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Chapter

Global introduction

1.1 Quick overview

The goal of this thesis is to treat the temporal tail dependence and the
cross-sectional tail dependence of heavy tailed functional processes. The
word “tail” refers to the extreme values that the process can have, the tail
of a positive random variable originally indicating the right-hand part of
its probability distribution, for large values. A heavy tail (or fat tail) can
be considered by the reader to that degree as a polynomially decreasing
distribution of large values whereas, for the well-known normal distribu-
tion, it is exponentially decreasing. For a normal distribution, a value
equal to its expected value plus three times its standard deviation can
already be considered as extreme. For heavy tailed models the extreme
values taken into account can be much larger.

Spatio-temporal phenomena are for instance rain, temperature, pol-
lution, rays coming from the sun. This incorporates everything that
can be viewed as satellite pictures, with temporally dependent observa-
tions. More difficult phenomena to apprehend are for instance the sea
level along a dike or the windspeed along the faces of a building etc.
Physicists model spatial phenomena by functions. Adding a stochastic
component brings us to consider random functions. A time series of such
objects is called a functional time series or a functional process. The ad-
vantage of treating spatial phenomena as random functions, as opposed
to random vectors, is not to lose information. When designing a dike,
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one is interested in the fact that the water level does not exceed the top
of the dike anywhere, not only at some measurement points. Concerning
pollution in the atmosphere, we are interest in the fact that in a city the
concentration level does not exceed a dangerous threshold anywhere and
not only at the measurement stations.

The general motivation to model the extremal behavior of spatio-
temporal phenomena, is simple to apprehend. The occurrence of weather
related extreme events, such as precipitation, floods, storms, heat waves
has an impact for instance on the capital of insurance companies. The
companies should take into account these events in a healthy risk man-
agement. Further examples of spatio-temporal phenomena are the wave
height at sea affecting the design of dikes, oil platforms or ships. Other
studies could be image analysis with pattern recognition, analysis of
medical data, applications in material science etc.

Thinking of the concentration of a polluting gas as a spatial phe-
nomenon, for instance CO, NO or NOs levels, an idea of what could be
a temporal model involving functions is

X, (x) = / K(x - y) X1 (y)dy + (@), (L.1)

where K is a kernel representing what becomes at time ¢ 4+ 1 a particle
of pollution deposited at the origin at time ¢ and ¢; is the new amount
of pollution added at time ¢. In other terms, the pollution level today
at location z is the average pollution in a neighborhood of = the day
before plus the new contribution of the day. In this model there is a
dependence in space and over time. If there is a high value somewhere,
it is likely to have simultaneously a high value somewhere else. If there is
a peak of pollution today, it can persists for some days and it may have
been caused by a peak of pollution during the previous days. When the
innovations &; are heavy tailed, Equation (1.1) is a particular instance
of functional process for which the theory of this thesis is worked out.
The temporal tail dependence answers the question “If I have an ex-
treme value today, what can I know about the probability to have an ex-
treme value tomorrow”. Because of the temporal dependence extremes
may appear in temporal clusters for instance. One of the goals is to
study these clusters and to provide models for this dependence. The
cross-sectional tail dependence answers the question “If I have an ex-
treme value at some location, what can I know about the probability
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to have an extreme value somewhere else”, the source of a particular
extreme event possibly affecting different locations.

The main tools introduced in this thesis for a heavy tailed functional
time series are its tail process and its spectral process. They are both
unifying objects capturing all the aspects of the probabilistic distribu-
tion of extreme values over time and over space. They will be defined
as the conditional distribution to have an extreme value yesterday, to-
day, tomorrow etc at every location given that there is an extreme value
somewhere today. The difference between the tail process and the spec-
tral process is the way of rescaling. The tail process includes an intensity
factor, while the spectral process only indicates the directions where the
extremes probably lie today, in the future and in the past, given that
there is an extreme value today. By construction, the knowledge of the
tail process or spectral process enables researchers and practitioners to
know the probabilistic distribution of the spatio-temporal dependence
between extremes.

In this thesis, the development of the tail and spectral process for
heavy tailed functional time series is followed by three theoretical appli-
cations.

The first application is a characterization in terms of the tail and
spectral processes only of a variety of indices and objects describing the
extremal behavior of the series: the extremal index, tail dependence
coefficients, the extremogram and the point process of extremes.

Another important limit object to which this theory applies is the
point process of extremes. It counts the number of extremes in a given
spatial area. The temporal dependence causes extremes to appear in
clusters and changes the nature of the limit process from Poisson in the
independent case to compound Poisson in the stationary case.

The second application is the computation of an explicit expression
of the tail and spectral processes for heavy tailed linear functional time
series. Equation (1.1) is a model of first order autoregressive functional
time series.

The third and last application is the introduction and the study of a
model for the spatio-temporal dependence called maxima of moving maz-
1mma of continuous functions, in short CM3. Some theoretical properties
of this process are derived: the expression of its spectral process and the
conditions under which CM3 processes satisfy the finite-cluster property
and the strong mixing property. The last part of this study consists of an
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estimation methodology for CM3 processes, with extensive Monte Carlo
simulations.

The contributions of this thesis will be described in detail in the be-
gining of each chapter. To run over them here in a few words, the tail
and spectral processes of a time series of random functions (infinite di-
mensional objects) are adaptations of these concepts that already existed
for random vectors (finite dimensional objects). This adaptation has re-
quired different mathematical proofs. It should be mentioned that the
structure developed here to tackle the problem in infinite dimensional
spaces sheds new light even on the finite dimensional case. Afterward,
the study of linear functional processes with heavy tailed innovations
is new, with an expression of their spectral processes and the related
steps to obtain these results. Finally, although CM3 processes gener-
alize their finite dimensional equivalent, the properties and estimation
methods derived here are new even in the finite dimensional case.

1.2 Pareto tails, regular variation

The construction leading to the concept of heavy tails is the following.
Let Y be a random variable such that P(Y > y) = 1/y“, y > 1. Such
a distribution is called Pareto(«). The parameter o > 0 controls the
density of high values: the closer to 0 it is, the likelier Y is to have large
values or the heavier is its tail. If o belongs to (0, 2] then the variance of
Y does not exist. If furthermore « lies in (0, 1] then the expected value
of Y does not exist either. The concepts of first and second moments
can thus not be assumed to exist with models that have heavy tails.

Pareto random variables are aimed at modeling the tail of a distribu-
tion. It is rare to be able to directly model a phenomenon with a Pareto
random variable. To have an “heavy tail” only the tail of the model
should be Pareto-distributed. Concretely, the general idea illustrated on
a sample x1,...,x, of n ordered values is the following. We look at the
k largest values x,,_gi1,...,Zn, which form the upper part of the sam-
ple. We divide them by the threshold x,_j to get a normalized sample
Y1 = Tp—kt1/Tn—ky- -+, Yk ‘= Tn/Tn_k located above the value 1. Tt
is this sample that we assume to be distributed as a Pareto(«) random
variable.

This reasoning leads us to consider a wider class than the Pareto(a)
distributions called the regularly varying distributions. The threshold
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ZTn_x above is replaced in theoretical settings by a value x and the prob-
lem to split the sample in two at a thresholding value is replaced by a
limit as £ — oco. Given a positive random variable X we say that the
distribution of X is regularly varying if there exists o > 0, called the
index of regular variation, such that

a(i
x

where £(X|A) indicates the conditional law of X given the event A. This
convergence in distribution can be rewritten here, for every y > 1,

X > x> 4 Pareto(a), xr — 00, (1.2)

X
P<—>y X>x>—>y_°‘, T — 00. (1.3)
x
The function f(z) := P(X > x) can thus still be z7% = > 1, but may
also be another function (starting from 1 and decreasing towards 0) that
has the same kind of behavior at infinity as 2~¢; (1.3) is equivalent to

flzy) _ s >0,

5w Y
This family of course includes the Pareto random variables but also, for
instance, the Student, Fréchet and Cauchy random variables. For all
those distributions, the properties of existence of expected value and
variance — that only depend on the tail of the distribution — stay the
same as in the Pareto case with respect to «.

1.3 Motivation chapter by chapter

Chapter 2 mainly has two goals. The first one is to extend the theory
of regular variation to more general objects than random variables, such
as random functions or random sequences for instance for particular
applications. The general ambient space will be a Banach space (B, ||-||),
that is, the set B equipped with the norm || - || is a complete vector
space. Banach spaces provide a unique structure to host all these infinite
dimensional objects as well as the finite dimensional ones. The second
goal of Chapter 2 is to take into account in the modelization of extremes
the temporal dependence that might exist by, introducing the concept
of joint regular variation.
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One more assumption that will be required is the separability of the
Banach space B, mainly for technical reasons. For instance, the Banach
space of the continuous functions defined on a compact domain of R”
with the sup-norm is separable but, when the functions are defined on
the whole space R™ and are assumed bounded, it is not.

To build a model for a heavy tailed random element X in a separable
Banach space B, (1.2) can be replaced by

c (% ' x| > x) L), oz oo (1.4)

where Y is a random element in B with ||Y| ~ Pareto(«). This is
equivalent to require that

X d
E(—‘ X >x>—>)\, T — 00, 1.5
| 1 (1)

where A is a probability measure on the unit sphere, called the spectral
measure of X, indicating the propensity to observe extreme values in the
different directions.

Thanks to this construction all available information about cross-
sectional tail dependence is contained in the distribution of Y or in the
measure A. For instance, for a regularly varying random continuous
function X, if there is an extreme value X(a) at point a what can I
know about the probability distribution of the value X (b) of the field
at point b? Let || X| be the sup-norm of X. For y > 0 the following
computation follows from (1.4) only and reflects a basic argument of this
thesis. One readily checks that P(Y(a) =y) =0 and P(Y(b) =1) =0
thanks to homogeneity property of Proposition 2.2.2. By definition of
the sup-norm, X (b) > = implies || X|| > z, so that

leIEOP(X(a)/x >y | X(b) >x)
B P(X(a)/z >y, X()/x > 1)
T—00 P(X(®)/z>1)
P (X (a) /2, X(0)/) € (3, +00) x (1, +00) | [IX]| > 2)
_ P(Y(a) >y, Y(b)>1)
N P(Y(b) > 1)

=P(Y(a)>y| Y(b)>1).
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To model the temporal dependence of a series (X;)i ez, the first as-
sumption made here is the stationarity of the series: the law of the joint
vector (X;_p, ..., X¢) is the same for any ending time position ¢ and any
length h in the past. The concept of joint regular variation (over time)
is then characterized by the existence of the tail and spectral processes
of the original series. To take into account the temporal dependence
n (1.4), the existence of Y with ||Y|| ~ Pareto(«) is replaced by the
existence of a process (Y}),c; with [|Yp|| ~ Pareto(a) such that

where the convergence in distribution holds in the proper product space.
The central result of this chapter is that this limit process (Y})ez, called
tail process, necessarily admits a polar decomposition in two indepen-
dent components: on the one hand, a real-valued radial component ||Yo||
whose distribution is Pareto(a); on the other hand, a sequence-valued
component (©;),., defined by ©; = Y;/||Yo ||, called the spectral process.
The spectral process can alternatively be obtained through the limit

(Xt)tez
£ ( %ol

1 Xo]| > g;> L L((®)y), x— o0, (1.7)

with the same rescaling as in (1.5).

As an example, an important characteristic describing the tail depen-
dence in a process is its extremal index 6. Under additional conditions,
it admits the expression

0 = lim lim (‘H}axtHXiH <z | || Xol| > 2)
=1,

t—o0 x—00

P(sup [Yi[| < 1)
i>1

Elsup [|©3]|* — sup [[6;]]°],
i i>1
the last equalities coming from the properties of the spectral process.

To study the extremal dependence over time, a convenient plot play-
ing the same role as the traditional autocorrelation function is the ez-
tremogram

P(IXol > Xl > @)
h):=1
plh) = i = %l > )

= P([Yoll > L [[Ya] > 1),
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whose expression in terms of the tail process is derived from (1.6).
Chapter 3 is devoted to the study of the limit distribution of the
point process

N, = Z; 5Xi/an

where (Xi)ez is a heavy tailed functional time series and a, — oo is a
normalizing sequence such that nP(||Xo|| > an) — 1. It is an accurate
tool to obtain pieces of information about extremes. If n < +oco the
distribution of NV, is the full distribution of the number of values in a
selected spatial area. Passing to the limit as n — oo only leaves the
values that the process can have “above its normal level”, called here
extreme values. If the X; are independent and identically distributed, N,
converges in distribution to a Poisson process whose intensity measure
is a radial, homogeneous extension of the distribution of Y; to the whole
space. In the stationary case, temporal dependence causes extremes to
appear in clusters. These clusters change the nature of the limit of N,
from Poisson to compound Poisson, the extremal index playing a major
role in its distribution.

The theory of joint regular variation is applied to two particular
models in this thesis. Chapter 4 deals with functional linear processes
and Chapter 5 with maxima of moving maxima of continuous functions,
that can be thought of as “max-linear” processes.

Particular linear processes are the well-known autoregressive moving
average ARMA (p,q) time series

p q
X = Z YiXi—i +e¢+ Z Oict—i
i=1 i=1

where ¢; is the innovation of the process at time ¢ (which is not assumed
to be normally distributed here). For instance, if X; is the level of
a polluting gas at day t in the atmosphere, the quantities X; and &,
can be real numbers for the total pollution, vectors of dimension k for
the pollution level at & measurement stations or functions to model the
pollution level everywhere on a given area. By developing the expression
of X;_; in the formula, every ARMA (p,q) process can be seen as a moving
average with infinitely many dependence coefficients:

o0
Xt =¢ + Z%ﬁtﬂ'-
i=1



1.3 Motivation chapter by chapter 15

In sets of vectors or functions the multiplication ~;e¢_; can be replaced
by another linear operation T;(e;—;). These are the reasons to study
linear processes which consist of the family of processes admitting the
representation

o)
Xt = Z Tl-(st,i).
1=0

For instance the model (1.1) for the pollution over a city admits such a
representation with Tj(z) = K * x, the convolution between the kernel
K and the field x, and T; = T} if i # 1.

In standard functional data analysis the innovations e; of linear pro-
cesses are assumed to follow a Gaussian distribution. Here the normality
of the innovations is replaced by a regularly varying law satisfying (1.4).
The main result of Chapter 4 is an explicit expression of the spectral pro-
cess of a linear process given the spectral measure of the innovations and
the linear maps 7;. As a consequence, it yields for example an expression
of the extremal index.

In Chapter 5 the processes of interest are maxima of moving maxima
of continuous functions, in short CM3. If al(-j ) (i € Zy, j € Z) are strictly
positive, real, continuous functions defined on a compact K C R? such

that ‘

ZZCLZ@@) =1,

JEZ i20
a CM3 process is

Xi(x) = supsup al(-]) (ﬂ:)Zt(i)l
JEZ 20

where the innovations Zi(J ) are independent and identically distributed
unit-Fréchet random variables. Replacing the double supremum by a
sum would give the structure of a linear process with the multiplication
as operator; this explains why these processes can be qualified as maz-
linear.

The fact that, given real numbers & > 0 such that & + & + ... =1,
the distribution of max(§121,£222,...) stays unit-Fréchet implies that
X, still has unit-Fréchet margins. But the transformation from (Z;)cz to
(Xt)tez induces a dependence structure over time and in space. Extremes
appear in temporal clusters and, at time ¢, a large value for X} at location
x causes large values at other locations. CM3 processes appear after a
standardization of the margins of the process of interest into unit-Fréchet.
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As it will be explained, CM3 processes are able to model a wide range
of spatio-temporal dependence structures between extreme values.

The first part of Chapter 5 is a study of the general properties of CM3
processes, among which an expression of its spectral process is given in
function of the parameter functions. It has a particularly simple form in
terms of a discrete random variable. The second objective is to fit CM3
processes to samples with measurement errors. For that purpose several
empirical methods to estimate the parameter functions are compared
and suggested.



Chapter

Regularly varying time series in
Banach spaces

Based on Meinguet and Segers (2010).

Abstract. When a spatial process is recorded over time and the observation
at a given time instant is viewed as a point in a function space, the result is
a time series taking values in a Banach space. To study the spatio-temporal
extremal dynamics of such a time series, the latter is assumed to be jointly
regularly varying. This assumption is shown to be equivalent to convergence
in distribution of the rescaled time series conditionally on the event that at a
given moment in time it is far away from the origin. Depending on the way
of rescaling the limit is called the tail process or the spectral process. These
processes provide convenient starting points to study, for instance, joint survival
functions, tail dependence coefficients, extremograms, and extremal indices.

2.1 Introduction

A powerful way to model spatio-temporal phenomena is by means of
time series of functional observations. For risk management purposes,
the interest is often in the extremes of such processes; examples from the
literature include sea levels along dikes in the Netherlands (de Haan and
Lin 2001), windspeeds along the faces of a building (Davis and Mikosch
2008), and precipitation in the state of Colorado (Cooley, Nychka, and
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Naveau 2007). In such cases, second moments cannot be assumed to
exist, violating the basic assumption in standard functional data analysis
based on the sequence of autocovariance operators (Bosq 2000, Pumo
1998).

While originally defined for univariate functions and random vari-
ables, the concept of regular variation has by now been defined and
studied in quite abstract settings, including the one of stochastic pro-
cesses (Giné, Hahn, and Vatan 1990, Hult and Lindskog 2005; 2006).
As for random variables, regular variation provides the mathematical
backbone for a coherent theory of extreme values. By considering our
functional observations as points in a suitable function space, we are
led to consider regularly varying time series taking values in separable
Banach spaces.

The natural goal is to study the cross-sectional and the temporal de-
pendence between extremes of time series of functional observations. In
Section 2.3 the tail and spectral processes are developed. They are uni-
fying objects containing all available information about this dependence
structure. Precise examples will be given in Chapter 4 with heavy tailed
linear time series and in Chapter 5 with maxima of moving maxima of
continuous functions.

As in the finite-dimensional case in Basrak and Segers (2008), the
joint regular variation is shown to be equivalent to the existence of the
limit in distribution of the rescaled process

(Xt/x)1ez conditionally on || Xo|| > z as x — o0

in the proper product space. This is Theorem 2.3.2. The limit in distri-
bution, denoted (Y;)¢ez, is the tail process. According to Theorem 2.3.3,
it admits a familiar-looking decomposition into independent radial and
angular components. The radial component is fully determined by the
index of regular variation of || Xy||, while the angular component, called
the spectral process, effectively captures all aspects of extremal depen-
dence: extremal indices, limits in distribution of the cluster process and
the point processes of extremes etc. The spectral process (©;).ez is given
by the limit in distribution

(X:/||Xo||)tez conditionally on || Xo|| > = as x — oo.

Moreover the tail and spectral processes are uniquely determined by their
future, the forward tail process (Yi)i>o0 and the forward spectral process
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(©4)t>0. Theorem 2.3.6 is the time change formula, a property that
describes how the distribution of the members of (©;)cz changes over
time. Theorem 2.3.4 gives the distribution of the spectral process after
a linear transformation between two Banach spaces.

Section 2.4 deals with the relationship between the tail and spectral
processes and the features describing the extremal behavior of (Xi);ez.
The exponent and spectral measures, the coefficient of tail dependence,
the extremal index of the univariate time series (|| X¢||)iez and the ex-
tremogram are given in terms of (Y;)icz or (Oy)iez only. The advantage
in comparison with their usual expressions is that a limit is skipped each
time here, making the computations of these quantities easier. Exam-
ple 2.3.5 illustrates this idea for GARCH(1,1) processes.

2.2 Regular variation

To begin with, we give a quick explanation about why we need com-
pleteness and separability assumptions in a theory of regular variation.
They are indispensable for a couple of technical matters: they make
Prohorov’s theorem a biimplication, so that tightness is equivalent to
weak convergence (Billingsley 1999); they make complete and separa-
ble the sets of measures to express vague convergence (Resnick 2008)
or My-convergence (Hult and Lindskog 2006); they imply Kolmogorov’s
Extension theorem that guarantees that a suitably “consistent” collection
of finite-dimensional distributions defines a stochastic process (Pollard
2002); and they allow to replace weak convergence by pointwise con-
vergence of the Laplace transforms (Resnick 2007). Completeness and
separability are always assumed to deal with random objects admitting
regularly varying distributions. All the results cited here will be key
steps in the proofs of the main assertions of this chapter.

On the contrary a classical assumption dropped here is the local
compactness of the state space. Local compactness is a technical way
to obtain limits, available if and only if the results of the experiment
lie in a finite dimensional space. Since the goal of this thesis precisely
is to consider function spaces and sequence spaces we cannot impose
this hypothesis here. Some results previously obtained in extreme value
theory without this assumption lie for instance in de Haan and Lin (2001)
and de Haan and Ferreira (2006) for continuous functions. Here we
consider a separable Banach space as ambient space. The results will be
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true for random functions on a compact subset of R with the metric of
uniform convergence, for random sequences with a suitable norm and of
course in every finite dimensional normed vector space.

The first building block for a theory of regularly varying random el-
ements in separable Banach spaces is the property of regular variation
of deterministic functions (Bingham, Goldie, and Teugels 1987). A mea-
surable function f : [a,00) — Ry is regularly varying if, for all y > 0,
flxy)/f(z) — g(y) > 0 as x — oo. In this case g(y) = y for some
«a € R and we write f € RV,. The extension to a positive random vari-
able X is done by requiring the function P(X > -) to be in RV_, for
some a > 0.

The fundamental relationship between regular variation and extreme
value theory is that a random variable X lies in the domain of attraction
of a Fréchet(«) distribution if and only if P(X > -) is regularly varying
with index —a. According to the definition of Fisher and Tippett (1928)
and Gnedenko (1943), there are only three types of possible extreme
values distributions: Fréchet, Gumbel and Weibull. Regularly varying
random variables form thus the entire domain of attraction of the Fréchet
extreme value distribution. No other distribution can be qualified as
“heavy tailed”. This is the reason why we only focus here on the regularly
varying random objects, as in Davis and Hsing (1995) and in Davis and
Mikosch (2008) for instance.

Regular variation of probability measures on Euclidean space is usu-
ally defined in terms of vague convergence of a sequence of Radon mea-
sures, defined on Euclidean space compactified at infinity and punctured
at the origin (Resnick 2007). Since B is not assumed to be locally com-
pact, such an approach does not work here. A possible way out is to re-
place vague convergence by w-convergence described in Daley and Vere-
Jones (1988). This, however, requires changing the metric on B and
completing it at infinity (de Haan and Ferreira 2006, Davis and Mikosch
2008). These somewhat artificial steps are not needed in the equivalent
approach of Hult and Lindskog (2006), which we follow here.

To define regular variation in a separable Banach space B we follow
the approach of Hult and Lindskog (2006). For this purpose, set

CB) = {f:B—R| fiscontinuous},
Cy(B) := {feC| fisbounded},
Coa(B) = {f €Cp| f vanishes on an open disk containing 0}



2.2 Regular variation 21

and, if X is a topological space and By its Borel o-field, i.e. the o-field
generated by the open sets of X,

My(X) = {pisameasure on Bx | u(X) < +o0},
Mo(B) = {pe Mp(B\{0}) [ vr >0, p([llz]| > r]) < +oo}.

Recall that p, — p with u, and p in My(B) if and only if, for every
[ €C, [ fdun, — [ fdu (weak convergence, see for instance Billingsley
(1999)). Similarly, g, — p for p, and p in My(B) holds if, for every
[ €Ca, [ fdpn — [ fdu. The topology on My induced by this conver-
gence is metrizable and makes My a complete and separable metric space.
There are versions in My of the Portmanteau Lemma, Prohorov’s theo-
rem and the Continuous mapping theorem. If B is locally compact, for
the multivariate theory, Mjy-convergence reduces to vague convergence
(Hult and Lindskog 2006).
We can now give the definition of a regularly varying element in B.

Definition 2.2.1. A random element X in B is regularly varying with
index a > 0 if there exists p € Mo(B) and V(x) € RV_, with p# 0 and

P(Xex-) mp
V) — u() as v — 0o. (2.1)

The measure p is called the exponent measure of X.

The name “exponent measure” for the limit measure p in Banach
spaces is set up to continue the tradition of its analogue in the multivari-
ate case and the functional case (de Haan and Ferreira 2006, Section 9.3).

To derive first properties of the exponent measure, let cl A indicates
the closure of A C B, int A its interior and 0A = cl A\ int A its boundary.

Proposition 2.2.2. The measure pu in (2.1) has the homogeneity prop-
erty

w(yA) =y~ *u(A), (2.2)

for every y > 0 and A € Bp such that 0 ¢ cl A. Furthermore, for every
r > 0, we have

w(0B(0,7)) = 0. (2.3)
In particular p has no atoms.

Proof. See page 39. U
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A consequence of Definition 2.2.1 and Proposition 2.2.2 is that u is
unique up to a multiplicative constant depending on the choice of V' (z).

Definition 2.2.1 is equivalent to require that X has a spectral measure
in following sense. Write S = {x € B : ||z| = 1}.

Proposition 2.2.3. A random element X in B is reqularly varying with
index o > 0 if and only if there exists a probability measure X on S such
that, for every y > 0,

PX] > zy, X/ X € -) w 1

—A(- as T — 0. (2.4)
PIX[ > ) )
Proof. See page 39. O
Vys
Vy,s S=S -
_._._
-y —-11 ¥
B=R B = R?

Figure 2.1: The set Vg :=={z € B: |z]| >y, z/||z|| € S} in B =R and
B = R2.

The measure A\ is called the spectral (or angular) measure of X.
Initially the existence of a spectral measure was the way to describe
regular variation for random variables. The regular variation is spread
in a balanced way on the two tails. A random variable X : (2, A, P) —
(R, Br) is regularly varying with index a > 0 if there exist two numbers
p 2 0 and ¢ > 0 such that p 4+ ¢ = 1 and, for every y > 0,

P(X|> oy, X >0) p
P
P(X] > 2) ¥

as r — OO

and
P(|X| > zy, X <0) q

4
P(|X]| > z) ye

as r — OQ.
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This is equivalent to the existence of a probability measure A on {—1,+1}
= 0B(0,1) C R such that, for every y > 0,
P(X|>ay X/IX| € uw 1

P(|X]> ) ye

A(-) asz — 0.

The construction in Banach spaces generalizes this idea of a measure of
the unit sphere.
It is obvious from the proof of Proposition 2.2.3 (page 22) that, calling

c:i=p({zeB: |lz[ > 1}),

the spectral measure and the exponent measure are connected through

feeB:lall>baflzle D) 0 e = <),

c y*

A(‘):u(

where, given S € Sand y > 0, Vy 5 := {x € B: ||z| >y, z/|z| € S}.
In other words, as the sets V, ¢ form a m-system generating Bpg,, if
hyp indicates the pushforward of the measure p by the map h, that
is hyu(A) = pu(h=1(A)), we have

Tup=clveN) (2.5)
with the polar decomposition
T:Bo— (0,400) xSz ([, z/[|2[)
and dv(r) = d(—r~%) (i.e. v((r,00)) = r=®) for » > 0. Thanks to the

identity [(foh)du = [ fd(hyp) applied with h = T~!, (2.5) becomes

/ fdu =c /S /0 T 0)d(—r)dN(0) (2.6)

for every p-integrable f : By — R.

Remark 2.2.4. Proposition 2.2.3 implies that V(z) = P(|| X|| > z) is
regularly varying with index —a hence this choice suits for (2.1). An
immediate result is that in this case ¢ = 1 in (2.6).

There also is a common characterization of regular variation in terms
of a normalizing sequence (ay),,cy that holds here.
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Proposition 2.2.5. A random element X in a separable Banach space
1s regularly varying with index o > 0 if there exists a probability measure
A on S and a sequence (an), oy such that a, — oo and, for every u > 0,

nP (X > yan, X/| X|| € -) yiax(-) ifn—oo.  (27)

Proof. See page 43. O

If one of these definitions is fulfilled, it follows that the sequence
(@n)pen, the function f(z) := P(||X|| > z) and, for S € S such that
A(S) # 0, the function g(z) := P (|| X|| > =, X/||X]|| € S) are regularly
varying with index —a.

For a characterization of regular variation with a normalizing se-
quence in terms of the convergence in My, the index of regular variation
needs to be specified for instance as follows.

Proposition 2.2.6. A random element X in a separable Banach space
1s reqularly varying with index o > 0 if there exists a measure u € M
and a reqularly varying sequence (ay,),cy with index 1/a such that

nP <£ S ) Mo, () asn— o (2.8)

an
Proof. See page 44. O

Note that if « is not specified is Definition 2.2.6 but if (2.8) holds
for some sequence (ay,),cy of positive numbers, it implies that (ay,)
is regularly varying.

neN

2.3 Joint regular variation

Joint regular variation is a model for heavy tailed temporal dependent
phenomena under the assumption of stationarity. This model essen-
tially characterized by the tail process and the spectral process of the
series. It was originally introduced for multivariate time series in Basrak
and Segers (2008). The advantage to carry over this theory to sep-
arable Banach spaces is to possess a tool to study the cross-sectional
tail dependence and the temporal tail dependence in series of functional
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observations. Functional data analysis has been recently developed in-
volving the autocovariance operators as main tool, see for instance Allam
and Mourid (2002), Antoniadisa and Sapatinas (2003), Bosq (1996), Mas
(2002; 2007), Mas and Menneteau (2003), Mas and Pumo (2007), Pumo
(1998). For heavy tailed phenomena the first and second moments can-
not be assumed to exist.

In this section we first explain how the tail process is obtained, with
the property that is future is uniquely determined by its past, and con-
versely. Then we give examples in simple cases, for an independent and
a fully dependent time series. Next we derive the time change formula,
a relation describing how the distribution of the tail and the spectral
process changes over time. The time change formula is a property of
the tail and spectral processes yielded by the stationarity of the initial
process. The last result of this chapter is an expression what becomes
the spectral process of a series after a linear transformation to another
Banach space. It will be useful in Chapter 4 to apply this theory to
functional linear time series.

A time series (X¢)tez with values in a Banach space B is said here to
be stationary if it is stationary in the strong sense, that is if

L(Xy s Xepn) = £(Xo, ., Xp)

for any time position ¢ and any length h.

To treat the joint regular variation of a stationary time series (X;)¢ez
with values in B, we need to operate with the k-fold Cartesian product
B* as a Banach space itself. For making B itself a separable Banach
space, we endow B* with the max-norm

[, an) || = max({l ], . [lg]])- (2.9)

Definition 2.3.1. A stationary process (Xi),cy in a separable Banach
space B is jointly regularly varying with index o > 0 if, for every k > 1,
the joint random element (X1, ..., X},) with values in B* endowed with
the maz-norm s regularly varying with index o > 0.

If (Xt),cp is jointly regularly varying, there is thus a sequence of
exponent measures py characterized by

P((Xl,...,Xk)GIL") My
(@) Tl wames (210
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where Vi, € RV_,. As in the previous section, we may require that
Vi(x) = Ug(z) where Ug(x) := P(||(X1,...,Xg)|| > ) to obtain ¢ :=
pr({z € B* : ||z|| > 1}) = 1 for every k. The choice Vi (z) = W(x)
where W (x) := P(||X1]| > z) so that these functions do not depend on
k is also possible. Indeed, on the one hand, by (2.9),

W(z) = P(|X1] > =)
< P(|Xi]| >z or ... or | Xg|| > x)
= Up(x)
< P(IXill > @) + ...+ P(IXell > @)
= kW(x),
which implies 1 < (‘%mi < k. On the other hand, by (2.1),
T

im W)
z—o0 Uy ()

So, with Vi (z) = W(x) in (2.10), we have 1/k < ¢; < 1.

To that degree the joint regular variation of a stationary process is
characterized by a sequence of exponent or spectral measures, each of
them in a different vector space. A natural goal is thus to obtain a more
tractable condition. The spectral process answer this question as a unique
object containing the whole spatio-temporal distribution of extremes of
the original process.

The first step towards the spectral process is the equivalence between
the joint regular variation and the existence of a tail process or, alterna-
tively, a forward tail process.

= pr([lza] > 1)

Theorem 2.3.2 (Tail process). Let (X¢),c; be a stationary process in a
separable Banach space B. The following are equivalent:

(i) (Xt),eq is jointly regularly varying with index o > 0.

(i) There exists a process (Yy,),cy n B, called forward tail process,
with P(||Yol| > y) =y~ fory > 1 and, as x — oo,

L((Xnfa)pers | 100l = 2) L £ (Vi) per) -

(iii) There ewists a process (Yi),c; in B, called tail process, with
P(|Yoll > y) =y~ fory > 1 and, as x — oo,

L((Xe/)yez, | 1Xoll = 2) 5 £((Vi)yez) -
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Proof. See page 44. O

The convergences in distribution hold in the proper product spaces
BY and B? respectively which is the convergence in distribution of all
finite stretches made with components of the original random sequence.

The tail process admits a decomposition into two components. A
radial part ¥ materializes the index of regular variation as a Pareto(«)
variable. The resulting angular component (), is the spectral process
and then captures all the others features of the joint regular variation.
Furthermore the random elements Y and (6y),.,, are independent of each
other.

Theorem 2.3.3 (Spectral process). Let (X;),c, be a stationary process
in a separable Banach space B. Assume that P(||Xo|| > -) € RV_, for
some a > 0. The following are equivalent:

(i) (Xt),eq is jointly regularly varying with index o > 0.

(ii) There exists a process (On),cy in B, called forward spectral
process, such that, as x — oo,

£ ((Xn/I1Xonen | 1Xoll = 2) L £ ((0n)en) -

(iii) There exists a process (©y),c, in B, called spectral process,such
that, as x — 00,

£ ((Xe/1XolDpez, | 1Xo0ll = 2) L £((O)ez) -

In this case, the tail process (Y),cy of (Xt)iey is given by (Yi),cq 4
(YO4),cy, whereY is independent of (©t),c, and is Pareto(a)-distributed.

Proof. See page 57. O

A couple of remarks are helpful to better understand this spectral
process. First observe that the law of ©¢ is equal to the spectral measure
A. Indeed, the weak convergence of (iii) in Theorem 2.3.3 compounded
with the projection my((z¢)tez) = zo yields (2.4) with y = 1.

The second fact to be mentioned is that an independent and identi-
cally distributed time series (X;),., whose members are regularly varying



28 2 Regularly varying time series in Banach spaces

with index v > 0 and spectral measure X is jointly regularly varying with
tail and spectral processes

X ift=0,

Y; 4 YO, where L(0;) = { 0 ift£0

and Y ~ Pareto(«). This follows from a direct computation.

In the full-dependence case, when all members of (X;),., are equal
to a regularly varying element with index a > 0, the series is jointly
regularly varying, with tail and spectral processes

v,2ve, with ©,=0,

where Y ~ Pareto(a) and £(0g) = A. The spectral process of any time
series lies in between these two “extreme” cases.

The next proposition describes the spectral process after a linear
transformation of the type & = T'(X};) between two separable Banach
spaces. This proposition is designed to be helpful in Chapter 4 about
linear time series.

Proposition 2.3.4 (Linear transformations). Let By and By be two sep-
arable Banach spaces and let T : By — Bo be linear and continuous.
Assume that (Xy)iez is jointly reqularly varying in By with spectral pro-
cess (O )iez. Define the time series (&;)iez in By by & = T(Xy). Then
(&)tez ts jointly regularly varying in Bo with spectral process (@f)tez,
whose low 1s determined by

E[f(@g_sa---v@lf)] . P( T(eX) T(67) > ||T(@X)Ha}
0

~ E[IT(©0)]] 17O T O]
for every f: B;+t+1 — R continuous and bounded.
Proof. See page 58. O

The same result also holds for the forward spectral process. More-
over, setting s = ¢t = 0, this proposition provides a way to compute the
spectral measure of a random element after linear transformation.

An example that formally enlightens many concepts of this chapter is
the GARCH(1,1) process. Specific examples of jointly regularly varying
time series in infinite dimensional Banach spaces are the object of the
next chapters.
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Example 2.3.5. A GARCH(1,1) process (& )tz is a real valued process
solution of the equations

{gt = 014y,
o} = ap+ aréf_| + Broi .
where (Z;)iez is a sequence of iid N(0,1) innovations. These can be

rewritten
o} o1 0G1 0?_1 Qg

—_———— ~ ~
Xt At Xi—1 By

N}

so that they appear as the (multivariate) stochastic recurrence equation
Xi = A Xo 1 + By (2.11)

Under certain conditions (2.11) possesses a regularly varying solution
(Xt)iez, see Basrak et al. (2002), Kesten (1973), Kallenberg (1986). As-
sume that, as © — oo,

d
L(Xo/x | | Xol 2 %) — Yo

Then, conditionally on || Xo|| = =, as z — oo,

Xijz = A(Xo/z) + Bijz LAYy =Y,

X2/$:A2(X1/$)+Bz/$ i A2Y1:Yé,

Xi/x = Ay(Xi—1/x) + Bi/x 4 AY 1 =Y,
Hence the tail process (Y;)iez of (X¢)iez has the property
Y= A;... A2 A1)
and the spectral process (0;)ez of (Xt)iez satisfies
Or = A;... A2A10.

The spectral process of (£2)icz can be recovered using Proposition 2.3.4,
the projection on the first component being a linear map. Further details
and simulations can be found in Basrak and Segers (2008).
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As stated in Theorem 2.3.3, a first property of the joint regular vari-
ation and the spectral process is that they are uniquely determined by
the forward spectral process only. The probabilistic future of the series is
determined by its past and conversely. The time change formula precises
how the distribution of (©;);cz changes over time.

Theorem 2.3.6 (Time change formula). Let s,t € {0,1,2,...} and let
f Bt R integrable with respect to the law of (O _s,...,0;) such
that f(0,...) =0. Then

@0 ®t+s
101" O]

BU©- 0= 1 )1edeite. #0y).

Proof. See page 59. O

A simple case occurs when f only depends on its first component and
verifies f(0) = 0; then

Blr©- =B |1 (1o ) leulrife. # 0}

This gives an expression of the distribution of ©_, in function of the law
of ©g and Oy still valid for s € Z. In particular taking f(x_s) = [|z_s[|*
yields

Ef|©-[*] = P(©s #0), s € Z,

a useful relation.

Note that the time change formula obtained in Basrak and Segers
(2008) in the multivariate case holds for f continuous and the proof here
implies this formula for f integrable as well.

2.4 Tail dependence features

Numerous quantities and objects describing the asymptotic tail behavior
of a jointly regularly time series (X;),., admit an expression involving
the tail process (Y;),cz or the spectral process (©¢),c, only. We will
limit the discussion here to the exponent and spectral measures, the co-
efficients of tail dependence, the extremal indices and the extremograms.

Most of those quantities or objects are originally defined by means
of a double limit. The knowledge of the tail process and the spectral
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process reduces the number of limits in their expressions to one. This
is particularly efficient in the case where the tail process or the spectral
process can be easily computed, as in Example 2.3.5.

Table 2.1 contains the tail quantities considered here and their ex-
pression if the series is jointly regularly varying. The notation pul_ A
indicates the restriction of yu to A.

‘ Object ‘ Reformulation ‘
Exponent measure p of X;
L K L(Yo)
pl ] > 1]
Spectral measure A of X;
L(O0)
A
Exponent measure us,; of (X_s,..., X
P pa.e of ( 2 L(Yos,...,Ys)
o L [loll > 1]
Coefficient of tail dependence P(|Y:]| > 1)
Av = lim P([|Xe[| > 2 [ || Xol| > ) = E[min(]|©]*,1)]
Candidate extremal index 0" = P(S;lll) Vil < 1)
tlggo IILH;O (ifllaxt [Xill <z | [[Xoll > =) | = E[sup ||©:]* — sup||©:]|%]
= i>0 i>1
Extremogram
X X PYo€e AY,€eB
pas(h) = lim nP <a—° € A’a_h € B> (Yo h€B)

Table 2.1: Expressions of the main objects describing the tail behavior
of a stationary series involving the tail and spectral processes only

The coefficients of tail dependence A give the probability to have an
extreme value at time ¢ given that there is an extreme value today. The
extremal index 6 was introduced in Leadbetter (1983). The candidate
extremal index 0 in Table 2.1 is equal to 6 if conditions (C) and (A(ay))
of Section 3.2 hold as explained in Example 3.2.3. Under condition (C),
1/6* is the expected size of clusters of extremes (Section 3.6).

The extremogram was introduced in Davis and Mikosch (2009) as a
correlogram for extreme events through

X X
pa,p(h) = lim nP (—0 €A, Zhoe B) ,

n—0o0 an an

for integer h and for regions A, B at least one of which stays away from
the origin and where a,, is a positive sequence satisfying nP(||Xg| >
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ap) — 1 as n — oo. The result in Table 2.1 is easy to see if A and B
are continuity sets of the distributions of Y and Y}, respectively and if
at least one of them is included in {x € B : ||z| > 1}.

Example 2.4.1. Figure 2.2 shows' two empirical extremograms from
Davis and Mikosch (2009) for a simulated GARCH(1,1) process with
parameters ag = 1.0e %, a3 = 0.92, 5; = 0.07, sample size n = 100, 000
and A = B = (1,00). The empirical extremogram admits the expression

1 Hap! Xy € A ag! Xyn € BY
S Hant Xy € A)

where a,, is a large empirical quantile of the sample. Here a,, was taken
to be equal to x,_j41, for two different values of k.

pap(h) =

extremogram
extremogram

o ol

3 g

- | ‘MH - “H\H
T T

| I
T T
0 10 20 30 40 0 10 20 20 40

lag lag

Figure 2.2: Extremogram of the GARCH(1,1) of Example 2.4.1 with
k = 20 on the left and & = 100 on the right

According to its authors, the extremograms can be used for instance
to detect the behavior of a GARCH(1,1) or an AR(1) process in a dataset.

2.5 Technical tools

2.5.1 Convergence of measures in ),

The reference for the results not proved here is Hult and Lindskog (2006).

'Plots made using Ivor Cribben’s software.
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Let (X, d) is a complete separable metric space, By is its Borel o-field
and xg is a point of X that may be called the origin.

Definition 2.5.1. For z¢p € X, we write Xg = X \ {xo}. The topology
on Xy is the topology of X restricted to X \ {zo} and the Borel o-field
of Xy is BXO = {A € Bx | AC Xo}

Definition 2.5.2. Let

C(X) :={f: X —>R| f is continuous} ,

Co(X) ={f € C(X) | [ is bounded},

Coa(X):={f € C(X) | f is bounded and (3r > 0)B(zg,7)) C f~1({0})}
where b states for “bounded” and d for “disk”. The reference to X may
be omitted if the context is clear.

Definition 2.5.3. Given an origin xq, we call My, My(X) or My(X, zg)
depending on the context, the set of all measures p on Bx, such that
w(Xo \ B(zo,7)) < +00 for every r > 0.

Definition 2.5.4. Let (un),cy € Mo and p € My. We say that (u,)
converges 1 My to u and we write

Mo
HUn — 1

ifffd,un — ffd,u for every f € Cpq.

Definition 2.5.5. For u e My, p\") is defined as the restriction of pu to
Xo \ B(xg, 7).

Theorem 2.5.6. Let (1), cn C Mo and p, € My. Then

1. If Mo, i, then ,ug") 2w in Xo \ B(xg,7) for every v > 0

except possibly for an at most countable number of them.
2. If there exists (1) ey with vy | 0 such that ,ug’“) 2 w8 for every
k in Xo\ B(zo,r), then pny, Mo, 1.
Proposition 2.5.7. Let r > 0. Consider u,v € My. The map
o
i) = [ 7T (1O o)1+ d ()
0

where p") and v") are respectively the restrictions of u and v to Xo '\
B(xg,r) (for which, by definition, the total mass is finite) and d, is the
Prohorov’s distance between the restrictions, is a distance on M.
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Proposition 2.5.8. The distance dyg, metrizes the topology of My-
convergence, 1i.e.

pn 2% 1 if and only if Jim dgy (gt 1) = 0

Theorem 2.5.9. The metric space (Mo, dyr,) is complete and separable.
This follows from the fact that (X, d) is complete and separable.
Theorem 2.5.10 (Portmanteau). Let (pin),cn C Mo and py, € My. The

following condition are equivalent:
Mo
1. pn — i,
2. lim p,(A) = u(A) for every A € Bx with u(0A) = 0 and z¢ ¢
n—oo
clA,

3. limsup pn(X, € C) < uw(X € C) for every closed C € Bx such

that xy ¢ C and liminf pu,(X,, € O) > p(X € O) for every open
O € Bx such that x¢ ¢ O.

From these theorems we derive the characterizations of the relatively
compact parts of Mj.

Theorem 2.5.11. A subset M C My is relatively compact if and only
if there exists a sequence (ry),cy with vy, | O such that for every k € N
the set M(e) = {,u(r’“)m € M} 1s relatively compact for the topology of
weak convergence in X \ B(xo,Tk)-

Prohorov’s theorem yields the following equivalent statement.

Theorem 2.5.12. A subset M C My is relatively compact if and only if
there exists a sequence (Ty),cy with ry | 0 such that for every i € N

sup p(X \ B(wo,r;)) < +00
neM

and, for every n > 0 there exists a compact K; C X \ B(zo,r;) such that

sup u(X \ (B(zo,m) U K;)) < 1.
neM

As a note, Theorem 2.5.12 applied to X = R becomes the following.
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Theorem 2.5.13. A subset M C My(R"™, xg) is relatively compact if
and only if for every r > 0 the following conditions

(1) sup //J(Rn \ B(ﬂfo, T)) < o0,
neM

b) lim sup :U’(Rn \ B('IO, R)) =0,
R——+o00 peM

are fulfilled.

And Applying Theorem 2.5.12 to sets of continuous functions, Arzéla-
Ascoli theorem gives the following characterization.

Theorem 2.5.14. Let C = C ([0,1]4,RY). A subset M C My(C, fo) is
relatively compact if and only if for every r > 0 and every € > 0 the
following conditions are fulfilled

(1) sup //J(C \ B(anT)) < +o0,
neM

b) lim sup u({f €C | [f(0)]c > R}) =0,
R—+400 e

) tim sup u({f €C | wy(6) > £}) =0,
6—0 peM

where wy is the modulus of continuity of f.

Recall that a family II C X is a w-system if it is stable for finite
intersections. The famous theorem about m-systems holds in Mj.

Theorem 2.5.15. Let A be a w-system that generates Bx,. Then if two
measures p and v € My are o-finite on A and equal on A, they are equal
on Bx,.

The following proposition is useful to verify the hypotheses of Theo-
rem 2.5.15.

Proposition 2.5.16. Let (X,0) be a separable topological space and A
be a collection of Borel sets of X such that, for every x € X and every
r > 0 there exists A € A such that v € int A and A C B(z,r). Then
O'(A) = Bx.
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Proof. o(A) C Bx. The members of A are Borel sets.

o(A) O Bx. Let G € O be an open set. We will show that G is
a union of elements of A. Put Ag = {intA| A€ A and A C G}. By
assumption, for every x € G and every open set V C G with x € V, there
exists Ag € Ag such that x € Ag C V. The family Aq is thus an open
basis of the topological space X restricted to G. Since X is separable
and G is open, X restricted to G is also separable. Consequently, as G
is open in its restriction, (i) there exists a countable collection (A,,)nen
with A,, C G for every n € N and (ii) such that G = (J,,cyint A,. Then
Unen An C G according to (i) and G C J,,cy An according to (ii). O

There are useful characterizations of relative compactness in My and
of tightness of a sequence of random measures in My after a reduction
in R.

Proposition 2.5.17. A subset M C My 1s relatively compact if and only
if for every f € C,;:l

sup p(f) < 4o0.

pneM
Proof. (=) Let f € C;; and let Ty : My — Ry : o +— p(f). This applica-

tion is continuous because by definition p, Mo, w implies g, (f) — u(f).
Thus by continuity and by assumption we have

sup pu(f) = sup Ty(p) < +o0.
neM UEM

(<) For f € G}, define Iy = [0, sup p(f)]. Then
uEM

I:=[] Iy c R
fec,

is compact by assumption and by Tychonoff’s theorem. One identifies
i € My to its values {u(f) | f € Cj;}. This defines an application

T : M — I. The topologies on M and T'(M) coincide since on the one
hand fn, ~2 4 if and only if yn(f) — w(f) and on the other hand the
topology on T'(M) is given by componentwise convergence. Since M is

closed and T is continuous, T'(M) C I is closed and thus compact. O
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Proposition 2.5.18. A sequence (i )nen of random measures in My is
tight if and only if for every f € C,;tl the sequence of random wvariables

(i (f))nen is tight in R.

Proof. (=) Let f € Cj;. We have to show that each subsequence
(tn()(f))jen of (pn(f))nen contains a further subsequence that con-
verges weakly. This is the case because (pn)nen is tight. As the map
My — R: p— p(f) is continuous, it follows from the Continuous map-
ping theorem (Resnick 2008, p 152) that (in(j(x))(f))ken possesses a
weak limit in R as &k — oo.

(<) Let € > 0. Let g; € C;; be such that g; T 1g,. Since (y,(9i))nen
is tight, by assumption for every i > 0 there exists ¢; > 0 such that, for
every n € N|

€
P(pn(gi) > ¢i) < 2T
The set
M=({ne M| ng) < ci}

>0
is relatively compact in My by Proposition 2.5.17. Indeed for each f € Cg;l
there exists ig and Ky such that f < Kyg;,, so that

sup u(f) < Ko sup u(giy) < Kociy-
neM peM

Therefore M is compact and, for every n € N,

P(pn & M) <Y P(unlgs) > i)
i>0
€
< Pun ¢ M) < Z BYESY
>0
= P(J{un(g) > ci}) | =«
>0
which is the definition of tightness. U

In the sequel, do not confuse the relative compactness in M, with
weak relative compactness for random measures in M. The same holds
for the Continuous mapping theorem for convergence in My (Hult and
Lindskog 2006, Theorem 2.5) and the Continuous mapping theorem for
weak convergence in metric spaces (Resnick 2008, p 152).
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2.5.2 Lemmas

These two lemmas are useful to prove the Tail and Spectral theorems.

Lemma 2.5.19. Let X andY be two independent random variables such
that X has a continuous law. Then conditionally on Y # 0 the random
variable XY has a continuous law.

Proof. Let g : R — R be bounded and continuous. Let F'(y) denote the
cumulative distribution function of Y conditionally on Y # 0. Then,
setting z = xy, by Fubini’s theorem,

Elg(XY) [Y #0]

_ /R ElgzY) | Y #0] fx(x)dz
_ / / g(ay)dF (y) fx (x)da
R JR\0

- / a(2) ( / Fx (/w1 )y dF<y>> &z,
R R\0

which means that XY conditionally on Y # 0 has a density. O

For the second, recall that ul_ E indicates the restriction of u to E.
Lemma 2.5.20. Let (ut)i>t, and p be measures in Mo(B) such that

Lt Mo, p. Let E € By be such that u(0FE) = 0 and 0 ¢ E. Then,
for every f: E — R continuous and bounded, we have [ fd(u_E) —

[ fd(uLE).
Proof. By the Portmanteau Lemma, the conclusion is equivalent to
wlE% L E,
which is in turn equivalent to
(VA€ Bg: nE(QA) =0) iy L E(A) — nl E(A).

So take A € Bg be such that ul_E(0A) =0, i.e. u(E NOA) =0. Since
ENACE#%O0, the convergence holds if u(9(E N A)) = 0. However

0< wO(ENA)) <p(0EU0A) < p(OF) + n(0A) = n(0A)
= w(OANE) + p(0A\ E) = p(0A\ E) < p(0F) = 0,

which proves the lemma. The last inequality comes from the fact that,
since A C E, we have 0A C E hence 0A\ E C 0F. O
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2.6 Proofs for Section 2.2

Proof of Proposition 2.2.2 (page 21). (2.1) implies (2.2) and (2.3). Let

e = V(x)P(X € x).

Since fig Mo, w, on the one hand, for every f € Cpq, [ fdu, — [ fdp.
On the other hand, for every y > 0, f(g) € Cpg. If f =0 0n B(0,r), then
f(;) =0o0n B(0,yr) and f(;) is also continuous. As a consequence, for

y
every y > 0,

Thus, setting u1(f) := ff(g)du and po(f) ==y~ [ fdu, we have py =
po which means that, for every y > 0 and every A € Bg such that
0¢clA, p(yA) =y “u(A).

It follows that, for every r > 0, we have pu(9B(0,7)) = 0, otherwise
the function y — pu(B\ B(0,y)) = y~*u(B\ B(0,1)) would be discontin-
uous at y = r (and p(B\ B(0,1)) # 0 because if not (2.2) would imply
p = 0). This implies that p has no atom. O

Proof of Proposition 2.2.3 (page 22). (2.1) implies (2.4). For y > 0 and
S CS, set
Vys ={z €B | z/|[z] € S and |lz]| > y}.

For S € Bs define

It is a probability measure on S since

A(S) = p(Vis) — p(Vis)

T is) s -




40 2 Regularly varying time series in Banach spaces

Let y > 0 andlet S € Bgsuch that A(0S) = 0. We have ;(9V,, g) = 0.
Indeed, for A x B in a general Cartesian product X x Y, we have

J(Ax B) = cl(AxB)\int(A x B)

(clA xclB)\ (int A x int B)

(clA\int A) x clBUclA x (cl B\ int B)
= 0AxclBUclA x 0B,

which implies

Vs = 0((y,00) x 5)

= 0J(y,00) x clSUcl(y,o0) x S
{y} xclSU[y,00) x S
{y} xS U (y,00) x 0S
BB(O,y) @] Vy,as.

Nl

As a consequence, according to (2.2) and (2.3),
1(0Vy,s) < w(0B(0,y)) + n(Vyas) = 0+ 4y *A(9S5) =

This implies

- PX] > 2y, X/ X] € 5) 1
lim = W)
e P(|X]| > z) p(Vig) Y
. P(X eVys) 1 1
= l e Lk = — V
o P(X €aVig) y- M(VLS)M( 1)
P(X exV,g) 1
= lim —— 2% =—\S
o P(X € zVig) Yy (%)
. V(zx) P(X €xVy5s)
= lim
z—oo P(X € 2Vig) V(x)

which yields the weak convergence.
(2.4) implies (2.1). For y > 0 and S C S, set

Vys ={z eB|z/||z| €S and ||z > y}.

There exists an unique measure p € My such that

1V ) = yiaw).
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To show this, the idea developed below is to work in the Cartesian prod-
uct (0,00) x S and to use the homeomorphism

R:(0,00) xS —=By:(r,z) —rz
to obtain the required homogeneity property. As
{Vy,s | y>0and S € Bs}

is a m-system generating Bp,, this measure will be unique.
Let V(z) = P(X € 2Vig) = P(|| X|| > z) which is a regularly varying
function with index —a.

For z > 1 define
1

Vi(x)

which is a measure on Bg,. We will show that u, — p in My(B) as
x — 00. To do this, we use the homeomorphism

fo = P(X ex)

T = (T1,T2) : By — (0,400) X S: z +— <Hz||, i)

2]
(T = R™1). For y > 0 fixed, set
vy =Ty (n LB\ B[0,y]))  and 17 =Ty (e L(B\ B[0,y))).

The family (v1),>1 is relatively compact in M;((y, +o0)). Indeed,
for every r >y,

Tim v}((r, +o0)) -
lim P(X € x(B\ B(0,1)))
RS Via)

- PX| > =r)

] L B L
mo0 P(|X[ > )

The family (v}),>1 has thus a weak limit in Mj((y, +00)) which is, ac-
cording to Borel-Stieltjes theorem, [ ay~*1dLl(y). Consequently, ac-
cording to following Prohorov’s theorem, for every €1 > 0, there exists a
compact K1 C (y,+00) such that sup,s; vi(Kf{) < ey.

The family (v2),>1 is by assumption relatively compact in M;(S)
for the topology of weak convergence, since it converges. According to
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Prohorov’s theorem, for every €2 > 0, there exists a compact Ko C S
such that sup,s, v2(K$) < es.

Set K = T~ (K} x Ks), which depends on &1 and &5. According to
Tychonoff’s theorem, K; x K is compact and, as T' is an homeomor-
phism, K is compact.

Let € > 0 and choose €1 = g9 = % Then
sup (e L (B\ B[O, y])) (K°)
= il;liux({z €B : |zl >y, llzll & K1 or 2/|[2] ¢ K2})
< ii‘i[ pe({z €B = lzll >y, |l2] € Ki})
tua({z€B : |zl >y, 2/z] € Ka}) |
< glwz({z €B : [z >y, [zl € K1})
+supp.({z €B : 2] >y, z/[lz]] ¢ K2})

z>1
= sup v { K{) + sup v2(K%)
z>1 z2>1
€ €
< B + 5= €,

which proves thanks to Prohorov’s theorem that (u; L (B \ B[0,y])),>
is relatively compact in B\ B[0,y]. As y > 0 was arbitrary, (¢z),~ 18
relatively compact in Mo(B) (Hult and Lindskog 2006). Thus the fa;nily
(fz)z>1 possesses an accumulation point in My when 2 — oo.

To show that every accumulation point of (,um)gg1 is equal to pu,
consider V = {V, g |y >0and S € Bs}. It is a m-system generating
Bg,. Put Vo = {V, s € V| A(0S) = 0}. The set Vj is still a 7-system.
Let indeed V,;, s, and Vi, 5, € Vo. We have Vy, 5, NV, 5, = V), 5, with
y3 = max(y1,y2) and S5 = .S1 N Sy and since

0S5 = 8(51 N SQ) = Cl(Sl N SQ) \int(51 N SQ)

C (Cl S Necl Sg) \int(Sl N Sg)

= (Cl SiNel SQ) \ (int S Nint SQ)

= (Cl SiNel SQ) N (int S Nint SQ)C

= (Cl S Necl Sg) N ((int Sl)c U (int SQ)C)

(Cl SiNelS;N (int Sl)c) U (Cl SiNelS;N (int SQ)C)
(Cl SN (int Sl)c) U (Cl So N (int SQ)C)

(Cl S \ int Sl) U (Cl So \ int SQ)

051 U 08,,

Nl
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this implies A(S3) = 0. Furthermore o(Vy) = Bg,. To show it, by virtue
of Proposition 2.5.16 it suffices to prove that o({S € Bs | A(0S) =
0}) = Bs. This is the case if for every z € S and every r > 0, we
can find S € Bg with \(0S) = 0, z € int S and S C B(z,7). So let
z € S and r > 0. There exists a quantity at most countable (7;);en such
that A(0B(z,7;) N'S) # 0, otherwise we would have A(S) = +oo (and
A(S) = 1). Thus the condition is satisfied with S = B(z, p) NS for every
0 < p < r such that p ¢ (r;)ien. Finally, for every V, g € Vy, we have

PO XX ES) 1 o
pelVus) = =B >y e TS e

Theorem 2.5.15 implies that all accumulation point My for p, as x — oo
must be equal to u. The measure p is thus the limit of p, in My as
T — 00. ]

Proof of Proposition 2.2.5 (page 24). (2.4) implies (2.7). Let f(y) =
P(||X]|| > y) which is nonincreasing and right continuous. Following
the Portmanteau lemma, applying (2.4) to S which is such that A(9S) =
A(D) = 0 (inside S, cIS = int S = S), we obtain lim o, Z# = y~°, that
is f € RV_q. Set a, =inf{zeR| f(z) <1} = (%)‘_(n) Since % €
RV, with o > 0 and as % is nonincreasing, we have (%)‘_ € RV& , hence
a, — oo as n — oo (de Haan and Ferreira 2006, Proposition B.1.9.1,
im0 (5) (1) = +00).

To see that nP(||X|| > an) — 1 as n — oo, fix € > 0. Then, setting
U= %, the inequalities

an(l—¢)<ap,=U"(n) and U™ (n)=a, < ap(l+¢)
imply respectively
Ulan(1 —¢)] <n and n < Ulay(l+¢)]

hence, inverting these inequalities and multiplying them by U(a,) =
%(an), we have
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Consequently, since U € RV, and a,, — co as n — oo, we find

1
(14+¢) % <liminf —— and limsup

e P ey ST

Since e > 0 was arbitrary, this implies that nf(a,) = nP(|| X| > a,) — 1
as n — oo.

(2.7) implies (2.4). Let S be a Borel set of S such that A(0S) = 0.
By assumption, a,, — oo as n — oco. Hence for ¢ > 0 large enough, there
exists n € N such that a,, <t < apy1. Then,

P (IX1> yani1, X/[| X| € S)

P([X][> an)
PIX]> yt, X/|X| € S)
P(IX]> 1)

P (IX]> yan, X/||X] € S)
P(IX]|> an1)

Letting ¢ tend to infinity in these expressions (which implies that n tends
to infinity), we obtain on both sides the value

Yy AS) -
=y *\(S
1-exs) Y (5)
The conclusion follows from the sandwich theorem. O

Proof of Proposition 2.2.6 (page 24). Similar to (2.4) < (2.7) above. O

2.7 Proofs for Section 2.3

The proof of Theorem 2.3.2 (page 26) is divided into a succession of
steps, so that each of them separably provides enlightening results:

e (ii) implies (i) is Proposition 2.7.1 — Proposition 2.7.9,
e (i) implies (iii) is Proposition 2.7.10,
e (iii) implies (ii) is trivial.

Let us remember that
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e (i) is the joint regular variation,
e (ii) is the existence of a forward tail process,
e (iii) is the existence of a tail process.

Note that the existence of a tail process implies existence of a forward
tail process but the converse is nontrivial.

Then we have the proofs of Theorem 2.3.3, the equivalence between
tail and spectral processes, the proof of Theorem 2.3.6, the time change
formula, and the proof of Proposition 2.3.4 which yields the spectral
process after a linear transformation.

Recall that is all this section B is a separable Banach space.

Proposition 2.7.1. Let (X;)iez be a stationary time series in B that
admits a forward tail process (Yi)i>o for which the law of ||Yp]|| is non-
degenerate at 1. Then there exists o > 0 such that || Xo| is regularly
varying with index o and ||Yy|| ~ Pareto(«).

Proof. The definition of forward tail process compounded with the con-
tinuous function g((x¢)t>0) = xo yields the weak convergence

X

L <—°

x

On the one hand, since L (||Yp||) possesses at most countably many

atoms, it follows from the Portmanteau Lemma that, for almost every
y =1,

1 Xoll >x> i>£(Yo), as & — 00.

P ([ Xoll > 2y [ | Xoll > z) — P(|[Yoll > )

as £ — oo0. On the other hand, since y > 1,

P ([ Xoll > =y)

P(IXoll >y | %ol > 7) = 5 m2 ==,

As P (|| Xol| > zy) /P (]| Xo|| > =) possesses a limit almost everywhere as
x — o0, it must be y~¢ for some o € R and every y > 1 (Bingham,
Goldie, and Teugels 1987, Theorem 1.4.1). So P(||Yp| > y) =y~ for
y = 1. According to the fact that £ (]|Yp]|) is a probability distribu-
tion, we have o > 0 and P(||Yo|| > y) = 1 for y < 1. Since [|Yp]| is
nondegenerate in 1, we obtain « > 0. O
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Now introduce, for ¢t > 0, the random element

Y;
O = i,
1Yol

so that (O4)¢>0 is, by definition, the forward spectral process of (X¢)icz.

Proposition 2.7.2. Let (Xi)iez be a stationary time series in B that
admits a forward tail process (Y;)i>o for which the law of ||Yo|| is nonde-
generate at 1. The random variable ||Yy|| is independent of the forward
spectral process (O¢)¢>0-

Proof. By definition, ||Yp|| and (©;);>0 are independent if and only if the
o-fields F := o(||Yo|) = {[[Yo|| 7" (B) | B € Br} and G := 5(00,04,...)
=0 ({@t_l(B) |t >0, B €Bg}) are independent:

(VA € F)(VB € G) : P(AN B) = P(A)P(B).

The expression of G can be reformulated using a w-system: G = o(II)
with
m={ M, 0, (B) | k>1,4>0, B eBs}.

Henceforth F and G are independent if and only if, according to Billings-
ley (1995), Theorem 4.2,

(VA € F)(VB € II) : P(AN B) = P(A)P(B).

So [|Yo]] and (©¢)¢>0 are independent if and only if, for each ¢ > 0, ||Yp||
and the finite stretch (O, ..., 0;) are independent.

Let us show that the joint law of (||Yo][,Oo,...,©;) is equal to the
product of the one of ||Yp|| and (Oy,...,0;). Lemma 1.4.2 of van der
Vaart and Wellner (1996) yields that the joint law (||Yo||, ©g,...,©0;) is
determined by its values on the functions of type fg where f : Ry — R,
and g : B! — R, are continuous and bounded. Consequently |Yp|
and (©);>0 are independent if and only if, for every f and g as above,

E[f(IYolDg(®o, ..., 0] = E[f([[Yol)] E9(O0; - -, O:)].

Using Lebesgue’s dominated convergence theorem and the fact that
IYoll > 1, the functions f can be replaced by the family of functions
1{- > y} where y > 1. Consequently ||Yy|| and (©;);>¢ are independent
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if and only if, for each y > 1 and every ¢ : B**!' — R, continuous and
bounded,

E[1{[IYoll > y}9(Oo, - .., 04)]

E[{|[Yoll > y}] E[9(Oo, - ., ©4)]
= y “Elg(Oo,...,0,)]

by Proposition 2.7.1.
Applying the Continuous mapping theorem to the definition of for-
ward tail process with the map

(o, . .a) = <|| ol 20 m)

we obtain, as z — oo,

[Xoll  Xo > ‘ > d
c , N X L L (Yl ®0,. ... 0,

Fix y > 1. Let g : B"*! — R, be continuous and bounded as above and
set

fiRxBT SRy (u,20,...24) — 1{u > ylg(xo,...z4).

We can apply the Portmanteau Lemma with f (adapt Lemma 2.5.20 to
weak convergence), whence

2| > oo (g g ) | 1ol > ]

— E[1{|[Yo]l > y}g (o0, .. .,04)]

as ¢ — oo. Furthermore, we also can compute the same limit as follows

[ 1{52= ofo (ig g ) | 130 2]
-2 (g ) | 1ol o) PR

— yiaE [g(@o, ce ,@t)]

as * — oo. Thus the conclusion follows from the uniqueness of the
limit. O
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Next we have a relation which, given a large value for || Xo||, allows
us to know some piece of information about the past.

Proposition 2.7.3 (Knowledge about the past). Given a stationary
time series (Xi)iez in B that admits a forward tail process (Yi)i>o for
which the law of ||Yo|| is nondegenerate at 1, the following formula holds:
for every t > 0,

Ef|©] = lim lim P (| X_f| >rz | [ Xo] > z).

Proof. Let r > 0. Note that by the Continuous mapping theorem applied
to the definition of forward tail process with the projection on the ¢!

component
X
c (—t
X

as ¢ — 00. According to the facts that ||Yz|| = || Yolll|O«|], |Yol| and [|©¢]|
are independent random variables (Proposition 2.7.2), ||Yy|| is continuous
and by Lemma 2.5.19, the law of ||Y}|| is continuous except maybe where
©; = 0. Therefore £(||Y;||) does not have any atom. Thus P([|Y;|| = 1) =
0 for every r > 0. Reversing the time, by stationarity, and applying the
Portmanteau Lemma, we get

P Xl > rz | [ Xoll > )

1%l > ) NG

P(||X—¢]| > rz)

=P (| Xoll > = | [[X—t]| > r2)
P(||X¢]| > )
[Xel 1 P(|| Xol| > rz)
—p (2L 2 x> 2 ) A0 2 )
< xr r 1 Xoll > = P(| Xo| > =)

1
SACIERE
o

as * — oo. Moreover, setting x = ry and v =z~ ¢,

pwil > L) = [P (16 >o)d(—a~)
(1> 3) /

—Q

1 —Q " (07
— P (Imallled > 1 ) - [ puedr>va
o 1 —Q —Q o (0%
= [P (e > Ty |~ [T P e > v

as 7 — 0 which is equal to F [||©]|“]. O
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In order to technically prepare Proposition 2.7.5, let us define the set
function vy, t > 0, from Bpg to R by

() =140 (1= BllOED + [P (w80 € Al > T ) dl-0),

Let us first remark that 14 is a probability measure.

Proposition 2.7.4. If (X})icz is a stationary time series in B and ad-
mits a forward tail process (Y;)¢>o for which the law of ||Yo|| is nondegen-
erate at 1, then the map vy is a probability measure on B. If f : B — R
18 vg-integrable, the expression of its integral is

[ s =@ - Elled )+ [ B [f (v00) 1[04 > T} | d(~v™)

Proof. Let A € Bg. To see that 14,(A) > 0, it suffices to show that
1—E[|6¢°] and [;° P (vOg € A, 0| > 1) d(—v~%) are both nonneg-
ative. The first term is nonnegative because E [||©]|%] is a limit of prob-
abilities (Proposition 2.7.3) and the second term is nonnegative because
it is an integral of a probability.

We have 14(0)) = 0, indeed

u(0) :/OOO P <v@0 A %) d(—v) :/OOOP (0) d(—v=") = 0.

Finally assume that Ay, As, As, ... is a countable sequence of pairwise
disjoint sets in Bg. Then vy (U;o; Ai) = Y i, ve(A;) since developing
both sides yields

1y, 4,(0) (1= B [|04]°)+ /0 P (v@o e |4 e > 1) d(—v™")

=1
_ if;(mm -glied + [P (ven e Ao > 1) a-u)

Consequently v is a measure.
We have 14(B) = 1 since

plledel= [~ P (1o >3 ) a-v)

according to the proof of Proposition 2.7.3.
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About the formula of [ fdy;, remark that 14(0) = do(A), which
proves the first half. For the integral part, remark that it is valid for
functions of type f = 14, which makes it valid for every 14-integrable
function tanks to the same rules as above and Lebesgue’s dominated
convergence theorem. O

The probability measure 14 helps to express the distribution of a shift
in the past.

Proposition 2.7.5. If (X¢)iez is a stationary time series in B that
admits a forward tail process (Yi)i>o for which the law of ||Yo|| is nonde-
generate at 1, then the measure vy is the following weak limit

X
£<—t
X
as r — OQ.

Proof. Let f: B — R be Lipschitz continuous and bounded. According
to the Portmanteau Lemma (van der Vaart 1998), we have to show that

Bl (%) | 160l > o] = [ ra -
o a-Eled)+ [ [f (v00) 1{[[©1] > 1}} P

as x — oo. Given r > 0, let us decompose the expected value of the left
hand-side of the limit according to {|[|X_¢|| < zr} and {||X_¢|| > xr}
before letting r tend towards 0.

Firstly, since L = lip f < 400, we have |f(£)] < f(0) + L||{||. Then,
using the notation a € A C B in R,

B[ (%) 10 < b | 160l >

| Xo|l > x> 4, vy

€ E[fO) {IX¢ll <ar} | [|Xoll > 2]

X_
iLE[” Xl ) < wr}\uxoum}

|

C O E[{IIX ]| <ar} [ [ Xoll > 2] iLE[

=f0) (1= P([ Xl > ar | [[Xol| > z)) £ Lr

— f(0) (1 = E[|6:*])
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after z — oo and r — 0 by Proposition 2.7.3, which yields the first part
of the claim.
Secondly,

B |1 (52 10X > ) | 0] > o]
P(X ] > 2

B |1 (55) 100500 > 0} | 100> ar] S

X0\ (X1 P(|Xo] > ar)
E[f<ﬁ>1{ﬁ>i}‘ Xl W] PUXol > 2)

S EGORTTER

as x — oo according to the definition of the forward tail process. Finally

1

E [f(ryon{yt > ;H —a
_ /100E [f(ry@o)l{yH@tH > %H Ay

_ /OOE [f(v®o)1{||®t|| > %H P

T - 1
= [ B |roeon{led > 3 }] a-v-e)
0
as r — 0, which is the second part of the claim. ]

In order to prove Proposition 2.7.7 we detach a result about the
tightness of the joint conditional vector below.

Proposition 2.7.6. If (X})icz is stationary time series in B that admits
a forward tail process (Y;)i>o for which the law of ||Yo|| is nondegenerate
at 1, then, for all s,t > 0, the sequence of probability measures

X_ X
(( —) ' ||X0||>33>
Zz Z xr>x0

=

18 tight.
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Proof. 1t follows from Proposition 2.7.5 and Prohorov’s theorem that for
every r € 7Z the sequence

Xr
T

is tight, i.e. for every r € Z and for every € > 0 there exists a compact
K, . C B such that for every > xg

1Xo]| > :c)

Tr>x0

X
P(f ¢ K.

| Xo]| > w) <e.

Let ¢ > 0 and apply this property with /(s + ¢+ 1) for r = —s to
r=t. Set K. = K_g5. x...x K;.. The set K. obtained is compact by
Tychonoff’s Theorem and satisfies the property that, for every x > xg,

P((Ee ) ek

which is the statement. O

| Xol| > x) <e.

Proposition 2.7.7. Let (X;)iez be a stationary time series in B that
admits a forward tail process (Yi)i>o for which the law of ||Yo|| is nonde-
generate at 1. Let s,t > 0. Then, as x — 00,

X_¢ X
E(( 77_t>' HX0”>(E>$V8¢
X X

for some probability measure vy, which we define to be L(Y_,...,Y;).

Proof. By Prohorov’s theorem, Proposition 2.7.6 ensures the probabil-
ities of the sequence to have an accumulation point as x — oo. So it
suffices to see that every accumulation point as x — oo is the same mea-
sure, that we will called v, ;. By the Portmanteau Lemma, it suffices to
show that for every f : Bffst1 — R Lipschitz continuous and bounded,

X_, X
IlirgoE[f< - f) ‘ \|X0\|>4 :/fdys,t.

Let us proceed by induction on s. If s = 0, by the definition of
forward tail process we have

we have

lim E[f (%%) ‘ (| Xo| >x] =E[f(Yo,...,Y})]

Tr—00
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so that vp; = L is the law of (Yp,...,Y};) defined by assumption.

Suppose now that the statement is true for s — 1 and let us prove it
for s. As in Proposition 2.7.5 decompose the expected value according
to {||X_s|| < xr} and {||X_s|| > xr} before letting r tend to 0. For the
first event we have

E[f(X e BN < ar} | 10 > 2]
= | (05 T X <} | 1o > 2]
[f(X_S--- T HIX- <o) | 1l > o]

X_ Xy
- B[ (0528 A e <o) | 100> 0]

Since lip f = L < +0o0, the absolute value of the last difference is less
than rL thus tends to 0 as r tends 0 (independently from z). There-
fore we just have to consider the first term in the sequel. Writing
WX s|| <xr} =1—1{|| X_s|| > xr} this one becomes

E [f (0, . %) ‘ | Xoll > x} -F [f (o, L %) Lix_ | >ar}

By the recurrence hypothesis, as x — oo, the left hand-side tends to

”XO” > .%':|

/f(oa [ axt)dys,t = /?(xs+1, .. >xt)d7/sfl,t

where f(x_si1,...,2¢) = f(0,2_s11,...,2¢). The right hand-side can
be easily regrouped with the decomposition according to the other event,
{||X_s|| > xr}, to provide the value

X_ X,
E[g< =2, xt>1{||X 3H>xr}‘ ||XO||>4

where

9Ty ) = f(w_gy o yxy) — f(O, g1, ..., x).
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Note that if z_s = 0 then g = 0. Proceeding as in Proposition 2.7.5 we
get

Bl (S5 3 10X > ar} | 100 > 2]

rXo  rXep) ST P(|| Xol| > ar)
=F 1 — X
[g< rr e Sl R b (P

1 _
*E{gm’o,---mﬂn{mu > —H o

as x — oo. Now letting r tends towards 0, this expression becomes

7B |amen. e i{uled > ] dye
- /TOOE [g (vOp, ..., v0444) 1{H®8H > %H d(—v™%)
— OOOE [g (O, ..., VO414) 1{”65\\ > %H d(—v™),

which defines v on the whole space BT+, d

Now that a tail process (Y;)icz is defined, proceed as for the forward
tail process and set

Y:
- —t7 t 2 Z7
1Yol

which the spectral process of the series (X;)iez. We have again a result
of independence.

Oy

Proposition 2.7.8. Let (Xi)iez be a stationary time series in B that
admits a forward tail process (Yi)i>o for which the law of ||Yo| is non-
degenerate at 1. Then the random wvariable ||Yp|| is independent of the
spectral process (©¢)iez.-

Proof. The proof is the exactly the same as the one of Proposition 2.7.2
but with the Continuous mapping theorem applied to the definition of
tail process with the map

gy oay) = <||xou,ﬁ z )

[lzoll™ " llzol|

nothing else changes. O
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The existence of exponent measures establishes the fact that the se-
ries (X¢)tez is jointly regularly varying.

Proposition 2.7.9 (Exponent measure). Let (Xi)icz be a stationary
time series in B that admits a forward tail process (Yi)i>o for which the
law of ||Yo|| is nondegenerate at 1. Let s,t > 0. There ezists piss €
Mo(B5HHLY) such that, as © — oo,

1 X_ X M,
P L N =T
P([Xo] > ) << z > ) ot

where, for f € Coa(BSTHY), the value psi(f) admits the expression

t o]
/fdus,tZ/o E[f(0,...,0,v0q,...,v0;_;)

it=—s5

HO_yj=...=0_ = 0}d(—v"").

Proof. Set

Let f € Cpg(B*T*H1) vanishing on a ball of radius 7 > 0. Then, using the
convention \/ ) = —oo, the value of f fdpis 1.0 1s equal to

rrmrsa® (5 )]

1 X s Xt ' ‘
= %S [f (7 o ?> 1{'\/ Xl > m}]

1=—S

1 X X t i—1
=———F i S 1 X < < || X;
st (53 V11 <re < xil)

i=—8§ jJj=-—s
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X, X, i—1
ZE ( ?> 1\ X < ra}| X > ra

i1=—s8 j=—s
(HX | > ra)
P(IXoll > x)
X i—1
= ZE ( st ) 1 \/ | Xl < ra}| || Xol| > ra
i=—5 j=-s
P(]|Xoll > rx)
P(]|Xoll > )

and, as  — oo, by Proposition 2.7.7, [ fdus . tends to

t i—1
S OB FY iYL\ Yl <1}

i1=—s8 j=—s
i—1
_ Z / FyO o ir o ry@ ) 1\ 19054l < 1} d(—y—)r—e
i=—Ss Jj=—s
i—1
S / F@O sy 00 ) 1L\ 0O;ill < 7} | d(—v),
i=—s Jj=-—s

which defines p5 ;. By dominated convergence, we can pass to the limit
as r — 0, obtaining the announced expression for 1. O

That proves (ii) implies (i). The direction (i) implies (iii) is the next
proposition. To obtain (ii) implies (iii) simply take s = 0.

Proposition 2.7.10. If the series (Xy)iez is reqularly varying with index
a > 0, then (Xy)iez has a tail process with ||Yy|| Pareto(«)-distributed.

Proof. Let s,t > 0. By definition, the random object X = (X_g,..., X¢)
in BT+ is regularly varying with index o > 0, so that there exists
pst € Mo(BH5T1) such that

M
V(.%')P(X € 1’) — Ms,t(') as T — o0,
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where V(z) = P(||Xo|| > z) € RV_,. Set vy, the restriction of ps; to
{(z—s,...,2) € BT | ||lzg]| > 1}. By construction vy is a probability
measure.

Let (Y_g,...Y:) be a random function having v,; as law and let
f e GBI, Since pa({llwol = 1}) = 0 and 0 ¢ {|zo]l > 1}),
applying Lemma 2.5.20 yields

E<f<Xx%> ' onu>x>

H/f@MLMmH>H=EUWAWWED

as x — oo, which establishes the weak convergence.

According to the Daniell-Kolmogorov existence theorem (Pollard 2002,
Theorem 53), there exists a stochastic process (Y;),cy in B such that, for
every s,t € Z, the distribution of (Y_g,...Y}) is vg4.

We finally have P(||Yo|| > y) = y~ because the law Yj satisfies
1/0,0()\_/4) = )\_al/o,o(A) for every A > 0 and 1/0,0({Hx0|| = 1}) =1. O

Now Theorem 2.3.2 is proved.
Proof of Theorem 2.3.3 (27). (i) implies (iii). By (iii) of Theorem 2.3.2,

we have
X, X
L(( - f) ' ||X0||>x>i>£(Ys,...,Yt).

By the Continuous mapping theorem (Resnick 2008, p 152) applied with
the map ((z_s,...,x) = (r_s/x0,...,2¢/T0), we obtain that

X s/x Xi/x ) ' ) d <Ys Y; >
c<< Xoll>a) Lo e XY
Xoljz " TXoljz) | 150l Vol T¥al
which is exactly
X,s Xt d
L<< )' X0||>x>—>£(@s,...,@).
Xl Tl ) | ! t

(i) implies (iii). It suffices to take s = 0.
(ii) implies (i). Let Y be Pareto(«) distributed and independent of
(©t)i0-
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First of all, remark that

Xol|  Xo
c((” o )' X >m>ﬁc Y.00.....0,).
z Xl Tl ) | 1l .80, 01)

Indeed, by van der Vaart and Wellner (1996), Lemma 1.4.2, to see this
it suffices to prove that:

2l (B2 o (g ap) | ol =]

— E[f(Y)g(Oo,...,0)].

for every continuous and bounded functions f and g. Using Lebesgue’s
dominated convergence theorem and the fact that ||Y'|| > 1, the functions
f can be replaced by the family of functions 1{- > y} where y > 1, which
satisfy the property:

. | Xo| } Xo
lim E[l{ >ytyg : [ Xoll > =
=00 x [ Xoll” HXoH

. P(|Xol| = zy) [ < Xy ) ‘
=lm ———"">F|g . | Xoll > zy
z—o0 P(|| Xol| = ) [ Xoll” 7 || Xol|

=y “E[g9(Oo,...,0:)] = E[I{Y > y}| E[9(Oo, ..., 0)]

= E[{Y > y}g(Oo,...,04)].

Finally apply the Continuous mapping theorem (Resnick 2008, p 152)
with the function ((y,z_s,...,2¢) = y(x_s,...,x¢) to obtain

c<<ﬁ§> ‘ |!X0H>x> < L(Y(@o,....00)),

x

so that Y (O, ...,0;) is the spectral process. O

Here is the proof of the proposition describing how the spectral pro-
cess changes after a linear transformation.
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Proof of Proposition 2.3.4 (page 28). Let h € Cp(B5). By Defini-
tion 2.2.1 and Lemma 2.5.20, as x — 00,

B [h (T(X—8),...,T(ft)> ‘ 1T (X)) >x]

F [h <T(§_S)"“’T(f t)> 1> 1}} P(IX0] > @)
PlIXol > o) PITX) > 2)

- / BTy, T() HIT @) | > Dl seyss o 32)

1
E(IT(©g)ll)

Write ¢ := (¢_s,..., ;) and @ := (0%, ... 0;X). Thanks to the inde-
pendence of Theorem 2.3.3 this limit can be rewritten

P(® € dy) —a
/. h(T(re—s),-..., T(red) KT (reo)| > HW (=r™%).
llell=1
Applying this result to h(x_g,...,2¢) = f (m, e m) we obtain
T(o) \,,. P(@ € dg)
/ 1 (Tt Tregyy M = U=
||<P|| 5
T(0%,) r(e}) d(—r"%)
= (e o) 11T > gy
which yields the announced formula after use of Fubini’s theorem and
the fact that [ _, Hr|T(OF)] > 1}d(=r=) = |T(OF)|. O

Finally the time change formula is obtained for functions waiving the
recursive part in the construction of the spectral process.

Proof of Theorem 2.3.6 (page 30). The proof of Proposition 2.7.7 gives a
recursive way to compute v, ;. In this proof remark that, if f(0,...) =0,
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then [ f(0,...)dvs; =0 and g = f, so

E[f(Y,s,..,,Y;)] =

/OOOE [f (vOq, ..., vO44¢) 1{”65\\ > %H d(—v™). (2.12)

Now set

Tr_g Tt
lzoll ™™ llzoll

A ) Glaoll A1)

in order to write E [f(©_s,...,0¢)] = E[h(Y_s,...,Y;)]. We can apply
the last formula to obtain, using Fubini’s Theorem,

E[f(0—,...,04)]

-, el (e féfﬁzl{”@” S
=5 (o 1ait) e > 4 faio]

©o 95+t> }
o128 o)
[ . o) 19

which is the announced formula.

The weak convergence of Proposition 2.7.7 was proved for f Lipschitz
continuous and bounded. According to the Portmanteau Lemma, the
same result holds for f continuous and bounded, which can be assumed
for f in this proof. Once the result got for these f, there only are a
few steps involving the monotone convergence to get the same result for
integrable functions. O

2.8 Proofs for Section 2.4

The fact that the law Yp is L [||«|| > 1] and that the law of (X_g, ..., X})
is pse L [||mo|| > 1] is due to the fact that, given f € Cpq(B*T'*1), on the
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one hand

E[f <Xx—8,... > ‘ \|X0\|>4
(T ) el > )
Pl > 2)

= [ fdues Lol > 1, 2o,

according to Definition 2.3.1 with Vi (z) = W(x) = P(||Xo|| > =) and
Lemma 2.5.20 and, on the other hand,

Bl (X 20) |10l > o)~ Bl (e o)

x

according to Theorem 2.3.2. The reader can note that with another
Vi € RV_,, in Definition 2.3.1 (for instance V;, = Uy) the stated property
may do not hold anymore.

The coefficient of tail dependence )\; is

A = lim P(|Xy|| >z | [| Xo| > z)
Tr— 00
= P(Yi] >1)

— P(%le:] > 1)
_ / PO > 1d(—y~)
= /100 P04 > y~)d(—y~)
1
_ / P(|64] > u)du
0
= /o Plmin(|€4]|",1) > uldu

= E[min(]|©]|*,1)].
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The candidate extremal index 0* is

6* := lim lim P( nax, | Xl < 2 | [|[Xol > =)

t—00 T—00
= lim P( max ||Y;|| <1)
t—o00 i=1,...,t

= Plup|lYil < 1) = P(¥o]sup [O:]] < 1)

121 i1
= / P(ysup||©;]] < 1)d(-y~)
1 i>1
= / P(sup 04" <y~ )d(~y)
- / Plsup €:]° < wd
~1- / P(sup |04 > w)du
0 i1

= FEmax(1—sup|©6;*0)
i>1
= £ (swle —swleir ).
i>0 i>1
the last step coming from the equalities
max(1l — z,0) = max(l,z) — x = max(||O¢||, z) — =.

Concerning the extremogram, let a,, is a positive sequence satisfying
nP(|| Xo|| > an) — 1 as n — oo and let A and B continuity sets of the
distributions of Y and Y}, respectively, such that A or B is included in
{reB: |z >1}. Then AxB C{z €B: |z >1} and Ax Bisa
continuity set of (Yp, Y3) (recall that 0(Ax B) = 0Axcl BUcl AxJB). By
the Continuous mapping theorem, Proposition 2.2.6 and Theorem 2.3.2,
we have thus

X
pag(h) = lim nP <—0 € A Zhoe B>

n—0o0 an an

1
= lim nP <—(X0,Xh) € Ax B>
an,

n—~o0

= PYyeAY,eB)
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which is the claim. Note that, thanks to the homogeneity property of
Proposition 2.2.2, A={z € B: ||z| >y} and B={z € B: |z| > y2}
always are continuity sets of Yy and Y}, respectively.
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Chapter

Point processes of extremes

Based on Meinguet and Segers (2010).

Abstract. The point process of extremes yields the distribution of the number
of extremes of a heavy tailed functional time series in selected spatial areas.
Under the finite-cluster condition and a mixing condition, its limit distribution
is given by a compound Poisson process whose expression depends on the tail
process, the spectral processes and the extremal index of the original series.

3.1 Introduction

A first application of the concepts of tail and spectral processes developed
in Chapter 2 is the study of the limit distribution of the point process

n
Nn = Z 6Xi/ana
i=1
where (X¢)iez is a jointly regularly varying time series in a separable
Banach space B and a,, — oo is a normalizing sequence such that
nP(|| Xol| > an) — 1.

The point process N, is an accurate tool to obtain information about
extremes. As an example, we have the identity

P([Xlln—kn < anr) = P(Na(B\ B(0,7)) < k)
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where || X ||,k is the (n— k)-order statistic of || X1]|,...,||Xy||. Passing
to the limit as n — oo only leaves the extreme values that the process
can have “above its normal level”. In other terms, this limit yields the
full distribution of the number of extremes in a selected spatial area.

The key step to obtain the limit distribution of N, is to obtain the
limit distribution of the cluster process defined in Section 3.2.

The limit distributions of ((,)nen first, and then of (N,)pen, will
be given, under the finite-cluster condition and a mixing condition, in
Section 3.2 by Theorem 3.2.1 and Theorem 3.2.2 respectively. The ex-
pression of these limit distributions will involve only the tail and spectral
processes. The proofs towards these theorems and the intermediate re-
sults are given in Sections 3.3 to 3.8. The general idea is to show the
convergence of the Laplace transforms.

To conclude, Example 3.2.3 establishes the equality between the can-
didate extremal index 6* treated in this thesis and the extremal index
0 originally defined in Leadbetter (1983) under the hypotheses of Theo-
rem 3.2.2.

3.2 Definition and properties

Let (X¢),cz be a jointly regularly varying time series in a separable
Banach space B. Let a, — oo be a normalizing sequence such that
nP (|| Xo|| > an) — 1. The object of interest is the point process

N, = Zlé)(i Jan-

One wishes to determine the limit distribution of NV, as n — oo.
If the X; are iid the answer is well-known: N,, weakly converges to a
Poisson process N whose mean measure is the exponent measure p of
Xo. In the general stationary case, temporal dependence may cause
extremes to appear in clusters. These clusters change the nature of the
limit of IV, from Poisson to compound Poisson.

Here we assume that (X;)¢cz satisfies two more conditions to obtain
the limit distribution of N, in the stationary case. Choose a sequence
(rn)nen such that r, — oo and let r,/n — 0 as n — oo. The first
condition is

lim limsup P( max | X¢|| > apu | || Xo|| > anu) =0. (C)

m—00 n—oo m|t[<ry
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The second condition is, denoting k,, = |n/r, |, for nonnegative f € Cpq,
to have

i perl=3 1 () = (Fesnl= 307 (31 =0 )

The finite-cluster condition (C) prohibits the length of clusters of
extremes of ||X;|| to be infinite. It was introduced in Smith (1992) and
is in particular met for a large number of Markov chains.

The mizing condition (A(ay)) allows us to approach in distribution
N, by a sum of k, iid point processes with the same distribution as
> 10X, /a,- It was introduced in Davis and Hsing (1995) and for in-
stance used in Davis and Mikosch (1998) to study ARCH models.

The main step to get the expression of the limit of IV,, for a stationary
sequence (X¢)iez is to derive an expression of the limit in distribution of
the cluster process. Given u > 0, the cluster process of (Xi)icyz is the se-
quence of point processes (¢, )nen in My(B) having the same distribution
as

Tn

Z‘SXi/(anu) conditionally on {iir{laxr |.X5]| > anu}.

— oo
Theorem 3.2.1 (Cluster process). Let (X;)iez be a jointly reqularly
varying time series in a separable Banach space B. Let (Y;)iez be the
tail process of (X¢)iez. Under condition (C), for every u > 0, the cluster
process (, converges in distribution to a point process ¢ on My(B) having
the same distribution as

Z dy; conditionally on {sup ||Yz]] < 1}.
teZ t<-1

A clarifying remark: according to Proposition 3.6.2, the probability
of the conditioning set is equal to the candidate extremal index 6* (see
Section 2.4) of the series (Xi)iez, i-€.

P(sup Vil < 1) =67,
which is nonzero thanks to condition (C) (Proposition 3.6.4).
The following theorem yields the weak limit of IN,, for every jointly
regularly varying time series.
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Theorem 3.2.2 (Point process of extremes). Let (Xi)icz be a jointly
reqularly varying time series in a separable Banach space B. Let (O4)iez
be its spectral process. Let 0* be the candidate extremal index of the
series (|| X¢||)tez. Under conditions (C) and (A(ay,)), N, converges in
distribution to a point process N in My with Laplace functional Uy (f) =
Eexp(— [ fdN) given by

for nonnegative f € Cpq(B). Furthermore, for every u > 0, the restriction
N of N to {z € B: ||z|| > u} admits the representation

7 oo

N
N ENN 60z, 111251 > 1},

i=1 j=1

«

where T s a Poisson random wvariable with mean 0*u~% and

Z;’;l 0z, ., Ore 1d copies of the asymptotic cluster process ¢ and
1z

independent of T

Note that N®) is also equal to the restriction of Z@T:“I) z;’il duz;; to
Bo \ B[0,u] since || Z;;|| > 1 if and only if |[uZ;;|| > u.

Example 3.2.3. Theorem 3.2.2 allows us to prove that the parameter
0*, defined in Section 3.6 as

0" = lim lim P(lnaxtHXiH <z | || Xol| > =)

t—00 T—00 i=1,...,

_ Plswp|il < 1)
i>1
_ (sup 10411 — sup ueiua) |
i=0 i1

is the extremal index of the series (|| X¢||)tez. Indeed, under the condi-
tions (C) and (A(ay)), for every u > 0, as n — oo, the last theorem
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yields

P( max [ X¢|| <aju) = P(N,(B\ B(0,u)) =0)
1<t<rn,

— P(N(B\ B(0,u)) = 0)

= P(T™ =0)

*  —q
eﬂu

since T™) is Poisson with parameter A = @u~®. This is the original

definition of the extremal index 6 of (|| X¢||)tez (Leadbetter 1983).

The structure adopted here is based on the approach of Basrak and
Segers (2008) for multivariate time series with an adaptation to spaces
that are the not necessarily locally compact thanks to the concept of
My-convergence of Hult and Lindskog (2006).

3.3 Laplace transform

The main tool used in this chapter to prove the convergence results is
the Laplace transform of the distribution of a random object. It is a
convenient way to characterize the distributions of point processes so
that convergence in distribution becomes pointwise convergence.

First let us recall the construction of the Laplace transform of a
random variable.

Given a nonnegative random variable

X:(Q,A P)—[0,+00),
its Laplace transform is
Uy 1 [0,400) — [0,1] : Ao Wy (N) = Be X, (3.1)
It uniquely determines the distribution of X (Feller 1971, XIII.1). If
X:(Q, A P) —R?

is a random vector with nonnegative components, the Laplace transform
of X is
d
=3 XX

Uy :[0,400)% = [0,1] : A — Ux(\) = Ee i=1 (3.2)
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and its knowledge is also equivalent to the distribution of X (Feller 1971,
XII1.8). If (D,d) is a complete separable metric space whose points are
measures on a set [E, the Laplace transform of a random element

M:(Q,AP)—D
is given by
Uy AT [0,1]: f o Upr(f) = Bem M) (3.3)

where AT is the set of all nonnegative measurable and bounded functions
from E to R,;. Developing the expression yields

W (f) = /Q 3 /E " (w) = /D 3 /E fdeVM(u)-

This is a two-level formula. Once more the knowledge of U,; determines
the law of M and conversely (Resnick 2008, Propositions 3.4 and 3.5).

Let C;Zl denote the set of f € Cpq that satisfy f(x) > 0 for every
x € Bg.

Proposition 3.3.1. If D = My and E = By, the Laplace functional W,
on C;;l uniquely determines the distribution of M.

Proof. Let M : (Q, A, P) — (My,By,) be a random measure. The
distribution of M is the probability measure MyP = P o M ~1on M,.
According to Hult and Lindskog (2006), a basis of open sets for v € M,
is given by

Bu(k?fla"'afk)a’b)

:{MGMO

(Vlgigk):a</fidu—/fidu<b}

where £k € N, f; € Cpq and a,b € Q. The family B, is closed un-
der finite intersections and hence is a 7w-system. As any open set in
My is a countable union of these elements since M is separable, this
kind of set generates the Borel o-field Bj,. Hence, according to Theo-
rem 2.5.15, it is sufficient to know the value of M4 P on the sets of the



3.3 Laplace transform 71

type By(k, fi,..., fi,a,b). Since

M#P<{MEMO (V1<i<k): a</fidu—/fid¢<b}>

:P<{weQ'(V1§i<k): a</fide—/fid¢<b}>7

it suffices to show that Wj; determines the joint distribution of the k-
dimensional random vector

(M(f1)s--s M(fr))-

Its distribution is uniquely determined by its Laplace transform given by
(3.2):

k
B Z AiM (f:)
V()M N) = Ee =1 ,
for A\1,..., A\x = 0. It is equal to

k
-M Z)\ifi> k

Ee <i=1 =¥y <Z Aifi)
i=1

and 2?21 i fi well belongs C;;l. Then the knowledge of Wy (f) for f €
Cgtl only is sufficient. O

There is a useful convergence criterion for weak convergence of point
processes.

Proposition 3.3.2. Let n, and n be random elements in (Mo, Bag,).

Then ny, 4, 1 if and only if their Laplace transforms converge pointwise,
i.e. for every f € Ciy: Wy (f) — W, (f).

Proof. (=) Given f € C;;l, the map from My to Ry that takes p and
maps it onto u(f) is continuous. Then, if 7, 4, n, the Continuous

mapping theorem (Resnick 2008, p 152) implies that n,(f) 4, n(f) for

every f € CI;;. Thus e () 4 e=n() and, by Lebesgue’s dominated
convergence theorem, Ee~"(f) — Be=1(f)
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(<) Assume that for every f € C;, we have ¥, (f) — U,(f). We
will show that (i) the sequence 7, is tight in Mj and (ii) every weakly
converging subsequence 7, of 7, admits n as weak limit. Properties (i)
and (ii) together implies that 7, converges in distribution to 7.

For (i), we use Proposition 2.5.18 which states that n, is tight in M
if and only if for every f € C;;l the sequence of random variables 7, (f)
is tight in R. Let f € C;Zl. According to (3.1), the Laplace transform of
the random variable 7, (f) is, for A > 0,

Ee~MIn(f) = pe=m(Af)
which converges, since \f lies in C;Zl, to

Ee— ) = ge—An(f)

under the assumption made here. Hence the sequence 7,(f) weakly
converges in R and is thus relatively compact. By Prohorov’s theorem
it is tight. By Proposition 2.5.18, 1, is tight in Mj.

For (ii), let n,s be any weakly converging subsequence of n,,. Call 7
its weak limit. By the first part of the proof

U, (f) = Wi(f)-

The assumption

Uy, (f) = ¥y (f)

implies that 7 4 1. Hence 7,y 4, n. O

3.4 Compound Poisson processes

Poisson and compound Poisson processes are the weak limits of NV, when
the original series (X¢)icz is iid or stationary respectively. Here we in-
troduce these processes and compute their Laplace transforms that will
be useful these convergences in Sections 3.5 and 3.8.

Poisson processes, or Poisson Random Measure (PRM), are particu-
lar random measures.

Definition 3.4.1. A random measure

N : (Q,A,P) — (Mo, Bu,)
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1§ a point measure if

m o
N:Z‘SXi or N:Z‘SXi
i=1 i=1

for some X; : Q — Bg. The set of all point measures is called M, C M.

Note that, since N € My, for every subset A C By bounded away
from the origin, we have N(4) < co.

Definition 3.4.2. A random measure
N :(Q,A,P)— (Mo, Bu,)

18 a Poisson process with mean measure yu € My if
(i) N is a point measure such that for every A € Bg, and k € N,

e (uA)*
PV =k ={ —r () <o
0 if (A) = oo,
(i1) If Ay,..., Ay € Bg, are disjoint, then N(A;),...,N(Ag) are inde-

pendent random variables.

The Laplace transform of a Poisson process is a central concept. To
obtain it we look at the definition of Section 3.3 in the special case
D:MO andE:IB%O.

Proposition 3.4.3. If N is PRM(u), then its Laplace transform is given

by
_/ <1 _ e—f(w)) dp(z)
Un(f)=e “Bo
for f € C;Zl.
Proof. See Resnick (2007), Theorem 5.1. O
Recall that if 7 is a Poisson(\) random variable and if X7, X5, ... are

iid random elements with distribution v and independent of 7, then

7(w)
N(w,A) = Z 5Xi(w) (A)
1=1
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is a Poisson process with mean measure Av (Resnick 2008, p 132).

The compound Poisson process is a generalization of a Poisson pro-
cess in the following sense.

Definition 3.4.4. A random measure

Y 1 (Q,A, P) — (Mo, Buy,)

1s a compound Poisson process if it admits the representation

7(w)
Y(w,A) £ Dilw, 4)
i=1
where T 18 a Poisson(\) random wvariable and Dy, Ds, ... are nonnega-

tive iid copies independent of T of a random measure D : (Q, A, P) —

(MO’ BMO)'
Its Laplace transform is the following.
Proposition 3.4.5. The Laplace transform of a compound Poisson pro-
cess is given by
Ty (f) = A1 =Vp(f))

for f € ngl.

Proof. Let f € C;;l. Remember that the moment-generating function of
the Poisson(A) random variable 7 is given by

t
or(t) = EeTl = ¢~ A1 =€),
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As a consequence,

Wy (f) =B, (BEpeP)’
= EG_Y(f) B} = b (\I’D(f))q—
—(Q_Di(f)
— E.Epe ; _E, <eTln‘I’D(f)>
_ZDi(f)
= E,Epe =1 =, (In¥p(f))
_EFE 4 o—Di(f) _ A _e(ln‘I’D(f)))
g
_ g, [[Epe D) _ A= Up())
i=1
— B, ﬁED e~ D(f)
i=1

which is the expected formula. O

3.5 Point process limit for iid trials

This section establishes the fundamental link between regularly varying
objects, point processes and Poisson processes. This result is well-known
in the finite-dimensional case (Resnick 2008, Proposition 3.22) and in the
infinite-dimensional case (de Haan and Ferreira 2006, Theorem 9.3.9). A
proof is again given here to see its translation in Banach spaces using
the set of measures Mj.

Proposition 3.5.1. Let X be a random element in a separable Banach
space B. Then X 1is regqularly varying with index o« > 0 and exponent
measure (1 € My if and only if, given iid copies X1, Xo,... of X, there
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ezists a sequence (an) reqularly varying with index 1/« such that Ny, 4,
N, where

N,=) 6x, and  Nis PRM(p).
i=1 "

Proof. As we have seen in paragraph 3.3, the conclusion N, 4, N holds
if and only if, for every f € C;;, we have Uy, (f) — Un(f) as n goes
to infinity, ¥ indicating the Laplace transform of the process. Let us
compute

U, (f) = N <£> "

[Ee ~ \on
_ peDulf) 1, i
0

]
a_i> dvx (z)]"

" X; T
Ee_ z‘zlf (E) =[1- % /1830(1 - e_f <£> ndvx (f)]"
X; z
i <> “u-tfoa- o I
_ ﬁEe‘f <_> —f-- /Boﬂ — e @n)P (X € apda))”
X
e ()

I (=)

with ¢, (f) := /IB% (1-— et (x))nP (X € apdzx). Moreover

— 1—e_f(x)d T
e /EO< M
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with ¢(f) == /IB (1—e_f (x))du(w) since N is a Poisson random measure

0
with mean p.

Now, if X is regularly varying with index a > 0 and exponent mea-
sure (4, we have seen that an equivalent definition is

nP (X € aydz) 2o, i, n — oo.

Hence ¢, (f) — c(f) as n — oo according to the fact that 1 — e/ € Cpq,
because 1 — ef = 0 if and only if f = 0.

Then i
lim W, (f) = limgoo (12

= e_c(f)

= Un(f),

which proves that NV, 4N by Proposition 3.3.2.
Conversely, if

Un, (f) = ¥n(f), n—oo

(1 _ ﬂ) Leeld), poco

i.e.

n

this implies that ¢,(f) — ¢(f) as n — oo. First note that ¢,(f) has

n
a limit. If not, <1 — ch(f)> would not have one either since the ex-

ponential function is bijective. Thus the only possible value for the
limit of —¢,(f) as n — oo is —¢(f). Finally nP (X € a,dz) 2o, i as
n — 0. O

3.6 Limiting conditions

There are two more conditions that a jointly regularly varying time series
(Xt)tez will be assumed to have to obtain the limit distribution of N,
in the stationary case. They were defined in Section 3.2 but are recall
in more precise settings here. First recall that (a,)nen is a normalizing
sequence such that nP(||Xo|| > a,) = 1 and choose any sequence (r,,)neN
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such that r,, — oo and r,/n — 0 as n — oo. Notations that will be used
are
M, = max 1| X ]| and M, = max 12X |-

<isn ERCAS

The first condition can be either

lim limsup P( max || X¢]| > anu | || Xo|| > anu) =0, (C)
m—00 n 00 m<[t|<rn
or i
lim limsup Z P(|X;|| > anu | [|X1]] > apu) =0, (C)
MY m—oo i=m+1
or

lim limsup P(Mp11,r, > apu | || X1]| > apu) =0,
m—o0 n—oo (C”)

lim limsup P(M,, —m > apu | || X1]| > apu) =0,

m—00 n—oo

Denoting k,, = {EJ , the second condition is that, for every f € C;;l,
Tn
T
(3
i=1 "

n
1)
lim Fe =1 "
n—oo
Finite-cluster conditions (C), (C’) and (C”) prohibit the size of clus-
ters of large values of ||X|| to be infinite. The implications between
those conditions are

—{FEe }k” =0. (A(an))

(C) « (€
[
(€)

For our purpose we have to refer to one of these three conditions. It will
be the weaker, condition (C). Condition (C) was introduced in Smith
(1992) and is in particular met for Markov chains.

The mizing condition (A(a,)) allows us to approach N, by a sum
of ky iid point processes with the same distribution as »_.", 0x,/an- 1t
was introduced in Davis and Hsing (1995) and also used in Davis and
Mikosch (1998) for the ARCH model.

Recall that candidate extremal index defined is Section 2.4 is

0" = lim lim P(M, < x| || Xo| > ) € [0,1].

T—00 T—00
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Under conditions (C) and (A(ay)), 6* actually is the extremal index 6
of the series (||X¢||)tez (see Example 3.2.3) and in this case are thus
interchangeable. For this section we also define

B P(M,, > ayu)
" r P(|| Xol| > anu).

Note that the definition of 6,, is symmetric in time

1 -
o= E Z WXl > anu} ‘ M,, > anu] ,
" i=1

which means the expected size of clusters of extremes given that there
is an extreme.

The main result here is Proposition 3.6.4 that states that, under
condition (C), 6,, converges to 0* as n — oo and 0* > 0. This we will
useful to study the convergence of the cluster process. Besides this shows
that 1/60* can be considered as the expected cluster size of (X;)icz.

To get to this result first some elementary properties.

Proposition 3.6.1. If (X;)icz is a jointly reqularly varying time series
in a separable Banach space B, then P(M,, > a,u) — 0 as n — oo.

Proof. By stationarity and the fact that Xg € RV_,,

P(M,, > ayu) = P({there exists 1 < i < r, such that || X;|| > a,u})

< P{IIX1]| > anup U  UL[[ X, || > anu})
Tn

< P{IIX:] > anu})
i=1
Tn

=>_ P{|Xoll > anu})
i=1

= P({l| X0l > anu})
r

= ;nnP({HXoH > anu})

—>OU_a =0 as n — 09,

as stated. ]

This explains why 7, /n must tend to zero as n — oco. In particular,
the event {M,, > ayu} can be qualified as rare.
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Proposition 3.6.2. If (X;)icz is a jointly reqularly varying time series
in a separable Banach space B admitting (Yi)icz as tail process, then

6" = P(sup |Vi] < 1)
i>1

where 0* is the candidate extremal index of the series (|| X¢||)tez-

Proof. By Theorem 2.3.3, the Continuous mapping theorem (Resnick
2008, p 152) and the Levy monotone convergence theorem,

0* = lim lim P(M, <z ||| Xo| > )

T—00 T—00

= lim lim P( max [|X;|| <z ||Xol > =)
= T

T—00 T—00 i=1,...,
1]
T

= lim lim P( max <1 Xol > =)

r—00 T—00 i=1,...,r

= lim P(max ||| <1)
r—00 i=1,...,r

= P(sup|lYi]| < 1),
i>1

the statement of the theorem. O

The third asymptotic result is also an immediate consequence of reg-
ular variation and condition (C).

Proposition 3.6.3. Let (X;)icz be a jointly reqularly varying time series
in a separable Banach space B. Under condition (C), for every u,v > 0,

lim limsup P(M_,, —m V My, > aguo | | Xo|| > apu) = 0.

m—00 n—oo

Proof. Let v > 0 and 0 < v < 1. Then thanks to regular variation and
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condition (C)

lim limsup P(M_,, —m V My, > aguo | || Xo|| > anu)

Mm—00 n—oo

P(max,uqr, 1Xil] > anuv, [ Xol| > aqu)

= lim limsu
m—00 n_,oop P(HXo” > anuv)

P(|| X0l > anuv)
P([[ Xoll > anu)

P(max,,<j¢|<r, | Xell > anuv, | Xol| > anuv)

< lim limsu
S e P P(|[Xol| > anuv)

P(l[Xoll > anuv)
P([[Xoll > anu)

= lim limsup P(max,, <<, [ Xtl > anuv | [ Xol| > anuv)
Mm—00 n—oo

P(|| X0l > anuv)
P([|[ Xoll > anu)

=0 “=0.

If v > 1 the same result holds thanks to condition (C) only:

lim limsup P(M_,, —pm V My, . > aguo | || Xo| > anu)

m—0o0 n—oo

< lim limsup P(M_,,, —m V My r, > anu | || Xol| > anu)

m—00 n—oo
=0.
Thus the result is true for every v > 0. O

Proposition 3.6.4. Let (X;)icz be a jointly reqularly varying time series
in a separable Banach space B. Let (Y;)iez be the tail process of (Xi)iez.-
Under condition (C), P(Y; — 0 as [t| — o0) = 1 (Y; — 0 meaning
IYz]] — 0) and, for every u > 0, we have the further equalities:

0* = lim 0,

n—oo

= lim P(M,

n—oo

< agu | || Xo|| > anu) > 0.

n



82 3 Point processes of extremes

Proof. According to the preceding result, by Theorem 2.3.3, the Contin-
uous mapping theorem (Resnick 2008, p 152), for every € > 0 and every
v > 0, there exists m € N such that for every r > m :

P( max ||Y3|| >v)<e e P( max ||Y3|| <v)>1-—ce¢.

m|t|<rn m[t|<rn
This implies that
P(I%i]| = 0 as [t] — 00) = 1.
To prove that 60* = lim,_, 0, and is strictly positive, let
Omn = P(My, < apu | || Xol|l > anu)

and
6Y .= P( max |Yi|| <1).

m i=1,...,m
By Segers (2005), Section 2 p 332, for which the results stay valid in
Banach spaces, under condition (C) we have liminf6,, > 0. So if 6,, has
n—oo

a limit, it is positive. By Theorem 2.3.3 and the Continuous mapping
theorem (Resnick 2008, p 152),

lim 6,,, = 6}.
n—oo

By the Levy monotone convergence theorem,

lim_ 6}, = Plsup 1Y < 1) ="
1z

m—00

By Segers (2005), Theorem 3.1, Equation (5),

lim limsup |6, — 0| = 0.
m—oo 500

Then

limsup |6,—0%| < lim limsup (|0, — Omn| + |Omn — O] + |00, — 6%[) =0

n—oo m—00 n o0

hence limsup |0, — 0| = 0 i.e. lim |6, — %] = 0 since |6, — 6*| > 0.
n—00 n— oo
It remains to prove that

lim 0, = lim P(M,

n—oo n—oo

< anu | [ Xol > anu).

n
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Notice that this equality is false without the limit as it can be shown
computing both expression in the iid case. The elements in the right-
hand side are equal to 0,, , so it is equivalent to prove that

lim |6* —6,, »| =0.

n—oo
For r,, > m, we have 0,,, > 0,, , and
0 < Opn—20

= P(Mpn < apu < My, | [ Xol > anu)
= P(Mm < anu < Mg, | [ Xoll > anu)

Tn, M

< P(Mmi1r, 2 anu | | Xo > anu).
Thus, by condition (C), we have

lim limsup|6pn — 6y, 0] = 0.
m—oo noo

Hence

limsup |60* — 6, »|
n—oo

< mlim limsup (|60* — 0,] + |0n, — Omun| + O — Orm|) =0

—X n—oo

and, finally, limsup |6* —6,., ,| =0 i.e.

n—0o0

lim |6 —6,, ,]=0

n—oo

since [0* — 0, »| > 0. O

3.7 Convergence of the cluster process

A study of the asymptotic distribution of the cluster process is the last
step before getting the asymptotic distribution of N,,.

Proof of Theorem 3.2.1 (page 67). First let us show that ¢ is well de-
fined, that is P(sup;<_ [|Yi]] < 1) # 0 and ¢ is a point process in Mp.
For the first point, we will at the end of this proof that P(sup;<_; [|Yz]| <
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1) = 6* > 0. For the second, if the random elements Y; are de-
fined on the probability space €/, we know that for almost w’' €
im0 ||Y2(w)]| = O (Proposition 3.6.4). This implies for these w’ that
(Vr > 0) : #{Yi(w') € Bo \ B(0,7) | t € Z} < 400. Then, possibly
eliminating the set of probability zero where this does not hold, we can
assume that ), ., dy; € M.

Let w > 0. In order to prove that (, LN ¢, we will prove that their
Laplace transforms converge pointwise, i.e. for every f € C;;l C e, (f) —
Ue(f) asn — oo. Let f € Gyl

For k < I, define

Notice that

and

We will decompose the event { M, > a,u} with respect to the small-
est j € {1,...,7,} such that ||X;|| > a,u. Note that

Tn
Elcn(1,7mn) 5 My, > apu] = ZE(cn(l,rn) s M1 < apu < Xj).
j=1

By definition of Cj;, there exists v > 0 such that f = 0 on B(0,v).
Let m and n such that 2m + 1 < r, (so that the following choice of j
makes senses). For j € {m+1,...,r,—m} we have the following relation
“en(1,rn) = cn(j —m,j+m) except if My j_pm—1V Mjtmitr, > anuv”
Indeed || X|| < apuv if and only if || X;||/(anu) < v, which implies that
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7 (1511 (@qu)) = 0. For these j,

Apn(f) = |Elen(l,mm); Mj—1 < anu < || X;]]
— Elea(j —m,j+m); Mj_m -1 <anu <|X;l]|
= |Elen(l,70) 101, <anu<|;|
—en(i =M+ M) ar, o <anu<] )|
= ‘E[Cn(laTn)le,lganu<||Xj||
—cp(j—m,j+ m)l{Mj_m’j_lganu<||Xj||}] ‘
|E[en(Lrn) = en(i = myj+m) 5 anu < || X;]]]

<
< P(Myj—m—1V Mjimitr, > apuo, | X;|| > ayu).

The second inequality follows from the above relation and the first from
the fact that

Mj < apu < ”X]H implies Mj—m,j—l < apu < HX]”,

so that

1 <1 <1 :
{Mj < apu < || X3S H{Mj—mj—1 < anu < | X[} SHanu < [| X[}

together with the fact that 0 < ¢,(j —m,j +m) —c,(1,7,) < 1.

Using the definition of the conditional expectation, the definition of
0., the preceding expansion of E [¢,(1,7,) ; M, > a,u|, the stationar-
ity, the estimation of A, ,(j) for j € {m +1,...,r, —m} and the fact
that 0 < ¢, (j —m,j+m) —cy(l,r,) < 1forjé& {m+1,...,r, —m},
we obtain
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Amp = |Een(1,m0) | My, > anul

1
— —E[ea(-m,m) ; M_py 1 < agu | | Xo|| > anul|

On
= ! |E[cn(1,m) 5 My, > anu]
- P(Mrn > anu) n sy I I Tn n
—rpEen(—m,m) ; M_p, 1 < apu < HXOHH
1

Tn
=——— N E(cy(1,7): M1 < <X,
P(M,, > anu)\; (en(L,rn); M1 < anu i)

— 1B [en(=m,m); M_p —1 < anu < || Xol[]|

1 o
_ m\;{mcﬂa,rn);%_l < anu < |1X])

= Elen(j —m,j+m); Mjmj-1 < anu < | X1}

1

< BOL o (= 2 Amn(0) +2mP(IXo]l > anu)

1
S s <P (M m1 VM > 1 Xoll > anu
P, >anu)‘m (Mi,—m—1 1 > Anu, || Xol| )

+2mP (|| Xo|| > anu)|

1
O n

2m
{ PO -V M > a0 | [0l > o) + 22

As lim 0, = 6* > 0, since the first term in braces tends to 0 and

n—0o0
rn — 00, we have lim limsup A, , = 0.
m—00 n—oo

From Theorem 2.3.3 and the Portmanteau lemma, since f € C,:L
implies
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we have

1
lim H_E [en(—m,m) 3 M_p, 1 < agu | | Xo|| > anu]

)
n—0o0 n

1 ,
= nh_rgo —FEle i=m s M_py 1 < apu | || Xo|l > anul.
n m
L2 T0))
= goble = s MY <]

Then, using the result about A, ,, and, as ¥; — 0if [{| — oo, Lebesgue’s
dominated convergence theorem,

lim Ec,(1,7,) | M, > apul

n—oo

= lim lim —FE[c,(—m,m); M_,, 1 < anu | || Xo| > anul

m—>oon—>ooogn ’
- > )
= EE[@ i=—00 s MY <]
- > )
= Ele = | MY ) <1],

the last equality coming from the fact that 6* = P(]Mfm’_1 < 1). This
can be seen by taking f = 0 in the preceding equality, which yields

1
lim B[L| My, > anu] = 2F [1{MmY ) <1}

n—oo

. E[l{M,, >ayu}] 1 v
s 1 ~ = —P(M <1
o) P(M,, > ayu) 0 (M1 < 1)

1
s1=_—_PMY

f* —o0,—1 < 1)

Thus P, (f) — ¥c(f) as n — oo for every f € C;;. According to
Proposition 3.3.2, this is equivalent to ¢, 4, C. ]
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Proposition 3.7.1. The Laplace transform of the limit point process
s given by

1 > *Zf(y@i)
V(=g [ Ele S yswied > 1)

> fyes)

_e il 1{ys1>111)H@ZH > 1}d(-y™®)

for every f € C;;l. Furthermore if f = 0 on B(0,1), this expression
becomes

L M) D)
U(f) = Bl =0 —e =l MY > 1]
ORI
= 1_§[e i=1 —e i=0 ].

Proof. Let [ € C;Zl and let v > 0 be such that f(z) = 0 if ||z|| < v.
Recall that

Ve(f) = Be W)

o
IR0
= goble = P MY <1
m
, - > )
= — lim Efe i=m s MY <),
9* Mm—00 s
For m > 1 and ¢ € {0,1,...,m}, set
m
- )
amq = Ele =74 ; qu7,1 < 1]
Then
m
Ele =—m s MYy <1 =t = amo + Y (amg — Gmg-1)
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For ¢ € {0,1,...,m} we have

amyq - a'm7q71 = E[gmﬂ(Y*(I’ ct ’Ym)]

where
m
- Z f(;)
Img(Togs-ostm) = e =74 1 _max ;]| < 1}
m
- Z f(z;j)
—e i=atl { max || <1}

:_Q+177_1

Note that gm q(x_g,...,2m) = 0if ||z_4|| < 1 because then both terms
become equal. Consequently, the version (2.12) of the time change for-
mula (page 60) implies

aqu - aqu_l

:L[; Elgng(rO0, ., 7Omsq) 3 r]O4llld(—r~)

m—+q
- f(rey)
:/ E[e 1=0 ; TMOq 1 <1 <T||® H] ( CV)
m—+q
- f(rey)
_/ Ele i=1 P rMP, ) <1< 7]|®][Jd(—r®),

remembering that if » < v both terms are the same. Let

f(r©;)
/E ﬁo LM,y <1< r||0g|Jd(—r)
N —Zﬂ@n
—/Ekil L rME,_ <1< r||0][ld(—r9).

m+q m
Since Z f(ro;) = Zf(re)j unless, for some t > m + 1, 7O > v,
j=l =l
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we have

[(@m,g — Am,g—1) — bm.gl

/P O s, MO <1< @, ld—r ),

hence, as the events {r M2 -1 S 1 <7[|©4][} are disjoint and their union
is {rMpP,, > 1},

i(am,q - am,qfl) - i bm,q
q=1 q=1
/ M8, 1 > v, rME, <1 <10, ld(~r)
= 2/ P[TM oo > U, rMﬁ’m > 1]d(—=r™?)
< Z/OOP[rM oo > V]d(=T7Y)
— 9 /loo PlyMS 1 o > 1d(—y™)
=207 “P[M) 1 o > 1].

Without loss of generality, we can assume v < 1. Indeed, if v > 1, then
v = 1 does also the job for f and, if v < 1, it suffices to keep it 1tself. In

this case, since ||Yp|| ~Pareto(a) and ||©g|| = 1 almost surely,
= f())
amo = E[e =0 ]
00 - (T@j)
= / Ele =0 ld(—r~%)
1
(r©;)

_ / Ele =0 |00l > 1d(—r—).
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It follows that

m o 2 f0ey)
am,o—i-me,q = / Ele 779 ;TMO(?m>1]d(—T_O‘)
q=1 v
i~ = _f(re;)
- Ele J=1 ;er(?m > 1]d(—r~7)
Then
) - > 1Y)
U(f) = g Jim Ele = P MYy <]
1. “
— Eﬂ%gn amo—i-Z(am,q—amq_l)
q=1
1. “
< kg (amot S
q=1
. L =Y frey)
= & lim Ele 10 ;TM£m> 1]d(—r~®)
. L =Y f(rey)
5 lim/ Ele =1 sr MY, > 1)d(—r™®)
| e —> f(re;))
= —/ Ele 770 ;TM(?OO>1]d(—7"_O‘)
0* 0 )
. > f(re;))
_ﬁ/ Ele J=1 ;TMIG,OO > 1)d(—r™%),
0

which is the first part of the statement.
To prove the second formula for which v = 1, remark that

D)
j=1

Ele MY < 1) = BLM{ <1] = P(M{, <1)=0",
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hence
D - f)
Ve(f) = gABle 7 |- Ele 77! WMy o > 1]}
. M) -2 )
= golBle 770 =Bl 7N (1-1{M <1
LX) )
= ﬁE[e 7=0 ]—;E[e i=1 |+1
DO Bt
= 1—§E[e j=1 —e 770 I,
which is the expected formula. O

3.8 Point process limit for stationary time series

The goal of this chapter is to obtain the distribution of the point process
of extremes for a jointly regularly varying time series.

Proof of Theorem 3.2.2 (page 68). First let us show that Uy, — Uy
pointwise on Cpq. Let f € C;;l and let w > 0 be such that f(z) = 0 if
]| < w.

Define
e
Su(f) = ko(1—Ee =1 "7
e
= ky(1—-E[e 77! " M, > anul)
Tn Xj
33
= k,P(M,, >apu)E[l —e =1 | M, > apul.

On the one hand, by the definition of &, the regular variation of || Xy,
the definition and the properties of 6,, (see proof of Proposition 3.6.4
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page 81),

P(M,, > ayu)
knP(M,, > = z P(|| Xo|| > 1
n ( Tn anu) TnP(HXOH > anu)n (H OH anu) +0( )

= 0,nP(|| X0l > anu) +o(1)

— 0*u™* as n — oo.

On the other hand, thanks to Proposition 3.2.1 and the Portmanteau
Lemma,

Tn X, 00
> f (a—;> > 1 (Zu)
E[l —e =1 | M, > apu] —1— FEe J=!

as n — 0o. Consequently,

(e 9]

-3 F(Zu)

lim_¢,(f) = w0 (1 Ee =1 ) = (f).

The map g(z) := f(ux) belongs to f € C;; and is such that g(z) = 0 if
I /|l < 2. Then, thanks to Proposition 3.7.1,

Y fyr) = f(uYy)

W) = Fut- (- Bl S —e B
Y fY) =) f(uYy)
— uE[e i1 —e =0 ]
o - fy®) D f(uy®)
_ oy / Efe =1 —e =0 Jd(—y™)
o 2 fWO) =Y f(vey)

o T8 =Y f(v6y)
B /0 Ble = —e Jd(—v™),
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the last equality coming from the fact that, if v € (0, u|, then f(v0q) =0
almost surely, so both terms become equal which makes the integrand
equal to zero.
Condition (A(ay)) says that ¥y, (f) can be written as
Tn X]
]Z:; / < an >

Un,(f) = Ele ¥ 4+ o(1)

1
= {1= (N +o(1).
n
with the notation in terms of ¢,, hence

lim Oy, (f) = e ) = w(p).
n—oo
This proves the formula for the limit of Wy, (f).
It remains to prove that W(f) is equal to the Laplace transform
U ) (f). For that consider one of the previous expression of ¥(f) and,
according to the Laplace transform of a compound Poisson random vari-
able (Proposition 3.4.5),

2252 f(ZjU))

_ ef)\Nm) (1- ‘I’Z?;lézju(f))

\I/(f) _ e—@*u’a(l — Fe™

=Un(f)
which completes the proof according to Proposition 3.3.2. U

Remark. About the proof, the convergence of Wy, (f) to U(f) for every
fe C;Zl does already imply that (V,,)nen converges to some point pro-
cess N in M. Indeed the function t — W(tf) is continuous at ¢ = 0 and
t — WUy (tf) = Eexp(—tN,(f)) is the Laplace transform of the non-
negative random variable N, (f). By the continuity theorem for Laplace
transforms (Feller 1971, Theorem VIII.2), each (N, (f))neny must have a
weak limit and so is tight. This implies that NV, is tight and thus has a
weak limit N € Mj. Since the set of the point processes of My is weakly
closed, N is a point process. However, showing that U(f) = ¥n(f) for
the right point process N allows us to conclude the same without these
steps and gives directly the limit.



Chapter

Heavy tailed linear processes

Based on Meinguet and Segers (2010).

Abstract. The theory of heavy tailed time series applies to linear processes
in Banach spaces. They are composed of infinite sums of linearly transformed
independent random elements whose common distribution is regularly varying.
Linear processes in Banach spaces generalize the well-known autoregressive
moving average processes to functional data analysis. Explicit expressions of
their tail processes, spectral processes and extremal indices are given here.
These results are first obtained through a direct computation, and secondly
by seeing linear processes as autoregressive processes of order one in a suitable
sequence space.

4.1 Introduction
In this chapter we particularize the results of Chapter 2 to linear pro-

cesses. Examples of linear processes are the well-known autoregressive
moving average ARMA((p,q) time series

p q
X = Z YiXi—; +e¢+ Z Oict—i
i=1 i=1

where ¢; is the innovation of the process at time ¢. By developing the
expression of X;_;, every ARMA(p,q) process can be represented as a
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moving average with infinitely many coefficients:

[e.e]
Xy =¢er+ Z’YiEt—z‘-
i=1

The extension to Banach spaces of the multiplication ~;e;—; is a general
linear operation T;(g;—;). For instance, thinking of the concentration of
polluting gas over a city as a spatial phenomenon, an idea of what could
be a functional representation is

X,(z) = / K(x - 3) X (y)dy + 21(2),

i,e. Xy = K % Xy_1 + ¢ where K is a kernel representing what becomes
at time ¢ 4+ 1 a particle of pollution deposited at the origin at time ¢. In
other terms, the pollution today at location x is the average pollution
around z of the day before plus the new contribution of the day.

In standard functional data analysis the innovations e; of linear pro-
cesses are assumed to follow a Gaussian distribution. As in Embrechts
et al. (1997), Chapter 7, the normality of the innovations is replaced here
by a regularly varying law in the sense of Chapter 2.

To follow this aim, given two separable Banach spaces B; and Bo,
the class of heavy tailed linear processes studied here takes the general
form

Xy = ZTi(Zt—z‘), te€Z,
1€EZ
where T; : By — By are continuous linear maps between B; and Bs
whereas the innovations (Z;),, are independent and identically dis-
tributed random elements in B; whose common law is regularly varying.

In Section 4.2, Lemma 4.2.1 provides a condition for the almost sure
convergence of X; as an infinite sum. Joint regular variation is proved
in Theorem 4.2.2 which yields an explicit expression for the distribution
of the spectral process (0¢):cz. Its distribution depends on the spectral
measure of the innovations and the maps 7;. It reflects the common
extreme-value heuristic that large values in the series most likely arise
from a single large shock among the innovations that caused the shock.
In this case, the total value of the sum is approximately the value of
the innovation. Proposition 4.2.3 is an application of Theorem 4.2.2 to
the extremal index of the series (|| X||)tcz. Proposition 4.2.4 gives a
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sufficient condition for autoregressive processes of order 1 to be jointly
regularly varying.

The discussion ends in Section 4.3 with a study of the shifted time
series Zy = ((t,Ce—1,Ct—2,-..). The series ((¢)tez is an iid sequence of
regularly varying random elements in a separable Banach space B; and
Z is seen as an autoregressive process of order 1 in the sequence space
IB%I;I. Every causal linear time series from B to By admits a representation
as a linear transformation of this AR(1) process.

4.2 Definition and properties

Given two separable Banach spaces B; and By and linear continuous
maps T; : By — Bo, linear processes have the form

X = ZTi(thi)’ te Z,
1€Z

where (Z;)ez is a sequence of iid regularly varying innovations in B;. Say
that the Z; commonly have the distribution of Z with index of regular
variation o > 0. The first result provides a wide criterion for the random
elements X; to exist and for the series to be stationary.

Lemma 4.2.1. Let (Z;)icz be a sequence of iid reqularly varying random
elements with index o > 0 taking values in a Banach space B1. Let By be
a Banach space and let T; : By — Bo, ¢ € Z, be linear continuous maps.
If there ezxists 0 < § < min(1, o) such that

DT < oo (4.1)

iE€EZ

then the sum X; = ZieZ Ti(Z—;) is almost surely convergent and the
process (Xi)iez 18 stationary.

Proof. See page 105. O

If the law of Z is concentrated on a closed linear subspace By o of By,
then (4.1) may be replaced by the weaker condition



98 4 Heavy tailed linear processes

with § as before and ||T||o = sup{||Tz| : = € By, |z|| = 1} the operator
norm of the restriction of the linear operator T': B; — By to By (note
that ||T|lo < ||T||). Likewise, in Lemma 4.2.1, ||T},|| may be replaced by
|7 o Further note that if @ > 1 and if the innovations have expectation
zero (B; = Bs = R), condition (4.1) is not necessary for convergence of
the series X, although in that case the convergence does not need to
hold absolutely; see for instance Mikosch and Samorodnitsky (2000),
Lemma, A.3.

We have a general result about the joint regular variation of linear
series satisfying the assumptions of Lemma 4.2.1.

Theorem 4.2.2. Let B and By be two separable Banach spaces. Let
(Z;)icz be a sequence of iid reqularly varying random elements with index
a > 0 in By distributed according to a common random element Z. Let
T; : By — By, i € Z, be linear continuous maps satisfying (4.1). If there
evists i € 7 such that E[|T;(0%)||%] # 0, then the linear time series
(Xt)ieqg is jointly regularly varying with indexr o and spectral process

T_si(07) T;1i(07) o
ZE{JC ( G ||Tf<@Z>||> IT©™ ]

E[f(O_,,...,0,)]=<E
I ) > BT (07)]|]

iE€EZ

)

for every f : IBE?SH — R continuous and bounded, with ©Z a random
element in By with the spectral measure of Z as law.

Proof. See page 112. O

This spectral process can be decomposed into two independent com-
ponents. Indeed,

4

(O_s,...,0) L O(-5,1,9)

where S is a discrete random variable in Z independent of (O4)¢cz, with
distribution

E(|T:(0%)]°]
252 o ElIT; (7)1

j=—o0

P(S =i) =

i€z,



4.2 Definition and properties 99

and O(—s,t;4) is a random element in BT+ whose law is defined by

E[f(O(=s,t1))]

_ T s1i(©7) T,+4(97) aZy|e 1
“E[f<|ux@zm’“'wux@zm>'””@ g ]EWTM@ZMH'

The following proposition gives an expression of the candidate ex-
tremal index 6* of a linear time series in terms of the spectral process.
Recall that the candidate extremal index 6* is equal to the extremal
index 6 if, for instance, the finite-cluster condition (C) and the mixing
condition (A(ay,)) of Section 3.2 hold (see Example 3.2.3).

Proposition 4.2.3. Let By and By be two separable Banach spaces. Let
(Z;)icz be a sequence of iid reqularly varying random elements with index
a > 0 in By distributed according to a common random element Z. Let
T; : By — Bo, i € Z, be linear continuous maps satisfying (4.1). Let
(Xt)iez be the linear process Xy =3 ,cq Ti(Z1—;), t € Z. If there exists
i € 7 such that E[||T;(©%)||*] # 0, then the candidate extremal index 0*
of the series (|| X¢||)tez is given by

1
Y Enm©7)°

teZ

*

]E@ymwwy

where ©7 is a random element in By having the spectral measure of Z
as law.

Proof. See page 119. O

An example of jointly regularly varying linear series is the class of
autoregressive processes with regularly varying iid innovations.

Given an operator 7' : B — B, an AR(1) process is a time series
recursively defined by

Xy =T(Xt1) + Zy. (4.3)

The convergence condition (4.1) is easily checked for an AR(1) pro-
cess.

Proposition 4.2.4. If there exists j > 1 such that |T7|| < 1 , then the
AR(1) process (4.3) satisfies the convergence condition (4.1).

Proof. See page 119. O
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4.3 Shift operator

Let (¢¢)tez be a sequence of iid regularly varying random elements with
index « > 0 in a separable Banach space By. The shifted time series
related to ((¢)tez is the process

Xt = (Gt Ge—1,Ct—25 - - )

in BYY. The goal is to represent (X;);cz as jointly regularly varying
AR(1) process in the sequence space BY endowed with an appropriate
norm. It will be shown that every causal linear time series from B; to Bo
admits a representation as linear transformation of this AR(1) process.
The conclusion is that an AR(1) process is a linear time series and any
causal linear time series is a transformation of an AR(1) process, both
constructions leading of course to the same properties.

The first step of this section is to endow IB%IF with a norm that will
make (X})iez jointly regularly varying. Choose 0 < p < min(1,a) and
a sequence (wj);>o of strictly positive numbers such that wy = 1 and
Yo w? < 400. Define the norm of z = (zg,z1,...) € B} by

o
lzll =D willi]
=0

and the set B, = {x € BY : |lz|| < 4+oc0}. First remark that B, is a
separable Banach space so that we can apply the theory of Chapter 2 to
processes in B,,.

Proposition 4.3.1. The set B, is a separable Banach space.

Proof. First it is clear that B, is a normed vector space.

For the completude, let (z,)nen be a Cauchy sequence in B,. The
map L(zg,z1,...) = (woxo, w121, . ..) from B, to I* is linear, continuous
and invertible. Since [*(B;) is complete, the Cauchy sequence (L(zy,))nen
converges to an element y € I'. Consequently (z,)nen converges to
L~Y(y) € B, and B, is complete.

For the separability, let D be a countable dense subset of B;. Set

DN = {(xl,...,$k,0,0,...) | z; €D, kJGN}-

The subset DY is countable by construction. Let y = (yo,¥1,...) € B,
and ¢ > 0. Choose k € N such that > ;°, w;|yi|| < ¢/2. Since By is
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separable, there exists z; € D which is (£/2)/(2i1w;)-close to y; € By,
0<i<k. Setz=(x1,...,2%,0,0,...). Consequently,

[e'¢) k—1
_g/2 e €
e =yl = > willei - will < 3 wisl— +sz||y@|| <S+i=e
i=0 i=0
which proves that DY is dense in B,. ]

The set B, is a subspace of B} and the members of the shifted time
series (X¢)iez with underlying process ((¢)tez almost surely belongs to

B .
(szHCt zH> E ZWf\\Ct—ill”]
=0

.
B X,|IP =
o0
= waE G-I = BICIP > w? < +oo.
=0 =0

The shifted process (X;)tcz can be viewed as an autoregressive pro-
cess. If L is defined from B, to B, by

L(.%'o,xl,xg, .. ) = (0,.%'0,1‘1,.%'2 .. .),

then
Xi = (G, C—1,C—2, -+ -) = L(X¢—1) + (¢, 0,0, ....).

Call Z; := ({;,0,0,...) the innovations of this process. They are regularly
varying with index o and spectral measure Az = £(6¢,0,0,...) where
©¢ is a random element in B; with distribution equal to the spectral
measure of . The following proposition gives the distribution of the
forward spectral process of (Xy)iez.

Proposition 4.3.2. Let (Z;)icz be a sequence of iid regqularly varying
random elements with index o > 0 in By distributed according to a com-
mon random element Z. Then the time series Xy = (¢, Gi—1,Ct—2,.-.) 1S
jointly regularly varying in B,. Its forward spectral process (eF )e=0 has

the structure

(07 )0 £ (LY(OF))iez
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where @5( 15 a random element having the spectral measure of Xq as low:

o<
@?:(0,...,0,10—[,0,...),

the position of ©% /wy being distributed according to the random variable
I whose law s

)=—==t— i€{0,1,2,...},
Zﬁowf

and ©S being a random element in By distributed according to the spectral
measure of C.

Proof. Let
Bp,(] = {(270,231,562,...) GBP | 1 =Tg=...= 0}

be the subspace on which the law of the innovations Z; are concentrated.
Let | - |lo be the restriction to B, of the operator norm || - || on BY:

ITlo = sup{|[T'(x)|| : © € By, [lx[| = 1}.

Since ||L"[jo = wy and Y, ywh < 400, there exists j € N such that
|IL7]lo < 1. The hypotheses of Proposition 4.2.4 are thus satisfied which
implies that (X;):ez is jointly regularly varying. By definition

X X
() [l =) 05 v, oo,
X

T

where (Y;X);en is the forward tail process of (X);cz. Besides, since
t .
X = LN(Xo) + Y L' (%),
i=1

we have

() | o= o) & @059 0 e

x

By the uniqueness of the limit

(V¥ Ve £ (L(Y))rez
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hence

(07 )iez £ (L(OF))iez

where (O )sey is the forward spectral process of (X)iez. The random
element ©F has the distribution of Y5¥/||Y5X|. Given f € Cy(B,), using
(4.4) and a computation similar to the one in the proof of Theorem 4.2.2
(page 112) , as © — oo,

B|1(3%) | 100> 4]

1

=F |:f <;(<07<—17 .. )> ‘ H(C07C—17 . )” > fE:|

1 ¢ ws

i>0 v J=0"3
where the nonzero argument of f is located at the i*" place for the ;™"
term of the sum. So
Y¢
Y:X =(0,...,0,—,0,...
0 ( 9 9 ”LU]’ 9 )

where Y€ is the tail representation of ¢ and the random position of Y /wjy
is distributed according to the random variable I with

PI=1i)==—:, i€{0,1,2,...}.
Z?iowf
Finally
S
x 7 B (0,...,0,w—1,0,...)
o= =
6T 0,0, 50,
I ¢
=(0,...,0,———,0,...)=(0,...,0,—,0,...
( ) ) ,wIHYC”, ) ) ( ) ) ?wl? ) )
where ©¢ /wy located at the I*M place of the sequence. O

Proposition 4.3.3 the same as Proposition 4.2.2 in Section 4.2 but for
causal linear processes only.
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Proposition 4.3.3. Let By and By be two separable Banach spaces. Let
(Z;)icz be a sequence of iid reqularly varying random elements with index
a > 0 in By distributed according to a common random element Z. Let
T; : By — Bo, i € Z, be linear continuous maps satisfying (4.1). Let
(Xt)tez be the linear process Xy = ZigoTi(thi)’ t € Z. Then (Xy)tez is

jointly regularly varying and its spectral process (05 );cz, namely satisfies
S+i @Z Tt+i(®Z) 7
(e 707
Z IT:07)]" " IT(e7)]]

> E[ITi(67)]]
i=0

E[f(&%,,...67)] =

)

for every f : IB%gferl — R continuous and bounded, where ©% is a random
element in By having the spectral measure of Z as law.

Proof. Let 0 < p < min(1, ), let (w;)i>0 be a sequence of strictly pos-
itive numbers such that sup,> ||7;||/w; = C < 400 and consider the
associated Banach space B,. Let

T:B, — By : (xg,2-1,...) — ZTZ-(x,Z)
120

so that Xy = T((;). The linear map T is continuous since

sup || T((zn))[5, Sup. ZHTHHOC illB,
I@n)llz, =1 S a1 22
= sup || Ti(@-i)|s, sup > wil|zile,
)iz =1 157 numnmp—11>o
sup > | Ti(z-i)|ls, | =C
Mxnnmp71,>o

hence, as a consequence of Proposition 4.3.2,

@Z
egz(O’...7O’w—I’07...)

where the nonzero component is located at index I + ¢ with probability
P(I = i) = wi/3 7 Zgws. Let 0 < s < t. According to Proposi-
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tion 2.3.4, for f € C(BL *™) we have

E[f(©F,...01)]

¢
! E[f( LA/ )u>” (©5)°]

~ E(T©Y)]] IT©pI I T(e5)

_ > ico w§

LR ElTH(07 fwi)l|*wg

Toy1(07 Jwy) Ty 1(07 Jwy) z a

2 (ritoz g o7 ) O/l

B Do Wi Ty41(07)  T11(07) AT

- s wmenm Pt (e i ) e
. s+1 @Z Tt Z(GZ) o
= ST Zf <||T+ o7y \|5<@Z>H> IO

where (©;¥);cz is the spectral process of (X;)iez. O

4.4 Proofs for Section 4.2

Proof of Lemma 4.2.1 (page 97). Eristence. Using consecutively the tri-
angle inequality, the fact that (z 4 y)° < 2° 4+ 4° given 0 < z, 0 < y and
0<é<1, [T <|T|l=|l, the monotone convergence, the hypoth-
esis (4.1) and eventually the fact that, for a positive regularly varying
random variable X with index o > 0, for every 0 < § < «, we have
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EXP < 400, we get

E (|1X:)°) <hm > 1712 AP)

~F (u > TiZii ||5> - (Z ||T@-||5||ZH||5>
<E (ZHT Z-3)] ) ~ lim @HT\P> (121°)
<E (Z IT(Zi- \P) - (223 unné) E(|121°)
<E (Z 17012 AP) < 400

so that X; almost surely exists.

Stationarity. For each f : B¥ — R, continuous and bounded we have
to verify that

E[f(Xt, e ,Xt+k)] = E[f(XO, e ,Xk)]

ie.
SOICERIS S ICHS
o
Ef(Z TA(Z-i), ., > T Ze—i))
i=1 i=1
which is the case by dominated convergence. O

Lemma 4.4.1. Let (Z;)icz be a sequence of independent and identically
distributed random element taking values in a Banach space By. Let Bo
be another Banach space and let T; : B1 — Bo, i € Z, be linear continuous
maps.

(i) the map x — V(x) := P(||Z;]| > x) belongs to RV _,, for some
a >0,
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(i) limg o P(|Ti(Z)|| > 2)/V (2) = a; € [0,00),
(iii) the maps T; satisfy (4.1),

then the series Xy = Y ;5 Ti(Zi—i),t € Z, is almost surely absolutely
convergent and as x — 00,

B ez Ti(Zi)ll > 2} = Xz HITH(Z0) | > 2}| = o(V(2)).  (4.4)
In particular,

. P Z@'e T; Zz >
zlggo ( Z‘;/(i) )l ) = Zai < 00. (4.5)

1€EZ
The proof of Lemma, 4.4.1 is based on a number of lemmas.
Lemma 4.4.2. Let X and Y be independent random elements of a Ba-

nach space B. Suppose that there exists V. € RV _, with o > 0 and
nonnegative numbers a,b such that

b PUXL>2) o POY] > )

Jim =5 Jim == (4.6)

Then as T — o0,
E‘l{”X +Y| >z} — {||X]| >z} - {||Y] > x}‘ = O(V(x)). (4.7)

Proof. For real z, let ()™ =z Vv 0. Use the formula |r| = (r)* + (—r)"
for real r to decompose the absolute value on the left-hand side of (4.7).

Fix 0 < ¢ < 1. For positive numbers r,s,z, if r + s > x, then
necessarily 7 Vs > (1 —e)x or r A s > ex. It follows that

HIX + Y| > 2} <X+ Y] > 2}
S HIXI VIV > @ =)z} + WX A Y]] > ex}
<SHIX) > (T =e)zp + Y[ > (1 - e)a}

+ | X > ez} 1{[[Y]| > ex}.
We find that
HIX +Y| > 2}) — 1{IX] > 2} = [V >z}

<UL -or < |IX]| <o} + (1 —e)a < V] <}
+ || X|| > ez} {||]Y ]| > ex}.
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By regular variation of V' and by (4.6),

E(HIX +Y] > a} - Y| X[ > a} - Y|V > 2})"

li !
imsu

<(a+b)((1—e) > —1).
Since € > 0 was arbitrary, it follows that

E(UIX +Y] >a} - H|IX]| > a} - Y|V > y})" = o(V(2)) (48)

as r — 00.
Since [|[v + w|| = |||v|| = ||w]|| for v,w € B, we have

HIIX + Y| > 2} > 1{IX] = [Vl > 2}
= WX > 2+ [V} + 1Y > 2+ [ X}

It follows that
HIX[ > 2} + IV > v} = HIX + Y| > 2}
< Hz <[ X[ <z + [V} + Wz < V]| <2+ [1X]]}-
Fix € > 0. We have
He < IX[| <z + (Y]}
< Hz < [[X]| < (1 + &)z} + W X[ > 2} 1{|[Y]] > ex}.
By regular variation of V' and (4.6),

e P < IXI <2 YD

<a(l—(1+¢)7%).

Since € > 0 was arbitrary, it follows that

P X < Y
p Pl < IX] <o+ ]Y])

200 V(z) =0

By symmetry, the same is true for X and Y interchanged. We conclude
that

E{IX] >} + H[Y] >y} = 1{IX + Y| > 2})" =o(V(z)) (49)

as x — oo. Finally, combine (4.8) and (4.9) to arrive at (4.7). O



4.4 Proofs for Section 4.2 109

Lemma 4.4.3. Let X1,...,X, be independent random elements of a
Banach space B. Suppose that there exists V € RV _, with o > 0 and
nonnegative numbers ay,...,a, such that

P(|| X;
f PUX > 2)

D00 V(z) = ay, ie{l,...,n}. (4.10)

Then as T — 00,

B2 Xl > 2) = S HIIXill > 2} = o(V(2)). (4.11)

In particular,

lim (”Zz IX ” > ‘T Zaz (412)

T—00 V

Proof. The proof is by induction on n. The case n = 2 was treated in
Lemma 4.4.2. So suppose that n > 3. By the triangle inequality,

LIS Xl > 2) - S 11X > )
< PITIE Xt Xl > 2) = WIZIS K > ) = 1) > o)
+ (IS X > 2) = SIS {1 Xl > 2},

Take expectations and apply the induction hypothesis twice to arrive at
(4.11). Equation (4.12) follows immediately from (4.10) and (4.11). O

Remark 4.4.4. Under the conditions of Lemma 4.4.1 we also have
E 1{|IZI|13XHT( D >a}=> HITi(2)] > )} =o(V(z), - oo
e li|<n

the proof of which is similar to but simpler than the one of (4.11): proceed
by induction on n, the key step in case n = 2 being the identity

Hmax(|[ Xa ], [[Xal]) > «}
= HIX1ll > 2} + W[ Xa| > 2} = W[ Xu | > 2} 1{[| X[ > «}.

It then follows that

g%

i<n

> x) - 1<max | X > x)‘ o(V(z)).
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which means that the sum Zz‘gn X is large in norm if and only if one of
the terms X; is large in norm. In that case || 3 ;< Xil is approzimately
the same as max;<y || X;||, the largest term dominating the whole sum.

Proof of Lemma 4.4.1. Thank to Lemma 4.2.1 the series ) , T;(Z;) exists
almost surely.

Write X; = T;(Z;). In order to prove (4.4), let m be a positive
integer. Write

(LI Xill > 2} = 2 {I1Xal| > 3}
< HIS Xl > o} = IS e Xill > o}
+ I emXill > 2} = 2 < HIXG | > 2}
+ 2 iem I > 2} (4.13)
The three terms on the right-hand side are treated separately.
Consider the first term on the right-hand side of (4.13). Let X =

ngsz‘ and Y = Z\imei- Using the identity |14 — 1| = 1aa B, it
is not difficult to see that for 0 < e < 1,

[H{IX + Y] >z} = 1{[|X]| > 2}
UV > ex} + {1 — )z < | X]| < (1 +e)a).

By Resnick (2008), Lemma 4.24, since |[Y'|| < 325, 173/ Zi

: P(IY] > y)
limsup =Y < S e
y—oo V(y) li|>m

By (ii) and (4.12),

By regular variation of V' and from ||T;(Z;)|| < | T:|[||Zi||, it follows that
a; < ||T;||“ (see Proof of Theorem 4.2.2 on page 112). In view of the
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three preceding displays, we have

E|{|IX + Y| > =} - 1{|| X] > «}

ENNT+ (M=) =1+ ) a

li 1
1m su

li|>m li|<m
e T+ (1—e) = (1+2)) Y _ITil*. (4.14)
[i|>m USY/

Next, for the second term on the right-hand side of (4.13), Lemma 4.4.3
implies immediately that

IS e Xill > 7}~ SenllIXill > 2} =o(V@), oo

(4.15)

Finally, consider the third term on the right-hand side of (4.13).

Let m be sufficiently large such that ||T;|| < 1 whenever |i| > m. By

Potter’s theorem (Resnick 2008, p 22), there exists xy > 0 such that
V(ex)/V(z) < (1 4+ a—p)c™P for every > z¢ and ¢ > 1. Hence

PIXi|l > =) _ PAT(Z > =) _
Vi) V()

<A +a=-pITlP, @ = o, [i] > m.

(4.16)
As a consequence,

lim sup

mswp s 30 PN >0 < (+a=p) 3 ITI. @17

|i|>m [i|>m

Taking expectations in (4.13) and inserting the upper bounds in
(4.14), (4.15) and (4.17) yields the following inequality, valid for all
0 < e <1 and for all sufficiently large integer m:

lim sup ﬁm{uzixiu >z} = 2|1 > 2}

e DT+ (=)™ = (1 +)7%) DT ]* + om(D)-

|i|>m i€Z

First let m — oo and then let € | 0 to arrive at (4.4).
Equation (4.5) follows from (4.4) and the dominated convergence
theorem, the use of which is justified by (iii) and (4.16). O
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Proof of Theorem 4.2.2 (page 98). Write p the exponent measure of Z
such that p({x € B : ||z|]| > 1}) = 1. First remark that p(9[||T;(y)| >
1)) = p([l|Ti(y)|| = 1]) = 0. Otherwise the map

w—= p([[Ti()l > ul) = u™*u({[Ti(y) | > 1])

which is continuous would have a discontinuity at « = 1. So, according
to the definition of exponent measure (Definition 2.2.1), we have

P(T(2)| > ) = P(|Ti(Z/x)| > 1) ~ P(|Z] > @) p((IT:(y)]] > 1])-

Let ©Z be a random element in B the spectral measure of Z as law.
Then, by (2.6),

W(Im@I > 1) = [1m@] > e
~ [ Bim@l > mee?i-r)
— [ PUzee?) > )
= [ Panee > viw
— BIT©%)|
According to (4.4) and (4.5), we obtain

Y PUT(2) > )~ P(|Z] > 2) ) ENT(O7)]|°]:

€L €L

Note that there exists a random element ©(—s,#;7) in B3 such
that

c((%ﬁfﬁ%ﬁ) ‘ 1T/ 2)] >x> 9 L (O(—s,1:4)).

Indeed, given f € Cy(B5T 1), thanks to Definition 2.2.1 and Lemma 2.5.20,
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T—s-i—i(Z) ﬂ-i-z T
EH @l 1z ) ' I7:2)] > ]
T s1i(Z) Ti+i(Z) , .
_E[f (B "“’\m<z>||>1{”Tl( >
P12 > o) 2]
P> 2)
T s+i(Z/x) Ti1i(Z/) i
_E{f (Eizmi e 01> 1]
HED 2]
G
S+z Titi(y) ' 1
/1 ( OIS umwn) W) > dly) g ezygay
By (2.12) this limit can be rewritten
T_s+i(re) Titi(re) .
/r>0,||w||=1f ( ool ummu) ””(T@(Z“")” >)1}
€ dyp o
DRCA DR

_ T s1i(p) Tivi(p) o P(©7 € dy)
‘/”wn R ( T Tty )H) 17" Zz ez

_ T s1i(©7) T,+(07) aZy| 1
= [f < HCHIRES ||T@-<@Z>||> 17671 ] ET (67

= E[f (6(—s,t;4))].

Now take f € Cp(B2) and let us compute the distribution of the tail
process according to the above results, Equation (4.4) and the two notes
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below, that, as z — oo,

E[f (X; ..... %) ' ||X0||>4

Bl (22 X)Xl > 2] pz) > 2
P([Z] > ) (| Xo] > @)
E|f (% ) Tz > o}
P([T(Z)] > =)

PUT(2)|| > =) P([Z] > x)

P21 >2) PU%l > ) "o
-S» () [zl > o
Rz P oW
:;E[f (TS?(Z) ..... TMZ)) IT(2)] >x]
PUT(Z) > 2) PZ] >0)

P(|Z]| > =) P(|Xo] > =)
1
25 o ElT;(O©7)]°]

where Y ~ Pareto(«) is independent of (O(—s,t;1));cz. So the spectral
process of (X;)icz is given by

Elf (0_s ..., 0y)]

— Y E[f(YO(=s,t;1)] E[|T:(67)]1°]

€L

= E —s,t;1 T; @Z 1
=3Bl W ENTON s
JEZ
T—S-H(@ ) Tt-i-i(e ) N YAV
ZE{ <HT L WGZ)H) 17O ]

_ €L

> ElT(07)]]

iE€EZ
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by the result of the previous paragraph. O

Note 1. Why is the step

X, PUL(Z)] > ) (2] > 2)
2" [f <?> ‘ I:(Z-0)1 > } PIIZ] > ) PUXol > 2)

_ LN 7 1 o ] PULEDN > 2) PUZ| > )
‘Zﬂf (B2 imen > | R s+

true the proof of Theorem 4.2.27
Decompose Xy in

= T:(Z_; = Ti(Z_)) Ti(Z_;
Z]( J):Z ]( ])+( )
Jj=0 j=0,5#i
Put
a [ 2520 Ti(Z-5)
U, = (% |Ti(Z-i)|| > =
as well as

a (Ti(Z)
vt (P2 izl > o).
U, — V., meaning

U.—v d (Z;‘io,j;éiTj(Z—j) d Z?’;o,#@-Tj(Z—j)

x

ITi(Z-3) || > x)

T
Set p, = L(U, — V,,) and let us show that
d
U, -V, =0, T — 0.

This is based on the fact that p,(A) = pui(zA). Assume that 0 ¢ JA.
Then, if 0 ¢ A, we have 0 ¢ cl A and the limit of u,(A) is pq(0) = 0.
Else, if 0 € A, we have 0 € int A and the limit of p,(A) is p1(B2) =1
So py — g in distribution.

Moreover, V,, has a weak limit, let us say W:

d
V., = W, T — 00.
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So Slutsky’s theorem implies that
Up= (U, - Vi) + Vo S W, 2 — .

Thus, by the Portmanteau Lemma, we obtain that for all continuous and

bounded
[ (B2 iz
= Jin 2|1 (P2 [im(2)1 > 2.

Consequently, by the properties of the limits,

f <Z§iozj(z—j)>

PAT(2)|| > =) P(Z] > x)
- PUIZI> ) P(IXoll > x)

—Jin 3 i 2|7 (P2 |z >

jil<n

lim Y lim B IT:(Z-3)|| > =

lil<n

PT(2)|| > =) P([Z]] > )

Pzl > =) P([Xoll > =)
f <Z§i0Tj(Z—j)>

PAT(2)|| > =) P(Z] > x)
- PIZI > ) P(IXoll > x)

— i in 3 8| (P2 [15.2)) > 4

li]<n

hence

lim lim Y B IT:(Z-3)|| > =

lil<n

PUIT: (2| > =) (2] > =)
P(|Z] > =) P([|Xol > =)
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Consider the set F = [1,00] and the measure p = 05 on E. Set

f (%) I17:(2-0)] > m]

PUT(2)] > =) P(4]] > =)
P(|Z]| > =) P([|Xo > =)

Fn:E—>R:1‘|—>ZE
il <n

and

Guio—riom 3 8[1 (E2) [im2) >4

lil<n

PUT:(2)] > =) P(Z]] > =)
P(|Z]| > =) P([|Xol > =)

so that we have
lim /Fnd,u = lim /Gnd,u.

The sequences (F},) and (G,,) are increasing (using f = f* — f~, f can
be assumed to be nonnegative). Then

/ lim F,du :/ lim G,du,
n—oo n—oo

) 2%, 5, F(e) = Jimg, Tig, Gl
. _ ] PUT(Z)| > =) P(12] > =)
J%%E[f (%) [imez-an> <] S 5 e
. UL > 2) P(IZ] > =)
:LO%E[ (A2) [ o| "G P =

which is the statement.

Note 2. Here is the details explaining how we get f(YO(—s,t;1))
at the penultimate display of the proof of Theorem 4.2.2.
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We know that
Lel?) | Tl : )L st
ﬁ(( T:(2)| ’HTi(Z)H> ‘ IT:(Z)]| > ) L(O(=s,t;i)) .

Take Y ~ Pareto(a) and independent of ©(—s, t;1).
First of all, remark that

(BT i) | wn ><)

LY, 0(=s,t:9)).

Indeed, by van der Vaart and Wellner (1996), Lemma 1.4.2, to see this
it suffices to prove that:

e[ (5o (i) | 1o >+
— Elf(Y)g(O(~5.:1)

for every continuous and bounded f and g. Using Lebesgue’s dominated
convergence theorem and the fact that ||| > 1, the functions f can be
replaced by the family of functions 1{- > y} where y > 1, which satisfy
the property:

x&%E[l{”TiifZ’”w}g(ﬂﬂéﬁ* i) | 1>+

i PULD)| = 2y) [ (Toayi(Z)  Tii(Z i
- i (T )| 1l = o)

=y “Elg(0(=s,1:4))] = E[I{Y > y}] E[g(O(=s,1;7))]

= E[{Y >y}g(0(=s,t;1))] .

Finally apply the Continuous mapping theorem (Resnick 2008, p 152)
with the function h(y,z_s,...,2¢) = y(x_g,..., ;) to obtain

L<<T8”(Z),...,THZ )' T3 ( )H>x> L L(YO(=s,t;1)).

x
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Proof of Proposition 4.2.3 (page 99). According to Table 2.1, the candi-
date extremal index 6 is

o =1 & [mn{ ool sup e .
t>1
We have by monotone convergence and Theorem 4.2.2,
5 [minjeul, swpljerf ]
t>1
= lim E[min{”@oﬂa, max H@t”aH
m— oo 1<t<m
e Tz Bmin{|7,07)°, maxi<igon [T ©7°)]
m-00 Yonez Ell 1,67

_ Yonez Emin{||T,07*, sups, [|T04:07]1*}]
> nez EllThez®7 ]

For a nonnegative sequence (a,)ncz such that > a, < co, we have

g min (an, sup an+t> g Ay — SUP Gy,

nez nezZ nez

which yields the statement. O

Proof of Proposition 4.2.4 (page 99). Let 0 < p < min(1, «). Since X; =
T(Xt—l) + Zt = Zt +T(Zt_1) +T2(Zt_2) +..., the series (Xt)tEZ admits
the expression of a linear process with T}(z) = T%(z), i > 0. Moreover,

00 0o ' 7j—1
Z 1T ST PEY TP
= =0

k=0
oo j—1 '
Z|Tk‘]+al < 400
k=0 1=0
oo j—1 .
<02 dTkyirtye
k=0 1=0

which implies (4.1). O
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Chapter

Maxima of moving maxima of
continuous functions

Based on Meinguet (2010).

Abstract. Maxima of moving maxima of continuous functions (CM3) are
max-stable processes aimed at modeling extremes of continuous phenomena
over time. They are defined as Smith and Weissman’s M4 processes with con-
tinuous functions rather than vectors. After standardization of the margins of
the observed process into unit-Fréchet, CM3 processes can model the remain-
ing spatio-temporal dependence structure. CM3 processes have the property
of joint regular variation. The spectral processes from this class admit particu-
larly simple expressions. Furthermore, depending on the speed with which the
parameter functions tend toward zero, CM3 processes fulfill the finite-cluster
condition and the strong mixing condition. For instance, these three proper-
ties put together have implications for the expression of the extremal index.
A method for fitting a CM3 to data is investigated. The first step is to es-
timate the length of the temporal dependence. Then, by selecting a suitable
number of blocks of extremes of this length, clustering algorithms are used
to estimate the total number of different profiles. The number of parameter
functions to retrieve is equal to the product of these two numbers. They are
estimated thanks to the output of the partitioning algorithms in the previous
step. The full procedure only requires one parameter which is the range of
variation allowed among the different profiles. The dissimilarity between the



122 5 Maxima of moving maxima of continuous functions

original CM3 and the estimated version is evaluated by means of the Hausdorff
distance between the graphs of the parameter functions.

5.1 Introduction

After our study in Chapter 4 of heavy tailed linear processes, this chapter
is devoted to processes endowed with the same structure but with a
maximum instead of a sum. The main characteristic of “max-linear”
processes is their capacity to model the cross-sectional tail dependence
and the temporal tail dependence of more general process, that do not
have to be heavy tailed, after a standardization of the margins into unit-
Fréchet. Here we focus on the case of continuous functions as objects
of interest. After having derived their main properties, we suggest and
compare several estimation methods.

Mazima of moving mazima of continuous functions, in short CM3,
are the analogue of Smith and Weissman’s M4 processes (Smith and

Weissman 1996) with continuous functions rather than vectors. Let al(-j )
(i € Z4, j € Z) be strictly positive, real, continuous functions on a
compact domain of R?, let us say [0,1]?2. The functions al(-] ) are the
parameter functions. They are assumed to satisfy, for every z € [0, 1],
the equality >,z > ;0 az(])(x) = 1. A CM3 process (X¢)iez is defined

by the expression

Xy(z) = supsup agj)(x)Zt(z)i (x €10,1]9),
Jez i>0

where the innovations Zi(] ) are independent and identically distributed
unit-Fréchet random variables, i.e. P(Z; < z) = exp(—1/z) for z > 0.
CM3 processes generalize M4 processes in the sense that M4 have the
same expression except that the parameters al(-] ) are vectors of R

The fact that, given real numbers & > 0 (i € N) such that & +
& + ... =1, the distribution of max(&; 71,822, ...) stays unit-Fréchet
implies that X; has unit-Fréchet margins. However the transformation
from (Z;)iez to (X¢)tez induces a dependence structure over time and
in space. Extremes appear in temporal clusters and, at time ¢, a large
value for X; at location = causes large values at other locations. From this
fact, CM3 processes are able to model a wide range of spatio-temporal
dependence. The first part of this chapter is a study of some properties:
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spectral process, strong mixing condition, finite-cluster condition and
extremal index.

The second objective of this chapter is to fit CM3 processes to sam-
ples with measurement errors. For that purpose, CM3 will be discretized
into D-dimensional M4 selecting D points z4 (1 < d < D) in the do-
main. It will be also assumed that 0 < i < K and 1 < j < L for finite
constants K and L. The practical model studied is thus

X(d) = max, max o (20)2, + e(wa)  (1<d<D)
where &;(z4) are independent N (0, 0?) random variables. The parameter
K is the length of the temporal dependence and L is the total number of
reproducible patterns that we can observe up to a multiplicative constant
in the process.

Figure 5.1 shows a realization of a CM3 plotted versus a M4 with
K = 3 and L = 2. The spatio-temporal dependence clearly appears.
The two different profiles of extremes are plotted in different colors.

Figure 5.1: Representation of a M4 with D = 5 on the left and of a CM3
on [0,1] on the right (with K =3 and L = 2)

In Section 5.2, a coherent set of properties for CM3 is established.
The motivation is similar as in Segers (2006) and Smith (2003) but now
for random continuous functions. Theorem 5.2.3 is the joint regular
variation of those processes in the sense of Chapter 2. The spectral
process of a CM3 has a discrete distribution, given by the theorel(n).
J

Next, depending on the speed with which the parameter functions a,
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tend towards zero, Theorem 5.2.4 yields the finite-cluster condition and
Theorem 5.2.5 yields the strong mixing condition. These three properties
together also have specific implications, for instance the inverse of the
extremal index € becomes the expected size of clusters of extremes in the
sense of Segers (2005).

CM3 processes are also examples of max-stable random fields (Davis
and Mikosch 2008, de Haan and Ferreira 2006): for every finite space-
time subset A x T' C [0, 1]9 x Z, the random vector (X¢(x))zcater has a
multivariate extreme value distribution. This property of M4 is inherent
to CM3 since the law of a continuous random field is characterized by its
finite dimensional distributions that are M4 according to Example 5.2.2.

Section 5.3 is a preparation for the estimation of the parameter func-
tions. Extremes will play a central role in identifying the recursive pat-
terns and their relative frequencies. So we need to study the probabilistic
properties of the blocks of extremes that can be observed in CM3. The
harmonic mean makes convenient the expressions of the frequencies of
the reproducible patterns that can be observed.

In Section 5.4, we suggest and compare empirical methods to estimate
K, L and the parameter functions without assumptions on these objects.
It is a complement to Zhang and Smith (2004), where the case L = 1 has
only been treated, and to Zhang (2008), where assumptions are made on
the parameters.

This study is designed to improve the statistical analyses of extreme
events, as done in Siiveges (2009) and Siiveges and Davison (2010) for
instance.

5.2 Definition and properties

Choose a nonempty compact domain of R?. To not have too many
notations, this compact will be taken to be [0,1]%. Given an array ZZ.(j)
(i € Z4, j € Z) of independent unit-Fréchet random variables, if agj ).
[0,1]7 — R* are deterministic strictly positive continuous functions, a
mazimum of moving mazima of continuous functions (or CMS3 process)

is a stochastic process defined by

Xi(z) = supsup(al’) () 27). (5.1)
JEZ i>0
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If furthermore '
(Ve e(0,1)):3" 3 o (@) =1

JEZ i20

we say that (Xy¢)iez is a standardized CM3 process.

The first result is an necessary condition before any use of CM3
processes. Recall that the sup-norm of a continuous function f : [0,1]7 —
R is || flloo = supgefo,1)a |f ()] and that this supremum is achieved.

Proposition 5.2.1. If

SN e s < o0, (5.2)

JEZ i20

then, for every t € Z, X; in (5.1) is a random element in C(]0,1]9,R )
and the process (Xy)iez is stationary.

Proof. See page 146. U

Example 5.2.2. If (X;)cz is a standardized CM3 with 0 < i < K
and 1 < j < L, then for each z1,...,2p € RY, the process (X¢(z1),...,
Xi(xp))tez is a standardized M4. Under (5.2) (||X¢|/oo)tez is a non-
standardized M3. In both cases 0 < 7+ < K and 1 < j < L. This
is helpful for the estimation of K and L if z1,...,xzp are far enough
separated, see Section 5.4.2.

A CMS3 process is an example of jointly regularly varying time series
defined in Chapter 2. There exists a process (0¢),c, in C([0,1]9,R ),
called spectral process which is the limit in distribution, as z — o0,

£((Xe/ | Xolloo)sez, | 1Xollse = 2) % £((00),ez)

in the proper product space. According to Chapter 2, this process cap-
tures all aspects of extremal dependence, both within space and over
time.

Theorem 5.2.3. Setting az(j) = 01ifi <0, under condition (5.2), a CM3
process (Xi)iez is jointly reqularly varying with index o = 1 and spectral

p’I”OCfBSS
o a), ay?,
(@_8,...,@):( S )
[ O P2
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where (I1,J) is a random vector on Z, X Z having distribution
o5 e

I

>z Zk>o llag"[loo

Proof. See page 148. O

PII,J) = (i,5)] =

i€Zy, jEL.

All CM3 processes satisfying (5.2) also satisfy the finite-cluster con-
dition. This property prevents a sequence of extremes occurring in a
CM3 from being infinite over time even if K = 400 or L = 4o0.

Theorem 5.2.4. Under condition (5.2), a CM3 process (Xi)icz satis-
fies the finite-cluster condition: there exists (1 )nen with v, — oo and
Tn/n — 0 such that

lim limsup P( max || Xi|lec > n | ||[Xolleo >n)=0. (C)
m—0o0 n 00 m<|t|<rn
Proof. See page 150. O

Together with the finite-cluster condition, the strong mixing property
leads to nice properties. To obtain the strong mixing property a sufficient

condition is '
> illa e < oo (5.3)
JEZ i>0

Note that (5.2) and (5.3) are trivial whenever K < 400 and L < +o0.

Theorem 5.2.5. Under condition (5.3), a CMS3 process (X¢)iez satisfies
the strong mizing condition:

W}iinoo Aea(iu£7_m) |P(ANB)— P(A)P(B)|=0 (M)
Beo(m,00)
where o(r, s) is the o-field generated by { Xy |r < t < s}.
Proof. See page 152. O

If (X})iez is a regularly varying time series with index 1, the extremal
index 6 of the univariate time series (|| X¢||o )tz is defined as the quantity
between 0 and 1 such that

P(max | Xifloo < nz) — e

as n — 00. The extremal index of a CM3 process is the following.
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Proposition 5.2.6. Under condition (5.2), if (Xt)icz is a CM3 process,
the extremal indez of (|| X¢||oo)tez is

1 ()
g—__ - oy
PIPII 2 el

JEZ >0
Proof. See page 154. U

Once conditions (C) and (M) are satisfied, which is the case under
(5.3) by Theorem 5.2.4 and Theorem 5.2.5, there are further characteri-
zations of the extremal index such that

0 = lim lim P( max || Xillec <z | [|[Xolloo > ) (5.4)

t—00 £—00 i=1,...,t
and, in this case, 1/6 is the expected size of clusters of extremes in the
sense of Segers (2005), which is recalled as follows. Let u, — oo be a

thresholding sequence and r,, — oo be such that the expected number
of exceedances in a sample of size r,, tends towards 0:

Tn
B Xl > un}] = 1 P(|| X1]|oo > un) — 0.
i=1
Then, denoting M,, := max{||X1|cc,---, || Xnllec}, under (C) and (M),
we have
T
= o P([[ X1]|oo > un) 1
E ]| X5 M, = hnt
; {11 Xilloo > un} T > un] P(M, > up) - 0
as n — oo.

5.3 Block profiles

In this section we study further probabilistic features of CM3 processes
in order to build a method to estimate the parameter functions az(] ) in
the case 0 < i < K and 1 < j < L. The theoretical model for the rest of

the chapter is thus

_ U)oy ) g
Xif@) = max max ol (@27, (e (55)



128 5 Maxima of moving maxima of continuous functions

The estimation method suggested in this chapter is based on the fact
that a large value of Zi(J) causes large values of X, for i < ¢t < i+ K and
the possibility to have in this case

(Xp,. o Xopi1) = 290, d% ). (5.6)

By “block profile” we mean a sequence (X, ..., Xy x—1) satisfying (5.6)
for some 1 < j < L. The corresponding sequence of functions (aéj ), ey
a%ll) will be called “profile” or “pattern”.

In Section 5.3.1 we compute the probability of the events (5.6) and
their frequencies of occurrence for the different values of j. In Sec-
tion 5.3.2 we have a brief look at the correlation between all the possible
blocks of length K available in a sample. They are not independent if
they overlap. In Section 5.3.3 we give the necessary sample size to expect

that an event of the form (5.6) realizes at least once.

To compute the exact value of the probability of occurrence of the
different blocks, the knowledge of the parameter functions is needed,
which is particular not the case in the estimation. This is the reason
why we also give lower and upper bounds for the true values. These
bounds only depend on a unique parameter C, which is the maximal

variation among the parameter functions agj ),

5.3.1 Relative frequencies

To recover the functions agj ) from a sample of size T', the first step
is to understand how (5.5) works. Consider as an example a simple
situation when K = 3 and L = 2. A finite number of functions az(] )
is uniformly bounded from below by a positive constant since they are

)

strictly positive. Thus, if for instance Z§2 is large enough, the value of
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(X1,...,Xk) at a given position x € [0,1]? is

aé”(sc)ng ag)(w)zéj aéj(x)Zg ) e
aP(@)72% P @)zf ol (@)z?

@ @2y o @) “52(“”)2%3) )
o (@)2 P @)2d o (x)2

o' @2) 07 . @7\ e,
o) (@)2? o @)27  aff (2)25”

so that the second pattern appears:
(X1, Xo, X3)(2) = (a0t a§) (2) 2"

How likely is this kind of events to occur? To compute their probabilities,
first remark that (5.7) is equivalent to

(2) (2)
Z(_ll) < min[ao1 (x)]Zp) Z(_Ql) < min[ao2 (x)]Z}Z)
" "
Zél) < min[aol (95), 011 (x)]ZF) Zéz) < min[a02 (35)’ ‘112 (x)]ZP)
@) e @) @) o))
2y B0 @
7O ¢ ordo (@) ap (@) ay (@) ) _
US il o m m
O @\ @)
Z2(1) < min[all (9”), 021 (x)]ZF) Z§2) < min[a12 (35)’ ‘122 (x)]ZP)
T ap@) o @) @) o)
Z?(,l) < mm[a2 (x)]ZP) Z:g?) gmin[a2 (x)]Zfz)
el (D) vl ()
ay’ () ag’ (z)

For the general case, let A(I*) be the event (5.6) with fixed j = I*:
A1) = (Vz € [0,1)7 : (Xy, ..., X, = 7" @)

( ) { .%'G[, ] ( [ t+K—1)(x) t (a’O 7"'7aK71)(x)}7
i.e. A(l*) is the event for a K-block starting a time ¢ to be a block

profile of type I*. Generalizing (5.8) shows that the event A(l*) is the
intersection of (2K — 1)L — 1 conditions involving the random variables
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Zi(j) fort — K+1<i<t+ K —1. Remembering that the density of Z
is fz(z) = 2~ 2exp(—2z~1), the probability p") of A(I*) is

L )

0 PR O)
=1 ay ()
L () )
HP(Z < min]| a((l)) () , a(}) () 12)
=1 T oag_o(x) agx ()
L (%) ()
. oq T a4 ()
[[ P(Z < min| O(l)( ..., o) (5.9)
2 @ @)

= T @) o (@)

L o8 ()

HP(Z min| K(l_)l 12)2z 2 exp(—2z")dz
=1 v (2)

(551%)

Denoting m,;" ’ the minimum written on line k of (5.9) and by extension

mg*;l*) = 1, the value of pt7) is
) _ ! _ harm(m™, )
b 2K-1 L 1 (2K — 1)L
=+ > —am
k=1 =1 my,
1AL if k=K
(5.10)

where harm is the harmonic mean of the (2K — 1)L minima.
It is thus possible to compute p(*) exactly given the parameter func-
tions. If the parameter functions agj ) satisfy

()
Lo (@) o (5.11)

<
l* ~ l ~
C*) a/(y) (x)

for all =, k,k’,1,1*, then the probability p(!") of success to reveal

()

1*
(ag o)
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by picking up a random block satisfies

l*
). 1 ) ¢t (17

< < — =
ciek —nL P Sex-nr 7

The harmonic mean being more sensitive to small values, the lower bound
is actually closer to the exact probability.

Under the knowledge of K, the probability that a random K-block is
a profile differs from pattern to pattern. But under the control condition
(5.11), if all C") are themselves bounded above by a common constant
C, the probability p = pM + ... + p&) for a random block to be any
profile can be estimated by

p (5.12)

1
pi= < p. (5.13)

= C(2K -1)
which has the remarkable property not to depend neither on L nor on
the dimension of the ambient space.

As an illustration, Table 5.1 shows the number of found block profiles
versus their expectations, knowing and without knowing the parameter
functions for five simulations of (5.16). The different patterns are split
in columns.

‘ Simulation with parameters C =5, D =20, K =5, L =5 and T = 5000

Expected value (p!'")7) pT Really found

1| #2 | #3 | #4 | #5 | total || total || total | #1 | #2 | #3 | #4 | #5

31 | 31 | 30 | 34 | 33 159 135 147 28 20 25 | 30 | 44
31 | 32 | 33 | 29 | 36 161 135 159 30 20 43 | 36 | 30
35 | 35 | 31 | 31 | 33 166 135 166 31 35 24 | 30 | 46
32 | 32 | 36 | 33 | 33 165 135 160 33 26 43 | 27 | 31
30 [ 30 | 30 | 31 | 33 154 135 143 31 28 32 | 19 | 33

Table 5.1: CM3: Estimation of the number of block profiles versus the
corresponding values obtained in simulation

5.3.2 Correlation

As we have seen in Section 5.3.1, we need

(2K — 1)L/ harm(mgl;l*), . ,mé%’li)l)
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independent random blocks from the series (X;)iez to expect that at
least one is proportioned like the I**® profile. Practically, given a chain
X1,...,Xp with T observations, we have T'— K + 1 dependent blocks
of length K. The main pieces of information about the dependence
structure between these blocks can be summarized in the following way.

i) Ifa K-block (X,..., X¢+x—1) is a block profile, it does not overlap
with another block profile.

ii) Given that the K-block (X, ..., X1+ x—1) is not a profile, the prob-
ability that one of the K — 1 next K-blocks (X¢i1,..., Xtvk)s- -
is a profile is higher than without conditioning.

iii) If consecutive blocks are not profiles, the probability that the next
one is a profile stops increasing after K non-profile blocks.

To see i), for instance, have a look at the third matrix in (5.7).

If (X1q,...,X3) is like the second profile, then in particular ag2)Z§2) >
aj
(

1)Z§1). But for (X3,...,X5) to be like the first profile, we must have
a22)Z§2) < aél)Zél). Then (X3,...,X5) cannot be proportioned like the
first profile. Proceed similarly for any two non-disjoint blocks and any
two different profiles.

To see ii), if for instance (Xi,...,X3) in (5.8) is not a profile, that
means that at least one of the 15 inequalities is not satisfied, although
we do not know precisely how many. Some of the reverse inequalities lie
in the conditions for the K — 1 next blocks to be profile and some do
not. To get the exact incidence, we need to condition on the number
of inequalities not satisfied in (5.8) and whether or not they participate
in the conditions for the next blocks to be profile. In any case: the
probability that the next blocks are profile increases.

To see iii), simply remark that the process is K-dependent.

5.3.3 Sample size

As a consequence of Section 5.3.2, the expected number of profiles of
type [ is greater than unity in a chain of length at least

(2K —1)L
(1;0) (Ls1) )

harm(my ™, ... myp’ 4

T=K-1+

(5.14)
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Given an upper bound C on all the C*") in (5.11), the minimum sample
size needed to expect at least M repetitions of a particular profile in the
chain is

T=K-1+CMQ2K -1) (5.15)

if we do not know the parameter functions but only C.

5.4 Estimation

The estimation methodology for the parameter functions al(-j ) starts from
a discretization at D points z4 (1 < d < D) of the domain. CM3
processes from (5.5) are seen as a high-dimensional M4. Furthermore
we may want to consider independent and normally distributed errors
with variance o2 at each measurement point. Thus the “practical model”
studied in this section is

_ () (4)
Xi(d) = 121]2(11 o@i}% a;” (xq) 2,7 + €(xq) (1<d< D) (5.16)

where (Z;)iez are independent unit-Fréchet, e4(x4) are independent
N(0,0?) random variables, the agj )(x) are positive continuous functions
defined on [0, 1]¢ and for every z € [0, 1] we have that

S Y =1
JEZ i>0
It is important to note that the profiles (aéj), .. ,a%)_l) contain not
only the information about the shapes of the profile but also, according
to Section 5.3.1, their probability of occurrence. The shapes will be

denoted a%) while the frequencies of occurrence (). That is

agj) = a(j)az(?g (5.17)

where the coefficients o?) must be chosen so that f) = pl) in Sec-
tion 5.3.1.

The first step of the procedure is to estimate the length of the tail
dependence K. This is done in Section 5.4.1 taking the average size of
the clusters of exceedances over a threshold. Next blocks of extremes are
selected to estimate number of patterns L, the shapes a% of the param-

eter functions and their frequencies f). The algorithm to locate the
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blocks of extremes explained in Section 5.4.2 is based on a multivariate
approach. The value of L is determined in Section 5.4.3 as the number
of clusters among the chosen blocks of extremes. The functions agfg are

yielded by the natural output (centroids, medoids, ...) of the partition-
ing algorithm used to determine L and the values f) through the size
of the different clusters. Then the solution az(j ) of (5.17) is obtained in
Section 5.4.4 thanks to an iterative algorithm. To measure the quality of
the estimation, the quantification of the dissimilarity between the origi-
nal parameter functions and their estimations is done in Section 5.4.5 in
terms of the Hausdorff distance.

5.4.1 Estimation of the length of the tail dependence

Eight estimators of K have been tested for the model (5.16) with o =0
when the knowledge of the parameter functions agj )

range C given in (5.11).

is replaced by the

The first step is to select the values considered as extremes. A first
approach consist of working on (|| X¢||eo) and choosing the values above
the threshold maxy(||X¢|loc)/C. This will be referred as the scalar ver-
sion. A second approach can be to use all the available information by
doing the previous operation for the D components of (X;) separately.
In this last case the threshold also depends on the location. This method
will be referred as the multivariate version.

Once the extremes are selected, a runs declustering generates a se-
quence (sy,) of all sizes of clusters of extremes found in the univariate or
multivariate scan. More precisely, only contiguous extremes were con-
sidered here to make a cluster. This is the runs declustering with » = 0.

From the sequence (sy,), we estimate K through mean(s,,), median(s,,)
or mode(s,) with the nomenclature as follow.

Average | Time series | Threshold (scalar or vector)
K, | mean (|| X¢llc) max;((|[Xtllo)/C
Kﬂ/f mean (X3) (max;(X¢(d))/C)1<a<p
K, | median | (]| X¢l00) max; (|| Xt|[o)/C
KM | median | (X;) (max;(X¢(d))/C)1<a<D
K, | mode (1 X¢]o0) max; (|| Xt|[o)/C
KM | mode (X) (max;(X¢(d))/C)i<a<n
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The ceil or floor options to get rid of the decimals are used to build
the eight following estimators:
Kl = Ceﬂ(K/,L)’ K3 = Cell(K!]LV[), Kg, = Ceﬂ(Km), K7 = f{o,
Ky = round(K,),Ky = round(Ky),R'ﬁ = ceil(KM), Ky = KM.

Figure 5.2 shows the success rate the eight estimators of K against the
length of the simulated chain. The tests were performed with N = 50000
trials at each step: for C from 1 to 10, D from 1 to 20, K from 1 to 5,
L from 1 to 5, ?): 0 and, for each of these parameters, 10 different sets
J

i

of coefficients a
correlation).

randomly generated (uniformly, without time or space

1.00
0.90
0.80
0.70
0.60
0.50
0.40
0.30
0.20 : - :
0.10 T

10 20 50 100 500 1000 1500 2500 5000 7500 10000

Figure 5.2: CM3: Proportion of success in estimating K

According to these empirical results, the winner for 7" > 35 is the
univariate version and the mode as average cluster size. If T' < 35
the best success rate is obtained with the multivariate version and the
median.

5.4.2 Extremal clustering

Once we know the length K of the tail dependence thanks to Sec-
tion 5.4.1, the next step of the procedure studied here to recover the
parameter functions al(.J) of a theoretical CM3 process (5.5) is to locate
the blocks of extremes. Indeed, according to Section 5.3.2, the proba-

bility that at least one block of length K in the chain is block profile of
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type [ in a sample of size T is greater than

which tends to 1 as 1" tends to infinity.

The suggested method locates the positions of blocks of extremes in
the practical model (5.16) maximizing the “likelihood” of being a multi-
variate extreme. This idea comes from the wish not to lose information
across the D dimensions. Nevertheless a bad situation can still happen

(

when, for some 0 < i* < K, all aiz)(xd) are negligible in comparison

with the agj)(xd), i # 1i*, for instance. If the points x1,...,xp of the dis-
cretization are far enough separated to obtain independent-like patterns,
it is unlikely that all the agi)(a:d) are negligible in the same time.

We explain the method on the following example with D = 2 and
K=3:

3 4 14 19 2 7
1

5
X(2)[6 1 10 5 2 1 4]

First step

Using the order statistics, mark the K largest values in the D chains by
1.

d=1{0 0 0 1 1 0 1
d=2|1 0110 00

Second step

Compute the sum of the extremal status for each t.

d=1{0 0 0 1 1 0 1
d=2(1 01 1 0 0 O
=X|1 012101

Third step
Compute the moving sum (MS) of order K. This is considered as the
likelihood A to have an large value at time ¢ among the (Zt(l))lglgL.

A
MS

10
11

1 2 101
2 3 4 3 2

Extract the profile

Find the index ¢t that maximizes the moving sum. Then

(Xt—ra1,- -5 Xe) I X — k1100 (5.18)
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is the shape of the first block profile to store in the memory:

MS |11 2 3 4 3 2
X,(1)|5 3 4 14 19 2 7
X;(2)]6 1 10 5 2 1 4

Shape,(e1) = ( 4/10, 14/10, 19/10 )
Shape; (z2) = ( 10/10, 5/10, 2/10 )

To decide between multiple maxima, for instance if

| MS[1 1 2 4 2 4 4]

we first choose the single maximum. If there are consecutive maxima,
as a second criterion, we take the block that maximizes ), ;0 qc [ X¢]loo
among those.

Set the block that has just been considered to 0 and repeat this loop until
having gathered the desired number @ of temporally disjoint blocks of
extremes of length K (Q = pT is the suggestion of Section 5.3.1 if we only
know a uniform bound C on the variation of the parameter functions).

Figure 5.3: Blocks of extremes obtained for a simulated CM3 with mea-
surement errors (o = 1)
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5.4.3 Estimation of the number of patterns

With @ blocks of extremes of length K normalized as in (5.18), the goal
is to estimate the number of reproducible patterns L in the observed pro-
cess. To do this, we create a Q x K D-table inside which each of the @)
lines is made of the D temporal vectors of length K placed successively.
We estimate L with the number of clusters for the observations of this
table.

Partitioning methods

To break the lines of the table up into groups, we tried several al-
gorithms among which five retained our attention: hierarchical clus-
tering with Ward’s aggregation criterion, hierarchical clustering with
the Euclidean distance between the centroids (Hastie, Tibshirani, and
Friedman 2009, Ward 1963), k-means with the Euclidean squared dis-
tance, k-means with Pearson’s correlation after standardization (Seber
1984, Spath 1985) and finally Partitioning Around Medoids (PAM) with
the classical Euclidean distance (Theodoridis and Koutroumbas 2006,
van der Laan, Pollard, and Bryan 2003).

Number of clusters

For each of those algorithms we implemented two criteria to deter-
mine the number of clusters. The first: one stops when the percentage
of the total variance not explained by the clustering is less than 20%,
i.e. when

SSE = ZCIUSter(# ObS(CIUSter) _ 1) Zvariable in cluster 52 (Variable)
SStot (Q - 1) Zvariable in table s? (Variable)

We refer to this method as the elbow method (Ketchen and Shoo 1996,
Mardia, Kent, and Bibby 1979), see Figure 5.4.

The second method to find the number of clusters here is the first
value that yields a total silhouette TtSil for the clustering above 85% of
Q. Let a(q) be the average distance between the ¢ observation and the
members of its own cluster. Then repeat this operation between the ¢'!
observation and the members of all the other clusters, and set b(q) to
the lowest value found. The silhouette s(q) of the ¢ observation is

b(q) — al(q)
max{a(q),b(q)}"

X 4.

s(q) =
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SSE SSE
SStot [ SStot [
0.8 0.8

07} : 07}
0.6} 0.6}
05} 05}
0.4t 0.4t
03t 03t

0.2 0.2

01p 01p

0 5 10 15 0 5 10 15

Number of clusters Number of clusters

Figure 5.4: Elbow method: perfect clustering on the left, CM3 with
errors on the right (L = 5)

Thus —1 < s(q) < 1 and s(q) measures how dissimilar the ¢'" observation
is to its own cluster (Kaufman and Rousseeuw 1990, Lleti, Ortiz, L.A.,
and Sénchez 2004, Rousseuw 1987). The distance taken into account
here is the Euclidean squared distance. We stop the partitioning at the
smallest number of clusters satisfying

TeSil 1
Q @

Q
> s(q) 2085
q=1

if this occurs. We refer to this method as the silhouette method (see
Figure 5.5).

Both methods are unable to detect that L = 1. We have thus con-
sidered L = 1 when the estimated variance of each variable is less than
0.005.

Estimation

For o = 0, Figure 5.6 shows the success rate of the following eleven
estimators of L against the length of the simulated chain.
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Tesil /F \ ‘ Tisil ‘ ‘
Q 0.9 /9—? Q 09 ﬁ/e/e/\e/@\

0 5 10 15 0 5 10 15

Number of clusters Number of clusters

Figure 5.5: Silhouette method: Perfect clustering on the left, CM3 with
errors on the right (L = 5)

‘ ‘ Clustering ‘ Distance ‘ Number of clusters

L, | Hierarchical | Ward Elbow

Lo | Hierarchical | Ward Silhouette
Ly | Hierarchical | Euclidean / centroids | Elbow

Ly | Hierarchical | Euclidean / centroids | Silhouette
L5 | k-means Fuclidean squared Elbow

L | k-means Fuclidean squared Silhouette
L7 | k-means Pearson’s correlation | Elbow

Ls | k-means Pearson’s correlation | Silhouette
Ly | PAM Euclidean Elbow
Lip | PAM Euclidean Silhouette
L1 | Consensus: Ly = mode(ﬁl, .. ,ﬁlo)

The tests were performed with N = 6000 trials at each step: for C
in {2,4,6,8,10}, D in {1,5,10,15,20}, K from 2 to 5 and L from 1
to 5. The number of blocks of extremes chosen to build the table is
() = min(ceil(pT'), 100) with p from 5.3.1. We added the constraint that
it has to be pogsible to see each profile once, i.e. (K+1)L < T, to exclude
challenges such as finding 5 profiles of length 5 in a chain of length 10.

The combination between PAM and elbow yields the best success
rate for small sample sizes T < 50. For T' > 50 Ward’s algorithm with
the silhouette is the best. Here the consensus curve (mode) does not
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1.00 | P
0.90
0.80
0.70
0.60
0.50
0.40
0.30
0.20
0.10

consensus

10 20 50 100 500 1000 1500 2500 5000 7500 10000

Figure 5.6: CM3: Proportion of success in estimating L

provide a better performance.

The gap between T' = 20 and 7" = 500 is an intermediate area be-
tween a situation where the trivial case @ = L frequently occurs and the
apparition of asymptotic properties.

These results are not so excellent but, since the implemented algo-
rithm is the “eye” of the analyst, it only sees what we want it to see. For
real applications it probably does not matter if not very frequent profiles
are missed. Moreover optimizing C, @ and the thresholds for a precise
sample can improve the performances for that particular situation.

5.4.4 Recovering the parameter functions

Once wet got the length K of the tail dependence in Section 5.4.1 and the
number L of different patterns in Section 5.4.3, it remains to estimate
the parameter functions agj) (0 <i< K,1< j < L). Depending
on the partitioning method to estimate L, we choose for the shapes
agjo) of the L profiles the natural output of the algorithm: the centroids
for the hierarchical clustering and k-means and the medoids with PAM.
Essentially the difference is that in the first case the estimator of a shape
is a mean of observations and in the second case a median observation.

The relationship between the parameter functions al(-] ), the shapes
a% and their frequencies of occurrence is given by (5.10). The theoret-
ical probabilities of occurrence of the different profiles must match the

empirical frequencies (f(),..., f(1)) in the table of Section 5.4.3. Thus
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the last step is to normalize the al(-fg to obtain &Z(j ) such that on the one
hand
l; l;
harm <(mz(€’1))k,l> /fV) = ... =harm ((mx(g’L))k,O /FE (5.19)

(1<k<2K —1,1<1< L) and on the other hand

S Y a @) =1 (1<d<D). (5.20)
JEZ 120

7 1

We seek a relation of the type &V = a(l)a(f()) (1 <1 < L) which is a

problem of rank L. The solution can be obtained iteratively: if aEJT)L
is the n'™ update of al(-fg and (psll), . ,pglL)) the probabilities given by
(5.10) at step n, then define aEQH by
. . )
afhn () = ) ()55 (5.21)
DPn

and stop when the error |(f(,..., f(1) — (pgll),...,p#)ﬂoo is small.
The iterative algorithm (5.21), if it converges, converges to the solution
of (5.19). Indeed, let

(1:0%) (1:0%)

Min cee Mo 15
M) =
(L:1*) (L:l*)
1n s Mog 15

be the n'" update of the initial collection of numbers (ml(gl;(l]*))m given

the a(i)). Define

i

T REE-DE L RCE-DE? (D Py s (Y M)

as the resulting operation of (5.21) on the m,(gl;f:). The operator T" acts
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[ n [ o [t ]2 [3]4[]5][6]7][8 |
5.95 | 5.95 | 5.95 | 5.95 | 5.95 | 5.95 | 5.95 | 5.95 | 5.95
2.62 | 4.70 | 4.09 | 4.23 | 419 | 4.20 | 4.20 | 4.20 | 4.20
pt) | 3.64 |5.25|4.85|4.94|4.91|4.92|4.92 | 4.92 | 4.92

6.03 | 3.36 | 3.86 | 3.74 | 3.77 | 3.76 | 3.76 | 3.76 | 3.76
r11 | 711 | va11 | 711 va1l | 711 | 711 | 711 | 711

»? | 6.53 | 4.57|5.01|4.90 | 4.93 | 4.92 | 4.92 | 4.92 | 4.92

Table 5.2: Realization of the iterative algorithm (5.21) with parameters
K=1,L=2, fi = fy =1 given the initial values Mél) and Méz)

so that Mr(bl*) becomes

g+ g () L

1:0 1:1 "

(mg,n : te mgK—)l,n) ]J;.g*) %
. SRR, :
M = mE myl )1

...I* ....* (l*). "

Ll Lil n

(mgn . mgK—)l,n)ig*) ];(L)

Observe that (5.19) is equivalent to
MDY, MEy = (D M),

Consequently, if (M,Sl),...,M,(LL))n converges, since T is continuous,
(5.21) converges to the solution of (5.19). The convergence seems gen-
erally fast as shows the example of Table 5.2. This yields

O £@ £O
INORPNFAE S A (1<I<L). (5.22)
@ O 1
Py P1” D
where any a > 0 suits to obtain (5.19). To simultaneously obtain
(5.20), we know according to Section 5.3.1 that the solution of (5.19)

and (5.20) together exists and is unique, thus, as n — oo the value of
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> iz 2iz0 Zn( x) cannot depend on z. Although, because of numeri-
cal reasons, it may slightly vary with x. Thus we suggest to keep the
dependence in x and replace « in (5.22) by

1
a(z) = lim

e Z]EZ Zz>0 % n( )
n (5.22). This completes the procedure to estimate the agj )
vations.
Figure 5.7 shows an output of the full algorithm using PAM, with
measurement errors but given the true values of K and L.

form obser-

5.4.5 Distance between two sets of parameter functions

To measure the quality of the estimation, it is necessary to quantify the
dissimilarity between the original parameter functions a(j ) (0<i< K,
1 < j < L) and their estimations &Z(]) 0<i<K,1<j<L) fK+#K
the estimation can certainly be qualified as bad, so that only the case
K = K requires a discussion.

The order in which the different patterns are retrieved can change
and their total numbers can differ. Consequently the Hausdorff distance
between the L graphs of (al(-])(x))i (1 < j < L) and the L graphs of
@7 (x)); (1 < j < L), that are compact in [0, 1]7xRX (orin {1,..., D}x
RE =~ RPK for the discrete version), perfectly suits. Recall that the
Hausdorff distance between nonempty compacts A and B is

dH(Aa B) = max{sup d(a” B)’ sup d(ba A)}a
acA beb

here considered with the Euclidean distance d. We have thus to compute
dn (A, B) with

L L
A= graph[(a? (2))o<i<x] and B = | graph[(a’ (z))oci<x]
j=1 j=1

to reach the stated goal.

To illustrate Section 5.4.4, Figure 5.8 shows smoothed histograms of
the Hausdorff distance with the estimation of the parameter functions
with sample sizes T" = 100, 500, 1000, 5000 given the true values of K
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Figure 5.7: CM3: Recovery of the parameter functions with D = 20,

K=2 L=3,0=1and PAM

and L. The test was performed with N = 5000 trials for each sample
size: C running in {2,4,6,8,10}, D in {1,5,10,15,20}, K from 2 to 5,
L from 1 to 5 with 10 repetitions of each. The other parameters were
@ = min(ceil(pT'), 100) with p from Section 5.3.1 and o = 1.

5.5 Online package

The Matlab code written for this chapter is available on the Matlab

Central File Exchange at

http://www.mathworks.com /matlabcentral /fileexchange/26539.
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Figure 5.8: CM3: Smoothed histograms of the Hausdorff distance be-
tween the original parameter functions and their estimations

5.6 Proofs for Section 5.2

Proof of Proposition 5.2.1 (page 125). CLAIM 1 - X; is a random ele-
ment in the set C([0,1]7,Ry). Given t € Z, write X 2 X, and

X0 = sup a(j)Zt(Q.

ililm

For z > 0, since the Z U) are iid unit-Fréchet,

P(| X <2) = P(Vi 2 0,¥j € Z: Z9, < 2/[a!” | o)
= T exp(~l1a¥loo/2) = exp(~ 3 ez Xisollas” o /2).-
JEZ
10

If > ez D is0 Haz(j)Hoo = 00, then this probability is zero for all z > 0,
hence || X||co = oo with probability one.

If > ez 2 iz0 Haz(‘])”oo < 00, then

X < x <X 4 sup [ja!| 0 2?

i,|3|>m



5.6 Proofs for Section 5.2 147

and thus || X — X, < SUP; |j|>m Haﬁj)HooZt(i)i. Writing

Yo = sup [a |0,

we have Y, > 0 and Y,, is decreasing in m. By a similar computation
as above, we find that for y > 0,

P(Yi <) = exp(= s jsmllal” [lo/y).

As a consequence, Y;, — 0 in probability and, by monotonicity, almost
surely. Since the uniform limit of a sequence of continuous functions is
continuous, by monotonicity, X is continuous with probability one.

Then the fact that, for every t € Z, the map w — X;(w,-) with values
in C([0,1]9,R ) is measurable follows easily.

CLAIM 2 - (X})iez 1S a stationary time series. In extension, this
property is that, for every n € N, every A > 0 and every measurable set
Acc(lo,1)9,RY,

P((Xo,....Xp) € A) = P((Xp,..., Xnsn) € A).

The argument is based on two facts:
1) It suffices to pick up = € [0,1]9, zo, ..., 2, € R and verify that

P(Xo(z) < 20,..., Xn(z) < 2p) = P(Xp(x) < 20y .., Xpan(x) < 2),

the case with k points z1, ...z € [0,1]? being similar.
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2) The right hand-side of the expression in 1) admits the expansion

P(Xh( ) R0y - Xn—f—h( )<Zn)

= P(supsupag )( )Z}(lj)l < 20,. - ,supsupagj)(x)Zr(Qh_i < zn)
JEZ i>0 Jez i>0

= P(Vjo € Z,Vig > 0: a® (2)2\°) < zo,...,
Vjn € Z,Vin € N: a9 (@) 297) |, < z)

—P|VjeZ: Zﬁ{gn\%,

%) . Zn Zn—1
Zh+n1<m1n _ |,
T

Z(J)

htn—2 S TN

ey

Z(]) mln( Zn Z,Thl fZO >
o (x) a5521<x> a (x)

Z,(ljjl < min

which allows us to dispose of the variable h by independence. U

Proof of Theorem 5.2.3 (page 125). Given s,t > 0 consider the Dirac
masses in C([0, 1]9,R)

d '+ agi)
6(_57t;7/7]) = (HQE (J)HOC))
)
d Tl a; sz ,
- [ @* - %) ' o > @
o 2] lla;” Z oo

with ¢ > 0 and j € Z. ' ‘
Remark 4.4.4 (109) with Ti(])(z) = az(j)z leads to the new conclusion
that

Bl {supsup lof” |25 > 2} = 3~ 1{llaf”1 2 >x>}\ = o(P(Z > x)
JEZ 20 JEL
1220

(5.23)
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as * — oo. Consequently, for f € Cy(C([0,1]7, R*T+1)), by virtue of
(5.23)

E[f (X%> ‘ 1X0]|oo >m]

X
B () WX > ] prz s
P(Z > ) P([Xo]l > @)
B f (52 %) tsupsupllaf|2Y) > o}
B JEZ >0 P(Z > x)
P(Z > z) P([[Xollc > )

Blf (% 2) 1[0l 2Y) > o}
P(lla? | 2Y) > x)

(2

Plla|wZi > 2)  P(Z>2)
P(Z>w)  PXollw>a)

+o(1).

Thanks to the dominated convergence and the continuity of f, the last
expression is equal to

supsup(af/2")_)  supsup(a’ "))

l€Z k=0 lEZ k20 j j
ZE f e \|a§J)||OOZ(_]i)>x
jEL r r
i>0 ‘
Plla|xZ>2) PZ>x) ol1)
5 o FZ>0 PNl > )
Nz A ,
= Y Bl (=t ) 0Dz > o
jez v v
>0 ‘
Plla|xZ>2) PZ>x) ol1)

PZ >0 P(Xolw > )
1o > }

7 . .
= Z E [f <;(a(]g+i7---7az(ti)z>
JEL
>0

P(|aZ > 2) P(Z > x)
T PZs>2) P Xollw>a) o(1).

Using the Continuous mapping theorem and the regular variation of Z,
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the last term converges to

j 1
> Bl o(=s,ti.)] o o l
56 Siez Sezo lak o

where Y ~ Pareto(1). The factors

lla;" [lso
0]
>z Zkgo llay," lloo

form a probability distribution on Z, x Z, let us say of a random vector

S.

Ti5 <=

According to Theorem 2.3.3, the spectral process of the CM3 process
(Xt)tez is
(O s ...,0) L5(—s5,t;9)
which has the announced distribution. ]

Proof of Theorem 5.2.4 (page 126). Tt suffices to check that
lim limsup P(3t € {2m,...,r,}: || X¢]] > n | [|[Xo|| > n) = 0.

m—o n—oo

For the convenience of the proof, set p = ¢ — i so that

X = supsupa( 2 Z(J)
JEZ p<t

Let b(]) ||a Hoo to have

”Xt”_SUPSUPb(]) z.
JEZ p<t

Given m > 0, write A, := {||Xo|| > n} so that
Av=13j€2,3p<0:09 79 > n}.
We have, as n — oo,

nP(Ay)
=n[l — P(vj € Z,¥p < 0: 92 < n)]
nll —exp(=2 32,5 3o )]

— D ez 2ap<o b—]p =D ez 2 p>0bp by < +oo.



5.6 Proofs for Section 5.2 151

For m > 0, decompose {3t € {2m,...,r,} : | X¢]| > n} = CrunUDp
where

Cm,n = {Ht € {2m, R ,rn},ﬂj €Z,Ip>m: b(ﬂ) Z(] > n}
Dm,n:{zlte {Qm,,Tn},EljeZ’gp m : b(.]) ( >TL}

We have
P(Cpyn) = 1-PNte{2m,...,m,},Vj€Z,NVNp>m: b(J) I()j) <n)
- ' () 170) <
P(Vj € Z,¥p>m: [2mH<1a§rnb 129 < n)
= - —— )
= 1—exp( zz:zi:zﬁﬁ%ﬁinb
JEZ p>m
SN max o,
2m<tLry,
]EZ p>m
Mn (4)
< =Ry =0
JEL k>0
as n — 00.
={3j € Z,3¢ = 2m : b, 79 > n}
and )
=13 >m: 7 7()
Dypn=1{3j€Z,3¢=m - b Z{) > n}
hence
P(An N Dpp) <n Z Z p({b((zj_)QmZ(gj) 1} A Do)
JEZ q=2m
nz Z (min[b maxb(j)] B > p)
JEZ q=2m, t2q
+ny > P bgszO > n)P(Dp.p)-
JEZ g=22m

The first term of the sum is bounded above by

Z Z min| b(] , max b(])]

JEZ g0
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and the second term tends to 0 as n — oo since

0y S Py, 28 > n) <30 0 <

JEZ q=2m JEZ q20
and
1 My, A
n) = — g g _, Jnax b(J) — g E bg]) — 0.
n t<qg—2m+ n
jez gzm I JEZ 420
Consequently

limsup nP (A, N Dy, p) < Z Z min[bl()j), max bgj)].

n—~0o0

Since A, and C,, ,, are independent,
P(Ete {2m,...,r.} || X¢|| > n | || Xo] > n)

=P(CpnUDpn | Ap)
P([Cpyn U D] N Ar)
P(Ay)
o P([Crin N AR U Dy, N Ayl})
h P(An)
P(DpnNAy)
P(4)

< P(Cpn) +

so that
limsup P(3t € {2m,...,r.} : | X¢]| > n | | Xol| > n)

min| b(] , Iax b(])]
Sy [

JEZ p=0
which tends to 0 if m — oo. O

Proof of Theorem 5.2.5 (page 126). Again set p =t — i to have

X; = supsup agj) Z(J)
JEZ p<t
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For large ¢ > 0, we will prove that we can approach X; by

Xt(+) = sup sup a,g])p 1(7)

JEZ 1<p<t
in the sense of

lim PVt >m: X() X)) =1

m— 400

Then the conclusion will follow from the fact that the processes (Xt(ﬂ )1
and (X)i<—1 are independent.

As the Borel o-field on C(]0,1]9) is generated by the finite dimen-
sional sets, it is sufficient to check that the limit is 1 on every subset

{z1,...,x} C [0,1]?. Passing to the complementary, compute
Pm = PE>m, I <i<k: X (@) < Xo(a))
= P(Et>m,31<i<k :sup sup agj)p(w,)Z(j) <

JEZ 1<p<Kt ‘
SuijZ Supp<t a’gj )p(wz) Igj))

= PEt>m,31 <i<k :sup sup agjp( Z)ZIEJ)
€7 1<p<t

SUp,j ez, SUPp< agi)p(xi)Zz(,])).

If a,b > 0 and Z3, Zy are standard unit-Fréchet, as in (5.10),

P(aZ) < bZy) =

so that

3

]EZ Zp<0 ag p
ZZ ZZD

t>m =1 JEZ Zl<p<t a’t p(xl t>m i1=1 t

According to (5.2), Dy(z) uniformly converges to a continuous function
D(x) ast — oco. Without loss of generality, we can assume that D(t) = 1.
Write Dy(z) = 1 — &(x) with ||e|lcc — 0 as ¢ — oco. Consequently,

1 er(z)
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hence

k k )
e <S03 M) + 303 N(a) gj(j;? |

t>m i=1 t>m i=1 v

~—

Next, use the fact that for every n > 0, there exists m, such that for
every t > my and every 1 <i <k

to see that

and so obtain
Since

thanks to (5.3) we have that p,, vanishes as m — oo, which proves the
result. O

Proof of Proposition 5.2.6 (page 127). Since

1Xelloo = | supsupal?’ 29| = supsup [l [l 22
J

> JEZ 20

it suffices to transcribe the formula for a M3 from Smith and Weissman
(1996). O



Further work

Besides the linear processes in function spaces with heavy tailed innova-
tions of Chapter 4, CM3 processes of Chapter 5 are a second example of
jointly regularly varying time series in function spaces. Linear processes
are aimed at modelling time series when the innovations are heavy tailed,
whereas CM3 processes appear after a standardization of the margins
into unit-Fréchet. While linear processes are models for the observations
themselves, CM3 processes are models for the spatio-temporal depen-
dence structure between extremes. Both tracks could be deepened.

About linear processes, the next step could be to derive the spectral
process of the AR(1) model X; = K * X;_1 + &, ie.

Xlw) = [ Klo =) Xial)dy + o)

given the knowledge of the convolution kernel K. This is to be discussed
in an appropriate normed function space. The problem of fitting such a
kernel K belongs to the category of deconvolution problems and is a topic
of current research. The model above could be applied for instance to
the trivariate spatio-temporal pollution dataset with information about
the CO, NO and NOs levels in the state of California, which has been
used for instance in Genton and Apanasovich (2010). Extremes of func-
tional linear processes may yields important pieces of information for
this phenomenon.

Further studies about CM3 processes could be to determine whether
or not the approximation theorems for M3 processes (Deheuvels 1983)
and for M4 processes (Smith and Weissman 1996) also hold for CM3, that
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is to say if max-stable processes in function spaces, after having removed
the deterministic components, can be arbitrary closely approached by
a CM3. From these papers also arises the question of a generalization
of the multivariate extremal index. Since such an object becomes hard
to figure out in function spaces, the right way to proceed might be to
replace the extremal index by the spectral process. The expression of
the spectral process of a CM3 process is known. If a CM3 models well
the extremal behavior of the data, its spectral process should be close
to the one of the original series. A measure of this distance can be
introduced and the conditions under which the “true” spectral process
can be approached in this way should be investigated.

Finally, a third project could be to derive a nonparametric estimator
of the spectral process, whose importance has been described in Chap-
ter 2. According to Chapter 5, CM3 processes provide a simple way to
approach the spectral process in distribution. A way to skip the CM3
processes could be to use estimators for the spectral measure in met-
ric spaces, for instance developed in Liu (2009). As we have seen in
Chapter 2, the existence of a spectral process (joint regular variation)
is equivalent to the existence of a sequence of exponent measures or a
sequence of spectral measures. Estimating these spectral measures then
leads to an estimation of the spectral process.
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