LIMIT SOLUTIONS OF THE CHERN-SIMONS EQUATION
AUGUSTO C. PONCE AND ADILSON E. PRESOTO

ABSTRACT. Given a bounded domain © in R?, we investigate the scalar
Chern-Simons equation
—Au+e“(e"—1)=p inQ,

in cases where there is no solution for a given nonnegative finite measure
. Approximating p by a sequence (pin)nen of nonnegative L' functions
or finite measures for which this equation has a solution, we show that
the sequence of solutions (un)nen of the Dirichlet problem converges
to the solution with largest possible datum p# < p and we derive an
explicit formula of x# in terms of p. The counterpart for the Chern-
Simons system with datum (u, v) behaves differently and the conclusion
depends on how much the measures p and v charge singletons.

1. INTRODUCTION AND MAIN RESULTS

In this paper we investigate a question concerning convergence and sta-
bility of solutions of the scalar Chern-Simons problem

—Au+e¥e"—1)= in Q,
(1) { ( ) =n

u=0 on 0,
where Q C R? is a smooth bounded domain and y is a finite Borel measure
— equivalently a Radon measure — in 2. By a solution of (1.1), we mean
a function u € Wol’l(Q) such that e“(e* — 1) € L}(Q) and satisfying the
equation in the sense of distributions.

Using for instance a minimization argument in WO1 ’2((2), one shows that
the scalar Chern-Simons equation always has a solution with datum p €
LP(Q) for any 1 < p < oo [16, Chapter 2]. Existence in the case of datum
p € L1(Q) can be obtained by approximation using L data [5, Corollary 12;
16, Chapter 3].

The case of nonlinear Dirichlet problems with measure data is more subtle.
This issue has been discovered by Bénilan and Brezis [2-4] in a pioneering
work concerning polynomial nonlinearities in dimension greater than 2.

The case of exponential nonlinearities in dimension 2 has been investi-
gated by Vézquez [19]. For instance, if u = ad, for some a € Q, then for
every « > 21 the Dirichlet problem (1.1) has no solution with datum u.
The counterexample above gives the only possible obstruction in the case
of exponential nonlinearities: p is a good measure — that is the Dirichlet
problem (1.1) has a solution — if and only if for every x € Q,

u({a}) < om.
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We want to understand what happens when one forces the Dirichlet prob-
lem to have a solution when no solution is available. For instance, if i is a
measure for which (1.1) has no solution, then one could approximate p by a
sequence (py, * 11)pen of convolutions of p — for which we know the Dirichlet
problem has a solution — and then investigate the limit of the sequence of
solutions (uy)pen-

This program has been proposed and implemented by Brezis, Marcus and
Ponce [6] in the case where y is approximated via convolution. They have
proved that for any sequence of nonnegative mollifiers (p, )nen, if u, satisfies

—Auy, +e" (€' — 1) =py,xp  in Q,
{ Uy =0 on 0,
then the sequence (uy)nen converges in LY(€) to the largest subsolution u*
of the scalar Chern-Simons problem with datum g [6, Theorem 4.11].

The result in [6] concerns more general convex nonlinearities and holds
in any dimension, but strongly relies on the fact that the approximating
sequence (pn * p)nen is constructed via convolution of u [6, Example 4.1].

Our first result shows that for the Chern-Simons equation the conclusion
of Brezis, Marcus and Ponce is always true regardless of the sequences of
functions — or even measures — (fiy,)nen converging to p.

Theorem 1.1. Let (up)nen be a nonnegative sequence of measures in 2
such that for every n € N and for every x € Q,

pn({}) < 27
and let uy satisfy the scalar Chern-Simons problem
—Auy, +e" (e —1) = p, inQ,
{ up, =0 on Q.

If the sequence (pn)nen converges to a measure u in the sense of measures in
Q, then the sequence (un)nen converges in L1(Q) to the solution of the scalar
Chern-Simons problem with datum p*, where u¥ is the largest measure less
than or equal to p such that for every x € €,

p*({x}) < 2m.

A sequence (fi5)nen converges weakly to p in the sense of measures in €2,
if for every continuous function ¢ : 2 — R such that ¢ = 0 on 91,

lim Cduy, = / Cdu.

We denote this convergence by g, — g in M(Q), where M(Q) is the vector
space of (finite) measures in {2 equipped with the norm

lellancey = lul(@) = / djpl.
0

Applying Theorem 1.1 we deduce an explicit formula of x# in terms of
. Indeed, if we write 1 as a sum of nonatomic part & and an atomic part

o0
H=pt Z @ida;
=0
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where «; > 0 and the points a; are distinct, then

o0
p =1+ Z min {a;, 27}, .
i=0
Since p is a finite measure, there can only be finitely many indices ¢ such
that a; > 27. In particular, the measure p — p# is supported in a finite set
and for every a € €2,

#*({a}) = min {u({a}), 27}.

We may recover the result of Brezis, Marcus and Ponce using their notion
of reduced measure p*. By definition, the reduced measure is the unique
locally finite measure in 2 such that

= —Aut + e (e —1)

in the sense of distributions in €2, where u* is the largest subsolution of the
Dirichlet problem (1.1). The fundamental property of reduced measures [6,
Theorem 4.1] asserts that p* is a (finite) measure in 2, u* satisfies the
Dirichlet problem (1.1) with datum p* and p* is the largest good measure
less than or equal to p. According to Vazquez’s result such largest good
measure is precisely u#. Therefore,

pt =yt
As an application of the tools we use to prove Theorem 1.1, we investigate
what happens to the approximation scheme for the Chern-Simons system
—Au+e’(e"—1)=p inQ,
—Av+e“(e’—1)=v in Q,
u=v=0 on Jf.
By a result of Lin, Ponce and Yang [12, Theorem 1.1], the system above

has a solution for nonnegative measures p and v in € if and only if for every
x €,

p({z}) +v({z}) < 4m.

A first result in this direction consists in identifying the sum of the com-
ponents of the reduced limit (u#,v7).

Theorem 1.2. Let (pin)nen and (Vn)nen be sequences of nonnegative mea-
sures such that for everyn € N and x € (),

pn({x}) +vn({z}) < dm
and let (up,vy) satisfy the Chern-Simons system
—Auy, +e (e —1) = py,  in Q,
—Avy, +e' (e —1) =1, inQ,
Up = Uy =0 on 0f).
If the sequences (tin)nen and (Vn)nen converge to p and v in the sense of

measures in 0, and if (up)nen and (vn)nen converge to u and v in L1(Q),
then (u,v) satisfies the Chern-Simons system with datum (u#,v"), where

(i) 0 < p# <,
(ii) 0 < v# < v,
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(iii) p?” 4+ v* is the largest measure less than or equal to yu + v such that
for every x € €,

p* ({z}) + 07 ({a}) < 4m.

The assumption concerning the convergence of the sequences (uy )nen and
(Vn)nen in L1(Q) is not restrictive since if the sequences (fin )nen and (Vp )nen
are bounded M (), then both (uy)nen and (vy,)nen are compact in L1(€2).
This is a consequence of a contraction estimate for Dirichlet problems with
an absorption nonlinearity and Stampacchia’s linear regularity theory [16,
Chapter 3 and Chapter 4; 18, Théoreme 9.1].

By Theorem 1.2, the measure u# + v# can be expressed only in terms
of the measure u + v as we did in the case of the scalar Chern-Simons
problem. We deduce that the nonatomic parts of u# and v# coincide with
the nonatomic parts of u and v, so we are still left to identify the atomic
parts of p# and v#.

In order to give a hint of the type of conclusion one may get from Theo-
rem 1.2, let us consider some examples:

Model case 1. u = ad, and v = B0, with a,b € Q, a # b, and o, 5 > 0.

In this case there is no interaction in the limit and everything happens as
if the measures did not feel each other. It follows from Theorem 1.2 that

p# = min{a,47}d, and v* = min{3,47}d.
Model case 2. u = 3nd, and v = 27d, with a € Q.
Model case 3. u = 5nd, and v = 27d, with a € .
In both cases, Theorem 1.2 ensures that
p + v = dxd,,

but gives no information on how the measure 478, is shared by p# and v#.
This raises the following question: are the measures p# and v# indepen-
dent of the choice of sequences (in)nen and (vp)nen converging weakly in
measure to y and v?
We have been able to identify two cases where the answer is affirmative.

Theorem 1.3. Let a € 2. Under the assumptions of Theorem 1.2,
(7) if u({a}) =0 orv({a}) =0, then
¥ ({a}) = min {u({a}), 47},
v#({a}) = min {v({a}), 4r};
(ii) if u({a}) < 4w and v({a}) < 4w, then

p#({a}) = min {M({a}), u({al) — n({a}) + 1/2({@}) —4n }

v#({a}) = min {y({a}), ) — 1dad) )~ t }

Assertion (i) above covers Model case 1. Applying Assertion (ii) above,
we deduce that in Model case 2 the loss of mass is equally shared by p# and
v# and we have

p = 57”6(1 and V7 = 37“5a.
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Despite of what happens in the scalar case, in general the reduced limit
depends on the sequences (y)nen and (v, )nen. In Section 5.3 we show that
two possible reduced limits in Model case 3 are

(77”5(1,%5@) and  (3mdg, mq).

A counterpart of Theorem 1.3 in this case would have predicted only the
first possibility. Using Cantor’s diagonal argument we may trick the system
by pretending we are under the regime of Assertion (i) above, and this gives
the second reduced limit. We do not know whether the first reduced limit is
the only possibility when the sequence ( (tin, I/n))n ¢ arises as a convolution.
For instance, u, = 5mp, and v, = 27p, where (p,)nen is a sequence of
mollifiers.

We have restricted ourselves to domains in dimension 2. In dimension
greater than or equal to 3, the characterization of measures for which the
scalar Chern-Simons problem (1.1) has a solution is not completely under-
stood [1,15,20].

2. PROOF OF THEOREM 1.1

By a standard property of elliptic equations with absorption term [16,
Chapter 7], for every n € N,

(2.2) le® (€™ =Dz < lkmllrm)-

Thus, by the triangle inequality,

| Aunl| pmee) < 2lpnll ame)-

Since the sequence (i )nen is bounded in M(Q), the sequence (Auy)nen
is also bounded in M(2). From Stampacchia’s linear regularity theory [16,
Chapter 3; 18, Théoréme 9.1], the sequence (uy)nen is bounded in W14(Q)
for every 1 < g < 2. By the Rellich-Kondrachov compactness theorem, there
exists a subsequence (uy, )ren converging to some function u in LY() and
a.e. in . By (2.2), the sequence (e“" (e — 1)),y is bounded in L'().
Passing to a further subsequence if necessary, we may assume that there
exists a finite measure 7 in €2 such that

e (eUrk — 1) S e¥(e" — 1) + 7 in M(Q).
Thus, u satisfies the scalar Chern-Simons problem
—Au+ee"—1)=p—7 inQ,
{ u=0 on 0f2.
Consider the set
A={zeQ:pu({z}) >2r}.

Since p is a finite measure, the set A is finite. We first prove that 7 is
supported in A.
For this purpose, let N (u,) be the Newtonian potential generated by iy,

N(pn)(z) = 2177/91°g <|x f y‘) dpn(y),
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where d > diam Q. Given b € Q and r > 0, we first write the Newtonian
potential of u, as

N(pn) = N(pnl B, 1)) + N (tn Lo\, )

Assume for the moment that there exist € > 0 and m € N such that for
every n > m,

(2.3) tn(Br(b)) <21 —e.
By the Brezis-Merle inequality [7, Theorem 1; 16, Lemma 8.2], there exist
p > 1 and C7 > 0 such that for every n > m,

HGQN(unLBT(w)HLP(Q) < (.

Since the functions N (i |0\B,(»)) are harmonic in B,(b) and have a uni-

formly bounded L' norm in By (b), the sequence (N (un LQ\BT(b)))neN is uni-

formly bounded in B, /5(b). We conclude that there exists C > 0 such that
for every n > m,

(2.4) | €27 (n < 0.

)HLP(BT/2(b)) -
Note that if b € Q\ A, then there exist € > 0 and r > 0 satisfying (2.3).
Indeed, let € > 0 and R > 0 such that
w(Bgr(b)) <21 —€.

Then, by weak convergence of the sequence (puy)nen [11, Section 1.9], prop-
erty (2.3) holds for every 0 < r < R and for every 0 < € < €.
Let U,, be the solution of the linear Dirichlet problem

{ —AU, = up in 9,

(2.5) U,=0 on 09Q.

By the comparison estimate between the solution U, of the linear Dirichlet
problem (2.5) and the solution w, of the nonlinear Dirichlet problem [16,
Chapter 7], for every n € N we have

u, < U, in Q.
By the weak maximum principle [16, Chapter 5], U,, < N(p,,) in . Hence,
Up < N(pn) in .

It follows from (2.4) that the sequence (e*"(e"“"—1)),en is uniformly bounded
in LP(B, /5(b)). Since uy,, — u a.e. in B, /5(b), by Egorov’s theorem we get

ek (e — 1) » e%(e —1) in Ll(BT/Q(b)).

We deduce that 7 =0 in B, /5(b). Since b € 2\ A is arbitrary, we conclude
that 7 is supported in A.

If the set A is empty, the conclusion of the theorem follows with u# = p.
We may assume that A is nonempty. Recalling that A is a finite set, we
may write

A= {le,.. . ,{I,‘l},
where the points x; € € are distinct.
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Given i € {1,...,1}, let r > 0 be such that B,(z;) N A = {z;}. For every

2
0<a< T

- p({zi})’

let v be a function satisfying the scalar Chern-Simons problem

—Avg + e (e — 1) = apy, in By(x;),
v =0 on 0B, (xz;).

The existence of vy follows from [19, Theorem 2[; alternatively, one may
apply the method of sub and supersolution [14, Corollary 5.4; 16, Chapter 6]
with subsolution 0 and supersolution u,, . In particular,

0 <wg <up, in By(z;).
Since for every = € By(x;),

ap({z}) < 2m,

the sequence (vg)ren converges in L'(Q) to the unique solution v of scalar
Chern-Simons problem in B, (z;) with datum au.

Since v < w and since points have zero W12 capacity in R?, by the
Inverse maximum principle [10, Theorem 3; 16, Chapter 5] we have for every
x € Br(x;),

—Av({z}) < —Au({z}).
Computing in particular both measure in the set {z;}, we get
ap({zi}) < (=) {x:}) = 0¥ ({z:}),
where
=
Taking the supremum over «, we deduce that
21 < p¥ ({a:}).

On the other hand, by Vazquez’s nonexistence result [1, Section 5; 19, Sec-
tion 5], we also have u# ({z;}) < 2m. We conclude that

p=p? inQ\{zx,..., 2}

and for every i € {1,...,1},

p ({a}) = 2.

In particular, the measure u# does not depend on the subsequence (Un,, ) keN-
Since the solution of the Chern-Simons problem is unique for nonnegative
datum, we deduce that the entire sequence (uy, )nen converges to u in L (£2).
The proof of the theorem is complete. (|
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3. PROOF OF THEOREM 1.2

We first show that
u# < p.
Recall u,, € Wol’l(Q) and that for every ¢ € C2°(€2),

(3.6) —/unAcp—i—/ev”(e“" —1)@:/gpd,un.
Q Q Q

The nonlinear term in the equation verified by u,, satisfies the sign condition:
for every t € R,

e’ (e! — 1) signt > 0.
From the comparison estimate [16, Corollary 7.9], u,, > 0 implies that u, >
0. Since the sequences (u,)nen and (vn)nen converge to u and v in L1(£2),
if the test function satisfies ¢ > 0, then by Fatou’s lemma,

/ e’(e" — 1)¢ < lim inf/ e’ (e — 1)p.
Q Q

n—o0

As we let n tend to infinity in (3.6), we get

/sodu#z—/uAs0+/e”(e“—l)wé/wdu-
Q Q Q Q

Since this property holds for every ¢ € C2°(€2) such that ¢ > 0, we deduce
that u# < p.

We now show that
p# > 0.

This property is proved in [13, Theorem 1.3] in the case of semilinear equa-
tions with nonlinearities without dependence on the domain variable. The
fundamental ingredient is a counterpart of the Inverse maximum principle
for concentrated limits with respect to the W12 capacity [13, Theorem 4.2]
which we explain below.

We recall that by the Biting lemma [8; 13, Section 2], up to a subsequence
every bounded sequence of measures (A, )neny may be decomposed as

)\n = )\n I_An +)\n LQ\A",

where the sequence (A, | 4, Jnen is equidiffuse — in the sense that the mea-
sure of sets with small capacity are small — and capy12 (Q2\ A,) — 0 as
n tends to infinity. Assuming that the sequence (An[q\a,)nen converges
weakly™® to some measure v, we call v the concentrated limit of the sequence
()\n)neN'

Taking a subsequence if necessary we may assume that (Au,)pen has
a concentrated limit +. Since for every n € N, u, > 0, it follows from
[13, Theorem 4.2] that

7 =0,

which is the counterpart of the Inverse maximum principle we mentioned.
As we shall see, the inequality p# > 0 follows from this one by computing
the measure v in terms of p7.

For this purpose, we note that for every n € N,

Au, = e’ (e — 1) — up
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and
(3.7) e (e — 1) Sel(e — 1) + p—p¥  in M(Q).

We show that p— p# is the concentrated limit of a subsequence (e””k (e —

1) one
keN
For every k € N let ®; : R — R be a continuous function such that

(CL) 0 < (pk < ]-a
(b) for every t < k, Oi(t) =1,
(c) for every t > k+ 1, ®i(t) =0,
Then, for every k € N,
e'n (e — 1)@ (un) P (vy) — €”(e — 1)®p(u)Pp(v) in L'(Q)
as n tends to infinity and
e’(e — 1)@y (u)®p(v) — e’(e¥ — 1) in LY(Q)

as k tends to infinity. Using Cantor’s diagonal argument, we may find an
increasing sequence of integers (ny)ren such that

ek (e — 1)@y (up, )P (vn,) — €’(e® — 1) in LY(Q).
In particular,
(3.8) eV (eUmk — 1)xa, — €’(e“ —1) in L}(Q),
where
A = {uy, <k}n{v,, <k}

Hence, the sequence (e””k (" — 1)x Ak) ren 1S equidiffuse with respect to
the capacity capyy1,2.
By subadditivity of the capacity,

capyi2 (2 \ Ag) < capyi2 ({un, > k}) + capyi2 ({vn, > k}).

We recall the capacitary estimate satisfied by u,, [9, Remark 2.18; 13, Lemma 3.2;
16, Lemma 9.4],

1
cappyi,2 ({un > k}) < ﬁ / IVTk(Un)P <
Q

[Aun [ pm(e)-

==

By the equation satisfied by u,, and by the absorption estimate (2.2),

[ Aunl| pmee) < 2[pnll ame)-

Therefore,

2
capyie ({un > k}) < il mee)-
Since the function v,, satisfies a similar estimate, we conclude that

2 C
(3.9) capyrz (Q\ Ag) < %(”MnkHM(Q) + vy L)) < =

for some constant C' > 0 independent of k. In particular, the W12 capacity
of the set 2\ Ay converges to zero as k tends to infinity. Combining (3.7)-

(3.9), we deduce that u — p# is the concentrated limit of the sequence

(e (e — 1))k€N'
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Passing to a further subsequence if necessary, we may assume that (1, )ken
has a concentrated limit A. We conclude that the concentrated limit of the
sequence (Auy, )gen is p — p# — A. Thus,

p—p# —A=7<0.
Since the sequence (fin, )ken is nonnegative and converges weakly™ to p in
M(Q)7
0< A< .
Therefore,
pt > p— >0,
which gives the inequality we claimed.

We have proved that 0 < p# < u. Reverting the roles of u and v, we
obtain 0 < v# < v.

It remains to establish Assertion (7i7). For this purpose, let 7 and 79 be
finite measures such that

evn(eun _ 1) N ev(eu _ 1) +ro
(3.10) . in M(9).
en(e" —1) = e“(e" = 1)+ 12
Thus, (u,v) solves the Chern-Simons problem
—Au+e’(e"—1)=p—m7 inQ,
—Av+e“(e"—1)=v—m inQ,
u=v=20 on Of).
Proceeding as in the proof of the previous theorem, we can apply the Brezis-

Merle inequality and comparison estimates to show that 7, and 7o are sup-
ported in the finite set

B = {a: € Q:u{zx}) +v({z}) > 471}.
Assuming that B is nonempty, we may write
B = {xl,...,xl}

where the points z; € Q are distinct. Given ¢ € {1,...,1}, let r > 0 be such
that B,(x;) N B = {z;}. Adding the equations satisfied by u, and v,, we
have

—A(up +vyp) + 2" — 1) >y + v, — 2 in Q.

Note that for every
4

({zi}) +v({zi})’

there exists w, satisfying the equation

—Awn + 2(ewn — 1) = O[(Mn + I/n) —2 in Br(mi),
wy, =0 on OB, (z;).

0<ax<
1

The existence of w, follows from [16, Chapter 8; 19, Theorem 2J; alterna-
tively, one may apply the method of sub and supersolution [14, Corollary 5.4;
16, Chapter 6] with subsolution 0 and supersolution u, + v,. In particular,

0<w, <up+v, in .
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By a variant of Theorem 1.1 with nonlinearity e’(e! —1) replaced by e! —1,

the sequence (wy,)nen converges in L'(B,(y;)) to the solution of
—Aw+2(e"—-1)=alp+v)—2 in By(z;),
w=0 on 0B, (z;).

In particular, w < u + v in B,(z;). By the Inverse maximum principle [10,
Theorem 3; 16, Chapter 5], we deduce that

o(p({zi}) +v({z:})) < ¥ ({2:}) + 07 ({a:}).
Taking the supremum over «, we conclude that
dm < p* ({wi}) + v* ({2:}).

Since the reverse inequality holds, equality follows for every i € {1,...,1}.
The proof of the theorem is complete. O

4. PROOF OF THEOREM 1.3

If u({a}) + v({a}) < 4m, then by Theorem 1.2,
p*({a}) + v ({a}) = u({a}) + v({a}).

Since p < p and v#* < v, we deduce that
p*({a}) = u({a}) and v¥({a}) = v({a}).
We now assume that p({a})+v({a}) > 4. In this case, by Theorem 1.2,

(4.11) w#({a}) + v#({a}) = or.

Recall that 0 < p# < u. Thus, if u({a}) = 0, then u#({a}) = 0,
whence v#({a}) = 47 by the above identity. Similarly, if v({a}) = 0, then
v#”({a}) = 0 and p#({a}) = 47. This concludes the proof of Assertion (i).

In order to complete the proof of Assertion (i7), we assume that in addition
to (4.11), we have

(4.12) p({a}) < 4w and v({a}) < 4r.
Using the notation of the proof of Theorem 1.2, we show that

n({a}) = na({a}).
Since v, > 0 in £,
e (e —1)>e" —1 in Q.
In particular, u, is a subsolution of the Dirichlet problem

113 —Aw+eY—1=X inQ,

(4.13) { w=0 on N

with datum A = p,. Since v, > 0 and for every z € Q, u,({z}) + v ({z}) <
47, we have for every z € Q, p,({z}) < 4w. By Vézquez existence re-
sult [16, Chapter 8; 19, Theorem 2], there exists u,, satisfying the Dirichlet
problem above with datum A = p,. By a comparison principle between
the subsolution and the solution of the Dirichlet problem [16, Chapter 5],
Uy < Uy in .
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It follows from a variant of Theorem 1.1 with nonlinearity e’(e’ — 1) re-
placed by ef—1 that the sequence (%, )en converges in L() to the function
u satisfying the Dirichlet problem (4.13) with datum A = ji, where f is the
largest measure less than or equal to p such that for every x € ),

p({e}) < dm.
In particular, since pu({a}) < 47, we have
pfa}) = p({a}).

We also observe that the measure u — fi is supported in a finite set, thus
there exists 71 > 0 such that

p=p in BT1 (a)
Hence,
(4.14) e Se in M(B,,(a)).

Similarly, if ©,, denotes the solution of the Dirichlet problem (4.13) with
datum A\ = vy, then v, < 7, in Q and the sequence (T, )nen converges to
the solution of the Dirichlet problem (4.13) with datum A = © where the
measure U satisfies 7({a}) = v({a}) and v — U is supported in a finite set.
In particular, there exists 79 > 0 such that

(4.15) e’ Se’ in M(By,(a)).
On the other hand, writing
eln — e = —e"n(e" — 1) e (e — 1),
it follows from (3.10) that

un _etn et — eV 47 — 7y in M(Q).

e
We observe that for every n € N,
—e'n < gln — el < U ip Q.

As we let n tend to infinity, we deduce from (4.14) and (4.15) that for every
0 <r <min{ry,r},

e’ <e'—e'+ 71 —7m <e” in B.(a).

Since the measure 71 — 79 is supported in a finite set — in particular is
singular with respect to the Lebesgue measure — we conclude that 7 = 7.

Let 7 = 7 = 7. By Theorem 1.2, we have
p({a}) +v({a}) — 27({a}) = p# ({a}) + v*({a}) = 47

Thus,

_ p{a}) + v({a}) — 4m
r({a}) = : ,

from which the conclusion follows. O
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5. CONCLUDING REMARKS

5.1. Connection to reduced limits. We have restricted ourselves to so-
lutions of the Dirichlet problem, but we could also ask what happens to
nonnegative solutions of the scalar Chern-Simons equation

—Au+e'(e"—1)=p inQ,

without taking into account the Dirichlet boundary condition.

Solutions of the equation depend on the boundary data, but the approx-
imation scheme does not. More precisely, for each n € N take a solution
uy, of the equation with datum pu, without prescribing any boundary con-
dition. If the sequence (u,)nen converges to a function w in L'(Q) and if
the sequence (py,)nen converges weakly to some measure p, one shows that
u satisfies the scalar Chern-Simons equation with some datum u*, possibly
different from p. If we now take another sequence of solutions (v, )nen With
the same data (u,)nen converging to another function v in L'(2), then v
satisfies the scalar Chern-Simons equation with the same datum p#. This
remarkable property has been recently discovered by Marcus and Ponce [13],
where they introduce the concept of reduced limit p#.

Combining Theorem 1.1 with [13, Theorem 1.2}, we deduce the following
result.

Corollary 5.1. Let (un)nen be a nonnegative sequence of measures such
that for every n € N and for every x € €,

pn({z}) < 2m
and let u, satisfy the scalar Chern-Simons problem
—Auy, + e (e — 1) = pp  in Q.

If the sequence (pn)nen converges to a measure u in the sense of measures in
Q and if the sequence (un)nen converges to u in LY(S2), then u is the solution
of the scalar Chern-Simons equation with datum u? defined in Theorem 1.1.

5.2. Signed measures. The sign of the measure u affects substantially the
conclusion. If (up)nen is any sequence of nonpositive measures converging
weakly in measure to some measure p, then p is nonpositive and the se-
quence of solutions of the Dirichlet problem for the scalar Chern-Simons
equation converge to the solution with datum pu. This case is easier since
the solutions wu,, are nonpositive, whence the nonlinear term of exponential
type is harmless.

The situation is more delicate when the sequence (pi,)nen is not assumed
to have a fixed sign. In this case, one can show that given a signed measure
W, positive numbers c1,..., ¢y, and points z1,...,x, € 2, there exists a
sequence (fn)nen in C°(92) such that

(a) (fn)nen is bounded in L'(Q),

(b) (fn)nen converges to u in the sense of measures,

(c¢) the solutions w, of the scalar Chern-Simons problem with datum f,
converge in L'(2) to a solution of the scalar Chern-Simons problem

m
with datum pu — > ¢;dg,.
i=1
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In particular, it is not possible in this case to have an explicit formula of
the measure p# only in terms of y. We refer to [17, Teorema 4.8] for the
proof.

5.3. Nonuniqueness of the reduced limit of the Chern-Simons sys-
tem. The reduced limit (u,v#) of the Chern-Simons system cannot be
computed only in terms of the weak* limit (u, ) when both conditions

(a) n({z}) = 0 or v({x}) =0,
() u({z}) < 4m and v({a}) < 4,

fail for some z € €.

Proposition 5.2. Let a € ). For every a > 4w and for every § > 0, there
exist sequences (u!)nen and (V2)nen of nonnegative functions in L' () with
i € {1,2} such that
(1) (1u)nen and (Vi)pen converge weakly to ad, and B3, in the sense of
measures in €,
(i) there ewists a sequence of solutions ((ul,, v} ))nGN of the Chern-Simons

n»-n
system with datum (u%, Vi) converging in L*(Q) x L' () to a solution
with datum (a*% 84, B574,),

(iii) a7 # o®% and U7 £ B2,

We shall not prove this proposition. Instead, we restrict ourselves to the
case where (adg, 8d,) is given by

(570, 2m04)

for some a € 2 in order to emphasize the main idea of the proof.
For this purpose, let (f,)neny be a sequence of nonnegative functions in

L'(2) such that
fn =6, in M(Q).

We construct the first sequence ((u;,, V}L))n y of the form

€
(57 frmn s 27Tfn))neN

where (mp)nen is a sequence of positive integers to be chosen below. For
fixed n € N, let ((up, . v, ))mEN be a solution of the Chern-Simons system

m,ns “m,n

with datum (57 fy,, 27 f,,). Then, as m tends to infinity,
(5T fins 27 fr) = (570q, 27 fn)  in M(2) x M(Q).

By a standard property of elliptic equations with absorption term [16,
Chapter 7] and by Stampacchia’s linear regularity theory [16, Chapter 3],
the sequence ((u}n,n,v}n’n))meN is compact in L'(Q) x L(2). Tt is then
possible to extract a subsequence with respect to the index m if necessary
such that for every n € N,

(ul ook )= (ul, o)) in LYQ) x LY(Q)

m,n’ “m,n ny “n

as m tends to infinity. It follows from Theorem 1.3 that (u),v}) satisfies
the Chern-Simons system with datum (47d,, 27 f,,).

Note that
(4700, 27 f) = (4704,270,)  in M(Q) x M(Q).
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By compactness of the sequence ((uy, v}l))n N

tract a subsequence converging to (u!,v!). By Theorem 1.3, (u
the Chern-Simons system with datum (37d,, 7d,).
For every n € N, take m,, € N such that
1
1 1 1 1
||umn,n - Un||L1(Q) + van,n - Un||L1(Q) < Nl

in L1(Q) x LY(Q), we may ex-
L ol) satisfies

Then, the sequence ((“rlnn,m”rlnn,n))meN converges to (u!,v') in L1(Q) x
LY(Q). We have found a sequence of solutions of the Chern-Simons system

with datum ((57rfmn, 27rfn))n€N converging to the solution with datum

(370, Tq) |.

We construct the second sequence (p2,v2),en of the form

((47Tfmn + 7 fn, 27Tfmn))neN’

where (my,)nen is a sequence of positive integers, possibly different from the

previous one. For fixed n € N, let ((uZ,,,,v3 ))mEN be a solution of the

ny “mmnm

Chern-Simons system with datum (47 f,, + 7 fpn, 27 f,). Then, as m tends
to infinity,

(47 fon + T f 27 frn) — (4700 + T f, 20,)  in M() x M(Q).

The sequence ((u?n’n,v%%n))meN is compact in L'(Q) x L1(Q). It is then
possible to extract a subsequence of with respect to the index m if necessary
such that for every n € N,

(w2, ,, 02 ) — (u2,v?) in LY(Q) x LY(Q).

m,n’ “m,n n»-n

It follows from Theorem 1.3 that (u?
with datum (376, + 7 fp, 7).

u2,v?2) satisfies the Chern-Simons system

Note that
(3w0q + T fr, Ta) A (4mog, m0g) in M(Q) x M(9).
By compactness of the sequence ((u2, v%))neN in LY(Q) x Ll(Q), we may ex-
2

tract a subsequence converging to (u?,v?). By Theorem 1.3, (u?,v?) satisfies
the Chern-Simons system with datum (26,4, Z5,).

Proceeding as before, for every n € N we may choose m,, € N such
that ((u, n’,UEVLmN))mEN converges to (u?,v?) in L'(2) x L'(Q)). Hence,
there exists a sequence of solutions of the Chern-Simons system with datum

( (A7 fn,, + T fn, 27 fmn))n oy converging to the solution with datum

(Fb030)]
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