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1. Introdu
tionThe primary obje
tive of the ongoing and imminent physi
s programmes at the Tevatronand LHC, is to elu
idate the nature of ele
troweak symmetry breaking. The great majorityof the e�ort in this dire
tion is devoted to the hunt for the Higgs boson, the origin of thissymmetry breaking in the Standard Model (SM) [1�4℄.Of all the ways in whi
h the SM Higgs boson 
an be produ
ed, the gluon fusion pro
ess[5℄, in whi
h it 
ouples to 
olliding gluons via a top quark loop, has the largest 
ross se
tionfor Higgs boson masses less than ∼1 TeV. This pro
ess is of great importan
e for thedete
tion of the Higgs boson at the Tevatron and, more so, at the LHC, parti
ularly in thelow mass region, favoured by the latest �ts of the Standard Model to ele
troweak pre
ision� 1 �



data [6℄, where the de
ay of the Higgs boson into two photons is known to give a 
leanexperimental signal. Although observing a narrow resonan
e in the diphoton invariant massspe
trum should be possible using only the experimental data [7℄, determining the quantumnumbers and 
ouplings of the resonan
e i.e. determining that it really is a fundamentals
alar and, moreover, the SM Higgs boson, will involve a 
omprehensive analysis of a numberof 
hannels, using a

urate, �exible, Monte Carlo simulations to predi
t distributions forsignals and ba
kgrounds.A key part of that identi�
ation pro
edure will be the measurement the 
ouplings of theHiggs boson to the weak gauge bosons and the top quark. Although the gluon fusion pro
essdire
tly probes the latter, asso
iated QCD radiation renders it a signi�
ant ba
kground tothe ve
tor boson fusion pro
ess (VBF), in whi
h the Higgs boson originates from HWWand HZZ verti
es. Pre
ise simulations of the gluon fusion pro
ess are then also requiredto model the extent to whi
h these events 
ontaminate the VBF signal [8�10℄.Another dire
t probe of Higgs boson intera
tions with ele
troweak gauge bosons is theHiggs-strahlung pro
ess [11,12℄. At leading order this 
onsists of a quark anti-quark annihi-lation produ
ing a virtual ve
tor boson (V = W/Z), whi
h be
omes on-shell by radiating aHiggs boson. This 
hannel is parti
ularly important for Higgs boson sear
hes at the Teva-tron [13℄. The 
ross se
tion for Higgs-strahlung pro
esses at the LHC is approximately oneorder of magnitude larger than at the Tevatron, however, the ba
kgrounds s
ale up by amu
h greater fa
tor. In spite of these di�
ulties the Higgs-strahlung pro
esses 
an still beobserved, notably in the γγ and W+W− de
ay 
hannels, where signi�
ant ba
kground re-je
tion 
an be a
hieved (see for example Ref. [14℄ for re
ent experimental studies). Interestin the bb̄ plus leptons de
ay 
hannel has also re
ently been revived through the observa-tion that a highly 
ollimated bb̄ jet, from a boosted Higgs boson, 
ould provide a 
leansignature [15,16℄. These pro
esses were re
ommended for in
lusion in studies to determineHiggs boson 
ouplings in Ref. [17℄. As with the gluon fusion pro
ess, a

urate Monte Carlosimulations will be 
entral to su
h studies.Lately 
ombined Tevatron analyses of the gluon fusion and Higgs-strahlung 
hannelshave begun to show sensitivity to Higgs boson produ
tion [18℄. Presently these studiesex
lude, at the 95% 
on�den
e level, the existen
e of a SM Higgs boson with a mass inthe range 160 - 170 GeV. This ex
lusion limit largely follows from analysis of the gluonfusion 
hannel in whi
h the Higgs de
ays into a W+W− pair. Monte Carlo simulations ofHiggs-strahlung and gluon fusion pro
esses were essential in obtaining these measurements.In re
ent years resear
h in Monte Carlo simulations has seen major progress, mostsigni�
antly in the extension of existing parton shower simulations to 
onsistently in
ludeexa
t next-to-leading order 
orre
tions [19�34℄ and, separately, in the 
onsistent 
ombi-nation of parton shower simulations and high multipli
ity tree-level matrix element gen-erators [35�40℄. The �rst su

essful NLO mat
hing s
heme was MC�NLO [19�24℄ whi
hhas been realised using the HERWIG event generator for many pro
esses. This methodhas two draw ba
ks; �rst, it involves subtra
ting the parton shower approximation fromthe NLO 
al
ulation, whi
h 
an lead to unphysi
al negative weight events, se
ond, theimplementation of the method is fundamentally dependent on the details of the partonshower algorithm. In 2004 a new formalism known as POWHEG (POsitive Weight Hardest� 2 �



Emission Generator [26℄) was derived, a
hieving the same aims as MC�NLO but with theadded bene�ts of only generating physi
al, positive weight, events as they o

ur in na-ture, and of being independent of the details of the parton shower algorithm. This methodhas been already su

essfully applied to a number of phenomenologi
ally important pro-
esses [25, 27, 30�34, 41, 42℄.In this paper we des
ribe the appli
ation of the POWHEG method to Monte Carlo sim-ulations for Higgs boson produ
tion via gluon fusion and Higgs-strahlung pro
esses, withinthe Herwig++ [43, 44℄ event generator. We in
lude a 
omplete des
ription of trun
atedshower e�e
ts.1 Our primary aim is to present the ingredients used in the simulations andto validate them, where appropriate, against existing 
al
ulations.The stru
ture of the paper is as follows. In Se
t. 2 we brie�y review the main fea-tures of the POWHEG method. In Se
t. 3 we 
olle
t the essential formulae relating to theNLO 
ross se
tions, for implementation in the program. In Se
tion 4 we give details of theevent generation pro
ess for the hard 
on�gurations. This is a

ompanied by a des
rip-tion of how the hard 
on�gurations are subsequently reprodu
ed by the angular-orderedparton shower, in
luding trun
ated showering e�e
ts, in respe
t of the 
olour 
oheren
ephenomenon manifest in soft wide angle gluon emissions. In Se
t. 5 we present the re-sults of our implementation, 
omparing it to the MCFM and MC�NLO generators, beforesummarizing our �ndings in Se
t. 6.2. The POWHEG formalismThe 
entral formula in the POWHEG approa
h is derived by manipulating and modifying,through the in
lusion of formally higher order terms, the NLO di�erential 
ross se
tion,su
h that it has the same form as that given by the parton shower [26℄. For a given N -bodypro
ess this is
dσ = B (ΦB) dΦB

[
∆

R̂
(0) +

R̂ (ΦB,ΦR)

B (ΦB)
∆

R̂
(kT (ΦB ,ΦR)) dΦR

]
, (2.1)where B (ΦB) is de�ned as

B (ΦB) = B (ΦB) + V (ΦB) +

∫
dΦR

[
R̂ (ΦB,ΦR) −

∑

i

Ci (ΦB,ΦR)

]
, (2.2)with B (ΦB) the leading-order 
ontribution, dependent on the Born variables, ΦB, whi
hspe
ify a point in the N-body phase spa
e. V (ΦB) is a �nite 
ontribution arising fromthe 
ombination of unresolvable, real emission and virtual loop 
orre
tions. The remainingterms are due to the N+1-body real emission pro
esses, hen
e they have an additionaldependen
e on the radiative variables, ΦR, whi
h parametrize the phase spa
e asso
iatedwith the extra parton. The real emission term, R̂ (ΦB ,ΦR), is given by the produ
t of theparton �ux fa
tors with the relevant squared real emission matrix element, summed over1Currently, only the Herwig++ POWHEG simulation of the Drell-Yan pro
ess in
ludes a 
omplete treat-ment of trun
ated shower e�e
ts [32℄. � 3 �



ea
h 
hannel 
ontributing to the NLO 
ross se
tion. Ci (ΦB,ΦR) denotes a 
ombination ofreal 
ounterterms/
ounter-event weights, regulating the singularities in R̂ (ΦB ,ΦR). Finally,the POWHEG Sudakov form fa
tor, ∆
R̂
, is de�ned as�

∆
R̂

(pT ) = exp

[
−
∫

dΦR
R̂ (ΦB ,ΦR)

B (ΦB)
θ (kT (ΦB,ΦR) − pT )

]
, (2.3)where kT (ΦB ,ΦR) tends to the transverse momentum of the emitted parton in the soft and
ollinear limits.To O (αS) Eq. 2.1 is just the usual NLO di�erential 
ross se
tion. The analogousparton shower expression is given by repla
ing B (ΦB) → B(ΦB) and the real emission
orre
tions R̂ (ΦB ,ΦR) by their 
ollinear approximation, i.e. repla
ing the argument ofthe Sudakov form fa
tor by a sum of Altarelli-Parisi kernels. Typi
ally parton showersimulations generate an N -body 
on�guration a

ording to B (ΦB) and then shower it usingsu
h a Sudakov form fa
tor. In the POWHEG formalism the initial N -body 
on�gurationis instead generated a

ording to B (ΦB), and retained with probability ∆
R̂

(0) as a non-radiative event, or, showered to give the hardest emission with pT = kT (ΦB,ΦR), withprobability ∆
R̂

(pT ) (Eq. 2.1). Further, lower pT , emissions represent terms of next-to-next-to-leading-order (NNLO) and beyond, hen
e we 
an return to the usual parton showerformulation to simulate these. Provided the perturbative approa
h is valid, i.e. providedthe next-to-leading order terms are smaller than the leading order ones, it is 
lear fromEq. 2.2 that B (ΦB) is positive, therefore no negative weights arise.Furthermore, it is well known that when a bun
h of 
ollimated QCD 
harges emita gluon at wide angle, the intensity of the radiation is proportional to the 
oherent sumof emissions from the 
onstituents, viz. the jet parent. This e�e
t is manifest in theperturbative series as large soft logarithms. The other major triumph of the POWHEG [26℄approa
h, besides avoiding negative weights, is in rigorously de
omposing the angular-ordered parton shower into a trun
ated shower, des
ribing soft wide angle radiation, thehardest emission, as des
ribed above, and a further vetoed shower 
omprised of lower pT ,in
reasingly 
ollinear emissions.We implement the POWHEG formalism in fullness a

ording to the following pro
edure:
• generate N - and N+1-body 
on�gurations a

ording to Eq. 2.1;
• dire
tly hadronize any N -body, non-radiative, events;
• map the radiative variables parametrizing the emission into the evolution s
ale, mo-mentum fra
tion and azimuthal angle (q̃h, zh, φh), from whi
h the parton showerwould re
onstru
t identi
al momenta;
• take the initial N -body 
on�guration, ΦB , generated from B (ΦB), and evolve theemitting leg from the default initial s
ale down to q̃h using the trun
ated shower;
• insert a bran
hing with parameters (q̃h, zh, φh) into the shower when the evolutions
ale rea
hes q̃h;
• generate pT vetoed showers from all external legs.

� 4 �



3. Next-to-Leading Order Cross Se
tionsThe NLO ingredients needed to implement the POWHEG method for Higgs-strahlung pro-
esses 
an be performed in the same way as Ref. [32℄ due to the 
areful organization of theDrell-Yan di�erential 
ross se
tion in our earlier work. There we expli
itly fa
torized thereal emission 
orre
tions to the leading-order q + q̄ → l + l̄ pro
ess at the level of the phasespa
e and the real emission matrix elements. This meant that the radiative variables 
ouldbe generated 
ompletely independently from the details of the de
ay of the o�-shell ve
torboson. We refer the reader to Ref. [32℄ for details of those matrix elements.Sin
e the diagrams involved in the NLO 
orre
tions to Drell-Yan and Higgs-strahlungpro
esses are identi
al up to repla
ing the �nal-state lepton pair with a ve
tor boson anda Higgs boson, the fa
torized NLO di�erential 
ross se
tion is exa
tly the same as that inRef. [32℄ for the Drell-Yan pro
ess; one simply repla
es the q + q̄ → l + l̄ leading-ordermatrix element with that for q + q̄ → V + H throughout. No information regarding spin
orrelations is lost in this pro
edure and the full NLO distribution is generated withoutapproximation. This method is originally due to Kleiss [45,46℄ and was extended for use inour POWHEG simulation, with a view to making other pro
esses easier to implement. Dueto the 
omplexity of the 4-body �nal state (we in
lude the de
ays of V and H) and thesubtleties of the Monte Carlo algorithm, we have 
arried out detailed 
omparisons againstthe parton level NLO simulation MCFM [47℄. Results of these 
omparisons are given laterin Se
t. 5.The NLO 
ross se
tion for Higgs boson produ
tion via gluon fusion was �rst 
al
ulatedin Refs. [48, 49℄, in the in�nite top-quark mass limit. Later this 
al
ulation was improvedto exa
tly in
lude the e�e
ts of the �nite top mass in [50℄, where it was found that thein�nite top-quark mass limit provided an ex
ellent approximation to the full result; belowthe tt̄ threshold the exa
t and approximate 
al
ulations agree at the level of 10% [7℄. In thelast de
ade the NNLO 
orre
tions were also fully 
omputed by four independent groups,in the in�nite top-quark mass limit [51�55℄. More re
ently a parton level Monte Carloprogram a

urate to NNLO has be
ome available [56, 57℄. A key point arising from thistheoreti
al a
tivity is that the dominant perturbative 
orre
tions to the total 
ross se
tionoriginate from virtual and soft-gluon 
orre
tions, whi
h explains the surprising a

ura
y ofthe in�nite top-quark mass approximation for mH ≤ 2mt [58℄.In our simulation we use the in�nite top-quark mass limit. Although the NLO formulaein [48,49℄ are helpful, they were only used to 
ompute the most in
lusive of measurements,namely the total 
ross se
tion. Further work is needed to obtain a form suitable for a fullydi�erential Monte Carlo simulation. In this se
tion we 
olle
t the ingredients that arise inthe NLO 
al
ulation for g + g → H, ne
essary for the implementation of the POWHEGmethod.3.1 Kinemati
s and phase spa
eHere we restri
t ourselves to 
onsidering leading-order pro
esses of the type,
p̄⊕ + p̄⊖ → p̄1 + ... + p̄N , in whi
h all the parti
les in the N -body �nal state are eithermassive or 
olourless. For su
h pro
esses the NLO 
orre
tions may 
ontain soft singulari-� 5 �



ties and initial-state 
ollinear singularities only. The in
oming hadron momenta are labeled
P©, for hadrons in
ident from the ±z dire
tions, respe
tively. It therefore follows that themomenta of the 
olliding, massless partons, with momentum fra
tions x̄⊕ and x̄⊖, are givenby p̄© = x̄©P©. The momentum of the ith �nal-state parton produ
ed in the leading-orderpro
ess is denoted p̄i.Using p̄ to represent the sum of all p̄i, and ȳ to signify the rapidity of p̄, the phasespa
e for the leading-order pro
ess 
an be written simply as

dΦB = dx̄⊕ dx̄⊖ dΦ̂B =
1

s
dp̄2 dȳ dΦ̂B, (3.1)where dΦ̂B is the Lorentz invariant phase spa
e for the partoni
 2 → N pro
ess and s thehadroni
 
entre-of-mass energy. We refer to the variables ΦB =

{
p̄2, ȳ, Φ̂B

} as the Bornvariables, where Φ̂B parametrizes the N -body phase spa
e in the partoni
 
entre-of-massframe; for the simple 
ase of a de
aying s
alar, like the Higgs boson, the matrix elementdoes not depend on Φ̂B, whi
h 
ould therefore be trivially integrated out at this point.The NLO real emission 
orre
tions to the leading-order pro
ess 
onsist of 2 → N + 1pro
esses, p⊕+p⊖ → p1+...+pN +k, where we denote the momenta of the same N parti
lesprodu
ed in the leading-order pro
ess pi and that of the extra 
olour 
harged parton by k.For these pro
esses we introdu
e the Mandelstam variables ŝ, t̂, û and the related radiativevariables ΦR = {x, y}, whi
h parametrize the extra emission:
ŝ = (p⊕ + p⊖)2 =

p2

x
, (3.2a)

t̂ = (p⊕ − k)2 = −1

2

p2

x
(1 − x) (1 − y) , (3.2b)

û = (p⊖ − k)2 = −1

2

p2

x
(1 − x) (1 + y) , (3.2
)where p =

∑
pi. We do not expli
itly in
lude an azimuthal angle for the gluon about the

z axis, instead it is used to de�ne the +y axis relative to whi
h the azimuthal angle of theother �nal-state parti
les is measured; ultimately all generated events are randomly rotatedabout the z axis in the hadroni
 
entre-of-mass frame.To perform a simultaneous Monte Carlo sampling of the N - and N+1-body phasespa
es one has to spe
ify the integration variables. We 
hoose two of these to be the massand rapidity of the system of 
olourless parti
les, therefore p̄2 ≡ p2 and ȳ ≡ y, where yis the rapidity of p.2 An immediate 
onsequen
e of this partial mapping of the N andN+1 body phase spa
es is that the momentum fra
tions, x©, of the in
ident partons in the
2 → N + 1 pro
esses are related to those of the 2 → N pro
ess by

x⊕ =
x̄⊕√

x

√
2 − (1 − x) (1 − y)

2 − (1 − x) (1 + y)
, x⊖ =

x̄⊖√
x

√
2 − (1 − x) (1 + y)

2 − (1 − x) (1 − y)
, (3.3)where, by de�nition, p© = x©P©.2Hen
eforth we will always refer to these variables as p2 and y.� 6 �



Sin
e we restri
t ourselves to pro
esses for whi
h the NLO 
orre
tions 
ontain at mostsoft and initial-state 
ollinear singularities, the produ
t of t̂ û with the squared real emissionmatrix elements will be �nite throughout the radiative phase spa
e. Working in 
onventionaldimensional regularization, in n = 4 − 2ǫ spa
e-time dimensions, we are then able toperform an expansion in ǫ of the N+1-body phase-spa
e measure, dΦN+1, using similarmanipulations to those in Refs. [59�62℄, giving
dΦN+1 = dΦB dΦR

p2

(4π)2 x2

(
1

p2

)ǫ

cΓ J (x, y) , (3.4)where here the Born variables Φ̂B spe
ify a 
on�guration in the rest frame of p rather than
p̄. The fun
tion J (x, y) is given by

J (x, y) = [S δ (1 − x) + C (x) (2δ (1 + y) + 2δ (1 − y)) + H (x, y)]
t̂ û

ŝ2
,where

S =
1

ǫ2
− π2

6
− 4

ǫ
ln η + 8 ln2 η , (3.5a)

C (x) = −1

ǫ

1

(1 − x)ρ

− 1

(1 − x)ρ
ln x + 2

(
ln (1 − x)

1 − x

)

ρ

, (3.5b)
H (x, y) =

2

(1 − x)ρ

[(
1

1 + y

)

+

+

(
1

1 − y

)

+

]
, (3.5
)with ρ =

(∑
i

√
p2

i

)2

/ŝ and η =
√

1 − ρ. The 
onstant cΓ, whi
h appears due to the useof dimensional regularization, is given by
cΓ = (4π)ǫ Γ (1 − ǫ)2 Γ (1 + ǫ)

Γ (1 − 2ǫ)
,and the ρ-distributions are de�ned by the relation

∫ 1

ρ

dxh (x)

(
lnn (1 − x)

1 − x

)

ρ

=

∫ 1

ρ

dx (h (x) − h (1))
lnn (1 − x)

1 − x
,for any su�
iently regular test fun
tion h (x). The radiative phase spa
e 
an be parametrizedin terms of the radiative variables as

dΦR = 1
2dy dx . (3.6)The pre
ise de�nition of Φ̂B in the 
ontext of the radiative event is, in general, given bya series of boosts and rotations, denoted by B, whi
h embed the N -parti
le, leading-order�nal state in the N+1-parti
le radiative events. To assemble a radiative event 
on�gurationwe �rst 
onstru
t the N �nal-state momenta of the leading-order 
on�guration a

ording tothe de�nition of Φ̂B and, separately, the momenta of the in
ident partons and the radiatedparton k in the hadroni
 
entre-of-mass frame:

p⊕ =
1

2

√
s (x⊕, 0, 0,+x⊕) , p = (ET cosh y, 0, −pT , ET sinh y) , (3.7)

p⊖ =
1

2

√
s (x⊖, 0, 0,−x⊖) , k = (pT cosh yk, 0, pT , pT sinh yk) , (3.8)

� 7 �



where ET =
√

p2
T + p2, and

p2
T =

p2

x

1

4

(
1 − y2

)
(1 − x)2 , yk = y +

1

2
ln

(
1 + y

1 − y

)
+

1

2
ln

(
2 − (1 − x) (1 − y)

2 − (1 − x) (1 + y)

)
.(3.9)To embed the N �nal-state parti
les of the leading-order pro
ess in the radiative event we�rst transform them with a longitudinal boost, By, taking us to their rest frame. Shouldwe wish to adhere to the 
onventions in Refs. [59�62℄, we then apply a rotation to them, R,de�ned su
h that, ultimately, B will preserve the dire
tion of p⊕, i.e. with p⊕ de�ning the

+z axis in the p rest frame, and also with the transverse momentum of k de�ning the y axis.However, for the simple 
ase at hand, no su
h rotation is ne
essary sin
e the Higgs bosonde
ays isotropi
ally in its rest frame.3 A further transverse boost, BT , parallel with the yaxis, is then 
arried out, where B
−1
T is a transformation from the lab to the frame in whi
h

p has no transverse 
omponent. Finally, the inverse boost B
−1
y is applied to the N parti
les,whi
h 
learly returns them to a frame where their total rapidity is y = ȳ. Altogether theembedding boost B, to be applied to the leading-order �nal-state momenta, is given as

B = B
−1
y BT R By , (3.10)whi
h, 
ombined with p⊕, p⊖ and k in Eqs. 3.7, 3.8, 
ompletely spe
i�es the radiativekinemati
s.3.2 Di�erential 
ross se
tion for a + b → nIn this se
tion we restri
t ourselves to dis
ussing the general form of the NLO di�erential
ross se
tion for pro
esses of the type a + b → i1 + ... + iN , where n =

∑
j ij are 
olourlessparti
les, whi
h we 
olle
tively refer to as neutrals. In Se
t. 3.3 we give the squared matrixelements for g + g → H whi
h were ultimately inserted in these formulae. We reiteratethat analogous Higgs-strahlung ingredients are identi
al to those in Ref. [32℄ modulo thesubstitution of the q + q̄ → l + l̄ leading-order matrix element with that of a given Higgs-strahlung pro
ess.We de�ne the 
ombined in
ident �ux of partons of type a from hadron A, and partonsof type b from hadron B, with respe
tive momentum fra
tions x⊕ and x⊖, at a s
ale µ2, as

Lab (x⊕, x⊖) = fA
a

(
x⊕, µ2

)
fB

b

(
x⊖, µ2

)
, (3.11)where f I

i

(
xi, µ

2
) are the relevant parton distribution fun
tions (PDFs). To obtain thedi�erential 
ross se
tion for a real emission pro
ess a + b → n + c, we simply multiply therelevant squared matrix element by the phase-spa
e measure in (Eq. 3.4), Lab and the �uxfa
tor 1/2ŝ :

dσN+1
ab =

1

2ŝ
MN+1

ab (p⊕, p⊖) Lab (x⊕, x⊖) dΦN+1. (3.12)3As previously noted, the Higgs-strahlung pro
ess was simulated in a spe
ial way using the Kleiss tri
kas des
ribed in [32℄. � 8 �



In general ea
h real emission pro
ess makes three 
ontributions to the NLO di�erential
ross se
tion, one for ea
h term in the phase-spa
e measure Eq. 3.5: a soft 
ontribution
dσS0

ab proportional to δ (1 − x), 
ollinear 
ontributions dσC0±

ab proportional to δ (1 ± y), anda �nite, hard, 
ontribution dσH
ab proportional to H (x, y). The subs
ript 0 in dσS0

ab and
dσC0©

ab re�e
ts the fa
t that they are bare, divergent, quantities.For leading-order pro
esses of the type a + b → n the two initial-state partons must beeither a pair of gluons or a quark and an antiquark. The squared matrix elements for thereal emission 
orre
tions to this pro
ess, in whi
h a gluon is emitted from an initial-stateparton, a + b → n + g, fa
torize in the limit that the gluon is soft (x → 1), a

ording to
lim
x→1

MN+1
ab (p⊕, p⊖) = 8παSµ2ǫ 1

p2
2Cab

ŝ2

t̂ û
MN

ab (p⊕, p⊖) . (3.13)The 
olour fa
tor Cab is equal to CA if a and b are gluons, and CF if a is a quark and b isan antiquark or vi
e versa. The real emission pro
esses a + b → n + g are the only ones
ontributing to the 
ross se
tion in the limit x → 1, all other real emission matrix elementsare �nite in this limit, hen
e the produ
t of t̂ û with the squared matrix element vanishesthere. Hen
e, the soft 
ontribution to the NLO di�erential 
ross se
tion is
dσS0

ab =
αScΓ

2π

(
µ2

p2

)ǫ

Cab

(
2

ǫ2
− π2

3
− 8

ǫ
ln η + 16 ln2 η

)
B (ΦB) dΦB , (3.14)where B (ΦB) is the di�erential 
ross se
tion for the leading-order pro
ess

dσB
ab = B (ΦB) dΦB , B (ΦB) =

1

2p2
MN

ab (p̄⊕, p̄⊖)Lab (x̄⊕, x̄⊖) . (3.15)For an arbitrary pro
ess in whi
h an initial-state parton a, with momentum p⊕, bran
hesto produ
e a 
ollinear time-like daughter parton with momentum k = (1 − x) p⊕ and itsspa
e-like sister parton ãc, with momentum xp⊕, the squared matrix element fa
torizesa

ording to [63℄
lim

y→+1
MN+1

ab (p⊕, p⊖) =
1

p2

ŝ2

t̂ û
8παSµ2ǫ (1 − x) P̂a eac (x ; ǫ) MN

ab (xp⊕, p⊖) , (3.16)where we expli
itly show the dependen
e of the N and N+1 parton squared matrix elementson the in
ident parton momenta. Repla
ing xp© ↔ p©, a → b in the splitting fun
tion weobtain the analogous formula for the 
ase that c is emitted 
ollinear to b (y → −1). Usingthis fa
torization of the matrix element, the 
ollinear 
ontributions to the real emission
ross se
tion, arising from initial-state radiation, are seen to have the general form,
dσC0©

ab = dσS C©

ab + dσC©

ab − dσCT©

ab ,

dσS C©

ab =
αScΓ

2π

(
µ2

p2

)ǫ

C
i eic
(
p

i eic + 4 ln η
)(1

ǫ
+ ln

(
p2

µ2

))
B (ΦB) dΦB,

dσC©

ab =
αS

2π
C©

i eic (x) B© (ΦB) L̂©

ab (x⊕, x⊖)
1

x
dΦB dx, (3.17)

C©

i eic (x) =

[
1

(1 − x)ρ
ln

(
p2

µ2x

)
+ 2

(
ln (1 − x)

1 − x

)

ρ

]
(1 − x) P̂

i eic (x) − P̂ ǫ

i eic (x) ,

dσCT©

ab =
1

ǭ

αS

2π
P

i eic (x) B© (ΦB) L̂©

ab (x⊕, x⊖)
1

x
dΦB dx,

� 9 �



where i = a in the 
ase that parton a splits to produ
e parton c, and i = b for the 
ase thatparton b bran
hes to produ
e c. P̂
i eic (x; ǫ) and P

i eic (x) are the bare and regularized Altarelli-Parisi kernels given in AppendixA; C
i eic p

i eic is equal to the 
oe�
ient of the δ (1 − x) termin the latter, for the 
ase ρ = 0. The B© and L̂© fun
tions are related to the leading-orderdi�erential 
ross se
tion and parton �ux:
B⊕ (ΦB) = 1

2p2 MN
ab (xp⊕, p⊖)Lab (x̄⊕, x̄⊖) , L̂⊕

ab (x⊕, x⊖) =
Lab

“
x̄⊕
x

, x̄⊖

”

Lab(x̄⊕, x̄⊖) ,

B⊖ (ΦB) = 1
2p2 MN

ab (p⊕, xp⊖)Lab (x̄⊕, x̄⊖) , L̂⊖

ab (x⊕, x⊖) =
Lab

“
x̄⊕,

x̄⊖
x

”

Lab(x̄⊕, x̄⊖) .

(3.18)In the MS s
heme ea
h 
ollinear singular dσCT©

ab term in the 
ross se
tion is exa
tly
ompensated for by an additive 
ollinear 
ounter term identi
al to it (hen
e the CT label-ing). This amounts to absorbing the divergen
e in the PDFs, renormalizing them, hen
ewe now omit them. The only remaining divergen
es are soft and 
ollinear terms dσS C©

ab ,whi
h we absorb in the soft 
ontribution to the 
ross se
tion dσS0

ab .Absorbing the soft and 
ollinear terms dσS C©

ab in the soft 
ontribution to the 
rossse
tion Eq. 3.14, rede�nes it as
dσS0

ab = S0 B (ΦB) dΦB , (3.19)where
S0 =

αScΓ

2π

(
µ2

p2

)ǫ

Cab

[
2

ǫ2
+

2

ǫ
pa fag + ln

(
p2

µ2

)(
2pa fag + 8 ln η

)
+ 16 ln2 η − π2

3

]
. (3.20)One must 
onsider also the 
ontribution of virtual 
orre
tions to the leading-orderpro
ess as well as the real 
orre
tions above. Again, for a + b → n pro
esses, these have asimple form (see e.g. Ref. [29℄)

lim
x→1

MN V
ab (p̄⊕, p̄⊖) = V0 MN

ab (p̄⊕, p̄⊖) (3.21)with
V0 =

αScΓ

2π

(
µ2

p2

)ǫ

Cab

[
− 2

ǫ2
− 2

ǫ
pa fag −

π2

3

]
+ M̂N Vreg

ab (p̄⊕, p̄⊖) , (3.22)where M̂N Vreg

ab is the remainder of the virtual 
orre
tion, regular as ǫ → 0, divided by theleading-order squared matrix element,
M̂N Vreg

ab (p̄⊕, p̄⊖) =
MN Vreg

ab (p̄⊕, p̄⊖)

MN
ab (p̄⊕, p̄⊖)

. (3.23)The poles in ǫ in V0 will exa
tly 
an
el those in S0 making the di�erential 
ross se
tion�nite for ǫ → 0.The 
ross se
tion for the a + b → n leading-order pro
ess, 
ombined with the virtual
orre
tions and a + b → n + g real emission 
orre
tions, may then be written as
dσab = B (ΦB) dΦB + V (ΦB) dΦB + Rab (ΦB,ΦR) dΦB dΦR, (3.24)� 10 �



where V (ΦB) results from the 
ombination of the soft and virtual 
orre
tions to the 
rossse
tion (Eqs. 3.19, 3.20),
V (ΦB) = V B (ΦB) , V = S0 + V0|ǫ=0 , (3.25)and R (ΦB ,ΦR) results from the remaining 
ollinear and hard real emission 
orre
tions,

Rab (ΦB,ΦR) =
αS

2π

1

x
Rab L̂ab (x⊕, x⊖) B (ΦB) ,

Rab = 2 C⊕

a eac
(x) δ (1 − y) + 2 C⊖

b ebc (x) δ (1 + y) + Hab , (3.26)
Hab =

x t̂ û

ŝ

1

8παS

MN+1
ab (p⊕, p⊖)

MN
ab (p̄⊕, p̄⊖)

H (x, y) .Note that in writing Eq. 3.24 we have ta
itly equated MN (xp⊕, p⊖) = MN (p⊕, xp⊖) =

MN (p̄⊕, p̄⊖) in the 
ollinear term. This is possible due to our de�ning p2 = p̄2 and y = ȳin Se
tion. 3.1.The remaining 
ontributions to the full NLO di�erential 
ross se
tion are due to theprodu
tion of n via new 
hannels. For q + q̄ → n pro
esses we add 
ontributions arisingfrom the q + g → n + q 
hannel,
Rqg (ΦB ,ΦR) =

αS

2π

1

x
Rqg L̂qg (x⊕, x⊖) B (ΦB) , (3.27)

Rqg = 2 Cgqδ (1 + y) + Hqg ,

Hqg =
x t̂ û

ŝ

1

8παS

MN+1
qg (p⊕, p⊖)

MN
ab (p̄⊕, p̄⊖)

H (x, y) ,and also a set of terms due to the q̄ + g → n + q̄ 
hannel, identi
al up to the repla
ement
q → q̄ on all terms with the ex
eption of Cgq. For the g + g → n pro
ess we add a
ontribution from g + q → n + q, for whi
h Rgq has the same form as Eq. 3.27, modulointer
hanging the subs
ripts qg ↔ gq, and a further 
ontribution from the g + q̄ → n + q̄pro
ess, derived from the former by repla
ing q → q̄ on all terms but Cqg.3.3 g + g → H matrix elementsThe squared, spin and 
olour averaged, leading-order matrix element for the g + g → Hpro
ess is given by

MN
gg (p̄⊕, p̄⊖) = MN

gg =
N p4

576π (1 − ǫ)
, (3.28)where N =

α2
S

µ2ǫ

πv2 , with v the va
uum expe
tation value of the Higgs �eld and the s
ale
µ emerging from the use of 
onventional dimensional regularization. The real emissionradiative 
orre
tions 
onsist of three pro
esses: g + g → H + g; q + g → H + q; and
q + q̄ → H + g. As noted above, the singular, soft and/or 
ollinear, limits of the matrixelements, asso
iated to the ǫ poles in dΦN+1, are universal, therefore a full 
al
ulation ofthe matrix elements is only needed to multiply the H (x, y) term in dΦN+1. Sin
e the term� 11 �



proportional to H (x, y) 
ontains no poles in ǫ, the full 
al
ulation of the squared matrixelements 
an be 
arried out in four dimensions, giving,
MN+1

gg = 8παS MN
gg

3

p4

1

ŝt̂û

[
p8 + ŝ4 + t̂4 + û4

]
, MN+1

gq = 8παS MN
gg

−4

3p4

1

û

[
ŝ2 + t̂2

]
,(3.29)

MN+1
qq̄ = 8παS MN

gg

32

9p4

1

ŝ

[
û2 + t̂2

]
, MN+1

gq̄ = MN+1
gq .The squared matrix element MN+1

qg 
an be obtained from MN+1
gq by 
rossing symmetrysimply by inter
hanging û ↔ t̂.The O (αS) virtual 
orre
tions to the g + g → H pro
ess 
onsist of purely gluoni
sword�sh and triangle vertex 
orre
tions, as well as a UV 
ounter term. At NLO these
orre
tions 
ontribute to the 
ross se
tion through their interferen
e with the leading-orderamplitude, their form is pre
isely that in Eq. 3.22 with,

MV reg
gg =

αS

2π
CA

[
11

3
+

4

3
π2 − 4πb0

CA
ln

(
p2

µ2
R

)]
MB

gg , (3.30)where µR is the renormalization s
ale. When used with the general expressions in Se
t. 3.2,these are all the ingredients required to write down the B (ΦB) fun
tion and the modi�edSudakov form fa
tors for this pro
ess (Eqs. 2.2, 2.3).4. Implementation4.1 Generation of the leading-order 
on�gurationThe �rst phase of the simulation involves generating a leading-order 
on�guration by sam-pling the B (ΦB) fun
tion (see Se
t. 2, Eq. 2.2), whi
h is the NLO di�erential 
ross se
tionintegrated over the radiative variables,
B (ΦB) = B (ΦB)

[
1 + V +

∑

ab

∫
dΦR

αS

2π

1

x
Rab L̂ab (x⊕, x⊖)

]
. (4.1)Here the summation runs over all real emission pro
esses a + b → n + c 
ontributing atNLO. Sin
e the leading-order pro
ess is fa
torized inside the real emission terms Rab, the

B (ΦB) distribution 
an be generated e�
iently by just reweighting the leading-order 
rossse
tion.The dependen
y of the x integration limits on the y radiative variable, 
oupled withthe de�nitions of the ρ and plus distributions, is a signi�
ant obsta
le to the numeri
alimplementation. We may obtain �xed integration limits by a simple 
hange of variables
x → x̃, where x̃ is de�ned through the relation

x (x̃, y) = x̄ (y) + η̄ (y)2 x̃ , η̄ (y) =
√

1 − x̄ (y). (4.2)Care must be taken in implementing these 
hanges of variables in the NLO di�erential 
rossse
tion, parti
ularly with regard to the plus and ρ distributions. When the transformation� 12 �



is 
omplete only plus distributions remain sin
e, unlike x, x̃ extends over the range [0, 1] forall y. Numeri
al implementation of the B (ΦB) distribution requires all plus distributionsbe repla
ed by regular fun
tions; due to the 
hange of variables in Eq. 4.2 this is now trivialsin
e all plus distributions are to be integrated over exa
tly the domains spe
i�ed in theirde�nition 0 ≤ x̃ ≤ 1.After the 
hange of variables, the generation of the N -body 
on�gurations is te
hni
ally
arried out in the same way as in Ref. [32℄: N -body 
on�gurations are �rst generated usingthe 
orresponding leading-order Herwig++ simulation, after whi
h they are reweighted andretained with a probability proportional to the integrand of Eq. 4.1, whi
h is sampled usinga VEGAS based algorithm [64℄.4.2 Generation of the hardest emissionGiven an N -body 
on�guration generated a

ording to B (ΦB), we pro
eed to generate thelargest transverse momentum emission a

ording to the modi�ed Sudakov form fa
tor inEq. 2.3. The exponent in the modi�ed Sudakov form fa
tor 
onsists of an integral over asum of di�erent 
ontributions, one for ea
h 
hannel, a + b → n + c, given by
Wab (ΦR,ΦB) =

R̂ab (ΦB,ΦR)

B (ΦB)
=

αS

2π

1

x
Ĥab L̂ab (x⊕, x⊖) , (4.3)where Ĥab is equal to Hab with the plus and ρ regularization pres
riptions omitted.Instead of generating the hardest emission in terms of ΦR = {x, y} we �nd it more
onvenient to make a 
hange of variables to Φ′

R = {pT , yk}, de�ned in Eq. 3.9. Making this
hange of variables removes the 
ompli
ated θ-fun
tion in Eq. 2.3, repla
ing it by a lowerbound on the integration over pT :
∆

R̂
(pT ) = exp

(
−
∫ pTmax

pT

dΦR

∑

ab

Wab (ΦR,ΦB)

)
, (4.4)where the upper bound, pTmax

, is due to the usual basi
 phase-spa
e 
onsiderations. Thedistribution of the transformed radiative variables arising from ∆
R̂

(pT ) (Eq. 2.3) is sampledusing a veto algorithm [65℄, in pre
isely the same way as was done in Ref. [32℄. If anemission is generated it is re
onstru
ted from the pT and yk radiative variables a

ordingto Eqs. 3.7, 3.8.When generating the hardest emission we use a fa
torization s
ale of the transversemass of the Higgs boson or o�-shell ve
tor boson, in gluon fusion and Higgs-strahlungpro
esses, respe
tively. In both 
ases we use the pT of the boson as renormalization s
ale.This is required to 
orre
tly treat the small pT region where the POWHEG results shouldagree with the default Herwig++ parton shower.4.3 Trun
ated and vetoed parton showersThe Herwig++ shower algorithm [44,66℄ works by evolving downward in a variable relatedto the angular separation of parton bran
hing produ
ts, q̃, starting at a s
ale determinedby the 
olour �ow and kinemati
s of the underlying hard s
attering pro
ess, and ending at� 13 �



an infrared 
ut-o�, beneath whi
h further emissions are de�ned to be unresolvable. Ea
hbran
hing is spe
i�ed by an evolution s
ale q̃, a light-
one momentum fra
tion, z, and anazimuthal angle, φ. The momenta of all parti
les forming a shower 
an be uniquely 
on-stru
ted given the {q̃, z, φ} parameters of ea
h bran
hing. Sin
e the showers from ea
hparton in a given pro
ess evolve independently, from what are initially on-shell parti
les,generated a

ording to a matrix element, some reshu�ing of these momenta, after the gen-eration of the parton showers, is required to ensure global energy-momentum 
onservation.In order to 
arry out showering of N+1-body �nal states asso
iated to the generationof the hardest emission, we treat the N+1 momenta as having arisen from the showeringof an N -body 
on�guration with the Herwig++ shower. To this end we 
al
ulate thebran
hing parameters {q̃h, zh, φh} for whi
h the shower would re
onstru
t the N+1-bodysystem from an initial N -body one. Details of this inverse reshu�ing 
al
ulation were givenalready in [32℄. The POWHEG emission is subsequently regenerated in the 
ourse of a singleHerwig++ shower as follows:1. the shower evolves from the default starting s
ale to q̃h, with the imposition thatany further emissions be �avour 
onserving and of lower pT than that of the hardestemission (pTh
), the trun
ated shower ;2. the hardest emission is inserted as a set of bran
hing parameters {q̃h, zh, φh};3. the evolution 
ontinues down to the 
ut-o� s
ale, vetoing any emissions whose trans-verse momentum ex
eeds pTh

, the vetoed shower.Should the hardest emission o

ur in an area of phase spa
e that the shower 
annot pop-ulate, i.e. the wide angle/high pT dead zone (Se
t. 5.2.1), subsequent emissions will havesu�
ient resolving power to see the widely separated emitters individually. It follows thatno trun
ated shower is then required, sin
e this models 
oherent, large angle emission frommore 
ollimated 
on�gurations of partons, and so we pro
eed dire
tly to the vetoed shower.5. ResultsIn this se
tion we present predi
tions from our POWHEG simulations of the g + g → H and
q + q̄ → V + H pro
esses within the Herwig++ event generator. By 
omparing our resultsto other predi
tions, based on independent 
al
ulations and methods, we aim to validatethese realisations of the formalism.In Se
t. 5.1 we seek to 
he
k the 
al
ulation and implementation of the POWHEG NLOdi�erential 
ross se
tion and B (ΦB) fun
tions, Eqs. 2.1-2.2, we thereby 
he
k the NLOa

ura
y of the 
al
ulation and in parti
ular the generation of the Born variables (Se
t. 4.1).Te
hni
ally this is the most deli
ate part of the simulation, requiring a full 
al
ulation andnumeri
al implementation of the NLO di�erential 
ross se
tion. We 
ompare our results tothe NLO parton level Monte Carlo program MCFM [47℄ to this end.In Se
t. 5.2 we move to fo
us on distributions sensitive to the generation of the hardestemission (Se
t. 4.2) and the subsequent merging with the shower algorithm. Here we 
om-pare our results to three di�erent approa
hes: the bare angular-ordered parton shower, the� 14 �



parton shower in
luding matrix element 
orre
tions and also MC�NLO. While MC�NLO
onsistently 
ombines NLO 
al
ulations with the HERWIG parton shower, matrix element
orre
tions work to adjust the distribution of the hardest emission from the Herwig++ par-ton shower to be equal to that of the real part of the NLO 
ontribution. Matrix element
orre
tions also serve to populate an area of the real emission phase spa
e whi
h the shower
annot ordinarily rea
h, the so-
alled dead-zone, whi
h we des
ribe fully in Se
t. 5.2. Sin
ethe e�e
ts of the NLO 
ontributions on the normalisation of the results are examined indetail in Se
t. 5.1 and, moreover, the predi
tions from the shower, with and without matrixelement 
orre
tions, have leading-order normalisations, in Se
t. 5.2 we 
on
entrate on theshapes of these distributions.Note that we use the notation O (αn
S) to denote terms of order αn

S relative to the leadingorder 
ontribution.5.1 POWHEG di�erential 
ross se
tions and B (ΦB)In order to 
he
k the 
al
ulation of the POWHEG di�erential 
ross se
tion and B (ΦB)fun
tions, Eqs. 2.1-2.2, total 
ross se
tions and di�erential distributions were 
omparedbetween our POWHEG implementation and the parton level NLO program MCFM [47℄.Sin
e MCFM 
omputes the e�e
ts of �xed order (NLO) 
orre
tions to the pro
esses inquestion, these 
omparisons are performed prior to any showering of the POWHEG NLO
on�gurations by Herwig++.In 
arrying out these 
omparisons both Herwig++ and MCFM were run using theMRST2001 NLO [67℄ parton distribution set via the LHAPDF interfa
e [68℄. A �xed,
onstant, fa
torization and renormalization s
ale of 100 GeV was used, in order to eliminatesmall variations in the treatment of the running 
oupling and PDF evolution as a possiblesour
e of dis
repan
y. Also, for this part of the validation, we have assumed the Higgs bosonmass to be 115 GeV. In all 
ases the total 
ross se
tions from MCFM and our POWHEGimplementation agreed to within 0.5%.The gluon fusion pro
ess is rather simple in view of the fa
t that the s
alar Higgsboson de
ays isotropi
ally in its rest frame. Consequently the only non-trivial distributionsto 
he
k are the mass and rapidity of the Higgs boson. These distributions are plotted forthe pro
ess4 gg → H → τ+τ− in Fig. 1 and everywhere exhibit a high level of agreementwith MCFM.The Higgs-strahlung pro
ess is more involved than the gluon fusion pro
ess due tothe intermediate parti
le having spin-1 and due to our re-using the method in our earlierPOWHEG work, employing the Kleiss tri
k [45,46℄ to generate the NLO 
orre
tions indepen-dently of the details of the de
ay of the initially o�-shell ve
tor boson. Therefore, to 
he
kthe 
orre
tness of this method, one must look 
losely at the distributions of the �nal-stateparti
les, parti
ularly, on a

ount of propagating spin 
orrelation e�e
ts, the ve
tor bosonand its de
ay produ
ts.4MCFM does not implement the gg → H → γγ pro
ess.� 15 �



Figure 1: Comparisons of the POWHEG implementation in Herwig++ and the NLO parton level
ode MCFM [47℄, for the Higgs boson rapidity (yH) and mass (mH) distributions in the pro
ess
g g → H → τ+τ−. Results on the left are obtained for pp̄ 
ollisions at the Tevatron (√s = 1.96 TeV)while those on the right are for LHC pp 
ollisions (√s = 14 TeV).

Figure 2: Mass of the o�-shell virtual ve
tor boson in qq̄ → HZ and qq̄ → HW− pro
esses, inthe left and right-hand plots respe
tively. The qq̄ → HZ predi
tions are for 1960 GeV, Tevatron,proton-antiproton 
ollisions, while the qq̄ → HW− predi
tions are for 14 TeV, LHC, proton-proton
ollisions. This mass is one of the so-
alled Born variables in the NLO di�erential 
ross se
tion(see Se
t. 3.1 and Ref. [32℄). � 16 �



Figure 3: The polar angle of the ele
tron produ
ed by the ve
tor boson, in its rest frame, inHiggs-strahlung pro
esses. The uppermost plots 
on
ern the qq̄ → HW− pro
ess and the lowerplots relate to the qq̄ → HZ pro
ess. For ea
h pro
ess we have displayed the results obtainedat the Tevatron on the left and the LHC on the right. The leading-order (LO) predi
tions ofHerwig++ and MCFM [47℄ are shown as dashed lines while solid lines represent the 
orrespondingNLO predi
tions. This is a very important test of the 
orre
tness of the Kleiss tri
k, whi
h we haveused to generate the NLO 
orre
tions independently of the generation of the LO pro
ess [32℄.The variety of Higgs-strahlung pro
esses whi
h 
an be simulated by MCFM is limited,unlike Herwig++, hen
e we opted to 
arry out the Higgs-strahlung 
omparisons using thefollowing pro
esses: qq̄ → HW+ → e+νebb̄, qq̄ → HW− → e−ν̄ebb̄, qq̄ → HZ → e+e−bb̄.In Fig. 2 we show the mass of the initial o�-shell ve
tor boson, one of the Born variablesfor this pro
ess, for whi
h there is very good agreement between our POWHEG result andthat of MCFM. In Figures 2-6, we show a number of distributions with sensitivity to thedetails of the de
ay of the ve
tor boson, spe
i�
ally, the polar angle of the lepton produ
edby the de
aying, resonant, ve
tor boson in its rest frame, the pseudorapidity of the �nal-state lepton, as well as the rapidity and transverse momentum of the resonant ve
tor bosonde
aying to leptons. In all 
ases the agreement between our 
ode and MCFM is very good.
� 17 �



Figure 4: The pseudorapidity of the ele
tron produ
ed by the de
aying ve
tor boson, in
qq̄ → HW+ (left) and qq̄ → HZ (right) Higgs-strahlung pro
esses, from the POWHEG imple-mentation and also MCFM. As in Fig. 3 the predi
tions for the Tevatron are given on the left(pp̄,

√
s = 1.96 TeV) and for the LHC on the right (pp,

√
s = 14 TeV). As well as the distributionof the lepton polar angle, this is a 
riti
al test of the implementation of the Kleiss tri
k whi
hfa
torizes the generation of the LO and NLO 
al
ulations [32℄. It shows that all spin 
orrelationshave been 
orre
tly propagated through to the ve
tor boson de
ay produ
ts.5.2 Hardest emission generation and showeringIn this se
tion we fo
us on the distributions most sensitive to the generation of the hardestemission (Se
t. 4.2) and any further radiation obtained due to merging with the showeralgorithm (Se
ts. 2, 4.3). In parti
ular we study the pT spe
tra of the Higgs boson inthe gluon fusion pro
ess and the 
olourless ve
tor boson plus Higgs boson system in Higgs-strahlung pro
esses. The distributions of the rapidity di�eren
e between the leading, highest

pT , jet and the produ
ed 
olour neutral systems, yjet − yH and yjet − yVH, are given spe
ialattention, parti
ularly in view of the di�eren
es noted in previous works on the POWHEGformalism, arising between it and MC�NLO [28, 33, 41℄.Sin
e we generate the hardest emission dire
tly in terms of pT it is 
lear that the pTspe
tra are a dire
t test of this part of the work. The relevan
e of the yjet−yH and yjet−yVHdistributions to these investigations is not immediately obvious. However, the yjet−yH and
yjet − yVH variables, for one emission, 
an be expressed purely in terms of the radiativevariables x and y, they are in fa
t both equal to yk − y as given by Eq. 3.9, hen
e theyare also an ideal probe of the hardest emission generation. In order to gain some physi
alinsight into what this variable really means, we note that in the limit that the angle betweenthe radiated parton and 
olliding beam partons tends to 90o, in the partoni
 
entre-of-massframe, Eq. 3.9 approximates to

yk − y = − 2

1 + x

(
θ − π

2

)
, (5.1)where we remind the reader that θ is the angle between the emitted parton and the p⊕� 18 �



parton in that frame. Furthermore, from Eq. 3.9 one 
an see that yk −y is maximised whenthe radiated parton is anti
ollinear to p⊕ and minimised when it is 
ollinear to p⊕. Putsimply, the 
entral region of the yk − y distribution is populated by wide angle radiationwhile the tails are due to 
ollinear radiation.The jets are de�ned using the longitutinal invariant kT algorithm [69℄ with an angularmeasure ∆R =
√

∆η2 + ∆φ2, where ∆η and ∆φ are the pseudorapidity and azimuthalangle di�eren
es between two parti
les respe
tively, and the E re
omination s
heme, asimplemented in the KtJet pa
kage [70℄.In studying the Higgs-strahlung pro
ess we shall 
ompare our results to three di�erentapproa
hes, namely, the bare angular-ordered parton shower in Herwig++, the Herwig++parton shower in
luding matrix element 
orre
tions and also MC�NLO. In the 
ase of thegluon fusion pro
ess we 
ompare to a further fourth predi
tion whi
h is given by modifyingthe hard 
omponent of the matrix element 
orre
tions in Herwig++.5.2.1 The dead zoneIn order to better understand the predi
tions from the Herwig++ shower, with and withoutmatrix element 
orre
tions, and also those of MC�NLO, it will help to understand the phasespa
e available for the �rst emission in the shower approa
h.In general, given a leading-order 
on�guration, one must �rst spe
ify starting s
alesfor ea
h parton to evolve down from. The guiding prin
iple behind the 
hoi
e of startings
ales in the HERWIG and Herwig++ angular-ordered shower algorithms is as follows: giventwo 
olour 
onne
ted shower progenitor partons a and b, progenitor a 
annot emit any softradiation into the hemisphere de�ned by the dire
tion of progenitor b, in the rest frame of aand b, and vi
e-versa. This avoids any double 
ounting of the phase spa
e5. In other words,the starting s
ales are �xed by 
onstraining that, in the limit of soft emissions, the two jetregions, of the �rst emission phase spa
e (those whi
h either progenitor 
an emit into) meetsmoothly and do not overlap. If one then plots, in the full phase spa
e, the 
ontours towhi
h these values of the evolution variables 
orrespond to, one �nds three regions: a jetregion into whi
h progenitor a 
an emit, a jet region into whi
h progenitor b 
an emit and afurther region into whi
h neither 
an emit, the so-
alled dead zone. We show exa
tly thesephase-spa
e regions for the HERWIG [71, 72℄ and Herwig++ [44, 66℄ algorithms in Fig. 7,taking the 
ase of gluon fusion at LHC energies as an example.At this point we wish to remind the reader that in the distributions of yjet − yH and
yjet − yHV whi
h follow, the region around zero 
orresponds to the emission of the jet atright angles to the 
olliding partons in the partoni
 
entre of mass frame (Eq. 5.1). Thisin turn 
orresponds to the region either side of the line y = 0 in the phase map shown inFig. 7, along whi
h the volume of the dead zone is maximised.In Fig. 8 we superimpose, on the x, y phase-spa
e map of the gluon fusion pro
ess,four 
ontours 
orresponding to 
onstant values of pT : 10 GeV, 40 GeV, 80 GeV and mH.This was done for the three s
enarios whi
h we study using the Monte Carlo predi
tions,5In pra
ti
e, in the 
ase of HERWIG, there is a small amount of overlap in the phase spa
e allotted toea
h shower progenitor, although the algorithm later 
orre
ts for this by a vetoing pro
edure.� 19 �



Figure 5: The rapidity distributions of the resonant ve
tor boson in the Higgs-strahlung pro-
esses, obtained with MCFM and the Herwig++ POWHEG implementation. The left-hand plot wasobtained 
onsidering the qq̄ → HW− pro
ess while the right-hand plot relates to the qq̄ → HZpro
ess. As with the previous �gures, on the left-hand side we show predi
tions for the Tevatronand, on the right, predi
tions for the LHC. This is another fundamental test of the fun
tioning ofthe Kleiss tri
k, sin
e, in using this tri
k, the generation of the radiative variables is 
ompletelyindependent of the generation of the de
ay of the virtual ve
tor boson viz. the Higgs boson and theresonant ve
tor boson.

Figure 6: The transverse momentum of the Z boson in Higgs-strahlung events at the Tevatron,
ompared to MCFM. On the right hand side we show an analogous 
omparison for the LHC. Thisdistribution is a further 
on�rmation that the Kleiss tri
k is working 
orre
tly, sin
e it is sensitiveto the details of the �nal state and not simply the produ
tion of the initial o�-shell ve
tor boson.spe
i�
ally, a Higgs boson mass of 160 GeV at Tevatron energies (1960 GeV), a Higgs bosonmass of 115 at LHC energies (14 TeV) and �nally a Higgs boson mass of 300 GeV, also at� 20 �



1x1/s
_

max
1

y

- 1

shower a

shower b

Herwig++ dead zone

[ LHC mH=115 GeV ]

1x1/s
_

max
1

y

- 1

shower a

shower b

Herwig dead zone overlap

[ LHC mH=115 GeV ]

Figure 7: The full radiative phase spa
e is given by the bla
k re
tangle in the x, y plane, boundingthe plots on the right. The minimum kinemati
ally allowed value of x is shown as 1/s̄max = p2/s.The region into whi
h two 
olour 
onne
ted partons a and b 
annot emit radiation, a

ording to theHerwig++ and HERWIG shower algorithms, is marked `dead zone' on the left- and right-hand plotsrespe
tively. In both algorithms, radiation into this dead zone is only possible with the help of ahard matrix element 
orre
tion. Unlike Herwig++, in the 
ase of the HERWIG algorithm there is aregion of phase spa
e whi
h is double 
ounted by the showering from a and b marked `overlap'; thisdouble 
ounting is ultimately 
orre
ted for by a veto pro
edure. These plots 
orrespond spe
i�
allyto the 
ase of a 115 GeV Higgs boson being produ
ed via the gluon fusion pro
ess at LHC energies,although their form does not 
hange signi�
antly for the other pro
esses we 
onsider.LHC energies. In doing this we see that restri
ting the phase spa
e to regions with higherand higher pT leads to the expe
ted result, namely, that the dead zone begins to �ll theallowed region.For the three s
enarios we 
onsider, Fig. 8 shows that a 
ut of pT >80 GeV alreadyleads to a great redu
tion in the area of phase spa
e populated by the shower, while for
pT > mH the allowed region is fully 
ontained within the dead zone. Similar plots areobtained for the Higgs-strahlung pro
ess by simply repla
ing the Higgs boson mass used inthe 
al
ulation of the gluon fusion phase spa
e, by the typi
al mass of the 
olourless ve
torboson plus Higgs boson system (Fig. 2 shows this to be in the range 200-300 GeV). Themaps in Figs. 7 and 8 are key to a good understanding of the results in Se
ts. 5.2.2, 5.2.3.As noted earlier, the dead zone of phase spa
e, into whi
h the shower 
annot emit, 
anbe �lled with the aid of a hard matrix element 
orre
tion. This involves populating thatregion a

ording to the single real emission matrix element squared [44, 73℄. In prin
iplethis is a simple pro
edure, sin
e the dead zone does not run into any singular regions ofphase spa
e6: given an underlying N -body 
on�guration one sele
ts whether an emissioninto the dead zone o

urs a

ording to the 
onditional probability,

PHW
dead (ΦB) = 1 − exp

[
−
∫

dead
dΦR

R̂ (ΦB ,ΦR)

B (ΦB)

]
, (5.2)and, if an emission is to be generated, it is distributed a

ording to the single real emissionmatrix element squared in
luding PDFs (R (ΦB,ΦR)). Negle
ting terms beyond NLO a
-6Although the `throat' of the dead zone in Herwig++ tou
hes the soft boundary, it does so only in avanishing region of the dead zone phase spa
e, whi
h is anyway 
ut o� by the gluon mass regulator used inthe shower. � 21 �



1x1/s
_

max
1

y

- 1

shower a

shower b

dead zone

[ TVT mH=160 GeV ]

1x1/s
_

max
1

y

- 1

shower a

shower b

dead zone

[ LHC mH=115 GeV ]

1x1/s
_

max
1

y

- 1

shower a

shower b

dead zone

[ LHC mH=300 GeV ]

Figure 8: Radiative phase spa
e in the x, y plane, as in Fig. 7 but with 
ontours 
orrespondingto 
onstant values of pT superimposed in green, from lightest to darkest (right to left) respe
tivelythese are, pT =10 GeV, pT =40 GeV, pT =80 GeV and pT = mH . The region into whi
h the twoshower progenitors 
annot emit radiation is again marked `dead zone'; for HERWIG this area isbounded in red while for Herwig++ it lies between the magenta lines. The three plots 
orrespondto the three s
enarios under study in the remainder of the paper: a Higgs boson of mass 160 GeVat the Tevatron, a Higgs boson of mass of 115 GeV at the LHC, and a Higgs boson of mass 300GeV also at the LHC. The area with emissions pT > mH is entirely within the dead zone in alls
enarios.
ura
y, PHW
dead (ΦB), integrated over the Born variables, gives the fra
tion of the NLO 
rossse
tion whi
h the dead zone would 
ontribute.In all 
ases the hard matrix element 
orre
tion is a

ompanied by a soft matrix element
orre
tion, whi
h 
orre
ts the distribution of the hardest emission in the parton showerregions so that it is also given by R (ΦB,ΦR). The 
ombination of the soft and hard matrixelement 
orre
tions ensures that, to O (αS), the distribution of real radiation is exa
tlymat
hed either side of the dead zone boundaries, i.e. any sensitivity on the position of thedead zone boundary will be at the level of O (α2

S

) terms, whi
h should not be logarithmi
allyenhan
ed sin
e the boundary is predominantly in the high pT region.The same exa
t mat
hing at O (αS) is true in the MC�NLO program, whi
h feedsevents to the HERWIG parton shower. In this 
ase the generation of the �rst emissionis done a

ording to the full NLO di�erential 
ross se
tion with additional, resummed,higher order 
orre
tions entering in the shower regions of the phase spa
e. Sensitivity tothe dead zone boundary is present in the NLO 
al
ulation through the shower subtra
tionterms, whi
h are required to avoid double 
ounting of the NLO 
ontributions through thesubsequent showering with HERWIG. Ultimately, in MC�NLO, one has that the emission� 22 �



rate in the shower regions is given by the resummed rate in the shower's Sudakov formfa
tor, 
orre
ted at O (αS), while in the dead zone it is related to the fra
tion whi
h thatarea 
ontributes to the total NLO 
ross se
tion. This is mu
h like the 
ase of the matrixelement 
orre
tion pro
edure and, as with that method, any mis-mat
h between the showerregion and the dead zone should therefore again relate to unenhan
ed O
(
α2

S

) terms. Westress that, unlike the matrix element 
orre
tion method, the MC�NLO program in
ludesalso exa
t NLO virtual 
orre
tions to the pro
ess in the event generation pro
ess, givingfull NLO a

ura
y. However, as we now wish to fo
us on the shapes of the distributionssensitive to the e�e
ts of real radiation, negle
ting the overall normalisation, di�eren
esarising from virtual 
orre
tions only enter the results through terms beyond NLO a

ura
y.This last point is addressed further at the beginning of Se
t. 5.2.2.As we have already des
ribed in Se
ts. 2 and 4, the POWHEG method generates thehardest emission 
ompletely independently of the detailed workings of the shower, it maybe 
onsidered as being a pT ordered shower in its own right, albeit for a single emission.Unlike the other methods, POWHEG therefore has no dependen
e whatsoever on the deadzone boundary and the way in whi
h it generates the hardest emission generation is thesame throughout the whole phase spa
e.5.2.2 Gluon fusionIn this subse
tion we 
ompare our POWHEG simulation against predi
tions from the bareangular-ordered parton shower in Herwig++, the Herwig++ parton shower in
luding matrixelement 
orre
tions and MC�NLO. We also 
ompare against a further predi
tion from thematrix element 
orre
tion (MEC) pro
edure, in whi
h we de
rease the rate of emission intothe dead zone by unenhan
ed terms of O (α2
S

), by 
hanging the denominator in PHW
dead (ΦB)from B (ΦB) to B (ΦB):

PHW
dead (ΦB) → PNLO

dead (ΦB) =

∫

dead
dΦR

R̂ (ΦB,ΦR)

B (ΦB)
. (5.3)Whereas integrating PHW

dead (ΦB) over the Born variables gives the fra
tion of the NLO 
rossse
tion 
ontributed by the dead zone negle
ting higher order terms, performing the sameintegral with PNLO
dead (ΦB) gives this fra
tion exa
tly7. Although it should be obvious to thereader that this is te
hni
ally only an alteration at the level of terms beyond NLO a

ura
y,we do not wish to give the impression that it is a priori a small 
hange, at least not forthe gluon fusion pro
ess (re
all Fig. 1). We expe
t that this alteration should mean thatthe modi�ed MEC predi
tions should reprodu
e well the rate at whi
h MC�NLO emitsradiation into the dead zone.In �gure 9 we show the pT spe
trum of the Higgs boson and also that of the hardest jet.One 
an see that the pT spe
tra at the Tevatron are less hard than those obtained at theLHC, as one would expe
t given the greater 
entre-of-mass energies of the latter. One alsoexpe
ts that, at the LHC, the larger mass of a 300 GeV Higgs boson would automati
allygive rise to it having a harder spe
trum than that of a 115 GeV Higgs boson, this is indeedthe 
ase for all �ve Monte Carlo predi
tions.7For this reason we 
hoose to distinguish the modi�ed probability by the supers
ript NLO.� 23 �



Figure 9: Transverse momentum spe
tra for the Higgs boson and the leading, highest pT , jet,obtained using Herwig++ with matrix element 
orre
tions (bla
k), Herwig++ without matrix ele-ment 
orre
tions, i.e. the un
orre
ted parton shower (dotted), MC�NLO (blue) and our POWHEGsimulation inside Herwig++ (red). The green 
urve is obtained by modifying the hard 
omponentof the matrix element 
orre
tions, to de
rease the amount of radiation produ
ed in the asso
iatedhigh pT , wide-angle, dead-zone, by terms beyond next-to-leading-order a

ura
y. This modi�
ationis dis
ussed further in Se
t. 5.3. � 24 �



In ea
h of our three phenomenologi
al s
enarios we see that the behaviour of the dif-ferent simulations is more-or-less the same with respe
t to one another. The e�e
t of theradiation dead zone is very 
lear as a sharp knee in the spe
tra from the un
orre
ted Her-wig++ parton shower (bla
k dotted lines), as the transverse momentum approa
hes theHiggs boson mass. Only the e�e
ts of multiple emission mean that this is not an abrupt
ut o� (Fig. 8). As predi
ted, turning on the MECs and hen
e �lling the dead zone inHerwig++, leads to a spe
trum in mu
h better agreement with all of the other methods(bla
k lines). A very slight kink is still visible in this default MEC predi
tion, whi
h wealready fore
ast in Se
t. 5.2.1 as a mis-mat
h, at O (α2
S

), a
ross the dead zone boundary.The modi�ed MEC (green dotted lines) shows a similar trend with respe
t to theun
orre
ted parton shower predi
tion, although it 
omes as no surprise that it has a softerspe
trum than the regular MEC, simply be
ause the rate of emission into the dead zone isredu
ed by an amount approximately given by the NLO K-fa
tor 
f. Eqs. 5.2, 5.3. Fromour earlier investigations 
on
erning the dead zone one should expe
t that the di�eren
e inthe emission rates in Eqs. 5.2 and 5.3 dire
tly manifests itself as the same relative di�eren
ein the upper values of the pT spe
tra of the Higgs boson and the leading jet. This is indeedseen to be the 
ase in Fig. 9, where the unmodi�ed MEC predi
tion is around a fa
tor oftwo higher than the modi�ed one on the right-hand side of ea
h plot.In all 
ases the Herwig++ NLO POWHEG predi
tion (red lines) is seen to be in very
lose agreement with the predi
tions obtained using the normal MEC pro
edure (bla
klines). As we shall dis
uss more in Se
t. 5.3, we attribute this to the fa
t that the emissionrates for the MEC method and the POWHEG implementation 
an be expe
ted to 
onvergeto the same value at high pT .The MC�NLO pT spe
tra are in general somewhat softer than those of the MEC pro-
edure and POWHEG NLO predi
tion, they tend to lie between the predi
tion obtainedusing the modi�ed MEC (green dotted lines) and the Herwig++ POWHEG/default MEClines. Good agreement between the MC�NLO and modi�ed MEC predi
tions 
an be seenfor the 
ase of a 115 GeV Higgs boson at the LHC, similarly, the agreement in the 
aseof the Tevatron is good below 200 GeV, however, for a 300 GeV Higgs boson at the LHCthe agreement is not as good as hoped beyond pT ≃ mH. We suggest that these dis
rep-an
ies arise from presen
e of an improvement introdu
ed between versions 3.2 and 3.3 ofMC�NLO, with the aim of improving the des
ription of the Higgs boson pT spe
trum [22℄.In �gures 10 and 11 we show the distribution of the rapidity di�eren
e between theleading jet and the Higgs boson, for in
reasingly hard 
uts on the pT of the jet. Startingagain with the bare parton shower predi
tion (bla
k dotted lines), for ea
h s
enario and ea
hvalue of the pT 
ut on the leading jet, the stru
ture is broadly the same, the distributionrises from the tails at either side of the plot into a hump before falling again into a verydeep dip in the 
entre, at yjet − yH = 0. � 25 �



Figure 10: In the left hand 
olumn we show distributions of the di�eren
e in rapidity betweenthe leading jet and a Higgs boson of mass 160 GeV at the Tevatron, for in
reasing 
uts on the pTof the leading jet. For a single emission, in the region 
lose to zero, this variable is proportional tothe angle between the emitted parton and the transverse dire
tion in the partoni
 
entre-of-massframe (Eq. 5.1). In the right hand 
olumn we show the 
orresponding jet multipli
ity distributions.The bla
k and dotted lines show the predi
tions obtained using Herwig++ with and without matrixelement 
orre
tions, respe
tively. The blue line shows the predi
tion from MC�NLO and the redline is that of our POWHEG simulation in Herwig++. The green line is obtained using a modi�edversion of the hard matrix element 
orre
tion, e�e
tively de
reasing the amount of radiation thatthis method produ
es in the high pT , dead zone, by terms beyond NLO a

ura
y (see Se
t. 5.3).� 26 �



Figure 11: Distributions of the di�eren
e in rapidity between the leading jet and the Higgs bosonin the gluon fusion pro
ess at the LHC, for in
reasing 
uts on the pT of the leading jet. The series ofplots on the left hand side are obtained for a Higgs boson of mass 115 GeV, while those on the right
orrespond to a Higgs boson of mass 300 GeV. The 
olour assignment of the various predi
tions isdes
ribed inset, it is the same as for earlier Tevatron predi
tions in Fig 10.
� 27 �



These vol
ano formations are a dire
t manifestation of the radiation dead zone; thevolume of the dead zone is maximised along the dire
tion 
orresponding to wide angleradiation in the partoni
 
entre-of-mass frame, y ≈ 0, θ ≈ π
2 (Se
t. 5.2.1, Figs. 7, 8) and the

yjet−yH variable is proportional to θ − π
2 (Se
t. 5.2, Eq. 5.1). The only thing whi
h maythen be slightly surprising is that the distribution does not in fa
t go exa
tly to zero at

yjet − yH = 0, this is simply due to the e�e
ts of multiple emissions (the phase spa
e inFigs. 7 and 8 is only exa
t for the 
ase of a single emission).Looking in more detail at the stru
ture of the un
orre
ted Herwig++ predi
tions, wesee that the throat in ea
h of vol
ano distributions widens as the pT 
ut on the hardestjet is in
reased. This broadening o

urs be
ause the dead zone a

ounts for proportionallymore and more of the smaller/less wide angle regions of the phase spa
e as the pT in
reases.This trend of the broadening throat with the hardening of the pT 
ut is therefore visible inea
h of the three s
enarios we 
onsider and it will 
ome as no surprise that the same o

ursfor the Higgs-strahlung pro
ess.The hard matrix element 
orre
tion begins to �ll in the 
entral throat region by emittingwide angle radiation into the dead zone. Nevertheless, both the modi�ed and unmodi�edMEC results 
arry some residual sensitivity to the dead zone boundary, as eviden
ed bytheir inheritan
e of dips in the 
entral region, dips whi
h follow the same trend as that setby the un
orre
ted parton shower, to broaden and deepen as the pT 
ut on the hardest jetis in
reased. We attribute this dip behaviour as being almost entirely due to the mis-mat
hin the emission rate a
ross the dead zone boundary, whi
h o

urs for terms beyond NLOa

ura
y, as dis
ussed in Se
t. 5.2.1. This 
on
lusion may not appear to hold for the 115GeV Higgs boson when the pT 
ut on the jet rea
hes 80 GeV. However, in this plot, theabsen
e of a dip a
tually reinfor
es our assertion, as 
an be seen by 
onsulting the 80 GeV
pT 
ontour in the 
orresponding phase-spa
e map; this 
ontour shows that the allowedregion for emissions is almost identi
ally in the dead zone, so any mat
hing a
ross the deadzone boundary and, 
onversely, any mis-mat
hing, is extremely limited in this spe
ial 
ase.Having understood how the dead zone is manifest in the rapidity di�eren
e plots,the di�eren
es observed between the modi�ed and unmodi�ed MEC methods are ratherunremarkable: sin
e the emission rate of the modi�ed MEC into the dead zone is redu
edby around a fa
tor of two with respe
t to the unmodi�ed 
orre
tion, the former emits morewide angle radiation and so populates the 
entral region of the yjet−yH to a greater extent.Although the HERWIG program has a slightly di�erent phase-spa
e 
overage for itsparton showers (Figs. 7, 8), they are apparently not so di�erent, parti
ularly away from thesoft region. Considering the region of the phase spa
e allowed by just a 10 GeV pT 
ut(Fig.8) it is already 
lear that the 
overage by HERWIG and Herwig++ is really very similarand that it is basi
ally identi
al by the time the 
ut rea
hes 80 GeV. The predi
tions of theun
orre
ted HERWIG shower, whi
h showers the positive and negative unit weight eventsfed to it from MC�NLO, will then be very similar to those shown here for Herwig++, inparti
ular, the vol
ano stru
tures in the yjet − yH distributions. This being the 
ase, it isunderstandable that the MC�NLO distributions (blue lines) also exhibit dips in the 
entralregion, and that the behaviour of these dips with the varying pT 
ut follows that of theMEC method; we also note that a number of these results are markedly similar to those� 28 �



obtained using the modi�ed MEC.Before dis
ussing the POWHEG results we reiterate that this method is wholly indepen-dent of the details of the partitioning of phase spa
e in the shower algorithms, it generatesthe NLO emission e�e
tively as a self 
ontained pT ordered parton shower, albeit with NLOa

ura
y, and thereby 
ir
umvents su
h issues. Hen
e, the appearan
e of a slight dip inthe distributions of yjet − yH 
annot be explained in the same way as those seen in thepredi
tions of the Herwig++ shower, with or without the MECs, nor those of MC�NLO.The 
entral dip appearing in the POWHEG results alters the height of these distributions,in all 
ases, by less than 5%, it is therefore 
hara
teristi
 of the un
ertainties typi
al ofNNLO 
al
ulations, and is many times smaller than those seen in the other predi
tions.Given the smallness of the e�e
t, its absen
e in the Tevatron distributions, and also thefa
t that it exhibits no dis
ernible response to the 
hanging pT 
ut, we 
annot 
omment onits origin.Finally we note that only the POWHEG predi
tions 
learly exhibit the expe
ted physi
albehaviour on in
reasing the pT 
ut: that the yjet − yH distribution should be
ome squeezedtoward the 
entral region, as the phase spa
e available for small angle emissions, whi
hpopulate the tails, be
omes redu
ed relative to the phase spa
e available for wide angleemissions. This trend is somewhat obs
ured in the distributions predi
ted by the othermethods.At this point we do not wish to give the impression that the dips exhibited by the MECand MC�NLO predi
tions are in
orre
t. It is our 
ontention, however, that these predi
tions
an be 
onsistently explained by as
ribing the origin of the dips to a mis-mat
h at O (α2
S

) inthe emission rates either side of the dead zone boundary. Although the dead zone boundaryis an unphysi
al partition in the phase spa
e, we stress that the mis-mat
h involves termsbeyond the stated a

ura
y of either method. Looking ahead, beyond NLO a

ura
y, itshould then be the 
ase that the MEC and MC�NLO approa
hes fail to approximate anyhigher order terms, while the POWHEG method, being independent of any kind of arti�
ialphase spa
e partitioning, should fare mu
h better.In �gure 10 we also show jet multipli
ity distributions asso
iated to ea
h of the Tevatron
yjet−yH plots. As expe
ted, these plots show, in all 
ases, that the jet multipli
ity distribu-tion de
reases rapidly as the pT 
ut on the leading jet is in
reased, with only ∼5% of events
ontaining a jet on
e the 
ut rea
hes 80 GeV. In the 
ase of the soft pT 
ut (pT>10 GeV)one 
an see that the POWHEG approa
h predi
ts events with lower multipli
ity than theother methods (whi
h broadly agree with one another).5.2.3 Higgs-strahlungIn �gure 12 we 
ompare the transverse momentum spe
tra of the Higgs boson and Wboson assuming a 160 GeV Higgs boson mass at the Tevatron and Higgs boson masses of115 GeV and 300 GeV at the LHC. In ea
h 
ase we 
ompare the results obtained using theun
orre
ted Herwig++ parton shower, the parton shower with MECs, MC�NLO and ourPOWHEG implementation. All four approa
hes agree remarkably well. The fa
t that theun
orre
ted, leading-order, parton shower predi
tion agrees so well with the other methods,whi
h in
lude at least the NLO real emission 
orre
tions, indi
ates that these distributions� 29 �



are rather insensitive to the emission of additional radiation, therefore one should not expe
tto see di�eren
es among the more sophisti
ated approa
hes.On the right of �gure 13 we show the rapidity of the leading jet in qq̄ → ZH events.These rapidity distributions are 
on
entrated more in the 
entral region in the 
ase of theTevatron than the LHC. This behaviour 
an be inferred from the fa
t that there is morephase spa
e available for extra radiation at LHC energies. The same line of reasoning alsoexplains why the rapidity distribution in the 
ase of the 300 GeV Higgs boson at the LHCis also more 
entral than that of the 115 GeV Higgs boson. There is a tenden
y in allof the plots for the MC�NLO distributions to 
ontain more events in the tails, 
onversely,the POWHEG results show more jets produ
ed in the 
entral region. The predi
tions fromthe un
orre
ted parton shower and the parton shower with a MEC lie between those ofMC�NLO and POWHEG, with the former being slightly 
loser to MC�NLO and the latter
loser to POWHEG.The plots on the left of �gure 13 are a more interesting test of our methods, they showthe transverse momentum of the 
olourless Z -Higgs boson system and also the rapidity ofthe hardest jet in the same qq̄ → ZH events. The pT of the ve
tor boson plus Higgs bosonsystem is generated dire
tly by the Higgs-strahlung POWHEG simulation. As in the 
ase ofthe gluon fusion pro
ess we see that the POWHEG results and those of the parton showerin
luding matrix element 
orre
tions are essentially the same, and that both are harder thanthe 
orresponding MC�NLO predi
tion. However, the degree by whi
h the latter predi
tionsare above those of MC�NLO is signi�
antly redu
ed with respe
t to that seen in the gluonfusion 
ase. We again attribute this to the relative di�eren
es in the rate of emission intothe dead zone, in the MEC method this o

urs with probability PHW
dead (ΦB) (Eq. 5.2) whilein MC�NLO the analogous probability will be essentially given by the fra
tion whi
h thedead zone 
ontributes to the total NLO 
ross se
tion i.e. PNLO

dead (ΦB) (Eq. 5.3). Sin
e thedenominators in these emission probabilities di�er by an amount of order the NLO K-fa
tor the di�eren
es arising in the gluon fusion 
ase should be large whereas they shouldbe small in the Higgs-strahlung 
ase. It is di�
ult to see it 
learly at the upper end ofthese Higgs-strahlung pT spe
tra but the MC�NLO result is below that of POWHEG andthe MEC methods by roughly 30%, whi
h is 
ompatible with the enhan
ement due to theNLO 
orre
tions seen in the 
omparisons with MCFM in e.g. Fig. 2.In �gures 14 and 15 we show distributions of the rapidity di�eren
es yjet − yZH and
yjet − yWH, for the qq̄ → WH and qq̄ → ZH pro
esses, at the Tevatron and LHC respe
-tively. These plots display the same features and trends as seen in the gluon fusion 
ase. Asbefore, the un
orre
ted parton shower predi
tions give rise to vol
ano shaped distributionsdue to the dead zone in the phase spa
e and in
reasing the pT 
ut on the leading jet againhas the e�e
t of broadening the throat, re�e
ting the fa
t that the dead zone o

upies anin
reasingly large fra
tion of the allowed phase spa
e.� 30 �



Figure 12: Transverse momentum spe
tra for the Higgs boson (left) and the W± boson in
qq̄ → HW± events obtained using Herwig++ with and without matrix element 
orre
tions (bla
kand bla
k dots respe
tively), MC�NLO (blue) and our POWHEG simulation inside Herwig++ (red).The �rst uppermost predi
tions, for the Tevatron, are obtained assuming a Higgs boson mass of160 GeV. The following four plots are analogous proje
tions for the LHC for Higgs boson masses of115 GeV and 300 GeV.
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Figure 13: On the left we 
ompare predi
tions for the transverse momentum spe
trum of the
olourless �nal-state system 
omprised of the Z and Higgs boson (left) in qq̄ → ZH events. Fromtop to bottom, respe
tively, these results are obtained for Tevatron energies with a Higgs bosonmass of 160 GeV, LHC energies with a Higgs boson mass of 115 GeV and LHC energies with aHiggs boson mass of 300 GeV. On the right hand side we show the 
orresponding distributions forthe rapidity of the leading, highest pT , jet. The 
olour assignment for the di�erent approa
hes usedis shown inset, and is the same as that in Fig. 12.� 32 �



The MEC and MC�NLO methods emit radiation into the dead zone, �lling the throatregion in the yjet − yWH and yjet − yZH plots, however, they still exhibit a 
lear sensitivityto the dead zone boundary whi
h is manifest as irregularities in the 
entral regions of thedistributions. For the 
ase that the pT 
ut on the leading jet is soft, pT >10 GeV, the MECpredi
tions show a tiny, sharp dip around the 
entre, while those of MC�NLO show theformation of a small tower in the same pla
e. This is plainly a mis-mat
h of O (α2
S

) termsa
ross the phase-spa
e partition. As the pT veto in
reases the dips in the MEC predi
tionstend to deepen and in the 
ase of MC�NLO, the small towers turn to small dips. In all
ases the POWHEG distributions are smooth, exhibiting no irregular vol
ani
 features, asexpe
ted, furthermore they are more 
on
entrated in the 
entral region than all of the otherpredi
tions, indi
ating a tenden
y to emit proportionally more wide angle radiation.We point out that in all of the MEC and MC�NLO predi
tions the residual e�e
ts ofthe phase-spa
e dead zone are felt mu
h less strongly in the 
ase of Higgs-strahlung thanin gluon fusion. These behaviours are less marked for the same reason that the MC�NLOand POWHEG pT spe
tra agree better for Higgs-strahlung than for gluon fusion: the fa
tthat the NLO 
orre
tions are substantially smaller for Higgs-strahlung means B (ΦB) isless di�erent to B (ΦB) and so the O
(
α2

S

) di�eren
es in the rates at whi
h ea
h methodpopulates the dead zone are greatly redu
ed, 
f. Eqs. 5.2, 5.3.5.3 Emission rates in the dead zoneIn this subse
tion we present an heuristi
 dis
ussion of the rates with whi
h ea
h approa
hemits into the high pT region. In parti
ular we 
onsider the area of phase spa
e 
orrespond-ing to transverse momenta pT > mn, where mn is the mass of the 
olourless �nal-statesystem. This region is 
ompletely 
ontained within the dead zone and the 
ontributionwhi
h it makes to the 
ross se
tion is not logarithmi
ally enhan
ed (Se
t. 5.2.1).From Eq. 5.2 it follows that the probability for Herwig++ to generate an emission with
pT > mn is

PHW
mn

(ΦB) =

∫

mn

dΦR1

R̂1 (ΦB,ΦR1
)

B (ΦB)
, (5.4)where the omitted higher-order terms in the exponential series are negligible, not simplybe
ause they 
arry higher powers of the 
oupling 
onstant but also, signi�
antly, be
ausethe 
ontribution to the total 
ross se
tion from this region is in general very small. In Eq. 5.4

R̂1 (ΦB ,ΦR1
) is, as before, the real single-emission matrix element squared, in
luding �uxfa
tors and PDFs, and ΦB and ΦR1

are the Born and radiative variables parametrisingthe two-body phase spa
e. The lower limit on the integral signi�es that it extends overall available phase spa
e above pT > mn. Our adding a subs
ript `1' to ea
h R, has nosigni�
an
e here but it will be useful later, in dis
ussing NNLO 
orre
tions.� 33 �



Figure 14: In the left-hand 
olumn are distributions of the di�eren
e in rapidity between theleading jet and the 
olourless W−Higgs boson system, in qq̄ → HW± events at the Tevatron,for in
reasing 
uts on the pT of the jet. For a single emission, the 
entral value yjet − yHW = 0
orresponds to a 
on�guration where the W -Higgs boson and the 
olliding partons travel at right-angles in the partoni
 
entre-of-mass frame (Eqs. 3.9, 5.1). In the plots on the right-hand sidewe show the 
orresponding jet multipli
ity distributions. The bla
k and dotted lines show thepredi
tions obtained using Herwig++ with and without matrix element 
orre
tions respe
tively.The blue line shows the predi
tions of MC�NLO and the red line 
orresponds to our POWHEGsimulation inside Herwig++. � 34 �



Figure 15: Distributions of the di�eren
e in rapidity between the leading jet and the Higgs bosonin the qq̄ → ZH pro
ess at the LHC, for in
reasing 
uts on the pT of the leading jet. The series ofplots on the left hand side are obtained for a Higgs boson of mass 115 GeV, while those on the right
orrespond to a Higgs boson of mass 300 GeV. The 
olour assignment of the various predi
tions isdes
ribed inset, it is the same as for earlier Tevatron predi
tions for qq̄ → HW± in Fig 14.
� 35 �



The fra
tion of MC�NLO events with emissions in this region is given by the 
orre-sponding fra
tion of the NLO 
ross se
tion
PNLO

mn
(ΦB) =

∫

mn

dΦR1

R̂1 (ΦB ,ΦR1
)

B (ΦB)
. (5.5)For what follows it will be useful to note that if we expand the denominator in Eq. 5.5,negle
ting terms O (α3

S

) and above, we have
PNLO

mn
(ΦB) =

∫

mn

dΦR1

R̂1 (ΦB,ΦR1
)

B (ΦB)

(
2 − B (ΦB)

B (ΦB)

)
. (5.6)In POWHEG the Sudakov form fa
tor, ∆

R̂
(pT ) in Eq 2.3, is the probability that noradiation is emitted from the leading-order partons in evolving from the maximum kine-mati
ally allowed transverse momentum, down to pT . Hen
e a POWHEG simulation willemit radiation into the same high pT region with probability PPH

mn
= 1−∆

R̂
(mn). Negle
t-ing kinemati
ally suppressed O

(
α2

S

) terms, as in the 
ase of the MEC, this gives,
PPH

mn
=

∫

mn

dΦR1

R̂1 (ΦB ,ΦR1
)

B (ΦB)
. (5.7)Comparing Eqs. 5.4 and 5.7, we see that the emission rates in the high pT region, fromPOWHEG and the MEC, are the same up to the s
ale used in the strong 
oupling 
onstant(in the former it is pT while in the latter it is mT ). These 
orresponding emission ratesare evident in the pT spe
tra in Figs. 9 and 13. It is also 
lear that MC�NLO will emitinto this region less often than the other two sin
e, whereas the POWHEG and Herwig++simulations have an emission probability inversely proportional to the Born 
ross se
tion

B (ΦB), the probability of emission in MC�NLO is inversely proportional to the, larger,NLO 
ross se
tion, B (ΦB). This argument is also supported by what we have seen in the
pT spe
tra. Essentially we have

PHW
mn

≈ PPH
mn

≈ KPNLO
mn

(5.8)where K is the relevant NLO K-fa
tor. For pro
esses with smaller K-fa
tors the di�eren
esin the population of the dead zone in ea
h approa
h should not di�er too mu
h butMC�NLOwill be systemati
ally softer than POWHEG and Herwig++.Is one of these probabilities more 
orre
t than the others? In Ref. [41℄ the authors
ompared the Higgs boson pT spe
trum from their POWHEG simulation to NNLO predi
-tions [56, 57℄ and found that they agreed better than those of MC�NLO. The amount ofradiation produ
ed in the high pT dead zone in the 
ase of the �xed order, NNLO, MonteCarlo used in Ref. [41℄ should be the relevant fra
tion of the NNLO 
ross se
tion
PNNLO

mn
(ΦB) =

∫

mn

dΦR1

[
R̂1 (ΦB ,ΦR1

) + R1+1 (ΦB ,ΦR1
) +

∫
dΦR2

R2 (ΦB ,ΦR1
,ΦR2

)

]

÷ dσNNLO (ΦB) , (5.9)where the sum of the last two terms in the numerator represents the �nite 
ombination ofthe one-loop single emission matrix element interfering with the tree-level single emission� 36 �



matrix element, and the squared double emission matrix element respe
tively, in
ludingPDF and �ux fa
tors. Sin
e the numerator of PNNLO
mn

is O (αS), if we omit terms O (α3
S

) in
PNNLO

mn
we 
an repla
e the NNLO di�erential 
ross se
tion in the denominator by the NLOone (Eq. 3.24), when
e it follows that

PNNLO
mn

(ΦB) =

∫

mn

dΦR1

R̂1 (ΦB ,ΦR1
)

B (ΦB)

[
1 − B (ΦB)

B (ΦB)
+

R1 (ΦB,ΦR1
)

R̂1 (ΦB,ΦR1
)

]
, (5.10)where B (ΦB) was de�ned in Eq. 2.2 and R (ΦB,ΦR1

) is de�ned analogously as
R1 (ΦB ,ΦR1

) = R̂1 (ΦB,ΦR1
) + R1+1 (ΦB,ΦR1

) +

∫
dΦR2

R2 (ΦB,ΦR1
,ΦR2

) .(5.11)Whereas the NNLO rate has R1 in the numerator all of the others just 
ontain theterm 
orresponding to the squared single emission matrix element R̂1. Repla
ing R1 → R̂1in Eq. 5.10 gives Eq. 5.6. We 
an 
onsider B/B and R1/R̂1 as K-fa
tors for the pro
esses
gg → H and gg → H+jet, di�erential in ΦB and {ΦB,ΦR1

}, respe
tively. One 
an see fromEqs. 5.7 and 5.10 that if these two K-fa
tors 
oin
ide so too will the rates for the POWHEGand NNLO 
al
ulations. In fa
t this seems to be more-or-less the 
ase for gg → H and
gg → H + jet pro
esses, whi
h have very similar K-fa
tors of around 1.6 / 1.7 [74℄. It thenseems quite feasible that the pT spe
trum of the Higgs boson in gluon fusion should bebetter modelled by the POWHEG approa
h, as was found to be the 
ase in Ref. [41℄.Equation 5.10 does not tell us that POWHEG will generally reprodu
e higher ordersbetter than MC�NLO. A

ording to Eq. 5.10 if R1/R̂1 is more-or-less one and B/B issigni�
antly greater than one then MC�NLO will give a better estimate of PNNLO

mn
than thePOWHEG approa
h.6. Con
lusionIn this work we have fully realized the POWHEG NLO mat
hing pres
ription for Higgsboson produ
tion via gluon fusion and Higgs-strahlung pro
esses, within the Herwig++Monte Carlo event generator, in
luding trun
ated shower e�e
ts to 
orre
tly in
lude 
olour
oheren
e.The 
ross se
tions and parton level NLO distributions were found to be in very goodagreement with the MCFM NLO Monte Carlo. The shapes of the emission spe
tra fromthe full simulation, in
luding parton shower e�e
ts, are seen to broadly agree well with theolder matrix element 
orre
tion method and also MC�NLO.We observe that the pT spe
tra from the MC�NLO program tend to be softer thanthose of POWHEG and the matrix element 
orre
tion method. We as
ribe this e�e
t todi�eren
es, at the level of O (α2

S

) terms, beyond the stated a

ura
y of all approa
hes, inthe rate at whi
h they emit radiation into the so-
alled dead zone, asso
iated to high pTand wide angle emissions. We have been able to estimate the magnitude of the relativedi�eren
e with a fair degree of su

ess and, based on this line of reasoning, we presentedan argument for why the POWHEG method appears to better reprodu
e the NNLO Higgsboson pT spe
trum in gluon fusion. � 37 �



Separately, we have shown that a mis-mat
h between terms of this magnitude manifestsitself as marked sensitivity to the unphysi
al dead zone partition, for the predi
tions of therapidity di�eren
e distributions yjet − yH and yjet − yVH, for both the matrix element
orre
tion method and MC�NLO. These distributions a
quire irregularities in the 
entralregion 
orresponding to wide angle emissions. This would seem to rule out the possibilityof these two methods giving a good approximation of unenhan
ed NNLO e�e
ts in thesedistributions. Conversely, the POWHEG predi
tions for these distributions are smooth andphysi
al in appearan
e, by 
onstru
tion, they have no sensitivity to the dead zone partition.At present there is no known method of 
onsistently in
luding exa
t NNLO �xed order
al
ulations within a parton shower simulation. An approximate means of doing this,involving the reweighting of PYTHIA [65℄ and MC�NLO events su
h that they reprodu
e
ertain NNLO distributions, has been re
ently 
arried out in Ref. [75℄. Based on the�ndings dis
ussed above, it is our expe
tation that applying the same reweighting te
hniqueto POWHEG events should lead to further improvements in those predi
tions.Both the gluon fusion and Higgs-strahlung simulations we have presented here are al-ready available in Herwig++2.3. The algorithm we have used to implement the POWHEGformalism, spe
i�
ally that part 
on
erning the inverse mapping of the hardest emissionkinemati
s to a set of shower variables has further appli
ations in multi-leg mat
hing pro-
edures e.g. the CKKW method [35,36℄. Likewise, the general formulae leading to Eqs. 3.4,3.24, for the phase spa
e and di�erential 
ross-se
tion for a + b → n, 
an be readily usedto implement other NLO 
al
ulations su
h as those in Refs. [59�61℄. This work is alreadyat an advan
ed stage and will appear in the forth
oming version of Herwig++.A
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tion Pole, PAI, P6/11.A. Regularized and unregularized splitting fun
tionsThis appendix 
ontains the splitting fun
tions needed in the NLO 
al
ulations. The bare(spin averaged) splitting fun
tions in n = 4 − 2ǫ dimensions are of the form
P̂

i,eic (x; ǫ) = P̂
i,eic (x) + ǫP̂ ǫ

i,eic (x) ,where � 38 �



P̂gg (x) = 2CA

[
x

1 − x
+

1 − x

x
+ x (1 − x)

]
, P̂ ǫ

gg (x) = 0,

P̂qq (x) = CF

[
1 + x2

1 − x

]
, P̂ ǫ

qq (x) = −CF (1 − x) ,

P̂qg (x) = CF

[
1 + (1 − x)2

x

]
, P̂ ǫ

qg (x) = −CF x,

P̂gq (x) = TR [1 − 2x (1 − x)] , P̂ ǫ
gq (x) = −2TR x (1 − x) + O (ǫ) .We write the `
ustomary' regularized Altarelli-Parisi equations kernels using the ρ-distributionsas

P
i,eic (x) = P ρ

i,eic (x) + C
i,eic

(
p

i,eic + 4 ln η
)

δ (1 − x) ,where
P ρ

gg (x) = 2CA

[
x

(1 − x)ρ

+
1 − x

x
+ x (1 − x)

]
, Cgg = CA, pgg =

2πb0

CA
,

P ρ
qq (x) = CF

[
1 + x2

(1 − x)ρ

]
, Cqq = CF , pqq =

3

2
,

P ρ
qg (x) = CF

[
1 + (1 − x)2

x

]
,

P ρ
gq (x) = TR

[
x2 + (1 − x)2

]
,and
b0 =

1

4π

(
11

3
CA − 4

3
TRnlf

)
,with all other p

i,eic and C
i,eic being equal to zero.Referen
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