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Abstract
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the dynamics are driven by the score of the pseudo likelihood with respect
to the rotation angle of model innovations. While conditional second mo-
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maximum likelihood estimator of the model is shown to be consistent and
asymptotically normally distributed. A simulation study reports good finite
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the innovation density. In an application to a bivariate exchange rate series
of the Euro and the British Pound against the US Dollar, it is shown that
the model-implied conditional portfolio kurtosis largely aligns with narratives
on financial stress as a result of the global financial crisis in 2008, the Eu-
ropean sovereign debt crisis (2010-2013) and early rumors signalling the UK
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recently proposed model that associates portfolio kurtosis with a geopolitical
risk factor.
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1 Introduction

Independent component analysis is a powerful method with widespread applications

in economics, finance, management, econometrics, and statistics. For example, one

important field in econometrics is the identification of (hidden) structural relations

in vector autoregressive models (VARs). It is well known at least since Lancaster

(1954) and Comon (1994) that observed linear combinations of independent random

variables allow to recover uniquely the independent components if at most one of

their distributions is Gaussian. Moneta et al. (2013) used this result to assign loss

measures to recursive (i.e. lower triangular) structural relations, thereby promot-

ing data-based variable ordering in structural VARs (SVARs). Going beyond the

framework of recursive models, Lanne et al. (2017) suggest a maximum likelihood

approach to SVAR identification that rests upon explicit assumptions about the dis-

tributional features of underlying stochastic model components, i.e., the structural

shocks. Addressing likelihood mis-specification as a typical problem in maximum

likelihood estimation, Gouriéroux et al. (2017) provide a theoretical framework that

establishes consistency and asymptotic normality of a pseudo maximum likelihood

(PML) estimator. With few exceptions such as Baumeister and Peersman (2013),

the literature on SVARs in general and the identification of independent components

in particular builds upon the assumption that the structural relations of interest are

time invariant. This paper contributes to the scarce literature on dynamic ICA

by introducing a flexible model that is motivated by recent advances in time series

econometrics. An overview of approaches to SVAR identification is given by Kilian

and Lütkepohl (2017).

In this paper we introduce a new dynamic model for independent component

analysis where the dynamics are driven by the score of the pseudo likelihood with

respect to the rotation angle of structural innovations. Score driven dynamic models
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have been extensively used and discussed in the econometrics literature since their

introduction by Creal et al. (2011) and Harvey (2013), and depending on their origin

are either called dynamic conditional score (DCS) or generalized autoregressive score

(GAS) models. While score driven rotations of independent components have scope

for the identification of low frequency SVARs in longitudinal samples, we consider

the orthogonalized innovations as the stochastic components driving multivariate

volatility models in GARCH form, i.e. multivariate GARCH (MGARCH).

In MGARCH modelling, (co-)variances of vector valued speculative returns are

quantified by means of conditioning on a filtration that collects the history of the

return process. Yet, the family of MGARCH specifications comprises a rich set of

alternative ways to relate the conditional covariance to the filtration under scrutiny

(see e.g. Bauwens et al. (2006) for an overview of this literature). While the dynamic

covariance profile implied by MGARCH structures can be estimated consistently

by means of quasi ML (QML) estimation, the pattern of how stochastic model

components enter the observable speculative returns poses an identification problem.

On the basis of ad-hoc assumptions, prominent suggestions to solve this identi-

fication problem have been made, for instance, by van der Weide (2002) (general-

ized orthogonal GARCH), Weber (2010) (structural conditional correlation model),

Hu and Tsay (2014) (principal volatility component analysis) and Matteson and

Tsay (2011) (dynamic orthogonal components). Building upon data-characteristics,

Hafner and Herwartz (2006) used the identification of independent components to

define unique volatility impulse response functions. Recently, Hafner et al. (2020)

have suggested to identify independent components in non-Gaussian MGARCH

models by means of a static rotation of ad-hoc identification schemes such as spec-

tral or Cholesky decompositions. While all these identification approaches leave

second order features such as portfolio variances unaffected, rotations of indepen-
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dent components under non-Gaussianity are key in shaping higher order properties

of portfolio returns. The novelty of our approach is the introduction of a natural

updating mechanism for the dynamic rotations, extending the existing literature of

ICA to a genuine dynamic framework.

The PML estimator of our dynamic rotation model is shown, under weak reg-

ularity conditions, to be consistent and asymptotically normally distributed. We

provide an extensive simulation study in Appendix D of the supplementary online

document which confirms our theoretical results and demonstrates the good finite

sample performance of the PML estimator. Estimation of its finite sample covariance

is noisy and converges only slowly to its asymptotic limit. As a practical recommen-

dation we propose a bootstrap method to obtain a reliable means for finite sample

inference.

We consider the dynamic independent components to lay the ground for an im-

proved understanding of the (higher order) stochastic properties of vector valued

speculative returns. Score driven orthogonalizations are convenient to define time

varying risk measures such as the conditional skewness and kurtosis, Value-at-Risk

and expected shortfall. Put differently, the suggested identified MGARCH model

allows for a more complete understanding of distributional characteristics of spec-

ulative (portfolio) returns which are essential for risk modelling. We apply the

dynamic rotation model to a bivariate foreign exchange (FX) rate series of the Euro

and the British Pound against the US Dollar. Orthogonalized residuals are obtained

by fitting a multivariate GARCH model. The conditional kurtosis estimates of an

equally weighted portfolio implied by the dynamic rotation model are highly corre-

lated with events at international financial markets. In particular, excess portfolio

kurtosis appears in the context of (i) the global financial crisis of 2008, (ii) the Euro-

pean sovereign debt crisis (2010-2013) and (iii) early rumors about the Brexit (2017).
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This is consistent with the recently proposed model of Engle and Martins (2020)

that links the portfolio kurtosis to a global geopolitical risk factor. We find this

link indeed using our dynamic rotation model, but not for models based on static

rotations or ad-hoc decompositions, which highlights the importance of a correct

model specification to recover dynamic independent components.

The remainder of the paper has the following structure. Sections 2 and 3 intro-

duce the model and pseudo ML estimation, respectively. Section 4 consists of an

empirical analysis of a bivariate FX system. Section 5 comments on the generalisa-

tion of the bivariate model towards higher dimensions. Section 6 summarizes and

concludes. Figures are delegated to Appendix A, and tables to Appendix B. Proofs

of the theorems are collected in Appendix C, and a Monte-Carlo experiment to anal-

yse the finite sample properties of PML estimation in Appendix D. Appendices C

and D are available in a separate document that is available online.

2 The score driven dynamic rotation model

Let {et}, t ∈ Z be a centered and standardized bivariate time series process, i.e.

we assume that the mean of et conditional on past observations is zero, and that

the conditional variance-covariance matrix of et is given by the identity matrix. We

think of et as the standardized residual series of a model for the conditional mean

and variance-covariance matrix, such as for example a VAR-GARCH model. The

bivariate case is considered for notational and computational simplicity, but Section

5 provides basic expressions for the generalization to higher dimensions. We now

consider the model

et = R(δt)ξt, (2.1)
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where ξt ∼ i.i.d.(0, I2), non-Gaussian, are the innovations that are assumed to be

componentwise independent. The matrix R(δt) is a rotation matrix of the form

R(δt) =

cos(δt) − sin(δt)

sin(δt) cos(δt)


with rotation angle δt specified as a score driven autoregressive process of order one,

i.e.,

δt = ω(1− β) + βδt−1 + κut−1, ω ∈ [0, π), |β| < 1, κ ≥ 0 (2.2)

with location parameter ω, persistence parameter β, and updating or forcing pa-

rameter κ. The forcing variable ut will be defined as the score of the likelihood with

respect to δt, discussed in more detail below. Since ut is a martingale difference

sequence, stationarity of δt is ensured by the restriction |β| < 1. The uncondi-

tional mean of δt is given by the location parameter ω, which is restricted to [0, π)

rather than [−π, π), because otherwise it would not be identifiable under symmetric

distributions of ξt.

In distributed lag form, we can write model (2.2) equivalently as

δt = ω +
∞∑
j=1

ψjut−j, (2.3)

with lag coefficients ψj = κβj−1, or in lag polynomial form δt = ω+ψ(L)ut with lag

operator L and ψ(L) = ψ1L+ ψ2L
2 + . . ..

We collect the parameters of the model in the vector θ = (ω, β, κ)′, and denote

the true parameter by θ0. Let ξit(θ) := R′i(δt(θ))et, be the pseudo innovations for

a given parameter θ, where R′i denotes the i-th row of R′. Also, let δt = δt(θ) and

δ0t = δt(θ0) for simplicity of notation. The relations between the pseudo and true
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innovations are given by

ξ1t(θ) = cos(∆t)ξ1t + sin(∆t)ξ2t (2.4)

ξ2t(θ) = − sin(∆t)ξ1t + cos(∆t)ξ2t, (2.5)

where ∆t := δt − δ0t.1 Of course, at the true parameter, ∆t = 0 and hence ξit(θ0) =

ξit, i = 1, 2. For later reference, note also that, using elementary formulas,

ξ21t(θ) = cos2(∆t)ξ
2
1t + sin2(∆t)ξ

2
2t + sin(2∆t)ξ1tξ2t (2.6)

ξ22t(θ) = sin2(∆t)ξ
2
1t + cos2(∆t)ξ

2
2t − sin(2∆t)ξ1tξ2t (2.7)

and that ξ21t(θ) + ξ22t(θ) = ξ21t + ξ21t.

The innovation term ut in (2.2) is specified in the spirit of dynamic conditional

score models as in Harvey (2013) and Creal et al. (2011). Hence, it will depend on

the particular distribution of ξit used for estimation by pseudo maximum likelihood.

Here, ut is the derivative of the log likelihood function with respect to the rotation

angle δt. More precisely,

ut =
2∑
i=1

∂ log gi(ξit(θ))

∂ξit

∂ξit(θ)

∂δt
,

where gi(·) are pseudo densities of ξit.

We will use the following assumptions.

(A1) The random vector ξt is i.i.d. with mean zero, variance unity, and independent

components ξ1t and ξ2t.

(A2) The score ut has a non-degenerate distribution with E|ut|s < ∞ for some

s > 0.

1This uses elementary formulas such as cos(a) cos(b) + sin(a) sin(b) = cos(a − b) and
− sin(a) cos(b) + cos(a) sin(b) = − sin(a− b).
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(A3) At most one of the distributions of ξ1t and ξ2t is Gaussian.

Assumption (A3) is the crucial identification assumption in independent compo-

nent analysis without imposing further restrictions, see e.g. Gouriéroux et al. (2017)

and Lanne et al. (2017). Assumption (A2) ensures that δt is strictly stationary and

ergodic, since at the true parameter, ut is i.i.d. with a non-degenerate distribution

and finite fractional moments, and hence, δt is a stationary autoregressive process of

order one with i.i.d. increments. Furthermore, Lemma 1 in Appendix C shows that

under Assumptions (A1)-(A3), the model (2.1) is identifiable up to a permutation

of the columns of R(δt). In the next section, we will make stronger assumptions

about the distributions of ξ1t and ξ2t that ensure unique identifiability.

3 Estimation and inference

In this section, we will first present the estimation method by pseudo maximum

likelihood, and then discuss its asymptotic properties in terms of consistency and

asymptotic normality.

3.1 Pseudo maximum likelihood estimation

Denote the parameter vector by θ = (ω, β, κ)′. The log-likelihood function for a

sample of T observations e1, . . . , eT is given by

logL(θ) =
T∑
t=1

2∑
i=1

log gi(ξit(δt), θ) =:
T∑
t=1

lt(θ), (3.1)

where gi(·) are pseudo densities of the components ξit. The PML estimator is defined

as θ̂ = arg maxθ logL(θ).

We use a standardized Student’s t-distribution with log-density given by

log gi(ξit(δt)) = log Γ

(
νi + 1

2

)
−log Γ

(
νi
2

)
−1

2
log(π(νi−2))−νi + 1

2
log

(
1 +

ξit(δt)
2

νi − 2

)
,
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with degrees of freedom coefficients νi > 2, i = 1, 2.

The score with respect to δt is

∂ logL(θ)

∂δt
=

T∑
t=1

2∑
i=1

∂ log gi(ξit(δt), θ)

∂ξit

∂ξit
∂δt

with
∂ log gi(ξit(δt))

∂ξit
= − (νi + 1)ξit(δt)

νi − 2 + ξit(δt)2
.

We have ∂ξ1t
∂δt

= ξ2t and ∂ξ2t
∂δt

= −ξ1t, so that the score is given by

ut :=
∂lt
∂δt

=
(ν2 + 1)ξ1t(δt)ξ2t(δt)

ν2 − 2 + ξ2t(δt)2
− (ν1 + 1)ξ1t(δt)ξ2t(δt)

ν1 − 2 + ξ1t(δt)2
. (3.2)

Note that
∂ut
∂θ

=
∂ut
∂δt

∂δt
∂θ

,

where (dependence on δt is suppressed for simplicity)

∂ut
∂δt

=
(ν2 + 1)

{
(ν2 − 2)(ξ22t − ξ21t) + ξ42t + ξ21tξ

2
2t

}{
ν2 − 2 + ξ22t

}2 +
(ν1 + 1)

{
(ν1 − 2)(ξ21t − ξ22t) + ξ41t + ξ21tξ

2
2t

}{
ν1 − 2 + ξ21t

}2
(3.3)

and
∂δt
∂θ

= Azt−1 + xt−1
∂δt−1
∂θ

(3.4)

with the notation

A =


1− β 0 0

−ω 1 0

0 0 1,

 , zt =


1

δt

ut

 , and xt = β + κ
∂ut
∂δt

. (3.5)

Finally,
∂lt
∂θ

=
∂lt
∂δt

∂δt
∂θ

, (3.6)

where ∂lt
∂δt

is given in (3.2) and ∂δt
∂θ

= (∂δt
∂ω
, ∂δt
∂β
, ∂δt
∂κ

)′ in (3.4).
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3.2 Consistency

First we give our additional assumptions. We denote the true parameter by θ0.

(A4) The parameter vector θ ∈ Θ, where Θ is a compact subset of R3 such that

|β| ≤ β̄ < 1 and ω ∈ [0, π).

(A5) The pseudo distributions gi of ξit are different for i = 1, 2.

(A6) E| log gi(ξit)| <∞ and νi ≥ 2 + ε, ε > 0, for i = 1, 2.

(A7) The (true) distribution of ξt is such that for all c > 0, a ∈ (0, 1) and b ∈ (−1, 1),

E log(c+ ξ2it)− E log
(
c+ aξ2it + (1− a)ξ2jt + bξitξjt

)
≤ 0.

Assumptions (A4) and (A5) are standard to ensure stationarity, ergodicity and

identifiability of the model. (A5) avoids un-identifiability due to swapping the com-

ponents of ξt and columns of R(δt), where ω ± π/2 would give the same likelihood

value if (A5) did not hold. (A6) is a mild existence of moments assumption for the

pseudo-densities used for estimation. (A7) is used to ensure a unique maximum of

the likelihood function at the true parameter. It is also a mild assumption that can

be verified for a variety of distributions, including the Student-t distributions that

we use in this paper. We can use these assumptions to establish the following strong

consistency result.

Theorem 1. Under Assumptions (A1)-(A7), θ̂ → θ0 a.s.

Proof: see Appendix C.

3.3 Asymptotic normality

To establish asymptotic normality of the PML estimator, we make the following

additional assumptions.
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(A8) The parameter θ0 lies in the interior of Θ.

(A9) E||ξt||4 <∞.

(A10) |β + κE(∂ut/∂δt)| < 1.

(A11) |β2 + 2κβE(∂ut/∂δt)|+ κ2E[(∂ut/∂δt)
2] < 1.

Assumptions (A8) and (A9) are standard assumptions in time series models to

establish asymptotic normality of PML-type estimators. Assumptions (A10) and

(A11) are typical for score driven models, essentially ensuring that the score and

its first derivative have finite second order moments, see e.g. Chapter 2 of Harvey

(2013). Note that (A10) is implied by (A11) using Jensen’s inequality, but for some

results in the proofs only (A10) will be necessary. We can use these assumptions to

establish the following result.

Theorem 2. Under Assumptions (A1)-(A11),

√
T (θ̂ − θ0)→d N(0, V (θ0)), (3.7)

where V (θ) = J(θ)−1I(θ)J(θ)−1 and I(θ) = E
[
∂lt
∂θ

∂lt
∂θ′

]
, J(θ) = −E

[
∂2lt
∂θ∂θ′

]
. An

explicit expression for the asymptotic covariance matrix is given by

V (θ) =
(1− b)σ2

u

τ 2


(1−β)2(1+a)

1−a
acκ(1−β)

(1−a)(1−aβ)
c(1−β)
1−a

acκ(1−β)
(1−a)(1−aβ)

κ2σ2
u(1+aβ)

(1−β2)(1−aβ)
aκσ2

u

1−aβ
c(1−β)
1−a

aκσ2
u

1−aβ σ2
u


−1

, (3.8)

where c = κE(ut
∂ut
∂θ

), τ = −E∂ut
∂δt

, σ2
u = E(u2t ), a = β + κE∂ut/∂δt and b = E(β +

κE∂ut/∂δt)
2.

Proof: see Appendix C.

Note that −J(θ) = −τE∂δt
∂θ

∂δt
∂θ′

and I(θ) = σ2
uE

∂δt
∂θ

∂δt
∂θ′
. If the pseudo density

functions gi(·), i = 1, 2, correspond to the true densities of ξ1t and ξ2t, then by
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the information equality, τ = σ2
u, and hence, I = J . In that case the asymptotic

covariance matrix reduces to the inverse of the information matrix, I−1.

An estimator of V can be based on the sample analogues of I and J , Î and Ĵ ,

respectively, evaluated at θ̂, i.e., Î = T−1
∑T

t=1
∂lt(θ̂)
∂θ

∂lt(θ̂)
∂θ′

and Ĵ = T−1
∑T

t=1
∂2lt(θ̂)
∂θ∂θ′

.

Alternatively, we can use a plug-in estimator of V using the expression (3.8), i.e.

V̂ := V (θ̂), where the moments c, τ, σ2
u, a and b are replaced by sample moments. The

Monte Carlo section in the supplementary appendix investigates the finite sample

performance of the estimators θ̂ and V̂ .

4 Empirical application

In this section we provide an empirical illustration to highlight the potential of

score driven rotations for understanding the higher order characteristics of time

series data. We first subject a bivariate FX rate series to an extraction of orthog-

onalized model residuals as implied by an estimated multivariate GARCH model.

Subsequently, we extract independent components by means of score driven rota-

tions of orthogonalized model residuals, and discuss diagnostic features of the model.

Finally, we illustrate how the estimated model can be used (i) to evaluate higher

order characteristics of portfolio returns, and (ii) to quantify portfolio risks.

4.1 The data and an ad-hoc orthogonalization

We analyse a bivariate series of two FX rates against the US Dollar: The price of

the US Dollar in terms of the Euro (r1t) and the British Pound (r2t). The sample

comprises 4956 daily price quotes and covers the period from Jan 3rd, 2000 until

Dec 31st, 2018. The data are drawn from Datastream (codes S00057 (EUR2USD)
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and Y79935 (GBP2USD)).2 We denote the time series of centered log differences (or

returns) as εt = (ε1t, ε2t)
′.

Prior to dynamic independent component analysis we need to take conditional

heteroskedasticity and correlation into account.3 For the extraction of orthogonal-

ized model residuals et from εt we employ a bivariate GARCH model in the par-

simonious (unrestricted) BEKK(1,1) form (Engle and Kroner (1995), see Bauwens

et al. (2006) for a review of multivariate GARCH models). 4 Denoting the informa-

tion set available up to time t− 1 by Ft−1, and Ht := Var(εt|Ft−1), we employ the

specification

Ht = CC ′ + A′εt−1ε
′
t−1A+G′Ht−1G, (4.1)

where A,C and G are 2 × 2 parameter matrices. Moreover, C is lower triangular.

The resulting estimates (joint with QML t-ratios) are

C =


5.8E-04

(1.57)

0

(−)

7.7E-04

(1.22)

4.0E-04

(6.54)

 , A =


0.174

(4.40)

0.013

(0.21)

0.003

(0.062)

0.210

(2.63)

 , G =


0.984

(122.6)

−0.001

(−0.09)

−0.008

(−0.41)

0.962

(28.9)

 .

Subsequent to estimating the BEKK model parameters and the implied covariance

path {Ht}Tt=1, we determine orthogonalized model residuals et = H
−1/2
t εt, where

2Both FX series are closing spot rates fixed in London at 4pm GMT, source:
https://www.refinitiv.com/en/financial-data/financial-benchmarks/wm-reuters-fx-benchmarks.
These rates are determined over a one-minute fix period, from 30 seconds before to 30 seconds
after the time of the fix (4:00 pm in London). During this one-minute window, bid and offer rates
from the order matching system and actual trades executed are captured. The median bid and
offer are calculated using valid rates over the fix period, and the mid-rate is then calculated from
them.

3As usual for this kind of data, the dynamic properties of the mean returns are much less infor-
mative than the second order properties, and, hence, we assume time invariance of the conditional
mean. Accordingly, centered log FX rate changes are subjected to covariance modelling.

4BEKK models of higher order turned out to unnecessary. We tested the autocorrelation of the
squares and cross-products of standardized residuals using a multivariate Portmanteau test with
15 lags, but with a p-value of 0.09 remaining autocorrelation was insignificant.
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H
1/2
t is the symmetric square root matrix of the conditional covariance matrix Ht,

obtained by spectral decomposition of Ht. The number of observations available for

et is T = 4955.

4.2 Independent component analysis

For PML estimation of the dynamic rotation model we take advantage of the out-

comes of the Monte-Carlo analysis in Appendix D. In particular, we (i) determine a

global PML estimator as the best outcome from four alternative initializations of the

BHHH algorithm,5 and (ii) condition the estimation of model parameters on a rich

set of alternative combinations of degrees of freedom parameters. To be specific, we

take as the PML estimator the best performing outcome obtained from 72 scenarios

(each implemented with four alternative starting values), where the presumed de-

grees of freedom are taken from the set N (0) = {ν(0)1 , ν
(0)
2 |ν

(0)
1 ∈ {3, 4, . . . , 11}, ν(0)2 ∈

{3, 4, . . . , 11}, ν(0)2 6= ν
(0)
1 }.

Before estimating the dynamic rotation model, we determine log-likelihood statis-

tics for two more restrictive model specifications. First, we use the space of degrees

of freedom N (0) to determine a distributional model for unrotated orthogonalized

residuals (i.e. δt = 0 for all t) which are best in-line with the independence assump-

tion. Combining the degrees of freedom ν
(0)
1 = 9 and ν

(0)
2 = 7 yields a log-likelihood

value of -13919.65. Second, we use a grid of 100 points on the interval [0, π) to de-

termine the best static rotation, i.e. δt = δ for all t, where δ is constant. It turns out

that a static rotation offers a sizeable improvement of the unrotated model in terms

of respective log-likelihood values. Conditional on the degrees of freedom ν
(0)
1 = 9

and ν
(0)
2 = 7, the log-likelihood increases to -13909.42 if δ = 0.08π ≈ 0.25 (= ω̂).

Hence, in comparison with the unrotated model the static rotation improves the

5We set θ(0) = (1.5, 0.95, 0.02)′, (2.25, 0.98, 0.01)′, (1.13, 0.70, 0.15)′ and (1.35, 0.90, 0.10)′ alter-
natively.
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log-likelihood by approximately 10.2, delivering a likelihood ratio (LR) statistic of

20.5. This statistic which would be highly significant at conventional levels when

compared with critical values of a χ2(1) limit distribution, provides strong evidence

against the unrotated model irrespective of the unknown distribution.

For the model with static rotation we obtain a sample average of the derivative of

the scores ∂ut/∂δ of -0.061 and a corresponding t-statistic of -2.46. An LM-test for

serial correlation of ∂ut/∂δ, i.e., a Portmanteau-statistic with five lags, gives a test

statistic of 9.68 which is significant at the 10% level (p-value of 0.085). Hence, we

reject the null hypothesis of constant rotation angles δt. Estimating the model with

score-driven dynamic rotations provides a further improvement of the log-likelihood

to obtain -13895.05 for the choice of ν
(0)
1 = 9 and ν

(0)
2 = 6. The estimated model

parameters joint with PML standard errors are given in Table B.1.

Insert Table B.1 around here

Both documented asymptotic standard errors using either Î−1 or V̂ are small,

but may underestimate the finite sample standard errors as shown in the simula-

tion exercise in the supplementary appendix. As a complement, we therefore em-

ploy bootstrap estimation of model parameters and their variances, which are also

reported in Table B.1. Bootstrap samples are obtained by considering the PML

estimates as the true parameters. Bootstrap samples {e∗t}Tt=1 are determined with

bootstrap innovations {ξ∗t = (ξ∗1t, ξ
∗
2t)
′}Tt=1 and according to the model structure of

(2.1) and (2.2). Building on the presumed independence, samples of the elements

ξ∗it, i = 1, 2, are drawn with replacement from the marginal distributions of the cor-

responding sample quantities ξit. After sampling {e∗t}Tt=1, these data are subjected

to the same PML estimation steps as the original sample of orthogonalized model

residuals. The number of bootstrap replications is 199. Note that the bootstrap
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means of all model parameters are close to the PML estimates. The documented

bootstrap standard error for κ is close to its data-based PML counterparts. This

provides further support of our claim that κ is estimated with sufficient precision

and can be regarded as significantly larger than zero.

Figure A.1 (upper panel) shows the time series of estimated rotation angles δ̂t

joint with the time invariant rotation angle implied by the static model. Owing to an

estimate of β close to unity, dynamic rotations exhibit a high degree of persistence,

similar to classical volatility or correlation models. Moreover, the responses of δt to

news or innovations in the score are relatively strong, given a sizeable estimate of

κ ≈ 0.10, which might even be slightly underestimated given the simulation results

documented in Table D.2.

Insert Figure A.1 around here

For the series of estimated rotation angles {δ̂t} we can determine its stationary

distribution by means of nonparametric methods such as kernel smoothing. A nat-

ural candidate for a parametric distribution is the von Mises distribution, whose

density is given by

f(δ|ω, υ) =
exp(υ cos(δ − ω))

2πI0(υ)
,

where ω is the mean of δ, and υ is a concentration parameter. The function I0 is the

modified Bessel function of order 0. In our case, the location parameter is estimated

by ω̂, while υ could be estimated by maximizing the concentrated likelihood function,

up to an additive constant with respect to υ, i.e.

L(υ|ω̂) = υ

T∑
t=1

cos(δt − ω̂)− T log(I0(υ)). (4.2)

This gives an estimate of υ̂ = 18.8. One generally considers the Gaussian distribu-

tion as a good approximation for the von Mises distribution for υ > 2, which is the
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case here. Figure A.3 shows the good approximation of the nonparametric kernel

density estimator by the fitted von Mises distribution.

Insert Figure A.3 around here

4.3 Conditional kurtosis and portfolio selection

Time dependence of the optimal rotations is of interest in its own, but has also impor-

tant consequences for higher order characteristics of return processes, for example

the conditional fourth order moments. While conditional second order moments

are invariant with respect to rotations, we emphasize that conditional fourth order

moments are not. However, they may play an important role in applications, for

example higher order approximations of Value-at-Risk using Edgeworth or Cornish-

Fisher type expansions. Another application is portfolio selection, as we discuss in

the following. For high-dimensional stock portfolios, DeMiguel et al. (2009) have

shown that it is difficult to outperform an equally weighted portfolio out-of-sample

in terms of Sharpe ratios because of estimation errors. For exchange rates, how-

ever, Ackermann et al. (2017) argue that mean-variance portfolio optimization is

preferable due to the availability of interest rate spreads that provide a predictable

component of exchange rate returns.

For the sake of generality, consider a portfolio constructed from N assets,

τt =
N∑
i=1

witεit, t = 1, 2, . . . , T, (4.3)

where wit are Ft−1-adapted processes such that
∑N

i=1wit = 1. Suppose that the

conditional mean of εt is zero, and that the conditional covariance matrix is given

by Ht. Standard portfolio selection à la Markowitz (1952) relies on the first and

second moment structure of the universe of investment assets. At least since Chan

et al. (1999) and Jagannathan and Ma (2003) it is well known that the global

16



minimum variance (GMV) portfolio is performing well out-of-sample not only in

terms of volatility, but also taking average returns into account, e.g. in terms of

a Sharpe ratio. In a dynamic context, the conditional variance of a portfolio with

weight vector wt = (w1t, w2t, . . . , wNt)
′ at time t is given by σ2

t := w′tHtwt, and the

GMV portfolio weights are

wGMV
t =

H−1t ι

ι′H−1t ι
, (4.4)

where ιN := (1, 1, . . . , 1)′ is an N -dimensional vector of ones.

Recently, the consideration of higher moments such as portfolio skewness and

kurtosis has become a focus of interest. For example, in the model of Engle and

Martins (2020) a portfolio that reduces exposure to a global geopolitical risk factor

would reduce the portfolio kurtosis compared with a portfolio that only considers a

variance constraint. In the light of the previous arguments, one might be interested

in combining portfolio selection based on volatility minimization with a conditional

kurtosis criterion. In the one extreme case where only volatility is minimized, we

obtain GMV portfolios as in (4.4) that are invariant with respect to δt. In the other

extreme case where only the portfolio kurtosis Kt(δt, w) is minimized at time t,

conditional on past information, the weights of the global minimum kurtosis (GMK)

portfolio would be

wGMK
t = arg min

w
Kt(δt, w).

While analytical solutions for wGMK
t are not available, efficient numerical algorithms

have been proposed, such as the difference of convex curves (DC) algorithm of Pham

dinh and Niu (2011) and the branch and bound algorithm of Barkhagen et al. (2019).

Because Kt(δt, w) depends on δt, the GMK-optimal weights are not invariant with

respect to the rotation angles at time t. The particular form of this functional

dependence will be derived below.

In order to balance volatility- and kurtosis-minimal portfolios, we could inter-
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polate the GMV and GMK portfolios using α ∈ [0, 1] as αwGMV
t + (1 − α)wGMK

t .

Smaller values of α would put more weight on the kurtosis and hence reduce ex-

posure to tail risk and geopolitical risk factors in the sense of Engle and Martins

(2020). The choice of α might be motivated by particular utility functions such as

CARA or CRRA.6

To compute the conditional kurtosis of portfolio returns, denote the N -vector of

kurtosis coefficients of ξt by m(4). Under the assumption of mutually independent

components of ξt let

Ψ := E[(ξtξ
′
t)⊗ (ξtξ

′
t)] = 2DND

+
N + vec(IN)vec(IN)′ + diag(vec(diag(m(4) − 3ιN))),

(4.5)

where DN is the duplication matrix, and D+
N its generalized inverse. In our bivariate

exchange rate application, this matrix reduces to

Ψ =


m

(4)
1 0 0 1

0 1 1 0

0 1 1 0

1 0 0 m
(4)
2


. (4.6)

Then, by Theorem 2 of Hafner et al. (2020), the conditional kurtosis of portfolio

returns is a non-trivial function of δt and given by Kt(δt, wt) = ςt(δt, wt)/σ
4
t , where

ςt(δt, wt) := E[τ 4t |Ft−1] = vec(wtw
′
t)
′(At ⊗ At)Ψ(A′t ⊗ A′t)vec(wtw

′
t)], (4.7)

At = H
1/2
t R(δt), and Ψ is defined in (4.5).

Obviously, the conditional kurtosis depends on the fourth order moment struc-

ture of ξt given by Ψ. Considering the dynamic rotation model as the true data

6A thorough out-of-sample performance analysis of these selection strategies is beyond the scope
of this paper but merits further research.
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generating process, the only unknowns in this matrix Ψ are the marginal kurtosis

coefficients collected in m(4), which can be estimated by the sample kurtosis coeffi-

cients of the components of ξt. To illustrate the time-varying behavior of the con-

ditional kurtosis, we show in Figure A.1 the conditional kurtosis of an equal weight

portfolio, for both the static and dynamic rotation model. Descriptive statistics

characterizing the model implied kurtosis estimates of equal weight portfolios are

provided in Table B.2. On average, portfolio kurtosis is larger if evaluated by means

of the dynamic model. Moreover, the documented standard deviations show that

score driven rotation shows up in much more pronounced time variation of portfolio

kurtosis.

Insert Table B.2 around here

Using the dynamic rotation model to determine the conditional portfolio kurtosis

provides a sharpened view at specific time episodes shaping higher order portfolio

risks. For instance, we observe local peaks of portfolio kurtosis in 2008 and 2010

that are well in line with the global financial crisis and the European sovereign

debt crisis, respectively. Since both events (or periods) can be seen as important

historic marks of financial stress, it is intuitive to expect that these developments

have impacted on the dynamic properties of two of the most liquid and important

exchange rates. Interestingly, the empirical kurtosis statistics issued by the static

rotation model clearly lack the sensitivity of the dynamic rotation model. From the

respective display in the second panel of Figure A.1 we observe only mild increases

of respective kurtosis estimates.7 Further local peaks of kurtosis statistics obtained

from the dynamic rotation model occur on November 6, 2013 (Kt = 5.41) and July

7Empirical kurtosis statistics peak on Dec 30th, 2008 (Kt = 5.94) and March 2nd, 2010 (Kt =
5.66). While the former date is close to the end of a four month period starting with the default of
Lehman Brothers on Sept 15th, 2008, the latter date is close to the agreement of the Euro Group
and the IMF on a first aid package for Greece on March 25th, 2010.
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21, 2017 (Kt = 5.42). While the former date could be considered a residual of

the European sovereign debt crisis, the latter can be associated with early rumors

concerning the advent of the Brexit.8

Insert Table B.3 around here

We consider further examples of time invariant portfolio compositions with four

alternative weights of EUR/USD w1 ∈ {0.10, 0.25, 0.50, 0.75}, and w2 = 1 − w1.

Tables B.2 and B.3 provide descriptive statistics for portfolio kurtosis and portfolio

returns, respectively. With increasing weights w1, the stochastic features of portfolio

returns are less shaped by model innovations ξ2t which are more leptokurtic than ξ1t.

For the model with dynamic conditional correlations, accordingly, average portfolio

kurtosis is overall diminishing in the portfolio shares w1 (e.g. in terms of the maxi-

mum kurtosis). Interestingly, almost all documented quantiles of empirical kurtosis

statistics are larger for the dynamic model in comparison with the model employing

a static rotation. Descriptive statistics summarizing the stationary distribution of

returns of alternative portfolio compositions in Table B.3 highlight that in compar-

ison with excess kurtosis, skewness of portfolio returns is much less pronounced for

our FX portfolio. In absolute value, the largest skewness estimate of 0.47 obtains for

portfolios that put strong weight on GBP/USD (w1 = 0.1). Over four alternative

portfolio compositions, the unconditional kurtosis of portfolio returns ranges from

6.11 to 13.0. Not surprisingly, it is increasing in the weight of GBP/USD, since ξ2t,

which are more leptokurtic than ξ1t, load heavier on GBP/USD than on EUR/USD.

As a result, the unconditional distribution of portfolio returns deviates strongly

from the normal distribution. With increasing kurtosis, analytical approximations

8In March 2013 Euro group countries and the IMF launched an aid package for Cyprus. On
July 21st, 2017 (!) Brian Moynihan, chief executive of the Bank of America announced to move
the Bank’s European headquarter from London to Dublin and referred to the UK’s potential leave
of the European Union to explain this strategic decision.
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of established risk measures such Value-at-Risk or expected shortfall are likely to

provide non-trivial improvements of normal quantiles or conditional expectations.

Insert Figure A.2 around here

Figure A.2 shows portfolio weights assigned to EUR/USD, denoted w1t, accord-

ing to the alternative minimizations of conditional portfolio variances on the one

hand and conditional portfolio kurtosis on the other hand. Interestingly, while as-

signing small weights to EUR/USD is effective in reducing portfolio variance, such

portfolios are subject to excess kurtosis in comparison with minimum kurtosis port-

folios implied by the dynamic rotation model. To compose portfolios with smallest

conditional kurtosis, it is effective to put higher weight on EUR/USD. Through-

out, kurtosis minimizing portfolio weights of EUR/USD are varying around 75%

and beyond an equal weight portfolio share of 50%. During periods that can be

related to the global financial crisis, the European sovereign debt crisis and the

Brexit campaign, assessing higher weights to EUR/USD allows to control both con-

ditional portfolio variance and kurtosis at most time instances. Interestingly, using

the static rotation model for minimization of portfolio kurtosis implies a time profile

of portfolio weights which is very similar to minimum variance portfolio weights.

5 Generalization to higher dimensions

The generalization of the bivariate model outlined in Sections 2 and 3 to the case

of N dimensions is straightforward. In model (2.1), {et} is now an N -variate time

series process, ξt ∼ i.i.d.(0, IN), non-Gaussian, componentwise independent, and the

rotation matrix is given by

R(δt) =
N∗∏
j=1

Rj(δjt), δt = (δ1t, . . . , δN∗t)
′,
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where N∗ := N(N − 1)/2, and Rj are (N ×N) matrices of the form

Rj(δjt) =



1 · · · 0 · · · 0 · · · 0
...

. . .
...

...
...

0 · · · cos(δjt) · · · − sin(δjt) · · · 0
...

...
. . .

...
...

0 · · · sin(δjt) · · · cos(δjt) · · · 0
...

...
...

. . .
...

0 · · · 0 · · · 0 · · · 1.


Each sub-matrix Rj(δjt) is operating a rotation with angle δjt in the plane spanned

by two components of the N -dimensional space, leaving the other components un-

changed. The dynamic rotation angle δt is now an N∗-vector with components

δit = ωi(1− βi) + βiδi,t−1 + κiui,t−1, i = 1, . . . , N∗,

where we assume separability in the sense that each rotation angle has its own dy-

namics, and there is no causality or spillover between different angles. Of course

this could be generalized at the expense of more complicated estimation and in-

ference, especially in high dimensions. As it stands, the number of parameters is

3N∗ = O(N2), and this will obviously be an issue in high dimensions. However,

various restrictions are possible, such as, for example, setting the parameters char-

acterizing the dynamics of δt, i.e. κi and βi, to be identical across different planes.

Another possibility is to define strategies for building groups for which the param-

eters are identical. We leave this important topic for future research.

In the general case, the log likelihood function takes the form

logL(θ) =
T∑
t=1

N∑
i=1

log gi(ξit(δit), θ) =:
T∑
t=1

lt(θ)
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and the score with respect to δt is

∂ logL(θ)

∂δt
=

T∑
t=1

N∑
i=1

∂ log gi(ξit(δt), θ)

∂ξit

∂ξit
∂δt

.

If a standardized Student-t distribution is used for the pseudo densities, then as

before in the bivariate case,

∂ log gi(ξit(δt))

∂ξit
= − (νi + 1)ξit(δ)

νi − 2 + ξit(δt)2
,

while
∂ξit
∂δt

=
∂R′(i)(δt)

∂δt
et,

where R′(i)(δt) denotes the i-th row of R′(δt). To compute ∂R′(i)(δt)/∂δt, note that

R′(δt) =
∏N∗

j=1R
′
N∗−j+1(δN∗−j+1,t), and hence

∂vec(R′)

∂δkt
=



(
IN ⊗ (

∏N∗

j=2R
′
N∗−j+2)

)
∂vec(R′k)

∂δkt
, k = 1(

(
∏k−1

j=1 Rj)⊗ (
∏N∗

j=k+1R
′
N∗−j+k+1)

)
∂vec(R′k)

∂δkt
, k = 2, . . . , N∗ − 1(

(
∏N∗−1

j=1 Rj)⊗ IN
)
∂vec(R′k)

∂δkt
, k = N∗

and

∂R′k
∂δkt

=



0 · · · 0 · · · 0 · · · 0
...

. . .
...

...
...

0 · · · − sin(δkt) · · · cos(δkt) · · · 0
...

...
. . .

...
...

0 · · · − cos(δkt) · · · − sin(δkt) · · · 0
...

...
...

. . .
...

0 · · · 0 · · · 0 · · · 0


.

Thus, the score is now an N∗-vector given by

ut :=
∂lt
∂δt

=
N∑
i=1

(νi + 1)ξit(δt)

νi − 2 + ξit(δt)2
∂ξit
∂δt

(5.1)
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Furthermore,
∂ut
∂θ′

=
∂ut
∂δ′t

∂δt
∂θ′

,

where (dependence on δt is suppressed for simplicity)

∂ut
∂δ′t

=
N∑
i=1

νi + 1

(νi − 2 + ξ2it)
2

{
(νi − 2)

∂ξit
∂δt

∂ξit
∂δ′t

+ ξit(νi − 2 + ξ2it)
∂2ξit
∂δt∂δ′t

}
. (5.2)

We decompose the parameter vector as θ = (θ′1, θ
′
2, . . . , θ

′
N∗)

′, letting θi = (ωi, βi, κi)
′.

Due to the separability we obtain

∂δit
∂θj

=

 A(i)zi,t−1 + xi,t−1
∂δi,t−1

∂θi
, i = j

0, i 6= j
(5.3)

with the notation

A(i) =


1− βi 0 0

−ωi 1 0

0 0 1,

 , zit =


1

δit

uit

 , and xit = βi + κi
∂uit
∂δit

. (5.4)

Finally, the score with respect to the parameter vector is given by

∂lt
∂θ

=
∂lt
∂δt

∂δt
∂θ

, a.s.,

where ∂lt
∂δt

is given in (5.1) and ∂δt
∂θ

has a blockdiagonal structure given by (5.3).

6 Conclusions and outlook

We have introduced a dynamic independent component model whose dynamics are

driven by the conditional score of the pseudo likelihood with respect to the rota-

tion angle of model innovations. The pseudo maximum likelihood (PML) estimator

is shown to be consistent and asymptotically normally distributed, which is con-

firmed in an extensive simulation study that also documents its good finite sample

properties (see online Appendix D).
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We employ the dynamic rotation model to assess the kurtosis of an equal weight

portfolio consisting of two FX rates (i.e. the price of the USD in Euro and British

Pound Sterling) in a time-varying manner. Unlike kurtosis assessment by means of

static rotations (or, ad-hoc covariance decompositions), the dynamic model issues

kurtosis estimates that are highly sensitive to important historical events recorded

at international financial markets, i.e. (i) the global financial crisis of 2008, (ii) the

European sovereign debt crisis (2010-2013) and (iii) the onset of the UK to leave

the European Union (2017). This is consistent with the model of Engle and Martins

(2020) which links portfolio kurtosis to a geopolitical risk factor. Our analysis

shows that it is important to have a well-specified model to extract independent

components in a dynamic framework, as otherwise this link with geopolitical risk

would be lost. Portfolio selection strategies that combine, for example, variance and

kurtosis minimization, therefore have to rely on a dynamic model that allows to

estimate both conditional variance and kurtosis in a consistent way, which is what

our model does.

In our application we have concentrated on portfolio selection, but there are many

other potential applications, for example in risk management. Risk measures such as

Value-at-Risk and expected shortfall can be estimated using higher order expansions

such as Edgeworth or Cornish-Fisher of corresponding Gaussian quantities. This

has been recognized by the European supervisory authorities EBA, EIOPA and

ESMA, which have established regulatory technical standards for packaged retail and

insurance-based investment products (see ESA 2016) that include the use of skewness

and kurtosis via Cornish-Fisher expansions to evaluate market risk measures.

Another potential application is the construction of factor risk parity portfolios

as proposed e.g. by Meucci (2009) and Roncalli and Weisang (2016), where the

asset contributions to factor risks are diversified. Uncorrelated factors are typically
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obtained from principal components, but Lassance et al. (2019) emphasize the defi-

ciencies of this approach and instead propose, in a static framework, to use factors

based on independent components. As a generalization of this approach, our model

could be applied to construct dynamic independent component risk parity portfolios

which, given the results of Lassance et al. (2019), are very promising in terms of

Sharpe ratio performance.

As confirmed by our simulation study, PML estimation delivers consistent but

inefficient estimates in the case where the true distribution does not correspond to

the pseudo distribution used for estimation. In our case, the difference occurred

in the degrees-of-freedom parameters of the Student-t distributions, related to the

thickness of the tails of the corresponding distributions. We have not analyzed other

possible scenarios such as a skewness different from zero, or multi-modal distribu-

tions. It might be, for example, that the efficiency loss using PML assuming a

symmetric distribution is larger when the true distribution is skewed, in which case

other potential estimators might be considered, which merits further research.

Our empirical illustration is throughout restricted to the bivariate case and pur-

sued in an ex-post fashion. While we present a generalization of the model to higher

dimensions, the implementation might face algorithmic and computational chal-

lenges. Addressing these challenges promises valuable insights for the practical and

(pseudo) ex-ante conduct of portfolio allocation and risk management. A large-scale

out-of-sample analysis in high dimensions was beyond the scope of this paper but is

certainly of utmost interest for financial applications, which we also leave for future

research.

26



Acknowledgements

Much of the research documented in this paper has been done while the second

author was visiting the Department of Economics and the Center of Environmental

and Natural Resource Economics (CENRE) of the University of Chile, Santiago de

Chile. The hospitality and productive research environment of both institutions

are cordially acknowledged. The first author is grateful for financial support of the

research grant ARC 18-23/089 of the Belgian Federal Science Policy Office. The sec-

ond author gratefully acknowledges financial support by the Deutsche Forschungs-

gemeinschaft (HE2188/14-1). We cordially acknowledge helpful comments received

from an anonymous reviewer.

27



Appendices

A Figures
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Figure A.1: Time varying rotation angles (δ̂t, upper panel), model implied kurtosis
estimates for equal weight portfolio returns (panel 2: static rotation model; panel 3:
dynamic rotation model). The horizontal lines indicate sample averages.
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Figure A.2: Time-varying portfolio weights (w1t) as implied by the minimum vari-
ance portfolio (upper panel) and minimum kurtosis portfolios (lower panel). Kur-
tosis minimizing portfolio weights are shown for static (black) and the dynamic
rotation model (grey). The horizontal lines indicate equal weight portfolio compo-
sitions (w1t = 0.5).

29



−0.5 0.0 0.5 1.0 1.5

0.
0

0.
5

1.
0

1.
5

delta

de
ns

ity

Figure A.3: Estimate of the density of the stationary distribution of δt. Solid line:
nonparametric kernel estimate with Silverman’s rule of thumb, dashed: density of a
von Mises distribution with mean ω̂ = 0.26 and scale parameter υ̂ = 18.8 estimated
by maximizing the concentrated likelihood in (4.2).
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B Tables

ω β κ
PML estimator 0.252 0.980 0.101

SE based on Î−1 0.0408 0.0059 0.0146

SE based on V̂ 0.0401 0.0050 0.0155
bootstrap mean 0.252 0.979 0.101
bootstrap SE 0.046 0.007 0.0162

Table B.1: PML estimation results, where Î−1 is the inverse of an estimator of the
information matrix I, and V̂ is an estimator of the asymptotic covariance matrix
J−1IJ−1.

mean std min Q25 Q50 Q75 max mean std min Q25 Q50 Q75 max
model w1 = 0.10 w1 = 0.25
δ 3.74 0.046 3.73 3.73 3.73 3.75 4.36 3.84 0.047 3.73 3.80 3.84 3.87 3.95
δt 3.91 0.229 3.78 3.79 3.84 3.94 5.95 3.91 0.109 3.78 3.82 3.92 3.99 5.18

w1 = 0.50 w1 = 0.75
δ 4.22 0.208 3.81 4.07 4.18 4.33 5.03 3.92 0.146 3.73 3.83 3.89 3.98 4.79
δt 4.44 0.629 3.78 3.93 4.23 4.80 6.29 4.16 0.488 3.78 3.83 3.94 4.33 6.29

Table B.2: Descriptive statistics of model implied kurtosis estimates Kt for alterna-
tive portfolio weights w1 and (w2 = 1 − w1). Row-wise: Constant rotation model
(δt = δ); dynamic rotation model (δt = δ). The respective approximations of Ψ (see

(4.6)) comprise m
(4)
1 = 3.96, m

(4)
2 = 5.99 and m

(4)
1 = 4.02, m

(4)
2 = 6.29 for the static

and dynamic rotation model, respectively. Documented statistics include: average
kurtosis (mean) and standard deviation (std) and minimum, 25% (Q25), 50% (Q50,
median), 75% (Q75) quantiles, and minimum (min) and maximum (max).
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w1 sd m(3) m(4) skew kurt
0.10 5.72E-3 8.84E-8 1.39E-8 0.473 13.0
0.25 5.52E-3 4.74E-8 1.00E-8 0.282 10.8
0.50 5.42E-3 1.57E-9 6.66E-9 0.010 7.70
0.75 5.62E-3 -2.21E-8 6.10E-9 -0.124 6.11

Table B.3: Descriptive statistics for portfolio returns with alternative weights w1 =
0.10, 0.25, 0.50 and w1 = 0.75. Owing to data centering mean portfolio returns are
zero throughout.
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Appendices

C Proofs of the theorems

Let δ̃t denote the process (2.3) where the starting value δ̃0 is drawn from the station-

ary distribution of δ̃t, and let L̃(θ) and l̃t(θ) be defined accordingly. In practice these

are not feasible and a fixed starting value δ0 has to be used. One of the challenges

is to show that this does not affect the asymptotic properties of the estimator. The

true parameter is denoted θ0, and we will use the notation δt = δt(θ) and δ0t = δt(θ0).

Furthermore, let C > 0 denote a generic absolute constant that may take different

values in different equations.

Lemma 1. Under Assumptions (A1)-(A3), the model (2.1) is identifiable up to a
permutation of the columns of R(δt). Under Assumptions (A1)-(A3) and (A5), it is
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uniquely identifiable.

Proof: First, from (2.4) and (2.5), ξ1t(θ) and ξ2t(θ) are linear combinations of

the true innovations, ξ1t and ξ2t with, by construction, identical second moment

structure. The distributions of ξt(θ) and ξt would be identical under Gaussianity,

which is excluded by Assumption (A3). As shown by Lancaster (1954), under the

requirement of independence and ”non-trivial” rotations, the only situation where

non-identifiability occurs is the case of a normal distribution. As for ‘trivial’ rota-

tions: Rotations by 180◦, which correspond to the sign changes ξt(δ0t−π) = −ξt, are

excluded by the restriction |δt−δ0t| < π. Rotations by 90◦ correspond to a change in

the order of the columns of R(δt): ξ1t(δ0t− π/2) = ξ2t and ξ2t(δ0t− π/2) = ξ1t. This

is not excluded by our restrictions and so R(δt) is identified only up to a change of

columns under Assumptions (A1)-(A3). Adding Assumption (A5), the distributions

of ξ1t and ξ2t are different, so that R(δt) is uniquely identified.

It remains to show that δt(θ) = δt(θ0) a.s. for all t implies that θ = θ0. Let

δt(θ) = ω+ψ(L)ut and suppose that δt(θ) = δt(θ0) a.s. for all t. Then δt(θ)−δt(θ0) =

0 ⇒ ω − ω0 =
[
ψ(L)− ψ0(L)

]
ut a.s. for all t. If ψ(L) 6= ψ0(L), the right hand

side consists of some linear combination of ut−j, j > 0, which has a nondegenerate

distribution by Assumption (A2) and, hence, is not constant. Therefore, ψ(L) =

ψ0(L) and ω = ω0. �

Proof of Theorem 1: We show strong consistency by contradiction. Suppose that

θ̂T 6→θ0 a.s., so that for some arbitrary η > 0 the set Ω = {ω : limT→∞ ‖θ̂T −θ0‖ ≥ η}

has a positive probability. Since the set Λ = Θ ∩ {θ : ‖θ − θ0‖ ≥ η} is compact, we

can find for each ω ∈ Ω a convergent subsequence θ̂Ti → θ̃ ∈ Λ. From the definition

2



of the QMLE,

lim sup
i→∞

1

Ti

Ti∑
t=1

lt(θ0) ≤ lim sup
i→∞

sup
θ∈Λ

1

Ti

Ti∑
t=1

lt(θ) = lim sup
i→∞

1

Ti

Ti∑
t=1

lt(θ̂Ti).

Lemma 3 implies that this also holds for the functions l̃t(·), i.e.

lim sup
i→∞

1

Ti

Ti∑
t=1

l̃t(θ0) ≤ lim sup
i→∞

sup
θ∈Λ

1

Ti

Ti∑
t=1

l̃t(θ) = lim sup
i→∞

1

Ti

Ti∑
t=1

l̃t(θ̂Ti).

From Lemmas 2(i) and 2(iii), El̃t(θ0) ≤ E supθ∈Λ l̃t(θ), which contradicts Lemma

2(ii). Since η > 0 is arbitrary, the strong consistency follows. �

Lemma 2: Under Assumptions (A1)-(A7),

i) 1
T

T∑
t=1

l̃t(θ0)→ El̃t(θ0), a.s.

ii) El̃t(θ0) ≥ El̃t(θ) with equality if and only if θ = θ0.

iii) For any compact set Λ ⊆ Θ, lim supT→∞ supθ∈Λ
1
T

T∑
t=1

l̃t(θ) ≤E supθ∈Λ l̃t(θ) a.s.

Proof:

i) Since El̃t(θ0) = E
∑

i log gi(ξit) and E| log gi(ξit)| is bounded by Assumption

(A4), the desired result follows from the ergodic theorem.

ii) Note that from (2.7), ξ2
1t(δt) = atξ

2
1t + (1 − at)ξ

2
2t + btξ1tξ2t and ξ2

2t(δt) =

(1− at)ξ2
1t + atξ

2
2t − btξ1tξ2t, where at = cos2(∆t) and bt = sin(2∆t). Hence,

El̃t(θ)− El̃t(θ0) =
ν1 + 1

2
E log(ν1 − 2 + ξ2

1t) +
ν2 + 1

2
E log(ν2 − 2 + ξ2

2t)

− ν1 + 1

2
E log(ν1 − 2 + atξ

2
1t + (1− at)ξ2

2t + btξ1tξ2t)

− ν2 + 1

2
E log(ν2 − 2 + (1− at)ξ2

1t + atξ
2
2t − btξ1tξ2t)

3



It suffices to show that

E log(ν1 − 2 + ξ2
1t)− E log(ν1 − 2 + atξ

2
it + (1− at)ξ2

2t + btξ1tξ2t) ≤ 0. (C.1)

Conditioning on Ft−1 and denoting Et(·) = E[·|Ft−1], we have due to the law

of iterated expectation

E[log(ν1 − 2 + ξ2
1t)− Et log(ν1 − 2 + atξ

2
it + (1− at)ξ2

2t) + btξ1tξ2t] ≤ 0,

where at ∈ [0, 1) and bt ∈ (−1, 1) are Ft−1-measurable. Therefore, Assumption

(A7) applies and (C.1) holds.

iii) For any compact subset Λ ⊆ Θ we have that

lim sup
T→∞

sup
θ̄∈Λ

1

T

T∑
t=1

lt(θ̄) ≤ lim sup
T→∞

1

T

T∑
t=1

sup
θ̄∈Λ

lt(θ̄).

Now from Lemma 2(i) we have that E supθ̄∈Λ l̃t(θ̄) ∈ R ∪ {+∞} and since

{supθ̄∈Λ lt(θ̄)} is a stationary and ergodic process we have that (see e.g. Pfan-

zagl (1969))

lim sup
T→∞

1

T

T∑
t=1

sup
θ̄∈N

lt(θ̄) ≤ E sup
θ̄∈N

lt(θ̄),

and the desired result follows. �

Lemma 3: Under Assumptions (A1)-(A11) we have that

lim sup
T→∞

sup
θ∈Θ

∣∣∣∣∣ 1
T

T∑
t=1

lt(θ)− 1
T

T∑
t=1

l̃t(θ)

∣∣∣∣∣ = 0 a.s.

Proof: By Cesaro’s mean theorem it is sufficient to check that supθ∈Θ |lt(θ)− l̃t(θ)|

tends to zero a.s. If E supθ∈Θ |lt(θ)− l̃t(θ)|r is bounded by a summable sequence in t

4



for some r > 0, by the generalized Chebyshev inequality,
∞∑
t=1

P supθ∈Θ |lt(θ)− l̃t(θ)| >

η <∞, for all η > 0. Then the desired result follows by the Borel-Cantelli lemma.

Let at = cos2(δt − δ0t), ãt = cos2(δ̃t − δ̃0t), bt = sin(2∆t) and b̃t = sin(2∆̃t).

Furthermore, let ξ̃it = ξit(δ̃0t) and note that ξt − ξ̃t = (R′(δ0t)R(δ̃0t) − I2)ξ̃t, where

R′(δ0t)R(δ̃0t) is a matrix of bounded and continuously differentiable functions, so

that there exists a constant C > 0 such that

‖ξt − ξ̃t‖ ≤ C|δ0t − δ̃0t|‖ξ̃t‖. (C.2)

Then,

lt(θ)− l̃t(θ) =
ν1 + 1

2
log(ν1 − 2 + ãtξ̃

2
1t + (1− ãt)ξ̃2

2t) + btξ̃1tξ̃2t

+
ν2 + 1

2
log(ν2 − 2 + (1− ãt)ξ̃2

1t + ãtξ̃
2
2t)− btξ̃1tξ̃2t

− ν1 + 1

2
log(ν1 − 2 + atξ

2
1t + (1− at)ξ2

2t) + btξ1tξ2t

− ν2 + 1

2
log(ν2 − 2 + (1− at)ξ2

1t + atξ
2
2t)− btξ1tξ2t

It suffices to show that, for some r > 0 and ρ ∈ (0, 1),

E sup
θ∈Θ

∣∣∣log(h(δt))− log(h(δ̃t))
∣∣∣r = O(ρt) (C.3)

where h(δt) := ν1 − 2 + atξ
2
1t + (1− at)ξ2

2t + btξ1tξ2t. Note that atξ
2
1t + (1− at)ξ2

2t +

btξ1tξ2t ≥ 0 a.s., and that by Assumption (A6), h(δt) is bounded below by an

absolute constant ε > 0. Moreover, at and bt are bounded, continuously differentiable

functions of ∆t = δt−δ0t. Hence, log(h(δt)) is a Lipschitz-continuous function, since

it has a bounded first derivative. An application of the mean value theorem implies

that there exists a constant C > 0 such that∣∣∣log(h(δt))− log(h(δ̃t))
∣∣∣ ≤ C

∣∣∣h(δt)− h(δ̃t)
∣∣∣ (C.4)
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Because at and bt are bounded functions, we further have∣∣∣h(δt)− h(δ̃t)
∣∣∣ ≤ C‖ξt − ξ̃t‖ ≤ C|δ0t − δ̃0t|‖ξ̃t‖ (C.5)

using (C.2). Therefore,

sup
θ∈Θ

∣∣∣log(h(δt))− log(h(δ̃t))
∣∣∣r ≤ C‖ξ̃t‖r|δ0t − δ̃0t|r (C.6)

For 0 < r < 1, E[‖ξ̃t‖r] ≤ 2r by Assumption (A1) and Jensen’s inequality.

To establish (C.3) it remains to show that E|δ0t− δ̃0t|r = O(ρt). By the definition

of δt in (2.3), we have

δt − δ̃t = β(δt−1 − δ̃t−1) + κ(ut−1 − ũt−1) (C.7)

By the mean value theorem, ut− ũt = ∂ut
∂δt

(δ̄t)(δt− δ̃t) where δ̄t is on the line segment

joining δt and δ̃t, so that

δt − δ̃t =
t−1∏
i=1

xt−i(δ̄t−i)(δ0 − δ̃0),

where xt = β+κ∂ut/∂δt(δ̄t). Note that |xt| is a stationary ergodic sequence of non-

negative random variables with E log |xt| < 0, which is implied by Assumption (A11).

Thus, by Lemma 2.4 of Straumann and Mikosch (2006),
∏t−1

i=1 |xt−i(δ̄t−i)| →e.a.s. 0,

meaning that there exists a γ > 1 s.t. γt
∏t−1

i=1 |xt−i(δ̄t−i)| →a.s. 0. This implies that

E
∏t−1

i=1 |xt−i(δ̄t−i)| = O(ρt), and

E
∣∣∣δt − δ̃t∣∣∣r = E

t−1∏
i=1

∣∣xt−i(δ̄t−i)∣∣r E|δ0 − δ̃0|r = O(ρt) (C.8)

for some r > 0. Hence, (C.3) follows by (C.8) and (C.6). �

Proof of Theorem 2: Let N(θ0) be an arbitrarily small compact set around θ0.

By strong consistency, we have that for sufficiently large T , θ̂T ∈ int N(θ0) a.s.,

6



hence the mean-value expansion of the score vector around θ0 gives

0 =
1√
T

T∑
t=1

∂lt(θ̂T )

∂θ
=

1√
T

T∑
t=1

(
∂lt(θ0)

∂θ
− ∂l̃t(θ0)

∂θ

)
+

1√
T

T∑
t=1

∂l̃t(θ0)

∂θ
(C.9)

+


 1

T

T∑
t=1

∂2l̃t(θ0)

∂θ∂θ′
+ J

+

 1

T

T∑
t=1

∂2lt(θ̃T )

∂θ∂θ′
− 1

T

T∑
t=1

∂2l̃t(θ0)

∂θ∂θ′

− J
√T (θ̂T − θ0)

where θ̃T is on the line segment between θ̂T and θ0, and recall that J = −E
(
∂l̃t(θ0)
∂θ∂θ′

)
.

The first term in (C.9) converges to zero in probability by Lemma 7. Next,

we show that the second term, 1√
T

∑T
t=1

∂l̃t(θ0)
∂θ

, obeys a CLT. As ∂l̃t(θ0)/∂θ is the

product of an i.i.d. term, ut, and ∂δ̃t(θ0)/∂θ, it is strictly stationary and ergodic

if ∂δ̃t(θ0)/∂θ is strictly stationary and ergodic, for which Assumption (A11) is suf-

ficient since E(x2
t ) < 1 implies E log |xt| < 0 by Jensen’s inequality. We have that

E
[
∂l̃t(θ0)
∂θ
|Ft−1

]
= 0, where Ft is the σ-field generated by the current and past values

of et, i.e. Ft ≡ σ(et, et−1, . . .). Thus, the score is also a martingale difference se-

quence. Lemma 4 shows that E

∥∥∥∥∂l̃t(θ0)
∂θ

∂l̃t(θ0)
∂θ

′
∥∥∥∥ is finite, so that we can apply the CLT

of Scott (1973) and the Cramer-Wold device to establish the asymptotic normality

of the score function.

Next, we show that the first term inside the square parenthesis in (C.9) converges

a.s. to zero. The second derivative is given by

∂2l̃t
∂θ∂θ′

=
∂2δt
∂θ∂θ′

ut +
∂ut
∂δt

∂δt
∂θ

∂δt
∂θ′

.

The score ut and its derivative, ∂ut
∂δt

, are independent of δt and its derivatives. Fur-

thermore, ∂δt
∂θ

∂δt
∂θ′

is stationary and ergodic by Corollary 6 of Harvey (2013), and

∂2δt
∂θ∂θ′

is stationary and ergodic by Corollary 7 of Harvey (2013). This implies by the

ergodic theorem that

1

T

T∑
t=1

∂2l̃t(θ0)

∂θ∂θ′
→a.s. E(ut)E

∂2δt
∂θ∂θ′

+ E
∂ut
∂δt

E
∂δt
∂θ

∂δt
∂θ′

(C.10)

7



The expectation E ∂2δt
∂θ∂θ′

is finite if E[∂
2ut
∂δ2t

] < ∞, which holds by Lemma 6. Hence,

the first term in (C.10) is zero because E(ut) = 0. The second term is equal to −J ,

which shows that the first term inside the square parenthesis in (C.9) converges a.s.

to zero. In addition, it follows by standard arguments that −E∂2 l̃t(θ0)
∂θ∂θ′

is positive

definite.

Lemmas 8 and 9 imply that the second term inside the square parenthesis in

(C.9) is oa.s.(1). Since we have shown that the second term in (C.9) obeys a CLT,

asymptotic normality follows from Slutsky’s theorem. Finally, following Theorem 1

and Appendix A of Harvey (2013) to calculate the expectation of the outer product

of ∂δt/∂θ, we obtain the expression for the asymptotic covariance matrix in (3.8).

�

Lemma 4: Under Assumptions (A1)-(A11), E

∥∥∥∥∂l̃t(θ0)
∂θ

∂l̃t(θ0)
∂θ

′
∥∥∥∥ <∞.

Proof: Note that
∂l̃t(θ0)

∂θ

∂l̃t(θ0)

∂θ′
= u2

t

∂δ̃t(θ0)

∂θ

∂δ̃t(θ0)

∂θ′

As ut is i.i.d. and ∂δ̃t/∂θ is Ft−1-measurable, by the law of iterated expectations,

E

∥∥∥∥∥∂l̃t(θ0)

∂θ

∂l̃t(θ0)

∂θ′

∥∥∥∥∥ = E(u2
t )E

∥∥∥∥∥∂δ̃t(θ0)

∂θ

∂δ̃t(θ0)

∂θ′

∥∥∥∥∥ (C.11)

Let ν̄ = max(ν1, ν2) <∞ and ν = min(ν1, ν2). By Assumption (A6), ν > 2. By the

definition of ut in (3.2),

u2
t ≤ (ν − 2)−2(ν̄ + 1)2ξ2

1tξ
2
2t, a.s.

and hence, using Assumption (A1),

E(u2
t ) ≤ (ν − 2)−2(ν̄ + 1)2 <∞.

8



Furthermore,

E

∥∥∥∥∥∂δ̃t(θ0)

∂θ

∂δ̃t(θ0)

∂θ′

∥∥∥∥∥ ≤ E

∥∥∥∥∥∂δ̃t(θ0)

∂θ

∥∥∥∥∥
2

<∞

where the first inequality is an application of the Cauchy-Schwarz inequality, and

the second follows by Lemma 10 of Harvey (2013) and Assumption (A11). �

Lemma 5: Under Assumption (A1), E
∣∣∣∂ut∂δt

∣∣∣ <∞.
Proof: Write ∂ut

∂δt
in (3.3) as ∂ut

∂δt
= (ν2 + 1)I1 + (ν1 + 1)I2, where

I1 =
(ν2 − 2)(ξ2

2t − ξ2
1t) + ξ4

2t + ξ2
1tξ

2
2t{

ν2 − 2 + ξ2t(δt)2
}2 (C.12)

I2 =
(ν1 − 2)(ξ2

1t − ξ2
2t) + ξ4

1t + ξ2
1tξ

2
2t{

ν1 − 2 + ξ1t(δt)2
}2 (C.13)

By the triangle inequality E
∣∣∣∂ut∂δt

∣∣∣ ≤ (ν2 + 1)E|I1| + (ν1 + 1)E|I2|. It suffices to

consider the first term, I1. By symmetry, the result then applies also to the second

term. Note that∣∣(ν2 − 2)(ξ2
2t − ξ2

1t) + ξ4
2t + ξ2

1tξ
2
2t

∣∣{
ν2 − 2 + ξ2t(δt)2

}2 ≤
∣∣(ν2 − 2)(ξ2

2t − ξ2
1t) + ξ2

1tξ
2
2t

∣∣{
ν2 − 2 + ξ2t(δt)2

}2 +
ξ4

2t{
ν2 − 2 + ξ2t(δt)2

}2

≤
∣∣(ν2 − 2)(ξ2

2t − ξ2
1t) + ξ2

1tξ
2
2t

∣∣
{ν2 − 2}2 + 1 a.s. (C.14)

and due to the finite second moments of ξt by Assumption (A1),

E|I1| ≤ E

∣∣(ν2 − 2)(ξ2
2t − ξ2

1t) + ξ2
1tξ

2
2t

∣∣
(ν2 − 2)2

+ 1 (C.15)

≤ E

∣∣ξ2
2t − ξ2

1t

∣∣
ν2 − 2

+ E
ξ2

1tξ
2
2t

(ν2 − 2)2
+ 1 (C.16)

≤ 2

ν2 − 2
+

1

(ν2 − 2)2
+ 1 <∞ (C.17)

�
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Lemma 6: Under Assumption (A9), E
∣∣∣∂2ut∂δ2t

∣∣∣ <∞.
Proof: We have

∂2ut
∂δ2

t

= (ν2 + 1)(T11 + T12) + (ν1 + 1)(T21 + T22),

where

T11 =
−2ξ2tξ1t

(
ξ2

1t + ξ2
2t + 2(ν2 − 2)

)(
ν2 − 2 + ξ2

2t

)2 (C.18)

T12 =
−4ξ1tξ2t

(
(ν2 − 2)(ξ2

2t − ξ2
1t) + ξ4

2t + ξ2
1tξ

2
2t

)(
ν2 − 2 + ξ2

2t

)3 (C.19)

T21 =
2ξ2tξ1t

(
ξ2

1t + ξ2
2t + 2(ν1 − 2)

)(
ν1 − 2 + ξ2

1t

)2 (C.20)

T22 =
4ξ1tξ2t

(
(ν1 − 2)(ξ2

1t − ξ2
2t) + ξ4

1t + ξ2
1tξ

2
2t

)(
ν2 − 2 + ξ2

1t

)3 (C.21)

By the cr-inequality we have E
∣∣∣∂2ut∂δ2t

∣∣∣ ≤ (ν2 + 1)(E|T11|+ E|T12|) + (ν1 + 1)(E|T21|+

E|T22|). It suffices to show that E|T11|+ E|T12| <∞. By symmetry, the result then

also applies to E|T21|+E|T22|. Note that |T11| ≤ |2(ν2−2)−1ξ2tξ1t

(
ξ2

1t + ξ2
2t + 2(ν2 − 2)

)
a.s., and hence, as a direct consequence of Assumption (A9), E|T11| <∞. The term

|T12| can be bounded almost surely by

|T12| ≤
4|ξ1tξ2t

(
(ν2 − 2)(ξ2

2t − ξ2
1t) + ξ2

1tξ
2
2t

)
|(

ν2 − 2 + ξ2
2t

)3 +
4|ξ1tξ

5
2t|(

ν2 − 2 + ξ2
2t

)3

≤ 4(ν2 − 2)−3|ξ1tξ2t

(
(ν2 − 2)(ξ2

2t − ξ2
1t) + ξ2

1tξ
2
2t

)
|+ 4(ν2 − 2)−1|ξ1tξ

5
2t|(

ν2 − 2 + ξ2
2t

)2

≤ 4(ν2 − 2)−3|ξ1tξ2t

(
(ν2 − 2)(ξ2

2t − ξ2
1t) + ξ2

1tξ
2
2t

)
|+ 4(ν2 − 2)−1|ξ1tξ2t|, a.s.

and by Assumption (A9) both terms on the right hand side have finite expectation,

and therefore E|T12| <∞. �

Lemma 7: Under Assumptions (A1)-(A11), T−1/2
T∑
t=1

∂lt(θ0)
∂θ
− ∂l̃t(θ0)

∂θ
= oP(1).

10



Proof : By the generalized Chebyshev inequality and the cr inequality we have for

ε > 0 and r > 0,

P


∥∥∥∥∥∥T−1/2

T∑
t=1

∂lt(θ0)

∂θi
− ∂l̃t(θ0)

∂θi

∥∥∥∥∥∥
r

≥ ε

 ≤ T−r/2
T∑
t=1

E

∥∥∥∥∥∂lt(θ0)

∂θ
− ∂l̃t(θ0)

∂θ

∥∥∥∥∥
r

.

Hence, it is sufficient to show that for some r > 0, there exists a ρ ∈ (0, 1) such that,

E

∥∥∥∥∥∂lt(θ0)

∂θ
− ∂l̃t(θ0)

∂θ

∥∥∥∥∥
r

= O(tρt). (C.22)

Given the score function in (3.6), we have that (the argument θ0 is omitted for

simplicity),

∂lt
∂θ
− ∂l̃t
∂θ

= (ut − ũt)
∂δt
∂θ

+ ũt(
∂δt
∂θ
− ∂δ̃t
∂θ

),

and by the cr inequality and the independence of ut and ∂δt
∂θ

,

E

∥∥∥∥∥∂lt∂θ − ∂l̃t
∂θ

∥∥∥∥∥
r

≤ crE|ut − ũt|rE‖
∂δt
∂θ
‖r + crE|ũt|rE‖

∂δt
∂θ
− ∂δ̃t
∂θ
‖r

Now, E|ũt|r < ∞ by Assumption (A2), and E‖∂δt
∂θ
‖r < ∞ for 0 < r ≤ 2 by Lemma

10 of Harvey (2013). To analyze ut − ũt it suffices to consider

ξ1t(δt)ξ2t(δt)

ν2 − 2 + ξ2t(δt)2
− ξ1t(δ̃t)ξ2t(δ̃t)

ν2 − 2 + ξ2t(δ̃t)2
.

The function f(x, y) = xy/(ν2−2+y2) is Lipschitz continuous as it is both Lipschitz

continuous relative to x and to y. Therefore, there exists C > 0 such that

f(ξ1t, ξ2t)− f(ξ̃1t, ξ̃2t) ≤ C‖ξt − ξ̃t‖

and by (C.2), ‖ξt − ξ̃t‖ ≤ C|δ0t − δ̃0t|‖ξ̃t‖. By symmetry, the same applies to the

term
ξ1t(δt)ξ2t(δt)

ν1 − 2 + ξ1t(δt)2
− ξ1t(δ̃t)ξ2t(δ̃t)

ν1 − 2 + ξ1t(δ̃t)2
.

11



Hence, E|ut − ũt|r ≤ CE|δt − δ̃t|rE‖ξ̃t‖r = O(ρt), using (C.8) and E‖ξ̃t‖r <∞ .

Furthermore, note that

∂δt
∂θ
− ∂δ̃t
∂θ

= A(zt−1 − z̃t−1) +
∂δ̃t−1

∂θ
(xt−1 − x̃t−1) + xt−1

(
∂δt−1

∂θ
− ∂δ̃t−1

∂θ

)

=
t∑

j=1

j−1∏
i=1

xt−i

{
A(zt−j − z̃t−j) +

∂δ̃t−j
∂θ

(xt−j − x̃t−j)

}
+

t∏
i=1

xt−i
∂δ̃0

∂θ

with the convention
∏0

i=1 = 1. Now, E|zt − z̃t|r = O(ρt) follows from the above

results for E|ut− ũt|r and E|δt− δ̃t|r. Then, xt− x̃t = κ(∂ut/∂δt− ∂ũt/∂δt), and the

fact that E|∂ut/∂δt − ∂ũt/∂δt|r = O(ρt) follows by Lipschitz continuity of ∂ut/∂δt

and the same arguments used to establish E|ut − ũt|r = O(ρt) above. Due to the

independence of {xt}, we obtain

E|∂δt
∂θ
− ∂δ̃t
∂θ
|r ≤ C

t∑
j=1

j−1∏
i=1

E|xt−i|rE|$t−j|r + C
t∏
i=1

E|xt−i|rE|
∂δ̃0

∂θ
|r

where $t = A(zt− z̃t) + ∂δ̃t
∂θ

(xt− x̃t) with E|$t|r = O(ρt). Using Assumption (A11)

and Jensen’s inequality, E|xt−i|r ≤ b < 1, for 0 < r ≤ 2. Hence,

E‖∂δt
∂θ
− ∂δ̃t
∂θ
‖r ≤ C

t∑
j=1

bj−1E|$t−j|r +O(bt) = O(tbj−1)O(ρt−j) +O(bt) = O(tρ̄t)

where ρ̄ = max(b, ρ). This implies that

E

∥∥∥∥∥∂lt∂θ − ∂l̃t
∂θ

∥∥∥∥∥
r

= O(tρ̄t),

which is sufficient to establish the result.

�

Lemma 8: Under Assumptions (A1)-(A11), there exists a neighborhood N(θ0) ⊆ Θ

around θ0 such that

sup
θ∈N(θ0)

∥∥∥∥∥ 1
T

T∑
t=1

∂2lt(θ)
∂θ∂θ′

− ∂2 l̃t(θ)
∂θ∂θ′

∥∥∥∥∥ = oa.s.(1)

12



Proof : We have

∂2lt(θ)

∂θ∂θ′
− ∂2l̃t(θ)

∂θ∂θ′
= (ũt − ut)

∂2δ̃t
∂θ∂θ′

+ ut

(
∂2δ̃t
∂θ∂θ′

− ∂2δt
∂θ∂θ′

)

+

(
∂ũt
∂δt
− ∂ut
∂δt

)
∂2δ̃t
∂θ∂θ′

+
∂ut
∂δt

(
∂δ̃t
∂θ

∂δ̃t
∂θ′
− ∂δt
∂θ

∂δt
∂θ′

)
In the proof of Lemma 7 we have shown that E supθ∈N(θ0) |ũt − ut|r = O(ρt) and

E supθ∈N(θ0) |∂ũt∂δt
− ∂ut

∂δt
|r = O(ρt), while E supθ∈N(θ0) ‖∂δ̃t∂θ

∂δ̃t
∂θ′
− ∂δt

∂θ
∂δt
∂θ′
‖r = O(tρt). It

remains to consider the second term.

∂2δ̃t
∂θ∂θ′

=
∂Azt−1

∂θ′
+
∂δt−1

∂θ

∂xt−1

∂θ′
+ xt−1

∂2δ̃t−1

∂θ∂θ′

Following the same arguments as in the proof of Lemma 7, we can show that

E sup
θ∈N(θ0)

∥∥∥∥∂Azt−1

∂θ′
− ∂Azt−1

∂θ′

∥∥∥∥r = O(tρt)

and

E sup
θ∈N(θ0)

∥∥∥∥∥∂δt∂θ ∂xt∂θ′
− ∂δ̃t
∂θ

∂x̃t
∂θ′

∥∥∥∥∥
r

= O(tρt)

Let ζt = ∂Azt
∂θ′
− ∂Azt

∂θ′
+ ∂δt

∂θ
∂xt
∂θ′
− ∂δ̃t

∂θ
∂x̃t
∂θ′

+ ∂2δ̃t
∂θ∂θ′

(x̃t − xt). Then,

∂2δ̃t
∂θ∂θ′

− ∂2δt
∂θ∂θ′

= ζt−1 + xt−1

(
∂2δ̃t
∂θ∂θ′

− ∂2δt
∂θ∂θ′

)
(C.23)

=
t∑

j=1

j−1∏
i=1

xt−iζt−j +
t∏
i=1

xt−i
∂2δ̃∗0
∂θ∂θ′

(C.24)

and since E supθ∈N(θ0) |ζt|r = O(tρt) and E supθ∈N(θ0)

∏j−1
i=1 |xt−i|r = O(bj−1), we have

E sup
θ∈N(θ0)

∥∥∥∥∥ ∂2δ̃t
∂θ∂θ′

− ∂2δt
∂θ∂θ′

∥∥∥∥∥ = O(tbj−1)O(tρt−j) +O(bt) = O(t2ρ̄t),

This implies that

E sup
θ∈N(θ0)

∥∥∥∥∥∂2lt(θ)

∂θ∂θ′
− ∂2l̃t(θ)

∂θ∂θ′

∥∥∥∥∥ = O(t2ρ̄t),
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which is a summable sequence in t. Hence, the result follows by an application of

the generalized Chebychev inequality and the Borel-Cantelli lemma.

�

Lemma 9: Under Assumptions (A1–(A11),∥∥∥∥∥∥ 1

T

T∑
t=1

∂2l̃t(θ̃T )

∂θ∂θ′
− 1

T

T∑
t=1

∂2l̃t(θ0)

∂θ∂θ′

∥∥∥∥∥∥→ 0 a.s.

where θ̃T is on the line segment between θ̂T and θ0.

Proof: Applying the mean-value theorem for the second order derivative function

about θ0, gives∥∥∥∥∥∥ 1

T

T∑
t=1

∂2l̃t(θ̃n)

∂θ∂θ′
− 1

T

T∑
t=1

∂2l̃t(θ0)

∂θ∂θ′

∥∥∥∥∥∥ ≤ sup
θ∈N(θ0)


∥∥∥∥∥∥ 1

T

T∑
t=1

∂

∂θ′

(
∂2l̃t(θ)

∂θ∂θ′

)∥∥∥∥∥∥ ·
∥∥∥θ̃T − θ0

∥∥∥


(C.25)

where N(θ0) ⊆ Θ is a small neighborhood around θ0.

It suffices to check that

E sup
θ∈N(θ0)

∥∥∥∥∥∂vec

∂θ′
∂2l̃t(θ)

∂θ∂θ′

∥∥∥∥∥ <∞, (C.26)

where, almost surely,

∂vec

∂θ′
∂2l̃t(θ)

∂θ∂θ′
= ut

∂vec

∂θ′
∂2δ̃t(θ)

∂θ∂θ′
+
∂ut
∂δt

vec

(
∂2δ̃t(θ)

∂θ∂θ′

)
∂δt
∂θ′

+
∂2ut
∂δ2

t

vec

(
∂δ̃t
∂θ

∂δ̃t
∂θ′

)
∂δ̃t
∂θ′

+
∂ut
∂δt

(Im +Kmm)(
∂δt
∂θ
⊗ Im)

∂2δt
∂θ∂θ′

and where Kmm is the commutation matrix and m = dim(θ).

The second, third and fourth terms can be uniformly bounded similar to Lemma

7. For the first term, note that

∂vec

∂θ′
∂2δ̃t(θ)

∂θ∂θ′
=
∂vec

∂θ′

(
∂Azt−1

∂θ′
+
∂δt−1

∂θ

∂xt−1

∂θ′
+ xt−1

∂2δ̃t−1

∂θ∂θ′

)

14



A typical element of this matrix, denoting the i-th row of A as Ai, is given by

∂3δ̃t(θ)

∂θi∂θj∂θk
=

∂Ai
∂θj

∂zt−1

∂θk
+
∂Ai
∂θk

∂zt−1

∂θj
+ Ai

∂2zt−1

∂θj∂θk

+
∂2δt−1

∂θi∂θk

∂xt−1

∂θj
+
∂δt−1

∂θi

∂2xt−1

∂θj∂θk
+
∂xt−1

∂θk

∂2δt−1

∂θi∂θj
+ xt−1

∂3δ̃t−1(θ)

∂θi∂θj∂θk

=
∞∑
j=1

ϑt−j

j−1∏
i=1

xt−i

where ϑt = ∂Ai

∂θj

∂zt
∂θk

+ ∂Ai

∂θk

∂zt
∂θj

+Ai
∂2zt
∂θj∂θk

+ ∂2δt
∂θi∂θk

∂xt
∂θj

+ ∂δt
∂θi

∂2xt
∂θj∂θk

+ ∂xt
∂θk

∂2δt
∂θi∂θj

. Each term

of ϑt can be uniformly bounded in a neighborhood of θ0 and a repeated application

of the cr inequality yields E supθ∈N(θ0) |ϑt| < ∞. Since E
∏j

i=1 |xt−i| = O(ρj) as in

the proof of Lemma 3, the infinite sum in (C.27) is convergent and we obtain

E sup
θ∈N(θ0)

∣∣∣∣∣ ∂3δ̃t(θ)

∂θi∂θj∂θk

∣∣∣∣∣ <∞
which implies (C.26). Finally, since by the ergodic theorem, given (C.26),

lim sup
T→∞

∥∥∥∥∥∥ 1

T

T∑
t=1

sup
θ∈N(θ0)

∂vec

∂θ′
∂2l̃t(θ)

∂θ∂θ′

∥∥∥∥∥∥ = E

∥∥∥∥∥ sup
θ∈N(θ0)

∂vec

∂θ′
∂2l̃t(θ)

∂θ∂θ′

∥∥∥∥∥ <∞
the desired result follows because θ̂T → θ0 a.s. by Theorem 1.

�
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D Monte Carlo simulation

In this section we provide insights into the finite sample first and second order

behaviour of the PML estimator in score-driven rotation models. We first outline

the simulation design and subsequently discuss simulation outcomes. The section

concludes with some recommendations that one might draw from the Monte-Carlo

analysis for empirical work.

D.1 Simulation design

The purpose of the simulation study is to uncover the scope of the PML estimator

provided in Section 3 for evaluating the dynamic model in (2.1) and (2.3) and, hence,

its potential to extract the underlying independent components from orthogonalized

data. The data generating processes are specified with two alternative choices of β,

i.e. β = 0.9, 0.95, and three alternative choices of κ, i.e. κ = 0.1, 0.05, 0.025. For all

data generating processes we set ω = 1.30. The alternative choices of β and κ are

combined to obtain overall six parameterizations of the underlying data generating

process (θ = (ω, β, κ)′).

Throughout we generate data from marginal standardized Student-t random vari-

ables with ν1 = 5 and ν2 = 6 degrees of freedom. For PML estimation we distinguish

two scenarios. First, we assume the correct degrees of freedom (ν
(0)
i = νi, i = 1, 2).

In the second scenario, the interest turns to the effects of performing PML esti-

mation under a false assumption on the degrees of freedom (ν
(0)
1 6= ν1, ν

(0)
2 6= ν2).

Specifically, we set ν
(0)
1 = 7 and ν

(0)
2 = 8 (instead of ν

(0)
1 = 5 and ν

(0)
2 = 6). Alter-

native sample sizes are T = 1000, 2500, 5000 and T = 10000. For each experiment

we draw T + 250 sample observations, and disregard the first 250 observations to

immunize the outcomes of the Monte-Carlo analysis against initial effects.

For the numerical log-likelihood maximization we use the initial parameters as

16



θ(0) = (1.63, 0.98, 0.01)′ in the case of T = 10000. For analysing shorter samples

of length T = 1000, 2500 and T = 5000 we try four alternative initializations θ(0)

and select the particular choice which obtains the largest log-likelihood statistics

(the alternative choices are (1.95,0.98,0.01)’, (1.43,0.95,0.05)’, (1.17,0.90,0.10)’ and

(0.98,0.70,0.15)’). We use the BHHH algorithm of Berndt et al. (1974) for log-

likelihood maximization which has the convenient feature that its implementation

only requires first order derivatives. In a stylized form the BHHH algorithm delivers

updates of the estimated parameter vector as

θ̂(s) = θ̂(s−1) + φs

 T∑
t=1

∂lt
∂θ

∂lt
∂θ′

∣∣∣
θ=θ̂(s−1)

−1
T∑
t=1

∂lt
∂θ

∣∣∣
θ=θ̂(s−1)

,

where s indexes the iteration sequence of the optimizer and φs > 0 is used to

modify the step length at each iteration. Specifically, we employ alternative choices

φs ∈ {1.0, 0.5, 0.25, 0.10, 0.05} to detect most effective updates of the parameter

vector at each iteration step.

Each Monte-Carlo experiment is performed with R = 1000 replications. To char-

acterise the performance of PML estimation we document the following summary

statistics for the typical elements of θ̂ denoted θ̂i :

• Root mean squared error: RMSE(θ̂i) =
√

1
R

∑R
r=1(θ̂r,i − θi)2, where θ̂r,i is the

estimator of the i-th component of θ obtained from the r-th Monte-Carlo

replication.

• Bias: BIAS(θ̂i) = 1
R

∑R
r=1 θ̂r,i − θi

• Standard deviation: SD(θ̂i) =
√

1
R

∑R
r=1(θ̂r,i − θ̄i)2, where θ̄i = 1

R

∑R
r=1 θ̂r,i

• Approximation based on Î−1: ŜDI(θ̂i) = 1
R

∑R
r=1

√
S(r)
ii , with S(r) = Î−1

r /T

• Approximation based on V̂ : ŜDV (θ̂i) = 1
R

∑R
r=1

√
S(r)
ii , with S(r) = V̂r/T
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D.2 Simulation results

Simulation results for DGPs parameterized with β = 0.90 and β = 0.95 are doc-

umented in Tables D.1 and D.2, respectively. The left (right) hand side panels

of the tables show simulation outcomes for experiments with ν
(0)
i = νi, i = 1, 2

(ν
(0)
1 6= ν1, ν

(0)
2 6= ν2), i.e., PML estimation under knowledge (misspecification) of

the actual underlying distributional models. The Monte-Carlo analysis allows for

a couple of insights with respect to the first and second order properties of the

nonlinear PML estimator:

1. Confirming our results of Theorem 1, all model parameters are estimated con-

sistently. For instance, regarding the DGP with β = 0.9, κ = 0.05 the doc-

umented RMSE statistics shrink for all parameters with increasing sample

size. Focussing on estimates for the response parameter κ, RMSE (absolute

BIAS) statistics shrink from 10.68E-02 (1.66E-02) in case of T = 1000 to

1.71E-02 (0.17E-02) in case of T = 10000 (left hand side panels of Table D.1).

With T = 2500 sample observations, these performance statistics are 4.99E-02

(RMSE) and 1.13E-02 (absolute BIAS). Since BIAS estimates vanish with in-

creasing sample size, the RMSE statistics approach the documented standard

errors of the estimators.

2. As it is implied by the documented BIAS statistics, it holds for all alternative

DGPs that the PML estimator results in an underestimation of ω and β, and

an overestimation of κ.

3. The consistency of the PML estimator holds irrespective of assuming correct

or false degrees of freedom for the underlying distributions of independent

innovations. However, assuming false degrees of freedom (ν
(0)
1 = 7 and ν

(0)
2 =

8) comes with a loss in estimator precision. For instance, under an assumption
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of false degrees of freedom, the relative efficiency in terms of the RMSE of

estimating κ is about 69% in the case of T = 2500 and about 64% for T =

10000 (β = 0.9, κ = 0.05). Hence, as an implication for empirical practice, it

is worth to strive for a most suitable distribution, since it promises efficiency

gains of parameter estimates.

4. Approximating estimation uncertainty by the asymptotic result in (3.8) suffers

from strong biases in small samples. Under the assumption of a correctly

specified distributional model (I = J) both covariance estimators Î−1 and V̂

can be expected to quantify estimation uncertainty reliably in sufficiently large

samples. As it turns out, however, both estimators tend to underestimate the

empirical variance of κ̂ and overestimate the variances of ω̂ and β̂, irrespective

of the true response parameter and the actual sample size. The estimation

biases for all these second order characteristics are sizeable in small samples

(T = 1000, 2500) and vanish only slowly. For example, in the model with

β = 0.9, κ = 0.05 and in case of T = 2500, the estimate of the standard

deviation of κ̂ using Î−1 falls short of the true empirical standard deviation by

about 30%, while that of β̂ exceeds the benchmark by about 3%.

5. Using the robust covariance estimator V̂ if the correct distributional model

is employed for PML estimation (ν
(0)
i = νi, i = 1, 2) results in a loss of esti-

mator precision in comparison with using Î−1. For instance, in the scenario

described before (T = 2500, β = 0.9, κ = 0.05 ), the assessment of estimation

uncertainty by means of V̂ yields standard error approximations which fall

short of the empirical standard error by 47% (SD of κ̂) and 15% (SD of β̂). In

the large sample case of T = 10000, the simulation outcomes for both variance

estimators approach each other. Moreover, these performance measures come
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close to the empirical standard errors of the estimators.

6. For scenarios of misspecified distributional models (ν
(0)
1 = 7 and ν

(0)
2 = 8),

the large sample case of T = 10000 is not sufficient to indicate an overall lead

of the robust covariance estimator V̂ over the nonrobust estimator Î−1. For

instance, for the DGP with β = 0.9 and κ = 0.05, the Monte-Carlo standard

deviation of β̂ (scaled by 100) is 9.16, while the approximations obtained from

Î−1 and V̂ are, respectively, 7.90 and 5.77.

7. The documented results on finite sample biases of PML covariance estimation

indicate that one should be careful when interpreting commonly provided in-

ferential outcomes (e.g. t-ratios). For instance, sample-based assessments of

I−1 or V might be employed to construct confidence intervals for estimators

κ̂. It might be of interest to obtain the frequencies at which such confidence

intervals fail to include the true parameter κ, corresponding to the size of

an equivalent Wald test of H0 : κ = κ0. One can also obtain the empirical

non-coverage of κ = 0, which would correspond to the power under classical

conditions. In our case, however, the case κ = 0 is excluded by Assumption

(A8), i.e., κ is at the boundary of the admissible parameter space. Hence,

there are unidentified parameters under the null hypothesis, and the asymp-

totic theory developed in Section 3 does not apply for this case. To formally

test the hypothesis H0 : κ = 0, i.e. constancy of the rotation angle δt, we

recommend Lagrange Multiplier (LM) tests, e.g. Portmanteau-type tests for

serial correlation of the scores, which we will use in the empirical illustration

in Section 4, see e.g. Chapter 2.5 of Harvey (2013).

Table D.3 shows for the case β = 0.9, κ = 0.05 empirical frequencies of non-

coverage for such confidence intervals with nominal 99% and 95% coverage.
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The results confirm that analytical approximations of estimation uncertainty

for κ̂ are too small, such that the constructed confidence intervals fail to achieve

their nominal coverage throughout. In the large sample case of T = 10000,

the empirical type-I error probabilities still exceed their nominal counterparts,

where the empirical sizes are 9.7 and 5.2 for nominal significance levels of

5% and 1%, respectively. One might interpret the results documented for a

nominal level of 99% to imitate a size adjusted test for the null hypothesis

of insignificance of κ̂ with 5% nominal significance. With this interpretation

of 99% confidence intervals, PML inference shows considerable (size adjusted)

power against a model with static rotation (κ = 0). Defined in this sense, (size

adjusted) power increases from 18.4 (T = 1000) to 87.1 (T = 10000) percent.

D.3 Recommendations for empirical practice

The simulation results indicate that the parameters governing the dynamic rotation

patterns can be retrieved consistently from the data. The scales of estimation errors

shrink quickly in case of realistic sample sizes covering 4 or 10 years of daily data

(T = 1000, 2500). To guard the empirical analysis against (inefficient) estimates

derived from local extremes of the pseudo likelihood, it is worth to initialize non-

linear optimizations by means of alternative parameter selections. The precision

of parameter estimation benefits from conditioning PML estimation on the correct

distributional assumptions (ν
(0)
i = νi, i = 1, 2). Hence, for empirical practice it is

reasonable (i) to estimate the degrees of freedom (νi) and dynamic parameters in θ

jointly or (ii) to condition the PML estimation of the dynamic parameters in θ on

a variety of alternative assumptions with regard to the degrees of freedom param-

eters (ν
(0)
i , i = 1, 2). Owing to computational complexity the advice in (ii) seems

preferable to the suggestion in (i).
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The approximation of estimation uncertainty by means of Î−1 and V̂ suffers from

sizeable biases in small samples and converges only slowly to the true second order

features of the estimators. In light of (i) the convenient first order properties of the

PML estimator and (ii) its asymptotic normality shown in Theorem 2, bootstrap ap-

proaches may be suggested as an alternative for inferential analysis in finite samples.

The underlying model assumption of independence largely facilitates the implemen-

tation of bootstrap schemes by means of independent drawings with replacement.

For the empirical application in Section 4 we propose a specific bootstrap scheme

to complement analytical covariance estimates.
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κ T θi RMSE BIAS SD ŜDI ŜDV RMSE BIAS SD ŜDI ŜDV

.100 1000 ω 6.97 -0.48 6.95 46.73 16.33 8.45 -0.10 8.45 13.49 7.18
β 32.35 -10.16 30.72 109.00 123.51 36.70 -11.80 34.75 28.67 12.68
κ 9.04 0.69 9.01 5.20 2.38 12.29 4.10 11.59 9.64 10.12

2500 ω 3.90 -0.17 3.90 10.12 2.61 4.03 -0.14 4.03 4.41 2.52
β 14.72 -3.09 14.39 7.05 5.39 14.98 -3.23 14.63 10.30 6.08
κ 3.76 0.53 3.72 2.87 1.99 6.28 3.66 5.10 4.98 2.42

5000 ω 2.58 -0.10 2.58 2.57 3.35 2.61 -0.10 2.61 3.04 1.90
β 5.13 -0.95 5.04 3.64 2.98 5.01 -0.96 4.92 4.69 2.85
κ 2.30 0.16 2.30 1.88 1.43 4.29 2.96 3.11 3.17 1.78

10000 ω 1.77 -0.11 1.77 1.65 1.48 1.84 -0.12 1.83 2.09 1.25
β 2.29 -0.32 2.27 2.05 1.65 2.48 -0.40 2.44 2.65 1.61
κ 1.39 0.02 1.39 1.25 1.05 3.36 2.72 1.97 2.08 1.18

.050 1000 ω 6.57 -0.62 6.54 59.25 15.51 6.62 -0.28 6.61 79.87 19.26
β 55.73 -25.44 49.59 40.88 29.70 56.39 -25.82 50.13 551.26 434.31
κ 10.68 1.66 10.55 5.91 3.22 14.15 3.54 13.70 11.16 4.54

2500 ω 3.83 -0.22 3.83 16.76 16.46 3.80 -0.20 3.80 18.60 3.98
β 34.02 -12.16 31.77 32.75 27.09 38.38 -13.64 35.87 41.80 23.62
κ 4.99 1.13 4.86 3.38 2.62 7.26 2.84 6.68 5.93 3.34

5000 ω 2.56 -0.12 2.56 2.98 3.45 2.58 -0.13 2.57 3.87 2.40
β 19.90 -5.08 19.24 12.88 11.63 24.14 -6.54 23.24 19.04 12.74
κ 2.86 0.47 2.82 2.23 1.94 4.23 2.03 3.71 3.82 2.47

10000 ω 1.77 -0.07 1.76 1.73 1.68 1.77 -0.08 1.77 2.19 1.70
β 7.98 -1.68 7.80 5.93 5.62 9.37 -1.96 9.16 7.90 5.77
κ 1.71 0.17 1.70 1.47 1.36 2.68 1.58 2.16 2.44 1.72

.025 1000 ω 6.75 -0.18 6.75 54.37 22.47 6.63 -0.34 6.62 370.82 126.34
β 62.52 -29.66 55.03 296.95 250.95 65.85 -31.46 57.84 4293.2 3278.3
κ 11.13 1.64 11.01 5.94 2.61 15.08 2.08 14.93 11.19 3.64

2500 ω 3.65 -0.32 3.63 48.65 15.90 3.68 -0.23 3.67 102.13 13.77
β 55.13 -24.71 49.28 906.42 748.17 62.10 -28.47 55.20 105.56 46.73
κ 6.00 1.37 5.85 3.54 2.80 8.21 2.27 7.89 6.22 3.40

5000 ω 2.47 -0.06 2.47 14.74 3.03 5.54 -0.05 5.54 141.14 45.68
β 42.99 -16.12 39.86 183.17 201.70 47.97 -18.32 44.34 41.65 27.24
κ 3.43 0.72 3.36 2.40 2.07 4.72 1.52 4.47 4.07 3.01

10000 ω 1.71 -0.07 1.70 18.77 1.90 1.72 -0.06 1.72 3.70 4.99
β 25.56 -7.47 24.45 26.49 25.71 30.73 -9.48 29.24 29.21 21.10
κ 1.95 0.36 1.91 1.59 1.47 2.83 1.18 2.57 2.66 1.88

Table D.1: Simulation results for DGPs with ω = 1.3 and β = 0.90. The true
parameter κ is given in the first column. PML estimation results are shown for
presuming correct (ν

(0)
i = νi, left hand side panels) and false degrees of freedom

(ν
(0)
i 6= ν1, right hand side). Documented loss measures include root mean squared

errors (RMSE), bias (BIAS) and standard deviation estimates (SD). Further per-

formance statistics are PML approximations of SD based on estimates Î−1 and V̂ of
the asymptotic covariance matrix. All summary statistics are multiplied with 100.
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κ T θi RMSE BIAS SD ŜDI ŜDV RMSE BIAS SD ŜDI ŜDV

.100 1000 ω 11.44 -0.08 11.44 37.85 17.08 9.53 -0.04 9.53 22.83 44.18
β 29.12 -7.93 28.02 910.49 713.45 31.22 -8.61 30.00 22.20 9.79
κ 6.45 0.62 6.42 4.10 1.83 9.89 3.70 9.18 7.46 9.18

2500 ω 4.53 -0.19 4.52 3.93 2.03 4.65 -0.16 4.64 5.04 0.58
β 4.25 -0.95 4.14 2.61 1.99 4.79 -1.04 4.67 3.95 2.29
κ 2.55 0.23 2.53 1.99 1.12 4.79 3.12 3.63 3.43 1.14

5000 ω 2.95 -0.08 2.95 2.66 1.31 3.11 -0.08 3.11 3.37 0.76
β 1.52 -0.32 1.48 1.23 0.79 1.56 -0.31 1.53 1.61 0.69
κ 1.48 0.04 1.48 1.28 0.67 3.47 2.79 2.06 2.12 0.69

10000 ω 1.96 -0.06 1.96 1.80 0.91 2.12 -0.11 2.11 2.25 0.56
β 0.84 -0.13 0.83 0.73 0.41 0.89 -0.12 0.88 0.93 0.34
κ 0.94 0.04 0.93 0.83 0.44 2.96 2.63 1.36 1.36 0.46

.050 1000 ω 11.02 - 0.09 11.02 477.52 115.01 10.76 -0.13 10.76 135.59 35.57
β 47.50 -20.56 42.82 45.65 33.67 50.68 -22.29 45.51 4243.3 1847.8
κ 9.65 2.09 9.42 5.32 2.71 13.85 4.26 13.17 9.86 3.30

2500 ω 4.26 -0.22 4.26 9.58 4.16 4.28 -0.24 4.28 9.57 5.14
β 23.34 -6.57 22.39 13.88 13.15 26.03 -7.22 25.01 17.89 11.61
κ 4.07 0.91 3.97 2.64 2.13 5.72 2.48 5.16 4.51 2.27

5000 ω 2.85 -0.09 2.85 2.78 2.54 2.85 -0.10 2.85 3.53 2.48
β 11.16 -2.01 10.97 5.45 4.96 11.91 -2.14 11.72 7.98 5.55
κ 2.02 0.24 2.00 1.63 1.44 3.08 1.70 2.57 2.73 1.80

10000 ω 1.95 -0.06 1.94 1.92 1.78 1.96 -0.06 1.96 2.42 1.82
β 2.74 -0.56 2.68 2.21 2.06 3.00 -0.62 2.93 2.91 2.08
κ 1.15 0.07 1.15 1.06 0.94 2.10 1.43 1.54 1.75 1.24

.025 1000 ω 7.98 -0.19 7.98 70.32 27.12 6.70 -0.42 6.68 66.86 18.18
β 67.20 -35.00 57.37 148.03 89.57 69.18 -35.98 59.09 66.44 52.41
κ 10.73 1.99 10.55 5.75 2.88 14.88 1.95 14.75 10.84 3.50

2500 ω 3.87 -0.28 3.86 33.10 15.90 3.96 -0.24 3.96 64.40 8.06
β 48.57 -21.26 43.67 45.78 39.04 52.42 -22.88 47.17 49.82 31.83
κ 5.41 1.42 5.22 3.23 2.58 7.69 2.53 7.26 5.59 3.01

5000 ω 2.63 -0.09 2.62 64.50 102.22 2.64 -0.11 2.64 8.20 6.52
β 33.78 -10.90 31.98 108.06 97.22 37.98 -12.80 35.76 33.68 25.11
κ 2.83 0.66 2.75 1.97 1.73 3.84 1.42 3.56 3.34 2.21

10000 ω 1.82 -0.06 1.82 1.84 1.82 1.83 -0.07 1.83 2.32 1.80
β 16.25 -3.85 15.79 9.54 9.06 20.36 -4.88 19.77 12.81 9.33
κ 1.52 0.28 1.49 1.23 1.16 2.28 1.06 2.02 2.06 1.48

Table D.2: Simulation results for DGPs with ω = 1.3 and β = 0.95. For further
comments see Table D.1.
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95% coverage 99% coverage
T 1000 2500 5000 10000 1000 2500 5000 10000
κ = 0.05 26.8 18.2 12.9 9.7 20.6 12.7 8.4 5.2
κ = 0 30.5 46.7 73.4 97.2 18.7 24.3 48.2 87.1

Table D.3: Non-coverage frequencies for κ = 0.05 and κ = 0, of confidence intervals
for κ̂ that are determined by means of standard errors implied by Î−1. The true
model parameters are κ = 0.05 and β = 0.9.
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