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Odd Khovanov Homology
and Higher Representation Theory

Léo Schelstraete Pedro Vaz

Abstract

We define a supercategorification of the ¢-Schur algebra of level two and an odd analogue
of gly-foams. Using these constructions, we define a homological invariant of tangles, and
show that it coincides with odd Khovanov homology when restricted to links. This gives a
representation theoretic construction of odd Khovanov homology. In the process, we define a
tensor product on the category of chain complexes in super-2-categories which is compatible
with homotopies. This could be of independent interest.
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1 Introduction

Odd Khovanov homology [47] is a homological invariant of links categorifying the Jones polyno-
mial. It agrees with Khovanov homology [34] modulo 2, but the two homologies are distinct in
the sense that one can find pairs of knots distinguished by one but not the other, and vice-versa
[55]. The appearance of odd Khovanov homology sparked interests in finding odd analogues to
known categorified and geometric structures [6, 7, 8, 20, 22, 27, 28, 29, 31, 32, 38, 45], motivated by
their relation to Khovanov homology. In particular, Khovanov homology is known to be related
to higher representation theory by the work of Webster [58] using categorification of tensor prod-
ucts and the work of Lauda, Queffelec and Rose [37] using categorical skew Howe duality. In this
article, we give an odd analogue of the latter approach, initiated in [56], leading to a representation
theoretic construction of odd Khovanov homology.

In a nutshell, Lauda-Queffelec-Rose’s construction can be described as follows. Recall that
the ¢-Schur algebra of level two is the algebra of fundamental representations of Uy (gly). Lifting
skew Howe duality [10] to the categorical level, one can define a categorification of the latter as a
cyclotomic quotient of categorified Uy (gl,,) [42]; in particular, this categorifies the R-matrix as a
length-two complex. The topological (or combinatorial) counterpart of this construction is given
by gly-foams [3, 35], singular surfaces providing a suitable notion of cobordisms between webs.
Mapping categorified intertwiners to gl,-foams defines a so-called foamation 2-functor:

categorification
of the ¢-Schur algebra

foamation 2-functor { 2-category }
%
of level two

of gl,-foams

Finally, using the foamation 2-functor one can identify the invariant arising from the categorified
R-matrix with Khovanov homology, or rather with its extension to tangles defined using gl,-
foams [3].

The odd analogue of a 2-category is a super-2-category [6]. In [56], the second author defined
a superalgebra which can be seen as an odd analogue of the KLR algebra [36, 51] of level two for
the A,, quiver. Taking a cyclotomic quotient of this construction leads to a supercategorification
of the negative half of the ¢-Schur algebra of level two. We extend it to a supercategorification of
the ¢-Schur algebra of the level two (Section 3), giving an odd analogue of [42] in the level two
case. We also introduce super gl,-foams as some singular surfaces equipped with a suitable Morse
function (Section 2) and explain how they fit into a super-2-category. This gives an odd analogue
of the 2-category of gl,-foams, together with an odd analogue of the foamation 2-functor:

supercategorification
of the ¢-Schur algebra
of level two

superfoamation 2-functor super-2-category
of super gly-foams

In Section 4, we use super gl,-foams to define a homological invariant of tangles. We then show
that it coincides with odd Khovanov homology when restricted to links. As our invariant coincides
with not even Khovanov homology defined in [56] through the super foamation 2-functor, not even
Khovanov homology coincides with odd Khovanov homology when restricted to links, as conjec-
tured in [56]. Finally, constructing our invariant requires a suitable notion of tensor product on
chain complexes in super-2-categories: this is done in Section 5. Such a tensor product was first
constructed in the first author’s Master thesis [54]. To the authors’ knowledge, this has not yet
appeared elsewhere in the literature and could be of independent interest. As this last section is
more technical (although not difficult), the reader will find a minimal version in Subsection 4.1,
sufficient for the purpose of Section 4.



Our invariant also gives a relatively simple extension to tangles of odd Khovanov homology.
In [44], Naisse and Putyra gave another extension of odd Khovanov homology to tangles based
on arc algebras, building on previous work of Putyra [48] and Naisse-Vaz [45]. They conjectured
that their construction coincides with the construction of the second author in [56]. By construc-
tion, our tangle invariant coincides with the tangle invariant define by the second author in [56].
Following their conjecture, Naisse and Putyra’s construction should coincide with ours.

This remains an open problem.

Supercategorification is known to be related to super Lie theory. For instance, consider the case
of sly, associated to the Cartan datum consisting in a single vertex. The Lie superalgebra osp;,
similarly arises from the Cartan super datum consisting in a single odd vertex. Hill and Wang
introduced in [30] (see also the series of papers [12, 15, 16, 17, 18, 19]) a covering quantum group
Uy (sl2) defined over Q(gq)[r](7% — 1), such that setting 7 = 1 recovers Uy(sly) while setting
7 = —1recovers Uy(05p;|2). On the other hand, Ellis and Lauda [28] constructed a supercategori-
fication of U, »(sl2), later reformulated (and extended to other super Cartan data) by Brundan and
Ellis [7] (see also the beginning of Section 3 for further references). Given those interactions, it was
conjectured that an odd homology should correspond to a covering quantum group (resp. a Lie
superalgebra), with odd Khovanov homology corresponding to Uy (sl2) (resp. ospy|o). However,
an explicit connection between odd Khovanov homology and 0sp, |, remains an open problem (see
however [14, 21]). We conjecture that a further careful study of our construction can lead to such
a connection.

Let us also note that under some assumptions [30], the only Lie superalgebras in finite type are
the 0sp |5, Lie superalgebras. This suggests that an odd 502y, 11-link homology should exists. This
is further corroborated by the work of Mikhaylov and Witten [43] on link homologies associated
to 509,41, where the sla = s03 case is conjectured to coincide with odd Khovanov homology. See
also [28] for a discussion.

In order to simplify the exposition, we restricted this introduction to the super, or Z/2Z-
graded, case. In order to encompass both even and odd Khovanov homology, the rest of the article
considers the more general setting of graded-2-categories. This includes the tensor product on
chain complexes in graded-2-categories.

Also, note that in this article we do not address the problem of showing that our super-2-
category of gly-foams is sufficiently non-degenerate (see Theorem 2.23 for a precise statement),
on which most of our results rely. This is addressed in [53] (in preparation).

The end of this introduction provides an extended summary of the paper, with extra historical
and motivation notes. We suggest the casual reader to start there.

1.1 Acknowledgments

We thank James MacPherson, Grégoire Naisse, Kris Putyra, Louis-Hadrien Robert and Paul Wedrich
for interesting discussions. L.S. was supported by the Fonds de la Recherche Scientifique — FNRS
under the Aspirant Fellowship FC 38559. P.V. was supported by the Fonds de la Recherche Scien-
tifique — FNRS under Grants no. MIS-F.4536.19 and CDR-J.0189.23.

1.2 Extended summary

1.2.1 Super-2-categories

A super-2-category [6] (or 2-supercategory) is a certain categorical structure akin to a linear 2-
category where the interchange law is twisted by the data of a Z/2Z-grading, or parity, on the



2Hom-spaces. Diagrammatically, this is pictured as follows:

Q
Q
Q
Q

B a

Here |a| and | 3| denote the respective parities of the 2-morphisms « and 3. Note that in particular,
a super-2-category is not a 2-category endowed with extra structure.

1.2.2 0Odd Khovanov homology

The original construction of Khovanov homology consists in introducing a hypercube of resolutions
associated to every link diagram, using a suitable 2-dimensional TQFT to algebrize the hypercube,
and turning the hypercube into a chain complex by assigning signs to its edges following the
Koszul rule. In that case, the commutative Frobenius algebra associated to the TQFT is the algebra

Z[z] /x>
0Odd Khovanov homology is constructed in a similar fashion, only with the exterior algebra
A(x1, .. ., T,) taking the role of Z[x1, ..., x,]/(22, ..., 22). Of course, the exterior algebra is not

a commutative Frobenius algebra, and so the associated TQFT is only a projective TQFT in the
sense that it is only functorial up to signs. Somehow miraculously, it was shown in [47] that this
defect in functoriality can be balanced out when assigning signs to the hypercube. This however
requires a much more intricate sign assignment than the Koszul rule, based on a case-by-case
analysis of possible squares in the hypercube.

As the anti-commutativity in the exterior algebra is controlled by a Z /27Z-grading, it is natural
to wonder whether one could give a construction of odd Khovanov homology using a super-2-
category. Ideally, the superstructure would control all signs appearing in odd Khovanov homology,
that is, all interchanges of saddles. One solution, pursued by Putyra [48], is to pull-back the TQFT
to linear relations on cobordisms. This provides an analogue for odd Khovanov homology of Bar-
Natan’s “picture-world” construction of (even) Khovanov homology. In this context, a merge is
even and a split is odd:

Uuono2IIp Surpear

even odd

However, the superstructure only partially controls interchanges of saddles, and one still needs to
use the intricate sign assignment from the original construction. Also, it does not generalize in an
obvious way to tangles, as whether a saddle is a split or a merge is a global property. See however
[44] for an answer to this.

This suggests that one should look further away from the original construction. Heuristically,
it is plausible that different choices of TQFT’s, identical up to signs, lead to the same invariant.
After all, this is the take-home message of odd Khovanov homology: sign issues on the level of
the TQFT can be balanced out when choosing a sign assignment on the hypercube. In this article,
we show that a solution is given by super gl,-foams.



1.2.3 Super gl,-foams

An important early-day problem on Khovanov homology was also about signs. Namely, Kho-
vanov’s original construction is not properly functorial under link cobordisms, but only so up
to signs. Solutions to this problem were provided by numerous authors [9, 13, 52, 57]. A solution
introduced by Blanchet [3] used foams, certain decorated singular surfaces first introduced by Kho-
vanov in his definition of s(3-Khovanov homology [35] and generalized to gl,, for n > 3 in [41].
Adapting this construction to the n = 2 case, Blanchet defined a functorial version of Khovanov
homology using gl,-foams.! The proof of functoriality was later generalized to all gl,,-link homolo-
gies in [25]. In practice, working with gl, instead of sl; leads to better-behaved constructions. This
comes down to the fact that in the former case, the fundamental representations \’(C(g)?) and
N\*(C(g)?) are not isomorphic, and keeping track of this distinction leads to a better control on
signs (see [37, 1F] for a discussion).

In this article, we show that the same heuristic gives control on signs in odd Khovanov ho-
mology. That is, we define a super-2-category of gly-foams (see Section 2) and use it to define
a homological invariant of oriented tangles that coincides with odd Khovanov homology when
restricted to links. Note that by using gl,-foams instead of cobordisms with corners, saddles come
in two kinds, either zip or unzip:

uorpaarp Surpear

even odd

In this way, we have an even saddle and an odd saddle. This is the main ingredient that leads to
fundamentally different properties in the super-2-category of gl,-foams, compared to its non-super
counterpart.

1.2.4 0Odd Khovanov homology is a super tensor product of chain complexes

Once given the super-2-category of gl,-foams, defining a homological invariant of oriented tangles
is straightforward in most aspects. It follows the usual scheme of a categorified Kauffman bracket:
we assign length-two complexes to crossings and take an appropriate tensor product (more pre-
cisely, a horizontal composition). This assigns a complex to every sliced oriented tangle diagram,
whose homotopy type is shown to be an invariant of the associated oriented tangle.

The only step requiring extra work is the last step: taking an appropriate tensor product.
This is done in Section 5 for a subclass of chain complexes called polyhomogeneous complexes. A
homogeneous complex is a chain complex in a super-2-category such that each differential is homo-
geneous (although the parity can differ at distinct homological degrees), and a polyhomogeneous
complexes is a tensor product of homogeneous complexes. This tensor product is coherent with
homotopies in the following sense:

Main theorem A (Theorem 5.10). In any super-2-category, there exists a well-defined tensor product
on polyhomogeneous complexes such that if A} and A3 (resp. B and B3 ) are homotopic polyhomo-
geneous complexes, then so are A} ® B} and A5 ® Bs3.

IBlanchet called them enhanced sl -foams, but as they were later understood to be related to gl, rather than sly, we
call them gl,-foams.



If all differentials are even, this recovers the usual Koszul rule for chain complexes in linear
2-categories.

In Section 4, we describe the construction of a tangle invariant using super gl,-foams. We then
show the following theorem, which is the main result of this paper:

Main theorem B (Theorem 4.3). Our construction coincides with odd Khovanov homology when
restricted to links.

1.2.5 A supercategorification of the ¢-Schur algebra of level two

As explained already in the beginning of the introduction, we construct in Section 3 a supercatego-
rification of the ¢-Schur algebra of level two, together with a super foamation 2-functor into the
super-2-category of gly-foams. This gives in particular a supercategorification of the R-matrix,
whose image under the super foamation 2-functor recovers our previously constructed invariant
of tangles. In particular:

Main theorem C. The supercategorification of the q-Schur algebra of level two together with the
super foamation 2-functor provide a representation theoretic construction of odd Khovanov homology.

See the beginning of Section 3 for more references.

2 A Graded-2-category of gl,-foams

In this section, we define a graded-2-category of gl,-foams GFoam, that categorifies the category
of gly-webs Weby. This can be viewed as a graded analogue of gl,-foams a la Blanchet [3]. See
also [2, 23, 24] for further studies of gl,-foams. More precisely, the graded-2-category GFoam,
gives a graded analogue of the category of directed gly-foams as defined in [49] (see Remark 2.16).

We define graded-2-categories in Subsection 2.1. Let us emphasize that a graded-2-category
is not a 2-category with extra structure. Subsection 2.2 recalls the definition of Web, and Sub-
section 2.3 defines GFoam, . We then introduce in Subsection 2.4 a string diagrammatics specific
to graded gly-foams: this is necessary for computation, given that isotopies now depend on the
underlying Morse function, contrary to the non-graded case. Finally, Subsection 2.5 shows that
GFoam, categorifies Weby.

2.1 Graded-2-categories

We define the notion of graded-2-categories, which generalizes the notion of super-2-categories [7]
to allow gradings with generic abelian groups. Taking this abelian group to be Z/27Z recovers
the notion of super-2-categories. Graded-2-categories appeared in [5].! A similar definition also
appeared in [48] in the context of algebras, under the name of chronological algebras. See also [6]
for an in-depth study of superstructures, including non-strict versions. Our exposition is a direct
generalization to the graded case of the exposition given in [7] for super-2-categories (which they
call 2-supercategories).

Throughout the section we fix G’ an abelian group and R a unital commutative ring. We denote
R* the abelian group of invertible elements in R equipped with the multiplicative structure. We
also fix an R*-valued bilinear form p on G, that is a Z-bilinear map

w: G x G— R*.

"We thank James MacPherson for pointing out this reference to us.



Recall that a R-module V is said to be GG-graded if it is equipped with the data of a direct sum
decomposition V' = @, Vy. We write deg(v) = g whenever v € V,. An R-linear map
f: ®96G Vy — ®g€G W, between two G-graded R-modules is said to be graded if there ex-
ists h € G such that f(V,) C Wy, for all g € G. In that case, we say that f is of degree
deg f = h. If deg f = 0, we say that f is degree-preserving. Note that this equips the R-module
Homp(V, W) with a G-grading.

Denote by R-Modg the category of G-graded R-modules, and by R—Mod% the wide subcat-
egory of R-Modg consisting only of degree-preserving R-linear maps. The category R-Modg
admits a standard monoidal structure, defined on objects V' = €p gec Vgand W = P gec Wy by
the formula

VoW, = @ Vo @ Wey,

(gl’QQ)GGXG
9192=9g

and on morphisms f and g by the formula (f ® g)(v ® w) = f(v) ® f(w). However, one can give
an alternative definition using the data of the grading and the bilinear form p:

Definition 2.1. The (G, ;1)-graded tensor product is defined on objects as V ®@g, W =V @ W
and on morphisms as

(f ®caug)(v g w) = pu(degv,deg g) f(v) @q,u g(w).

Equipped with this graded tensor product, R-Mod¢ is not in general a monoidal category.
Indeed, morphisms respect the following graded interchange relation:

(f ®cug)o(h®@ay k)= p(degg,degh)(foh)®cu(gok). (1)

We now define the proper categorical structures that encompass this behaviour.

Definition 2.2. A G-graded R-linear category is a (R-ModY, ®)-enriched category. A G-graded
R-linear functor is a (R-ModY, ®)-enriched functor.

In other words, A G-graded R-linear category is a category such that each Hom is a G-graded
R-module, and such that composition is R-bilinear and preserves the grading in the sense that
deg(f o g) = deg f + degg. A G-graded R-linear functor is a functor between two G-graded
R-linear categories that restricts to a degree-preserving GG-graded R-linear map on Homs.

Denote by R-Catg the category of small G-graded R-linear categories and (G-graded R-linear
functors. For A and BB two G-graded R-linear categories, their (G, p)-graded-cartesian tensor prod-
uct is the G-graded R-linear category A M, B such that ob(A K¢ , B) := ob(.A) x ob(B) and

HOHlA]gG#B((a, b)a (Ca d)) = HOIH_A((I, C) ®G,u HomB(b7 d)

Most importantly, the composition in AN , B is given by the graded interchange relation (1). This
makes A Xg , B a G-graded R-linear category. Moreover, one can check that X , is associative
and unital, giving R-Cat¢ the structure of a monoidal category.

Definition 2.3. A (G, u)-graded-2-category is a R-Catg-enriched category. A (G, p)-graded-2-
functor is a R-Catg-enriched functor.

In particular:

Definition 2.4. A (G, uu)-graded-monoidal category is a G-graded R-linear category C together
with the data of a unit object and a G-graded R-linear functor ®q ,,: C Mg, C — C satisfying the
same unital and associativity axioms as for a strict monoidal category.



For instance, the (G, 11)-graded tensor product from Definition 2.1 assembles into a G-graded
R-linear functor ®¢ ,,: R-Modg Mg ,, R-Modg — R-Modg, making R-Modg a (G, j1)-graded-
monoidal category.

Any 2-category that is both R-linear and G-graded as a R-linear 2-categoryis a (G, u)-graded-
2-category, with p the trivial map. In general though, the converse is not true. In particular, a
generic (G, pu)-graded-2-category is not a 2-category.

Remark 2.5. Instead, a graded-2-category can be viewed as rather degenerate instance of a (3,2)-
linear Gray category. Recall that a Gray category is a semi-strict 3-category with particular 3-
morphisms, called interchange generators, that capture the interchange law on 2-morphisms. It is
(3,2)-linear if it has a linear structure on both 2-morphisms and 3-morphisms. A graded-2-category
is a (3,2)-linear Gray category whose 3-morphisms only consist of interchange generators.

2.1.1 Diagrammatics for graded-2-categories

Let C be a (G, )-graded-2-category. Unpacking Definition 2.3, C consists of objects Cy together
with a G-graded R-linear category C(a,b) for each pair of objects (a,b). We denote C;(a,b)
its objects and for f,g € Ci(a,b), we denote Co(f,g) the Hom-space of morphisms from f to
g. Elements of Ci(a,b) and Ca(f, g) are respectively called 1-morphisms and 2-morphisms. A 2-
morphism a € Ca(f, g) can be pictured using string diagrams, akin to the string diagrammatics
for 2-categories:

Note that we read from right to left and from bottom to top. 2-morphisms in C also comes equipped
with two compositions, the horizontal composition xo and the vertical composition x1. The vertical
composition denotes all the compositions in the categories G-graded R-linear C(a, b). It is pictured
by stacking the 2-morphisms atop each other:

The horizontal composition is the composition for the underlying category of C, that is, the category
obtained by forgetting the data of the 2-morphisms. It extends to a linear and degree-preserving
horizontal composition on 2-morphisms. It is pictured by putting the two 2-morphisms side-by-
side:



To avoid clutter, we leave regions unlabelled for now. Ambiguity in the order of compositions is
resolved by the rule “compose first horizontally, then vertically”. For instance:

/

g g

5 B
= ((5 *0 /8) *1 (’)/ *0 Oé)

Contrary to 2-categories, it is in general not the same as “compose first vertically, then horizon-
tally”. Indeed, in a graded-2-category sliding a 2-morphism past another vertically comes at the
price of an invertible scalar. This is the graded interchange law:

/ / /

g

Q
Q@
NS
Q
ks

B @a = = p(degf,dega)

(63
o f o f s

In particular, one must be careful with the relative vertical positions of 2-morphisms. To avoid
confusion, in this paper we always draw string diagrams such that no two 2-morphisms lie on the
same vertical level. One can make an exception for 2-morphisms with trivial grading, as those can
slide vertically without adding scalars. Finally, as customary already in the string diagrammatics
of 2-categories, we usually do not picture identities.

Definition 2.6. We say that p is symmetric if u(g, h)u(h,g) =1 forall g, h € G.

Note that 4 is automatically symmetric in the super case G = 7Z/27Z. If i1 is symmetric, the
scalar appearing in the graded interchange law depends only on the relative vertical positions of
the 2-morphisms:

8 a
= p(deg B, deg ) ;

o f rFor

In other words, passing « up 3 always adds the scalar u(deg o, deg 3), regardless of their respec-
tive horizontal position.

2.1.2 More categorical preliminaries

We review the graded additive closure of a (G, u)-graded-2-category, as well as its Grothendieck
group and its Karoubi envelope. This follows the standard definitions for 2-categories.

We refer to [26, chap. 11] for a review on additive and graded closure at the one-categorical
level. Fix a (G, p)-graded-2-category C. We say that C is Z-graded if it is enriched over the category
of pre-additive categories. Note that this grading is in principle independent of the G-grading. We
say that C is with shifts if it admits a (G, p)-graded-2-automorphism {1} which is the identity on



objects. In particular, each G-graded-category C(a, b) is with shifts. Any Z-graded (G, p)-graded-
2-category C naturally embeds in a (G, i1)-graded-2-category with shifts C", its graded closure, by
taking the graded closure of each G-graded-category C(a, b) and setting

(e f{n} = g{m}P)xo(a’s f{n'} = g'{m'}) = (axoe): (Fxof){n+n} = (gxog ) {m+m'}

The G-grading of a: f{n} — g{m} is the G-grading of a: f — g.

A (G, n)-graded-2-category C is additive if each G-graded R-linear category C(a, b) is additive
and the horizontal composition is bilinear with respect to the direct sum. Any (G, uu)-graded-2-
category C naturally embeds in an additive (G, u)-graded-2-category C®, its additive closure, by
taking the additive closure of each G-graded R-linear category C(a, b), and extending the hori-
zontal composition bilinearly. If C is Z-graded, then so is C®. The graded additive closure of C is
the additive closure of its graded closure. In the context of an additive (G, u)-graded-2-category
with shifts, we use the shorthand

o = flen+ 1} @ f{-n}@...® f{n—1}

with f a 1-morphism and n € N.

If C is an additive (G, p)-graded-2-category, its (split) Grothendieck group Ko(C) is the pre-
additive category with the same objects as C and with each hom-space K(C)(a, b) being the split
Grothendieck group Ko (Home(a, b)). If C is with shifts, then K((C) is a Z[q, ¢~ !]-linear category.

If C is an additive (G, ;1)-graded-2-category, its Karoubi envelope Kar(C) is the (G, j1)-graded-
2-category with the same objects as C and with each hom-space Kar(C)(a, b) being the Karoubi
envelope Kar(C(a, b)). If C is with shifts, then so is Kar(C).

2.2 gl,-webs

In our context, a gly-web is a certain trivalent graph, smoothly embedded in R x [0, 1], that we
view as a morphism in a certain category defined below. Objects, called weights, are elements of
the following set:

A, = |_|{)\E{1,2}k‘A1++)\k:d}
keN

For each A\ € Ay with k coordinates, we can define a labelling on its coordinates
Iv:A{l,....k} = {1,....d}

by setting [\ (i) = >_;_; i+ 1. Forinstance, [(1,1 21) = (1,2,3,5). Foreseeing the string diagram-

matics, we call this label the colour of the coordinate. The identity web of a weight is pictured as a

juxtaposition of straight vertical lines in R x [0, 1], decorated as single (black) or double (orange)
lines:

2 . 2
di21) = I

R x {1} R x {0}

10



Note that we read webs from right to left. Note also that each line has a colour, given by the colour
of the corresponding coordinate. Effectively, the colour of a line counts the number of preceding
lines (plus one), counting twice double lines. A generic gly-web is either an identity web or a
composition of the following generating webs:

i+1 ¢ Coit1

W _ = ) , and Wiy = C

Hereabove the dots denote possibly additional vertical single or double lines, and composition is
given by stacking webs atop each other (reading from right to left). Note that a web W has an
underlying unoriented flat tangle diagram, denoted ¢(WW), given by forgetting the double lines and
the orientations.

Remark 2.7 (Orientation). Our webs are given an orientation “flowing” from R x {0} to R x {1},
which is more restrictive than some definitions in the literature. Those kind of webs are sometimes
called acyclic or left-directed (e.g. in [49]). As this orientation is canonical, we often omit it.

Definition 2.8. The category Weby has objects A, and morphisms are Z[q, ¢~ ]-linear combina-
tions of gly-webs, up to the following web relations:

WisiWiss = Wisi Wis, exchange
(forall si,s2 € {—,+} and |i — j| > 1) relations

_ -1 circle
@ = (g+a7) evaluation
L —— and _ isotopies of flat
o L —— tangle diagrams

Recall the following notion:

Definition 2.9. A spherical isotopy of flat tangle diagrams is a usual isotopy with the addition of

the following spherical move:

The relations in Weby fully capture the spherical isotopy classes of the underlying flat tangle
diagrams, in the sense of the following lemma.

Lemma 2.10. Let W and W' be two gly-webs with the same domain and codomain. Then W and
W' are equal in Weby if and only if there exists a spherical isotopy between ¢(W) and c(W").

The proof is the analogue of Lemma 3.9 for webs. We leave the details to the reader.
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2.3 Graded gl,-foams

Foams provide a suitable notion of cobordisms between webs.
They are certain singular surfaces locally modeled on the
product of the interval I := [0, 1] with the letter “Y” (see i
Fig. 2.1), embedded in (R x I) x I. In Fig. 2.1, R is pictured

from front to back, while the last interval is picture from bot- o
tom to top. In this context, we refer to the singular curves
as seams, and call facets the components of the complement
of the set of seams. Topologically, a facet is simply a two- I
dimensional disk. Facets have thickness, either single or dou- J R
ble, and we refer to them respectively as 1-facets (or single I
facets, shaded black) and 2-facets (or double facets, shaded or-
ange). We refer to cross-sections as cross-sections of the pro-
jection 7m: (R x I) x I — I onto the last coordinate (pictured
vertically).

i+ 1

Figure 2.1: Local model for foams.

Definition 2.11. A graded gly-foam, or simply foam, is a topological singular surface embedded in
(R x I) x I, such that generic cross-sections are webs and all non-generic cross-sections respect one
the following local behaviours:

dot cup cap zip unzip

B

(—=1,-1) (0,1) (1,0) (—1,0) (0,—-1)

where the axes are oriented as in Fig. 2.1. Each such local behaviour F is endowed with a Z.*-degree
degyz2(F), denoted below the associated picture. Extending additively, this induces a Z*-grading on
graded gl,-foams.

We also call the above local behaviours generating foams, or simply generators. A foam F' C
(R x I) x I — I is viewed as a morphism from the web F'N 7~ ({0}) to the web F N7 ~1({1}),
reading from bottom to top. The dot in the first picture of Definition 2.11 is a formal decoration
that any 1-facet may additionally carry. By removing the 2-facets, a foam F' has an underlying
surface, denoted c(F'). We assume that ¢(F') is smooth and that the vertical projection 7 defines
a separative Morse function for ¢(F'), where dots are considered as critical points. Note that the
local behaviours in Definition 2.11 dictate the local behaviour around critical points of ¢(F').

The facets of a foam F' admit a canonical orientation, induced by the canonical orientation on
the web F N7~ 1({0}). That is, we endow the facets incident to F' N7~ !({0}) with an orientation
compatible with the canonical orientation of FN7~1({0}), and extend globally with the condition
that at a given seam, the orientation induced by the 2-facet is opposite to the orientation induced
by the two 1-facets (see Fig. 2.1). In particular, the facets incident to F' N 7~!({1}) induce an
orientation on F' N 7~ 1({1}) opposite to its canonical orientation. Similarly, facets are endowed
with a colour induced by the colour on webs. This also defines an orientation and colour on each
seam, induced from the orientation and colour of its incident 2-facet.

As in the non-graded case, we will consider graded gl,-foams up to isotopies. In our context,
an isotopy is a boundary-preserving isotopy which preserves the cross-section condition in Defi-
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nition 2.13. Sliding a dot along its 1-facet is also considered as an isotopy. Moreover, we assume
that the restriction of an isotopy to the underlying surface is a diffeotopy.

We distinguish different kind of isotopies, in analogy with the property of the corresponding
diffeotopy for the underlying surface:

« If the isotopy preserves the relative vertical positions of the generating foams, we say that
it is a Morse-preserving isotopy.

« If the isotopy only interchange the vertical positions of generating foams, we say that it is a
Morse-singular isotopy.

« If the isotopy is such the underlying diffeotopy is a birth-death diffeotopy,’ we say that the
isotopy is a birth-death isotopy.

We refer to [48] for relevant details on Morse theory.

In the graded case, isotopies lead to additional scalar. We formalize this behaviour with a
graded-2-category of graded gl,-foams. The graded linear structure is given by the abelian group
72, the ring R and bilinear form b defined below.

Definition 2.12. Fork a unital commutative ring. Let R and b be respectively the ring
R=k[X,Y,ZH) /(X2 =Y%=1)
and the Z-bilinear map
w: Z? x 7Z? — R*,
((a,b), (c,d)) — Xyt zod=be,
Note that  is symmetric in the sense of Definition 2.6.

Definition 2.13. The (Z?, j1)-graded-2-category GFoamy has objects A ;, glo-webs as 1-morphisms,
and R-linear combinations of graded gl,-foams as 2-morphisms, regarded up to the following rela-
tions:

(i) If ¢: F — Fy is a Morse-preserving isotopy, then '} = F» in GFoam,.

(ii) If o I\ — Fjy is a Morse-singular isotopy interchanging the vertical positions of exactly
two critical points p and q, with p vertically above q in Fi, then Fi = p(degp,degq)F»
in GFoam,.

(iii) All the local relations in Fig. 2.2 below.

Remark 2.14. The Z?-grading induces a Z-grading on graded gl,-foams, the quantum grading
(or g-grading). If q: Z* — 7 denotes the map ¢(a,b) = a + b, we set for each foam F:

qdeg(F') := —q(degz2(F)).
@®,cl

We write GFoam ;" the graded additive closure of GFoam, (see Subsection 2.1.2) with respect
to the quantum grading. We emphasize that although the quantum grading is induced by the
Z2-grading, taking the graded closure does not affect the graded interchange law, as

degzz (F: Wl{nl} — Wg{ng}) = degZQ (F)

!That is, collapsing the two singularities associated to a saddle and a cup or cap by “smoothing out” the surface, or
the converse.
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dot annihilation

-:0

»

dot migration

zigzag relations

bubble evaluations

- A

vertical neck-cutting relation

1F

+ XY Z

horizontal neck-cutting relation

squeezing relation

Figure 2.2: Relations in GFoam,. A gray dot denotes a dot behind a facet. The R axis is pictured
from front to back, except for the squeezing relation for which it is pictured from left to right for

better readability.
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Similar to webs (Lemma 2.10), the following lemma shows that relations on foams capture
the diffeotopy classes of the underlying surfaces; or rather, the underlying dotted surfaces, where
sliding a dot along a connected component is considered to be a diffeotopy. Below we write F'~ F’
whenever there exists an invertible scalar r € R* such that F' = rF".

Lemma 2.15. Let F' and F' be two foams in GFoam, with the same domain and codomain. If ¢(F')
and c(F") are isotopic, then F' ~ F' in GFoam,.

Proof. By Cerf theory ([11]; see [48, appendix A] for a review), diffeotopic surfaces are related by
diffeotopies preserving the relative vertical positions of critical points, Morse-singular diffeotopies
interchanging two critical points, and birth-death diffeotopies. These correspond to the relations
(i), (ii) and the zigzag relations in GFoam,, respectively. Finally, if ¢(F') and ¢(F") are diffeotopic
by sliding a dot along a connected component, then F' and F’ are related by sliding the dot along
1-facets, possibly crossings seams using dot migration. O

Remark 2.16. One can check that the Z-graded k-linear 2-category
GFoamf;’d ’X:yzzzl

is precisely the category nFoam(N)® from [49, p. 1322] with n = 2 and N = d. This essentially
follows by renormalizing the i-labelled dot, the i-labelled cap and the i-labelled unzip by (—1)¢
and comparing the defining relations, with the help of Lemma 2.15.

Remark 2.17. The structure of graded-2-category on GFoamy, is in some sense universal. In-
deed, on one hand the abelian group Z? is isomorphic to the abelian group presented by generators
D, Uk UR nE NF and relations

Nf+uf=0
Nt rul =0
Ut+nf+D=0
Uk +nf=D

U+ R +nt+nff=0

obtained from taking the “abelianization” of the defining local relations in Fig. 2.2." Note that this
procedure does not depend on the choice of coefficients in the relations. On the other hand, the
k-algebra R is isomorphic to the unital commutative k-algebra with generators agg, ao1, a10 and
a1 subject to the symmetry relations agpagog = 1, aj1a11 = 1 and agra19 = 1. Hence, the bilinear
map 4 is the universal symmetric bilinear map with domain Z? x Z2.

2.4 String diagrammatics

We now introduce a string diagrammatics for graded gl,-foams. This is based on the observation
that a foam is fully described by its seams;” or more precisely, by its domain object, its seams, and
their orientation and colour. For identity foams, this holds since webs are generated by W; +, and
idWi, , is determined by its domain and the seam, together with its orientation and colour. Thus,

'Note that in this process, we also identified generators of the same kind but with distinct colouring (see the discus-
sion following Definition 2.11 for the colouring of a generator).
*We thank Kris Putyra for pointed that out to us.
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(A ik

~
.
B

braid-like relations

RN TR

pitchfork relations

-1 U)-=T [U-=T Ul-=]

zigzag relations (or adjunction relations)

2
(Qi> =0 o, =0, o, | = o, ifj£ii+1
) 7 7 7
dot annihilation dot migration dot slide
@i = 0j—i +0j—it1 Q = Z .i + XY Z .i+1
evaluation of counter-clockwise bubbles evaluation of clockwise bubbles

N &7
VATFA A
i+ 1 i i+1 %
neck-cutting relation squeezing relation

Figure 2.3: Relations in Diagé\. If no orientation is given, the relation holds for all orientations.
In the case of the braid-like and pitchfork relations, colours should be so that the crossings exist.
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we can represent a web with an identity foam diagram (or simply identity diagram), an horizontal

juxtaposition of oriented vertical strands coloured with elements in {1, 2, ..., d—1}. For instance:
1
4
T JV(L 2, 1) 3 2 2
1 3 1 2 ) 1
1
a labelled identity diagram the web it represents

where we remind the reader that webs are read from left to right. In the example above, we have
labelled its rightmost region to specify the domain of the web. This induces a labelling on all of
its regions thanks the following rule (here the value /) (see Subsection 2.2) is given below the
corresponding coordinate):

A labelling of the regions of an identity diagram with elements in A is said to be legal if it locally
satisfies (2). In general, if the regions of an identity diagram are labelled with a legal labelling,
then it is only necessary to label one region to specify the labelling. Note that the converse does
not hold: the data of a label on a region cannot necessary be extended to a legal labelling on the
entire diagram. An identity diagram equipped with the data of a legal labelling is called a labelled
identity (foam) diagrams. By the above discussion, labelled identity diagrams are in one-to-one
correspondence with webs.

Given these diagrammatics for webs, it is not difficult to extend it to foams. Indeed, local
behaviours in Definition 2.11 are determined by the seam, together with its orientation and colour.

Definition 2.18. A (generic) foam diagram, or simply diagram, is a diagram obtained by vertical
and horizontal juxtaposition of identity diagrams and generators given below:

dot rightward cup  leftward cap  rightward cap  leftward cup
% )
(_17_1) (071) (170) (Oa_l) (_LO)
downward  rightward upward leftward
crossing crossing crossing crossing
\ / ’\ A if i — j| > 1
i J j\( i i J J / i
(0,0) (0,0) (0,0) (0,0)

Each generator is equipped with a 7.>-degree, which extends additively to generic diagrams. We fur-
ther assume that in a generic diagram, generators are in general position with respect to the vertical
direction.
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In a foam diagram, we refer to strands coloured ¢ as i-strands, and dots coloured ¢ as i-dots. As
for an identity diagram, we can label the regions of a generic diagram with elements of A;. The
labelling is said to be legal if it satisfies condition (2) as before, and if for each i-dot contained in a
region labelled with A, we have \; = 1. This latter condition corresponds to the fact that dots can
only sit on 1-facets. A labelled (foam) diagram is a foam diagram equipped with a legal labelling.
By the above discussion, labelled diagrams are in one-to-one correspondence with foams.

We now define the string diagrammatics for the graded-2-category GFoam,.

Definition 2.19. The (Z?, uu)-graded-monoidal category Diag/d\ has objects A,, 4, 1-morphisms la-
belled identity foam diagrams, and 2-morphisms labelled foam diagrams, regarded up to the following
relations:

(i) If p: D1 — Dy is a planar isotopy such that @ preserves the relative vertical positions of the
generators, then D1 = Do in Diagfj\.

(ii) If o: D1 — Dy is a planar isotopy as above except that it interchanges the vertical positions
of two generators p and q, with p vertically above q, then D1 = p(degp, deg q) Dy in Diagé}.

(iii) All the local relations in Fig. 2.3 above, viewed with a legal labelling.
Proposition 2.20. GFoam, and DiagélX are isomorphic as (72, uu)-graded-2-categories.

Proof. The correspondence between foams and diagrams preserve the Z2-grading. It remains
to check that foam relations in Definition 2.13 correspond to diagrammatic relations in Defini-
tion 2.19.

Relations (i) in Definition 2.13 correspond to relations (i) in Definition 2.19, together with
graded interchange laws that involve at least one crossing, and braid-like relations, pitchfork re-
lations and dot slide.

Relations (ii) in Definition 2.13 correspond to graded interchange laws that only involve cups,
caps and dots.

Relations in Fig. 2.2 correspond to relations in Fig. 2.3, except braid-like relations, pitchfork
relations and dot slide. For instance, the horizontal neck-cutting correspond to the evaluation of
clockwise bubbles. O

Note that none of the relations in Definition 2.19 depend on the objects, that is, the labelling
of the foam diagrams. In the sequel, we mostly leave foam diagrams unlabelled, as the labelling
is either irrelevant for the discussion or understood from the context. In particular, this applies
when computing secondary relations from the defining relations in Diagfl\, as in the following
lemma:

Lemma 2.21. The following local relations hold in Diagfl\ for any choice of legal labelling:

= X272 +YZ?
Q’ i = Z iv1 = XYZ
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2.5 The categorification theorem

The graded-2-category of foams categories the category of webs:

Theorem 2.22 (Categorification theorem). Recall that G:Foam(?’Cl denotes the additive graded
closure of GFoam,; (see Remark 2.14). Then:

Ko(GFoam®) = Web,,

where the isomorphism is an isomorphism of Z[q, ¢~ ']-linear categories.

This generalizes the analogous statement in the non-graded case, see [2, Theorem 2.11]. The
proof follows the same line of thoughts, and as such relies on a non-degeneracy result for graded
gly-foams. This results will be shown in future work [53]. To state the non-degeneracy theorem,
recall the following non-degenerate [2, Lemma 2.5] pairing on gl,-webs:

(W, W'y = (q + g~ H)#letVHocV)],

Recall that for a web W, ¢(W) is the 1-manifold with boundary obtained by forgetting the double
lines in W. Then ¢(W)Ugc(W') denotes the closed 1-manifold obtained by gluing ¢(W) and ¢(W”)
along their common boundary points. The number # [¢(—W) Uy ¢(W’)] counts the number of
closed components in ¢(W) Uy c(W). This pairing follows from the web evaluation formula given
n [50]. See also [2, p. 1315].

For A € Ay, let us also define #(1 : \) as the number of ones in A. Then:

Theorem 2.23 (Non-degeneracy theorem [53]). Let W and W' be two webs with boundary points
A, v in Ay. Then the space HomGroam, (W, W') is a free Z-graded R-module such that:

rank, Homgroam, (W, W’) — q[#(l1>\)+#(12#)]/2<]/V7 W’),

where rank, denotes the graded rank with respect to the q-grading.

Assuming the non-degeneracy theorem, we show the categorification theorem. It closely fol-
lows the presentation in [2, Theorem 2.11]. The general strategy is borrowed from [36].

Proof of Theorem 2.22. Let v: Web; — Ky(GFoam,) sending a web W to its image [W] in
Ky(GFoam,). The neck-cutting relation, the squeezing relation and the Reidemeister II relation
in Fig. 2.3 show that the web relations lift to isomorphisms in GFoamy, so that «y is well-defined.
By Theorem 2.23, v preserves a non-degenerate pairing, so it must be injective. O

We end the section by describing a basis for Homgroam, (W, W), as we shall need in Section 4.
It relies on the following lemma:

Lemma 2.24. Let W and W' be two webs with boundary points A,y in A,, ;. Then there exists a
foam F: W — W' such that c¢(F) is a union of undotted disks.
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This lemma essentially follows from Lemma 2.10, and the “easy” part of the categorification
theorem, i.e. the fact that we can lift relations in Weby to isomorphisms in GFoam,, ! The
cobordism ¢(F') has the following cellular form:

cups

. no closed
C(F) - components )

caps

where the cross-section of the middle part consists in a union of closed intervals, without closed
components. To each closed interval correspond a disk whose boundary intersect both ¢(1V) and
c(W'); call this kind of disks through disks. The rest of the disks in ¢(F') are cups or caps, whose
boundary only intersect either ¢(W') or ¢(W). Note that the number # [¢(W) Ug ¢(W')] counts
precisely the number of disks in ¢(F).

For each disk in ¢(F’), one can choose, or not, to add a dot somewhere on the corresponding
union of 1-facets in F'. If the disk is a cup or a cap, then these two possibilities contribute with
q + ¢! to the graded rank of Homgroam, (W, W’). If the disk is a through disk, they contribute
with (¢? + 1) to the graded rank. This justifies our renormalization in front of the pairing in
Theorem 2.22: the number [#(1 : X\) + #(1 : u)]/2 counts precisely the number of through disks
inc(F).

To sum up: If ¢(F’) consists in a union of N disks, a basis of Homgroam, (W, W’) is given by
the 2"V ways of adding dots on F.

3 A graded-categorification of the q-Schur algebra of level two

In this section, we introduce a diagrammatic graded-2-category that categorifies the ¢-Schur al-
gebra of level two. We then define a graded foamation 2-functor that relates this construction to
graded gl,-foams. This can be seen as a super analogue of [37] in the gl, case. See also [40] for
earlier work.

Diagrammatic categorification of quantum groups was independently introduced by Kho-
vanov, Lauda [36] and Rouquier [51]. A super analogue of this construction was given by Brundan
and Ellis [7], building on earlier work of Kang, Kashiwara and Tsuchioka [33]. For odd sy, this
was already studied respectively in [28] and in [27]. See also [30, 31, 32] for related work.

In the non-super case, a categorification of the ¢g-Schur algebra appeared in [42]. In [56], the
second author defined a supercategorification of the negative half of the g-Schur algebra of level
two. A graded version of this construction was given in [44]. In the same paper, Naisse and Putyra
also defined a “1-map” from this graded version to their construction. This 1-map is esthetically
very similar to our graded foamation 2-functor: we expect the two to coincide once an equivalence
between [44] and our category of graded gl,-foams is found.

Our presentation of the categorification of the g-Schur algebra of level two is analogous to the
presentation of the super Kac-Moody 2-algebras in [7]. However, and contrary to the non-super
case, it is not obtained as a cyclotomic quotient of their construction. Indeed, parities of cups and
caps do not match. It would be interesting to find a relationship, if there exists any.

Subsection 3.1 review the ¢g-Schur algebra of level two Sn,d- Its graded-categorification, that we
call the graded 2-Schur algebra GS,, 4, is introduced in Subsection 3.2. Subsection 3.3 then defines
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the graded foamation 2-functor from GS,, 4 into GFoamy, our graded-2-category of gl,-foams
defined in Subsection 2.3. Finally, we show in Subsection 3.4 that GS,, 4 categorifies ), 4.

3.1 The q-Schur algebra of level two

Definition 3.1. The (idempotented) g-Schur algebra of level two is the Z[q, g~ ']-linear category

Sh,a such that:

« Objects are weights in the set

An,d = {)\6{0,1,2}n|)\1++>\n:d}

« Morphisms are Z.|q, q~'|-linear combinations of iterated compositions of identity morphisms
1x: A — X and generating morphisms

ely: A= A+aq; and fily: A= A —qy 1=1,....n—1,

where av; = (0,...,1,—1,...,0) € Z™ with 1 being on the i-th coordinate. Morphisms are
subject to the Schur quotient

Iy=0 ifA & Mg

and to the following relations:

(eifj — fie)Ixn = dij[Ni — Aitalg, 1
(eiej —ejei)ly =0 for |i—j| >1, (3)
(fifi — fifi)Ix=0 for i —j| > 1.

where §;; is the Kronecker delta and [m], = ¢™ ' + ¢™ 3 + ... 4+ ¢*=™ is the mth quantum
integer.

Recall that a Z[q, ¢~ !]-linear category is the same as a Z[q, ¢~ ']-algebra with a distinguished
set of idempotents, so that S'n,d is indeed an algebra. The “level two” stands for the fact that the
value of coordinates is at most two. The Schur quotient implies that a morphism that factors
through a weight not in A,, 4 is set to zero. In the sequel, it is understood that an expression
involving a weight that does not belong to A,, 4 is set to zero.

Remark 3.2. The g-Schur algebra of level two is an integral form for the fundamental represen-
tations of Uj(gl,), analogous to the role of the Temperley-Lieb algebra for U,(slz). Let A =

AF(C(g)?) for k = 0,1,2 denote the fundamental representations of Uqyq(gly), with C(q)? the
standard representation. Let Fund,, 4(U,(gly)) denote the C(g)-linear category consisting of n-

fold tensor products A" @ ... ® A" with ky + ... 4+ k, = d and intertwiners of Uq(gly)-
representations. Then:

Sn.a ® C(q) = Fund,, 4(Uy(gl2)),

where the isomorphism is an isomorphism of C(g)-linear categories (see [10]).

In the sequel, we simply call Smd the Schur algebra, and usually drop the “level two”.
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3.2 The graded 2-Schur algebra

Recall the definitions of R and y: Z? x Z? — R* in Definition 2.12 and of ¢: Z? — Z in Re-
mark 2.14. We introduce the additional notations (a, b)' := (b, a) for (a,b) € Z? and

~1,0) ifj=i+1,
0,0)  otherwise.

Definition 3.3. The graded 2-Schur algebra GS,, 4 is the Z-graded (7?2, j1)-graded-2-category such
that:

+ Objects are elements \ for A € Ay, 4.
« I1-morphisms are compositions of the generating 1-morphisms
Ly A=A KLy AdA=>A—a; and Ely: A= A+,

whenever both A\ and A\—cv; (resp. A and A\+«;) are objects of A, 4. Using string diagrammatics,
the identity 1y is not pictured, and the non-trivial 1-generators are pictured as follows:

1
. A+ oy A .
A — l A= ldFil)\ T e ldEil)\

K3

Note that we read from bottom to top and from right to left.

+ 2-morphisms are R-linear combination of string diagrams generated by formal vertical and
horizontal compositions of the following generating 2-morphisms:

wi 1y — EZFZI)\ \[\A : Ezel)\ — 1,
N )

3

(—=Ait1,Ai) + (0, -1) —(=Xi41,A) + (=1,0)
iA : Fil,\ — Fl‘l)\ ><>\ : FZ'Fjl/\ — FjFil)\
i J
(—=1,-1) Dij

where the 72-degree degyz is given below each generator. Such string diagrams are called
Schur diagrams.

2-morphisms are further subject to axioms described below. The g-grading on GS,, 4 is the Z-grading
defined by qdeg(D) = —q(degy2(D)).

We label only one region with an object in each diagram, as this determines the labelling of all
the other regions. If this forces a region to be labelled by a weight A that does not belong to A, 4,
we set this diagram to zero. in that case, we say that the diagram is zero due to the Schur quotient.

We assume that the generators in a string diagram are always in generic position, in the sense
that the vertical projection defines a separative Morse function. Generating 2-morphisms are sub-
ject to the following local relations:
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(1) Asin any graded-2-category, we have the graded interchange law:
I . e I

= p(degzz f, degz2 g)

i1 ik i1 ik i1 ip i1 i

ikzo

i

(2) Two dots annihilate:

(3) Graded KLR algebra relations for downward crossings:

-

ifi=j

0
l lA if i —j| > 1
i J
>\ j—
Eé —XYZi erXYZl f* ifj=i+1

i j
i i1 i i1
YZQ$ lk—YZ2l f ifj=i—1
7 7 —1 [3 72— 1
B L) g fori A
2o =g (L) > fori
i j i j

><VA -~ XY V><VA :l lx - ><VA ~ XY V><A

A= w(pjk, Pig) 1 (Piks Pig ) 1(Djk, Dike) A
I unlessi = kand |i — j| =1
—YZ_2 A + Z—l A — A
i 41 I3 i 41 I3 (3 41 k3
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i i—1 @ 2 i—1 % % i —

1 i

(4) Graded adjunction relations:

=00 o) o

Finally, we require invertibility axioms. To define it, we introduce the following shorthands:

P X0

We also write \; = \; — Ai+1. Then:

(5) Except if they are zero due to the Schur quotient, the following 2-morphisms are isomor-
phisms in the graded additive envelope of GS,, 4 (see Subsection 2.1.2):

><  FiE; (V) = E;F(\) ifit;  (13)

Ai—1 v B
>< o@D 14, FEM @ 5 EFRX) i >0 (14)

¢ n=0
—Xi—1 \ B
><A o P ﬂ : FiEs(\) — EiFs(N) @ B if\; <0 (15
i i n=0 ‘
This ends the definition of the relations on the graded 2-Schur algebra. o

Remark 3.4. Let us elaborate on the invertibility axioms above. They are equivalent to the exis-
tence of some unnamed generators which are entries of the inverse matrices of (13), (14) and (15),
and some unnamed relations that precisely encompass the fact that those generators form inverse
matrices. This definition follows Rouquier’s approach [51] to 2-Kac-Moody algebras (categorified
quantum groups) and Brundan and Ellis’ approach [7] to super 2-Kac—Moody algebras. Unravel-
ling the definition would lead to a more explicit (but heavier) definition, similar to Khovanov and
Lauda’s approach [36] to categorified quantum groups.

In [42, Definition 3.2], a categorification of the ¢-Schur algebra was constructed, denoted
S(n,d). Let us write S(n, d)® for the k-linear' 2-category obtained from S(n, d) by further im-
posing relation (4). Then:

Proposition 3.5. Let gsj‘f’dd be the graded additive closure of GS,, 4 with respect to the quantum
grading (see Subsection 2.1.2 and Remark 2.14). Then:
o~ @®,cl
S(n,d)* =GS, ) |x=y=z=1.

"The linear 2-category S(n, d) is defined over Q in [42], but it can be defined over Z and hence over any unital
commutative ring k.
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Proof. This can be done by defining the unnamed generators implied by the invertibility axioms,
and doing a relation chase in order to explicitly exhibit the missing relations. One only need to
rescale the (i,7)-downward crossing by (—1). This exactly follows the proof from [4] showing
the equivalence between Rouquier’s definition of Kac-Moody 2-algebras and Khovanov-Lauda
categorified quantum groups. See also [7] for a related statement in the super case. O

3.3 The graded foamation 2-functor

We show that GFoam, defines a 2-representation of GS,, 4. In other words, for each n € N there
exists a (Z?, j1)-graded-2-functor

Fnd: GSn.qa — GFoam,.

This categorifies the ladder diagrammatics of the Schur algebra, which we now recall.
Each generating 1-morphism of GS,, 4 can be pictured as a ladder diagram:

- Aig1 — 1 X Ait1 - Aig1 +1 E Ait1
7 (/\iy)\i ) — i ()‘i>)‘i ) =
i i+ 1 i o N —1 A

Removing strands with thickness zero, and replacing strands with thickness one and two by single
and double strands, this gives a mapping from generating 1-morphisms in GS,, 4 to 1-morphisms
in GFoamy, which locally has the following form:

E1(171) — [ E1(071) — | E1(1,2) — | E1(072) — :l
Fl(l,l) — j Fl(l,O) — | F1(271) — | F1(270) — |:

On the level of objects, this maps a weight A € A,, 4 to the weight A € A, obtained by forgetting
all zero entries in \. Recall the colour of a coordinate defined in Subsection 2.2. Fori € {1,...,n}
such that \; # 0, we denote i, the colour of the coordinate of the “image” of 7 in ). In the string
diagrammatics of foams, the above is given by

%

iy iy iy +1 iy
‘[/\ |_> A , A , A , l A (16)

<)‘i7)‘i+1) (170) (270) (171) (Qal)
: iy ix in iyl
)l\A — A , A , A , T)\ (17)
()\i7>\i+1) (071) (072) (171) (172)

The local data of (A, Ai+1) is given below each case.
Following [44, p. 59], we shall use the scalar

L\(i) = (—XY)#{)\.y':lljSi}

to normalize the graded foamation 2-functor.
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| B os fes o]

(Aia)‘i+1) (170) (270) (171) (27 1)
i/\ . Z'A b\‘f’l
. 3 iy
) X
U/ S S N S A
(Aia)‘i+1) (170) (270) (171) (27 1)
A A 2
OV \ A )
i — s iy ) iy ) i i+ 1
()‘ia )\’i+1) (07 1) (07 2) (1a 1) (17 2)
iy —2 1y
A A A A
2 — N f\,TA lf\f : N
i i—1 iy —1 iy —1 iy —1 iy — 1
()\i717)\ia>\i+1) (1717()) (23170) (17171) (2’171)
Al
><A = ~, , MTA : J:\JA : A
i—1 i iy —2 iy
iy —2 1y
(Ai717>"ia)‘i+1) (17170) (23170) (17171) (2a151)
><A — (—XY)T (i) xA ><A ot ifi—j| > 1
o e
i i j . *

Figure 3.1: Definition of F,, ; on generating 2-morphisms. For dots, rightward cups and caps,
and adjacent crossings, it depends on the local value of A, which is given below each case. A
symbol I'y (i) above a “mapsto arrow” means that the codomain should be multiplied by I' ().
For distant crossings, the picture means that one should replace each strand of the Schur crossing
by the corresponding strand or pair of strands as prescribed by (16). This defines a foam diagram
consisting of one, two or four crossings.
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Proposition 3.6. There exists a (72, )-graded-2-functor
Fnd: G8n,0a — GFoam,

defined on generating 2-morphisms as in Fig. 3.1. We call F,, ; the graded foamation 2-functor.

Proof. On checks that F,, 4 preserves the Z>-grading. We need to check that the images through
Fn.,a of the defining relations of the graded 2-Schur algebra are relations in GFoam,. This is
analogous to the proof of [37, Proposition 3.3]. The main additional work is to check that scalars
match. For readability, we leave implicit the labelling of regions for foam diagrams.

The fact that F,, 4 respects relation (4) follows from dot annihilation in foams. For relation (5),
the case ¢ = j follows from the evaluation of an undotted counterclockwise bubble and the case
li — j| > 1 follows from the Reidemeister II braid-like relation. Consider then the case j =i — 1.
For \; = 2, both sides of (5) are zero due to the Schur quotient. If (\;_1, A;, A\i+1) = (1,1,0), we
have:

1 i—1 iy—1

=T\(i) YZQoT l+X22 T l.
= Fn.d YZ2£ lA—YZQl f

2 i—1 i i—1

where we used Lemma 2.21 and I')_,,, , (1) = I'z(7) = (=XY)I'x(¢ — 1). Other cases for which
Ai = 1 are computed similarly. If \; = 0, the left-hand side of (5) is zero due to the Schur quotient.
If (Ni—1, Ais Ait1) = (2,0, 1), the image of the right-hand side is

i+l iy SN

Pyan o (6) Y2 l. STy — 1)y 22 l. —o,

which follows from I'y_,,, , () = I'x(i —1). Other cases for which \; = 0 are computed similarly.
When j = i+ 1, both sides are zero due to the Schur quotient when )\; = 0, and only the left-hand
side when \; = 2. For the representative case (A\j_1, Aj, A\j+1) = (1,1,0), one gets:

Frd ;j: =D Ql(j)—l

=T\(J) (Z ® -1 TXYZ @ l(j)>
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= Fnd —XYZi l* +XYZl ik

j—=1 J j—1 J

which follows from I'y_,(j — 1) = (—=XY)T'\(j), and the latter from. For the representative
case (Ai—1, Ai, Ai+1) = (1,2,0), the image of the right-hand side of (5) gives:

=1 gy =l iy

Ty ,(j—1) XYZ T +TZ()XYZ .T =0,

which follows from I'y o, (j — 1) = T'z(j) and dot migration.

For relations (6) and (7), it follows from the graded interchange law and dot migration. The
relation (8) follows direcly from the (vertical) neck-cutting relation.

Consider now relation (9). If all colors are pairwise equal or adjacent (i.e. cases ¢ = j = k and
t = j = k £ 1 together with permutations), then either the case is excluded by assumption, or
both sides are zero by the Schur quotient. In particular, we can disregard the normalization with
the I"’s (this follows from the fact that I'y_, (i) = I'x(7) whenever i # j). If a color is distant from
the two others (i.e. cases |i — j| > 1 and |i — k| > 1 together with permutations), then the image
under F,, 4 of relation (9) is a composition of graded interchanges, consisting of moving vertically
the image of the only crossing with a (possibly) non-trivial Z2-grading. The last six cases also
consist of composition of graded interchanges, given by the interchange of two saddles (zip or
unzip) sharing a common 1-facet. We picture below the domain and codomain of the six cases:

) ” :: | 77777 (i,3,k)=(1+1,14+2,1) S ] 77777
o e e

i — T N I
ﬂ . ”7 B CGom=(tittle) = I_ 77777

B — T R
77777777 E (4,9,k)=(1,14+1,14+2) j':':'”””

This concludes the proof for the relation (9).

A case-by-case analysis of the possible values for (A;, A\i11, Ait2) shows that except for four
possibilities, the three diagrams in (10) are all set to zero by the Schur quotient. In the remain-
ing cases, exactly one summand on the left-hand side is set to zero by the Schur quotient. If
()\Z', Ait1, )\H_Q) = (2, 0, 0), then

Fpa | -YZ72

i i+ 1 4 3 ] i i+ 1
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using I'x_q, (4 + 1) = ['x(¢). The case (Ai, Ait1, Ait2) = (2,0,1) is similar. If (A;, Ai1, Ai2) =
(2,1,0), then

Fud zZ 1

)

—1 A
= Z = = n,d

i i+1 4 m i i+1 d

i+l ity

using I'y_q,,, (1) = (—XY)I'\(i + 1). The case (A;, Aiy1, Aiy2) = (2,1,1) is similar.
A similar analysis can be done for the relation (11), giving four non-trivial cases, with only
two computations needed. We depict the cases (Ai—1, Ai, Ait1) = (1,2,0) and (Ai—1, A\, Ai+1) =

(1,1,0):
Fra | XY Z71 = xyz! = = Fna *
i i—1 i [\ % i—1 @
iy —1 iy iy —1 iy
Foa | —X272 Y = vz = | = Fua ’
7 7 —1 7 l’)\ l’)\ [3 17— 1 7

using Lemma 2.21, and respectively I'y_,, (i) = (=XY)['\(¢i) and I'y_,, , (2) = '\ (4).
For relation (12), it follows from the zigzag relations for foams:

iy iy ix+1 iy
Mo oond. o @
(1,0) (2,0) (1,1) (2,1)
iy Iy b i

I
>~
N
N

(0,1) (0,2) (1,1) (1,2)

It remains to check that F,, ; preserves three inverse axioms (13), (14) and (15). Note that this
is independent on the coefficients in the defining relations of GFoamy, as those inverse axioms
only impose existence. For relation (13), it follows from graded isotopies and zigzag relations. For
i = 0, one checks that the image of the leftward monochromatic crossing is the identity, up to
multiplication by an invertible scalar. Otherwise, it is zero by the Schur quotient. For \; = +1,
The image of the leftward cup (resp. cap) is invertible due to the squeezing relation. Finally, for
i = £2 this is precisely the (vertical) neck-cutting relation. O

In [56], the second author defined a thick calculus for the negative half of the super version
of the graded 2-Schur GS,, 4. One can similarly define a thick calculus for the full graded 2-Schur,

29



defining a graded-2-category glsn,d. Then, following the line of the proof of the analogous result
in the non-graded case as given by Queffelec and Rose [49, Theorem 3.9], one can show that the
foamation 2-functor factors through GS,, 4. The inclusion

gv‘gn’d — g:gn+1,d

is defined on objects as (A1,...,A,) — (A1,..., A, 0) and similarly for 1-morphisms and 2-
morphisms. Finally, we get the graded analogue of [49, Proposition 3.22]' in the gl,-case:

Proposition 3.7. We have the following equivalence of (72, j1)-graded-2-categories:

COlimneN ( R gvSn’d — gVSn_H’d — .. ) = GFoamd.

3.4 The categorification theorem

As proclaimed, the graded 2-Schur algebra categorifies the Schur algebra of level two:

Theorem 3.8. Let QSS?’;’I denote the additive graded closure of GS,, 4, where the graded closure is
taken with respect to the q-grading (see Subsection 2.1.2). Then:

Ko(G875) = S,

where the isomorphism is an isomorphism of Z[q, ¢ ']-linear categories.

The proof relies on the graded foamation 2-functor and the analogous result for GFoam,
(Theorem 2.22), and the following lemma:

Lemma 3.9. Let L1, Lo: A — p be two ladder diagrams. If there exists a spherical isotopy from
c(Ly) toc(Lz), then Ly and Ly are equal in Sy, 4.

Although relations in Smd capture isotopies for the underlying 1-manifolds, it is not clear
whether on can lift all isotopies to ladders:

O
A [E:j
O O
[

Indeed, in the examples above, one lacks space to perform the relevant isotopies at the level of
ladders. That is, we need to embed the diagrams in a diagram with greater width, by adding a
double or invisible line in the former case, and by adding a double line in the latter case.’?

However, in the example on the left for instance, there is another obvious way to show that
the two diagrams are equal, without further embeddings: evaluate the circles to ¢4 ¢~!. A similar
strategy works in the second case, and in fact we show in the proof below that the ability the
evaluate circles is enough to capture all isotopies.

'Or rather, the analogue of this proposition when one imposes (4) and dot annihilation respectively.
*This distinction corresponds to the fact that the first case become an isotopy in the case of webs, while the second
case remains an issue even for webs.
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Proof of Lemma 3.9. We define a reduction algorithm on ladder diagrams, using oriented local re-
lations in ), 4. Below we do not picture the invisible and double lines, and dashed gray lines are
pictured to remind the reader of the ladder structure:

Note that by orienting relations this way, we never require more width than we originally had. By
the reduction algorithm, we mean the undeterministic process of applying the above relations in
the prescribed direction, modulo sliding distant ladder rungs past one another:'

: © : (18)
This process terminates. The ladder diagram so obtained, possibly with a leading coeflicient, is
called a normal form. Below is an example of a normal form:

Let L1 and Ly be as in the statement of the lemma. If ﬁl and ﬁg are normal forms for L1 and Lo
respectively, the reader can convince themself that 1.; and Ly are equal modulo (18). In particular,
Ly and Ly are equal in .S, 4. [l

Proof of Theorem 3.8. Relations (3) become 2-isomorphisms in GS,, 4. The first relation is categori-
fied by the invertibility axioms (13), (14) and (15). The second relation is categorified by (5) in the
case |¢ — j| > 1. Finally, the third relation is categorified by the analogue of (5), case |i — j| > 1,
for upward strands. We define the upward crossing as:

></\ = A
i J
i

!This could be formalize as a convergent rewriting system modulo.

31



It then follows from adjunction relations (12) and (5), case |i — j| > 1, that:

5| e

i 7 i 7

This implies that there exists a Z[g, ¢~ !]-linear functor S, 4 — Ko (gsf ’dd), full and surjective,
fitting into the following commutative diagram:

Snd —— Ko(GSL3)

J O lKD(]:n’d)

Web, —— KO(GFoamf?’Cl)

The bottom arrow is an isomorphism by Theorem 2.22. By Lemma 3.9, the left arrow is faithful.
We conclude that the top arrow is also faithful, and hence it is an isomorphism. O

4 Covering Khovanov homology

Convention: in this section, we read webs from bottom to top.

In this section, we define an invariant of oriented tangles and show that it coincides with odd Kho-
vanov homology when restricted to links. More precisely, our invariant coincides with covering
Khovanov homology, an invariant of links defined by Putyra [48]. Both constructions are defined
over the ring R = k[X,Y, Z*!]/(X? = Y? = 1) defined in Definition 2.12, such that setting
X =Y = Z = 1 recovers (even) Khovanov homology, while setting X = Z =1landY = —1
recovers odd Khovanov homology.

To distinguish the two constructions, we call Putyra’s construction covering sly-Khovanov ho-
mology and denote it CKhg, (L) for an oriented link L, and we call our construction covering
gly-Khovanov homology and denote it CKhgy, (T") for an oriented tangle 7". The latter coincides
with not even Khovanov homology as defined by the second author in [56] once weset X = Z =1
and Y = —1. See also the introduction for connections with the work of Naisse and Putyra [44].

To state our claim precisely, we introduce the following completions:

Definition 4.1. Theset A, theZ[q, q']-linear category Web and (72, j1)-graded-2-category GFoam
are respectively defined as:

A:=colim(... = Ay = Ago = ...),
Web = colim(. .. — Web; < Webg s < ...),
GFoam = colim(... — GFoam,; — GFoamg,s < ...),

where the embeddings' denote the addition of a double point, a double line and a double facet on the
right.

For instance, in the category Web the following identity webs are identified:

This follows from Lemma 2.10 and Theorem 2.23.
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Here we recall our convention for this section that we read webs from bottom to top. Informally,
working in A, Web and GFoam means that one can always “add a double point, line and facet
on the right”.

For C a (G, j1)-graded-2-category, we denote by Kom(C) the R-linear category of chain com-
plexes in C and chain morphisms. We say that a chain morphism is homogeneous if all its compo-
nents are homogeneous with the same degree. It is degree-preserving if it is homogeneous of degree
zero. This does not mean that Kom(C) is G-graded: a chain morphism may not decompose as a
sum of homogeneous chain morphisms.

For each sliced oriented tangle diagram Dy representing an oriented tangle 7', we define in
Subsection 4.1 a chain complex Komyg, (Dr) € Kom(GFoam). Then:

Theorem 4.2. Let w(Dy) be the writhe of Dr. Then the homotopy type of ¢’(PT) Komygy, (Dr) is
an invariant of the oriented tangle T'. We denote this homotopy type by CKhgy, (T').

This construction closely follows the presentation given in [37]. The main difference is the
horizontal composition (or “object-adapted” tensor product) of chain complexes, for which we
give a minimal introduction in Subsection 4.1.

In Subsection 4.2, we review the definition of covering sly-Khovanov homology. This similarly
defines for each oriented link diagram Dy, a complex Komg, (Dy,) in Kom(R-Modyz2), the cate-
gory of chain complexes in Z2-graded R-modules. The homotopy type of ¢*(P7) Komgy, (Dy) is
an invariant of the oriented link L.

Finally, we show the equivalence between the two constructions when restricted to links in
Subsection 4.3. To state it, denote by ) € A the empty weight and by () := idy its identity, the
empty web. Recall that in A (resp. in Web), the empty weight (resp. the empty web) is the same
as an arbitrary juxtaposition of double points (resp. double lines). Denote by GFoam(0), () the
Z*-graded R-linear category obtained by restricting GFoam to the object (), and

Agi,: GFoam((),()) — R-Mody

the representable functor Ay, := Homgroam(0,0) (), —). We can now state the main result of this
section of and of this paper:

Theorem 4.3. Let Dy, be a sliced oriented link diagram presenting an oriented link L. Then we have
the following degree-preserving isomorphism of chain complexes of R-modules:

Ag[z (K0m9[2 (Dr)) = Komy, (Dr).

This theorem is the content of Main theorem B when setting X = Z =1land Y = —1.

4.1 A covering gl,-Khovanov homology for oriented tangles

We describe the horizontal composition of two hypercubic complexes in a given graded-2-category.
Hypercubic complexes are special cases of polyhomogeneous complexes, defined in Definition 5.2.
The horizontal composition that we describe is the specialization of the definitions Definition 5.4
and Definition 5.7 (in the context of graded-monoidal categories). This is the minimal description
necessary for the construction of covering gl,-Khovanov homology.

Notation 4.4. Fix n € N. We use the shorthand Z := {1, ..., n} for the set of indices 1 < i < n.
We view {0, 1}" as a hypercubic lattice and denote (e;);cz the canonical basis of Z". For r €
{0,1}" and i € Z, we write 7 — r + e; for an edge in the hypercube {0, 1}".
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We fix C a (G, pu)-graded-2-category. Whenever we write a composition in C, it is tacitly
assumed that the 1-morphisms or 2-morphisms involved are composable.

Definition 4.5. An hypercubic complex A = (A, «) of dimension n € N consists of the following
data:

(i) for each vertexr € {0,1}", a 1-morphism A" inC,

(ii) for each edger — T + €;, a homogeneous 2-morphism af : A™ — A" 1€ inC, such that each
square anti-commutes:

r+e;;

i2

r+e;
T2 % al

«Q i1 i2

*1 04, = —Q
for all suitable r € {0,1}" andiy,i2 € . Furthermore, we require the grading to be constant
in a given direction, in the sense that deg oj = deg aj, for any suitable i1,i2 € T.

Given such an hypercubic complex A = (A, «), we define the following element of G:

. 0
laf (r) =) degg(af),

i r;=1

where 0 := (0,...,0) € {0,1}". Informally, the element |a| (r) is the sum of the G-degrees
along a path from 0 to 7. Let B = (B, /3) be another hypercubic complex of dimension m. We put
J={1,...,m}.

Definition 4.6. The horizontal composition A xg B of A and B is the hypercubic chain complex of
dimension n + m defined by the following data:

(i) on each vertex (r,s) € {0,1}""™, the 1-morphism A™ %y B*;
(ii) on each edge (r,s) — (s,r) + ey, the homogeneous 2-morphism

a}" *0 1d gs lkaiEI,

)" (ol (), 85) idar w0 85 ifk=jeg,

(axo B)® = {

The sign appearing in Eq. (19) is the graded Koszul rule. By Theorem 5.10, this horizontal
composition is coherent with homotopies (see also Main theorem A).

Note that a length-two chain complex whose differential is homogeneous is exactly a hypercu-
bic complex of dimension one. In particular, if Aj, ..., Ay is a family of horizontally composable
length-two chain complexes with homogeneous differential, Definition 4.6 defines their /N-fold
horizontal composition.

We now define a chain complex Komyg, (D) € Kom(GFoam) for every sliced oriented tangle
diagram D. The reader can follow the procedure on the example given in Fig. 4.1, with D pictured
at step (1). We shall need the following definitions of crossings of a single line with a double line:

Mo e K

These crossings satisfy the following relations in Web:

= and Q = U (21)
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Figure 4.1: Defining procedure for covering gl,-Khovanov homology in the case of a sliced tan-
gle diagram presenting the Hopf link. For both differentials given by the categorified Kauffman
bracket, the Z?-degree is (0, —1). One checks that the graded Koszul rule in Definition 4.6 adds
the scalar —Y as pictured in the figure.
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as well as all the relations obtained from the above by reflecting vertically and horizontally.

The procedure starts by telling how to assign webs to elementary oriented flat tangle diagram,
that is, caps and cups. This can be done using crossings (20) in an essentially unique way thanks
to relations (21). We make a choice by fixing a choice for the endpoints. Say that A € A is
antidominant if it is antidominant as a gl,-weight, that is if it is weakly increasing. To any set of n
points on a line corresponds a unique antidominant weight A € A;forn < dandn =d mod 2.
In turn, those antidominant weights define a unique element in A. Given any elementary oriented
flat tangle diagram, we pick a web representative whose endpoints are antidominant by “adding a
double line to the cup or cap and sliding it to the right”. For instance:

all= N

Note that fixing a choice for the endpoints ensures that if two elementary flat oriented tangle
diagrams are composable, then so are the corresponding webs in Web. We may extend this as-
signment to non-flat oriented tangle diagrams by formally adjoining crossings to our web dia-
grammatics (see step (2) in Fig. 4.1).

The procedure extends to an assignment of a chain complex in Kom(GFoam). For cups and
caps, it is the chain complex concentrated in homological degree 0 corresponding to the previ-
ously assigned web. For downward crossings, this is given by the Khovanov-Blanchet bracket,
generalized to the graded case:

%o |

S o e LB

Here we used the variable ¢ (resp. ¢) to denote the homological grading (resp. shift in g-grading),
so that in each case, the identity web sits in homological degree zero. Note also that it is the only
time we explicitly use the orientation data. This extends to a general crossing by choosing a way
to rotate it into a downward crossing, possibly with additional cups and caps.

Finally, let D be a sliced oriented tangle diagram. Then Komygy, (D) is defined as the horizontal
composition (see Definition 4.6) of the chain complexes assigned to each slice of D. This ends the
definition of Komygy, (D) (see step 3) in Fig. 4.1). o

Proof of Theorem 4.3. We need to check invariance under all Turaev moves for sliced oriented tan-
gle diagrams (see for instance [46, fig. 3.6]). Since the horizontal composition of chain complexes
is coherent with homotopies, this can be done locally. For planar isotopies, this follows from
Lemma 2.10. For Reidemeister moves, this can be shown following the techniques introduced by
Bar-Natan [1]. O

4.2 Review of covering sl;-Khovanov homology for links

We review the construction of covering slo-Khovanov homology as defined by Putyra [48]. His
construction uses a 2-category of chronological cobordisms, close in spirit to Bar-Natan’s definition
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of Khovanov homology [1]. For our purpose, we give here a “low-tech” definition of covering sl,-
Khovanov homology, directly generalizing the original definition of odd Khovanov homology of
Ozsvath, Rasmussen and Szabd [47].

We first give some preliminary definitions. For n € N, let Ar(a1,...,a,) be the R-algebra
generated by variables ay, . .., a, and subject to the following relations:

aja; = XYaja; forl1 <i,57 <n,
a?:() forl <i<n.

Denote by A (a1, . . ., a,) the R-submodule generated by words of length r in the letters ay, . . . , ay.
We endow Ag(ai,...,a,) with a Z-grading, the g-grading, setting qdeg p = n — 2r whenever
p € Ni(a1, ..., a,). Define also the following linear maps:

May,as:a: AR (Q1,02,21,...,Tn) = Ar(a,z1,...,2y)
P+ Play,az—a
Agarar: AR (a,21,...,20) = Ar(a1,a2,21,...,2y)
p > (a1 + XY a2)plasa, = (a1 + XY a2)p|asa,

Here a1, as — a means that one should replace every instance of a; and a by a in p, and similarly
for a — a; and a — ag. With respect to the g-grading, these maps are graded maps with ¢-degree

qdeg(may ag;a) = qdeg(Aa;a1,a2) =—-L

Note that one recovers the algebra Z[ay, ..., a,]/(a? = ... = a2 = 0) with its product and
coproduct by setting X =Y = Z = 1, and the exterior algebra in variables a1, ..., a, by setting
X=Z=1landY = —1.

Recall Notation 4.4. For 7 € {0,1}" and k,l € {1,..., N} where k < [, the square

r——1r+e
oo
r+e —— r+ep+e

is given an orientation as depicted, and we denote it by L} ;.

Let then D be an oriented link diagram with N crossings. The complex Komg, (D) is con-
structed through the following steps:

« Hypercube of resolutions: fix an arbitrary order on the crossings of D. Each crossing can be
resolved into two possible planar diagrams, respectively the 0-resolution (on the left) or the
I-resolution (on the right):

[
\ L ° N
A A g
A resolution of D is a choice of resolutions for each crossing. The resolutions of D can

be pictured as sitting on the vertices of an hypercube {0, 1}, where for € {0,1} the
binary 7; encodes the chosen resolution for the i-th crossing. Each edge » — r + e; of the
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hypercube connects two resolutions that only differ at the i-crossing. This edge is decorated
with a saddle cobordism, which can either be a merge or a split depending on the global
context. Finally, for each crossing one must choose an orientation on the arcs of the two
resolutions: the red or the blue orientation. We call it the arc orientation. Equivalently,
an arc orientation is a choice of arc orientation for the 0-resolution, which induces an arc
orientation for the 1-resolution by rotating a quarter of a turn clockwise. We denote Hy, (D)
the hypercube {0, 1}V decorated as above.

o Algebrization: we turn the hypercube of resolutions into a hypercube in the category of
Z-graded R-modules. To each vertex » € {0,1}" we associate the R-module V,. =
Agr(ai,...,ay), where n is the number of connected components in the corresponding res-
olution. One should think of each variable as attached to one connected component. In
addition, each edge is replace by a R-linear map between relevant R-modules:

Ca) @'@
. = Mayasa and

Note the importance of the extra arrows, which gives a preferred choice of ordering between
the two circles corresponding to the variables a; and as. We denote Agy, (Hsi, (D)) the
hypercube so obtained.

= D00

« Commutativity: As defined, squares in the hypercube do not necessary commute. In fact, if
we consider a generic square

F*
r—2 s r+4eg

FO*J/ O lFl* )

T+e o Ttepte
*1

we have:
Fl* O I'yg = ¢5[2 (Dz,l)F*l (e] Fo*.

Here 1), is the R*-valued 2-cochain on the hypercube defined by Table 1. As shown in
[47, 48], 1g, is a cocycle. An sly-sign assignment is a choice of a 1-cochain g, such that
Oest, = Vg1, Such a choice always exists: by contractibility of the hypercube, a 2-cocycle is
always a 2-coboundary. Given a choice of sly-sign assignment, we multiply each edge e of
the hypercube by €(e): this makes each square commutes.

« Grading: finally, we multiply each edge r — 7 + e; by (—1)#{7=1/<%} (Koszul rule) and

define
Komg, (D) == @ gImI=N=¢lrl=N-y,
re{0,1}N

where N_ denotes the number of negative crossings, and as before we used the variable ¢
(resp. ) to denote the homological grading (resp. shift in ¢g-grading). Note that with those
shifts, the differential preserves the g-grading. Note also that this is the only time we use
the orientation on D.

This ends the definition of Komgy, (D). o
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2000 D
OO0 ap
=0 =
OO D
O-D

XY

@ G

Table 1: Definition of 1), for covering sl;-Khovanov homology. Each square is univoquely rep-
resented by the (relevant local piece of) resolution at the initial point. If no orientation on the
arrows is given, then the value of v, is independent on the choice of orientations. Note that we
do not need to specify the orientation of the squares, as the image of s, is isomorphic to Z/27Z.

Theorem 4.7 ([47, 48]). Let L be a link and D a link diagram of L with writhe w(D). Then, the
isomorphism class of Komgy, (D) is independent on the choice of ordering on crossings, the choice of
arc orientations, and the choice of sl-sign assignment. Moreover:

CKhg, (L) = H* (qw(D) KomE[Q(D))

is an invariant of L, called the covering sl3-Khovanov homology of L.

Remark 4.8. The 2-cocycle 95, is not the only choice that makes the construction above works.
Indeed, for the last two cases of Table 1, called the ladybugs,' we both have

Fl* o F*(] = ¢5[2(DZ31)F*1 o FO* and Fl* ¢} F*() = Xsz[z (Dzl)F*l ¢} F()*

Define @5[2 to be the 2-cochain defined as 1), except for the ladybugs, where instead we set

wﬂQ(@):XY and %2(@):1.

The results of Theorem 4.7 still holds in this case. Let us write CKhyy, (L, 141, ) and CKhg, (L, @5[2)
to distinguish the two homologies. The homologies CKhgy, (L, 9s1,) and CKhgy, (L, 1), ) are re-
spectively called “type X” and “type Y” in [47] (setting X = Z = 1 and Y = —1; no analogy
intended between the scalar X and “type X”). It is shown in Putyra [48] that CKhgy, (L, 14, ) and
CKhgy, (L, thy,) are in fact isomorphic.

!This terminology is borrowed from [39].
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4.3 Equivalence between covering sl,- and gl,-Khovanov homology

In this subsection, we give a proof of Theorem 4.3. Here is a quick summary of the proof:

(i) We restate the definition of covering gl,-Khovanov homology using a gly-hypercube of res-
olutions. The rest of the proof consists of comparing the two hypercubes. This is done in
Subsection 4.3.2.

(if) To compare the hypercubes, we need to compare the R-modules at each vertex. This requires
a choice of basis for each R-module Homgpgoam (0, W), called cup foams, that we describe
in Subsection 4.3.1.

(iii) In Subsection 4.3.3, we use the above basis to define a family of isomorphisms on the level
of vertices. This defines a proper morphism of hypercubes only up to invertible scalar; we
call it a projective morphism. We state a certain 2-cocycle condition such that, if satisfied,
the aforementioned family of isomorphisms can be rescaled into a genuine isomorphism of
hypercube.

(iv) The proof of Theorem 4.3 then reduces to the analysis of this 2-cocycle condition. Subsec-
tion 4.3.4 shows that this can be done locally, looking only at the cases pictured in Table 1. In
most cases, general considerations show that the 2-cocycle condition is necessary verified.

(v) However, this does not work for the ladybugs (see Remark 4.8). To deal with these two cases,
we require finer results on the independence on all choices involved of the above family of
isomorphisms. This is done in Subsection 4.3.5, which concludes the proof.

4.3.1 Cup foams

Call a web W closed if ¢(W) is a closed 1-manifold. Recall the basis described in Subsection 2.5. In
the special case where the domain is the empty web and the codomain is a closed web W (recall
that we work in GFoam), the foam F': () — W given by Lemma 2.24 is such that

We call such an F' an undotted cup foam on W. If we wish to allow F' to (possibly) carry dots, we
simply say that F is a cup foam on W. We write |c(W)| for the set of closed components of ¢(W).
In this context, Theorem 2.23 is restated as follows:

Proposition 4.9. Let W be a closed web. Let B be a set containing precisely one cup foam
ﬁ(gi @ — W

for each subset § C |c(W)|, so that for each ¢ € |c(W)|, the corresponding disk in c(Bs) is dotted if
and only if ¢ € 8. Then B is basis for the R-module HomgFoam (0, W).

Fix an undotted cup foam 3" for W and pick a total order on |c(WW)|. For each subset § C
¢(W), denote by id?,vz W — W the foam identical to idyy except for an additional dot on the
connected component ¢ for each ¢ € 9, ordering the dots increasingly with respect to the total
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order on |¢(W)|, reading from bottom to top. This defines idJ, uniquely. We denote Y =
id‘gv o Y. Schematically:

w

dots on ¢

cups
0

It follows from Proposition 4.9 that

Corollary 4.10. for any choice of undotted cup foam 3% for W and total order on |c(W)|, the family
{ﬁgv}(;@(w) defines a basis for the R-module Homgpgoam (0, W).

Let V and W be two closed webs. If F': V' — W is a zip or an unzip, then ¢(F) is either a
merge or a split. Below we sometimes speak of the closed components in the domain and codomain
of ¢(F) to refer only to the closed components making up the boundary of the closed component
in ¢(F') containing the saddle. The distinction should be clear by the context.

Recall the symbol ~ to mean “equal up to multiplying by an invertible scalar”, defined in the
paragraph before Lemma 2.15.

Proposition 4.11. Let V and W be closed webs. Let 3V (resp. B'V') be a choice of undotted cup foam
forV (resp. W). Let F': V. — W be a zip or an unzip. Then:

(i) If ¢(F) is a merge, then
FopV ~pW.
(ii) If c(F) is split, then
FopV < + XYY,
where i1 and iy are the connected components of W corresponding to the codomain of the split

c(F).

Here is the schematic for Proposition 4.11:

w
merge w
Vv N cups
cups
0
0
w w w
split dot on 71 dot on i
V ~ V + XY V
cups cups cups
0 0 0
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Proof. Fix a total order on |¢(V')| and |¢(W)|. Using the neck-cutting successively on the identity
of W, one can decompose it as
idw = Y By o5,
OC|c(W)]
where §¢ == |c¢(W)]| \ ¢, and each 5§: W — () is a cap foam in the sense that ¢(/3§) is an union of
disks, each disk being dotted depending on ¢ as in Proposition 4.9. This allows us to write:

Fop"= Y p¥o(BsoFop"),

6Cle(W)]

where each 3§. o F'o 3 V'is a closed foam, that is a foam with domain and codomain the empty web.
Then, we apply the following result on the evaluation of closed foams, which is a consequence of
Theorem 2.23:

Lemma 4.12. Let U: () — () be a closed foam. Then:

I - idg if each closed component of ¢c(U) is a sphere with a single dot,
0 otherwise.

By the above lemma, there exist invertible scalars 7, 71 and 72 such that:

FoBV =78" or FopB" =1 XV—FTQﬁg,
depending on whether ¢(F') is a merge or a split. It remains to show that 7 /75 = XY in the latter
case. For that, we use Lemma 4.13 below. Assume i; < 72 for the purpose of the computation, so
that idil,iz = ldl2 o idili

w AW w w AW 1%
B, = idj; o(m B +mpi,)=id;, oFof
413

= idZ/OFOﬁV:idE/O(Tl le—i—Tg,Bg/):XYTgﬁW

21,127
Since ﬁg/K i, 7 0 belongs to a free family by Proposition 4.9, we must have (11 — XY'72) = 0, which
concludes. O
Lemma 4.13. Let F: W — W' and F': W — W" be two foams and let D1 and Dy be two
foams identical to idyy+ except for a dot sitting on a 1-facet. If the two dots belong to the same closed
component of ¢(F' o F'), then
FloDijoF=FoDyoF

in GFoam.

Proof. This is a consequence of the fact that a dot can slide across 2-facets at no cost of scalar,
and along 1-facets past generators depending on p. Thanks to Definition 2.6, the latter scalar only
depends on the relative vertical position of the dot. O

4.3.2 The gl,-hypercube of resolutions

We reformulate the definition of covering gl,-Khovanov homology to emphasize the similarities
with covering sls-Khovanov homology.

Let D be a sliced oriented link diagram with N crossings. As described in Subsection 4.1, we
can associate to D a knotted web Wp. Then, starting with Wp, the complex Ay, (Komg, (D))
can be defined as follows:
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(i) Hypercube of resolutions: each crossing can be resolved into a web 0-resolution or a web 1-
resolution:

AN I /7 ')

A web resolution is a choice of web resolutions for each crossing. Fixing an ordering on the
crossings, they can be pictured as sitting on the vertices of the hypercube {0, 1}, whose
edges are decorated with a zip or an unzip, depending on whether the associated crossing
is positive or negative. Denote Hyy, (D) the decorated hypercube so obtained.

and

(ii) Algebrization: we apply the functor Ay, to obtain the hypercube Ag, (Hg, (D)).

(iii) Commutativity: a gly-sign assignment' is an R*-valued 1-cochain €y, on the hypercube
{0,1}", such that Oegi, = Vg1, Where 1), is a 2-cocycle defined as

i, (Of ;) = p(deg Fox, deg Fuo) ™" = p(deg Fi1, deg F1.).

We multiply each edge e by €g, (¢). This makes each square commutes. This defines an
hypercube Hy, (D; eq,).

(iv) Grading: we apply the Koszul rule and shift the grading, in exactly the same way as for the
covering slp-Khovanov homology.

As a consequence of Lemma 5.8, the isomorphism class of the complex obtained does not depend
on the choice of gly-sign assignment. It is easily checked that the construction above coincide
with the definition of covering Ay, (Hgi, (D)) given in Subsection 4.1. In particular, it is shown in
Definition 5.7 that the graded Koszul rule is a gl,-sign assignment.”

4.3.3 A projective isomorphism of hypercubes

Let D be assliced oriented link diagram. To show Theorem 4.3, it suffices to exhibit an isomorphism
between the two hypercubes Hy, (D; €41,) and Hy, (D; g1, ), where an isomorphism of hypercubes
is a family of isomorphisms at each vertex, such that all squares involved commute. Indeed, as
step (iv) is identical for both constructions, we may disregard grading. Note that in particular, the
orientation of D is irrelevant for rest of the discussion.

Let then D be a sliced link diagram with N crossings, with a fixed choice of ordering on
crossings and arc orientations. We often do not distinguish between Hyy, (D) (resp. Hyi, (D)) and
Ast, (Hsi, (D)) (resp. Agr, (Hgr, (D))). The relevant hypercube should be clear by the context. Also,
we use slp and gly as subscripts to distinguish features of the two constructions. For instance, we
write g, to denote the decoration on the vertex 7 € {0,1}"" of the hypercube Hy, (D) (that is,
a web W, or the graded R-module Homgroam (0, W) depending on the context).

Looking at step (i) in the construction of the hypercubes, it is clear that c(Hg, (D)) = Hq, (D):
that is, ¢(rg,) = 7, for each r € {0,1}", and similarly for edges. For each vertex W = rg,
of Hy, (D), fix a choice of undotted cup foam " and a choice of total ordering on the set of
connected components |¢(W)|. By Corollary 4.10, 7, has basis given by the set {8}" }sc|cowy)-

'The notion of sign assignment here is slightly different from Section 5, as the latter already includes the Kozsul
rule.
*With the caveat of the previous footnote.
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On the other hand, 7y, has basis given by the set {as}5c|c(v), where as = a;, ... a; with § =
{ik,..., 11} and i, > ... > 7;. Hence, the map

oy s B = (18] (=1, -1), 8" )as

defines an isomorphism of graded R-modules.' Note that ¢13> depends on the choice of 3", but not
on the choice of ordering on |c(W)|. Moreover, the family of those isomorphisms at each vertex
defines a projective isomorphism of hypercubes, in the sense that for each edge e: V' — W in
Hyg, (D), the square

vV — W Hg[Q(D)
O, = Wl o LW (22)
(V) —s (W) Hao, (D)

c(e)

commutes up to invertible scalar. This scalar is computed in the following lemma:

Lemma 4.14. Denote by T € R* the invertible scalar given by Proposition 4.11. Then either
eoBV =78V or eoBV:T( %V—FXY Z‘g/),

depending on whether c(e) is a merge or a split. We differentiate between i1 and iy using the arc
orientation: it goes from i1 to ia. Define

_J)7 ifc(e) is a merge,
vl {TM((_L —1),8")  ifc(e) is a split.

Then w0 e = vg(e)(c(e) o ty).

Note that ¢3(e) depends in general on the choices of arc orientation on e and undotted cup
foams 3" and 5", but not on the choice of ordering on closed components. The proof of Lemma 4.14
is postponed to after this discussion.

Ultimately, we are interested in comparing the hypercubes Hyy, (D; €51,) and Hy, (D; €41, ). The
above suggests the strategy of finding a 0-cochain ¢ on {0, 1}V such that the square

€q1, (€)e
C(‘/) ‘jﬂ%AAA? w ]35[2(1);695)
@(V)Lvl O JSO(W)LW
C(V)5512 (e)c(e)c(W) HE[Q (D7 65[2)

commutes. That would define an isomorphism of hypercubes, and prove Theorem 4.3.

We can rephrase the problem as follows. Denote by H, (D) the (/N +1)-dimensional hypercube
decorated as Hy, (D) on {0,1} x {0}, as Hy, (D) on {0,1}"¥ x {1}, and decorated with ¢ on
edges 7 x {0} — 7 x {1}. Define also the following 2-cochain ) on H,(D):

Vg1, on {0, 1} x {0},
Y= s, on {0, 1}V x {1},
7,/}/3(6)*1 on [,

!One can think of a; as corresponding to 8% oid}" : this makes no sense when it comes to composition, but this is
coherent with the interchange relation. Thinking this way makes some of the identities below clearer.
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€ox

Woo Wo
oo e s
Wio - Wi
oo “Wo1
®g = s
oy,
c(Woo) — m c(Wo1)
clexo)N, clex1)\ c(S)
c¢(Wio) c(W11)

c(e1x)

Figure 4.2: The 3-dimensional cube @g, where S is a square of Hy, (D), pictured on the top.

where we recall [J, from (22).

Assume that ¢ is a 2-cocycle. Then by contractibility of the hypercube, it is a coboundary,
and there exists some 1-cochain € such that de = 1. Denote by H,(D;¢) the hypercube H,(D)
obtained by multiplying each edge by its value on €. By definition, e, = €| (0,13 x {0} (resp.
€st, = €|g0,137x1}) 1 @ gly-sign assignment (resp. a sl-sign assignment). In other words, the
hypercube {0, 1}" x {0} (resp. {0,1}" x {1}) in H,(D;e) coincides with Hy, (D; €41,) (resp
Hg,(D;eq1,)). Moreover, by Lemma 4.14 all squares of the kind [J. commute. In other words,
the (IV + 1)-direction in the hypercube H,(D; ¢) defines an isomorphism of hypercubes between
Hyi, (D €qi,) and Hgi, (D; €1, ).

When is v a 2-cocycle? Note that it suffices that ¢ is a 2-cocycle on every 3-dimensional cube
of H,(D). As 1)q, and 1), are already 2-cocycles, it is only necessary that v is a 2-cocycle on
every 3-dimensional cube @y := S x {0, 1} for S a square of Hy, (D) (see Fig. 4.2). We give an
orientation on Mg such that it agrees with the orientation of eg,.

To sum up, we have shown that:

Proposition 4.15. Let D be a sliced link diagram with N crossings. Assume given an ordering on
crossings, a choice of arc orientations, and a choice of undotted cup foams on the webs decorating
Hyg, (D). If for every square S of Hyy, (D), the identity

(@) = 1

holds, then there exist sign assignments eq, and g1, such that Hy, (D;eq,) and Hyy, (D €q1,) are
isomorphic. (]

We end this section with the proof of Lemma 4.14.

Proof of Lemma 4.14. We have two cases: either c(e) is a merge, or it is a split. In both cases, we
compare where the basis element B(‘;V is mapped through the two paths defining the square. The
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first case is depicted below, where the two end results are separated by a dashed line:

By Tu(dege, |0 (—1,-1)) BY

|

/’L(‘5| (_17 _1)7degﬁv) a}s/ E— M(‘6| (_17 _1)7degﬁv) a’gv

We use the identity deg 8"V = deg Y + dege to conclude. Similarly, the computation for the
second case gives:

By Tu(dege, 6] (—1,—1)) id}y o (B + XY BY)

|

(18] (=1,-1),deg 8Y) af —— u(|6] (=1, -1),deg BY) (a;} +XVay)) ay’
and the identity deg 8"V + (=1, —1) = deg 8" + deg e concludes. O

4.3.4 Local analysis

For a sliced link diagram D together with choices as in Proposition 4.15, we need to verify
0@g) =1

for every square .S in Hy, (D). Note that this certainly does not depend on the choice of ordering
on crossings. We implicitly assume such a choice in the sequel.

Note also that given a square S in Hy, (D), the value of 9(Rg) only depends on local choices:
a choice of arc orientations for the two crossings involved and choices of undotted cup foams for
the four webs involved. (This is essentially because ¢ only depends on local choices.) In other
words, we can restrict our analysis to the set of squares that can appear in a gly-hypercube of
resolutions, that is, to diagrams with exactly two crossings:

Lemma 4.16. Assume that for every sliced link diagram S with exactly two crossings, and for all
choices of arc orientations and undotted cup foams, the identity O(g) = 1 holds. Then Theorem 4.3
holds. -

Recall the pictures of Table 1: they describe each possible isotopy class, together with the data
of arc orientations, associated to such a sliced link diagram S. They are obtained by recording only
the 0-resolution for both crossings together with their arc orientation. More precisely, pictures in
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Table 1 only picture the non-trivial local part, obtained by removing the simple closed loops that
do not contain the boundary of an arc. We call them local arc presentations.

Recall the ladybug local arc presentation from Remark 4.8: this was the only case were the
value of the sl3-2-cocycle s, could be set differently. As we could expect, this extra freedom in
the definition of covering sl;-Khovanov homology forces some extra work to deal with the ladybug
in our proof of Theorem 4.3. For the other cases, a generic argument is sufficient:

Proposition 4.17. Let S be a sliced link diagram with exactly two crossings, together with choices
of arc orientations and undotted cup foams. Then:

(i) if the local arc presentation of S is not a ladybug, then 0(Wgs) = 1,
(ii) if the local arc presentation of S is a ladybug, then 0(Wg) = 1 or 0(Wg) = XY

Proof. Recall the notations of Fig. 4.2. As 9 is the 2-cochain controlling the commutativity in @g,
by definition we have that p = 9¢(@g)p for p = c(e.1) o ¢(ep«). In particular:

(1 —9¢(@s))p(1) = 0. (23)

the element p(1) admits a unique decomposition into basis elements: p(1) = Y " | \as, for
some scalars \; € R and some subset 6; C ¢(W71). The above relation and the unicity of the
decomposition implies that (1 — 9¢(Wg))A; = 0 forall i = 1,...,n. Hence if any of the \;’s is
invertible, we automatically get that 0¢(@g) = 1.

The only case where we get non-invertible coefficients is when c(e.) is a split and c(e41) is a
merge, that is, in the ladybug cases. In that case we have p(1) = (1+XY")a; for some j € ¢(W11),
which forces either 9¢(Wg) = 1 or O (Wg) = XY. O

If 0(@g) = 1 holds for all choices with a ladybug local arc presentation, then Theorem 4.3
holds. If on the contrary 9(@g) = XY holds for all choices with a ladybug local arc presentation,
then Theorem 4.3 still holds, as we can apply the same reasoning using the slz-2-cocycle EEIQ de-
fined in Remark 4.8 instead, effectively comparing our gl,-construction with the sla-construction
of type Y. In either case, we construct an isomorphism between the gly-hypercube and the sls-
hypercubes of type X or of type Y, the latter two being isomorphic.

In other words, what matters is that, whatever the value of 9(@y), it remains the same for all
the choices involved. This is given by the following proposition:

Proposition 4.18. Let S be a sliced link diagram with exactly two crossings, together with choices
of arc orientations and undotted cup foams. Then the value of O(Wyg) only depends on the local arc
presentation of S.

The proof of Proposition 4.18 is given in Subsection 4.3.5.

Remark 4.19. A direct computation shows that in fact, we do have 9(@g) = 1 even in the case
of a ladybug local arc presentation. It is interesting to note that, if we change the defining zigzag
relations as follows:

= =X = Xy Zz? = X2?

leaving the rest of the definition identical, we get (@g) = XY in the ladybug case. It is not clear
to the authors whether this other graded-2-category of gly-foams is isomorphic to GFoam,.
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4.3.5 Independence on choices

We prove Proposition 4.18. With the notation of Fig. 4.2, recall that .S is oriented as follows:

e
Woo i> WlO

S = 60{ O lel*

Wor —— Wi

and similarly for ¢(S). We compute that:

0%(@s) = Yy, (S)var, (c(S)) ™ s (5).

Lemma 4.20. Let S be a sliced link diagram with exactly two crossings, together with choices of arc
orientations and undotted cup foams. Then the value of 0(Ws) does not depend on the choices of arc
orientations and undotted cup foams.

Proof. Assume we swap the arc orientation of the kth crossing. Then 0t3(.S) will contribute an
additional factor XY for every split in direction k. Looking case by case at Table 1, one checks
that this change is exactly compensated by the contribution of ¢, (¢(S)). The value of 1, (S)
does not change. Hence, changing the arc orientations does not change the value of 0(@g).
Assume we change the choice of undotted cup foams instead. Let 3 and 3 be two choice of
undotted cup foams, identical everywhere except at some vertex W. Denote by 7 the invertible

scalar such that BW = 78" ! Then:

1&3(% W) =g(— W)/ and %(W =) =yYg(W =) -,

where — W (resp W —) denotes an incoming (resp. outgoing) edge in Hy,(S). In particular,
9(S) = 9Y35(S). The values of 1y, (S) and s, (c(S)) do not change. Hence, changing the
choice of undotted cup foams does not change the value of 0(@y). O

Next we check Proposition 4.18 for planar isotopies. Actually, we show a bit more, namely the
the value of 9(@g) is independent on the choice of spherical representative for S. A spherical sliced
representative of a link diagram S is a sliced diagram that is a representative of S up to spherical
isotopies (see Definition 2.9).

Lemma 4.21. Let S be a sliced link diagram with exactly two crossings, together with choices of arc
orientations and undotted cup foams. Then the value of O(Wyg) does not depend on the spherical sliced
representative.

Proof. Let S and S be two sliced link diagrams in the same spherical isotopy class. Throughout
the proof we use the notation (—) to distinguish features related to S. By Lemma 4.20, we may
freely choose arc orientations and undotted cup foams.

Pick a choice of arc orientations on S. Then there are arc orientations on S naturally associated
to the one on S: for instance, one can use an orientation on S to record the arc orientations,

and orientation of link diagrams is preserved by spherical isotopies. With this choice, we have

’(/}5[2 = wﬁ[g .

The existence of such a scalar can be deduced from Theorem 2.23
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Recall that if S and S are planar isotopic, then the proof of Theorem 4.2 showed that there
exist sign assignments ¢ and € such that Hy, (S; €) and Hy, (S; €) are isomorphic. This extends to
the spherical case, thanks to the following pair of isomorphisms in GFoam:

XY

1

LTITIT

T &
¥eo) ¥\
A (S

f_\ + f_\
Denote ¢: Hy, (S;€) — Hgy,(S;€) such an isomorphism. If § is a choice of undotted cup foams

for S, then ¢ o § is a choice of undotted cup foams for S. Then, for eachedgee: r — sin {0, 1}2,
denoting I, and F'. the corresponding foams in Hy, (S) and Hy, (S) respectively, we have that:

_ 7 o7 — O F o) — IoXd if F,, ' are merges,
“(e) (Feo8") =e(e) (paoFuo )G(e)wﬁ(@{(ﬁg +XYpBS) if Fe, F. are splits.

Hence we have ¢5€ = tge. That implies 8(1/)3)@9[2 = 0(1pg)tg,. This concludes the proof. [

Finally, we need to check that 9(@g) only depends on the local arc presentation. Up to spher-
ical isotopies, we can slide away all closed simple loops. The next lemma concludes the proof of
Proposition 4.18.

Lemma 4.22. Let Dy and D1 be two sliced link diagrams, such that D1 has two crossings and Dy
none. Then 0Y(Wp, ) = OV (@pyxeD, )-

Proof. If Wy is the web corresponding to Dy and 80 is a choice of undotted cup foam for W,
then (idyy, o 8") %1 80 is an undotted cup foam for every undotted cup foam 5" This defines
a choice of undotted cup foams on Dy xg D1, given one on D;. It is also clear how to define arc
orientations on Dy xo D1 given such a choice on D;. With this choices, t,, 151, and 15 remain
identical. This concludes. O

5 Chain complexes in graded-monoidal categories

In this section, we define the tensor product of two chain complexes in a given graded-monoidal
category; more precisely, we restrict our study to homogeneous polycomplexes. Crucially, we then
show that this tensor product leaves homotopy classes invariant. Although this section is set
in the context of graded-monoidal categories for simplify, all definitions and results extend in a
straightforward way to graded-2-categories.

Although not difficult, this section is more technical than the others. We refer the reader to
the beginning of Subsection 4.1 for a minimal version of this section, sufficient for the purpose of
Section 4.
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Notation 5.1. Fix n € N. Recall Notation 4.4. For r € Z", we write |r| == r + ... + . Fix
R, G and p as in Subsection 2.1, and fix a (G, u)-graded-monoidal category C. In order to reduce
clutter, we often abuse notation and write f instead of deg f, where f is a morphism of C. The
distinction should be clear by the context. We also write * instead of u. For instance, for f, g
and h morphisms, we may write (f + g) * h for u(deg f + deg g, deg h). We sometimes use the
subscripted equal signs =g and =@ to emphasize where an equality holds.

5.1 A graded Koszul rule
Definition 5.2. A homogeneous n-polycomplex A = (A, «,1p4) is the data of:
(i) a family A := (A" )pczn of objects A" € C;

(ii) a family o = (af)rezn icz of homogeneous morphisms af : A™ — A" 1% such that each
square anti-commutes:

rt+e; oal =
K3

r+e; r
O .
aj aj

(in particular, o] *® o T = 0 for all i);
(iii) a G-valued 1-cocycle 1y on Z" such that ) (r — r + €;) = deg o whenever o # 0.

Thanks to condition (ii), we associate to A a chain complex (Tot(A), Tot(«)), its total complex,
given by
Tot(A); == @ A" and Tot(a)|ar = Z o .

rEL™ |r|=t 1<i<n

In what follows, we will not distinguish between a homogeneous polycomplex and its associated
total complex. In particular, chain maps and chain homotopies are defined in the usual sense.

Condition (iii) is a technical condition that is not restrictive for our purpose, but allows us to
mainly use combinatorial arguments throughout the section. Note that if a square is non-zero,
that is if

r+e; r_ r+e; r
o ca; = —q oaj #0,

then on the edges of this square, the definition of 1/ is both forced and automatically compatible
with the cocycle condition. On the other hand, if the square is zero, then there is a priori no
condition imposed on the degrees of the edges. Condition (iii) is a way of forcing the cocycle
condition on zero squares.

For each r € Z", let p be a path in Z" from 0 to 7. Since 1, is a cocycle, the value |a] (r) =
1 (p) does not depend on the choice of path. Most importantly, it verifies the following:

lal (r+e;) —|a| (r) = Ya(r = r+e;) =degal if of #0. (24)

We now introduce the notion of tensor product of homogeneous polycomplexes, after setting some
further notations.

Notation 5.3. Recall our notations from Notation 5.1 and Definition 5.2. We introduce analogous
notations for a homogeneous m-polycomplex B = (B, 3,1p): we let 7 = {1,...,m} denotes
the set of indices and use generically the letter j for an index j € J and s = (s1,...,8y,) for
a vertex in Z™. Finally, we generically use the letter & for an index £ € Z LI J and the notation
(r, s) for a vertex in Z"™,

Definition 5.4. Let ¢ be a R* -valued 1-cochain on Z"*™. The e-tensor product (A @ B)(e) of A
and B is the following data:
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(i) the family A® B = ((A ® B)(™®)) of objects (A ® B)(™®) .= A™ @ B*;
(ii) the familya ® = ((a ® ,3),(:78)) of homogeneous morphisms

L A
where e denotes the edge (r,s) — (7, s) + ey;

(iii) the 1-cocycle W @ g on Z" ™ givenone = (r,s) — (r,8) + ey by

Ya(r —r+e;) k=1ieT;

(Ya @ Ym)(e) = {¢B(3—>s+ej) k=jeJ.

For (A®B)(e) to define a homogeneous (n+m)-polycomplex, € needs to be such that squares

anti-commute. This is encapsulated in the following lemma, where D,(:l’s) with k£ < [ denotes the
following oriented square:

(r,s) ——— (r,8) + e

Lo

(r,s)+e —— (r,s) +ep+e
Lemma 5.5. Say that a 1-cochain € on Z™ ™ is compatible if

86(D(r,s)) _ )0 ifk,le Zork,le J,
ol (o T+ e)xvp(s o s+e) ifk=icTandl=j€J.

If € is compatible, then (A ® B)(€) defines a homogeneous (n + m)-polycomplex.

Proof. The case k,l € Tork,l € J isclear. Inthecase k =i € Zand! = j € J, the square

Dl(:l’s) has the following form:

TQidgs
(r,s) ——" (r,8) +ex
id gr ®5;l O lidAH_ek ®B2

(r,s)+e —_ (r,s)+ep+e

Oéz®ist+el

The morphism corresponding to the path (7, s) — (7, 8)+ex — (7, 8)+ex+eis (5] x af o] ® 57,
while the morphism corresponding to the other path is o @ 7. If the square is zero, it automati-
cally anti-commutes. Otherwise, it is sufficient to have

aG(DXz’S)) =r —(B] * o)l =g —a(r = T +e) xUp(s = s +ej). O

Remark 5.6. Note that the compatibility condition is a sufficient condition to ensure that all
squares anti-commute, but a priori not a necessary one. Indeed, there might be some liberty on
squares that are zero. In particular, we could have o ® 87 = 0 even if o # 0 and 37 # 0.
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Definition 5.4 defines a tensor product of homogeneous polycomplexes, provided that a com-
patible 1-cochain exists. Definition 5.7 below gives the existence.

Definition 5.7 (graded Koszul rule). The standard 1-cochain epgp is the compatible 1-cochain on
H" ™ givenone = (r,s) — (r,8) + ey by

. 0 k=i€el;
€AxB\C) = (_1)\T|‘a|(r)*¢3(s—>8+ej) k=jeJ.

Note that if 14 = g = 1, then || (r) *¢)g(s — s+e;) = 1 and we recover the usual Koszul
rule. Checking that ejgp is compatible is straightforward:

Proof. Consider the square D,(:l’s) as above. If k,] € T or k,l € J, eagp is clearly compatible.

Otherwise if k € Zand [ € 7, we get (using property (24)):

0eOf) = (=) fal (r + ex) + (s — s+ €5)) (~1)" o] (r) * Ya(s — 5+ ;)"
=—(lo|(r+ex) — |af (r)) *vp(s — s+ €;)
= —Ya(r = r+e)*Yp(s = s+ej). u

We next check that this choice of compatible 1-cochain is essentially unique, among compatible
cochains (see Remark 5.6).!

Lemma 5.8. Let € and €' be two compatible 1-cochains. Then (A ® B)(€) and (A @ B)(€') are
isomorphic as chain complexes.

Proof. If € and €’ are both compatible, then d(e(¢/)™1) is zero on all squares. As squares generate
all cycles in Z", e(¢/)~! is a 1-cocycle. In particular, e(¢')~! is a 1-coboundary and there exists
a 0-cochain ¢ such that dp = e(¢/)~1. Consider the map ®: (A ® B)(¢) — (A ® B)(¢') that
corresponds to multiplication by ¢(r, s) when restricted to (r, s). It is straightforward to check
that this map defines an isomorphism for the associated total complexes. O

From now on, we simply call (A ® B)(eagp) the tensor product of A and B and denote it
AQB= (A®B,04®57¢A®¢B)

Example 5.9. A chain complex C = (C,, 0,) whose differentials J; are all homogeneous is a
homogeneous 1-polycomplex. An n-fold tensor product of homogeneous 1-polycomplexes is a
homogeneous n-polycomplex. This is the specific construction used in Subsection 4.1 to define
covering gly,-Khovanov homology.

We now come to the main result of this section:

Theorem 5.10. Let Aj, Ay, By and B2 be homogeneous polycomplexes. Then:
A ~By and Ag~DBy implies A ® Ay ~ B ® By,
where ~ denotes homotopy equivalence (in the usual sense).

The idea of the proof of Theorem 5.10 is straightforward: define induced morphisms and in-
duced homotopies on tensor product. Precisely, Theorem 5.10 holds if the following holds:

The proof given below is nearly identical to the proof of Lemma 2.2 in [47].
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(1) Given homogeneous polycomplexes Ay, By and chain maps Fj,: Ay — By (k = 1, 2), there
exists a chain complex F1 ® Fy: Aj ® As — B ® By. This definition is such that F; ® Fy =
IdA1®A2 if 1 = IdAl and Iy = IdAQ.

(2) Given homogeneous polycomplexes Ay, By, chain maps Fj, Gi: Ay — Bj and homotopies
Hy: F, — Gy (k = 1,2), there exists a homotopy H; ® Hy: F1 ® Fy — G1 ® Ga.

This is the content of Subsection 5.2: part (1) is shown by Proposition 5.14, while part (2) is shown
by Proposition 5.16.

5.1.1 Further directions

As it is unnecessary for our purpose, we did not investigate the categorical properties of the tensor
product. For example, it is not clear whether it is functorial, or functorial up to homotopy. Other
possible questions include:

« Can we extend the definition of the tensor product to higher structures? That is, can we
define induced n-fold homotopies on the tensor product?

+ Are the definitions of induced morphisms and induced homotopies unique up to higher
structures, similarly to Lemma 5.8?

« What is the most general case where on can define a (sensible) tensor product on chain
complexes in a monoidal category? In particular, how far can we weaken condition (iii) in
Definition 5.27

5.2 Induced morphisms and homotopies on the tensor product
5.2.1 Preliminary remarks

Recall the conventions of Notation 5.1 and Notation 5.3. We extend them using subscripts to
A = (Ag, o, ¥a, ) and B = (By, Bk, ¥, ) for k = 1,2. From now on, we denote A = A; ® Ay
and B = B; ® By. We also use different shortcuts, such as # = (71, 73) and s = (s1, S2), that
should be clear from the context. A

Note that in Definition 5.4, the scalar eg’g’ﬁ always appears in front of an expression involving
3. Thus, when doing computation with eg’g’é in this context, we can assume 37 # 0 and in
particular write deg 37 instead of Yr(s — s+ e;). In the proofs below, we will always encounter
similar situations. In order to simplify the exposition, we shall act as if deg f is always well-defined,
and avoid the use of ¢ altogether.

Before entering the main proofs, we define a generic R*-valued 0-cochain, satisfying generic
properties. In fact, Definition 5.13 and Definition 5.15 solely depend on this generic definition, and
all “degree-wise” computations follow from those generic properties.

Definition 5.11. For )\, = ()\Z’“’s’“)(rk sn)eA @B, @ pair of G-valued 0-cochains (k = 1,2), let

GK;SJ\Q be the following R* -valued 0-cochain:

r,8

o = (" ol (r) = 160 o0)] 2] ) (ol () #2577,

Lemma 5.12. The generic R* -valued 0-cochain defined above satisfies the following:
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T1+€i,81 T1,

(i) Assume py ‘=g Ay +« 1 =a N S1en —i—ﬂjll_ejl holds for allv; € 71 and j1 € J1;
in particular, the G valued 0- cocham 1 is defined independently of the choice of i1 and ji.
Then the following identities hold, for all iy € 7, and j1 € J1:

T8 7‘+6117 72,52 Ty "'3 €51
€ine R X0 ()\ *aQy ) =R €)\ )

r2+e€i,,82 72,

(ii) Assume 12 ‘=g Ay + a;"; =G Ay 527 €5 —1—6;22_'% holds for allvo € T and jo € Jo;

in particular, the G valued 0-cochain ps is defined independently of the choice of ia and jo.
Then the following identities hold, for all io € Iy and jo € Jo:

r+e;
7' S =r ( 1)‘7‘1‘ 7’177’21.72 i

. 1ls1]S182—€sp iz Tis—ejy (gs2—ejy  \ris
)\1 2 CA104: Exi N TR ( ) B * )\1 .

€B1®B> DYy J2
Proof. 1t follows from direct computation (recall relation (24)):

€iq,8 i1y -1
s =r (T 4 aly + Jaal (m) = 181] (s)] #1821 (52))  ([Jaa] (r1) + 03] + A57%2)

=g e;fAQ (04’”1 * /\TQ’SQ)

r,s—e r1,81—€ si1—e -1 2,8
A = (T 85 anl () = 1B (s0)] % 182l (2))  ((laa] (1) + 257

7‘ S
TR €

(—1 )\rl\ r1,72,52 _T1€iy,8
A1®A2 “A1,)2

= (Jan] (ra) 72 (NP -+ el ra) = 18] (1)) ¢ 182l (s2))  (Jea () #2572)
—R ([)‘Tl’SI + |Oél‘ ("'1) - |Bl‘ (81)] * ’,82| (82)>71 <|a1| (7'1) % [A;‘2+ei2,s2 i 0%22732])

8
“RE€ >\17M2

\s1| 81,82~ 312732 r,8—€j, 71,81 S2—€j5\
(=1 o, e M EB,

7'2,52_Ej2 1,81 _1
=r (|81] (1) * B}, )([/\1 +|ai| (r1) — 1] (s1)] * [ Ba] (82 — ej2)>
. (’a1| (7“1) % )\;‘2,527812) ()\’{‘1,81 N ﬁ;;,eh),
-1 T2,82—€j, s2—ej,
=g ([)\rl,sl +lon| (r1) = 1B1] (s1)] * |52 (52>> <‘041’ (r1) = [Ag + B, ])

’l" S
“RE€ >\17u2

5.2.2 Induced morphism on tensor product

A chain map F': A — B is a set of morphisms F"™*: A" — B¢ for all |[r| = |s| such that
BoF = F oq, that is:

Z B;—ej o F™8—€ — ZFT—&-ei,s o Ozzr.

jeJ i€z

Definition 5.13. Let F},: Ay — By be chain maps for each k = 1,2. Their induced morphism
F = F, ® F; is the chain map F': A1 ® Ay — B; ® By given by the data:

T8 __ 7‘1,81 72,82
F" €F1 FQF ® Fy*7,

where 6;—,’18],2 is defined as in Definition 5.11 (here we used the abuse of notation F; = deg F;).
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Proposition 5.14. Definition 5.13 gives a well-defined chain map. Moreover, if F'\ and I are iden-
tities then I is the identity.

Proof. Note that if both F and F3; are identities, then

1
e}}lsp2 ([0 + loa | (r1) + |oa| (r1)] * | (32)) (laa] (1) ¥ 0) =1,

so that two identities induce the identity on the tensor product. To show the first part of the
statement, we must check that § o F' = F o «. First, we unfold both sides of the equation:

E B;*ej o FTs—€;

JjET
o Sl ejl r,8 ejl rl,Sl—ejl 72,892
E:[ ®Id} [FF 3 ® Fy
J1€T
81,82—€54,72 S2—€j, T.8—€j, 111,81 T2,82—€j,
+ g [631®BQ Id® g;, ] o [thFQ Fi" ®F,
J2€J2
o T'S €]1 Slfejl 7‘1,3176]'1 72,892
= m B T oh ® Iy @
€T
1,51 S2—€j, 71,81\ S1:82—€j,,J2 T,.8S—€j, ,82—€j, T2,82—€j,
+ F1 ® Z (’Bjé * F1 ) ¢ B1®B, €r,Fy BjQ °© F2 @
J2€J>
§ :F'r’—&-ei,s o Oé;‘
€L

. rtei;,8 ritei;s 72,82 71
_Z[Fl,Fg 4 ® Iy ° [a} @1d]

i1€14
+ 7'+6127 "‘1751 ® FT2+612732 o T1ﬂ‘2,l2 Id ® T2
E , €R Py €A1®A; iy
i9€Ts
. 2,82 r1\ T1Tei,s FT1+€i1 181 1 282 @
= (Fy>% %)) e 1 o | @ Fy
1€l
FTLst T+61273 71,72,i2 F’"2+612352 ) ®)
+ 1 ® F1 F> €A1®A2 2 o aiQ

i9ETLo

We want to show that the two terms labelled (1) (resp. (2)) are equal, using the chain map relation
of Fy (resp. F3). To do so, we only need to check that the scalars are the same. In each case, we
can assume that:

5]1 1"1,31—3]-1 . FT1+811781
C - 1

+ a;“ forall i1 € 77 and j; € J1;

Sio—1 7r9,80—€; ro+e;,,s T . .
@ ,6’]-2]2 + BTN =g By + a;,? forall iy € Iy and jo € Jo, and |r1| = [s1].

These are exactly the assumptions needed to apply Lemma 5.12. O
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5.2.3 Induced homotopies on tensor product

A homotopy H between morphisms F': A — Band G: A — Bisaset of morphisms H"*: A" —
Bs® for all |r| = |s| + 1 such that

. s—e; o
s Gr,s — § :Hr—l—el,s o al'(' 4 § :Bj 75 H'r,s e].
€L jeT

Definition 5.15. Let Fy: Ay — By (resp. Gi) be chain maps and Hy: Fy, — G}, homotopies for
each k = 1,2. Denote F' (resp. G) the chain map induced by F and F5 (resp. G1 and G2). Their
induced homotopy is the homotopy H: F' — G given by the data:

7,8 71,81 72,82 4 |ry] 7,8 71,51 72,52
H™® =eyl p, H{V% @ Fy»% + (=1)Meg? GV @ Hy

1,
where the €’s are defined as in Definition 5.11.
Proposition 5.16. Definition 5.15 gives a well-defined homotopy.

Proof. We must check that ' — G = o H + H o . We unfold the two terms on the right-hand
side (RHS), with first the computation of 3 o H restricted to the paths from A" to B*:

(BoH)l3 =2 57 o H""®

jeJ

- Y g ed]

J1E€EN
r,8 ejl
© |:€H17F2 H,
51,52—€5,,j2 s2—€j,
+ Z [631®Bz ld® /Bj2 }
J2€J2

T,8—€j, 111,81 T2,52—€j, P TS €ha 1,51 T2,52—€j,
O[HI,FQ Hi "™ @ F, + (=1)"eq, 4,2 G @ Hy

T1,81—€j5, 72,82 |1'1| T:8—€j; AT1,817€j 72,82
®F*% + (=1)"eg, p," Gy © Hy

1,412

T,8—€j | pS17€5; T1,81—€j; 72,82
= eHl,FQ |:ﬁj1 OI{1 ®F2 @
1€

"’"1' r,8—€j, S1—€j, 71,51 €5, 72,82
+(=D"eg m, (B, oGy ® Hy

2 : 52 Ci2 , grLS1) ST €jg:J2 TS—€jy 71,81 S27€j 7'2,827€j,
* ( H, ) €B1®B> EH1 Fy Hy ® ’Bj2 o Iy
J2€J2
S2—€jy 71,81 ri| S1,82—€jy,j2 T,5—€j, 71,81 S2—€jy T2,82—€jy
* (’8' * G )( DMl an, G GV @ |81 o @

J2

and then the computation of H o « restricted to the paths from A" to B*:

(Hoa)ﬁ: _ ZHr-i-ei,s o alr

1€T
_ 7'+6L17 T1+ei1731 7‘2,82 ‘TlH’l "'+ezlv 7'1+ei1731 72,82
= > e © By (—1)mitiren e g © Hj
i1€17

o[y @ 1d]
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r+e;,,s 7‘1,81 T2+€;,,82 |71] r+eiy,8 ~ri,81 r2+ei,,82
+§:[H1F2 1 ®F, +(=1)"eq, g G177 © Hy
i9€Ls

7'177'2712 2
o[ €A Aq Id® a; }

_ 72,52 1‘1 rtei,s r1te€i;,s1 1 72,82
= > (B eal)) i 1 oalt| @ F
11€14
72,82 1 \r1\+1 T+eiy,8 | ~T1+e€i;,81 72,82
+ (H2 Q) ) (1) ey |G oa;'| ® Hy

@ ® ©

E : 71,72,02 7"*“322’ 71,81 r2+e€iy,82 ro
+ A1®A2 H1 F> Hl ® |:F2 © aig
12€1

r+e;,,8 ro+e;,,s
MGG GT e [y 0l @

22

We find four different pairs of terms, labelled (1) to (4), that we simplify pairwise using chain map
or chain homotopy relations:

(1) We can assume that for all iy € Z; and all j; € J;:

s1—e; 71,81—€; r1+€i,,81
ﬁ J1 + H J1 = Hl vl + a?‘l = Fi'“1781 = G'{'lvsl'

Ji 11

Thanks to Lemma 5.12 (i), the sum of the two (1)-terms is:

1,81 1,81 7'1751 1,81 7'2,32
[6F1,F2F e F2G i| ® F
The computation is similar for the case (4.
(3 We can assume |r1| + 1 = |s1| and that:

s2—ej, T2,82—€j5 T2+€i,,52 o
/832 -+ F =q F2 + Q.

Then, Lemma 5.12 (ii) shows that:

71,81 827€j5 81,82—€j5,J2 T,8—€jy _ ehLTr2t o T+e€iy,S
<H1 ﬁjz ) €B1®B; CH T TCA®A CHL P

independently of j, and 7. We conclude that the sum of the pair (3) is zero. The computation
is similar for the case (2).

We conclude:

— |TLSL prLST (1,81 (T1,8) 72,82 TLSL @ | (T1LSL [T2,82 _ (T1,81 (72,82
RHS = |15 FI*t — €, G | @ By 4 6T @ [0, P — 3,5

__ /T1,81 71,81 72,82 7’1781 7‘1,81 72,82
=ep Rl ®F G, G1 © Gy
s
= (F-G)5. O
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