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Chapter 1Global introdu
tion1.1 Qui
k overviewThe goal of this thesis is to treat the temporal tail dependen
e and the
ross-se
tional tail dependen
e of heavy tailed fun
tional pro
esses. Theword �tail� refers to the extreme values that the pro
ess 
an have, the tailof a positive random variable originally indi
ating the right-hand part ofits probability distribution, for large values. A heavy tail (or fat tail) 
anbe 
onsidered by the reader to that degree as a polynomially de
reasingdistribution of large values whereas, for the well-known normal distribu-tion, it is exponentially de
reasing. For a normal distribution, a valueequal to its expe
ted value plus three times its standard deviation 
analready be 
onsidered as extreme. For heavy tailed models the extremevalues taken into a

ount 
an be mu
h larger.Spatio-temporal phenomena are for instan
e rain, temperature, pol-lution, rays 
oming from the sun. This in
orporates everything that
an be viewed as satellite pi
tures, with temporally dependent observa-tions. More di�
ult phenomena to apprehend are for instan
e the sealevel along a dike or the windspeed along the fa
es of a building et
.Physi
ists model spatial phenomena by fun
tions. Adding a sto
hasti

omponent brings us to 
onsider random fun
tions. A time series of su
hobje
ts is 
alled a fun
tional time series or a fun
tional pro
ess. The ad-vantage of treating spatial phenomena as random fun
tions, as opposedto random ve
tors, is not to lose information. When designing a dike,



8 1 Global introdu
tionone is interested in the fa
t that the water level does not ex
eed the topof the dike anywhere, not only at some measurement points. Con
erningpollution in the atmosphere, we are interest in the fa
t that in a 
ity the
on
entration level does not ex
eed a dangerous threshold anywhere andnot only at the measurement stations.The general motivation to model the extremal behavior of spatio-temporal phenomena is simple to apprehend. The o

urren
e of weatherrelated extreme events, su
h as pre
ipitation, �oods, storms, heat waveshas an impa
t for instan
e on the 
apital of insuran
e 
ompanies. The
ompanies should take into a

ount these events in a healthy risk man-agement. Further examples of spatio-temporal phenomena are the waveheight at sea a�e
ting the design of dikes, oil platforms or ships. Otherstudies 
ould be image analysis with pattern re
ognition, analysis ofmedi
al data, appli
ations in material s
ien
e et
.Thinking of the 
on
entration of a polluting gas as a spatial phe-nomenon, for instan
e CO, NO or NO2 levels, an idea of what 
ould bea temporal model involving fun
tions is
Xt(x) =

∫

K(x − y)Xt−1(y)dy + εt(x), (1.1)where K is a kernel representing what be
omes at time t + 1 a parti
leof pollution deposited at the origin at time t and εt is the new amountof pollution added at time t. In other terms, the pollution level todayat lo
ation x is the average pollution in a neighborhood of x the daybefore plus the new 
ontribution of the day. In this model there is adependen
e in spa
e and over time. If there is a high value somewhere,it is likely to have simultaneously a high value somewhere else. If there isa peak of pollution today, it 
an persists for some days and it may havebeen 
aused by a peak of pollution during the previous days. When theinnovations εt are heavy tailed, Equation (1.1) is a parti
ular instan
eof fun
tional pro
ess for whi
h the theory of this thesis is worked out.The temporal tail dependen
e answers the question �If I have an ex-treme value today, what 
an I know about the probability to have an ex-treme value tomorrow�. Be
ause of the temporal dependen
e extremesmay appear in temporal 
lusters for instan
e. One of the goals is tostudy these 
lusters and to provide models for this dependen
e. The
ross-se
tional tail dependen
e answers the question �If I have an ex-treme value at some lo
ation, what 
an I know about the probability



1.1 Qui
k overview 9to have an extreme value somewhere else�, the sour
e of a parti
ularextreme event possibly a�e
ting di�erent lo
ations.The main tools introdu
ed in this thesis for a heavy tailed fun
tionaltime series are its tail pro
ess and its spe
tral pro
ess. They are bothunifying obje
ts 
apturing all the aspe
ts of the probabilisti
 distribu-tion of extreme values over time and over spa
e. They will be de�nedas the 
onditional distribution to have an extreme value yesterday, to-day, tomorrow et
 at every lo
ation given that there is an extreme valuesomewhere today. The di�eren
e between the tail pro
ess and the spe
-tral pro
ess is the way of res
aling. The tail pro
ess in
ludes an intensityfa
tor, while the spe
tral pro
ess only indi
ates the dire
tions where theextremes probably lie today, in the future and in the past, given thatthere is an extreme value today. By 
onstru
tion, the knowledge of thetail pro
ess or spe
tral pro
ess enables resear
hers and pra
titioners toknow the probabilisti
 distribution of the spatio-temporal dependen
ebetween extremes.In this thesis, the development of the tail and spe
tral pro
ess forheavy tailed fun
tional time series is followed by three theoreti
al appli-
ations.The �rst appli
ation is a 
hara
terization in terms of the tail andspe
tral pro
esses only of a variety of indi
es and obje
ts des
ribing theextremal behavior of the series: the extremal index, tail dependen
e
oe�
ients, the extremogram and the point pro
ess of extremes.Another important limit obje
t to whi
h this theory applies is thepoint pro
ess of extremes. It 
ounts the number of extremes in a givenspatial area. The temporal dependen
e 
auses extremes to appear in
lusters and 
hanges the nature of the limit pro
ess from Poisson in theindependent 
ase to 
ompound Poisson in the stationary 
ase.The se
ond appli
ation is the 
omputation of an expli
it expressionof the tail and spe
tral pro
esses for heavy tailed linear fun
tional timeseries. Equation (1.1) is a model of �rst order autoregressive fun
tionaltime series.The third and last appli
ation is the introdu
tion and the study of amodel for the spatio-temporal dependen
e 
alled maxima of moving max-ima of 
ontinuous fun
tions, in short CM3. Some theoreti
al propertiesof this pro
ess are derived: the expression of its spe
tral pro
ess and the
onditions under whi
h CM3 pro
esses satisfy the �nite-
luster propertyand the strong mixing property. The last part of this study 
onsists of an



10 1 Global introdu
tionestimation methodology for CM3 pro
esses, with extensive Monte Carlosimulations.The 
ontributions of this thesis will be des
ribed in detail in the be-gining of ea
h 
hapter. To run over them here in a few words, the tailand spe
tral pro
esses of a time series of random fun
tions (in�nite di-mensional obje
ts) are adaptations of these 
on
epts that already existedfor random ve
tors (�nite dimensional obje
ts). This adaptation has re-quired di�erent mathemati
al proofs. It should be mentioned that thestru
ture developed here to ta
kle the problem in in�nite dimensionalspa
es sheds new light even on the �nite dimensional 
ase. Afterward,the study of linear fun
tional pro
esses with heavy tailed innovationsis new, with an expression of their spe
tral pro
esses and the relatedsteps to obtain these results. Finally, although CM3 pro
esses gener-alize their �nite dimensional equivalent, the properties and estimationmethods derived here are new even in the �nite dimensional 
ase.1.2 Pareto tails, regular variationThe 
onstru
tion leading to the 
on
ept of heavy tails is the following.Let Y be a random variable su
h that P (Y > y) = 1/yα, y > 1. Su
ha distribution is 
alled Pareto(α). The parameter α > 0 
ontrols thedensity of high values: the 
loser to 0 it is, the likelier Y is to have largevalues or the heavier is its tail. If α belongs to (0, 2] then the varian
e of
Y does not exist. If furthermore α lies in (0, 1] then the expe
ted valueof Y does not exist either. The 
on
epts of �rst and se
ond moments
an thus not be assumed to exist with models that have heavy tails.Pareto random variables are aimed at modeling the tail of a distribu-tion. It is rare to be able to dire
tly model a phenomenon with a Paretorandom variable. To have an �heavy tail� only the tail of the modelshould be Pareto-distributed. Con
retely, the general idea illustrated ona sample x1, . . . , xn of n ordered values is the following. We look at the
k largest values xn−k+1, . . . , xn, whi
h form the upper part of the sam-ple. We divide them by the threshold xn−k to get a normalized sample
y1 := xn−k+1/xn−k, . . . , yk := xn/xn−k lo
ated above the value 1. Itis this sample that we assume to be distributed as a Pareto(α) randomvariable.This reasoning leads us to 
onsider a wider 
lass than the Pareto(α)distributions 
alled the regularly varying distributions. The threshold
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xn−k above is repla
ed in theoreti
al settings by a value x and the prob-lem to split the sample in two at a thresholding value is repla
ed by alimit as x → ∞. Given a positive random variable X we say that thedistribution of X is regularly varying if there exists α > 0, 
alled theindex of regular variation, su
h that

L

(
X

x

∣
∣
∣
∣

X > x

)

d
−→ Pareto(α), x → ∞, (1.2)where L(X|A) indi
ates the 
onditional law of X given the event A. This
onvergen
e in distribution 
an be rewritten here, for every y > 1,

P

(
X

x
> y

∣
∣
∣
∣

X > x

)

→ y−α, x → ∞. (1.3)The fun
tion f(x) := P (X > x) 
an thus still be x−α, x > 1, but mayalso be another fun
tion (starting from 1 and de
reasing towards 0) thathas the same kind of behavior at in�nity as x−α; (1.3) is equivalent to
lim

x→∞

f(xy)

f(x)
= y−α, y > 0.This family of 
ourse in
ludes the Pareto random variables but also, forinstan
e, the Student, Fré
het and Cau
hy random variables. For allthose distributions, the properties of existen
e of expe
ted value andvarian
e � that only depend on the tail of the distribution � stay thesame as in the Pareto 
ase with respe
t to α.1.3 Motivation 
hapter by 
hapterChapter 2 mainly has two goals. The �rst one is to extend the theoryof regular variation to more general obje
ts than random variables, su
has random fun
tions or random sequen
es for instan
e for parti
ularappli
ations. The general ambient spa
e will be a Bana
h spa
e (B, ‖·‖),that is, the set B equipped with the norm ‖ · ‖ is a 
omplete ve
torspa
e. Bana
h spa
es provide a unique stru
ture to host all these in�nitedimensional obje
ts as well as the �nite dimensional ones. The se
ondgoal of Chapter 2 is to take into a

ount in the modelization of extremesthe temporal dependen
e that might exist by, introdu
ing the 
on
eptof joint regular variation.



12 1 Global introdu
tionOne more assumption that will be required is the separability of theBana
h spa
e B, mainly for te
hni
al reasons. For instan
e, the Bana
hspa
e of the 
ontinuous fun
tions de�ned on a 
ompa
t domain of Rnwith the sup-norm is separable but, when the fun
tions are de�ned onthe whole spa
e Rn and are assumed bounded, it is not.To build a model for a heavy tailed random element X in a separableBana
h spa
e B, (1.2) 
an be repla
ed by
L

(
X

x

∣
∣
∣
∣
‖X‖ > x

)

d
−→ L(Y ), x → ∞, (1.4)where Y is a random element in B with ‖Y ‖ ∼ Pareto(α). This isequivalent to require that

L

(
X

‖X‖

∣
∣
∣
∣
‖X‖ > x

)

d
−→ λ, x → ∞, (1.5)where λ is a probability measure on the unit sphere, 
alled the spe
tralmeasure of X, indi
ating the propensity to observe extreme values in thedi�erent dire
tions.Thanks to this 
onstru
tion all available information about 
ross-se
tional tail dependen
e is 
ontained in the distribution of Y or in themeasure λ. For instan
e, for a regularly varying random 
ontinuousfun
tion X, if there is an extreme value X(a) at point a what 
an Iknow about the probability distribution of the value X(b) of the �eldat point b? Let ‖X‖ be the sup-norm of X. For y > 0 the following
omputation follows from (1.4) only and re�e
ts a basi
 argument of thisthesis. One readily 
he
ks that P (Y (a) = y) = 0 and P (Y (b) = 1) = 0thanks to homogeneity property of Proposition 2.2.2. By de�nition ofthe sup-norm, X(b) > x implies ‖X‖ > x, so that

lim
x→∞

P (X(a)/x > y | X(b) > x)

= lim
x→∞

P (X(a)/x > y,X(b)/x > 1)

P (X(b)/x > 1)

= lim
x→∞

P ((X(a)/x,X(b)/x) ∈ (y,+∞) × (1,+∞) | ‖X‖ > x)

P (X(b)/x > 1 | ‖X‖ > x)

=
P (Y (a) > y, Y (b) > 1)

P (Y (b) > 1)

= P (Y (a) > y | Y (b) > 1) .



1.3 Motivation 
hapter by 
hapter 13To model the temporal dependen
e of a series (Xt)t∈Z, the �rst as-sumption made here is the stationarity of the series: the law of the jointve
tor (Xt−h, . . . ,Xt) is the same for any ending time position t and anylength h in the past. The 
on
ept of joint regular variation (over time)is then 
hara
terized by the existen
e of the tail and spe
tral pro
essesof the original series. To take into a

ount the temporal dependen
ein (1.4), the existen
e of Y with ‖Y ‖ ∼ Pareto(α) is repla
ed by theexisten
e of a pro
ess (Yt)t∈Z
with ‖Y0‖ ∼ Pareto(α) su
h that

L

(
(Xt)t∈Z

x

∣
∣
∣
∣
‖X0‖ > x

)

d
−→ L

(
(Yt)t∈Z

)
, x → ∞, (1.6)where the 
onvergen
e in distribution holds in the proper produ
t spa
e.The 
entral result of this 
hapter is that this limit pro
ess (Yt)t∈Z, 
alledtail pro
ess, ne
essarily admits a polar de
omposition in two indepen-dent 
omponents: on the one hand, a real-valued radial 
omponent ‖Y0‖whose distribution is Pareto(α); on the other hand, a sequen
e-valued
omponent (Θt)t∈Z

de�ned by Θt = Yt/‖Y0‖, 
alled the spe
tral pro
ess.The spe
tral pro
ess 
an alternatively be obtained through the limit
L

(
(Xt)t∈Z

‖X0‖

∣
∣
∣
∣
‖X0‖ > x

)

d
−→ L

(
(Θt)t∈Z

)
, x → ∞, (1.7)with the same res
aling as in (1.5).As an example, an important 
hara
teristi
 des
ribing the tail depen-den
e in a pro
ess is its extremal index θ. Under additional 
onditions,it admits the expression

θ = lim
t→∞

lim
x→∞

P ( max
i=1,...,t

‖Xi‖ 6 x | ‖X0‖ > x)

= P (sup
i>1

‖Yi‖ 6 1)

= E[sup
i>0

‖Θi‖
α − sup

i>1
‖Θi‖

α],the last equalities 
oming from the properties of the spe
tral pro
ess.To study the extremal dependen
e over time, a 
onvenient plot play-ing the same role as the traditional auto
orrelation fun
tion is the ex-tremogram
ρ(h) := lim

x→∞

P (‖X0‖ > x, ‖Xh‖ > x)

P (‖X0‖ > x)
= P (‖Y0‖ > 1, ‖Yh‖ > 1),



14 1 Global introdu
tionwhose expression in terms of the tail pro
ess is derived from (1.6).Chapter 3 is devoted to the study of the limit distribution of thepoint pro
ess
Nn =

n∑

i=1

δXi/anwhere (Xt)t∈Z is a heavy tailed fun
tional time series and an → ∞ is anormalizing sequen
e su
h that nP (‖X0‖ > an) → 1. It is an a

uratetool to obtain pie
es of information about extremes. If n < +∞ thedistribution of Nn is the full distribution of the number of values in asele
ted spatial area. Passing to the limit as n → ∞ only leaves thevalues that the pro
ess 
an have �above its normal level�, 
alled hereextreme values. If the Xi are independent and identi
ally distributed, Nn
onverges in distribution to a Poisson pro
ess whose intensity measureis a radial, homogeneous extension of the distribution of Y0 to the wholespa
e. In the stationary 
ase, temporal dependen
e 
auses extremes toappear in 
lusters. These 
lusters 
hange the nature of the limit of Nnfrom Poisson to 
ompound Poisson, the extremal index playing a majorrole in its distribution.The theory of joint regular variation is applied to two parti
ularmodels in this thesis. Chapter 4 deals with fun
tional linear pro
essesand Chapter 5 with maxima of moving maxima of 
ontinuous fun
tions,that 
an be thought of as �max-linear� pro
esses.Parti
ular linear pro
esses are the well-known autoregressive movingaverage ARMA(p,q) time series
Xt =

p
∑

i=1

ϕiXt−i + εt +

q
∑

i=1

θiεt−iwhere εt is the innovation of the pro
ess at time t (whi
h is not assumedto be normally distributed here). For instan
e, if Xt is the level ofa polluting gas at day t in the atmosphere, the quantities Xt and εt
an be real numbers for the total pollution, ve
tors of dimension k forthe pollution level at k measurement stations or fun
tions to model thepollution level everywhere on a given area. By developing the expressionof Xt−i in the formula, every ARMA(p,q) pro
ess 
an be seen as a movingaverage with in�nitely many dependen
e 
oe�
ients:
Xt = εt +

∞∑

i=1

γiεt−i.



1.3 Motivation 
hapter by 
hapter 15In sets of ve
tors or fun
tions the multipli
ation γiεt−i 
an be repla
edby another linear operation Ti(εt−i). These are the reasons to studylinear pro
esses whi
h 
onsist of the family of pro
esses admitting therepresentation
Xt =

∞∑

i=0

Ti(εt−i).For instan
e the model (1.1) for the pollution over a 
ity admits su
h arepresentation with T1(x) = K ∗ x, the 
onvolution between the kernel
K and the �eld x, and Ti = T i

1 if i 6= 1.In standard fun
tional data analysis the innovations εt of linear pro-
esses are assumed to follow a Gaussian distribution. Here the normalityof the innovations is repla
ed by a regularly varying law satisfying (1.4).The main result of Chapter 4 is an expli
it expression of the spe
tral pro-
ess of a linear pro
ess given the spe
tral measure of the innovations andthe linear maps Ti. As a 
onsequen
e, it yields for example an expressionof the extremal index.In Chapter 5 the pro
esses of interest are maxima of moving maximaof 
ontinuous fun
tions, in short CM3. If a
(j)
i (i ∈ Z+, j ∈ Z) are stri
tlypositive, real, 
ontinuous fun
tions de�ned on a 
ompa
t K ⊂ Rd su
hthat ∑

j∈Z

∑

i>0

a
(j)
i (x) = 1,a CM3 pro
ess is

Xt(x) = sup
j∈Z

sup
i>0

a
(j)
i (x)Z

(j)
t−iwhere the innovations Z

(j)
i are independent and identi
ally distributedunit-Fré
het random variables. Repla
ing the double supremum by asum would give the stru
ture of a linear pro
ess with the multipli
ationas operator; this explains why these pro
esses 
an be quali�ed as max-linear.The fa
t that, given real numbers ξi > 0 su
h that ξ1 + ξ2 + . . . = 1,the distribution of max(ξ1Z1, ξ2Z2, . . .) stays unit-Fré
het implies that

Xt still has unit-Fré
het margins. But the transformation from (Zt)t∈Z to
(Xt)t∈Z indu
es a dependen
e stru
ture over time and in spa
e. Extremesappear in temporal 
lusters and, at time t, a large value for Xt at lo
ation
x 
auses large values at other lo
ations. CM3 pro
esses appear after astandardization of the margins of the pro
ess of interest into unit-Fré
het.



16 1 Global introdu
tionAs it will be explained, CM3 pro
esses are able to model a wide rangeof spatio-temporal dependen
e stru
tures between extreme values.The �rst part of Chapter 5 is a study of the general properties of CM3pro
esses, among whi
h an expression of its spe
tral pro
ess is given infun
tion of the parameter fun
tions. It has a parti
ularly simple form interms of a dis
rete random variable. The se
ond obje
tive is to �t CM3pro
esses to samples with measurement errors. For that purpose severalempiri
al methods to estimate the parameter fun
tions are 
omparedand suggested.



Chapter 2Regularly varying time series inBana
h spa
esBased on Meinguet and Segers (2010).Abstra
t. When a spatial pro
ess is re
orded over time and the observationat a given time instant is viewed as a point in a fun
tion spa
e, the result isa time series taking values in a Bana
h spa
e. To study the spatio-temporalextremal dynami
s of su
h a time series, the latter is assumed to be jointlyregularly varying. This assumption is shown to be equivalent to 
onvergen
ein distribution of the res
aled time series 
onditionally on the event that at agiven moment in time it is far away from the origin. Depending on the wayof res
aling the limit is 
alled the tail pro
ess or the spe
tral pro
ess. Thesepro
esses provide 
onvenient starting points to study, for instan
e, joint survivalfun
tions, tail dependen
e 
oe�
ients, extremograms, and extremal indi
es.2.1 Introdu
tionA powerful way to model spatio-temporal phenomena is by means oftime series of fun
tional observations. For risk management purposes,the interest is often in the extremes of su
h pro
esses; examples from theliterature in
lude sea levels along dikes in the Netherlands (de Haan andLin 2001), windspeeds along the fa
es of a building (Davis and Mikos
h2008), and pre
ipitation in the state of Colorado (Cooley, Ny
hka, and
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h spa
esNaveau 2007). In su
h 
ases, se
ond moments 
annot be assumed toexist, violating the basi
 assumption in standard fun
tional data analysisbased on the sequen
e of auto
ovarian
e operators (Bosq 2000, Pumo1998).While originally de�ned for univariate fun
tions and random vari-ables, the 
on
ept of regular variation has by now been de�ned andstudied in quite abstra
t settings, in
luding the one of sto
hasti
 pro-
esses (Giné, Hahn, and Vatan 1990, Hult and Lindskog 2005; 2006).As for random variables, regular variation provides the mathemati
alba
kbone for a 
oherent theory of extreme values. By 
onsidering ourfun
tional observations as points in a suitable fun
tion spa
e, we areled to 
onsider regularly varying time series taking values in separableBana
h spa
es.The natural goal is to study the 
ross-se
tional and the temporal de-penden
e between extremes of time series of fun
tional observations. InSe
tion 2.3 the tail and spe
tral pro
esses are developed. They are uni-fying obje
ts 
ontaining all available information about this dependen
estru
ture. Pre
ise examples will be given in Chapter 4 with heavy tailedlinear time series and in Chapter 5 with maxima of moving maxima of
ontinuous fun
tions.As in the �nite-dimensional 
ase in Basrak and Segers (2008), thejoint regular variation is shown to be equivalent to the existen
e of thelimit in distribution of the res
aled pro
ess
(Xt/x)t∈Z 
onditionally on ‖X0‖ > x as x → ∞in the proper produ
t spa
e. This is Theorem 2.3.2. The limit in distri-bution, denoted (Yt)t∈Z, is the tail pro
ess. A

ording to Theorem 2.3.3,it admits a familiar-looking de
omposition into independent radial andangular 
omponents. The radial 
omponent is fully determined by theindex of regular variation of ‖X0‖, while the angular 
omponent, 
alledthe spe
tral pro
ess, e�e
tively 
aptures all aspe
ts of extremal depen-den
e: extremal indi
es, limits in distribution of the 
luster pro
ess andthe point pro
esses of extremes et
. The spe
tral pro
ess (Θt)t∈Z is givenby the limit in distribution

(Xt/‖X0‖)t∈Z 
onditionally on ‖X0‖ > x as x → ∞.Moreover the tail and spe
tral pro
esses are uniquely determined by theirfuture, the forward tail pro
ess (Yt)t>0 and the forward spe
tral pro
ess



2.2 Regular variation 19
(Θt)t>0. Theorem 2.3.6 is the time 
hange formula, a property thatdes
ribes how the distribution of the members of (Θt)t∈Z 
hanges overtime. Theorem 2.3.4 gives the distribution of the spe
tral pro
ess aftera linear transformation between two Bana
h spa
es.Se
tion 2.4 deals with the relationship between the tail and spe
tralpro
esses and the features des
ribing the extremal behavior of (Xt)t∈Z.The exponent and spe
tral measures, the 
oe�
ient of tail dependen
e,the extremal index of the univariate time series (‖Xt‖)t∈Z and the ex-tremogram are given in terms of (Yt)t∈Z or (Θt)t∈Z only. The advantagein 
omparison with their usual expressions is that a limit is skipped ea
htime here, making the 
omputations of these quantities easier. Exam-ple 2.3.5 illustrates this idea for GARCH(1,1) pro
esses.2.2 Regular variationTo begin with, we give a qui
k explanation about why we need 
om-pleteness and separability assumptions in a theory of regular variation.They are indispensable for a 
ouple of te
hni
al matters: they makeProhorov's theorem a biimpli
ation, so that tightness is equivalent toweak 
onvergen
e (Billingsley 1999); they make 
omplete and separa-ble the sets of measures to express vague 
onvergen
e (Resni
k 2008)or M0-
onvergen
e (Hult and Lindskog 2006); they imply Kolmogorov'sExtension theorem that guarantees that a suitably �
onsistent� 
olle
tionof �nite-dimensional distributions de�nes a sto
hasti
 pro
ess (Pollard2002); and they allow to repla
e weak 
onvergen
e by pointwise 
on-vergen
e of the Lapla
e transforms (Resni
k 2007). Completeness andseparability are always assumed to deal with random obje
ts admittingregularly varying distributions. All the results 
ited here will be keysteps in the proofs of the main assertions of this 
hapter.On the 
ontrary a 
lassi
al assumption dropped here is the lo
al
ompa
tness of the state spa
e. Lo
al 
ompa
tness is a te
hni
al wayto obtain limits, available if and only if the results of the experimentlie in a �nite dimensional spa
e. Sin
e the goal of this thesis pre
iselyis to 
onsider fun
tion spa
es and sequen
e spa
es we 
annot imposethis hypothesis here. Some results previously obtained in extreme valuetheory without this assumption lie for instan
e in de Haan and Lin (2001)and de Haan and Ferreira (2006) for 
ontinuous fun
tions. Here we
onsider a separable Bana
h spa
e as ambient spa
e. The results will be
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h spa
estrue for random fun
tions on a 
ompa
t subset of Rn with the metri
 ofuniform 
onvergen
e, for random sequen
es with a suitable norm and of
ourse in every �nite dimensional normed ve
tor spa
e.The �rst building blo
k for a theory of regularly varying random el-ements in separable Bana
h spa
es is the property of regular variationof deterministi
 fun
tions (Bingham, Goldie, and Teugels 1987). A mea-surable fun
tion f : [a,∞) → R+ is regularly varying if, for all y > 0,
f(xy)/f(x) → g(y) > 0 as x → ∞. In this 
ase g(y) = yα for some
α ∈ R and we write f ∈ RVα. The extension to a positive random vari-able X is done by requiring the fun
tion P (X > · ) to be in RV−α forsome α > 0.The fundamental relationship between regular variation and extremevalue theory is that a random variable X lies in the domain of attra
tionof a Fré
het(α) distribution if and only if P (X > · ) is regularly varyingwith index −α. A

ording to the de�nition of Fisher and Tippett (1928)and Gnedenko (1943), there are only three types of possible extremevalues distributions: Fré
het, Gumbel and Weibull. Regularly varyingrandom variables form thus the entire domain of attra
tion of the Fré
hetextreme value distribution. No other distribution 
an be quali�ed as�heavy tailed�. This is the reason why we only fo
us here on the regularlyvarying random obje
ts, as in Davis and Hsing (1995) and in Davis andMikos
h (2008) for instan
e.Regular variation of probability measures on Eu
lidean spa
e is usu-ally de�ned in terms of vague 
onvergen
e of a sequen
e of Radon mea-sures, de�ned on Eu
lidean spa
e 
ompa
ti�ed at in�nity and pun
turedat the origin (Resni
k 2007). Sin
e B is not assumed to be lo
ally 
om-pa
t, su
h an approa
h does not work here. A possible way out is to re-pla
e vague 
onvergen
e by ŵ-
onvergen
e des
ribed in Daley and Vere-Jones (1988). This, however, requires 
hanging the metri
 on B and
ompleting it at in�nity (de Haan and Ferreira 2006, Davis and Mikos
h2008). These somewhat arti�
ial steps are not needed in the equivalentapproa
h of Hult and Lindskog (2006), whi
h we follow here.To de�ne regular variation in a separable Bana
h spa
e B we followthe approa
h of Hult and Lindskog (2006). For this purpose, set

C(B) := {f : B → R | f is 
ontinuous} ,
Cb(B) := {f ∈ C | f is bounded} ,
Cbd(B) := {f ∈ Cb | f vanishes on an open disk 
ontaining 0}
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al spa
e and BX its Borel σ-�eld, i.e. the σ-�eldgenerated by the open sets of X,
Mb(X) := {µ is a measure on BX | µ(X) < +∞} ,
M0(B) := {µ ∈ Mb(B \ {0}) | ∀r > 0, µ([‖x‖ > r]) < +∞} .Re
all that µn → µ with µn and µ in Mb(B) if and only if, for every

f ∈ Cb, ∫ fdµn →
∫

fdµ (weak 
onvergen
e, see for instan
e Billingsley(1999)). Similarly, µn → µ for µn and µ in M0(B) holds if, for every
f ∈ Cbd, ∫ fdµn →

∫
fdµ. The topology on M0 indu
ed by this 
onver-gen
e is metrizable and makes M0 a 
omplete and separable metri
 spa
e.There are versions in M0 of the Portmanteau Lemma, Prohorov's theo-rem and the Continuous mapping theorem. If B is lo
ally 
ompa
t, forthe multivariate theory, M0-
onvergen
e redu
es to vague 
onvergen
e(Hult and Lindskog 2006).We 
an now give the de�nition of a regularly varying element in B.De�nition 2.2.1. A random element X in B is regularly varying withindex α > 0 if there exists µ ∈ M0(B) and V (x) ∈ RV−α with µ 6= 0 and

P (X ∈ x · )

V (x)

M0−−→ µ( · ) as x → ∞. (2.1)The measure µ is 
alled the exponent measure of X.The name �exponent measure� for the limit measure µ in Bana
hspa
es is set up to 
ontinue the tradition of its analogue in the multivari-ate 
ase and the fun
tional 
ase (de Haan and Ferreira 2006, Se
tion 9.3).To derive �rst properties of the exponent measure, let cl A indi
atesthe 
losure of A ⊂ B, int A its interior and ∂A = cl A\int A its boundary.Proposition 2.2.2. The measure µ in (2.1) has the homogeneity prop-erty
µ(yA) = y−αµ(A), (2.2)for every y > 0 and A ∈ BB su
h that 0 /∈ cl A. Furthermore, for every

r > 0, we have
µ(∂B(0, r)) = 0. (2.3)In parti
ular µ has no atoms.Proof. See page 39.
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h spa
esA 
onsequen
e of De�nition 2.2.1 and Proposition 2.2.2 is that µ isunique up to a multipli
ative 
onstant depending on the 
hoi
e of V (x).De�nition 2.2.1 is equivalent to require that X has a spe
tral measurein following sense. Write S = {x ∈ B : ‖x‖ = 1}.Proposition 2.2.3. A random element X in B is regularly varying withindex α > 0 if and only if there exists a probability measure λ on S su
hthat, for every y > 0,
P (‖X‖ > xy,X/‖X‖ ∈ · )

P (‖X‖ > x)

w
−→

1

yα
λ( · ) as x → ∞. (2.4)Proof. See page 39.
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S = SVy,S
b

b

S

y

Vy,S

B = R B = R2Figure 2.1: The set Vy,S := {x ∈ B : ‖x‖ > y, x/‖x‖ ∈ S} in B = R and
B = R2.The measure λ is 
alled the spe
tral (or angular) measure of X.Initially the existen
e of a spe
tral measure was the way to des
riberegular variation for random variables. The regular variation is spreadin a balan
ed way on the two tails. A random variable X : (Ω,A, P ) →
(R,BR) is regularly varying with index α > 0 if there exist two numbers
p > 0 and q > 0 su
h that p + q = 1 and, for every y > 0,

P (|X| > xy,X > 0)

P (|X| > x)
→

p

yα
as x → ∞and

P (|X| > xy,X < 0)

P (|X| > x)
→

q

yα
as x → ∞.
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e of a probability measure λ on {−1,+1}
= ∂B(0, 1) ⊂ R su
h that, for every y > 0,

P (|X| > xy,X/|X| ∈ ·)

P (|X| > x)

w
−→

1

yα
λ(·) as x → ∞.The 
onstru
tion in Bana
h spa
es generalizes this idea of a measure ofthe unit sphere.It is obvious from the proof of Proposition 2.2.3 (page 22) that, 
alling

c := µ({x ∈ B : ‖x‖ > 1}),the spe
tral measure and the exponent measure are 
onne
ted through
λ( · ) =

µ({x ∈ B : ‖x‖ > 1, x/‖x‖ ∈ · })

c
and µ(Vy,S) =

c

yα
λ(S),where, given S ∈ S and y > 0, Vy,S := {x ∈ B : ‖x‖ > y, x/‖x‖ ∈ S}.In other words, as the sets Vy,S form a π-system generating BB0 , if

h#µ indi
ates the pushforward of the measure µ by the map h, thatis h#µ(A) = µ(h−1(A)), we have
T#µ = c(ν ⊗ λ) (2.5)with the polar de
omposition

T : B0 → (0,+∞) × S : x 7→ (‖x‖, x/‖x‖)and dν(r) = d(−r−α) (i.e. ν((r,∞)) = r−α) for r > 0. Thanks to theidentity ∫ (f ◦ h) dµ =
∫

f d(h#µ) applied with h = T−1, (2.5) be
omes
∫

fdµ = c

∫

S

∫ ∞

0
f(rθ)d(−r−α)dλ(θ) (2.6)for every µ-integrable f : B0 → R.Remark 2.2.4. Proposition 2.2.3 implies that V (x) = P (‖X‖ > x) isregularly varying with index −α hen
e this 
hoi
e suits for (2.1). Animmediate result is that in this 
ase c = 1 in (2.6).There also is a 
ommon 
hara
terization of regular variation in termsof a normalizing sequen
e (an)n∈N
that holds here.
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h spa
esProposition 2.2.5. A random element X in a separable Bana
h spa
eis regularly varying with index α > 0 if there exists a probability measure
λ on S and a sequen
e (an)n∈N

su
h that an → ∞ and, for every u > 0,
nP (‖X‖ > yan,X/‖X‖ ∈ ·)

w
−→

1

yα
λ(·) if n → ∞. (2.7)Proof. See page 43.If one of these de�nitions is ful�lled, it follows that the sequen
e

(an)n∈N
, the fun
tion f(x) := P (‖X‖ > x) and, for S ∈ S su
h that

λ(S) 6= 0, the fun
tion g(x) := P (‖X‖ > x,X/‖X‖ ∈ S) are regularlyvarying with index −α.For a 
hara
terization of regular variation with a normalizing se-quen
e in terms of the 
onvergen
e in M0, the index of regular variationneeds to be spe
i�ed for instan
e as follows.Proposition 2.2.6. A random element X in a separable Bana
h spa
eis regularly varying with index α > 0 if there exists a measure µ ∈ M0and a regularly varying sequen
e (an)n∈N
with index 1/α su
h that

nP

(
X

an
∈ ·

)

M0−−→ µ(·) as n → ∞. (2.8)Proof. See page 44.Note that if α is not spe
i�ed is De�nition 2.2.6 but if (2.8) holdsfor some sequen
e (an)n∈N
of positive numbers, it implies that (an)n∈Nis regularly varying.2.3 Joint regular variationJoint regular variation is a model for heavy tailed temporal dependentphenomena under the assumption of stationarity. This model essen-tially 
hara
terized by the tail pro
ess and the spe
tral pro
ess of theseries. It was originally introdu
ed for multivariate time series in Basrakand Segers (2008). The advantage to 
arry over this theory to sep-arable Bana
h spa
es is to possess a tool to study the 
ross-se
tionaltail dependen
e and the temporal tail dependen
e in series of fun
tional
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tional data analysis has been re
ently developed in-volving the auto
ovarian
e operators as main tool, see for instan
e Allamand Mourid (2002), Antoniadisa and Sapatinas (2003), Bosq (1996), Mas(2002; 2007), Mas and Menneteau (2003), Mas and Pumo (2007), Pumo(1998). For heavy tailed phenomena the �rst and se
ond moments 
an-not be assumed to exist.In this se
tion we �rst explain how the tail pro
ess is obtained, withthe property that is future is uniquely determined by its past, and 
on-versely. Then we give examples in simple 
ases, for an independent anda fully dependent time series. Next we derive the time 
hange formula,a relation des
ribing how the distribution of the tail and the spe
tralpro
ess 
hanges over time. The time 
hange formula is a property ofthe tail and spe
tral pro
esses yielded by the stationarity of the initialpro
ess. The last result of this 
hapter is an expression what be
omesthe spe
tral pro
ess of a series after a linear transformation to anotherBana
h spa
e. It will be useful in Chapter 4 to apply this theory tofun
tional linear time series.A time series (Xt)t∈Z with values in a Bana
h spa
e B is said here tobe stationary if it is stationary in the strong sense, that is if
L(Xt, . . . ,Xt+h) = L(X0, . . . ,Xh)for any time position t and any length h.To treat the joint regular variation of a stationary time series (Xt)t∈Zwith values in B, we need to operate with the k-fold Cartesian produ
t

Bk as a Bana
h spa
e itself. For making Bk itself a separable Bana
hspa
e, we endow Bk with the max-norm
‖(x1, . . . , xk)‖ = max(‖x1‖, . . . , ‖xk‖). (2.9)De�nition 2.3.1. A stationary pro
ess (Xt)t∈Z

in a separable Bana
hspa
e B is jointly regularly varying with index α > 0 if, for every k > 1,the joint random element (X1, . . . ,Xk) with values in Bk endowed withthe max-norm is regularly varying with index α > 0.If (Xt)t∈Z
is jointly regularly varying, there is thus a sequen
e ofexponent measures µk 
hara
terized by

P ((X1, . . . ,Xk) ∈ x · )

Vk(x)

M0−−→ µk( · ) as x → ∞, (2.10)
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h spa
eswhere Vk ∈ RV−α. As in the previous se
tion, we may require that
Vk(x) = Uk(x) where Uk(x) := P (‖(X1, . . . ,Xk)‖ > x) to obtain ck :=
µk({x ∈ Bk : ‖x‖ > 1}) = 1 for every k. The 
hoi
e Vk(x) = W (x)where W (x) := P (‖X1‖ > x) so that these fun
tions do not depend on
k is also possible. Indeed, on the one hand, by (2.9),

W (x) = P (‖X1‖ > x)
6 P (‖X1‖ > x or . . . or ‖Xk‖ > x)
= Uk(x)
6 P (‖X1‖ > x) + . . . + P (‖Xk‖ > x)
= kW (x),whi
h implies 1 6

Uk(x)

W (x)
6 k. On the other hand, by (2.1),

lim
x→∞

W (x)

Uk(x)
= µk([‖x1‖ > 1]).So, with Vk(x) = W (x) in (2.10), we have 1/k 6 ck 6 1.To that degree the joint regular variation of a stationary pro
ess is
hara
terized by a sequen
e of exponent or spe
tral measures, ea
h ofthem in a di�erent ve
tor spa
e. A natural goal is thus to obtain a moretra
table 
ondition. The spe
tral pro
ess answer this question as a uniqueobje
t 
ontaining the whole spatio-temporal distribution of extremes ofthe original pro
ess.The �rst step towards the spe
tral pro
ess is the equivalen
e betweenthe joint regular variation and the existen
e of a tail pro
ess or, alterna-tively, a forward tail pro
ess.Theorem 2.3.2 (Tail pro
ess). Let (Xt)t∈Z

be a stationary pro
ess in aseparable Bana
h spa
e B. The following are equivalent:(i) (Xt)t∈Z
is jointly regularly varying with index α > 0.(ii) There exists a pro
ess (Yn)n∈N

in B, 
alled forward tail pro
ess,with P (‖Y0‖ > y) = y−α for y > 1 and, as x → ∞,
L
(
(Xn/x)n∈N

∣
∣ ‖X0‖ > x

) d
−→ L

(
(Yn)n∈N

)
.(iii) There exists a pro
ess (Yt)t∈Z

in B, 
alled tail pro
ess, with
P (‖Y0‖ > y) = y−α for y > 1 and, as x → ∞,

L
(
(Xt/x)t∈Z

∣
∣ ‖X0‖ > x

) d
−→ L

(
(Yt)t∈Z

)
.
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onvergen
es in distribution hold in the proper produ
t spa
es
BN and BZ respe
tively whi
h is the 
onvergen
e in distribution of all�nite stret
hes made with 
omponents of the original random sequen
e.The tail pro
ess admits a de
omposition into two 
omponents. Aradial part Y materializes the index of regular variation as a Pareto(α)variable. The resulting angular 
omponent (Θt)t∈Z

is the spe
tral pro
essand then 
aptures all the others features of the joint regular variation.Furthermore the random elements Y and (Θt)t∈Z
are independent of ea
hother.Theorem 2.3.3 (Spe
tral pro
ess). Let (Xt)t∈Z
be a stationary pro
essin a separable Bana
h spa
e B. Assume that P (‖X0‖ > · ) ∈ RV−α forsome α > 0. The following are equivalent:(i) (Xt)t∈Z

is jointly regularly varying with index α > 0.(ii) There exists a pro
ess (Θn)n∈N
in B, 
alled forward spe
tralpro
ess, su
h that, as x → ∞,

L
(
(Xn/‖X0‖)n∈N

∣
∣ ‖X0‖ > x

) d
−→ L

(
(Θn)n∈N

)
.(iii) There exists a pro
ess (Θt)t∈Z

in B, 
alled spe
tral pro
ess,su
hthat, as x → ∞,
L
(
(Xt/‖X0‖)t∈Z

∣
∣ ‖X0‖ > x

) d
−→ L

(
(Θt)t∈Z

)
.In this 
ase, the tail pro
ess (Yt)t∈Z

of (Xt)t∈Z
is given by (Yt)t∈Z

d
=

(Y Θt)t∈Z
, where Y is independent of (Θt)t∈Z

and is Pareto(α)-distributed.Proof. See page 57.A 
ouple of remarks are helpful to better understand this spe
tralpro
ess. First observe that the law of Θ0 is equal to the spe
tral measure
λ. Indeed, the weak 
onvergen
e of (iii) in Theorem 2.3.3 
ompoundedwith the proje
tion π0((xt)t∈Z) = x0 yields (2.4) with y = 1.The se
ond fa
t to be mentioned is that an independent and identi-
ally distributed time series (Xt)t∈Z

whose members are regularly varying



28 2 Regularly varying time series in Bana
h spa
eswith index α > 0 and spe
tral measure λ is jointly regularly varying withtail and spe
tral pro
esses
Yt

d
= Y Θt where L(Θt) =

{
λ if t = 0,
0 if t 6= 0,and Y ∼ Pareto(α). This follows from a dire
t 
omputation.In the full-dependen
e 
ase, when all members of (Xt)t∈Z

are equalto a regularly varying element with index α > 0, the series is jointlyregularly varying, with tail and spe
tral pro
esses
Yt

d
= Y Θt with Θt = Θ0where Y ∼ Pareto(α) and L(Θ0) = λ. The spe
tral pro
ess of any timeseries lies in between these two �extreme� 
ases.The next proposition des
ribes the spe
tral pro
ess after a lineartransformation of the type ξt = T (Xt) between two separable Bana
hspa
es. This proposition is designed to be helpful in Chapter 4 aboutlinear time series.Proposition 2.3.4 (Linear transformations). Let B1 and B2 be two sep-arable Bana
h spa
es and let T : B1 → B2 be linear and 
ontinuous.Assume that (Xt)t∈Z is jointly regularly varying in B1 with spe
tral pro-
ess (ΘX

t )t∈Z. De�ne the time series (ξt)t∈Z in B2 by ξt = T (Xt). Then
(ξt)t∈Z is jointly regularly varying in B2 with spe
tral pro
ess (Θξ

t )t∈Z,whose law is determined by
E[f(Θξ

−s, . . . ,Θ
ξ
t )]

=
1

E[‖T (Θ0)‖α]
E

[

f

(
T (ΘX

−s)

‖T (ΘX
0 )‖

, . . . ,
T (ΘX

t )

‖T (ΘX
0 )‖

)

‖T (ΘX
0 )‖α

]for every f : Bs+t+1
2 → R 
ontinuous and bounded.Proof. See page 58.The same result also holds for the forward spe
tral pro
ess. More-over, setting s = t = 0, this proposition provides a way to 
ompute thespe
tral measure of a random element after linear transformation.An example that formally enlightens many 
on
epts of this 
hapter isthe GARCH(1,1) pro
ess. Spe
i�
 examples of jointly regularly varyingtime series in in�nite dimensional Bana
h spa
es are the obje
t of thenext 
hapters.



2.3 Joint regular variation 29Example 2.3.5. A GARCH(1,1) pro
ess (ξt)t∈Z is a real valued pro
esssolution of the equations
{

ξt = σtZt,

σ2
t = α0 + α1ξ

2
t−1 + β1σ

2
t−1.where (Zt)t∈Z is a sequen
e of iid N(0, 1) innovations. These 
an berewritten

(
ξ2
t

σ2
t

)

︸ ︷︷ ︸

Xt

=

(
α1Z

2
t β1Z

2
t

α1 β1

)

︸ ︷︷ ︸

At

(
ξ2
t−1

σ2
t−1

)

︸ ︷︷ ︸

Xt−1

+

(
α0Z

2
t

α0

)

︸ ︷︷ ︸

Btso that they appear as the (multivariate) sto
hasti
 re
urren
e equation
Xt = AtXt−1 + Bt. (2.11)Under 
ertain 
onditions (2.11) possesses a regularly varying solution

(Xt)t∈Z, see Basrak et al. (2002), Kesten (1973), Kallenberg (1986). As-sume that, as x → ∞,
L(X0/x | ‖X0‖ > x)

d
−→ Y0.Then, 
onditionally on ‖X0‖ > x, as x → ∞,

X1/x = A1(X0/x) + B1/x
d
−→ A1Y0 = Y1,

X2/x = A2(X1/x) + B2/x
d
−→ A2Y1 = Y2,

. . .

Xt/x = At(Xt−1/x) + Bt/x
d
−→ AtYt−1 = Yt.Hen
e the tail pro
ess (Yt)t∈Z of (Xt)t∈Z has the property

Yt = At . . . A2A1Y0and the spe
tral pro
ess (Θt)t∈Z of (Xt)t∈Z satis�es
Θt = At . . . A2A1Θ0.The spe
tral pro
ess of (ξ2
t )t∈Z 
an be re
overed using Proposition 2.3.4,the proje
tion on the �rst 
omponent being a linear map. Further detailsand simulations 
an be found in Basrak and Segers (2008).
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h spa
esAs stated in Theorem 2.3.3, a �rst property of the joint regular vari-ation and the spe
tral pro
ess is that they are uniquely determined bythe forward spe
tral pro
ess only. The probabilisti
 future of the series isdetermined by its past and 
onversely. The time 
hange formula pre
iseshow the distribution of (Θt)t∈Z 
hanges over time.Theorem 2.3.6 (Time 
hange formula). Let s, t ∈ {0, 1, 2, . . .} and let
f : Bt+s+1 → R integrable with respe
t to the law of (Θ−s, . . . ,Θt) su
hthat f(0, . . .) = 0. Then

E [f(Θ−s, . . . ,Θt)] = E

[

f

(
Θ0

‖Θs‖
, . . . ,

Θt+s

‖Θs‖

)

‖Θs‖
α1{Θs 6= 0}

]

.Proof. See page 59.A simple 
ase o

urs when f only depends on its �rst 
omponent andveri�es f(0) = 0; then
E [f(Θ−s)] = E

[

f

(
Θ0

‖Θs‖

)

‖Θs‖
α1{Θs 6= 0}

]

.This gives an expression of the distribution of Θ−s in fun
tion of the lawof Θ0 and Θs still valid for s ∈ Z. In parti
ular taking f(x−s) = ‖x−s‖
αyields

E [‖Θ−s‖
α] = P (Θs 6= 0), s ∈ Z,a useful relation.Note that the time 
hange formula obtained in Basrak and Segers(2008) in the multivariate 
ase holds for f 
ontinuous and the proof hereimplies this formula for f integrable as well.2.4 Tail dependen
e featuresNumerous quantities and obje
ts des
ribing the asymptoti
 tail behaviorof a jointly regularly time series (Xt)t∈Z

admit an expression involvingthe tail pro
ess (Yt)t∈Z
or the spe
tral pro
ess (Θt)t∈Z

only. We willlimit the dis
ussion here to the exponent and spe
tral measures, the 
o-e�
ients of tail dependen
e, the extremal indi
es and the extremograms.Most of those quantities or obje
ts are originally de�ned by meansof a double limit. The knowledge of the tail pro
ess and the spe
tral
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e features 31pro
ess redu
es the number of limits in their expressions to one. Thisis parti
ularly e�
ient in the 
ase where the tail pro
ess or the spe
tralpro
ess 
an be easily 
omputed, as in Example 2.3.5.Table 2.1 
ontains the tail quantities 
onsidered here and their ex-pression if the series is jointly regularly varying. The notation µ Aindi
ates the restri
tion of µ to A.Obje
t ReformulationExponent measure µ of Xi

µ [‖x‖ > 1]
L(Y0)Spe
tral measure λ of Xi

λ
L(Θ0)Exponent measure µs,t of (X−s, . . . , Xt)

µs,t [‖x0‖ > 1]
L(Y−s, . . . , Yt)Coe�
ient of tail dependen
e

λt = lim
x→∞

P (‖Xt‖ > x | ‖X0‖ > x)

P (‖Yt‖ > 1)

= E[min(‖Θt‖
α
, 1)]Candidate extremal index θ∗ =

lim
t→∞

lim
x→∞

P ( max
i=1,...,t

‖Xi‖ 6 x | ‖X0‖ > x)

P (sup
i>1

‖Yi‖ 6 1)

= E[sup
i>0

‖Θi‖
α − sup

i>1
‖Θi‖

α]Extremogram
ρA,B(h) = lim

n→∞

nP

„

X0

an

∈ A,
Xh

an

∈ B

«

P (Y0 ∈ A,Yh ∈ B)Table 2.1: Expressions of the main obje
ts des
ribing the tail behaviorof a stationary series involving the tail and spe
tral pro
esses onlyThe 
oe�
ients of tail dependen
e λt give the probability to have anextreme value at time t given that there is an extreme value today. Theextremal index θ was introdu
ed in Leadbetter (1983). The 
andidateextremal index θ∗ in Table 2.1 is equal to θ if 
onditions (C) and (A(an))of Se
tion 3.2 hold as explained in Example 3.2.3. Under 
ondition (C),
1/θ∗ is the expe
ted size of 
lusters of extremes (Se
tion 3.6).The extremogram was introdu
ed in Davis and Mikos
h (2009) as a
orrelogram for extreme events through

ρA,B(h) = lim
n→∞

nP

(
X0

an
∈ A,

Xh

an
∈ B

)

,for integer h and for regions A,B at least one of whi
h stays away fromthe origin and where an is a positive sequen
e satisfying nP (‖X0‖ >
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h spa
es
an) → 1 as n → ∞. The result in Table 2.1 is easy to see if A and Bare 
ontinuity sets of the distributions of Y0 and Yh respe
tively and ifat least one of them is in
luded in {x ∈ B : ‖x‖ > 1}.Example 2.4.1. Figure 2.2 shows1 two empiri
al extremograms fromDavis and Mikos
h (2009) for a simulated GARCH(1,1) pro
ess withparameters α0 = 1.0e−6, α1 = 0.92, β1 = 0.07, sample size n = 100, 000and A = B = (1,∞). The empiri
al extremogram admits the expression

ρ̂A,B(h) =

∑n−h
t=1 1{a−1

m Xt ∈ A, a−1
m Xt+h ∈ B}

∑n
t=1 1{a−1

m Xt ∈ A}where am is a large empiri
al quantile of the sample. Here am was takento be equal to xn−k+1,n for two di�erent values of k.

Figure 2.2: Extremogram of the GARCH(1,1) of Example 2.4.1 with
k = 20 on the left and k = 100 on the rightA

ording to its authors, the extremograms 
an be used for instan
eto dete
t the behavior of a GARCH(1,1) or an AR(1) pro
ess in a dataset.2.5 Te
hni
al tools2.5.1 Convergen
e of measures in M0The referen
e for the results not proved here is Hult and Lindskog (2006).1Plots made using Ivor Cribben's software.



2.5 Te
hni
al tools 33Let (X, d) is a 
omplete separable metri
 spa
e, BX is its Borel σ-�eldand x0 is a point of X that may be 
alled the origin.De�nition 2.5.1. For x0 ∈ X, we write X0 = X \ {x0}. The topologyon X0 is the topology of X restri
ted to X \ {x0} and the Borel σ-�eldof X0 is BX0 = {A ∈ BX | A ⊂ X0}.De�nition 2.5.2. Let
C(X) :={f : X → R | f is 
ontinuous} ,
Cb(X) :={f ∈ C(X) | f is bounded},
Cbd(X):={f ∈ C(X) | f is bounded and (∃r > 0)B(x0, r)) ⊂ f−1({0})}where b states for �bounded� and d for �disk�. The referen
e to X maybe omitted if the 
ontext is 
lear.De�nition 2.5.3. Given an origin x0, we 
all M0, M0(X) or M0(X,x0)depending on the 
ontext, the set of all measures µ on BX0 su
h that

µ(X0 \ B(x0, r)) < +∞ for every r > 0.De�nition 2.5.4. Let (µn)n∈N
⊂ M0 and µ ∈ M0. We say that (µn)
onverges in M0 to µ and we write

µn
M0−−→ µif ∫ fdµn →

∫
fdµ for every f ∈ Cbd.De�nition 2.5.5. For µ ∈ M0, µ(r) is de�ned as the restri
tion of µ to

X0 \ B(x0, r).Theorem 2.5.6. Let (µn)n∈N
⊂ M0 and µn ∈ M0. Then1. If µn

M0−−→ µ, then µ
(r)
n

w
−→ µ(r) in X0 \ B(x0, r) for every r > 0ex
ept possibly for an at most 
ountable number of them.2. If there exists (rk)k∈N

with rk ↓ 0 su
h that µ
(rk)
n

w
−→ µ(rk) for every

k in X0 \ B(x0, rk), then µn
M0−−→ µ.Proposition 2.5.7. Let r > 0. Consider µ, ν ∈ M0. The map

dM0(µ, ν) =

∫ ∞

0
e−rdr(µ

(r), ν(r))[1 + dr(µ
(r), ν(r))]−1dr,where µ(r) and ν(r) are respe
tively the restri
tions of µ and ν to X0 \

B(x0, r) (for whi
h, by de�nition, the total mass is �nite) and dr is theProhorov's distan
e between the restri
tions, is a distan
e on M0.



34 2 Regularly varying time series in Bana
h spa
esProposition 2.5.8. The distan
e dM0 metrizes the topology of M0-
onvergen
e, i.e.
µn

M0−−→ µ if and only if lim
n→∞

dM0(µn, µ) = 0.Theorem 2.5.9. The metri
 spa
e (M0, dM0) is 
omplete and separable.This follows from the fa
t that (X, d) is 
omplete and separable.Theorem 2.5.10 (Portmanteau). Let (µn)n∈N
⊂ M0 and µn ∈ M0. Thefollowing 
ondition are equivalent:1. µn

M0−−→ µ,2. lim
n→∞

µn(A) = µ(A) for every A ∈ BX with µ(∂A) = 0 and x0 /∈

cl A,3. lim sup
n→∞

µn(Xn ∈ C) 6 µ(X ∈ C) for every 
losed C ∈ BX su
hthat x0 /∈ C and lim inf
n→∞

µn(Xn ∈ O) > µ(X ∈ O) for every open
O ∈ BX su
h that x0 /∈ O.From these theorems we derive the 
hara
terizations of the relatively
ompa
t parts of M0.Theorem 2.5.11. A subset M ⊂ M0 is relatively 
ompa
t if and onlyif there exists a sequen
e (rk)k∈N

with rk ↓ 0 su
h that for every k ∈ Nthe set M (rk) =
{
µ(rk)|µ ∈ M

} is relatively 
ompa
t for the topology ofweak 
onvergen
e in X \ B(x0, rk).Prohorov's theorem yields the following equivalent statement.Theorem 2.5.12. A subset M ⊂ M0 is relatively 
ompa
t if and only ifthere exists a sequen
e (rk)k∈N
with rk ↓ 0 su
h that for every i ∈ N

sup
µ∈M

µ(X \ B(x0, ri)) < +∞and, for every η > 0 there exists a 
ompa
t Ki ⊂ X \B(x0, ri) su
h that
sup
µ∈M

µ(X \ (B(x0, ri) ∪ Ki)) 6 η.As a note, Theorem 2.5.12 applied to X = Rn be
omes the following.
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hni
al tools 35Theorem 2.5.13. A subset M ⊂ M0(R
n, x0) is relatively 
ompa
t ifand only if for every r > 0 the following 
onditionsa) sup

µ∈M
µ(Rn \ B(x0, r)) < +∞,b) lim

R→+∞
sup
µ∈M

µ(Rn \ B(x0, R)) = 0,are ful�lled.And Applying Theorem 2.5.12 to sets of 
ontinuous fun
tions, Arzéla-As
oli theorem gives the following 
hara
terization.Theorem 2.5.14. Let C = C
(
[0, 1]d, Rq

). A subset M ⊂ M0(C, f0) isrelatively 
ompa
t if and only if for every r > 0 and every ε > 0 thefollowing 
onditions are ful�lleda) sup
µ∈M

µ(C \ B(f0, r)) < +∞,b) lim
R→+∞

sup
µ∈M

µ({f ∈ C | ‖f(0)‖∞ > R}) = 0,
) lim
δ→0

sup
µ∈M

µ({f ∈ C | ωf (δ) > ε}) = 0,where ωf is the modulus of 
ontinuity of f .Re
all that a family Π ⊂ X is a π-system if it is stable for �niteinterse
tions. The famous theorem about π-systems holds in M0.Theorem 2.5.15. Let A be a π-system that generates BX0. Then if twomeasures µ and ν ∈ M0 are σ-�nite on A and equal on A, they are equalon BX0 .The following proposition is useful to verify the hypotheses of Theo-rem 2.5.15.Proposition 2.5.16. Let (X,O) be a separable topologi
al spa
e and Abe a 
olle
tion of Borel sets of X su
h that, for every x ∈ X and every
r > 0 there exists A ∈ A su
h that x ∈ int A and A ⊂ B(x, r). Then
σ(A) = BX .



36 2 Regularly varying time series in Bana
h spa
esProof. σ(A) ⊂ BX . The members of A are Borel sets.
σ(A) ⊇ BX . Let G ∈ O be an open set. We will show that G isa union of elements of A. Put A0 = {int A | A ∈ A and A ⊂ G}. Byassumption, for every x ∈ G and every open set V ⊂ G with x ∈ V , thereexists A0 ∈ A0 su
h that x ∈ A0 ⊂ V . The family A0 is thus an openbasis of the topologi
al spa
e X restri
ted to G. Sin
e X is separableand G is open, X restri
ted to G is also separable. Consequently, as Gis open in its restri
tion, (i) there exists a 
ountable 
olle
tion (An)n∈Nwith An ⊂ G for every n ∈ N and (ii) su
h that G =

⋃

n∈N
int An. Then⋃

n∈N
An ⊂ G a

ording to (i) and G ⊂

⋃

n∈N
An a

ording to (ii).There are useful 
hara
terizations of relative 
ompa
tness in M0 andof tightness of a sequen
e of random measures in M0 after a redu
tionin R.Proposition 2.5.17. A subset M ⊂ M0 is relatively 
ompa
t if and onlyif for every f ∈ C+

bd

sup
µ∈M

µ(f) < +∞.Proof. (⇒) Let f ∈ C+
bd and let Tf : M0 → R+ : µ 7→ µ(f). This appli
a-tion is 
ontinuous be
ause by de�nition µn

M0−−→ µ implies µn(f) → µ(f).Thus by 
ontinuity and by assumption we have
sup
µ∈M

µ(f) = sup
µ∈M

Tf (µ) < +∞.(⇐) For f ∈ C+
bd, de�ne If = [0, sup

µ∈M

µ(f)]. Then
I :=

∏

f∈C+
bd

If ⊂ RC
+
bdis 
ompa
t by assumption and by Ty
hono�'s theorem. One identi�es

µ ∈ M0 to its values {µ(f) | f ∈ C+
bd}. This de�nes an appli
ation

T : M → I. The topologies on M and T (M) 
oin
ide sin
e on the onehand µn
M0−−→ µ if and only if µn(f) → µ(f) and on the other hand thetopology on T (M) is given by 
omponentwise 
onvergen
e. Sin
e M is
losed and T is 
ontinuous, T (M) ⊂ I is 
losed and thus 
ompa
t.
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hni
al tools 37Proposition 2.5.18. A sequen
e (µn)n∈N of random measures in M0 istight if and only if for every f ∈ C+
bd the sequen
e of random variables

(µn(f))n∈N is tight in R.Proof. (⇒) Let f ∈ C+
bd. We have to show that ea
h subsequen
e

(µn(j)(f))j∈N of (µn(f))n∈N 
ontains a further subsequen
e that 
on-verges weakly. This is the 
ase be
ause (µn)n∈N is tight. As the map
M0 → R : µ 7→ µ(f) is 
ontinuous, it follows from the Continuous map-ping theorem (Resni
k 2008, p 152) that (µn(j(k))(f))k∈N possesses aweak limit in R as k → ∞.(⇐) Let ε > 0. Let gi ∈ C+

bd be su
h that gi ↑ 1B0 . Sin
e (µn(gi))n∈Nis tight, by assumption for every i > 0 there exists ci > 0 su
h that, forevery n ∈ N,
P (µn(gi) > ci) 6

ε

2i+1
.The set

M =
⋂

i>0

{µ ∈ M0 | µ(gi) 6 ci}is relatively 
ompa
t inM0 by Proposition 2.5.17. Indeed for ea
h f ∈ C+
bdthere exists i0 and K0 su
h that f 6 K0gi0 , so that

sup
µ∈M

µ(f) 6 K0 sup
µ∈M

µ(gi0) 6 K0ci0 .Therefore M is 
ompa
t and, for every n ∈ N,
P (µn /∈ M) 6

∑

i>0

P (µn(gi) > ci)

6 P (µn /∈ M) 6
∑

i>0

ε

2i+1

= P (
⋃

i>0

{µn(gi) > ci}) = εwhi
h is the de�nition of tightness.In the sequel, do not 
onfuse the relative 
ompa
tness in M0 withweak relative 
ompa
tness for random measures in M0. The same holdsfor the Continuous mapping theorem for 
onvergen
e in M0 (Hult andLindskog 2006, Theorem 2.5) and the Continuous mapping theorem forweak 
onvergen
e in metri
 spa
es (Resni
k 2008, p 152).
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h spa
es2.5.2 LemmasThese two lemmas are useful to prove the Tail and Spe
tral theorems.Lemma 2.5.19. Let X and Y be two independent random variables su
hthat X has a 
ontinuous law. Then 
onditionally on Y 6= 0 the randomvariable XY has a 
ontinuous law.Proof. Let g : R → R be bounded and 
ontinuous. Let F (y) denote the
umulative distribution fun
tion of Y 
onditionally on Y 6= 0. Then,setting z = xy, by Fubini's theorem,
E [g(XY ) | Y 6= 0]

=

∫

R

E [g(xY ) | Y 6= 0] fX(x)dx

=

∫

R

∫

R\0
g(xy)dF (y)fX (x)dx

=

∫

R

g(z)

(
∫

R\0
fX(z/y)1/y dF (y)

)

dz,whi
h means that XY 
onditionally on Y 6= 0 has a density.For the se
ond, re
all that µ E indi
ates the restri
tion of µ to E.Lemma 2.5.20. Let (µt)t>t0 and µ be measures in M0(B) su
h that
µt

M0−−→ µ. Let E ∈ BB be su
h that µ(∂E) = 0 and 0 /∈ E. Then,for every f : E → R 
ontinuous and bounded, we have ∫ fd(µt E) →
∫

fd(µ E).Proof. By the Portmanteau Lemma, the 
on
lusion is equivalent to
µt E

d
−→ µ E,whi
h is in turn equivalent to

(∀A ∈ BE : µ E(∂A) = 0) µt E(A) → µ E(A).So take A ∈ BE be su
h that µ E(∂A) = 0, i.e. µ(E ∩ ∂A) = 0. Sin
e
E ∩ A ⊂ E 6∋ 0, the 
onvergen
e holds if µ(∂(E ∩ A)) = 0. However

0 6 µ(∂(E ∩ A)) 6 µ(∂E ∪ ∂A) 6 µ(∂E) + µ(∂A) = µ(∂A)

= µ(∂A ∩ E) + µ(∂A \ E) = µ(∂A \ E) 6 µ(∂E) = 0,whi
h proves the lemma. The last inequality 
omes from the fa
t that,sin
e A ⊂ E, we have ∂A ⊂ E hen
e ∂A \ E ⊂ ∂E.



2.6 Proofs for Se
tion 2.2 392.6 Proofs for Se
tion 2.2Proof of Proposition 2.2.2 (page 21). (2.1) implies (2.2) and (2.3). Let
µx =

1

V (x)
P (X ∈ x·).Sin
e µx

M0−−→ µ, on the one hand, for every f ∈ Cbd, ∫ fdµx →
∫

fdµ.On the other hand, for every y > 0, f( ·y ) ∈ Cbd. If f ≡ 0 on B(0, r), then
f( ·y ) ≡ 0 on B(0, yr) and f( ·y ) is also 
ontinuous. As a 
onsequen
e, forevery y > 0,

∫

f

(
·

y

)

dµx

=
1

V (x)
E

[

f

(
X

xy

)]

=
V (xy)

V (x)

1

V (xy)
E

[

f

(
X

xy

)]

=
V (xy)

V (x)

1

V (xy)

∫

fdµxy

→
1

yα

∫

fdµ, x → ∞.Thus, setting µ1(f) :=
∫

f( ·y )dµ and µ2(f) := y−α
∫

fdµ, we have µ1 =
µ2 whi
h means that, for every y > 0 and every A ∈ BB su
h that
0 /∈ clA, µ(yA) = y−αµ(A).It follows that, for every r > 0, we have µ(∂B(0, r)) = 0, otherwisethe fun
tion y 7→ µ(B \B(0, y)) = y−αµ(B \B(0, 1)) would be dis
ontin-uous at y = r (and µ(B \ B(0, 1)) 6= 0 be
ause if not (2.2) would imply
µ = 0). This implies that µ has no atom.Proof of Proposition 2.2.3 (page 22). (2.1) implies (2.4). For y > 0 and
S ⊂ S, set

Vy,S = {x ∈ B | x/‖x‖ ∈ S and ‖x‖ > y} .For S ∈ BS de�ne
λ(S) =

µ(V1,S)

µ(V1,S)
.It is a probability measure on S sin
e

λ(S) =
µ(V1,S)

µ(V1,S)
=

µ(V1,S)

µ(V1,S)
= 1.
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h spa
esLet y > 0 and let S ∈ BS su
h that λ(∂S) = 0. We have µ(∂Vy,S) = 0.Indeed, for A × B in a general Cartesian produ
t X × Y , we have
∂(A × B) = cl(A × B) \ int(A × B)

= (cl A × cl B) \ (int A × int B)
= (cl A \ int A) × clB ∪ cl A × (cl B \ intB)
= ∂A × clB ∪ cl A × ∂B,whi
h implies

∂Vy,S
∼= ∂((y,∞) × S)
= ∂(y,∞) × cl S ∪ cl(y,∞) × ∂S
= {y} × clS ∪ [y,∞) × ∂S
⊂ {y} × S ∪ (y,∞) × ∂S
∼= ∂B(0, y) ∪ Vy,∂S .As a 
onsequen
e, a

ording to (2.2) and (2.3),

µ(∂Vy,S) 6 µ(∂B(0, y)) + µ(Vy,∂S) = 0 + y−αλ(∂S) = 0.This implies
lim

x→∞

P (‖X‖ > xy,X/‖X‖ ∈ S)

P (‖X‖ > x)
=

1

µ(V1,S)
µ(Vy,S)

= lim
x→∞

P (X ∈ Vxy,S)

P (X ∈ xV1,S)
=

1

yα

1

µ(V1,S)
µ(V1,S)

= lim
x→∞

P (X ∈ xVy,S)

P (X ∈ xV1,S)
=

1

yα
λ(S)

= lim
x→∞

V (x)

P (X ∈ xV1,S)

P (X ∈ xVy,S)

V (x)whi
h yields the weak 
onvergen
e.(2.4) implies (2.1). For y > 0 and S ⊂ S, set
Vy,S = {x ∈ B | x/‖x‖ ∈ S and ‖x‖ > y} .There exists an unique measure µ ∈ M0 su
h that

µ(Vy,S) =
1

yα
λ(S).



2.6 Proofs for Se
tion 2.2 41To show this, the idea developed below is to work in the Cartesian prod-u
t (0,∞) × S and to use the homeomorphism
R : (0,∞) × S → B0 : (r, z) 7→ rzto obtain the required homogeneity property. As

{Vy,S | y > 0 and S ∈ BS}is a π-system generating BB0 , this measure will be unique.Let V (x) = P (X ∈ xV1,S) = P (‖X‖ > x) whi
h is a regularly varyingfun
tion with index −α.For x > 1 de�ne
µx =

1

V (x)
P (X ∈ x·)whi
h is a measure on BB0 . We will show that µx → µ in M0(B) as

x → ∞. To do this, we use the homeomorphism
T = (T1, T2) : B0 → (0,+∞) × S : z 7→

(

‖z‖,
z

‖z‖

)(T = R−1). For y > 0 �xed, set
ν1

x = T1# (µx (B \ B[0, y])) and ν2
x = T2# (µx (B \ B[0, y])) .The family (ν1

x)x>1 is relatively 
ompa
t in Mb((y,+∞)). Indeed,for every r > y,
lim

x→∞
ν1

x((r,+∞)) = r−α

lim
x→∞

P (X ∈ x(B \ B(0, r)))

V (x)
= µ(B \ B(0, r)).

lim
x→∞

P (‖X‖ > xr)

P (‖X‖ > x)The family (ν1
x)x>1 has thus a weak limit in Mb((y,+∞)) whi
h is, a
-
ording to Borel-Stieltjes theorem, ∫· αy−α−1dL1(y). Consequently, a
-
ording to following Prohorov's theorem, for every ε1 > 0, there exists a
ompa
t K1 ⊂ (y,+∞) su
h that supx>1 ν1

x(Kc
1) 6 ε1.The family (ν2

x)x>1 is by assumption relatively 
ompa
t in Mb(S)for the topology of weak 
onvergen
e, sin
e it 
onverges. A

ording to
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h spa
esProhorov's theorem, for every ε2 > 0, there exists a 
ompa
t K2 ⊂ Ssu
h that supx>1 ν2
x(Kc

2) 6 ε2.Set K = T−1(K1 × K2), whi
h depends on ε1 and ε2. A

ording toTy
hono�'s theorem, K1 × K2 is 
ompa
t and, as T is an homeomor-phism, K is 
ompa
t.Let ε > 0 and 
hoose ε1 = ε2 =
ε

2
. Then

sup
x>1

(µx (B \ B[0, y])) (Kc)

= sup
x>1

µx({z ∈ B : ‖z‖ > y, ‖z‖ /∈ K1 or z/‖z‖ /∈ K2})

6 sup
x>1

[ µx({z ∈ B : ‖z‖ > y, ‖z‖ /∈ K1})

+ µx({z ∈ B : ‖z‖ > y, z/‖z‖ /∈ K2}) ]

6 sup
x>1

µx({z ∈ B : ‖z‖ > y, ‖z‖ /∈ K1})

+ sup
x>1

µx({z ∈ B : ‖z‖ > y, z/‖z‖ /∈ K2})

= sup
x>1

ν1
x{K

c
1) + sup

x>1
ν2

x(Kc
2)

6
ε

2
+

ε

2
= ε,whi
h proves thanks to Prohorov's theorem that (µx (B \ B[0, y]))x>1is relatively 
ompa
t in B \ B[0, y]. As y > 0 was arbitrary, (µx)x>1 isrelatively 
ompa
t in M0(B) (Hult and Lindskog 2006). Thus the family

(µx)x>1 possesses an a

umulation point in M0 when x → ∞.To show that every a

umulation point of (µx)x>1 is equal to µ,
onsider V = {Vy,S | y > 0 and S ∈ BS}. It is a π-system generating
BB0 . Put V0 = {Vy,S ∈ V | λ(∂S) = 0}. The set V0 is still a π-system.Let indeed Vy1,S1 and Vu2,S2 ∈ V0. We have Vy1,S1 ∩ Vy2,S2 = Vy3,S3 with
y3 = max(y1, y2) and S3 = S1 ∩ S2 and sin
e

∂S3 = ∂(S1 ∩ S2) = cl(S1 ∩ S2) \ int(S1 ∩ S2)
⊂ (cl S1 ∩ cl S2) \ int(S1 ∩ S2)
= (cl S1 ∩ cl S2) \ (int S1 ∩ intS2)
= (cl S1 ∩ cl S2) ∩ (int S1 ∩ intS2)

c

= (cl S1 ∩ cl S2) ∩ ((int S1)
c ∪ (int S2)

c)
= (cl S1 ∩ cl S2 ∩ (int S1)

c) ∪ (cl S1 ∩ cl S2 ∩ (int S2)
c)

⊂ (cl S1 ∩ (int S1)
c) ∪ (cl S2 ∩ (int S2)

c)
= (cl S1 \ int S1) ∪ (cl S2 \ int S2)
= ∂S1 ∪ ∂S2,



2.6 Proofs for Se
tion 2.2 43this implies λ(S3) = 0. Furthermore σ(V0) = BB0 . To show it, by virtueof Proposition 2.5.16 it su�
es to prove that σ({S ∈ BS | λ(∂S) =
0}) = BS. This is the 
ase if for every z ∈ S and every r > 0, we
an �nd S ∈ BS with λ(∂S) = 0, z ∈ int S and S ⊂ B(z, r). So let
z ∈ S and r > 0. There exists a quantity at most 
ountable (ri)i∈N su
hthat λ(∂B(z, ri) ∩ S) 6= 0, otherwise we would have λ(S) = +∞ (and
λ(S) = 1). Thus the 
ondition is satis�ed with S = B(z, ρ)∩ S for every
0 < ρ < r su
h that ρ /∈ (ri)i∈N. Finally, for every Vy,S ∈ V0, we have
µx(Vy,S) =

P (‖X‖ > xy,X/‖X‖ ∈ S)

P (‖X‖ > x)
→

1

yα
λ(S) = µ(Vy,S), x → ∞.Theorem 2.5.15 implies that all a

umulation point M0 for µx as x → ∞must be equal to µ. The measure µ is thus the limit of µx in M0 as

x → ∞.Proof of Proposition 2.2.5 (page 24). (2.4) implies (2.7). Let f(y) =
P (‖X‖ > y) whi
h is nonin
reasing and right 
ontinuous. Followingthe Portmanteau lemma, applying (2.4) to S whi
h is su
h that λ(∂S) =

λ(∅) = 0 (inside S, cl S = int S = S), we obtain limt→∞
f(ty)
f(y) = y−α, thatis f ∈ RV−α. Set an = inf

{
x ∈ R | f(x) 6 1

n

}
= ( 1

f )←(n). Sin
e 1
f ∈

RVα with α > 0 and as 1
f is nonin
reasing, we have ( 1

f )← ∈ RV 1
α
, hen
e

an → ∞ as n → ∞ (de Haan and Ferreira 2006, Proposition B.1.9.1,
limt→∞( 1

f )←(t) = +∞).To see that nP (‖X‖ > an) → 1 as n → ∞, �x ε > 0. Then, setting
U = 1

f , the inequalities
an(1 − ε) < an = U←(n) and U←(n) = an < an(1 + ε)imply respe
tively

U [an(1 − ε)] < n and n 6 U [an(1 + ε)]hen
e, inverting these inequalities and multiplying them by U(an) =
1
f (an), we have

U(an)

U [an(1 + ε)]
6

1

nf(an)
and 1

nf(an)
6

U(an)

U [an(1 − ε)]
.
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h spa
esConsequently, sin
e U ∈ RVα and an → ∞ as n → ∞, we �nd
(1 + ε)−α

6 lim inf
n→∞

1

nf(an)
and lim sup

n→∞

1

nf(an)
6 (1 − ε)−α.Sin
e ε > 0 was arbitrary, this implies that nf(an) = nP (‖X‖ > an) → 1as n → ∞.(2.7) implies (2.4). Let S be a Borel set of S su
h that λ(∂S) = 0.By assumption, an → ∞ as n → ∞. Hen
e for t > 0 large enough, thereexists n ∈ N su
h that an 6 t 6 an+1. Then,

P (‖X‖> yan+1,X/‖X‖∈ S)

P (‖X‖> an)

6
P (‖X‖> yt,X/‖X‖∈ S)

P (‖X‖> t)

6
P (‖X‖> yan,X/‖X‖∈ S)

P (‖X‖> an+1)Letting t tend to in�nity in these expressions (whi
h implies that n tendsto in�nity), we obtain on both sides the value
y−αλ(S)

1−αλ(S)
= y−αλ(S).The 
on
lusion follows from the sandwi
h theorem.Proof of Proposition 2.2.6 (page 24). Similar to (2.4)⇔ (2.7) above.2.7 Proofs for Se
tion 2.3The proof of Theorem 2.3.2 (page 26) is divided into a su

ession ofsteps, so that ea
h of them separably provides enlightening results:

• (ii) implies (i) is Proposition 2.7.1 → Proposition 2.7.9,
• (i) implies (iii) is Proposition 2.7.10,
• (iii) implies (ii) is trivial.Let us remember that
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tion 2.3 45
• (i) is the joint regular variation,
• (ii) is the existen
e of a forward tail pro
ess,
• (iii) is the existen
e of a tail pro
ess.Note that the existen
e of a tail pro
ess implies existen
e of a forwardtail pro
ess but the 
onverse is nontrivial.Then we have the proofs of Theorem 2.3.3, the equivalen
e betweentail and spe
tral pro
esses, the proof of Theorem 2.3.6, the time 
hangeformula, and the proof of Proposition 2.3.4 whi
h yields the spe
tralpro
ess after a linear transformation.Re
all that is all this se
tion B is a separable Bana
h spa
e.Proposition 2.7.1. Let (Xt)t∈Z be a stationary time series in B thatadmits a forward tail pro
ess (Yt)t>0 for whi
h the law of ‖Y0‖ is non-degenerate at 1. Then there exists α > 0 su
h that ‖X0‖ is regularlyvarying with index α and ‖Y0‖ ∼ Pareto(α).Proof. The de�nition of forward tail pro
ess 
ompounded with the 
on-tinuous fun
tion g((xt)t>0) = x0 yields the weak 
onvergen
e

L

(
X0

x

∣
∣
∣
∣
‖X0‖ > x

)

d
−→ L (Y0) , as x → ∞.On the one hand, sin
e L (‖Y0‖) possesses at most 
ountably manyatoms, it follows from the Portmanteau Lemma that, for almost every

y > 1,
P (‖X0‖ > xy | ‖X0‖ > x) → P (‖Y0‖ > y)as x → ∞. On the other hand, sin
e y > 1,

P (‖X0‖ > xy | ‖X0‖ > x) =
P (‖X0‖ > xy)

P (‖X0‖ > x)
.As P (‖X0‖ > xy) /P (‖X0‖ > x) possesses a limit almost everywhere as

x → ∞, it must be y−α for some α ∈ R and every y > 1 (Bingham,Goldie, and Teugels 1987, Theorem 1.4.1). So P (‖Y0‖ > y) = y−α for
y > 1. A

ording to the fa
t that L (‖Y0‖) is a probability distribu-tion, we have α > 0 and P (‖Y0‖ > y) = 1 for y < 1. Sin
e ‖Y0‖ isnondegenerate in 1, we obtain α > 0.
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h spa
esNow introdu
e, for t > 0, the random element
Θt =

Yt

‖Y0‖
,so that (Θt)t>0 is, by de�nition, the forward spe
tral pro
ess of (Xt)t∈Z.Proposition 2.7.2. Let (Xt)t∈Z be a stationary time series in B thatadmits a forward tail pro
ess (Yt)t>0 for whi
h the law of ‖Y0‖ is nonde-generate at 1. The random variable ‖Y0‖ is independent of the forwardspe
tral pro
ess (Θt)t>0.Proof. By de�nition, ‖Y0‖ and (Θt)t>0 are independent if and only if the

σ-�elds F := σ(‖Y0‖) =
{
‖Y0‖

−1(B) | B ∈ BR

} and G := σ(Θ0,Θ1, . . .)
:= σ

({
Θ−1

t (B) | t > 0, B ∈ BB

}) are independent:
(∀A ∈ F)(∀B ∈ G) : P (A ∩ B) = P (A)P (B).The expression of G 
an be reformulated using a π-system: G = σ(Π)with

Π =
{
⋂k

i=1 Θ−1
ti

(Bi)
∣
∣
∣ k > 1, ti > 0, Bi ∈ BB

}

.Hen
eforth F and G are independent if and only if, a

ording to Billings-ley (1995), Theorem 4.2,
(∀A ∈ F)(∀B ∈ Π) : P (A ∩ B) = P (A)P (B).So ‖Y0‖ and (Θt)t>0 are independent if and only if, for ea
h t > 0, ‖Y0‖and the �nite stret
h (Θ0, . . . ,Θt) are independent.Let us show that the joint law of (‖Y0‖,Θ0, . . . ,Θt) is equal to theprodu
t of the one of ‖Y0‖ and (Θ0, . . . ,Θt). Lemma 1.4.2 of van derVaart and Wellner (1996) yields that the joint law (‖Y0‖,Θ0, . . . ,Θt) isdetermined by its values on the fun
tions of type fg where f : R+ → R+and g : Bt+1 → R+ are 
ontinuous and bounded. Consequently ‖Y0‖and (Θt)t>0 are independent if and only if, for every f and g as above,

E [f(‖Y0‖)g(Θ0, . . . ,Θt)] = E [f(‖Y0‖)] E [g(Θ0, . . . ,Θt)] .Using Lebesgue's dominated 
onvergen
e theorem and the fa
t that
‖Y0‖ > 1, the fun
tions f 
an be repla
ed by the family of fun
tions
1{· > y} where y > 1. Consequently ‖Y0‖ and (Θt)t>0 are independent
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tion 2.3 47if and only if, for ea
h y > 1 and every g : Bt+1 → R+ 
ontinuous andbounded,
E [1{‖Y0‖ > y}g(Θ0, . . . ,Θt)] = E [1{‖Y0‖ > y}] E [g(Θ0, . . . ,Θt)]

= y−αE [g(Θ0, . . . ,Θt)]by Proposition 2.7.1.Applying the Continuous mapping theorem to the de�nition of for-ward tail pro
ess with the map
ζ(x0, . . . xt) =

(

‖x0‖,
x0

‖x0‖
, . . . ,

xt

‖x0‖

)

,we obtain, as x → ∞,
L

((
‖X0‖

x
,

X0

‖X0‖
, . . . ,

Xt

‖X0‖

) ∣
∣
∣
∣
‖X0‖ > x

)

d
−→ L (‖Y0‖,Θ0, . . . ,Θt) ,Fix y > 1. Let g : Bt+1 → R+ be 
ontinuous and bounded as above andset

f : R × Bt+1 → R+ : (u, x0, . . . xt) 7→ 1{u > y}g(x0, . . . xt).We 
an apply the Portmanteau Lemma with f (adapt Lemma 2.5.20 toweak 
onvergen
e), when
e
E

[

1

{
‖X0‖

x
> y

}

g

(
X0

‖X0‖
, . . . ,

Xt

‖X0‖

) ∣
∣
∣
∣
‖X0‖ > x

]

→ E [1{‖Y0‖ > y}g (Θ0, . . . ,Θt)]as x → ∞. Furthermore, we also 
an 
ompute the same limit as follows
E

[

1

{
‖X0‖

x
> y

}

g

(
X0

‖X0‖
, . . . ,

Xt

‖X0‖

) ∣
∣
∣
∣
‖X0‖ > x

]

= E

[

g

(
X0

‖X0‖
, . . . ,

Xt

‖X0‖

) ∣
∣
∣
∣
‖X0‖ > xy

]
P (‖X0‖ > xy)

P (‖X0‖ > x)

→ y−αE [g(Θ0, . . . ,Θt)]as x → ∞. Thus the 
on
lusion follows from the uniqueness of thelimit.
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h spa
esNext we have a relation whi
h, given a large value for ‖X0‖, allowsus to know some pie
e of information about the past.Proposition 2.7.3 (Knowledge about the past). Given a stationarytime series (Xt)t∈Z in B that admits a forward tail pro
ess (Yt)t>0 forwhi
h the law of ‖Y0‖ is nondegenerate at 1, the following formula holds:for every t > 0,
E [‖Θt‖

α] = lim
r→0

lim
x→∞

P (‖X−t‖ > rx | ‖X0‖ > x) .Proof. Let r > 0. Note that by the Continuous mapping theorem appliedto the de�nition of forward tail pro
ess with the proje
tion on the tth
omponent
L

(
Xt

rx

∣
∣
∣
∣
‖X0‖ > rx

)

d
−→ L (‖Yt‖)as x → ∞. A

ording to the fa
ts that ‖Yt‖ = ‖Y0‖‖Θt‖, ‖Y0‖ and ‖Θt‖are independent random variables (Proposition 2.7.2), ‖Y0‖ is 
ontinuousand by Lemma 2.5.19, the law of ‖Yt‖ is 
ontinuous ex
ept maybe where

Θt = 0. Therefore L(‖Yt‖) does not have any atom. Thus P (‖Yt‖ = 1
r ) =

0 for every r > 0. Reversing the time, by stationarity, and applying thePortmanteau Lemma, we get
P (‖X−t‖ > rx | ‖X0‖ > x)

= P (‖X0‖ > x | ‖X−t‖ > rx)
P (‖X−t‖ > rx)

P (‖Xt‖ > x)

= P

(
‖Xt‖

xr
>

1

r

∣
∣
∣
∣
‖X0‖ > x

)
P (‖X0‖ > rx)

P (‖X0‖ > x)

→ P

(

‖Yt‖ >
1

r

)

r−αas x → ∞. Moreover, setting x = ry and v = x−α,
P

(

‖Yt‖ >
1

r

)

r−α =

∫ ∞

r
P
(
‖Θt‖

α >x−α
)
d(−x−α)

= P

(

‖Y0‖‖Θt‖ >
1

r

)

r−α =

∫ r−α

0
P (‖Θt‖

α > v) dv

=

∫ ∞

1
P

(

y‖Θt‖ >
1

r

)

d(−y−α)r−α →

∫ ∞

0
P (‖Θt‖

α > v) dvas r → 0 whi
h is equal to E [‖Θt‖
α].



2.7 Proofs for Se
tion 2.3 49In order to te
hni
ally prepare Proposition 2.7.5, let us de�ne the setfun
tion νt, t > 0, from BB to R by
νt(A) = 1A(0) (1 − E [‖Θt‖

α]) +

∫ ∞

0
P

(

vΘ0 ∈ A, ‖Θt‖ >
1

v

)

d(−v−α).Let us �rst remark that νt is a probability measure.Proposition 2.7.4. If (Xt)t∈Z is a stationary time series in B and ad-mits a forward tail pro
ess (Yt)t>0 for whi
h the law of ‖Y0‖ is nondegen-erate at 1, then the map νt is a probability measure on B. If f : B → Ris νt-integrable, the expression of its integral is
∫

fdνt = f(0) (1 − E [‖Θt‖
α])+

∫ ∞

0
E

[

f (vΘ0) 1{‖Θt‖ >
1

v
}

]

d(−v−α).Proof. Let A ∈ BB. To see that νt(A) > 0, it su�
es to show that
1−E [‖Θt‖

α] and ∫∞0 P
(
vΘ0 ∈ A, ‖Θt‖ > 1

v

)
d(−v−α) are both nonneg-ative. The �rst term is nonnegative be
ause E [‖Θt‖

α] is a limit of prob-abilities (Proposition 2.7.3) and the se
ond term is nonnegative be
auseit is an integral of a probability.We have νt(∅) = 0, indeed
νt(∅) =

∫ ∞

0
P

(

vΘ0 ∈ ∅, ‖Θt‖ >
1

v

)

d(−v−α) =

∫ ∞

0
P (∅) d(−v−α) = 0.Finally assume that A1, A2, A3, . . . is a 
ountable sequen
e of pairwisedisjoint sets in BB. Then νt (

⋃∞
i=1 Ai) =

∑∞
i=1 νt(Ai) sin
e developingboth sides yields

1S

∞

i=1 Ai
(0) (1 − E [‖Θt‖

α])+

∫ ∞

0
P

(

vΘ0 ∈
∞⋃

i=1

Ai, ‖Θt‖ >
1

v

)

d(−v−α)

=
∞∑

i=1

(

1Ai
(0) (1 − E [‖Θt‖

α]) +

∫ ∞

0
P

(

vΘ0 ∈ Ai, ‖Θt‖ >
1

v

)

d(−v−α)

)

.Consequently νt is a measure.We have νt(B) = 1 sin
e
E [‖Θt‖

α] =

∫ ∞

0
P

(

‖Θt‖ >
1

v

)

d(−v−α)a

ording to the proof of Proposition 2.7.3.
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h spa
esAbout the formula of ∫ fdνt, remark that 1A(0) = δ0(A), whi
hproves the �rst half. For the integral part, remark that it is valid forfun
tions of type f = 1A, whi
h makes it valid for every νt-integrablefun
tion tanks to the same rules as above and Lebesgue's dominated
onvergen
e theorem.The probability measure νt helps to express the distribution of a shiftin the past.Proposition 2.7.5. If (Xt)t∈Z is a stationary time series in B thatadmits a forward tail pro
ess (Yt)t>0 for whi
h the law of ‖Y0‖ is nonde-generate at 1, then the measure νt is the following weak limit
L

(
X−t

x

∣
∣
∣
∣
‖X0‖ > x

)

d
−→ νtas x → ∞.Proof. Let f : B → R be Lips
hitz 
ontinuous and bounded. A

ordingto the Portmanteau Lemma (van der Vaart 1998), we have to show that

E

[

f

(
X−t

x

) ∣
∣
∣
∣
‖X0‖ > x

]

→

∫

fdνt =

f(0) (1 − E [‖Θt‖
α]) +

∫ ∞

0
E

[

f (vΘ0) 1{‖Θt‖ >
1

v
}

]

d(−v−α)as x → ∞. Given r > 0, let us de
ompose the expe
ted value of the lefthand-side of the limit a

ording to {‖X−t‖ 6 xr} and {‖X−t‖ > xr}before letting r tend towards 0.Firstly, sin
e L = lip f < +∞, we have |f(ξ)| 6 f(0) + L‖ξ‖. Then,using the notation a ∈ A ⊂ B in R,
E

[

f

(
X−t

x

)

1{‖X−t‖ 6 xr}

∣
∣
∣
∣
‖X0‖ > x

]

∈ E [f (0) 1{‖X−t‖ 6 xr} | ‖X0‖ > x]

± LE

[
‖X−t‖

x
1{‖X−t‖ 6 xr}

∣
∣
∣
∣
‖X0‖ > x

]

⊂ f (0) E [1{‖X−t‖ 6 xr} | ‖X0‖ > x] ± LE
[ xr

x

∣
∣
∣ ‖X0‖ > x

]

= f (0) (1 − P (‖X−t‖ > xr | ‖X0‖ > x)) ± Lr

→ f(0) (1 − E [‖Θt‖
α])
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tion 2.3 51after x → ∞ and r → 0 by Proposition 2.7.3, whi
h yields the �rst partof the 
laim.Se
ondly,
E

[

f

(
X−t

x

)

1{‖X−t‖ > xr}

∣
∣
∣
∣
‖X0‖ > x

]

= E

[

f

(
X−t

x

)

1{‖X0‖ > x}

∣
∣
∣
∣
‖X−t‖ > xr

]
P (‖X−t‖ > xr)

P (‖X0‖ > x)

= E

[

f

(
rX0

rx

)

1

{
‖Xt‖

rx
>

1

r

} ∣
∣
∣
∣
‖X0‖ > xr

]
P (‖X0‖ > xr)

P (‖X0‖ > x)

→ E

[

f(rY0)1

{

‖Yt‖ >
1

r

}]

r−αas x → ∞ a

ording to the de�nition of the forward tail pro
ess. Finally
E

[

f(rY0)1

{

Yt >
1

r

}]

r−α

=

∫ ∞

1
E

[

f(ryΘ0)1

{

y‖Θt‖ >
1

r

}]

d(−y−α)r−α

=

∫ ∞

r
E

[

f(vΘ0)1

{

‖Θt‖ >
1

v

}]

d(−v−α)

→

∫ ∞

0
E

[

f(vΘ0)1

{

‖Θt‖ >
1

v

}]

d(−v−α)as r → 0, whi
h is the se
ond part of the 
laim.In order to prove Proposition 2.7.7 we deta
h a result about thetightness of the joint 
onditional ve
tor below.Proposition 2.7.6. If (Xt)t∈Z is stationary time series in B that admitsa forward tail pro
ess (Yt)t>0 for whi
h the law of ‖Y0‖ is nondegenerateat 1, then, for all s, t > 0, the sequen
e of probability measures
((

X−s

x
, . . . ,

Xt

x

) ∣
∣
∣
∣
‖X0‖ > x

)

x>x0is tight.
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h spa
esProof. It follows from Proposition 2.7.5 and Prohorov's theorem that forevery r ∈ Z the sequen
e
(

Xr

x

∣
∣
∣
∣
‖X0‖ > x

)

x>x0is tight, i.e. for every r ∈ Z and for every ε > 0 there exists a 
ompa
t
Kr,ε ⊂ B su
h that for every x > x0

P

(
Xr

x
/∈ Kr,ε

∣
∣
∣
∣
‖X0‖ > x

)

6 ε.Let ε > 0 and apply this property with ε/(s + t + 1) for r = −s to
r = t. Set Kε = K−s,ε × . . . × Kt,ε. The set Kε obtained is 
ompa
t byTy
hono�'s Theorem and satis�es the property that, for every x > x0,

P

((
X−s

x
, . . . ,

Xt

x

)

/∈ Kε

∣
∣
∣
∣
‖X0‖ > x

)

6 ε.whi
h is the statement.Proposition 2.7.7. Let (Xt)t∈Z be a stationary time series in B thatadmits a forward tail pro
ess (Yt)t>0 for whi
h the law of ‖Y0‖ is nonde-generate at 1. Let s, t > 0. Then, as x → ∞,
L

((
X−s

x
, . . . ,

Xt

x

) ∣
∣
∣
∣
‖X0‖ > x

)

d
−→ νs,tfor some probability measure νs,t whi
h we de�ne to be L(Y−s, . . . , Yt).Proof. By Prohorov's theorem, Proposition 2.7.6 ensures the probabil-ities of the sequen
e to have an a

umulation point as x → ∞. So itsu�
es to see that every a

umulation point as x → ∞ is the same mea-sure, that we will 
alled νs,t. By the Portmanteau Lemma, it su�
es toshow that for every f : Bt+s+1 → R Lips
hitz 
ontinuous and bounded,we have

lim
x→∞

E

[

f

(
X−s

x
, . . . ,

Xt

x

) ∣
∣
∣
∣
‖X0‖ > x

]

=

∫

fdνs,t.Let us pro
eed by indu
tion on s. If s = 0, by the de�nition offorward tail pro
ess we have
lim

x→∞
E

[

f

(
X0

x
, . . . ,

Xt

x

) ∣
∣
∣
∣
‖X0‖ > x

]

= E [f (Y0, . . . , Yt)]
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tion 2.3 53so that ν0,t = L is the law of (Y0, . . . , Yt) de�ned by assumption.Suppose now that the statement is true for s − 1 and let us prove itfor s. As in Proposition 2.7.5 de
ompose the expe
ted value a

ordingto {‖X−s‖ 6 xr} and {‖X−s‖ > xr} before letting r tend to 0. For the�rst event we have
E

[

f

(
X−s

x
, . . . ,

Xt

x

)

1{‖X−s‖ 6 xr}

∣
∣
∣
∣
‖X0‖ > x

]

= E

[

f

(

0,
X−s+1

x
, . . . ,

Xt

x

)

1{‖X−s‖ 6 xr}

∣
∣
∣
∣
‖X0‖ > x

]

+ E

[

f

(
X−s

x
, . . . ,

Xt

x

)

1{‖X−s‖ 6 xr}

∣
∣
∣
∣
‖X0‖ > x

]

− E

[

f

(

0,
X−s+1

x
, . . . ,

Xt

x

)

1{‖X−s‖ 6 xr}

∣
∣
∣
∣
‖X0‖ > x

]

.Sin
e lip f = L < +∞, the absolute value of the last di�eren
e is lessthan rL thus tends to 0 as r tends 0 (independently from x). There-fore we just have to 
onsider the �rst term in the sequel. Writing
1{‖X−s‖ 6 xr} = 1 − 1{‖X−s‖ > xr} this one be
omes
E

[

f

(

0, . . . ,
Xt

x

)∣
∣
∣
∣
‖X0‖ > x

]

−E

[

f

(

0, . . . ,
Xt

x

)

1{‖X−s‖>xr}

∣
∣
∣
∣
‖X0‖ > x

]

.By the re
urren
e hypothesis, as x → ∞, the left hand-side tends to
∫

f(0, x−s+1, . . . , xt)dνs,t :=

∫

f(x−s+1, . . . , xt)dνs−1,twhere f(x−s+1, . . . , xt) = f(0, x−s+1, . . . , xt). The right hand-side 
anbe easily regrouped with the de
omposition a

ording to the other event,
{‖X−s‖ > xr}, to provide the value

E

[

g

(
X−s

x
, . . . ,

Xt

x

)

1{‖X−s‖ > xr}

∣
∣
∣
∣
‖X0‖ > x

]where
g(x−s, . . . , xt) = f(x−s, . . . , xt) − f(0, x−s+1, . . . , xt).
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h spa
esNote that if x−s = 0 then g ≡ 0. Pro
eeding as in Proposition 2.7.5 weget
E

[

g

(
X−s

x
, . . . ,

Xt

x

)

1{‖X−s‖ > xr}

∣
∣
∣
∣
‖X0‖ > x

]

= E

[

g

(
rX0

rx
, . . . ,

rXs+t

rx

)

1

{
‖Xs‖

rx
>

1

r

} ∣
∣
∣
∣
‖X0‖ > xr

]
P (‖X0‖ > xr)

P (‖X0‖ > x)

→ E

[

g (rY0, . . . , rYs+t) 1

{

‖Ys‖ >
1

r

}]

r−αas x → ∞. Now letting r tends towards 0, this expression be
omes
∫ ∞

1
E

[

g (ryΘ0, . . . , ryΘs+t) 1

{

y‖Θs‖ >
1

r

}]

d(−y−α)r−α

=

∫ ∞

r
E

[

g (vΘ0, . . . , vΘs+t) 1

{

‖Θs‖ >
1

v

}]

d(−v−α)

→

∫ ∞

0
E

[

g (vΘ0, . . . , vΘs+t) 1

{

‖Θs‖ >
1

v

}]

d(−v−α),whi
h de�nes νs,t on the whole spa
e Bs+t+1.Now that a tail pro
ess (Yt)t∈Z is de�ned, pro
eed as for the forwardtail pro
ess and set
Θt =

Yt

‖Y0‖
, t > Z,whi
h the spe
tral pro
ess of the series (Xt)t∈Z. We have again a resultof independen
e.Proposition 2.7.8. Let (Xt)t∈Z be a stationary time series in B thatadmits a forward tail pro
ess (Yt)t>0 for whi
h the law of ‖Y0‖ is non-degenerate at 1. Then the random variable ‖Y0‖ is independent of thespe
tral pro
ess (Θt)t∈Z.Proof. The proof is the exa
tly the same as the one of Proposition 2.7.2but with the Continuous mapping theorem applied to the de�nition oftail pro
ess with the map

ζ(x−s, . . . xt) =

(

‖x0‖,
x−s

‖x0‖
, . . . ,

xt

‖x0‖

)

,nothing else 
hanges.



2.7 Proofs for Se
tion 2.3 55The existen
e of exponent measures establishes the fa
t that the se-ries (Xt)t∈Z is jointly regularly varying.Proposition 2.7.9 (Exponent measure). Let (Xt)t∈Z be a stationarytime series in B that admits a forward tail pro
ess (Yt)t>0 for whi
h thelaw of ‖Y0‖ is nondegenerate at 1. Let s, t > 0. There exists µs,t ∈
M0(B

s+t+1) su
h that, as x → ∞,
1

P (‖X0‖ > x)
P

((
X−s

x
, . . . ,

Xt

x

)

∈ ·

)

M0−−→ µs,t,where, for f ∈ Cbd(B
s+t+1), the value µs,t(f) admits the expression

∫

fdµs,t

t∑

i=−s

∫ ∞

0
E[f(0, . . . , 0, vΘ0, . . . , vΘt−i)

1{Θ−s−i = . . . = Θ−1 = 0}]d(−v−α).Proof. Set
µs,t;x (·) =

1

P (‖X0‖ > x)
P

((
X−s

x
, . . . ,

Xt

x

)

∈ ·

)

.Let f ∈ Cbd(B
s+t+1) vanishing on a ball of radius r > 0. Then, using the
onvention ∨ ∅ = −∞, the value of ∫ fdµs,t;x is equal to

1

P (‖X0‖ > x)
E

[

f

(
X−s

x
, . . . ,

Xt

x

)]

=
1

P (‖X0‖ > x)
E

[

f

(
X−s

x
, . . . ,

Xt

x

)

1{
t∨

i=−s

‖Xi‖ > rx}

]

=
1

P (‖X0‖ > x)
E



f

(
X−s

x
, . . . ,

Xt

x

) t∑

i=−s

1{
i−1∨

j=−s

‖Xj‖ 6 rx < ‖Xi‖}




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es
=

t∑

i=−s

E



f

(
X−s

x
, . . . ,

Xt

x

)

1{
i−1∨

j=−s

‖Xj‖ 6 rx}

∣
∣
∣
∣
∣
∣

‖Xi‖ > rx





·
P (‖Xi‖ > rx)

P (‖X0‖ > x)

=

t∑

i=−s

E



f

(
X−s−i

x
, . . .

)

1{
i−1∨

j=−s

‖Xj−i‖ 6 rx}

∣
∣
∣
∣
∣
∣

‖X0‖ > rx





·
P (‖X0‖ > rx)

P (‖X0‖ > x)and, as x → ∞, by Proposition 2.7.7, ∫ fdµs,t;x tends to
t∑

i=−s

E



f (rY−s−i, . . . , rYt−i) 1{
i−1∨

j=−s

‖Yj−i‖ 6 1}



 r−α

=

t∑

i=−s

∫ ∞

1
E



f(ryΘ−s−i, . . . , ryΘt−i) 1{
i−1∨

j=−s

‖yΘj−i‖ 6 1}



d(−y−α)r−α

=

t∑

i=−s

∫ ∞

r
E



f (vΘ−s−i, . . . , vΘt−i) 1{
i−1∨

j=−s

‖vΘj−i‖ 6 r}



 d(−v−α),whi
h de�nes µs,t. By dominated 
onvergen
e, we 
an pass to the limitas r → 0, obtaining the announ
ed expression for µs,t.That proves (ii) implies (i). The dire
tion (i) implies (iii) is the nextproposition. To obtain (ii) implies (iii) simply take s = 0.Proposition 2.7.10. If the series (Xt)t∈Z is regularly varying with index
α > 0, then (Xt)t∈Z has a tail pro
ess with ‖Y0‖ Pareto(α)-distributed.Proof. Let s, t > 0. By de�nition, the random obje
t X = (X−s, . . . ,Xt)in Bt+s+1 is regularly varying with index α > 0, so that there exists
µs,t ∈ M0(B

t+s+1) su
h that
1

V (x)
P (X ∈ x·)

M0−−→ µs,t(·) as x → ∞,



2.7 Proofs for Se
tion 2.3 57where V (x) = P (‖X0‖ > x) ∈ RV−α. Set νs,t the restri
tion of µs,t to
{(x−s, . . . , xt) ∈ Bt+s+1 | ‖x0‖ > 1}. By 
onstru
tion νs,t is a probabilitymeasure.Let (Y−s, . . . Yt) be a random fun
tion having νs,t as law and let
f ∈ Cb(B

s+t+1). Sin
e µs,t({‖x0‖ = 1}) = 0 and 0 /∈ {‖x0‖ > 1}),applying Lemma 2.5.20 yields
E

(

f

(
X−s

x
, . . . ,

Xt

x

) ∣
∣
∣
∣
‖X0‖ > x

)

→

∫

fdµs,t {‖x0‖ > 1} = E(f(Y−s, . . . , Yt))as x → ∞, whi
h establishes the weak 
onvergen
e.A

ording to the Daniell-Kolmogorov existen
e theorem (Pollard 2002,Theorem 53), there exists a sto
hasti
 pro
ess (Yt)t∈Z
in B su
h that, forevery s, t ∈ Z, the distribution of (Y−s, . . . Yt) is νs,t.We �nally have P (‖Y0‖ > y) = y−α be
ause the law Y0 satis�es

ν0,0(λA) = λ−αν0,0(A) for every λ > 0 and ν0,0({‖x0‖ > 1}) = 1.Now Theorem 2.3.2 is proved.Proof of Theorem 2.3.3 (27). (i) implies (iii). By (iii) of Theorem 2.3.2,we have
L

((
X−s

x
, . . . ,

Xt

x

) ∣
∣
∣
∣
‖X0‖ > x

)

d
−→ L (Y−s, . . . , Yt) .By the Continuous mapping theorem (Resni
k 2008, p 152) applied withthe map ζ(x−s, . . . , xt) = (x−s/x0, . . . , xt/x0), we obtain that

L

((
X−s/x

‖X0‖/x
, . . . ,

Xt/x

‖X0‖/x

) ∣
∣
∣
∣
‖X0‖ > x

)

d
−→ L

(
Y−s

‖Y0‖
, . . . ,

Yt

‖Y0‖

)

,whi
h is exa
tly
L

((
X−s

‖X0‖
, . . . ,

Xt

‖X0‖

) ∣
∣
∣
∣
‖X0‖ > x

)

d
−→ L (Θ−s, . . . ,Θt) .(i) implies (iii). It su�
es to take s = 0.(ii) implies (i). Let Y be Pareto(α) distributed and independent of

(Θt)t>0.
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h spa
esFirst of all, remark that
L

((
‖X0‖

x
,

X0

‖X0‖
, . . . ,

Xt

‖X0‖

) ∣
∣
∣
∣
‖X0‖ > x

)

d
−→ L (Y,Θ0, . . . ,Θt) ,Indeed, by van der Vaart and Wellner (1996), Lemma 1.4.2, to see thisit su�
es to prove that:

E

[

f

(
‖X0‖

x

)

g

(
X0

‖X0‖
, . . . ,

Xt

‖X0‖

) ∣
∣
∣
∣
‖X0‖ > x

]

→ E[f(Y )g(Θ0, . . . ,Θt)].for every 
ontinuous and bounded fun
tions f and g. Using Lebesgue'sdominated 
onvergen
e theorem and the fa
t that ‖Y ‖ > 1, the fun
tions
f 
an be repla
ed by the family of fun
tions 1{· > y} where y > 1, whi
hsatisfy the property:

lim
x→∞

E

[

1

{
‖X0‖

x
> y

}

g

(
X0

‖X0‖
, . . . ,

Xt

‖X0‖

) ∣
∣
∣
∣
‖X0‖ > x

]

= lim
x→∞

P (‖X0‖ > xy)

P (‖X0‖ > x)
E

[

g

(
X0

‖X0‖
, . . . ,

Xt

‖X0‖

) ∣
∣
∣
∣
‖X0‖ > xy

]

= y−αE [g(Θ0, . . . ,Θt)] = E [1{Y > y}]E [g(Θ0, . . . ,Θt)]

= E [1{Y > y}g(Θ0, . . . ,Θt)] .Finally apply the Continuous mapping theorem (Resni
k 2008, p 152)with the fun
tion ζ(y, x−s, . . . , xt) = y(x−s, . . . , xt) to obtain
L

((
X0

x
, . . . ,

Xt

x

) ∣
∣
∣
∣
‖X0‖ > x

)

d
−→ L (Y (Θ0, . . . ,Θt)) ,so that Y (Θ0, . . . ,Θt) is the spe
tral pro
ess.Here is the proof of the proposition des
ribing how the spe
tral pro-
ess 
hanges after a linear transformation.
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tion 2.3 59Proof of Proposition 2.3.4 (page 28). Let h ∈ Cb(B
s+t+1
2 ). By De�ni-tion 2.2.1 and Lemma 2.5.20, as x → ∞,

E

[

h

(
T (X−s)

x
, . . . ,

T (Xt)

x

) ∣
∣
∣
∣
‖T (X0)‖ > x

]

=

E

[

h

(
T (X−s)

x
, . . . ,

T (Xt)

x

)

1{‖
T (X0)

x
‖ > 1}

]

P (‖X0‖ > x)

P (‖X0‖ > x)

P (‖T (X0)‖ > x)

→

∫

h (T (y−s), . . . , T (yt)) 1{‖T (y0)‖ > 1}dµ−s,t(y−s, . . . , yt)

.
1

E[‖T (ΘX
0 )‖α]

.Write ϕ := (ϕ−s, . . . , ϕt) and Φ := (ΘX
−s, . . . ,Θ

X
t ). Thanks to the inde-penden
e of Theorem 2.3.3 this limit 
an be rewritten

∫

r>0
‖ϕ‖=1

h (T (rϕ−s), . . . , T (rϕt)) 1{‖T (rϕ0)‖ > 1}
P (Φ ∈ dϕ)

E[‖T (ΘX
0 )‖α]

d(−r−α).Applying this result to h(x−s, . . . , xt) = f

(
x−s

‖x0‖
, . . . ,

xt

‖x0‖

) we obtain
∫

r>0
‖ϕ‖=1

f

(
T (ϕ−s)

‖T (ϕ0)‖
, . . . ,

T (ϕt)

‖T (ϕ0)‖

)

1{r‖T (ϕ0)‖ > 1}
P (Φ ∈ dϕ)

E[‖T (ΘX
0 )‖α]

d(−r−α)

=

∫

r>0
E[f

(
T (ΘX

−s)

‖T (ΘX
0 )‖

, . . . ,
T (ΘX

t )

‖T (ΘX
0 )‖

)

1{r‖T (ΘX
0 )‖ > 1}]

d(−r−α)

E[‖T (ΘX
0 )‖α]whi
h yields the announ
ed formula after use of Fubini's theorem andthe fa
t that ∫r>0 1{r‖T (ΘX

0 )‖ > 1}]d(−r−α) = ‖T (ΘX
0 )‖α.Finally the time 
hange formula is obtained for fun
tions waiving there
ursive part in the 
onstru
tion of the spe
tral pro
ess.Proof of Theorem 2.3.6 (page 30). The proof of Proposition 2.7.7 gives are
ursive way to 
ompute νs,t. In this proof remark that, if f(0, . . .) = 0,
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h spa
esthen ∫ f(0, . . .)dνs,t = 0 and g = f , so
E [f (Y−s, . . . , Yt)] =

∫ ∞

0
E

[

f (vΘ0, . . . , vΘs+t) 1

{

‖Θs‖ >
1

v

}]

d(−v−α). (2.12)Now set
h(x−s, . . . , xt) = f

(
x−s

‖x0‖
, . . . ,

xt

‖x0‖

)

(‖x0‖ ∧ 1)in order to write E [f(Θ−s, . . . ,Θt)] = E [h(Y−s, . . . , Yt)]. We 
an applythe last formula to obtain, using Fubini's Theorem,
E [f(Θ−s, . . . ,Θt)]

=

∫ ∞

0
E

[

f

(
Θ0

‖Θs‖
, . . . ,

Θs+t

‖Θs‖

)

1

{

‖Θs‖ >
1

v

}]

d(−v−α)

= E

[

f

(
Θ0

‖Θs‖
, . . . ,

Θs+t

‖Θs‖

)∫ ∞

0
1

{

‖Θs‖ >
1

v

}

d(−v−α)

]

= E

[

f

(
Θ0

‖Θs‖
, . . . ,

Θs+t

‖Θs‖

)

‖Θs‖
α

]

,whi
h is the announ
ed formula.The weak 
onvergen
e of Proposition 2.7.7 was proved for f Lips
hitz
ontinuous and bounded. A

ording to the Portmanteau Lemma, thesame result holds for f 
ontinuous and bounded, whi
h 
an be assumedfor f in this proof. On
e the result got for these f , there only are afew steps involving the monotone 
onvergen
e to get the same result forintegrable fun
tions.2.8 Proofs for Se
tion 2.4The fa
t that the law Y0 is µ [‖x‖ > 1] and that the law of (X−s, . . . ,Xt)is µs,t [‖x0‖ > 1] is due to the fa
t that, given f ∈ Cbd(B
s+t+1), on the
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E

[

f

(
X−s

x
, . . . ,

Xt

x

) ∣
∣
∣
∣
‖X0‖ > x

]

=

E

[

f

(
X−s

x
, . . . ,

Xt

x

)

1{‖X0‖ > x}

]

P (‖X0‖ > x)

→

∫

fdµs,t [‖x0‖ > 1], x → ∞,a

ording to De�nition 2.3.1 with Vk(x) = W (x) = P (‖X0‖ > x) andLemma 2.5.20 and, on the other hand,
E

[

f

(
X−s

x
, . . . ,

Xt

x

) ∣
∣
∣
∣
‖X0‖ > x

]

→ E [f (Y−s, . . . , Yt)]a

ording to Theorem 2.3.2. The reader 
an note that with another
Vk ∈ RV−α in De�nition 2.3.1 (for instan
e Vk = Uk) the stated propertymay do not hold anymore.The 
oe�
ient of tail dependen
e λt is

λt := lim
x→∞

P (‖Xt‖ > x | ‖X0‖ > x)

= P (‖Yt‖ > 1)

= P (‖Y0‖‖Θt‖ > 1)

=

∫ ∞

1
P (y‖Θt‖ > 1)d(−y−α)

=

∫ ∞

1
P (‖Θt‖

α > y−α)d(−y−α)

=

∫ 1

0
P (‖Θt‖

α > u)du

=

∫ ∞

0
P [min(‖Θt‖

α, 1) > u]du

= E[min(‖Θt‖
α, 1)].
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h spa
esThe 
andidate extremal index θ∗ is
θ∗ := lim

t→∞
lim

x→∞
P ( max

i=1,...,t
‖Xi‖ 6 x | ‖X0‖ > x)

= lim
t→∞

P ( max
i=1,...,t

‖Yi‖ 6 1)

= P (sup
i>1

‖Yi‖ 6 1) = P (‖Y0‖ sup
i>1

‖Θi‖ 6 1)

=

∫ ∞

1
P (y sup

i>1
‖Θi‖ 6 1)d(−y−α)

=

∫ ∞

1
P (sup

i>1
‖Θi‖

α
6 y−α)d(−y−α)

=

∫ 1

0
P (sup

i>1
‖Θi‖

α
6 u)du

= 1 −

∫ 1

0
P (sup

i>1
‖Θi‖

α > u)du

= E max(1 − sup
i>1

‖Θi‖
α, 0)

= E

(

sup
i>0

‖Θi‖
α − sup

i>1
‖Θi‖

α

)

,the last step 
oming from the equalities
max(1 − x, 0) = max(1, x) − x = max(‖Θ0‖, x) − x.Con
erning the extremogram, let an is a positive sequen
e satisfying

nP (‖X0‖ > an) → 1 as n → ∞ and let A and B 
ontinuity sets of thedistributions of Y0 and Yh respe
tively, su
h that A or B is in
luded in
{x ∈ B : ‖x‖ > 1}. Then A × B ⊂ {x ∈ B : ‖x‖ > 1} and A × B is a
ontinuity set of (Y0, Yh) (re
all that ∂(A×B) = ∂A×cl B∪clA×∂B). Bythe Continuous mapping theorem, Proposition 2.2.6 and Theorem 2.3.2,we have thus

ρA,B(h) := lim
n→∞

nP

(
X0

an
∈ A,

Xh

an
∈ B

)

= lim
n→∞

nP

(
1

an
(X0,Xh) ∈ A × B

)

= P (Y0 ∈ A,Yh ∈ B)
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tion 2.4 63whi
h is the 
laim. Note that, thanks to the homogeneity property ofProposition 2.2.2, A = {x ∈ B : ‖x‖ > y1} and B = {x ∈ B : ‖x‖ > y2}always are 
ontinuity sets of Y0 and Yh respe
tively.
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es



Chapter 3Point pro
esses of extremesBased on Meinguet and Segers (2010).Abstra
t. The point pro
ess of extremes yields the distribution of the numberof extremes of a heavy tailed fun
tional time series in sele
ted spatial areas.Under the �nite-
luster 
ondition and a mixing 
ondition, its limit distributionis given by a 
ompound Poisson pro
ess whose expression depends on the tailpro
ess, the spe
tral pro
esses and the extremal index of the original series.3.1 Introdu
tionA �rst appli
ation of the 
on
epts of tail and spe
tral pro
esses developedin Chapter 2 is the study of the limit distribution of the point pro
ess
Nn =

n∑

i=1

δXi/an
,where (Xt)t∈Z is a jointly regularly varying time series in a separableBana
h spa
e B and an → ∞ is a normalizing sequen
e su
h that

nP (‖X0‖ > an) → 1.The point pro
ess Nn is an a

urate tool to obtain information aboutextremes. As an example, we have the identity
P (‖X‖n−k,n 6 anr) = P (Nn(B \ B(0, r)) 6 k)



66 3 Point pro
esses of extremeswhere ‖X‖n−k,n is the (n−k)-order statisti
 of ‖X1‖, . . . , ‖Xn‖. Passingto the limit as n → ∞ only leaves the extreme values that the pro
ess
an have �above its normal level�. In other terms, this limit yields thefull distribution of the number of extremes in a sele
ted spatial area.The key step to obtain the limit distribution of Nn is to obtain thelimit distribution of the 
luster pro
ess de�ned in Se
tion 3.2.The limit distributions of (ζn)n∈N �rst, and then of (Nn)n∈N, willbe given, under the �nite-
luster 
ondition and a mixing 
ondition, inSe
tion 3.2 by Theorem 3.2.1 and Theorem 3.2.2 respe
tively. The ex-pression of these limit distributions will involve only the tail and spe
tralpro
esses. The proofs towards these theorems and the intermediate re-sults are given in Se
tions 3.3 to 3.8. The general idea is to show the
onvergen
e of the Lapla
e transforms.To 
on
lude, Example 3.2.3 establishes the equality between the 
an-didate extremal index θ∗ treated in this thesis and the extremal index
θ originally de�ned in Leadbetter (1983) under the hypotheses of Theo-rem 3.2.2.3.2 De�nition and propertiesLet (Xt)t∈Z

be a jointly regularly varying time series in a separableBana
h spa
e B. Let an → ∞ be a normalizing sequen
e su
h that
nP (‖X0‖ > an) → 1. The obje
t of interest is the point pro
ess

Nn =

n∑

i=1

δXi/an
.One wishes to determine the limit distribution of Nn as n → ∞.If the Xi are iid the answer is well-known: Nn weakly 
onverges to aPoisson pro
ess N whose mean measure is the exponent measure µ of

X0. In the general stationary 
ase, temporal dependen
e may 
auseextremes to appear in 
lusters. These 
lusters 
hange the nature of thelimit of Nn from Poisson to 
ompound Poisson.Here we assume that (Xt)t∈Z satis�es two more 
onditions to obtainthe limit distribution of Nn in the stationary 
ase. Choose a sequen
e
(rn)n∈N su
h that rn → ∞ and let rn/n → 0 as n → ∞. The �rst
ondition is

lim
m→∞

lim sup
n→∞

P ( max
m6|t|6rn

‖Xt‖ > anu | ‖X0‖ > anu) = 0. (C)



3.2 De�nition and properties 67The se
ond 
ondition is, denoting kn = ⌊n/rn⌋, for nonnegative f ∈ Cbd,to have
lim

n→∞
{E exp[−

n∑

i=1

f

(
Xi

an

)

]} − {E exp[−
rn∑

i=1

f

(
Xi

an

)

]}kn = 0. (A(an))The �nite-
luster 
ondition (C) prohibits the length of 
lusters ofextremes of ‖Xt‖ to be in�nite. It was introdu
ed in Smith (1992) andis in parti
ular met for a large number of Markov 
hains.The mixing 
ondition (A(an)) allows us to approa
h in distribution
Nn by a sum of kn iid point pro
esses with the same distribution as
∑rn

i=1 δXi/an
. It was introdu
ed in Davis and Hsing (1995) and for in-stan
e used in Davis and Mikos
h (1998) to study ARCH models.The main step to get the expression of the limit of Nn for a stationarysequen
e (Xt)t∈Z is to derive an expression of the limit in distribution ofthe 
luster pro
ess. Given u > 0, the 
luster pro
ess of (Xt)t∈Z is the se-quen
e of point pro
esses (ζn)n∈N in M0(B) having the same distributionas

rn∑

i=1

δXi/(anu) 
onditionally on { max
i=1,...,rn

‖Xi‖ > anu}.Theorem 3.2.1 (Cluster pro
ess). Let (Xt)t∈Z be a jointly regularlyvarying time series in a separable Bana
h spa
e B. Let (Yt)t∈Z be thetail pro
ess of (Xt)t∈Z. Under 
ondition (C), for every u > 0, the 
lusterpro
ess ζn 
onverges in distribution to a point pro
ess ζ on M0(B) havingthe same distribution as
∑

t∈Z

δYt 
onditionally on { sup
t6−1

‖Yt‖ 6 1}.A 
larifying remark: a

ording to Proposition 3.6.2, the probabilityof the 
onditioning set is equal to the 
andidate extremal index θ∗ (seeSe
tion 2.4) of the series (Xt)t∈Z, i.e.
P ( sup

t6−1
‖Yt‖ 6 1) = θ∗,whi
h is nonzero thanks to 
ondition (C) (Proposition 3.6.4).The following theorem yields the weak limit of Nn for every jointlyregularly varying time series.



68 3 Point pro
esses of extremesTheorem 3.2.2 (Point pro
ess of extremes). Let (Xt)t∈Z be a jointlyregularly varying time series in a separable Bana
h spa
e B. Let (Θt)t∈Zbe its spe
tral pro
ess. Let θ∗ be the 
andidate extremal index of theseries (‖Xt‖)t∈Z. Under 
onditions (C) and (A(an)), Nn 
onverges indistribution to a point pro
ess N in M0 with Lapla
e fun
tional ΨN (f) =
E exp(−

∫
fdN) given by

ΨN (f) = exp{−

∫ ∞

0
E[exp(−

∞∑

j=1

f(vΘj))−exp(−
∞∑

j=0

f(vΘj))]d(−v−α)}for nonnegative f ∈ Cbd(B). Furthermore, for every u > 0, the restri
tion
N (u) of N to {x ∈ B : ‖x‖ > u} admits the representation

N (u) d
=

T (u)
∑

i=1

∞∑

j=1

δuZij
1{‖Zij‖ > 1},where T (u) is a Poisson random variable with mean θ∗u−α and(

∑∞
j=1 δZij

)

i>1
are iid 
opies of the asymptoti
 
luster pro
ess ζ andindependent of T (u).Note that N (u) is also equal to the restri
tion of∑T (u)

i=1

∑∞
j=1 δuZij

to
B0 \ B[0, u] sin
e ‖Zij‖ > 1 if and only if ‖uZij‖ > u.Example 3.2.3. Theorem 3.2.2 allows us to prove that the parameter
θ∗, de�ned in Se
tion 3.6 as

θ∗ := lim
t→∞

lim
x→∞

P ( max
i=1,...,t

‖Xi‖ 6 x | ‖X0‖ > x)

= P (sup
i>1

‖Yi‖ 6 1)

= E

(

sup
i>0

‖Θi‖
α − sup

i>1
‖Θi‖

α

)

,is the extremal index of the series (‖Xt‖)t∈Z. Indeed, under the 
ondi-tions (C) and (A(an)), for every u > 0, as n → ∞, the last theorem



3.3 Lapla
e transform 69yields
P ( max

16t6rn

‖Xt‖ 6 anu) = P (Nn(B \ B(0, u)) = 0)

→ P (N(B \ B(0, u)) = 0)

= P (T (u) = 0)

= e−θ∗u−αsin
e T (u) is Poisson with parameter λ = θu−α. This is the originalde�nition of the extremal index θ of (‖Xt‖)t∈Z (Leadbetter 1983).The stru
ture adopted here is based on the approa
h of Basrak andSegers (2008) for multivariate time series with an adaptation to spa
esthat are the not ne
essarily lo
ally 
ompa
t thanks to the 
on
ept of
M0-
onvergen
e of Hult and Lindskog (2006).3.3 Lapla
e transformThe main tool used in this 
hapter to prove the 
onvergen
e results isthe Lapla
e transform of the distribution of a random obje
t. It is a
onvenient way to 
hara
terize the distributions of point pro
esses sothat 
onvergen
e in distribution be
omes pointwise 
onvergen
e.First let us re
all the 
onstru
tion of the Lapla
e transform of arandom variable.Given a nonnegative random variable

X : (Ω,A, P ) → [0,+∞),its Lapla
e transform is
ΨX : [0,+∞) → [0, 1] : λ 7→ ΨX(λ) = Ee−λX. (3.1)It uniquely determines the distribution of X (Feller 1971, XIII.1). If

X : (Ω,A, P ) → Rdis a random ve
tor with nonnegative 
omponents, the Lapla
e transformof X is
ΨX : [0,+∞)d → [0, 1] : λ 7→ ΨX(λ) = Ee

−
d∑

i=1

λiXi (3.2)



70 3 Point pro
esses of extremesand its knowledge is also equivalent to the distribution of X (Feller 1971,XIII.8). If (D, d) is a 
omplete separable metri
 spa
e whose points aremeasures on a set E, the Lapla
e transform of a random element
M : (Ω,A, P ) → Dis given by

ΨM : A+ → [0, 1] : f 7→ ΨM (f) = Ee−M(f) (3.3)where A+ is the set of all nonnegative measurable and bounded fun
tionsfrom E to R+. Developing the expression yields
ΨM (f) =

∫

Ω
e
−

∫

E

fdMω
dP (ω) =

∫

D

e
−

∫

E

fdµ
dνM (µ).This is a two-level formula. On
e more the knowledge of ΨM determinesthe law of M and 
onversely (Resni
k 2008, Propositions 3.4 and 3.5).Let C+

bd denote the set of f ∈ Cbd that satisfy f(x) > 0 for every
x ∈ B0.Proposition 3.3.1. If D = M0 and E = B0, the Lapla
e fun
tional ΨMon C+

bd uniquely determines the distribution of M .Proof. Let M : (Ω,A, P ) → (M0,BM0) be a random measure. Thedistribution of M is the probability measure M#P = P ◦ M−1 on M0.A

ording to Hult and Lindskog (2006), a basis of open sets for ν ∈ M0is given by
Bν(k, f1, . . . , fk, a, b)

=

{

µ ∈ M0

∣
∣
∣
∣
(∀ 1 6 i 6 k) : a <

∫

fi dµ −

∫

fi dν < b

}where k ∈ N, fi ∈ Cbd and a, b ∈ Q. The family Bν is 
losed un-der �nite interse
tions and hen
e is a π-system. As any open set in
M0 is a 
ountable union of these elements sin
e M0 is separable, thiskind of set generates the Borel σ-�eld BM0 . Hen
e, a

ording to Theo-rem 2.5.15, it is su�
ient to know the value of M#P on the sets of the
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e transform 71type Bφ(k, f1, . . . , fk, a, b). Sin
e
M#P

({

µ ∈ M0

∣
∣
∣
∣

(∀ 1 6 i 6 k) : a <

∫

fi dµ −

∫

fi dφ < b

})

= P

({

ω ∈ Ω

∣
∣
∣
∣

(∀ 1 6 i 6 k) : a <

∫

fi dMω −

∫

fi dφ < b

})

,it su�
es to show that ΨM determines the joint distribution of the k-dimensional random ve
tor
(M(f1), . . . ,M(fk)) .Its distribution is uniquely determined by its Lapla
e transform given by(3.2):

Ψ(M(f1),...,M(fk))(λ) = Ee

−
k∑

i=1

λiM (fi)

,for λ1, . . . , λk > 0. It is equal to
Ee

−M

(
k∑

i=1

λifi

)

= ΨM

(
k∑

i=1

λifi

)and ∑k
i=1 λifi well belongs C+

bd. Then the knowledge of ΨM(f) for f ∈
C+

bd only is su�
ient.There is a useful 
onvergen
e 
riterion for weak 
onvergen
e of pointpro
esses.Proposition 3.3.2. Let ηn and η be random elements in (M0,BM0).Then ηn
d
−→ η if and only if their Lapla
e transforms 
onverge pointwise,i.e. for every f ∈ C+

bd: Ψηn(f) → Ψη(f).Proof. (⇒) Given f ∈ C+
bd, the map from M0 to R+ that takes µ andmaps it onto µ(f) is 
ontinuous. Then, if ηn

d
−→ η, the Continuousmapping theorem (Resni
k 2008, p 152) implies that ηn(f)

d
−→ η(f) forevery f ∈ C+

bd. Thus e−ηn(f) d
−→ e−η(f) and, by Lebesgue's dominated
onvergen
e theorem, Ee−ηn(f) → Ee−η(f).



72 3 Point pro
esses of extremes(⇐) Assume that for every f ∈ C+
bd we have Ψηn(f) → Ψη(f). Wewill show that (i) the sequen
e ηn is tight in M0 and (ii) every weakly
onverging subsequen
e ηn′ of ηn admits η as weak limit. Properties (i)and (ii) together implies that ηn 
onverges in distribution to η.For (i), we use Proposition 2.5.18 whi
h states that ηn is tight in M0if and only if for every f ∈ C+

bd the sequen
e of random variables ηn(f)is tight in R. Let f ∈ C+
bd. A

ording to (3.1), the Lapla
e transform ofthe random variable ηn(f) is, for λ > 0,

Ee−ληn(f) = Ee−ηn(λf)whi
h 
onverges, sin
e λf lies in C+
bd, to

Ee−η(λf) = Ee−λη(f)under the assumption made here. Hen
e the sequen
e ηn(f) weakly
onverges in R and is thus relatively 
ompa
t. By Prohorov's theoremit is tight. By Proposition 2.5.18, ηn is tight in M0.For (ii), let ηn′ be any weakly 
onverging subsequen
e of ηn. Call η̃its weak limit. By the �rst part of the proof
Ψηn′

(f) → Ψη̃(f).The assumption
Ψηn(f) → Ψη(f)implies that η̃

d
= η. Hen
e ηn′

d
−→ η.3.4 Compound Poisson pro
essesPoisson and 
ompound Poisson pro
esses are the weak limits of Nn whenthe original series (Xt)t∈Z is iid or stationary respe
tively. Here we in-trodu
e these pro
esses and 
ompute their Lapla
e transforms that willbe useful these 
onvergen
es in Se
tions 3.5 and 3.8.Poisson pro
esses, or Poisson Random Measure (PRM), are parti
u-lar random measures.De�nition 3.4.1. A random measure

N : (Ω,A, P ) → (M0,BM0)



3.4 Compound Poisson pro
esses 73is a point measure if
N =

m∑

i=1

δXi
or N =

∞∑

i=1

δXifor some Xi : Ω → B0. The set of all point measures is 
alled Mp ⊂ M0.Note that, sin
e N ∈ M0, for every subset A ⊂ B0 bounded awayfrom the origin, we have N(A) < ∞.De�nition 3.4.2. A random measure
N : (Ω,A, P ) → (M0,BM0)is a Poisson pro
ess with mean measure µ ∈ M0 if(i) N is a point measure su
h that for every A ∈ BB0 and k ∈ N,

P (N(A) = k) =







e−µ(A) (µ(A))k

k!
if µ(A) < +∞,

0 if µ(A) = ∞,(ii) If A1, . . . , Ak ∈ BB0 are disjoint, then N(A1), . . . , N(Ak) are inde-pendent random variables.The Lapla
e transform of a Poisson pro
ess is a 
entral 
on
ept. Toobtain it we look at the de�nition of Se
tion 3.3 in the spe
ial 
ase
D = M0 and E = B0.Proposition 3.4.3. If N is PRM(µ), then its Lapla
e transform is givenby

ΨN(f) = e
−

∫

B0

(

1 − e−f(x)
)

dµ(x)for f ∈ C+
bd.Proof. See Resni
k (2007), Theorem 5.1.Re
all that if τ is a Poisson(λ) random variable and if X1,X2, . . . areiid random elements with distribution ν and independent of τ , then

N(ω,A) =

τ(ω)
∑

i=1

δXi(ω)(A)



74 3 Point pro
esses of extremesis a Poisson pro
ess with mean measure λν (Resni
k 2008, p 132).The 
ompound Poisson pro
ess is a generalization of a Poisson pro-
ess in the following sense.De�nition 3.4.4. A random measure
Y : (Ω,A, P ) → (M0,BM0)is a 
ompound Poisson pro
ess if it admits the representation

Y (ω,A)
d
=

τ(ω)
∑

i=1

Di(ω,A)where τ is a Poisson(λ) random variable and D1,D2, . . . are nonnega-tive iid 
opies independent of τ of a random measure D : (Ω,A, P ) →
(M0,BM0).Its Lapla
e transform is the following.Proposition 3.4.5. The Lapla
e transform of a 
ompound Poisson pro-
ess is given by

ΨY (f) = e−λ(1 − ΨD(f))for f ∈ C+
bd.Proof. Let f ∈ C+

bd. Remember that the moment-generating fun
tion ofthe Poisson(λ) random variable τ is given by
ϕτ (t) := Eeτt = e−λ(1 − et).
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ess limit for iid trials 75As a 
onsequen
e,
ΨY (f) = Eτ

(

ED e−D(f)
)τ

= Ee−Y (f) = Eτ (ΨD(f))τ

= Eτ ED e

−(

τ∑

i=1

Di)(f)

= Eτ

(

eτ ln ΨD(f)
)

= Eτ ED e

−
τ∑

i=1

Di(f)

= ϕτ (lnΨD(f))

= Eτ ED

τ∏

i=1

e−Di(f) = e−λ(1 − e(ln ΨD(f)))

= Eτ

τ∏

i=1

ED e−Di(f) = e−λ(1 − ΨD(f))

= Eτ

τ∏

i=1

ED e−D(f)whi
h is the expe
ted formula.3.5 Point pro
ess limit for iid trialsThis se
tion establishes the fundamental link between regularly varyingobje
ts, point pro
esses and Poisson pro
esses. This result is well-knownin the �nite-dimensional 
ase (Resni
k 2008, Proposition 3.22) and in thein�nite-dimensional 
ase (de Haan and Ferreira 2006, Theorem 9.3.9). Aproof is again given here to see its translation in Bana
h spa
es usingthe set of measures M0.Proposition 3.5.1. Let X be a random element in a separable Bana
hspa
e B. Then X is regularly varying with index α > 0 and exponentmeasure µ ∈ M0 if and only if, given iid 
opies X1,X2, . . . of X, there



76 3 Point pro
esses of extremesexists a sequen
e (an) regularly varying with index 1/α su
h that Nn
d
−→

N , where
Nn =

n∑

i=1

δXi
an

and N is PRM(µ).Proof. As we have seen in paragraph 3.3, the 
on
lusion Nn
d
−→ N holdsif and only if, for every f ∈ C+

bd, we have ΨNn(f) → ΨN (f) as n goesto in�nity, Ψ indi
ating the Lapla
e transform of the pro
ess. Let us
ompute
ΨNn(f) = [Ee

−f

(
X

an

)

]n

= Ee−Nn(f) = [

∫

B0

e
−f

(
x

an

)

dνX(x)]n

= Ee

−
n∑

i=1

∫

fdδXi
an

= [1 −

∫

B0

(1 − e
−f

(
x

an

)

)dνX(x)]n

= Ee

−
n∑

i=1

f

(
Xi

an

)

= [1 −
1

n

∫

B0

(1 − e
−f

(
x

an

)

)ndνX(f)]n

= E

n∏

i=1

e
−f

(
Xi

an

)

= [1 −
1

n

∫

B0

(1 − e
−f

(
x

an

)

)nP (X ∈ dx)]n

=
n∏

i=1

Ee
−f

(
Xi

an

)

= [1 −
1

n

∫

B0

(1 − e−f (x)n)P (X ∈ andx)]n

=
n∏

i=1

Ee
−f

(
X

an

)

=

(

1 −
cn(f)

n

)n
.with cn(f) :=

∫

B0

(1 − e−f (x))nP (X ∈ andx). Moreover
ΨN (f) = e

−

∫

B0

(1 − e−f(x))dµ(x)
= e−c(f)
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onditions 77with c(f) :=

∫

B0

(1−e−f (x))dµ(x) sin
e N is a Poisson random measurewith mean µ.Now, if X is regularly varying with index α > 0 and exponent mea-sure µ, we have seen that an equivalent de�nition is
nP (X ∈ andx)

M0−−→ µ, n → ∞.Hen
e cn(f) → c(f) as n → ∞ a

ording to the fa
t that 1 − ef ∈ Cbd,be
ause 1 − ef = 0 if and only if f = 0.Then
lim

n→∞
ΨNn(f) = limn→∞

(

1 − cn(f)
n

)n

= e−c(f)

= ΨN (f),whi
h proves that Nn
d
−→ N by Proposition 3.3.2.Conversely, if

ΨNn(f) → ΨN (f), n → ∞,i.e. (

1 −
cn(f)

n

)n

→ e−c(f), n → ∞,this implies that cn(f) → c(f) as n → ∞. First note that cn(f) hasa limit. If not, (1 − cn(f)
n

)n would not have one either sin
e the ex-ponential fun
tion is bije
tive. Thus the only possible value for thelimit of −cn(f) as n → ∞ is −c(f). Finally nP (X ∈ andx)
M0−−→ µ as

n → ∞.3.6 Limiting 
onditionsThere are two more 
onditions that a jointly regularly varying time series
(Xt)t∈Z will be assumed to have to obtain the limit distribution of Nnin the stationary 
ase. They were de�ned in Se
tion 3.2 but are re
allin more pre
ise settings here. First re
all that (an)n∈N is a normalizingsequen
e su
h that nP (‖X0‖ > an) = 1 and 
hoose any sequen
e (rn)n∈N
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esses of extremessu
h that rn → ∞ and rn/n → 0 as n → ∞. Notations that will be usedare
Mn := max

16i6n
‖Xi‖ and Ms,t := max

s6i6t
‖Xi‖.The �rst 
ondition 
an be either

lim
m→∞

lim sup
n→∞

P ( max
m6|t|6rn

‖Xt‖ > anu | ‖X0‖ > anu) = 0, (C)or
lim

m→∞
lim sup

n→∞

rn∑

i=m+1

P (‖Xi‖ > anu | ‖X1‖ > anu) = 0, (C')or






lim
m→∞

lim sup
n→∞

P (Mm+1,rn > anu | ‖X1‖ > anu) = 0,

lim
m→∞

lim sup
n→∞

P (Mrn−m > anu | ‖X1‖ > anu) = 0,
(C�)Denoting kn =

⌊
n

rn

⌋, the se
ond 
ondition is that, for every f ∈ C+
bd,

lim
n→∞

Ee

−
n∑

i=1

f

(
Xi

an

)

− {Ee

−
rn∑

i=1

f

(
Xi

an

)

}kn = 0. (A(an))Finite-
luster 
onditions (C), (C') and (C�) prohibit the size of 
lus-ters of large values of ‖Xt‖ to be in�nite. The impli
ations betweenthose 
onditions are
(C) ↔ (C′′)
↑ ր

(C′) .For our purpose we have to refer to one of these three 
onditions. It willbe the weaker, 
ondition (C). Condition (C) was introdu
ed in Smith(1992) and is in parti
ular met for Markov 
hains.The mixing 
ondition (A(an)) allows us to approa
h Nn by a sumof kn iid point pro
esses with the same distribution as ∑rn

i=1 δXi/an
. Itwas introdu
ed in Davis and Hsing (1995) and also used in Davis andMikos
h (1998) for the ARCH model.Re
all that 
andidate extremal index de�ned is Se
tion 2.4 is

θ∗ = lim
r→∞

lim
x→∞

P (Mr 6 x | ‖X0‖ > x) ∈ [0, 1].
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onditions 79Under 
onditions (C) and (A(an)), θ∗ a
tually is the extremal index θof the series (‖Xt‖)t∈Z (see Example 3.2.3) and in this 
ase are thusinter
hangeable. For this se
tion we also de�ne
θn =

P (Mrn > anu)

rnP (‖X0‖ > anu)
.Note that the de�nition of θn is symmetri
 in time

1

θn
= E

[
rn∑

i=1

1{‖Xi‖ > anu}

∣
∣
∣
∣
∣

Mrn > anu

]

,whi
h means the expe
ted size of 
lusters of extremes given that thereis an extreme.The main result here is Proposition 3.6.4 that states that, under
ondition (C), θn 
onverges to θ∗ as n → ∞ and θ∗ > 0. This we willuseful to study the 
onvergen
e of the 
luster pro
ess. Besides this showsthat 1/θ∗ 
an be 
onsidered as the expe
ted 
luster size of (Xt)t∈Z.To get to this result �rst some elementary properties.Proposition 3.6.1. If (Xt)t∈Z is a jointly regularly varying time seriesin a separable Bana
h spa
e B, then P (Mrn > anu) → 0 as n → ∞.Proof. By stationarity and the fa
t that X0 ∈ RV−α,
P (Mrn > anu) = P ({there exists 1 6 i 6 rn su
h that ‖Xi‖ > anu})

6 P ({‖X1‖ > anu} ∪ . . . ∪ {‖Xrn‖ > anu})

6

rn∑

i=1

P ({‖Xi‖ > anu})

=

rn∑

i=1

P ({‖X0‖ > anu})

= rnP ({‖X0‖ > anu})

=
rn

n
nP ({‖X0‖ > anu})

→ 0u−α = 0 as n → ∞,as stated.This explains why rn/n must tend to zero as n → ∞. In parti
ular,the event {Mrn > anu} 
an be quali�ed as rare.
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esses of extremesProposition 3.6.2. If (Xt)t∈Z is a jointly regularly varying time seriesin a separable Bana
h spa
e B admitting (Yt)t∈Z as tail pro
ess, then
θ∗ = P (sup

i>1
‖Yi‖ 6 1)where θ∗ is the 
andidate extremal index of the series (‖Xt‖)t∈Z.Proof. By Theorem 2.3.3, the Continuous mapping theorem (Resni
k2008, p 152) and the Levy monotone 
onvergen
e theorem,

θ∗ = lim
r→∞

lim
x→∞

P (Mr 6 x | ‖X0‖ > x)

= lim
r→∞

lim
x→∞

P ( max
i=1,...,r

‖Xi‖ 6 x | ‖X0‖ > x)

= lim
r→∞

lim
x→∞

P ( max
i=1,...,r

‖Xi‖

x
6 1 | ‖X0‖ > x)

= lim
r→∞

P ( max
i=1,...,r

‖Yi‖ 6 1)

= P (sup
i>1

‖Yi‖ 6 1),the statement of the theorem.The third asymptoti
 result is also an immediate 
onsequen
e of reg-ular variation and 
ondition (C).Proposition 3.6.3. Let (Xt)t∈Z be a jointly regularly varying time seriesin a separable Bana
h spa
e B. Under 
ondition (C), for every u, v > 0,
lim

m→∞
lim sup

n→∞
P (M−rn,−m ∨ Mm,rn > anuv | ‖X0‖ > anu) = 0.Proof. Let u > 0 and 0 < v 6 1. Then thanks to regular variation and
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ondition (C)
lim

m→∞
lim sup

n→∞
P (M−rn,−m ∨ Mm,rn > anuv | ‖X0‖ > anu)

= lim
m→∞

lim sup
n→∞

P (maxm6|t|6rn
‖Xt‖ > anuv, ‖X0‖ > anu)

P (‖X0‖ > anuv)

.
P (‖X0‖ > anuv)

P (‖X0‖ > anu)

6 lim
m→∞

lim sup
n→∞

P (maxm6|t|6rn
‖Xt‖ > anuv, ‖X0‖ > anuv)

P (‖X0‖ > anuv)

.
P (‖X0‖ > anuv)

P (‖X0‖ > anu)

= lim
m→∞

lim sup
n→∞

P (maxm6|t|6rn
‖Xt‖ > anuv | ‖X0‖ > anuv)

.
P (‖X0‖ > anuv)

P (‖X0‖ > anu)

= 0v−α = 0.If v > 1 the same result holds thanks to 
ondition (C) only:
lim

m→∞
lim sup

n→∞
P (M−rn,−m ∨ Mm,rn > anuv | ‖X0‖ > anu)

6 lim
m→∞

lim sup
n→∞

P (M−rn,−m ∨ Mm,rn > anu | ‖X0‖ > anu)

= 0.Thus the result is true for every v > 0.Proposition 3.6.4. Let (Xt)t∈Z be a jointly regularly varying time seriesin a separable Bana
h spa
e B. Let (Yt)t∈Z be the tail pro
ess of (Xt)t∈Z.Under 
ondition (C), P (Yt → 0 as |t| → ∞) = 1 (Yt → 0 meaning
‖Yt‖ → 0) and, for every u > 0, we have the further equalities:

θ∗ = lim
n→∞

θn

= lim
n→∞

P (Mrn 6 anu | ‖X0‖ > anu) > 0.
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esses of extremesProof. A

ording to the pre
eding result, by Theorem 2.3.3, the Contin-uous mapping theorem (Resni
k 2008, p 152), for every ε > 0 and every
v > 0, there exists m ∈ N su
h that for every r > m :

P ( max
m6|t|6rn

‖Yt‖ > v) 6 ε i.e. P ( max
m6|t|6rn

‖Yt‖ < v) > 1 − ε.This implies that
P (‖Yt‖ → 0 as |t| → ∞) = 1.To prove that θ∗ = limn→∞ θn and is stri
tly positive, let

θm,n := P (Mm 6 anu | ‖X0‖ > anu)and
θY
m := P ( max

i=1,...,m
‖Yi‖ 6 1).By Segers (2005), Se
tion 2 p 332, for whi
h the results stay valid inBana
h spa
es, under 
ondition (C) we have lim inf

n→∞
θn > 0. So if θn hasa limit, it is positive. By Theorem 2.3.3 and the Continuous mappingtheorem (Resni
k 2008, p 152),

lim
n→∞

θm,n = θY
m.By the Levy monotone 
onvergen
e theorem,

lim
m→∞

θY
m = P (sup

i>1
‖Yi‖ 6 1) = θ∗.By Segers (2005), Theorem 3.1, Equation (5),

lim
m→∞

lim sup
n→∞

|θn − θm,n| = 0.Then
lim sup

n→∞
|θn−θ∗| 6 lim

m→∞
lim sup

n→∞

(
|θn − θm,n| + |θm,n − θY

m| + |θY
m − θ∗|

)
= 0hen
e lim sup

n→∞
|θn − θ∗| = 0 i.e. lim

n→∞
|θn − θ∗| = 0 sin
e |θn − θ∗| > 0.It remains to prove that

lim
n→∞

θn = lim
n→∞

P (Mrn 6 anu | ‖X0‖ > anu).
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luster pro
ess 83Noti
e that this equality is false without the limit as it 
an be shown
omputing both expression in the iid 
ase. The elements in the right-hand side are equal to θrn,n so it is equivalent to prove that
lim

n→∞
|θ∗ − θrn,n| = 0.For rn > m, we have θm,n > θrn,n and

0 6 θm,n − θrn,n

= P (Mm 6 anu < Mrn | ‖X0‖ > anu)

= P (Mm 6 anu < Mm+1,rn | ‖X0‖ > anu)

6 P (Mm+1,rn > anu | ‖X0‖ > anu).Thus, by 
ondition (C), we have
lim

m→∞
lim sup

n→∞
|θm,n − θrn,n| = 0.Hen
e

lim sup
n→∞

|θ∗ − θrn,n|

6 lim
m→∞

lim sup
n→∞

(|θ∗ − θn| + |θn − θm,n| + |θm,n − θrn,n|) = 0and, �nally, lim sup
n→∞

|θ∗ − θrn,n| = 0 i.e.
lim

n→∞
|θ∗ − θrn,n| = 0sin
e |θ∗ − θrn,n| > 0.3.7 Convergen
e of the 
luster pro
essA study of the asymptoti
 distribution of the 
luster pro
ess is the laststep before getting the asymptoti
 distribution of Nn.Proof of Theorem 3.2.1 (page 67). First let us show that ζ is well de-�ned, that is P (supt6−1 ‖Yt‖ 6 1) 6= 0 and ζ is a point pro
ess in M0.For the �rst point, we will at the end of this proof that P (supt6−1 ‖Yt‖ 6
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esses of extremes
1) = θ∗ > 0. For the se
ond, if the random elements Yt are de-�ned on the probability spa
e Ω′, we know that for almost ω′ ∈ Ω′

limt→∞ ‖Yt(ω
′)‖ = 0 (Proposition 3.6.4). This implies for these ω′ that

(∀r > 0) : #{Yt(ω
′) ∈ B0 \ B(0, r) | t ∈ Z} < +∞. Then, possiblyeliminating the set of probability zero where this does not hold, we 
anassume that ∑t∈Z

δYt ∈ M0.Let u > 0. In order to prove that ζn
d
−→ ζ, we will prove that theirLapla
e transforms 
onverge pointwise, i.e. for every f ∈ C+

bd : Ψζn
(f) →

Ψζ(f) as n → ∞. Let f ∈ C+
bd.For k 6 l, de�ne

cn(k, l) = e

−
l∑

j=k

f

(
Xj

anu

)

.Noti
e that
Ψζn

(f) = E [cn(1, rn) | Mrn > anu]and
Ψζ(f) = E[e

−
∞∑

i=−∞

f(Yj)

| MY
−∞,−1 6 1].We will de
ompose the event {Mrn > anu} with respe
t to the small-est j ∈ {1, . . . , rn} su
h that ‖Xj‖ > anu. Note that

E [cn(1, rn) ; Mrn > anu] =

rn∑

j=1

E(cn(1, rn) ; Mj−1 6 anu < Xj).By de�nition of C+
bd, there exists v > 0 su
h that f ≡ 0 on B(0, v).Let m and n su
h that 2m + 1 6 rn (so that the following 
hoi
e of jmakes senses). For j ∈ {m+1, . . . , rn−m} we have the following relation�cn(1, rn) = cn(j − m, j + m) ex
ept if M1,j−m−1 ∨ Mj+m+1,rn > anuv�.Indeed ‖Xj‖ 6 anuv if and only if ‖Xj‖/(anu) 6 v, whi
h implies that
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f (‖Xj‖/(anu)) = 0. For these j,

∆m,n(j) :=
∣
∣E [cn(1, rn); Mj−1 6 anu < ‖Xj‖]

− E [cn(j − m, j + m); Mj−m,j−1 6 anu < ‖Xj‖]
∣
∣

=
∣
∣E
[
cn(1, rn)1Mj−16anu<‖Xj‖

− cn(j − m, j + m)1{Mj−m,j−16anu<‖Xj‖}
]∣
∣

=
∣
∣E
[
cn(1, rn)1Mj−16anu<‖Xj‖

− cn(j − m, j + m)1{Mj−m,j−16anu<‖Xj‖}
]∣
∣

6
∣
∣E
[
cn(1, rn) − cn(j − m, j + m) ; anu < ‖Xj‖

]∣
∣

6 P (M1,j−m−1 ∨ Mj+m+1,rn > anuv, ‖Xj‖ > anu).The se
ond inequality follows from the above relation and the �rst fromthe fa
t that
Mj 6 anu < ‖Xj‖ implies Mj−m,j−1 6 anu < ‖Xj‖,so that

1{Mj 6 anu < ‖Xj‖}
6 1{Mj−m,j−1 6 anu < ‖Xj‖}

61{anu < ‖Xj‖}
,together with the fa
t that 0 6 cn(j − m, j + m) − cn(1, rn) 6 1.Using the de�nition of the 
onditional expe
tation, the de�nition of

θn, the pre
eding expansion of E [cn(1, rn) ; Mrn > anu], the stationar-ity, the estimation of ∆m,n(j) for j ∈ {m + 1, . . . , rn − m} and the fa
tthat 0 6 cn(j − m, j + m) − cn(1, rn) 6 1 for j /∈ {m + 1, . . . , rn − m},we obtain
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∆m,n :=

∣
∣E [cn(1, rn) | Mrn > anu]

−
1

θn
E [cn(−m,m) ; M−m,−1 6 anu | ‖X0‖ > anu]

∣
∣

=
1

P (Mrn > anu)

∣
∣E [cn(1, rn) ; Mrn > anu]

− rnE [cn(−m,m) ; M−m,−1 6 anu < ‖X0‖]
∣
∣

=
1

P (Mrn > anu)

∣
∣

rn∑

j=1

E(cn(1, rn);Mj−1 6 anu < Xj)

− rnE [cn(−m,m);M−m,−1 6 anu < ‖X0‖]
∣
∣

=
1

P (Mrn > anu)

∣
∣

rn∑

j=1

{
E(cn(1, rn);Mj−1 6 anu < ‖Xj‖)

− E [cn(j − m, j + m);Mj−m,j−1 6 anu < ‖Xj‖]
}∣
∣

6
1

P (Mrn > anu)
|(rn − 2m)∆m,n(0) + 2mP (‖X0‖ > anu)|

6
1

P (Mrn > anu)

∣
∣rnP (M1,−m−1 ∨ Mm+1,rn > anuv, ‖X0‖ > anu)

+ 2mP (‖X0‖ > anu)
∣
∣

=
1

θn

{

P (M1,−m−1 ∨ Mm+1,rn > anuv | ‖X0‖ > anu) +
2m

rn

}

.As lim
n→∞

θn = θ∗ > 0, sin
e the �rst term in bra
es tends to 0 and
rn → ∞, we have lim

m→∞
lim sup

n→∞
∆m,n = 0.From Theorem 2.3.3 and the Portmanteau lemma, sin
e f ∈ C+

bimplies
e

−
m∑

i=−m

f

(
fj

anu

)

∈ C+
b ,
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e of the 
luster pro
ess 87we have
lim

n→∞

1

θn
E [cn(−m,m) ; M−m,−1 6 anu | ‖X0‖ > anu]

= lim
n→∞

1

θn
E[e

−
m∑

i=−m

f

(
Xj

anu

)

; M−m,−1 6 anu | ‖X0‖ > anu].

=
1

θ∗
E[e

−
m∑

i=−m

f(Yj)

; MY
−m,−1 6 1].Then, using the result about ∆m,n and, as Yt → 0 if |t| → ∞, Lebesgue'sdominated 
onvergen
e theorem,

lim
n→∞

E [cn(1, rn) | Mrn > anu]

= lim
m→∞

lim
n→∞

1

θn
E [cn(−m,m) ; M−m,−1 6 anu | ‖X0‖ > anu]

=
1

θ∗
E[e

−
∞∑

i=−∞

f(Yj)

; MY
−∞,−1 6 1]

= E[e

−
∞∑

i=−∞

f(Yj)

| MY
−∞,−1 6 1],the last equality 
oming from the fa
t that θ∗ = P (MY

−∞,−1 6 1). This
an be seen by taking f ≡ 0 in the pre
eding equality, whi
h yields
lim

n→∞
E [1 | Mrn > anu] =

1

θ∗
E
[
1{MY

−∞,−1 6 1}
]

⇔ lim
n→∞

E [1{Mrn > anu}]

P (Mrn > anu)
=

1

θ∗
P (MY

−∞,−1 6 1)

⇔ 1 =
1

θ∗
P (MY

−∞,−1 6 1).Thus Ψζn
(f) → Ψζ(f) as n → ∞ for every f ∈ C+

bd. A

ording toProposition 3.3.2, this is equivalent to ζn
d
−→ ζ.
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esses of extremesProposition 3.7.1. The Lapla
e transform of the limit point pro
ess ζis given by
Ψζ(f) =

1

θ∗

∫ ∞

0
E[e

−

∞∑

i=0

f(yΘi)

1{y sup
i>0

‖Θi‖ > 1}

− e

−

∞∑

i=1

f(yΘi)

1{y sup
i>1

‖Θi‖ > 1}]d(−y−α)for every f ∈ C+
bd. Furthermore if f ≡ 0 on B(0, 1), this expressionbe
omes

Ψζ(f) =
1

θ∗
E[e

−

∞∑

i=0

f(Yi)

− e

−

∞∑

i=1

f(Yi)

1{MY
1,∞ > 1}]

= 1 −
1

θ∗
[e

−

∞∑

i=1

f(Yi)

− e

−

∞∑

i=0

f(Yi)

].Proof. Let f ∈ C+
bd and let v > 0 be su
h that f(x) = 0 if ‖x‖ 6 v.Re
all that

Ψζ(f) = Ee−ζ(f)

=
1

θ∗
E[e

−
∞∑

i=−∞

f(Yj)

; MY
−∞,−1 6 1]

=
1

θ∗
lim

m→∞
E[e

−
m∑

i=−m

f(Yj)

; MY
−∞,−1 6 1].For m > 1 and q ∈ {0, 1, . . . ,m}, set

am,q = E[e

−
m∑

i=−q

f(Yj)

; MY
−q,−1 6 1].Then

E[e

−
m∑

i=−m

f(Yj)

; MY
−∞,−1 6 1] = am,m = am,0 +

m∑

q=1

(am,q − am,q−1).
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e of the 
luster pro
ess 89For q ∈ {0, 1, . . . ,m} we have
am,q − am,q−1 = E[gm,q(Y−q, . . . , Ym)]where

gm,q(x−q, . . . , xm) = e

−
m∑

i=−q

f(xj)

1{ max
j=−q,...,−1

‖xj‖ 6 1}

−e

−
m∑

i=−q+1

f(xj)

1{ max
j=−q+1,...,−1

‖xj‖ 6 1}.Note that gm,q(x−q, . . . , xm) = 0 if ‖x−q‖ 6 1 be
ause then both termsbe
ome equal. Consequently, the version (2.12) of the time 
hange for-mula (page 60) implies
am,q − am,q−1

=

∫ ∞

0
E[gm,q(rΘ0, . . . , rΘm+q) ; r‖Θq‖]d(−r−α)

=

∫ ∞

v
E[e

−

m+q
∑

i=0

f(rΘj)

; rMΘ
0,q−1 6 1 < r‖Θq‖]d(−r−α)

−

∫ ∞

v
E[e

−

m+q
∑

i=1

f(rΘj)

; rMΘ
1,q−1 6 1 < r‖Θq‖]d(−r−α),remembering that if r 6 v both terms are the same. Let

bm,q =

∫ ∞

v
E[e

−
m∑

i=0

f(rΘj)

; rMΘ
0,q−1 6 1 < r‖Θq‖]d(−r−α)

−

∫ ∞

v
E[e

−
m∑

i=1

f(rΘj)

; rMΘ
1,q−1 6 1 < r‖Θq‖]d(−r−α).Sin
e m+q

∑

j=l

f(rΘj) =

m∑

j=l

f(rΘj) unless, for some t > m + 1, r‖Θt‖ > v,
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esses of extremeswe have
|(am,q − am,q−1) − bm,q|

6 2

∫ ∞

v
P [rMΘ

m+1,∞ > v , rMΘ
1,q−1 6 1 < r‖Θq‖]d(−r−α),hen
e, as the events {rMΘ

1,q−1 6 1 < r‖Θq‖} are disjoint and their unionis {rMΘ
1,m > 1},

∣
∣
∣
∣
∣
∣

m∑

q=1

(am,q − am,q−1) −
m∑

q=1

bm,q

∣
∣
∣
∣
∣
∣

6 2

∫ ∞

v

m∑

q=1

P [rMΘ
m+1,∞ > v , rMΘ

1,q−1 6 1 < r‖Θq‖]d(−r−α)

= 2

∫ ∞

v
P [rMΘ

m+1,∞ > v , rMΘ
1,m > 1]d(−r−α)

6 2

∫ ∞

v
P [rMΘ

m+1,∞ > v]d(−r−α)

= 2v−α

∫ ∞

1
P [yMΘ

m+1,∞ > 1]d(−y−α)

= 2v−αP [MY
m+1,∞ > 1].Without loss of generality, we 
an assume v 6 1. Indeed, if v > 1, then

v = 1 does also the job for f and, if v 6 1, it su�
es to keep it itself. Inthis 
ase, sin
e ‖Y0‖ ∼Pareto(α) and ‖Θ0‖ = 1 almost surely,
am,0 = E[e

−
m∑

i=0

f(Yj)

]

=

∫ ∞

1
E[e

−
m∑

i=0

f(rΘj)

]d(−r−α)

=

∫ ∞

v
E[e

−
m∑

i=0

f(rΘj)

; r‖Θ0‖ > 1]d(−r−α).



3.7 Convergen
e of the 
luster pro
ess 91It follows that
am,0 +

m∑

q=1

bm,q =

∫ ∞

v
E[e

−
m∑

j=0

f(rΘj)

; rMΘ
0,m > 1]d(−r−α)

−

∫ ∞

v
E[e

−
m∑

j=1

f(rΘj)

; rMΘ
1,m > 1]d(−r−α).Then

Ψζ(f) =
1

θ∗
lim

m→∞
E[e

−
m∑

i=−m

f(Yj)

; MY
−∞,−1 6 1]

=
1

θ∗
lim

m→∞



am,0 +

m∑

q=1

(am,q − am,q−1)





=
1

θ∗
lim

m→∞



am,0 +
m∑

q=1

bm,q





=
1

θ∗
lim

m→∞

∫ ∞

v
E[e

−
m∑

j=0

f(rΘj)

; rMΘ
0,m > 1]d(−r−α)

−
1

θ∗
lim

m→∞

∫ ∞

v
E[e

−
m∑

j=1

f(rΘj)

; rMΘ
1,m > 1]d(−r−α)

=
1

θ∗

∫ ∞

0
E[e

−
∞∑

j=0

f(rΘj)

; rMΘ
0,∞ > 1]d(−r−α)

−
1

θ∗

∫ ∞

0
E[e

−
∞∑

j=1

f(rΘj)

; rMΘ
1,∞ > 1]d(−r−α),whi
h is the �rst part of the statement.To prove the se
ond formula for whi
h v = 1, remark that

E[e

−
∞∑

j=1

f(Yj)

;MY
1,∞ 6 1] = E[1;MY

1,∞ 6 1] = P (MY
1,∞ 6 1) = θ∗,
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e
Ψζ(f) =

1

θ∗
{E[e

−
∞∑

j=0

f(Yj)

] − E[e

−
∞∑

j=1

f(Yj)

1{MY
1,∞ > 1}]}

=
1

θ∗
{E[e

−
∞∑

j=0

f(Yj)

] − E[e

−
∞∑

j=1

f(Yj)

(1 − 1{MY
1,∞ 6 1})]}

=
1

θ∗
E[e

−
∞∑

j=0

f(Yj)

] −
1

θ∗
E[e

−
∞∑

j=1

f(Yj)

] + 1

= 1 −
1

θ∗
E[e

−
∞∑

j=1

f(Yj)

− e

−
∞∑

j=0

f(Yj)

],whi
h is the expe
ted formula.3.8 Point pro
ess limit for stationary time seriesThe goal of this 
hapter is to obtain the distribution of the point pro
essof extremes for a jointly regularly varying time series.Proof of Theorem 3.2.2 (page 68). First let us show that ΨNn → ΨNpointwise on Cbd. Let f ∈ C+
bd and let u > 0 be su
h that f(x) = 0 if

‖x‖ 6 u.De�ne
φn(f) := kn(1 − Ee

−
rn∑

j=1

f

(
Xj

an

)

)

= kn(1 − E[e

−
rn∑

j=1

f

(
Xj

an

)

; Mrn > anu])

= knP (Mrn > anu)E[1 − e

−
rn∑

j=1

f

(
Xj

an

)

| Mrn > anu].On the one hand, by the de�nition of kn, the regular variation of ‖X0‖,the de�nition and the properties of θn (see proof of Proposition 3.6.4



3.8 Point pro
ess limit for stationary time series 93page 81),
knP (Mrn > anu) :=

P (Mrn > anu)

rnP (‖X0‖ > anu)
nP (‖X0‖ > anu) + o(1)

= θnnP (‖X0‖ > anu) + o(1)

→ θ∗u−α as n → ∞.On the other hand, thanks to Proposition 3.2.1 and the PortmanteauLemma,
E[1 − e

−
rn∑

j=1

f

(
Xj

an

)

| Mrn > anu] → 1 − Ee

−
∞∑

j=1

f (Zju)as n → ∞. Consequently,
lim

n→∞
φn(f) = u−αθ∗(1 − Ee

−
∞∑

j=1

f (Zju)

) =: φ(f).The map g(x) := f(ux) belongs to f ∈ C+
bd and is su
h that g(x) = 0 if

‖f‖ 6 x. Then, thanks to Proposition 3.7.1,
φ(f) = θ∗u−α(1 − {1 −

1

θ∗
E[e

−

∞∑

i=1

f(uYi)

− e

−

∞∑

i=0

f(uYi)

]})

= u−αE[e

−

∞∑

i=1

f(uYi)

− e

−

∞∑

i=0

f(uYi)

]

= u−α

∫ ∞

1
E[e

−

∞∑

i=1

f(uyΘi)

− e

−

∞∑

i=0

f(uyΘi)

]d(−y−α)

=

∫ ∞

u
E[e

−

∞∑

i=1

f(vΘi)

− e

−

∞∑

i=0

f(vΘi)

]d(−v−α)

=

∫ ∞

0
E[e

−

∞∑

i=1

f(vΘi)

− e

−

∞∑

i=0

f(vΘi)

]d(−v−α),
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esses of extremesthe last equality 
oming from the fa
t that, if v ∈ (0, u], then f(vΘ0) = 0almost surely, so both terms be
ome equal whi
h makes the integrandequal to zero.Condition (A(an)) says that ΨNn(f) 
an be written as
ΨNn(f) = E[e

−
rn∑

j=1

f

(
Xj

an

)

]kn + o(1)

= {1 −
1

kn
φn(f)}kn + o(1).with the notation in terms of φn, hen
e

lim
n→∞

ΨNn(f) = e−φ(f) =: Ψ(f).This proves the formula for the limit of ΨNn(f).It remains to prove that Ψ(f) is equal to the Lapla
e transform
ΨN(u)(f). For that 
onsider one of the previous expression of Ψ(f) and,a

ording to the Lapla
e transform of a 
ompound Poisson random vari-able (Proposition 3.4.5),

Ψ(f) = e−θ∗u−α(1 − Ee−
P

∞

j=1 f(Zju))

= e
−λN(u)(1 − ΨP

∞

j=1 δZju
(f))

= ΨN (f).whi
h 
ompletes the proof a

ording to Proposition 3.3.2.Remark. About the proof, the 
onvergen
e of ΨNn(f) to Ψ(f) for every
f ∈ C+

bd does already imply that (Nn)n∈N 
onverges to some point pro-
ess N in M0. Indeed the fun
tion t 7→ Ψ(tf) is 
ontinuous at t = 0 and
t 7→ ΨNn(tf) = E exp(−tNn(f)) is the Lapla
e transform of the non-negative random variable Nn(f). By the 
ontinuity theorem for Lapla
etransforms (Feller 1971, Theorem VIII.2), ea
h (Nn(f))n∈N must have aweak limit and so is tight. This implies that Nn is tight and thus has aweak limit N ∈ M0. Sin
e the set of the point pro
esses of M0 is weakly
losed, N is a point pro
ess. However, showing that Ψ(f) = ΨN (f) forthe right point pro
ess N allows us to 
on
lude the same without thesesteps and gives dire
tly the limit.



Chapter 4Heavy tailed linear pro
essesBased on Meinguet and Segers (2010).Abstra
t. The theory of heavy tailed time series applies to linear pro
essesin Bana
h spa
es. They are 
omposed of in�nite sums of linearly transformedindependent random elements whose 
ommon distribution is regularly varying.Linear pro
esses in Bana
h spa
es generalize the well-known autoregressivemoving average pro
esses to fun
tional data analysis. Expli
it expressions oftheir tail pro
esses, spe
tral pro
esses and extremal indi
es are given here.These results are �rst obtained through a dire
t 
omputation, and se
ondlyby seeing linear pro
esses as autoregressive pro
esses of order one in a suitablesequen
e spa
e.4.1 Introdu
tionIn this 
hapter we parti
ularize the results of Chapter 2 to linear pro-
esses. Examples of linear pro
esses are the well-known autoregressivemoving average ARMA(p,q) time series
Xt =

p
∑

i=1

ϕiXt−i + εt +

q
∑

i=1

θiεt−iwhere εt is the innovation of the pro
ess at time t. By developing theexpression of Xt−i, every ARMA(p,q) pro
ess 
an be represented as a
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essesmoving average with in�nitely many 
oe�
ients:
Xt = εt +

∞∑

i=1

γiεt−i.The extension to Bana
h spa
es of the multipli
ation γiεt−i is a generallinear operation Ti(εt−i). For instan
e, thinking of the 
on
entration ofpolluting gas over a 
ity as a spatial phenomenon, an idea of what 
ouldbe a fun
tional representation is
Xt(x) =

∫

K(x − y)Xt−1(y)dy + εt(x),i.e. Xt = K ∗ Xt−1 + εt where K is a kernel representing what be
omesat time t + 1 a parti
le of pollution deposited at the origin at time t. Inother terms, the pollution today at lo
ation x is the average pollutionaround x of the day before plus the new 
ontribution of the day.In standard fun
tional data analysis the innovations εt of linear pro-
esses are assumed to follow a Gaussian distribution. As in Embre
htset al. (1997), Chapter 7, the normality of the innovations is repla
ed hereby a regularly varying law in the sense of Chapter 2.To follow this aim, given two separable Bana
h spa
es B1 and B2,the 
lass of heavy tailed linear pro
esses studied here takes the generalform
Xt =

∑

i∈Z

Ti(Zt−i), t ∈ Z,where Ti : B1 → B2 are 
ontinuous linear maps between B1 and B2whereas the innovations (Zt)t∈Z
are independent and identi
ally dis-tributed random elements in B1 whose 
ommon law is regularly varying.In Se
tion 4.2, Lemma 4.2.1 provides a 
ondition for the almost sure
onvergen
e of Xt as an in�nite sum. Joint regular variation is provedin Theorem 4.2.2 whi
h yields an expli
it expression for the distributionof the spe
tral pro
ess (Θt)t∈Z. Its distribution depends on the spe
tralmeasure of the innovations and the maps Ti. It re�e
ts the 
ommonextreme-value heuristi
 that large values in the series most likely arisefrom a single large sho
k among the innovations that 
aused the sho
k.In this 
ase, the total value of the sum is approximately the value ofthe innovation. Proposition 4.2.3 is an appli
ation of Theorem 4.2.2 tothe extremal index of the series (‖Xt‖)t∈Z. Proposition 4.2.4 gives a
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ient 
ondition for autoregressive pro
esses of order 1 to be jointlyregularly varying.The dis
ussion ends in Se
tion 4.3 with a study of the shifted timeseries Zt = (ζt, ζt−1, ζt−2, . . .). The series (ζt)t∈Z is an iid sequen
e ofregularly varying random elements in a separable Bana
h spa
e B1 and
Zt is seen as an autoregressive pro
ess of order 1 in the sequen
e spa
e
BN

1 . Every 
ausal linear time series from B1 to B2 admits a representationas a linear transformation of this AR(1) pro
ess.4.2 De�nition and propertiesGiven two separable Bana
h spa
es B1 and B2 and linear 
ontinuousmaps Ti : B1 → B2, linear pro
esses have the form
Xt =

∑

i∈Z

Ti(Zt−i), t ∈ Z,where (Zt)t∈Z is a sequen
e of iid regularly varying innovations in B1. Saythat the Zt 
ommonly have the distribution of Z with index of regularvariation α > 0. The �rst result provides a wide 
riterion for the randomelements Xt to exist and for the series to be stationary.Lemma 4.2.1. Let (Zt)t∈Z be a sequen
e of iid regularly varying randomelements with index α > 0 taking values in a Bana
h spa
e B1. Let B2 bea Bana
h spa
e and let Ti : B1 → B2, i ∈ Z, be linear 
ontinuous maps.If there exists 0 < δ < min(1, α) su
h that
∑

i∈Z

‖Ti‖
δ < ∞ (4.1)then the sum Xt =

∑

i∈Z
Ti(Zt−i) is almost surely 
onvergent and thepro
ess (Xt)t∈Z is stationary.Proof. See page 105.If the law of Z is 
on
entrated on a 
losed linear subspa
e B1,0 of B1,then (4.1) may be repla
ed by the weaker 
ondition
∑

n ‖Tn‖
δ
0 < ∞, (4.2)
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esseswith δ as before and ‖T‖0 = sup{‖Tx‖ : x ∈ B1,0, ‖x‖ = 1} the operatornorm of the restri
tion of the linear operator T : B1 → B2 to B1,0 (notethat ‖T‖0 6 ‖T‖). Likewise, in Lemma 4.2.1, ‖Tn‖ may be repla
ed by
‖Tn‖0. Further note that if α > 1 and if the innovations have expe
tationzero (B1 = B2 = R), 
ondition (4.1) is not ne
essary for 
onvergen
e ofthe series Xt, although in that 
ase the 
onvergen
e does not need tohold absolutely; see for instan
e Mikos
h and Samorodnitsky (2000),Lemma A.3.We have a general result about the joint regular variation of linearseries satisfying the assumptions of Lemma 4.2.1.Theorem 4.2.2. Let B1 and B2 be two separable Bana
h spa
es. Let
(Zi)i∈Z be a sequen
e of iid regularly varying random elements with index
α > 0 in B1 distributed a

ording to a 
ommon random element Z. Let
Ti : B1 → B2, i ∈ Z, be linear 
ontinuous maps satisfying (4.1). If thereexists i ∈ Z su
h that E[‖Ti(Θ

Z)‖α] 6= 0, then the linear time series
(Xt)t∈Z

is jointly regularly varying with index α and spe
tral pro
ess
E [f (Θ−s, . . . ,Θt)]=

∑

i∈Z

E

[

f

(
T−s+i(Θ

Z)

‖Ti(ΘZ)‖
, . . . ,

Tt+i(Θ
Z)

‖Ti(ΘZ)‖

)

‖Ti(Θ
Z)‖α

]

∑

i∈Z

E[‖Ti(Θ
Z)‖α]

,for every f : Bt−s+1
2 → R 
ontinuous and bounded, with ΘZ a randomelement in B1 with the spe
tral measure of Z as law.Proof. See page 112.This spe
tral pro
ess 
an be de
omposed into two independent 
om-ponents. Indeed,

(Θ−s, . . . ,Θt)
d
= Θ(−s, t;S)where S is a dis
rete random variable in Z independent of (Θt)t∈Z, withdistribution

P (S = i) =
E[‖Ti(Θ

Z)‖α]
∑∞

j=−∞E[‖Tj(ΘZ)‖α]
, i ∈ Z,



4.2 De�nition and properties 99and Θ(−s, t; i) is a random element in Bs+t+1
2 whose law is de�ned by

E [f (Θ(−s, t; i))]

= E

[

f

(
T−s+i(Θ

Z)

‖Ti(ΘZ)‖
, . . . ,

Tt+i(Θ
Z)

‖Ti(ΘZ)‖

)

‖Ti(Θ
Z)‖α

]
1

E[‖Ti(ΘZ)‖α]
.The following proposition gives an expression of the 
andidate ex-tremal index θ∗ of a linear time series in terms of the spe
tral pro
ess.Re
all that the 
andidate extremal index θ∗ is equal to the extremalindex θ if, for instan
e, the �nite-
luster 
ondition (C) and the mixing
ondition (A(an)) of Se
tion 3.2 hold (see Example 3.2.3).Proposition 4.2.3. Let B1 and B2 be two separable Bana
h spa
es. Let

(Zi)i∈Z be a sequen
e of iid regularly varying random elements with index
α > 0 in B1 distributed a

ording to a 
ommon random element Z. Let
Ti : B1 → B2, i ∈ Z, be linear 
ontinuous maps satisfying (4.1). Let
(Xt)t∈Z be the linear pro
ess Xt =

∑

i∈Z
Ti(Zt−i), t ∈ Z. If there exists

i ∈ Z su
h that E[‖Ti(Θ
Z)‖α] 6= 0, then the 
andidate extremal index θ∗of the series (‖Xt‖)t∈Z is given by

θ∗ =
1

∑

t∈Z

E[‖Tt(Θ
Z)‖α]

E

[

sup
t∈Z

‖Tt(Θ
Z)‖α

]

,where ΘZ is a random element in B1 having the spe
tral measure of Zas law.Proof. See page 119.An example of jointly regularly varying linear series is the 
lass ofautoregressive pro
esses with regularly varying iid innovations.Given an operator T : B → B, an AR(1) pro
ess is a time seriesre
ursively de�ned by
Xt = T (Xt−1) + Zt. (4.3)The 
onvergen
e 
ondition (4.1) is easily 
he
ked for an AR(1) pro-
ess.Proposition 4.2.4. If there exists j > 1 su
h that ‖T j‖ < 1 , then theAR(1) pro
ess (4.3) satis�es the 
onvergen
e 
ondition (4.1).Proof. See page 119.
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esses4.3 Shift operatorLet (ζt)t∈Z be a sequen
e of iid regularly varying random elements withindex α > 0 in a separable Bana
h spa
e B1. The shifted time seriesrelated to (ζt)t∈Z is the pro
ess
Xt = (ζt, ζt−1, ζt−2, . . .)in BN

1 . The goal is to represent (Xt)t∈Z as jointly regularly varyingAR(1) pro
ess in the sequen
e spa
e BN
1 endowed with an appropriatenorm. It will be shown that every 
ausal linear time series from B1 to B2admits a representation as linear transformation of this AR(1) pro
ess.The 
on
lusion is that an AR(1) pro
ess is a linear time series and any
ausal linear time series is a transformation of an AR(1) pro
ess, both
onstru
tions leading of 
ourse to the same properties.The �rst step of this se
tion is to endow BN

1 with a norm that willmake (Xt)t∈Z jointly regularly varying. Choose 0 < p < min(1, α) anda sequen
e (wi)i>0 of stri
tly positive numbers su
h that w0 = 1 and
∑∞

i=0 wp
i < +∞. De�ne the norm of x = (x0, x1, . . .) ∈ BN

1 by
‖x‖ =

∞∑

i=0

wi‖xi‖and the set Bp = {x ∈ BN
1 : ‖x‖ < +∞}. First remark that Bp is aseparable Bana
h spa
e so that we 
an apply the theory of Chapter 2 topro
esses in Bp.Proposition 4.3.1. The set Bp is a separable Bana
h spa
e.Proof. First it is 
lear that Bp is a normed ve
tor spa
e.For the 
ompletude, let (xn)n∈N be a Cau
hy sequen
e in Bp. Themap L(x0, x1, . . .) = (w0x0, w1x1, . . .) from Bp to l1 is linear, 
ontinuousand invertible. Sin
e l1(B1) is 
omplete, the Cau
hy sequen
e (L(xn))n∈N
onverges to an element y ∈ l1. Consequently (xn)n∈N 
onverges to

L−1(y) ∈ Bp and Bp is 
omplete.For the separability, let D be a 
ountable dense subset of B1. Set
DN := {(x1, . . . , xk, 0, 0, . . .) | xi ∈ D, k ∈ N}.The subset DN is 
ountable by 
onstru
tion. Let y = (y0, y1, . . .) ∈ Bpand ε > 0. Choose k ∈ N su
h that ∑∞i=k wi‖yi‖ 6 ε/2. Sin
e B1 is



4.3 Shift operator 101separable, there exists xi ∈ D whi
h is (ε/2)/(2i+1wi)-
lose to yi ∈ B1,
0 6 i < k. Set x = (x1, . . . , xk, 0, 0, . . .). Consequently,
‖x − y‖ =

∞∑

i=0

wi‖xi − yi‖ 6

k−1∑

i=0

wi
ε/2

2i+1wi
+
∞∑

i=k

wi‖yi‖ 6
ε

2
+

ε

2
= ε,whi
h proves that DN is dense in Bp.The set Bp is a subspa
e of BN

1 and the members of the shifted timeseries (Xt)t∈Z with underlying pro
ess (ζt)t∈Z almost surely belongs to
Bp:

E‖Xt‖
p = E

[(
∞∑

i=0

wi‖ζt−i‖

)p]

6 E

[
∞∑

i=0

wp
i ‖ζt−i‖

p

]

=

∞∑

i=0

wp
i E [‖ζt−i‖

p] = E [‖ζ‖p]

∞∑

i=0

wp
i < +∞.The shifted pro
ess (Xt)t∈Z 
an be viewed as an autoregressive pro-
ess. If L is de�ned from Bp to Bp by

L(x0, x1, x2, . . .) = (0, x0, x1, x2 . . .),then
Xt = (ζt, ζt−1, ζt−2, . . .) = L(Xt−1) + (ζt, 0, 0, . . .).Call Zt := (ζt, 0, 0, . . .) the innovations of this pro
ess. They are regularlyvarying with index α and spe
tral measure λZ = L(Θζ , 0, 0, . . .) where

Θζ is a random element in B1 with distribution equal to the spe
tralmeasure of ζ. The following proposition gives the distribution of theforward spe
tral pro
ess of (Xt)t∈Z.Proposition 4.3.2. Let (Zi)i∈Z be a sequen
e of iid regularly varyingrandom elements with index α > 0 in B1 distributed a

ording to a 
om-mon random element Z. Then the time series Xt = (ζt, ζt−1, ζt−2, . . .) isjointly regularly varying in Bp. Its forward spe
tral pro
ess (ΘX
t )t>0 hasthe stru
ture

(ΘX
t )t>0

d
= (Lt(ΘX

0 ))t∈Z
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esseswhere ΘX
0 is a random element having the spe
tral measure of X0 as law:

ΘX
0 = (0, . . . , 0,

Θζ

wI
, 0, . . .),the position of Θζ/wI being distributed a

ording to the random variable

I whose law is
P (I = i) =

wα
i∑∞

j=0 wα
j

, i ∈ {0, 1, 2, . . .},and Θζ being a random element in B1 distributed a

ording to the spe
tralmeasure of ζ.Proof. Let
Bp,0 = {(x0, x1, x2, . . .) ∈ Bp | x1 = x2 = . . . = 0}be the subspa
e on whi
h the law of the innovations Zt are 
on
entrated.Let ‖ · ‖0 be the restri
tion to Bp,0 of the operator norm ‖ · ‖ on BN:

‖T‖0 = sup{‖T (x)‖ : x ∈ Bp,0, ‖x‖ = 1}.Sin
e ‖Ln‖0 = wn and ∑n∈N
wp

n < +∞, there exists j ∈ N su
h that
‖Lj‖0 < 1. The hypotheses of Proposition 4.2.4 are thus satis�ed whi
himplies that (Xt)t∈Z is jointly regularly varying. By de�nition

((
X0

x
, . . . ,

Xt

x

) ∣
∣
∣
∣
‖X0‖ > x

)

d
−→ (Y X

0 , . . . , Y X
t ), x → ∞,where (Y X

t )t∈N is the forward tail pro
ess of (X)t∈Z. Besides, sin
e
Xt = Lt(X0) +

t∑

i=1

Lt−i(Zi),we have
((

X0

x
, . . . ,

Xt

x

) ∣
∣
∣
∣
‖X0‖ > x

)

d
−→ (L0(Y X

0 ), . . . , Lt(Y X
t ))t∈Z, x → ∞.By the uniqueness of the limit

(Y X
t )t∈Z

d
= (Lt(Y X

0 ))t∈Z
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e
(ΘX

t )t∈Z

d
= (Lt(ΘX

0 ))t∈Zwhere (ΘX
t )t∈N is the forward spe
tral pro
ess of (X)t∈Z. The randomelement ΘX
0 has the distribution of Y X

0 /‖Y X
0 ‖. Given f ∈ Cb(Bp), using(4.4) and a 
omputation similar to the one in the proof of Theorem 4.2.2(page 112) , as x → ∞,

E

[

f

(
1

x
X0

) ∣
∣
∣
∣
‖X0‖ > x

]

= E

[

f

(
1

x
(ζ0, ζ−1, . . .)

) ∣
∣
∣
∣
‖(ζ0, ζ−1, . . .)‖ > x

]

=
∑

i>0

E

[

f

(

0, . . . , 0,
1

wi

ζ

x
, 0, . . .

) ∣
∣
∣
∣
‖ζ‖ > x

]
wα

i∑∞
j=0 wα

j

+ ox(1)where the nonzero argument of f is lo
ated at the ith pla
e for the ithterm of the sum. So
Y X

0 = (0, . . . , 0,
Y ζ

wI
, 0, . . .)where Y ζ is the tail representation of ζ and the random position of Y ζ/wIis distributed a

ording to the random variable I with

P (I = i) =
wα

i∑∞
j=0 wα

j

, i ∈ {0, 1, 2, . . .}.Finally
ΘX

0 =
Y X

0

‖Y X
0 ‖

=
(0, . . . , 0, Y ζ

wI
, 0, . . .)

‖(0, . . . , 0, Y ζ

wI
, 0, . . .)‖

= (0, . . . , 0,
1

wI

Y ζ

‖Y ζ‖
, 0, . . .) = (0, . . . , 0,

Θζ

wI
, 0, . . .)where Θζ/wI lo
ated at the Ith pla
e of the sequen
e.Proposition 4.3.3 the same as Proposition 4.2.2 in Se
tion 4.2 but for
ausal linear pro
esses only.
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essesProposition 4.3.3. Let B1 and B2 be two separable Bana
h spa
es. Let
(Zi)i∈Z be a sequen
e of iid regularly varying random elements with index
α > 0 in B1 distributed a

ording to a 
ommon random element Z. Let
Ti : B1 → B2, i ∈ Z, be linear 
ontinuous maps satisfying (4.1). Let
(Xt)t∈Z be the linear pro
ess Xt =

∑

i>0 Ti(Zt−i), t ∈ Z. Then (Xt)t∈Z isjointly regularly varying and its spe
tral pro
ess (ΘX
t )t∈Z namely satis�es

E[f(ΘX
−s, . . . Θ

X
t )] =

E[
∞∑

i=0

f

(
Ts+i(Θ

Z)

‖Ti(ΘZ)‖
, . . . ,

Tt+i(Θ
Z)

‖Ti(ΘZ)‖

)

‖Ti(Θ
Z)‖α]

∞∑

i=0

E[‖Ti(Θ
Z)‖α]

,for every f : Bt−s+1
2 → R 
ontinuous and bounded, where ΘZ is a randomelement in B1 having the spe
tral measure of Z as law.Proof. Let 0 < p < min(1, α), let (wi)i>0 be a sequen
e of stri
tly pos-itive numbers su
h that supi>0 ‖Ti‖/wi = C < +∞ and 
onsider theasso
iated Bana
h spa
e Bp. Let
T : Bp → B2 : (x0, x−1, . . .) 7→

∑

i>0

Ti(x−i)so that Xt = T(ζt). The linear map T is 
ontinuous sin
e
sup

‖(xn)‖Bp=1
‖T((xn))‖B2 6 sup

‖(xn)‖Bp=1

∑

i>0

‖Ti‖‖x−i‖B1

= sup
‖(xn)‖Bp=1

‖
∑

i>0

Ti(x−i)‖B2 6 C sup
‖(xn)‖Bp=1

∑

i>0

wi‖x−i‖B1

6 sup
‖(xn)‖Bp=1

∑

i>0

‖Ti(x−i)‖B2 = Chen
e, as a 
onsequen
e of Proposition 4.3.2,
Θζ

t = (0, . . . , 0,
ΘZ

wI
, 0, . . .)where the nonzero 
omponent is lo
ated at index I + t with probability

P (I = i) = wα
i /
∑∞

j=0 wα
j . Let 0 6 s < t. A

ording to Proposi-
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tion 4.2 105tion 2.3.4, for f ∈ C(Bt−s+1
2 ) we have

E
[
f(ΘX

s , . . . ΘX
t )
]

=
1

E[‖T(Θζ
0)‖

α]
E[f

(

T(Θζ
s)

‖T(Θζ
0)‖

, . . . ,
T(Θζ

t )

‖T(Θζ
0)‖

)

‖T(Θζ
0)‖

α]

=

∑∞
i=0 wα

j
∑∞

i=0 E[‖Ti(ΘZ/wi)‖α]wα
i

.E[f

(
Ts+I(Θ

Z/wI)

‖TI(ΘZ/wI)‖
, ...,

Tt+I(Θ
Z/wI)

‖TI(ΘZ/wI)‖

)

‖TI(Θ
Z/wI)‖

α]

=

∑∞
j=0 wα

j
∑∞

i=0 E[‖Ti(ΘZ)‖α]
E[f

(
Ts+I(Θ

Z)

‖TI(ΘZ)‖
, ...,

Tt+I(Θ
Z)

‖TI(ΘZ)‖

)

‖TI(Θ
Z)‖αw−α

I ]

=
1

∑∞
i=0 E[‖Ti(ΘZ)‖α]

E[

∞∑

i=0

f

(
Ts+i(Θ

Z)

‖Ti(ΘZ)‖
, ...,

Tt+i(Θ
Z)

‖Ti(ΘZ)‖

)

‖Ti(Θ
Z)‖α]

where (ΘX
t )t∈Z is the spe
tral pro
ess of (Xt)t∈Z .

4.4 Proofs for Se
tion 4.2Proof of Lemma 4.2.1 (page 97). Existen
e. Using 
onse
utively the tri-angle inequality, the fa
t that (x + y)δ 6 xδ + yδ given 0 < x, 0 < y and
0 < δ < 1, ‖T (x)‖ 6 ‖T‖‖x‖, the monotone 
onvergen
e, the hypoth-esis (4.1) and eventually the fa
t that, for a positive regularly varyingrandom variable X with index α > 0, for every 0 < β < α, we have
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esses
EXβ < +∞, we get

E
(

‖Xt‖
δ
)

= E

(

lim
k→∞

k∑

i=1

‖Ti‖
δ‖Zt−i‖

δ

)

= E

(

‖
∞∑

i=1

Ti(Zt−i)‖
δ

)

= lim
k→∞

E

(
k∑

i=1

‖Ti‖
δ‖Zt−i‖

δ

)

6 E

(

[

∞∑

i=1

‖Ti(Zt−i)‖]
δ

)

= lim
k→∞

(
k∑

i=1

‖Ti‖
δ

)

E
(

‖Z‖δ
)

6 E

(
∞∑

i=1

‖Ti(Zt−i)‖
δ

)

=

(
∞∑

i=1

‖Ti‖
δ

)

E
(

‖Z‖δ
)

6 E

(
∞∑

i=1

‖Ti‖
δ‖Zt−i‖

δ

)

< +∞so that Xt almost surely exists.Stationarity. For ea
h f : Bk → R+ 
ontinuous and bounded we haveto verify that
E[f(Xt, . . . ,Xt+k)] = E[f(X0, . . . ,Xk)]i.e.

Ef(

∞∑

i=1

Ti(Zt−i), . . . ,

∞∑

i=1

Ti(Zt+k−i)) =

Ef(
∞∑

i=1

Ti(Z−i), . . . ,
∞∑

i=1

Ti(Zk−i))whi
h is the 
ase by dominated 
onvergen
e.Lemma 4.4.1. Let (Zi)i∈Z be a sequen
e of independent and identi
allydistributed random element taking values in a Bana
h spa
e B1. Let B2be another Bana
h spa
e and let Ti : B1 → B2, i ∈ Z, be linear 
ontinuousmaps.(i) the map x 7→ V (x) := P (‖Zi‖ > x) belongs to RV −α for some
α > 0,
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tion 4.2 107(ii) limx→∞ P (‖Ti(Zi)‖ > x)/V (x) = ai ∈ [0,∞),(iii) the maps Ti satisfy (4.1),then the series Xt =
∑

i∈Z
Ti(Zt−i), t ∈ Z, is almost surely absolutely
onvergent and as x → ∞,

E
∣
∣1{‖

∑

i∈Z
Ti(Zi)‖ > x} −

∑

i∈Z
1{‖Ti(Zi)‖ > x}

∣
∣ = o

(
V (x)

)
. (4.4)In parti
ular,

lim
x→∞

P (‖
∑

i∈Z
Ti(Zi)‖ > x)

V (x)
=
∑

i∈Z

ai < ∞. (4.5)The proof of Lemma 4.4.1 is based on a number of lemmas.Lemma 4.4.2. Let X and Y be independent random elements of a Ba-na
h spa
e B. Suppose that there exists V ∈ RV −α with α > 0 andnonnegative numbers a, b su
h that
lim

x→∞

P (‖X‖ > x)

V (x)
= a, lim

x→∞

P (‖Y ‖ > x)

V (x)
= b. (4.6)Then as x → ∞,

E
∣
∣1{‖X + Y ‖ > x} − 1{‖X‖ > x} − 1{‖Y ‖ > x}

∣
∣ = o

(
V (x)

)
. (4.7)Proof. For real x, let (x)+ = x ∨ 0. Use the formula |r| = (r)+ + (−r)+for real r to de
ompose the absolute value on the left-hand side of (4.7).Fix 0 < ε < 1. For positive numbers r, s, x, if r + s > x, thenne
essarily r ∨ s > (1 − ε)x or r ∧ s > εx. It follows that

1{‖X + Y ‖ > x} 6 1{‖X‖ + ‖Y ‖ > x}

6 1{‖X‖ ∨ ‖Y ‖ > (1 − ε)x} + 1{‖X‖ ∧ ‖Y ‖ > εx}

6 1{‖X‖ > (1 − ε)x} + 1{‖Y ‖ > (1 − ε)x}

+ 1{‖X‖ > εx}1{‖Y ‖ > εx}.We �nd that
1{‖X + Y ‖ > x}) − 1{‖X‖ > x} − 1{‖Y ‖ > x}

6 1{(1 − ε)x < ‖X‖ 6 x} + 1{(1 − ε)x < ‖Y ‖ 6 x}

+ 1{‖X‖ > εx}1{‖Y ‖ > εx}.
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essesBy regular variation of V and by (4.6),
lim sup

x→∞

1

V (x)
E
(
1{‖X + Y ‖ > x} − 1{‖X‖ > x} − 1{‖Y ‖ > x}

)+

6 (a + b)
(
(1 − ε)−α − 1

)
.Sin
e ε > 0 was arbitrary, it follows that

E
(
1{‖X + Y ‖ > x} − 1{‖X‖ > x} − 1{‖Y ‖ > y}

)+
= o
(
V (x)

) (4.8)as x → ∞.Sin
e ‖v + w‖ > |‖v‖ − ‖w‖| for v,w ∈ B, we have
1{‖X + Y ‖ > x} > 1{|‖X‖ − ‖Y ‖| > x}

= 1{‖X‖ > x + ‖Y ‖} + 1{‖Y ‖ > x + ‖X‖}.It follows that
1{‖X‖ > x} + 1{‖Y ‖ > y} − 1{‖X + Y ‖ > x}

6 1{x < ‖X‖ 6 x + ‖Y ‖} + 1{x < ‖Y ‖ 6 x + ‖X‖}.Fix ε > 0. We have
1{x < ‖X‖ 6 x + ‖Y ‖}

6 1{x < ‖X‖ 6 (1 + ε)x} + 1{‖X‖ > x}1{‖Y ‖ > εx}.By regular variation of V and (4.6),
lim sup

x→∞

P (x < ‖X‖ 6 x + ‖Y ‖)

V (x)
6 a

(
1 − (1 + ε)−α

)
.Sin
e ε > 0 was arbitrary, it follows that

lim
x→∞

P (x < ‖X‖ 6 x + ‖Y ‖)

V (x)
= 0.By symmetry, the same is true for X and Y inter
hanged. We 
on
ludethat

E
(
1{‖X‖ > x} + 1{‖Y ‖ > y} − 1{‖X + Y ‖ > x}

)+
= o
(
V (x)

) (4.9)as x → ∞. Finally, 
ombine (4.8) and (4.9) to arrive at (4.7).
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tion 4.2 109Lemma 4.4.3. Let X1, . . . ,Xn be independent random elements of aBana
h spa
e B. Suppose that there exists V ∈ RV −α with α > 0 andnonnegative numbers a1, . . . , an su
h that
lim

x→∞

P (‖Xi‖ > x)

V (x)
= ai, i ∈ {1, . . . , n}. (4.10)Then as x → ∞,

E
∣
∣1
(
‖
∑n

i=1Xi‖ > x
)
−
∑n

i=11{‖Xi‖ > x}
∣
∣ = o

(
V (x)

)
. (4.11)In parti
ular,

lim
x→∞

P (‖
∑n

i=1Xi‖ > x)

V (x)
=

n∑

i=1

ai. (4.12)Proof. The proof is by indu
tion on n. The 
ase n = 2 was treated inLemma 4.4.2. So suppose that n > 3. By the triangle inequality,
∣
∣1
(
‖
∑n

i=1Xi‖ > x
)
−
∑n

i=11{‖Xi‖ > x}
∣
∣

6
∣
∣1
(
‖
∑n−1

i=1 Xi + Xn‖ > x
)
− 1
(
‖
∑n−1

i=1 Xi‖ > x
)
− 1{‖Xn‖ > x}

∣
∣

+
∣
∣1
(
‖
∑n−1

i=1 Xi‖ > x
)
−
∑n−1

i=1 1{‖Xi‖ > x}|.Take expe
tations and apply the indu
tion hypothesis twi
e to arrive at(4.11). Equation (4.12) follows immediately from (4.10) and (4.11).Remark 4.4.4. Under the 
onditions of Lemma 4.4.1 we also have
E

∣
∣
∣
∣
1{max
|i|6n

‖Ti(Zi)‖ > x}−
∑

|i|6n

1{‖Ti(Z)‖ > x)}

∣
∣
∣
∣
= o
(
V (x)

)
, x → ∞,the proof of whi
h is similar to but simpler than the one of (4.11): pro
eedby indu
tion on n, the key step in 
ase n = 2 being the identity

1{max(‖X1‖, ‖X2‖) > x}

= 1{‖X1‖ > x} + 1{‖X2‖ > x} − 1{‖X1‖ > x}1{‖X2‖ > x}.It then follows that
E

∣
∣
∣
∣
1

(∥
∥
∥
∥

∑

i6n

Xi

∥
∥
∥
∥

> x

)

− 1

(

max
i6n

‖Xi‖ > x

)∣
∣
∣
∣
= o
(
V (x)

)
.
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esseswhi
h means that the sum ∑

i6n Xi is large in norm if and only if one ofthe terms Xi is large in norm. In that 
ase ‖
∑

i6n Xi‖ is approximatelythe same as maxi6n ‖Xi‖, the largest term dominating the whole sum.Proof of Lemma 4.4.1. Thank to Lemma 4.2.1 the series∑i Ti(Zi) existsalmost surely.Write Xi = Ti(Zi). In order to prove (4.4), let m be a positiveinteger. Write
∣
∣1{‖

∑

iXi‖ > x} −
∑

i1{‖Xi‖ > x}
∣
∣

6
∣
∣1{‖

∑

iXi‖ > x} − 1{‖
∑

|i|6mXi‖ > x}
∣
∣

+
∣
∣1{‖

∑

|i|6mXi‖ > x} −
∑

|i|6m1{‖Xi‖ > x}
∣
∣

+
∑

|i|>m1{‖Xi‖ > x}. (4.13)The three terms on the right-hand side are treated separately.Consider the �rst term on the right-hand side of (4.13). Let X =
∑

|i|6mXi and Y =
∑

|i|>mXi. Using the identity |1A − 1B | = 1A△B , itis not di�
ult to see that for 0 < ε < 1,
∣
∣1{‖X + Y ‖ > x} − 1{‖X‖ > x}

∣
∣

6 1{‖Y ‖ > εx} + 1{(1 − ε)x < ‖X‖ 6 (1 + ε)x}.By Resni
k (2008), Lemma 4.24, sin
e ‖Y ‖ 6
∑

|i|>m ‖Ti‖‖Zi‖,
lim sup

y→∞

P (‖Y ‖ > y)

V (y)
6
∑

|i|>m

‖Ti‖
α.By (ii) and (4.12),

lim
y→∞

P (‖X‖ > y)

V (y)
=
∑

|i|6m

ai.By regular variation of V and from ‖Ti(Zi)‖ 6 ‖Ti‖‖Zi‖, it follows that
ai 6 ‖Ti‖

α (see Proof of Theorem 4.2.2 on page 112). In view of the
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tion 4.2 111three pre
eding displays, we have
lim sup

x→∞

1

V (x)
E
∣
∣1{‖X + Y ‖ > x} − 1{‖X‖ > x}

∣
∣

6 ε−α
∑

|i|>m

‖Ti‖
α +

(
(1 − ε)−α − (1 + ε)−α

) ∑

|i|6m

ai

6 ε−α
∑

|i|>m

‖Ti‖
α +

(
(1 − ε)−α − (1 + ε)−α

)∑

i∈Z

‖Ti‖
α. (4.14)Next, for the se
ond term on the right-hand side of (4.13), Lemma 4.4.3implies immediately that

E
∣
∣1{‖

∑

|i|6mXi‖ > x} −
∑

|i|6m1{‖Xi‖ > x}
∣
∣ = o

(
V (x)

)
, x → ∞.(4.15)Finally, 
onsider the third term on the right-hand side of (4.13).Let m be su�
iently large su
h that ‖Ti‖ 6 1 whenever |i| > m. ByPotter's theorem (Resni
k 2008, p 22), there exists x0 > 0 su
h that

V (cx)/V (x) 6 (1 + α − p)c−p for every x > x0 and c > 1. Hen
e
P (‖Xi‖ > x)

V (x)
6

P (‖Ti‖‖Zi‖ > x)

V (x)
6 (1 + α− p)‖Ti‖

p, x > x0, |i| > m.(4.16)As a 
onsequen
e,
lim sup

x→∞

1

V (x)

∑

|i|>m

P (‖Xi‖ > x) 6 (1 + α − p)
∑

|i|>m

‖Ti‖
p. (4.17)Taking expe
tations in (4.13) and inserting the upper bounds in(4.14), (4.15) and (4.17) yields the following inequality, valid for all

0 < ε < 1 and for all su�
iently large integer m:
lim sup

x→∞

1

V (x)
E
∣
∣1{‖

∑

iXi‖ > x} −
∑

i1{‖Xi‖ > x}
∣
∣

6 ε−α
∑

|i|>m

‖Ti‖
α +

(
(1 − ε)−α − (1 + ε)−α

)∑

i∈Z

‖Ti‖
α + om(1).First let m → ∞ and then let ε ↓ 0 to arrive at (4.4).Equation (4.5) follows from (4.4) and the dominated 
onvergen
etheorem, the use of whi
h is justi�ed by (iii) and (4.16).
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essesProof of Theorem 4.2.2 (page 98). Write µ the exponent measure of Zsu
h that µ({x ∈ B : ‖x‖ > 1}) = 1. First remark that µ(∂[‖Ti(y)‖ >
1]) = µ([‖Ti(y)‖ = 1]) = 0. Otherwise the map

u 7→ µ([‖Ti(y)‖ > u]) = u−αµ([‖Ti(y)‖ > 1])whi
h is 
ontinuous would have a dis
ontinuity at u = 1. So, a

ordingto the de�nition of exponent measure (De�nition 2.2.1), we have
P (‖Ti(Z)‖ > x) = P (‖Ti(Z/x)‖ > 1) ∼ P (‖Z‖ > x) µ([‖Ti(y)‖ > 1]).Let ΘZ be a random element in B the spe
tral measure of Z as law.Then, by (2.6),

µ([‖Ti(x)‖ > 1]) =

∫

1{[‖Ti(x)‖ > 1]}dµ

=

∫ ∞

0
E1{[‖Ti(x)‖ > 1]}(rΘZ)d(−r−α)

=

∫ ∞

0
P (‖Ti(rΘ

Z)‖ > 1)d(−r−α)

=

∫ ∞

0
P (‖Ti(Θ

Z)‖α > v)d(v)

= E[‖Ti(Θ
Z)‖α]A

ording to (4.4) and (4.5), we obtain

∑

i∈Z

P (‖Ti(Z)‖ > x) ∼ P (‖Z‖ > x)
∑

i∈Z

E[‖Ti(Θ
Z)‖α].Note that there exists a random element Θ(−s, t; i) in Bs+t+1

2 su
hthat
L

((
T−s+i(Z)

‖Ti(Z)‖
, . . . ,

Tt+i(Z)

‖Ti(Z)‖

) ∣
∣
∣
∣
‖Ti(Z)‖ > x

)

d
−→ L (Θ(−s, t; i)) .Indeed, given f ∈ Cb(B

s+t+1
2 ), thanks to De�nition 2.2.1 and Lemma 2.5.20,
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tion 4.2 113as x → ∞,
E

[

f

(
T−s+i(Z)

‖Ti(Z)‖
, . . . ,

Tt+i(Z)

‖Ti(Z)‖

) ∣
∣
∣
∣
‖Ti(Z)‖ > x

]

=

E

[

f

(
T−s+i(Z)

‖Ti(Z)‖
, . . . ,

Tt+i(Z)

‖Ti(Z)‖

)

1{‖Ti(Z)‖ > x}

]

P (‖Z‖ > x)

·
P (‖Z‖ > x)

P (‖Ti(Z)‖ > x)

=

E

[

f

(
T−s+i(Z/x)

‖Ti(Z/x)‖
, . . . ,

Tt+i(Z/x)

‖Ti(Z/x)‖

)

1{‖Ti(Z/x)‖ > 1}

]

P (‖Z‖ > x)

·
P (‖Z‖ > x)

P (‖Ti(Z)‖ > x)

→

∫

f

(
T−s+i(y)

‖Ti(y)‖
, . . . ,

Tt+i(y)

‖Ti(y)‖

)

1{‖Ti(y)‖ > 1}dµ(y)
1

E[‖Ti(ΘZ)‖α]
.By (2.12) this limit 
an be rewritten

∫

r>0,‖ϕ‖=1
f

(
T−s+i(rϕ)

‖Ti(rϕ)‖
, . . . ,

Tt+i(rϕ)

‖Ti(rϕ)‖

)

1{‖Ti(rϕ)‖ > 1}

·
P (ΘZ ∈ dϕ)

E[‖Ti(ΘZ)‖α]
d(−r−α)

=

∫

‖ϕ‖=1
f

(
T−s+i(ϕ)

‖Ti(ϕ)‖
, . . . ,

Tt+i(ϕ)

‖Ti(ϕ)‖

)

‖Ti(ϕ)‖α P (ΘZ ∈ dϕ)

E[‖Ti(ΘZ)‖α]

= E

[

f

(
T−s+i(Θ

Z)

‖Ti(ΘZ)‖
, . . . ,

Tt+i(Θ
Z)

‖Ti(ΘZ)‖

)

‖Ti(Θ
Z)‖α

]
1

E[‖Ti(ΘZ)‖α]

=: E [f (Θ(−s, t; i))] .Now take f ∈ Cb(B2) and let us 
ompute the distribution of the tailpro
ess a

ording to the above results, Equation (4.4) and the two notes
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essesbelow, that, as x → ∞,
E

[

f

(
X−s

x
, . . . ,

Xt

x

) ∣
∣
∣
∣
‖X0‖ > x

]

=
E
[

f
(

X−s

x , . . . , Xt

x

)

1{‖X0‖ > x}
]

P (‖Z‖ > x)

P (‖Z‖ > x)

P (‖X0‖ > x)

=
∑

i∈Z

E
[

f
(

X−s

x , . . . , Xt

x

)

1{‖Ti(Z−i)‖ > x}
]

P (‖Ti(Z)‖ > x)

·
P (‖Ti(Z)‖ > x)

P (‖Z‖ > x)

P (‖Z‖ > x)

P (‖X0‖ > x)
+ o(1)

=
∑

i∈Z

E

[

f

(
X−s

x
, . . . ,

Xt

x

) ∣
∣
∣
∣
‖Ti(Z−i)‖ > x

]

·
P (‖Ti(Z)‖ > x)

P (‖Z‖ > x)

P (‖Z‖ > x)

P (‖X0‖ > x)
+ o(1)

=
∑

i∈Z

E

[

f

(
T−s+i(Z)

x
, . . . ,

Tt+i(Z)

x

) ∣
∣
∣
∣
‖Ti(Z)‖ > x

]

·
P (‖Ti(Z)‖ > x)

P (‖Z‖ > x)

P (‖Z‖ > x)

P (‖X0‖ > x)
+ o(1)

→
∑

i∈Z

E [f(Y Θ(−s, t; i))] E[‖Ti(Θ
Z)‖α]

1
∑∞

j=−∞E[‖Tj(ΘZ)‖α]
.where Y ∼ Pareto(α) is independent of (Θ(−s, t; i))i∈Z. So the spe
tralpro
ess of (Xt)t∈Z is given by

E [f (Θ−s, . . . ,Θt)]

=
∑

i∈Z

E [f(Θ(−s, t; i))] E[‖Ti(Θ
Z)‖α]

1
∑

j∈Z

E[‖Tj(Θ
Z)‖α]

=

∑

i∈Z

E

[

f

(
T−s+i(Θ

Z)

‖Ti(ΘZ)‖
, . . . ,

Tt+i(Θ
Z)

‖Ti(ΘZ)‖

)

‖Ti(Θ
Z)‖α

]

∑

i∈Z

E[‖Ti(Θ
Z)‖α]

,
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tion 4.2 115by the result of the previous paragraph.Note 1. Why is the step
∑

i>0

E

[

f

(
X0

x

) ∣
∣
∣
∣
‖Ti(Z−i)‖ > x

]
P (‖Ti(Z)‖ > x)

P (‖Z‖ > x)

P (‖Z‖ > x)

P (‖X0‖ > x)

=
∑

i>0

E

[

f

(
Ti(Z)

x

)∣
∣
∣
∣
‖Ti(Z)‖ > x

]
P (‖Ti(Z)‖ > x)

P (‖Z‖ > x)

P (‖Z‖ > x)

P (‖X0‖ > x)
+ o(1)true the proof of Theorem 4.2.2?De
ompose X0 in

∞∑

j=0

Tj(Z−j)

x
=

∞∑

j=0,j 6=i

Tj(Z−j)

x
+

Ti(Z−i)

x
.Put

Ux
d
=

(∑∞
j=0 Tj(Z−j)

x

∣
∣
∣
∣
∣
‖Ti(Z−i)‖ > x

)as well as
Vx

d
=

(
Ti(Z−i)

x

∣
∣
∣
∣
‖Ti(Z−i)‖ > x

)

,

Ux − Vx meaning
Ux − Vx

d
=

(∑∞
j=0,j 6=i Tj(Z−j)

x

∣
∣
∣
∣
∣
‖Ti(Z−i)‖ > x

)

d
=

∑∞
j=0,j 6=i Tj(Z−j)

x
.Set µx = L(Ux − Vx) and let us show that

Ux − Vx
d
−→ 0, x → ∞.This is based on the fa
t that µx(A) = µ1(xA). Assume that 0 /∈ ∂A.Then, if 0 /∈ A, we have 0 /∈ cl A and the limit of µx(A) is µ1(∅) = 0.Else, if 0 ∈ A, we have 0 ∈ intA and the limit of µx(A) is µ1(B2) = 1.So µx → δ0 in distribution.Moreover, Vx has a weak limit, let us say W :

Vx
d
−→ W, x → ∞.
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essesSo Slutsky's theorem implies that
Ux = (Ux − Vx) + Vx

d
−→ W, x → ∞.Thus, by the Portmanteau Lemma, we obtain that for all 
ontinuous andbounded f :

lim
x→∞

E

[

f

(∑∞
j=0 Tj(Z−j)

x

) ∣
∣
∣
∣
∣
‖Ti(Z−i)‖ > x

]

= lim
x→∞

E

[

f

(
Ti(Z)

x

) ∣
∣
∣
∣
‖Ti(Z)‖ > x

]

.Consequently, by the properties of the limits,
lim

n→∞

∑

|i|6n

lim
x→∞

E

[

f

(∑∞
j=0 Tj(Z−j)

x

) ∣
∣
∣
∣
∣
‖Ti(Z−i)‖ > x

]

.
P (‖Ti(Z)‖ > x)

P (‖Z‖ > x)

P (‖Z‖ > x)

P (‖X0‖ > x)

= lim
n→∞

∑

|i|6n

lim
x→∞

E

[

f

(
Ti(Z)

x

) ∣
∣
∣
∣
‖Ti(Z)‖ > x

]

.
P (‖Ti(Z)‖ > x)

P (‖Z‖ > x)

P (‖Z‖ > x)

P (‖X0‖ > x)hen
e
lim

n→∞
lim

x→∞

∑

|i|6n

E

[

f

(∑∞
j=0 Tj(Z−j)

x

) ∣
∣
∣
∣
∣
‖Ti(Z−i)‖ > x

]

.
P (‖Ti(Z)‖ > x)

P (‖Z‖ > x)

P (‖Z‖ > x)

P (‖X0‖ > x)

= lim
n→∞

lim
x→∞

∑

|i|6n

E

[

f

(
Ti(Z)

x

) ∣
∣
∣
∣
‖Ti(Z)‖ > x

]

.
P (‖Ti(Z)‖ > x)

P (‖Z‖ > x)

P (‖Z‖ > x)

P (‖X0‖ > x)
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tion 4.2 117Consider the set E = [1,∞] and the measure µ = δ∞ on E. Set
Fn : E → R : x 7→

∑

|i|6n

E

[

f

(∑∞
j=0 Tj(Z−j)

x

) ∣
∣
∣
∣
∣
‖Ti(Z−i)‖ > x

]

·
P (‖Ti(Z)‖ > x)

P (‖Z‖ > x)

P (‖Z‖ > x)

P (‖X0‖ > x)and
Gn : E → R : x 7→

∑

|i|6n

E

[

f

(
Ti(Z)

x

) ∣
∣
∣
∣
‖Ti(Z)‖ > x

]

.
P (‖Ti(Z)‖ > x)

P (‖Z‖ > x)

P (‖Z‖ > x)

P (‖X0‖ > x)so that we have
lim

n→∞

∫

Fndµ = lim
n→∞

∫

Gndµ.The sequen
es (Fn) and (Gn) are in
reasing (using f = f+ − f−, f 
anbe assumed to be nonnegative). Then
∫

lim
n→∞

Fndµ =

∫

lim
n→∞

Gndµ,i.e.
lim

x→∞
lim

n→∞
Fn(x) = lim

x→∞
lim

n→∞
Gn(x),i.e.

lim
x→∞

∑

i∈Z

E

[

f

(
X0

x

) ∣
∣
∣
∣
‖Ti(Z−i)‖ > x

]
P (‖Ti(Z)‖ > x)

P (‖Z‖ > x)

P (‖Z‖ > x)

P (‖X0‖ > x)

= lim
x→∞

∑

i∈Z

E

[

f

(
Ti(Z)

x

) ∣
∣
∣
∣
‖Ti(Z)‖ > x

]
P (‖Ti(Z)‖ > x)

P (‖Z‖ > x)

P (‖Z‖ > x)

P (‖X0‖ > x)
,whi
h is the statement.Note 2. Here is the details explaining how we get f(Y Θ(−s, t; i))at the penultimate display of the proof of Theorem 4.2.2.
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essesWe know that
L

((
T−s+i(Z)

‖Ti(Z)‖
, . . . ,

Tt+i(Z)

‖Ti(Z)‖

) ∣
∣
∣
∣
‖Ti(Z)‖ > x

)

d
−→ L (Θ(−s, t; i)) .Take Y ∼ Pareto(α) and independent of Θ(−s, t; i).First of all, remark that

L

((
‖Ti(Z)‖

x
,
T−s+i(Z)

‖Ti(Z)‖
, . . . ,

Tt+i(Z)

‖Ti(Z)‖

) ∣
∣
∣
∣
‖Ti(Z)‖ > x

)

d
−→ L (Y,Θ(−s, t; i)) .Indeed, by van der Vaart and Wellner (1996), Lemma 1.4.2, to see thisit su�
es to prove that:

E

[

f

(
‖Ti(Z)‖

x

)

g

(
T−s+i(Z)

‖Ti(Z)‖
, . . . ,

Tt+i(Z)

‖Ti(Z)‖

) ∣
∣
∣
∣
‖Ti(Z)‖ > x

]

→ E[f(Y )g(Θ(−s, t; i))].for every 
ontinuous and bounded f and g. Using Lebesgue's dominated
onvergen
e theorem and the fa
t that ‖Y ‖ > 1, the fun
tions f 
an berepla
ed by the family of fun
tions 1{· > y} where y > 1, whi
h satisfythe property:
lim

x→∞
E

[

1

{
‖Ti(Z)‖

x
> y

}

g

(
T−s+i(Z)

‖Ti(Z)‖
, . . . ,

Tt+i(Z)

‖Ti(Z)‖

) ∣
∣
∣
∣
‖Ti(Z)‖ > x

]

= lim
x→∞

P (‖Ti(Z)‖ > xy)

P (‖Ti(Z)‖ > x)
E

[

g

(
T−s+i(Z)

‖Ti(Z)‖
, . . . ,

Tt+i(Z)

‖Ti(Z)‖

)∣
∣
∣
∣
‖Ti(Z)‖ > xy

]

= y−αE [g(Θ(−s, t; i))] = E [1{Y > y}] E [g(Θ(−s, t; i))]

= E [1{Y > y}g(Θ(−s, t; i))] .Finally apply the Continuous mapping theorem (Resni
k 2008, p 152)with the fun
tion h(y, x−s, . . . , xt) = y(x−s, . . . , xt) to obtain
L

((
T−s+i(Z)

x
, . . . ,

Tt+i(Z)

x

) ∣
∣
∣
∣
‖Ti(Z)‖ > x

)

d
−→ L (Y Θ(−s, t; i)) .



4.4 Proofs for Se
tion 4.2 119Proof of Proposition 4.2.3 (page 99). A

ording to Table 2.1, the 
andi-date extremal index θ∗ is
θ∗ = 1 − E

[

min

{

‖Θ0‖
α, sup

t>1
‖Θt‖

α

}]

.We have by monotone 
onvergen
e and Theorem 4.2.2,
E

[

min

{

‖Θ0‖
α, sup

t>1
‖Θt‖

α

}]

= lim
m→∞

E

[

min

{

‖Θ0‖
α, max

16t6m
‖Θt‖

α

}]

= lim
m→∞

∑

n∈Z
E[min{‖TnΘZ‖α,max16t6m ‖Tn+tΘ

Z‖α}]
∑

n∈Z
E[‖TnΘZ‖α]

=

∑

n∈Z
E[min{‖TnΘZ‖α, supt>1 ‖Tn+tΘ

Z‖α}]
∑

n∈Z
E[‖Tn∈ZΘZ‖α]

.For a nonnegative sequen
e (an)n∈Z su
h that ∑n an < ∞, we have
∑

n∈Z

min

(

an, sup
t>1

an+t

)

=
∑

n∈Z

an − sup
n∈Z

an,whi
h yields the statement.Proof of Proposition 4.2.4 (page 99). Let 0 < p < min(1, α). Sin
e Xt =
T (Xt−1)+Zt = Zt +T (Zt−1)+T 2(Zt−2)+ . . . , the series (Xt)t∈Z admitsthe expression of a linear pro
ess with Ti(z) = T i(z), i > 0. Moreover,

∞∑

i=0

‖Ti‖
p =

∞∑

k=0

(‖T j‖p)k
j−1
∑

l=0

‖T l‖p

=
∞∑

k=0

j−1
∑

l=0

‖T kj+l‖p < +∞

6

∞∑

k=0

j−1
∑

l=0

(‖T j‖k)p‖T l‖pwhi
h implies (4.1).
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Chapter 5Maxima of moving maxima of
ontinuous fun
tionsBased on Meinguet (2010).Abstra
t. Maxima of moving maxima of 
ontinuous fun
tions (CM3) aremax-stable pro
esses aimed at modeling extremes of 
ontinuous phenomenaover time. They are de�ned as Smith and Weissman's M4 pro
esses with 
on-tinuous fun
tions rather than ve
tors. After standardization of the margins ofthe observed pro
ess into unit-Fré
het, CM3 pro
esses 
an model the remain-ing spatio-temporal dependen
e stru
ture. CM3 pro
esses have the propertyof joint regular variation. The spe
tral pro
esses from this 
lass admit parti
u-larly simple expressions. Furthermore, depending on the speed with whi
h theparameter fun
tions tend toward zero, CM3 pro
esses ful�ll the �nite-
luster
ondition and the strong mixing 
ondition. For instan
e, these three proper-ties put together have impli
ations for the expression of the extremal index.A method for �tting a CM3 to data is investigated. The �rst step is to es-timate the length of the temporal dependen
e. Then, by sele
ting a suitablenumber of blo
ks of extremes of this length, 
lustering algorithms are usedto estimate the total number of di�erent pro�les. The number of parameterfun
tions to retrieve is equal to the produ
t of these two numbers. They areestimated thanks to the output of the partitioning algorithms in the previousstep. The full pro
edure only requires one parameter whi
h is the range ofvariation allowed among the di�erent pro�les. The dissimilarity between the



122 5 Maxima of moving maxima of 
ontinuous fun
tionsoriginal CM3 and the estimated version is evaluated by means of the Hausdor�distan
e between the graphs of the parameter fun
tions.5.1 Introdu
tionAfter our study in Chapter 4 of heavy tailed linear pro
esses, this 
hapteris devoted to pro
esses endowed with the same stru
ture but with amaximum instead of a sum. The main 
hara
teristi
 of �max-linear�pro
esses is their 
apa
ity to model the 
ross-se
tional tail dependen
eand the temporal tail dependen
e of more general pro
ess, that do nothave to be heavy tailed, after a standardization of the margins into unit-Fré
het. Here we fo
us on the 
ase of 
ontinuous fun
tions as obje
tsof interest. After having derived their main properties, we suggest and
ompare several estimation methods.Maxima of moving maxima of 
ontinuous fun
tions, in short CM3,are the analogue of Smith and Weissman's M4 pro
esses (Smith andWeissman 1996) with 
ontinuous fun
tions rather than ve
tors. Let a
(j)
i(i ∈ Z+, j ∈ Z) be stri
tly positive, real, 
ontinuous fun
tions on a
ompa
t domain of Rq, let us say [0, 1]q . The fun
tions a

(j)
i are theparameter fun
tions. They are assumed to satisfy, for every x ∈ [0, 1]q ,the equality ∑j∈Z

∑

i>0 a
(j)
i (x) = 1. A CM3 pro
ess (Xt)t∈Z is de�nedby the expression

Xt(x) = sup
j∈Z

sup
i>0

a
(j)
i (x)Z

(j)
t−i (x ∈ [0, 1]q),where the innovations Z

(j)
i are independent and identi
ally distributedunit-Fré
het random variables, i.e. P (Zt 6 z) = exp(−1/z) for z > 0.CM3 pro
esses generalize M4 pro
esses in the sense that M4 have thesame expression ex
ept that the parameters a

(j)
i are ve
tors of Rd.The fa
t that, given real numbers ξi > 0 (i ∈ N) su
h that ξ1 +

ξ2 + . . . = 1, the distribution of max(ξ1Z1, ξ2Z2, . . .) stays unit-Fré
hetimplies that Xt has unit-Fré
het margins. However the transformationfrom (Zt)t∈Z to (Xt)t∈Z indu
es a dependen
e stru
ture over time andin spa
e. Extremes appear in temporal 
lusters and, at time t, a largevalue forXt at lo
ation x 
auses large values at other lo
ations. From thisfa
t, CM3 pro
esses are able to model a wide range of spatio-temporaldependen
e. The �rst part of this 
hapter is a study of some properties:
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tion 123spe
tral pro
ess, strong mixing 
ondition, �nite-
luster 
ondition andextremal index.The se
ond obje
tive of this 
hapter is to �t CM3 pro
esses to sam-ples with measurement errors. For that purpose, CM3 will be dis
retizedinto D-dimensional M4 sele
ting D points xd (1 6 d 6 D) in the do-main. It will be also assumed that 0 6 i < K and 1 6 j 6 L for �nite
onstants K and L. The pra
ti
al model studied is thus
Xt(d) = max

16j6L
max

06i<K
a

(j)
i (xd)Z

(j)
t−i + εt(xd) (1 6 d 6 D)where εt(xd) are independent N(0, σ2) random variables. The parameter

K is the length of the temporal dependen
e and L is the total number ofreprodu
ible patterns that we 
an observe up to a multipli
ative 
onstantin the pro
ess.Figure 5.1 shows a realization of a CM3 plotted versus a M4 with
K = 3 and L = 2. The spatio-temporal dependen
e 
learly appears.The two di�erent pro�les of extremes are plotted in di�erent 
olors.
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Figure 5.1: Representation of a M4 with D = 5 on the left and of a CM3on [0, 1] on the right (with K = 3 and L = 2)In Se
tion 5.2, a 
oherent set of properties for CM3 is established.The motivation is similar as in Segers (2006) and Smith (2003) but nowfor random 
ontinuous fun
tions. Theorem 5.2.3 is the joint regularvariation of those pro
esses in the sense of Chapter 2. The spe
tralpro
ess of a CM3 has a dis
rete distribution, given by the theorem.Next, depending on the speed with whi
h the parameter fun
tions a
(j)
i
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ontinuous fun
tionstend towards zero, Theorem 5.2.4 yields the �nite-
luster 
ondition andTheorem 5.2.5 yields the strong mixing 
ondition. These three propertiestogether also have spe
i�
 impli
ations, for instan
e the inverse of theextremal index θ be
omes the expe
ted size of 
lusters of extremes in thesense of Segers (2005).CM3 pro
esses are also examples of max-stable random �elds (Davisand Mikos
h 2008, de Haan and Ferreira 2006): for every �nite spa
e-time subset A×T ⊂ [0, 1]q ×Z, the random ve
tor (Xt(x))x∈A,t∈T has amultivariate extreme value distribution. This property of M4 is inherentto CM3 sin
e the law of a 
ontinuous random �eld is 
hara
terized by its�nite dimensional distributions that are M4 a

ording to Example 5.2.2.Se
tion 5.3 is a preparation for the estimation of the parameter fun
-tions. Extremes will play a 
entral role in identifying the re
ursive pat-terns and their relative frequen
ies. So we need to study the probabilisti
properties of the blo
ks of extremes that 
an be observed in CM3. Theharmoni
 mean makes 
onvenient the expressions of the frequen
ies ofthe reprodu
ible patterns that 
an be observed.In Se
tion 5.4, we suggest and 
ompare empiri
al methods to estimate
K, L and the parameter fun
tions without assumptions on these obje
ts.It is a 
omplement to Zhang and Smith (2004), where the 
ase L = 1 hasonly been treated, and to Zhang (2008), where assumptions are made onthe parameters.This study is designed to improve the statisti
al analyses of extremeevents, as done in Süveges (2009) and Süveges and Davison (2010) forinstan
e.5.2 De�nition and propertiesChoose a nonempty 
ompa
t domain of Rq. To not have too manynotations, this 
ompa
t will be taken to be [0, 1]q . Given an array Z

(j)
i(i ∈ Z+, j ∈ Z) of independent unit-Fré
het random variables, if a

(j)
i :

[0, 1]q → R∗+ are deterministi
 stri
tly positive 
ontinuous fun
tions, amaximum of moving maxima of 
ontinuous fun
tions (or CM3 pro
ess)is a sto
hasti
 pro
ess de�ned by
Xt(x) = sup

j∈Z

sup
i>0

(a
(j)
i (x)Z

(j)
t−i). (5.1)
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(∀x ∈ [0, 1]q) :

∑

j∈Z

∑

i>0

a
(j)
i (x) = 1we say that (Xt)t∈Z is a standardized CM3 pro
ess.The �rst result is an ne
essary 
ondition before any use of CM3pro
esses. Re
all that the sup-norm of a 
ontinuous fun
tion f : [0, 1]q →

R is ‖f‖∞ = supx∈[0,1]q |f(x)| and that this supremum is a
hieved.Proposition 5.2.1. If
∑

j∈Z

∑

i>0

‖a
(j)
i ‖∞ < ∞, (5.2)then, for every t ∈ Z, Xt in (5.1) is a random element in C([0, 1]q , R+)and the pro
ess (Xt)t∈Z is stationary.Proof. See page 146.Example 5.2.2. If (Xt)t∈Z is a standardized CM3 with 0 6 i < Kand 1 6 j 6 L, then for ea
h x1, . . . , xD ∈ Rq, the pro
ess (Xt(x1), . . . ,

Xt(xD))t∈Z is a standardized M4. Under (5.2) (‖Xt‖∞)t∈Z is a non-standardized M3. In both 
ases 0 6 i < K and 1 6 j 6 L. Thisis helpful for the estimation of K and L if x1, . . . , xD are far enoughseparated, see Se
tion 5.4.2.A CM3 pro
ess is an example of jointly regularly varying time seriesde�ned in Chapter 2. There exists a pro
ess (Θt)t∈Z
in C([0, 1]q , R+),
alled spe
tral pro
ess whi
h is the limit in distribution, as x → ∞,

L
(
(Xt/‖X0‖∞)t∈Z

∣
∣ ‖X0‖∞ > x

) d
−→ L

(
(Θt)t∈Z

)in the proper produ
t spa
e. A

ording to Chapter 2, this pro
ess 
ap-tures all aspe
ts of extremal dependen
e, both within spa
e and overtime.Theorem 5.2.3. Setting a
(j)
i = 0 if i < 0, under 
ondition (5.2), a CM3pro
ess (Xt)t∈Z is jointly regularly varying with index α = 1 and spe
tralpro
ess

(Θ−s, . . . ,Θt)
d
=

(

a
(J)
−s+I

‖a
(J)
I ‖∞

, . . . ,
a

(J)
t+I

‖a
(J)
I ‖∞

)

,
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ontinuous fun
tionswhere (I, J) is a random ve
tor on Z+ × Z having distribution
P [(I, J) = (i, j)] =

‖a
(j)
i ‖∞

∑

l∈Z

∑

k>0 ‖a
(l)
k ‖∞

, i ∈ Z+, j ∈ Z.Proof. See page 148.All CM3 pro
esses satisfying (5.2) also satisfy the �nite-
luster 
on-dition. This property prevents a sequen
e of extremes o

urring in aCM3 from being in�nite over time even if K = +∞ or L = +∞.Theorem 5.2.4. Under 
ondition (5.2), a CM3 pro
ess (Xt)t∈Z satis-�es the �nite-
luster 
ondition: there exists (rn)n∈N with rn → ∞ and
rn/n → 0 su
h that

lim
m→∞

lim sup
n→∞

P ( max
m6|t|6rn

‖Xt‖∞ > n | ‖X0‖∞ > n) = 0. (C)Proof. See page 150.Together with the �nite-
luster 
ondition, the strong mixing propertyleads to ni
e properties. To obtain the strong mixing property a su�
ient
ondition is ∑

j∈Z

∑

i>0

i‖a
(j)
i ‖∞ < ∞. (5.3)Note that (5.2) and (5.3) are trivial whenever K < +∞ and L < +∞.Theorem 5.2.5. Under 
ondition (5.3), a CM3 pro
ess (Xt)t∈Z satis�esthe strong mixing 
ondition:

lim
m→∞

sup
A∈σ(−∞,−m)

B∈σ(m,∞)

|P (A ∩ B) − P (A)P (B)| = 0 (M)where σ(r, s) is the σ-�eld generated by {Xt | r 6 t 6 s}.Proof. See page 152.If (Xt)t∈Z is a regularly varying time series with index 1, the extremalindex θ of the univariate time series (‖Xt‖∞)t∈Z is de�ned as the quantitybetween 0 and 1 su
h that
P ( max

16t6n
‖Xt‖∞ 6 nx) → e−θ/xas n → ∞. The extremal index of a CM3 pro
ess is the following.
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k pro�les 127Proposition 5.2.6. Under 
ondition (5.2), if (Xt)t∈Z is a CM3 pro
ess,the extremal index of (‖Xt‖∞)t∈Z is
θ =

1
∑

j∈Z

∑

i>0

‖a
(j)
i ‖∞

∑

j∈Z

max
i>0

‖a
(j)
i ‖∞.Proof. See page 154.On
e 
onditions (C) and (M) are satis�ed, whi
h is the 
ase under(5.3) by Theorem 5.2.4 and Theorem 5.2.5, there are further 
hara
teri-zations of the extremal index su
h that

θ = lim
t→∞

lim
x→∞

P ( max
i=1,...,t

‖Xi‖∞ 6 x | ‖X0‖∞ > x) (5.4)and, in this 
ase, 1/θ is the expe
ted size of 
lusters of extremes in thesense of Segers (2005), whi
h is re
alled as follows. Let un → ∞ be athresholding sequen
e and rn → ∞ be su
h that the expe
ted numberof ex
eedan
es in a sample of size rn tends towards 0:
E

[
rn∑

i=1

1{‖Xi‖∞ > un}

]

= rnP (‖X1‖∞ > un) → 0.Then, denoting Mn := max{‖X1‖∞, . . . , ‖Xn‖∞}, under (C) and (M),we have
E

[
rn∑

i=1

1{‖Xi‖∞ > un}

∣
∣
∣
∣
∣

Mrn > un

]

=
rnP (‖X1‖∞ > un)

P (Mrn > un)
→

1

θas n → ∞.5.3 Blo
k pro�lesIn this se
tion we study further probabilisti
 features of CM3 pro
essesin order to build a method to estimate the parameter fun
tions a
(j)
i inthe 
ase 0 6 i < K and 1 6 j 6 L. The theoreti
al model for the rest ofthe 
hapter is thus

Xt(x) = max
16j6L

max
06i<K

a
(j)
i (x)Z

(j)
t−i (x ∈ [0, 1]q) (5.5)
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ontinuous fun
tionsThe estimation method suggested in this 
hapter is based on the fa
tthat a large value of Z
(j)
i 
auses large values of Xt for i 6 t < i + K andthe possibility to have in this 
ase

(Xt, . . . ,Xt+K−1) = Z
(j)
i (a

(j)
0 , . . . , a

(j)
K−1). (5.6)By �blo
k pro�le� we mean a sequen
e (Xt, . . . ,Xt+K−1) satisfying (5.6)for some 1 6 j 6 L. The 
orresponding sequen
e of fun
tions (a

(j)
0 , . . . ,

a
(j)
K−1) will be 
alled �pro�le� or �pattern�.In Se
tion 5.3.1 we 
ompute the probability of the events (5.6) andtheir frequen
ies of o

urren
e for the di�erent values of j. In Se
-tion 5.3.2 we have a brief look at the 
orrelation between all the possibleblo
ks of length K available in a sample. They are not independent ifthey overlap. In Se
tion 5.3.3 we give the ne
essary sample size to expe
tthat an event of the form (5.6) realizes at least on
e.To 
ompute the exa
t value of the probability of o

urren
e of thedi�erent blo
ks, the knowledge of the parameter fun
tions is needed,whi
h is parti
ular not the 
ase in the estimation. This is the reasonwhy we also give lower and upper bounds for the true values. Thesebounds only depend on a unique parameter C, whi
h is the maximalvariation among the parameter fun
tions a

(j)
i .

5.3.1 Relative frequen
iesTo re
over the fun
tions a
(j)
i from a sample of size T , the �rst stepis to understand how (5.5) works. Consider as an example a simplesituation when K = 3 and L = 2. A �nite number of fun
tions a

(j)
iis uniformly bounded from below by a positive 
onstant sin
e they arestri
tly positive. Thus, if for instan
e Z

(2)
1 is large enough, the value of



5.3 Blo
k pro�les 129
(X1, . . . ,XK) at a given position x ∈ [0, 1]q is
X1(x) = max

(

a
(1)
2 (x)Z

(1)
−1 a

(1)
1 (x)Z

(1)
0 a

(1)
0 (x)Z

(1)
1

a
(2)
2 (x)Z

(2)
−1 a

(2)
1 (x)Z

(2)
0 a

(2)
0 (x)Z

(2)
1

)

= a
(2)
0 (x)Z

(2)
1

X2(x) = max

(

a
(1)
2 (x)Z

(1)
0 a

(1)
1 (x)Z

(1)
1 a

(1)
0 (x)Z

(1)
2

a
(2)
2 (x)Z

(2)
0 a

(2)
1 (x)Z

(2)
1

a
(2)
0 (x)Z

(2)
2

)

= a
(2)
1 (x)Z

(2)
1

X3(x) = max

(

a
(1)
2 (x)Z

(1)
1 a

(1)
1 (x)Z

(1)
2 a

(1)
0 (x)Z

(1)
3

a
(2)
2 (x)Z

(2)
1

a
(2)
1 (x)Z

(2)
2 a

(2)
0 (x)Z

(2)
3

)

= a
(2)
2 (x)Z

(2)
1(5.7)so that the se
ond pattern appears:

(X1,X2,X3)(x) = (a
(2)
0 , a

(2)
1 , a

(2)
2 )(x)Z

(2)
1 .How likely is this kind of events to o

ur? To 
ompute their probabilities,�rst remark that (5.7) is equivalent to

Z
(1)
−1 6 min

x
[
a

(2)
0 (x)

a
(1)
2 (x)

]Z
(2)
1 Z

(2)
−1 6 min

x
[
a

(2)
0 (x)

a
(2)
2 (x)

]Z
(2)
1

Z
(1)
0 6 min

x
[
a

(2)
0 (x)

a
(1)
1 (x)

,
a

(2)
1 (x)

a
(1)
2 (x)

]Z
(2)
1 Z

(2)
0 6 min

x
[
a

(2)
0 (x)

a
(2)
1 (x)

,
a

(2)
1 (x)

a
(2)
2 (x)

]Z
(2)
1

Z
(1)
1 6 min

x
[
a

(2)
0 (x)

a
(1)
0 (x)

,
a

(2)
1 (x)

a
(1)
1 (x)

,
a

(2)
2 (x)

a
(1)
2 (x)

]Z
(2)
1 −

Z
(1)
2 6 min

x
[
a

(2)
1 (x)

a
(1)
0 (x)

,
a

(2)
2 (x)

a
(1)
1 (x)

]Z
(2)
1 Z

(2)
2 6 min

x
[
a

(2)
1 (x)

a
(2)
0 (x)

,
a

(2)
2 (x)

a
(2)
1 (x)

]Z
(2)
1

Z
(1)
3 6 min

x
[
a

(2)
2 (x)

a
(1)
0 (x)

]Z
(2)
1 Z

(2)
3 6 min

x
[
a

(2)
2 (x)

a
(2)
0 (x)

]Z
(2)
1 (5.8)For the general 
ase, let A(l∗) be the event (5.6) with �xed j = l∗:

A(l∗) = {∀x ∈ [0, 1]q : (Xt, . . . ,Xt+K−1)(x) = Z
(l∗)
t (a

(l∗)
0 , . . . , a

(l∗)
K−1)(x)},i.e. A(l∗) is the event for a K-blo
k starting a time t to be a blo
kpro�le of type l∗. Generalizing (5.8) shows that the event A(l∗) is theinterse
tion of (2K − 1)L − 1 
onditions involving the random variables
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tions
Z

(j)
i for t − K + 1 6 i 6 t + K − 1. Remembering that the density of Zis fZ(z) = z−2 exp(−z−1), the probability p(l∗) of A(l∗) is

p(l∗) =

∫ ∞

0

L∏

l=1

P (Z 6 min
x

[
a

(l∗)
0 (x)

a
(l)
K−1(x)

]z)

L∏

l=1

P (Z 6 min
x

[
a

(l∗)
0 (x)

a
(l)
K−2(x)

,
a

(l∗)
1 (x)

a
(l)
K−1(x)

]z)

. . .
L∏

l=1
l 6=l∗

P (Z 6 min
x

[
a

(l∗)
0 (x)

a
(l)
0 (x)

, . . . ,
a

(l∗)
K−1(x)

a
(l)
K−1(x)

]z)

. . .
L∏

l=1

P (Z 6 min
x

[
a

(l∗)
K−2(x)

a
(l)
0 (x)

,
a

(l∗)
K−1(x)

a
(l)
1 (x)

]z)

L∏

l=1

P (Z 6 min
x

[
a

(l∗)
K−1(x)

a
(l)
0 (x)

]z)z−2 exp(−z−1)dz

(5.9)
Denoting m

(l;l∗)
k the minimum written on line k of (5.9) and by extension

m
(l∗;l∗)
k = 1, the value of p(l∗) is

p(l∗) =
1

1 +

2K−1∑

k=1

L∑

l=1
l 6=l∗ if k=K

1

m
(l;l∗)
k

=
harm(m

(1;l∗)
1 , . . . ,m

(L;l∗)
2K−1)

(2K − 1)L (5.10)where harm is the harmoni
 mean of the (2K − 1)L minima.It is thus possible to 
ompute p(l∗) exa
tly given the parameter fun
-tions. If the parameter fun
tions a
(j)
i satisfy

1

C(l∗)
6

a
(l∗)
k (x)

a
(l)
k′ (x)

6 C(l∗) (5.11)for all x, k, k′, l, l∗, then the probability p(l∗) of su

ess to reveal
(a

(l∗)
0 , . . . , a

(l∗)
K−1)
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k pro�les 131by pi
king up a random blo
k satis�es
p(l∗) :=

1

C(l∗)(2K − 1)L
6 p(l∗)

6
C(l∗)

(2K − 1)L
=: p(l∗). (5.12)The harmoni
 mean being more sensitive to small values, the lower boundis a
tually 
loser to the exa
t probability.Under the knowledge of K, the probability that a random K-blo
k isa pro�le di�ers from pattern to pattern. But under the 
ontrol 
ondition(5.11), if all C(l∗) are themselves bounded above by a 
ommon 
onstant

C, the probability p = p(1) + . . . + p(L) for a random blo
k to be anypro�le 
an be estimated by
p :=

1

C(2K − 1)
6 p. (5.13)whi
h has the remarkable property not to depend neither on L nor onthe dimension of the ambient spa
e.As an illustration, Table 5.1 shows the number of found blo
k pro�lesversus their expe
tations, knowing and without knowing the parameterfun
tions for �ve simulations of (5.16). The di�erent patterns are splitin 
olumns.Simulation with parameters C = 5, D = 20, K = 5, L = 5 and T = 5000Expe
ted value (p(l∗)T ) pT Really found#1 #2 #3 #4 #5 total total total #1 #2 #3 #4 #531 31 30 34 33 159 135 147 28 20 25 30 4431 32 33 29 36 161 135 159 30 20 43 36 3035 35 31 31 33 166 135 166 31 35 24 30 4632 32 36 33 33 165 135 160 33 26 43 27 3130 30 30 31 33 154 135 143 31 28 32 19 33Table 5.1: CM3: Estimation of the number of blo
k pro�les versus the
orresponding values obtained in simulation5.3.2 CorrelationAs we have seen in Se
tion 5.3.1, we need

(2K − 1)L/harm(m
(1;l∗)
1 , . . . ,m

(L;l∗)
2K−1)
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ontinuous fun
tionsindependent random blo
ks from the series (Xt)t∈Z to expe
t that atleast one is proportioned like the l∗th pro�le. Pra
ti
ally, given a 
hain
X1, . . . ,XT with T observations, we have T − K + 1 dependent blo
ksof length K. The main pie
es of information about the dependen
estru
ture between these blo
ks 
an be summarized in the following way.i) If a K-blo
k (Xt, . . . ,Xt+K−1) is a blo
k pro�le, it does not overlapwith another blo
k pro�le.ii) Given that the K-blo
k (Xt, . . . ,Xt+K−1) is not a pro�le, the prob-ability that one of the K − 1 next K-blo
ks (Xt+1, . . . ,Xt+K), . . .is a pro�le is higher than without 
onditioning.iii) If 
onse
utive blo
ks are not pro�les, the probability that the nextone is a pro�le stops in
reasing after K non-pro�le blo
ks.To see i), for instan
e, have a look at the third matrix in (5.7).If (X1, . . . ,X3) is like the se
ond pro�le, then in parti
ular a

(2)
2 Z

(2)
1 >

a
(1)
0 Z

(1)
3 . But for (X3, . . . ,X5) to be like the �rst pro�le, we must have

a
(2)
2 Z

(2)
1 < a

(1)
0 Z

(1)
3 . Then (X3, . . . ,X5) 
annot be proportioned like the�rst pro�le. Pro
eed similarly for any two non-disjoint blo
ks and anytwo di�erent pro�les.To see ii), if for instan
e (X1, . . . ,X3) in (5.8) is not a pro�le, thatmeans that at least one of the 15 inequalities is not satis�ed, althoughwe do not know pre
isely how many. Some of the reverse inequalities liein the 
onditions for the K − 1 next blo
ks to be pro�le and some donot. To get the exa
t in
iden
e, we need to 
ondition on the numberof inequalities not satis�ed in (5.8) and whether or not they parti
ipatein the 
onditions for the next blo
ks to be pro�le. In any 
ase: theprobability that the next blo
ks are pro�le in
reases.To see iii), simply remark that the pro
ess is K-dependent.5.3.3 Sample sizeAs a 
onsequen
e of Se
tion 5.3.2, the expe
ted number of pro�les oftype l is greater than unity in a 
hain of length at least
T = K − 1 +

(2K − 1)L

harm(m
(1;l)
1 , . . . ,m

(L;l)
2K−1)

. (5.14)



5.4 Estimation 133Given an upper bound C on all the C(l∗) in (5.11), the minimum samplesize needed to expe
t at least M repetitions of a parti
ular pro�le in the
hain is
T = K − 1 + CM(2K − 1) (5.15)if we do not know the parameter fun
tions but only C.5.4 EstimationThe estimation methodology for the parameter fun
tions a

(j)
i starts froma dis
retization at D points xd (1 6 d 6 D) of the domain. CM3pro
esses from (5.5) are seen as a high-dimensional M4. Furthermorewe may want to 
onsider independent and normally distributed errorswith varian
e σ2 at ea
h measurement point. Thus the �pra
ti
al model�studied in this se
tion is

Xt(d) = max
16j6L

max
06i<K

a
(j)
i (xd)Z

(j)
t−i + εt(xd) (1 6 d 6 D) (5.16)where (Zt)t∈Z are independent unit-Fré
het, εt(xd) are independent

N(0, σ2) random variables, the a
(j)
i (x) are positive 
ontinuous fun
tionsde�ned on [0, 1]q and for every x ∈ [0, 1]q we have that

∑

j∈Z

∑

i>0

a
(j)
i (x) = 1.It is important to note that the pro�les (a

(j)
0 , . . . , a

(j)
K−1) 
ontain notonly the information about the shapes of the pro�le but also, a

ordingto Se
tion 5.3.1, their probability of o

urren
e. The shapes will bedenoted a

(j)
i,0 while the frequen
ies of o

urren
e f (j). That is

a
(j)
i = α(j)a

(j)
i,0 (5.17)where the 
oe�
ients α(j) must be 
hosen so that f (j) = p(j) in Se
-tion 5.3.1.The �rst step of the pro
edure is to estimate the length of the taildependen
e K. This is done in Se
tion 5.4.1 taking the average size ofthe 
lusters of ex
eedan
es over a threshold. Next blo
ks of extremes aresele
ted to estimate number of patterns L, the shapes a

(j)
i,0 of the param-eter fun
tions and their frequen
ies f (j). The algorithm to lo
ate the
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ontinuous fun
tionsblo
ks of extremes explained in Se
tion 5.4.2 is based on a multivariateapproa
h. The value of L is determined in Se
tion 5.4.3 as the numberof 
lusters among the 
hosen blo
ks of extremes. The fun
tions a
(j)
i,0 areyielded by the natural output (
entroids, medoids, ...) of the partition-ing algorithm used to determine L and the values f (j) through the sizeof the di�erent 
lusters. Then the solution a

(j)
i of (5.17) is obtained inSe
tion 5.4.4 thanks to an iterative algorithm. To measure the quality ofthe estimation, the quanti�
ation of the dissimilarity between the origi-nal parameter fun
tions and their estimations is done in Se
tion 5.4.5 interms of the Hausdor� distan
e.5.4.1 Estimation of the length of the tail dependen
eEight estimators of K have been tested for the model (5.16) with σ = 0when the knowledge of the parameter fun
tions a

(j)
i is repla
ed by therange C given in (5.11).The �rst step is to sele
t the values 
onsidered as extremes. A �rstapproa
h 
onsist of working on (‖Xt‖∞) and 
hoosing the values abovethe threshold maxt(‖Xt‖∞)/C. This will be referred as the s
alar ver-sion. A se
ond approa
h 
an be to use all the available information bydoing the previous operation for the D 
omponents of (Xt) separately.In this last 
ase the threshold also depends on the lo
ation. This methodwill be referred as the multivariate version.On
e the extremes are sele
ted, a runs de
lustering generates a se-quen
e (sn) of all sizes of 
lusters of extremes found in the univariate ormultivariate s
an. More pre
isely, only 
ontiguous extremes were 
on-sidered here to make a 
luster. This is the runs de
lustering with r = 0.From the sequen
e (sn), we estimate K through mean(sn), median(sn)or mode(sn) with the nomen
lature as follow.Average Time series Threshold (s
alar or ve
tor)

K̂µ mean (‖Xt‖∞) maxt((‖Xt‖∞)/C

K̂M
µ mean (Xt) (maxt(Xt(d))/C)16d6D

K̂m median (‖Xt‖∞) maxt(‖Xt‖∞)/C

K̂M
m median (Xt) (maxt(Xt(d))/C)16d6D

K̂o mode (‖Xt‖∞) maxt(‖Xt‖∞)/C

K̂M
o mode (Xt) (maxt(Xt(d))/C)16d6D



5.4 Estimation 135The ceil or floor options to get rid of the de
imals are used to buildthe eight following estimators:
K̂1 = ceil(Kµ), K̂3 = ceil(KM

µ ), K̂5 = ceil(Km), K̂7 = K̂o,

K̂2 = round(Kµ),K̂4 = round(KM
µ ),K̂6 = ceil(KM

m ),K̂8 = K̂M
o .Figure 5.2 shows the su

ess rate the eight estimators ofK against thelength of the simulated 
hain. The tests were performed with N = 50000trials at ea
h step: for C from 1 to 10, D from 1 to 20, K from 1 to 5,

L from 1 to 5, σ = 0 and, for ea
h of these parameters, 10 di�erent setsof 
oe�
ients a
(j)
i randomly generated (uniformly, without time or spa
e
orrelation).
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K̂6Figure 5.2: CM3: Proportion of su

ess in estimating KA

ording to these empiri
al results, the winner for T > 35 is theunivariate version and the mode as average 
luster size. If T 6 35the best su

ess rate is obtained with the multivariate version and themedian.5.4.2 Extremal 
lusteringOn
e we know the length K of the tail dependen
e thanks to Se
-tion 5.4.1, the next step of the pro
edure studied here to re
over theparameter fun
tions a
(j)
i of a theoreti
al CM3 pro
ess (5.5) is to lo
atethe blo
ks of extremes. Indeed, a

ording to Se
tion 5.3.2, the proba-bility that at least one blo
k of length K in the 
hain is blo
k pro�le of
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ontinuous fun
tionstype l in a sample of size T is greater than
1 − (1 − p(l))T−K+1whi
h tends to 1 as T tends to in�nity.The suggested method lo
ates the positions of blo
ks of extremes inthe pra
ti
al model (5.16) maximizing the �likelihood� of being a multi-variate extreme. This idea 
omes from the wish not to lose informationa
ross the D dimensions. Nevertheless a bad situation 
an still happenwhen, for some 0 6 i∗ < K, all a

(j)
i∗ (xd) are negligible in 
omparisonwith the a

(j)
i (xd), i 6= i∗, for instan
e. If the points x1, . . . , xD of the dis-
retization are far enough separated to obtain independent-like patterns,it is unlikely that all the a

(j)
i∗ (xd) are negligible in the same time.We explain the method on the following example with D = 2 and

K = 3:
Xt(1) 5 3 4 14 19 2 7

Xt(2) 6 1 10 5 2 1 4
.First stepUsing the order statisti
s, mark the K largest values in the D 
hains by1.

d = 1 0 0 0 1 1 0 1

d = 2 1 0 1 1 0 0 0Se
ond stepCompute the sum of the extremal status for ea
h t.
d = 1 0 0 0 1 1 0 1

d = 2 1 0 1 1 0 0 0

⇒ λ 1 0 1 2 1 0 1Third stepCompute the moving sum (MS) of order K. This is 
onsidered as thelikelihood λ to have an large value at time t among the (Z
(l)
t )16l6L.

λ 1 0 1 2 1 0 1

MS 1 1 2 3 4 3 2Extra
t the pro�leFind the index t that maximizes the moving sum. Then
(Xt−K+1, . . . ,Xt)/‖Xt−K+1‖∞ (5.18)



5.4 Estimation 137is the shape of the �rst blo
k pro�le to store in the memory:
MS 1 1 2 3 4 3 2

Xt(1) 5 3 4 14 19 2 7

Xt(2) 6 1 10 5 2 1 4Shape1(x1) = ( 4/10, 14/10, 19/10 )Shape1(x2) = ( 10/10, 5/10, 2/10 )To de
ide between multiple maxima, for instan
e if
MS 1 1 2 4 2 4 4we �rst 
hoose the single maximum. If there are 
onse
utive maxima,as a se
ond 
riterion, we take the blo
k that maximizes ∑t∈blo
k ‖Xt‖∞among those.Set the blo
k that has just been 
onsidered to 0 and repeat this loop untilhaving gathered the desired number Q of temporally disjoint blo
ks ofextremes of length K (Q = pT is the suggestion of Se
tion 5.3.1 if we onlyknow a uniform bound C on the variation of the parameter fun
tions).
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Figure 5.3: Blo
ks of extremes obtained for a simulated CM3 with mea-surement errors (σ = 1)
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ontinuous fun
tions5.4.3 Estimation of the number of patternsWith Q blo
ks of extremes of length K normalized as in (5.18), the goalis to estimate the number of reprodu
ible patterns L in the observed pro-
ess. To do this, we 
reate a Q × KD-table inside whi
h ea
h of the Qlines is made of the D temporal ve
tors of length K pla
ed su

essively.We estimate L with the number of 
lusters for the observations of thistable.Partitioning methodsTo break the lines of the table up into groups, we tried several al-gorithms among whi
h �ve retained our attention: hierar
hi
al 
lus-tering with Ward's aggregation 
riterion, hierar
hi
al 
lustering withthe Eu
lidean distan
e between the 
entroids (Hastie, Tibshirani, andFriedman 2009, Ward 1963), k-means with the Eu
lidean squared dis-tan
e, k-means with Pearson's 
orrelation after standardization (Seber1984, Spath 1985) and �nally Partitioning Around Medoids (PAM) withthe 
lassi
al Eu
lidean distan
e (Theodoridis and Koutroumbas 2006,van der Laan, Pollard, and Bryan 2003).Number of 
lustersFor ea
h of those algorithms we implemented two 
riteria to deter-mine the number of 
lusters. The �rst: one stops when the per
entageof the total varian
e not explained by the 
lustering is less than 20%,i.e. whenSSESStot =

∑

cluster(# obs(cluster) − 1)
∑variable in 
luster s2(variable)

(Q − 1)
∑variable in table s2(variable)

6 .2.We refer to this method as the elbow method (Ket
hen and Shoo 1996,Mardia, Kent, and Bibby 1979), see Figure 5.4.The se
ond method to �nd the number of 
lusters here is the �rstvalue that yields a total silhouette TtSil for the 
lustering above 85% of
Q. Let a(q) be the average distan
e between the qth observation and themembers of its own 
luster. Then repeat this operation between the qthobservation and the members of all the other 
lusters, and set b(q) tothe lowest value found. The silhouette s(q) of the qth observation is

s(q) =
b(q) − a(q)

max{a(q), b(q)}
.
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Figure 5.4: Elbow method: perfe
t 
lustering on the left, CM3 witherrors on the right (L = 5)Thus −1 6 s(q) 6 1 and s(q) measures how dissimilar the qth observationis to its own 
luster (Kaufman and Rousseeuw 1990, Lleti, Ortiz, L.A.,and Sán
hez 2004, Rousseuw 1987). The distan
e taken into a

ounthere is the Eu
lidean squared distan
e. We stop the partitioning at thesmallest number of 
lusters satisfyingTtSil

Q
=

1

Q

Q
∑

q=1

s(q) > 0.85if this o

urs. We refer to this method as the silhouette method (seeFigure 5.5).Both methods are unable to dete
t that L = 1. We have thus 
on-sidered L̂ = 1 when the estimated varian
e of ea
h variable is less than0.005.EstimationFor σ = 0, Figure 5.6 shows the su

ess rate of the following elevenestimators of L against the length of the simulated 
hain.
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tions
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Figure 5.5: Silhouette method: Perfe
t 
lustering on the left, CM3 witherrors on the right (L = 5)Clustering Distan
e Number of 
lusters
L̂1 Hierar
hi
al Ward Elbow
L̂2 Hierar
hi
al Ward Silhouette
L̂3 Hierar
hi
al Eu
lidean / 
entroids Elbow
L̂4 Hierar
hi
al Eu
lidean / 
entroids Silhouette
L̂5 k-means Eu
lidean squared Elbow
L̂6 k-means Eu
lidean squared Silhouette
L̂7 k-means Pearson's 
orrelation Elbow
L̂8 k-means Pearson's 
orrelation Silhouette
L̂9 PAM Eu
lidean Elbow
L̂10 PAM Eu
lidean Silhouette
L̂11 Consensus: L̂11 = mode(L̂1, . . . , L̂10)The tests were performed with N = 6000 trials at ea
h step: for Cin {2, 4, 6, 8, 10}, D in {1, 5, 10, 15, 20}, K from 2 to 5 and L from 1to 5. The number of blo
ks of extremes 
hosen to build the table is

Q = min(ceil(pT ), 100) with p from 5.3.1. We added the 
onstraint thatit has to be possible to see ea
h pro�le on
e, i.e. (K+1)L 6 T , to ex
lude
hallenges su
h as �nding 5 pro�les of length 5 in a 
hain of length 10.The 
ombination between PAM and elbow yields the best su

essrate for small sample sizes T 6 50. For T > 50 Ward's algorithm withthe silhouette is the best. Here the 
onsensus 
urve (mode) does not
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ess in estimating Lprovide a better performan
e.The gap between T = 20 and T = 500 is an intermediate area be-tween a situation where the trivial 
ase Q = L frequently o

urs and theapparition of asymptoti
 properties.These results are not so ex
ellent but, sin
e the implemented algo-rithm is the �eye� of the analyst, it only sees what we want it to see. Forreal appli
ations it probably does not matter if not very frequent pro�lesare missed. Moreover optimizing C, Q and the thresholds for a pre
isesample 
an improve the performan
es for that parti
ular situation.5.4.4 Re
overing the parameter fun
tionsOn
e wet got the length K of the tail dependen
e in Se
tion 5.4.1 and thenumber L of di�erent patterns in Se
tion 5.4.3, it remains to estimatethe parameter fun
tions a

(j)
i (0 6 i < K, 1 6 j 6 L). Dependingon the partitioning method to estimate L, we 
hoose for the shapes

a
(j)
i,0 of the L pro�les the natural output of the algorithm: the 
entroidsfor the hierar
hi
al 
lustering and k-means and the medoids with PAM.Essentially the di�eren
e is that in the �rst 
ase the estimator of a shapeis a mean of observations and in the se
ond 
ase a median observation.The relationship between the parameter fun
tions a

(j)
i , the shapes

a
(j)
i,0 and their frequen
ies of o

urren
e is given by (5.10). The theoret-i
al probabilities of o

urren
e of the di�erent pro�les must mat
h theempiri
al frequen
ies (f (1), . . . , f (L)) in the table of Se
tion 5.4.3. Thus



142 5 Maxima of moving maxima of 
ontinuous fun
tionsthe last step is to normalize the a
(j)
i,0 to obtain â

(j)
i su
h that on the onehand

harm
(

(m
(l;1)
k )k,l

)

/f (1) = . . . = harm
(

(m
(l;L)
k )k,l

)

/f (L) (5.19)(1 6 k 6 2K − 1, 1 6 l 6 L) and on the other hand
∑

j∈Z

∑

i>0

â
(j)
i (xd) = 1 (1 6 d 6 D). (5.20)We seek a relation of the type â

(l)
i = α(l)a

(l)
i,0 (1 6 l 6 L) whi
h is aproblem of rank L. The solution 
an be obtained iteratively: if a

(j)
i,nis the nth update of a

(j)
i,0 and (p

(1)
n , . . . , p

(L)
n ) the probabilities given by(5.10) at step n, then de�ne a

(j)
i,n+1 by

a
(j)
i,n+1(·) = a

(j)
i,n+1(·)

f (j)

p
(j)
n

(5.21)and stop when the error |(f (1), . . . , f (L)) − (p
(1)
n , . . . , p

(L)
n )|∞ is small.The iterative algorithm (5.21), if it 
onverges, 
onverges to the solutionof (5.19). Indeed, let

M (l⋆)
n =






m
(1:l⋆)
1,n . . . m

(1:l⋆)
2K−1,n

. . . . . . . . .

m
(L:l⋆)
1,n . . . m

(L:l⋆)
2K−1,n




be the nth update of the initial 
olle
tion of numbers (m

(l;l⋆)
k,0 )k,l giventhe a

(j)
i,0 . De�ne

T : R(2K−1)L2
→ R(2K−1)L2

: (M (1)
n , . . . ,M (L)

n ) 7→ (M
(1)
n+1, . . . ,M

(L)
n+1)as the resulting operation of (5.21) on the m

(l;l⋆)
k,n . The operator T a
ts
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n 0 1 2 3 4 5 6 7 8

M
(1)
n

5.95 5.95 5.95 5.95 5.95 5.95 5.95 5.95 5.95
2.62 4.70 4.09 4.23 4.19 4.20 4.20 4.20 4.20

p
(1)
n 3.64 5.25 4.85 4.94 4.91 4.92 4.92 4.92 4.92

M
(2)
n

6.03 3.36 3.86 3.74 3.77 3.76 3.76 3.76 3.76
7.11 7.11 7.11 7.11 7.11 7.11 7.11 7.11 7.11

p
(2)
n 6.53 4.57 5.01 4.90 4.93 4.92 4.92 4.92 4.92Table 5.2: Realization of the iterative algorithm (5.21) with parameters

K = 1, L = 2, f1 = f2 = 1 given the initial values M
(1)
0 and M

(2)
0so that M

(l⋆)
n be
omes
M

(l⋆)
n+1 =
















(m
(1:l⋆)
1,n . . . m

(1:l⋆)
2K−1,n)

f (l⋆)

p(l⋆)
n

p(1)
n

f (1)

. . . . . . . . .
...

(m
(l⋆:l⋆)
1,n . . . m

(l⋆:l⋆)
2K−1,n) 1

. . . . . . . . .
...

(m
(L:l⋆)
1,n . . . m

(L:l⋆)
2K−1,n)

f (l⋆)

p(l⋆)
n

p(L)
n

f (L)
















.

Observe that (5.19) is equivalent to
T (M (1), . . . ,M (L)) = (M (1), . . . ,M (L)).Consequently, if (M

(1)
n , . . . ,M

(L)
n )n 
onverges, sin
e T is 
ontinuous,(5.21) 
onverges to the solution of (5.19). The 
onvergen
e seems gen-erally fast as shows the example of Table 5.2. This yields

α(l) = α
f (l)

p
(l)
0

f (l)

p
(l)
1

f (l)

p
(l)
l

· · · (1 6 l 6 L). (5.22)where any α > 0 suits to obtain (5.19). To simultaneously obtain(5.20), we know a

ording to Se
tion 5.3.1 that the solution of (5.19)and (5.20) together exists and is unique, thus, as n → ∞ the value of
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tions
∑

j∈Z

∑

i>0 a
(j)
i,n(x) 
annot depend on x. Although, be
ause of numeri-
al reasons, it may slightly vary with x. Thus we suggest to keep thedependen
e in x and repla
e α in (5.22) by

α(x) = lim
n→∞

1
∑

j∈Z

∑

i>0 a
(j)
i,n(x)in (5.22). This 
ompletes the pro
edure to estimate the a

(j)
i form obser-vations.Figure 5.7 shows an output of the full algorithm using PAM, withmeasurement errors but given the true values of K and L.5.4.5 Distan
e between two sets of parameter fun
tionsTo measure the quality of the estimation, it is ne
essary to quantify thedissimilarity between the original parameter fun
tions a

(j)
i (0 6 i < K,

1 6 j 6 L) and their estimations â
(j)
i (0 6 i < K̂, 1 6 j 6 L̂). If K̂ 6= Kthe estimation 
an 
ertainly be quali�ed as bad, so that only the 
ase

K̂ = K requires a dis
ussion.The order in whi
h the di�erent patterns are retrieved 
an 
hangeand their total numbers 
an di�er. Consequently the Hausdor� distan
ebetween the L graphs of (a
(j)
i (x))i (1 6 j 6 L) and the L̂ graphs of

(â
(j)
i (x))i (1 6 j 6 L̂), that are 
ompa
t in [0, 1]q×RK (or in {1, . . . ,D}×

RK ∼= RDK for the dis
rete version), perfe
tly suits. Re
all that theHausdor� distan
e between nonempty 
ompa
ts A and B is
dH(A,B) = max{sup

a∈A
d(a,B), sup

b∈b
d(b,A)},here 
onsidered with the Eu
lidean distan
e d. We have thus to 
ompute

dH(A,B) with
A =

L⋃

j=1

graph[(a
(j)
i (x))06i<K ] and B =

L̂⋃

j=1

graph[(â
(j)
i (x))06i<K ]to rea
h the stated goal.To illustrate Se
tion 5.4.4, Figure 5.8 shows smoothed histograms ofthe Hausdor� distan
e with the estimation of the parameter fun
tionswith sample sizes T = 100, 500, 1000, 5000 given the true values of K
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T = 500Figure 5.7: CM3: Re
overy of the parameter fun
tions with D = 20,
K = 2, L = 3, σ = 1 and PAMand L. The test was performed with N = 5000 trials for ea
h samplesize: C running in {2, 4, 6, 8, 10}, D in {1, 5, 10, 15, 20}, K from 2 to 5,
L from 1 to 5 with 10 repetitions of ea
h. The other parameters were
Q = min(ceil(pT ), 100) with p from Se
tion 5.3.1 and σ = 1.5.5 Online pa
kageThe Matlab 
ode written for this 
hapter is available on the MatlabCentral File Ex
hange athttp://www.mathworks.
om/matlab
entral/�leex
hange/26539.



146 5 Maxima of moving maxima of 
ontinuous fun
tions

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05
0

100

200

300

400

500

600

700

800

900

1000

T = 100

T = 500

T = 1000

T = 5000

Figure 5.8: CM3: Smoothed histograms of the Hausdor� distan
e be-tween the original parameter fun
tions and their estimations5.6 Proofs for Se
tion 5.2Proof of Proposition 5.2.1 (page 125). Claim 1 - Xt is a random ele-ment in the set C([0, 1]q , R+). Given t ∈ Z, write X
d
= Xt and

X(m) = sup
i,|j|6m

a
(j)
i Z

(j)
t−i.For z > 0, sin
e the Z

(j)
i are iid unit-Fré
het,

P (‖X‖∞ 6 z) = P (∀i > 0,∀j ∈ Z : Z
(j)
t−i 6 z/‖a

(j)
i ‖∞)

=
∏

j∈Z

i>0

exp
(
−‖a

(j)
i ‖∞/z

)
= exp

(
−
∑

j∈Z

∑

i>0‖a
(j)
i ‖∞/z

)
.If ∑j∈Z

∑

i>0 ‖a
(j)
i ‖∞ = ∞, then this probability is zero for all z > 0,hen
e ‖X‖∞ = ∞ with probability one.If ∑j∈Z

∑

i>0 ‖a
(j)
i ‖∞ < ∞, then

X(m)
6 X 6 X(m) + sup

i,|j|>m
‖a

(j)
i ‖∞Z

(j)
t−i



5.6 Proofs for Se
tion 5.2 147and thus ‖X − X(m)‖∞ 6 supi,|j|>m ‖a
(j)
i ‖∞Z

(j)
t−i. Writing

Ym = sup
i,|j|>m

‖a
(j)
i ‖∞Zi,we have Ym > 0 and Ym is de
reasing in m. By a similar 
omputationas above, we �nd that for y > 0,

P (Ym 6 y) = exp
(
−
∑

i,|j|>m‖a
(j)
i ‖∞/y

)
.As a 
onsequen
e, Ym → 0 in probability and, by monotoni
ity, almostsurely. Sin
e the uniform limit of a sequen
e of 
ontinuous fun
tions is
ontinuous, by monotoni
ity, X is 
ontinuous with probability one.Then the fa
t that, for every t ∈ Z, the map ω 7→ Xt(ω, ·) with valuesin C([0, 1]q , R+) is measurable follows easily.Claim 2 - (Xt)t∈Z is a stationary time series. In extension, thisproperty is that, for every n ∈ N, every h > 0 and every measurable set

A ⊂ C([0, 1]q , Rh),
P ((X0, . . . ,Xn) ∈ A) = P ((Xh, . . . ,Xn+h) ∈ A).The argument is based on two fa
ts:1) It su�
es to pi
k up x ∈ [0, 1]q , z0, . . . , zn ∈ R and verify that

P (X0(x) 6 z0, . . . ,Xn(x) 6 zn) = P (Xh(x) 6 z0, . . . ,Xn+h(x) 6 zn),the 
ase with k points x1, . . . xk ∈ [0, 1]q being similar.
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ontinuous fun
tions2) The right hand-side of the expression in 1) admits the expansion
P (Xh(x) 6 z0, . . . ,Xn+h(x) 6 zn)

= P (sup
j∈Z

sup
i>0

a
(j)
i (x)Z

(j)
h−i 6 z0, . . . , sup

j∈Z

sup
i>0

a
(j)
i (x)Z

(j)
n+h−i 6 zn)

= P (∀j0 ∈ Z,∀i0 > 0 : a
(j0)
i0

(x)Z
(j0)
h−i0

6 z0, . . . ,

∀jn ∈ Z,∀in ∈ N : a
(jn)
in

(x)Z
(jn)
n+h−in

6 zn)

= P

[

∀j ∈ Z : Z
(j)
h+n 6

zn

a
(j)
0 (x)

,

Z
(j)
h+n−1 6 min

(

zn

a
(j)
1 (x)

,
zn−1

a
(j)
0 (x)

)

,

Z
(j)
h+n−2 6 min

(

zn

a
(j)
2 (x)

,
zn−1

a
(j)
1 (x)

,
zn−2

a
(j)
0 (x)

)

,

. . . ,

Z
(j)
h 6 min

(

zn

a
(j)
n (x)

,
zn−1

a
(j)
n−1(x)

, . . . ,
z0

a
(j)
0 (x)

)

,

Z
(j)
h−1 6 min

(

zn

a
(j)
n+1(x)

,
zn−1

a
(j)
n (x)

, . . . ,
z0

a
(j)
1 (x)

)

,

. . .

]whi
h allows us to dispose of the variable h by independen
e.Proof of Theorem 5.2.3 (page 125). Given s, t > 0 
onsider the Dira
masses in C([0, 1]q , R)

δ(−s, t; i, j)
d
=

(

a
(j)
−s+i

‖a
(j)
i ‖∞

, . . . ,
a

(j)
t+i

‖a
(j)
i ‖∞

)

d
=

[(

a
(j)
−s+iZ

‖a
(j)
i Z‖∞

, . . . ,
a

(j)
t+iZ

‖a
(j)
i Z‖∞

) ∣
∣
∣
∣
∣
‖a

(j)
i ‖∞Z > x

]with i > 0 and j ∈ Z.Remark 4.4.4 (109) with T
(j)
i (z) = a

(j)
i z leads to the new 
on
lusionthat

E

∣
∣
∣
∣
1{sup

j∈Z

sup
i>0

‖a
(j)
i ‖Z

(j)
−i > x} −

∑

j∈Z

i>0

1{‖a
(j)
i ‖Z > x)}

∣
∣
∣
∣
= o
(
P (Z > x)

)(5.23)
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tion 5.2 149as x → ∞. Consequently, for f ∈ Cb(C([0, 1]q , Rs+t+1)), by virtue of(5.23)
E

[

f

(
X−s

x
, . . . ,

Xt

x

) ∣
∣
∣
∣
‖X0‖∞ > x

]

=
E
[

f
(

X−s

x , . . . , Xt

x

)

1{‖X0‖∞ > x}
]

P (Z > x)

P (Z > x)

P (‖X0‖∞ > x)

=

E

[

f
(

X−s

x , . . . , Xt

x

)

1{sup
j∈Z

sup
i>0

‖a
(j)
i ‖∞Z

(j)
−i > x}

]

P (Z > x)

P (Z > x)

P (‖X0‖∞ > x)

=
∑

j∈Z

i>0

E
[

f
(

X−s

x , . . . , Xt

x

)

1{‖a
(j)
i ‖∞Z

(j)
−i > x}

]

P (‖a
(j)
i ‖∞Z

(j)
−i > x)

·
P (‖a

(j)
i ‖∞Z−i > x)

P (Z > x)

P (Z > x)

P (‖X0‖∞ > x)
+ o(1).Thanks to the dominated 
onvergen
e and the 
ontinuity of f , the lastexpression is equal to

∑

j∈Z

i>0

E




f






sup
l∈Z

sup
k>0

(a
(l)
k Z

(l)
−s−k)

x
, . . . ,

sup
l∈Z

sup
k>0

(a
(l)
k Z

(l)
t−k)

x






∣
∣
∣
∣
∣
∣
∣

‖a
(j)
i ‖∞Z

(j)
−i >x






·
P (‖a

(j)
i ‖∞Z > x)

P (Z > x)

P (Z > x)

P (‖X0‖∞ > x)
+ o(1)

=
∑

j∈Z

i>0

E

[

f

(

a
(j)
−s+iZ

x
, . . . ,

a
(j)
t+iZ

x

) ∣
∣
∣
∣
∣
‖a

(j)
i ‖∞Z > x

]

·
P (‖a

(j)
i ‖∞Z > x)

P (Z > x)

P (Z > x)

P (‖X0‖∞ > x)
+ o(1)

=
∑

j∈Z

i>0

E

[

f

(
Z

x
(a

(j)
−s+i, . . . , a

(j)
t+i

) ∣
∣
∣
∣
‖a

(j)
i ‖∞Z > x

]

·
P (‖a

(j)
i ‖∞Z > x)

P (Z > x)

P (Z > x)

P (‖X0‖∞ > x)
+ o(1).Using the Continuous mapping theorem and the regular variation of Z,
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ontinuous fun
tionsthe last term 
onverges to
∑

j∈Z

i>0

E [f(Y δ(−s, t; i, j))] ‖a
(j)
i ‖∞

1
∑

l∈Z

∑

k>0 ‖a
(l)
k ‖∞where Y ∼ Pareto(1). The fa
tors

πij :=
‖a

(j)
i ‖∞

∑

l∈Z

∑

k>0 ‖a
(l)
k ‖∞form a probability distribution on Z+ ×Z, let us say of a random ve
tor

S. A

ording to Theorem 2.3.3, the spe
tral pro
ess of the CM3 pro
ess
(Xt)t∈Z is

(Θ−s, . . . ,Θt)
d
= δ(−s, t;S)whi
h has the announ
ed distribution.Proof of Theorem 5.2.4 (page 126). It su�
es to 
he
k that

lim
m→∞

lim sup
n→∞

P (∃t ∈ {2m, . . . , rn} : ‖Xt‖ > n | ‖X0‖ > n) = 0.For the 
onvenien
e of the proof, set p = t − i so that
Xt = sup

j∈Z

sup
p6t

a
(j)
t−pZ

(j)
p .Let b

(j)
i := ‖a

(j)
i ‖∞ to have

‖Xt‖ = sup
j∈Z

sup
p6t

b
(j)
t−pZ

(j)
p .Given m > 0, write An := {‖X0‖ > n} so that

An = {∃j ∈ Z,∃p 6 0 : b
(j)
−pZ

(j)
p > n}.We have, as n → ∞,

nP (An)

= n[1 − P (∀j ∈ Z,∀p 6 0 : b
(j)
−pZ

(j)
p 6 n)]

= n[1 − exp(− 1
n

∑

j∈Z

∑

p60 b
(j)
−p)]

→
∑

j∈Z

∑

p60 b
(j)
−p =

∑

j∈Z

∑

p>0 b
(j)
p < +∞.
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tion 5.2 151For m > 0, de
ompose {∃t ∈ {2m, . . . , rn} : ‖Xt‖ > n} = Cm,n∪̇Dm,nwhere
Cm,n = {∃t ∈ {2m, . . . , rn},∃j ∈ Z,∃p > m : b

(j)
t−pZ

(j)
p > n},

Dm,n = {∃t ∈ {2m, . . . , rn},∃j ∈ Z,∃p 6 m : b
(j)
t−pZ

(j)
p > n}.We have

P (Cm,n) = 1 − P (∀t ∈ {2m, . . . , rn},∀j ∈ Z,∀p > m : b
(j)
t−pZ

(j)
p 6 n)

= 1 − P (∀j ∈ Z,∀p > m : [ max
2m6t6rn

b
(j)
t−p]Z

(j)
p 6 n)

= 1 − exp(−
1

n

∑

j∈Z

∑

p>m

max
2m6t6rn

b
(j)
t−p)

6
1

n

∑

j∈Z

∑

p>m

max
2m6t6rn

b
(j)
t−p

6
mn

n

∑

j∈Z

∑

k>0

b
(j)
k → 0as n → ∞.Setting p = 2m − q write

An = {∃j ∈ Z,∃q > 2m : b
(j)
q−2mZ(j)

q > n}and
Dm,n = {∃j ∈ Z,∃q > m : max

q6t6q−2m+rn

b
(j)
t Z(j)

q > n}hen
e
nP (An ∩ Dm,n) 6 n

∑

j∈Z

∑

q>2m

P ({b
(j)
q−2mZ(j)

q > n} ∩ Dm,n)

6 n
∑

j∈Z

∑

q>2m

P (min[b
(j)
q−2m,max

t>q
b
(j)
t ]Z(j)

q > n)

+n
∑

j∈Z

∑

q>2m

P (b
(j)
q−2mZ(j)

q > n)P (Dm,n).The �rst term of the sum is bounded above by
∑

j∈Z

∑

q>0

min[b(j)
q , max

t>2m
b
(j)
t ]
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ontinuous fun
tionsand the se
ond term tends to 0 as n → ∞ sin
e
n
∑

j∈Z

∑

q>2m

P (b
(j)
q−2mZ(j)

q > n) 6
∑

j∈Z

∑

q>0

b(j)
q < ∞and

P (Dm,n) =
1

n

∑

j∈Z

∑

q>m

max
q6t6q−2m+rn

b
(j)
t 6

mn

n

∑

j∈Z

∑

q>0

b(j)
q → 0.Consequently

lim sup
n→∞

nP (An ∩ Dm,n) 6
∑

j∈Z

∑

p∈Z

min[b(j)
p , max

t>2m
b
(j)
t ].Sin
e An and Cm,n are independent,

P (∃t ∈ {2m, . . . , rn} : ‖Xt‖ > n | ‖X0‖ > n)

= P (Cm,n ∪ Dm,n | An)

=
P ([Cm,n ∪ Dm,n] ∩ Am,n)

P (An)

6
P ([Cm,n ∩ An] ∪ [Dm,n ∩ An]})

P (An)

6 P (Cm,n) +
P (Dm,n ∩ An)

P (An)so that
lim sup

n→∞
P (∃t ∈ {2m, . . . , rn} : ‖Xt‖ > n | ‖X0‖ > n)

6
1

∑

j∈Z

∑

p>0

b(j)
p




∑

j∈Z

∑

p∈Z

min[b(j)
p , max

t>2m
b
(j)
t ]



whi
h tends to 0 if m → ∞.Proof of Theorem 5.2.5 (page 126). Again set p = t − i to have
Xt = sup

j∈Z

sup
p6t

a
(j)
t−pZ

(j)
p .
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tion 5.2 153For large t > 0, we will prove that we 
an approa
h Xt by
X

(+)
t = sup

j∈Z

sup
16p6t

a
(j)
t−pZ

(j)
pin the sense of

lim
m→+∞

P (∀t > m : X
(+)
t = Xt) = 1.Then the 
on
lusion will follow from the fa
t that the pro
esses (X

(+)
t )t>1and (Xt)t6−1 are independent.As the Borel σ-�eld on C([0, 1]q) is generated by the �nite dimen-sional sets, it is su�
ient to 
he
k that the limit is 1 on every subset

{x1, . . . , xk} ⊂ [0, 1]q . Passing to the 
omplementary, 
ompute
pm := P (∃t > m,∃1 6 i 6 k : X

(+)
t (xi) < Xt(xi))

= P (∃t > m,∃1 6 i 6 k : sup
j∈Z

sup
16p6t

a
(j)
t−p(xi)Z

(j)
p <

supj∈Z supp6t a
(j)
t−p(xi)Z

(j)
p )

= P (∃t > m,∃1 6 i 6 k : sup
j∈Z

sup
16p6t

a
(j)
t−p(xi)Z

(j)
p <

supj∈Z supp60 a
(j)
t−p(xi)Z

(j)
p ).If a, b > 0 and Z1, Z2 are standard unit-Fré
het, as in (5.10),

P (aZ1 < bZ2) =
1

1 + a
b

<
b

aso that
pm 6

∑

t>m

k∑

i=1

∑

j∈Z

∑

p60 a
(j)
t−p(xi)

∑

j∈Z

∑

16p6t a
(j)
t−p(xi)

=:
∑

t>m

k∑

i=1

Nt(xi)

Dt(xi)
.A

ording to (5.2), Dt(x) uniformly 
onverges to a 
ontinuous fun
tion

D(x) as t → ∞. Without loss of generality, we 
an assume that D(t) ≡ 1.Write Dt(x) = 1 − εt(x) with ‖εt‖∞ → 0 as t → ∞. Consequently,
1

Dt(x)
= 1 +

εt(x)

Dt(x)
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ontinuous fun
tionshen
e
pm 6

∑

t>m

k∑

i=1

Nt(xi) +
∑

t>m

k∑

i=1

Nt(xi)
εt(xi)

Dt(xi)
.Next, use the fa
t that for every η > 0, there exists mη su
h that forevery t > mη and every 1 6 i 6 k

0 6
εt(xi)

Dt(xi)
6 ηto see that

∑

t>m

k∑

i=1

Nt(xi)
εt(xi)

Dt(xi)

∑

t>m

k∑

i=1

Nt(xi)

= o(1)and so obtain
pm 6 (1 + o(1))

∑

t>m

k∑

i=1

∑

j∈Z

∑

p60

a
(j)
t−p(xi).Sin
e

∑

t>m

k∑

i=1

∑

j∈Z

∑

p60

a
(j)
t−p(xi) =

∑

k>m

k∑

i=1

∑

j∈Z

(k − m + 1)a
(j)
k (xi),thanks to (5.3) we have that pm vanishes as m → ∞, whi
h proves theresult.Proof of Proposition 5.2.6 (page 127). Sin
e

‖Xt‖∞ = ‖ sup
j∈Z

sup
i>0

a
(j)
i Z

(j)
t−i‖∞ = sup

j∈Z

sup
i>0

‖a
(j)
i ‖∞Z

(j)
t−iit su�
es to trans
ribe the formula for a M3 from Smith and Weissman(1996).



Further work
Besides the linear pro
esses in fun
tion spa
es with heavy tailed innova-tions of Chapter 4, CM3 pro
esses of Chapter 5 are a se
ond example ofjointly regularly varying time series in fun
tion spa
es. Linear pro
essesare aimed at modelling time series when the innovations are heavy tailed,whereas CM3 pro
esses appear after a standardization of the marginsinto unit-Fré
het. While linear pro
esses are models for the observationsthemselves, CM3 pro
esses are models for the spatio-temporal depen-den
e stru
ture between extremes. Both tra
ks 
ould be deepened.About linear pro
esses, the next step 
ould be to derive the spe
tralpro
ess of the AR(1) model Xt = K ∗ Xt−1 + εt, ie.

Xt(x) =

∫

K(x − y)Xt−1(y)dy + εt(x),given the knowledge of the 
onvolution kernel K. This is to be dis
ussedin an appropriate normed fun
tion spa
e. The problem of �tting su
h akernel K̂ belongs to the 
ategory of de
onvolution problems and is a topi
of 
urrent resear
h. The model above 
ould be applied for instan
e tothe trivariate spatio-temporal pollution dataset with information aboutthe CO, NO and NO2 levels in the state of California, whi
h has beenused for instan
e in Genton and Apanasovi
h (2010). Extremes of fun
-tional linear pro
esses may yields important pie
es of information forthis phenomenon.Further studies about CM3 pro
esses 
ould be to determine whetheror not the approximation theorems for M3 pro
esses (Deheuvels 1983)and for M4 pro
esses (Smith and Weissman 1996) also hold for CM3, that



156 Further worksis to say if max-stable pro
esses in fun
tion spa
es, after having removedthe deterministi
 
omponents, 
an be arbitrary 
losely approa
hed bya CM3. From these papers also arises the question of a generalizationof the multivariate extremal index. Sin
e su
h an obje
t be
omes hardto �gure out in fun
tion spa
es, the right way to pro
eed might be torepla
e the extremal index by the spe
tral pro
ess. The expression ofthe spe
tral pro
ess of a CM3 pro
ess is known. If a CM3 models wellthe extremal behavior of the data, its spe
tral pro
ess should be 
loseto the one of the original series. A measure of this distan
e 
an beintrodu
ed and the 
onditions under whi
h the �true� spe
tral pro
ess
an be approa
hed in this way should be investigated.Finally, a third proje
t 
ould be to derive a nonparametri
 estimatorof the spe
tral pro
ess, whose importan
e has been des
ribed in Chap-ter 2. A

ording to Chapter 5, CM3 pro
esses provide a simple way toapproa
h the spe
tral pro
ess in distribution. A way to skip the CM3pro
esses 
ould be to use estimators for the spe
tral measure in met-ri
 spa
es, for instan
e developed in Liu (2009). As we have seen inChapter 2, the existen
e of a spe
tral pro
ess (joint regular variation)is equivalent to the existen
e of a sequen
e of exponent measures or asequen
e of spe
tral measures. Estimating these spe
tral measures thenleads to an estimation of the spe
tral pro
ess.
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