. Consider the following method.

Inexact pth-order Proximal-Point Method (Segment Search)

Initialization. Let g € E, 8 € [0 ,and H > 0. Let Ag =0 and

i]
? 3p+2

Yo(x) = |z — zol|*.

Iteration k& > 0.
1. Compute vy = argmingeg ¥x(x). Define ug = v, — x.
2. Compute 29 € Ay (zg, 8). If (Vf(29),u) > 0, then define
or(@) = Lo (@), TR1 =27, gr = IVF(@R)lls
3. Else, compute z}, € A% (vy, B). If (Vf(x1),ux) <0, then define
(3.6) or(@) =L (@), Trir =2, gk = [IVF(@)lls
4. Else, find the values 0 < 7} <72 <1 with T} € A}, (zg + Tlug, 8)

and T2 € A} (zy + T2uk, B) satisfying the following conditions:

() BE<0<A, ) - <[] 0

gr = |axIVATOI" + 1 = ar) [VAT)L"

_p_
p+1 p+1} pF1

Set pp(z) = arlr () + (1 — ap)lrz(z) and T4 = apTE+ (1 — ag)T?.

2 1-p
5. Compute ar1 > 0 from the equation 14):1’””7;;“ = %[%] 9"

=

6. Set Ap11 = Ak + agt1, and update Y11 (x) = Yr(x) + apr19k ().

In this scheme, steps 2, 3, and 4 compute an approximate value of the operator
SProx?/HQ, -), replacing step 2 in method (2.7). Step 4 of method (3.6) is activated
only if

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Thus, the condition (4a) of (3.6) is satisfied for 7} = 0 and 72 = 1. Hence, these values
can be used for starting the internal search procedure. Note that the coefficient ay
at this step is chosen to ensure for the vector

Vor ¥ apVITH + (1 — ap) VTR

the following equality:
(3.7) <Vg0k,uk> = Oékﬂll + (1 - Oék)ﬁ,% = 0.

Thus, the estimating function ¢ (-) is updated by a convex combination of two linear
models. The gradient of this combination is orthogonal to the search direction wuy.

For analyzing the rate of convergence of method (3.6), we need to prove several
auxiliary results.

LEMMA 3.3. For all k > 0, we have

(3.8) fl@r) > eelzr) > f(@re1) + 5 [%}Bg;jﬁ.

Proof. The first inequality in (3.8) follows from the convexity of function f(-). In
order to prove the second one, we need to consider separately the ways of constructing
the function ¢y () used at steps 2, 3, and 4.

1. Let (Vf(2?),ux) > 0. Then

(3.4) % pt1
plen) = o)+ (VF@ o —af) = flan) + 5] 00
Thus, the inequality (3.8) is valid.
2. Let (Vf(x}),ur) <0. Then
er(xr) = flee) + (Vi) an — o) = fl@e) + (VF(@g), o0 — up — o)

p+1

> flxrer) + (Vf(x}), ve — ) (324) f(@e41) + [%} 9" -

Thus, in this case the inequality (3.8) is also valid.

3. Let us assume now that the function ¢y(+) is formed in accordance to the rules
of step 4. Denote yj = xj + Tiug, y} = % + TPuk, and § = 1 (yt + y7). Then we
have

er(wr) = ax(f(T) + (VFA(TR), 26 — Tp)) + (1 — an) (F(TE) + (VA(TR), 2 — TR))

g

(3.7)
e F@rrn) + aelVA(TR) o — T + (1= a(VA(TR), g — TF)-

Note that
(VI o =T = (VAT v — 5(s —v3) = T{)

(3.4) B % pt1
> [ IVEEhI - ek - )8,

(VAR 0T = (VAR08 + bk — )~ T7)
(3.4) B % pt1
> [ IVEEIT + @ - )8k

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Hence,

10

er(@n) = flani) + [5F2]7 a0 = Sou(ri — )8+ 30— an)(r} - 72)B2

|=

= 187 5 _ 1.2 , ) ll—ﬁ%p:l
—f(.rk+1)+ H 9r ak(Tk Tk)ﬁk > f($k+1)+2 .

Thus, inequality (3.8) is proved. 0

COROLLARY 3.4. For any k > 0, we have

(3.9) fg:”l < 2[%} U (flak) = ).

i=k

Denote Dy = maxger{|lz — zo|| : f(z) < f(x0)} and D, = maxger{|lz — 2*|| :
f(x) < f(xo)}. Clearly,

(3.10) Dy, < 2D..

In algorithm (3.6), by the way of constructing the estimating functions {¢x(-) }x>0,
we have

(3.11) Pr(x) < Akf(x)+%||x—x0||27 z€eE, k>0.

LEMMA 3.5. Let the sequence {xy}r>0 generated by method (3.6) be well defined.
Then for all k > 0 we have

(3.12) Aef(zk) + Be < 4 = mingy(x),

P+l
where By, = i[lgﬂ]% Zf;ol Ait19; 7 . Moreover, ||vy, — x| < Do and

(3.13) |z —2*| < Di ok —2*| < D..

Proof. From inequality (3.12), we have
(3.14)
(3.11)

Akf(a:;c)-i-Bk—i—%Hx—kaZ < Yr(x) < A;cf(a:)—&—%Hx—xo\P, z € E.

Taking in this inequality x = z, we get ||vg — x| < ||zo — 2k||. On the other hand,
the choice x = z¢ ensures f(z) < f(z¢). Hence, ||zg — zx|| < Dg. Finally, the first
inequality in (3.13) is valid since f(zr) < f(zo), and the second one follows from
(3.14) with « = x*.

It remains to prove inequality (3.12). Let us do this by induction. For k = 0 we
have Ay = By = ¢§ = 0. Hence, the relation (3.12) is valid. Assume it is valid for
some k > 0. Then

Yesr(z) = (@) +arpior(®) > Arf(zi) + Br + slle — vl? + axpr0k(2)

= Apf(zr) + Bi + 5l — opl? + ars198 (k) + ap1 (Vior, © — z).
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Note that at the steps 2 and 4 of method (3.6), we have (Vy, ur) > 0. Therefore,

A f(zr) + arrr196(@r) + apr1(Veor, ¢ — ok)

(3.8) - pi1
> Appif(@es1) + 5 Aps [%} 9"+ a1 (Vor, z — o)

o=

p+1

> Apirf(zigr) + Ak [%} 9" Farp1(Vor, z — ).

o =

At the step 3 of method (3.6), we have (Vyy, ux) < 0. Hence,

Apf(or) + aprron(zr) + ap1(Vor, © — 21)

Y

A1 f(xry1) + (Vor, Aprr (o — Tpy1) + aprr (v — 25))

= Api1f(@rt1) + (Vor, Apy1 (v — Tp1) — Ak (v — k) + a1 (T — )

(3.4) pt1
> Appif(@rg1) + Ak [%] g," a1 {Vor, x — ).

1

Thus, in all cases,

VYy1(z)
1 1 18] B
> Apirf(@i) + B + 3lle — o> + 5 Ak [T} 9," + art1(Vor, © — i)
1 gy B
> App1f(Trt1) + Bi + 5 Ak+1 [T} %" — 3919

= Api1f(@rg1) + Brgr + 1Ak [%} 9’ — 50k 0%

= Apt1f(Tr+1) + Biga-

O
COROLLARY 3.6. Let Ry = ||zg — z*||. Then
00 p+1 1
kR H | P p2
(3.15) L Aiig” < 2 {m} R2.
Proof. Indeed, in taking in inequality (3.14) x = z*, we have
Akf(l'k) + By, + %”l‘* — ’U]g”2 < Apft+ %R%
It remains to use the definition of Bj,. |

Now we can prove the main statement of this section.

THEOREM 3.7. Let the sequence {xy}r>0 generated by method (3.6) be well de-
fined. Then for any k > 1 we have

_ 3p+1

N 4? HREH! - 2
(3.16) flay) =+ < —=5 [1+2(§+11)}
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Proof. In view of inequality (3.12), we have f(zy) — f* < 2}2 Hence, we only

need to estimate from below the rate of growth of coefficients {Ak} k>0
Using the same arguments as in the proof of Theorem 2.1, we get

1 3, 1-p
1/2 1/2 akyr (1 [1=8]7 5 def 2p
AL — AT =2 oalZ T \sE ] 9 T A

p—1
Denoting & = g,”* , we have C—Aifl > ZZ:O é for any ¢ > 0. On the other hand,

def H° 5 5 (3.15) t 2<p+1>
By = 2 [ﬂ} Ry = Z Ak+19;g Z A&,
Therefore, in view of Lemma 6.1, for v = % we have
¢ = t+1 3D
1/9 1 ¥ =1\ 2(p+1
AL 2 e (T afl) T - e (TaF)TT
0 k=0 0 k=1
Thus, we get the following inequality:
t p—1 3:++11
(3.17) A > 9(2 Agﬁ) , t>1,
k=1
where
2 4p+2 —2 2(p—1)
0 = g = @[] R
0
Now we can use Lemma 6.2 with a = 3—11 and § = 3p+1 Then 1 — af = %, and
by inequality (6.4), we get
3p+1
1\2r+1 [1-8 (p—1) 1 T2
(3.18) Ae = (3) [T] Ry [§+1 + p+1k] : a

To conclude this section, let us look at the rate of convergence of method (3.6) in
terms of the norm of the gradient. Note that the values {gi } x>0 generated by method
(3.6) are the upper bounds for the norms of the objective function at certain points.
Indeed, for step 2 and step 3 in method (3.6) we have gx. = ||V f(2k+1)]/, and for step
4, it holds

_p_

[akHVﬂTg)uff - %)HW(T,?)ufﬂ

Ik

v

min {[| V(T VST }-
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THEOREM 3.8. Let the sequence {xy}r>0 be generated by method (3.6). Then for
any t = 2k with k > 1 we have

def X p(3ptl)  pRP
(3.19) g = Oréliugltgi < 4P(p+ 1) 2(p+1) .7175 . [

=

[—
e
S|

Proof. Indeed, in view of inequality (3.16), we have

4P RPT! 3p2+l 4P R 3p2+l
_fx AUy 2k_ AR, | 2k
f(:ck+1) f < -8 [1+p+1} < -3 [p+1}

On the other hand,

b1 t o prl (3.9) b1k
o) < % g = 28] Pk - 1)
i=k+1
Combining these two inequalities, we get (3.19). O

It is interesting that the rate of convergence (3.19) is the maximal rate compatible
with the rate of growth (3.18) of coefficients { A }r>o. Indeed, if Ay = O(kGBr+1/2),
then

apy1 = 0(k<31’*1>/2), % — 0(]63(1)71)/2)‘

k41
On the other hand, by (3.19) we can guarantee that

1—-p

9" ~ O(K3=1)/2),

which is compatible with the rule of step 5 in (3.6). Hence, a higher rate of decrease
of the gradients should result in a higher rate of convergence of method (3.6).

4. Complexity of auxiliary search. In this section, we analyze a simple
bisection strategy for implementing step 4 of method (3.6). Recall that at the begin-
ning of this auxiliary process we have

(Vf(@R), ur)

(Vf(z}),ue) = 0.

3 0, Bi

IN
o

U 1, B;

Since for p = 1, no auxiliary search is needed (see Remark 1); in this section we
assume that p > 2. Thus, in method (3.6) we have 8 < 3[)% < %, which allows us to
use the second statement of Lemma 3.2.
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The following bisection strategy has a single parameter: tolerance 3 € [0, ?’p%}

Initialization. Set T,%’O =0, [)’,1’0 [)’k, Tk 0= ack, Tk 0=1 ﬁk 0= ﬁk,
and T2, = z}. Define ay o = Bzﬁ%%l € [0,1], and compute
’ : k,0 k.0

_p_
p+1 | p+1

@17 + (1= apo) VD)7

9k,0 =

pF1

Iteration ¢ > 0. If ak-,i(Tli,i - )Bk i< 3 Hﬂ]%gk; , then

Else,

(a) Compute T,j,i = %(T,}Z + 7’,37) and T,:Z. e AV (xr + T,j:iuk, B).
(4.1) | (b) Compute B, = (VF(T;,),ur). If B, <0,

1 _ .+ 1 _ pt 1 _ 7t
Thyi+1 = Tk,is 5k,i+1 = Bk,i’ Tk,i+1 = Tk,i’
then move the left bound

2 _ .2 2 _ a2 2 _ 2
Tki+1 = Tk, Bk,i+1 = 5k,iv Tk,i+1 = Tk,iv

1 _ 1 1 _ pl 1 _ i
Tki+1l = Tk 6k,i+1 = 5k,iv Tk,i+1 = Tk,iv
else move the right bound
_ 7t
Tlc Al T Tkz? Bk g+l = 51”’ kz+1 Tk,i'

Br.;
(c). Define ag it1 = gz—=24— € [0,1], and compute

Bieit1 ™ Bieit1 »
p+1 p+1 | p+1

S (= o)V (TR )"

Ik,i+1 = ak,i-‘rlef(Tkl,iJrl)l

In view of the updating rules in (4.1), for all ¢ > 0, we have the following relations:
(4.2) Toi— Ty = 27, Bry <0 < B,
Let us find an upper bound for the length of this process.

Note that

—BiiBri .
0 < _ak,iﬂé,i = B2 k,BE < mln{_ﬂé,ivﬂi,i}

IA

Jeaell - min {1V F(TL ) e, IV £, -

Hence, in view of Lemma 3.5, the left-hand side of the stopping criterion in (4.1) does
not exceed

Do win { V(T ), VAT } -2
On the other hand, gi; > min{||Vf(T{ )|+, [V f(TZ,)|l+}. Hence, the upper bound

iy, for the length of the process (4.1) can be found from the following inequality:

22 < min (VST IVATE L -

HDY
-5

(4.3)
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THEOREM 4.1. If during the process (4.1), we have

(4.4) min {f(Tk}’i),f(T,f’i)} > frie i=0,..., i
where € > 0 is the accuracy parameter, then
. 5HDPH!
(4.5) ik < (2 + 3 log, m)+ )
where (T)4+ = max{r,0} for T € R.

Proof. In view of inequality (3.13), for any 7 € [0, 1], we have ||z) + Tug — 2*|| <
D... Using now the second statement of Lemma 3.2, we get

178 =" < §Dw I 172 -2l < §Du

5
1
Therefore,

(4.4)
<

min{f(Tli) - f*7f(T137) - f*}

€
< min {(Vf(Tlcl,i)7Tlc1,i — "), (Vf(T,f,i), Tl?,z‘ - 37*)}

< 30.win {IVATE) . 19T )] -

This means that the stopping criterion in (4.1) will definitely be activated for iy
Iff)g -op(2—i) < 54}5*, which gives us (4.5). O

5. Practical implementations. The results of Theorem 3.7 and Theorem 4.1
give us the upper bound

.
(51) 0 ([HD5+1:| 3p+ In HD*+1> o > 27

satisfying the inequality

€ €

for the number of computations of the inclusion
(5.2) T € A% (z,B8), z€E,

which is sufficient for getting by method (3.6) with (4.1) an e-solution of (2.1) in terms
of the function value. Note that up to this moment we did not assume anything about
the objective function except its convexity. However, we need these assumptions for
transforming the bound (5.1) into a bound for the number of calls of the oracle. We
also need to specify a particular technique for solving the inclusion (5.2).

Thus, we naturally come to the framework of BLUM, which was introduced and
discussed in section 4 of [22]. In this framework, at the upper level, we choose the
order p > 1 of the method (3.6), ensuring the complexity bound (5.1). On the lower
level, we choose a numerical method for solving (5.2). In this way, we can construct
many interesting combinations. In the remaining part of this section, we consider
only two of them.

5.1. Accelerated proximal-point methods with tensor steps. This possi-
bility was already considered in section 3 of [22] for the slower proximal-point methods
with the convergence rate O(k*(p“)). Here we just apply these results to the faster
schemes (3.6) with (4.1).
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Denote M, 1(f) = sup | DP*1 f(x)||. For the objective function f(-), we assume
€l
that

(5.3) Mpia(f) < +oo.

Define the standard Taylor approzimation of f(-) at point € E:
P
Qply) = fl@)+ X D)y —a]*
k=1

We also need the augmented Taylor polynomial;

Qoprr) = Q) + 2 lly — o]

If M > My1(f), then this function provides us with a uniform upper bound for the
objective. Moreover, if M > pM,1(f), then function Q, , ar(-) is convex (see [19]).
Therefore, we are able to compute the tensor step

(5.4) Tpm(z) = arg I;lel]g Qz,p,M(y)-

Let us allow some inexactness in the computation of this point. Namely, we
assume that it is possible to compute a point T satisfying the following condition:

(5:5) IV p e (D] < V€ (T

e
1+~

where 7 € [0, %) is the tolerance parameter.

Let us define now
(5.6) M = ﬁ]\/[pﬂ(f), H = ;M.
Then in view of Lemma 3 in [22], we have

IVAT) + HVdp (T = )|« < BIVA(T)..

In other words, these values of the parameters ensure the inclusion T’ € A%, (z, 8).
Thus, a solution to the inclusion (5.2) can be computed in one step of the inexact
tensor method provided that we are able to compute its appropriate approximation
(5.5). Since the minimization problem (5.4) does not require new calls of the oracle
of the objective function f(-), the bound (5.1) is valid for the number of calls of the
pth-order oracle. Note that this bound coincides with the complexity bound for the
recently developed tensor methods [4, 8, 11] (see also [7] for historical remarks and
other contributions). However, the auxiliary problem to be solved at each iteration
of our method is convex, which should give better practical results.
Let us mention two cases when the solution of (5.4) is relatively easy.
e p = 2. Then (5.4) coincides with the auxiliary problem in cubic regularization
of the Newton method [24, 17]. It can be solved very efficiently by an appro-
priate matrix factorization technique. In this case, we take in (5.5) v = 0.
The number of calls of the second-order oracle in our new method is bounded
by (5.1) with p = 2, that is,

(5.7) O([Mﬂf)Dz}%ln M‘s(f)Dz> )

€ €
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e p = 3. Then (5.4) can be solved by an auxiliary gradient method based on
Bregman distances (see [21] for details). In this case, the computation of
an approximate solution (5.2) needs O(In 1) computations of the gradient of
the Taylor polynomial of degree tree. The number of calls of the third-order
oracle in the upper-level method is bounded by (5.1) with p = 3, that is,

(58) 1o} <|:M4(f)Df:|%ln M4(f)D3> )

€ €

As it was demonstrated in [21], by an appropriate approximation of the third-
directional derivative by the differences of gradients, we can transform this
type of methods into the second-order schemes. In this paper, we do not
consider such a possibility since the finite differences are often numerically
unstable. In any case, it seems that section 5.2 offers a better alternative.
To the best of our knowledge, the efficient technique for solving (5.4) with the
order p > 4 is not found yet.

5.2. Second-order implementation of the third-order method. Let us
choose for the upper-level process p = 3. This means that the point 7" € A:}{ (z,0) is
computed as an approximate solution to the problem

(5.9) min {go(m) ©F f(2) + Hdy(x — @)} .

We are going to solve this problem by a second-order method.
Let us assume that My(f) < +o00. Define

(5.10) H = 8My(f), p=1% L=1% »=1

We also need the scaling function p(z) = 1 (V2 f(Z)(2—z), 2—Z)+Hd(z—Z). Then, in

view of Theorem 3 in [22], function ¢(-) satisfies the following relative nondegeneracy
condition [3, 12]:
(5.11) uVip(z) = Ve(z) =% LV?p(z), x€ER.

Hence, defining the Bregman distance S(z,y) = p(y) — p(z) — (Vp(z),y — z) > 0, we
get the following inequality:

wly) < @)+ (Vo(r),y —x) + LB(z,y), =z,yck.

Consequently, we come to the following gradient method: Set o = Z, and for k > 0
iterate

(5.12) Tkl = arg rdbnel]g {(ch(xk)”'r — ) + Lﬁ(wk7x)}.

Note that in terms of function f(-), this is mostly a first-order method. The Hessian
of the objective is computed only once in the beginning of the process in order to
define the scaling function p(-).

In accordance to [12, 20], (5.12) has a linear rate of convergence:

(5.13) Bxry1,7*) < (1—3)8(xk,Zs), k>0,
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where Z* is the exact solution of (5.9). Thus,

(1.4)
(5.14) By — 25t < Blaw,7*) < (1-3)*B(x0,7*), k=0,

Blxo,7x) = V(@)@ — 7.),7 — &) + F |7 — 2|

Using this fact, we need to find an upper bound for the number of iterations of this
scheme which is sufficient for satisfying the stopping criterion

(5.15) IVo(@p)lls < BIV ()]l

For this, we need several auxiliary statements. Our main concern is the upper
bound for the Hessians of functions f(-) and ¢(-). We start from a simple statement
on second derivatives.

LEMMA 5.1. For any x,y € E, we have
(5.16) Vif(y) = 2V3f(z)+ Ma(f)lle — ylI*B.
Proof. Indeed, for any z,h € E, we have
V2f(z+h) = V2f(x)+D*f(a)[h] + 3Ma(f)|PI*B,
02 V2f(x—h) =X V2f(z) = D*f()[h] + 5Ma(f)||]* B,
and (5.16) follows. O
In our analysis, we need the following characteristic:

(5.17) My = IﬂIclea]é({HVQf(.r)H: xEB(:c*,D*)},

where B(z,r) ={y € E: ||y —=z| <r}. It can be used for bounding the norms of the
gradients:

(5.18) IVf(@)| < MyD., z¢€ B(z* D,).

It also gives us a bound for the size of the level set of function ¢(-).
LEMMA 5.2. Let Z € B(z*,D,) andx € L, ={x € E: ¢(x) < o(Z)}. Then

(5.19) le—z| < R [AMED]YS

Proof. Indeed, in this case,
Tz —zI* < f@) -~ flx) < (Vf(@),2-2) < V@) |7~

(5.18)

It is also useful for bounding the Hessians of functions f(-) and ¢(-).

LEMMA 5.3. Let z € B(z*, D). Then for any x € L, we have

IV2f(@)| < My € 2My + Ma(f)R2,

(5.20)

def

IV2e@)| < M, Ly+3HE
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Proof. Indeed, in view of the matrix inequality (5.16), we have

V() = 2V2f() 4 M(f)la — 2|2B S (20My + Mi(f)R2)B.

It remains to note that from (1.3) V2dy(x — z) < 3|z — z||2B < 3R?B. a

The size of the constant M> can be controlled in different ways. First of all, we
can assume that Ms(f) < +oo. Then we can take My = M3(f). Another possibility
is to use the relation (5.16). Then, for any = € B(xz*, D, ), we have

Vif(z) = 2V2f(x*)+ My(f)D2B.
However, in any case this characteristic has a limited influence on the complexity
bounds since it stays inside the logarithms.

Finally, we need one more fact on the properties of the high-order proximal-point
operator (2.2) with p > 1.

LEMMA 5.4. Let the second-order derivative of function f(-) be bounded on some
convex set L by the constant My. If both points T € L, and T = pma:?/H(f) belong
to L, then

HV (3|2
> e
(5.21) VI 2 s e

Proof. Denote r = ||T — Z|| and § = ||V f(Z)||«. Then
IVl = g— M.
On the other hand, the first-order optimality condition for (2.2) reads as follows:
Vf(T)+ HVdp (T —2z) = 0.
Hence, from (1.3) ||V f(T)||« = HrP, and we get the following lower bound:
IVAD. = max{g— Myr, Hro }.

Since univariate function P is convex in r > 0, the minimum of the right-hand side
of this inequality in r is above the following minimum:

def . _ . ap—1 . _ H? N(pg—(p—1)M;#)
g = rggmax{g—anH[r”—i-prp (r—r)}} = M +pHiP T )
where # is an arbitrary positive number. Taking 7 = %, we get g, = Hg" 0

MP+pHgr=1
Now we can prove our main result.

THEOREM 5.5. Let & € B(z*,D,) and f(Z) — f* > € > 0. Then the number of
steps of method (5.12) sufficient for activating the stopping criterion (5.15) cannot
exceed the value of the order

(5.22) O(Inl+InD,+InM(f)+InMy).
Proof. Since Z € B(z*, D,.), from the condition of the theorem we have

e < f@)-f < (V@) -27) < V(@) D

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/02/23 to 130.104.43.220 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

2826 YURII NESTEROV

Therefore, in view of Lemma 5.4, we have

_ GI8 gvs@) e
Vi)l > M¥+3H(MzD,)? = D3I (MI+3H(M;D.)?)"

Denote by 6 = (1 — »)* the reduction factor in the convergence rate (5.14). Note

that 5.14)
5.14 ~ N
lop 2% < o/t [FMaRE 4Rt

Al

Since z1, € L, we conclude that
IVF@e)lle = IIVF@E)s — Mylla, — 2.

On the other hand, ||[Vo(zi)|l« < Myllzr — z*||. Therefore, the stopping criterion
(5.15) is satisfied if

(Mg + BMp)|zr — 2% < BIV(@)]]s

A sufficient condition for this is as follows:

1
1/4 A Al d &
5./ [%Mgm + 434} (M, + BMy) < Dg(Mﬁfg’,{,(MzD*)z).
Thus, the upper bound for the number of iterations in method (5.12) is of the order
(5.22). u

Note that the main assumption of Theorem 5.5 is the inclusion Z € B(z*, D.).
In view of (3.13), it is valid for all points & = x + 7(vx — xk), 7 € [0,1] used in the
auxiliary search procedure (4.1).

Thus, we have proved that the third-order accelerated proximal-point method
(3.6) and (4.1) can be implemented by the second-order method (5.12). This combi-
nation has the following performance characteristics:

e The rate of convergence of the upper-level method (3.6) (Theorem 3.7),
O(k~>);
e The number of computations of Hessians per iteration of method (3.6) (The-
orem 4.1),
Nu = O(Ini+InD, +In My(f));

e The number of computations of gradients per iteration of this method (The-
orem 5.5),

Ne = O(NH x (nl+mD, +lnM4(f)+lnM2)).

Note that the total time for computing the gradients is normally dominated
by the time spent for the Hessians. Indeed, usually the Hessians are (dimE)
times more expensive than the gradients. At the same time, very often we
have

dimE > Inl+InD, +InM(f)+ InM;.

6. Appendix. In this section, we present two useful statements on positive num-
bers.

LEMMA 6.1. Let the positive numbers {&; 1L, satisfy the following condition:

N
(6.1) Y wi& < B,
i=1
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where v > 1 and all weights w; are positive. Then

14+

N N 1 ¥
(6.2) Z % > ﬁ <Z wi1+~r>
i=1""

i=1

Proof. Indeed, minimizing the left-hand side of inequality (6.2) with the con-
straint (6.1), we have the following first-order optimality condition:

_1 .
% - wzgz ) 1§Z§N7

where A > 0 is the Lagrange multiplier for the active constraint. Thus,

A\ 7T
éi = <7> )
w;

and the multiplier A can be found from the equation

1+~

This is A =(£)™~ , where S = SN w7 . Hence, we get (6.2). a

LEMMA 6.2. Let the sequence of positive numbers {nx}r>0 satisfy the following
inequality:

k B
(6.3) > e-(zw) k>,
=1

where 8 >0, « >0, >0, and a8 < 1. Then

e
(6.4) ne > g=ap [aﬁ + (1 - aﬁ)k} T k>

11—«
Proof. Denote Cj, = (Zle ng) 7 Then, in view of (6.3), we have

(6.3) o8

1 1
1—aB 1—aB _ fe o 1—ap
Creyt” — Gy = Mg = 09Oy’

Note that for k = 1 we have from (6.3) C; = nfuﬂw) > 6. On the other hand, since

ﬁ > 1, function 77745 is convex for T > 0. Therefore,
=2 ferye] T=ap 1 ~1map !
e} —a —a —a —a
0*-Cpii” < Git” G < =55061" (G — Ci)
1 -7-1
_ T—aB
= 71*(¥ﬁck+1 (C’k+1 - Ck)
Hence, Ciq1 — C > (1 — a8)0%, and we get inequality (6.4). O
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