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Abstract. In this paper we propose third-order methods for composite convex optimization
problems in which the smooth part is a three-times continuously differentiable function with Lipschitz
continuous third-order derivatives. The methods are adaptive in the sense that they do not require
knowledge of the Lipschitz constant. Trial points are computed by the inexact minimization of
models that consist in the nonsmooth part of the objective plus a quartic regularization of third-order
Taylor polynomial of the smooth part. Specifically, approximate solutions of the auxiliary problems
are obtained by using a Bregman gradient method as inner solver. Different from existing adaptive
approaches for high-order methods, in our new schemes the regularization parameters are tuned by
checking the progress of the inner solver. With this technique, we show that the basic r{lethod finds
an e-approximate minimizer of the objective function performing at most O(|log(e)|e™ 3) iterations
of the inner solver. An accelerated ?daptive third-order method is also presented with total inner
iteration complexity of O(]log(e)|e™ %).
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1. Introduction.

1.1. Motivation. The worst-case complexity analysis of methods based on reg-
ularized Taylor models has been a very active research area in recent years (see, e.g.,
[1, 3, 4, 5, 7, 8, 10, 15, 18, 23]). In these methods, trial points are obtained by
the minimization of (p + 1)-regularizations of the pth-order Taylor approximations of
the objective function (p > 2). To ensure fast global convergence rates, it is enough
to compute suitable approximate stationary points of the models [3]. Moreover, if
the objective function is convex, then any (p + 1)-regularization of the corresponding
pth-order Taylor approximation is also convex when the regularization parameter is
sufficiently large [21]. Remarkably, for p = 3, additional relative smoothness proper-
ties [2, 17] were proved in [21] for third-order tensor models. These properties allow
the use of Bregman gradient methods to approximately minimize third-order tensor
models with linear rate of convergence [21].

The interest in third-order methods is motivated by their improved worst-case
complexity in comparison with first- and second-order methods. For example, it was
shown in [21] that the basic third-order method takes at most O(Lé/ 3¢=1/3) iterations
and calls of the oracle to find an e-approximate minimizer (e > 0), where L3 is the
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Lipschitz constant of the third-order derivative of the objective function. In contrast,
for the cubic regularization of the Newton’s method (case p=2) an upper complexity
bound of O(Lé/zeflm) was proved in [23], with Lo being the Lipschitz constant of the
Hessian of the objective function. With respect to €, the two bounds differ by a factor
of O(e~1/6), which can be sufficiently large when e is close to zero. This means that
third-order methods are particularly relevant to problems that need to be solved to
high accuracy, such as decision-making problems. Moreover, even when a moderately
accurate solution is sought, third-order methods may also outperform second-order
methods when L;’/S is smaller than Lé/2.

The fast minimization of third-order tensor models is crucial for the development
of practical third-order methods. However, the linear convergence of the Bregman gra-
dient method applied to these models can be guaranteed only when the regularization
parameter is bigger than a certain multiple of the Lipschitz constant of the third-order
derivative of the objective function. The simplest way to satisfy this condition is to
use explicitly such Lipschitz constant, when it is known. As pointed out in [21], this
requirement is one of the main limitations for practical implementations of third-order
tensor methods, since in general Lipschitz constants of third-order derivatives are un-
known. In this paper we address this problem. Specifically, we propose adaptive
third-order methods for composite convex optimization problems. The methods are
adaptive in the sense that they do not require knowledge of the Lipschitz constant.
Trial points are computed using a Bregman gradient method as inner solver. Our main
contribution is a novel way to update the regularization parameters in the third-order
models used to compute trial points. Different from existing adaptive tensor methods
[12, 13, 16], in our new methods the regularization parameters are tuned by checking
the progress of the inner solver. When the regularization parameter is sufficiently
large, the inner solver is guaranteed to have a linear rate of convergence. We design
an implementable way to check the violation of linear convergence. Thus, once a
slow convergence rate is detected, the execution of the inner solver is stopped and the
regularization parameter is increased. In standard adaptive third-order methods for
convex optimization (such as the ones in [12, 13]), the computation of each trial point
takes at most O(e~%) iterations of the Bregman gradient method, where € € (0, 1) is the
desired accuracy for the norm of the gradient of the objective function (Theorem 3.8
in [11]). Our new adaptive technique brings this complexity down to O(]log(e)l).
Using this result, we show that our basic adaptive third-order method finds an
e-approximate minimizer of the objective function performing at most O(|log(e)|e™ )
iterations of the inner solver, while our accelerated adaptive third-order method has
total inner iteration complexity of O(|log(e)|e 7). Preliminary numerical results are
also reported and illustrate the feasibility of our new adaptive technique.

1.2. Contents. The paper is organized as follows. In section 2 we define our
problem and present the main results about the Bregman gradient method applied to
the minimization of third-order tensor models. In section 3 we present and analyze the
basic adaptive third-order method. Section 4 is dedicated to the accelerated adaptive
third-order method. Illustrative numerical results are reported in section 5. Finally,
in section 6 we discuss the possibility of second-order implementations of our adaptive
schemes. For the reader interested in a rapid overview of the present work, the main
results of this paper are Lemma 2.8, Theorem 2.9, Corollary 3.5 (with Remark 3.6),
Corollary 4.5 and Lemma 4.6 (with Remark 4.7).

1.3. Notation. In what follows, || - || denotes the Euclidean norm in R", or
the matrix and tensor norms induced by it. For a set S C R™, conv(S) denotes its
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convex hull. Given a matrix A € R"*™, trace(A) =) ._, A;;. Moreover, for a smooth
function f:R™ — R, we denote by D3 f(z) the third-order derivative of f(-) at point
x, which is a tensor defined by
3f
D? = 3,k e{l,... .
[ f(x)]l]k axzax]azk (x)7 %7, e{ ) 7n}

2. Problem statement and auxiliary results.

2.1. Basic third-order method. In this paper we consider methods for solving
the following composite minimization problem:

(2.1) Inin flz) = f(2) + (),

where f : R™ — R is a convex three times differentiable function and 3 : R" —
R U {40} is a simple convex function. More specifically, we will assume that the
third-order derivative of f(-) is Lg-Lipschitz continuous, i.e.,

(2.2) ID?f(2) = D*f() < Lyllw =yl Va,y eR™.
Given z € R™, the third-order Taylor polynomial of f(-) around x is given by
3
1 % % n
(2.3) a(y) = f(2)+Y_ D' f(@)ly—al, yeR"
i=1

It follows from (2.2) and (2.3) that

L
(24) HOREAOIES R

L
(2.5) V() = V()| < S lly — <.
and

2 2 Ly 2
(2.6) IV2f(y) = Vi ()l < Sy lly — [l
Define dy : R™ — R by
1
(27) da() = 7ol
and consider the following model of f(-) around x:
(2.8) Qo (y) = Qo (y) +4(y),  y € domy,
where
M

(2.9) Qum(y) = Caly) + - daly — 2),

with M >0 being an estimate of Ly. If M > Ly, then it follows from (2.4) that
= 4L
F(y) < @aly) + — daly = 2) + ()
M
=Ca(y) + 5rda(y —2) +9(y)

<@.(y) + %dzx(y —z)+¢(y)
(2.10) = Qe (y).

© 2023 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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This remark motivates the following third-order method to solve (2.1):

(2.11) Tiq1 € arg min Qg ar(y), t>0.
ye]Rn g

Given, z € R™, notice that Q, a7(-) in (2.9) is a multivariate polynomial. Therefore, in
general, 0, a/(-) in (2.8) is a nonconvex function, which makes its exact minimization
in (2.11) out of reach. Remarkably, if M > Ly, it follows from Theorem 1 in [21] that
Q,.r(+) is convex, allowing the use of efficient methods from convex optimization to
approximately solve the subproblem

(2.12) min Qe ()

In this work, we are interested in the computation of an inexact solution z+ of (2.12)
such that

M
(2.13) IV Qe 2 (@) + gu (2 < o™ —alf?

for some g, () € y(z). When M is sufficiently large, this type of point enjoys
the following property.

LEMMA 2.1. Suppose that f: R™ — R satisfies (2.2), and let x* be a point for
which (2.13) holds. If M > Ly, then

~ 1

(2.14) (Vf(a"),z—a")> Ve IVf ()],

where V f(z1) =V f(z) + gy (zT).
Proof. By (2.5), (2.9), and (2.13) we have

Vi) + le el -0

=V f(a®) = VO, (aF) + Vs, ar(2") + gy (a7)
<NVF@ET) = VO, (@)l + [ VQe, 0 (27) + gy (a7
L+ M
<=t —al®
Since M > Ly, we get

- M M
V7 + et - alPa - )| < St~ al

Consequently,

. M 2
Sl = el |97 + et el et - 0

- - M?2
=[IVF@)* + Mz — 2|V f(2T),2" —z) + vl z|°,

© 2023 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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which implies that

215) (ViH).z—at) > IVIEDIE <1 - 1) ot — ol > 2+ ot

~ M|zt — x| 4 9 36
On the other hand, by (2.5), (2.9), and (2.13) we also have
IVF @) <IIVF(a™) = @a(a™)]
+[VOe () = VOt (@) + V0 11 (27) + gy ()|
< et —al* + S et — ol + et — 2P

(Ly +3M+ M) Ly+4M
= SR ot < 2Lt — g
Since M > Ly, we get

= SM
195t < > lla*

-z,
which implies that

(2.16) ot — ol > IV )|

Finally, combining (2.15) and (2.16) we obtain (2.14). O
Combining Lemma 2.1 and the convexity of f(-), it follows that

f@) = fat) 2 (Vf(at) .z —at) >

1 5 4

Vih)|s
V7
whenever a7 satisfies (2.13) for M > Ly. This sufficient decrease in the objective
function motivates the use of this type of inexact solution of (2.12) in the iterative
minimization of f(-), as we will see in sections 3 and 4. In what follows we have a
sufficient condition for (2.13).

LEMMA 2.2. Suppose that f:R™ = R satisfies (2.2), and let x € R™ and M, e > 0.
If a point T satisfies

(2.17) IV f(@™) 4 gyp(a)| > €
and
1 M
+ TV < Zmi R ———
(2.18) Ve (27) + gy (a™)] < me{l’Lerg)M}e’

then o satisfies (2.13).
Proof. By (2.17), (2.5), and (2.18) we get

e<|VS(a)+gu@")
< [VF @) = V()] + [V (a™) = Vi ()]
V2,0 (a) + gy )
L M
< La* —alP + Flla* —al + 5.

2

(© 2023 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 10/23/24 to 130.104.187.25 . Redistribution subject to CCBY license

1860 G. N. GRAPIGLIA AND YU. NESTEROV

Thus,

N

2Ly +6M Ly+3M
< (B o -l = (2 o el

which gives

1 M M
2.1 )< |zt — 2|
(2.19) 5 (o amr) < gl —al
Finally, combining (2.18) and (2.19) we conclude that (2.13) holds. |

Remark 2.3. If M > 4Ly and

€
(2.20) IV Qe a1 (27) + gy ()| < 7

then

1 M
+ | < = mi 1, — .

Thus, if
[VF(z*) + gy (@)l > e

then it follows from Lemma 2.2 that o satisfies (2.13).

In view of Lemma 2.2 and Remark 2.3, the computation of " satisfying (2.13)
reduces to the computation of an approximate stationary point of the model Qw, am(+)
in the sense of (2.20). As shown in [11], this can be done using a Bregman gradient
method (BGM) [2, 17]. When M < 2Ly, the BGM in [11] takes at most O(e~*)
iterations to find =™ satisfying (2.18). On the other hand, when M > %Lf, the BGM
takes at most O(|log(e)|) iterations to achieve the same goal. The adjustment of
M in existing adaptive third-order methods (such as the ones in [12, 13]) do not
take into account the progress of the inner solver. This means that they accept
models with M < %L ¢, for which the computation of the inexact solutions may be
computationally costly. In the next subsection we will see a modified BGM scheme
that, within O(|log(e€)|) iterations, either generates an approximate stationary point
of Qw)M( -) or gives a certificate that M < 4Ly.

2.2. Bregman gradient method. Exploring the special structure of 2, a(-),
the next lemma gives bounds on V2§, p(-) when M >4L;.

LEMMA 2.4. Suppose that f : R™ — R satisfies (2.2), and let M > 4L;. Then
Qg m () satisfies the strong relative smoothness condition

(2.21) %V%(y) =V, m(y) 2 ;V%(y) Vz,y e R"
for
(222) pel) = (V21 @)y — )y — ) + 5 daly — 7).

© 2023 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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Proof. From the proof of Lemma 4 in [21], for 72 = M /Ly we have

1 M—71L
V2 (y) = (1 - T) V2f(x) + #v%

= (1 - i) [vzf(x) + WVQCM(Z/ - w)]

= (1 - i) {sz(x) + %Vzddy - 33)}

(y—x)

Since M > 4Ly, it follows that 7> 2 and so
2 Lo
(2.23) Vi (y) = 5V a(y).

On the other hand, from the proof of Lemma 4 in [21] we also have

v = () [(1-1) v + P v - o)

_7'+1

(t+ )7
2

= <T JTF 1> _V2f(:17) + %Vzdzl(y - 1’)}
- <1 + i) §2pm(y)-

Since 7 > 2, it follows that

V2 f(z)+

LiV3dy(y — )

3
(2.24) Vi (y) = 5V (y)-

Thus, combining (2.23) and (2.24) we get (2.21). |

Lemma 2.4 is a refinement of Lemma 4 in [21]. By Proposition 1.1 in [17], it
follows from (2.21) that, for any z,z € R™,

(225) 1 (1) < Rt () + (V01 (2),5 = 2) + 555, (2:0)
and

(226) 000 () 2 Dt (2) + (V01 (2), — 2+ 56, (1),
where

(2.27) Bo. (2,4) = pa(y) = palz) = (Vpu(2),y — 2)

is the Bregman divergence associated to the function p,(-). In view of these inequal-
ities we can approximately solve (2.12) using the following gradient method with
Bregman distance (Algorithm B in [11]):

© 2023 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 10/23/24 to 130.104.187.25 . Redistribution subject to CCBY license

1862 G. N. GRAPIGLIA AND YU. NESTEROV

(2.28) yk+1:arg;g]}g{wﬁx,myk),y*yw+3ﬂpz(yk,y)+¢(y)}, k> 0.

Notice that (2.25) and (2.26) resemble the standard inequalities satisfied by
strongly convex functions with Lipschitz continuous gradients. Because of this simi-
larity and the properties of the Bregman divergence it is possible to establish a linear
rate of convergence for the BGM defined in (2.28). Usually this type of result is
proved for the sequence of functional residuals, i.e., {Qu ar(yr) — Quar (¥, (2)) }rz0,
where y3, is a solution of (2.12). However, we are interested in the convergence of
the sequence {||VQqu a1 (yk) + gu (Yx)|| Fe>0- The next three auxiliary results will allow
us to relate these two sequences and then establish a linear rate of convergence for
the latter (in Lemma 2.8). In particular, the first auxiliary result gives a sufficient
condition for O, pr(+) to be uniformly convex of degree 4.

LEMMA 2.5. Suppose that f : R™ — R satisfies (2.2), and let M > 4Ly. Then,
Qu.m(+) is uniformly convex of degree 4 with parameter M/24.

Proof. By Theorem 6 in [19], function d4(-) is uniformly convex of degree 4 with
parameter 1/3, i.e.,

1/1
o) 2 ds(o) + (Taa(a)y )+ (3 ) I =l o ®

Consequently, function p,(-) defined in (2.22) is also uniformly convex of degree 4
with parameter M /6. Combining this fact with the assumption M > 4L; and the
first inequality in (2.21), it follows that, for any z,w € R",

H4 — 2 (%)
4
<(Vpz(2) = Vpz(w),z — w)

1
:/O (V2ps (w+t(z —w)) (z —w),z —w) dt

M
—Jz—w
12

§2</0 V2 (w4 t(z — w)) (z—w)dt,z—w>
=2(VQ m(2) = VQu pm(w), 2 —w).

Thus, by Lemma 1 in [22] we conclude that €, as(-) is uniformly convex of degree 4
with parameter M /24. O

Now, given x € dom f and M > 0, consider the sublevel set
Las(@) = {yeR™ s Quoni(y) < ()}

The next lemma gives an upper bound for ||y — z|| when y € Ly (z).

LEMMA 2.6. Suppose that f : R™ — R satisfies (2.2), and let M > 4L;. Then,
given x € R™,
96/ Vf (=)

2.29 —zlP<
(2:29) ly —al* < =7

Yy € Ly (x)

where Vf(x) is an arbitrary subgradient of f()

(© 2023 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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Proof. Let y € Lys(x). For any Vf(z) € df(x) we have
V(@) =Vf(x)+ gy(z),
where gy (z) € 0¢(z). In particular,
(2.30) V(y) = () + (9 (2),y — 2).

Moreover, by Lemma 2.5, Q, ps(-) is uniformly convex of degree 4 with parameter
M/24. Therefore,

M
(2.31) Qo (Y) > Qe nr () + (VQu 1 (), y — ) + %Hy — x||*.

Summing up inequalities (2.30) and (2.31) and using the equality VQ, a(z) =V f(x),
we get

(2.32) Qanr (y) 2 Qo (2) + (V@) y —a) + %Ily —z|*.

By assumption, Q. 1/ (y) < f(z) = Qu.ar(2). Thus, subtracting Q, as(z) in both sides
of (2.32) it follows that

P M
0> (Vf(z),y— =)+ g lly — Il
Then
*||y—$||4 (Vi(2),x —y) <|IVF(@)llle—yll,
which implies (2.29). d
From Lemma 2.6 we can obtain an upper bound for ||V2p,(y)| for y € Ly ().

LEMMA 2.7. Suppose that f : R™ — R satisfies (2.2), and let M > 4Ly. Then,
giwen x € R™, we have

(2.33) V2 ()|l < Las Yy € conv(La (),
with
(2.34) Lt = trace (V2 f(2)) + “L ! 96||VA§< >|] |

where V f(x) is an arbitrary subgradient of f(-).
Proof. Indeed, by (2.22) we have

3M

1920, )= | V21(0) + 3 Tdaty = )| <I935 @]+ 2 = P

Thus, by Lemma 2.6 and (2.34) we have
IV2pa(W)| < Lot Yy € Lu().

Finally, since €, a(-) is convex (by Lemma 2.4), it follows that Ly (z) =
conv(Lys(z)). Combining this equality with the previous inequality we see that (2.33)
is true. a

For M sufficiently large, the next lemma gives a linear rate of convergence for
{IVQq, 01 (Yk) + 99 (Yx)|| >0 with {yx}r>0 generated by the BGM (2.28). The proof
combines the previous results with Lemmas A.8 and A.9 from [11].

(© 2023 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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LEMMA 2.8. Suppose that f:R™ — R satisfies (2.2). Given x € R™ and M > 0,
let {yr}tr>0 be the sequence generated by method (2.28) with yo = x. If M > 4Ly,
then, for all k>0,

(2.35) 9y (k1) = =V Qe v (yr) +3 [V (k) — Vou (Yks1)] € 09(yri1)
and

SsLi ﬁa:7M
(2.36) V% 01 (Yk+1) + 9o (1) |I* < %7

2M (§)
where Ly ar is given in (2.34) and
_1 2 96V £ ()] | 96(|V f ()| )||

(2.37) Bem = 5 trace (V2f(z)) i + S i ,

with V f(x) being an arbitrary subgradient of f(-).
Proof. By Lemma A.8 in [11], (2.35) holds and

- (&)
Qo (Whs1) > ———5- L[V ar (1) + 90 () I
4(3)° (3Lan)*

On the other hand, by Lemma A.9 in [11] we also have
1
A A * 2 5 z(xvy* (1’))
(2.39) Qo (Yr) = Qo (Y3 (@) < ()5 o
(37%)
where y, () = argmingegn Qz as(y). Then, combining (2.38) and (2.39) we obtain
3L, Mﬂpm(zv a ()
O
5
Notice that y3,(x) € Lar(x). Thus, it follows from (2.27), (2.22), and Lemma 2.6 that
Bo. (@90 (1)) = pu (Y (7)) = pu(2) = (Vo (), yar () — @) = pa(yir (2))
1 * * M *
= 5V @) (War (@) = ),y (@) = 2) + - yhr (@) — 2|

5|IVz (x )Hlly&(fﬂ)*wllugll Y (z) = a||*

(2.38)  Quarlys) —

)

(2.40) IV Q0% a1 (Yt1) + g (W) || * <

< L2y 96(|Vf ()] | * 96][V f ()| )||
LIV ()] [ M
(2.41) < Bu,m-
Finally, combining (2.40) and (2.41) we get that (2.36) holds. 0

The main novelty of Lemma 2.8 with respect to similar results in [11] comes
from the fact that the right-hand side of (2.36) is computable. This gives us an
implementable way to check the eventual violation of linear convergence when M <
4Ly. This property is the key element in the modified BGM presented in the next
subsection.

© 2023 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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2.3. Modified Bregman gradient method. For any x € R"™ and M > 0 we
can apply method (2.28) with yo = = to search for an approximate stationary point of
Q. () in the sense of (2.13). By Lemma 2.8, if for some iteration index k inequality
(2.36) is not satisfied, then M < 4L;. This fact motivates the following algorithm.

Notice that the output of Algorithm 1 is a pair (z7, ). When a = 1, this means
that Algorithm 1 stopped at Step 3. In this case, by Lemma 2.8 we have a certificate
that M < 4L;. On the other hand, the output o =0 means that Algorithm 1 stopped
at Step 2. In this case, the corresponding point zT is either an e-stationary point
of f(-) or it satisfies conditions (2.13). The next theorem establishes a complexity
bound for Algorithm 1.

THEOREM 2.9. Suppose that f : R™ — R satisfies (2.2). Then, Algorithm 1
performs at most

Algorithm 1
Step 0. Given z € R", Vf(x) € 8f(a:), and M, e >0, compute

Ly v = trace (V2 f(z)) —|—

2 M

96||V f (= >||]

and

96V (= >||] M l%nw >||]
8

Ba,m = %trace (V2 f()) i i

Set yp =z, a:=0 and k:=0.
Step 1. Compute

(2.42) Ye1 = arg min (V% 2 (Uk), Y — yi) + 3B, (v, y) + 0 (y)}

and

9o (Uk+1) = =V v (Yr) + 3 [Voz (yk) — Vor (Yr+1)] -

Step 2. If
e M
213 %) + gl < max £ e ol
set ¥ =yp41 and stop.
Step 3. If
38Li B M
(2.44) IV Q0% 1 (grs1) + g ()| * > —20

20 (3)°

set z¥ =yp11, a:=1, and stop.
Step 4. Set k:=k+ 1, and go to Step 1.
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38 (TLy 1) Be
1+log1.2< ( ’M) 2 ’M6_4>

2M
iterations. Moreover, if M > 4Ly, then Algorithm 1 returns a =0 and ™ satisfying
IVf(z)+ gyp(z™)| <e or (2.13).

Proof. Let {yk}ﬁ:% be generated by Algorithm 1. Since y,11 was generated, this
means that Algorithm 1 has not stopped at the /th iteration. Consequently,

€
(2.45) V01 (ye) + g9 (ye) || > 7
M 3
(2.46) IV a1 (ye) + gy (ye)ll > FHW —z|°,
and

38Li,Mﬂx,M

(2.47) V% a1 (ye) + 9o (yo) |* < (&)

Assume that

38 (TLyar)* B
£>1+log1.2< ( 21\]\44) 2 ’Me_4>.

In this case, by (2.47) we have

(V% a1 (ye) + g (ye) || * < (;)4

and so

(2.48) V% a1 (ye) + gy (ye) || <

|

which contradicts (2.45). Thus, we must have

38 (TLy 1)
€<1+log1_2< ( xzj\]\/i_f) ﬁx’Me4>.

Now, let (zT,a) be the output of Algorithm 1, and assume that M > 4Ly. In
this case, by Lemma 2.8, Algorithm 1 must stop at Step 2, which gives a pair (z, )
with a =0 and 2 satisfying (2.13) or |[Vf(z) + gy (z1)]| <e. 0

3. Basic adaptive third-order method. Now that we have a suitable solver
for auxiliary problems of the form (2.12), we can describe our basic adaptive third-
order method to solve (2.1).

In Algorithm 2, ¢ is the iteration counter, while i; +1 is the number of trial points
computed at the tth iteration. Regarding the trial points, notice that if ¢ is sufficiently
large, we have

2'M; >4L;.

Thus, in view of Lemma 2.1 and Theorem 2.9, either ||V f(z; ;)| < € or (3.1) holds.
The next lemma gives an upper bound for {M;}L , and also a bound for the total
number of executions of Algorithm 1 up to the Tth iteration of Algorithm 2.
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Algorithm 2

Step 0. Choose g € R™, My, e >0, and set t:=0.

Step 1. Set i:=0.

Step 1.1. Apply Algorithm 1 to approximately minimize th,Qth ().
Let (Jc:fi,am) be its output, and let Vf(xzrl) = Vf(x:fi) +g¢(x:i).
Step 1.2. If oy ; =1, set i:=¢+ 1 and go back to Step 1.1.

Step 1.3. If |V f(z],)|| <€, set x411 ==, and stop.

Step 1.4. If ’ ’

(3.1) [TER R pa—— P
6(210M,)3

holds, set i =4 and go to Step 2. Otherwise, set i:=¢+ 1, and go to Step 1.1.
Step 2. Set z441 = xzfi” My =max{2 1M, My}, t:=t+ 1, and go to Step 1.

LEMMA 3.1. Suppose that f : R® — R satisfies (2.2). Assume that {x;}I_, is
generated by Algorithm 2 with

(3.2) IVf(@ ) >e i=0,...,iy and t=0,....T.
Then
(3.3) My < M; < max {Mo,4L;}

fort=0,...,T + 1. Moreover, the total number Ep of executions of Algorithm 1 up
to the T'th iteration of Algorithm 2 is bounded as follows:

(3.4) Er <2(T +1) +log, (max {My,4L¢}) — logy (Mp).

Proof. First let us prove by induction that (3.3) is true for ¢t =0,...,T. Clearly,
it is true for t =0. Assume that (3.3) is true for some ¢t with 0 <¢ <T. If i =0, then
by the definition of M;;; and the induction assumption we have

1
My < My = max {MO, 2Mt} <max {My,4Ls},

that is, (3.3) holds for ¢ + 1. Now, let us consider the case i; > 1. Suppose that

(3.5) 20 My >2(4Ly).
Then,
(3.6) 207 M, > ALy,

and, by Theorem 2.9 and (3.2), we would have

2it71Mt

(3.7) ||Vth,2it*1M,,(~’Czit—1) +g¢(1'?:it—1)H < 6

s, -1 — el

In this case, using the convexity of f(-) it follows from (3.7) and Lemma 2.1 that

5 1

flze) — f(xz,_it—l) > anﬂxzitq)”%-

wl=
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This means that (3.1) would have been satisfied for ¢ < i;, contradicting the definition
of 4;. Thus, (3.5) cannot be true; i.e.,
20 M, <2(4Ly),
and so
My < My =max { Mo, 2" "M, } <max{Mo,4L;},

that is, (3.3) is also true for ¢ + 1. Therefore, (3.3) is true for t=0,...,T.
Now, notice that at the tth iteration of Algorithm 2, Algorithm 1 is executed
iy + 1 times. From M, = max{My, 2%~ M;} we have

(3.8) it — 1 <logy(Mit1) — logy (My).
Then, by (3.8) and (3.3) we have
T T
Er= Z(Zt +1) < Z 2+ logy (Mi41) — logy (M)
t=0 t=0

= 2T +logy(Mr 1) — logy (Mo)
<2(T+1) + log, (max {Mo,4Ls}) —logy(Mp).

Thus, (3.4) is also true. d
In what follows we will assume that

(3.9) max ||z —a¥|| < Ry € (0,+00),
z€L(x0)

where z* is a solution of (2.1) and
Liwo) = {weR" s f(@) < f(w0) }.

Using (3.9) we can also bound the number of inner iterations at each execution of
Algorithm 1 in Algorithm 2.

LEMMA 3.2. Suppose that f:R™ — R satisfies (2.2) and that (3.9) holds. Assume
that {z,}1_, is generated by Algorithm 2 with

(3.10) IVF(i)ll>e i=0,....4 and t=0,...,T.

Then, for each t €{0,...,T} and each i € {0,...,i;}, the computation of xz_i requires

at most
38 (7Lo)* 3
O (10%1_2 < (27‘0’_2 706 4))

iterations of Algorithm 1, where

(3.11) Ly = 4anR8 + 2trace (sz(xo)) + 3max {Mo,4Ls} (;\?) G§7
0
(3.12)
96 \° 2 max{M,dL;} (96 \? s
Bo = (2nLs R} + trace (V* f(z0))) <J\/[0> G¢ + — 2\ G¢,
and
(3.13) Go = max { |V f(zo)I|, 6% max {200, 8Ly} (f(wo) — Fla*))F}.
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Proof. By Theorem 2.9, the computation of mzrl requires at most

3% (7Ly, 2im, 45@ %M,
O (10g1.2 < ( 2)(2”\;15) - -€ 4 9

where
3(2IM,) (96 \* s o
B Lo =trace (V2f(a) + 22 ()9l
t
and
(3.15) 2 )
1 ) 96 \¥ o oa 2M, (96 \F .
B, = grace (V31(20) (o7 ) IVl + 25 (30 ) IV ol

Regarding 2°M,, it follows from Step 1 and Lemma, 3.1 that
(3.16) Mo <2°M; <2 M; <2M; 1 < 2max {My,4L;}.

Thus, the computation of xj ; Tequires at most

3% (TLay2iat,) Boying, —
O(logm( ( 722MZ 2Me =4 ) )

It remains to show that L,, oip;, and B, 2ipg, are bounded from above by Lg and o,
respectively. In view of (2.6) we have

V2 (1) = V2 (1) = V24, (31) + VP Oy ()
< Yoy — o |I’T + V2 £ (z0) + D*f (o)l — o,

and so
(3.17)
trace (V2 f(z)) < nTLfot — 20||? + trace (V2 f(z0)) + trace (D? f(zo)[z¢ — x0]) -

On the other hand, by Lemma 3 in [21] we also have
L:
D? f(wo)les — wo] 2 V2 (w0) + S llare — ol
which gives
3 2 nly 2
(3.18) trace (D° f(zo) [z — xo]) < trace (V? f(wo)) + Tth -zl
Thus, combining (3.17) and (3.18) we obtain

trace (V2 f(2¢)) < nLyl|lzy — 20||* + 2trace (V? f(z0))
<nLy ([loy — 2*|| + [l2* = zo|))” + 2trace (V2 f(wo))
<2nLy (||ze — z*||* + ||lzo — 2¥||?) + 2trace (V2 f(z0)) -

Since x¢ € L(x0), it follows from (3.9) that

(3.19) trace (V> f(2;)) <4nLyR§ + 2trace (V> f(z0)) -
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Now, suppose that ¢ > 1. By (3.1) we have
- 1

Flan) = F@) 2 flar-a) = flan) 2 o — IV F @l
Thus, by Lemma 3.1, we get
(3.20) IV F(20)|* < 6max{2My, 8L} (F(xo) — f(z*)),
and so
(3.21) |V F(zo)ll < 6% max {2Mo, 8Ly} ¥ (F(z0) — f(z*))F < Go,

where Gy is given in (3.13). Finally, it follows from (3.14), (3.16), (3.19), and (3.21)
that Ly, 55, < Lo, while (3.15), (3.16), (3.19), and (3.20) imply that S, 5y, < . O

Remark 3.3. From (3.11) and (3.12), it follows that Lo and Sy depend linearly on
n, the problem dimension. As we can see in (3.17), this dependence is due to the use of
trace(V? f(z)) in the definitions of L, s and 3, a at Step 0 of Algorithm 1. However,
looking at the proof of Lemma 2.7, it is clear that we could use ||V2f(z)| instead of
trace(V2f(z)), which would gives us Ly and 3y independent of n. In Algorithm 1,
we choose to use trace(V2f(x)) because it can be easily computed. Since Lo and Sy
appear inside the logarithm in our iteration complexity bound for Algorithm 1, the
dependence on n is almost negligible.

THEOREM 3.4. Suppose that f : R™ — R satisfies (2.2) and that (3.9) holds.
Given € >0, assume that {z;}1_, is generated by Algorithm 2 with

(3.22) min{nvf(x;i)u,f(mgi)_f(x*)}ze, i=0,....iy and t=0,....T.

Denote by m the first iteration number such that

(3.23) flzm) — f(z*) <6 (4max {Mo,4L;} RY),

and assume that T >m. Then,

1 f(l’o) - f(x*)
(3.24) m<1+ log, (2) log, logy (63 (max {2Mo, 8Ly} Ré))

and, for all k, m <k <T, we have

- (42)3 max {2My,8L s} R}

3.25 )= flz*) <

(325) fla) - far) < LT
Consequently,

(3.26) T < m+42max {2Mo,8L;}5 RS e 4.

Proof. By (3.22) and Steps 1 and 2 of Algorithm 2, we have

- 1

(3.27) Flan) = f(@pg) > IV f(@rs)|5 fork=0,...,T —1.

6(2Mir1)}

Since xpy1 € L(xo) for all k e {1,...,T — 1}, using the convexity of f(-), (3.9), and
(3.3) in (3.27), we get
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(3.28)
Fla) = Fanen) > ————— (19 frs) ke —2°1)°
6 (2My11R3)?
<t (faw) - )’
6 (2Mp 1 RY)®
> : - (flaw) = F@)", k=0,.,7—1
6 (2max{Mo,4Ls} R})®
Denote

63 (2max {Mo,4Ls} RY)’
Then, it follows from (3.28) that

(3.30) Ok = Opp1 > 08,0, k=0,...,T—1.

Thus, {5 }}_, satisfies condition (1.1) of Lemma 1.1 in [15] with power equal to 4/3.
By definition, m is the first iteration number such that (3.11) holds. This means that
m is the first iteration number for which 6,, < 2. If m > 0, then 9 > 2. Then, by
inequality (1.2) of Lemma 1.1 in [11] we obtain

m—1
In(2) <In(dp—1) < (i) In(do).

Rearranging the terms in this inequality and then taking the logarithm in both sides,
we conclude that (3.24) holds. Using 6,, < 2, it follows from the inequality (1.3) of
Lemma 1.1 in [15] that

1 43
1+

0 <
%(k—m)

Now, replacing (3.29) in (11) we get
f:(fﬂk)*f:(w*) < (&
63 (2max {Mo,4Ls} R) — (k—m)3’
which implies (3.25).
Finally, by (3.22) and (3.25) we have the inequality

r 3 3 max 4
e< Flow) - fam) < &2 (k{f%(;;’SLf} Ry

from which we get the bound (3.26). 0

m<k<T.

Combining (3.4) and (3.26) we have the following worst-case complexity result.

COROLLARY 3.5. Under the same assumptions of Theorem 3.4, let xpiq :x;iT
be the first trial point generated by Algorithm 2 such that

(3.31) min {||V f(rs1)l, Fars) - fla') } <e.
Then, the total number of executions of Algorithm 1 is bounded as follows:
(3.32) Er <2+2m+84max {2Mo,8L;}3 Rie* +log, (max { Mo, AL }) —logy(Mo),

where m is bounded as in (3.24).
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Remark 3.6. Let us refer to the iterations of Algorithm 1 by inner iterations. In
1
view of Corollary 3.5 and Lemma 3.2, Algorithm 2 needs at most O(|log; ,(€)|e™3)
inner iterations to generate z such that

min {||VF(2)]|. f(z) - fa") } <

In fact, with a direct adaptation of the proof of Theorem 3.3 in [12], it can be shown
that an inner iteration complexity bound of the same order holds for the generation
of Z such that |V f(z)| <e.

4. Accelerated adaptive third-order method. The adaptive procedure used
in Algorithm 2 can also be incorporated in accelerated third-order methods (see, e.g.,
[13]). The next algorithm is an adaptive accelerated method based on Algorithm 1.

Algorithm 3

Step 0. Choose 2o € dom4), My, e >0, and define function ¢g(z) = 1 ||z — zo||* for
all z € R™. Set vg =x9, Ag =0, and ¢ :=0.

Step 1. Set i:=0.

Step 1.1. Compute the coefficient a;; > 0 by solving the equation

42 (A +ary)®
4.1 4 o BT Ani)
(41) Ui T TI83 (200

Step 1.2. Set v, = ﬁ, and compute vector

(4.2) 2t = (1 — Ye,5)@e + Ye,i0¢.

Step 1.3. Apply Algorithm 1 to approximately minimize ta,m?th(')‘
Let (x:i,am) be its output, and let Vf(xj‘z) = Vf(a:j:i) +gw(zZi).
Step 1.4. If oy ; =1, set i:=¢+ 1, and go back to Step 1.1.
Step 1.5. If |V f(z],)| <e, set x4 =z, and stop.
Step 1.6. If ’ ’

~ 1 ~ 4
(4.3) (Vf(x), 200 —af,) > WIIW(@Z)II?
holds, set i; =14, and go to Step 2. Otherwise, set i:=7+ 1, and go to Step 1.1.
Step 2. Set Ti41 = Hfg:it, 2t = Ztiyy At = At iy and Yt = Vt,ig- Define At+1 = At + a
and My, 1 = max{Mo,2% 1 M,}.
Step 3. Define

(44)  pir1(@) = i) + ar [f(we1) + (VI (@e41), 2 — 20101) + ()] Ve eR",
and compute

4. = i .
(4.5) Vtt1 argmeﬂéggﬂw%ﬂ(@

Step 4. Set t:=t+ 1, and go back to Step 1.
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LEMMA 4.1. Suppose that f : R™ — R satisfies (2.2). Assume that {x;}1_, is
generated by Algorithm 3 with

V(@) >e i=0,...,i¢ and t=0,....T.
Then
(4.6) My < M; <max {My,4Ls}

fort=0,....T+ 1. Moreover, the total number Er of executions of Algorithm 1 up
to the T'th iteration of Algorithm 3 is bounded as follows:

(4.7) Ep <2(T+1) +log, (max {My,4L;}) — logy(Mo).
Proof. By Step 1 of Algorithm 3 and Theorem 2.9, the statements follow as in

the proof of Lemma 3.1. 0

LEMMA 4.2. Suppose that f:R™ — R satisfies (2.2), and assume that {x;}]_, is
generated by Algorithm 2. Then,

. < pf= i
(4.8) Aif(z) < o}  Jain w%(l‘)

for all t€{0,...,T}.
Proof. By the equality Ag =0 and the definition of (- ), we have

Aof(zo)=0= min wsﬁo(x),

z€ dom

that is, (4.8) is true for ¢ = 0. Assume that (4.8) is true for some ¢ € {0,...,T — 1}.
Since () is uniformly convex of degree 4 with parameter 1/4, by the induction
assumption we have

1 ~ 1

(4.9) ei(@) 2 07 + —llz — vt = A f () + Sl — vl
16 16

Then, combining (4.4) and (4.9) we get

(4.10) $i1= min . {oe() + ar [f(zi41) + (VI (@111), 2 — 1) + ()]}

z€ dom

. 5 1
>  min w{Atf(xt)—i—me—th_,_at |:f($t+1)

z€ dom

+(Vf(Tig1), 0 — 2q1) + 1?(%)} }

Using the convexity of f(-), we have
(4.11) Arf (@) = Af(mes1) + (VF(@er1), Ay — Appresn).-
Moreover, since gy (zi41) € 0Y(x4+1) we also have

Y(x) > P(xe41) + {9y (Te41), T — Teg1),

which gives
(4.12)

ar [f(e1) + (Vf(@eg1), @ — 2ep1) +0(2)] > ag | F(@e41) + (V(@eg1), @ — 2041 | -
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Thus, using (4.11), (4.12), and A;11 = A + a; in (4.10), it follows that

(4.13) P41 > min p {At+1f($t+1) H(VF(@41), Aty — Ay

€ dom
1 4
+at1'fatzt+1>+1—6||$fvt|| .

By (4.2) and the definitions of v; and A;y1, we have

Q¢ ) + a¢ At + a¢
- T v = T
Ay +ay ! A+ ay ‘ A ! A

Consequently Ayi12: = Arxy + arvy, which gives Ayxy = Aiy12e — arve. Thus,

ze = (1 —yt)ze +yp0r = <1 V.

Ay — Ay + e — a1 = Ay — A1 Teq1 +

=Ai12 — vy — App1Teq1 + g

(414) = At+1(zt — Z‘t+1) + Clt(.f — ’Ut).
Now, combining (4.13), (4.14) and (4.3), it follows that
(4.15)

Pir1 > Arpi f(@e41)
. 1 = 1
#amin {4019 F@) 2 )+l V) - ) + ggllo vl |

> A1 f(ze41)
~ 4 ~ 1
4+ min — ||V f(zx 34+ a(Vf(x ,z7v1+—x—v,4 .
z€ domw{G(QitMt)él f( t+1)H t< f( t+1) f> 16” f” }
By Lemma 2 in [22] with p=4, s =,V f(2441), and o = 1/4, we have
- 1 3\ 1 4 5 4
Vi) =) + gl = ul > = (§) ¥l IVl

3 4 ~ 4
— (&) 19l

Thus,
_ Ap 1 7 3 f 1 '
min {9 )|+ 0V F ) w — o)+ o v
z€ dom 6(2“Mt)3 16
A 293 f
. aas I _4—§3a§ IV (@)1 2
6 (27 M)?
A 293 f
- M-‘rﬂa; HVf(CUtH)”%
6 (27 M)®

where the last equality follows from (4.1). Finally, combining (4.15) and (4.16), we
conclude that

Oir1 = Avrr f(Te41),

that is, (4.8) is true for ¢+ 1. d
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LEMMA 4.3. Let {z¢}l_, be generated by Algorithm 3. Then, for all t €
{0,...,T},

. 1
or(z) < Arf(z) + ZHx — av0||4 Vz e R".

Proof. The proof follows by induction as in the proof of Lemma 3.2 in [14]. O

Now, combining Lemmas 4.1, 4.2, and 4.3, we can establish the rate of conver-
gence of Algorithm 3.

THEOREM 4.4. Suppose that f : R™ — R satisfies (2.2). Assume that {z;}_,,
with T > 2, is generated by Algorithm 3 with
(4.17) min{”Vf(in)H,f(xt) - f(x*)} Se, i=0,....iy and t=0,...,T.

Then
183 max {2My,8L s} ||zo — *||*

(4.18) flay) — fla*) < 1)t vte{2,...,T}.
Consequently,
13
1 16 3 i 1
(4.19) T<1+ (2> [18Zmax{2M078Lf}4 llzo — 2| € F.

Proof. By Lemmas 4.2 and 4.3, for t € {0,...,T} we have
3 * F(o% 1 *
Apf(a) Sy < Af(a”) + ZHx — o] *.

Consequently, for t € {1,...,T},

; 5wy < 2 — ol
4.2 — <4
(420) Fla) - fan < 22
By (4.1) and (4.6) we also have
4 42(At + (lt)3 . 42A?+1 > 42

- , - A3,
U T U832 M,) | 18%(2Myyq) — 183 max {2Mo, 8L} 1!

Since a; = Ay — Ay, it follows that

42 i 3
4.21 A — Ay > A%
(421) = <183max{2M0,8Lf}) t+1

Let us denote

183 2M,.8L
(4.22) B, = max{42 0:8Ls} 4,

Then, by (4.21) we have
3
1

(4.23) Bis1— By > B .

Since By =0, it follows from (4.23) that By > 1. Thus, by Lemma A.4 in [14] (with
a=3/4), we obtain

B;>|(1-a) Bil; (t_l)ﬁa:[G) (;)1 (t—1)* vte{2,...,T}.
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Now, in view of (4.22), it follows that
(4.24)
42 21
A > i1 (t - 1)4 ~ 3133 .
183 max {2My, 8L } 2% 183 max {2My, 8Ly}
Then, combining (4.20) and (4.24), we get (4.18). Finally, it follows from (4.17) and
(4.18) that

(t—1)* vte{2,...,T}.

= 2 o 183max{2My,8L¢} ||zo — z*||*
< — <
€< flar) — f(z¥) < 2%(1_,_1)4

which implies (4.19). O

)

Combining (4.7) and (4.19), we have the following worst-case complexity result.

COROLLARY 4.5. Under the same assumptions of Theorem 4.4, let xpiq :x;,iT
be the first trial point generated by Algorithm 3 such that

(4.25) min { |V f@r i), flors) - fla*)} <e

Then, the total number of executions of Algorithm 1 is bounded as follows:

13
1\ : 1 1
Er<4+2 <2> {18% max {2Mo, 8L ; } ¥ ||z — :r*||} e
(4.26) +log, (max {My,4L¢}) — logy(Mo).
In what follows we will assume that for all z € dom1,

(4.27) lgw () < Ly Vgy(2) € 99(2).

The following lemma gives an upper bound for the number of iterations required at
each execution of Algorithm 1 as inner solver in Algorithm 3.

LEMMA 4.6. Suppose that f : R™ — R satisfies (2.2) and that (3.9) and (4.27)
hold. Assume that {x;}L_, is generated by Algorithm 3 with

(4.28) IVf(@i)ll>e i=0,....4 and t=0,...,T.

Then, for each t €{0,...,T} and each i € {0,...,i;}, the computation of x:'l requires
at most

(7L0) Bo
— "

O | log; 5 et

iterations of Algorithm 1, where

(4.29) Lo =20nLy R} + 2trace (V2 f(x0)) + 3max { Mo, 4L} ( 96()) al,
(4.30)

N 96 A2 max{M0,4Lf} 96 \ 3 .4
Bo = (10nLyR§ + trace (V f(xo))) (J\/fo) G§ + — 1\ G§,
and
L,
6
with Ry given in (3.9) and Ly given in (4.27).

~ 42
(4.31) Go= B+ [V £ (o) | + 41V f (o) || Ro + - G + Ly,
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Proof. By Theorem 2.9, the computation of mzrl requires at most

4
33(7L., , 2int,) Bevi2ing, 4
o 10g1_2 2(21Mt) € )

where
. 2
3(2'M, 96 \? ~ 2
(132 Lo aan = trace (V1) + SEMD (90 oz )
: 2 20 M,

and
(4.33) . \

1 96 \? ~ 2 20M 96 \? ~ 4
Bzui2im, = 5 trace (V2 f(21,4)) (2’Mt> IV (2013 + 3 ! (Qth> IV F(ze0)]|3.
It follows from Step 1 of Algorithm 3 and Lemma 4.1 that
(4.34) Mo <2°M; <2 My <2M; 41 < 2max {My,4L¢}.

Thus, the computation of x?‘ , Tequires at most

4
38 (7th,i72th) /th,iaQth —4
O | log; 4 5, € .

Now, it is enough to show that L., , 557, and 3., 2ips, are bounded from above by

Lo and By, respectively. In view of (2.6) we have

V2 f(26,4) = V2 (21,4) — V@00 (21,6) + V> Pay (21,4)
L
= 7]0“2%1 —xo|*I + V2 f(z0) + D? f(x0)[2.6 — 2o,

and so
(4.35) .
trace (V2 f(21,)) < % |21, — @o||* + trace (V2 f(20)) + trace (D? f(z0)[2¢,i — wo)) -

On the other hand, by Lemma 3 in [21] we also have
3 , 2 Ly e
D7 f(zo)lzt,i — xo] X V= f(wo) + <~ lze.s — zo[L,
which gives
3 2 nlLy 2
(4.36) trace (D° f(xo)[24,i — wo]) < trace (V* f(z0)) + THzm — xo]|2.

Thus, combining (4.35) and (4.36) we obtain

trace (V2 f(z1,:)) <nLy| 2 — xo||* + 2trace (V2 f(z0))
<nLy (lzes — 2| + [2* = ol))* + 2trace (V2 f(wo))
(4.37) <2nLy (|2 — *||* + ||wo — 2*||*) + 2trace (V* f(z0)) -
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By (4.1) we have

lzt,s — ™| = (1 = y2,0) e + Yeive — (1= y2,0) 2" — yei2”|
< (T =yai)llze — || + e illve — 27|
(4.38) <y — 2| + flve — 27,

where the last inequality is due to ~;; € (0,1]. Since ¢;(-) is uniformly convex of
degree 4 with parameter 1/4, by Lemmas 4.2 and 4.3 we also have

1 . 1 i . 1
T6||Ut — |t + A f () < EHW —zl|* + of <@i(x) <A f(x) + ZHx —aol|*.
In particular, for x = x* it follows that

o =2l + A(F(wo) - F@™)) < 7lla* — ol
and so
(4:39) e = a]| < 4% o — a[| < 2| — 27|
Moreover, by Lemmas 4.2 and 4.3 we also have
Aif (1) < @f < pr(wo) < Ao f (o).
Consequently, x; € L(x¢), and by (3.9) we get
(4.40) |z — 2*|] < Ryp.
Thus, combining (4.38)—(4.40) and (3.9) it follows that
(4.41) l|z,; — =" || < 3Rp.
Then, by (4.37), (4.41), and (3.9) we obtain
(4.42) trace (V2 f(z1,;)) < 20nLy R + 2trace (V2 f(z0)) -
Moreover, by (2.5), (4.41), and (3.9) we have
IVF ()l = IV (203) = VOuq (20) | + [V Py (20.0) |
< B i — 2ol + IV £ @)l + 19 £ @)l — ol
+ 2102 f (o) lze — ol
< 436L !
Thus, by (4.27) and (4.31) we get

42
RG + [V £ (o) | + 41V f (o) | Ro + = [1D* f (o) | G-

(4.43) IV £ (2t.,0)]l < Go.
Finally, it follows from (4.32), (4.42), (4.43), and (4.29) that L., , oips, < Lo, while
(4.33), (4.42), (4.43), and (4.30) imply that B., , ias, < fo- O

Remark 4.7. In view of Corollary 4.5 and Lemma 4.6, to generate an e-
re 1
approximate minimizer of f(-), Algorithm 3 needs at most O(|log; 5(€)le™7) iter-
ations of Algorithm 1.
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5. Preliminary numerical results. To investigate the feasibility of our new
adaptive strategy, we tested MATLAB implementations of Algorithm 2 and its inner
solver (Algorithm 1). We applied the corresponding code to smooth logistic regression
problems of the form

m

min | f(r) =~ 3 [60 log(m(a®)) + (1 b log(1 — m,(a®))]

zERPHL
i=1

where {(a® b))} c R+ x {0,1} is the dataset (with a\” =1 for i =1,...,m)
mg(a) = 1/(1 + e {»%)), and log(-) denotes the natural logarithm. Three datasets
from [9] were considered. For each of them we used the starting point o =[11 ... 1],
My = 1, and the stopping criterion ||V f(zx)|| < e. The results are presented in
Tables 5.1, 5.2, and 5.3, where “IT” represents the number of outer iterations (i.e.,
iterations of Algorithm 2), “CO” represents the number of calls of the oracle,
“BGM-E” represents the number of executions of Algorithm 1, “BGM-IT” represents
the total number of inner iterations (i.e., iterations of Algorithm 1), and “BGM-A”
represents the average number of inner iterations per execution of Algorithm 1.

As we can see, the new adaptive scheme is able to find approximate stationary
points with efficiency as predicted by the theory. Moreover, the average number of
inner iterations required to compute a suitable trial point is usually small.

We also applied the adaptive Cubic Newton Method (CNM)? to the same prob-
lems. Table 5.4 shows the number of iterations and the number of calls of the oracle

TABLE 5.1
Results for the dataset Diabetes (n =8 and m =T768).

€ IT CcO BGM-E BGM-IT BGM-A
102 42 249 82 459 5.60
104 42 249 82 470 5.70
10-6 43 253 83 486 5.85
108 43 253 83 498 6.00
TABLE 5.2

Results for the dataset Phishing (n=9 and m =1353).

€ IT CcO BGM-E BGM-IT BGM-A
102 4 17 4 51 12.75
10—4 4 17 4 62 15.50
10-6 5 17 4 74 18.50
108 5 21 5 93 18.60
TABLE 5.3

Results for the dataset Ionosphere (n =34 and m =351).

€ IT CcO BGM-E BGM-IT BGM-A
10—2 59 242 60 258 4.30
10—4 125 506 126 522 4.14
10-6 411 1650 412 1666 4.04
108 1731 6930 1732 6946 4.01

1Each call of the oracle corresponds to either one function evaluation or one (high-order) deriv-

ative evaluation.

2Specifically, our implementation corresponds to the universal version of Algorithm 2 in [13] with
p=20= 10_2, and Hop=1.
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TABLE 5.4
Comparison between Algorithm 2 and CNM.

Algorithm 2 CNM
Dataset 1T CO 1T CO
Diabetes 43 253 58 289
Phishing 5 21 10 43
Ionosphere 1731 6930 2198 10975
—-ALG.2
—~CNM
ALG.2 (NON-ADAPTIVE)

102 10°
ITERATIONS

F1c. 5.1. Relative performance of Algorithm 2.

that Algorithm 2 and CNM executed to find e-approximate stationary points with
€ =1078. Algorithm 2 outperformed CNM in these three problems, which reinforces
our interest in third-order methods.

Finally, for the Phishing dataset, Figure 5.1 shows the norm of the gradient of
the objective function at iterates generated by Algorithm 2, by a nonadaptive version
of it (with M; =4Ly for all ¢) and by CNM. As we can see, Algorithm 2 outperforms
CNM (which is an adaptive second-order method). Remarkably, in this particular
case, the two adaptive methods (Algorithm 2 and CNM) outperform the nonadaptive
third-order method.? Moreover, this example suggests that Algorithm 2 enjoys a local
superlinear rate of convergence.

6. Discussion. In our adaptive third-order methods, third-order information
about f(-) is only required for the computation of

(6.1) VQqn(y)=Vf(x)+Vf(x)y—z)+ éD?’f(x)[y —z]* + %Ily — | (y — x)

inside the inner solver (Algorithm 2). Notice that inequality (2.5) can be rewritten
as

L
<fly—al® Voyer".

VI - V) - V@) ) - D)l - o]

In particular, for any 2 € R® and 7> 0, we have

L
< 5rlinf?

,7_2
|V5a 4 7h) = 1(0) = 7V ) - T D

3In general, this superiority of adaptive methods depends on proper choices of the initial regu-
larization parameters.
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and

7_2
V50— h) = (@) 4 792 0n - T D@0 < 10

Combining these two inequalities, it follows that
L
IV f(z+7h) +V f(z —Th) =2V f(z) — 7°D° f(2)[h]?] < %73\|h||3»

and so we can approximate D3 f(z)[h]? by the vector

_ Vfil@+1h)+Vf(x—7h)—2Vf(x)

(6.2) T, (h) ;

.
with an error bounded as follows:

L
T (h) = D° f @) B2 < =Bl
Thus, by replacing D3 f(x)[y — z]? in (6.1) by T»(y — x), we obtain the vector

63)  gnane0) = V@) + V@)~ 2) + 3Ty~ o) + oy — Py — o),

which approximates VQ, ps(y) with an error bound

L
92007 (4) = V21 @)I| < -y — ]

Since gy ar,+(+) defined in (6.3) depends only on first- and second-order information
about f(-), this remark opens the possibility for the development of second-order
implementations of our third-order methods. As shown in [20], with a careful choice
of 7, it is indeed possible to obtain this type of second-order scheme preserving the
global convergence rate of the original third-order method. However, the choice for
7 in [20] requires the knowledge of the Lipschitz constant L. Therefore, the de-
velopment of adaptive strategies in this context remains a very interesting research
direction.

7. Conclusion. In this paper we presented adaptive third-order methods for
composite convex optimization problems in which the smooth part is a three-times
continuously differentiable function with Lipschitz continuous third-order derivatives.
Trial points are computed using a Bregman gradient method as inner solver. Our
adaptive procedure to update the regularization parameters in the third-order ten-
sor models takes into account the complexity of minimizing these models. When
the regularization parameter is sufficiently large, the inner solver is guaranteed to
find a suitable approximate stationary point of the model within O(|log(e)|) itera-
tions. Thus, once a slow convergence rate is detected, the execution of the inner
solver is stopped and the regularization parameter is increased. Using this strategy
we obtained a basic adaptive third-order method that finds an e-approximate mini-
mizer of the objective function performing at most O(] log(e)\efé) iterations of the
inner solver. We also obtained an accelerated adaptive third-order method with an
improved bound of O(\log(e)\e_i) inner iterations. Preliminary numerical exper-
iments illustrated the feasibility of our new adaptive technique. Topics for future
research include the investigation about the local convergence rate of our basic adap-
tive third-order method, the development of adaptive high-order methods tailored to
more structured problems classes [6], and also possible extensions in the context of
nonconvex optimization [5] where adaptivity is a necessary feature of any practical
method.
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