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Abstract

The purpose of mathematical programming, a branch of optimization, is to mini-
mize (or maximize) a function of several variables under a set of constraints. This is
a very important problem arising in many real-world situations (e.g. cost or duration
minimization).

When the function to optimize and its associated set of constraints are linear, we
talk about linear programming!. The simpler algorithm, first developed by Dantzig
in 1947, is a very efficient method to solve this class of problems [Dan63]. It has been
thoroughly studied and improved since its first appearance, and is now widely used
in commercial software to solve a great variety of problems (production planning,
transportation, scheduling, etc.).

However, an article by Karmarkar {Kar84)] introduced in 1984 a new class of meth-
ods: the so-called interior-point methods. Most of the ideas underlying these new
methods originate from the nonlinear optimization domain. These methods are both
theoretically and practically efficient, can be used to solve large-scale problems and
can be generalized to other types of convex optimization problems.

The purpose of this article is to give an overview of this rather new domain, provid-
ing a clear and understandable description of these methods, both from a theoretical
and a practical point of view.

Keywords. linear programming - interior-point methods

*This work is based on the first part of the author’s engineering thesis (G1i97] and has been supported
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1Because of the strong connections bétween computer science and the term progremming, some authors
prefer to talk about linear optimization.




1 Introduction

1.1 Linear programming

The purpose of linear programming is to optimize a linear objective function f depending
on n decision variables under a set of linear (equality or inequality) constraints, which can
be mathematically stated as (using matrix notation)

Az =0,
Ax>b (1)

; _.T
;rellllg_f(:q)—cx s.t. {

where vector £ contains the n decision variables, vector ¢ defines the objective function and
pairs (A.,b.) and (A;, b;) define the m, equality and m; inequality constraints. Column
vectors £ and ¢ have size n, column vectors b, and b; have size m, and m; and matrices A,
and A; have dimensions m, x n and m; x n.

Many linear programs have simpler inequality constraints, e.g. nonnegativity constraints
(z > 0) or bound constraints (! < z < u). The linear programming standard form is a
special case of linear program used for most theoretical developments of interior-point
methods:

. Az =b :
;2}{,‘."'2"'” s.t. {zZO : 2
The only inequality constraints in this format are nonnegativity constraints for all variables,
i.e. there are no free variables (we have thus that m; is equal to n, A; is the identity matrix
and b; is the null vector). It is furthermore possible to show that every linear program in
the general form (1) admits an equivalent program in the standard form, obtainable by
adding/removing variables/constraints (by equivalent problem, we mean that solving the
transformed problem allows us to find the solution of the original one).

1.2 The simplex method

The set of all z satisfying the constraints in (2) is a polyhedron in R*. Since the objective is
linear, parallel hyperplanes orthogonal to ¢ are constant-cost sets and the optimal solution
must be at one of the vertices of the polyhedron (it is also possible that a whole face of the
polyhedron is optimal or that no solution exists).

The main idea behind the simplez method is to explore these vertices in an iterative
way, moving from the current vertex to an adjacent one improving the objective function
value. This is done using an algebraic characterization of a vertex called a basis. When
such a move becomes impossible to make, the algorithm stops. Dantzig proved that this
always happens after a finite number of moves, and that the resulting vertex is optimal

[Dan63].
1.3 A first glimpse on interior-point methods

We are now able to give a first description of interior-point methods. As opposed to the
simplex method which uses vertices, these methods start with a point that lies inside the




set of feasible solutions. Using the standard form notation (2}, we define the feasible set P
to be the set of vectors z satisfying the constraints, i.e.

P={zeR'|Az=band z >0},
and the associated set P* to be the subset of P satisfying strict nonnegativity constraints
Pt={reR*{Az=band z >0} .

P+ is called the strictly feasible set? and its elements are called strictly feasible points.
Interior-point methods are iterative methods that compute a sequence of iterates be-
longing to P* and converging to an optimal solution. This is completely different from the
simplex method, where an ezact optimal solution is obtained after a finite number of steps.
Interior-point iterates tend to an optimal solution but never attain it (since the optimal

solutions do not belong to P+ but to P\ P*). This apparent drawback is not really serious
since

© Most of the time, an approximate solution (with e.g. 10~8 relative accuracy) is suffi-
cient for most purposes.

o A rounding procedure can convert a nearly optimal interior point into an exact optimal
vertex solution (see e.g. [CRV97}).

Another significant difference occurs when an entire face of P is optimal: interior-point
methods converge to the interior of that face while the simplex method ends on one of its
vertices.

The last difference we would like to point out at this stage is about algorithmic com-
plexity. While the simplex method may potentially make a number of moves that grows
exponentially with the problem size, interior-point methods need a number of iterations
that is polynomially bounded by the problem size to attain a given accuracy. This property
is with no doubt mainly responsible for the huge amount of research that has been carried
out on the topic of interior-point methods for linear programming.

1.4 A short historical account

The purpose of this paragraph is not to be exhaustive but rather to give some important
milestones in the development of interior-point methods.

1.4.1 First steps of linear programming

1930-1940 First appearance of linear programming formulations.

1939-1945 Second World War: operations research makes its debuts with military appli-
cations.

1947 Georges B. Dantzig publishes the first article about the simplex method for linear
programming [Dan63).

2P+ is in fact the relative interior of P, see [Roc70].




1970 V. Klee and G. Minty prove that the simplex method has exponential worst-case
complexity [KM72].

1.4.2 First steps of interior-point methods
1955 K. R. Frisch proposes a barrier method to solve nonlinear programs [Fri55].

19868 A. V. Fiacco and G. P. McCormick develop barrier methods for convex nonlinear
programming [FM68].

1978 L. G. Khachiyan applies the ellipsoid method (developed by N. Shor in 1970 [Sho70])
to linear programming and proves that it is polynomial [Kha79].

It is important to note that these barrier methods were developed as methods for nonlinear
programming. Although they are applicable to linear programming, their authors do not
consider them as viable competitors to the simplex method. We also point out that the
theoretical advantage of the ellipsoid method over the simplex algorithm is theoretical, and
the method turned out to be very slow in practice®.

1.4.3 The interior-point revolution

1984 N. Karmarkar discovers a polynomial interior-point method that is practically more
efficient than the ellipsoid method. He also claims superior performance compared to
the simplex method [Kar84].

1994 Y. Nesterov and A. Nemirovsky publish a monograph on polynomial interior-point
methods for convex programming [NN94].

1997 Since Karmarkar’s first breakthrough, more than 3000 articles have been published
on the topic of interior point methods. A few textbooks have been published (see e.g.
[Wri97, CRV97, Ye97]). Research is now concentrating on nonlinear programming,
especially on convex programming.

Karmarkar’s algorithm was not competitive with the best simplex implementations, espe-
cially on small-scale problems, but his announcement concentrated a stream of research on
the topic. We also point out that Khachiyan's method is not properly speaking the first
polynomial algorithm for linear programming, since Fiacco and McCormick’s method has
been shown a posteriori to be polynomial by Anstreicher [Ans90].

2 Building blocks

In this section, we are going to review the different concepts needed to get a correct under-
standing of interior-point methods. We start with the very well studied notion of duality
for linear programming.

3The simplex method only shows an exponential complexity on some hand-crafted linear programs and

is much faster on real-world problems, while the ellipsoid method always shows its worst-case polynomial
number of iterations.




2.1 Duality

Let us state again the standard form of a linear program

(P) minc’z st { Az =b
zcR"

z2>0
Using the same data (viz. A, b and c) it is possible to describe another linear program
Ty <
max b’y s.t. { A_y =€
yER™ y is free

As we will see later, this program is closely related to (P) and is called the dual of (P)

(which will be called primal program). It is readily seen that this program may also be
written as

ATy+s=c

T

(D) veéa;an’ékn by st { s > 0 and y free

This extra slack vector s will prove useful in simplifying our notation and we will therefore
mainly use this formulation of the dual. We also define the dual feasible and strictly feasible
sets D and D* in a similar fashion to the sets P and P*

D {(y,8) | ATy+s=cand s >0} ,
D* {(y,8) | ATy+s=cand s >0} .

From now on, we will assume that matrix A has full row rank, i.e. that its rows are linearly
independent?. Because of the equation ATy+s = ¢, this implies a one-to-one correspondence
between the y and s variables in the dual feasible set. In the following, we will thus refer
to either (y, s), ¥ or s as the dual variables.

We now state various important facts about duality:

o If z is feasible for (P) and (y, s) for (D), we have 4Ty < cTz. This means that any
feasible point of (D) provides a lower bound for (P) and that any feasible point of (P)
provides an upper bound for {D). This is the weak duality property. The nonnegative
quantity ¢z — bTy is called the duality gap and is equal to z7s.

o z and (y, 8) are optimal for (P) and (D) if and only if the duality gap is zero. This
is the strong duality property. This implies that when both problems have optimal
solutions, their objective values are equal. In that case, since z7s = 0 and = > 0,
s > 0, we have that all products z;3; must be zero, i.e. at least one of z; and s; is zero
for each i (this is known as complementary slackness).

o One of the following three situations occurs for problems (P) and (D)

1. Both problems have finite optimal solutions

2. One problem is unbounded (i.e. its optimal value is infinite) and the other one
is infeasible (i.e. its feasible set is empty)

3. Both problems are infeasible

“This is done without loss of generality: if a row of A is linearly dependent on some other rows, we
have that the associated constraint is either redundant {and can be safely ignored) or impossible to satisfy
(leading to an infeasible problem), depending on the value of the right-hand side vector b.




2.2 Optimality conditions

Karush-Kuhn-Tucker (KKT) conditions are necessary optimality conditions pertaining to
nonlinear constrained optimization with a differentiable objective. Moreover, they are suf-
ficient when the problem is convex, which is the case for linear programming. For problem
(P) they lead to the following system

Az = b
. . ATz4+t = ¢

z is optimal for (P) « 3(z,t) st ot = OVi
zandt 2 0

The second equation closely resembles the equality constraint for the dual problem (D).
Indeed, if we identify z with y and ¢ with s we find

Az = b
T =
T is optimal for (P) « 3(y,s) st 4 y:; _ (C)Vi
zands > 0

Finally, using the definitions of P and D and the fact that when u and v are nonnegative

u.-u.-=0Vi©Zuiui=O©uTu=0

we have

<8
- mm

z is optimal for (P) & 3(y,s) s.t. (v, s

)
D
T 0

@

This is in fact a confirmation of the strong duality theorem, revealing the deep connections
between a problem and its dual: a necessary and sufficient condition for the optimality of
a feasible primal solution is the existence of a feasible dual solution with zero duality gap
(i.e. the same objective value).

Similarly, applying the KKT conditions to the dual problem would lead exactly to the
same set of conditions, requiring the existence of a feasible primal solution with zero duality
gap.

. 2.3 Newton’s method

The fact that finding the optimal solution of a linear program is completely equivalent
to solving the KKT conditions may suggest the use of a general method designed to solve
systems of nonlinear equations®. The most popular of these methods is the Newton’s method,
whose principle is described in the following paragraph.

5Strictly speaking, the first two conditions are linear while only the z;s; = 0 equations are nonlinear.
The nonnegativity constraints are not equations and cannot be handled by such a method.




Let F : R* = R" be a differentiable nonlinear mapping. Newton’s method is an iterative
process aiming to find an z € R such that F(z) = 0. For each iterate z;, the method
computes a first-order approximation to F around z, and sets Zx4; to the zero of this linear
approximation. Formally, if J is the Jacobian of F (assumed to be nonsingular), we have

F(zg + Azy) = F(zx) + J(z) Az = 0

and thus we let z,1) = 74 + Azy where® Az, = —J(z;) ' F(z)). Convergence to a solution
is guaranteed if the initial iterate z lies in a suitable neighbourhood of one of the zeros of
F. :

Newton’s method is also applicable to minimization problems in the following way: let
g : K* = R be a function to minimize. We form a second-order approximation to g(z)
around z,, namely

1
9(zk + Azy) = g(zi) + Vo(zef Aze + §AIkTV29(Ik)AIL‘ .

If the Hessian V2g(z,) is positive definite, which happens when g is strictly convex, this
approximation has a unique minimizer, which we take as next iterate. It is defined by
Azy = ~V?g(z,) "' Vg(z;), which leads to a method that is basically equivalent to applying
Newton’s method to the gradient-based optimality condition Vg(z) = 0. '

One problem with the application of Newton’s method to the resolution of the KKT
conditions is the nonnegativity constraints on z and s, which cannot directly be taken into
account via the mapping F'. One way of incorporating these constraints is to use a barrier
term, as described in the next paragraph.

2.4 Barrier function

A barrier function ¢ : Rt — R is simply a differentiable function such that lim,_o+ ¢(z) =
+00. Using such a barrier, it is possible to derive a parameterized family of unconstrained
problems from an inequality-constrained problem in the following way
G) minfe) st @(@20% - (G) minf@)+sY Hal),
3

where u € R*. The purpose of the added barrier term is to drive the iterates generated by
an unconstrained optimization method away from the infeasible zone (where one or more
gi's are negative). Of course, we should not expect the optimal solutions to (G,) to be
equal to those of (G). In fact each value of u gives rise to a different problem (G,) with its
- own optimal solutions.

However, if we solve a sequence of problems (G,) with u decreasing to zero, we might
expect the sequence of optimal solutions we obtain to converge to the optimum of the origi-

nal problem (G), since the impact of the barrier term is less and less significant compared to
the real objective function. The advantage of this procedure is that each optimal solution

$Computation of Az, is usually done with the linear system J{(zx)Azy = —F(zx) rather than computing
explicitly J(zx)'s inverse.




in the sequence will satisfy the strict inequality constraints g;(z) > 0, leading to a feasible
optimal solution to (G)”.

The application of this technique to linear programming will lead to a fundamental
notion in interior-point methods: the central path.

2.5 The central path

Interior-point researchers use the following barrier function, called the logarithmic barrier:

¢(z) = —log(z) .
Using ¢, let us apply a barrier term to the linear programming problem (P)

Az =b
. T .
(Pu)  minc'z - uZlog(z.) s.t. { >0
and to its dual (D) (since it is a maximization problem, we have to subtract the barrier
term)

ATy+s=c

T .

(Dy) ll;‘lel‘a‘.‘x‘b y +/,¢Zlog(s.) s.t. { s >0 and y free

It is possible to prove that both these problems have unique optimal solutions z, and
(Y, s,) for all p > 0 if and only if both P* and D* are nonempty®. In that case, we call
the sets of optimal solutions {z, | p > 0} C P* and {(y,,s,) | # > 0} C D* respectively
the primal and dual central paths. These parametric curves have the following properties:

o The primal (resp. dual) objective value ¢’z (resp. b7y) is monotonically decreasing
(resp. increasing) along the primal (resp. dual) central path when p — 0.

o The duality gap ¢’ z, — b7y, for the primal-dual solution (z,, y,, 5,) is equal to np.
For this reason, u will be called the duality measure. When a point (z,y, s) does not

lie exactly on the central path, we can compute its estimated duality measure using
p=("z - bTy)/n.

¢ The limit points z, = lim,_, z, and (y., s.) = lim,—o{y,, 5,) exist and hence are op-
timal solutions to problems (P) and (D) (because we have ¢ z, —bTy. = 0). Moreover,
we have that z, + 5, > 0, i.e. this optimal pair is strictly complementary®.

"The notion of barrier function was first investigated in [Fri55, FM68].

3This condition is known as the interior-point condition.

For optimal solutions (z,s) we always have z;8; = 0, i.e. at least one of z; and s; is zero. In the case
of a strictly complementary solution, ezactly one of z; and s; is zero.

10




2.6 Link between central path and KKT equations

To conclude this section we establish a link between the central path and the KKT equa-
tions. Applying the general KKT conditions to either problem (P,) or (D,) we find the
following necessary and sufficient conditions

Az = b
ATy+s = ¢ z € P
(KKT,) . & (y,8) € D*
Tisi = pVvi r8; = puVi
zands > 0 v #

This system is very similar to the original KKT system, the only difference being the
right-hand side of the third condition and the strict inequalities. This means in fact that
the points on the central path satisfy a slightly perturbed version of the optimality KKT
conditions for (P) and (D).

‘We now have all the tools we need to give a description of interior-point methods for
linear programming.

3 Interior-point algorithms

Since Karmarkar’s breakthrough, many different interior-point methods have been devel-
oped. It is important to note that there exists in fact a whole collection of methods, sharing
the same basic principles but whose individual characteristics may vary a lot.

Among the criteria that are commonly used to classify the methods, we have

o Iterate space. A method is said to be primal, dual or primal-dual when its iterates

belong respectively to the primal space, the dual space or the Cartesian product of
these spaces.

o Type of iterate. A method is said to be feasible when its iterates are feasible, i.e.
satisfy both the equality and nonnegativity constraints. In the case of an infeasible
method, the iterates need not satisfy the equality constraints, but are still required to
satisfy the nonnegativity conditions.

o Type of algorithm. This is the main difference between the methods. Although
the denominations are not yet fully standardized, we will distinguish path-following
algorithms, affine-scaling algorithms and potential reduction algorithms.

o Type of step. In order to preserve their polynomial complexity, some algorithms are
obliged to take very small steps at each iteration, leading to a high total number of
iterations when applied to practical problems!®. These methods are called short-step
methods and are mainly of theoretical interest. Therefore long-step methods, which

are allowed to take much longer steps, have been developed and are the only methods
used in practice.

10Pjease note that this is not in contradiction with the fact that this number of iterations is polynomially
bounded by the size of the problem. This may simply mean that the polynomial coefficients are large.

1"




It is not our purpose to give an exhaustive list of all the methods that have been
developed up to now, but rather to present some representative algorithms, highlighting
their underlying principles.

3.1 Path-following algorithms

We start with the most elegant category of methods, the path-following algorithms. As
suggested by their denomination, the main idea behind these methods is to follow the central
path up to its limit point. One could imagine the following naive conceptual algorithm (at
this point, we want to keep generality and do not specify whether our method is primal,
dual or primal-dual)

Given an initial iterate vy and a sequence of duality measures monotonically
decreasing to zero: u; > o > p3 > ... > 0 and limg,o ux = 0.

Repeat for k=0,1,2,...

Using v; as starting point, compute vi4), the point on the central path with a
duality measure equal to pig,;.

End

It is clear from this scheme that v; will tend to the limit point of the central path, which
is an optimal solution to our problem.

However, the determination of a point on the central path requires the solution of a
minimization problem like (P,) or the (KKT,) conditions, which potentially implies a
lot of computational work. This is why path-following interior-point methods only try
to compute points that are approzimately on the central path, hopefully with much less

computational work, and will thus only loosely follow the central path. Our conceptual
algorithm becomes

Given an initial iterate vy and a sequence of duality measures monotonically
decreasing to zero: p; > pe > p3 > ... > 0 and limg_o px = 0.

Repeat for £k =0,1,2,...

Using v, as starting point, compute vi,1, an approximation of the point on the
central path with a duality measure equal to pi1.

End

The main task in proving the convergence and complexity of these methods will be to assess
~ how well we approximate our targets on the central path (i.e. how close to the central path
we stay).

3.1.1 Short-step primal-dual path-following algorithm

This specific algorithm is a primal-dual feasible method, which means that all the iterates
lie in P* x D*. Let (z«, y«, k) be the current iterate with duality measure pe. We also
suppose that this iterate is close to the point (z,,,, yy,, Sx,) on the central path. To compute

12




the next iterate, we target (Z,,,,,¥u,,1> Su.yq)s & point on the central path with a smaller
duality measure p4; (thus closer to the optimal limit point). The main two characteristics
of the short-step method are

o The duality measure of the point we target is defined by uxy1 = opux where o is a
constant between 0 and 1.

o The next iterate will be computed by applying one single Newton step to the per-
turbed primal-dual conditions (KKT,,,) defining our target on the central path!!

Az = b
ATy+s = ¢
T8; = Ooui Vi

Formally, the Newton step we take is defined by the following linear system

0 AT I Az 0
A0 olfaw]= 0 3)
Sy 0 Xi Asi —XiSke + oue

where e stands for the all-one vector and X and Si are diagonal matrices made up with
vectors 7x and s; (these notations are standard in the field of interior-point methods).
This leads to the following algorithm

Given an initial iterate (zo,yo, o) € P* x D* with duality measure p; and a
constant 0 < 0 < 1.

Repeat for k=0,1,2,...
Compute the Newton step (Az, Ayk, Asy) using the linear system (3).

Let (Tk+1, Ye+1, Sk+1) = (Tk, Yk, S&) + (Azk, Ayk, Ask) and pes1 = opk.
End

We now sketch a proof of the correctness of this algorithm. For our path-following
strategy to work, we have to ensure that our iterates (zx,ys,Sk) stay close to the points
(Tua» Yur» Su,) On the central path, which guide us to an optimal solution. For this pur-
pose we define a quantity that measures the proximity between a strictly feasible iterate
(z,y,8) € P* x D* and the central point (z,,¥,,s,). Since the main property of this
central point is z;s; = u Vi, which is equivalent to!?> zs = ue, the following measure (see
e.g. [Wrig7])

1 zs
6(z,8,u) == |lzs — pe =“——-—e
(z,9,1) uII pel| .

seems adequate: it is zero if and only if (z,y, s) is equal to (z,,yu,3,) and increases as
we move away from this central point. It is also interesting to note that the size of a
neighbourhood defined by d(z, s, u) < R decreases with u, because of the leading term ‘l‘

Note that we have to ignore the nonnegativity conditions for the moment.
1225 denotes here the componentwise product of vectors r and s.
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Another possibility of proximity measure with the same properties is

TS /f_
u zs

where the square roots are taken componentwise (see [CRV97}).
Our proof has the following steps

1
é(z,s,u) = 3

1. Strict Feasibility. Prove that strict feasibility is conserved by the Newton step:
if (zk,yx, k) € Pt x D*, we have (Tp41, Yr+1,5k+1) € P x DY, We have to be
especially careful with the strict nonnegativity constraints, since they are not taken
into account by Newton’s method.

2. Duality measure. Prove that the target duality measure is attained after the
Newton step: if (zx, ¥, 8x) has a duality measure equal to p, the next iterate
(Zx+1;Ve+1, Sk+1) has a duality measure equal to oy

3. Proximity. Prove that proximity to the central path targets is conserved: there is
a constant 7 such that if 8(zy, si, ) < 7, we have 6(zg41, Sk+1, e+1) < T after the
Newton step.

Adding the additional initial assumption that &(zg, so,t0) < T, this is enough to prove

that the sequence of iterates is converging to the limit point of the central path, which is a

(strictly complementary) optimal solution. The last delicate question is to choose a suitable

combination of constants ¢ and r that allows us to prove the three statements above. For

the first duality measure we presented the following values are acceptable (see [Wri97))
a=1—%andf=0.4,

7n

where n stands for the size of vectors z and s as usual, while for the second measure we
may choose (see [CRV97))

oc=1 1 and 7 = 1
2/n V2
To conclude this description, we specify how the algorithm terminates. Given an ac-
curacy parameter £, we stop our computations when the duality gap falls below e, which
happens when ny, < e. This guarantees that ¢’z and b7y approximate the true optimal
objective value with an error smaller than ¢. We now state this algorithm in its final form:

Given an initial iterate (zo,y0,50) € P* x Dt with duality measure yg, an
accuracy” parameter ¢ and suitable constants 0 < ¢ < 1 and 7 such that
5(-"0:3/0,50) <T.

Repeat for £ =0,1,2,...
Compute the Newton step (Axy, Ay, Asy) using the linear system (3).

Let (Za+1, Yor1s Ska1) = (Tk, Yir Sx) + (Dxk, Ayx, Asy) and pryy = opy.
Until nyy .,y <€

14




Moreover, it is also possible to prove that in both cases, the solution with £ accuracy
will be reached after a pumber of iterations N such that

N=0 (ﬁlog "T“°) . (4)

This polynomial complexity bound varying like the square root of the problem size is the
best attained so far for linear programming.

However, it is important to note that values of o presented above will always be in
practice nearly equal to one, which means that the duality measures will decrease very
slowly. Although its complexity is polynomial, this method requires a large number of
iterations and is not very efficient from a practical point of view.

3.1.2 Dual short-step path-following methods

This second short-step method is very similar to the previous one but its iterates lie in
the dual space D*. We keep the general principle of following the dual central path and
targeting points (y,,,s,,) on it but we have to make the following adjustments'®

¢ We cannot deduce the Newton step from the (KKT,) conditions any more, since they
involve both primal and dual variables. We apply instead a single minimizing Newton
step to the (D,) barrier problem, which gives the following linear system

AT I Ayk — 0 (5)
AS;ZAT 0) \Ase) ~ \ —ASile)

¢ We have to modify our measure of proximity: we now define &(s, ) with
8(s, 1) = min {6(z, s, ) | Az = b} = %min{(lz:s — pel| | Az = b}

(we have that this measure is zero if and only if s = 5,,).
Our algorithm simply becomes

Given an initial iterate (y9,s9) € D* with duality measure py, an accuracy
parameter € and suitable constants 0 < o < 1 and 7 such that 6(yo, o) < 7.

Repeat for k =0,1,2,...

Compute the Newton step (Ay, As,) using the linear system (5).
Let (Yx+1, Sk+1) = (Yx, 8x) + (Ayx, Asi) and pge1 = op-

Until npey < €

In this case we may for example choose
1 1
c=l—-——andr=—,
3/n NG
which leads to the same complexity bound (4) for the total number of iterations.

131t is of course also possible to design a primal short-step path-following method in a completely similar
fashion.
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3.1.3 Primal-dual long-step path-following methods

The long-step primal-dual method we are going to describe now is an attempt to overcome
the main limitation of the short-step methods: their very small step size. As presented
above, the fundamental reason for this slow progress is the value of o that has to be chosen
nearly equal to one in order to prove the polynomial complexity of the method.

A simple idea to accelerate the method would simply be to decrease the duality measure
more aggressively, i.e. still using px .1 = oy but with a lower 0. However, this apparently
small change breaks down the good properties we were able to prove for the short-step
algorithms. Indeed, if our target on the central path is too far from our current iterate, we
may have that

© The Newton step computed by (3) is no longer feasible. The reason for that is easy
to understand. Newton’s method is asked to solve the (KKT,) system, which is
made of two linear equations and one mildly nonlinear equation. Because of this
third equation, the linear system we solve is only an approximation of the real set of
equations, and the further we are from the solution we target, the less accurate this
approximation is. When our target is located too far away, the linear approximation
becomes so bad that barrier term does not play its role and the Newton step jumps
out of the feasible region by violating the nonnegativity constraints'* z > 0 and s > 0.

Since the iterates of an interior-point method must always satisfy the strict nonnega-
tivity conditions, we have to take a so-called damped Newton step, i.e. reduce it with
a factor o < 1 in order to make it stay within the strictly feasible region P* x D*:

(Tra1s Yrr1, Sa1) = (Ties Uiy Sk) + O ( DTk, Ayi, A8y .

o This damping of the Newton step cancels the property that the duality measure we
target is attained. It is indeed possible to show that the duality measure after a
damped Newton step becomes (1 — ax(1 — &))ui, which varies linearly between p;
and oy, when a decreases from 1 to 0.

There is unfortunately no way to circumvent this drawback, and we have to accept
that our iterates never exactly achieve the targeted duality measures, unless a full
Newton step is taken.

© We cannot gnarantee that a single Newton step will keep the proximity to the central
path in the sense of §(z,s,u) < 7, for the same reasons as above (nonlinearity). In
the long-step strategy we describe, we take several Newton steps with the same target
duality measure until proximity to the central path is restored. Then we may choose
another target and decrease u.

Our long-step method may be described in the following way:

Given an initial iterate (zy, 3, 35) € P* x D*, an initial duality measure u,,
an accuracy parameter £ and suitable constants 0 < ¢ < 1 and 7 such that
8(x0, Yo, 30) < 7.

14Note that since the first two conditions Az = b and ATy + s = c are linear, they are always fulfilled
after the Newton step.
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Repeat for k=10,1,2,...
Compute the Newton step (Azy, Ayx, As;) using the linear system (3).

Let (Tk41, Yr+1, 8k41) = (Tk, Yk, 8) + ax(Azx, Ayx, Asi) with a step length oy
chosen such that (Txyq, Ye+1, Ska1) € P x D,

If 6(zk+1,Sk41,04) < 7 Then let ppyy = oy Else let py = py.
Until Nk < €

As opposed to the complexity analysis of the short-step method, we may choose here
whatever value we want for the constant o, in particular values much smaller than 1. It
is the choice of T and o, that makes the method polynomial. The main task is here to
analyze the number of iterations that is needed to restore proximity to the central path.
Taking for o a constant independent of n (like .5, .1 or .01), it is possible to prove that
suitable choices of 7 and o4 lead to the following number of iterations

N=0 (nlog%) .

Let us point out an odd fact: although this method takes longer steps and is practically
more efficient than the short-step methods, its theoretical complexity is worse than the
short-step complexity (4).

3.2 Affine-scaling algorithms

The intensive stream of research on the topic of interior-point methods for linear program-
ming was triggered by Karmarkar’s seminal article [Kar84]. His method used projective
transformations and was not described in terms of central path or Newton’s method. Later,
researchers simplified this algorithm, removing the need for projective transformations, and
obtained a class of methods called affine-scaling algorithms. It was later discovered that
these methods had been previously proposed by Dikin in Russia, 17 years before Karmarkar
[Dik67].

Affine-scaling algorithms do not explicitly follow the central path and do not even refer
to it. The basic idea underlying these methods is the following: consider for example the
primal problem (P)

Az =1b

i T
(P) minc'z s.t. {120

This problem is hard to solve because of the nonnegativity constraints, which give the
feasible region a polyhedral shape. Let us consider the current iterate z, and replace the
" polyhedral feasible region by an inscribed ellipsoid centered at zx. The idea is to minimize
the objective on this ellipsoid, which should be easier than on a polyhedron, and take this
minimum as next iterate.

How do we construct an ellipsoid that is centered at z, and inscribed into the feasible
region ? Consider a positive diagonal matrix D. It is easy to show that problem (Pp)

ADw=1b

: T
(Pp) Lx&r'l‘(Dc) w s.t. { w>0
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is equivalent to (P), the z variable being simply scaled by z = Dw (this scaling operation
is responsible for the denomination of the method). Choosing a special diagonal matrix
D = X, which maps the current iterate z; to e, we obtain the following problem

Aka=b

; T
..‘fék‘?-(x"c) w st { w>0

We are now able to restrict the feasible region defined by w > 0 to a unit ball centered at
e, according to the inclusion {w | jw — e|| £ 1} C {w | w > 0}. Our problem becomes

AX,‘w =b

5 T
ut,lékl'l‘(xkc) w st {||w—e[|51 ,

i.e. the minimization of a linear objective over the intersection of a unit ball and an affine
subspace, whose solution can be easily computed analytically via a linear system. Back in
the original space, this is equivalent to

. Az =)
minc'z st { X'z el <1 °

whose feasible region is an ellipsoid centered at z«. This ellipsoid is called the Dikin ellipsoid
and lies entirely inside . The minimum over this ellipsoid is given by z; + Az, where!®

XkPAx,‘XkC

Az = — . 6
T = = Pax Xocl ©

Because our ellipsoid lies entirely within the feasible region, the step Az, is feasible and
the next iterate z, + Az, is expected to be closer to the optimal solution than z.

3.2.1 Short- and long-step primal affine-scaling algorithms
Introducing a constant u to reduce the step size, we may state our algorithm as

Given an initial iterate £, € P* and a constant 0 < 2 < 1.

Repeat for k=190,1,2,...

Compute the affine scaling step Ay with (6) and let zxy1 = z + pdy.
End

This scheme is known as the short-step primal affine-scaling algorithm. Convergence
. to a primal solution has been proved for 4 = }, but we still do not know whether this
method has polynomial complexity'. It is of course possible to design a dual and even a

primal-dual variant of this method (all we have to do is to define the corresponding Dikin
ellipsoids).

15 P4 denotes the projection matrix onto Ker(Q), which can be written as Pg = I - QT(QQT)~'Q when
Q has maximal rank.

18When certain nondegeneracy conditions hold, convergence has been proved for 0 < u < 1.
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1t is also possible to make the algorithm more efficient by taking longer steps, i.e. moving
outside of the Dikin ellipsoid. Keeping the same direction as for the short-step method, the
maximum step we can take without leaving the primal feasible region is given by
XgPAx.XgC

Az = " max [Pax, Xid] ’

Y]
which leads to the following algorithm:

Given an initial iterate z, and a constant 0 < A < 1.

Repeat for k=0,1,2,...

Compute the affine scaling step Ag with (7) and let Zxyy = 25 + AAg.

End

The constant A decides which fraction of the way to the boundary of the feasible region
we move!”. Global convergence has been proved when 0 < A < 2/3 but a surprising
counterexample has been found with A = 0.999 (see [Mas93)). Finally, as for the short-step
method, we do not know whether this method has polynomial complexity.

3.2.2 Link with path-following algorithms

There is an interesting and unexpected link between affine-scaling methods and path-
following algorithms. Taking for example the definition (5) of the dual Newton step in
the path-following framework and letting o tend to zero, i.e. letting the target duality mea-
sure tend to zero, we find that the resulting limit direction is exactly equal to the dual
affine-scaling direction ! This surprising fact, which is also valid for their primal counter-
parts, gives us some insight about both methods:

o The affine-scaling method can be seen as an application of Newton's method that is
targeting the limit point of the central path, i.e. that tries to jump directly to an
optimal solution without following the central path.

o It is possible to decompose the dual Newton step into two parts:
1
Az = — A%z + A2,
Tk

where

AT I\ (A (0N (AT I\ (Aw) _( 0
ASP?AT o) \a%s) T \b) 2 \4asp24T o) \acs) T \-asgle)

— A%z is called the affine-scaling component. It has the same direction as the
affine-scaling method and is only seeking optimality.

- A"z} is called the centering component. It is targeting a point on the central

path with the same duality measure as the current iterate, i.e. only tries to
improve proximity to the central path.

It is possible to show that most interior-point methods follow in fact directions that
are combinations of these two basic directions.

"This constant has to be strictly less than 1 since we want to stay in the interior of the feasible region.
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3.3 Potential reduction algorithms

Instead of targeting a decreasing sequence of duality measures, the method of Karmarkar
made use of a potential function to monitor the progress of its iterates. A potential function
is a way to measure the worth of an iterate. Its main two properties are the following:

o It should tend to —oo if and only if the iterates tend to optimality.

o It should tend to +oco when the iterates tend to the boundary of the feasible region
without tending to an optimal solution'®,

The main goal of a potential reduction algorithm is simply to reduce the potential function
by a fixed amount § at each step, hence its name. Convergence follows directly from the
first property above.

3.3.1 Primal-dual potential reduction algorithm

We are going to describe the application of this strategy in the primal-dual case. The
Tanabe-Todd-Ye primal-dual potential function is defined on the strictly feasible primal-
dual space P+ x D* by

®,(z,8) = plogzTs — Z log z:s; ,
3

where p is a constant required to be greater than n. We may rewrite it as

®,(z,8) = (p—n)logzTs — Z log —

zTs/n

+nlogn

and note the following

¢ The first term makes the potential tend to —co when (z, s) tends to optimality, since
we have then the duality gap z7s tending to 0.

© The second term measures centrality of the iterate. A perfectly centered iterate will
have all its products z;s; equal to their average value zTs/n, making the second term
equal to zero. As soon these products become different, this term increases, and tends
to +oco if one of the products z;s; tends to zero without z7's tending also to zero (which

means exactly that we approach the boundary of the feasible region without tending
to an optimal solution).

The search direction for this method is not new: it is the same as for the path-following
algorithm, defined with a target duality measure nu,/p (i.e. with ¢ = n/p). However, in this
case, px will not follow a predefined decreasing sequence, but will have to be recomputed
after each step (since this algorithm cannot guarantee that the duality measure targeted
by the Newton step will be attained). The algorithm proceeds as follows:

18We cannot of course simply prevent the method from approaching the boundary of the feasible region,
since our optimal solution lies on it.




Given an initial iterate (z,yo, 89) € P* x D* with duality measure o and a
constant p > n. Define 0 =n/p.

Repeat for k =0,1,2,...
Compute the Newton step (Azy, Ayy, Asi) using the linear system (3).
Let (Zk+1, Yr+1, Sk41) = (Tk, Yk, 8x) + an(Azx, Ayy, Asy) where oy is defined by

o = arg n}’in ®,(zk + aAzy, 8 + aAsy)

s.t.  (Za, Yk, 3k) + a(Azy, Ayx, Asy) € PT x DY

Evaluate pgy1 with (27, ,s641)/n.

Until Nigy) < €

The principle of this method is thus to minimize the potential function along the search
direction at each iteration. The main task in analyzing the complexity of this method is to
prove that this step will provide at least a fixed reduction of ®, at each iteration. Using
p =n++/n, it is possible to prove that ®,(zk41, Sk+1) < Pp(zk, 8k) — & with § = 0.16 (see
e.g. [Ans96]), leading to a total number of iterations equal to

N=0 (\/r_tlognT“O) ,

matching the best complexity results for the path-following methods.

It is in general too costly for a practical algorithm to minimize exactly the potential
function along the search direction, since @, is a highly nonlinear function. We may use
instead one the following strategies

© Define a quadratic approximation of ¢, along the search direction and take its mini-
mizer as next iterate.

o Take a fixed percentage (e.g. 95%) of the maximum step along the search direction
staying inside of the feasible region.

We note however that polynomial complexity is no longer guaranteed in these cases.

4 Enhancements

In the following, we present various enhancements that are needed to make the theoretical
methods of the previous section work in practice.

4.1 Infeasible algorithms

All the algorithms we have described up to now are feasible methods, which means they need
a strictly feasible iterate as starting point. However, such a point is not always available:

< For some problems, a natural strictly feasible point is not directly available and finding
one may be as difficult as solving the whole linear program.
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© Some problems have no strictly feasible points although they are perfectly valid and

have finite optimal solutions. This situation happens in fact if and only if the optimal
solution set is not bounded!®.

We can think of two different strategies to handle such cases: embed the problem into a
larger one that admits a strictly feasible starting point (this will be developed in the next
paragraph) or modify the algorithm to make it work with infeasible iterates. We are now
going to give an overview of this second strategy.

We recall that the iterates of an infeasible method do not satisfy the equality constraints
Az = b and ATy + s = ¢ but are required to be nonnegative, i.e. z > 0 and s > 0. The
main idea is simply to ask Newton's method to make the iterates feasible. This amounts
to a simple modification of the linear system (3), which becomes

0 AT I AIk c— ATyk — 8k
A 0 0 Ay | = b— Azy . (8)
Sk 0 X Ask ‘—stke + o€

The only difference with the feasible system is the right-hand side vector, which now incor-
porates the primal and dual residuals b — Az, and ¢ ~ (ATy, + sx). Newton steps will try
to reduce both the duality measure and the iterate infeasibility at the same time.

Infeasible variants of both path-following and potential reduction methods have been
developed using this search direction. Without going into the details, let us point out that
an additional constraint on the step has to be enforced to ensure that infeasibility is reduced
at least at the same pace as the duality measure (to avoid ending with an "optimal” solution
that would be infeasible). The complexity results for these methods are the same as those
of their feasible counterparts, although the analysis is generally much more involved.

4.2 Homogeneous self-dual embedding

As mentioned in the previous subsection, another way to handle infeasibility is to embed
our problem into a larger linear program that admits a known feasible starting point. We

choose a starting iterate (zq, yo, So) Such that zy > 0 and sy > 0 and define the following
quantities

b = b- Az,

¢ = c—ATyo——so
§ = byg—cTzo—1
h = zlsp+1.

19This is the case for example when a variable that is not upper bounded by the constraints is not present
in the objective.




We consider the following problem

min Y]
s.t. Az -br +bo =0
—ATy +cr —86 s = 0
(HSD) Py -z -g6 —-x =0
-y +&z 4§ = —h
z>0 120 §s>20 k20

It is easy to see that this problem admits the following strictly feasible starting point
(z,v,8,71,%,0) = (0, ¥0,50,1,1,1). Without going into too many details, we give a brief
description of the new variables involved in (HSD): T is a homogenizing variable, 6 is
measuring infeasibility and x refers to the duality gap in the original problem. We also
point out that the first two equalities correspond to the feasibility constraints Az = b and
ATy+s=c

This program has the following interesting properties:

o This program is homogeneous, i.e. its right-hand side is the zero vector (except for
the last equality that is a homogenizing constraint).

o This program is self-dual, i.e. its dual is identical to itself (this is due to the fact that
the coefficient matrix is skew-symmetric).

o The optimal value of (HSD) is O (i.e. 8, = 0).

o Given a strictly complementary solution (z., ¥,, S+, Ts, %+, 0) to (HSD) we have either
T« >0o0rk,>0.

o If 7, > 0 then (z,/7.,¥./7., 8./7.) is an optimal solution to our original problem.

o If k. > 0 then our original problem has no finite optimal solution. Moreover, we have
in this case b7y, — Tz, > 0 and

~ When 57y, > 0, problem (P) is infeasible.
~ When —cTz, > 0, problem (D) is infeasible.

Since we know a strictly feasible starting point, we can apply a feasible path-following
method to this problem that will converge to an optimal strictly complementary solution.
Using the above-mentioned properties, it is then possible to compute an optimal solution
to our original problem or detect its infeasibility.

‘ This homogeneous self-dual program has roughly twice the size of our original linear
program, which may be seen as a drawback. However, it is possible to take advantage of
the self-duality property and use some algorithmic devices to solve this problem at nearly
the same computational cost as the original program.
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4.3 Theory versus implemented algorithms

We have already mentioned that a polynomial complexity result is not necessarily a guar-
antee of good practical behaviour. Short-step methods are definitely too slow because of
the tiny reduction of the duality measure they allow. Long-step methods perform better
but are still too slow. This is why practitioners have implemented various tricks to acceler-
ate their practical behaviour. It is important to note that the complexity results we have
mentioned so far do not apply to these modified methods, since they do not strictly follow
the theory.

The infeasible primal-dual long-step path-following algorithm is by far the most com-
monly implemented interior-point method. The following tricks are usually added:

o The theoretical long-step method takes several Newton steps targeting the same d-
uality measure until proximity to the central path is restored. Practical algorithms
ignore this and take only a single Newton step, like short-step methods.

o Instead of choosing the step length recommended by the theory, practical implemen-
tations usually take a very large fraction of the maximum step that stays within
the feasible region (common values are 99.5% or 99.9%). This modification works
especially well with primal-dual methods.

o The primal and dual steps are taken with different step lengths, i.e. we take
Tri1 = T + oF Azy and (Yerr, Se41) = (U, 5x) + P (Ayx, Asy)

These steps are chosen according to the previous trick, for example with (o, aP) =
0.995 (af ., @2,,). This modification alone is responsible for a substantial decrease
of the total number of iterations, but is not theoretically justified.

4.4 The Mehrotra predictor-corrector algorithm

The description of the methods from the previous section has underlined the fact that
the constant o, defining the target duality measure ouy, has a very important role in
determining the algorithm efficiency:

o Choosing ¢ nearly equal to 1 allows us to take a full Newton step, but this step is
usually very short and does not make much progress towards the solution. However
it has the advantage of increasing the proximity to the central path.

o Choosing a smaller ¢ produces a larger Newton step making more progress towards
optimality, but this step is generally infeasible and has to be damped. Moreover this
kind of step usually tends to move the iterate away from the central path.

We understand that the best choice of & may vary according to the current iterate: small
if a far target is easy to attain and large otherwise. Mehrotra has designed a very efficient

way to choose o according to this principle: the predictor-corrector primal-dual infeasible
algorithm [Meh92].
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This algorithm first computes an affine-scaling predictor step (Azi¥, AT A je.
solves (8) with o = 0, targeting directly the optimal limit point of the central path. The
maximum feasible step lengths are then computed separately using

o}

argmax {a € [0,1] | zx + aAz}T > 0} ,
= argmax {c € [0,1] | sc + aAs}T > 0} .
Finally, the duality measure of the resulting iterate is evaluated with

aff
w _ (ot of T ASTT (0P AST)
k4l = :

aff,D
o’

n

This quantity measures how easy it is to progress towards optimality: if it is much smaller
than the current duality measure p, we can choose a small o and hope to make much
progress, on the other hand if it is just a little smaller, we have to be more careful and
choose o closer to one, in order to increase proximity to the central path and be in a better
position to achieve a large decrease of the duality measure on the nezt iteration. Mehrotra
suggested the following heuristic, which has proved to be very efficient in practice

aff 3
o= (’im) .
Hi

We now simply compute a corrector step (Az{™, Ayfo™, As§”™) using this o and take the
maximum feasible step lengths separately in the primal and dual spaces.

However, this algorithm can be improved a little further using the following fact. After
a full predictor step, the pairwise product z;s; is transformed into (z; + Az3¥)(s; + As¥T),
which is equal to Az As?¥. Since Newton’s method was trying to make z;s; equal to
zero, this last product measures the error due to the nonlinearity of the equations we are
trying to solve. The idea is simply to incorporate this error term in the computation of the
corrector step, using the following modification to the right-hand side in (8)

0 AT I Az c - ATyk — Sk
A 0 0 Ayk = b— Azk
Se 0 Xi As -X Sie — AXMASHe + opge

This strategy of computing a step taking into account the results of a first-order prediction
gives rise to a second-order method. The complete algorithm follows:

Given an initial iterate (zy,yo, S9) with duality measure uo such that zo > 0
and sy > 0, an accuracy parameter ¢ and a constant p < 1 (e.g. 0.995 or 0.999).

Repeat for k =0,1,2,...

Compute the predictor Newton step (Az2f, Ayaf, Astf) using the linear system

(8) and o = 0.
Compute the maximal step lengths and the resulting duality measure with

P = argmax {a€0,1] | zx + aAZ} > 0},

ot = argmax{e €[0,1]| sk + aAs¥ > 0} ,

o _ (ze+ oA (s + o} P A
By = .
n
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Compute the corrector Newton step (Az{™™, Ayg™, As{®™) using the modified
linear system (4.4) and ¢ = (uﬂl/#k)a.

Compute the maximal step lengths with

af = argmax{a€[0,1]| zx + aAZZ™ >0},
af = argmax{a€[0,1] | s + aAsP™ > 0} .

Let Tptl = Tp + pC!EAJ:io“ and (yk+ly 5k+1) = (yh sk) + paE(Ayi"", Asim)-
Evaluate g4 with (27, s641)/n.
Until N4y < €

It is important to note that the predictor step is only used to compute o and the
right-hand side of (4.4) and is not actually taken. This has a very important effect on the
computational work, since the calculation of both the predictor and the corrector step is
made with the same current iterate. This implies that the coefficient matrix in the linear
systems (4.4) and (8B) is the same, the only difference being the right-hand side vector. The
resolution of the second system will then reuse the factorization of the coefficient matrix
and will only need a computationally cheap additional backsubstitution. This property is
responsible for the great efficiency of Mehrotra’s algorithm: a clever heuristic to decrease
the duality measure using very little additional computational work.

5 Implementation

We mention here some important facts about the implementation of interior-point algo-
rithms.

5.1 Linear algebra

It is important to realize that the resolution of the linear system defining the Newton step
takes up most of the computing time in interior-point methods (some authors report 80~
90% of the total CPU time). 1t should be therefore very carefully implemented. Equations
(8) are not usually solved in this format: some pivoting is done, leading first to the following
system (where we define D} = S;'Xy)

-D? AT\ (Az\ _ [c—- ATy —omX;'e) ©)
A 0 Ayk - b- AJ:k

Asg —sp +oumX e - DJ?Azxy (10)

and then to this one

AD}ATAyy = b— A(zi — Dic+ DiATy, + oS 'e) (11)
Asy = c— ATy — s, — ATAye (12)
Azy = =zp+owmS;'e — DiAsy . (13)
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System (9) is called the augmented system and can be solved with a Bunch-Partlett fac-
torization. However, the most usual way to compute the Newton step is to solve (11),
called the normal equation, with a Cholevsky factorization, taking advantage of the fact
that matrix ADZA7 is positive definite (see [EDAX96] for a discussion). At this stage, it is
important to note that most real-world problems have very few nonzero entries in matrix A.
It is thus very important to exploit this sparsity in order to reduce both computing times
and storage capacity requirements. More specifically, one should try to find a reordering of
the rows and columns of matrix AD?AT that leads to the sparsest Cholevsky factor?®. This
permutation has to be computed only once, since the sparsity pattern of matrix ADF A7 is
the same for all iterations.

On a side note, let us note that the complexity of solving this linear system is O(n?)
arithmetic iterations, which gives the best interior-point methods a total complexity of

0 (n3'5 log n_:g)

arithmetic operations?!.

5.2 Preprocessing

In most cases, the linear program we want to solve is not formulated in the standard form

(2). The first task for an interior-point solver is thus to convert it by adding variables and
constraints

o Inequality constraints can be transformed into equality constraints with a slack vari-
able: fTz > be& fTx— s =bwith s > 0.

o A free variable can be split into two nonnegative variables: £ = z% — 2z~ withz* > 0
and z- > 0. However this procedure has some drawbacks®* and practical solvers
usually include a modification of the algorithm to handle free variables directly.

o Lower bounds ! < z are handled using a translation z =z’ + 1 with ' > 0.

o Upper bounds z < u could be handled using a slack variable, but practical solvers
usually implement a variation of the standard form that takes these bounds directly
into account.

After this initial conversion, it is not unusual that a series of simple transformations can
greatly reduce the size of the problem

o Empty lines and columns are either redundant (and thus may be removed) or make
the problem infeasible.

30Because the problem of finding the optimal reordering is NP-hard, heuristics have been developed, e.g.
the minimum degree and minimum local fill-in heuristics.

1A technique of partial updating of the coefficient matrix AD} AT in the normal equation can reduce
this total complexity to O(n®).

221t makes for example the optimal solution set unbounded and the primal-dual strictly feasible set empty.
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¢ Equality constraints involving only one variable are removed and used to fix the value
of this variable.

¢ Equality constraints involving exactly two variables can be used to pivot out one the
variables.

© Two identical lines are either redundant (one of them may thus be removed) or in-
consistent (and make the problem infeasible).

© Some constraints may allow us to compute lower and upper bounds for some variables.
These bounds can improve existing bounds, detect redundant constraints or diagnose
an infeasible problem. :

Every practical solver applies these rules (and some others) repeatedly before starting to
solve the problem.

5.3 Starting point and stopping criteria

The problem of finding a suitable starting point has already been addressed by the ho-
mogeneous self-dual embedding technique and the infeasible methods. In both cases, any
iterate satisfying zo > 0 and sy > 0 can be chosen as starting point. However, the actual
performance of the algorithm can be greatly influenced by this choice.

Although there is no theoretical justification for it, the following heuristic is often used
to find a starting point. We first solve

min ¢’z + 2Tz st. Az=b and min _by+ YsTs st ATy +s=c.

z€R" 2 (,4)€ER™ xR" 2
These convex quadratic programs can be solved analytically at a cost comparable to a single
interior-point iteration. The negative components of the optimal z and s the solution are
then replaced with a small positive constant to give zp and (yo, sp).

As described earlier, the stopping criteria is usually a small predefined duality gap ¢,.
In the case of an infeasible method, primal and dual infeasibility are also monitored and

are required to fall below some predefined value ;. One can use for example the following
formulas

lAz—bll _ ~ JATy+s—cl __ fTz byl

feli+1 = llell +1 Y ezl +1
The denominators are used to make these measures relative and the +1 constant to avoid
division by zero. However, when dealing with an infeasible problem, infeasible methods

tend to see their iterates diverging towards infinity. Practical solvers usually detect this
behaviour and diagnose an infeasible problem.

<egg.

6 Conclusions

The theory of interior-point methods for linear programming is now well established; text-
books on the topic have been published (see e.g. [Wri97, CRV97, Ye97]). From a practical

28




point of view, interior-point methods compete with the best simplex implementations, es-
pecially for large-scale problems.

However some unsatisfying issues remain, in particular the gap between theoretical
and implemented algorithms. Another interesting point is the number of iterations that
is practically observed, almost independent from the problem size or varying like logn or
n!/ instead of the /n theoretical bound.

Research is now concentrating on the adaptation of these methods to the nonlinear
framework. We would like to mention the following directions:

© In their brilliant monograph [NN94], Nesterov and Nemirovsky develop a complete
theory of interior-point methods for conver programming. They are able to prove
polynomial complexity for their method and relate its efficiency to the existence of a

certain type of barrier depending on the problem structure (a so-called self-concordant
barrier).

o Semidefinite programming is a very promising generalization of linear programming
in which the nonnegativity condition on a vector z > 0 is replaced by the requiremert
that a symmetric matrix X is positive semidefinite. This kind of problem has numer-
ous applications in various fields, e.g. combinatorial optimization, control, classifica-
tion, structural optimization, etc. (see [VB96] for more information). The methods
we have presented here can be adapted to semidefinite programming with little effort
and practical algorithms are able to solve this kind of problem quite efficiently.
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