Appendix A

Expressions of the
Eshelby’s tensor

Analytical formulae of the Eshelby’s tensor were introduced by Eshelby [30] for
isotropic materials and spheroids. Later, Withers [108] extended the expres-
sions to transversely isotropic medium, with the restriction that the direction of
anisotropy has the same orientation as the aligned reinforcements. In all other
cases (ellipsoidal inclusions and/or anisotropic material), a numerical evalua-
tion of the tensor is necessary and was implemented by Gavazzi and Lagoudas
[34].

A.1 Isotropic matrix

Hereafter are given the non-nil components of the Eshelby’s tensor for spheroids
of aspect ratio Ar embedded in an isotropic matrix (expressions are picked up
from Friebel [32]). Reinforcements are aligned along the direction 1.

1 39 —2
= ——20-v)(1 - — Ar?
S1111 21— ) [( v)(1-9)+g r AT2—1]’
1 1 , 1. .3g-2
S22 = S3333 = M[Q(Q_V>9—2—(AT _4)Ar21}7
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Sti22 = Stz = ﬁ :41/(1 —g9)—g+Ar jrg2——2l} ’
Saozz = S3z22 = ﬁ :—(1 —2w)g + % - ijfz_QJ ’
Sp211 = Sz311 = ﬁ :—(1 —2v)g + Ar? 252__21] ’
Si212 = S1313 = 4(%_1/) (1 ~v)(2—g) — g+ Ar? 27?2__21} ’
[ M (A1)
where:
g = (A7"2AT1)5/2 {Ar(Arz -2 - cos_lAr] for 0 < Ar < 1,
g = (1_:;1:2)3/2 {cosh_lAr — Ar(1 — Ar2)1/2} for 1 < Ar < 00.(A.2)

Eshelby’s tensor has the minor symmetries (S;jk = Sjikt = Sijik = Sjux) but
not the major ones (S = Skiij)-

For the particular case of spherical inclusions, previous equations become
invalid and require a study of these functions around Ar = 1. This gives:

7—5v
St111 = S2222 = S3333 B =)’
ov —1
S =9 =9 —_—
1122 = S1133 = S2233 51— 0)
4—5v
S =9 =9 —_. A3
1212 = S1313 = S2323 ) (A.3)

A.2 Transversely isotropic matrix

Eshelby’s results are based on the solution of a point force applied inside an
infinite solid. Solution of this problem is given by the elastic Green’s func-
tions. An explicit solution of the Green’s function in a general anisotropic
medium is possible only if a sixth-order algebraic equation has six different
roots. For transversely isotropic materials this condition is reduced to (direc-
tion of anisotropy is 1):

(C1111C3333) Y2 — Ch133 — Cazaz # 0. (A.4)

Analytical point force solution for an infinite transversely isotropic solid was
given by Pan and Chou [76].
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Starting from the solution of this problem, Withers [108] developed the
expression of Eshelby’s tensor for transversely isotropic medium under the con-
dition that the direction of anisotropy is the same as the aligned inclusions.
Components of this tensor are function of several constants and two integrals
over the volume of the ellipsoid. Developments of Withers remain valid only if
expression (A.4) is positive. However, when performing all the computations
with complex calculus, one can prove that the integrals in the two cases are
complex conjugate and equals. They are thus real as well as the final result of
the Eshelby’s tensor.



126 Expressions of the Eshelby’s tensor




Appendix B

Laplace-Carson transform
and i1ts inversion

B.1 Laplace-Carson transform

The Laplace-Carson transform is defined by:

()l = () = s / " f(t)e . (B.1)

It is thus the classical Laplace transform multiplied by the Laplace variable
s. Main advantages of this transform are that a constant remains a constant,
the time derivative of one of the members in a convolution product disappears
under this transform and the transform of a Stieljes type convolution product
is reduced to a single contraction between the transform of the two operands.
Some basic Laplace-Carson transforms are given in table B.1.

B.2 Laplace-Carson inversion

The collocation method proposed by Scharpery [90] for numerical inversion of
the Laplace-Carson transform is adopted. Main advantages of this method are
the ease of its implementation, its efficiency and the analytical form of the
result so that the time function can be evaluated at any time.

Consider an expression f*(s) known in the Laplace domain. A development
of the unknown time function into a Dirichlet series for a particular choice of
basis functions gives:

k=M
f)y=A+Bt+ > by (1—e /%), (B.2)
h—1 H—/

Basis functions
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f(t) () Conditions

a a 5>0

at a/s 5>0

et pn s>a
cos(wt) W% -
o(t —¢) se=es -
H(t—c) e s -
af(t) +bg(t) | af*(s) +bg*(s) -
A®B 1 A*(s) : B*(s) -
AOB A*(s) : B*(s) -

Table B.1: Basic Laplace-Carson transforms.

Main advantage of this decomposition is that its Laplace-Carson transform is
known analytically:

1
1+89k
——

B k=M
f(s)=A+;+kZ_:_lbk : (B.3)

Transf. basis funct.

where 0, are given relaxation times chosen equispaced on a logarithmic scale.
Bounds and length of this interval can have a considerable impact on the results.

In expression (B.3), A and B are limit values which can be evaluated from
the known function in the Laplace or time domain:

A =l f(s) = lim f(0). (B.4)
B = gi_r)%sf*(s):tligloofTﬂ. (B.5)

The only unknowns in expression (B.3) are the factors b;. In order to cal-
culate them, the function in the Laplace domain is evaluated at M collocation
points s; = 1/6;:

B k=M 1
* =A+ — by ——— 1<I< M. B.6
£ (s1) +Sl+; S <1< (B.6)

Typically, around 20 points are enough. Better precision can be obtained when
increasing the number of collocation points but the system then becomes larger
and can even get close to singular. For computing the factors by, a linear system
of size M must be solved. Once the M unknowns by are found, the time function
(B.2) can be evaluated at any time.
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Figure B.1: Numerical inversion of the transform of a decreasing exponential -
20 collocation points.

A possible extension is to choose other basis functions from the proposed
ones, with the condition that their transform must be known analytically. Ide-
ally, the choice of basis functions should be such that their transform is as
form-similar as possible to the function in the Laplace domain. When inverting
tensorial functions, the evolution of each component is considered individually.
If polycrystals are modeled, a large amount of Laplace inversions has to be
carried out due to numerous individual crystals. In this case, Brenner et al.
[15] proposed a simplified direct inversion which can reduce considerably the
required CPU time. However, this technique is not used in this work since it
reduces also the precision of the inversion and the CPU time is not a critical
issue for two-phase materials.

Examples of numerical inversions As validation of the collocation me-
thod, several inversions of Laplace functions are made for which the transform
is known a priori.

o« fH=e s = o

This function is quite regular and results of the inversion are reported on
figure B.1. For this first test, 20 collocation points are considered (noted
with the sign '+’ on the figure B.1a). Continuous line is always the plot
of the analytical functions (known in the Laplace domain, unknown and
solution of this problem in the time domain). Crosses on figure B.1b are
obtained from the development in series evaluated at several times. For
such regular function, an excellent accuracy of this inversion is observed.

e [ =H(t-2), fi(s)=e>
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Figure B.2: Numerical inversion of the transform of the step function - 20
collocation points.

15

°

°

°

°

0.5f

°

°
=

°

had
Opresgtie=

Laplace—Carson tranform
Original function to retrieve

°

°

o o o 2 4 6 8 10
t

(a) Laplace domain. (b) Time domain.

Figure B.3: Numerical inversion of the transform of the step function - 100
collocation points.

A step function is now considered. At first, 20 collocation points are used
for the inversion. Figure B.2b shows that the capture of the step isn’t
that good. When using 100 collocation points (figure B.3b) instead of 20,
much better results are obtained. However, even if it might be tempting
to consider as many collocation points as possible, several problems arise
in this case. First one is that when rising the number of points, this
increases the size of the linear system. Since solving a system of size n
has a cost of n3 operations, the complexity is growing up quickly. Another
one is that increasing the size of the system leads to a singular matrix.

o f(t)=cos(t),  f(s)=
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Figure B.4: Numerical inversion of the transform cosine function - 100 colloca-
tion points.

This last test considers the periodic cosine function. Figure B.4b shows
that 2 complete periods are correctly captured. However, it is impossible
to retrieve all the periods because basis functions considered in this case
are decreasing exponentials so that the cosine function is reconstructed
from balanced exponentials | A much better choice would be to select
other basis functions.
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Appendix C

Incremental evaluation of a
convolution product

Consider a time-dependent fourth order tensor F'(t) obtained after a numerical
inversion of its Laplace-Carson transform so that it is written under the form
(B.2). This tensor is convoluted with a second-order tensor written in rate form
€. Such operation occurs in the computation of the macroscopic response at
various times of a linear viscoelastic composite and in the localization problem
of a heterogeneous elasto-viscoplastic material. Main goal of this section is to
compute the convolution product at a limited memory cost. For this, consider
a time interval [t,,t,+1]. The convolution product is already computed up
to t, and the strain history is known up to the end of the current time step
(tn+1 = t, + At). Taking into account all this information, the development
hereafter enables to perform the computation of the convolution product at the
end of the time step.

7L+1
[F®ely, ) = / (tny1 —u) : e(u)du

71+1 'n+1 .
= u)du+ B : / (tny1 —u) : e(u)du
0

n+1 M .
+/ Z bip(1 — e~ (tnt1=Wsk) - g(y)du

0 k=1

[}
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M
[Foel,.,, = <A +tn1 B+ Z bk) : (E(tny1) — €(0))

k=1
tht1
-B: / u€(u)du
0
nt1

M t
bek : / e~ (tnri—Wskg (y) du, (C.1)
k=1 0

where s, = é. But:

tnt1 tnt1
/ ww)du = et — / 1(u)du
0 0
tn+1
= tn+1é(tn+1)—/ é(u)du
0

tn
- tn+1é(tn+1)—/ &(w)du
0

_At

5 (E(tn) +E(tnt)), (C.2)
and:

tna1 tn
/ 67(t"+17“)5’“§(u)du = [ef(t"“*“)s’“é(u)} o
0 0

trnt1
—sk/ e~ tnr1=wskg (y)duy,
0
= ltn) e E(0)

tni1
—sk/ e~ tnr1=Wsrg(y)du.  (C.3)
0

Rearranging these terms gives:

SLB (et + (b)) ()

tn
—|—B:/ g(u)du
0

M tni1
+ Z sibg / e~ (bnr1=wskg (4) dy,
k=1 0

M M

Att, B+ b= Y bre k| g(0).
k=1 k=1

A: é(thrl) +
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Evolving parameters from one time-step to another one are: A, B, by, t, 1.
A last term still must be evaluated:

tn+1 tn
/ ef(t”ﬁ“)s’“é(u)du = / ef(t”ﬁ“)s’“é(u) du
0 0 S—

e~ (tn+At—u)sy E(u)

tni1
—I—/ e_(t”“_“)ské(u)du
t

n

tn
= 67“5’“/ ef(t"fu)s’“é(u)du
0

tnt1
+/ e~ tnri=wWsig(y)du.  (C.5)
¢

In this case, using again a trapezoidal integration rule is quite bad for large
values of s;. This is due to the linear approximation of the integral containing
the sharp exponential. This problem can be tackled if &(u) is considered as
constant on each time-step. On the considered time interval, this gives:

E(u) = &(ty) + (u —tp)E. (C.6)

Second integral in (C.5) can be rewritten as:

tni1
/ ef(t”ﬁ")ské(u)du
t

n

tn+1 .
= / e~ e =Wk (g (t,) + (u — t,)E)du
t

n

tngt tnt1
= (&(tp) — t,&)e in+15k / eusk dy + Ee~tnt1sk / ue* du
t t

. e tnt1sk . uSsk 1 tny1
= (E(tn) — tné)ei(et"mk —elnsh) 4 ge T tnt1ok {e(u - )]
Sk Sk Sk o1y,
B L 1- e(tn*tn+1)8k
= (&(tn) —tnE) —————
Sk
. tn+18k 1 tnSk 1
= _—t s € €
€ n+1Sk t - ) — t R
vt (S - 1) - - )
é(i(t"*lii)iw(hii))
1 . —Atsk
= — [e(tn)(l — e AR L E(AL + e)]
Sk Sk
1 [ B B B B efAtsk -1
= — |E(tng1) — E(tn)e 2% + (B(tpy1) — E(ty)) ————— (C.7)
Sk SkAt
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Appendix D

Computation details of the
affine formulation

D.1 Solution of the internal variables’ constitu-
tive equation

The linearized equation of internal variables is given by (6.11):

p(t) = p(tn) +UT) : [o(t) = o (tn)] + 4(7)[p(t) — p(ta)]. (D.1)

Let’s prove that the following expression is a solution of (D.1):

p(t) = plts) = B(rt)+ /0 (=9 (7) + o (w)du, (D.2)
prt) = ¢ () —1)p(t,) — U(7) : o(ty)]
- / " eI (1) o (w)du. (D.3)
0

Let’s first recall the theorem which allows to switch the derivative and the
integral of a function:

N sere = [ 2 st m1dn + 506,00) Z000) - $0,a(0) Lt
— t,xdx:/ — f(t,x)dx + f(t,b(t))—=—0b(t) — f(t,a(t))—alt).
at Jow) oty Ot dt dt
(D.4)
With the help of (D.4), the derivative of (D.2) is given by:

B0 = O i0,) U)o (t)] + alr) [ IO s owd

tn

+U(7) 1 o (). (D.5)
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Expression of the proposed solution (D.2) can be rearranged to get an expres-
sion of the integral in function of p:

t
/ e=WIN (1) : o (u)du
tn

= p(t) = p(ta) =g (D)1 —1][p(t,) = Ur) : o (ta)]. (D.6)
Inserting this result in (D.5) gives:

pt) =[O p(t) — U)o ()] + a(r)(
—[et)a) _1[p(t,) — U(7) : o (t,)] + U(7) : o (t). (D.7)

Rearranging the terms gives:
p(t) =U(r) : o(t) +p(tn) = UT) : o (tn) + q(7)(p(t) — p(tn))- (D.8)

This result is the same as the differential equation (D.1), the proposed solution
is thus acceptable. Continuity conditions are also respected:

p(t:tn) = p(tn)a
plt=tn) = pltn). (D.9)

D.2 Linear viscoelastic expressions

The solution in p(7,t) of the integral equation (6.15) is inserted in equation
(6.10) and gives the initial expression reported hereafter. Main goal is to rewrite
such complex expression under one similar to a linear thermo-viscoelastic con-
stitutive law by introducing the Stieljes-type convolution product. The final
result is given below, a proof of the equivalence between the initial and final
result is given afterwards.

Initial expression:
Vi>t,:eD(t) = S:a(t)+m(r): o)
t
+n(7)/ eI (1) : o (u)du + "V (7, 1),
0

éo(l)(T7 t) = éi"(tn) —m(7) : o(tn) + p(r,t)n(r). (D.10)

Final expression:

eP(t) =[S © 6,4 + "D (r,1). (D.11)



Linear viscoelastic expressions 139

Expressions of the creep modulus S, and eigenstrain rate tensor ¢° are:

S-(r,t) = S+m(r)t
—q (1) : {t +q7 (1) (1 —ét q(T)ﬂ n(t) @ (1), (D.12)
"D (r 1) = eM(ty) —m(7) : o(ty) + n(r)p(r, t)
+e(r,t)[1 — H(t — t,)] + &° (7, t, 0(0)), (D.13)
e(r,t) = €"(t) =" (tn) —m(7) : (o(t) —o(tn))

—n(7) |p(T te(t*“)qm 7):o(u)du .
) |itr)+ | Ur) s o(w)de] . (D1
Erta(0) = [mr) - n(a (DU +n(na (DU 1 o(0),

where H is the Heavyside step function. This expression is valid for any time
(later or prior to the linearization time ¢,). Note that if ¢ < t,, expression
(D.11) is reduced to:
g(t) =S :o(t)+&™(t). (D.15)
————
éel(t)

Equivalence of the two expressions. In the final expression é0(2), the
Stiljes-type convolution product @ is defined as:
d t
SO0y = = / S-(1,t —u): o(u)du
’ dt | Jo

= [ e - 8,50 00, 016

where the theorem (D.4) has been used to invert the derivative and the integral.
Compliance terms are given by:

%(T’ w) = m(r)—q (7)1 - g (T)a(r)e" D n(r) @ U(1)
= m(r)—q¢ '(T)n(r) @)
—|—qil(7')euq('r)’n(7') ® I(7), (D.17)
and:
S:(r,0) = S. (D.18)

Expression (D.17) enables to compute the integral in (D.16). Integrals of
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the three terms are evaluated separately:

/0 ‘mr) el —wdn = - / "m(r) : o(y)dy

m(7) : (o(t) — o(0)), (D.19)

/O —q~H(T)n(T)U(7) : 6(t — w)du = ¢~ (1)n(1)l(7) : ((0) — o(t)), (D.20)

_ /O ¢ (PP M On(P)i(r) : (—o(t — u))du
= T ORI 0 (0) + g D) < o)

— / ' =9 (7)I(7) : o(s)ds. (D.21)

Inserting all these results in the final expression (D.11) gives:

e®) = S:o(t)+m(r):ot) =g " (Nn(EUT): ()
+q H()n(T)U(T) s o (t) + /0 t = (7)i(7) : o (u)du
+&" (tn) —m(7) 1 o (ta) + D(7, t)n(7)

+[1—H(t—ty)] [ém(t) — &M (t,) —m(7): (a(t) — a(ty))

- (ﬁ(T, £+ / " tatny oy | a’(u)du) n(r)]. (D.22)

0

This result is equivalent to the initial expression so that expressions (D.10) and
(D.11) are the same.

D.3 Linear thermo-elastic expressions

The linear viscoelastic formulation (6.17) with eigenstrain is given by:

E(t) = [Sr © 6], +E°(T:1). (D.23)
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Its Laplace-Carson transform is:

E*(s) = S*(r,8) : 6*(s) + €% (7,5). (D.24)
—— N——
Term I Term II

This expression is similar to the constitutive law of a linear thermo-elastic
material. Terms I and IT still must be evaluated.

Term I Expression S, (7,t) is given in equation (D.12). Its Laplace-Carson
transform is:

St(rs) = s+ ™70

m(r)  n(r) @ 1)
s s(s—q(r)

This is valid only if s > maz(0,¢(7)) = 0.

Term II Expression of €°(7,t) is given in equation (D.13). It is separated in
four terms as follow:

%, t) = M (t,) —m(7) : o(tn) +p(r,t)n(r) +é(1,t)[1 — H(1 —t,,)]
Term A Term B Term C

+ |m(1) = n(r)g H(N)I(T) + TL(T)q_l(T)etq(T)l(T) :0(0). (D.26)

Term D

Due to the linearity of the Laplace-Carson transform, transforms of terms A,
B, C and D are evaluated separately.

Term A

[L(e™(t,) —m(7) : o (ts))] () = eM(t,) —m(r) : o(ty). (D.27)

Term B
[L(D(7, t)n(T))](5) = P* (7, 5)n(7). (D.28)
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Expression of p(7,t) is given by equation (6.16). Transform of the last term of
p(7,t) is given by:

oo tn
s / / eI (1) : o (u)due™ s dt
o Jo
tn [e'e]
= / 5/ et =) =waM) gyl (7) : o (u)du
0 0

= — T): tne_“‘Z(T)O'u u. .
=i | (u)d (D.29)

This is valid if s > ¢(7). The transform of p(r,t) is given by:

S

Vs =)
— e IO(7) : o (k) m(r)

e~ p(t, )n(r)

=g~ (D)p(ta)n(7) + ¢~ (DU(T) 2 o () n(7)

— () : ltn(fuq(T)o'u un (). .
ot | (wdun(r).  (D.30)

Term C Laplace-Carson transform of term C is now examined. Expression
of é(r,t) is given by equation (D.14). Due to the Heavyside function, integral
of the Laplace-Carson transform is limited up to ¢ = t,, instead of ¢ = oo and
will be denoted:

[0t (& (1))] ) = 5 /0 " e (e, (D-31)

Transform of several terms of é(7,t) can be easily evaluated:

00—ty (= — g b -in " e—st
[£07T(e(tn))] /0 e (tp)e dt

= s (t,) {_eﬁ] :

s o
= &"(t,)(1 —e %),

£ m() o), = amlr): [ ale
(07t (m(r) s o (tn)] () = m(7):o(ta)(L—e "),
(L= (n)p(r )]y = nl) L7 G )], (D32)
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In this last equation, things are becoming a little bit more complex since p(7, t)
is given by equation (6.16):

Brt) = a7 [0 1] [p(e) 1) : o (t)]
— /tn et=WIN(7) : o (u)du. (D.33)
0

Firstly, let’s evaluate a preliminary integral:

tn
|:£0th (6(t7tn)q(‘r))} = 3 / e(tftn)Q(‘r)efstdt
(s)

tn
_ S/ (a() =)t —tna(r) gy
0

{emm )tg —tnqm]

0
_5tn e —q(7)tn
_ s?. (D.34)
qQq(7) — s

This gives the transform of the last term of p(7,t):

t’”/ tn
/ / eI (1) : o (u)due™*tdt
_ / / (t—u)q(T) —stdtl( ) ( )d

q(7)—s)—ug(r) 1 tr
= / s {] () : o(u)du
0

q(t) —s 0

t'n,
_ / S s T — i) - o)
o 4

T)— 8
s

= ——I(n): tnefuq(T)O'u u (et @M =s) _ 7). .
=10 | (w)du ). (D39)

Finally, the modified Laplace-Carson transform of (D.32) is given by:

e~ Stn _ efq(T)t71
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Last term of (D.14) can be transformed as:

t
[L‘anm : / =) g () dum(7)
0 (s)

tn t
= s/ l(r) :/ eI g (u)du et dtn (7). (D.36)
0 0

Regrouping all the partial transform, one get the one of é(r,t):
[L(e(,t)[1 = H(t —t)])] 5
b , tn
= s [T - )1 - ) —smin) s [ ot
0 0

+m(7) : o (t,)(1 — e )

e~ Stn _ efq('r)tn

—q (T)SW{)(%)”(T)
e_Stn _ e_Q(T)tn,
+q  (D)U(7) : o (tn)s prEs n(r

47 () [3(tn) = Ur) < o ()] () (1 — e=50)

S ) b efuq(‘r)o. w)du etn(‘J(T)*S) — Dn(r .
el | (u)du Dn(r)  (D37)
—sn(r) : 1(r) / / 1 o (u)du e dt. (D.38)

Last term (D.37) can be rewritten as:

tn t
n(r) : (1) / / eI g (y) du e dt (D.39)
0 0
. tn tn
_ sn(n) :U(7) [etn(qm—s) / o ()e =17 dyy — / o(w)e—" du} .
q(t) —s 0 0
This enable to further simplify the sum of (D.37) and (D.38).

Term D Term D can be viewed as a function of o(0). Its Laplace-Carson
transform is given by:

e’ (r,5,0(0) = m(r):o(0)—n(r)g L (7)I(r): o(0)
+ n(r)g () I(r) : o(0). (D.40)

s —q(7)

This is valid only if s > ¢(7). Regrouping terms A, B, C and D enables to
compute €°*. Tts final expression is reported in the main text (section 6.3.1).
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D.4 Limit values for the Laplace-Carson inver-
sion

For the numerical inversion of the Laplace-Carson transform with a collocation
method, two limits of the function are needed. For a function f(¢) (denoted
f*(s) in the Laplace domain), these can be evaluated equivalently in the Laplace
or time domain:

T f(s) =l 7o),
lii%sf*(s) = tlg&@ (D.41)

In the proposed algorithm to solve the localization problem for two-phase
elasto-viscoplastic plastic composite with an affine formulation, the two strain
concentration tensors of linear thermo-elasticity have to be inverted: A (7, s)
and a®(7,s). Expressions for the strain concentration tensors used in this
section correspond to the Mori-Tanaka homogenization scheme (section 4.2.3)
but limit values for other mean-field models can be obtained in a similar way.
If the final macroscopic response is computed via the macroscopic relation of
linear viscoelasticity (equation (6.24)), macroscopic stiffness and eigenstrain
must also be inverted. Limit values of these expressions are given in Pierard
[77].

D.4.1 The different functions

In the following, the subscript r refers to the matrix (r = 0) or the inclusions
(r=1).

General case C{(7,s) # Ci(T,s)

* m,(7)  n.(1) @1 (1)

S = S T )

Ci(rs) = 8;7H(ms),

E*(r,s) : Eshelby’s tensor remains finite for any v # 0,
BY(r,5) = [I+&%(r,s): (Cylr,s)) " :Cl(r,s)—1)] ",
A%(r,s) = B“(r,s):[(1—v)I+ v B*(rs)] ",
e¥(r,5) : see equation (6.21),
a®(r,5) = (A" —1I):(Ci(r,s) - Ci(r,5)”"

L [C(1,8) - €0 (1,8) — Ci(7,5) : €Y (7,5)]. (D.42)
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Particular case Some of these expressions become invalid and have to be
reformulated if C7(7,s) = C5(T, s)

Sy (1, s),Co(t,s) and E(7, s) remain valid and unchanged,

B (r,s) = I,
A (1,8) =1,
€% (7, s) remains valid and unchanged,

a (7, s) becomes invalid. (D.43)

In the last expression, when the inclusion’s parameters tend to the ones of the
matrix, first term of a® (7, s) tends to I, second one to 0 and the contraction
of the third and fourth ones tends to €*(7,s) — €J*(r,s). Thus, if C(r,s) =
Ci(r,s), a*(r,s) = 0.

D.4.2 Limit values for s — oo

*

General case lim;_, o, Cj(7,s) # lims_,oo C7 (7, 5)

Sli{{.lo S: (T7 8) = S'f‘a
lim Ci(r,s) = 8!,
lim £(7, s) remains finite,
~1
lim B (7,s) = {I—i— lim £*: (S : 87" — I)} ,
§—00 §—00
lim A“(7,5) = lim B“(7,s): (v; lim B“(7,s) + (1 —v)I)7 !,
lim e¥*(r,s) = m,(7):0a.(0),
§—00
—1
lim a®(7,s) = (1—v1) (vl lim B (7,s) + (1 — vl)I) )

: <lim B (r,s) —I) (ST =87

§—00

(St tmo(1) 1 00(0) — ST i my(7) 1 01(0)) (D.44)

Limits of the strain concentration tensors can be evaluated just once for all
time-steps if o9(0) = 0 and o1(0) = 0. Otherwise, additional time-dependent
terms must be considered.

Particular case lim;_o C{(7,s) = lim,_o C7(T,$)
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lims_0o S5 (7, ) and lim,_,o, C (7, s) remains valid and unchanged.

eli{rolo E*(1,8) (remains finite),
shlgo B (1,s) = I (simplified),
51520 A(1,s) = I (simplified),
Sli)rglo e¥(r,s) = m,(r):0,(0) (unchanged),
sll>nolo a®(1,8) = 0 (undetermined in the general case).  (D.45)

D.4.3 Limit values for s — 0

General case lim,_0Cj(7,s) # lim,_,o Ci (T, s)

i * S S s(s — g, (T
;g% Sr(r,s) = o(s = qr(T))[ (s —qr(7))Sx
+(s = gr(7))m (1) + n(7) @ L (7)),
-1
fim C:(r8) = |l (.9
= lim —sq, () [~ (T)mo(7) + i (7) @ (7))
= 0,

lim £%(7, s) remains finite since lim C7 (7, s) = 0,
s—0 s—0

HII(I) [C 7 (r,8) : Ci(r,8) — I

=ty 2 (s a0()So -+ (5 — (r))ma(r) + ma(r) & L)

(s —qu(1)S1+ (s — u(T)ma(r) + ni(r) 9 (1) = T
= B ol La(r) = an(r)ma(r)] s [ (7) 9 4(7) — an (7)ma(7)]

I (D.46)
liir(l)BE*(T,s) = llil(l) I+S*(I,C*"°(r,s)): (Cy ™t C5 1)

Finite Finite
Finite
ii_r%sAE*(T s) = S;EI})HE*(T,S) : [vo + vy gi_I’I}JHe*(T,S)]il
Finite Finite
Finite

= 0 (D.47)
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lim &)"(r,5) = " (m) = a~ (T)p(r)n(r) + ¢ (T)U(T) s o (1)n(T)
- / ' e (7) a(t)dt> n(r)
0
+ m(1):a(0) —n(r)g  (1)l(7) : a(0). (D.48)

Remains finite!

lim [C (7, 5) — Co(T, s)) 711 [CH(T,5) 1 €0 (7, 8) — Ci(7,8) 1 €3 (7, 9)]
= lim s =q1(7) (—q(T)ma(7) + na(r) @ 1y (1)
+0(7) (—qo(T)mo(7) + no(T) @ Lo(7)) ']~
s[—qo(7) (—qo(T)mo(T) + no () @ Lo(7)) ' : &)

+q1(7) (=g (T)mu (7) + () @ L (7)) : el (D.49)
s~ and s can be simplified each others and this limit is thus finite.

li_r)% sa®(r,8) = s [vl i% B (1,s) + ng] B : [ili% B (1,s) — I}
Finite Finite
1 [Ci(r,5) = Ci(7,8)] 7' : [C(7,5) 1 60" (7, 5) — C(7,5) : €1"(7,5)]
Finite
- o (D.50)

The two required limits are thus nil for all times.

Particular case lim,_oCy(7,s) = lim,_o Ci(7,s).
lims—,0 S;.(7,5), lims_,o C (7, s) and lims_,0 E*(I,C*"*°(7, s)) remain valid
and unchanged.

glil(l) H¢*(1,s) = 1,
l% sF*(r,s) = 0 (unchanged),
ili%s *(1,s) (unchanged),
lim sa“*(7,s) = O (unchanged) . (D.51)
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Tensile tests

This appendix examines the required additional loop for tensile test. This is
necessary when considering loading cases such as uniaxial tension, biaxial ten-
sion, hydrostatic pressure, creep,...Only the two first cases are examined here.
The proposed algorithm is for a strain driven approach so that imposition of
the required conditions on the stress tensor is not trivial a priori. For example,
in the case of a tensile test, Aeyy is given over a time step (if traction is per-
formed along direction 1) but the other components of the strain increment are
unknown. This iterative procedure is required at each time step. Hereafter, C
designates the tangent modulus.

E.1 Uniaxial tensile test

At the end of a time-step, the system should be form similar to:

AO’H O 0 B A{:‘H O O
0 00 |=C: 0 Acgo 0 ;
0 0 0 0 0 A€33

Aogs and Acss are nil only for particular values of the unknowns Aess and
Aess. Starting form arbitrary values for these components, an iterate Newton-
Raphson scheme is used. The two functions to varnish are written as:

Acyy = Ca11Ac11 + CaaaAeas + CongzAezz = 0,
Acss = Ciz311A¢e11 + Ca320A829 + Ca333Ae33 = 0. (E.1)

The Newton-Raphson system can thus be written as:

0.

[ Acas ]it_i_ [ C:'2222 Cjzzss yt

it+1 it
Aess™ — Aehy
Aoss C3322 (3333

it+1 it -
Aegs™ — Aely
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Aeil! can be isolated from the first equation:

it+1 _ A il i+l it
Aegs™ = Aegy — C’” = Ak C” = C5ha(Ae — Achy). (E.2)
2233 2233
Inserting this result into the second one gives:
it
Aoty | Chao
it it
Chass  Caoss

AU@% + 03322(A5§t2+1 - Aggz) 03333 < (Agm—l A5 )) =0,

which can be rewritten as:

it+1 it Cii333C 552 it _ Cifa
(Achs"™ — Aey) | Cainn — —©ci. )T Aoty ~ it Aol =0. (E.3)
2233 2233

Final expression of the new iteration of the strain increments are given by:

Agét;*l _ Aei (C3322 0333302222) (03333A it AO’%%)
Clhas Clhas
A it .
A61t+1 _ A533 022 Clhan (Al it41 Az—:ég). (E.4)

Cihas  Clhag
Initialization of the strain increments can be given by:

Agq; given,

Acdy = —0.49A¢7,,

Aely = —0.49A¢],. (E.5)
E.2 Biaxial tensile test

At the end of a time-step, the system should be form similar to:

Aoy 0 0 B Aeqy 0 0
0 Acgy 0 =C: 0 ANDS! 0
0 0 0 0 0 A€33

Only the last component of the stress matrix is not trivially satisfied. In this
case, the problem is thus reduced to find the solution of a single equation:

Aosz = Csz11 : Aery + Csza - Aegg + Cazgs : Aes. (E.6)
Solving this equation with the Newton-Raphson method gives:
A033 + 03333 (A&?”Jrl AE%%) =0. (E?)

The new iteration of the strain increment is finally given by:

Al = Al — (ES)



Appendix F

A short introduction to
Affinistan

Affinistan is the main software developed during this thesis. It enables to
predict the behavior of two phase elasto-viscoplastic composites. This is done
with an affine linearization of the local constitutive law and predictions are
obtained with a mean-field homogenization scheme. Even if not mandatory,
Affinistan comes with its graphical user interface which enables to describe
easily both materials, the loading conditions and some numerical parameters.
Furthermore, a basic post processor handles with plots. Possibilities offered by
the software are briefly presented hereafter.

F.1 Input section

The input section is divided into four main windows (see figure F.1). First and
second ones describe both phases of the material. A third one is devoted to
the mean-field homogenization scheme and the loading parameters. The last

section specifies some optional parameters. Furthermore, a main toolbar offers
some global options.

F.1.1 Toolbar

Here is a basic description of the buttons of the main toolbar.
e New: Reinitialize all the fields as when launching the software.

e Load: Enable to load an input (.dat) file for a simulation with Affinistan.
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Dle B X8 & 43

New | Load Description Unte Save Run Quit  Abaut

Matrix Inclusions
No description of the matarial

Blasto-viscoplastic =
Young's mod Polsson's ratio: oung's mod,
Init. yid sts: Init. yid strs:

Pawer law -
Hard. madulus: Hard. exponent: R

ABAQUS rate dependent powerlaw -

Vise. coef.

Visc. coel.: Visc. exp. 1:

Aspect ratio

Load Save phi

Homagenization and loading

t ®
MoriTanaka -
From local strass fisld «
Manotone: s

Uniaxial _1 -

True stram rate Final strain:

Input | Post-processing

Velume fraction: |0

eta x

Additional parameters

No description of the simulation

No description of the material
Elagto-viscoplastic ¥

Poisson's ratio

Power law &
Hard, axpanant
ABAQUS rate dependent poweraw -

Vise. exp. 1

Load Save

Esh Iso =

10045

1.oe+l0

20

0.

100

Fix point *| | Default values

Figure F.1: Input section of Affinistan.

Description: Give a description of both materials and of the simulation.

These fields appear in the input window of the graphical user interface

and in comments of the .dat file.

Units: Define the global unit system (for stress, time and angles). A

modification induces an optional automatic correction of the already filled

fields.

Save: Write the corresponding .dat file of the current simulation.

e Run: Run a simulation. If not done previously, the user is prompted to
save the simulation. Some checks are made if the fields are filled correctly
(each field label correctly filled is green if correct or red otherwise).

Quit: Exit Affinistan.

About: Give informations about the software.

F.1.2 Matrix and inclusions sections

Const. model: Select the constitutive model: linear elastic, elasto-plastic

or elasto-viscoplastic. For linear elastic materials, the initial yield stress

is set very high and for elasto-plastic ones,

the viscosity is set very low.
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Young’s mod.: Young’s modulus (E).
Poisson’s ratio: Poisson’s ratio (v).
Init. yld strs: Initial yield stress (oy).

Hard. model: Hardening model: power law, exponential law or Swift law.
The two first models are presented in section 6.1.

Hard. modulus: Hardening modulus (k).
Hard. exponent: Hardening exponent (n).

Visc. model: Model for the viscoplastic function (g,): Norton (see Doghri
[24]), three-parameters creep model of ABAQUS [1], the viscous model
defined by Li and Weng ([58]) or the ABAQUS rate-dependent power law
[1]. Some of these models are presented in section 6.1.

Visc. coef.: Viscoplastic coefficient.
Visc. exp. 1: First viscoplastic exponent.
Visc. exp. 2: Second viscoplastic exponent.

Volume fraction: Volume fraction of each phase. If modified, volume
fraction of the other phase is corrected accordingly.

Aspect ratio: Aspect ratio of the spheroidal inclusions.

Phi, eta and xi: Euler angles to describe the orientation of the inclusions
with respect to the direction of traction. If aligned, all angles are nil.

Load: Load a material properties file (.mat).

Save: Save a material properties file (.mat).

F.1.3 Homogenization and loading section

Homogenization: If checked, allows to define a heterogeneous material.
Otherwise, only simulations on the matrix can be performed.

Homog. model: Select the homogenization model: Voigt, Reuss, Mori-
Tanaka, three-phases generalized self consistent (for spherical inclusions
only) and interpolative model.

Macro stress: Computation of the macroscopic stress response: average
from local stress fields or from a linearized macroscopic constitutive law
(suspended in the last version of Affinistan).



154

A short introduction to Affinistan

History type: Monotonic, cyclic, relaxation or creep loading.

Loading type: Prescribed strain, uniaxial traction along direction 1, bi-
axial traction along directions 1 and 2 or shear test in the plane 1/2.

Nbr cycles: Specify the number of cycles if the loading history is cyclic.

Init. tr. strain: Initial true strain if loading history is relaxation. Initial
true stress if loading history is creep.

Strnll/strn22: Strain ratio between directions 1 and 2 if loading type is
biaxial.

True strain rate: Constant true strain rate during all the simulation.
Final strain.

Final time: Computed from the two previous values.

F.1.4 Additional parameters section

Macro operator: Select the way to compute the macroscopic operator
(see section 5.3): only Eshelby’s tensor is computed from an isotropic
extraction of the affine modulus of the matrix or only the Hill’s tensor P
or all the computations.

Smallest colloc. point: Smallest collocation point. Used in the numerical
inversion of the Laplace-Carson transform.

Highest colloc. point: Highest collocation point.

Nbr colloc. points: Number of collocation points. These are equispaced
on a logarithmic scale between the smallest and highest value.

Test time: Reference time at which debugging information is written in
several files. Inactive if nil.

Min. nbr time-steps: Minimum number of time steps during the simula-
tion.

Num. method for local. eq.: Numerical method to solve the localization
method: fixed point or Newton-Raphson.

Default values: Reset all the fields of this section to their default values.
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F.2 Post processing section

This section is used to plot or save figures. In addition to a new toolbar, it
enables to add curves to the curves list (figure F.2) and to set some parameters
for the layout of the figure (figure F.3).

F.2.1 Toolbar

e New figure: Delete all the curves from the curve list.

e View figure: Plot the curves list and the specified parameters for the
layout. This figure is shown with the Gnuplot software for several seconds.

Save figure: Save the current figure in a postscript format.

Save script: Save the Gnuplot script corresponding to the current figure.

Quit: Exit Affinistan.

About: Give informations about the software.

F.2.2 Add curve section

A maximum of 20 curves can be plotted on the same figure.

e Select data source: Add a curve either from the last simulation or from a
selected data file. If "From simulation’ is selected, the type of curve must
be selected (macroscopic, in the matrix, in the inclusions, matrix alone
or inclusions alone). Corresponding variables to be plotted must also be
selected. If 'From file’ option is selected the user is prompted to select
the corresponding file and the column numbers of this file to be plotted.

e Curve label: Give a label to the current curve.

e Select line style: Select the line style. This option is only valid when
saving the script.

e Select point style: Select the point style. This option is only valid when

saving the script.

F.2.3 Set figure layout section
Enable to fix the layout of the figure. All these fields are optional.

e Figure title: Give a title to the figure.

o X Axis label: Give a label to the X axis.
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gk ENENE
figure  figure  figure  script Quit  About
Add curve
Set figure Liyout
Curves list
o)«
® From samulation:| Macroscopic ™| Plot: Strain 11 ¥ | vs  Stress 11 —
Select data source:
From file:  Seboct Columns: e
Curve Label:
Select line style:
Select point style: | No point -

Warning: Correct line styles and point styles are wlfective only when saving scripls
gancel apply

It Post-processing

Figure F.2: Add curve section of Affinistan.

Y Axis label: Give a label to the Y axis.

X range: Define a range for the X axis.

e Y range: Define a range for the Y axis.

Legend position: Select a corner of the figure for the legend position.



Figure tithe:

Aot X label: |

Ass Y label: |

xnge 4 1
Yrange: I 1
Legend postion: | Top = | Right = |

!
!

linput Past-processing |

Figure F.3: Set figure layout section of Affinistan.






Appendix G

Notations and units

Fourth order tensors

Symbol | Definition Units
m dg;'” s.}:’a
A€ Strain concentration tensor (g1 = A° : &) -
B¢ Strain concentration tensor (g1 = A°: gp) -
c Elastic or tangent operator Pa
C* Hill’s constraint tensor Pa

cl Algorithmic tangent operator Pa
c? Continuum tangent operator (el.-pl.) Pa
cn Continuum tangent operator (el.-visc.pl.) Pa
(o Secant stiffness operator Pa
Ds Strain concentration tensor (e(z) = D° : g) -
D° Stress concentration tensor (o (x) = D : &) -
G Relaxation tensor Pa
I Volumetric unit tensor -
1% Deviatoric unit tensor -
I Unit tensor -
J Creep tensor 1/Pa
P Hill’s tensor 1/Pa
S Compliance 1/Pa
& Eshelby’s tensor -
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Second order tensors

Symbol | Definition Units
! 920 !
8571_" s.Pa
n %e—p 1/s
G Displacement gradient -
N Normal to the yield surface in stress space -
o Thermal expansion 1/K
1 Unit tensor -
€ Strain -
o Elastic strain -
eP Plastic strain -
gth Thermal strain -
e* Eigenstrain -
g™ Far field strain -
o Stress Pa
T Polarization tensor Pa
Scalars
Symbol | Definition Units
f Yield function Pa
Jo Viscoplastic function 1/s
P Accumulated plastic strain -
q ‘98% 1/s
V1 Volume fraction of inclusions -
w Stress potential Pa
E Young’s modulus Pa
G Lamé Coefficient Pa
R(p) | Hardening function Pa
S Surface m?2
T Temperature K
1% Volume m3
¥ Plastic multiplier -
K Bulk modulus Pa
A Lamé coefficient Pa
1 Shear modulus Pa
v Poisson’s ratio -
Ocq Equivalent stress Pa
UZI Trial equivalent stress after an elastic time step Pa
oy Initial yield stress Pa
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Vectors
Symbol | Definition Units
n Normal to a surface -
t Stress Pa
Uu Displacement m
x Position m
Symbols

Symbol | Definition
Ty Reference state in phase r

< x >, | Average value over phase r

< x>, | Average value over all the volume
T Macroscopic value

C>0 |e:C:e>0foralle

Az Variation

® Convolution product

©

x*

Stieljes-type convolution product
Laplace-Carson transform
[L(z)](s) | Laplace-Carson transform of an expression

S Laplace variable

o Refers to the matrix

T Refers to the inclusions
zdev Deviatoric part of the tensor
zelt Effective value

T Time derivative

® Tensorial product

Contraction over two indices
Contraction over four indices
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