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Abstract

Consider the random vector (77,7%), and assume that both 77 and 75 are sub-
ject to random right censoring. We propose new estimators of the bivariate and
marginal distributions of 77 and 75. The estimators do not require the common
assumption of independence between the vector of survival and censoring times,
but allow for a certain type of dependent censoring. The proposed estimator of the
marginal distribution generalizes the estimator of Cheng (1989). The estimators
have intuitive, closed form expressions and are easy to compute. The weak conver-
gence of the estimators is obtained. As an application we discuss the estimation of
the regression coefficients in a polynomial regression model, when both the response

and the covariate are subject to censoring.
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1 Introduction

Let T = (T1,T32) be a bivariate lifetime vector with bivariate distribution function
F(y) = P(Th < 11,75 < 1) and let C be a bivariate censoring vector with distribution
G(y). The problem of estimating the function F(y) has been well studied in the literature
(see e.g. van der Laan (1996) or Akritas and Van Keilegom (2003) for an overview). Most
of the proposed estimators are based on the assumption that the vector of survival times
T and the vector of censoring times C' are independent.

In a number of practical situations, this is however not an acceptable assumption.
Think e.g. of the situation where 77 and T5 are successive times and observed over a time
period of length C', where C' is random and known. Further assume that C' is independent
of T} and T5. In this situation the sum 77475 is subject to censoring, but not each survival
time separately. It follows that C; = C' and that Cy = (C' —T1)I(T; < C). Hence, T and
C are clearly dependent. Another example comes from the context of censored regression,
where one often prefers to make use of the additional information given by the covariate,
to weaken the assumption of independence between the response and its censoring time.
The covariate is sometimes subject to censoring itself. Think e.g. of a regression problem
in astronomy, where it is common for both variables to be subject to censoring, or of a
medical study, where the covariate is the concentration of a certain product in the blood,
and that this concentration cannot be detected below or above a certain detection limit.
For a last example where T" and C' are dependent, consider the situation of two related
individuals, one of which is dependent of the other, such as mother and child. When the
mother dies, it may be more likely that the child will be lost to follow-up, whereas it
may be appropriate to assume that death of the child will not affect the chances that the
mother will be lost to follow-up. Hence, the censoring time of the child will depend here
on the survival time of the mother.

In order to be able to estimate the bivariate distribution in the above type of situations,

we weaken the common assumption of independence between T' and C' to
(AO0) Ty is independent of Cy given T7; and T and Ty are independent of C}.

It is readily seen that it is not unrealistic to assume that (A0) is satisfied in the above
situations.

Let F(ya|y1) = P(To < yo|T1 = y1) and Fj(y) = P(T; <y) (j = 1,2). The idea behind
the proposed estimator of the bivariate distribution is as follows. The method consists of

writing F'(y1,y2) as an average of F(ys|y) over all y < y; and estimate the so obtained



expression. To estimate the conditional distributions, use is made of a generalization of
a conditional Kaplan-Meier (1958) type estimator, introduced by Beran (1981), based
on kernel smoothing around 77 = y. Note however that T} is subject to censoring here,
and that it is not clear to which window a censored observation belongs. We adopt the
approach of allowing in the window only observations for which 77 is uncensored. The
second step for estimating the bivariate distribution consists of averaging the conditional
distributions. Unlike the estimator in Akritas (1994), where 77} is uncensored, we now use
the Kaplan-Meier estimator of the marginal distribution of 77 for this purpose.

For the estimation of the marginal distribution Fy(y) of T5, first note that the Kaplan-
Meier estimator of Fy(y) cannot be used here, since the independence of Ty and Cjy is
not assumed under (A0). Instead, we use the marginal of the estimator of the bivari-
ate distribution of 77 and 7. This has the additional advantage that the so-obtained
estimator makes use of information given by the variable 7. The proposed estimator
is a generalization of the estimator of Cheng (1989) to the case where Tj is subject to
censoring.

The results in this paper have several applications. First, the estimation of the bivari-
ate distribution has recently been applied to ROC curves for censored data in Heagerty,
Lumley and Pepe (2000). The proposed estimator permits a useful extension of their
methodology to the case where the diagnostic marker is also subject to censoring. Sec-
ond, in a regression context the estimation of the regression function when both the
response and the covariate are subject to censoring can be accomplished using the results
of this paper. We will discuss this issue when the regression function is polynomial by
estimating the regression coefficients by an extension of the classical least squares method.
The case of semi- or nonparametric regression could also be dealt with.

In the next section we define the estimator of the bivariate distribution and state its
asymptotic properties. Section 3 presents the marginal distribution estimator in detail,
while an application to least squares regression is discussed in Section 4. The Appendix

collects the proofs of the main results.

2 Estimation of the bivariate distribution

Let (T;,C;) (i = 1,...,n) be n independent copies of (T',C). We observe (T}, A;)
(i=1,...,n) where Tj; = Tj; ACyj, Ay; = I(Ty; < Cij) (j = 1,2). First write F(y) in the



following way :

Y1
Fly) = [ Flyala) dF(z). (2.1
We will estimate F(y) by plugging in appropriate estimators of Fj(y;) and F(ys|y1).
For the estimation of F} use is made of the classical Kaplan-Meier (1958) estimator (we
assume 77 is continuous) :

Ao=1- I (1-.=)

Ti1<y,Aun=1

For the estimation of F'(ya|y1), Beran (1981) proposed a conditional Kaplan-Meier type
estimator restricted to the case where T} is uncensored, which is based on smoothing over
the variable T7. In the present situation of censoring in 77, the situation is more compli-
cated, since it is not clear to which window a censored observation belongs, as its true
lifetime is unknown. However, the following equation, which is valid under assumption
(A0), shows that F(y2|y1) can be estimated by using only the pairs of observations for

which 77 is uncensored :
P(Ty <yolTh =11, A1 =1) = P(To <yl Ty = 11, C1 > 1) = P(To < yo| Ty = ).

This leads to the following estimator :

; 1 . Wai(y1; han)
Pl =1= - 11 (1 ; Wm<y1;hn>1<iygzﬂ2>)’ (22)

Ti2<y2,Aj2=1 j=1
where
y=T51
K( hnsz_l if Ajp=1
Wm(yvhn) = ZAﬂ:lK( hnj )
0 lf Ail == 07

K is a kernel function (with support [—L, L]) and {h,} a bandwidth sequence. See also
Akritas and Van Keilegom (2003), where F/(y,|y;) has been proposed in the construction
of an estimator of the bivariate distribution under the more restrictive assumption of
independence between T and C.

Then, the proposed estimator of the bivariate distribution is

Ply) = [ Pl dFi(2). (23)

We will next develop the asymptotic theory for this estimator. Some notations need
therefore to be introduced. Let H(y) = P(Ty < yy, Ty < 1), H(y,8) = P(Ty <y, Ty <
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Yo, Ay = 01,0 = 8,), Gi(y) = P(C; <), Hy(y) = P(T; < y), Hi(y) = P(Tj < y, A =
1) (j = 1,2), G(y2|y1> = P(Cg < y2|T1 = ylaAI = 1), and Similarly for H(y2|y1) and
H"(ya]y1). The probability density functions of the (sub)distributions defined above will

be denoted with lower case letters. Further, we set

£1(t,5,y):(1—F1(y)){—/omy( dH}(s) I(téy,ézl)}7

1—H1(8>>2 1—H1(t)

dHu(8|t1> I(tg S Yy, (52 = 1)
1—H(S|t1))2 1—H(t2|t1) }’

€(t2,0a,ylt2) = (1= Flylt) {_/otm (

&(t2, 02, ylt1)

7(t2, 02, y|t1) = 1 —Gi(ty) ’

and denote by 7/(t, 02, y|t1) and 7"(t2, do, y|t1) the first, respectively second derivative of
T(t2, 02, y|t1) with respect to ¢;. Also set

Y1
W(t, 67 y) = A F<y2|21> dgl(tl, (51, Zl) -+ 1(61 = 1)](t1 < y1>7-(t27 (527 y2|t1)’
1 2 "
B(y) = §/K(u)u du/[(zl <y )7 (29, 8, 4] 21) (61 = 1) dH (2, 8)
- L L
—2hi (y1) B[ (T2, Ag, ya|y1) | T =y1]/0 / K(uw)ududv.

Let mo(y1) < inf{ys : H(y2|yh) = 1}. Define 0 < 74 < oo such that 7 < inf{y :
Hi(y) =1} and let Q = {y : y1 <7 and y, < inf,<,, 7(y)}. The following assumptions

will be required in the results below :

(A1)(2) The sequence h,, satisfies nh?(logn)~' = O(1) and logn(nh,)™* — 0.

(¢¢) The probability density function K has compact support [—L, L], K is twice contin-
uously differentiable and [uK (u)du = 0.

(A2)(2) Hi(y) and H{(y) are three times continuously differentiable with respect to y.
(¢2) H(y2|ly1) and H"(y2|y1) are twice continuously differentiable with respect to y; and

Y2, and for (y1,ys) € Q all derivatives are uniformly bounded.

Theorem 2.1 Under assumptions (A0) — (A2), we have

n
A

F(y) — F(y) =n 'Y n(Ti, Ay y) + h23(y) + Ra(y),

i=1
where

sup | Ra(y)| = op(n™'/?) + op(hy).
YeQ



Theorem 2.2 Assume (A0) — (A2). Then, if nht — K (K > 0), n*/2(F(y) — F(y))

(y € Q) converges weakly to a Gaussian process Z(y) with covariance function

i v ot T 2 /
cov<Z<y>,z<y'>>=E[/0 |7 Plsle0 bl dea(Ti, A, ) dea (T, A1, )
FEU(Ay = DI(Ty < gy Ay)r(To, Ao, gl (T, Do, I T1)]

and mean function
E(Z(y)) = K'25(y).

Note that the constant K is allowed to be 0, in which case the limiting process has

Zero mear.

Remark 2.1. We refer to Akritas and Van Keilegom (2003) for a bootstrap procedure
that can be used to select an appropriate bandwidth. Note that contrary to the estimation
of the conditional distribution, the choice of the bandwidth is not all that crucial for the
estimator F (y) of the bivariate distribution. This is because the effect of the bandwidth,
which enters the estimator F'(y5]y;) of the conditional distribution, is averaged out over

a range of y;-values.

3 Estimation of the marginal distribution

Unlike the marginal distribution Fj, F, cannot be estimated by the Kaplan-Meier esti-
mator. This is because the independence of 75 and C is not assumed under (A0). An
alternative could be to estimate Fy(y) by F(oco,y). However, the estimator F'(yy,vs) is
not consistent for large values of y;, due to the inconsistency of the estimator F in the

right tail. Hence, we will work with

By) = [ Flyl2) ari(z),

which can be made arbitrarily close to F5(y), provided inf{y; H,(y) = 1} = inf{y; Fi(y) =

1}. The corresponding estimator is now defined by

By) = [ Pyl dae) (31)

This estimator generalizes the estimator of Cheng (1989) to the case where T} is subject
to censoring.
Since the censoring mechanism is not symmetric in the two variables, estimation of

the marginal distribution Fj(y) is necessarily different. The Kaplan-Meier estimator Fis
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consistent for Fj, while the estimator obtained by interchanging the role of the first and
second variable in formula (3.1) is inconsistent for Fi, due to the lack of independence
between T} and Cy; see the discussion regarding the generalized Beran estimator early in
Section 2. Therefore, the Kaplan-Meier estimator Fy is the estimator of choice for Fj.

We continue with the asymptotic properties of F5(y). Let Qy = {ys : yo < inf,, <, 72(v1)}-

Theorem 3.1 Under assumptions (A0) — (A2), we have

Fy(y) — Fy(y) =n"" ZU(Tm A, 71,y) + ha B, y) + Ra(y),
i1

where

sup | R (y)| = op(n™"/?) + op(h}.).
ISP

Theorem 3.2 Assume (A0) — (A2). Then, if nh:t — K (K > 0), n'2(Fy(y) — Fa(y))

(y € Q9) converges weakly to a Gaussian process W (y) with covariance function
Coo(W (y), W(y) = Eln(T, A, 71, y)n(T, A, 71, y)]

and mean function
E(W(y) = K'*8(n,y).

These results follow readily from Theorems 2.1 and 2.2.

4 Application to polynomial regression

Consider the following polynomial regression model :
Ty = fo+ STy + ...+ BT + o(Th)e,

where 0%(T}) = Var(Ty|Ty), E(e|T1) = 0. As before, both Ty and Ty are subject to
censoring. The variable Ty will often represent a transformation of the (positive) survival
time to the whole real line (like the logarithmic transformation). The methods developed
in Section 2 will now be used in order to construct estimators of the coefficients 3, . . ., 3,.
To our knowledge the estimation of the regression coefficients in polynomial regression
when both the covariate and the response are subject to censoring, has not yet been
considered in the literature. Let B = (0o, ..., [3,)". Then,

J 2% dF(z,y)
g-c '

)

[Py dF(x,y)
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where C = ([ 27 2dF(z)) (i,j = 1,...,p+1). The idea is now to replace the distri-
butions Fy(z) and F(z,1) by respectively Fy(z) and F(z,y). However, these estimators

are inconsistent for large values of x and y. Hence, what is estimated is actually

fQ I.Oy dF([L’,y)
ﬁQ = Cf_ll )
Jo Py dF (z,y)

where Cq = (¢;;) = ([T, "2 dFy(x)) (i,j =1,...,p+1). The vector B¢, can be made
arbitrarily close to @ provided b, < bg, and for any x, bp(js) < bg(|x), Where for any
distribution F', br denotes the upper bound of the support of F'. The proposed estimator

1S now

fQ :L.Oy dF([L’,y)

N ~A—1 .

/BQ - CQ . )
Jo 2Py dE(z,y)

where Cq = (J™_2"*"2dFy(x)) (i,j = 1,...,p+ 1). Note that if T, is some monotone
transformation of the survival time, say 7o = ¢(Y2), then F(z,y) = P(Ty < 2,15 <
y) = P(Ty < x,Yy < g7 (y)). We estimate F(z,y) then from the latter expression, since
Y, > 0 (which is required for the asymptotic theory of Section 2). The estimator Bq, is
an extension of the estimator proposed by Akritas (1994) to the case where the covariate
is subject to censoring. The asymptotic expansion given by Theorem 5.1 in the latter
paper can easily be generalized to the present setup, by using arguments similar to those
in the proof of Lemma A.2 and Theorem 2.1. It suffices to replace the empirical distri-
bution function of 77 by the Kaplan-Meier estimator Fy, and to use the representation
for Fy — Fy given by Theorem 1 in Lo and Singh (1986). This leads to the following
representation, provided the distribution of 77 has bounded support, the distribution of

the vector (Ty,T%Z,...,T7) is non-singular and nh? — 0 :

~ T2(Ti1)

Bo—Ba=n""> Co'Tul(Tq <7,An = 1)/

i=1 -

ydT(Ti%Am,MTz‘l)

'Y Cq! | eydF(yle) dé(Tn, Aa, )
=1

n p+1p+1 - R
0 Y Y3 GulCa) [ aydP(a,y) [ R de (T, Ana)
i=1 k=1 /¢=1 —00
+0p<n_1/2>,



where Ty = (T4, T4, ..., TH), = = (2% z',...,2P), Gu(Cq) = (grers(Cq)) (r,s =
L,...,p+1) and gres(Cq) is the partial derivative with respect to gy of the element (r, s)
of the matrix Cg".

The asymptotic normality of the estimator BQ follows now immediately from the above

representation together with the central limit theorem.

Appendix
We start with two lemmas needed in the proofs.

Lemma A.1 Under assumptions (A0) — (A2),

sup = op(n~1/?).

N L
o n™' > Iy — Lh, < Ty < y1)7'(Ti2,Ai2,y2|Ti1)/y K(u)du
€ A

1-Ti1
i1=1 hn

Proof. The proof is based on results in van der Vaart and Wellner (1996). Let

B L
F = {[(Al =11y —LO<T; < yl)T(T2,A2,yz|T1)/

y1—-T

K(u)du:y69,0<5<1}.

In a first step we will show that the class F is Donsker. By Theorem 2.5.6 in van
der Vaart and Wellner (1996), it suffices to show that [;° \/log Nyy(e, F, Ly(P)) de < o0,
where N[j is the bracketing number, P is the probability measure corresponding to the
joint distribution of (T, A), and Ly(P) is the Ly-norm. We start with I(y; — LJ <
Ty <) =I1(Th <wy1)— I(Ty <yy — L), which is the difference of two monotone and
bounded functions and hence, by Theorem 2.7.5 in van der Vaart and Wellner (1996), these

functions require O(exp(Ke~")) brackets. Also [4,-r K (u)du is monotone and bounded
and hence it requires the same amount of bracketas. For T(T 5, Ao, y2|T1), note that 1 —
F(yz|Ty) as well as its first derivative with respect to 7} is bounded and hence by Corollary
2.7.2 in van der Vaart and Wellner (1996), its bracketing number is O(exp(Ke™')). We
apply the same corollary to the integral in T(T 5, Ao, y2|T7 ), but as the integral depends on
both T} and Ty, it has to be twice continuously differentiable with respect to both 7T} and
Ty in order to make sure that O(exp(Ke™')) brackets are sufficient. Finally, the second
term between brackets in the expression of T(Tg, Ag,yo|T1) is the ratio of a monotone
function and a function which is twice continuously differentiable. Hence its bracketing
number is also O(exp(Ke™1)). This shows that the bracketing number of the class F is
O(exp(Ke™')) and hence [;*° \/log Ny(e, F, Ly(P)) de < oo, since for € > 2M one bracket




suffices (where M is an upper bound for |7(Th, A, y2|T1)|). This shows that the class F
is Donsker. Next, some straightforward calculations show that

dH"(s|Th)
1 — H(s|Ty))?

BIE(T, Ao pa TOIT = (1= Pl ))? [ ¢

and hence,

~ L
Var lI(AI — 1)I(y; — Lhy < Ty < y1)7(To, Do, | T1) / LK) du}

n

<FE l](y1 — Lh, <Ty <) (1- F(Z/2|T1))2 /Oyz ( dH"(s|T})

L
(1 _ Gl(T1>)2 1— H(S|T1))2 { % K(U> du}ﬂ
which is bounded by Kh,, for some K > 0, since the integrals in the above expression are
bounded uniformly over all y € 2 and T} < y;. Since the class F is Donsker, it follows
from Corollary 2.3.12 in van der Vaart and Wellner (1996) that

for each € > 0. By restricting the supremum inside this probability to the elements in F

lim lim sup P sup n~1/2
all  n—oo feF Var(f)<a

corresponding to = h,,, the result follows.

Lemma A.2 Under assumptions (A0) — (A2),

Oyl{F(?/2|Z1) — F(y2|zl)} dFl(Zl)

=n Y (T < g1, Aj = D7 (Thgy Aig, o] Tin) + B2B(y) + Raly), (A1)

i—1
where

sup |Ru(y)| = op(n™"/?) + op(h7).
YeQ

Proof. We apply to F (y2]21) — F(y2|21) the representation for the Beran estimator given
in Van Keilegom and Veraverbeke (1997). (Note that the representation in that paper is
valid for fixed design; however, a very similar proof can be given for the present situation
of random design.) Hence, using the fact that (1 — G1(21))™" = fi1(21)/h}(21), the left
hand side of (A.1) equals

n_lzf/Kh(zl — Ti)7i(yal20) I (21 < 41) d2y + op(n™'/?)
=0 [ (e = Ta)mlel =0 (0 < ) = 1T < )] d

+n_1Z?I(T%1 < yl)/Kh(Zl — Ti)7i(y2|21) d21 + op(n~'/?)
= Ai(y) + As(y) + op(n™'7?),
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where Y = YA, 1, Kn(u) = hy K (u/hy,) and 7;(ya|yr) = 7(Tiz, Aia, y2|y1). Now,

" Ti1+Lhn
Aly) = =n S~ Lha STa <) [ Kalz = T)n(welz1) da
Y1
u v
+n_1zil(y1 <Th <y + Lhn)/T . Kn(z1 = Ti)7i(y2|21) d=1
i1 n

= —An(y) + Ana(y).

The derivation for the terms Ay (y) and Aj2(y) is similar. Consider e.g.

An(y)
1 u Ti1+Lhn
=n ZZ I(y1 — Lh, <T; < y1)7¢(y2|T¢1)/ Kin(z1 — Tir) dz
Y1
1 u ’ Ti1+Lhn
T S~ Lhe S Ta S )7 (lTa) [ Kala = Ta) (s = Ta) da
Y1
1 1 u T’Ll+Lh’l’L " 2
+§n Zi1<y1 — Lh, <Ty < yl)/ 7 (Y2l &in) Kn(21 — Tin ) (21 — Tin)” dzy

Y1

= A1 (y) + Aia(y) + Ans(y),

where ;; is between z; and Tj;. The term Ajq;(y) equals

" L
nty Iy — Lhy < T < y1)7i(y2|Th) /eru
St

K(u) du

and this is op(n~'/?), uniformly in y € Q, by Lemma A.1. Also Aj13(y) is op(n~'/?),
since it is easily seen that this term is bounded by

1 u

—h3(nhy,)™" sup |78, 6, y0|2) D> I(y1 — Lhy, < T < yl)/K(u)u2 du

2 Ye,z<y1,t,0 ¢
which is Op(h3) = op(n~"/2). The term A;15(y) equals

L

hn”_lzﬁf(yl — Lh, <Tj < yl)Ti,(y2|Ti1)/ K (u)u du.

vy1=Ti
hn

In a very similar way as was shown in Lemma A.1 for the term Aj11(y), it can be shown

that supycq |A112(y) — EAia(y)| = op(n~'/?). Tt follows that Ay (y) equals

EAuns(y) +op (n_1/2)

Y L
e [ B[ (glt)|T = 1 / | K(wududHY (t) + op(n?)
Yy1— n hm
L L
=12 [ Bl el — oha)ITy = 1 — vha] [ K(w)uduhi(ys — vhy) dv+ op(n~?)
0 v

11



=32, [~ vh) ~ Q) [ K(uhududo+ 12Q() [ [7 Ky dudo+ op(n?)
=3 [" Q) (~oh) [ Kupududo+ 1200 [ [ Klwyududo+op(n?)

_h2hu(y1) [Tl(y2|y1)|T1 =1 / / Ududv—l—op( —1/2>7

where Q(y) = h{(y)E[r](y2|y)|T1 = y] and y; — vh,, < & < y; . It remains to consider
Ay(y), which equals

”_12?[(71‘1 < y1)7i(y2|Ti) /Kh(z1 —Th)dz
0 ST < )7l Ta) [ K= T (a0 = Ta) day
1 u
+§n_1zz I(Ti < y1)7' (y2|T) /Kh(zl —Ta)(z1 — Tn)* dzy + OP(hi)

u 1
= n_lziI(Tﬂ < y)7Ti(ye|Th) + = Tl pihin _12 (T < y1)7! (ya|Tin) + op(h2)

- n—lzf‘fml <y nnlTi) + k02 [ 11 < )7 o, B el T, = 1) A (2,6)
42 SHgh /1 21 < y) 7" (20, 0, ol 20) (61 = 1) d(H (2, 8) — H(z,8)) + op(h2),

where X = [ K(u)u?duand H(z,8) =n 'S0 I(Th < 21, Tjp < 23, Ay = 61, Aig = 05).
To show that the last term of the above sum is op(h?), we will show that the integral in
this term tends to zero, uniformly in y € 2. Proving this is equivalent to showing that
the class F = {I(Tl < yl)T”(Tg,Ag,y2|T1)[(A1 =1):y € Q} is Glivenko-Cantelli (see
p. 81 in van der Vaart and Wellner (1996)). Using Theorem 2.4.1 in the same book, we
therefore need to show that the bracketing number Njj(e, F, Li(P)) < oo for all ¢ > 0
(using the same notations as in Lemma A.1), which can be done in a very similar way as

in the proof of Lemma A.1.

Proof of Theorem 2.1. Write

A

Ply) = Fly) = [ {Blz) = Flpl)} dRG) + [ Flal=) dFi(2) = F(a)

+/0y1{F(Z/2|21) = F(yalz0)} d(Fi(21) = Fi(=1))

= Ai(y) + Az (y) + As(y).

12



For the proof of A;(y) we refer to Lemma A.2. To Ay(y) we apply the representation for
the Kaplan-Meier estimator given by Theorem 1 of Lo and Singh (1986):

n Y1 -
As(y) = n! Z/o F(ya|z1) d&i(Tin, Aix, 1) + OP(n_1/2)-
i=1

Next, using the notation F'(ys|y;) for the partial derivative of F(ys|y;) with respect to
and similarly for F'(ya|y1),

As(y) = {F (aly1) — F(yaly) HE (v1) — Fi(yi)}

— [T = R0} F Gl - Flala)} da

and this is op(n~'/?), because sup,, |Fy(y) — Fi(y)| = O(n=2(logn)?) as. (see e.g.
Lo and Singh (1986)),

sup  sup | F(yalyn) — Fyaly)| = O((nh,) ™2 (logn)'/?)  as.
Y1 y2<72(y1)

sup  sup | (yaly1) — F(yalyr)| = O((nh3)~?(logn)'?)  a.s.
Y1 y2<72(y1)

(see Van Keilegom and Akritas (1999), applied to the restricted data set {(T, A;);

Proof of Theorem 2.2. Using Theorem 2.5.6 in van der Vaart and Wellner (1996),
we need to show that [;° \/log Nj(e, F, Ly(P)) de < oo, where N|j is the bracketing num-
ber, P is the probability measure corresponding to the joint distribution of (T', A), Ly(P)
is the Ly-norm, and F = {n(T, A,y) : y € Q}. Proving this entails that the class F is

Donsker and hence the weak convergence of the given process follows from p. 81-82 in van
der Vaart and Wellner’s book. We start with the first term of 7(¢, 8, y). Write

/0y1 F(ya|z1) d€i(t1, 61, 21) = F(y2ly1)&i (1, 01, 91) — /0y1 &1(t1, 01, 21) dF (y2] 1)

=Ti(y) + Tr(y).

Since F(ys|y1) is deterministic and bounded, it requires only O(e™') brackets. The first
term of &(t1,01,y1) is uniformly bounded over y;, as well as its first derivative with
respect to t;. Hence, this term can be covered by O(exp(Ke™')) brackets by Corollary
2.7.2 in van der Vaart and Wellner (1996). The indicator I(¢; < y;) is obviously monotone
and bounded, and its bracketing number is therefore O(exp(Ke~1)) by Theorem 2.7.5 in

the same book. Since the remaining factors of the second term of & (¢1,01,y1) do not
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depend on y; and ys and are bounded, this shows that the bracketing number of T3 (y) is
O(exp(Ke™')). Next, write

Tr(y) = /Oyl(l — (%)) /Otl/\z1 % dF (32| 21)

Ity <wy,61=1

) [wn
T ) O B,

The integrals in the first and second term above are bounded and have bounded deriva-
tives with respect to ¢; and hence they need O(exp(Ke™!)) brackets. The expression
in front of the integral in the second term also requires O(exp(Ke!)) brackets since
it consists of monotone functions. This shows that the bracketing number of Ty(y) is
also O(exp(Ke™')). It remains to calculate the bracketing number of the second term
of n(t,d,y). In the proof of Lemma A.1, it was shown that also this term requires
O(exp(Ke™")) brackets. Hence, [5* \/log Np(e, F, Ly(P)) de < oo, since for € > 2M one
bracket suffices (where M is an upper bound for |n(T, A, y)|).
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