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Summary

Semi-arid regions, like the Sahel, face significant challenges due to climate change.
In these areas, vegetation forms spatial patterns to cope with water scarcity. Un-
derstanding the resilience of these patterns is crucial for predicting ecosystem
responses to changing environmental conditions. This thesis investigates vegeta-
tion patterns in semi-arid ecosystems using the Rietkerk model, a system of partial
differential equations. We focus on bifurcations, rate-induced tipping (R-tipping),
and the effects of stochastic precipitation.

An in-depth bifurcation analysis of the Rietkerk model reveals stable patterned
states even under low rainfall, where no vegetation persists in a homogeneous
system. We identify and classify stable and unstable equilibria. We also discover
"mixed states," novel unstable equilibria that slow down transitions between stable
patterns and offer insights into tipping points in spatial systems.

To assess resilience, we examine the system’s response to perturbations and
link this response to internal timescales. The spatio-temporal structure of pertur-
bations is crucial for resilience. The co-existence of multiple equilibria and unsta-
ble states enhances resilience by offering stable configurations under fluctuating
conditions.

Finally, incorporating intermittent precipitation dynamics shows that the effects
on vegetation depend on rainfall intermittency and water uptake. This research
advances our understanding of vegetation pattern dynamics, offering a framework
to assess ecosystem resilience in water-limited environments.
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Introduction

1.1 Sahel in a changing world

The Sahel is a semi-arid region in Africa, spanning several countries (Fig. 1.1)
south of the Sahara Desert (Sinclair and Fryxell [1985], Govaerts and Lattanzio
[2007]). Characterized by a single rainy season from June to September, the re-
gion experiences high rainfall variability [Buis et al., 2009]. Traditionally, the Sahel
sustained migratory pastoralists and wild ungulate populations, but this balance
was disrupted in the mid-20th century by increased settlement near wells, and
agricultural expansion [Sinclair and Fryxell, 1985].

This region has been through multiple changes on a geological time scale. It
is believed that those regions have undergone a transformation at the end of the
African Humid Period, around 4.98 to 5.5 ka ago (Claussen et al. [1999]). Evidence
from sediment records, such as increased dust deposition in the Atlantic, suggests

Figure 1.1: Spatial extension of the Sahel (in orange) (from ht tps: //en .wik ip ed ia
.org/wiki/Sahelian_empires
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that this transition from a vegetated to arid landscape occurred swiftly [DeMenocal
et al., 2000]. Researchers suggest that changes in orbital parameters reduced
the temperature gradient between the ocean and the continent during summer,
weakening the monsoon. This caused less precipitation on the land, which in turn
decreased the vegetation cover. The decrease in vegetation cover causes an in-
crease in surface albedo, which further weakens the monsoon through a feedback
loop. This feedback, first proposed by Charney [1975], explains the persistence
of desert conditions. Another positive feedback between precipitation and vege-
tation, suggested by Brovkin et al. [1998] and further explored by Scheffer et al.
[2005], involves water recycling processes. The recycling feedback refers to the
process by which water evaporates, condenses, and precipitates repeatedly within
a specific region. Water that evaporates from surfaces like soil, vegetation, and
water bodies returns as precipitation within the same area, creating a regional wa-
ter recycling loop. This enhanced precipitation leads to an increase of vegetation
cover and so an increased evapotranspiration. This feedback can be particularly
significant in sustaining ecosystems, especially in semi-arid and tropical regions
where local evapotranspiration contributes substantially to regional rainfall [Schef-
fer et al., 2005]. Both feedbacks operate on a climatic scale. Recently, Hopcroft
and Valdes [2021] simulated a greener Sahara using an Earth System Model that
incorporated enhanced parametrization of convective rainfall and semi-arid vege-
tation representation. However, their model did not reproduce a sharp transition
for the eastern Sahel but rather a gradual change also observed in vegetation taxa
data [Krépelin et al., 2008].

In more recent history, multiple factors have contributed to environmental degra-
dation in the Sahel. In addition to severe droughts observed mainly in the 70 and
80s that led to famines and impacted the environment, human activities such as
population growth, overgrazing, and extensive agriculture also contributed to soil
degradation and desertification (Bernus et al. [1993], Schlesinger et al. [1990]).
The region’s vulnerability is heightened by its dependence on volatile rainfall and
the erosion of traditional adaptive practices such as migratory pastoralist [Walther
and Retaillé, 2021]. With climate change expected to alter rainfall patterns (Inter-
governmental Panel on Climate Change (IPCC) [2023], Chagnaud et al. [2023],
Herman et al. [2023]), the Sahelian ecosystem faces additional challenges.

The vulnerability of the Sahelian ecosystem, combined with past transitions
between vegetated and desert states (whether rapid or gradual), highlights the
need to better understand vegetation resilience in semi-arid regions. A key fea-
ture of vegetation in these areas is its tendency toward self-organization that we
will develop in the following chapters. In this thesis, we assess the resilience of
vegetation patterns in semi-arid regions using a simplified model approach.
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1.2 Vegetation patterns and its modelling

In semi-arid regions, vegetation organizes itself in patterns that are visible from the
sky (Fig. 1.2). The first reported observation of such vegetation patterns by Mac-
fadyen (Macfadyen [1950b], Macfadyen [1950a]) in British Somaliland was done
from a plane. They appeared as bands perpendicular to the slope. Since then,
vegetation patterns were observed in various places in the world (Valentin et al.
[1999], Rietkerk et al. [2004] Gandhi et al. [2019]) including African Sahel (Mueller
[2013], Deblauwe et al. [2012], Bastiaansen et al. [2018]), Somalia (Hemming
[1965], Gowda et al. [2018]), Australia (Dunkerley and Brown [2002], Moreno-De
Las Heras et al. [2012]), Israel (Sheffer et al. [2013], Buis et al. [2009]), the US
(Deblauwe et al. [2012], Penny et al. [2013] Pelletier et al. [2012]), and Northen
Chile (Fernandez-Oto et al. [2019]). These observations revealed that banded
vegetation on hill slope is not the only possible spatial configuration, and patterns
formation is quite a common feature around the world, from arid ecosystems [De-
blauwe et al., 2008] to wetlands [Rietkerk and van de Koppel, 2008a]. A surprising
characteristic of those patterns is that they are not induced neither by heterogene-
ity in soil properties, nor by local topography [Borgogno et al., 2009]. In Deblauwe
et al. [2011], the authors used satellite data from Sudan to confirm the depen-
dence of vegetation patterns on both rainfall and slope. As previously identified,
slope influences the alignment of vegetated bands, orienting them perpendicular
to the incline. The study observed a transition from spotted to labyrinth-like and
then dotted vegetation patterns as rainfall decreased from 1.6 to 1 mmd~'. The
corresponding pattern wavelengths ranged from 40 to 150 meters, increasing as
rainfall decreased.

Figure 1.2: Vertical satellite image of a) labyrinth (11° 8’ N, 27° 57’ E) and b) dots (11° 37’
N, 27° 77’ N) from Google Earth

Vegetation patterns have interested researchers for multiple decades now. The
first model to explain the self-organization of vegetation on hill slope was by Thiery
et al. [1995]. The model is based on a cellular automata formalism [Conway,
1976]. Cellular automata are mathematical models composed of a grid of cells,
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where each cell has a state that evolves over discrete time steps according to a
set of rules. In the Thiery et al. [1995] model, two hypotheses were used which
reflect competition and synergy: new vegetation appearance is positively affected
by lateral and down-slope plants and negatively affected by plants up-slope. This
formalism leads to a whole branch of vegetation patterns model that are still used
today [Kéfi et al., 2007]. Two years later, Lefever and Lejeune [1997] proposed an
other formalism based on integro-differential equations. In their model the patterns
come from a mechanism of short-range activation, due to cooperation between
plants of the same species, and long-range inhibition, due to competition among
plants. This concept of short-range activation and long-range inhibition originated
from the work of Turing [1952] on morphogenesis. In Lefever model, it is only the
interaction of the plants with themselves that creates the patterns. Much later,
Klausmeier [1999a] proposed a reaction-advection-diffusion model that adds wa-
ter to the mix to explain the formation of vegetation bands on hill slope. Two quan-
tities were modelled: the biomass and the soil water. The mechanism proposed
to explain the self-organization is the following. In a desertic environment, water
infiltration is lower on bare soil compared to a vegetated one, due to the system
of roots. The increased production of biomass due to the infiltrated water in the
soil creates a positive feedback. On a hill slope, the water coming from run-off
up-slope on a bare ground goes in the soil on top of a band of vegetation due to
the increased infiltration. This new water in the soil creates more vegetation and
so creates an upward movement of the band. This model was extended later by
the addition of a diffusion term for water that allowed creation of patterns on flat
ground [Van Der Stelt et al., 2013]. HilleRisLambers et al. [2001] proposed a model
for flat terrain that modelled more explicitly the water infiltration positive feedback,
by taking into account the surface water and the soil water. This three-variables
spatially explicit model of partial differential equations does not need any slope
nor prexisting spatial heterogeneity to develop patterns. Rietkerk et al. [20023]
showed that this model is sufficient to explain all different vegetations observed in
semi-arid ecosystem including dots (Fig. 1.2.b) , labyrinths (Fig. 1.2.a) and gaps.
Crucially, the model suggests that patterns allow to increase the range on precipi-
tation under which vegetation can maintain itself. Next, Gilad et al. [2004] added a
root augmentation feedback (Zelnik et al. [2013], [Meron, 2015]). When upper-soil
biomass increases, the lateral root extends more, so that plants can capture soil
water from further away from their position.

The four models (Lefever and Lejeune [1997], Klausmeier [1999a], HilleRis-
Lambers et al. [2001] and Gilad et al. [2004]) share the same mechanism of short-
range facilitation and long-range competition. Due to this main characteristic, they
are called scale-dependent models. Many vegetation patterns can be simulated
with those four models, but they all share the same mechanism of patterns forma-
tion.
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Besides the cellular automata and scale-depend models, there are other fam-
ilies of models that create patterns. For example, D’Odorico et al. [2006] showed
how patterns could be obtained from a repeated random switch between two deter-
ministic processes corresponding to stressed and unstressed conditions. Lately, a
new framework based on phase-separation physics has been proposed (Liu et al.
[2016], Siteur et al. [2023]). This new conceptual framework involves the aggrega-
tion of an abiotic or biotic species into non-regular patches.

In this thesis, we will focus on scale-dependent models and more precisely on
the model described in Rietkerk et al. [2002a]. This model features three (prog-
nostic) variables: biomass (B) [g.m~2], soil water (W) [mm] and surface water (O)
[mm], all are functions of time and space. The evolution of those quantities are
governed by three equations:

JB W B
IW B + kywy W B

- - 20 — 1.1
o aO 51k gmaxW—i—kl roW 4+ DwAW, (1.1)
00 B + kowy
— =R -— ——=— 4+ DpA
o a0 Btk + DpAO,

where A is the Laplacian operator and R is the rainfall [mm.d~!]. The rainfall is
the external forcing of the system which we consider to be a spatially-independent
function. The first term in the biomass equation represents water uptake by the
plant. The parameters of the water uptake are k; the half-saturation constant of
specific plant growth and water uptake, c the conversion of water uptake by plants
to plant growth and g;.x the maximum water uptake. The first term in the soil wa-
ter equation is linked to the infiltration rate of water in the soil that is enhanced by
the presence of biomass. « is the maximum infiltration rate, k, the saturation con-
stant of water infiltration and wy the infiltration rate in the absence of plants. Soil
water is lost through moving out of plant roots by drainage or evaporation. This
effect is parametrised with r,,. The plant mortailty is modelled with a linear term
with d the plant mortality rate. The value of this mortality rate was fixed at 0.25d !
which could be considered as high depending the type of vegetation. The factors
in front of the Laplacians (Dg, Dy and D) are the diffusion constants of the dif-
ferent quantities. In this thesis, we used the model with a flat ground so all the
diffusion parameters are constant. All values of the different parameters are given
in the table 1.1. The values of the parameters were chosen as in Rietkerk’s orig-
inal paper [Rietkerk et al., 2002a]. The diffusion constant for surface water (D)
is significantly higher than those of biomass (Dg) and soil water (Dyy). This differ-
ence, combined with the infiltration feedback, is key to explain pattern formation in
semi-arid ecosystems. The short-range activation process involves an increase in
soil water concentration beneath vegetation due to enhanced infiltration, which, in



6 1. Introduction

1 2

c Conversion of water uptake by plants to plant growth 10gmm~—"m~
Smax Maximum water uptake 0.05mmg—1m2d-T
kq Half-saturation constant of specific plant growth and water uptake 5mm
Dp Plant dispersal 0.1m2d7!
o Maximum infiltration rate 0.2d71
ko Saturation constant of water infiltration 5gm—2
wo Water infiltration in the absence of plants 0.2
Tw Soil water loss due to evaporation and drainage 0.2d71
Dw Diffusion coefficient for soil water 0.1m2d7!
Do Diffusion coefficient for surface water 100m2d-1
d Plant mortality rate 0.25d~1

Table 1.1: Parameters for Rietkerk model

turn, promotes biomass growth. In contrast, the long-range inhibition process re-
sults from rapid surface water diffusion from bare soil areas to vegetated patches.
This surface water depletion around vegetation patches reduces the water avail-
able for surrounding areas, thereby limiting vegetation spread and confining it to
existing patches.

While this model reproduces well patterns with a width around a tens of meters
as the one shown in Fig. 1.2, it also models the presence of a shallow layer
of water above ground which is not realistic for arid regions. While this model
includes a shallow layer of water above the ground, which may not be realistic for
arid regions, it successfully reproduces patterns with widths on the order of tens
of meters, as shown in Fig. 1.2.

1.3 Stability and resilience of vegetation patterns

How ecosystems adapt to a perturbation (human or climatic) is at the core of ecol-
ogy. Before the 1970s, the resilience of an ecosystem was defined as the ability
of a system to return to an equilibrium state after a temporary disturbance. The
definition was inspired from mathematics and physics: The fastest the ecosys-
tem returns to equilibrium, and the smallest is the amplitude of the fluctuation, the
more stable it is. This definition of resilience is consistent with the concept of early
warnings signals which flourished a few decades later (Dakos et al. [2008], Dakos
et al. [2019], Boers [2021]). In climatology, early warning signals are indicators or
patterns in climate data that suggest an approaching critical change or transition
in a climate system. These signals are intended to help predict potential abrupt
shifts or "tipping points” in the climate, where the system moves from one stable
state to another. Holling [1973] described this form of resilience, based on the
return time as "engineer resilience". He suggested to distinguish it from a more
proper "ecological resilience". According to Holling, ecological resilience should
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be defined as the ability of a system to maintain its function and is measured by
its capacity to absorb changes in state variables. There are four key aspects of
ecological resilience [Walker et al., 2004]:

« Latitude — the extent to which a system can change before losing stability.
+ Resistance — the ease or difficulty of altering the system.

» Precariousness — the proximity of the system’s current state to a critical
threshold.

« Panarchy — the influence of cross-scale interactions, where dynamics at
a given scale depend on processes occurring at both larger and smaller
scales.

These aspects are well-defined in systems with two alternative states—one
favorable and one unfavorable. We propose extending the concept of ecological
resilience to include systems with multiple desirable states, such as different spa-
tial configurations of vegetation.

To illustrate that idea, let us consider two Pseudo-Lyapunov potentials of a
semi-arid environment, as sketched in Fig. 1.3. The function of vegetation in this
context is maximized when there is more biomass. For both potentials the red dot
represents a state with low vegetation so a non-desirable state. From an engineer
stability point of view, the green dot situation on the panel (a) is more enviable
than the blue dot because the well is deeper and the slope of the well potential is
steeper so the system will take less time to return to its initial position. The blue
dot (panel (b)) still has ecological resilience because the presence of other desir-
able states around it makes it able to maintain its function eventhougth it left the
basin of attraction of its initial conditions. In vegetation patterns, vegetation has
the possibility to organise itself in different ways. This multiplicity of equilibria in-
creases then the ecological resilience. The system is more capable of maintaining
its function (high vegetation cover in the blue dot situation) even if is is kicked out
of its orignal basin of attraction by a perturbation.

The resilience of vegetation patterns was studied in many ways in the literature.
Rietkerk et al. [2002b] showed that the addition of a spatial component increases
the range of precipitation for which vegetation still exists in the form of patterns.
Multiple states were found in the so-called Busse-Balloon, defined as the range
of environmental parameters from which a stable pattern state exists, in the math-
ematical sense (Van Der Stelt et al. [2013], Doelman et al. [2012], Siteur et al.
[2014b], Siero et al. [2015]). Multiple stable vegetation patterns were then iden-
tified in real ecosystems [Bastiaansen et al., 2018]. This multistability increases,
in our extended definition, the ecological resilience of vegetation. Adding a spatial
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Pseudo-Lyapunov function Pseudo-Lyapunov function

A (a) A (b)

Biomass Biomass

Figure 1.3: Pseudo-Lyapunov function (or potential) to illustrate the notions of engineer
resilience and ecological resilience. Local minima of this function are stable equilibira for
the associated dynamical system.

component when considering vegetation resilience also creates the possibility of
front propagation. Multiple studies (Zelnik et al. [2017], Zelnik and Meron [2018]
and Van De Leemput et al. [2015]) showed that, in the bistable range, an ecosys-
tem can switch after a local disturbance — removing a small portion of vegetation
— from a full vegetated state to a bare soil state through front propagation if the
environmental parameter crosses a certain value, called the Maxwell point, even
though both vegetated and bare soil state are stable. Zelnik et al. [2016] showed
that if the system supports a specific class of stable patterns equilibria (hybrid
state), a local disturbance can be absorbed by the system by switching to an other
stable hybrid state.

Disturbances are generally characterized as one-dimensional (in space or time)
in studies. However, Kéfi et al. [2019] points to the importance of the definition of
perturbations when talking about resilience. More recently, Rietkerk et al. [2021]
proposed that the existence of spatial patterns is an effective way to evade tipping
points, and pointed out the necessity to study the resilience of an ecosystem tak-
ing into account the spatial components. Specifically, one must study the effects
of the restricting spatial domain, and study both the local and non-local aspects
of the perturbation, in time and in space. Throughout this thesis, we address the
question of patterns resilience against different perturbations in an original way.
The bifurcation diagram is our main tool. Previously, Zelnik et al. [2013] showed
that the computation of a part of the bifurcation diagram helped to understand the
resilience for a specific range of precipitation. We extend the study of multistability
by identifying not only the stable, but also the unstable equilibria. The bifurcation
diagram allows us to study both types of equlibiria, and we do so because we know
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that both may play a role in the dynamics of the system (Hastings et al. [2018a],
Morozov et al. [2020a], Feudel [2023])

1.4 Objectives and outlines of the thesis

In this thesis, we study the resilience of vegetation patterns by using Rietkerk
model [Rietkerk et al., 2002b] and explore the effect of different perturbations.
This objective will be tackled through three specific research questions:

« What are the possible intermediate states existing between a fully vegetated
state and bare soil and what is their influence on the dynamics?

» How does the temporal and spatial structure of the perturbation affect the
resilience of vegetation?

» What is the impact of intermittent rainfall on vegetation resilience?

Each chapter is devoted to one question. In the second chapter, we show the
existence of previously unknown equilibria by a continuation method, and we dis-
cuss the effect of those equilibria on the dynamics. In the third chapter, we discuss
how the nature of the perturbation affects the resilience and how it is possible to
link the structure of the most destructive perturbations to time scales identified in
the model. In the fourth chapter, we analyse the effect of precipitation intermit-
tency. We model precipitation in semi-arid regions using an intermitent dynamical
system [Pomeau and Manneville, 1980], and show that both the statistics of the in-
termittent forcing and the nature of the functional form of water uptake are critical
to understand the response of the vegetation patterns to an intermittent forcing.
Chapter 5 delivers the main conclusions and contributions of this thesis, along
with the perspectives.






Existence and influence of mixed states in
a model of vegetation patterns

This chapter is based on the following published paper:

Vanderveken, L., Martinez Montero, M. and Crucifix, M.: Existence and influence
of mixed states in a model of vegetation patterns, Nonlinear Processes in Geo-
physics, 30(4), 585-599, https://doi.org/10.5194/npg-30-585-2023

Abstract

The Rietkerk vegetation model is a system of partial differential equations,
which has been used to understand the formation and dynamics of spatial
patterns in vegetation ecosystems, including desertification and biodiversity
loss. Here, we provide an in-depth bifurcation analysis of the vegetation pat-
terns produced by Rietkerk’s model, based on a linear stability analysis of
the homogeneous equilibrium of the system. Specifically, using a continua-
tion method based on the Newton-Raphson algorithm, we obtain all the main
heterogeneous equilibria for a given size of the domain. We confirm that in-
homogeneous vegetated states can exist and be stable, even for a value of
rainfall for which no vegetation exists in the non-spatialized system. In addi-
tion, we evidence the existence of a new type of equilibrium, which we called
"mixed state", in which the equilibria are always unstable and take the form of
a mix of two equilibria from the main branches. Although these equilibria are
unstable, they influence the dynamics of the transitions between distinct stable
states, by slowing down the evolution of the system when it passes close to
it. Our approach proves to be a helpful way to assess the existence of tipping
points in spatially extended systems and disentangle the fate of the system in
the Busse balloon. Overall, our findings represent a significant step forward in

11
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understanding the behaviour of the Rietkerk model and the broader dynamics
of vegetation patterns.

2.1 Introduction

In semi-arid regions, vegetation tends to be spatially organized around patterns
(Barbier et al. [2006], Deblauwe et al. [2008], Deblauwe et al. [2011], Deblauwe
et al. [2012]). This phenomenon appears in various parts of the world where water
is the limiting factor for plants’ growth. Vegetation patterns can be modelled and
explained with reaction-diffusion equations. Those types of equation exhibit the ex-
istence of a homogeneous stable equilibrium which is unstable to heterogeneous
perturbation [Turing, 1952]. In general terms, heterogeneous equlibria result from
the joint effects of a short-range activation mechanism and long-range inhibition.
For vegetation on ferruginous soil in semi-arid regions, the short-range activation
effect is related to the positive feedback of vegetation on soil water availability, as
vegetation limits water loss by runoff by enhancing water infiltration [Meron, 2015].
The rapid diffusion of surface water, however, acts against vegetation growth
on bare soil by limiting water availability. The contrast between slow soil water
diffusion and fast surface water diffusion produces the spatial, heterogeneous pat-
terns. The mechanisms are described and captured in the Rietkerk model [Rietk-
erk et al., 2002a]. This model features three (prognostic) variables: biomass (B)
[g m~2], soil water (W) [mm] and surface water (O) [mm], all are functions of time
and space. The evolution of those quantities are governed by three equations:

0B 4%
== AL AN DsA
ot ~ Bmavyy g ~ 4B+ DaAB,
IW B + kpwy W B
_ _ _ 2.1
Py e Bik, Smax Wik roW + DwAW, 2.1
20 B + kywg
& R-a02 2% | DA
5 «O Bk + DpAO,

where A is the Laplacian operator and R is the rainfall [nm d~!]. The rainfall is
the external forcing of the system which we consider to be a spatially-independent
function. The first term in the biomass equation represents water uptake by the
plant. The first term in the soil water equation is linked to the infiltration rate of
water in the soil that is enhanced by the presence of biomass. The factors in front
of the Laplacians (AB, AW and AO)are the diffusion constants of the different
quantities. The diffusion constant for surface water is considered to be much big-
ger than those of biomass and soil water. This contrast is essential for pattern
creation. In the following, the values of the parameters are as in [Rietkerk et al.,
2002a].
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c Conversion of water uptake by plants to plant growth 10gmm~—1m—2
Smax Maximum water uptake 0.05mmg—1m2d-T
kq Half-saturation constant of specific plant growth and water uptake 5mm
Dp Plant dispersal 0.1m2d7!
o Maximum infiltration rate 0.2d71
ko Saturation constant of water infiltration 5gm—2
wo Water infiltratio nin the absence of plants 0.2
Tw Soil water loss due to evaporation and drainage 0.2d71
Dw Diffusion coefficient for soil water 0.1m2d7!
Do Diffusion coefficient for surface water 100m2d-1
d Plant mortality rate 0.25d~1

Table 2.1: Parameters for Rietkerk’s model

As explained above, the existence of reaction-diffusion processes enables sta-
ble equilibria in the form of patterns. Compared to a system without spatial dy-
namics, such pattern equilibria tend to broaden the range of rainfall compatible
with the presence of vegetation.

The classical configuration for analysing such a system of equations uses pe-
riodic boundary conditions. A pattern is then defined as a spatially periodic equi-
librium of the differential equations. Here, we will consider and analyse in depth
a region of the parameter space called the Busse balloon [Busse, 1978]. This is
the region with heterogeneous equilibria, that is, the parameter space admitting at
least one stable, spatially periodic equilibrium.

The motivating scientific question comes from the following observation. In a
system without spatial dynamics — thus without diffusion — a catastrophic tran-
sition occurs between sustained vegetation and bare soil when rainfall decreases
below a critical point.

The transition point corresponds to a fold bifurcation, and can be qualified as
a tipping point (Lenton et al. [2008]. Rietkerk et al. [2021]) suggested that spatial
dynamics and the existence of the Busse ballon smooth the transition between
fully fledged vegetation and bare soil. In their terms, the Busse Balloon 'evades’
the tipping point. This result implies that spatial dynamics effectively lower the
precipitation threshold above which vegetation can be sustained.

Siteur et al. [2014b] showed that a Busse balloon appears in the Klaussemeier
vegetation model [Klausmeier, 1999a], where it occupies a region of the parameter
space with lower rainfall than necessary to sustain a homogeneous vegetation.
However, the nature of this transition through the Busse Balloon may be complex.
For the non-spatial Rietkerk model, there is no such thing as a fold bifurcation. But
we will see that adding a spatial component creates fold bifurcation.
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The objective of the present study is, in the idealized context of a spatial do-
main of one dimension, to characterize the intermediate states that may emerge
during the transition from full vegetation to bare soil, and to examine the dynamics
that underlie potential transitions between these states.

Specifically, we provide an in-depth analysis of the Busse balloon, demonstrate
the coexistence of multiple equilibria for a given rainfall intensity, and foresee the
circumstances which may trigger transitions between these different equilibria. In
that sense, we propose an extension of the work by Zelnik et al. [2013], who
computed partially the bifurcation diagram for Rietkerk’'s model. We also develop
the method for finding equilibrium branches and characterize their stability. Finally,
we highlight the existence of another type of equilibrium different than the regular
patterns. We call them mixed state because of their shape and show how they can
have an influence on the dynamics of the system.

2.2 Bifurcation diagram and stability

In this section, we present a method to construct the bifurcation diagram for Ri-
etkerk’s model and determine the form of the different equilibrium branches as a
function of rainfall.

Linear analysis and Turing zone

The classical approach is to consider as in Siero [2020], first, the static homoge-
neous equilibrium. To this end, we define the equilibrium B = B(x,t) with B a
constant in time and space—likewise with the other variables—which satisfy the
relationships:

W B _

0= P 4B 22
Cgmaxw+kl (2.2)
B+k2ﬂ)0 W B _
0=gq02tRwo . NP W 23
Bk MWk U (2:3)
_B
0= R— 02 K20 (2.4)

B+ky
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Biomass [g. m~2] Soil water [mm] Surface water [mm]
40 10 50
30 8 40
6 30
20 f—
10 2 10
0 0 0
0 1 2 0 1 2 0 1 2
Rain [mm.d~1] Rain [mm.d~1] Rain [mm.d~1]

Figure 2.1: Homogeneous equilibria of Rietkerk’s model. From left to rigth are represented
the biomass, the soil water and the surface water. Blue line is the equilibrum with vegetation,
yellow is without.

Two solutions exist depending on the value of R. One solution with vegetation is:

B R ki )
B=c\d g —d) 25
‘ (d C8&max — d (2.5)
] dky
- 2.6
Cqmax — d (2.6)
O — R((Cgmax — d)(CR + dkz) — Cdklrw) 27
a((cgmax *d)(CR%»dksz) *Cdklrw)' .
(2.8)

Physical equilibria for positive parameters must be positive, and hence satisfy the
relations cgmax > d and R > kyryd/(cgmax — d). The homogeneous equilibria
without vegetation are, by definition, B = 0, which implies

W = R (2.9)
Tw
R

- R 2.10

0= Zoon (2.10)

which are, again, valid for positive parameters. For the parameters chosen here,
the homogeneous vegetated equilibrium exists for R > 1 and the non-vegetated
equilibrium always exists. Fig. 2.1 shows these equilibria as a function of rainfall
R.

"The universal existence of the non-vegetated equilibrium does not imply its stability for all values
of R.
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We now consider the stability of these equilibria. Again, following standard
practice we consider spatially periodic perturbations as follows:

B(x,t) = B+ €dB(x,t), (2.11)
W(x,t) = W +edW(x,t), (2.12)
O(x,t) = O +€50(x, 1), (2.13)
with
5B(x,t) = 6B HIxY, (2.14)
SW(x,t) = SWeHHinx, (2.15)
50(x, t) = 606 Hirx, (2.16)

We now introduce the perturbation into the original equations, develop a Taylor
expansion for small € and get rid of the Oth order term by using the homogeneous
equilibrium. The linearized equations obtained can be recast as an eigenvalue
problem:

_ cgmaxW 2 _ cgmaxky B
d _k1+v\: TDB:;O (k}l(+BW)2 (kO . 5B 5B
_ | smaxW kpae(wp — 8maxkq 2 _ a(kpwy+ _
A= 05 T Zapmr ot qawe T DwK e SW | =-alw (2.17)
_ kpa(wy-1)0 0 a(kpwg+B) 1 D2 00 50
(ky+B)? ky+B 0

Every pair of values (R, x) defines a new eigenvalue problem. It corresponds
to the linear dynamics obtained by perturbing a homogeneous equilibrium that ex-
ists at a particular value of R with wavenumber x. We are interested in finding out
whether there are values of (R, «x) for which there exists an exponentially grow-
ing solution, thus positive Q). It is then said that the homogeneous equilibrium for
a specific value of R is linearly unstable to perturbations of wavenumber x. For
the eigenvalue problem to have a non-trivial solution, the determinant det(A + Q))
must be 0. This leads to a cubic equation for Q):

a1(R, ) + (R, €)? + a3(R, k) Q2 + a4(R,x) =0, (2.18)

which we solve numerically on a physical domain defined by {R,x} € R with R >
0. This leads to three roots at each point in the domain, which we can refer to as
M (R, x), M2 (R, x) and O3(R, x). Two of the roots, say (), 3)(R, k), always have
a real negative value, and hence correspond to exponentially decaying modes.
One of the roots, 1 (R, k), which is real in all the domain, has a positive real part
in a region of the (R, k) plane. The countour of this area is shown in Fig. 2.2 by
the black line. This defines the Turing zone. Hence, for those values of (R, x) with
positive real part of (); (inside of the contour) the corresponding homogeneous
equilibrium is linearly unstable to inhomogeneous perturbations of wavenumber «.
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Figure 2.2: Contour plot for Q1 (R, x). The thick black line is the contour 1 = 0 and the
region inside that contour corresponds to the parameter region (R, k) in which the homo-
geneous equilibria is linearly unstable against inhomogeneous perturbations, i.e., () > 0.

Zero modes correspond to marginally non-growing inhomogeneous solutions
of the linearized equations and correspond to perturbations with (3 = 0. Their
existence usually signals the presence of an instability that can send the sys-
tem towards an inhomogeneous time-invariant solution in the full nonlinear model.
Specifically, Fig. 2.2 suggests the existence of two zero modes for any value of
rainfall comprised between critical bounds 1.0mmd~! and 1.25mmd~!. Such zero
modes can satisfy the boundary conditions for a (low) wavenumber that depends
on R, and therefore require a domain large enough to develop. If the domain is so
small that its fundamental mode is in the stable region (x = 0.6), it is always stable.
In this section, we found zero modes along the homogeneous branch compatible
with a specific domain. Those zero modes indicate the start of inhomogeneous
branches of equilibria. In the following section we will rely on those zero modes to
compute equilibria of the full nonlinear model.

2.2.1 Bifurcation diagram and continuation method

The analysis in the previous section showed that homogeneous vegetation is lin-
early unstable against spatially periodic perturbations in the rain range Immd=—! <
R < 1.25mmd~!. This linear analysis suggested the existence of periodic inho-
mogeneous equilibria in the nonlinear system within that rainfall range. Now, our
focus shifts towards explicitly computing these nonlinear equilibria. To achieve
this, numerical methods are employed to solve the equations involved.

For the time being we assume a periodic domain with a finite size of L = 100
m. The choice of the size of the domain influences the number of zero modes
exhibited on the homogeneous equilibrium branch. This choice, together with pe-
riodic boundary conditions, effectively discretizes the set of zero modes (Fig. 2.3).
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Figure 2.3: Zero modes present in a domain of L = 100m. Horizontal lines correspond
to harmonics that fit inside the periodic L = 100 domain. The intersection of the horizontal
lines with the ()1 = 0 contour provides the values of rain R at which new branches of
equilibria might appear. Notice that each of the 9 horizontal lines that intersect the contour,
intersect it twice, hence 18 zero modes.

Indeed, setting x = nzfn, with n the wavenumber, we find two pairs (x, R) corre-

sponding to zero modes, with the range x = [0 : 0.6], corresponding to perturbing
the homogeneous equilibrium S(R) with a perturbation §S(x) = 6S cos(kx).

For each pair of (x, R) in the set of zero modes, we identify the corresponding
homogeneous equilibrium (S) and perturb it with the corresponding perturbation
3S cos(xx). The periodic boundary conditions are enforced by setting x = nzf”,

with 7 the wavenumber. The perturbed homogeneous solution

By(x,R) = B+ 8Bcos(xx), (2.19)
Wo(x,R) = W + §Wcos(kx), (2.20)
Oo(x,R) = O + 60cos(xx), (2.21)

is then taken as the first-guess input in a Newton-Raphson iteration used for finding
the corresponding nonlinear inhomogeneous equilibrium.

At this point we need to discretize the spatial domain into N points. We used
N = 100. Specifically, the discretized first guess reads

ug(R) = [By(R), Wy(R), Op(R)] € R3N
and the algorithm
uir1(R) = u;(R) —e] *(u;(R)) f(u;(R)), (2.22)

converges towards the equilibrium ug(R) with J(u;(R)) being the Jacobian matrix
of the system and f(u;(R)) being the right-hand side (as in Eq. (2.1)). The € is
fixed at a low value (0, 01) at the beginning of the method to insure that the algo-
rithm does not send the system to another basin of attraction. The value of € is
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then increased (up to 1) when the algorithm is closer to the solution. The Lapla-
cian operator is discretized with a periodic pseudospectral method (see Appendix
1. for more details). To allow the algorithm to converge towards equilibria where
the jacobian matrix is close to non invertible, we added two tresholds to stop the
algorithm. The first one is on the source term (|max(f(u;(R)))|) and the sec-
ond one on the update term (|max(e] ' (u;(R))f(u;(R)))|). If both those terms
are below their specified treshold ([~ 107°, ~ 10710)), the algorithm stops. This
equilibrium, ug(R), is then used as the first guess to solve for the equilibrium with
rainfall R + 6R,

ug(R+0R) = ug(R) + du, (2.23)

with |du| < 1. This iterative procedure leads to the construction of the full branch
of equilibria.

A new code has been developed to implement this continuation method. This
code is available online in the repository mentioned in the Appendix 1.

Each branch obtained by the above technique is denoted by n between 1 and
9, with n the wavenumber associated with the perturbation. The periodic bound-
ary conditions, together with a finite domain size fixed the number of zero modes
present within the Turing zone , and therefore, the number of inhomogeneous
branches that exist. For the periodic L=100m domain, only nine zero modes fit
within the Turing zone (see Fig. 2.3). Higher wavenumber modes correspond to
linearly stable perturbations that decline exponentially.

All the branches obtained with this approach are shown in Fig. 2.4. We now
see that the range of rainfall where vegetation is sustained is much wider than
expected from the linear analysis. The linear analysis in the previous section pre-
dicted the growth of vegetation patterns in the Turing zone, between 1.0 mm.d !
and 1.25mm.d~'. The analysis of the full nonlinear system, presented in Fig.
2.4, actually reveals time-invariant pattern equilibria on branches attached to zero
modes in the range 0.5 — 1.3 mm.d~!. Although the nonlinear equilibrium may
differ in shape from the linear perturbation, it is found that wavenumber n used to
perturb the homogeneous equilibrium describes reasonably well the shape of the
pattern along the branch obtained from that perturbation. One such equilibrium is
displayed for illustration in the top panels of Fig. 2.5. For this particular equilibrium,
with wavenumber n = 2, the biomass accumulates in two places, and soil water
peaks there due to enhanced infiltration rate. Surface water accumulates around
those areas.

2.2.2 Stability analysis

Characterizing the stability of equilibria will further help us to understand the dy-
namics of the system inside the Busse balloon. The Busse balloon is the region
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Figure 2.4: Bifurcation diagram for the Rietkerk’s model with L = 100m. Each branch is
labeled by an integer corresponding to the order of the wavenumber associated with the
zero mode. Solid lines correspond to stable states and dashed lines to unstable states.

in the parameter space (x, R) where at least one stable pattern equilibrium ex-
ists. A linear stability analysis gives partial but valuable information about a given
solution and its possible evolutions. As we will see in the following, while stable
equilibria tend to be the endstate of time evolutions, unstable equilibria may still be
relevant for the dynamics. The stability of equilibria is classically estimated based
on the Jacobian matrix evaluated at each equilibrium, positive real parts of the
eigenvalues signalling instability.

As a first example, the equilibrium for rainfall equal to 0.9 mmd~" of the branch
n = 2, the associated eigenvalues and the first eigenvector are displayed on
Fig.2.5. The majority of eigenvalues have a negative real part. One eigenvalue
has a very small, positive real part (3 - 10~ 1), which suggests quasi-neutral stabil-
ity. Further inspection of the associated eigenvector shows that this quasi-neutrally
stable mode is the spatial derivative of the equilibrium pattern. Therefore, it cor-
responds to a translation mode, which is indeed expected with periodic boundary
conditions. Hence, we have a stable pattern which may however translate con-
sistently with the periodic character of the boundary conditions. We therefore at-
tribute the small real part to a numerical artefact (it should be zero) and consider
equilibria with positive real part of the highest eigenvalue of the order of 10710 as
stable.

This stability analysis is repeated for all the equilibria shown in Fig. 2.4. Stable
sections of the branches are drawn as solid lines, and unstable ones as dashed
lines. This gives us a more precise idea about what is happening inside the Busse
balloon. We now know what the shape of those stable states is, and how and at
what rainfall value they lose stability. The existence of multiple stable states for a
given value of rainfall is also consistent with previous work based on models and
real systems (Bel et al. [2012], Bastiaansen et al. [2018]).
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Figure 2.5: On the upper panels, equilibrium for a given R (rainfall) (0.9 mmd=1) on the
n = 2 branch is shown. The black dot on the left-hand-side panel shows the position of the
equilibrium on the bifurcation diagram. The three other panels show, from left to right, B
(biomass) [gm~2], W (soil water) [mm] and O (surface water) [mm]. On the left-hand-side
lower panel, eigenvalues of the Jacobian matrix associated with the equilibrium. The real
part is on x axis and the imaginary part on the y axis. The larger eigenvalue is represented
with a red dot. The black vertical line marks the 0 position. The three other lower panels
show, from left to right, the eigenvector associated with the larger eigenvalue projected on
B (biomass), W (soil water) and O (surface water) and with a dashed black line, the first
spatial derivative of the equilibrium rescaled.

Some branches of equilibria, such as n = 5, 6, 7, 8, 9 are unstable across all
their existence domain. Other branches, as n = 1, 2, 3, 4, change stability along
the branch. These branches of equilibria start as unstable from the low vegeta-
tion zero modes on the homogeneous equilibrium. Then, they become stable, and
eventually become unstable again shortly before joining the highly vegetated ho-
mogeneous equilibrium at the corresponding zero mode. The change in stability
may take place at the extreme rain values for which the equilibrium exists, as in the
n = 1 branch, or at a rainfall value in the middle of a branch. As we know, when
a equilibrium loses stability, the real part of one of its eigenvalues changes from
negative to positive, which indicates that the equilibrium becomes linearly unstable
in the direction of the associated eigenvector. In all of the cases here the change
of sign of the eigenvalue happens through zero (as opposed to, through infinity),
meaning that, there are zero modes at the intersection of the stable and unstable
branch sections. As we show next, this indicates the branching of another branch
of equilibrium of the full nonlinear system. A simple way to identify those zero
modes is proposed in Appendix A.3.
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2.2.3 Mixed states

In the previous section we studied the stability of the "main” branches of equilibria
shown in Fig. 2.4. These branches of equilibria originated from the zero modes
present on the homogeneous vegetated branch. We also saw that some of these
branches of equilibria had zero modes at the intersection of their stable and unsta-
ble parts. These zero modes act as bifurcation points from which new branches of
equilibria emerge. The latter can be found by starting from the equilibrium at the
bifurcation point, perturbed in the direction of the eigenvector associated with the
newly positive eigenvalue (zero mode) corresponding to a new unstable direction.
Again, a Newton-Raphson iteration allows us to find the new equilibrium. From
there, the continuation method explained in the previous section allows us to trace
the new branch fully.
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Figure 2.6: On the left-hand-side upper panel, bifurcation diagram with the addition of
mixed state branches. The mixed state branches originating the zero modes along the
n = 4 branch are called n = 4bis1, n = 4bisy and n = 4bis3. The bifurcation point is
marked with a black dot. On the right-hand-side upper panel, an enhancement of the area
around the bifurcation point. On the lower panels, the biomass profile of the n = 4 and
the mixed states for a particular value of rainfall. The position on those equilibria on the
bifurcation diagram are marked by circle on the right-hand-side upper panel
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The result of this routine applied to the bifurcation point of the branch n = 4 is
shown in of Fig. 2.6a and b. At the transition between stability and instability, there
are three zero modes. Hence three branches of equilibria start at this transition,
as in Fig. 2.6. They all begin at the transition between the stable and unstable part
of the n = 4 branch and they reconnect with it for higher rainfall. We call those
branches n = 4 bis;,n = 4bis, and n = 4 bis3. These three branches are close
(with regard to the mean biomass) to that of the n = 4 branch but if we look closely
at their profile (Fig. 2.6c-f) we see how they differ. For a given value of rainfall,
the mixed-state equilibria look like a modulation of the n = 4 equilibrium by an
other wavenumber. Equilibria branching out of zero modes in the homogeneous
equilibrium tend to exhibit a single perturbation mode, see Fig. 2.5. By contrast,
equilibria branching out of zero modes in those inhomogeneous equilibria exhibit
a mixture of modes (lower panels of Fig. 2.6), hence the name "mixed states".
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Figure 2.7: A focus in the bifurcation diagram on then = 1 and n = 2 branches; the stable
(unstable) states are noted with a continuous (dashed) line. Upper right-hand-side panel, a
zoom-in on the area of the bifurcation diagram where the n = 1 branch connects with the
n = 2 branch. This connection is represented by a star. In panels (a-e), equilibria along
the n = 1 branch are shown. Each corresponds to a black dot in the upper left-hand-side
panel.

The equilibria along the mixed-state branch n = 4 bis; are unstable, with pos-
itive eigenvalues. The branches n = 4bis, and n = 4 biss reconnect around
1.14 mmd~!. There are numerous mixed-state branches, obtained from the differ-
ent zero modes at bifurcation points found along the main branches. These can
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also be found to emerge from zero modes present on the unstable sections of the
main branches.

For example, in the low vegetated unstable part of the n = 3 branch (see Fig.
2.8), we find two zero modes at the same value of rainfall, from which two mixed
state branches emerge: one labelled n = 2 bis because it connects to the n = 2
branch and one labelled n = 3/oc which connects to the n = 4 branch. The
n = 3 loc refers to the fact that the equilibrium of that branch is localized in space.
The n = 1 main branch is special in two ways. Firstly, as Zelnik et al. [2013]
stated, it is the only stable localized state. Second, it starts from a zero mode on
the homogeneous equilibrium, but it ends up connecting to the n = 2 branch as if it
was a mixed state, see Fig. 2.7. The evolution of the shape along this branch goes
from one localized vegetation peak in the stable part to two localized vegetation
peaks in the unstable part close to the connection with the n = 2 branch.
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Figure 2.8: A focus on the bifurcation diagram onthen = 2, n = 2bis, n = 3, n = 3loc
and n = 4 branches; the stable (unstable) states are noted with a continuous (dashed)
line. In the upper right-hand-side we show a zoom-in of the bottom part of the bifurcation
diagram. The n = 3 branch exhibits a double zero-mode, indicated by the green star.
Two equilibria emerge from that double-zero mode, the n = 2 bis and the n = 3loc. The
n = 3loc branch is characterized by a three-bump solutions which is localized. The first
equilibrium, connects with the n = 2 branch while the second one connects with the n = 4
branch at the zero mode indicated by the orange star. In panels (a-e), equilibria along the
n = 3loc branch are shown. Each corresponds to a black dot in the upper left-hand-side
panel.
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All mixed-state branches share similar characteristics, with states appearing
as a modulation of a main branch. Even though they are unstable, we expect
mixed-state equilibria to influence the dynamics of nearby trajectories, depending
on the value of the positive eigenvalue.

2.3 Numerical simulations of trajectories

To assess the relevance of the bifurcation diagram for understanding transient
dynamics, we performed two series of numerical simulations.

2.3.1 Trajectories in a changing environment

In order to assess the relevance of the various branches for the dynamics, we
propose the following numerical experiment. The Rietkerk model is run with rainfall
changing over time at a rate of "é—lf = —5.10"°mmd—2. The starting point is
the vegetated homogeneous equilibrium with rainfall R = 1.4mmd~!. The final
rainfall is 0.5mmd~". The result is shown in Fig. 2.9.
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Figure 2.9: Trajectory of the Rietkerk model under a decreasing rainfall scenario. On the
left panel, the trajectory in the bifurcation diagram plotted in blue dashed-dot line. On the
middle panel, the rainfall with respect to time and on the right panel, the time evolution of
the biomass.

Until R ~ 1.2mmd ™, the system stays in homogeneous equilibrium. At this
point, the system undergoes a subcritical Turing bifurcation and jumps to an het-
erogeneous equilibrium. The patterned branch on which the system lands is the
n = 2 branch. After that, the system tracks the n = 2 branch until this equilibrium
loses its stability. Finally, the system switches to the only other stable equilibrium,
the n = 1. For this experiment, the mixed states do not have an influence on
the trajectory. But in the following we will see that even if the mixed states are
unstable, they can still play a role in the dynamics.
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2.3.2 Effect of a mixed state on trajectories

Here we address the question of whether unstable mixed-state equilibria are also
able to influence system-transient trajectories. In this case the rainfall is set to
rainfall R = 1.05mmd ™!, for which a mixed-state equilibrium exists.

The initial condition is an unstable equilibrium, n = 5, with a small perturba-
tion along the direction of the first eigenvector. Fig. 2.10a and b summarize the
evolution of the biomass pattern over time and the corresponding trajectory in a
summary phase space. This summary phase space consists of a two-dimensional
phase space where the two dimensions are the mean biomass and the maximum
biomass. With that in mind, we observe that the system leaves the n = 5 unsta-
ble equilibrium by first reorganizing itself: mean biomass remains constant while
maximum biomass increases. This means that one or more vegetation bumps are
growing at the expense of others. After that initial reorganization, an excursion on
higher mean and maximum biomass takes place. It is during this out-of-equilibrium
excursion that one of the vegetation bumps is lost. At this point in time, the veg-
etation profile, containing four vegetation bumps, passes close to the three mixed
states originating from zero modes on the n = 4 branch identified in the previous
section. Then the system undergoes an other transition to the n = 3 equilibrium.
To have a better representation of this trajectory, we also show the time evolution
in Fig. 2.10b. We see that the system quite slowly leaves the n = 5 unstable
equilibrium. The state is indeed unstable, but the associated positive eigenvalues
are small, such that the dynamics around the equilibrium are slow. After abruptly
departing from the n = 5 equilibrium, one biomass bump disappears, leading to
a rearranged state with four bumps. The biomass profiles at three points in time
are represented in Fig. 2.10c-e, and their corresponding position are also shown
in panel a. In each of panels c-f, the shape of the n = 4bis3 mixed state is also
shown. The shape of the dynamical solution is actually close to the n = 4biss.
That equilibrium is unstable, but the system lingers in its vicinity for a considerable
period of time before another bump of biomass vanishes, propelling the system
towards the stable equilibrium of n = 3.

Switching from one state to an other by losing one or more vegetation bumps is
a known feature of vegetation pattern models (Bastiaansen and Doelman [2019],
Bastiaansen et al. [2020]). This mechanism is similar to the sideband instability
(Doelman et al. [2012], Siteur et al. [2014b]) eventhough this is only defined for an
infinite domain. We used the same setup with different rainfall values along the
n = 5 branch. The fact that the system passes close to a mixed state is consistent
along the n = 5 branch alone for values of rainfall for which mixed-state equilibria
exist. For rainfall lower than ~ 0.91mm/d, the system jumps directly to the n = 3
equilibrium. Now if we consider the same rainfall but we start from an other un-
stable branch like the n = 6 or n = 7, the dynamics is different. For n = 6, we
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Figure 2.10: On the left upper panel, trajectories on a summary phase space from an initial
condition close to the n = 5 equilibrium with a fixed rainfall R = 1.05 mmd~'. The relevant
equilibria are shown, the stable equilibria are represented with a circle and the unstable
equilibria with a cross. On the right panel, we show the time evolution of the biomass. On
the three lower panels, the dynamical solution at three different times is represented (in
green) and also the shape (in black) of the mixed state denoted by n = 4biss.

observe a different type of destabilization similar to a period doubling (Doelman
et al. [2012], Siteur et al. [2014b]) for an infinite domain. With that mechanism
the system transitions to the n = 3 equilibrium without passing through a mixed
state, and the system spends less time around the unstable equilibrium of n = 6
compared to the n = 5 case. This might be explained by the fact that the positive
eigenvalue on the n = 6 is larger than the one on the n = 5 solution. Forn =7,
the transition is even more rapid, as expected for an even larger positive eigen-
value, but the landing point is still # = 3. In that case, we observe a destruction of
four bumps similar to a sideband instability.

2.4 Discussion

We uncovered the existence of mixed states in Ritkerk’s model and showed their
importance for transient dynamics. As far as we are aware, such mixed states
have never been identified nor described in models for vegetation patterns.

Mixed states emerge at the transition between unstable and stable states along
a branch of equilibria, and have a functional form that appears as the combination
of two equilibria from the main branches. We found that while these equilibria
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are unstable, they may still influence the system’s dynamics by slowing down its
evolution when it passes near them.

The influence of unstable modes on dynamics has been studied in ecological
models. For example, Sherratt et al. [2009] showed how spatio-temporal chaos
appears in the wake of an unstable wave train for the complex Ginzburg-Landeau
equation. In the more general context of ecology, Hastings et al. [2018b] and more
recently Morozov et al. [2020b] proposed a classification of transient phenomena
in ecological models based on a dynamical system approach. In their definition a
dynamical regime is transient if it persists for a sufficiently long time (quasi-stable)
and if the transition between two regimes occurs on a much shorter timescale
than the time of existence of the quasi-stable regime. According to that definition,
the behaviour observed in section 2.3.2 can be seen as a transient phenomenon.
Indeed, the systems spends hundred to thousands of days around unstable equi-
libria (n = 5, n = 4bis; and n = 4bis3) and it takes only a few days to jump to
the final stable equilibrium. By following the typology presented in those two pa-
pers, the transient state observed here can be qualified as a ‘crawl by’ transient.
Indeed the transient observed is linked to the existence of a saddle-type invariant
set: the mixed state. Transient dynamics have also been studied in the context of
coexistence in vegetation patterns by Eigentler and Sherratt [2019] and are char-
acterized by the small size of a positive eigenvalue. Long transients can also be
observed in very slow front invasion dynamics [Van De Leemput et al., 2015] The
mechanism behind the transient is different but the effect is the same: the system
spends a long time in a region of the phase space without an attractor.

As we see in section 2.3.2, the history and the initial conditions of the system
are important to see whether the mixed state will or will not appear in the dynamics.
Other vegetation pattern models exhibit this type of sensitivity to history and initial
conditions (Sherratt [2013], Adams et al. [2003] and Alberti et al. [2015]). Further
research is needed to determine whether mixed states are a common feature of
reaction-diffusion systems.

We adopted periodic boundary conditions, as in previous studies (Rietkerk
et al. [2002a], Dekker et al. [2007]). As stated by Dijkstra [2011], the periodic
boundary conditions allow for the existence of unstable equilibria with a high wavenum-
ber. However, this boundary condition, widely used in reaction-diffusion models
due to its simplicity and convenience, may not reflect real-world scenarios ac-
curately. More generally, working with a periodic domain discretizes the set of
admissible equilibria. Hence, the significance of mixed states for describing the
dynamics of non-periodic infinite-size systems needs to be further assessed.

As a step towards this objective, we computed the bifurcation diagram for a
larger domain size of L = 200 m, instead of L = 100 m. The result is shown in Fig.
2.11. As expected, we observed more branches in this case but, remarkably, the
branches and the stability of the branches shared between the two domains are
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Figure 2.11: Bifurcation diagram for the Rietkerk’s model with . = 200 m. Each branch
is labeled by an integer corresponding to the order of the wavenumber associated with the
zero mode. Plain lines correspond to stable states and dashed lines to unstable states.

the same as for L = 100 m. Of course the even n number branches for the L =
200 m domain are the same as for the L = 100 m domain. The new branches are
all designated with an odd n number as a consequence of the extended domain.
The range of rainfall that can support a stable vegetation pattern also increased
slightly with the larger domain size, with the n = 1 branch extending this range.

These findings suggest that the existence of mixed states and their stability
properties is robust across domain sizes, even though how they will manifest them-
selves in continuous large domains is still to be established.

2.5 Conclusions

We present an in-depth analysis of the Rietkerk model's behaviour that we be-
lieve sheds a new light on the dynamics of vegetation patterns. Our analysis is
based on the bifurcation diagram of the vegetation pattern model, which we con-
structed using a variety of techniques. First, we performed a linear stability analy-
sis of the homogeneous equilibrium of the system, which allowed us to delineate
the so-called Turing zone. This zone is characterized by the instability of the ho-
mogeneous equilibrium to small heterogeneous perturbations, and it serves as a
starting point for our analysis. Next, we used perturbed states at the edge of the
Turing zone, the so-called zero modes, to construct whole branches of equilibria
associated with the system. To obtain these branches, we used a continuation
method based on the Newton-Raphson algorithm. By doing so, we were able to
obtain the heterogeneous equilibria for a given size of the domain. As expected,
due to the system’s nonlinearity, we discovered that the system allows for multiple
equilibria for a given value of a parameter, specifically rainfall. We went a step
further by assessing the stability of those equilibria by computing the eigenvalues
and associated eigenvectors of the Jacobian matrix. This stability analysis showed
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that inhomogeneous vegetated states can exist and be stable, even for a values of
rainfall for which no vegetation exists in the non-spatialized system. Yet, we also
found that the main branches of equilibrium originating from a zero mode are not
the only ones present in the system. At the transition between unstable and stable
states along one branch, a new type of equilibrium appears. These latter types of
equilibria, which we called mixed states, are always unstable equilibria and they
appear as a mix of two equilibria from the main branches. Although these equi-
libria are unstable, they affect the dynamics by slowing down the evolution of the
system when it passes close to it. This slowing effect has been described in ecol-
ogy, but to the best of our knowledge, the mixed-state influence on the dynamics
had not been previously shown for vegetation patterns. Overall, our approach al-
lowed us to construct a bifurcation diagram that gives us valuable insights about
the behaviour of the system. This approach is helpful to disentangle the fate of
the system in the Busse balloon and could be used to assess the existence or
non-existence of mixed states in spatially extended systems.



Rate-induced transitions and noise-driven
resilience in vegetation pattern dynamics

This chapter is based on the following paper in open discussion (NPG):
Vanderveken, L. and Crucifix, M. (2024): Rate-induced transitions and noise-
driven resilience in vegetation pattern dynamics, Nonlinear Processes in Geo-
physics.

Abstract

Understanding the resilience and stability of vegetation patterns under
changing environmental conditions is crucial for predicting ecosystem responses
to climate change. This study investigates the dynamics of vegetation patterns
in response to a spatially homogeneous decrease in rainfall across the en-
tire domain. Starting from high rainfall with a stable homogeneous vegetated
state, we applied various rates of rainfall reduction to observe system transi-
tions. We find that rainfall decrease may cause transitions to two or three pulse
states, or abrupt shifts to bare soil depending on the rate of change, high-
lighting the significance of rate-induced tipping (R-tipping) in open dynamical
systems.

We identified the pulse destruction timescale (Tgestruction) and the rear-
rangement timescale (T.¢,4r) as the critical timescales which govern the system
response to gradual environmental changes. The rearrangement timescale,
significantly longer than Tyestruction i relevant for characterizing the system
behaviour under slow perturbations. Dimensional analysis and sensitivity anal-
ysis with numerical experiments further validate the fundamental connections
between these timescales.
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Additionally, we examined the impact of spatially and temporally structured
noise on vegetation pattern resilience. Perturbations modelled as Gaussian
stochastic processes with specific autocorrelation structures were applied to
the system. We find that increased spatial autocorrelation in noise reduces
pattern formation, while temporal autocorrelation at critical timescales signif-
icantly influences biomass mean and variance. The co-existence of multiple
equilibria and unstable states, combined with the presence of ghost attrac-
tors enhances system resilience by providing alternative stable configurations
under fluctuating conditions.

These findings underscore the importance of considering slow timescales
and structured noise when analyzing vegetation dynamics. Understanding
these factors is essential for predicting ecosystem resilience and developing
strategies to manage vegetation systems under climate variability.

3.1 Introduction

Understanding the dynamics of vegetation patterns under varying environmental
conditions is crucial for predicting ecosystem responses to climate change. Vege-
tation patterns, such as the regular arrangement of plant patches, arise from com-
plex interactions between biological processes and environmental factors [Klaus-
meier, 1999a). These patterns are particularly sensitive to changes in environmen-
tal conditions [Gilad et al., 2007], which directly affect, for example, water availabil-
ity, a critical resource for plant growth in semi-arid regions [Deblauwe et al., 2008].
Therefore, investigating how vegetation systems respond to different perturbations
can provide valuable insights into their resilience and stability.

The seminal works by Holling [1973] established the difference, in ecology, be-
tween stability and resilience. Stability refers to the ability of a system to return to
its equilibrium after a perturbation and is linked to the eigenvalues associated with
a given stable equilibrium. Resilience defines the ability of an ecosystem to main-
tain its function. For example, in semi-arid areas, an ecosystem constrained by lim-
ited water supply may achieve its highest biomass when vegetation is distributed
in the form of patterns. Furthermore, based on vegetation models, we know that
different pattern configurations may be compatible with a same boundary condi-
tion (von Hardenberg et al. [2001], Dijkstra [2011], Zelnik et al. [2013]). As these
different configurations may all achieve high biomass, it is generally conjectured
that resilience is effectively enhanced by the multiplicity of possible patterns.

However, understanding resilience also requires attention to the nature of the
perturbation [Kéfi et al., 2019]. A system may react very differently depending on
the type of perturbation being applied to it.

Our objective is to determine the critical scales, in time and space, which de-
termine the response of the system to environmental perturbations. We consider,
at first, linear, deterministic perturbations such as a linear decrease in precipita-
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tion, and then stochastic perturbations. We aim at establishing general principles.
Even though the work is based on a specific numerical model of vegetation [Rietk-
erk et al., 2002a], we aim at identifying which critical time scales emerge from the
model construction, and how they influence the response of the system.

To this end, we follow the framework established by previous studies. More
specifically, Siteur et al. [2014b], Chen et al. [2015] and Sherratt [2013] showed
the importance of the rate of change and noise; Bastiaansen et al. [2020] identi-
fied in Klausmeier’s vegetation patterns model a critical time scale for which the
patterns do not have the time to adapt to the environmental change. All those
works emphasize the importance of understanding rate-induced transitions.

After those studies, a number of questions remain: are there more than one
critical time scale in a vegetation pattern model; what is the impact of those internal
timescales, and can they be linked to parameters of the model? In the following,
we will show how these critical timescales manifest themselves in Rietkerk’s model
[Rietkerk et al., 2002a], and how they influence both the response to determinis-
tic and stochastic perturbations, with emphasis on the possible occurrence of a
resonance process.

3.2 Model description

As announced in the introduction we use the vegetation model by Rietkerk et al.
[2002a]. As is common for reaction-diffusion models, it combines two mechanisms
for creating patterns: local facilitation, and long-range inhibition. Local facilitation is
caused by the water infiltration feedback. It is based on the idea that in a semi-arid
region the soil crust effectively prevents water infiltration. The presence of biomass
and more specifically the roots associated with this vegetation increases the wa-
ter infiltration by drilling the soil crust. Long-range inhibition is caused by rapid
diffusion of surface water preventing the accumulation of water in some places of
the spatial domain and so the creation of biomass. The presence of these two
processes places the Rietkerk’s model in the category of scale-dependent feed-
back model (Lefever and Lejeune [1997], Rietkerk and van de Koppel [2008b],
Van De Koppel et al. [2006]). Although models of this class are known to pro-
duce regular patterns as stable equilibria, Vanderveken et al. [2023] showed that
non regular equilibria (mixed states) exist and play a role in the dynamic of the
system despite its instabilities. Another class of pattern-formation models have
been proposed recently by Siteur et al. [2023]. This class of models is based
on density-dependent-aggregation of biotic or abiotic species and can create non
regular patterns.

Three variables are modelled in Rietkerk’s model: Biomass (B) [g.m 2], soil
water (W) [mm] and surface water (O) [mm]. They respond to the following system
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where A is the Laplacian operator and R the rainfall [nm.d~']. Rainfall is the
external forcing of the system which we consider to be a spatially-independent
function. The first term in the biomass equation represents water uptake by the
plant. The first term in the soil water equation is linked to the infiltration rate of
water in the soil that is enhanced by the presence of biomass. The factors in
front of the Laplacians (AB, AW and AO) represent the diffusion constants of
the different quantities. We consider a periodic domain of size L = 100m. The
parameters are the same as in chapter 1.

3.3 Effect of rainfall perturbation on vegetation dynamics:
identifying critical timescales

We consider a spatially homogeneous perturbation applied to surface water, rep-
resenting a decrease in rainfall across the entire domain. This type of perturbation
is meaningful as it mimics gradual shifts in climate means. By applying different
rates of change to a system that is initially in a high rainfall state, we aim at iden-
tifying which critical factors influence the transient response of vegetation. In this
context, rainfall is said high when it induces a stable, fully vegetated state.

Previous research has highlighted the dependence of system solutions on the
rate of environmental change, as common in open dynamical systems. In the con-
text of vegetation patterns, different rates of rainfall decrease can lead to diverse
outcomes, ranging from transitions to multi-pulse states to abrupt shifts to bare
soil.

Starting from a high mean rainfall situation (R = 1.4mm.day~!), for which
only the homogeneous vegetated state is stable, we decrease rainfall with differ-
ent rates of change a ([mm.dayfz]). Fig. 3.1 shows the evolution of the spatial
structure of the biomass (in green) as a function of rainfall, for different values
of a. We find a transition from an homogeneous state to a heterogeneous dis-
tribution with two or three vegetation ’pulses’, before it finally disappears. The
sequence and timing of the transitions depend on a. For a rate of change of
103 mm.day 2 the system jumps directly from a homogeneous vegetated state
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Figure 3.1: Sensitivity of Rietkerk’s model to various rates of change in the rainfall. Each
panel represents a solution with a given rate of change a. The x-axis is the spatial dimen-
sion, and y-axis the rainfall. Every run has the same starting and ending point rainfall values
but they differ by the rate of change. Every simulation starts with a homogeneous vegetated
state which is the only stable equilibrium at this value of rainfall. For the last value of rainfall
(R = 0.4mm.days 1), the only stable equilibrium is the homogeneous bare soil solution.

to a bare soil solution. The critical rate of change at which all vegetation is eradi-
cated is Tg,, ~ 1000 days.

It is not surprising that the response depends on the rate of the perturbation
change. Ashwin et al. [2012] established general principles of so-called rate-
induced tipping (R-tipping) in models based on ordinary differential equations, and
rate-dependent responses were also described specifically in models of vegeta-
tion patterns (Siteur et al. [2014b], Chen et al. [2015], Bastiaansen et al. [2020]).
However, the value of TRp is intriguing. Indeed, the timescale associated with the
destruction of vegetation pulses is, through dimensional analysis, estimated to be

il R 3 1
Tdestruction = ¢g, = (kz gmﬂx) 7 = 52d.

This relationship is linked to the transfer of water to biomass, to vegetation mor-
tality and to rainfall. To test the dependence of the proposed scaling on rainfall, we
conducted the following numerical experiments. Starting from a stable equilibrium
consisting of two vegetation pulses at R = 1.2mm.day !, we reduced abruptly the
rainfall to values between 0.3mm.day ! and 0.8mm.day~!. This reduction leads to
vegetation collapse, driving the system toward the bare soil equilibrium. We then
determined the destruction timescale by fitting an exponential function to the mean
biomass evolution for different rainfall values. The resulting timescales are shown
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Figure 3.2: The left panel shows the mean biomass over time for rainfall values ranging
from 0.3mm.day~! to 0.8mm.day~. The right pane! displays the destruction timescales
obtained from an exponential fit as a function of rainfall, along with polynomial fits of the
destruction timescale of orders one, two, and three.

in the right panel of Fig. 3.2. Our results reveal a cubic relationship between the
destruction timescale and rainfall, supporting the validity of our scaling.

Having TRy about 30 times Tyestruction Suggests that a slower process domi-
nates the behaviour of the system under changing environmental conditions. Bas-
tiaansen et al. [2020] already identified another critical timescale within the Klaus-
meier's model (Klausmeier [1999b]). It is linked to the movement of pulses to-
wards a stable, regular state. This concept is crucial for understanding vegetation
dynamics in response to gradual environmental changes.

We now proceed to determine a similar time scale in Rietkerk et al. [2002a]’s
model, and will call it the rearrangement timescale, Trear. First, we perform a nu-
merical experiment where a pulse is removed for a given rainfall value, and the
time taken for the system to stabilize is computed. Fig. 3.3 shows the results
for different values of rainfall. We find that Tear ~ 1000 days. This rearrange-
ment timescale is of the same order as TRyp> suggesting a fundamental connec-
tion between the two. This correspondence would also support that R-tipping is
conditioned by the slowest timescale in the system. The rearrangement timescale
effectively represents this slowest process, dictating the system’s overall response
to changing conditions. Second, we attempt to link this rearrangement timescale
to quantities in the system.

Inspired by the scaling proposed in Bastiaansen and Doelman [2019], we rea-
son on the fact that the movement of pulses are determined by diffusion coeffi-
cients. Specifically, we take advantage of the fact that the ratio between the slow
and the fast diffusion coefficients in the reaction-diffusion model drives the creation
of the patterns (Murray [2003],Meron [2015]). For Rietkerk’s model the fast com-
ponent is the surface water (O) and the slow components are the biomass (B) and
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Figure 3.3: Rearrangement time scale with respect to the rainfall. Each panel represents
the solution of the following numerical experiments, we start in the stable equilibrium with
four pulses and we remove one pulse. We then identify for each experiment the time until
the system reaches a new equilibrium by moving around the pulses. This time is shown by
a horizontal blue line on each panel.

the soil water (W). Hence, we propose the following scaling for the rearrangement
3
time Tyeqr = —% ( R ) éﬁ/g—g = 1000d. The key factor determining the re-

¢ Qmax \ k2 gmax

arrangement tigme ap;z)gars to be the square root of the ratio between the diffusion
coefficients of the fast and slow variables. To verify this, we perform a series of
experiments where the diffusion coefficient of the slow variables (biomass and soil
water) varied by a factor f. To obtain a stabilization time for the different values of
f, we run a series of numerical experiments similar to the one presented earlier.
We start from a stable state for a given value of rainfall and f, then we remove
one pulse of vegetation. We compute this stabilization time for different values of
rainfall and took the larger stabilization time because it is the one that is of interest
regarding R-tipping. The results are presented in Fig. 3.4. The rearrangement
timescale which is diagnosed numerically fits the theoretical curve proposed for
Trear fairly well.

This finding highlights the critical role of the rearrangement timescale in de-
termining the system’s response to environmental changes. Specifically, it em-
phasizes the need to account for this slower timescale when analyzing vegetation
dynamics. Understanding and quantifying this timescale provides valuable insights
into the resilience and stability of vegetation systems under gradual environmental
shifts.
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3.4 Effect of Spatially and Temporally Structured Noise on
Vegetation Pattern Resilience

The kind of perturbations applied to the system is an important aspect of resilience
diagnosis (Kéfi et al. [2019]) and specifically, the spatial scale of the perturbation
must be considered. To explore the effect of the spatio-temporal structure of the
perturbation applied to the system, we apply an additive noise with a temporal
structure on surface water. This temporal structure is characterized by a temporal
autocorrelation. A high temporal autocorrelation implies a slower change in the
precipitation. We also add an additive structured noise with a fixed temporal au-
tocorrelation of one day on biomass to represent the effect of external factor such
as grazing. It is not the most realistic that could be applied to biomass but we
used it for the sake of simplicity. In the following section, we consider a dynamic
perturbation consisting of a spatially distributed noise modeled mathematically as
a Gaussian stochastic process with mean E[Z(¢, x)] = 0 and standard deviation
o = 0.1. The temporal structure is that of an Orstein-Uhlenbeck process. The
correlation function is E[Z(t, x)&(s,y)] = e~ It=51/Ate=(x=)?/A2,
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Stochastic perturbations are applied to the biomass B and surface water W.
Formally, the model takes the form of:
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where ¢o(x, t) and ¢p(x, t) are independent noise processes. We used the same
numerical scheme as explained in the appendix of chapter 1 -for the determinis-
tic part- and we propagated the stochastic part with a Euler-Maruyam scheme.
For biomass, we consider an autocorrelation timescale of one day, and different
autocorrelation length-scales (Ay;o4s5,5) are tested. For surface water, the pertur-
bation is homogeneous in space and different autocorrelation timescales /\m,-nfa”,t
are tested.

Fig. 3.5 summarizes the stationary response of the model t0 Ap;yy055,s @and
Arainfair > cOnsidering the mean biomass. Outputs reported on those tables is the
average of 15 experiments. First, we consider the spatial structure of the noise,
applied to the biomass. We focus on the horizontal lines of the tables, one by
one, with the structure of the perturbation changing from highly heterogeneous to
almost homogeneous as each line is browsed from the left to the right (increasing
Abiomass,s) We find that mean biomass tends to decrease as spatial autocorrelation
increases, and this occurs regardless of the choice of time autocorrelation. This
suggests that more homogeneous stochastic perturbations tend to destroy more
biomass and send the system towards the bare soil equilibrium. The resilience of
the vegetation is thus reduced if the perturbation is spatially more homogeneous.

Second, we now focus on the time-correlation of the stochastic perturbation
of surface water. We find that both the spatial mean and the variance reach a
minimum at A; = 10d. This timescale is the Tyestruction timescale previously iden-
tified by the scale analysis. This suggests a form of resonance associated with
Tdestruction Preventing self-organisation of vegetation. On the other hand, biomass
reaches a maximum for a perturbation time scale of 1000 days, coinciding with the
rearrangement timescale T4 that we also identified by the scaling analysis.

To visualise the behaviour for those different values of temporal autocorrela-
tion, we show, in Fig. 3.6, realizations representative of the general behaviour,
for four values of A;. We see that patterns tend to disappear for Ay = 10d and
reappear for A; = 1000d. The ability of the system to maintain or not patterns,
depending on the time scale of the perturbation, explains the variation of mean
biomass observed in Fig. 3.5. We suggest that the slow stochastic perturbation is



3. Rate-induced transitions and noise-driven resilience in vegetation pattern
40 dynamics

L=100.0 R=0.8 A¢=1.0 for the biomass and As=inf for the surface water (g =0.10,00 =0.10)
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Figure 3.5: Summary table for the runs with stochastic forcing. For each cell, we ran the
model 15 times with the same A; and As. The table indicates the ensemble mean of the
temporal mean of the spatial mean.

more effective at moving the system gently around the states associated with the
highest biomass, without destroying patterns. The slow timescale (rearrangement
timescale) is intrinsically linked to the spatial extension of the model. It would not
exist in a zero-dimensional analysis. In this respect, we have noted already that
nonlinear, spatially extended systems tend to have multiple equilibria for a given
input - here, a given rainfall. The multiplicity of equilibria, whether they are sta-
ble or not, increases the resilience of the system in the sense of Holling [1973].
Metaphorically, such equilibria may be seen as tree branches in a forest to which
an orangutan might cling to to avoid falling.

This phenomenon is clearly visible in Fig. 3.7, displaying the time evolution of
the biomass with a fixed rain fall of 0.8mmd~"!. In this configuration, we see that
the system jumps from a pulse configuration to an other, passing from two to three
pulses or vice versa. The transition, associated with the vanishing or the creation
of a pulse, happens quickly, with a time scales of a few days. We find again
the Tpuise (fast) timescale identified earlier. Those configurations correspond to
stable equilibria for the chosen rainfall as previously identified (Zelnik et al. [2013],
Vanderveken et al. [2023]). The two and three pulse configurations are not the
only states being visited by the system. From time to time a big pulse associated
with a small pulse configuration appears. The latter does not correspond to an
equilibrium for a rainfall value of 0.8mmd~!, but it can be interpreted as the ghost
of a mixed state identified in Vanderveken et al. [2023]. Mixed states are always
unstable and exhibit pulses with different heights. The mixed state that interests
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Figure 3.6: Four realizations of the stochastic Rietkerk model with As = 1m. The biomass
is the variable shown. Each panel shows a representative realization with different temporal
autocorrelations (A¢). The temporal autocorrelation is defined as the correlation of a variable
with itself as a function of time. The higher the temporal autocorrelation, the more the noise
has memory and displays less abrupt variation. A illustration is shown in the Appendix of
this chapter.

us here is the one with one big pulse and one small pulse. Its existence spans
from 0.6mmd~" to less than 0.8mmd~!. In the stochastic realization, the position
of the second small pulse is not perfect because of noise. We clearly see that even
if this mixed state with two pulses is not an equilibrium for this value of rainfall, it
plays a role in the dynamics, hence the qualifier of "ghost" (Hastings et al. [2018a]
and Morozov et al. [2020a]). Ghost attractors and unstable equilibria expand the
resilience of the system because, in view of the orangutan in the forest, these
configurations are new tree branches to cling to.

By demonstrating that resilience is bolstered by spatially heterogeneous noise
and identifying critical timescales that influence biomass dynamics, we have pro-
vided valuable insights into the mechanisms underpinning ecological stability. Our
findings emphasize the necessity of considering both stable and metastable states
in resilience assessments, offering a more comprehensive understanding of ecosys-
tem dynamics under varying perturbation regimes.
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Figure 3.7: Two realizations of the stochastic Rietkerk model with different noises. On
the top-left panel, the parameters are R = 0.8mmd~"', A; = 1d and As = 10m for the
noise applied on the biomass, and A; = 10000d and spatially homogeneous for the noise
applied on the surface water. On the bottom-left panel, the parameters are R = 0.8mmd~— L
A+ = 1d and A = 15m for the noise applied on the biomass, and Ay = 1d and spatially
homogeneous for the noise applied on the surface water. The three horizontal lines mark
the timing of the snapshots represented on the middle panels respectively. The top-right
panel gives the bifurcation diagram with two pentagons marking the position of two equilibria
shown on the bottom-center panel.

3.5 Conclusions

The present study explored the effects of a spatially homogeneous perturbation,
specifically a decrease in rainfall, on vegetation dynamics in a model system. By
varying the rate of change in rainfall, we observed significant differences in the
system’s response. At slower rates, the system transitions through multiple stable
states, including two and three pulse solutions. However, a critical rate of change
at 1073 mm.d 2 results in a direct shift from a homogeneous vegetated state to
bare soil. This critical rate of change aligns with a critical timescale g, o ™ 1000 d,
much longer than the pulse destruction timescale Tgestruction = 52d, highlighting
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the dominance of slower processes in the system’s behaviour under environmental
changes.

3.5.1 Rearrangement timescale and system resilience

We identified a critical rearrangement timescale Tear ~ 1000 d, which corre-
sponds to the system’s response time to structural changes, such as the removal
of a vegetation pulse. This timescale is pivotal for understanding the resilience and
stability of vegetation patterns. By linking Trear to the diffusion coefficients of the
system’s components, we derived a scaling law that accurately predicts the rear-
rangement time, emphasizing the importance of spatial interactions in determining
system dynamics.

3.5.2 Impact of spatial and temporal noise

We further investigated the resilience of the system under spatial and temporal

noise, modeled as Gaussian stochastic processes. The experiments demon-

strated that the spatial autocorrelation of noise significantly impacts pattern for-

mation. Higher spatial correlations lead to reduced spatial variance and biomass,

suggesting that more homogeneous noise disrupts more vegetation patterns. Tem-

poral noise analysis revealed critical timescales—particularly around 10 days and

1000 days—corresponding respectively to the pulse and rearrangement timescales.
These findings underscore the intricate balance between spatial and temporal

scales in maintaining vegetation resilience.

3.5.3 Broader implications and multiple equilibria

Our analysis highlights the existence of multiple equilibria and the crucial role of
slow timescales in spatially extended systems. The presence of ghost attractors
and unstable equilibria broadens the system’s resilience, offering additional con-
figurations for the system to cling to, akin to tree branches in a forest. This mul-
tiplicity of stable and transient states enhances the system’s capacity to adapt to
gradual environmental changes, aligning with the concept of resilience as defined
by Holling [1973].

In summary, this study contributes to clarify a complex interplay between rain-
fall perturbations, spatial and temporal noise, and vegetation dynamics. By iden-
tifying critical timescales and exploring the system’s response to various pertur-
bations, we provide valuable insights into the resilience and stability of vegetation
systems. These findings contribute to a deeper understanding of ecological dy-
namics and the factors influencing the persistence of vegetation patterns under
changing environmental conditions.






Modelling vegetation responses to rainfall
intermittency using intermittent dynamical
systems in semi-arid ecosystems

This chapter is based on the following paper in preparation:
Vanderveken, L. and Crucifix, M.: Modelling vegetation responses to rainfall inter-
mittency using intermittent dynamical systems in semi-arid ecosystems.

Abstract

In semi-arid regions, vegetation patterns are highly sensitive to rainfall
variability. This study investigates the use of intermittent dynamical systems
to model local precipitation and its effects on vegetation biomass under two
distinct water uptake functions. We demonstrate that intermittent rainfall dy-
namics offer a promising approach for capturing precipitation variability, even
though our model does not incorporate seasonal cycles. Using simulators of
intermittent precipitation to drive a vegetation model, we show that vegetation
does not universally benefit from intermittent precipitation. Instead, the im-
pact of precipitation varies with the type of intermittency applied and the water
uptake function. Furthermore our results indicate that the intensity proba-
bility distribution of rainfall is a critical factor influencing biomass outcomes,
with different intensity patterns producing distinct vegetation responses. This
work represents the first study to drive vegetation patterns model with real in-
termittent dynamical systems, providing novel insights into the role of rainfall
statistics in ecosystem dynamics. These findings lay a foundation for further
research on rainfall variability and its ecological impacts, with implications for
ecosystem management in water-limited environments.
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46 4. Intermittent rainfall and vegetation patterns

4.1 Introduction

Arid and semi-arid environments have two main characteristics: water is the dom-
inant controlling factor for biological processes, and precipitation is highly variable
throughout the year occurring as infrequent and discrete events [Noy-Meir, 1973].

Water, as a controlling factor, forces the vegetation to adopt different strategies
to cope with this scarcity [Meron, 2015]. One of these strategies is the formation of
spatial patterns without external forcings (Murray [2003], Klausmeier [1999a]). The
vegetation patterns allow vegetation to concentrate water in patches and create
ecological niches through a process called "ecological engineering" [Gilad et al.,
2007]. These patterns can be reproduced by reaction-diffusion models. In this
context, the spatial patterns are caused by a combination of short-range facilita-
tion and long-range inhibition (scale-dependent feedbacks [van de Koppel et al.,
2005]). Four model classes are available differing by the physical processes that
create the feedback and the variables involved in the dynamics (Gilad et al. [2007],
Lejeune et al. [2004], Rietkerk et al. [2002a] and Klausmeier [1999a]). An exten-
sive discussion on the different models can be found in Borgogno et al. [2009],
Gandhi et al. [2019] and Siero [2020]. A well-known limitation of those models is
that rainfall is supposed to be constant in time. Some studies explored the effect
of a non-constant rainfall on vegetation patterns (Guttal and Jayaprakash [2007],
Siteur et al. [2014a] Kletter et al. [2009], Eigentler and Sherratt [2020], Baudena
et al. [2013], Rodriguez-lturbe and Porporato [2005]). They modelled the intermit-
tent precipitation variability in two ways: either with a seasonal input of a given
quantity of water, or through a Poisson process.

Precipitation is a complex phenomenon. It implies processes on a wide range
of scales, from the physics of micro droplets to the movement of air masses at syn-
optic scales [Trenberth et al., 2003]. This wide range creates temporal and spa-
tial patterns in the water distribution around the world. Capturing these patterns
with physical models, especially global models, remains a challenging task (Inter-
governmental Panel on Climate Change (IPCC) [2023], Chagnaud et al. [2022]).
Convective clouds, which are an important source of precipitation, involve much
smaller spatial scales than the typical model resolution. Furthermore, in dry or
semi-arid regions such as the Sahel, the precipitation regime is the product of a
complex interplay of thermodynamic processes (e.g. convection) and dynamical
processes (regional monsoon dynamics).

These complex dynamics tend to lead to intermittent behaviour at the global
scale [Trenberth et al., 2017]. Specifically, in the Sahel, Nicholson et al. [2018]
showed that precipitation in West Africa decomposes into a decadal mode, a sea-
sonal cycle associated with the monsoon phenomenon, and, at a shorter time
scale, intermittent behaviour. We use intermittency to qualify a process charac-
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terised by period of inactivity with a random length (dry period) punctuated by
shorts period of activity (precipitation due to storm for example).

To assess the effect of intermittency on vegetation dynamics at the spatial
scale, it may be more suitable to use, rather than the output of a global model,
small empirical models calibrated to reproduce the characteristics of observations.
One possible approach would rely on fractal or multifractal iterative methods, re-
ferred to as cascades (Veneziano et al. [1996], Lovejoy [2018]). More simply,
Kletter et al. [2009] and Baudena and Provenzale [2008] produce time series by
modelling inter-arrival times between rainfall events as a stochastic variable from
a Poisson distribution, known as point processes. However, Poisson processes do
not capture the power-law distribution of inter-arrival times which characterises in-
termittent processes. Here, we aim to keep the simplicity of the Kletter et al. [2009]
and Baudena and Provenzale [2008] approach, but yet, account for these power-
law characteristics. In this context, the approach of Rigby and Porporato [2010]
and Molini et al. [2009] provides an avenue. They explored dynamical systems
known to produce intermittent time series with power-law distributions and iden-
tified the Pomeau-Manneville intermittency [Manneville and Pomeau, 1980] and
On-Off intermittency [Platt et al., 1993] as good candidates to model precipitation.
We will follow this strategy here, but with a focus on semi-arid areas. The first step
of our analysis will thus be to identify suitable models to simulate precipitation in
the Sahel.

Next, we will apply these models of intermittent precipitation to the Rietkerk
vegetation patterns model [Rietkerk et al., 2002a], which we have previously anal-
ysed in Vanderveken and Crucifix [2024]. This model links the spatio-temporal
distributions of biomass B with soil water W and surface water O as follows:

ow B+ kow
5= “Oﬁ — gmaxwi(W)B — 1, W + D AW, (4.1)
20 B + kywy
— =R—aO0O———=—+ DpA
ot 005, T PoAo,

where A is the Laplacian operator and R is the rainfall [mm.d~!]. The rainfall is
the external forcing of the system which we consider to be a spatially-independent
function. The first term in the biomass equation represents water uptake by the
plant. The first term in the soil water equation is linked to the infiltration rate of
water in the soil that is enhanced by the presence of biomass. The factors in front
of the Laplacians (AB, AW and AO) are the diffusion constants of the different
quantities.

This model was used in previous work of ours [Vanderveken and Crucifix,
2024], but here we pay specific attention to the water uptake function wu(W).
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Indeed, different types of functional form of resource uptake have been identi-
fied (Holling [1966], Chesson et al. [2004]), and the way the plant uses the soil
water is certainly critical for their survival in water-limited environment (Noy-Meir
[1973], Chesson et al. [2004]). In the original model, the water uptake term is
modelled with a so-called "type-II" functional form in the Holling classification also
called Michaelis-Menten. The other function that we will consider is the type-lIll.
It is characterized by an steep increase in water uptake for a certain value of soil
water.

Type-II | Type-lil

_ Wt
wu(W) = (W4+¢111)

Table 4.1: Functional forms of the two types of water uptake considered in this study

The parameters are the same as in Rietkerk et al. [2002a] for the type-Il wa-
ter uptake. The new parameters of type-lll water uptake were chosen so that
the bare soil equilibrium of the non-spatial model loses stability for the same
value of constant rainfall. We chose to use the exponent-4 form of the type-IlI
functional response to remain consistent with the previous work of Kletter et al.
[2009] and Baudena and Provenzale [2008], both of whom refer to Chesson et al.
[2004]. In that study, the authors examined the competition between two vegeta-
tion species across different environmental scenarios, depending on their resource
uptake functions. Kletter et al. [2009] and Baudena and Provenzale [2008] have
shown a positive effect of intermittent precipitation on vegetation for a type-Ill wa-
ter uptake, but, again, they used a Poisson process as a model for intermittency.
Hence, our work extends their contribution in two ways. On one hand, we consider
truly intermittent precipitation forcing, based on an assessment of observations.
Second, we discuss the effect of water uptake on the effect of intermittency. Our
general objective is to contribute to the understanding of the mechanisms affect-
ing vegetation resilience in semi-arid areas and determine the critical factors which
condition this resilience.

4.2 Intermittent dynamical system as a model for
precipitation.

An intermittent time series is characterized by extended periods of low activity,
occasionally interrupted by bursts of activity. These prolonged low-activity phases
are referred to as laminar times.
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4.2.1 Models

Pomeau-Manneville intermittency was first observed in the Lorenz model [Man-
neville and Pomeau, 1979] as a transition to chaos. This transition occurs due to
the destabilization of an equilibrium. Depending on the way in which the equilib-
rium loses its stability, three distinct types of Pomeau-Manneville intermittency can
occur [Bergé et al., 1984]. Three possibilities arise depending on the behaviour
of the Floquet multiplier. A Floquet multiplier is an eigenvalue that determines the
stability of a periodic orbit in a dynamical system. If all multipliers lie inside the
unit circle in the complex plane, the orbit is stable; otherwise, it is unstable. These
types are distinguished by the nature of the laminar phases and how the system
transitions to chaotic bursts.

The laminar phase in Pomeau-Manneville intermittency arises from the sys-
tem’s dynamics being slowed down near a marginally stable equilibrium, often
referred to as a vanishing equilibrium. This behaviour is due to the presence of
a channel in the phase space, which causes the system to linger near the equi-
librium before transitioning to a burst. Several physical systems exhibit this type
of intermittency, including Rayleigh-Bénard convection [Dubois et al., 1983], laser
systems [Kingston et al., 2021], and electronic devices [Jeffries and Perez, 1982].

In this work, we focus on a specific form of Pomeau-Manneville intermittency
known as type Il intermittency (PM intermittency). This type occurs when the
Floguet multiplier is real and crosses the unit circle at (—1). Type Ill intermittency
can be described using the following map Pomeau and Manneville [1980]:

Xpi1 = Xn + x5 (mod 1), (4.2)

where the laminar phase corresponds to the region where x,, is close to zero. The
modulo operation serves as a reinjection mechanism, ensuring that the system
remains within the bounded region and re-enters the laminar phase after escaping.
Ignaccolo et al. [2001] introduced a continuous version of this map, described by
the differential equation:

Xx=x>+p, (4.3)

where p; represents a stochastic reinjection mechanism. Whenever x = 1, a ran-
dom jump uniformly distributed in the interval (—1,0) is applied. The trajectory of
the system thus consists of a series of events separated by laminar phases, where
the length of the laminar phase follows a power-law distribution with an exponent
of —3/2. The probability distribution of the variable x (intensity distribution) follows
a power-law with an exponent of —2.

On-Off intermittency is based on a different mechanism for generating bursts in
dynamical systems. This type of intermittency occurs due to the random or chaotic
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destabilization of a stable attractor, as observed in several chaotic systems (Platt
et al. [1993] Heagy et al. [1994]). The bursts in On-Off intermittency result from
the stochastic destabilization of the system, leading to a sharp transition between
the laminar and burst phases.

A simple model of On-Off intermittency can be described by the forced logistic
map:

Xp+1 = aYnXn(1 — xp), (4.4)

where y, is a uniformly distributed random variable in the interval [0, 1], and
a = 2.8. Similar to Pomeau-Manneville intermittency, the distribution of laminar
phase lengths follows a power-law with an exponent of —3/2, but in this case, the
intensity distribution follows an exponent of —1.

4.2.2 Observations

We compare the distribution of laminar time and intensity from real-world precipi-
tation data to those derived from theoretical models of intermittency. Specifically,
we analyse data from various sources, including gauge, satellite, reanalysis, and
Global Climate Models (GCM), as detailed in Table 4.2.

Type Name Period Spatial resolution | Temporal resolution
Global climate model EC-Earth33 [Doscher et al., 2022] | 01/01/1970 - 31/12/2014 0.5 Daily
Merged satellite/gauge data GPCP [Huffman et al., 2001] 01/01/1997 - 31/12/2024 1° Daily
Reanalysis ERA5 [Hersbach et al., 2020] 01/01/1960 - 31/12/2023 0.25° Daily
Merged gauge, satellite, and reanalysis data MSWEP [Beck et al., 2017] 01/01/1979 - 31/12/2024 0.25° 3-hourly

Table 4.2: Overview of the climate datasets

An example of the time series from the MSWEP dataset, which provides 3-
hourly precipitation data for the Sahel region, is shown in Fig. 4.1. This time series
reveals a mixture of a seasonal and decadal forcing plus a random intermittent
signal.

The laminar time distribution and intensity distribution across all datasets are
shown in Fig. 4.2 and Fig. 4.3.

4.2.3 Results

We observe, accross all datasets (Fig. 4.2), that the distribution of laminar times
follows a scaling law with an exponent of —3/2, consistent with both PM inter-
mittency and On-Off intermittency. The only discrepancies appear in the ERA5
reanalysis and EC-Earth33 GCM datasets. The ERA5 data show an exponen-
tial probability distribution rather than a power-law, while the EC-Earth3 dataset
exhibits a peak around one year. These discrepancies may be attributed to the
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Figure 4.1: Time series of precipitation in the Sahel region from the MSWEP dataset with
a time resolution of 3 hours. The mean daily rainfall is 0.68 mm/d
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Figure 4.2: Probability distribution of the laminar time in different datasets. The black line
served as a visual aid identifying the power-law.

limitations of the models in resolving strong convective systems, which are the
primary drivers of precipitation in the Sahel region [Intergovernmental Panel on
Climate Change (IPCC), 2023]. In the case of EC-Earth3, the pronounced peak
likely corresponds to an overly strong seasonal cycle compared to observed data.
The maximum laminar time observed across all datasets is one year, suggesting
that the intermittent regime is valid across a wide range of timescales covered
by the dataset, ranging from one day to one year. This contrasts with results for
wetter climate: Rigby and Porporato [2010] found intermittency predominantly on
sub-daily to daily timescales in wetter climates. We conclude that the laminar time
distribution of Sahelian precipitation can be effectively modelled by PM intermit-
tency or On-Off intermittency.
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Figure 4.3: Probability distribution of the intensity in different datasets. The black line
served as a visual aid identifying the power-law.

Regarding the intensity distribution (Fig. 4.3), the decision is not clear which
one of On-Off intermittency or PM intermittency is the right model for precipitation.
Indeed, the MSWEP and ERA5 show a power-law scaling with an exponent of
—2. The EC-Earth3 and GPCP datasets follow a —1 scaling with an exponential
decrease for the EC-Earth3 dataset. To explain this difference for EC-Earth3, we
have to remember that the nature of precipitation in the Sahelian region is very
convective. It is known that this particular type of events is difficult to represent in
GCM like EC-Earth3 (Chagnaud et al. [2023], Intergovernmental Panel on Climate
Change (IPCC) [2023]). This could explain the exponential decrease of the EC-
Earth3 intensity distribution.

Consequently, we will use both PM and On-Off in the following to explore the
effect of the two types of intermittency on vegetation patterns.

4.3 Effect of intermittent rainfall on vegetation patterns

We now examine the impact of intermittent forcing modelled by a intermittent dy-
namical system on vegetation patterns depending on the water uptake functional
form. The two water uptake functional forms are shown in Fig. 4.4. From the
graph of the two functions, one can see that type-Il is advantaged compared to
type-IIl for low value of soil water; but for high values of soil water type-Ill shows a
higher water uptake. This difference is expected to play a role in the response of
the system to the intermittent forcing.
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Figure 4.4: Type-Il and Type-Ill functional form of the water-uptake. For type-Il, ;11 = 5mm
and for type-Ill, 171 = 600mm*.

For each of the two water uptake functions, we ran the model with either con-
stant, PM intermittency and On-Off intermittency, with specified rainfall rates rang-
ing from 0 mm.d~! to 1.5 mm.d~!. Intermittent time series are obtained by scaling
the output of the corresponding dynamical systems such that the mean rainfall
meets the specification. The spatial domain is 2D-periodic with size L = 200 m.

With this setup, the vegetation disappears for the intermittent forcings. This,
actually, was to be expected because without water allowing the vegetation to
survive after a big water pulse the system goes to a desert state. As identified
in Vanderveken and Crucifix [2024], the timing of disappearance of a vegetation
bump is of the order of a dozen days. This implies that if the time separation
between two rain events exceeds a few weeks, all the vegetation disappears. In
nature, though, the vegetation in arid zone has adapted to this scenario with dif-
ferent strategies, typically by keeping biomass in seeds that can be activated by
a rain pulse (Noy-Meir [1973], Schwinning and Sala [2004]). To take this strategy
into account, we freeze the vegetation when the spatial mean of the biomass is
lower than a given threshold. To achieve that, at each timestep, we compute the
vegetation solution and calculate the spatial mean. If this quantity is smaller than
10~* we replace this newly compute solution by the previous one.

The results for L = 200m are shown in Fig. 4.5.

From Fig. 4.5, we observe that the intermittency in rainfall further broadens
the range of precipitation levels that vegetation can tolerate, potentially even more
than incorporating a spatial component. We also see that PM intermittency con-
sistently produces more biomass for the two water uptake functional forms. On
the other hand, for the On-Off intermittency, the type-Il water uptake produces
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Figure 4.5: Relation between the mean biomass and the mean rainfall. The blue marker
represents the result with the type-Il water uptake and the red markers the type-Ill water
uptake. For each water uptake functional type, the model was integrated with a constant
rainfall (round markers), a PM intermittency (square markers) and a On-Off intermittency
(triangle markers). For each run, the Rietkerk model was integrated for 50 years.

less mean biomass than the constant rainfall. For the type-Ill water uptake, we do
not observe a change in the mean biomass compared to the constant rainfall. All
these observations are summarized in Table 4.3.

PM | On-Off
type-Il water uptake | 1 U
type-lll water uptake | 1 =

Table 4.3: Summary table of the effect of intermittent dynamical system and water uptake

compared to a constant rainfall.
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4.3.1 Discussions

Previous research has highlighted the benefits of intermittency on vegetation growth
under various water uptake models. For instance, Kletter et al. [2009] found that a
type-lll water uptake function outperformed both linear and type-Il water uptake in
supporting vegetation. However, our findings are more nuanced, by showing that
outcomes vary depending on the type of intermittent forcing applied. This differ-
ence can be attributed to the distinct intensity distributions in each type of inter-
mittency. Both On-Off and PM intermittencies follow a power-law distribution, but
the On-Off intermittency has a gentler slope (exponent -1), while PM intermittency
has a steeper slope (exponent -2). This distinction means that, for a given mean
rainfall, PM intermittency exhibits higher rainfall maxima than On-Off intermittency.

These differences in rainfall intensity help explain why type-Il water uptake un-
derperforms with On-Off intermittency. Type-Il water uptake is less efficient at
low soil water levels, and because the rainfall maxima in On-Off intermittency are
smaller than in PM, less vegetation can be sustained. However, with type-Ill water
uptake, On-Off intermittency can generate mean biomass similar to that of con-
stant rainfall, as the rainfall maxima are sufficient to activate the threshold effect in
type-1ll uptake.

Overall, PM intermittency proves beneficial for both water uptake models, high-
lighting the significant role that intensity distribution plays.

4.4 Conclusions

The objective of this study was twofold: to assess the possibility to model intermit-
tent precipitation in semi-arid regions with intermittent dynamical systems, and to
study the impact of such an intermittent forcing on a vegetation patterns model.

First, we identified that Pomeau-Manneville type Ill and On-Off intermittency
are both valid models for local precipitation by looking at two important features
of rainfall for vegetation: dry spell length distribution and intensity distribution. In
four different datasets, we observed a power-law in the dry period length and in
intensity of the rainfall compatible with intermittent dynamical systems. A next
development would be to improve the empirical model to take the seasonal cycle
into account.

Next, we applied the two classes of intermittency to a vegetation patterns
model with two different functional forms of water-uptake. We found that vegetation
does not always benefit from intermittent precipitation. With a Pomeau-Manneville
intermittency and both type-Il and type-Ill water uptake, the model shows an in-
crease in the mean biomass. With On-Off intermittency the type-1l water uptake
vegetation suffers from an intermittent forcing compared to a constant one. The
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type-lll water uptake vegetation showed no difference between the On-Off and the
constant precipitation.

We argue that those distinctions are due to the difference in intensity distribu-
tion between the PM and On-Off intermittencies. These findings suggest that, de-
pending on the water uptake model in use, intermittent rainfall does not always en-
hance mean biomass production—nhighlighting the nuanced relationship between
rainfall patterns, water uptake models, and vegetation productivity. To further pur-
sue this research, it is important to take into account rainwater partitioning which
could significantly affect vegetation response, particularly in the presence of large
rainfall pulses. Research by Siteur et al. [2014a] highlights that rainwater partition-
ing is crucial in such cases, as it influences water availability for vegetation and
soil storage. Discussion on the validity of the functional forms would also be a
welcome addition regarding the root system soil interaction (Javaux et al. [2013],
Dubbert et al. [2023]).

Although past studies have explored the link between intermittency and vege-
tation patterns, this research is the first to use intermittent dynamical systems as
the driver for rainfall variability. By providing an empirical basis for understanding
how rainfall statistics impact vegetation response, this study advances the field
of ecosystem modelling and lays the groundwork for future research on rainfall-
vegetation interactions - in particular how vegetation-precipitation feedback could
affect the intermittent behaviour of rainfall.



Conclusions and perspectives

Semi-arid regions, characterized by limited rainfall and poor soil conditions, cover
approximately 15.2% of the global land surface [Scholes, 2020]. These areas are
home to a significant portion of the world’s population, with estimates ranging from
700 million to 1.2 billion people, and face numerous challenges, including high
rainfall variability, increasing temperatures, and rising evaporative demand [OKki
and Quiocho, 2020]. Land degradation and desertification are major concerns. To
cope with water scarcity, vegetation organizes itself in patterns visible from the sky
[Deblauwe et al., 2008]. The vegetation patterning is a strategy for vegetation to
survive in a water limited environment through ecosystem engineering [Gilad et al.,
2004]. With climate change intensifying, understanding the resilience of vegetation
patterns is critical to predict how ecosystems will respond to shifting environmental
conditions and associated stressors. To understand the creation of vegetation
patterns, a number of models have been proposed in the litterature. Most of them
are based on a scale-dependent feedback [Tietjen and Jeltsch, 2007]. In this
thesis, we interested ourselves in the resilience of vegetation patterns and used
the Rietkerk model [Rietkerk et al., 2002b]. This overarching topic was broken
down into three sub-questions.

5.1 What are the possible intermediate states existing
between a full vegetated state and bare soil and what is
their influence on the dynamics?

In the first study, we used a linear stability analysis to compute the Turing zone of
the homogeneous vegetated equilibrium in Rietkerk model. This analysis allowed
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us to identify zero modes at the edge of the Turing zone. Zero modes correspond
to marginally non-growing inhomogeneous solutions of the linearized equations.
Their existence usually signals the presence of an instability that can send the sys-
tem towards an inhomogeneous time-invariant solution in the full nonlinear model.
We then used the zero modes at the edge of this Turing zone as starting points
of spatially heterogeneous equilibrium branches. A continuation method was then
used to compute the whole branches by changing the precipitation. The stability
of the equilibria along the branches was evaluated by computing the eigenvalues
of the Jacobian matrix. This construction allowed us to systematically identify mul-
tiple solutions, which appear in the form of different spatial configurations. Each of
them is associated with a distinct number of vegetation bumps. We called those
branches the main branches and they are recognizable by the fact that all vegeta-
tion pulses have the same heights.

The zero modes at the edge of the Turing zone were not the only ones iden-
tified. A number of zero modes appeared along the main branches and some of
them were found at the transition between the stable and unstable parts of the
main branches. We used the same continuation method as for tracing the main
branches, and by starting from these bifurcation points we traced a new type of
branches. Those branches are unstable for every values of rainfall, and appeared
as a mixture of modes. We called "mixed states" the states found along these
branches. We showed that mixed states are common and we conjectured that
every zero mode along the main branches and even the mixed state branches
should act as starting point for another branch of mixed states.

The mixed states do impact the dynamics of the system even though they
are unstable. The existence of those vegetated state around which the system
can spend some time effectively increases the resilience of the whole system.
By considering a larger spatial domain, we showed that new branches appear
and even that the range of precipitation that maintains vegetation has increased.
This densification of equilibria, either by the existence of mixed states, or by the
increased spatial domain size, enhances the resilience of the vegetation

5.2 How does the temporal and spatial structure of the
perturbation affect the resilience of vegetation?

In the second study, we assessed how different types of perturbation affect the
resilience of the vegetation. To this end, we first used a spatially homogeneous
perturbation in the form of a linear decrease of rainfall with different rates. We
observed significantly different responses of the system depending on the rate of
change. At slower rates, the system goes through different spatial configurations.
We identified a critical rate of change (TRﬁp) for which the system goes directly
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from a homogeneous vegetated state to bare soil (R-tipping). This timescale was
much larger than the one of destruction of a vegetation pulse. This highlights the
importance of the slower timescale when considering the possibility of R-tipping.

Then, we identified two timescales by conducting a scale analysis of the model
parameters: Tjpstruction @Nd Trear- The former is linked to the destruction of a veg-
etation pulse and is much shorter than the latter 7.0 Treqr — the rearrangement
timescale — is linked to the movement of the vegetation pulses toward a stable
spatial configuration. We demonstrated that, at this timescale, the ratio between
the diffusion coefficients of the fast component (surface water) and the slow com-
ponents (soil water and biomass) governs the dynamics. This highlighted the sig-
nificance of the spatial component when examining the various timescales of the
model.

The resilience of the system was also assessed against stochastic perturba-
tions in the form of structured noise. The spatio-temporal structure of the noise
was characterized by a temporal and spatial scale. We tested different noise con-
figurations to evaluate which one destroyed vegetation most effectively. Four key
insights emerged from this analysis. First, the higher the spatial autocorrelation of
the noise, the greater the extent of vegetation mortality. Second, the vegetation
mortality is at its highest when the temporal autocorrelation of the noise is close
to the timescale of destruction of pulse (Tjestruction)- Third, the vegetation mor-
tality is lower when the temporal autocorrelation is larger than the rearrangement
time. Finally, the mixed state (highlighted in the previous study) appears to play a
role even within the stochastic dynamics as the system spends some time around
them. These findings suggest three things. First, the spatio-temporal structure of
the perturbation is critical to evaluate the resilience. Second, knowledge of the in-
ternal timescale of the model could inform us about its sensitivity to different kinds
of stochastic perturbations. Finally, the greater the density of equilibria within the
potential landscape, the more resilient the system.

5.3 What is the impact of intermittent rainfall on vegetation
resilience?

In the third study, we used the same model but in a 2D spatial configuration to
study the effect of intermittency. This study was divided in two parts. First, we
demonstrated that intermittent dynamical systems are good candidates to model
the local precipitation in the Sahelian region. Indeed, the intermittent dynamical
systems are characterized by a power-law distributions in two probability distribu-
tion: the waiting time between two bursting events and the intensity. We computed
those two probability distribution for data sets from different origins: reanalysis,
Earth System Model, Gauge product and satellite data. Our results showed that
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two intermittent dynamical systems were compatible with the observations: the
Pomeau-Manneville intermittency and the On-Off intermittency. Next, we investi-
gated not only the effect of an intermittent precipitation but also the functional form
of the water uptake. We considered two functional forms (type-Il and type-Ill). The
type-1l is the one of the original Rietkerk model and the type-Ill is characterized by
a strong threshold effect.

Our findings revealed that vegetation does not consistently benefit from in-
termittent precipitation. Under Pomeau-Manneville (PM) intermittency, the model
indicated an increase in mean biomass for both type-Il and type-Ill water uptake
mechanisms. However, under On-Off intermittency, vegetation with type-Il water
uptake exhibits reduced performance compared to constant precipitation, while
vegetation with type-Ill water uptake shows no discernible difference between the
two precipitation regimes.

We attributed these differences to the distinct intensity distributions character-
istic of PM and On-Off intermittencies. These results highlight that intermittent
rainfall does not universally enhance mean biomass production; its impact de-
pends on the specific water uptake model used. This underscores the complex
interplay between rainfall patterns, water uptake mechanisms, and their impact on
the resilience of vegetation.

5.4 General conclusions

This work explored the dynamics of vegetation resilience under varying environ-
mental conditions, with a particular focus on intermediate states between fully
vegetated and bare soil systems, the impact of perturbations on vegetation, and
the effects of intermittent rainfall. The studies presented in this thesis contribute
to a deeper understanding of the mechanisms that govern vegetation dynamics,
particularly in response to spatial and temporal variations in precipitation.

The first study revealed that intermediate states between fully vegetated and
bare soil landscapes play a crucial role in the resilience of vegetation. By identi-
fying multiple stable spatial configurations, including mixed states, and examining
how these states influence system dynamics, we demonstrated that the presence
of such states can enhance system resilience. In particular, we showed that un-
stable equilibria, such as mixed states, can play a significant role in the dynamics,
even though they are unstable, by increasing system resilience through their tran-
sient expression. Moreover, we showed that increasing domain size and the den-
sification of equilibrium branches extend the range of precipitation that sustains
vegetation, further strengthening the system’s resilience.

The second study highlighted the importance of the spatial and temporal struc-
ture of perturbations in determining vegetation resilience. We found that both
the rate of rainfall change and the autocorrelation of spatial and temporal noise
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play significant roles in vegetation mortality. The study also revealed that inter-
nal timescales of the system, such as the creation and destruction of vegetation
pulses, should be considered when assessing the system’s sensitivity to perturba-
tions. Our results emphasize that the denser the equilibrium landscape, the more
resilient the system is to external disturbances.

In the third study, the focus shifted to the effects of intermittent rainfall on
vegetation resilience. Through the investigation of intermittent rainfall patterns,
we found that vegetation does not always benefit from such conditions. While
Pomeau-Manneville intermittency was found to enhance biomass production in
both type-Il and type-Ill water uptake models, On-Off intermittency showed vary-
ing results. These differences were attributed to the distinct intensity distributions
of the intermittent regimes. This study underscores the complexity of the rela-
tionship between rainfall patterns, water uptake mechanisms, and vegetation re-
silience, suggesting that intermittent rainfall does not universally lead to improved
vegetation productivity.

Overall, this thesis emphasizes the critical role of spatial and temporal dy-
namics in shaping the resilience of vegetation to both deterministic and stochas-
tic perturbations. The findings contribute to the growing body of knowledge on
ecosystem resilience and provide insights that may inform future modelling efforts
aimed at understanding and managing vegetation systems, especially in regions
with variable rainfall patterns.

5.5 Scope, Limitations, and Future Perspectives

This section discusses the scope and generality of the results obtained in this
thesis, addressing their applicability to other models and conditions, as well as
potential research directions to build upon these findings.

5.5.1 Scope and Generality of Mixed States

The existence of mixed states was demonstrated within a specific subclass of
vegetation pattern models. However, their presence in other models governed by
scale-dependent feedback remains an open question. Since other models with
scale-dependent feedback rely on the same fundamental mathematical mecha-
nisms to generate stable regular patterns, it is plausible that similar mixed states,
particularly in the form of unstable equilibria, could also exist in these models.
Nevertheless, further investigations are required to confirm their presence and
characterize their properties.
For phase-separation models, which also belong to the class of reaction-diffusion

systems, the existence of mixed states is less clear. Unlike the structured, periodic
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patterns seen in scale-dependent feedback models, phase-separation models of-
ten produce irregular spatial distributions, which may not support the formation of
mixed states in the same manner. The precise conditions under which such states
could emerge in these models remain to be explored.

Another factor that could influence the existence of mixed states is the role
of boundary conditions. Whether mixed states are robust to different spatial con-
straints or require specific conditions for their formation is not yet fully understood.
Addressing this question could provide deeper insight into the generality of these
states across different ecological and physical systems.

Furthermore, the potential for mixed states to exist in spatially heterogeneous
models raises intriguing questions. In such models, Bastiaansen et al. [2022] iden-
tified stable coexistence states, where distinct ecological phases occupy different
regions of the spatial domain, separated by a well-defined interface. These co-
existence states share conceptual similarities with mixed states in that they both
reflect the capacity of spatial systems to sustain multiple configurations simultane-
ously. However, important distinctions exist. Coexistence states involve spatially
separated phases that persist over time, while mixed states emerge as unstable
modulations of equilibrium branches. Additionally, coexistence states can limit the
impact of tipping events by confining transitions to specific regions, whereas mixed
states influence system dynamics by altering the speed and pathway of transitions.
Understanding the interplay between these two types of states in spatially hetero-
geneous models is an important direction for future research.

5.5.2 Resilience to Spatiotemporal Noise

A key aspect of this work was the study of vegetation resilience under struc-
tured noise. One limitation is that the analysis primarily focused on additive noise
applied to the biomass. Recent studies, such as Hamster et al. [2024] on the
Klausmeier model, have examined the effects of multiplicative noise on vegetation
dynamics. Interestingly, their findings reveal a similar phenomenon to what was
observed in this thesis: noise-induced transitions between spatial configurations.
However, in our case, the use of additive noise also led to the creation of new
vegetation pulses, an effect not observed under purely multiplicative noise.

A natural extension of this work would be to investigate combined noise ef-
fects, incorporating both the additive noise applied to surface water in this study
and a multiplicative noise term affecting biomass dynamics. Additionally, ana-
lyzing the impact of noise on soil water dynamics could provide further insights.
Given the role of soil moisture in modulating vegetation patterns, one may expect
similar qualitative behaviors to those observed here, but with potentially distinct
timescales and transition mechanisms.
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5.5.3 Intermittent rainfall and vegetation pattterns

In the last chapter, we explore the effects of intermittent precipitation on vegeta-
tion patterns, but some limitations remain. First, the hypothesis that intermittent
rainfall influences ecosystem stability needs to be tested with more real-world data
to assess its validity. Additionally, our model does not account for seasonal varia-
tions in rainfall, which could significantly impact vegetation dynamics and should
be considered in future work. Finally, while we use the Rietkerk model to study
pattern formation, it may not be the most suitable framework for analyzing abrupt
disturbances. A flow-kick model, as proposed by Gandhi et al. [2023], could be
better suited for capturing the effects of sudden perturbations and warrants further
investigation.

5.5.4 Future Perspectives

This thesis has explored how vegetation pattern resilience is influenced by internal
system structure and external perturbations. In summary, we suggest the following
perspectives.

Extending bifurcation analysis to more complex systems is a promising direc-
tion, as the identification of mixed states in vegetation models suggests that sim-
ilar states could exist in other ecological systems. Investigating their presence
in models that incorporate alternative feedbacks, nutrient cycling, or water trans-
port mechanisms could reveal broader principles governing pattern formation and
stability. Additionally, exploring other stochastic perturbations could further enrich
our understanding of ecosystem stability under variable environmental conditions.
While this work examined the effects of spatial and temporal noise, considering ad-
ditional types of stochastic forcing, such as multiplicative noise or colored noise,
may provide deeper insights.

Empirical validation of intermittent rainfall models is another crucial step. The
hypothesis that intermittent dynamical systems effectively capture local precipi-
tation variability should be tested against a broader set of field data. Compar-
ing model predictions with high-resolution precipitation and vegetation measure-
ments would strengthen confidence in their applicability. Moreover, incorporat-
ing plant community dynamics could enrich timescale interactions, as moving be-
yond single-species vegetation models to include multiple plant types with dis-
tinct growth rates, water uptake strategies, and resilience mechanisms would in-
troduce additional timescales, offering a more comprehensive view of ecosystem
responses to environmental variability.

Coupling vegetation and precipitation dynamics presents an exciting research
avenue, as understanding how vegetation patterns influence precipitation intermit-
tency, and vice versa, could provide new insights into feedbacks in eco-hydrological
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systems. Finally, enhancing water uptake and soil models by refining the repre-
sentation of plant-water interactions through small-scale models of root growth dy-
namics and water transport (e.g., Javaux et al. [2013]; Dubbert et al. [2023]) could
improve the realism and predictive capability of large-scale vegetation models.

Among these perspectives, three directions stand out as particularly promising.
First, improving water uptake and soil models is crucial for enhancing the realism
of vegetation pattern simulations. By incorporating detailed plant-soil interactions,
such as root dynamics and moisture transport, models can better capture key pro-
cesses driving ecosystem resilience. Second, integrating plant community dynam-
ics into vegetation models will provide a richer understanding of how biodiversity
influences pattern formation, stability, and ecological function. Finally, coupling
vegetation and precipitation dynamics represents a key step toward a holistic view
of eco-hydrological feedbacks, shedding light on the interplay between ecosystem
structure and climatic variability.

Exploring these directions can help expand on this thesis’s findings and im-
prove our understanding of vegetation resilience, pattern formation, and ecosys-
tem dynamics in changing environments.



Supplement to Chapter 2

A.1 Numerical method

A.1.1 Time integration

The Rietkerk model consists of three reaction-diffusion equations. In order to in-
tegrate this system of equation in time, we use in this thesis a pseudo-spectral
method. The system of equation is composed of a linear and an nonlinear part.

%—]f = fp(B,W,0) + DgAB

dW

5 = fw(B,W,0) + DwAW (A1)
20

S = fo(B,W,0) + DyaW

where fg(B, W, 0), fw(B,W,0O) and fo(B, W, O) are nonlinear terms and DgAB,
Dw AW, DoAO are the diffusion terms and thus linear terms. This system of
equation on a periodic domain of size L = 100 m can be simulated with a split-
step Fourier spectral method. The idea is to solve the linear part in the spectral
domain and the nonlinear part in the physical domain. For the linear part, we com-
pute the Fast Fourier Transform to go to the spectral domain and use an backward
Euler method to update the linear part. We then apply an inverse Fast Fourier
Transform to obtain this partial update in physical space and apply a Forward Eu-
ler method to advance the nonlinear part. The spatial discretization is done with a
spatial resolution of dx = 1 meter and the time step is df = 0.1 days. The same
integration scheme and discretization is used for the whole thesis.

A.1.2 Jacobian matrix

To apply the Newton-Raphson algorithm for the continuation method, we need to
compute the Jacobian matrix of the system. Let’s define N the number of spatial
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discretization points. The vector of solution is then of size 3N. To facilitate the
definition of the second order differantiation matrix D, we rescale the spatial di-
mension from L = 100 m to 27t. The Jacobian matrix is then given by the following
3N x 3N block matrix.

diag(9Fs/9B) + Dp 23° D, diag(aFy /aW) diag(9F5 /90)
2
J = diag(9Fw /9B) diag(9Fw /dW) + Dw 25-D, diag(9Fw /90)
diag(9Fo /9B) diag(9Fo /OW) diag(9Fo /30) + Do 292 D,

with

The Pyton implementation of those numerical schemes are available here ht
tps://github.com/lvanderveken/Rietkerk_bif_diag.

A.2 Random initial conditions with a fixed rainfall

Here, our goal is to verify that the stable pattern branches act as attractors in the
dynamics of the system. To this end we specify a value of rainfall for which multi-
ple stable equilibria exist. Starting with different initial conditions and evolving the
system, we expect that different runs end in some of the different available stable
states for the chosen rain value. To avoid favoring the attraction to a particular
branch we opt for bare-soil initial conditions with random noise. Rainfall is set to
R = 1.1mm/d, for which the system has several stable equilibria (n = 2,3 and 4).
The model is run for 5000 days with 500 distinct random initial conditions. Those
are random from a uniform distribution (positive) noise on top of a homogeneous
bare-soil equilibrium. Trajectories, projected onto a summary space (mean and
maximum biomass) are shown in Fig. A.1. As this is a summary phase space -
a projection of the full space - trajectories may appear to cross, but they do not
in the full space. Out of the 500 runs, 465 land on the n = 2 equilibrium, and
the others land on the n = 3 equilibrium. This indicates that the equilibria that
we identify as stable are indeed those which attract trajectories. Having no trajec-
tories on the n = 4 equilibrium suggests that the basin of attraction of the latter
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is narrow and close to the homogeneous bare-soil equilibrium, with few chances
for a trajectory starting from random initial conditions to be in the basin of attrac-
tion of that equilibrium or, in more informal terms, to evolve such as to pass close
enough to the n = 4 equilibrium to land on it. The n = 4 equilibrium can how-
ever be reached with carefully designed initial conditions, such as a cosine with a
wavenumber equal to n3~.
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Figure A.1: Trajectories on a summary phase space from random initial condition with a
fixed rainfall R = 1.1 mmd~'. The relevant equilibria are shown. The stable equilibria are
represented with a circle and the unstable equilibria with a cross.
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A.3 Identification of zero modes along branches

In section 2.2.3, we showed that a new type of equilibrium (mixed state) can ap-
pear at the transition between the unstable and the stable part of a branch. This
transition is linked to the transition from positive to negative of the eigenvalue. For
example at the transition on the n = 4 branch, we have three zero modes leading
to the appearance of three mixed-state branches. In figure A.2, we propose a way
to identify and represent those zero modes. Each of the panels is linked to one of
the four highest eigenvalues. If this eigenvalue is positive the line is dashed, and
if the eigenvalue is negative the line solid. With that in mind, let us focus on the
n = 4 branch. We see that around R = 0.91 mmd~! the three first eigenvalues
become negative. This means that there are three zero modes. We also observe
that for the n = 3 branch, two eigenvalues switch from positive to negative around
R = 0.73mmd~!. Again, this means that two mixed-state branches emanate from
the zero mode at the transition.
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Figure A.2: Bifurcation diagram for which the stability is computed based on the four high-
est eigenvalues. The solid line means that the eigenvalue considered is negative. The
dashed line means that the eigenvalue is positive.
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B.1 Structured noise

The noise used in this paper is correlated both in time and space. We prescribe
its standard deviation ¢, length of spatial autocorrelation A; and time correlation
A with a period of L. To produce this noise, first, we computed the square root of
the following covariance matrix where N = 100 is the number of spatial points.

“l=xp)? = (Llyy)?

2 2
Ajj=max e * e A

Then we use an AR1 process in time to create the time dependence of the noise

n
Xij = Xij + (*C * Xi,jdt + \/a(fgkzl A]-/kek)

with ¢ = 1/ Ay, dt the time step, 0. = ov/2c and ¢, a Gaussian random variable of
zero mean and variance one.

The resulting noise is exemplified in B.1 and the temporal and spatial structure
are shown in B.2.
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t

Figure B.1: One realization of the structured noise with o = 10, Ay = 100 and A; = 1. On
the left panel is shown the full noise. The vertical red line and the horizontal red line mark
the position of the snapshots, those snapshots are represented on the middle panel for the
vertical one, and on the right panel for the horizontal one.
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Figure B.2: Mean over 50 realizations of the structured noise with ¢ = 10, A; = 100
and A; = 1. On the upper-left panel, the blue line is the mean over all the realizations
with temporal autocorrelation at t = 20000, the orange line is the theoretical expectation.
On the upper-right panel, the blue line is the mean over all the realizations of the spatial
autocorrelation at x = 50 and the orange line is the theoretical expectation. On the bottom-
left panel the blue line is the mean temporal power spectrum, and the vertical red dashed
line is at 1/ A+.On the bottom-right panel the blue line is the mean spatial power spectrum
and the vertical red dashed line is at1/ As.
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