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Préambule

Cher Lecteur,

Cet ouvrage présente, en anglais, les résultats des recherches que j’ai menées
durant les cing dernieres années dans le cadre de ma these. Il vous plongera
dans le monde fascinant des automates, et plus précisément dans les problemes
liés aux sous-ensembles d’états et a la synchronisation de ceux-ci. Le domaine
dans lequel ces sujets s’inscrivent est I'informatique théorique. Néanmoins, les
automates sont utilisés dans de nombreux autres domaines, dont le traitement
du language et la modélisation de systeémes physiques. De plus, les méthodes
utilisées pour arriver a nos résultats utilisent notamment ’optimisation con-

vexe, la combinatoire et la théorie des graphes.

Le premier chapitre de cette these présente une introduction générale du
sujet. Les quatre chapitres suivants reprennent les résultats de mes recherches,
et ont en général été publiés sous forme d’articles dans des revues scientifiques.
Le schéma a la page 24 présente une synthese de leur contenu. Les quatre

chapitres de résultats sont congus de sorte a pouvoir étre lus indépendamment.
Je vous souhaite une agréable lecture.

Frangois Gonze,
le 21 juin 2019






Remerciements

Cette these de doctorat a commencé il y a cinq ans, et c’est maintenant une
aventure qui s’acheve. Durant ces années et celles qui ont précédé, j’ai eu la
chance d’étre entouré de personnes formidables, qui m’ont permis de mener
mes différents projets a bien, et en particulier le présent ouvrage.

Je tiens d’abord a remercier les personnes qui m’ont, de par leurs conseils ou
leur exemple, motivé et poussé a entreprendre cette aventure. En particulier
Elodie, Pierre-Yves C., Adeline, Emilie, Adrien, Thomas G. et mes parents.
Je remercie également mes anciens collegues de chez TW pour les bons mo-
ments, mais aussi pour ’expérience et la rigueur que j’y ai acquises, qui furent
déterminantes pour mener a bien et structurer mes travaux de recherche.

Durant ces années a ’Euler, j’ai eu la chance de profiter d’un environnement
de travail incomparable. Je remercie mes collegues Romain, Nicolas B., Nico-
las D., Adeline, Emilie, Maguy et Pierre-Alain, Estelle, Arnaud, Matthew et
Catherine, Corentin VdK., Corentin D. et Florence, Allan, David, Joachim,
Vladimir, Andrea, Nikos, Pierre-Yves G. et Stéphanie G., Gabriel, Benjamin
V., Benjamin C., Luc M., Luc R., Adrien S., Benoit L., Pierre-Alexandre, Guil-
laume Ber., Guillaume O., Loic, Cécile et Valentin, avec qui la vie a I'université
est toujours un plaisir. J’ai également une pensée particuliere pour mes anciens
collegues de bureau: Baldzs, Pierre-Yves, Adrien T. et Charles M.. Etant as-
sistant, j’ai pu participer a ’encadrement de nombreux cours, ce qui fut une
expérience particulierement formatrice. Pour cela, je remercie les professeurs
Francois Gl., Enrico V., Roland K., Vincent W., Olivier P., Kouider B.N.,
Pierre-Antoine A., Julien H., Olivier D., Paul V.D. et Benoit R.. J’ai de plus eu
la chance de bénéficier d’un support administratif et technique d’une efficacité
et d’une disponibilité remarquables. Je tiens a remercier Etienne, Frangois W,
Nathalie, Astrid, Marie-Christine et Pascale, qui permettent a tous de mener
leur recherche dans les meilleures conditions.

En dehors du travail, j’ai pu compter sur le soutien de nombreux amis. Tout

iii



d’abord mes amis d’études: Thomas G., Pierre-Yves C. et Anais, Gabriel et
Magélle, Adrien T., Pierre-Antoine A., Emilie, Adeline et Yannick, et Olivier
A.. Mes amis de Louvain: Aubry et Virginie, ma filleule Anaélle, Sophie,
Anouk et Eli, Isa, Nash et Aimeric, Céline, Oli L. et Audrey, Guillaume Bec.
et Maureen. Mes anciens cokotteurs Oli V., Max, Thomas F. et Amandine,
Robin, Sophie, Sandrine et Anais. Mes anciens colocataires Alex, Julien, Sylvie,
Guillaume, Nuwan et Fiona. Les membres du club de Go: Bernard, Yves,
Gabriel, Domitien, Thomas S. et Thibault P.. Les membres des différentes
chorales: Clément, Charlotte, Julien, Thomas, Gabriel, Pierre-Yves C., Fanny
L., Pauline D., Catherine, Corentin D., Myriam, Caroline, Pierre-Yves G. et
Stéphanie G.. Les anciens: Benoit K., Michaél et Céline. Et enfin Numa et
Amandine, Nicolas et Marie-Sophie, Stéphanie D., Charlotte et Dimitri, Hélene
et Fabien, Lara, Céline M. et Ludo, Philippe et Claire, Sabine et Jean-Marie,
Patrick et Pascale, ainsi que Docteur Benoit.

La rédaction en anglais demandant un état d’esprit complétement différent
de la rédaction frangaise, j’ai souvent eu recours a des avis extérieurs quant a
mes textes. Ainsi, je tiens a remercier les personnes suivantes pour leur aide
et leurs conseils lors de la rédaction de mes articles et du présent ouvrage:
Xavier, Jean, Elodie, Costanza, Vladimir, Myriam, Charles, Matthew, Adrien
T. et Balazs.

Le travail de recherche s’insere dans un domaine pré-existant, dont la décou-
verte est une composante importante. L’accompagnement académique est donc
crucial pour mener a bien un tel projet. Je tiens a remercier les membres
de mon comité d’accompagnement, les professeurs Charles P. et Michel R.,
les membres extérieurs de mon jury, les professeurs Balazs G., Philippe L. et
Mikhail V., pour leur conseils et leur soutien, ainsi que mon promoteur, le
professeur Raphaél J., pour son support et sa motivation sans faille tout au
long de cette these.

Enfin, je remercie ma famille: mes parents Brigitte et Xavier, qui en plus
de m’avoir toujours soutenu, m’ont donné le gout des mathématiques et la
notion du travail bien fait. Je remercie Mamy, Bonne Mamy et Bon Papa, mes
beaux-parents Anne et Jean, Mamou, Marraine Sylvie et Jean, Jean-Louis, mes
(beaux-)freres et (belles-)soeurs Myriam, Bert, Philippe, Caroline, Damien,
Jonathan, Aurore et Laurent, mes oncles et tantes, cousins et cousines, neveux
et nieces. J’ai finalement une pensée pour ma fille Louise, sans qui la rédaction
de cette these aurait été bien trop facile, ma merveilleuse épouse Elodie qui a

su me soutenir toutes ces années, ainsi que notre (nos?) enfant(s?) a venir.



Abstract

Finite state systems, also called automata, are key tools for modelling physical
systems, for emulating computers and for text processing. These systems are
composed of a set of possible states and a set of letters. The letters represent
the commands which can be applied to the system, and their effect depends on
the current state. The control of such systems raises many theoretical questions
about reachability and synchronization of subsets of states, one of them being
well known as the Cerny conjecture. This conjecture, which has been open for
55 years, states that a synchronizing automaton has a quadratic reset threshold.

In this thesis, we study open problems related to subsets of states while
targeting the Cerny conjecture. Our results are twofold. On the one hand we
disprove several conjectures that, if true, would have led to proving the Cerny
conjecture. More precisely, we first disprove a conjecture on the synchronizing
probability function. Second, we provide a counterexample to a tentative im-
provement of the best general bound on the reset threshold, based on subset
avoidance. Finally, we disprove a conjecture on subset reachability.

On the other hand, we prove positive results toward the Cerny conjecture.
We first prove an upper bound on the triple rendezvous time, the length of the
shortest word synchronizing three states of an automaton. Secondly, we prove
upper and lower bounds for 2-Transitivity of permutation sets. Thirdly, we
provide an algorithmic characterization of completely reachable automata. Fi-
nally we prove that automata generating the whole transformation semigroup,
which is the widest possible transformation set, have quadratic reset threshold.
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Chapter 1

Introduction and

Background

Finite state systems, or automata, are classical tools in many fields of science.
They allow to parse texts and efficiently find letter sequences [BR10, Kar13]. In
language theory, they are the basic tools defining formal languages and context-
free languages [Rigl4a), Rigl4b]. In theoretical computer science, automata
provide simple models for the behaviour of computing devices. More recently,
finite state systems have been at the core of synthesis, model checking and
verification of complex automated systems [PCC02, [Jav02, [CP09, BPQR14].
One key property that these systems can have is the synchronizing property.
This property states that there exists a control sequence driving the system to
a fixed final state, whichever the starting state was. In other words, it allows to
regain control over the system. The term “synchronizing automata” was first
used in [Liu63]. This property was formalized in the 60s and studied in parallel
in |[Liu63l, Lae63l Cerny64]. Synchronizing automata appear in various branches
of mathematics and are related to synchronizing codes [BPR09], part orienting
problems [Nat86l [Nat89], substitution systems [FS07], primitive sets of matri-
ces [GGJI6al, synchronizing groups [ACSI7], convex optimization [GJI6], and
consensus theory [CHJI5|. Synchronization has recently gained a lot of atten-
tion in theoretical computer science as major developments have been achieved
on two problems concerning it. The first of these problems is the Cerny con-
jecture on synchronizing automata, which has been open since 1964 |Cern§164]
and the second one is the road coloring conjecture, which was open since 1970
[AdI70]. The road coloring conjecture was proved by Trahtman in 2009 [Tra09].
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2 CHAPTER 1. INTRODUCTION AND BACKGROUND

This event created a lot of interest in the field and new hopes for solving the
Cerny conjecture. Since 2000, much progress has been made and new research
directions have been proposed successfully. In particular, the Cerny conjecture
has been proven for particular classes of automata, and the best general upper
bound on the reset threshold of automata has been improved in 2018 [Szy18].

In this thesis, we focus on problems related to synchronization and leading
to the Cerny conjecture. More precisely, the chosen approaches focus on sub-
sets of states of automata. Our results include solutions to open problems on
properties of subsets, results on the reset threshold for particular families of

automata and refutations of open conjectures.

The remaining of this chapter provides the background of this thesis. In
Section[l.1} we give a formal introduction to finite state systems and their graph
representation. Section [I.2] explains automata synchronization: we present the
Cerny conjecture and the two most classical methods used to approach it, the
compression method and the extension method. In Section [1.3] we present
practical computational aspects of synchronizing automata, i.e. the represen-
tation as matrices and the algorithmic aspects. In Section [I.4] we present the
open problems and conjectures that have driven our research, as well as the
most recent results on them. Finally, we present the outline of the thesis in
Section

1.1 Finite State Systems

Finite state systems, or automata, are a natural way to model systems that can
be in multiple different states. In this work, we consider automata for which
the effect of letters is a function of the state, namely deterministic, finite state,

complete automata.

Formally, a deterministic, finite state, complete automaton (DFA) is a triple
(Q,%,9) with @ the set of states, with 3 an alphabet of letters and with § a
transition function § : Q x ¥ — @ defining the effect of the letters on the states.
It is convenient and often much easier to represent a DFA with a directed graph.
In this case, each state is represented by a node and each transition §(g;,!) = ¢;
is represented by a directed edge from g¢; to g; labelled by letter I. We say that
an automaton is strongly connected if its graph representation is strongly con-
nected. In the following, we often directly use a graph to describe an automaton

since we can recover the formal description (Q, 3, §) of the automaton from the
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graph representatiorﬂ

Example 1.1.1. Figure shows an example of an automaton in its graph
representation. This example is used repeatedly through this thesis, and we
refer to it as &. In this case, the set of states is Q = {q1, 92,93, 94}, the letters
are ¥ = {a,b}, and the effect of these letters is 6(q1,a) = q2, 6(q1,b) = qu,
0(q2,a) = qi, 0(q2,0) = g3, d(g3,a) = g3, 0(q3,0) = qu, 0(qs,0) = q1 and
6(qs,b) = qo.

Figure 1.1: Graph representation of the automaton &.

In this context, we define a word as a finite sequence of letters of 3, and
the set of all the finite words on the alphabet ¥ is denoted by ¥*. Transition
functions are recursively extended to words as follows: given a word w’ = lw
in ¥*, with [ a letter and w a word, we set §(g;,lw) = 6(6(¢;,1),w). We
call prefix (resp. suffiz) of a word w the words w’ with |w’| < |w]| that are
composed of the first letters of w (resp. the last letters of w), in the same
order. In graph terms, applying a word to a state corresponds to following
the path labelled by this word in the graph. Similarly, transition functions are
extended to sets of states as follows: for a set S C @ and a word w € X*,
§5(S,w) = {qjlg; = 6(g;,w),q; € S}. In order to simplify the notation, we
write q;w for 6(g;, w) and Sw for §(S,w). We call transition subsets of Sw the
subsets Sw’, with w’ being a prefix of w.

Example 1.1.2. Let us illustrate the concept of words applied on a state or
on a set of states. If the automaton & begins in state g1, applying the word ab
leads to state q3, as shown in Fig[T.3. For subsets, if we apply the word ab to
the set {q1,qs}, we obtain the set {q3,q4}, as shown in Fig.

n this section, the states of automata are coloured in white, gray or darker gray to
illustrate the effect of letters and word on states, and the synchronizing processes. Later in
this thesis, all states are coloured in gray for aesthetic reasons.
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Figure 1.2: The word ab applied to & starting in state ¢;.

Figure 1.3: The word ab applied to the set {q1,q3} of &.

The image of a state ¢ by a word w is the state qw. We notice that, in a
DFA, every state has exactly one image. By extension, the image of a set S by
a word w is the set Sw. We notice that the cardinality of the image of a set
S is always smaller or equal to the cardinality of S since every state of S has
exactly one image and since two states can have the same image. Similarly, we
call the image of a word w the set Qw. The rank of a word w is the cardinality
of its image |Qw|. Conversely, for the ease of notation, we call deficiency of a
word w the value n — |Quw|, and call this word (n — |Qw|)-deficient. We call
rank of an automaton the rank of its lowest rank word.

Example 1.1.3. To illustrate these concepts, consider the word w = ab of the
automaton in Fig[I.]l The image of 1 by w is q3, the image of q3 by w is
qq and the image of both qo and q4 by w is q1. So the image of Q by w is
{q1,q3,q4}. Therefore w = ab is of rank 3, or 1-deficient.

1.2 Synchronization

In a finite state system, it can be desirable to have a particular input se-
quence which would ensure a known final state, independently of the initial

one. Indeed, applying this sequence would allow to recover control over the
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device. Automata with this property are called synchronizing. Synchroniz-
ing automata first appeared in computers and relay control systems in the
60s [Moo56l [Gin58]. In the 80s and 90s, this subject found applications in
robotics and in the industry [Nat86l [Nat89]. More recently, it has been used
to model consensus theory [CHJ15] and theoretical results obtained for syn-

chronization have been applied successfully to primitivity of matrix sets (see
[BJO15l, [GGT16al).

Formally, an automaton & = (Q;X;0) is synchronizing if there exists a
word w € ¥* such that Qw is a single state, or in other words such that w
has rank 1. Then, we call w a synchronizing word. We also say that a word w

synchronizes a subset S C @ if Sw has rank 1.

One way of representing synchronization is to look at the power automaton
of an automaton &/ = (Q;;0). The power automaton P(<7) is defined as the
automaton obtained by setting all the possible non empty subsets of () as states,
by maintaining the same letters as &/ and with the transition function equal
to the transition function of & on its sets of states, so P(«/) = (29;%;65¢).
Therefore the power automaton illustrates the effect of letters on any set of
states of the automaton. Synchronization of the automaton & is therefore

equivalent to the existence of a path from @ to a singleton in P(<).

Example 1.2.1. Figure represents P(&), the power automaton of &. We
notice that the word w = abbababba connects Q to q1, which means that Quw =

q1, therefore it is a synchronizing word.

Figure 1.4: The power automaton P(&).
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1.2.1 The Cerny Conjecture

We now come to the main open problem in this field, the Cerny Conjecture. It
tries to answer the following question: if an automaton is synchronizing, does
it have a short synchronizing word?

Jan Cerny conjectured that any synchronizing automaton has a synchro-

nizing word of quadratic length, more precisely:

Conjecture 1.2.2. [The Cerng Conjecture [Cernij64, |CernyPR71]]
Let o = (Q;%;9) be a n-states synchronizing automaton. Then there is a

synchronizing word w € ¥* of length at most (n — 1)2.

Although this conjecture has a simple statement, it is still unproven. If the
conjecture is true, then (n — 1) is also a tight bound. Indeed, in |Cerny64],
Cerny proposes a family of automata attaining it for any number of states. We
refer to this family as the Cerng family of automata %,,, represented in Fig.
In the following, we call the length of the shortest synchronizing word of an au-
tomaton & its reset threshold, and we write it rt(</). Synchronizing automata
attaining the bound of Conjecture or having a reset threshold close to it
are very infrequent (see [AGVI(, [Kar(0ll [Rom08| [AVZ07] for examples). On
a brighter side, another longstanding open problem based on synchronizing
automata, the road-coloring problem, was recently solved by Trahtman (see
[Tra09]). Nevertheless, many problems mixing road-coloring and the Cerny

conjecture are still open (see [VR15] [Carld]).

a

Figure 1.5: The automaton of Cerny family with n states %,.

In the last decades, Conjecture has been the subject of intense re-
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search. It has been proven to hold for several families of automata (see [Kar(03|
Epp90, IDub98, IGK13l [Vol09l IAV04, [Tra07, [AV05, [BBP11l ICD13| Cerny64]),
including cyclic and Eulerian. However, the best general upper bound on the
reset threshold of an automaton with n states is close to (n® — n)/6. This
bound was obtained by Pin and Frankl [Fra82l [Pin83], and rediscovered inde-
pendently in [KRS87]. Although it had been holding for more than 30 years,
it was improved by a factor 1075 in 2017 [Szy18]. An overview on the state of
the art is given by Volkov [Vol08].

1.2.2 Constructive Approaches

Two constructive methods are often used in order to bound the reset threshold
or to prove Conjecture [[.2.2] for particular automata classes: the compression
method and the extension method. They both consist in building a short syn-
chronizing word by a recursive process. The compression method starts with
the whole set of states @@, and search recursively for words reducing the number
of states in the current set. The extension method does the opposite: it starts
with a single state and searches recursively for words sending a larger set of
states on the current set, ending with Q.

We summarize here the two methods and show how the problems we tackle
are related to them.

The Compression Method

In the compression method, the set of states is recursively compressed, starting
with the set of all states. More precisely, one searches for words w1, ..., w, and
sets of states Si,...,Sk with k& < n such that Quw; = Sy, S;w;41 = S;41 for
1 <i <k, with |S;41] < |Si|, and |Sg| = 1. The concatenation of the words w;
is a synchronizing word mapping @ to Sj.

Example 1.2.3. Let us apply this method to & and illustrate it in Fig. [1.6
Starting with Q, the word w1 = a allows to obtain the set S; = {q1,q2,q3}.
Then, the word wy = bba allows to obtain the set So = {q1,¢2}, and finally
w3 = babba allows to obtain the set S3 = q1. Therefore, this method leads to

the synchronizing word abbababba.

In order to bound the length of this synchronizing word, one bounds the
length of each of the subwords w;. This is the method used by Pin and Frankl
[Ping3] [Fral2] to obtain a general upper bound on the reset threshold of any
synchronizing automaton. They showed that in a synchronizing automaton,
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Figure 1.6: The compression method applied to the automaton &.

any set of size k can be compressed by a word of length at most %

77.3 —n

Summing this value from 2 to n provides the bound . Slight improvements

to this bound, still using this method, were obtained recently, as we will see in
section [[.4

Compressing a set of states implies that two of its states are synchronized.
Therefore, the shortest word compressing a set is also the shortest word syn-
chronizing a pair of states of the set. This is the argument used in the proof
of Pin and Frankl where they showed that, in a set with k states, one of the
pairs could always be synchronized with a word of length % One
way of representing the synchronization of pairs is to use the graph of pairs
of the automaton, that we call square graph. We define the square graph of
o/ as the automaton with pairs of & plus single states toward which pairs are
synchronized as state&EI, the same letters as «, and the transition functions
defined for the pairs. We write SG(«) = (Q% U Q',%,dg20q) with Q' the
single states kept, and g2y the transition function defined on pairs of states.
Figure represents the square graph of &.

2Later in this thesis, we sometimes include the whole set of single states in the square
graph for a better understanding.
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D=x
a,b
b a

a
b
b

(o))

Figure 1.7: The square graph SG(&).

In terms of square graph, finding the shortest word compressing a set is
equivalent to finding the shortest path in the square graph from a pair of the
set to a single state.

Example 1.2.4. Let us illustrate the compression process of Example[1.2.3 in
terms of square graph. Figure|1.8 shows the steps of the process. FEach graph
represents in light gray the pairs which are in the set and in dark gray the pairs
which have a shortest path towards a single state. Initially, all the states are in
the set, therefore we must consider all the pairs, and the one with the shortest
path towards qq is q2qs4. This provides the first compressing word wi = a, which
leads to the set S1 = {q1,q2,93}. The pair in Sy with the shortest path towards
q1 s q2q3. This provides the second compressing word wo = bba, which leads to
the set So = {q1,q2}. Finally, So has only a single pair, and the shortest path
from this par to q1 is labelled by ws = babba.

Recall that the diameter of a graph is the maximal length of the shortest
path between two of its nodes. We notice that any pair can be synchronized
with a word shorter or equal to the diameter of the square graph. For a syn-
chronizing automaton with n states, it implies that there exists a synchronizing
word of length n — 1 times this diameter. Therefore, understanding the struc-
ture of the square graph could lead to improvements to the Pin-Frankl bound.
This motivated the study done in chapter [3] where we analyze the structure of
the square graph based on the effect of the letters on single states. The proof of
Pin also motivated the excluding state question, which was first introduced by
Trahtman in a tentative improvement of the Pin-Frankl bound [Trall]. This
question is studied in section
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Figure 1.8: Synchronization of & using the compression method based

on SG(&).

The Extension Method

In the extension method, the set of states is recursively extended, starting
with a single state. In order to formalize this method, we need the notion of
preimage of a set S by a word w. It is defined as the set of states which are

sent on S by w, and we write it Sw™! i.e.
Sw™! = {q € Qlqw € S}.

For preimage, we call transition sets the sets Sw’~!, with w’ any suffix of w.
In order to build a synchronizing word, starting from a single state ¢, one will
search for words w1, ..., w; and sets of states Si,..., S with k < n such that
quit = Sy, S;w;t = Sy for 1 <i < k, with [S;41] > |S,], and Sy, = Q. The

concatenation of the words w; is a synchronizing word mapping @ to gq.

Example 1.2.5. Let us apply this method to & and illustrate it in Fig. [I.9
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Starting with q1, the word wy = a provides the set S1 = {q2,q4}. Then, the word
wo = ababb provides the set So = {q1,q2,q4}, and finally w3z = abb provides the
set S3 = Q. Therefore, this method leads to the synchronizing word abbababba.

1

(=), — @

a b a b

HOR RON
ababb™!

JOR JOR
@] @@y Do
a b a b
@ — @
abb~!

Figure 1.9: The extension method applied to &.

In order to bound the length of this synchronizing word, one bounds the
length of each subword w;. We notice that in any synchronizing automaton,
there exists a single state which can be extended by a single letter. Then, if it
is possible to prove that any other subset can be extended by a word of length
n, it provides a synchronizing word of length (n —2) x n+ 1 = (n — 1)2, which
is the bound of Conjecture [1.2.2

An important difference between the contraction method and the extension
method is the asymmetry between image and preimage of sets. Indeed, the
image of any set by any letter has a cardinality lower than or equal to the
cardinality of the set. This implies that, in the compression method, it is
always possible to contract a set with the transition subsets being of the same
size or lower. Oppositely, the cardinality of the preimage of a set can be of
higher cadinality, but also of lower cardinality. Indeed, some states might have
no preimage. Therefore, in the extension method, it is not always possible

to extend a set with transition sets being of the same size or larger than the
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initial set. For example, in &, state g4 has no preimage by letter a, so the
set {g2,¢3,94} cannot be extended without transiting through sets of lower
cardinality, as shown in the power graph in Fig.

In the compression method, showing that a pair in a subset could be syn-
chronized by a word w was enough to ensure that w was a compressing word for
this subset. However, a state s having two preimages by word w is not enough
to guarantee that w is extending any set containing s. Indeed, in order to guar-
antee this, all the other states of S must also have at least one preimage, which

could not be the case. The compression method allowed to obtain the bound

’I’Lsf’ﬂ

6
proofs using the extension method can hardly be applied to all synchronizing

for the reset threshold of any synchronizing automaton. Oppositely,

automata, but allowed to prove quadratic bounds for many particular classes
of automata. Some classes for which this method allowed to prove Conjec-
ture are circular automata [Dub98], solvable automata [Rys97], Eulerian
automata [Kar(3], and quasi Eulerian automata [Stell]. Moreover, quadratic
bounds close to the conjecture were obtained for one-cluster automata [BBP11]
and simple idempotent automata [Rys00]. Most of these results are obtained
by proving, for any set of states, the existence of a short word extending it.
This general framework is explained in detail by Steinberg in [Stell]. A tool
allowing to easily use the extension method is the I'-graph of automata. In
chapter [5| we study this graph and prove a quadratic bound for automata
generating the full monoid of transformations T;,.

1.3 Matrix Representation and Algorithmic As-
pects

In many applications, algorithms providing a short synchronizing word are
needed. On the theoretical side, if Conjecture[L.2.2| was false, a promising track
would be to build a counterexample algorithmically. This naturally raises al-
gorithmic questions about synchronization of automata: is the synchronization
problem decidable? Is it possible to find a short synchronizing word or even
the shortest synchronizing word? Is it possible to determine the reset threshold
or to approximate it? Moreover, is it possible to answer these questions in a

short computational time?

In the following, in order to analyze the algorithms using the algorith-

mic complexity, we use the classical asymptotic notation o(f(z)) and O(f(z)).
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They are defined as follows: we say f(z) = o(g(x)) if we have that

lim —f(m =0,

a0 g(x)
and f(x) = O(g(z)) if and only if there exists a positive real number M and a
real number xg such that

|f(z)] < Mg(x) for all x > xo.

We say that an algorithm on automata runs in quadratic time if its time com-
plexity is O(n?), with n being the number of states of the automaton. We
notice that for many algorithms, the complexity also depends on the number
of letters |X|.

Verifying that an automaton is synchronizing is equivalent to verifying that
there is a path in the power automaton from @ to a singleton. Therefore, a naive
approach is to use a breadth-first search algorithm in the power automaton.
Since the size of the power automaton is exponential in the number of states,
this method can be of exponential time. However, there is a much easier
way to verify that an automaton is synchronizing. Indeed, we know that, if
every pair can be synchronized, then it is possible to recursively synchronize
pairs of the set and to obtain a synchronizing word, as in the method of Pin.
Verifying that any pair can be synchronized is equivalent to verifying that any
pair is connected to a singleton in the square graph, and this can be done with
computational time of order O(n?|X|) [Vol08].

Now, knowing that an automaton is synchronizing, the next step is to com-
pute a synchronizing word. Eppstein proposed an algorithm running in time
O(n?|3|) and using a working space of size O(n? + n|%|) ([Epp90], Theorem
6). Once it has been proven that an automaton is synchronizing, it is possible
to build a synchronizing word of length O(n?).

We saw that proving that an automaton is synchronizing and finding a syn-
chronizing word can both be done in polynomial time. However, determining
the reset threshold is much harder. It was shown in [Epp90] that finding the re-
set threshold was NP-complete. Moreover, approximating it is also hard [GS15]:

Theorem 1.3.1 (Theorem 5.1 in [GS15]). For every constant € > 0,
SYNAPPX({0,1,2},n'™¢)

s mot solvable in polynomial time, unless P = NP.
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In this statement, SY NAPPX ({0,1,2},n'~¢) is defined as the problem of
finding a synchronizing word of length at most n'~¢ times the reset threshold
of an automaton with alphabet {0,1,2}.

The article [OU10] provides a detailed overview these questions. These re-
sults imply that when the size of automata grows, it is very hard to test if
they have a short synchronizing word or not. The computational complexity
of problems about reaching subsets of states or synchronizing subsets of states
are studied in [BFS18|]. It was proven that most of these problems were com-
putationally hard. The packages TESTAS by Trahtman [Tra02] and COMPAS
by Chmiel and Roman [CR10] allow to compute the reset threshold of small
automata.

Conjecture has been algorithmically verified for any automaton up to
n = 4 with unrestricted alphabet and for n = 10 with two letters by Traht-
man [Tra06]. In 2013, this latter case was extended to n = 11 by Kisielewicz
and Szykuta [KS13]. In 2017, de Bondt et al. verified that the conjecture was
true for automata up to 6 states with alphabet of any size [DBDZ17].

In order to work numerically with synchronizing automata, it is necessary
to represent them in a way that is easily used in algorithms. To do so, it is
convenient to represent them as sets of matrices, where each letter is represented

by its adjacency matrix. In that setting, they are defined as follows.

Definition 1.3.2. A deterministic, finite state, complete automaton (DFA) is

a set of m row-stochastic E| matrices & C {0, 1}"*"™.

In this definition, m and n are respectively the number of letters in the
alphabet and the number of states of the automaton. Each letter corresponds
to a matrix L € ¥ with binary entries, which satisfies Le” = e, where e is the
1 x n all-ones vector. We notice that, in this setting, the matrix corresponding
to a word is equal to the product of the matrices corresponding to the letters
of the word. We write ¥ for the set of products of length ¢ of matrices taken
in ¥, and ¥* for the set of all possible products of matrices. We refer to these
products as words. States and sets of states are represented by their 1 x n
characteristic vector in the canonical way. With this setting, the definition of

synchronization is the following.

Definition 1.3.3. An automaton ¥ C {0,1}"*™ is synchronizing if there is

3Recall that stochastic means that the values are all non-negative and the sum of the
elements in each row is equal to one.
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an index 1 <i <n and a finite product W = L¢,---Lc, : L., € ¥ which satisfy
W =ele,,

where e; is the it standard 1 x n basis vector.
In this case, the sequence of letters L.,---L., is said to be a synchronizing

word.

Example 1.3.4. The two letters of the example automaton are the following

matrices:

S|

Il
—OoRrROoO
OO
OO O
OO OO
SO O
—OoO oo
OO~ O
OO O

and we have the synchronizing word:

abbababba:(l 11 1)T(1 0 0 0).

The Cerny conjecture expressed in matricial terms is the following:

Conjecture 1.3.5 (The Cerny conjecture, 1964 [Cerny64, CernyPR71]). Let
¥ C {0,1}™*™ be a synchronizing automaton. Then, there is a synchronizing

word of length at most (n — 1)2.

In order to study the synchronization process, a game theoretic approach
leading to a linear program has been proposed by Jungers in [Juni2]. The re-
sults of this program provides the synchronizing probability function (SPF) of
an automaton. The SPF is a tool quantifying the synchronizing efficiency that
can be reached for a defined word length. More precisely, if the argument of the
function is higher than the automaton reset threshold, the function provides
the value 1, while for arguments lower than the reset threshold, the function
is non-decreasing. In Chapter [2] we study the synchronizing probability func-
tion and disprove a conjecture about it ([Junl2], Conjecture 2). A natural
extension field from this matrix approach is the primitivity of sets of matrices.
Indeed, [BJOI15] obtained that primitive sets of matrices with long shortest
positive product could lead to a counterexample to Conjecture In this
thesis, we obtained preliminary results on generation of primitive sets with long
shortest positive product [GGJ16b]. This track was then successfully explored
in [CJI8al [(GGJ16a]. Noticeably, the synchronizing probability function has
recently been extended to primitive sets of matrices in [CJ18al [CJ18b] [Cat19].
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1.4 Open Problems and Recent Results

In order to understand synchronization of automata, some more general con-
jectures on synchronizing automata have been made. A recurrent idea in these
conjectures is to provide milestones in the synchronizing process. Trying to
prove or disprove these milestones led to promising results, as we will see. Some
of these conjectures, such as the Pin-Cerny conjecture, are directly linked with
the compression method. Others, such as the Don conjecture, are linked to
the extension method. Finally, some are based on other concepts, which can
involve subsets or other types of approaches. In this section, we describe these

problems as well as the most recent results related to Conjecture [1.2.2

The Pin-Cerny Conjecture A first natural research track is to try to show
that the compression method is a quadratic process. In his thesis [Pin78|, Pin
proved that the first three steps of this method could always be achieved by
short words:

Theorem 1.4.1 ([Pin78]). Let o7 be an automaton with n states and let 0 <
k < 3. If there exists a word of rank < n —k in o/, there exists such a word of
length < k2.

Extending this result to the whole compression process would then have led
directly to Conjecture [1.2.2] and Pin conjectured the following;:

Conjecture 1.4.2 ([Pin83, [Pin81], Conjecture (C)). Let &7 be an automaton
with n states and let 0 < k < n — 1. If there exists a word of rank <n — k in
o, there exists such a word of length < k2.

However, although this conjecture was very promizing and held for 20 years,
a counterexample was provided by Kari in 2001 [Kar0OI]. The automaton pre-
sented is represented in Fig. Indeed, it turns out that this automaton
with 6 states cannot be compressed to a set of two states with a word shorter
than 17 letters, while Conjecture implied that it was possible with a word
of 16 letters.

This automaton is so far the only known counterexample to Conjecture|l.4.2
Moreover, it has the particularity that it does not satisfy it for a value n — k
that is not its minimal rank. Indeed, the automaton is in fact of rank 1 and has
a synchronizing word of length 25. An alternative version of the conjecture,
with the condition that the rank has to be minimal, is also attributed to Pin
by Rystsov (JAS09, Rys92]):
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Figure 1.10: Kari’s automaton.

Conjecture 1.4.3 ([Rys92], Conjecture 1). Let &7 be an automaton with n

states and rank v, then there exists a word of rank r of length < (n —r)2.

This conjecture is open and it would also imply that Conjecture [[.2:2] is
true.

Synchronization of subsets with short words After compressing @ to
a subset S with |S| = m < n, we are interested in finding the shortest word
synchronizing S. Therefore, a natural second question is: what is the length
of the shortest word synchronizing a set of m states? A proof strategy for
Conjecture behind this question is that, if we can prove that a subset
of two states can be synchronized with a word of some length, then extend
this result to a set of three states, and continue recursively for sets of higher
cardinality, we will finally have the set (). However, on the one hand, for
two states alone, the worst possible case is reached by the automata of the
Cerny family, where two of its states need a word of length n(n — 1)/2 to be
synchronized. On the other hand, Conjecture states a bound of (n — 1)?
on the reset threshold. The ratio 1/2 between synchronizing the worst pair
and synchronizing the full automaton is quite bad, and therefore this method
is not very promising. However, the length of the shortest word synchronizing
a subset of an automaton has been conjectured by Cardoso to be lower that
the following threshold:

Conjecture 1.4.4 ([Carl4], Conjecture 5.1.1). Given a synchronizing automa-
ton o = (Q;%;9) with n states and a subset S of Q with m elements, there is
a synchronizing word w € ¥* for S, whose length is at most

Fln,m) = (n—1)% - {”_”ﬂ (Qn—m{%—‘ —1).

m
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If it is true, this conjecture is tight for any size of subset. Indeed, it is possi-
ble to find automata of the Cerny family and subsets of their states that reach
the bound for any chosen parameters. The synchronization of subsets of states
is also studied in [MNI7], in which the authors reformulate Conjecture [1.4.4]
and focus specifically on its 3-states version:

Conjecture 1.4.5 ([MNI7], section 4). Given a synchronizing automaton
o = (Q;%;06) with n states and a subset S of Q with 3 elements, there is
a synchronizing word w € X* for S, whose length is at most %

Reachability of subsets with short words A complementary question
to the synchronization of subsets is of course the reachability of subsets. If a
subset is reachable, is it possible to reach it with a short word? This question
was explicitly stated by Don:

Conjecture 1.4.6 (Conjecture 18 in [Donl6]). Let & = (Q; %;9) be an n-state
automaton. If S C Q is a set of size k and there exists a word w such that

Qw = S, then there exists a word with this property of length at most n(n—k).

This conjecture is stronger than Conjecture [[.2.2] Indeed, any pair would
be reachable with a word of length n(n—2). Since there is also a pair which can
be synchronized by a single letter, it provides a synchronizing word of length
(n—1)%

It turns out that this conjecture was too strong in general. Indeed, it is
possible to find automata with subsets that cannot be reached with words
shorter than an exponential length, as we will see in Chapter @l However, the
conjecture might be true for some classes of automata. In particular, it looks
very natural for automata in which every subset of states is reachable, namely

completely reachable automata:

Problem 1.4.7. Let o7 = (Q;X; ) be a n-state completely reachable automa-
ton. For any 0 < k <n and any set S € Q of size k, is it true that there exists
a word w such that Quw = S and |w| < n(n—k)?

We notice that Conjecture[1.2.2]is not yet proven for the class of completely
reachable automata. Solving Problem would prove it for this class.

On subset extension The extension method has led to prove Conjecture[1.2.2
for many classes of automata. Therefore, conjectures trying to generalize it ap-

peared naturally. One attempt was made by Rystsov in 1995. He first showed
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with the extension method that the reset threshold for reqular automataﬁ was

quadratic:

Theorem 1.4.8 ([Rys95], Theorem 5). Let o7 = (Q; ;) be a n-state regular

automaton. Then there is a reset word for o/ whose length is at most 2(n—1)2.
Based on this setting, Rystsov conjectured the following:

Conjecture 1.4.9 ([Rys95], Hypothesis). Any strongly connected automaton
18 reqular.

This conjecture does not imply Conjecture but a quadratic bound
twice higher. A similar conjecture was proposed by Carpi and d’Alessandro in
2009 [CD09]. However, these two conjectures were disproved by Berlinkov in
2011 [Berld]. Indeed, he provided a family of strongly connected synchronizing
automata which were not regular. Moreover, following the same idea, in [KST5],
the authors build synchronizing automata for which there exists subsets of
states that can not be extended by words shorter than a quadratic length,
therefore deceiving the possibility to use this method to get a general quadratic
bound on the reset threshold. However, they proposed the following conjecture,
in which the subsets for which the extension method is applied are only the

reachable ones:

Conjecture 1.4.10 ([KS15], Conjecture 1). There exists a constant ¢ such
that, for every strongly connected synchronizing automaton (Q;3;9) and every
non-empty S C Q with Qw = S for some w € X%, there exists a word u of
length at most cn and a subset T C Q such that T C Su™',Qu = T for some
v e X* and |T| > |S].

However, the authors showed that the constant c¢ in the conjecture has to
be at least 3/2, therefore Conjecture cannot be directly proved through
this conjecture.

The synchronizing probability function growth The synchronizing prob-
ability function of an automaton is a function of a natural number returning
a probability of synchronization, i.e. kg : N — [0,1]. The SPF is intended as
a tool to understand the synchronizing process of an automaton. Indeed, it is

4A regular automaton is an automaton which has a regular collection of words. A col-
lection of words W is called regular if it contains the empty word and there is a natural
number k > 1 such that for every pair of states s,t, there are exactly k words in W which
take the state s into the state t. For example, the automaton %, is regular because the set
{0,b,...,b>*~1} is a regular collection of words with k = 2.
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non-decreasing and if k. (t) = 1, then ¢ > rt(</). It was noticed that the SPF
of all known examples achieving the bound of Conjecture was growing
linearly, and this was also confirmed by numerical experiments. This led to the
following conjecture, which states that the synchronizing probability function

of a synchronizing automaton grows regularly.

Conjecture 1.4.11 (Conjecture 2 in [Junl2]). In a synchronizing automaton
o with n states, for any 1 < j<n—1,

k(14 (G =1 (n+1)) 2 j/(n—1).

This conjecture implies that, at each multiple of n + 1 plus one, the SPF
must have reached a threshold.

We notice that this conjecture is stronger than the Cerny conjecture (The-
orem 4 in [Junl2]). Indeed, for j = n — 2, the conjecture implies that k. ((n +
1)2-3) > (n—2)/(n — 1). However, the author also showed that if k. (t) >
(n —2)/(n — 1) for some t, then kg (t + 3) = 1. Therefore, it implies that
ke ((n+1)%) = 1, which is Conjecturem

Conjecture [1.4.11] was one of the main motivations at the beginning of this
thesis (see Chapter . A counterexample was obtained for j = 2, however it

is not known if the conjecture holds for other values:

Problem 1.4.12. In a synchronizing automaton ¥ with n states, for any 3 <
1<n—1, s
ks(14+ (G —1)(n+1) >35/(n—1)?

Proving this would still imply Conjecture [1.2.2

Improvements of the Pin-Frankl bound The last noticeable recent re-
sults we will discuss are the improvements on the bound obtained by Pin and
Frankl in 1982. This general bound on the reset threshold had been holding
for more than 30 years, and was improved twice in the last 3 years.

The first key element to understand these results is to recall the greedy
process proposed by Pin: for each k, bound the length of a compressing word
for any set of size k. In fact, in the first steps, if k > n/2, it turns out that it is
possible to find words that compress the set of shorter length than the bound
obtained by Pin.

The first observation of this possibility was due to Trathman in [Tra07].
He stated that, if the following statement was true, then it would be possible
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to compress @ to a set of states of size n/2 with a word of quadratic length.
Therefore, the full process would be of length O(7n3/48) instead of O(n?/6) =
O(8n3/48).

Statement 1.4.13 (Lemma 3 in [Tra07]). Let Q be the set of states of a
synchronizing strongly connected n-state DFA. Then for any state q there exists
a word w of length not greater than n such that ¢ ¢ Qw. For any k < n there
are at least k states q1,...,qr and words wy, ..., wy of length not greater than
k such that for any 1 <i <k, q; ¢ Quw;.

As we will see in Chapter [4 this statement is false. However, the bound
O(7n?/48) would still be true with a weaker version of Statement [1.4.13] This
weaker version is the possibility to exclude a state from a set with a word of

linear length cn, for a constant c. This was proposed as an open problem:

Problem 1.4.14 (Open problem in [GJTI5]). Let Q be the set of states of a
synchronizing strongly connected n—state DFA.
Is there a constant ¢ such that, for any state q € Q, there exists a word w

of length not greater than cn such that ¢ ¢ Quw?

This problem has not been solved as it is. However, Szykula showed that,
if a set of states of an automaton was not satisfying Statement then it
is possible to find a word that improves the compression process:

Lemma 1.4.15 (Lemma 2 in [Szyl8]). Let & = (Q;%;9) be a n-state au-
tomaton. Consider a non-empty subset S € @ and a non-empty proper subset
Sy C S. Suppose that there is a word w € ¥* such that A ¢ Sw. Then there

exists a word w of length at most n — |Ss| satisfying either
1. AC Sw, or
2. |Sw| < S

This Lemma, although less powerful than Statement|1.4.13|and Problem|1.4.14
allows to slightly improve the compression of @ to a set of size n/2, which leads

to the following improved general bound:

Theorem 1.4.16 (Theorem 11 in [Szy18|). For any n-state synchronizing au-

tomaton </, we have:

rt(a) < (85059n° + 90024n? + 1965040 — 10648) /511104,
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This is an improvement of a factor 1/10000 compared to the bound of Pin.
However, starting from this, a new improvement using the same tools was
proposed by Shitov two months before the submission of this Thesis. In fact,
he showed that the compression word obtained in the process could be linked
with each other:

Theorem 1.4.17 (Theorem 2 in [Shil9]). Let u € * be a word of length 1 and
deficiency r € {1,n/2 — 1}. Assume that, for an integer A, there exists a word
v of length \ such that rkv < rkv’ for any word v’ of length at most A + 2r.
Then there is a word of length at most | + X + 2r and deficiency at least r + 1.

Using this, he improved the bound as follows:

Theorem 1.4.18 (Corollary 6 and Lemma 7 in [Shil9]). For any n-state syn-

chronizing automaton <, we have:

7 2x 15625
<[ — 4+ 203 3).
i) < (48 * 597536 >” + o)

Which is of the order of 0.1654n3, while the original bound of Pin was of
the order of 0.1666n°.

This improvement is based on the fact that a short-cut is possible in the
first n/2 steps of the compression process. We notice that it does not improve
the second part of Pin’s greedy algorithm, which is longer and seems to be
harder. In Chapter [3] we focus on the second part of the process by providing

an approach based on the square graph.

Some very active research topics and open questions linked to automata are
not directly relevant for this thesis and will not be covered here. For exam-
ple, the generalization and alternative problems based on the road colouring
theorem. These problems are studied in [GPS17, [VR15, BP14l [CD10]. Other
very interesting classes of problems are the ones related to collapsing words,
synchronization of partial automata, in which some edges are undefined (which
is called careful synchronization), or synchronization of undeterministic au-
tomata, in which letters can map states on more than one state. Problems of
this type are studied in [ACV02, Vor16, Mar13, [GING09). [

5We notice that the results obtained for this kind of automata are completely different
than the ones obtained with DFAs. Indeed, the bounds for careful synchronization [Vori6|
and for i-directability of undeterministic automata for ¢ > 2 [GINGO09] are exponential, while
the bound for Conjecture @ is polynomial.
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1.5 Thesis Outline

The outline of the thesis is synthesized in Fig. Most of the results have
been published in journal or conference papers. In this thesis, we grouped them
into four main chapters.

In Chapter [2] we study two concepts which are highly interdependent. The
first one is the synchronizing probability function of an automaton, a tool in-
troduced by Jungers [JunI2] that reinterprets the synchronizing phenomenon
as a two-player game, and allows to obtain optimal strategies through a Linear
Program. The second one is the triple rendezvous time, i.e., the length of the
shortest word synchronizing a set of three states. It is a natural intermediate
problem toward Conjecture and represents the worst-case scenario in the
second step of the extension method. We notice that a similar problem has
recently been solved for sets of primitive matrices [ACCJ19].

Our contribution is twofold. First, we obtain a new upper bound on the
triple rendezvous time by coupling two different approaches based on the syn-
chronizing probability function and properties of linear programming. Second,
we disprove a conjecture on the triple rendezvous time by exhibiting a family
of counterexamples, which leads to simultaneously disprove a conjecture on
the growth of the SPF. We then suggest natural follow-ups towards the Cerny
conjecture.

In Chapter[3] we study the 2-transitivity of permutation sets and the diame-
ter of the square graph of automata. We first provide a theoretical upper bound
on the square graph of permutation sets diameter and a construction reaching
a diameter of "72 +0(n?). Second, using this construction, we refine a theorem
on the joint spectral radius. Finally, we show that the square graph diameter
of a permutation set cannot be equal to the theoretical bound stated before.
We then show how this result could be extended to synchronizing automata in
order to improve the compression method.

In Chapter 4] we study subset reachability and its counterpart, state ex-
clusion. First, we provide an automata family with subsets that cannot be
reached by words shorter than 2" /n, thus disproving Conjecture m We
then propose and analyze relaxed versions of this conjecture. Second, we pro-
vide a counterexample to a lemma used in a recent tentative improvement of
the Pin-Frankl bound for synchronizing automata [Trall]. This example nat-
urally leads us to formulate an open question, whose answer could fix the line
of the proof, and improve the bound.

Chapter [5] studies the class of automata which are completely reachable,
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Deterministic Finite State Complete Automata (DFA)

Rank k<n
Permutations

Synchronizing
Completely Reachable

Generating T,

Gamma graph
approach (5.2)

Cerny conjecture (1.2.1) Extension method

Triple rendezvous (1.2.2and5)

time (2.3)
Pin-Cerny conjecture (1.2.1) Quadratic reset 2-transitivity
Compression method (1.2.2) threshold (5.3) and square graph
Synchronizing probability function (2) diameter analysis
Subset reachability (4) (1.2.2and 3)

Figure 1.11: Thesis outline. The upper part represents the classes of automata
that are met through this thesis and the relations between them. The lower
part shows the topics which are studied in the thesis and the sections references.
The arrows show on which classes of automata the topics apply.
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i.e. in which any subset can be reached. These automata are very particular
because it is possible to control them in order to reach any set of states. Within
this class, we also focus on automata with the transition monoid equal to the
full monoid of transformations.

First, we analyze the I'y-graph construction for completely reachable au-
tomata. The I'1-graph is derived from 1-deficient words, and is a key tool for
applying the extension method. We introduce the concept of roots of 1-deficient
words, which allows to state explicit concatenation rules for these words. Based
on these results, we provide a polynomial-time algorithm for constructing the
I'1-graph. Then, we disprove a conjecture by Bondar and Volkov [BV16] linking
the strong connectivity of this graph and the concatenation of 1-deficient words
of completely reachable automata. Finally, we prove an alternative version of
this conjecture.

Second, motivated by the Babai conjecture and the Cerny conjecture, we
study the reset thresholds of automata with the transition monoid equal to the
full monoid of transformations of the state set. For automata with n states in

this class, we prove that the reset threshold is upper-bounded by 2n% — 6n + 5
n(n—1)

and can attain the value 5






Chapter 2

The Triple Rendezvous
Time and the
Synchronizing Probability

Function of Automata

Abstract

In this chapter, we study two concepts which allow to approach the
Cerny conjecture. The first one is the triple rendezvous time, i.e., the
length of the shortest word mapping three states onto a single one.
The second one is the synchronizing probability function of an automa-
ton, a recently introduced tool which reinterprets the synchronizing phe-
nomenon as a two-player game, and allows one to obtain optimal strate-
gies through a Linear Program.

Our contribution is twofold. First, by coupling two different ap-
proaches based on the synchronizing probability function and proper-
ties of linear programming, we obtain a new upper bound on the triple
rendezvous time. Second, by exhibiting a family of counterexamples, we
disprove a conjecture on the growth of the synchronizing probability func-

tion. We then suggest natural follow-ups towards the Cerny conjecture.

ulE|

1Most results presented in this chapter have been published in [GJ15] and [GJ16].
2The definitions and notation have been presented in Section

27
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2.1 Overview

Let us recall that Conjecture (the Cerny Conjecture) states that any n-
state synchronizing automaton has a synchronizing word of length (n — 1)2.
The philosophy behind this conjecture is to bound the length of the shortest
word mapping all the states onto a single one. Based on this idea, one could
wonder what is the length of the shortest word for which there exists a set
of states of a given cardinality mapped onto a single state by this word. For
cardinality two the problem is solved, as in any synchronizing automaton there
always exists a single letter mapping two states onto a single state. Therefore in
that case the answer is “one”. For higher values, to the best of our knowledge,
the question is open. We analyze the case of cardinality three (introduced in
[Jun12]), which we coin the triple rendezvous time (T3).

The main tool we focus on, the Synchronizing Probability Function (SPF),
was introduced by Jungers in 2012 [JunI2]. This tool allows the reformulation
of the synchronizing property as a game theoretical problem whose solution can
be obtained through convex optimization. Convex optimization is a mature
discipline with strong theoretical basis (see for instance [BV04]). Our hope is
that in this framework, properties of synchronization can be better understood
and proved using tools that have not been used on DFA yet.

In Section we recall the main properties of the SPF. In Section [2.3
we introduce the concept of triple rendezvous time and, by making use of the
SPF, we obtain a new upper bound on this value. In Section we first refute
a conjecture on the SPF (Conjecture 2 in [Junl2]) by presenting a particular
family of automata which does not satisfy it. Second, we analyze the growth
of the “relaxed” SPF, if ¢t < T3 and if we only consider the constraints on the

underlying linear program. We obtain a tight bound on this growth.

2.2 A Game Theoretical Framework

In this section, we recall definitions and properties of the synchronizing prob-
ability function needed to develop our results. A more complete introduction
to the SPF and the details of the proofs can be found in [Junl2]. This concept
is based on the following two-player game, which gives another perspective on
the synchronization of an automaton. For a given automaton and a length ¢

chosen in advance, the rules are as follows:

1. Player Two secretly chooses a state e; of the automaton.
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2. Player One chooses a word W of length at most ¢.

3. Player One guesses the final state e;W. If it is the right state, he wins.
Otherwise, Player Two wins.

In this game, if the length ¢ is larger or equal to the length of a synchronizing
word, a winning strategy for Player One is to take this synchronizing word and
the state on which the automaton is mapped. Oppositely, if ¢ is zero, Player
One can only choose randomly one of the states, and he has probability 1/n of
winning. We consider that both players can choose probabilistic strategies.

The policy of Player Two is defined as a probability distribution over the
states, that is, any vector p € R”}, ep” = 1. Player Two chooses the state e; with
probability p;, in which case the automaton ends up at the state corresponding
to e;W. Since Player One wants to maximize the probability of choosing the
right final state, he picks up the state where the probability for the automaton
to end is maximal, that is,

argr_nax(pW)ef.
Therefore the probability of winning for Player One is
Wel. 2.1
max(pW)e; (2.1)

The aim of Player Two is to minimize that probability.
In the following, X< is the set of products of length at most ¢ of matrices
taken in ¥. By convention, and for the ease of notation, it contains the product

of length zero, which is the identity matrix.

Definition 2.2.1 (SPF, Definition 2 in [Junl2]). Letn € N and ¥ C {0,1}"*"
be an automaton. The synchronizing probability function (SPF) of ¥ is the
function ky : N — R, :

ks(t) = min { max (pW)eg“}. (2.2)

pERY, epT=1 | WeX<tq

The SPF gives the probability of winning the game that Player One can
achieve with parameter ¢ if Player Two plays optimally. If there is no ambiguity
on the automaton, we use k(t) for ks(t).
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The synchronizing probability function is non-decreasing with respect to
t. Moreover, its value is one if and only if there is a synchronizing word of

length smaller or equal to ¢. This leads to the following reformulation of Con-

jecture [[222}

Proposition 2.2.2 (Proposition 1 in [Junl2|]). The following conjecture is
equivalent to Congecture [I.2.5:

If ¥ C {0,1}™*™ is a synchronizing automaton, then,
vVt > (n—1)% ks(t)=1.
Example 2.2.3. In order to illustrate the SPF concept, consider the Cerny

family automaton with four states. It is represented in Fig. and is composed
of the following letters:

IS

|
—_—Oo o
oo —~O
O OO
SO O
—Oo oo
SO OoOH
oo —O
O OO

Figure |2.9 represents the SPF of this automaton. For t = 0, Player One
can only choose a state randomly, and has probability 1/4 of winning, therefore
k(0) = 1/4. Conwversely, as the word abbbabbba is a synchronizing word, if t > 9
Player One can apply this word and ensure the win. This imples that k(t) =1
fort>9.

Figure 2.1: The Cerny family automaton with four states.

In order to use the SPF, we need an explicit algorithmic construction of
the optimal strategies for both players, which allows us to compute its value.

Each basic strategy of Player One, i.e., the choice of a word and a final state,
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Figure 2.2: The synchronizing probability function of the automaton in Fig.

21

is equivalent to choosing a column in this word. Therefore, we consider the set

of all the different columns reached in words of length at most .

Definition 2.2.4. We say that a vector is reachable at t if it is equal to
any column of the words in Xt. We denote by A(t) the set of all the reachable
vectors at t. We represent A(t) as a nxm(t) matriz, where m(t) is the number

of different reachable vectors at t.

We notice that A(t —1) C A(t). In order to have a unique matrix represen-
tation for A(t), t > 1, we choose the first block of A(¢) equal to A(t — 1), we
sort the m(t) — m(t — 1) last columns of A(t) by lexicographical order, and we
choose A(0) equal to the identity matrix. When there is no ambiguity on ¢, we
use A for A(t).

Example 2.2.5. Let us go back to the automaton presented in Example[2.2.3
At t =3, A(3) is given by:

A(3) =

S O O =
S O RO
O~ O O
— o O O
—_ o O
_ =0 O
O~ = O

The first four columns corresponds to A(0), the fifth column comes from the

word a, the sizth from the word ba and the seventh from the word bba.

The policy of Player One is defined as a probability distribution over the
columns of A(t), that is, any column vector g € RT(t) such that eq = 1.
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It turns out that the SPF can be efficiently computed thanks to the following
linear programﬂ

Theorem 2.2.6 (Theorem 1 in [Junl2]). The synchronizing probability func-
tion kx(t) of a DFA ¥ is given by

min k (2.3)
P,k
s.t. pA < ke
ept =1
p=>0.
It is also given by:
max k (2.4)
q,k
s.t. Aq > keT
eq=1
qg=>0.

In the equations above, A denotes the set of reachable vectors att (see Definition
, pis a1l xn vector, g is a m(t) x 1 vector, e represents all-ones vectors
of the appropriate dimension, 1 is a scalar, and 0 represents zero vectors of the

appropriate dimensions.

The linear Program ([2.4) is the dual of Program ([2.3)). In the primal (2.3)),
the optimal objective value k(p) is obtained with the strategy of Player Two,

p, which is a probability distribution on the states. In the dual , the
optimal objective value k(q) is obtained with the strategy of Player One, ¢,
which is a probability distribution on the set of reachable vectors. For any
primal feasible solution p and any dual feasible solution g, the objective value
k(p) of Program and the objective value k(q) of Program satisfy
k(p) > k(q). Therefore, if the objective value k is the same for both programs
with feasible solutions p and ¢, this value is the optimum (see [BV04] for more

details on convex optimization and linear programming).

Example 2.2.7. Let us consider the automaton presented in Example [2.2.5
and t = 3. The set of reachable vectors is given in Example[2.2.5 On the one

3The following inequalities are entrywise.
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hand
p=1(1/4,1/4,1/4,1/4)

s an admissible solution for Program (i.e., a probability distribution on
the states for Player Two), which gives as objective value k(p) = 1/2. On the
other hand

q=(0,0,0,0,1/2,0,1/2)"

s an admissible solution for Program (i.e., a probability distribution on
the columns of words in X=3), which also gives the objective value k(q) = 1/2.
Therefore, the SPF at t = 3 is equal to k(3) = 1/2 (as shown in Fig. [2.9). In
other words, this means that if both players play optimally, with words of length
at most 3, Player One has probability 1/2 of winning the game.

By leveraging classical results from convex optimization, one can derive

strong properties on the optimal strategies in the above-defined game.

Theorem 2.2.8 (Theorem 2 in [Junl2]). For any pair of optimal solutions
(p*,q*) of Programs and , we have

q; (k= (p*A);) =0 for all 1 < j < m(t) and

pi((Ag*); — k) =0 for all 1 <i<n.

In the following, our main arguments are based on the dimension of the set
of optimal strategies of Program (2.4):

Definition 2.2.9 (Definition 3 in [JunI2]). Let ¥ be an automaton and t be a
positive integer. The polytopes P; and Q; are the sets of optimal solutions of
respectively Program and Program . We call dimension of a polytope

the dimension of the smallest affine subspace containing the polytope.

Example 2.2.10. In Ezample[2.2.5, Ps and Q3 are the following sets:

-1/4<z<1/4,
Py = (1/44+2,1/4—2,1/4+y,1/4—y) | —1/4 <y < 1/4,
r—y<0
Qs = {(0,0,0,0,1/2,0,1/2)T}.

These are the only solutions allowing for an objective value k = 1/2.

Moreover, if the SPF does not increase, we have the following result on P;:
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Lemma 2.2.11 (Lemma 1 in [Junl2]). If k(t) = k(t + 1) then P.y; C P;.

With these tools in hand, we can get to our contributions.

2.3 A New Bound on the Triple Rendezvous
Time

The triple rendezvous time (T3) is the length of the shortest word mapping
three states of the automaton onto a single one. Although it is a very natural
concept, we are not aware of any attempts to bound its value for synchronizing
automata. In what follows, the weight of a vector is the number of its non-zero

elements.

Definition 2.3.1. For a synchronizing automaton X, the triple rendezvous
time T3, is defined as the smallest integer t such that A(t) contains a column

of weight superior or equal to 3.

In other words, the triple rendezvous time is the length of the shortest word
W such that there exist states ¢;, ¢; and g with ¢;W = ¢;W = ¢;W. In the
following, we use T3 for T3 s, when there is no ambiguity on the automaton.
In terms of the power automaton, the T3 is equal to the length of the shortest
path between a triple and a single state.

Example 2.3.2. The ezample automaton of Figure[2.1 has a triple rendezvous
time of 5. Indeed the word

1000
11000
abbba = 0100
1000

has a column of weight 3. It is the shortest word mapping three states onto a

single one, as shown in the power automaton in Figl2.3

Of course, we can extend this concept to Tj, the length of the shortest word
which maps [ states onto a single one, i.e., the length of the shortest word
W such that there exist [ states ¢;,q;,... such that ¢W = ¢W = .... We
notice that 7;, is the length of the shortest synchronizing word, and that for
any synchronizing automaton, To = 1.

Our motivations for studying the triple rendezvous time are numerous.

First, it is a natural problem related to Conjecture [1.2.2] and it allows for
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Figure 2.3: Power automaton of the automaton of Figure [2.]

new approaches to study synchronization properties of an automaton. Second,
the T3 is directly linked with the evolution of the synchronizing probability
function (Proposition 6 and Conjecture 4 in [Junl2]), and is also related to the
k—extension property developed in [Berll]lﬂ Third, the triple rendezvous time
can also be used as an indicator to find automata with large reset threshold.
Indeed, for many classes of automata, the value of the T3 seems empirically to
be correlated with the length of the shortest reset word: for random synchro-
nizing automata (from the framework of [ST11]), the reset threshold is small
and T3 = 1 with high probabilityEﬂ Oppositely, all the automata known in the
literature which achieve the bound of Conjecture do have a large T3 value
m(close to the number of states). As the triple rendezvous time is much easier
to compute than the shortest synchronizing word, it can be used as a heuristic

filter in order to generate automata with large reset threshold.

4In the terminology of [Berll], the T3 can be defined as the smallest integer such that
there is a pair of states which are synchronized by some single letter, and which is (T3 — 1) —
extendable.

5An event that occurs with high probability is one whose probability depends on a certain
number n and such that its limit is 1 as n goes to infinity, i.e. it can be made as close as
desired to 1 by making n big enough. In our case, we consider the size n of the automaton,
and the event that T5 = 1.

6In the framework of [ST11], automata are synchronizing with high probability and have
with high probability three states mapped on a single one by one letter, which implies that
T3 = 1 with high probability.

"The reader can easily check that the automata of the Cerny family have T3 = n + 1, the
“Kari automaton” (an automaton with 6 states, see [Kar0l]) has T35 = 5 and the “Roman
automaton” (an automaton with 5 states, see [Rom08]) has T3 = 5.

81t is possible to build automata with quadratic reset threshold and low T3, see [AVZ07]
for such examples.
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Figure 2.4: On the left the automaton of the Cerny family with 6 states, on
the right the “Kari automaton”.

0 5 10 15 20 25 30

Figure 2.5: Synchronizing probability function for the automaton of the Cerny
family with 6 states (solid curve), and for the “Kari automaton” (dashed curve).

Figure shows the automaton of the Cerny family with 6 states and the
“Kari automaton” [Kar0l], two automata achieving the bound of Conjecture
with synchronizing words of length 25. Figure shows their SPF. For
these automata, the T3 is equal to 7 and 5 respectively.

The following conjecture has been made on the behaviour of the SPF:

Conjecture 2.3.3 (Conjecture 2 in [Junl2]). In a synchronizing automaton
> with n states, for any 1 < j<mn-—1,

k(140G =D +1) 25/(n—1).
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This conjecture is stronger than the Cerny conjecture (Theorem 4 in [Juni2]).
Conjecture would also imply (see [Junl2]) that the following conjecture
about the triple rendezvous time is true:

Conjecture 2.3.4 (Conjecture 4 in [Junl2]). In a synchronizing automaton
> with n states,
T3,Z S n+ 2.

In Section we provide a family of automata which are counterexamples
for both Conjecture 2:3.3] and Conjecture

2.3.1 One-Sided Approach of the Triple Rendezvous Time

We now focus on bounding the T3. A first upper bound can be easily obtained
without using the SPF:

Proposition 2.3.5. In a synchronizing automaton X with n states,

(n—1)

Tys < 2 — + 1L

Proof. Firstly, there are only n+n(n—1)/2 possible different columns of weight
one or two in A. Secondly, for any positive integer ¢ smaller than the reset
threshold (therefore also smaller than 73), A(t+ 1) must contain columns that
are not in A(¢) (Lemma 1 in [Junl2]). Therefore, as A(0) includes the n columns
of weight one, A(n(n —1)/2 + 1) includes at least n+ n(n —1)/2+ 1 columns.
As all the columns in A are different, it implies that A(n(n—1)/2+1) contains
at least a column of weight superior or equal to 3. O

In order to obtain a better upper bound on the T3, we study the evolution
of the SPF and A(t) with respect to ¢, for t < T3. In that situation, A(t) only
contains columns of weight one or two. In the following, we name subset of
columns of a matrix A € R™™ any matrix A’ € R™™ (for some m/ < m)
obtained by erasing columns from A. A subset of columns of A with some
property is the subset of columns obtained by erasing the columns of A not
satisfying that property, and keeping all the others.

Definition 2.3.6. We associate with A(t) a graph G(t) with n vertices such
that the subset of columns of weight two of A(t) is the incidence matriz of G(t).
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o}
o

Figure 2.6: Graph G(3) associated with A(3) for the automaton from Exam-
ple

Example 2.3.7. For the automaton from Example[2.2.5, at t = 3, the graph
G(3) associated with A(3) is shown in Fig. [2.6,

In the graph G(t) associated with A(t), we call a singleton a vertex which is
disconnected from the rest of the graph, a pair two vertices which are connected
to each other and disconnected from the rest of the graph, and a cycle a set of
vertices forming a cycleﬂ and disconnected from the rest of the graph. We call
a cycle odd (resp. even) if it contains an odd (resp. even) number of vertices.

We also use the reverse correspondence. Given a graph G on n vertices,
each vertex v; is represented by ejT, and an edge (v;, v;) is represented by the
vector (e; +e;)7. We notice that, if 1 < ¢ < T, since A(t) contains at least one
column that is not in A(¢ — 1), G(¢) has at least one more edge than G(t — 1).

The strategy that we use to bound the T3 is the following: first, based on
this matrix-graph approach, we study the values that k() can take with ¢t < T5
(Lemma. Then, we bound the maximal dimension that the polytope P;
of solutions of Program can take for each value k(t) (Theorem [2.3.11)). We
conclude by using the fact that this maximum strictly decreases if k(t) stays
constant.

To do so, we start from the set of reachable vectors A(t). We prove that it is
possible to find a subset of columns A.(t) of A(t) satisfying the following prop-
erties; the matrix A.(¢) is such that its associated graph G.(t) is composed of
disjoint singletons, pairs and odd cycles, and is such that the optimal objective
value for Program and Program is the same if A(t) is replaced by
Ac(t) (Lemma|2.3.8)). This structure allows us to easily compute the value k(?)
and the dimension of the corresponding polytope of optimal solutions. Note

that when replacing A(t) with A.(¢), the dimension of P; is non-decreasing

9¢ vertices are forming a cycle if we can number them from 1 to ¢ in such a way that

vertex 1 is only connected to vertices 2 and ¢, each vertex 1 < ¢ < ¢ is only connected to
vertices ¢ — 1 and ¢ + 1, and the vertex c is only connected to vertices ¢ — 1 and 1.
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with respect to t, as every optimal solution of Program with A(t) is also
an optimal solution with A.(t).

We call support of the strategy ¢ of Program the set of columns in
A(t) corresponding to non-zero entries in q. We call a column of A(t) critical if
there exists an optimal solution ¢ with a non-zero entry corresponding to this
column.

In the proof of Lemma hereunder, we split the program into two
subprograms and introduce notation to get to our arguments. The reader may
refer to Example 2:3.9] to have an illustration of the steps.

Lemma 2.3.8. Ift < T3, there exists an optimal solution q for Program
such that its support is associated with a graph composed of disjoint singletons,

pairs, and odd cycles.

Proof. We first present the structure of the proof, then we demonstrate the
technical elements.

Structure of the proof. We proceed by induction on the number of rows
of matrix A(t), which is also the number of vertices of G(t). If there is only
one or two vertices, the lemma is trivially true. Otherwise, we use the fact that
the graph associated with a subset of columns of A(t) can either be connected
or disconnected.

If it is disconnected, we can define two subprograms with the structure of
Program with less variables, for which we know by induction that there
exist optimal solutions satisfying the lemma. From these solutions, we can build
an optimal solution of the original program whose support is also composed of
disjoint singletons, pairs, and odd cycles.

If it is connected, we can either find an optimal solution with a support
associated with an odd cycle including all the vertices, or find a solution with a
support associated with a disconnected graph. In this latter case, we are again
able to split the program as in the disconnected case.

Demonstration. Let us write Proga for the original Program , and
Progy for Program in which matrix A is replaced by a matrix N, with
the corresponding dimensions for vectors ¢ and e. Let us write k4 and ky the
optimal objective value of Proga and Progy.

We suppose by induction that the Lemma holds if A(t) is associated with
a graph with n — 1 vertices or less (so if A(t) has n — 1 rows or less). Let us
now consider a matrix A(t) associated with a graph G(t) with n vertices. Let
Apmin be a minimal subset of columns of A(t) (that is, such that k4 = ka

min?

and £’y < ka for any strict subset of columns A’ of A,,;,) and with not more
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than n columns (such a matrix exists, see [Junl2, Proposition 4]). Let Gpin
be the graph associated with A,,;,. We prove that either G,,;, is already
composed of disjoint singletons, pairs and odd cycles, or that we can build

an optimal solution ¢, to Proga such that the graph associated with its

support is composed of disjoint singletons, pairs and odd cycles. Since the
program Proga has the same optimal objective value as Proga, there is a

(such that Aing > kaenxi)-

min

vector ¢ which is an optimal solution of Proga

min

Two cases can occur: either G,,;, is connected, or it is disconnected.

Disconnected case. If G,,;, is disconnected, then the graph can be split
into two separate graphs G,in1, Gmine With respectively n; and no vertices.
For these two graphs, let us consider the associated matrices A,,;n1 and Ains

(with nqy and no rows respectively). We call Proga and Proga subpro-

minl min2

grams of Proga

Now define ¢; and g2 the subvectors of ¢ corresponding to the graphs G,,in1
and G,ino respectively. That is, the entries of ¢; are the same as the entries of

q corresponding to columns from Proga and the entries of g5 are the same

minl )
as the entries of ¢ corresponding to columns from Proga,,,.,. As ¢ is optimal,
we have that Ain1q1 > kaen,x1 and Apinage > kaen,x1 (these inequalities
and the following ones are entrywise).

Then define wy; = 1/(eq1), wa = 1/(eqa), the inverse of the weight associated
with each subprogram in the strategy gq.

We have that qiw; and gowy are feasible solutions for Proga and for

minl

Proga,. .., respectively, so

Amin1qawr = wikaen, x1
and

Amin2qaws > waka€n, 1.
Therefore, ka,,,,, > wika and ka4, , > woka.

By the induction hypothesis, for Proga and for Proga there are vec-

minl min2?

tors 71 and ro which are optimal solutions and have a support associated with a
graph composed of singletons, pairs and odd cycles. Therefore for these vectors

we have

Amin1T1 > KA, 0 Enax1 = Wikaen, x1

AminaT2 2 kA, 0€nax1 = Wakaln,x1.
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Let us now extend r; and ry to vectors ¢.; and ¢.o of the same length as ¢,
with the entries corresponding to the related subprogram equal to the ones of
r1 and 79, and the other entries equal to zero. For these strategies, we have
that Aq; > wikae and Agh > wokae from the argument above. Now defining
Qe = Ge1/Ww1 + Ge2/wo, we have eT'q. = 1 and Aq. > k4, which implies that g
is an admissible optimal solution for Proga.

Since the union of two graphs composed of disjoint singletons, pairs and odd
cycles is also composed of disjoint singletons, pairs and odd cycles, the graph G,
associated with the support of the strategy g. is composed of disjoint singletons,

pairs and odd cycles, as wanted.

Connected case. For the connected case, if G,,;, is connected and n > 3,
we can either show that G,,;, has no vertex of degree one, or build an optimal
solution such that its support is disconnected, which leads to the previous case.
Indeed, consider an edge (v1,v2) with the vertex vy of degree one. If vy is of
degree one, then (vy,vs) is a disconnected pair and Gy, is not connected. If
v1 has other adjacent edges (v1,v;), with ¢ > 2, one can obtain a new solution
in which the value corresponding to these other edges is equal to zero, without
changing k4 and without adding value to edges that are not in the support of
the current solution.

For the description of this construction, let us denote by g,, the entry of ¢
corresponding to the vertex v,, and by q(,..) the entry of ¢ corresponding to
the edge (vg,vy), with 1 <a <n and 1 < 8 # v < n. From the solution ¢, we
build a vector ¢’ of the same dimension as follows:

4, =4q,, =0, (2.5)
L]Z'ul,vz) = Qvy T Quy T Q(vy,v2)5
qZ'm,m) =0 for i > 2 and (v1,v;) € Guin,
@y, = Qoy,00) + Qv, for i > 2 and (v1,v;) € Guin,

and all the other entries of ¢’ equal to the entries of g.

With this construction, we have the following inequalities:

q;1 + Z qévl,vj) = vy + Qoo + Aoy ,00) = K,
J#L, (01,0;)€Gmin

q:)2 + Z qE'UZ,Uj) = qv, + Qoo + q(vl,vg) Z kAv
7#2, (v2,v5)EGmin
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as Qu, + (v, ,v;) = ka, because ¢ is an optimal solution. Moreover, for every
other ¢ > 2,

@y, + Z Uvs0;) = Qoi T Z Q(wiv;) = ka.
j#t, (0i,05)EGmin J#i, (v5,95)EGmin

In addition, it is straightforward from that Z?i(lt) q = Z?l(lt) g = 1.
Therefore ¢’ and k 4 satisfy the conditions of Program , and ¢’ is an optimal
strategy.

The value associated with the edges (vq,v;), @ > 2, in ¢’ is 0, so these edges
are not in the support of ¢, and the pair (vq,vs) is disconnected. Therefore
either G, has no vertex of degree one, or we can build a solution with a
disconnected support.

Now, notice that a connected graph with not more than n edges and no vertex
of degree one cannot have vertices of degree larger than two (because the sum
of the degrees is equal to twice the number of edges). Therefore, all the vertices
are in the same cycle. If n is odd, we have our result. If n is even, let us label
its vertices v1,...,v, in the cyclic order and define the vector ¢’ of the same

dimension as q as follows:

q;:O, for1 <i<n,
q(vzj-uvm = Quoj 1 T Quoy F Qua;_1,025) T A(v2,02541) for1<j<n/2-1,
qzvn_l,vn) = Qupy T Qo T Qw1 ,0n) T Avn,01)
0 for1<i<n/2-1,

/ —

w1 v2141) =
qé’Uny’Ul) = 0

We can verify that ¢’ is a feasible solution reaching the objective value k4.

Since the edges (voy, v2;+1) for 1 <1 < n/2 and the edge (v,,v1) are not in its

support, it leads again to a disconnected case, and the proof is done. O
Example 2.3.9. The purpose of this example is to illustrate the steps of

Lemma[2.3.8 in the disconnected case.
We start from Example[2.2.5, We have

A(3) =

SO O =
o O R O
o = O O
_ o O O
_= o O =
= = O O
o R R O
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A possible minimal subset of columns of A(3) is:

Amin =

_ o O =
O = = O

which is the support of the solution of the original program

q=1(0,0,0,0,1/2,0,1/2)T.

The associated graph Gy, is represented in Fig. [2.7 It is composed of two
pairs. It is already composed of singletons, pairs, and odd cycles, however we

continue the analysis to illustrate the ideas.

@

e o

Figure 2.7: Graph G,,;, associated with A,,;.,.

As the graph is disconnected, we separate it into Gpin1 and Goine, being the
subgraphs induced by respectively {0,3} and {1,2}. This gives us the incidence
matrices Apmint = (1, 1)T and Apinz = (1, 1)T. We now consider the programs
Optimal solutions of these subprograms are r1 = (1)

Proga and Proga

minl min2*

and ro = (1), which each have a support forming a single pair (in a general
setting we have to use the induction argument to prove the existence of solutions
with support associated to a graph composed of singletons, pairs and odd cycles).

From the strateqy q, we obtain wi = 2 for Proga and wy = 2 for

minl

Proga Ezpanding these solutions gives us ¢o.1 = (1,0)7, g2 = (0,1)7T.
g g g

min2°

This leads to the solution of the original program q. = qe1/w1 + qe2/w2 =
(1/2,1/2)T, which has a support composed of two pairs.

It turns out that, given a set A(t), the knowledge of a subset of its columns
which is the support of an optimal solution of Program (2.4)) and is composed

of disjoint odd cycles, pairs and singletons allows one to easily compute the
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SPF k(t). Moreover, it provides an upper bound on the dimension of the set

of solutions P;:

Lemma 2.3.10. If the graph G(t) associated with A(t) is composed of disjoint
odd cycles, pairs and singletons, then the optimum of Program is given
by 2/(n 4+ ny), where ny is the number of singletons. Moreover, the dimension

of P; is the number of pairs.

Proof. To make notations concise, we define K = n 4+ ni. Our claim is that
k(t) = 2/K. We provide an admissible solution for the primal Program (2.3,
as well as for the dual Program (2.4)), with the same objective value. Therefore

this value is optimal.

A solution of Program (2.3)) can be built as follows:

(2.6)

) 2/K if state i corresponds to a singleton vertex,
= /K otherwise.

The sum of the coefficients is Y . ; p; = (n —n1)/K +2n1/K =1, and p is a
feasible solution for Program (2.3) with an objective value of 2/K.

For Program ([2.4)), a solution can be built as follows:

2/K if column i corresponds to a pair,
¢i =4 1/K if column ¢ corresponds to an edge of an odd cycle, (2.7)
2/K if column ¢ corresponds to a singleton.

The sum of the coefficients is sz(f) g =n1x2/K+(n—n;)x1/K =1, and ¢q

is a feasible solution for Program with objective value of 2/K. Summariz-
ing, Equation describes a solution for Program , and Equation
describes a solution for Program , achieving the same objective value.
As the programs are dual, this implies that both strategies are optimal, and
k(t) =2/K.

We can now give an explicit expression for P;. Reordering the vertices such
that the first f indices correspond to singletons, the next g indices correspond
to vertices in pairs, grouped by pair (two vertices in the same pair have indices
f+2j—1and f+2j,1<j < g/2), and the last h indices correspond to
vertices in odd cycles, we have the following set P; of optimal solutions for
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Program (2.3)):

pi =2/K, with 1 <7 < f,

Pr2j—1 = 1/K +xj,

Pfi2j = 1/K —x;j, with 1 < j < ¢/2 and
—-1/K <z; <1/K,

pr=1/K, with f+g+ 1<k,
E<f4+g+h

(Pl, ~~'7pf+g+h)

One can check that the vectors p described in are feasible solutions for
Program . Each element of the set P; is uniquely defined by ¢/2 indepen-
dent parameters z; that can vary between —1/K and 1/K, so the dimension
of P, is g/2. O

We now combine these lemmas to obtain a universal upper bound on the
triple rendezvous time for synchronizing automata. The main steps of the
reasoning are as follows: starting from any original program obtained from an
automaton and a value ¢, due to Lemma/2.3.8] one can find a subset of columns
Ac(t) of A(t) such that Progya, ;) has the same objective value as Prog;) and
such that the associated graph satisfies the conditions of Lemma [2.3.10[ For
this program, we can easily compute the value of the SPF and an upper bound
on the dimension of P;. Then, using dimensional arguments, we obtain a lower
bound on the SPF growing rate with respect to t, for t < Tj:

Theorem 2.3.11. Ift < T3, then k(t) can only take the values 2/(n + s),
0 < s<n-—1, and this value cannot be optimal at more than |(n — s)/2| + 1

consecutive values of t.

Proof. Let us fix t < T3. By Lemma|[2.3.8] one can find a matrix A, which is a
subset of the columns of A(t), such that the associated graph G. is composed
of singletons, pairs and odd cycles, and such that k4(t) = ka,. Let R; be the
set of optimal solutions of Progs,. From Lemma the dimension of R; is
the number of pairs in G.. Let s be the number of singletons. There are n — s
vertices of G, which are either in pairs or in odd cycles, so there are at most
(n — $)/2 pairs. The set of optimal solutions R; of Proga, has a dimension
not smaller than the set of optimal solutions P; of Proga, because optimal
solutions of Proga are also optimal solutions of Proga,.. Therefore we have
that dim(P;) < dim(Ry) < (n —s)/2.

We claim that, if k(¢+1) = k(¢), then dim(R;+1) < dim(R;). Equation
gives the set of optimal solutions, in which a positive value is assigned to each of
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the columns of A.(t), so it is a set of critical columns. We use a similar argument
as in the proof of [JunI2, Theorem 3] to obtain that dim(R;4+1) < dim(Ry).
Hence we suppose that k(t + 1) = k(t). First recall that, from Lemma

2.2.11

Pt+1 C P;.

We define
At +1)=A(t) U{MA.(t): M € &}

and Py, as the set of solutions p > 0,eTp = 1, such that pT A’(t + 1) = ke.
Note that P,y C P/, since the columns in A’(t+1) are a subset of the critical
columns in A(t+1). Also, P/, ; C R(t) since the columns in A.(t) are a subset
of columns in A'(t + 1).

We first show that P/,; # R;. Indeed, since A’(t 4 1) contains all the

columns of A.(t) multiplied by a matrix in ¥, it is clear that
VM e X,Vpe Pl,,,M"p € R,.

Supposing P/,; = Ry, the above equation implies that BTR, C R, for all
B € ¥% s > 1, which implies that ¥ is not synchronizing. Indeed, this implies
that for all p € Ry, for all B € ¥*,p" B < kel

So, there must be a matrix M € ¥ and a column a; of A.(t) such that
Maj ¢ A.(t). Again, since M A.(t)g > ke, Ma; is a new critical column.

Now, by Theoremm the new critical column Ma; is such that pT M aj =
k for all p € P/ ;. Let H be the hyperplane represented by this constraint.
Since Ry N H # Ry, and Ryy1 C Ry N H, it follows that dim(R¢41) < dim(Ry),
which proves the claim.

Therefore, as dim(R;) < [(n — s)/2], if k(t) = k(t + [(n — s)/2] + 1), the
dimension of (R4 |(n—s)/2j+1) Would have to be negative, which is impossible.
This implies that k(t + [(n — s)/2] + 1) > k(t). O

With Theorem [2.3.11] we can now obtain the bound:

Theorem 2.3.12. In a synchronizing automaton ¥ with n states,

n(n+4) n mod 2

Tyy < _
B =y 4

Proof. By Theorem [2.3.11] if ¢ < T5, k(t) can only take the values 2/(n + s),
with 0 < s < n—1. Moreover, if k(t) = 2/(n+s), then k(t+ [(n—s)/2|+1) >
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E(t). Summing over all possible values for k(t) if ¢ < T3, one gets

I
-

n n

(Ln—s)/2) +1) =3 (ls/2] +1) (”4“)7”“1;’“. (2.9)

s=1

@
I
o

O

2.3.2 Two-Sided Approach of the Triple Rendezvous Time

We now present another technique that provides an alternative upper bound
on the triple rendezvous time. It is based on the observation that, if the
synchronizing probability function at ¢ = n is small, the T3 is also small. Then,
coupling this with Theorem we obtain a further improvement of the
bound.

Lemma 2.3.13. For1 <s<n/2,ifk(n) <

there are less than s zero entries in eW.

then for any word W € .57,

ns’

Proof. Suppose that there is a word L € =" such that eL has at least s zero
entries, and therefore at most n — s non-zero entries. Let p be an optimal
solution for Program . Applying the word L to the automaton, the final
probability distribution on the states is pL. Entrywise, pL < eL, therefore pL
has at most n — s non-zero entries. As the sum of the entries of pL is equal
to one, the average of its non-zero entries is at least 1/(n — s). Therefore, at
least one of the entries is higher than or equal to 1/(n — s). As p is an optimal
solution, it implies that k(n) > ﬁ Therefore we have the contrapositive:
if k(n) < ﬁ7 for any word W € =" there are less than s zero entries in

eW. O

Now, based on Lemma [2.3.13] we have the following result on the triple

rendezvous time:

Lemma 2.3.14. For any strongly connected synchronizing automaton with n

states, and for any integer 1 < s <n/2, either

or Ts <n(s+2)/2.

Proof. Let us fix s as in the statement of Lemma [2.3.13] We suppose that
k(n) < -1, and our goal is to prove that T3 < n(s + 2)/2. Let t; be the



CHAPTER 2. THE TRIPLE RENDEZVOUS TIME AND THE
48 SYNCHRONIZING PROBABILITY FUNCTION OF AUTOMATA

minimal ¢ such that G(ts) has a vertex of degree larger than s, and let v be
such a vertex. As there is at least one more edge in G(¢+ 1) than in G(t), and
there are n vertices, we have that t; < sn/2. This means that there exists a
state g corresponding to v, s states ¢; corresponding to the vertices connected to
v in A(sn/2), and words W; € Y51/2 with 1 < i < s, such that ¢W; = ¢;W;.

We now build a word with a column of weight three. As the graph is
strongly connected, starting with a letter having a column of weight two, there
exists a word Wi of length at most n and two states ¢; and g2 such that
aWi = Wi = q. From Lemma [2.3.13] there are less than s zeros in any
product of length n. So, there exists one state g3 such that its corresponding
vertex is connected to v in G(sn/2), and such that its corresponding entry in
eW; is at least one. Let us call W5 the word of length at most sn/2 such that
qWs = q3W5. The word W1 W5 is such that three states are mapped to a single
state. Therefore either T3 < sn/2 +n or k(n) > —1-. O

n—s

Coupling Theorem [2.3.11] and Lemma[2:3.14] we obtain the following upper
bound:

Proposition 2.3.15. For any strongly connected synchronizing automaton

with n states, for any 1 < s < n/2,

T3 <max{n(s+2)/2,(n(n+4) — (2s —1)(2s+3) + 1)/4} (2.10)
Proof. If
1
k(n) < —
we apply Lemma [2.3.14

Otherwise, from Theorem the values that can be taken by the syn-
chronizing probability function for ¢t between n and T3 are of the shape

with 0 <7 <n—2s, and if k(t) =2/(n+7r), then k(t+ [(n—7)/2] +1) > k().

Summing over all possible values for k(t), one gets

n—2s n

dln=r/2)+1 = Y [(n)/2]+1

r=0 r=2s
~ (n)(n+4) nmod2 (2s—-1)2s+3) 1
- 4 4 4 4

< (n(n+4) — (25 —1)(25+3) + 1) /4.
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O

This inequality on T3 holds for all s. Therefore, minimizing the bound in
(2.10)) over s, we obtain:

Theorem 2.3.16. In a strongly connected synchronizing automaton 3 with n

1
ngg(\/5n2+4n—12—n+6)n.

states,

Proof. In Equation , n(s + 2)/2 is an increasing function of s, while
(n(n+4) — (2s —1)(2s + 3) + 1) is a decreasing function of s. Therefore, the
minimum of is reached at the intersection of the two functions. The
value of s that minimizes the expression in is the solution of

n(s+2)/2=(n(n+4) — (2s—1)(2s +3) + 1)/4.
This is equivalent to:
s +s(n+2)/2+ (1 —n?/4) =0,
which has the solution

s=(Vbn?+4n—-12 - (n+2))/4.

This solution is positive and lower than n/2 as long as n > 3. Plugging this
value into Equation (2.10) we obtain

T3 <n(vbn?+4n—12—n+6)/8.
O

Therefore, we have that T3 < n?/(6.4...) for n sufficiently large. This bound
strictly improves on our previous one ([2.9)).

2.4 The Growth of the SPF

In this section, motivated by Conjecture we analyze the growth of the
SPF. We first focus on the bound obtained in Theorem|2.3.11] which is obtained
by analysing the growth of the SPF if ¢ < T3 based on the structure of the
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Linear Program (2.3). We show that this bound is tight if we consider only
the constraints of Program (2.3). Second, we provide a counterexample to
Conjecture [2.3.3] which is also a counterexample to Conjecture

2.4.1 Tight Bound on the Relaxed SPF Growth Before
T

The question we tackle here was asked by Jungers [Jun14] as a research question
in order to better understand the SPF:

Problem 2.4.1. We consider the following process. Starting from A(0) equal
to the n x n identity matriz, A(t 4+ 1) is obtained by adding binary columns of
weight two to A(t) with the following constraint:

o cither the solution k(t+1) and k(t) of Program obtained with A(t+1)
and A(t) respectively are such that k(t + 1) > k(t)

e or the condition of Lemma [2.2.11] is satisfied.

If for some A(t) there does nmot exist such matriz A(t + 1), then the process
stops, and t is called the length of the process.
Theorem provides the upper bound

nn+4) nmod2
4 4

1.

Is it possible to improve this bound?

Improving this bound would lead to a improvement of Theorem [2:3.12] We
notice that this problem does not take into account the fact that A(t) was
initially defined from an automaton. We answer Problem by providing a
construction reaching this bound, therefore answering the question negatively.

As in the automaton setting, let us associate with A(t) a graph G(¢) with n
vertices such that the subset of columns of weight two of A(t) is the incidence
matrix of G(t).

In terms of the graph G(t), Program is the following. There is a set
of n nodes on a graph. Each of these nodes is associated to a value p; such
that p1 + p2 + ... + p, = 1. We have to define a value k such that 0 < p; < k.
Moreover, each column of weight 2 of A(t) is an edge on this graph implying
that the sum of the values of the connected nodes can’t be higher than k. The

aim is to minimize k.
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In order to easier illustrate our construction, we consider the following prob-
lem:
max(V(t) = X1+ Xo+ ... + X))

subject to 0 < X; < 1 and such that each column of weight 2 of A(t) is an edge
on this graph implying that the sum of the values of the connected nodes can’t
be higher than 1.

We notice that this problem is equivalent to the original one. Indeed,
the solution V' (t) = 1/k(t) and X; = p;/k(t) is optimal for any solution set
{p1,...,pr} with objective function k(t) of the original problem, and vice-
versa (the whole problem has been divided by k(t) in order to work with sums
equal to 1 instead of k(t)).

We consider in R™ the set P(¢) of points achieving this value. We denote
by d(t) the dimension of this polyhedron.

Example 2.4.2. Let us consider a graph on 5 states, with an edge connecting
node 1 and node 2. This graph is represented in Fig.

® ©
of
® O

Figure 2.8: Graph G.

This situation corresponds to the the following Matriz A in the linear pro-

gram :

100 0 01
01 0 0 01
A= 0 0 1 0 0 0
000100
0000 1O

The mazimal value of the objective function is 4, and it is obtained with a
weight of 1 on node 3, 4 and 5, and the sum of the weights of node 1 and node

2 equal to one. More precisely, the set of optimal solutions is:

P={X,Xo=1-X;,X3=1,X4=1,X5=1}
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and the corresponding value is V(3) = 4, or k(t) = 1/4. We have then that
d(t) =1.

We now express Problem [2:4.1]in our setting. We start with a graph with n
nodes that are all disjoint (therefore, initially, the maximisation has the optimal
solution

Xi=1,X=1,...,X, =1,

which is a zero dimension polyhedron in R™, and so V' (0) = n and d(0) = 0).
At each step s, an edge is added to this graph with the constraint that either
V(s —1) > V(s), or p(s —1) > p(s). This means that either the solution
of the problem has decreased, or the dimension of the polyhedron of optimal
solutions has decreased. If it is not possible to satisfy one of the two properties,
the process stops.

The question is: how many such edges can we add at most?

Construction attaining the bound

In this section we provide a recursive construction satisfying the conditions and
attaining the upper bound of Problem [2.4.1]

We consider a graph with n > 3 nodes. We notice that the construction
adds recursively nodes to a strongly connected component. At each step, we

give the two nodes that we connect with the new edge.

Initialisation For the first three nodes, we add the following edges in this
order:
(1,2),(1,3),(2,3).

This gives us V(3) =n — 1.5, and 0 degrees of freedom.
Then, we add the fourth node and the edges in this order:
(1,4),(2,4), (3,4).

This gives us V(6) = n — 2, and 0 degrees of freedom.

First steps after the initialisation From now on, the process always keeps
the same defined structure. Let us first enumerate the steps for the 5th, 6th
and 7th nodes, before defining the generic process.
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To add the 5th node, we add the following edges:
(1,5),(2,5).
This gives us V(8) = n — 2.5, and 0 degrees of freedom.
To add the 6th node, we add the following edges:
(1,6),(3,5),(4,5),(2,6).
This gives us V(12) =n — 3, and 0 degrees of freedom.
To add the 7th node, we add the following edges:
(1,7),(3,6),(2,7).

This gives us V(15) = n — 3.5, and 0 degrees of freedom.

Recursive step The recursive step is different depending on the parity of
the label of the node we add.
To add a node of the form 2m + 1, we add the following edges:

(L,2m+1),(m,m+3),(m —1,m+4),...(2,2m + 1).

This is a total of m steps, ending with 0 degrees of freedom and V = n— (2m+

1)/2.

To add a node of the form 2m, we add the following edges:
(1,2m), (m,m+2),(m+1,m+2),(m—1,m+3),(m—2,m+4),...,(2,2m).

This is a total of m+1 steps, ending with 0 degrees of freedom and V' = n—m.

We illustrate this process in Fig. [2.9] where we consider n = 8, and repre-
sented the edges, labelled by the order in which they are added. We can now

claim our result:

Theorem 2.4.3. The recursive construction presented attains the bound of
Problem [2.7.1] and satisfies its constraints.
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I
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2

Figure 2.9: Maximal process for n = 8

Proof. We first show that the constraints of Problem are satisfied. We
proceed by recurrence, and in order to do so we first have to analyze explicitly
the process up to n = 4.

For n = 2, we have one edge and keep one degree of freedom, but we can
not add any other edge.

For n = 3, we first add the edge (1, 3), and we have the solution Xy = X5 =
1— X7, which has one degree of freedom. Then we add the edge (2, 3), and the
only solution is X1 = Xy = X3 = 1/2.

For n = 4, we first add the edge (1, 4) and we have the solution X; = 1— Xy,
Xo = 1 — X3 with the constraint X; < X5 < 1/2, which has two degrees of
freedom. Then we add the edge (2,4), and the only solution becomes X; =
X9 =1— X3 =1— X4, which has one degree of freedom. Finally we add (3,4),
and the only solution remaining is X1 = Xy = X3 = X4, with no degree of
freedom.

(i) Before doing the recursive step, we notice that, in the described process,
after adding a node n and all the edges of this step, the subgraph composed of
states 1,...,[n/2] + 2 is a clique, state n is connected to the first two states,
state n — 1 is connected to the first three states, ... up to state |n/2] + 3.

For any n > 4, we notice that the first edge added is (1,n). After adding
this edge, we can assign X,, =1 — ¢, and X; = ¢,, with €, a small value. In

that setting, none of the edges connecting 1 to states 2,...,n — 1 represents
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a constraint any more, since the value assigned to 1 is defined as very small.

Therefore, states 2,...,n — 1 can have their values assigned independently of
X1 and X,,.
Now, we continue the process of adding edge between nodes 2,...,n — 1

up to when we don’t have any degree of freedom on these nodes any more
(where we have Xy = --- = X,,_y = 1/2, while still having X,, = 1 — ¢, and
X1 = ¢,). We notice that, when we don’t consider state 1 and n, the states
states 2,...,n—1 are connected between each other exactly in the same way as
1,...,n— 2 were after the first step of the process that was done for n — 2 (see
(i) above). Therefore, it has exactly the same number of degrees of freedom,
and we can add the edges in the same order as for this step, just by adding 1
on the indices.
Finally, we add the edge (2,n), which forces that X; =--- = X,, =1/2.

We notice that connecting a new vertex to a strongly connected graph
where the only solution is X; = --- = X,, = 1/2 implies a decrease of the value
assigned to this new vertex. Therefore in our process, when increasing n, the
first step (adding edge (1,n)) satisfies the constraint on the decreasing value of
V(t).

Now, we show that we reach the bound of Problem Let us call S(n)
the number of steps we are doing with this procedure when n nodes are in the

strongly connected component. We have the following values:

e S(1)=0
¢ S(2)=1
e 5(3)=3
e S(4)=6
e 5(5) =8
o S(6) =12
e S(T)=15

e S2m)=S2m—-1)+m+1

e S(2m+1) = S(2m)+m.
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The two last terms of the regression gives us that
S(2m) =m(m+1)

and
S2m+1) =m(m+1) +m=m(m+2).

And so, if n is even we have

2
S(ny = M +2)
4
and if n is odd we have
-1
Sy = (=D 43)
4
which is equal to the upper bound obtained in [GJ16]. O

The hypercube formulation

We notice that it is possible to formulate this problem as a geometrical prob-
lem in a n-dimensional space. The problem is the following: we consider an
hypercube of side 1 on n dimensions, situated between 0 and 1 in each of its
coordinates, in the positive orthant.

From this starting polyhedron, we consider the set of points of the polyhe-
dron that are the farthest from the origin, in the sense of norm one.

At each step, we cut the polyhedron with the hyperplane defined by X; 6 +
X, =1, with i, and j, that can be chosen. We then keep the part containing
the origin and remove the other part of the polyhedron.

The hyperplane used can be chosen as we want, but it must fulfil the fol-
lowing condition: either all the points that are the farthest of the origin are
removed, or the dimension of the polyhedron of farthest points has at least
decreased. With this setting, we are searching for the maximal number of cuts

that can be done, while satisfying the constraint.

2.4.2 Counterexample to a Conjecture on the SPF

We present an infinite family of automata which are counterexamples to Con-
jecture and Conjecture This family provides us with a lower bound
on the maximum value of the triple rendezvous time for automata with n states

for every odd integer n > 9. Let us name the automaton of the family with
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n states %,. The automaton 7 Zq is shown in Fig. It has 9 states,
labelled from ¢; to gg, and two letters a and b defined as (zeros are replaced
by dots):

1 1..... ..
1 B
1 1........
1 1
a= 1 A A 1
.1 1...0..
3 I 1
... ... 1
B O N 1
bbb
bbb

Figure 2.10: The automaton 7 %y.

With the parameter j in Conjecture [2.3.3|fixed to 2, this conjecture implies
that for any synchronizing automaton with 9 states, k(11) > 2/8. Conjecture
2.3.3| is stronger than Conjecture This latter implies, for the same au-
tomaton, that 73 < 11. However, we have that T3 74, = 12, thus disproving
both conjectures:

Proposition 2.4.4. The T3 of the automaton T Xg is equal to 12.

Proof. On the one hand, the set of reachable vectors at ¢ = 11, in which we
separated the columns by blocks to show the evolution of A(t) with respect to

t, is equal to:
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...... IR 1 1 O 1 R A
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........ /0 O O

and contains only columns of weight one or two. On the other hand, the word
abbabbababba, which is twelve letters long, maps states ¢s, g5 and gy on state
q3- O

Figure 2.11] represents the SPF of 7%y, compared with the SPF of the
automaton of the Cerny family with 9 states. For ¢ = 11, the SPF of % is
larger than the SPF of .7 %y.

Figure 2.11: The synchronizing probability function of 7%y (solid curve), and
of the automaton of the Cerny family with 9 states (dashed curve). We have
kﬁ@g(ll) = 2/9

We can extend .7 Zg to an infinite family of automata with an odd number
of states. Starting from %, let [y be the letter such that ¢,l1 = ¢, and
o the other one. The automaton 7%, 42 has n + 2 states ¢i,...,gn+2, the
two letters I and Iy, and the effects g,l1 = Gni2, Gni2li = Gny Gn-1le = Gni1,
Gn+1le = Gn-1, Gni2le = Gnio and qp11l1 = q¢py1. All the others effects of the
letters are the same as in I%,,. Figure show the automata 7 %11 and
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T %13, and Fig. shows J Xok+7, with k odd.

- @*@-@*@
AN

a a

O ®

@
b a
A
a
o
®o-

a a

@7 ®

@@+ @+®

Figure 2.12: The automata 7 %11 and T %13.

:: bbb

bbb /‘
=

Figure 2.13: The automaton 7 %17, with k odd.

We now prove the T3 value for 7 %Zok47. In order to do so, we first provide
with a set of lemmas. Let us denote by (g;, g;) the vector (e;+e¢;)T. We analyze
the evolution of the matrix A(t) of .7 %ap17 with respect to t. Notice that in
order to obtain A(t) from A(t — 1), we multiply the letters by the vectors of
A(t) from the right. We say that a vector coiq can induce a vector ¢pe,, if there
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is a letter I such that lcoig = Cnew. We say that a vector ¢pe, of A(t) is induced
by a vector coiq of A(t — 1) at t if cpew is not in A(t — 1) and there is a letter
I such that lcoiq = Cpew. As there are two letters in JZ%,,, each vector can
induce at most two vectors. We first notice that:

Lemma 2.4.5. The reachable vectors of A(t) with t > 1 that are induced by
vectors of A(t—1) at t, are induced by vectors of A(t —1) that were themselves
induced at t — 1.

Proof. A vector ¢y, which is in A(t) and not in A(t — 1) is equal to lcyyq,
for a letter | and some vector cyq of A(t —1). If cpq was in A(t — 2), then

lCold = Cpew would be in A(t — 1), therefore cyq was induced at ¢ — 1. O

Therefore, in order to analyze the evolution of A(t) up to ¢ = T3, for each
value of ¢, we only have to consider the columns induced at ¢t — 1.

For the ease of notation, we write (g;, g;) for the vector which has ones in
position 4 and j and zeros in other positions. The structure of 7 %,, provides

us with the following property for pairs of states of indices higher than 7:

Lemma 2.4.6. The vectors that can induce (g2, q25—1), with i,j > 3, are also

the only vectors that (ga2i, q2j—1) can induce.

Proof. For any vector ¢ = (q2;, q2j—1), with ¢, j > 3, we have that a’c=bc=c,
and if for some column ¢/, we have ac’ = ¢ or b’ = ¢, then a?c’ = b?c = .

Therefore a vector that can be induced by ¢ can induce ¢’ and vice versa. [J

Corollary 2.4.7. If a vector (goi, q2j—1), with i,j > 3 is induced at t, then it

can induce at most one vector at t + 1.

Proof. Any vector can induce at most two vectors. Since a vector (g2i, g2j—1),
with 4,7 > 3 can only be induced by vectors that it can induce, one of the two

possible vectors that it can induce must already be in A(¢). O
We can now prove the result:

Proposition 2.4.8. The triple rendezvous time of TR, withn = 2k+7 and
k € N, is equal to n + 3.

Proof. We consider the evolution of A(t) with respect to t.
The n first columns of A(t) are the identity matrix for ¢ > 0.
At ¢t = 1, the column (g3, g5) is induced by es.
At t = 2, the column (g2, q4) is induced by (gs, g5).
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At ¢t = 3, the column (g1, gg) is induced by (g2, q4)-

At ¢t = 4, the column (g7, gs) is induced by (g1, gs)-

The column (g7, gs) is such that Corollary applies, and therefore in-
duces only one column. For 4 <t < 2k + 4, Corollary 2:4.7] applies at every
step and the induced column is straightforward. At ¢t = 2k + 4, the column
(g6, q9) is induced.

At ¢ = 2k + 5, the column (g5, g7) is induced by (gs, qo)-

At t = 2k + 6, the column (gq4, g9) is induced by (gs, ¢7).

At t = 2k + 7, the column (g2,¢11) and the column (gg, g7) are induced by
(qa, qgﬂ

At t = 2k + 8, the column (q1,¢13) is induced by (g2,¢11), the columns
(g1,98) and (g5, q9) are induced by (g, g7).

At t = 2k + 9, the column (gs3,q10) is induced by (q1,¢s). The columns
(¢7,q15) and (g3, ¢q11) are induced by (g1, ¢13), the column (gq, ¢7) is induced by
(g5, 49)-

At t = 2k + 10, the product of letter a with both the column (gs,q11) or
the column (g3, q109) provides with a column of weight three.

Therefore, the T3 is equal to 2k+ 10 = n+ 3, which concludes the proof. [

The graph in Fig. [2.14] presents the synchronizing probability function of
these automata with 9, 11 and 13 states.

Figure 2.14: The synchronizing probability function of 7%y, 7 %11 and T %13
(from the left to the right), and the points at which Conjecture is not
satisfied.

10Starting at t = 2k + 7, the vectors induced are not the same for 7%y, T #11 and T %13,
as the vectors including states gn, or ¢,—1 do not induce vectors with higher indices. However
it does not change the result.



CHAPTER 2. THE TRIPLE RENDEZVOUS TIME AND THE
62 SYNCHRONIZING PROBABILITY FUNCTION OF AUTOMATA

The family 7 %), was obtained through a random search on the space of
automata composed of one permutation and a letter of rank n — 1. Comput-
ing T3 requires to compute the new columns generated in the matrix A(t) at
each time t. Since there are only a quadratic number of columns of weight
two, computing T3 requires a computational time of quadratic order, which is
considered as fast. This supports the fact that the triple rendezvous time is an

efficient indicator for testing large numbers of random automata.

2.5 Conclusion

In this Chapter, we first formalised the concept of triple rendezvous time as
an intermediate step towards the Cerny conjecture. Using the synchronizing
probability function, a tool which allows one to represent the synchronization
process within an automaton, we were able to prove a non-trivial upper bound
on the triple rendezvous time.

Then, by providing an infinite family of automata for which T5 = n+3 (with
n being the number of states of the automaton), we refuted Conjecture [2.3.3
formulated in [Juni2]. Conjecture was stated as a tentative roadmap
towards a proof of the Cerny conjecture with the help of the synchronizing
probability function, and in that sense our conterexample is a negative result
towards that direction.

A natural continuation of this research would be to find non-trivial bounds
for T}, with 3 <! < n (i.e., the smallest number such that the set of reachable
vectors includes a column of weight at least [). Another research question is
how to narrow the gap between n + 3 and n?/(6.4...) for the triple rendezvous

time.



Chapter 3

2-Transitivity of
Permutation Sets and

Square Graph of Automata

Abstract

In this chapter we study the diameter of the pair digraph of permu-
tation automata. We first construct a n-state permutation automaton
with diameter ”7‘2 + o(n?). Second, we show that the diameter of the
square graph of a set of permutation is lower than n(n —1)/2. Third, we
present an application of these results to the the joint spectral radius of

matricesE]

3.1 Overview

In this chapter, we study the diameter of the square graph, also called pair
digraph, of sets of permutations. Although synchronizing automata are not
sets of permutations, as they must contain a letter of lower rank, they usually
involve permutation letters. Understanding these permutations can already
provide a lot of information on the automata itself, as we will see below.

Let A be a set of permutations from S,,. The pair digraph P(A) consists of
pairs {i,j} as the set of vertices and the edges ({3, j}, {ia, ja}) for all 7,j and
a € A. The diameter of P(A), denoted diam P(A), is the maximum among

I Most results presented in this chapter have been published in [GGGT17].

63
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the lengths of shortest (directed) paths between any two vertices. We study
the behavior of diam P(A) in terms of n. The problem comes from analysis of
certain aspects of Markov chains and group theory [FJRT98|, but our interest
in it is mainly motivated by its importance for the theory of synchronizing
automata. Indeed, every synchronizing automaton &/ must have a letter a,
say, whose action merges a pair of states. Thus, one can construct a reset
word for &/ by successively moving pairs of states to a pair merged by a. If &7
possesses sufficiently many letters acting as permutations (as automata with
the full transition monoid do), one can move pairs by these permutations, and
hence, upper bounds on the diameter of the corresponding pair digraph induce
upper bounds on rt(<).

In Section m we establish the lower bound %2 + 0(n?) on the maximum of
diam P(A) by presenting a series of examples with two generators for every odd
n. In Section[3.3] we show that a complete numbering of the pairs is impossible.
This implies that diam P(A4) < w forall ACS,,. In Sectionwe provide
an application of these results to the Joint Spectral Radius of sets of matrices.

Related Work. The diameters of groups and semigroups constitute a rela-
tively well studied topic. A general discussion on diameters and growth rates
of groups can be found in [Hell5]. Various results about the diameter of T,
and its submonoids are described in [Sal03], [Pan15]. The length of the shortest
representation of a constantﬂ (including the case of partially defined trans-
formations) is typically studied in the framework of synchronizing automata,
see [Vol08| [Vor14l [AGV13].

3.2 Bounds on the Diameter of the Pair Di-
graph

In this section we present a lower bound on the largest diameter of the pair
digraph P(A) for A C S,,. We proceed by presenting subsets A C S,, for ev-
ery odd n such that the diameter of P(A) is %2 + o(n?). In order to simplify
the presentation, we mostly use automata terminology and describe the corre-
sponding examples as a family of automata %, = (@, 4, J) (the input letters
of %, form the subset A). We let @Q,, = {q1,- .., ¢} and denote pairs of states

such as {g;,¢;} simply by giq;.

2A constant is a transformation of rank 1.



3.2. BOUNDS ON THE DIAMETER OF THE PAIR DIGRAPH 65

=0
ab
=0

Figure 3.1: The automaton .%.

The automaton .%#; shown in Fig. is the first of the family .%#,. The
digraph of pairs of its states is shown in Fig. One can verify that the
shortest word mapping ¢2q4 to g4q7 has length 15.

Figure 3.2: The pair digraph of .%7.

The automata of the family are obtained recursively, starting with 7.
From .%,,, we construct .%,, 2. The effect of the letters is the same for the states
q1s--,qn_2 in F, and Fp,o. The effect of the letters a and b at the states
Gr—1 Gn, qn+1 and g2 is defined as follows: the letters mapping ¢,—1 and ¢,
to themselves in .%,, exchange ¢,—1 with ¢,+1 and g, with g,2 respectively in
Zn12. The other letter maps g, 11 and ¢, 12 to themselves and g, 1, ¢, t0 ¢ —3
and respectively ¢,—2. The result is shown in Fig. (for n = 3 (mod 4)), in
which £ stands for "T’5

Theorem 3.2.1. For odd n > 7, the diameter of the pair digraph of the au-

tomaton F, is at least "72 +o(n?).

Proof sketch. For the automaton %, (with n = 3 (mod 4) and n > 7; for
n = 7, the most distant pairs are g2q4 and g4q7, as shown in Fig. ), we



CHAPTER 3. 2-TRANSITIVITY OF PERMUTATION SETS AND
66 SQUARE GRAPH OF AUTOMATA

@ io:d:,o:t

Figure 3.3: The automaton %5, with k odd.

claim that any word mapping g2qs to qrtoqr+4 With k = "7*5 has length at
least ”72 + ‘%" — 7. For this, we define a function N which associates a non-
negative integer N(g;q;) to each pair ¢;q;, ¢ < j. This function is such that if
a pair ¢;¢; is mapped by a or b to a pair gy g/, then N(girq;) > N(giq;) — 1.
This implies that if (¢;q;)-w = ¢sq; for some word w, then the length of w is
at least N(¢;q;) — N(¢sq:). The number assigned to gyt2gr+4 is 0, while the

number given to g2q4 is equal to %2 + ‘%" — 7, thus, the claim holds.

In addition, we describe a word of length "72 + %” — 7 that maps g2q4 to
Qk+2qk+4- Therefore %2 + ‘%" — 7 is the exact value of the “distance” between

these two particular pairs.

A similar argument holds for n = 1 (mod 4), with the distance between

two particular pairs of states being at least ”72 + %” —17.5.

Proof. Recall that we aim to define a function N which associates an integer

N(gigj) > 0 to each pair ¢;¢;, i < j, and has the following property:

if ¢;q; is mapped by a or b to a pair ¢, q;/, then N(girq;1) > N(qiqj) — 1.
(3.1)
For an illustration, see Fig. which presents the pair digraph of the au-
tomaton .%; with the values of the corresponding function N shown at each

vertex.

For n > 7, n = 3 (mod 4), the values of the function N are provided in
Appendix [A71] It can be routinely verified that the function N defined this
way satisfies (3.1]). Therefore the shortest word mapping ¢2q4 t0 qr12qi+4 is at
least N(g2qs4) — N(qr+2qk+4) letters long. Unfolding the definition, we obtain

N(qr+2qk+a) =0
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Figure 3.4: The pair digraph of %7, with function values.

and

k+3
N(g2gs) = N1+ No + 4k + 8 = ==+ (b + 4)(k — 1) + 4k + 8

15k 11  n%? 5n
=Kt =T
In addition, Table provides the construction for a word of length "72 + %" -7
which maps g2q4 t0 qr+2gx+4. The word is composed of several factors being
labels of a certain segments of the directed path from ¢2q4 to ggt2gr+4 in the
pair digraph of the automaton .%,,. For each segment we give its start and end
pairs as well as its label and length. There are 4 “starting” factors of total
length 4k + 8, followed by 2(k — 1) “inner” factors, forming % words of total
length 2k + 8 each, and 2 “finishing” factors of total length k—;“g Altogether
they indeed form a word of length
k+3 15k 11 n? 5n

4k B2 43k -4+ —— =K+ "4 —=— 4+ 1T
+8+4+k*+3 +— to g =t T

O

Our numerical experiments confirm that ”72 + %" — 7 is indeed the diameter
of the pair graph of the automaton %, for n = 3 (mod 4) from n = 11 to
n = 31 while %2 + 2% — 7.5 is the exact value of the diameter for n =1 (mod 4)
from n = 13 to n = 29.

We have computed the largest diameter of the pair digraph P(A) for all A C

Sy with |A| =2 and n = 5,7,9 and performed a number of random sampling
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Length Sum of lengths
Start pair | End pair Factor of the factor of factors
within the group

q244 q143 a 1

q193 Q497 (ba)*b 2k +1
q197 q3qs aba’ba 7

q34s 71911 (ba)*—1b 2k —1

4k + 8

1911 9195 a*ba 5
q1q5 4396 b 1
q3ge 43912 a®ba 5

43912 q1q15 (ba)*—2b 2k — 3
41915 4199 a®ba 5
199 43410 bab 3
43910 43916 a®ba 5

43916 41419 (ba)*—3b 2k —5
q1G2k+1 q192k—5 a?’i?gS 5

Q1425 4392k —4 (ba) ="b k—4
93q2k-1 | ¢3G2k+2 asfizl 5

q392k+2 4192k+5 (ba)" =z b k+2
q192k+5 q192k—1 agfgg_ 5

q1q2k—1 4392k (ba) ="b kE—2
4392k 4392k +4 asfgl 5
4392k +4 q192k+3 (ba)"= b k

k—1
(2k + 8)——
2
=k?+ 3k — 4
q192k+3 43G2k+3 a? i 2 '
4392k+3 | Qr+29k+4 (ba)¥b 5
k+3
2

Table 3.2: Construction of a word bringing g2q4 t0 qrt2qk+4.

experiments with two permutations for larger values of n. The experimental
results suggest that the pair digraph of the automaton .%, has the largest
diameter among all possible pair digraphs. Regarding the size of the alphabet,
we notice that any letter added to the automaton creates a large number of

edges in the square graph. More precisely, if a letter has an impact on a state,
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then it has an impact on all the pairs including this state in the square graph.
From our experiments, these additional edges create shortcuts in the square
graph, lowering its diameter. Therefore, we believe that the largest diameter
is obtained with two letters. Moreover, structure analysis as performed in
Appendix shows that, if the square graph is strongly connected, multiple
disjoint paths from a pair to an other are possible. This implies that the
longest path between two pairs can at most include half of the pairs. Thus, we

formulate the following conjecture:

Conjecture 3.2.2. The diameter of the pair digraph for a subset of S, is
bounded above by "72 + o(n?).

3.3 The Pair Numbering Method

In this section, we analyze the structure of the square graph based on the
knowledge of the structure of the base graph. Using this method, we first show
that the diameter of the square graph of a 2-transitive set of permutations on
more than 12 states can never reach the bound n(n — 1)/2 — 1. Second, we
show that only a restricted class of automata could reach this bound.

The notion that guides our approach is the complete numbering of a square
graph. It is defined as follows.

Definition 3.3.1. Let & = (Q;X;0) be an n-state automaton. We call com-
plete numbering N of SG(/) a function N : Q* — N associating an integer to

each pair with the following conditions:

1. if ¢i,q5 # Q& @, then N(qiq;) # N(arq)

2. if there is a letter a € ¥ such that {g;,q;}a = {qr, @}, for any i # j,
k #1 then N(qiq;) < N(qeq) + 1,

3. if there is a letter a € ¥ such that ¢;a = gja with ¢; # q;, then N(g;q;) = 1.

In the case of a set of permutations, a complete numbering only has to
satisfy the two first conditions. For a strongly connected square graph, a com-
plete numbering is possible if and only if its diameter is equal to n(n—1)/2—1.
Indeed a path from a pair with the maximal number to a pair with the minimal
number cannot be shorter than n(n — 1)/2 — 1, as each pair in the path can

only decrease the value by one.
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Our analysis is based on the following procedure. We first assume a pattern
in the graph of &/ (which we call base graph). From this pattern, we deduce the
pattern in the square graph SG(«) and show that this pattern implies that
a complete numbering is impossible. To illustrate the method, Example [3.3.2]
shows a situation where a complete numbering is impossible.

Example 3.3.2. Let us consider the two permutations in Fig. the square
graph is shown in Fig.[3.60. We observe that the longest shortest path between
two pairs is of length 4 (between q1q2 and qs3qy). This implies that a complete
numbering is impossible, since with a complete numbering the diameter of the
square graph would be equal to 5.

Figure 3.6: The square graph of the permutations in Fig. [3.5]

In Subsection we consider complete numbering for sets of permuta-
tions. In Subsection [3:3:2] we consider complete numbering for synchronizing

automata.

3.3.1 Strongly Connected Permutations

In this section, we consider a set of permutations such that both the base graph

and the square graph are strongly connected.
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In order to prove that a complete numbering is impossible, we consider the
largest cycle identified by one single letter in the base graph. We define a cycle
as follows:

Definition 3.3.3. We call a cycle C of length | a set (V,E) of vertices
v1,...,0; and oriented edges eq,...,e;, such that vie; = vq, ..., vje; = V7.
We say that a vertex v; is preceding a verter v; in the cycle, and that v; is

following v;, if vie; = v;, with v;,v; €V and e; € E.

From now on, we use C' and D to designate cycles of single states in the
base graph, and use P; and P to designate cycles of pairs in the square graph.

Since we assume that the base graph is strongly connected, there always
exists a cycle of highest length labelled by a single letter. The proof that a
complete numbering is not possible depends on the length of this cycle. The
first subsection provides a set of general lemmas. The following subsections
cover all the possible size of the largest cycle, and leads to the conclusion that

in any case, a complete numbering is impossible.

Key lemmas

We provide here the main lemmas that we use in this section. The first one is

about cycles in the square graph, and is illustrated in Example [3.3.5

Lemma 3.3.4. If a complete numbering of the square graph is possible, then
in any cycle of the square graph the number associated to consecutive pairs is
decreasing by one unit, except for one single increase of magnitude equal to the

size of the cycle minus one.

Proof. Since we consider a complete numbering, there should be k different
numbers, with k& the number of pairs in the cycle. Moreover each pair is reach-
able from any other pair by a path of length at most & — 1, so the numbers
must be consecutive. Then, starting from the pair with highest number, the
only possible numbering for the next pair is this number minus one. The next
must be this number minus two, etc. Continuing this process up to the end of
the cycle gives the result. O

We call the numbers of the pairs in the cycle the range of this cycle, and we

call a jump the transition between a lowest and a highest number in a cycle.

Example 3.3.5. Figure shows a complete numbering of a cycle in the

square graph.
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Figure 3.7: Example of complete numbering of a cycle.

This implies that, in a complete numbering, each pair in a cycle of the
square graph has either the highest number of the cycle, the lowest number
of the cycle, or a number N such that V 4+ 1 and N — 1 are attributed to
pairs preceding it and following it in the cycle. In this latter case, we call
this pair a middle pair of the numbering. With these concepts, we can now

consider overlapping cycles in the square graph. This situation is illustrated in

Example
Lemma 3.3.6. If a complete numbering of the square graph is possible, if Py

and Py are two cycles of the square graph such that some pairs are in Py and
not in Py, some pairs are in P and not in Py, and some pairs are in both, then
the numbers of the pairs which are in both cycle are the lowest numbers of one
of the cycles, and the highest numbers of the other cycle.

Proof. Since a cycle has all the numbers in some range exactly once, and since
the numbers of the pairs that are only in one of the cycles cannot be equal, one
of the cycles has a higher range than the other, and the common pairs have

the numbers that are in both ranges. O

Example 3.3.7. Figure[3.§ gives an example of complete numbering of over-
lapping cycles in the square graph. Letter a labels a cycle of length 5 that has
values 6, 5, 4, 3 and 2. Letter b labels a cycle of length 3 that has values 3, 2
and 1. The pairs with values 3 and 2 are common to both cycles. Therefore in
any complete numbering the numbers of these two common pairs are the highest
of one cycle and the lowest of the other cycle.

This implies that two cycles in the square graph can not have multiple
intersections:

Corollary 3.3.8. If a complete numbering of the square graph is possible, then
if two cycles of the square graph have some common pairs, all these pairs are
consecutive in both cycles.
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o s®

Figure 3.8: Example of complete numbering of overlapping cycles.

We can now state a simple lemma which allows us to discard many possible

patterns:

Lemma 3.3.9. If a complete numbering of the square graph is possible, then
if a cycle of the square graph is labelled by a single letter, there cannot be three
outgoing edges from pairs of this cycle labelled by an other single letter.

Proof. Let us call the cycle P; and the second letter b. We consider the cycles
that letter b labels in the square graph. If the letter b labels three distinct cycles,
each starting from one of the pair that are mapped outside of P;, then one of
these cycles has common states with P; which are not the highest numbers or
the lowest numbers of that cycle, and Lemma [3.3.6] implies that no complete
numbering is possible.

Otherwise two of the outgoing edges are in the same cycle labelled by b.
Therefore this cycle has a common pair with P;, then some pairs not in C,
then again some states in P;, and then again some states not in P;. In that
case, we are in the situation of Corollary and a complete numbering is
impossible. O

Lemma 3.3.10. If a complete numbering of the square graph is possible and
if a cycle Py of the square graph is labelled by a single letter a and has exvactly
two outgoing edges labelled b from pairs not following each other in Py, then
one of them has the lowest number in P, and the other one is a middle pair.
Let us call the the middle pair p; and p; the other one, then the pairs pja, ...,

pi are in the cycle p;b*, k € N in the same order as in P;.

Proof. We first notice that only one of the two outgoing edges labelled by b can
be a jump, otherwise a complete numbering would be impossible. Therefore,
the other outgoing edge has to be a decrease by 1 in the cycle labelled by b,
and can only start from the pair with lowest number in P;. Since the lowest

and highest number in P; are adjacent, the other pair has to be a middle pair.



CHAPTER 3. 2-TRANSITIVITY OF PERMUTATION SETS AND
74 SQUARE GRAPH OF AUTOMATA

As p; is a middle pair, we must have that N(p;b) > N(p;), and therefore p;
has the lowest number in the cycle p;b*. Therefore, as a complete numbering is
possible, we must have that p;a~! = p;b~!, because both have number equal to
N(p;) + 1. Moreover, for each element p;a~* such that N(p;a=*) > N(p;), we
must have that p;a=* = p;b=*. Therefore, this stops when N(p;a=*) < N(p;),
ie. when we reached the lowest number in the cycle, which must be p;. This

means that p;a is the first common pair of both cycle P; and cycle pib*. O
We now have a last general lemma applying on the full partition of pairs:

Lemma 3.3.11. If a complete numbering of the square graph is possible, then
if there is a partition of all the pairs into cycles labelled by a single letter, one

of these cycles has less than two outgoing edges labelled by an other letter.

Proof. Indeed, to obtain a complete numbering, each cycle must have a range
of numbers. Therefore, there must be an ordering in the ranges of numbers of
the cycles. In a complete numbering, the cycle with the highest range cannot
have two different states mapped to states in an other range, otherwise there
is a decrease of at least two. Therefore, if all cycles have at least two pairs
mapped on pairs of other cycles, none can be the one with the highest range
in a complete numbering. If all the pairs are in that partition, then a complete

numbering of the square graph is impossible. O

With these tools in hand, we can now analyze the possible cases. We start
with a largest cycle including all the states and the case of a largest cycle larger
or equal to five. We then analyze the cases of letters labelling only cycles of
lower size. As the proofs need a detailed systematic analysis of particular
cases, they have been placed in Appendix The summary of the analysis
is presented in Table [3.3] The main argument used for each case and the
reference to the corresponding proof is given. Notice that the table is ordered
in decreasing order of size of cycles, while the appendix follows the proof order,
because some situations need to be excluded before analyzing other situationsﬂ

Each result in Table [3:3]is stated as a proposition in Appendix[A22] Com-
bining these propositions, we can formulate the general result:

Theorem 3.3.12. Let consider a set of permutations on n > 12 elements.
Then, either the pair digraph is disconnected, or its diameter is strictly smaller
than n(n —1)/2 — 1.

3For example, the case with both cycles of length 4 and self-loops needs to be excluded
before analyzing the case of cycles of length 4 and 3.
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Cycle size ‘ Main argument ‘ Proof ‘
Cycle of length n Lemma 3.3.11| A.2.1
Cycle of length larger than or Lemma [3.3.9/and | |A.2.2
equal to 5 Lemma ﬁ%‘

Both cycles of length 4 and 3 Lemma 3.3.9| A.2.4
Both cycles of length 4 and swaps Structure analysis | |A.2.5
Both cycles of length 4 and self-loops | Lemma |3.3.9| A.2.3
Only cycles of length 4 Structure analysis | |A.2.7
Both cycles of length 3 and swaps Lemma |3.3.9 A.2.6
Both cycles of length 3 and self-loops | Lemma |3.3.9 A.2.3
Only cycles of length 3 Structure analysis | |A.2.8
Only swaps and self-loops Lemma, |3.3.9| A.2.9

Table 3.3: Possible cycle situations and the proof reference.

3.3.2 Application to Synchronizing Automata

In this section, we show how the pair numbering method can be applied to
synchronizing automata. We notice that if it is possible to prove that a complete
numbering is impossible for an automaton, then the last step of the compression
method is shorter than n(n —1)/2. Proving that it is true for all synchronizing
automata for which Conjecture [I.2:2]is not proven would improve the bounds
obtained by Pin, Szykuta and Shitov.

First of all, we notice that Conjecture [1.2.2] can be restricted to strongly
connected automata, and is proven for circular automata [Dub98]. We notice
in Example [3.3.13] that, unlike for permutations, a complete numbering of the
square graph of synchronizing automata is not impossible in general.

Example 3.3.13. Figure shows the automaton s, and Fig. shows
SG(%6s). We observe that in this case, a complete numbering of the square
graph is possible, as shown in Fig.[3.11]

The two following lemmas allow one to restrict the set of automata in which

a complete numbering is possible.

Lemma 3.3.14. Let o = (Q;%;0) be an n-state synchronizing automaton.
If |Qal| < n—2 for some a € X, then a complete numbering of SG(&) is
impossible.
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Figure 3.9: The automaton 6.

Figure 3.10: The square graph SG(%s).

Proof. We have that Qa contains at most n — 2 states, therefore at least two

pairs are synchronized (or one triple). Therefore at least two pairs have number
one. O

Lemma 3.3.15. Let of = (Q;%;0) be an n-state synchronizing automaton. If

a,b € ¥ are synchronizing two different pairs, then a complete numbering of
SG(&) is impossible.

Proof. The pair synchronized by a and the pair synchronized by b must both
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Figure 3.11: A complete numbering of the square graph SG(%s).

have number one. O

Now, the only cases for which we have not proven that a complete numbering
is impossible are automata composed of permutation letters and letters of rank
n—1 that all synchronize the same pair. Some of the proofs used in Section[3.3.1]
can be directly adapted to this setting. However, the assumption that some
states had a preimage, which is not always the case in sychronizing automata,
is often a key part of the proofs, and therefore we have not yet completely
transposed the result for synchronizing automata. We leave this as an open
question:

Problem 3.3.16. Let & = (Q;X;9) be an n-state synchronizing automaton.
Let all letters | € X be either non-circular permutations letters or letters of
rank n — 1 synchronizing the same pair. Is a complete numbering of SG(</)

possible?

Answering negatively to this question would improve the last step of the
compression method, and improve the general bound on the reset threshold for

synchronizing automata.
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3.4 An Application to the Joint Spectral Ra-
dius

The joint spectral radius(JSR) of a set of matrices is the highest growth rate
of products of these matrices. For linear swaping systems in discrete time, it
characterizes the maximal asymptotic growth rate of the system. The book
[Jun09] provides a deep analysis of the JSR properties.

The formal definition of the JSR is the following. For a set ¥ of R™*"
matrices, a submultiplicative matrix norm |||, and ¢ € N the quantity p.(X) is

defined as:
pu(%) = sup{[|A]|'* : A € 2}

The joint spectral radius is then defined as its limit towards infinity:
PE) = lime oo (S, |11]):

We notice that the submultiplicativity of the norm implies that the JSR of
a set is lower than or equal to the highest norm of its elements.

Example 3.4.1. Let us consider the following set of matrices:
02 00
== {(0)-Go)}

Both matrices have a spectral radius equal to zero. However by multiplying

these matriz we obtain the matrix
40
+=(00)
which has a spectral radius of 4. Therefore we have that
p(2) > \/p(A) = 2.

Since the norm of the two matrices in ¥ is also equal to 2 and we consider
submultiplicative norm, the JSR can not be greater than 2, and we therefore
have p(X) = 2.

The problem on which we can apply our results comes from the following
statement:
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Corollary 3.4.2 (Corollary 3.2 in [Jun09]). Let ¥ be a finite set of nonnegative
integer matrices of dimension n. If p($) > 1, then p() > 21/7°

This corollary comes from the following one:

Corollary 3.4.3. For any finite set of nonnegative integer matrices ¥, we have
p(2) > 1 if and only if there is a product A € ¥* such that A;; > 2 for some i.

As explained in [Jun09], and entry A,; > 2 can only be obtained in two
different ways: either there is a cycle containing an edge of weight two in the
graph of the set, or there is a cycle in the graph of pairs containing a node (i, )
and a node (p, q).

The first case implies a cycle of length at most n, and therefore a joint
spectral radius higher than or equal to 2'/™. The second case implies a cycle
of length at most n? in the square graph, and therefore a joint spectral radius
higher than or equal to 2%/ n* In this section, we first prove a tight bound of
p(X) > 22/7(+1) " Second, we restrict ourselves to the case of three matrices,
and we build a set with joint spectral radius p(¥) = 2%/ ”2, which is so far the

lowest example for sets with a bounded number of matrices.

3.4.1 General Case

First of all, we notice that Corolary can be refined to

Theorem 3.4.4. Let ¥ be a finite set of nonnegative integer matrices of di-
mension n. If p(X) > 1, then p(X) > 22/n(n+1),

Proof. Indeed, the demonstration of Corollaryprovided in [Jun09] is based
on the fact that a shortest path in the graph of pairs is at most n? long.
However, the pairs don’t have to be ordered. There are only n(n—1)/2 different
unordered pairs of two different states, and we can add the n pairs composed
of equal states. The longest possible cycle of weight two is therefore equal to

n(n —1)/2 4+ n, i.e. the number of pairs plus the number of single states. [

Moreover, we notice that this bound is tight for any n. Indeed, we can build
a set ¥ composed of n(n —1)/2 4+ 1 matrices in the following way. All the non

specified entries are zero:

A, sendsn to 1l and 2

A; sendsn—1andntol

A;; withO0<i<j<mnsendsitoiandjtoj+1
A withO<i<n-—1sendsitoi+1andntoi+2
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We notice that these matrices describe a unique path in the graph of pairs
from q1g2 to ga2qs of length n(n—1)/2. For any weight distributed in the graph,
the only matrix increasing the total weight is A;, sending ¢, to ¢1 and gs. The
only matrix which sum weights in multiple states is A;, which regroups the
weights of ¢,,_1 and ¢, in state ¢;. The shortest path from ¢; to g, is of length
n— 1.

In order to obtain a path of weight two, starting with a weight 1 on state
k, we first have to bring it to ¢,, which takes n — k — 1 steps. Then we have to
use matrix A, which double the weight, but put it into two different states. In
any situation of a pair with equal weight, there is only one matrix which is not
decreasing the total weight, and it is the one following the path in the square
graph. After reaching ¢1¢, in n(n—1)/2 —1 steps, the matrix A; allows one to
get a weight of 2 on state g1, which can then be send to state k in k — 1 steps,
leading to a length of n(n —1)/2 + n.

Example 3.4.5. For matrices of size three, we have the following set:

000 000 100 010
S={A=(000],4=[100],4,=[001],45=(000
110 100 000 001

which is represented in Fig. [3.14 The shortest way to have a 2 appearing in

Figure 3.12: Effect on pairs of states.
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the diagonal of the matriz product is to follow the path:

q3 — q192 — Q143 — G293 — q1 — g2 — (3,

which corresponds to the matrixz product:

000
AcAy 0A1 3A1A1 341, =000,
002

which is of length 6.

3.4.2 Three Matrices Case

We now restrict the possible sets to a fixed number of matrices.

Our goal is to find a graph of pairs with a shortest cycle containing a single
state and a pair of two different states as long as possible. One natural way
to tackle this question is to start by searching for graphs of pairs with a high
diameter. This question has been studied in the paper [GGGT17]. In this
paper, it is conjectured that for a set of two permutations, the diameter of the
square graph is at most of the order n?/4, and a set of permutation reaching

this bound is given.

In this section, we build a set of matrices with JSR equal to 2 GO AT /A .
The automaton of [GGG™17] is represented in Fig. and is such that the
shortest path from qaqs to qiy2qrra is of length n?/4 +5n/4 — 7.

To build our set of matrices, we add an additional state ¢y and a new letter
c. ¢ sends g to g2 and g4, and deletes other elements. We also add edges from
qr+2 and qir4 to qo labelled by letter a, as represented in Fig. [3.13

With this setting, starting from a single base vector, the only way to increase
the weight of our vector is to send it to qg, to double the weight with letter c,
to follow the only path in the graph of pairs, leading to qxi2qi+4, and to go
back to gy with letter a. This path is n?/4 + 5n/4 — 5 letter long, for n + 1

states, which is the claimed result.
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Figure 3.13: Graph representation of the set of three matrices reaching the new
bound on the JSR.

3.5 Conclusion

We studied the diameter of the square graph of automata and of permutation
sets. We first described a series of n-state automata with diameter of the pair
digraph equal to %2 +0(n?), thus lower bounding the maximal diameter of the
square graph of a set of permutations. Second, we showed that the diameter of
the square graph of a set of permutation was lower than n(n —1)/2 — 1, which
is a new upper bound. Third, we used these results to improve a theorem on

the JSR of nonnegative integer matrices.



Chapter 4

Short Words for Subset
Reachability

Abstract

In this chapter, we first study the length of shortest words reaching
subsets of states in synchronizing automata. We provide an automata
family with subsets that cannot be reached by words shorter than 2" /n,
thus disproving a recent conjecture of Don. We then analyze relaxed
versions of this conjecture. Second, we focus on the converse problem:
ensuring that a state is not in the image of some word. We provide a
counterexample to a lemma used in a recent tentative improvement of the
Pin-Frankl bound for synchronizing automata. This example naturally
leads us to formulate an open question, whose answer could fix the line

of the proof, and improve the Pin-Frankl boundE]

4.1 Overview

In this chapter, we focus on the length of shortest words reaching subsets
of states, or such that some states are not in their image. Both problems are
natural control problems. Indeed, one could want to ensure that, after applying
a sequence of commands of short length, the system is guaranteed to be in a
precise set of states or avoids some states. For example, in formal verification,

one tries to avoid failure states or ensure a valid terminal state [CW96].

IMost results presented in this chapter have been published in [GGGT 17, [GIT8| [GIT15]

83
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In Section we study the length of shortest words reaching some subsets
of states. In [Donl6], Don showed that for any reachable subset of k states
of any automaton of a specific class, there exists a word of length n(n — k)
reaching this subset. He also conjectured that it is true for any synchronizing
automaton. First, we show that this conjecture does not hold by providing a
family of counterexamples where the length of the shortest word reaching a
set of n — 2 states is quadratic. Second, we analyze alternative versions of the
conjecture and the questions they raise. In particular, we build a family of
automata such that a set of |3 ] states cannot be reached by a word shorter
than 2™ /n.

In Section [£:3] we provide an automaton with a state which is in the image
of any word of length lower than or equal to n 4+ 1. This automaton is a
counterexample to a lemma used in a recent tentative improvement of the Pin-
Frankl bound for synchronizing automata [Trall]. It naturally leads us to
formulate an open question, whose answer could fix the line of the proof, and

improve the Pin-Frankl bound.

4.2 Subset Reachability

In this section, we provide an answer to Don’s conjecture on subset reachability

and analyze questions arising from it.

Conjecture 4.2.1 (Conjecture 18 in [Donl6]). Let &7 = (Q;3;9) be an n-state
automaton. If S C Q is a set of size k and there exists a word w such that

Qw = S, then there exists a word with this property of length at most n(n—k).

This conjecture would imply that Conjectureis also true [Donl6, Proof
of Theorem 12]. Indeed, any pair would be reachable with a word of length
n(n — 2). Since in any synchronizing automaton there is also a reachable pair
which can be synchronized with a single letter, reaching this pair with a word
of length n(n — 2) and then synchronizing it with a single letter leads to a

synchronizing word of length n(n —2) +1 = (n — 1)2.

Complexity Implication of the Conjecture Conjecture would not
only imply Conjecture but also the collapse of polynomial hierarchyf?]
Indeed, it is shown in [BV16] that the following problem is PSPACE-complete:

2This was kindly communicated to us by an anonymous reviewer of the conference version
of this work.
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Problem 4.2.2. Given a DFA & = (Q,%,9) and a non-empty subset S C @,
1s it true that S is reachable in of ?

Would Conjecture [£:2.Thold true, then, whenever S is reachable, one could
guess a word w of length at most n(n — k) where n = |Q| and k = |S| and then
check in polynomial time that Qw = S. Thus, the above problem would be
in NP whence NP = PSPACE. This implies that the conjecture was t00
strong from a theoretical perspective.

First Counterexample In order to analyze Conjecture we need the

following lemma:

Lemma 4.2.3. Let o = (Q;X;0) be an automaton. Let S C Q be a reachable
subset, and w € 3* be a shortest word such that Qw = S. Let us write w =
ly...lg, with k the length of w and l; € X the letters of w. Let the subsets
S; = Qly...1l; with 0 < i < k be the subsets reached by prefizes of w.

Then, all the subsets S; are different, and they all have a cardinality larger
than or equal to the cardinality of S.

Proof. If two subsets S; = Ql;...l; and S; = Qly...1l;, with i < j are equal,
then the word Iy ...l;lj41...lx, which is shorter than w, also reaches S, which
is a contradiction.

In a complete deterministic automaton, each state has exactly one image.

Therefore for any word w and and set S, we have |Sw| < |S]. O

This lemma implies that any reachable set of size n —1 can be reached with
a word of length n. Indeed, there are only n+ 1 different subsets of cardinality
higher than or equal to n — 1. Therefore, we search for a counterexample to
Conjecture [4.2.1| with a set of size n — 2 which cannot be reached with a word
of length lower than or equal to 2n.

One way to build such automata is to define the letters in the following
way. First choose a set of permutation letters such that the square graph of the
automaton limited to these letters has a large diameter. Second, choose a pair
(gi, q;) such that the shortest path to an other pair (¢x, ¢;) in the square graph
has a large length D. Then, add a 2-deficient letter { such that Q\Q! = {g¢;, ¢; }.
With this construction, the set Q\{qx, ¢} cannot be reached by words shorter
than D + 1.

In Fig. we present the automaton & ,,, with n congruent to 3 modulo
4 which is built in that way.
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é: u‘ 4 9
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Figure 4.1: The automaton &3 ,,.

Proposition 4.2.4. The shortest word reaching the set Q\{qn'+2,qn'+4} with
n' = (n —5)/2 in the automaton in Ps,, is of length n?/4 + 5n/4 — 6.

Proof. We first notice that letters a and b of the automaton % ,, are a set of
permutation letters studied in [GGGT17| and that we have seen earlier in this
thesis such that the shortest path from the pair g2q4 to gn/42¢n/ 44 is of length
n?/4+5n/4 — 7. As a and b are permutations, we have Qa = Q and Qb = Q,
so the first letter of any shortest word reaching a set S should be c.

Second, we notice that letter ¢ maps g2 to g3 and g4 to g1, and the other
states to themselves, so Qc = Q\ {¢2, ¢4} and is of cardinality n — 2. Moreover,
if letter c¢ is applied to any set containing n — 2 states, it either sends it to
Q\ {g2,q4}, or to a set of lower cardinality. Therefore, due to Lemma in
any shortest word reaching @ \ {gn+2,qn/+4}, the letter ¢ can only be at the
first position.

Third, as a and b are permutations, the image of a set S by a word w €
{a,b}* is equal to the complement of the image of the complement of S by
w, ie. Sw = Q\ ((Q\ S)w). In our case, applying letters a and b to a
set containing n — 2 states is equivalent to applying it to the complement pair
and taking the complement of the image as result. Therefore, the shortest word
w € {a,b}* mapping the set @\ {gz2, ¢4} to Q\{gn'+2, G +4} is also the shortest
word mapping {q2,q1} t0 {gn'+2,qu 14}, which is of length n?/4 + 5n/4 — 7.
Therefore, cw is the shortest word reaching Q \ {¢n’+2, ¢n'+4}, and is of length
n?/4 +5n/4 — 6. O

The automaton of %, is a generic counterexample to Conjecture
which claims that the distance from @ to any set of size n — 2 should be 2n.

We notice that the reachable sets of &% , can be reached with words of
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polynomial length. Therefore, one can wonder if it is a general property:

Problem 4.2.5. Let o = (Q; ;) be an n-state automaton. If there exists a
word w such that Qw = S, does there always exist a word of polynomial length

with respect to |S| with this property?

Answer to Problem Exponential Length Shortest Words For
any n, we can build an automaton such that it has a set S C @Q containing | 7 |
states which cannot be reached with a word shorter than L = (T;Jl) This is
shown in Definition and Proposition below.

Definition 4.2.6. We define the automaton s, as follows. It has n states
q1---Qn, aletter a and letters ;. First, we define letter a as follows:

q1a = Qg2

ga=gq for1<i<|Z]+1

gia = qz for |5 +1<i<n.

Then, we take all subsets S C (Q \ q1) with |S| = [ 5| and enumerate them
as Si,...,5r, with L = (TLEJI) We define letters l; such that S;l; = S;y1 and
(Q@\S)li = q1.

In Fig. we show a representation of &3 ,, (we do not represent the effect
of ly,...,lp—1 on other states than ¢; for the sake of clarity). We show that
the set Sy, cannot be reached with a word shorter than the size of the alphabet.
Indeed, in this automaton, the only way to exclude ¢; from a subset is to use
letter a. Moreover, we have that |Qa| = |S1| = [SL|. Therefore, in order to
reach Sy, after using an a, letters reducing the cardinality of the current set
cannot be used anymore. This implies that there is only one possible letter

following any prefix of a shortest word reaching Sy..

Figure 4.2: Part of the automaton &5 ,.
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Proposition 4.2.7. The shortest word reaching the set

SL = {qn7L%j+l7 e ,Qn}

in the automaton Ps,, is (T;Jl) letters long, which is larger than 2" /n (for
’ 2

n>06).

Proof. From the definition of letters [;, it is clear that the word alils ...l _1
maps @ on Sg.

Moreover, it is the shortest of such words. Indeed, let w be a word such
that Qw = Sr.. We notice that the only letter which maps ¢; on another state
is a. Therefore, as Sy does not include ¢; we have that: first, w must contain
at least one letter a; second, every letter after the last a does not map any
state of the set reached by the prefix of w preceding this letter on ¢ .

Now, if we consider a set S; of | §] states from ga, ..., qn, the only letter [
which does not map any states of S; on ¢; is ;. Therefore, if a subset .S; was
reached with a prefix of w containing the last a of w, the only possible letter [
such that ¢; ¢ S;lis ;. This implies that the letter following the prefix is I; and
that the next subset is S;l; = S;11. Since Qa = {ga,...,q = 1} is already of
cardinality |5 ], the first subset after the last a must be {go,...,qz 11} = S1.
Then, by induction, the letters following the last a in w are ly,...,l;_1, in that
order. Therefore, any word w reaching S; has a suffix alyls...lr_1, which is
(’[%Jl) letters long. Since this suffix is itself a word reaching Sy, it is also the

shortest word reaching Sy,. O

The number of letters of the automaton &5 ,, is exponential with respect
to the number of states. We notice that it is possible to build families of
automata with a fixed number K of letters, such that the shortest word reaching
a particular subset has exponential length (as a function of n). Indeed, a
construction of this kind with 32 letters for any n can be obtained from the
construction given in [FK17, Theorem 20].

In the families &5, and 5, shortest words reaching a defined subset
were such that a first letter was used to lower the cardinality of the set, and
the following letters were only permutations. Applying the first letter again
would indeed have reduced the number of states below the cardinality of this set
or reached a set already reached, which is forbidden by Lemma[4.2:3] Moreover,
it turns out that these automata have a set S which cannot be reached by a
word of polynomial length, but such that some subsets of S can be reached

with such word. This leads to the following question:
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Problem 4.2.8. Let & = (Q;X;0) be an n-state automaton. If S € Q is a set
of size k and there exists a word w such that Quw C S, does there exist a word

with this property of length at most n(n — k) ?

Answer to Problem Included Subsets We notice that, although
this question is weaker than Conjecture 4.2.1] a positive answer would still
imply that Conjecture [1.2.2]is true.

However, even for this weaker version, the answer is negative. Indeed, the
automaton & in Fig. 4.3] which was introduced in [GJT15], is such that the
set S = {1,2,3} or any of its subset cannot be reached with a word of length
lower than 6. This can be verified by a breadth first search algorithm on the
power automaton P(&), presented in Fig. [4.4

JOR
@ @
a b

Figure 4.3: The automaton &.

Figure 4.4: The power automaton P(&).

4.3 The Excluding State Approach

For more than 30 years, the best proven bound for Conjecture has been
(n®—n)/6—1, obtained in [Fra82] and [Pin83], and rediscovered independently
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in [KRS87]. Recently, a tentative improvement to n(7n% + 6n — 16)/48 has
been proposed in [Trall]. However, as mentioned later by the author on ArXiv,
there is a flaw in the proof. Nevertheless, since the publication of [Tralll], many
new papers are citing this result, and no publication clearly confirms that the
proof is not valid. In this section, we make this point clear by providing a
counterexample to Lemma 3 in [Irall]. The lemma is the following:

Lemma 4.3.1 (Lemma 3 in [Tralll). Let Q be the set of states of a synchro-
nizing strongly connected n-state DFA. Then for any state q there exists a word
w of length not greater than n such that ¢ ¢ Qw. For any k < n there are at
least k states qq, ..., qr and words wy, ..., w, of length not greater than k such
that ¢; ¢ Quw;, 1 <1i <k.

We refute the lemma by exhibiting an automaton such that, for one state
qo, there is no word w of length smaller than or equal to the number of states
with the property that ¢p ¢ Qu.

Counterexample 4.3.2. The automaton represented in Fig. (named &
in the present thesis) is a synchronizing autornaton, as the word abbababba is
a synchronizing word. However, the shortest word w such that g9 ¢ Quw is
w = abbaba. Since the automaton has only 4 states and w is 6 letters long, this
contradicts Lemma [{.3.1}

Figure 4.5: A counterexample to Lemma [4.3.1]

Lemma was a key step in the improvement on the maximal length of
a shortest synchronizing word. We observe that a weaker version of Lemma 1
could still improve the Pin-Frankl bound. In fact, any value proportional to
the number of states of the automaton would lead to an improvement of the
bound. This motivates us to raise the following open question:

Open question 4.3.3. Let Q be the set of states of a synchronizing strongly
connected n—state DFA.
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Is there a constant ¢ such that, for any state q € Q, there exists a word w
of length not greater than cn such that ¢ ¢ Quw?

4.4 Conclusion

In this chapter, we focused on subset reachability in synchronizing automata.
The first problem considered was the maximal length of the shortest words
reaching some subsets of states. This was motivated by [Donl6, Conjecture
18], which stated that this length should be lower than or equal to n(n — k),
with k& the number of states in the subset.

We started by presenting a family of automata built from a set of permu-
tations with a large square graph diameter. This family has subsets of n — 2
states which cannot be reached by words shorter than a quadratic value, and
therefore is a counterexample to Conjecture Then, we analyzed modified
versions of Conjecture First, we asked if the length of the shortest word
reaching a subset could be bounded by a polynomial value in n. Second, we
asked if the bound of the conjecture would be true if we considered subsets
included in the target subset instead of the target subset itself. Both cases led
to negative answers.

We finished by presenting an automaton with a state which cannot be ex-
cluded by a word shorter than n + 2, contradicting a statement by Traht-
man [Trall]. We proposed an alternative version of this statement which would
still improve the Pin-Frankl bound as open problem.






Chapter 5

Completely Reachable
Automata and Automata

Generating 1),

Abstract

In this chapter, we first analyze the I'y-graph construction. The I'i-
graph is derived from 1-deficient words, and is a key tool for studying
completely reachable automata. We introduce the concept of roots of
1-deficient words, which allows to state explicit concatenation rules for
these words. Based on these results, we provide a polynomial-time al-
gorithm for constructing the I';-graph. Then, we disprove a conjecture
by Bondar and Volkov linking the strong connectivity of this graph and
the concatenation of 1-deficient words of completely reachable automata.

Finally, we prove an alternative version of this conjecture.

Second, motivated by the Babai conjecture and the Cerny conjecture,
we study the reset thresholds of automata with the transition monoid
equal to the full monoid of transformations of the state set. For automata
with n states in this class, we prove that the reset threshold is upper-
bounded by 2n* — 6n + 5 and can attain the value "(%1)

IMost results presented in this chapter have been published in [GGGT 17} [GITS]
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5.1 Overview

Completely reachable automata are deterministic finite automata in which every
non-empty subset of the state set occurs as the image of the whole state set
under the action of a suitable input word. These appeared in the study of
descriptional complexity of formal languages [MasI2] and in relation to the
Cerny conjecture [Donl16].

The first focus of this chapter is the I';-graph of completely reachable au-
tomata. The I'1-graph is built from 1-deficient words, i.e. words which have an
image of cardinality n—1. It turns out that this graph can be used as a key tool
in the extension method. Indeed, if the I';-graph is strongly connected, then
any subset of states can be extended with a 1-deficient word and conversely,
the automaton is completely reachable. This property was used by Rystsov to
prove a quadratic reset threshold for automata with simple idempotent [Rys00],
and is studied in [Donl6l BV16]. In [BV1S], the I';-graph is extended to the
I'-graph and allows to fully characterize completely reachable automata. More
precisely, the I'-graph is the union of the I'x-graphs, which are defined from
letters synchronizing k states (see section 3 of [BV18] for the explicit descrip-
tion). Extending the proofs obtained with the I'y-graph using the extension
method to the I'-graph could lead to proving quadratic bounds for more classes
of automata, and is therefore very promising. In [BV16], Bondar and Volkov
conjectured that the I'1-graph is strongly connected if any subset is reachable by
a concatenation of 1-deficient words. They also discuss the question of building
algorithmically the I'y-graph and show that straightforward approaches com-
puting all the 1-deficient words would have an exponential complexity. This
complexity question is then let open.

In [BV16], the emphasis is on automata in this class with minimal transition
monoid size. In the second part of this chapter, we focus on automata being in
a sense the extreme opposites of those studied in [BV16], namely, on automata
of maximal transition monoid size. In other words, we consider automata
with full transition monoid, i.e., transition monoid equal to the full monoid
of transformations of the state set; clearly, automata with this property are
completely reachable. There are several reasons justifying special attention
to automata with full transition monoid. First, as observed in [BV16], the
membership problem for this class of automata is decidable in polynomial time
(of the size of the input automaton) while the complexity of membership in the
class of all completely reachable automata still remains unknown. Second, this

class contains automata that correspond to Brzozowski’s most complex regular
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languages [Brz13|] and to other regular languages that play a distinguished role
in descriptive complexity analysis. Finally, and most importantly from our
viewpoint, automata with full transition monoid are synchronizing and their
synchronization issues constitute a sort of meeting point for two famous open
problems—the Babai conjecture and the Cerny conjecture. Next, we recall

these conjectures and outline our contributions in view of these problems.

The Babai Conjecture. Let A be a set of generators of a finite group G.
The Cayley graph T'(G, A) consists of G as the set of vertices and the edges
{g,ga} for all g € G, a € A. The diameter of I'(G, A) is the maximum
among the lengths of shortest paths between any two vertices. In group theory
terms, the diameter of I'(G, A) is the smallest ¢ such that every g € G can
be represented as g = aj'a3?---a;‘, where ¢; € {1,—1} and a; € A for all
it =1,...,¢. The diameter diam(G) of G is the maximal diameter of I'(G, A)
among all generating sets A of G. The notion of group diameter is related
to the growth rate in groups, expander graphs, random walks on groups and
their mixing times, see, e.g., [SC04, [Hell5]. Recently, the following conjecture

received significant attention:

Conjecture 5.1.1 (Babai [BS92]). The diameter of each non-abelian finite

o)

simple group G does not exceed (log|G)|) where the implied constant is

absolute.

Note that for the case of the symmetric group S,,, this conjecture readily
implies diam(S,) < n®®. (The group S, is not simple but for n > 5 it
contains a non-abelian simple subgroup of index 2.)

The Babai conjecture was proved for various classes of groups, but despite
intensive research effort it remains open, see [HS14] for an overview. In the
case of S, a recent breakthrough gives only a quasipolynomial upper bound,
namely, exp(O((logn)*loglogn), and it relies on the Classification of Finite
Simple Groups [HS14]. It is even more astonishing if we compare it to the best
known lower bound in this case: for the classical set of generators consisting
of the transposition (1,2) and the full cycle (1,2,...,n), every permutation in
S, can be expressed as a product of at most N% (asymptotically) genera-
tors [Zub98].

In order to make the relationship between the Cerny and the Babai con-
jectures more visible, we borrow from [AV04] the idea of restating the former
in terms similar to those used in the formulation of the latter. Let T;, be the

full transformation monoid of an n-element set ). A transformation ¢t € T,
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is a constant if there exists f € @ such that for all ¢ € @ we have t(q) = f.
We can state the Cerny conjecture as follows: for every set of transformations
A C T, if the submonoid generated by A contains a constant, then there exists
a constant g such that g = ajas---ay, where £ < (n — 1) and a; € A for all
i=1,...,0. It is easy to see that this formulation is equivalent to the original
one by treating the letters of an automaton as the transformations of its state

set since reset words precisely correspond to constant transformations.

Our Contributions. Section [5.2]is devoted to the construction of the I';-
graph and its link with completely reachable automata. In this section, we first
introduce the concept of root states of a 1-deficient word. Together with the
already well known concepts of excluded state and duplicate state, it allows
us to state explicitly the concatenation rules for 1-deficient words. Second,
using these rules, we provide a polynomial time algorithm building the T';-
graph. Third, we provide a completely reachable automaton which does not
fulfil Bondar and Volkov’s conjecture. Finally, we prove a slightly modified
version of the conjecture.

Sectionis devoted to the following hybrid Babai-Cerngj problem: given a
set of generators A of the full transformation monoid 7},, what is the length ¢(A)
of the shortest product ajas - --ap with a; € A which is equal to a constant?
Namely, we are interested in the bounds on £(A) that depend only on n. The
hybrid Babai-Cerny problem is a special case of the Cerny problem. Indeed,
it is a restriction to the class of DFAs with the transition monoid, i.e., the
transformation monoid generated by the actions of letters, equal to 7;,. Of
course, the general cubic upper bound is valid, but not the lower bound, since
the Cerny automata %, do not belong to this class (even though they are
completely reachable, see [BV16]). In Section [5.3| we establish that the growth
rate of £(n) is ©(n?), more precisely, we show that @ </{(n) < 2n?—6n+5.
We also present the exact values of £(n) for small values of n resulting from our
computational experiments. Our contribution can be also seen as a progress

towards resolution of Conjecture 3 from [Sal03].

5.2 TI'1-graph of Completely Reachable Automata

First, let recall that the excluded state of a 1-deficient word w is the state
which is not in its image. Conversely, the duplicate state of w is the state

which is the image of two states by w. From these two concepts, the I';-
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Figure 5.1: The automaton %3 and its I'1-graph.

graph is defined as the unlabelled graph with the same nodes as the automaton
and edges corresponding to all directed pairs (excl(w), dupl(w)) of 1-deficient
words w. Figure shows the automaton of the the Cerny family €3 and the
corresponding I';-graph. For example, the word a induces the edge (q1,¢2) in
I’y because ¢; is not in the image of a, so excl(a) = g1 and go is the image of
both ¢; and g2 by a, so dupl(a) = ¢g2. The edges have been labelled in gray for
illustration purpose, and the words that yield the same edge as shorter words
are not explicitly mentioned. E.g. ba or aa gives the same edge as a.

It is shown by Don in [Donl6] that if the T'y-graph is cyclic, then the au-
tomaton is completely reachable. In the work of Bondar and Volkov [BV16],
which study completely reachable automata, it is noticed that complete reacha-
bility holds under the weaker assumption of strong connectivity of the I'y-graph.
However, they also notice that the converse is not true: there are completely
reachable automata for which the I'y-graph is not strongly connected. In order
to show this, they provide an example using 2-deficient letters. These letters do
not contribute to the I'y-graph but allow to reach subsets which are not reach-
able with 1-deficient words. The restriction of this statement to 1-deficient

words was formulated as the following conjecture:

Conjecture 5.2.1 (Conjecture 3 in [BV16]). If for every proper non-empty
subset S of the state set of an n-state DFA of = (Q;%;0) there is a product w
of 1-deficient words such that S = Qw, the graph T'1 (<) is strongly connected.

The paper [BVI6)] also leaves open the algorithmic aspects of building the
I'y-graph. The authors point out that building the I'y-graph is non trivial,
since the number of transformations of rank n — 1 can reach n!C%. Moreover,
a fast algorithm building the I';-graph would provide a fast positive criterion
for complete reachability of an automaton and could be used to experimentally

investigate properties of the I';-graph.
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In order to formalize the link between strong connectivity of the graph I'y
and subset reachability, we need the following definition of a strongly connected

graph:

Definition 5.2.2. A directed graph T' = (N, E) with nodes N and edges E is
strongly connected iff for any set S C N, there exists an edge e = (n1,n2) € E
with ny ¢ S and ny € S.

We say that the edge e = (n1,n2) € E with ny ¢ S and ny € S is intersect-
ing the set S.

If 'y is strongly connected, then the automaton is completely reachable.
Indeed, if any set S C @ is intersected by an edge of I';, there exists a 1-
deficient word w with dupl(w) € S and excl(w) ¢ S. This first implies that
each state in S has a preimage by w. Second, as dupl(w) € S, it implies that
there is a state in S which has two preimages. Therefore |Sw~!| > S, and w
is extending S. As this holds for every subset S, the automaton is completely

reachable.

5.2.1 Algorithmic Construction of I';

In order to analyze the effect of word concatenation, we cannot restrict ourselves
to the concepts of excluded state and duplicate state of a word. Indeed, for
two 1-deficient letters a and b, the knowledge of these states is not enough
to determine whether ab or ba are of deficiency one or two. To analyze this
question, we need an additional concept: the roots of a 1-deficient word. The
roots are the states which are sent on the duplicate state. More formally, for
a 1-deficient word w, root(w) = {¢;|¢iw = dupl(w)}. We notice that applying
a 1-deficient word w to a set S € @ does not decrease the cardinality of the
set if at least one of the roots of w is not in S. This leads to the following

concatenation rule:

Lemma 5.2.3. Let & = (Q;X;0) be an n-state DFA. Let wy,we € X* be
two 1-deficient words. If excl(wy) ¢ root(ws), then wiwy is 2-deficient. If

excl(wy) € root(wy) then wywsy is 1-deficient. In that case,
excl(wiws) = excl(ws), dupl(wiws) = dupl(wy)ws, root(wiws) = root(wy).

Proof. If excl(wy) ¢ root(ws), then root(ws) C Qwi, and the two states in

root(ws) are synchronized by w; while the other states are permuted, so we
have |Quwiws| = |Qw1| —1=|Q| — 2.
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Moreover, if excl(w;) € root(ws), then all the states in Qw; have a differ-
ent image by we and |Qwiwsz| = n — 1. In that case, we have the following
properties.

The state dupl(wyws) is the image of dupl(wq) by word we, i.e. dupl(w;)ws.

The states root(w;ws) are equal to root(w;), since for these states we have
that ¢,w; € dupl(wy) and therefore g,wiws € dupl(wq)ws.

The state excl(wiws) is excl(ws), since excl(ws) ¢ Qws and Quiwy C
Qus. O

Of course, the concatenation of a 1-deficient word with a permutation also
provides a 1-deficient word. In that case, the resulting word has the following

properties:

Lemma 5.2.4. Let &/ = (Q;X%;0) be an n-state DFA. Let w € ¥* be a 1-
deficient word and p € ¥* be a permutation. Then both pw and wp are 1-

deficient words. Moreover,
excl(wp) = excl(w)p, excl(pw) = excl(w),

dupl(wp) = dupl(w)p, dupl(pw) = dupl(w),
root(wp) = root(w), root(pw) = root(w)pt.

These two lemmas allow to build the I';-graph algorithmically. Indeed,
we can identify which words can be concatenated into other 1-deficient words,
which induce edges in I';. If two words combine into a 2-deficient word, then
the concatenation does not contribute to I';. The Algorithm [I] provides a
pseudo code implementing the effect of Lemmas[5.2.3]and [5.2:4] The algorithm
computes all 4-tuples composed of the two root states, the excluded state and
the duplicate state of 1-deficient letters of the automaton, then computes the
pairs of excluded and duplicate states for all 1-deficient words of the automaton.
Line 1 initiates the list for letters of deficiency 1. Line 2 initiates the lists in
which the results are stored. In lines 3 to 11 the 4-tuples are computed for
single letters. Lines 12 to 33 describe a loop corresponding to increasing the
length of words tested by one letter if new results were obtained at the previous
step. Inside of this, lines 12 to 30 test each pair generated at the previous step.
For each of them, lines 14 to 21 test the concatenation with a permutation
letter and lines 22 to 29 test the concatenation with another 1-deficient letter.

In order to prove the properties of the algorithm, we need the following

properties about 4-tuples obtained from two different words:
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Algorithm 1 Construction algorithm for the I';-graph

INPUT: An automaton (Q,X%,08). We consider |Q| = n. The alphabet is
separated between permutation letters and 1-deficient letters as follows: ¥ =
3o U Xy, with mg permutation letters p1,...,0m, in o and my 1-deficient
letters ly,. .., 1y, n X1.

OUTPUT: The ezhaustive list of pairs composed of excl(w) and dupl(w) for
any 1-deficient word w of the automaton.

1: Initiate empty list Lg
> List of 4-tuples of single letters
2: Initiate empty lists Ly, Lo, L3
> List of pairs. L for the final output, Lo for the previous step of the
algorithm, L3 for the current step of the algorithm
> Single letters computation

3: fori=1,...,m; do
4: Compute excl(l;), dupl(l;), rootl(l;), root2(l;)
5: if [excl(l;), dupl(l;), rootl(l;), root2(l;)] is not in Ly then
6: append [excl(l;), dupl(l;), rootl(l;), root2(l;)] to Lo
7 end if
8: if [excl(l;), dupl(l;)] is not in Ly then
9: append [excl(l;), dupl(l;)] to Ly, Ly and Lg
10: end if
11: end for
> Words computation
12: while L3 is not empty do > If the algorithm did not stagnate
13: Empty the list Ls > Reset current step
14: fori=1,...,length(Ly) do
15: Vi, Vo] = La(i) > Test each pair added in the previous step
16: for j=1,...,mg do > With each possible permutation
17: TestPair = [Vip;, Vapj]
18: if TestPair is not in L, then > If the result is new, store it
19: append TestPair to L1 and Lg
20: end if
21: end for
22: for j=1,...,m; do > With each possible 1-deficient letter
> Test if the letter can be concatenated at right
23: if V1 equal rootl(l;) or root2(l;) then
24: TestPair = [excl(l;), Valj]
25: if TestPair is not in L1 then > If the result is new, store it
26: append TestPair to L and L3
27: end if
28: end if
29: end for
30: end for
31: Empty the list Loy > Reset previous step
32: Lo = L3 > Current step becomes previous step

33: end while
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Lemma 5.2.5. Let wi and ws be two 1-deficient words of an n-state DFA
o = (Q;X%;0) such that

root(wy) = root(ws), excl(w,) = excl(ws), dupl(wy) = dupl(ws).

1. If 1 is a 1-deficient letter such that w1l is 1-deficient, then wsl is also
1-deficient and

root(wil) = root(wsl), excl(wil) = excl(wsl), dupl(wil) = dupl(wsl).

2. If p is a permutation letter, then pwy, wip, pws and wep are 1-deficient
words and

root(pwy) = root(pws), excl(pwy) = excl(pws), dupl(pwr) = dupl(pws),
root(wyp) = root(wsp), excl(wip) = excl(wap), dupl(wip) = dupl(wap).

Proof. This is a direct application of Lemma [5.2.3| and Lemma [5.2.4]

1. If [ is a 1-deficient letter such that w4l is 1-deficient, then from Lemmal5.2.3
we have that excl(wy) € root(l). As excl(wi) = excl(wy), we have

excl(wse) € root(l) and by Lemma wol is 1-deficient. Then, again
from Lemma [5.2.3

root(wil) = root(wy) = root(ws) = root(wsl),

excl(wl) = excl(l) = excl(wal),

and
dupl(wil) = dupl(wi)l = dupl(ws2)l = dupl(wal).

2. If p is a permutation letter, then Lemma [5.2.4] implies
root(pwy) = root(w1)p~ ' = root(wy)p~* = root(pwy),

excl(pwy) = excl(wy) = excl(we) = excl(pws),
dupl(pwy) = dupl(wy) = dupl(wy) = dupl(pws),
root(wip) = root(wy) = root(ws) = root(wsp),

excl(wip) = excl(wy)p = excl(w2)p = excl(wap),
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and

dupl(wip) = dupl(w1)p = dupl(ws)p = dupl(wap).

O

Corollary 5.2.6. Let wy and wy be two 1-deficient words of an n-state DFA
o = (Q;%;0) such that

root(w;y) = root(ws), excl(wy) = excl(ws), dupl(wi) = dupl(ws).

Then for any 1-deficient word ws or permutation word p, the following pairs
of words (i) wiws and wews, (i) pwy and pws, (iii) wip and wep are such
that the first one is 1-deficient if and only if the second one is. In that case
both words have the same corresponding 4-tuples composed of the root states,

excluded state and duplicate state.

This implies that if, in a greedy exhaustive search for pairs composed of an
excluded and a duplicate state, two words w; and wy have the same pair, then
wy can be ignored as all the results obtained from concatenating a letter to w;
replicates the pair obtained by concatenating the same letter to ws.

Now, we notice that if no new pair is found with words of length k& + 1
compared to pairs obtained with words of length k or lower, then all pairs have
been found. More generally, this result is true for 4-tuples corresponding to
words:

Lemma 5.2.7. Let o = (Q;%;0) be an n-state DFA. If for any 1-deficient
word wy € TFTY there exists a 1-deficient word wsy € Y=k such that

root(wy) = root(ws), excl(wy) = excl(ws), dupl(wi) = dupl(ws),

then for any 1-deficient word wz € X2F+1 there exists a 1-deficient word wy €
Y=k such that

root(ws) = root(wy), excl(ws) = excl(wy), dupl(ws) = dupl(wy).

Similarly, if for any 1-deficient word w, € L1 there exists a 1-deficient
word wy € =k such that

root(wy) = root(ws), excl(wy) = excl(ws),
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then for any 1-deficient word ws € 2F+1 there exists a 1-deficient word wy €
Y<F such that

root(ws) = root(wy), excl(ws) = excl(wy).

Proof. We proceed by induction.
First, by definition, any 1-deficient word ws € ¥**! is such that there exists
a 1-deficient word wy € X=F such that

root(ws) = root(wy), excl(ws) = excl(wy), dupl(ws) = dupl(wy).

Second, we assume that for any 1-deficient word w; € SFTISSk+e 4 5 1)

there exists a 1-deficient word ws € £=F such that
root(wy) = root(ws), excl(wy) = excl(ws), dupl(wy) = dupl(ws).
Then we have that any 1-deficient word ws € £LF+%+1 can be written as:
1. whp, if the last letter p is a permutation and the prefix w4 is 1-deficient;

2. wil, if the last letter I is 1-deficient and the prefix wj is 1-deficient;

3. or pwj, if the last letter is 1-deficient and it turns out that the prefix
preceding it is a permutation.

We notice that in the three cases above, wj is a 1-deficient word of length
k 4 i. Therefore, from the assumption above, there exists a 1-deficient word
w) € ¥=F such that

root(wjy) = root(wy), excl(wh) = excl(wy), dupl(wh) = dupl(w)).

Then, the 4-tuple corresponding to pw§, wip or w4l is the same as the one
corresponding to pwj, wjp or wjl, which is of length at most k + 1 and 1-
deficient. Again from the assumption, any 4-tuple corresponding to pwj, wjp
or wjl also corresponds to a word wy € Y=k Therefore we have that for any
1-deficient word w3 € XSFFH+1 | there exists a 1-deficient word wy € X" such
that

root(ws) = root(wy), excl(ws) = excl(wy), dupl(ws) = dupl(wy).
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This implies that this property is true for any ¢ > 1, and therefore the
lemma is true.

The proof of the restriction to the excluded state and the duplicate state is
the same, except that case (3) is directly solved as the roots are not taken into
account, and therefore in that case the word w} already satisfies the condition.

O

Theorem 5.2.8. Algorithm/[1] provides the exhaustive list of pairs which can be
obtained from 1-deficient words and has a computational complexity in O(mn?),

with m the number of letters and n the number of states of the automaton.

Proof. First, we notice that any pair obtained through the algorithm corre-
sponds to the application of Lemmal[5.2.3|and [5.2.4] to a concatenation of letters,
and therefore is a valid pair corresponding to a word.

Second, any pair corresponding to a 1-deficient word is found by the algo-

rithm. We again proceed by induction:

1. first, any pair corresponding to a 1-deficient word w of length 1 (single
letter) is in the list L; due to lines 3 to 11.

2. Second, assume that all pairs corresponding to any 1-deficient word w of

length £ are in the list. Then, any word w41 can be written as

(a) wgp, if the last letter p is a permutation and the prefix wj, is 1-
deficient

(b) wy,l, if the last letter I is 1-deficient and the prefix wj, is 1-deficient

(c) or pwy, if the last letter is 1-deficient and it turns out that the prefix
preceding it is a permutation.

In all three cases, wyj, is of length k, and therefore the corresponding pair
is in the list L; (the case pwy, is therefore directly solved). Therefore, it
was also added in this list at some step, at which it was in the list L.
At that step, from line 12 of Algorithm [1| the pair corresponding to the
words wj.p, w;l were tested for any 1-deficient letter or permutations.
Therefore the pair corresponding to wyy1 was either already in the list,
or was added in the list at that step.

Now, we notice that the final list L; contains at most n2 pairs. Each of them
is added exactly once to the table and tested exactly once, when it is in the list
Ly, and if no pair is added in list Ly after line 32, then due to Lemma/[5.2.7] the
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algorithm is stopped and all pairs have been found. Once a pair is added, the
concatenation with all the letters is tested, so each new pair induces at most
m comparisons, which corresponds to line 18 and 25. We notice that, if the
list L; is defined as a binary vector of length n? indicating if each pair is in
the list or not, then verifying that a pair is in the list takes O(1) operation,
while the naive implementation comparing each new pair with all pairs already
in the list would take O(n?). As there are at most n? pair, this loop can be
executed at most n? times, leading to n?m operations at most, which provides
the algorithmic complexity of O(mn?). O

5.2.2 A Completely Reachable Automaton with Weakly
Connected I'1-graph

We now define in Fig. the automaton ¢, which has six states and six

letters of rank 5. Using Lemma [5.2.3] we prove that it is a counterexample to

Conjecture [5.2.7]

Proposition 5.2.9. The automaton ¢ is completely reachable, and the graph
I'1 (%) is not strongly connected.

Proof. Figure lists all the words of rank 5 of this automaton, with their
duplicate states, excluded states and root states. In the first six lines are listed
the single letters. We notice that the roots of any letter are states 1, 5 and 6,
and the only letters with 1, 5 or 6 as excluded states are a, e and f. Therefore,
due to Lemma [5.2.3]in words of rank 5, letter a can only be preceded by letters
a or f, and all the other letters, including e and f, can only be preceded by
letters e or f. This leads to the last six lines of the table, listing all words of
rank 5. The duplicate states are found by applying the combination rule of
Lemma

The edges of the graph I'; are defined by the excluded state and duplicate
state of words in Fig.[5.4l i.e. the second and third columns. Since state 1 does
not appear in the duplicate state column, there are no edges of I'y intersecting
the set {1}, and therefore the graph I'; is not strongly connected.

We notice however that any set of ¢ is reachable. The edges of I'y obtained
with single letters form a cycle with a tail containing only state 1, as shown
in Fig. In this setting, any subset of @ except for {1} has an intersecting
edge. Therefore, all sets of states except for {1} are extendable by 1-deficient
words, which implies by induction on the number of states that they are also

reachable. The set {1} itself can also be reached from set {4} by applying
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Figure 5.2: The 6 letters of the automaton ¢.

letter b. Therefore, since ¢ is completely reachable and I'1(¥) is not strongly
connected, it is a counterexample to Conjecture [5.2.1 O

The automaton ¢ was built as follows: the starting point was the target
I'y-graph. From the I';-graph, a list of excluded, duplicate and root states was
designed. Finally, the letters were tailored in order to achieve these specifica-
tions.

Thus, Conjecture turns out to be false. However, we notice that,
in order to reach the set {1} in the automaton ¥, the last letter used was
1-deficient, but was acting as a permutation on the remaining states. This
leads to the following observation: if a set S is such that Qw = S, and such
that w = wyws, with wy a 1-deficient word, two possible cases arise. Either
|Qu1| = |Qu|, or |Qw;| = |Qw|+ 1. In the first case, the word wy acts as a
permutation on the set Qwi. In the latter case, wo synchronizes two states of

Qw1, and we observe the following:
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Q.1

@
@j@

Figure 5.3: The graph I'1(¥) restricted to single letters.

word excluded state | duplicate state | root states

a i 2 I, 6

b 2 3 5 6

¢ 3 4 5 6

d 4 5 5,6

e 5 6 5,6

f 6 2 5, 6

a* 1 2,3,4,50r6 1,6
{e, f}* 5or6 2,50r6 5, 6
{e, }* a* 1 2,3, 4,5 or 6 5,6
{ o 2 3or6 5, 6
{e, f*e 3 2o0r4 5, 6
{e, f}*d 4 2o0r5 5,6

Figure 5.4: Exhaustive list of words of rank 5.

Lemma 5.2.10. Let o = {Q,X,5} be an n-state DFA. Let S C Q, wy,ws €
¥*, and we be a I1-deficient word. If Qwiws = S and |Quwi| = |Quiws| + 1,
then there is an edge intersecting S in 'y ().

Proof. The edge (excl(ws),dupl(ws)) is an edge of 'y which intersects S. In-
deed, we first have excl(ws2) ¢ S because S = Qwiws C Qws, and excl(ws) ¢
Quws. Second, we have root(wy) C Qwi, because otherwise |Quw;| = |Qwiws],
which contradicts the assumption that |Quwq| = |Quiws| + 1. As dupl(ws) is
the image of root(ws) by ws, it implies that dupl(ws) is in Quwiwy = S. O

Based on this observation, we prove the following modified version of Con-

jecture [5.2.1}

Theorem 5.2.11. Let o = {Q, %, 5§} be an n-state DFA. If for every proper
non-empty subset S C Q there is a word w = wiwy € X* with S = Qw, such
that wy is 1-deficient and |Qwi| = |Qw| + 1, then the graph Ty (&) is strongly
connected.
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Proof. Tt is a direct application of Lemma [5.2.10| on any set of states S C @ of
the automaton. Indeed, it implies that any set has an intersecting edge in I'y,
which is the definition of a strongly connected graph. O

In particular, this theorem applies to automata with a simple idempo-
tent [Rys00], and for automata with letters generating the full transformation
group 1r,.

5.3 Automata with Full Transition Monoid

2.1. Naive Construction. Recall that, on the one hand, the Cerny au-
tomata %, from [Cerny64] have two letters of which one acts as a cyclic per-
mutation and the other fixes all states, except one, which is mapped to the next
element in the cyclic order defined by the cyclic permutation. On the other
hand, the extremal case of the Babai conjecture for 5, is composed of a cyclic
permutation and the transformation which fixes all elements except two, which
are neighbors in the cyclic order defined by the cyclic permutation. Therefore,
one could wonder if a combination of these transformations could result in a
DFA with both large reset threshold and full transition monoid.

Figure 5.5: The automaton €%, .

The construction is defined as follows. There are n states qi,...,¢q, and
three letters a, b, and c. The letter a acts as a cyclic permutation on the
states, following their indices. The letter b fixes all states, except ¢1, which is
mapped to g2 by b. The letter ¢ fixes all states, except ¢ and gx41, for some k,
which are swapped by c. The resulting automaton €%, j is shown in Fig.[5.5
We notice that if we remove the letter ¢, we obtain the automaton %, from
the Cerny family providing the largest currently existing lower bound in the

Cerny problem, and if we remove the letter b, we obtain a generating set of
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the group S, providing the largest currently existing lower bound in the Babai
problem for S,. Also observe that in the case where k = 2, our automaton
is nothing but Brzozowski’s “Universal Witness” [Brz13| recognizing the most
complex regular language, i.e., the language witnessing at once practically all
tight lower bounds found for the state complexity of various operations with
regular languages, see [Brz13, Theorem 6]. The next result shows that, however,
the reset threshold of the automaton %, is upper-bounded by O(nlogn),
while, as we show later, among automata with full transition monoid there

exist ones whose reset threshold is a quadratic function of their state number.

Theorem 5.3.1. The automaton €%, has a reset word of length at most
4n[logy n].

Proof. Recall that we aim to show that, for each &, the automaton €%, ; has
a reset word of length at most 4n[log,n]. It is easy to see that the word
b(cab)"~2 of length 3n — 5 < 4n[log, n] resets the automaton 6%, 1, so that
we assume that & > 1 in the rest of the proof.

We construct a word w letter-by-letter in several rounds, starting with the
empty word. The main parameter in our construction is the current image of
the state set of €%, 1 under the action of the word constructed so far; let S
stand for this image. (Thus, we have S = {q1,...,qn} at the beginning, and S
becomes a singleton at the end of the process.) It is quite helpful to visualize
S as the set whose states bear certain tokens. If one colors states covered by
tokens light-gray, then Fig. represents the initial position while Fig.
shows some intermediate situation. When a letter € {a,b,c} is applied to

b
& @a qs

/@%/%fa

c b, c

Nobeb &

Figure 5.6: Tokens mark a subset in €%, j.

S, the token that covers g;, say, moves to the state g;-z; in more visual terms,

the token “slides” along the arrow representing the transition ¢; — ¢;-x. If two
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tokens arrive at the same state, which happens whenever both ¢; and ¢» bear
tokens and the letter b is applied, we remove one of the tokens.

In the course of our construction, rounds of two sorts alternate: merging, in
which only a’s and b’s are applied to S, and pairing, in which only a’s and ¢’s
are applied. We call a state from S isolated if both its neighbor states (with
respect to the cyclic order defined by a) are not in S (see Fig. . A merging
round starts whenever |S| > 1 and S has at most one isolated state, and it lasts
while S’ contains non-isolated states; a pairing round starts whenever |S| > 1
and all states in S are isolated, and it lasts while S contains more than one
isolated state. Every round consists of a number of steps, in each of which
we choose a letter, append the chosen letter to the word w and update the
set S by applying the letter to it. The choice is done according to one of
the two following rules (M) and (P) used during merging and pairing rounds,
respectively:

(M) b is chosen whenever ¢, g2 € S; otherwise a is chosen;

(P) cis chosen whenever g1 € S, but g, g2 ¢ S (so that i1 is isolated);

otherwise a is chosen.

Clearly, at the beginning no state is isolated, and hence, the first round
of our construction must be merging. It amounts to an immediate calculation
to see that by the end of the first round, we have w = b(aQb)LnT_lJ and S =
{a2, 44, - - Q2ng}~

Now we are going to verify two claims.

Claim 1. If |S| = m before any of the next merging rounds, then |S| = [%]
at the end of the round.

We say that two neighbor states gy, gs-a € S form an isolated couple if each
of these states has exactly one neighbor in S (see Fig. .

o000 O-0-0+0

Figure 5.7: An isolated state and an isolated couple.

Claim 2. If |S| = m before a pairing round, then at the end of the round

S is partitioned in either 2 isolated couples (if m is even) or ™2 isolated

couples and one isolated state (if m is odd).
First we prove Claim 2. The distance from g; to g; is min{d € N | gi-a? =
g;}. We order tokens that cover the states in S according to the distance from
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their states to the state gi41: the i-th token is the one that covers the state
with the distance d; to gi+1, where 0 < d; < ds < --- < d,, < n. Now consider
the evolution of the set S under the choice of letters according to the rule (P).
Clearly, the first d; choices are all a’s. After that the first token reaches qp41.
Since the action of a translates the set S, without affecting distances between
its states, all states in S remain isolated at this point. In particular, ggy1 is
isolated, and hence, (P) forces the letter ¢ to be applied. This moves the first
token “backwards” to the state g, while all other tokens keep their positions.
The next letter to be applied is a, and its application moves all tokens one step
“forwards” so that the token from ¢ returns to qx41. Clearly, the distance
from the state that holds the second token to i1 becomes do — d; — 1 after
these two moves. If the state gr41 remains isolated, another application of ¢
is invoked, followed by another application of a, and this results in a further
decrement of the distance from the state that holds the second token to g41-
Eventually, after the suffix a%(ca)?2~% is appended to w, the second token
reaches the state g;. At this moment, the third token (if it exists) covers a
state with distance dg — dy > 1 to g whence g1, qr form an isolated couple
in S. The two tokens covering these states will then remain adjacent till the
end of the round.

If m =2 or m = 3, we are done. If m > 3, we proceed in the same way.
Namely, the next d3 — ds choices are all a’s. After that the third token reaches
qrk+1. Except the first two, all other tokens remain isolated. Now (P) forces
c and a to be alternatively chosen d4 — d3 times each. This makes the third
token shuffle between g1 and g, while the fourth and the next tokens move
dy — dg steps “forwards”. After that gr41,qr form yet another isolated couple
in S, etc.

We have shown that at the end of the round, the set S indeed consists of

m—1
2

state (if m is odd). Moreover, the suffix appended to w during the round is of

either % isolated couples (if m is even) or isolated couples and one isolated

the form

adt (ca)®2=d gds—d2 (cq)da=ds gds—da(cg)do—ds ... (5.1)

The letter a occurs in this suffix d,, times if m is even and d,,—; times if
m is odd, and the number of occurrences of c¢ is less than that of a. Since
dm—1 < dp, < n, we conclude that the length of the suffix (5.1)) is less than 2n.

Now it is easy to prove Claim 1. In view of Claim 2, at the beginning

of the round, the set S consists of either % isolated couples (if m is even)
or m74 isolated couples and one isolated state (if m is odd). If {qs, qs-a}
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is an isolated couple, we say that gy is its left state. Now we order isolated
couples in S according to the distance from their left states to the state qi:
the i-th couple is the one with the distance d; from its left state to g1, where
0<d <dy <-- <djmy <n. Consider the evolution of the set S under
the choice of letters according to the rule (M). The first dy choices are all a’s.
After that the tokens that initially covered the states of the first isolated couple
arrive at the states ¢; and ¢o, and hence, (M) forces the letter b to be applied.
This application removes the token from ¢; and does not change anything else.
The state g2 then becomes isolated. The next dy — d; choices are again all a’s,
and the successive applications of these a’s bring tokens that initially covered
the states of the second isolated couple to the states q; and gs. Then, again, b
is chosen, removing the token from ¢; and creating yet another isolated state
in S, etc. At the end of the round, exactly one token from each isolated couple

is removed and all remaining states are isolated. The number of these states is
m—+1

2
Moreover, the suffix appended to w during the round is of the form

% if m is even or if m is odd; in short, [%], as claimed.

_ drmqy—drm
abtba®2=hp. . g TEITE 1, (5.2)

The letter a occurs in this suffix dj =1 < n times and the letter b occurs (B <n
times, whence the length of the suffix (5.2)) is less than 2n.

Claim 1, together with the observation we made about the first merging
round, readily implies that the number of merging rounds is at most [log, n].
Since merging and pairing rounds alternate, the total number of rounds is
upper-bounded by 2[log, n]. As observed after the proofs of Claims 1 and 2,
a suffix of length less than 2n is appended to the current word w during each
round. Clearly, at the end of the process, w becomes a reset word for 6%, i,
and by the construction the length of w is less than 2n-2[log, n] = 4n[log, n].

O

2.2. Random Sampling and Exhaustive Search. Every DFA with the
transition monoid T, necessarily has permutation letters that generate the
whole symmetric group S,, and a letter of rank n—1 (i.e., a letter whose image
has n — 1 elements). It is a well known fact that the converse is also true, i.e.,
the transition monoid of any automaton with permutation letters generating
Sp and a letter of rank n — 1 is equal to Ty, see, e.g., [GM09, Theorem 3.1.3].

Relying on a group-theoretic result by Dixon [Dix69], Cameron [CamI3]
observed that an automaton formed by two permutation letters taken uniformly
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at random and an arbitrary non-permutation letter is synchronizing with high
probability. We give an extension by using another non-trivial group-theoretical

result, namely, the following theorem by Friedman et al. [FJRT98]:

Theorem 5.3.2. For every r and d > 2 there is a constant C' such that for
d permutations m, T, ..., mq of S, taken uniformly at random, the following
property F,. holds with probability tending to 1 as n — oo: for any two r-tuples
of distinct elements in {1,2,...,n}, there is a product of less than Clogn of
the m;’s which maps the first r-tuple to the second.

Corollary 5.3.3. There is a constant C such that the reset threshold of an
n-state automaton with two random permutation letters and an arbitrary non-
permutation letter does not exceed Cnlogn with probability that tends to 1 as

n — 0.

Proof. Let o = (Q,X%,6) stand for the automaton in the formulation of the
corollary. We let a € ¥ be the non-permutation letter and assume that the
two permutation letters in ¥ have the property Fa of Theorem [5.3.2] for r = 2
with some constant C. By Theorem this assumption holds true with
probability that tends to 1 as n — oo.

There exists two different states ¢1,¢q2 € @) such that ¢;-a = g2-a. The set
Q-a contains less than n elements. If |Q-a|] = 1, then a is a reset word for
. If |Q-a] > 1, take two different states pi,ps € @Q-a. By Fa, there is a
product w of less than C'logn of the permutation letters such that p;-w = ¢;
for i = 1,2. Now |Q-awa| < |Q-a|. If |Q-awa|] = 1, awa is a reset word for
o . If |Q-awa| > 1, we apply the same argument to a pair of different states
in @Q-awa. Clearly, the process results in a reset word in at most n — 1 steps
while the suffix appended at each step is of length at most Clogn + 1. Hence
the length of the reset word constructed this way is at most (C'+1)nlogn. O

Corollary [5.3.3]indicates that one can hardly discover an n-state automaton
with the transition monoid equal to T;, and sufficiently large reset threshold by
a random sampling. Therefore, we performed an exhaustive search among all
automata with two permutation letters generating .S,, and one letter of rank

n — 1. Our computational results are summarized in Table 1.

Number of states 2 3 4 5 6 7
Reset threshold 1 4 8 14 19 27

Table 1: The largest reset thresholds of n-state automata two permutation

letters generating S,, and one letter of rank n — 1
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As n grows, the reset thresholds of the obtained examples become much
smaller than (n — 1)2. We were unable to derive a series of nm-state three-
letter automata with the transition monoid 7;, and quadratically growing reset
thresholds. We suspect that the reset threshold of automata in this class is
o(n?).

In the case of unbounded alphabet, for every n, we present an n-state
automaton ¥;, with the transition monoid 7;, such that rt(¥;,) = @ The
state set of ¥, is @n = {qo,.-.,qn—1} and the input alphabet consists of n

letters aq, ..., a,. The transition function is defined as follows:
gi-aj = s for0<i<mn, 1<j<mn, i#j i#j+1, j#n,
qi-0; = Q;—1 for 0 <4 <n-—1,
Qi Qi1 = Qi1 for0<i<mn-—1,
qo*Gn = q1-Gn = Qo,
Gi-an = ¢q; for2<i<n-—1.

Simply speaking, every letter a; for : < n — 1 swaps the states ¢; and ¢;—; and
fixes the other states. The letter a, brings both gy and ¢; to ¢o and fixes the
other states. The automaton 75 is depicted in Fig. [5.8

a2, a3, a4, as ag, G4 ai, G4, a5 ai, a2, as ai, az, az, as
8 - 8 - 8 - 8 - 8
ay, as a2 as Gy

Figure 5.8: The automaton 75.

Recall that a state z of an DFA is said to be a sink state (or zero) if z-a = =z
for every input letter a. It is known that every n-state synchronizing automaton
with zero can be reset by a word of length %, cf. [Rys97]. To show that
this upper bound is tight for each n, Rystsov [Rys97] constructed an n-state
and (n—1)-letter synchronizing automaton %,, with zero which cannot be reset

by any word of length less than w In fact, our automaton ¥, is a slight
modification of #,, as the latter automaton is nothing but ¥;, without the letter

aj.

Theorem 5.3.4. For every n, the automaton ¥, has T, as its transition

monoid and rt(¥;,) = @

Proof. The letters ay,...,a,_1 generate S, because the product a; -+ -a,_1 is

a full cycle and any full cycle together with any transposition generates S,.
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Since the letter a,, has rank n — 1, it together with aq,...,a,_1 generates T),.

The automaton ¥;, is synchronizing because so is the restricted automaton
K, and rt(¥,) < @ because every reset word for %, resets ¥, as well.

It remains to verify that the length of any reset word for 7, must be at least
n(n—1)
.
only non-permutation letter, we must have w = w’a,, for some w’ such that

Let w be a reset word of minimum length for ¥;,. Since a, is the

|Qn-w'| > 1. This is only possible when @, w' = {qo,q1} whence Q, w =
{qo}. Consider the function f from the set of all non-empty subsets of @Q,, into
the set of non-negative integers defined as follows: if S = {¢s,,...,¢s, }, then
f(S) = X! si. Clearly, f({go}) = 0 and f(Q,) = %2, For any set S
and any letter a;, we have f(S-a;) > f(S) — 1 since each letter only exchanges
two adjacent states or maps g; and qp to qo. Thus, when we apply the word w
letter-by-letter, the value of f after the application of the prefix of w of length
1 cannot be less than @ — 4. Hence, to reach the value 0, we need at least
@ letters. O

2.3. Upper Bound on the Reset Threshold. We now provide a quadratic
upper bound on the reset words of automata with the transition monoid equal
to T),. Our proof is inspired by the method of Rystsov [Rys00] adapted to our
case.

Let & = (Q,%,0) be a DFA. Given a proper non-empty subset R C @
and a word w over X, we say that R can be extended by w if the cardinality
of the set Rw™! = {q € Q | ¢w € R} is greater than |R|. Now assume that
|@Q| = n and the transition monoid of & coincides with the full transformation
monoid T,,. Then there is a letter « of rank n— 1. The set Q \ @Q-x consists of a
unique state, which is called the ezxcluded state for x and is denoted by excl(z).
Furthermore, the set ()-z contains a unique state p such that p = ¢1-x = ¢
for some g1 # qo; this state p is called the duplicate state for x and is denoted
by dupl(z). We notice that a non-empty subset R C @ can be extended by
x if and only if dupl(z) € R and excl(z) ¢ R. Moreover, if a word w is a
product of permutation letters, R can be extended by the word wx if and
only if dupl(z) € Rw~! and excl(z) ¢ Rw~!. To better understand which
extensions are possible, we construct a series of directed graphs (digraphs)
', i=0,1,..., with the set ) as the vertex set.

The digraph I' ¢ has the set Ey = {(excl(z), dupl(z))} as its edge set. Let IT
be the set of permutation letters of «7. Notice that IT generates the symmetric

group S,,. By II=? we denote the set of words of length at most i over the letters
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in IT. The digraph I'; ; for 4 > 0 has the edge set E; = {(excl(z)-w, dupl(z)-w) |
w € M=%}, The digraphs Ty 4, @ = 0,1,..., form a sort of stratification for
the graph I'y with the edge set £ = U2 FE;; the latter digraph has been
studied in [Rys00] and [BV16] (in the context of arbitrary completely reachable
automata). Observe that none of the digraphs I'y ;, ¢ = 0,1, ..., have loops.
Recall that a digraph is said to be strongly connected if for every pair of its
vertices, there exists a directed path from the first vertex to the second. We

need the two following lemmas.

Lemma 5.3.5. If the digraph 'y, is strongly connected, then every proper
non-empty subset in QQ can be extended by a word of length at most k + 1.

Proof. Recall that @) is the set of states of I'; ;. Let R be a proper non-empty
subset in Q. If 'y  is strongly connected, there exists an edge (g, p) € Ej that
connects @ \ R and R in the sense that ¢ € @ \ R while p € R. As (q,p) € Eg,
there exists a word w € IIS* such that (q,p) = (excl(z)-w, dupl(z)-w). Then
dupl(z) € Rw~! and excl(z) ¢ Rw™?!, whence the word zw extends R and has
length at most k + 1. O

Lemma 5.3.6. The digraph I'y 2,,—3 is strongly connected.

Proof. We start with showing that the digraph I'; ,,_; contains an oriented
cycle.

Consider the underlying digraph A of the automaton (@, II, 6| gxm), i.e., the
digraph with the vertex set @ and the edge set {(q,¢-a) | ¢ € @Q, a € II}. This
digraph is strongly connected since II generates the whole symmetric group S,.
Therefore, for every ¢ € Q-z, there exists a directed path in A from excl(x)
to q. If one takes such a path excl(z) 2% .- %% ¢ of minimum length, it
does not cross any vertex in ) more than once, whence the length ¢ of the
path is at most n — 1. Thus, the word © = a; - - - a¢ belongs to IIS"~! and the
pair (excl(z)-u, dupl(x)-u) is an outgoing edge of the vertex ¢ = excl(x)-u in the
digraph digraph I'; ,—1. We see that every state in Q)-z has an outgoing edge in
I’y n—1. Now, we can walk along the edges of I' ,,_1, starting at excl(z), which
has the outgoing edge (excl(x), dupl(z)), until we reach an already visited state,
thus getting an oriented cycle in the graph.

If ' = (V,E) is a digraph, we say that a vertex v’ € V is reachable from
a vertex v € V if either v/ = v or there is a directed path from v to v’. The
mutual reachability relation is an equivalence on the set V', and the digraphs
induced on the classes of the mutual reachability relation are either strongly

connected or singletons (i.e., digraphs with 1 vertex and no edge). Slightly
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abusing terminology, we call these induced digraphs (including singletons) the
strongly connected components of the digraph T'.

Consider the strongly connected components of the digraph I'; ,—; and
let Cq,...,C,, denote their vertex sets. Without any loss we may assume
that |Cy| > |Cy] > -+ > |Cy,|. Observe that m < n since I'1 ,,—1 contains
an oriented cycle which is not a loop whence at least one strongly connected
component is non-singleton. (Recall that digraphs of the form I'y ; are loopless.)
If m = 1, then already the digraph I'; ,—; is strongly connected, and we are
done. Otherwise we analyze the evolution of the partition of I'y ;, with k >
n — 1 into strongly connected components under the action of the letters in
I1. Since IT generates the symmetric group S, it cannot preserve any non-
trivial partition of ). Thus, there is a non-singleton component C' among
C4,...,C,, and a letter a in II whose action sends two elements of C' to different
components, i.e. C-aNC; # @ and C-aNC; # @ for some C; # Cj.

By the definition of the sets Ej, if (p,q) € E,—1, then (p-a,qa) € E,.
Therefore each edge from F,,_; that connects some verticesin Cs, s = 1,...,m,
translates into an edge from FE, that connects the images of these vertices
in Cs-a. Therefore, the digraphs of I'y ,, induced on the sets Ci-a,...,Cp-a
are either strongly connected or singletons. In particular, the digraph of I'y
induced on C'a is strongly connected. Since C-aNC; # @ and C-aNC; # 9, the
digraph of I'; ,, induced on the set C-aUC;UC} also is strongly connected. This
implies that the number m’ of strongly connected components in I'y ,, is less
than m. If I'y ,, is not yet strongly connected, the same reasoning applied to its
strongly connected components, shows that the number of strongly connected
components in I'y ;41 is less than m/, etc.

Since at each step the number of strongly connected components is reduced
at least by 1, we conclude that we reach a strongly connected digraph in at

most n — 2 steps. Therefore, I'; 2,3 is strongly connected. O

Theorem 5.3.7. Let &/ be an n-state automaton with the transition monoid
equal to T,,. The reset threshold of </ is at most 2n? — 6n + 5.

Proof. Let = be a letter of rank n — 1 and h = dupl(z). We extend the set
{h} by x, getting a subset Ry with |R3| > 2. Lemmas and imply
that proper non-empty subsets in () can be extended by words of length at
most 2n — 2. Starting with Ry, we extend subsets until we reach the full
state set. Let u; be the word of length at most 2n — 2 used for the i-th of

these extensions and let m be the number of the extensions. Observe that
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m < n — 2. Clearly, the word u,, - - - ujx resets & and has the length at most
1+ (n—2)(2n—2) =2n? — 6n +5. O

Remark 5.3.8. Let of = (Q,X,0) be an n-state DFA that has a letter of rank
n — 1, and let P be the subgroup of the symmetric group S, generated by the
permutation letters from X. Our proof of Theorem[5.3.7 actually works in the

case if P is a 2-transitive group, that is, P acts transitively on the set of ordered

pairs of Q.

5.4 Conclusion

The first problem that we considered was the construction of the I'y-graph
of an automaton, motivated by the work of Bondar and Volkov [BV16]. We
added the concept of root states of 1-deficient letter to the already well studied
excluded state and duplicate state. With these concepts in hand, we provided
an analysis of the way 1-deficient words combine with each other and with
permutations, and their influence on the I'y-graph. This analysis first allowed
to build a polynomial time algorithm for constructing the I'y-graph, then to
build a counterexample to Conjecture and finally to prove a modified
version of this conjecture, namely Theorem [5.2.11

To conclude, we propose the following problem, which is the restriction of
Conjecture to completely reachable automata.

Problem 5.4.1. Let &7 = (Q;%;9) be a n-state completely reachable automa-
ton. For any 0 < k <n and any set S € Q of size k, is it true that there exists
a word w such that Quw = S and |w| < n(n —k)?

A positive answer to this problem would prove the Cerny conjecture for
completely reachable automata.

The second problem we studied was the hybrid Babai-Cerny problem, where
the question is to find tight bounds on the reset threshold for automata with

the full transition monoid. We presented a series of n-state automata 7;, in this

n(n—1)
2

the problem, and found an upper bound with the same growth rate, namely,

class with reset threshold equal to , thus establishing a lower bound for
2n% + o(n?). We also described a series of n-state automata with diameter of
. . 2
the pair digraph equal to “- + o(n?).
For follow-up work, one direction is to refine the bounds with respect to the

constants that do not match yet. Also, a lower bound for the hybrid problem
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using only three letters (generators) is of interest, since the number of letters

of the presented family 7;, is equal to the number of states.






Conclusion and

Perspectives

In this thesis, we focused on problems arising in finite state systems concerning
subsets of states. Our research was motivated by the Cerny conjecture and the
recent developments observed in this field. Our results were twofold. On the
one hand, we solved open problems on synchronizing automata, by providing
both positive and negative answers. On the other hand, we opened new research

tracks and provided possible approaches to the Cerny conjecture.

Results Summary

In Chapter we first formalized the concept of triple rendezvous time as
an intermediate step towards the Cerny conjecture. Using the synchronizing
probability function, a tool which allows one to represent the synchronization
process within an automaton, we were able to prove an upper bound on the
triple rendezvous time.

Then, by providing an infinite family of automata for which T35 = n+3 (with
n being the number of states of the automaton), we refuted Conjecture
formulated in [Junl2]. Conjecture was stated as a tentative roadmap
towards a proof of the Cerny conjecture with the help of the synchronizing
probability function, and in that sense our conterexample is a negative result
towards that direction.

A straightforward question is how to narrow the gap between n + 3 and
n?/(6.4...) for the triple rendezvous time. A natural continuation of this re-
search would be to find non-trivial bounds for 7}, with 3 < I < n (i.e., the
smallest number such that the set of reachable vectors includes a column of

weight at least [).
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In Chapter [3] we studied the diameter of the square graph of automata and
of permutation sets. We first described a series of n-state automata with diam-
eter of the square graph equal to "72 + 0(n?). We then used this construction

to improve a theorem on the joint spectral radius of matrix sets.

Second, we showed that the diameter of the square graph of a permutation
set could not reach the bound n(n — 1)/2 — 1. Extending this result to syn-
chronizing automata would lead to an improvement of the best general bound

on reset threshold of synchronizing automata.

In Chapter 4] we focused on subset reachability in synchronizing automata.
The first problem considered was the upper bound on the length of the shortest
word reaching some subsets, motivated by [Donl6, Conjecture 18]. The second
problem was the length of shortest word such that a precise state is not in its
image.

We started by presenting a family of automata built from a set of permuta-
tions with a large square graph diameter. This family has subsets of n—2 states
that cannot be reached by words shorter than a quadratic value, and therefore
is a counterexample to Conjecture Then, we analyzed two modified ver-
sions of Conjecture Both cases led to negative answers. In particular, we
built a family of strongly connected synchronizing automata with subsets that
cannot be reached with words shorter than %

In Chapter [f] the first problem that we considered was the construction of
the T'y-graph of an automaton, motivated by the work of Bondar and Volkov
[BVI16]. We added the concept of root states of 1-deficient letter to the already
well studied excluded state and duplicate state. With these concepts in hand,
we provided an analysis of the way 1-deficient words combine with each other
and with permutations, and their influence on the I';-graph. This analysis first
allowed to build a polynomial time algorithm for constructing the I'y-graph,
then to build a counterexample to Conjecture [5.2.1] and finally to prove a

modified version of this conjecture, namely Theorem [5.2.11

The second problem considered was the hybrid Babai-Cerny problem, where
the question is to find tight bounds on the reset threshold for automata gener-

ating the full transition monoid. We first presented a series of n-state automata
—1

n(n2 )7

lower bound for the problem. Second, we proved an upper bound with the

¥, in this class having a reset threshold equal to thus establishing a

same growth rate, namely, 2n? + o(n?).

For follow-up work, one direction is to refine the bounds with respect to the

constants. Also, a lower bound for the hybrid problem using only three letters
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(generators) is of interest, since the number of letters of the presented family
¥, is equal to the number of states, and three letters is the minimal number of

letters such that generating T, is possible.

Perspectives

For open perspectives, we would like to recall the three main open problems
which were stated in this thesis.
The first one is the restriction of Conjecture [£.2.1] to completely reachable

automata:

Problem 5.4.2. Let o/ = (Q;%;0) be a n-state completely reachable automa-
ton. For any 0 < k < n and any set S € Q of size k, is it true that there exists
a word w such that Qw = S and |w| < n(n—k)?

A positive answer to this problem would prove the Cerny conjecture for
completely reachable automata.
Second, we conjectured that the square graph diameter of a set of permu-

tations was at most of the order of O(n?/4):

Conjecture 5.4.3. The diameter of the pair digraph for a subset of S, is
bounded above by %2 + o(n?).

And finally, we have the excluding state problem:

Problem 5.4.4. Let Q) be the set of states of a synchronizing strongly connected
n—state DFA.
Is there a constant ¢ such that, for any state q € Q, there exists a word w

of length not greater than cn such that g ¢ Quw?

A positive answer to this problem would directly imply a O(7n3/48) bound

on Conjecture [1.2.2

Final Word

We hope that our results show that the analysis of subsets of states and their
images can provide additional insight on longstanding problems such as Conjec-
ture Although this conjecture is still open, we believe that our research,
by closing doors and opening new ones, will provide helpful guidance to future

research.






Appendices

A.1 Values of the Function N for the Pairs of
SG(Fn)

For n > 7, n = 3 (mod 4), the values of the function N used in the proof of
Theorem [3.2.1] are provided in the two lists below. Some of the formulas in
the lists involve one or two positive integer parameters denoted by m and m’.
We always use m’ for the index of the first state of a pair and m for the index

of the second state; we do not specify the ranges of these parameters as they

-5

should be clear from the context. We use the following conventions: k = 5>,
Ny =53 Ny = (k+4)(k - 1).

Our first list contains the values of N for the pairs that involve one or
two of the “central” states ¢1, g9, ¢3, g4 of the automaton .%,, or one or two of
its “extreme” states gapt4 and gopys. (Our terminology follows the pictorial
presentation of %, in Fig. )

® N(qiq2) = Ny + No + 2k + 1;
e N(qi1q3) = N1+ No + 4k + 7,
e N(q1qs) = N1 + Na + 2k + 2;

La if m=N; —1,

hd N(Q1q4m+1) =
N+ (k+4)(k—2m —1)+2k+3 otherwise;
e N(q1qam+2) = N1+ (k+4)(k—2m — 1) + 2k — 2m + 2;

® N(q1qam+3) =
N+ (k+4)(k—2m+1)+2k+8 otherwise;

o N(q1qamsa) = N1+ (k+4)(k —2m + 1) + 2k — 2m + 3;
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N(q1gort4) = N1+ k+2;

N(q1926+5) = N1 + 2k +8;

N(g2q3) = N1 + No + 2k + 4;
N(g2qs) = N1 + No + 4k + 8;

N(q2qam+1) =

Ni+(k+4)(k—2m+1)+2k+7 otherwise;
N(qaqumso) = N1 + (k+4)(k —2m + 1) + 2k — 2m + 2;
N(q2qam+3) = N1+ (k+4)(k —2m — 1) 4 2k + 6;
N(q2qamsa) = N1+ (k+4)(k — 2m — 1) + 2k — 2m + 1;
N(q2q26+4) = N1 + k+ 1;

N(q2¢21+5) = N1 — 1;

N((J3(J4) = N1 +N2 +2k+3;
k—1 .
a= ifm=N; —1,

N(g3qam+1) =3 2 !
N+ (k+4)(k—2m—1)+2k+5 otherwise;

N(Q3Q4m+2> == N1 + (k + 4)(]€ —2m — 1) + 2k — 2m + 4;

N(q39am+3) =

Ni+ (k+4)(k—2m+ 1)+ 2k +6 otherwise;
N(g3qam+a) = N1+ (E+4)(k—2m+ 1) + 2k — 2m + 1;
N(q3q2k+4) = N1 + k;

N(q3q2r+5) = N1 + 2k + 6;

N(q1qam+1) =
Ni+(k+4)(k—2m+ 1)+ 2k +5 otherwise;
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N(qaqams2) = N1+ (k +4)(k — 2m + 1) 4 2k — 2m + 4;
N(qaqam+3) = N1 + (K +4)(k —2m — 1) + 2k + 4;
N(qaqamsa) = N1+ (k +4)(k — 2m — 1) + 2k — 2m + 3;
N(qsq2r44) = N1 + K + 3;

N(q4qar+5) = N1+ 1;

Ni+ Ny +3k+7 if2m’ =k +1,

N(Q47n’+1q2k+4) = .
Ny + (k+4)(2m') + k+1 otherwise;

N(gam'+1926+5) =
Ny +(k+4)02m' —2)+2k+4+2m’ ifm' =Ny —1,
Ni+ (k+4)2m' —2)+2k+ 54 2m/ otherwise;

N(qam/+2926+4) = N1 + (K +4)2m/ + k + 1+ 4m/;

N(qam/+292k+5) =
Ny + 2%k +9 i =1,

Ni+ Ny +2k+m'+8 if2m' =k +1,
Ni+ (k+4)(2m' —2)+ 2k +2m' + 7 otherwise;

N(qam'+3, @2k4a) = N1+ (k +4)(2m/) + k;

Ni+ (k+4)2m') +2k+2m' +5 if2m' =k —1,

N(qam'+3¢2k+5) = .
Ny + (k+4)(2m') + 2k +2m’ + 6  otherwise;
N(qam/+492k+4) = N1 + (K +4)2m/ + k + 2+ 4m/;

N1+N2+3k+5 if2m’:k71,

N (qam+4, Q2r45) = ,
Ny + (k+4)(2m') + 2k + 2m’ + 8 otherwise;

N(qak+492k+5) = N1 + Na + 3k + 6.

Our second list contains the values of IV for the remaining pairs. In addition

to our earlier conventions, we also use M = m +m’ and M’ = m — m/ here.

N(Q4m/+1Q4m+1) = N]_ + (k‘ + 4>(k —2M’ + 1) + 2k + 27’71/ + 5,
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N(Q4m’+1Q4m+2) =
Ny + Ny +4k +8 —2m if m' =m,
N+ (k+4)(k—2M' 4+ 1)+ 2k —2m + 2 otherwise;

N(qam/+19am+3) =

Ni+(k+4)(k—2M—-1))+2k+2m'+4 if2M <k+1,
dm—k=1 if 2M =k +1,

Ni+(k+4)(2M -k —3)+2k+2m'+5  otherwise;

N(Q4m/+lq4m+4) ==
N+ (k+4)(k—2M —1)+2k—2m+3 if2M <k+1,

N, +2m oM =k 41,
N+ (k+4)(2M — k —3) + 2k +2m + 8 otherwise;

N(qam’+2q4m+1) =
Ny + Ny +2k+2m' +5 ifm' =m-—1,
Ny + (k+4)(k—2M"+ 1)+ 2k +2m’ + 7 otherwise;

N(qam'+2qam+2) = N1+ (K +4)(E —2M' 4+ 1) 4+ 2k — 2m + 4m’ + 2;

N(qam/+294m+3) =
N+ (k+d)(k—2M—1)+2k—2m+4 if2M <k+1,

Ny +2m' —1 if2M =k + 1,
N1+ (k+4)2M —k —3)+2k+2m’ +7 otherwise;

=

(q4m/+2q4m+4) ==
N+ (k+4)(k—2M—1)+2k—2m' +1 if2M < k+1,

Ni+k+2m +1 if2M =k + 1,
N+ (k+4)(2M —k —1)+4m' +2m otherwise;

N(qam’ +3qam+1) =
Ni+(k+4)(k—2M—-1))+2k+2m'+5 if2M <k+1,

dm—k=3 if 2M =k +1,
Ni+(k+4)(2M —k—3)+2k+2m' +6  otherwise;
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N(Qam'+30am+2) =
N+ (k+4)(k—2M+1)+2k—2m+4 if 2M <k +1,

Ny +2m—1 if 2M =k + 1,
Ni+ (k+4)2M —k —3)+2k+2m+ 7 otherwise;

N(qam'+3G4m+3) =
N+ (k+4)(k—2M +1)+ 2k +2m+3  ifm=m'+1,
Ni+ (k+4)(k—2M'4+1)+2k+2m' 4+ 6 otherwise;

1 N(Q47n’+3q4m+4) =
N1—|—N2—|—4k+7—2m ifm’:m,
N1+ (k+4)(k—2M'+1)+2k—2m+1 otherwise;

N(Qam' 44Gam+1) =
Ni+(k+4)(k—2M —-1)+2k—2m'+3 if2M <k+1,

Ny +2m/ if2M =k +1,
N1+ (k+4)(2M — k —3) 4+ 2k +2m’ +8 otherwise;

N(Qam’ +4, Gam+2) =
N+ (k+4)(k—2M —1)+2k—2m'+1 if2M <k—+1,

N +k+2m'+2 if2M =k +1,
Ni+(k+4)2M —k—1)+4m+2m’ — 1 otherwise;

N(qam/+4Gam+3) =
Ny + Ny +2k+2m' +6 ifm=m"+1,

Ni+ (k+4)(k—2M' 4+ 1)+ 2k +2m’ + 8 otherwise;

° N(Q4m/+4Q4m+4) = N1 + (k+4)(k— 2M’ + 1) + 2k — 2m—|—4m/ + 3.

It can be routinely verified that the function IV defined this way satisfies Equa-
tion (3.1). Therefore the shortest word mapping g2gs t0 gri2gr+a is at least
N(g294) — N(qr+29k+4) letters long. Unfolding the definition, we obtain

N(qr+2qr+4) =0
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and

k+3
N(g2gs) = N1+ No+ 4k +8 = =—— + (b + 4)(k — 1) + 4k +38

15k 11 n?  5n
=2 2 o=
+2 +2 4+4 7

A.2 Proofs on Complete Numbering of Permu-

tations

A.2.1 One-letter Cycle of Size n

We start with the case where the largest cycle labelled by a single letter is
a cycle with all the states, and n > 3. We show that the square graph is
partitioned in cycles and that Lemma [3.3.11] applies.

Proposition A.2.1. Let A be a permutation set with a strongly connected
square graph, with n > 3 states, and a cyclic letter. Then a complete numbering

of the square graph is impossible.

Proof. Let letter a be the letter labelling a cycle in the base graph containing
all the states. Then, the effect of a on the square graph is a partition in cycles,
with at least two cycles. For example, in Fig. [9] letter a acts as a cycle, and

defines the partition in cycles of the square graph shown in Fig.

Figure 9: Letter a is a cyclic permutation in the base graph.

First, we notice that, in each cycle of the square graph, each basic state is
represented the same number of times in pairs (once or twice). For example in
Fig. [10] in the top cycle, ¢; is in the first and last pair and ¢ is in the second
and third pair.

Second, as the square graph is strongly connected, there must be, for any

cycle in the square graph, a letter that maps one of the pairs outside of that
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Figure 10: Letter a defines a partition of the pairs of the square graph in cycles.

@@

cycle. Without loss of generality, let us assume letter b does this. Since b is
a permutation, then Qb = @ (the image of the set of all the states is the set
of all the states). Therefore, applying the letter b to a set of pairs of the same
cycle in the square graph, and which therefore have the same number of time
each state, results in a set of pairs that also includes the same number of time
every state.

Third, let us now assume that there is only exactly one outgoing edge
labelled b from a cycle. This means that the n— 1 or n/2 — 1 other pairs of the
considered cycle stays in the cycle when letter b is applied to them.

However, since b is a permutation in the square graph, any two pairs that are
different from each other are mapped on two different pairs by b. Therefore,
the n — 1 pairs which do not leave the cycle are still all different from each
other after applying b. As they are all in the same cycle of pairs, the number of
each state is represented the same number of times, except for the two states
corresponding to the pair that was mapped outside of the cycle by b.

Since all the states must be represented the same number of time because
Qb = Q, the two states of the pair which is mapped out of the the cycle must
be the two states which are missing, and this pair is therefore equal to the last
pair of the cycle. This is a contradiction to the fact that this pair was outside
of the cycle. It therefore implies that there cannot be a single outgoing edge
with letter b from the cycle.

As the square graph is strongly connected, there must be outgoing edges
from every cycle of the square graph. As we proved that any letter with an
outgoing edge from a cycle labels at least a second outgoing edge, Lemma
applies. A complete numbering is not possible if one of the letters labels a cycle
with all the states. O
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A.2.2 Letter labelling a largest cycle of length larger or
equal to 5

We consider the case in which the largest cycle of the base graph identified by
a single letter is of size m, with 5 < m < n. Without loss of generality, let
assume that the letter identifying that cycle is a. Let us write the states of

the cycle ¢y, ca, ..., ¢, and call the set of states of the cycle C.the situation for

Figure 11: Cycle C of length 5.

m = 5.

Proposition A.2.2. Let A be a permutation set with a strongly connected
square graph, with n > 6 states, and a largest cycle labelled by a single letter
of length m, with 5 < m < n. Then a complete numbering of the square graph

s impossible.

Proof. Since the base graph is strongly connected, there must be a second letter
mapping one of the states of C' to a state not in C. Without loss of generality,
let us name this letter b, the states ¢; and ds. Therefore, we have c1b = d».
The situation for a cycle of length 5 is presented in Fig. [I2] and the effect on
the square graph starting from pair c;cs is shown in Fig.

@
@V@

Figure 12: Cycle C of length 5, and an outgoing edge labelled b from ¢;.

As b is also a permutation letter, the states ci, da, dab ..., c1b™! are also

states of a cycle with oriented edges identified by b. Let us call this cycle D,
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Figure 13: Square graph situation obtained from Fig. starting from pair
Cc1C3.

and name its states which are not in C ds, d3, etc. in that order. Depending
on the way the cycles C' and D share states, we obtain different situations. For
each of them we prove that a complete numbering is impossible. The situations

are the following:
1. Letter b maps at least two states from C outside of C.

2. Letter b maps one state outside of C, C' and D have only one common

state, c;.

3. Letter b maps one state outside of C, C' and D have more than one
common states, and the common states are following each other in both

cycles.

4. Letter b maps one state outside of C, C' and D have more than one
common states, and the common states are not all following each other
in both cycles.

Case 1. In order to treat the first case, we consider the pairs of states of
the type c;ci42 with 1 < ¢ < m — 2. We notice that these pairs are in a cycle
labelled by a in the square graph. The situation for m = 5 is shown in Fig.
If a second state ¢ of C'is mapped outside of C by a letter b, then both cxck2
and cicg—2 (modulo m for k+2 and k—2) are mapped outside of the cycle by b.
Since at least one of them is different from cyc3 and c¢i¢,,_1, there are at least
three pairs in the square graph mapped outside of the cycle by b. Therefore
Lemma [3.3.9| applies, and no complete numbering is possible.

Case 2. In the second case, the cycle D has only one common state with
C, which is ¢;. The situation is shown in Fig. [14] for m = 5 and a second cycle
of length 3.
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Figure 14: State c¢; is the only common state of the two cycles.

Let us consider the cycle of pairs Pj, containing all the pairs (cjc3)bt,
for ¢ > 0 (this cycle was already represented in Fig. . It has two outgo-
ing edges labelled b mapping pairs cic3 and clc,,_1 outside of it. Therefore,
Lemma applies, and either the cycle composed of the pairs (cjc3)b?, for
i > 0, should include (cic,,_2)a or the cycle (cicp_2)b%, for i > 0, should
include (cie3)a. However, both cycles have either state ¢; or states from D
in each of their pairs, while these states are neither in (¢i¢,,—2)a, neither in
(cic3)a, since c1a, ¢pm—2a, cza are all in C and different from ¢;. Therefore a
complete numbering is impossible.

Case 3. The third situation is when the cycle D has more than shard state
with C, i.e. rejoins C' at an other state than c¢;, and then both letters have

the same effect, up to ¢;. This situation is represented in Fig. with two

T@ b
a : b
a,b

Figure 15: Some states are in both C' and D, and the order is the same.

common states.

We notice that ¢; is the last common state of C' and D, as cia # ¢1b. The
pair we consider in order to analyze the square graph is ci¢,,. Let us call Py
the cycle composed of the pairs (cic,,)a?, i > 0, and P the cycle (cicp )b,
i > 0. Both cycles are of length at least 3. We notice that (¢i1¢,,)a = ¢1c2 and
(c1¢m )b = c1da. The effect on the square graph is represented in Fig.

First, to allow a complete numbering, ¢jc¢,, must be the highest number of

one of the cycles, and the lowest for the other one.
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Figure 16: The effect on the graph of pairs.

Second, since (c1¢2) and (c¢1dz) both follows ¢j¢,, in a cycle of at least three
states, one of them must be a middle pair in its cycle, let call it p;.

Third, (c1c2)b = da(cab) and (c1da)a = ca(daa) are outside of the two cycles
we were considering, because ds is not in the first and cs is not in the second.
For the one following p1, this leads to a contradiction. Indeed, this pair cannot
have the number of p; minus one, because this number is already taken by the
pair following p; with the other letter. It can also not have a higher number
because it would have to rejoin p; by applying consecutively the same letter
and going through cjc¢,, (to avoid to have twice the number N(p;) + 1), but
c1¢,, 18 in a independent cycle from p; with this letter. Therefore a complete
numbering is impossible.

Case 4. In this case, two situations occurs: either there is an edge labelled
by both a and b in C and D at the same time (i), or the effect of a and b on
any state common to C' and D is different (ii).

(i) If there is an edge labelled by both a and b, there exists a state ¢ such
that cya = cixb and cra® = cpba # crpab = cb?.

Now, let us consider the pair cjci. We have that this pair is in a cycle
labelled by a of length at least 3, and a cycle labelled by b. If both lengths are
more than 3, then either (cicp)a = ca(cra) or (c1cx)b = da(cb) are a middle
pair in their cycles. However, again we have that (cicy)ab # (cici)a® and
(crer)ba # (cicx)b?. For the one which was a middle pair, it implies that a
complete numbering is impossible.

The only situation where the second cycle in the pair graph is a swap is
when the cycle is of length 4 in the base graph, but labels a swap in the square
graph between c¢; ¢, and da(cd) (in that case, da(cib) is not a middle pair in the
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cycle labelled by b, and the argument above does not apply directly). However,
this situation implies that deb = c;, and czb? = c;. Recall that we chose c;,
such that crpa = cb, hence cyb = cxy1 and cpa® = cpba # crab = cxb?. This
situation is shown in Fig[17]

b
a :
a
b

Figure 17: Case where letter b is a swap between the pair cic, and dacg1.
Here we have k = 3.

b

Now, we consider the cycle starting with the pair c;co. We have that both
c1¢9 and c1¢,y, are mapped outside of this cycle. Moreover, ciciy1 is in the same
cycle, and therefore cannot be mapped outside of this cycle by b otherwise there
would be three outgoing edges (it is the case in Fig[17). As (ckcr+1)b = c1crt1,
we must have that ciy1 = ¢, to stay inside of the cycle. However, cx41b = ¢;
and ¢a = c¢1, while we chose ¢ such that cxy1a # cky1b. Therefore it is a
contradiction and a complete numbering is also impossible in this case.

(ii) In this case, we assume that C' and D have at least two common states,
that only one edge labelled by a is outgoing from D (because |D| < |C|), that
one edge labelled by b is outgoing from C, and that a and b have never the
same effect on states (both in C' and D). Such situation is shown in in Fig.
and the effect on the square graph is represented in Fig.

O

We consider the pair ¢;co and name P; the cycle (clcg)ai, i > 0. We notice
that both cyce and ¢p,c; are mapped outside of P; by b. Since they are also
consecutive, cjco must have the highest number in P, and ¢,,¢; the lowest one,
and there should be a jump from c;cy with letter b.

We notice that none of the other pairs than cy¢,, can be mapped on cico
by letter b, otherwise the jump in the second cycle cannot be at this position,

as it would imply two increases of numbers in the cycle (cic2)b?, i > 0.
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Figure 18: Some states are common to C' and D, but not following the same
order in both cycles.

ﬂ,@
NG
éb

Figure 19: The effect on the graph of pairs.

Now, we know that all the states in C except for ¢; are mapped inside of C'
by letter b. This implies that the pair cac3, which cannot be mapped outside
of P; nor on cjco, but has the second highest number of P, must be mapped
either on czcyq (the third highest number of P;), or on itself by b:

e If cocg is mapped on c3cy, then czcy has to be either mapped on cycs,
which implies that letter a and b have the same effect on these states, a
contradiction, or on cyc3 again, which would imply a self loop on state c3
and a swap between ¢y and c4. However in the latter case, cscs is mapped
on ca(csb), which is either outside of the cycle or equal to ¢jcq, which we
show was impossible, therefore it leads to a contradiction.

e If coc3 is mapped on itself, then czcy can not be mapped on cscs and
therefore must be also a self loop. If b labels self loops for the pair coc3
and c3cy, it implies that b labels a self loop for ¢3, and then also for ¢, and
c4. Extending this result to the following pairs gets that b can label only

self loops on all the states, except for ¢;. However, ¢1b* was supposed to
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have more than one common state with C', a contradiction.

Therefore, a complete numbering is impossible. In the example in Fig. [19]
the contradiction is directly obtained from pair cac3, because (cacs)b = c¢1(csb),

which is different both from coc3 and c3cyq, whatever c3b is.

A.2.3 One-letter cycles of length 3 or 4, and a self loop
with the same letter

If the largest cycle is of length 4 and there is a self loop labelled with the
same letter, then there exists an outgoing edge from the self loop labelled with
a second letter, and we show that this letter labels at least three outgoing edges
from a cycle in the square graph, hence Lemma applies.

If there are at least 10 states and if the largest cycle is of length 3, then
there are at least 4 self loops or swaps, or two cycles of length 3 and a self-loop.
Therefore we can either be in the situation of Fig. 20} in which Lemma [3.3.9]

applies, or refer to the case with cycles of length two and three simultaneously

hereunder (Proposition [A.2.6]).

Figure 20: A self loop and a cycle of length 3 for letter a.

Proposition A.2.3. Let A be a permutation set with a strongly connected
square graph, with n > 10 states, a cycle of length 3 or 4 labelled by a single
letter and a self loop labelled by the same letter. Then a complete numbering

of the square graph is impossible.

Proof. If a letter a is identifying a cycle C' of length [ = 3 or [ = 4, and is
identifying a self loop for a state outside of this cycle, let say ¢;, then the pairs
composed by this state and the states of the cycle are in a cycle of pairs of
length [. As the graph is strongly connected, there must exists a letter b and a
state q; such that ¢;b = ¢;. Then, in the square graph, letter b sends all [ pairs
to different states, which are outside of the original cycle. From Lemma [3.3.9

a complete numbering is not possible.
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Figure 21: A self loop and a cycle of length 3 for letter a.

b

b
b a

Figure 22: The effect on the graph of pairs.

In the third case, more complicated cases where the applications of b rejoins
the cycle and leave it again, and maybe multiple times, before getting back to
c1, we can easily find pairs for which Lemma [3.3.§ applies, and so a complete

numbering is impossible. O

A.2.4 Letter labelling a cycle of length 4 and a cycle of
length 3

We consider a letter labelling a cycle of length 4 and a cycle of length 3 in
a set of at least 8 states. In that case, pairs composed of one state of each are
in a cycle of length 12 which has at least three outgoing edges labelled by a
second letter, hence Lemma applies.
Proposition A.2.4. Let A be a permutation set with a strongly connected
square graph, with n > T states, a cycle of length 3 and a cycle of length 4
labelled by a single letter. Then a complete numbering of the square graph is
1mpossible.

Proof. Let assume that letter a identifies cycles of length 3 and cycles of length
4. Let C be a cycle of length 3, and D a cycle of length 4. for a graph large

enough, there must be an outgoing edge from one of these cycles. Let assume
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that ¢1b = qout. The pairs of states formed by one in C and one in D are in a
cycle of length 12 identified by letter a. All the pairs of this cycle containing
state ¢ are sent to a pair outside of the cycle by letter b. Since there are at
least three such pairs, from Lemma[3.3.9] a complete numbering is not possible.
Figure |23| shows the base graph, and Fig. 24| the square graph.

@,
{ﬁ{% jo c(%

Figure 23: Cycles of length 3 and 4 for letter a.

Qout (dlb)

‘ ‘QQ

a a

b
@ @ Qout (d2 b)

a a

b a a
Gout (d3 b) @

Figure 24: The effect on the graph of pairs.
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A.2.5 Letters labelling both cycles of length 4 and swaps.

We now consider a letter labelling only cycles of length four and swaps. If
there are more than 12 states, the situation of Fig. 25 happens. In that case, we
show that letter b must have the same effect as letter a on most of the states,

and finally that a complete numbering is impossible.

(%)
(o ®

Figure 25: Letter a labels a cycle of length 4 and a swap, and a letter b maps
a state of the swap to a 7th state.

Proposition A.2.5. Let A be a permutation set with a strongly connected
square graph, with n > 12 states, and a cycle of length 2 and a cycle of length
4 labelled by a single letter. Then a complete numbering of the square graph is

impossible.

Proof. We consider here that letter a identifies a cycle of length 4 D (states dj,
da, ds, dy) and a swap C (states ¢; and ¢p), and that letter b maps one of the
swapped states on ¢,yt, a state which is not in C' or D. This situation always
exists if n > 13 (if n = 12 there could be a situation with one cycle of length
4 and four swaps, with only one edge connecting each of them to the cycle of
length 4). The base situation is shown in Fig. and the effect on the part of
the square graph based on pair ¢1d; is shown in Fig. [20]

In order to have a complete numbering, the four pairs c¢1dq, cods, c1ds and
cody must have numbers k, k + 1, k4 2 and k + 3, for some integer k. Since
there are two outgoing edges, in order to have a complete numbering, one must
be a jump and the other one must be a decrease to k — 1.

Without loss of generality, let us assume that the pair with middle numbers
is cic3. Therefore, the pair ¢,y (dsb) must have a number higher than the other
numbers of the cycle. This situation is shown in Fig. 7]

The cycle labelled b starting with ¢1ds and gou:(dsb) has to return to c¢;ds
after some applications of letter b. In order to have a complete numbering, as

the numbers of the consecutive pairs of the cycle have to decrease, we need to
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Figure 26: The effect on the square graph of a swap and a cycle of length 4.
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Figure 27: A numbering that would allow a complete numbering in this situa-
tion.

have that the pair before cjcs in the cycle has number k£ + 3, and therefore to
have a complete numbering, it must be cods. Therefore, a and b have the same
effect on cads, which gives in the graph of pairs the situation shown in Fig.

In the base graph, we chose C' and D independent from each other. There-
fore, (cod2)b = c1ds implies that cob = ¢; and that dob = d3. Figure [29| shows
the resulting base graph.

With this situation, we now have that the pair cody, which has number k41
in Fig. is sent on c¢1(dsb) by letter b. If dyb is outside of the structure of
Fig. then this pair is also sent outside of the structure of Fig. which
implies that three edges are outgoing of the same cycle in the square graph, in
which case a complete numbering is impossible. Moreover, if the pair cody is
sent to any other pair than the ones considered in Fig. the argument holds.
Therefore, the only remaining possibility to allow for a complete numbering is
that dsb = dy. This leads to the structure of Fig.
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Qout (dl b)

‘_.' Gout d3

Figure 28: Letter b labels some additional edges to allow for a complete num-
bering.

SHOEO (.}

Figure 29: Additional effects of letter b in the base graph.

Figure 30: The edge from d4 to d; is also labeled b.

With these deductions on the effect of letter b shown in Fig. [30] let us now
consider the part of the square graph which starts with c¢;ds instead of ¢1d;.
The result is shown in Fig.

If ¢1(dsb) or c1(dyb) are outside of the structure, we have at least three
outgoing edge from the same cycle. Moreover, either c¢1ds or ¢;dy must have
the lowest number, which means that this pair can have incoming edges from

only one other pair. Therefore, we must have that ¢;(dsb) = ¢1dy and ¢1dy =

Cl(dlb).
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Figure 31: Resulting square graph, considering c;d, as starting pair.

This implies that d1b = do and that d3b = d4, and that therefore a and b
are both labelling the same cycle D. This is shown in Fig.

a,b ,,b

@00 (@)
8

Figure 32: Letters a and b have the same effect on cycle D.

From this structure, let us now look more in details at the effect that letter
b has on the base graph, starting from C. As we deduced that, to allow a
complete numbering, b has a cycle of length 4, due to previous sections, we
only need to consider cases where all the structures formed by b are cycles of
length 4 or swaps.

This implies that c1, co and gy are in the same cycle of length 4 labelled
by letter b. Let us rename goy; as qour1 and consider the 4th state of that cycle
Qout2- We have the structure of Fig.

The resulting square graph starting from the pair ¢;ds is shown in Fig.

This particular structure allows only two different complete numberings,
either taking q,,¢1d1 as highest number, or g,,¢1ds, and in both cases decreasing
by one following the edges in a unique way. One of these possibilities is shown
in Fig. with k some integer.

We notice that pairs of states gou¢1d1 and goy1ds have numbers k + 6 and

k + 1 in the two possible numberings, which implies that one of the two pairs
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Figure 35: One of the possible numbering allowing for complete numbering
associated with this square graph.

is a middle pair. Moreover, in both case, the effect of letters a and b on the
pair that have number k + 2 is defined. This implies that if both of the pairs
are sent out of the structure by letter a, there is an incompatibility with the
complete numbering, as a cycle labelled a starting by the middle pair is not
able to re-enter the structure with a good numbering.

Now, let us look at the effect of letter a on gu¢1. Either we have goui1a =
Qout2, Or we have that qout16 = Qouts, With @out3 & state not considered yet.

If gout10 = Gout3, @ complete numbering is impossible as both pairs qu,:1d1
and goys1ds are sent out of the structure.

Now, if gout1a = Qout2, if Gousz is such that gouioa = gours, one of the pairs
Gout2d4 O Gourods, which can have numbers k or k + 6, is sent outside of the

structure, and we have the same argument as above.
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Therefore, the only case left is if ¢out16 = Qour2 and out2@ = Gour1. This
would imply the structure of Fig. which also doesn’t allow for a complete
numbering, as one of the two added edges connects k + 6 to k + 1 (in either
or the two distributions). We therefore proved that it is not possible to have a

complete numbering if cycles of length 4 and swaps are in the same letter.

Figure 36: Considering two cycles of length 4 for b.

A.2.6 Letters labelling both cycles of length 3 and swaps

Before considering letters labelling only cycles of length 4, we set the case
of a letter labelling swaps and cycles of length 3. In this situation, for n > 9,
it is possible to find a cycle in the square graph with three outgoing hedges,
hence Lemma applies.
Proposition A.2.6. Let A be a permutation set with a strongly connected
square graph, with n > 9 states, with a letter labelling both cycles of length 3

and swaps. Then a complete numbering of the square graph is impossible.

Proof. Let assume that letter a identifies cycles of length 3 and swaps. Let C
be a swap, and D a cycle of length 3. For a graph of size n > 11, there must be
an outgoing edge from the swap not related to D. Let assume that c1b = qout-
The pairs of states formed by one state in C and one in D are in a cycle of
length 6 identified by letter a. All the pairs of this cycle containing state ¢; are
sent to a pair outside of the cycle by letter b. Since there are at least three such
pairs, a complete numbering is impossible. Figure shows the base graph,
and Fig. 38| the square graph.

O
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Figure 37: A swap and a cycle of length 3 for letter a.

Qout (dlb)
QUut d3b

qout(d2b)

Figure 38: The effect on the graph of pairs.

A.2.7 Letter labelling only cycles of length 4

In that case, there are two cycles of length 4 connected with a second
letter. Based on this setting, it is possible to show that a complete numbering
is impossible.

Proposition A.2.7. Let A be a permutation set with a strongly connected
square graph, with n > 8 states, and a letter labelling only cycles of length 4.
Then a complete numbering of the square graph is impossible.

Proof. In this case, we consider that letter a labels only cycles of length 4. Let
us therefore consider a first cycle C, with states c¢1, ca, c3, ¢4. Since the graph
has to be strongly connected, there exists a letter b mapping one of these states
to a state which is not in C'. Without loss of generality, let assume that the
outgoing edge starts from ¢;. Let us call the attained state d;. Since letter a

labels only cycles of length 4, we must have that d; is also in a cycle of length
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4 labelled by a. Let us name this cycle D, and let the other states of this cycle
be ds, d3 and dy. We have the situation shown in Flg

Q~.~

Figure 39: Two cycles of length 4 labelled by a, and letter b labelling one edge
between them.

With this situation, let us now consider the cycle labelled by b and contain-
ing c¢; and d;. Three cases are to be analyzed: b labels a swap, b labels a cycle
of length 3, b labels a cycle of length 4.

In the two latter cases, the cycle has three outgoing edges labelled a, namely
one defined by cycle C, and one defined by cycle D. This leads to a direct
contradiction due to lemma [3.3.9

Therefore, the only case to analyze is if b labels a swap, and that b doesn’t
label any outgoing edge from C' or from D. Since there can be only one outgoing
edge from each of these cycles, b has only internal effects on the remaining states

of C' and D, and b cannot label cycles of length 3 at the same time as a cycle
of length 2 (see proposition |A.2.6|). The situation is shown in Fig.

9-3:9-
—© O©-©®

Figure 40: Two cycles of length 4 labelled by a, and letter b labelling a swap
between them.

Let us consider the effect that letter b has on the states of C. Either there
is a swap and one self loop, either there are only self loops.

First, if there are only self loops, we have the situation shown in Fig.

From this situation, the effect on the square graph based on pair cicy is
shown in Fig. This situation doesn’t allow for a complete numbering.
Indeed there are four cycles of length 4. In a complete numbering, one of

these cycle would have the highest numbers. However each of the cycles is
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Figure 41: Two cycles of length 4 labelled by a, letter b labelling a swap between
them and self loops on the other states.

connected with two other cycles, therefore we have the same argument as in

Lemma B.3.171

a
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Figure 42: Square graph obtained from the basic graph in Fig.
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Now, let us consider the case where there is a swap in C and a self loop.
There are three different possible situations, depending on the position of the
self loop. The base graph are shown in Fig.[43] Fig.[45] Fig.[d7]and the resulting
square graphs are shown in Fig. [44] Fig. Fig.

We notice that there are three outgoing edges labelled b from a cycle labelled
a in the cases shown in Fig. and Fig. Therefore these two situations
don’t allow for a complete numbering. However the situation of Fig. [46] doesn’t

give a direct argument. We therefore have to analyze the case where this

149



$-9:0

Figure 43: Cycle of length 4 labelled by a, letter b doing a swap outside, a swap
inside and a self loop, first case.

oy
b b
a a
b
-0~
Figure 44: Square graph of the base situation of Fig.

o

Figure 45: Cycle of length 4 labelled by a, letter b doing a swap outside, a swap
inside and a self loop, second case.

i
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Figure 46: Square graph of the base situation from Fig.

situation is present also in the cycle D, and the case where this situation is in

cycle C' and when b labels self loops in D. These two cases are represented in

Fig. 9] and Fig.
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Figure 47: Cycle of length 4 labelled by a, letter b doing a swap outside, a swap
inside and a self loop, third case.
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Figure 48: Square graph of the base situation from Fig. [47}
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Figure 49: Two cycles of length 4 labelled by a, letter b labelling a swap between
them, structure with a swap on C.

() (a)
b b b
a a a

Figure 50: Two cycles of length 4 labelled by a, letter b labelling a swap between
them, structure with a swap on both side.
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In both cases, the square graph starting from the pair ¢;ds provides a cycle
of four states labelled by letter a with three outgoing edges labelled b, making a
complete numbering impossible. The situation is shown in Fig. [51] and Fig.

Therefore, we showed that a complete numbering is not possible if one of
the letters is only labelling cycles of length 4.

TR
@020

Figure 51: Square graph of the situation from Fig. [49]

e s

Figure 52: Square graph of the situation from Fig [50]

A.2.8 Letter labelling only cycles of length 3

In that case, there are two cycles of length 3 connected with a second
letter. Based on this setting, it is possible to show that a complete numbering
is impossible.

Proposition A.2.8. Let A be a permutation set with a strongly connected
square graph, with n > 6 states, and a letter labelling only cycles of length 3.

Then a complete numbering of the square graph is impossible.

Proof. Again, as the graph is strongly connected, there must be two cycles of
length 3 C' and D labelled by a, and a letter b such that c1b = d;.

Let us now consider the cycle labelled by b and starting with the pair ¢1d;.
If this cycle is larger than 2, then it has three outgoing edges, and therefore
doesn’t allow for a complete numbering.
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Therefore, as in the case with one letter labelling only cycles of length 4, the
only case left is when letter b labels a swap between ¢; and d;. This situation
is shown in Fig.

Figure 53: Two cycles of length 3 labelled by a, letter b labelling a swap between
them.

Again, if letter b is mapping some other states of C' or D outside of them,
a complete numbering won’t be possible. Therefore, b is either acting as swap
or as self loop inside of C' and D. The three possible situations are shown in
Fig. Fig. and Fig. and the square graphs based on them proving
that complete numberings are impossible are shown in Fig. Fig. and
Fig. In the two first cases, there are three outgoing edges from a cycle
in the square graph, in the third case there are four cycles with two outgoing
edges connecting each of them. Therefore, no complete numbering is possible

if one letter labels only cycles of length 3.
a NO
=@
a,b b e b a,b
O
a RO

Figure 54: Two cycles of length 3 labelled by a, letter b labelling a swap between
them and swaps between the other states of each cycle.

A.2.9 Largest one-letter cycle of length 2

If all the permutations contain only swaps and self loops on states, then at

least three letters are needed in order to obtain a strongly connected square
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Figure 55: Square graph of the base situation from Fig.
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Figure 56: Two cycles of length 3 labelled by a, letter b labelling a swap between
them, a swap for the two other states of the first cycle, and self loops on the
other states of the second cycle.

b{]b
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(o)
b N b
Figure 57: Square graph of the base situation from Fig.

graph. Moreover, there is a pair from which three letters labels different out-
going edges, therefore Lemma applies.

Proposition A.2.9. Let A be a permutation set with a strongly connected
square graph, with n > 6 states, and such that all letters label only self loops
and swaps. Then a complete numbering of the square graph is impossible.

Proof. We notice that the only possible effects on the square graph are the
following:
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Figure 58: Two cycles of length 3 labelled by a, letter b labelling a swap between
them and self loops for the remaining states.
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Figure 59: Square graph of the base situation from Fig.

e if gja = ¢; and g;ja = g, then the edge a is a self loop for the pair g;q;,
e if gja = ¢; and g;a = ¢;, then the edge a is a self loop for the pair g;q;,

o if g;a = ¢; and gja = q;, then a is acting as a swap between the pair ¢;q;
and the pair g¢;q;,

o if g;a = g and g;a = g, then a is acting as a swap between the pair ¢;q;
and the pair g;q;.

This implies that the letters also act as self loops and swaps in the square
graph. For example, the effect of the letter of Fig. on the square graph is
shown in Fig.

In order to obtain a complete numbering, the highest and lowest pair must
swap only with the second highest and the second lowest. All the other pairs

must swap both with the pair with its number plus one and with the pair with
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Figure 60: Letter having only swaps and self loops.

YA

Figure 61: Effect of swaps and self loops on the graph of pairs.

its number minus one. This implies that there must be at least n(n —1)/2 — 1
swaps in total in the square graph.

We notice that one single letter with only swaps and self loops creates at
least two self loops in the square graph, since a swap between two states is a
self loop on that pair, and two self loops on states are also a self loop for that
pair (therefore above 4 nodes, there are at least two self loops). As this kind
of matrix creates at most one swap for each two pairs, it can create at most
(n(n—1)/2—-2)x1/2=(n(n—1)/4—1) swaps. As the total of swaps need to
be at least n(n —1)/2 —1 > 2 x (n(n —1)/4 — 1), it implies that at least three
letters are needed to obtain a strongly connected graph of pairs. We therefore
restrict ourselves to cases with at least three different letters.

First, let assume that there exists a state g; such that three letters a, b, ¢
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swap that state with three different states g;1, gj2 and g;3. Let us consider a
state ¢, independent of ¢;, i.e. such that gk, qra, qxb, qic are all different from
i, 91, qj2 and g;3, as shown in Fig. Note that qra, qirb and grc can be
equal to each other or to ¢x. Then, the three letters swap the pair ¢;q; with
three different pairs, as shown in Fig. and therefore the complete numbering
is impossible. We therefore restrict ourselves to cases where one single state
is only connected with at most two different states. Therefore, for each state,

either one of the letter is a self loop, or two letters have the same effect.

a

C

a

C

®

4"
af

-

Figure 62: A state g; swaps with three different states, and an independent

state qy.

Figure 63: The effect on the pair graph.

Let us now take letter a as having the largest number of self loops in all the
letters. Since there can’t be an identity matrix, there must exists states ¢; and
g; such that ¢;a = ¢;. Now consider a state g1 such that a is a self loop for
this state, that is not extremal, and is independent of g;. For this state, there
must exists a letter b such that gx1b = qio and a letter ¢ such that qxi1c = qis,

as it has to be connected with two other states. In that setting,

e the pair g;q1 is sent to g;qi1 by letter a,
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e the pair q;qx1 is sent to (g;b)qr2 by letter b,
e the pair ¢;qx1 is sent to (g;c)qxs by letter c.

Since we assumed that qr; was independent of ¢;, these three pairs are

different, and therefore a complete numbering is not possible. The situation is
shown in Fig. [64] and Fig.

@@ -

606 e
o

Figure 64: A state ¢; has a swap with ¢; labelled a. An independent state g1
has a self loop labelled a and swaps labelled by b and c.

G=0=0

Figure 65: The effect on the pair graph.



Scientific Communication

I provide here an overview of the journal articles, conference articles, posters
and talks done during my doctoral training. Notice that I worked on two
different research topics, synchronizing automata and air traffic management,

and that the present thesis only contains the results on synchronizing automata.

Journal Articles
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reachability.”, at the International Conference on Developments in Lan-
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11.

guage Theory 2018 held from 10 to 14 September 2018 in Tokyo (Japan).

Conference presentation “A Probabilistic Model for Precedence Rules and
Reactionary Delay in Air Traffic Management.”, International Conference
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from 22 to 24 March 2016 in Soesterberg (Netherlands).

Conference presentation “Synchronization Approached Through the Lens
of Primitivity” at the 35th Benelux Meeting on Systems and Control held
from 22 to 24 March 2016 in Soesterberg (Netherlands).

Conference presentation “New Approaches of Cerny’s Conjecture” at the
34th Benelux Meeting on Systems and Control held from 24 to 26 March
2015 in Lommel (Belgium).

Conference presentation “The Synchronizing Probability Function and
the Triple Rendezvous Time as Approaches to Cerny’s Conjecture” at
the 9th International Conference on Language and Automata Theory and
Applications LATA 2015 held from 2 to 6 March 2015 in Nice (France).

Seminar presentation “The Synchronizing Probability Function and the

Triple Rendezvous Time as Approaches to Cerny’s Conjecture” at the
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Seminar in Systems and Control (CESAME) on the 14th of October
2014, Louvain-la-Neuve (Belgium).

Conference presentation “The Synchronizing Probability Function and
the Triple Rendezvous Time as Approaches to Cerny’s Conjecture” at
the 15th Mons Theoretical Computer Science Days, held from 23 to 26
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Nomenclature

Terminology

Alphabet

Automaton (DFA)

Diameter

Directed graph

Deficiency

Finite state system

I'y-graph

Image

Letter

The alphabet is the set of letters % of the au-

tomaton.
Other name of finite state system.

The diameter of a graph is the maximal length of

the shortest path between any two of its states.

A directed graph (N, E) is composed of a set of
nodes N and a set of directed edges E between

the nodes.

The deficiency of a word w is the value n — |Qu|.
It is equal to the number of states which are not

in its image.

A finite state system is a triplet (Q, %, d) with @
the set of states, 3 the alphabet of letters and §
the transition function.

A directed graph obtained from letters of defi-

ciency one of an automaton.

The image of a set of states S by a word w is the

set Sw. By extension, the image of a word w is

Qu.

The letters are the elements of an alphabet.
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Power automaton

Preimage

Rank

Reset threshold

Square graph

Synchronize

Synchronizing

Synchronizing

probability  func-

tion (SPF)

Transition function

Word

The power automaton of an automaton & =
(Q,%,9) is the automaton with all possible sub-
sets of () as states, the same alphabet, and the
natural extension of § to subsets.

The preimage of a set of states S by a word w is

the set of states which are mapped in S by w.

The rank of a word is the cardinality of its image

Qul.

The reset threshold of an automaton is the length

of its shortest synchronizing word.

The square graph of an automaton is the power
automaton restricted to pairs, edges starting from
pairs and single states with incoming edges start-

ing from pairs.

A word w synchronizes a set of states S C @ if
|[Sw| = 1.

A word w is synchronizing if |Qw|=1.

An automaton is synchronizing if it has a syn-

chronizing word.

The synchronizing probability function of an au-
tomaton is a function of [ € N which returns the
results of an optimization program over the set of

words of length lower or equal to .

The function defining the effect of the letters on
the automaton.

A word is a sequence of letters.
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Mathematical Notation

()

z*

Bk

Acronyms

DFA
JSR

SPF

Generic automaton

I';-graph of an automaton

Set of states of the generic automaton
Alphabet of the generic automaton

Set of all words composed of letters from 3

Set of all words of length at most & composed of
letters from X

Generic subset of state
Square graph of an automaton
Power automaton of an automaton

Triple rendezvous time

Deterministic finite automaton
Joint spectral radius

Synchronizing probability function
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Automata Presented in the Thesis

A,
™

a5 Kq—z\ a q3

qn ¢ Kq-l\
b, c ¢ b,c b, c

b,c b b b,c
a a
¢
@,
@

b
a
b @ b Py by a
@)

166

CHBn 1

oz
Fok+5



b 6y 4d

az, a3z, G4, a5 as, a4 ai, a4, s ai, az, as ai, az, ag, as
- - @ - @ - 8
@ ay, as e as as a4

167






Bibliography

[ACCJ19)]

[ACS17]

[ACV02]

[Ad170]

[AGV10]

[AGV13]

[AS09]

Umer Azfar, Costanza Catalano, Ludovic Charlier, and
Raphaél M. Jungers. A linear bound on the k-rendezvous time for
primitive sets of nz matrices. arXiv preprint arXiv:1903.10421,
2019.

Joao Araijo, Peter J. Cameron, and Benjamin Steinberg. Be-
tween primitive and 2-transitive: Synchronization and its friends.
EMS Surveys in Mathematical Sciences, 4(2):101-184, 2017.

Dmitry S. Ananichev, Alessandra Cherubini, and Mikhail V.
Volkov. An inverse automata algorithm for recognizing 2-
collapsing words. In International Conference on Developments

in Language Theory, pages 270-282. Springer, 2002.

Roy L. Adler. Similarity of automorphisms of the torus, vol-
ume 98. American Mathematical Society, 1970.

Dmitry S. Ananichev, Vladimir V. Gusev, and Mikhail V. Volkov.
Slowly synchronizing automata and digraphs. Mathematical
Foundations of Computer Science 2010, pages 55-65, 2010.

Dmitry S. Ananichev, Vladimir V. Gusev, and Mikhail V. Volkov.
Primitive digraphs with large exponents and slowly synchroniz-
ing automata. Journal of mathematical sciences, 192(3):263-278,
2013.

Jorge Almeida and Benjamin Steinberg. Matrix mortality and
the Cerny-Pin conjecture. In DLT 2009, volume 5583 of Lecture
Notes in Computer Science, pages 67-80. Springer, 2009.

169



[AV04]

[AV05]

[AVZ07]

[BBP11]

[Berll]

[BFS18]

[BGH*17]

[BJO15]

[BP14]

[BPQR14]

Dmitry S. Ananichev and Mikhail V. Volkov. Some results on
Cerny type problems for transformation semigroups. In Semi-
groups and languages, pages 23—42. World Scientific, 2004.

Dmitry S. Ananichev and Mikhail V. Volkov. Synchronizing
generalized monotonic automata. Theoretical Computer Science,
330(1):3-13, 2005.

Dmitry S. Ananichev, Mikhail V. Volkov, and Yulia I. Zaks. Syn-
chronizing automata with a letter of deficiency 2. Theoretical
computer science, 376(1-2):30-41, 2007.

Marie-Pierre Béal, Mikhail. V. Berlinkov, and Dominique Perrin.
A quadratic upper bound on the size of a synchronizing word in
one-cluster automata. International Journal of Foundations of
Computer Science, 22(2):277-288, 2011.

Mikhail. V. Berlinkov. On a conjecture by Carpi and
D’Alessandro. International Journal of Foundations of Computer
Science, 22(07):1565-1576, 2011.

Mikhail V. Berlinkov, Robert Ferens, and Marek Szykula. Com-
plexity of Preimage Problems for Deterministic Finite Automata.
In MFCS 2018, volume 117 of Leibniz International Proceed-
ings in Informatics, pages 32:1-32:14. Schloss Dagstuhl-Leibniz-
Zentrum fuer Informatik, 2018.

Jean Boucquey, Francois Gonze, Andrew Hately, Etienne Huens,
Richard Irvine, Stefan Steurs, and Raphaél M. Jungers. Prob-
abilistic traffic models for occupancy counting. In 7th SESAR
Innovation Days, 2017.

Vincent D. Blondel, Raphaél M. Jungers, and Alex Olshevsky.
On primitivity of sets of matrices. Automatica, 61:80-88, 2015.

Marie-Pierre Béal and Dominique Perrin. A quadratic algo-
rithm for road coloring. Discrete Applied Mathematics, 169:15—
29, 2014.

Simon Busard, Charles Pecheur, Hongyang Qu, and Franco Rai-
mondi. Improving the model checking of strategies under par-
tial observability and fairness constraints. In ICFEM 2014, vol-

170



[BPROY]

[BR10]

[Brz13]

[BSY2]

[BVO04]

[BV16]

[BV18]

[Cam13]

[Carl4]

[Cat19]

[CDOY]

ume 8829 of Lecture Notes in Computer Science, pages 27—42.
Springer, 2014.

Jean Berstel, Dominique Perrin, and Christophe Reutenauer.
Codes and Automata. CUP, 2009.

Valérie Berthé and Michel Rigo. Combinatorics, automata and

number theory, volume 135. Cambridge University Press, 2010.

Janusz A. Brzozowski. In search of most complex regular lan-
guages. International Journal of Foundations of Computer Sci-
ence, 24(6):691-708, 2013.

L4szl6 Babai and Akos Seress. On the diameter of permuta-
tion groups. European Journal of Combinatorics, 13(4):231-243,
1992.

Stephen Boyd and Lieven Vandenberghe. Convexr Optimization.
Cambridge University Press, 2004.

Eugenija A. Bondar and Mikhail V. Volkov. Completely reach-
able automata. In DCFS 2016, volume 9777 of Lecture Notes in
Computer Science, pages 1-17. Springer, 2016.

Eugenija A. Bondar and Mikhail V. Volkov. A characterization
of completely reachable automata. In DLT 2018, volume 11088
of Lecture Notes in Computer Science, pages 145-155. Springer,
2018.

Peter J. Cameron. Dixon’s theorem and random synchronization.
Discrete Mathematics, 313(11):1233-1236, 2013.

Angela F. P. Cardoso. The Cerny conjecture and other synchro-
nization problems. PhD. thesis, Faculdade de Ciencias da Uni-
versidade do Porto, 2014.

Costanza Catalano. Probabilistic methods for primitive matriz
semigroup. PhD. thesis, Gran Sasso Science Institute, L’Aquila,
2019.

Arturo Carpi and Flavio D’Alessandro. Strongly transitive au-
tomata and the Cerny conjecture. Acta Informatica, 46(8):591—
607, 2009.

171



[CD10]

[CD13]

[Cerny64]

[CernyPR71]

[CHJ15]

[CJ18a]

[CJ18b)]

[CP09)]

[CR10]

[CWO6]

Arturo Carpi and Flavio D’Alessandro. On the hybrid Cerny-
road coloring problem and Hamiltonian paths. In DLT 2010,
volume 6224 of Lecture Notes in Computer Science, pages 124—
135. Springer, 2010.

Arturo Carpi and Flavio D’Alessandro. Independent sets of words
and the synchronization problem. Advances in Applied Mathe-
matics, 50(3):339-355, 2013.

Jan Cerny. Pozndmka k homogénnym experimentom s
koneénymi automatami. Mat.-fyz. Casopis Slovenskej Akadémie
Vied, 14(3):208-216, 1964. In Slovak.

Jan Cerny, Alica Pirickd, and Blanka Rosenauerovd. On di-
rectable automata. Kybernetica, 7:289-298, 1971.

Pierre-Yves Chevalier, Julien. M. Hendrickx, and Raphaél M.
Jungers. Reachability of consensus and synchronizing automata.
In 2015 IEEFE 5jth Annual Conference on Decision and Control
(CDC), pages 4139-4144. TEEE, 2015.

Costanza Catalano and Raphaél M. Jungers. On random prim-
itive sets, directable NDFAs and the generation of slowly syn-
chronizing DFAs. 2018.

Costanza Catalano and Raphaél M. Jungers. The synchronizing
probability function for primitive sets of matrices. In DLT 2018,
volume 11088 of Lecture Notes in Computer Science, pages 194—
205. Springer, 2018.

Sébastien Combéfis and Charles Pecheur. A bisimulation-based
approach to the analysis of human-computer interaction. In Pro-
ceedings of the 1st ACM SIGCHI symposium on Engineering in-
teractive computing systems, pages 101-110. ACM, 2009.

Krzysztof Chmiel and Adam Roman. COMPAS-A computing
package for synchronization. In CIAA 2010, volume 6482 of Lec-
ture Notes in Computer Science, pages 79-86. Springer, 2010.

Edmund M. Clarke and Jeannette M. Wing. Formal methods:
State of the art and future directions. ACM Computing Surveys
(CSUR), 28(4):626-643, 1996.

172



[DBDZ17]

[Dix69]

[Don16]

[Dub9s]

[Epp90]

[FIR*98]

[FK17]

[Fra82]

[FS07]

[GGG*17]

Michiel De Bondt, Henk Don, and Hans Zantema. DFAs and
PFAs with long shortest synchronizing word length. In DLT2017,
volume 10396 of Lecture Notes in Computer Science, pages 122—
133. Springer, 2017.

John D. Dixon. The probability of generating the symmetric
group. Mathematische Zeitschrift, 110:199-205, 1969.

Henk Don. The Cerny conjecture and 1-contracting automata.
FElectronic Journal of Combinatorics, 23(3):3-12, 2016.

L. Dubuc. Sur les automates circulaires et la conjecture de Cerny.
RAIRO Informatique Theorique et Appliquée, 32:21-34, 1998.

David Eppstein. Reset sequences for monotonic automata. STAM
Journal on Computing, 19(3):500-510, 1990.

Joel Friedman, Antoine Joux, Yuval Roichman, Jacques Stern,
and Jean-Pierre Tillich. The action of a few permutations on
r-tuples is quickly transitive. Random Structures & Algorithms,
12(4):335-350, 1998.

Lukas Fleischer and Manfred Kufleitner. Green’s relations in
finite transformation semigroups. In CSR 2017, volume 10304
of Lecture Notes in Computer Science, pages 112—125. Springer,
2017.

Péter Frankl. An extremal problem for two families of sets. Fu-
ropean Journal of Combinatorics, 3:125-127, 1982.

Dirk Frettloh and Bernd Sing. Computing modular coincidences
for substitution tilings and point sets. Discrete € Computational
Geometry, 37(3):381-407, 2007.

Frangois Gonze, Vladimir V. Gusev, Baldzs Gerencsér,
Raphaél M. Jungers, and Mikhail V. Volkov. On the interplay
between Babai and Cerny’s conjectures. In DLT 2017, volume
10396 of Lecture Notes in Computer Science, pages 185-197.
Springer, 2017.

173



[GGJ16a]

[GGJ16b)]

[GGIT19]

[GGS+18]

[Gin58]

[GINGOY]

[GJ15]

[GJ16]

[GI18]

Balazs Gerencsér, Vladimir V. Gusev, and Raphaél M. Jungers.
Primitive sets of nonnegative matrices and synchronizing au-
tomata. SIAM Journal on Matrix Analysis and Applications,
39(1):83-98, 2016.

Francgois Gonze, Balazs Gerencsér, and Raphaél M. Jungers. Syn-
chronization approached through the lenses of primitivity. In 35th
Beneluz Meeting on Systems and Control, page 96, 2016.

Francgois Gonze, Vladimir V. Gusev, Raphaél M. Jungers, Baldzs
Gerencsér, and Mikhail V. Volkov. On the interplay between
Cerny and Babai’s conjectures. International Journal of Foun-
dations of Computer Science, 30(01):93-114, 2019.

Florentin Goyens, Francois Gonze, Andrea Simonetto, Etienne
Huens, Jean Boucquey, and Raphaél M. Jungers. A probabilistic
model for precedence rules and reactionary delay in air traffic
management. In 8th International Conference on Research on

Air Transportation, 2018.

Seymour Ginsburg. On the length of the smallest uniform ex-
periment which distinguishes the terminal states of a machine.
Journal of the ACM, 5(3):266—280, 1958.

Zsolt Gazdag, Szabolcs Ivan, and Judit Nagy-Gyorgy. Improved
upper bounds on synchronizing nondeterministic automata. In-
formation Processing Letters, 109(17):986-990, 2009.

Frangois Gonze and Raphaél M. Jungers. On the synchroniz-
ing probability function and the triple rendezvous time: New
approaches to Cerny’s conjecture. In LATA 2015, volume 8977
of Lecture Notes in Computer Science, pages 212-223. Springer,
2015.

Frangois Gonze and Raphaél M. Jungers. On the synchroniz-
ing probability function and the triple rendezvous time for syn-
chronizing automata. SIAM Journal on Discrete Mathematics,
30(2):995-1014, 2016.

Francgois Gonze and Raphaél M. Jungers. on completely reachable
automata and subset reachability. In DLT 2018, volume 11088

174



[GJT15]

[GK13]

[GMOY)]

[GPS17]

[GS15]

[GSH*17]

[GSHT18]

[Hel15]

of Lecture Notes in Computer Science, pages 330-341. Springer,
2018.

Frangois Gonze, Raphaél M. Jungers, and Avraham N. Traht-
man. A note on a recent attempt to improve the Pin-Frankl
bound. Discrete Mathematics and Theoretical Computer Science,
17(1):307-308, 2015.

Mariusz Grech and Andrzej Kisielewicz. The Cerny conjec-
ture for automata respecting intervals of a directed graph. Dis-
crete Mathematics and Theoretical Computer Science, 15(3):61—
72, 2013.

Olexandr Ganyushkin and Volodymyr Mazorchuk. Classical Fi-
nite Transformation Semigroups: An Introduction. Springer,

2009.

Vladimir V. Gusev, Elena V. Pribavkina, and Marek Szykuta.
Around the road coloring theorem. In Proceedings of the Fourth
Russian Finnish Symposium on Discrete Mathematics, volume 26
of TUCS Lecture Notes, pages 52—-56. Turku center for computer
science, 2017.

Pawel Gawrychowski and Damian Straszak. Strong inapproxima-
bility of the shortest reset word. In MFCS 2015, volume 9234
of Lecture Notes in Computer Science, pages 243-255. Springer,
2015.

Frangois Gonze, Andrea Simonetto, Etienne Huens, Jean Bouc-
quey, and Raphaél M. Jungers. Probabilistic occupancy counts
and flight criticality measures for atm. In 12th USA /Furope ATM
RED Seminar, 2017.

Frangois Gonze, Andrea Simonetto, Etienne Huens, Jean Bouc-
quey, and Raphaél M. Jungers. Probabilistic occupancy counts
and flight criticality measures in air traffic management. Journal
of Air Transportation, 26(3):94-103, 2018.

Harald A. Helfgott. Growth in groups: ideas and perspectives.
Bulletin of the American Mathematical Society, 52(3):357-413,
2015.

175



[HS14]

[Jav02]

[Jun09]

[Jun12)

[Jun14]

[Kar01]

[Kar03]

[Kar13]

[KRS87]

[KS13]

[KS15]

Harald A. Helfgott and Akos Seress. On the diameter of permu-
tation groups. Annals of mathematics, 179(2):611-658, 2014.

Denis Javaux. A method for predicting errors when interacting
with finite state systems. how implicit learning shapes the user’s
knowledge of a system. Reliability Engineering & System Safety,
75(2):147-165, 2002.

Raphagél M. Jungers. The joint spectral radius: theory and appli-
cations, volume 385. Springer Science & Business Media, 2009.

Raphaél M. Jungers. The synchronizing probability function
of an automaton. SIAM Journal on Discrete Mathematics,
26(1):177-192, 2012.

Raphaél M. Jungers. Research note on the synchronizing proba-

bility function of an automaton. 2014.

Jarkko Kari. A counter example to a conjecture concerning syn-
chronizing words in finite automata. FEATCS Bulletin, 73:146,
2001.

Jarkko Kari. Synchronizing finite automata on Eulerian digraphs.
Theoretical Computer Science, 295:223-232, 2003.

Jarkko Kari. Automata and formal languages. University of
Turku, 2013.

A. A. Klyachko, Igor K. Rystsov, and M. A. Spivak. An extremal
combinatorial problem associated with the bound on the length
of a synchronizing word in an automaton. Kibernetika, 2:16-20,
1987.

Andrzej Kisielewicz and Marek Szykula. Generating small au-
tomata and the Cerny conjecture. In CIAA 2013, volume 7982
of Lecture Notes in Computer Science, pages 340-348. Springer,
2013.

Andrzej Kisielewicz and Marek Szykuta. Synchronizing automata
with extremal properties. In MFCS 2015, volume 9234 of Lecture
Notes in Computer Science, pages 331-343. Springer, 2015.

176



[Lae63]

[Liu63]

[Mar13]

[Mas12]

[MN17]

[Moo56]

[Nat86]

[Nat89]

[OU10]

[Panl15]

Arthur E. Laemmel. Study on application of coding theory. Tech-
nical report, POLYTECHNIC INST OF BROOKLYN NY MI-
CROWAVE RESEARCH INST, 1963.

Chung Laung Liu. Some memory aspects of finite automata.
PhD. thesis, MASSACHUSETTS INST OF TECH CAM-
BRIDGE RESEARCH LAB OF ELECTRONICS, 1963.

Pavel V. Martyugin. Careful synchronization of partial automata
with restricted alphabets. In CSR 2013, volume 7913 of Lecture
Notes in Computer Science, pages 76-87. Springer, 2013.

Marina I. Maslennikova. Reset complexity of ideal languages. In
SOFSEM 2012, volume 1II of Proceedings Institute of Computer
Science Academy of Sciences of the Czech Republic, pages 33—44,
2012.

Juan Montoya and Christian Nolasco. On the synchronization of
small sets of states. Applied Mathematical Sciences, 11(44):2151—
2173, 2017.

Edward F. Moore. Gedanken-experiments on sequential ma-
chines. Annals of mathematics studies, 34:129-153, 1956.

Balas K. Natarajan. An algorithmic approach to the automated
design of parts orienters. In 27th Annual Symposium on Foun-
dations of Computer Science, pages 132-142. IEEE, 1986.

Balas K. Natarajan. Some paradigms for the automated design
of parts feeders. The International journal of robotics research,
8(6):98-109, 1989.

Jorg Olschewski and Michael Ummels. The complexity of finding
reset words in finite automata. In MFCS 2010, volume 6281 of
Lecture Notes in Computer Science, pages 568-579, 2010.

Pavel Panteleev. Preset distinguishing sequences and diameter of
transformation semigroups. In LATA 2015, volume 8977 of Lec-
ture Notes in Computer Science, pages 353-364. Springer, 2015.

177



[PCC02]

[Pin78]

[Pin81]

[Pin83]

[Rigl4al

[Rig14b)

[RomO08]

[Rys92]

[Rys95]

[Rys97]

[Rys00]

Charles Pecheur, Alessandro Cimatti, and Ro Cimatti. For-
mal verification of diagnosability via symbolic model check-
ing. In Workshop on Model Checking and Artificial Intelligence
(MoChATt-2002), Lyon, France, 2002.

Jean-Eric Pin. Le probléeme de la synchronisation et la conjecture
de Cerny. These de 3eme cycle, Université Paris VI, 1978.

Jean-Eric Pin. Le probleme de la synchronisation et la conjec-
ture de Cerny. In Non-commutative structures in algebra and
geometric combinatorics, volume 109 of Quaderni de la Ricerca
Scientifica, pages 37-48. CNR, Roma, 1981.

Jean-Eric Pin. On two combinatorial problems arising from au-
tomata theory. Annals of Discrete Mathematics, 17:535-548,
1983.

Michel Rigo. Formal Languages, automata and numeration sys-
tems 1: Introduction to combinatorics on words, volume 1. John
Wiley & Sons, 2014.

Michel Rigo. Formal languages, automata and numeration sys-
tems 2: Applications to recognizability and decidability, volume 2.
John Wiley & Sons, 2014.

Adam Roman. A note on Cerny conjecture for automata over
3-letter alphabet. Journal of Automata, Languages and Combi-
natorics, 13(2):141-143, 2008.

Igor K. Rystsov. Rank of a finite automaton. Cybernetics and
Systems Analysis, 28(3):323-328, 1992.

Igor K. Rystsov. Quasioptimal bound for the length of reset
words for regular automata. Acta Cybernetica, 12(2):145-152,
1995.

Igor K. Rystsov. Reset words for commutative and solvable au-
tomata. Theoretical Computer Science, 172(1):273-279, 1997.

Igor K. Rystsov. Estimation of the length of reset words for
automata with simple idempotents. Cybernetics and Systems
Analysis, 36(3):339-344, 2000.

178



[Sal03]

[SC04]

[Shi19]

[ST11]

[Stell]

[Szy18]

[Tra02]

[Tra06]

[Tra07]

[Tra09]

Arto Salomaa. Composition sequences for functions over a finite
domain. Theoretical Computer Science, 292(1):263-281, 2003.

Laurent Saloff-Coste. Random walks on finite groups. In Prob-
ability on Discrete Structures, volume 110 of Encyclopaedia of
Mathematical Sciences, pages 263-346. Springer, 2004.

Yaroslav Shitov. An improvement to a recent upper bound
for synchronizing words of finite automata. arXiv preprint
arXiv:1901.06542, 2019.

Evgeny Skvortsov and Evgeny Tipikin. Experimental study of
the shortest reset word of random automata. In CIAA 2011,
volume 6807 of Lecture Notes in Computer Science, pages 290—
298. Springer, 2011.

Benjamin Steinberg. The averaging trick and the Cerny conjec-
ture. International Journal of Foundations of Computer Science,
22:1697-1706, 2011.

Marek Szykuta. Improving the Upper Bound on the Length of
the Shortest Reset Word. In STACS 2018, volume 96 of Leib-
niz International Proceedings in Informatics, pages 56:1-56:13.
Schloss Dagstuhl-Leibniz-Zentrum fuer Informatik, 2018.

Avraham N. Trahtman. A package TESTAS for checking some
kinds of testability. In CIAA 2002, volume 2608 of Lecture Notes
in Computer Science, pages 228-232. Springer, 2002.

Avraham N. Trahtman. An efficient algorithm finds noticeable
trends and examples concerning the ¢erny conjecture. In MFCS
2006, volume 4162 of Lecture Notes in Computer Science, pages
789-800. Springer, 2006.

Avraham N. Trahtman. The Cerny conjecture for aperiodic au-
tomata. Discrete mathematics and Theoretical Computer Sci-
ence, 9(2):3-10, 2007.

Avraham N. Trahtman. The road coloring problem. Israel Jour-
nal of Mathematics, 172(2):51-60, 2009.

179



[Trall]

[Vol0g]

[Vol09]

[Vorl4]

[Vorl6]

[VR15]

[Zub9g]

Avraham N. Trahtman. Modifying the upper bound on the length
of minimal synchronizing word. In FCT 2011, volume 6914 of
Lecture Notes in Computer Science, pages 173-180. Springer,
2011.

Mikhail V. Volkov. Synchronizing automata and the Cerny con-
jecture. In LATA 2008, volume 5196 of Lecture Notes in Com-
puter Science, pages 11-27. Springer, 2008.

Mikhail V. Volkov. Synchronizing automata preserving a chain
of partial orders. Theoretical Computer Science, 410(37):3513—
3519, 2009.

Vojtech Vorel. Subset synchronization of transitive automata. In
Proceedings of the 14th International Conference on Automata

and Formal Languages, pages 370-381, 2014.

Vojtech Vorel. Subset synchronization and careful synchroniza-
tion of binary finite automata. International Journal of Founda-
tions of Computer Science, 27(05):557-577, 2016.

Vojtech Vorel and Adam Roman. Parameterized complexity of
synchronization and road coloring. Discrete Mathematics and
Theoretical Computer Science, 17:283-306, 2015.

Anatolii Yu. Zubov. On the diameter of the group Sy with
respect to a system of generators consisting of a complete cycle
and a transposition. Trudy po Diskretnoi Matematike, 2:112-150,
1998. In Russian.

180



Index

F_grapha @ @

Adjacency matrix, [T4]

Algorithmic complexity,
Alphabet,
Automata, [T] [2

Babai Conjecture,

Careful synchronization,

Cayley graph,

Cerny Conjecture, @

Complete numbering, [69]

Completely reachable automata, [I8]
01

Compression method, [7]

Computation toolboxes,

Deficiency,
Diameter, [9]

Extension method, [7}

Finite state system, [I] [2]
Full transition monoid, 25 04]

Image, []
Joint spectral radius,
Kari’s automaton,

Letter,

181

Linear programming, [1} 27] 2]
Matrix representation,

Part orienting problems,
Partial automata,
Pin-Cerny Conjecture,
Pin-Frankl bound, [7H9} 20} 3]

Power automaton, [f] [34]

Preimage, [10]
Primitive sets of matrices,

Rank, [
Regular automata,
Reset threshold, [2]

Road coloring conjecture, [I]

Square graph, B} [0} [13} [63} [65} [69]
Subset reachability, [I8] [83} [34]

Subset synchronization,
Substitution systems,
Synchronizing automata,
Synchronizing codes, [I]

Synchronizing probability function,

5} 19} 27 28]

Synchronizing word,

Transition function,

Triple rendezvous time,

Word,



	Contents
	Introduction and Background
	Finite State Systems
	Synchronization
	The Cerný Conjecture
	Constructive Approaches

	Matrix Representation and Algorithmic Aspects
	Open Problems and Recent Results
	Thesis Outline

	The Triple Rendezvous Time and the Synchronizing Probability Function of Automata
	Overview
	A Game Theoretical Framework
	A New Bound on the Triple Rendezvous Time
	One-Sided Approach of the Triple Rendezvous Time
	Two-Sided Approach of the Triple Rendezvous Time

	The Growth of the SPF
	Tight Bound on the Relaxed SPF Growth Before T3
	Counterexample to a Conjecture on the SPF

	Conclusion

	2-Transitivity of Permutation Sets and Square Graph of Automata
	Overview
	Bounds on the Diameter of the Pair Digraph
	The Pair Numbering Method
	Strongly Connected Permutations
	Application to Synchronizing Automata

	An Application to the Joint Spectral Radius
	General Case
	Three Matrices Case

	Conclusion

	Short Words for Subset Reachability
	Overview
	Subset Reachability
	The Excluding State Approach
	Conclusion

	Completely Reachable Automata and Automata Generating Tn
	Overview
	1-graph of Completely Reachable Automata
	Algorithmic Construction of 1
	A Completely Reachable Automaton with Weakly Connected 1-graph

	Automata with Full Transition Monoid
	Conclusion

	Conclusion
	Results Summary
	Perspectives
	Final Word

	Appendices
	Values of the Function N for the Pairs of SG(Fn)
	Proofs on Complete Numbering of Permutations

	Scientific Communication
	Nomenclature
	Bibliography
	Index

