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Exponential Decay of Correlations for the Strongly Coupled
Toom Model

Augustin de Maere - Lise Ponselet

Abstract We prove that, for the two-dimensional probabilistic cellular automaton of
Toom in the low-noise regime, there are two classes of initial measures, each of which
converges exponentially fast toward one of the two natural invariant measures. We
also show that these two invariant measures have exponential decay of correlations in
space and in time and are strongly mixing.
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1 Introduction

Toom’s probabilistic cellular automaton, also known as ‘North-East-Center model’,
was introduced in [6] as an example of a two-dimensional probabilistic cellular au-
tomaton (PCA) exhibiting a phase transition. This model is a discrete-time random
dynamical system with the Markov property. At every site x of Z2, there is some vari-
able @y in {—1,41}, called ‘spin’, and at every time step, each spin is updated. The
simultaneous spin updates follow an asymmetric majority rule, each spin adopting the
majority value among three sites: its nearest neighbours to the North, to the East and
itself. An error occurs with a probability of order &, for some € in [0, 1], the spin then
taking the opposite value.

By virtue of the ergodic theorem, the asymptotic behaviour of such a PCA is actu-
ally given by its ergodic invariant probability measures. The existence of a phase tran-
sition in the Toom model has been rigorously proven in [6]. Below a critical threshold
for &, the system admits two different natural invariant measures, dominated either by
positive or by negative spins. In this paper, we will prove that each of them has expo-
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nential decay of correlations in space and in time and is strongly mixing. In particular,
they are ergodic and therefore extremal.

2 Formalism and Results

LetS={—1,1} and X = SZ°. For any spin configuration @ € X, @, will denote the
value of @ at site x, @4, the vector {@y}cp for any A C 72 and Oy, the vector
{@y}y4c. Then (w..,a) will be the configuration obtained from @ by replacing the
spin @, at site x with the value a € S.

Let e; = (1,0) and e; = (0, 1) denote the canonical basis vectors of Z2. The North-
East-Center majority spin around a site x is given by the function ¢,:

¢x(@) = sgn(@, + Wxtey + wx+€2)'

The local transition probabilities p(&,|®) of a Toom model only depend on @y, Wy,
and @,,.,. We suppose that they satisfy the following assumptions, for some given
values of the parameters € € [0,1] and o > 0:

(A1) if & # ¢x(@), then p(&i|w) < &;
(A2) i a = 0,(0), then |p(&0) — p(&|0,a)] < o p(El) forall y € 72

This defines a transition probability kernel on X, which can be formally written as

PElo] = [T p(&lo). ¢))

x€7?

Assume that S is endowed with the discrete topology and X with the product
topology. Let % (X) be the set of continuous functions from X into R with the norm:
|@|.. = supyey |@(®)]. Since X is compact, €' (X) with the norm |.|, is a Banach
space, and its dual is .# (X), the space of signed Borel measures on X with the norm:

uf =sup{u(e) | ¢ € CX), ol <1}

For PCA on infinite spaces, it is often useful to consider the following semi-norm on
E(X):if 0,0(@) = (@) — P(W-4y, —®,), We define:

loll=Y |60l )

xez?

Let T : .#(X) — .4 (X) be the transfer operator associated to the transition prob-
ability kernel of (1), explicitly defined as:

Tu(e) = [ do [ € 9(6)PE|0]u(@), Q)

for any ¢ in €(X).

In [6], Toom proved the existence of an & > 0 such that for all € < &, the system
defined above admits at least two different invariant measures. Indeed, the Banach-
Alaoglu theorem states that the unit ball of .# (X) is compact in the weak-* topology.
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Therefore, if ¢ and ) are the Dirac measures concentrated on the configurations
{+1},c22 and {—1}, ., respectively, we can always extract two weakly-* convergent

subsequences of
1 n—1 1 n—1
-y T* 8™ and | -) T* 60 .
n n
k=0 neNg k=0 neN

The associated limits ﬂfﬁi and ui(]:\), are explicitly given by

nj—1
1 (@) = lim <1 Y T"5<*’(<P)> Vo €€ (X), )

for a certain subsequence (n /)j o Of increasing positive integers, and by the symmetric
X2
measures and Theorem 1 in [6] implies that ,uf;v) #* ‘u'i([;\)/ as long as € < g,.

Then, if € < g, there exist an infinite number of invariant probability measures,
since any convex combination of ’Ji(;\)/ and /‘Li(];v) is also an invariant probability mea-
sure. But, among these invariant measures, some have interesting properties such as
ergodicity and exponential decay of correlations. In Sections 3, 4, 5 and 6, we will
use a technique of decoupling in the pure phases previously introduced and developed
for Coupled Map Lattices [3, 5] to show that any initial probability measure in a suit-
able basin of attraction of .#/ (X ) converges exponentially fast toward /,Li(;ri or /,li(;\),. Let
1_ 4 be the indicator function of the subset {® € X|w, = —1 Vx € A}, and for any

measurable set Y C X, let 1y : .# (X) — .# (X) be the operator defined as:

expression for . '. The measures ui(;rz and /Ji(;\), are obviously invariant probability

Lyp(e) = u(@Ly).
We will consider the sets
BY(K,€) = { we.a(x) ‘ 11 au|<kel vAC zz},
with K > 0 and €' € [0, 1], and their symmetric counterparts 2 (K, €’), and prove the
following result:

Theorem 1 There exist o, > 0 and a positive and strictly decreasing function €, de-
fined on [0, o[ such that for all a € [0, o[ and € € [0,&.(a)], the following assertion
is true for any Toom PCA satisfying the corresponding assumptions (Al) and (A2).
For any probability measure | in B (K, €') with K > 0 and €' < &,(t), there exist
some constants C < oo and ¢ < 1 such that, for all ¢ € € (X) andn € N,

(@) — pin (@) | <Co” [|o].

The symmetric result for W in the class 7 (K,€') and ,LLi(;\), is also valid.

Eventually, in Section 7, we will prove that both uf;i and ,ui(gz have exponential
decay of correlations in space and in time and are, consequently, strongly mixing.
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Corollary Assume that o0 < o, and that € < &,(a), with o, and €, as given by The-
orem 1. Then there exists some constant ¢ < 1 such that for any ¢,y in € (X) with
o]l < oo and ||y]| < oo, and with a positive taxicab distance d(@,y) between their
supports, we have, for some Cy y < oo independent of d(@, ),

uf§3(<PlV) - Ni(;\),((P)ui(;\),(q/)} < C¢’W6d(¢~w).

,u,i(;\), also satisfies the same result.

For the exponential decay of correlations in time, we define the operator 7 : €' (X) —

To(@) = [ d 9(&) PlElal,

which is simply the dual of the transfer operator acting on signed measures.

Theorem 2 Assume that & < o, and that € < &,(o) with o, and €, as given by The-
orem 1. Then, for any continuous functions Q, W with finite supports, there exist some
constants 6 < 1 and Cy y < o such that, for all n,

w (@T"y) — ) (@) (w)| < Cpy 0™

The symmetric result for [Ji(;\), is also true.

The arguments developed in our proofs of Theorems 1 and 2 also apply to the one-
dimensional PCA of Stavskaya [2]. The model of Stavskaya is one of the first PCA
for which the existence of a phase transition has been rigorously proven. This phase
transition is similar to that of the Toom model and a slight adaptation of our proofs to
the Stavskaya model is sufficient to show both the exponential convergence of a large
class of initial measures toward the non-trivial natural invariant measure that appears
at the phase transition, and the exponential decay of correlations in space and in time
for this invariant measure. The modification consists in replacing the Toom graphs
which underlie our Peierls argument below with the fences described in [2] for the
model of Stavskaya.

3 Path Expansion

In this section, we will introduce a path expansion which is essentially equivalent to
the Dobrushin criterion [1], using here a formalism which was originally introduced
by Keller and Liverani for Coupled Map Lattices [3].

Let < be any well-ordering of 72, for instance

(0,0) < (0,1) < (—1,0) < (1,0) < (0,—1) < (0,2) < (=1,1) < (1,1) < ...
The operator IT, : € (X) — €' (X) is defined as:

ILo(®) = @(O-x,a<x) — (@, a=x),
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where, from now on, g will denote the configuration for which a, = a = +1 for all
x € 7?. Using telescopic sums, we can check that, for any continuous function ¢,

(@) =0()+ Y o). )

x€72

With a slight abuse of notation, let us denote by I, : .#(X) — .# (X) the dual of
the operator I, : € (X) — € (X). The image of .# (X) under this operator is actually
included in the set

My ={u € #(X) | u(e)=0if ¢(w) is independent of @, } (6)
whose elements verify the following property:
wedy = |u(e) < |ufléel.. ©)

With equation (5), we can see that any signed measure of zero mass y € . (X)
admits the following decomposition:

u=Y M. ®)

xez?

While I, ut belongs to .#,, it is no longer the case for TIL u. Nevertheless, since the
interactions are local, we will see that TIL i can be expressed as the sum of three
signed measures: a first one in .#, a second one in .#,_,, and a third one in .#;_,.
For this, consider an arbitrary measure (i, € .#,. Using definitions (3) and (6) of T
and .#,, it is easy to check that

Tpe =T+ 700Xy 4 7Oy )

where three new operators have been defined:

0)= [do [aE pE)(E 0)u(@) forye (xr-ex-e} (10

with the kernels
£, @) = (7&” 1 s ) (&d@) ~ p(&l0sa)):
P(&ie) [@)P(Ei—e, |@);
(g, @) = (m 1 r&o >p &l @21.a) (1
(PEa@) = plEco|@20@) ) plEc-er]@);
ten(E @) = ( [1 p(éwlw)) P& @z,

yAXX—e1 . X—€)

P& @200) (P(Ecer]©) — P& ir]@1,0) ).
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We notice that the images of .# (X) under these three operators are included respec-
tively in Ay, My—., and M., .

Let now U be a signed measure of zero mass and consider 7" tt. Using the decom-
position (8) and applying (9) iteratively, we find

T"‘u — Z Z Z T(xnwxn—l)...T(xhx())HxO‘u“

x0€Z?x0—x1€{0e1.e2}  xp—1—%n€{0e1,2}

This sum can be rewritten as a sum over paths. Indeed, if we introduce
P={y:{0,....n} > Z° |y, =xand y%_; — % € {0,e1,e2} vt}

it is equivalent to the following compact expression:

ru=Y Y [[rerim, (12)

xez? Vel 1=1

where the operators T(%:%-1) have to be applied in chronological order.

In the case of a weakly interacting system, this sum over paths can be used to prove
the existence of a unique invariant probability measure, under the assumptions of the
Dobrushin criterion [1]. The system we are considering here is certainly not weakly
interacting. However, in order to prove Theorem 1, the idea will be to take advantage
of the decoupling in the pure phases conveyed in Assumption (A2). This assumption
will provide upper bounds of order ¢ on the couplings T-%-1) in the positive phase.
Indeed, as a = +1 in (11), those bounds will be obtained for the instants ¢ such that
the considered space-time configuration presents a majority of positive spins at time
t—1in the set {%;,% +e1,% +¢e2}. As for the negative phase, it will be shown to be
infrequent enough, for a suitable choice of initial condition.

4 Pure Phase Expansion

For fixed x € Z?> and 7y € P,, if ¥ denotes both the function and its trajectory
{(t,y) |t =0,...,n}, let us partition the trajectory into ¥y C v\ {p} and Y =
(Y\ {1} \ ¥*). We define, for t = 0,...,n, the sets F (¥",r) C X with the follow-
ing indicator functions:

on@= JI 1.0de) JI 1 (o).

x:(t+1,x)ey x:(t+1,x)ey)

partition in (12),

=Y Y Y H(]lF(ym’t)T(Yh%fl)) Lo o T

x€Z? YER 4 Cp\ [y} =]
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where 1, (¥ ) is nothing but the identity operator. Using property (7) together with

the fact that the image of .# (X) under TO:%-1) is included in .#,, we have, for all
0 €% (X),

T"u(e) < ), Y, )

xeZ? YRy Cy\ (0}

H (ﬂF(y(Jr),t)T(%’%il)) ﬂF()ﬁ),O)HYo” 6:¢]..

t=1

(13)
Next, for given x € Z2, y € P, and " C v\ {0}, we define the set

We will now build a graph inspired of the construction in [6] in order to control the
extent of the negative phase. We will then rewrite the expansion (13) as a cluster
expansion in terms of a combination of paths and graphs.

5 Graphs

Toom graphs are at the heart of a Peierls argument in the proof of the existence of a
phase transition for a class of PCA, including the Toom model, in [6]. An intuitive
review of their complex construction and of the proof in the particular case of the
Toom model is given in [4].

In order to bound the probability of finding a negative spin at a given time #_ and
at a given site x_ of the lattice, when the initial measure is §, [6] and [4] associate a
graph G on {0,...,t_} x Z? to each space-time configuration presenting this negative
spin. This graph identifies part of the errors which lead to the negative spin at (f_,x_):
it traces the origin of this negative spin, via their propagation according to the majority
rule, back to some previous errors (when ¢,(@,_;) = +1 but @, = —1). Such errors,
classified in a distinguished subset Vg of the set of vertices Vg, all carry a probability
smaller than €, because of Assumption (A1). The large number of possible graphs is
then an ‘entropic’ factor which has to be counterbalanced by an ‘energetic’ factor, i.e.
the probability of the graphs, which is bounded by the probability of making all the
identified errors, £/%6|. Now the construction algorithm of the Toom graphs guarantees
the following properties:

(P1) The graphs are connected and contain (¢_,x_). Moreover, they are made
of at most 48 different types of edges, taking into account all the admissi-
ble displacement vectors, orientations and colors. To any such connected
graph corresponds a walk which starts from (z_,x_), passes along ev-
ery edge exactly twice and then comes back to its departure point. We
consider the sequence that records, at each step of this walk, the displace-
ment vector, color and orientation of the travelled edge, and call it the
‘Eulerian path’ associated to the graph. This correspondence is injective.
Consequently, the number of different graphs grows only exponentially
with their number of edges, |E¢|, as the number of the Eulerian paths of
length 2|Eg]| is less than 48%Fcl,
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(P2) The number |Eg| of edges is in turn related to the number |Vg| of identi-
fied errors:

1 R
Z|EG|+1§|VG|. (14)

This is relation (A.5) in [4]. It is due to a current conservation principle
which presides over the graph construction so as to take advantage of the
erosion property of the Toom model.

References [6] and [4] use these properties to prove that the ‘energetic’ factor wins as
long as € is small enough. The probability of finding a negative spin at a given time
and a given site can be made as small as desired by taking € appropriately small.

Here in our treatment of the space-time configurations with a majority of negative
spins at time t — 1 in {y;,% +e1,% +e2} for all such ¢ that (¢,%) € ¥, we will hardly
need to modify Toom’s construction, but we will associate to each space-time config-
uration a collection of Toom graphs instead of only one, as we are interested in the
origin of a collection of negative spins, corresponding to the different elements of .

We define a map

g6 (r) =9 () =g(e (1)) (15)

(@)—o— G=g((@)/—)

where G is a graph made of a disconnected collection of Toom graphs whose con-
struction, for a given (@);_, € & (%”), consists in the following steps:

1. We pick 11, the largest ¢ such that (11, %,) € . We know that ¢y, (@,-1) = —1.

We consider (@,);_, which is obtained from (®;);_, by replacing o, o, With the
value —1. We construct the Toom graph G having the negative spin at (11,7, ) as
origin and which is associated to (®,);_, according to the algorithm in [6] and
[4]. The whole algorithm remains valid here, the only difference being that no
assumption about the initial condition forbids the presence of negative spins at
t = 0. A rule is then added to the algorithm: when the graph under construction
reaches such spins, they are considered equivalent to errors and classed as elements
of VGI .
So we end up with a connected graph Gj. Its set of vertices Vg, contains (¢, %, )
and at all points (7,x) € Vg, \ {(f1,%,)}, the space-time configuration (a);_, takes
the value @, , = —1. It has a distinguished subset of vertices VGI C Vi, where the
space-time configuration presents errors:

V(t,x) € Vg, such thatt # 0, ¢y(@_1) = +1.

It has a set Eg, of edges connecting its vertices and satisfying (14).
G is the first of the Toom graphs whose union will form the graph G.

2. We pick the next maximum 7, < f; such that (,%,) € Y. We perform exactly the
same construction as before and associate to (t2,7%,) the graph G, with properties
analogous to those of Gy. If Vg, NV, # @ then we discard G, as we can’t count
any error twice. Otherwise the union of G| and G, will be part of G.
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3. We repeat the same process up to the lowest time ¢ such that (¢,%) € ¥y, discard-
ing any Toom graph G; which intersects one of the previous retained ones.

4. G is defined as the union of all the retained G;, i € {1,...,|y7|}. Vi is the union
of the retained Vg, Vg, that of the retained Vgi and Eg, that of the retained Eg;.

The map g of (15) is then completely defined. It is usually not injective, as there are
many configurations corresponding to one graph. But & ()ﬁ”) can always be written

as:
cy= U s¢'G (16)
Geg (yH)

Defining, for all G € ¢ (y*)) and forr =0,...,n, the subsets E(G,7) C X:

Lrgn@ = [I 1-(@) [] 1+(6(e), (17)

x:(t,x) VG \ v x:(t4+1,0)eVg

we have, by construction of the map g,

n

Loig((@)y) < II_TOHE(GJ)(@)' (18)

Let us consider any G € ¢ (¥?). G is the union of ¢ individually connected but
pairwise disconnected Toom graphs (G;,,...,G;, ). From this point on, they will be
noted (Gy,...,Gi,...,G.). They all possess Properties (P1) and (P2). We show that G
itself inherits similar properties.

First we find an upper bound on the number of different graphs with given numbers
of edges and of connected parts. We define a map w on & (). For G € ¢4 (y*)),
w(G) consists of two elements: first, the list of the origins of Gj,...,G,; second, the
sequence given by the concatenation of the Eulerian paths associated to Gy, ...,G,.
This map w: ¢ (y9) — w (¢ (7)) is injective.

Proof We know by construction of any Toom graph G; that the Eulerian path will
leave from and come back to the origin of G; exactly three times, because there are
always three edges attached to the origin of a Toom graph. Given any element of the set
w ({4 ()ﬁ)) ) , its unique inverse image can then be deduced from the list of origins and
the sequence of steps by the following method. Starting from the first origin recorded
in the list, we add the steps of the sequence and redraw the first connected part of
the graph, until the origin has been reached three times. Then we jump to the next
origin recorded in the list and read on the sequence of steps until we again come back
three times to this second departure point, and so on, until we have read the whole
sequence. Finally we give back each travelled edge its color and orientation, which
are both recorded in the sequence.

Forallc € Nandallm € N, let ¥ (y*),c,m) be the subset of 4 (y*)) consisting of the
graphs with ¢ connected parts and m edges exactly. Any element of w (¢ (9, c,m))
is made of a list with ¢ origins chosen among the elements of ¥~ and of a sequence
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with exactly 2m steps. Therefore Property (P1) is transferred from Toom graphs to
graphs G € 4 (Y, c,m):

9 (7 com)| = |w (& (¥7cm))| < (|7i)|).482’" <lagm o)

On the other hand, every connected part verifies Property (P2), that is to say, satis-
fies the analog of (14). Summing this inequality over all parts gives a similar property
for G:

1 N
7 [Ecl+e< V|, (20)
We also have
|77 < |Eg| +e. (2D
Proof Tt is sufficient to construct an injective map f: ¥ — EgU{1,...,c}. Let us

consider any (¢,%) € ¥ If (¢,%) belongs to a connected part G; of G which is con-
tained in {0,...,7} x Z?, then we know by construction of G that (¢,%) was the unique
origin of G;. We assign to (r,%) the image f((r,%)) =i € {1,...,c}. Otherwise, we
know that the Toom graph with origin (#,7%) has been discarded. Then it intersected
at least one of the retained Toom graphs with origin (s,%;), s > ¢. Now the discarded
graph was contained in {0,...,7} x Z* and the time component of edges of Toom
graphs has maximum absolute value 1. Therefore there exists an edge of the retained
graph which arrives onto some point (¢,x), x € Z>. Such an edge belongs to Eg and
we take it to be the image of (z,7%) under f. The map f thus defined is easily seen to
be injective.

6 Exponential Convergence to Equilibrium

Inserting partition (16) in expansion (13) yields a sum over graphs. It introduces
intricate couplings between the configurations at different times, due to the com-
plexity of the Toom graph construction algorithm. Since we do not have the prop-
erty of factorization over time, we use the upper bound (18) in the equivalent form
L1 ((@)—g) = Lpm16((@)i—p) - TTio Le(c.) (@), as indicator functions can only
take values O or 1. Now, for all (@);_,, we have

’H%)‘u [T(Ylﬁ’o)(@l’.) ﬂF(yH),())mE(G,O)(') ﬂg,lc(d(@t):l:l)} ‘
< M| [‘7(7’1’70)(@17')‘ ]lF(y(Jr)AO)ﬂE(G,O)(.)} ’

where |I"I,,0 u‘ is not the norm, but the absolute value of the measure Iy 1. Conse-
quently, if we define the operator 70 by replacing ’L'(W)(é,@) with its absolute
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value ’T(y"‘) (&, Q)‘ in (10), the graph expansion gives

n

(]]'F(y(+) J)T(%-,yrfl)> ]]-F(yH),O)HVO"l (22)

t=1

n

G fg(;,(ﬁ-)) tI:I< F(r.) T(%Y’ )le(YH):O)ﬂE(G.O) |HY()“| .
I =

<

This expansion will be the starting point of the proof of Theorem 1. Before, we
need the following lemmas:

Lemmal Forallx€ 7% ye P, YV Cy\{nw}and Ge G (Y"), all v € 4 (X) and
allt € {1,...,n},

,z)TW”YH )]lF(y(Jr),tfl)ﬁE(G,tfl)v

]lF(yH),z)mE G

Vool gli 1 ol
< ‘]lF(yH),tq)mE(G,zq)"‘ gl’osl gt 1 ol

where we introduced the notation %" = Y% N {(t,x)|x € Z*} and the analogs ' and
VG,!'

Proof Using definitions (10) and (17) of T(*-%-1) and 1g(G,)» We already have

Fn-1)q

Lp () e (Ga) F(yW t—1)NEG—1)V
< ‘lF(y(ﬂ,tfl)ﬁE(G,tfl)v" (23)
sup dé 1 @[ )]
WEF (YD 1 —1)NE(G,t—1) xltx GVG\V

Now, keeping definition (11) of 7 in mind, the contributions of the spins &, at different
sites x € Z2 to the integral in (23) are decoupled and factorize. We first consider the
set {x € Z?: (t,x) € Vi \ v}. Because of Assumption (A1), its elements all contribute
by a factor bounded by &, since the supremum in (23) is taken over configurations ®
in E(G,t —1). Everywhere else on Z2\ {}, the contribution is trivially bounded by
1.

For x = %, we need upper bounds on |p (&, |@) — p (& @4y, ,,a)l:

- if ¢y (@) = +1,
= andif & = =1, |p (& |@) — p (Syl@sy_ @) | < 0 p (§4lo) < ae;

- and if & = +1, [p (& |@) — p (§yl@zy_,,a)| < p(&yl@),
where we used Assumptions (A1) and (A2);
- if ¢y, (@) = —1, we use the trivial bound |p (&, |@) — p (& |@zy ,,a)| < 1.
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Therefore we obtain the following three types of upper bounds on the contribution of
the spin at % to the integral in (23): the contribution is bounded by o € if (¢,%) €
¥ NV, by atif (¢,%) € ¥\ Vg or by 2iif (¢,7%) € 7). Inserting all these bounds in
(23) proves Lemma 1.

Lemma 2 There exist o, > 0 and a positive and strictly decreasing function &, de-
fined on [0, o[ such that for all o € [0, o[ and € € [0, €. ()], the Toom PCA satisfying
Assumptions (Al) and (A2) with parameters € and  verify the following result. Let
K >0and € €0,e.(a)[. Let i € A (X) be such that its absolute value || is in the
class %’“NK L&' ). Then, there exist some constants C < e and ¢ < 1 such that, for all
Qb (X)andneN,

LY L

xeZ2 <Pyt cp\ (o} It

T (£ 70%) i Tt 18912 < CO” ]

Proof Multiple uses of Lemma 1 on the RHS of (22) imply

n

H <1F(y(+)7,)mE(G,,)T(%‘%fl)) ]lF(y(+) 0)NE(G,0) |H70 |

t=1

no 1y (+) (=)
< e lVorl of 2 oo [Tl

The important point is now that we assumed that |u| belongs to % (K, €’). Indeed,
since 1¢(g,0) < ]]'_AVGO and 1 VGO(QEVWQWO) < ]l—-VGo(Q)’ and using the definition
of ITy,, we obtain

I 1|V,
’]lF(y(+> 0)NE(G,0) | Vollf‘<2Ke\ Vool
Consequently, with & = max{e, €'},

n

H( F(y® ) TW?Y’_])) Le(y 0)nE(G.0) (M| < 2k &l%l o127 24y
=1

Now for all G € ¢4 (}ﬁ)) with ¢ connected parts, (21) implies that the number of
edges can be written as |Eg| = W | —c+k with a certain k € N. Therefore ¢ (M* )
Ueen ¥ (7/ | | —c+ k) and, by virtue of the graph properties established above,

keEN

we have

O LIl etk e by o)

S Z Z |y |482 ‘}’( ‘ c+k ‘}’( ‘+3L‘+k by (19)

-)
< : 1 , (2.4825%)M | (25)
(1—48281)(1 — 482¢1)
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provided that € and €’ are such that 4821 < 1.
Combining (22), (24) and (25), we find

Y L H(ﬂF(yH)A,z)T(%’%fl)) Py 0) oM

x€Z2YEP I Cy\ [} 11=1

scy Yy Y oo ‘(4482“)M 1801,

x€Z2 <Py Cp\ (1}

10,0,

2K = . Here, we can use Newton’s binomial formula: for any
(1-48284)(1-48-284)

finite set A and any x and y in R, ¥ pcs x/PIy4\Bl = (x 4 )Ml Finally, since |P| = 3"
and keeping definition (2) in mind, we get the desired upper bound if we take o =
3 +4.482§%). For ¢ to be lower than 1, the parameters must satisfy @ < o, = 1/3
and & = max{e, €'} < &.(a) where the function &, is strictly decreasing and positive
on [0, o[-

where C =

Using Lemmas 1 and 2 and the previous sections, we now prove Theorem 1.

Proof (Theorem 1) We take the constant ¢, and the function &, obtained in Lemma
2. Let us consider any Toom PCA with parameters @ < o, and € < &,(o). We write
T"u(e)— ,ul(;v((p) T"i(p) where fl = u — ,ui(gv) € . (X) is a signed measure of zero
mass. Therefore we can apply the above path expansion and pure phase expansion

to T"1 Which then satisfies (13). Using definition (4), il can be rewritten as fI =
*ﬁm " ): (/.1 —Tk8®)), so that |T"fi(¢)| is bounded above by

[] (]l WW”) Ly (y,0) 1T M

wo EEY L |

T S0 xez2 VP 0 S\ (o}

n

H (IlF(y(+),t)T(%’%7l)> 1F(7(+>,0)H70Tk6(+)

t=1

+

1 |6:¢].. - (26)

As the probability measure 4 belongs to 8% (K, ¢') with €’ < &.(a), Lemma 2
applies to the first part of (26):

L)Y X

x€22YEP N T\ [y} |1

18,0, < Ca"|lo||, (27)

H(ﬂ (o T )11< oIk

where C < o and ¢ < 1 are given in Lemma 2.

As for the second part of (26), it can be bounded thanks to a slight modification
of the same arguments. We don’t know whether the Toom model has the property that
T*5% belongs to some %% (K,€'). Therefore, we will now extend the Toom graphs
up to time —k instead of 0. For fixed k € N, x € Z?, y € P, and ¥ C y\ {n}, we
define

G () = {(@) exThr o e F () vie o).
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A map gy is defined, similarly to the map g above:

g & (V) =% (V) =& (& (v7))
(@)~ G=g ((@)_).

The only change in the graph construction algorithm takes place whenever a Toom
graph G; under construction reaches a negative spin at time ¢ = 0. Instead of classing
it into the set of identified errors VGi, we carry on the construction of this branch of
G;, as for positive times, until we meet either an error or a negative spin at time —k,
which is now considered the initial time, and class it in VG,.. At the end, we obtain a
disconnected union of Toom graphs on {—k,,...,n} x Z2, with origins (¢,%) € ¥
and with the properties described above. In particular, all the previous results about
& (y™) still hold for % (y¥) and for the associated subsets % (¥, c,m) of graphs
with ¢ connected parts and m edges.

Extending definition (17) to graphs G € ¥; (1%*)) and to negative times, the analogs
for g of (16) and (18) lead to the following graph expansion for the second part of
(26):

n

(ﬂF(yH)J)T(%’W])) Ly 0,01 Do T*s"

t=1

n

J [CHmEp— (8)

t=1

Ge (vh)
—1
ILF()/(+).O)HE(G,O)@70 I_kI 1 (ﬂE(GJ)T) ]lE(G,—k>5(+>‘ )

t=—k+

where we defined the operator ©,:

0uu(9) = [do [ d& o) (1P |)) (8)|u(@).

with IT, acting on the measure P[-|®].
Lemma 1 as well extends immediately to graphs G € %, ()ﬁ)). Applying it n times
to the RHS of (28), we find that it is bounded above by

—1

1F(y<+>,0)mE(G,o>@Vo l—k[ 1 (]lE(Gf)T) ]1E<G~,—k)‘(5(+>
1=—k+

Y e VGl g7 P15 lr]
GE%/{(’J/H))

Then we can use again Assumption (A1) k times. Indeed, we know from definition
(17) that 1,y < 1_yp  and from Assumption (Al) that ‘]L Vg,TﬂE(G,t—l)V‘ <
elVe.l ‘]1E(G7t,1)v| for any probability measure v. The operator @y, can be handled

in the same way as T, taking its definition into account, together with the fact that
1 960 (@sx,a<y) < 1 960 (). It will simply introduce an extra factor of 2 due to the
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operator IT,. Lastly, by definition of %), 8% (LG _g)) = 0 unless Vg _ is empty,
in which case 6 (1 (g _y)) = 1. Consequently, the RHS of (28) is lower than
2 Z gWGl aW(H‘ 2‘7’(7”
Ge% (1Y)

And so, performing the same calculations as for the proof of Lemma 2, we obtain, for
the second part of (26),

LY X

xez? YePe i Cy\ {1}
< Cinv o H(p” ) (29)

| (O E R A [

t=1

2
(1-48264)(1—48 2¢1)
Inserting (27) and (29) in (26), we conclude:

T"1w(9) — tin(9)| <C 0" [lo],

where we renamed C + Cjyy to C for simplicity. Since the Toom model is completely
symmetric under the interchange of positive and negative spins, the similar result
about ') and ) (K, €') is also true.

inv

where G,y =

7 Exponential Decay of Correlations

We will now prove a well-known consequence of Theorem 1: the invariant measures

[,Li(;\)/ and ui(; both present exponential decay of correlations in space.

Proof (Corollary) Since 8 belongs to %% (1,0), Theorem 1 implies that for some
o < 1 and some C < o, we have, for all k € N,

T+ (ow) — i (ow)| < C o lloy;
T+5(9) ~ pin (9)| < C o* o
748 (y) — s (w)| <C o .
But 6% is a product measure and the interactions are local, so
789 (py) = T* 8 (@) T8 (v)
as long as k < d(¢, ). Since d(¢, y) > 0, we also have

lowll <[l v].+]ol. ¥l < e

Hence, as long as k < d(@, ), there is some constant C’ < oo that depends on ¢ and
v such that

ui (@) — pi (@) (w)| < C'c*.

If we take k = d(¢, y) — 1 and choose Cy y = %/ we obtain the desired inequality. By
symmetry, ,ui(l;)/ possesses the same property.
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o)

The invariant measures (. and ,ui(gv) also exhibit exponential decay of correlations

in time.
Proof (Theorem 2) Theorem 1 applied to 6% € 2™ (1,0) implies that, for all k € N,
Hin (9T"y) =T 89 (9T" )| < C &* |l oT"y]|. (30)
Now, remembering definition (2) of the semi-norm ||.||, we notice that
loT" vl <2|¢l.. | Wl [supp(9T"y)]
But the conical structure of the space-time influence of spins implies
. 2
[supp(@T"y)| < |supp(¢)| + (diam(supp(y)) +n)",

so there exists a ﬁnite. constant Cy, ,, such that [|@T"y/|| < Cﬁw,nz for all n € No.
Theorem 1 also yields

M (@) (W) = B ()T (y)| < o™ ol [l 3D

M (@)TE 89 (y) =748 ()T (w)| < Cwl ol (32)

In order to find an upper bound for [T¥6% ( (¢ — T*6%)(¢)) T"y) |, we rewrite it

as [T" u(s,k) (w)|, where the signed measure /.L(S,k) € #(X) is defined by

u (w) =148 ((9—T6% (9) ) W) Wy eB(X).

[J,é,k) is a measure of zero mass so it satisfies (13):

<Y ¥ X

xez? YVEP y(*) S\ {n}

- k
[1 (ﬂFw ,r>T<%’y’")) 1F<¢+>,0>Hmﬂ<5> 18.wl...

t=1

The last expression is similar to the second term of (26) with ,ué,b instead of T48®
and we can then perform the same argument as in the proof of Theorem 1 in order to

k
Ty’ (w)
The only change in these calculations is the presence of an extra factor ¢ — T§® (9)

whose supremum norm is bounded by 2|¢|... Provided we keep track of this factor,
the calculations which lead to (29) still hold here:

’T"S(” (((p - T’<5<+>(<p)) T"u/) \ <2 Gy 0" (9. llV]- (33)

Combining (30), (31), (32) and (33) and taking the k — oo limit ends the proof.
The symmetric proof leads to the same result for ,ui(gv).

bound

, extending again the collections of Toom graphs up to time —k.
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Theorem 2 implies that ,ui(rfv) and ui(; are not only ergodic but also mixing, that is,
for any continuous functions ¢, y, we have

lim |40 (PT" ) — iy (@) iy (W) | =0

and the same result holds for ,u(f) Indeed, by definition of €’ (X), the set of continuous

inv*
functions with finite support is dense in €(X).
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