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Summary

The aim of this PhD project is to bring new insight to understand the rheologi-
cal properties of polymeric systems at the molten state. The flow properties of
well-defined polymeric melts are studied based on a set of different rheological
techniques. In most instances, these rheological experiments are combined with
predictions of molecular models to effectively capture the diverse contributions
that influence the material’s rheological response. These contributions arise
from factors such as the segmental motion of chains, the disentanglement pro-
cess, and the dissociation of the supramolecular junctions. The ultimate goal is
to develop general guidelines for controlling the design of polymeric materials
based on a deep understanding of their rheological behavior.

This PhD dissertation is divided into eight chapters. The first two chapters
introduce the fundamental concept of viscoelasticity, review molecular models
used to describe the rheological responses of polymeric melts and associative
polymers, and present the experimental techniques used in this work. After
this introductory section, the manuscript transitions to the experimental part.
This part is organized in such a manner that the studied systems become
increasingly complex.

In Chapter 3, we investigate the elongation properties of linear polystyrene (PS)
melts of different molar masses, diluted or not, in styrene oligomers at various
concentration. This systematic study allows a discussion on the influence of
concentration and molar mass on the steady-state elongational viscosity of
polymer melts and to highlight scaling relations. The resulting scaling laws
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are then rationalised based on the theories presented in the introduction. This
investigation effectively stresses the influence of the molecular environment on
the stretching of the polymeric chains in extensional flow.

Then, in Chapter 4, the linear rheology of unentangled associative polymer
based on ureidopyrimidinone (UPy) moieties is modelled using a modified
"sticky Rouse" model proposed in the literature. This sticky Rouse model con-
siders the non-affine spatial fluctuation of the supramolecular junctions, the
random placement of the junctions, as well as the contributions of the dangling
ends. The resulting model was found to capture accurately the experimental
results.

Afterwards, in Chapter 5, we investigate the linear rheology of entangled asso-
ciative systems based on metal-ligand coordination. The tailorable properties
of these systems are explored by varying the quantity and the nature of the
metal ions. The viscoelastic responses are subsequently successfully modelled
by adapting the tube-based time marching algorithm (TMA) developed by van
Ruymbeke et al.1 to these supramolecular systems.

In Chapter 6, the linear and nonlinear shear rheology of unentangled associative
polymers based on metal-ligand complexations is studied. The viscoelastic
responses observed in these systems exhibit intriguing characteristics, such as
an unusually high rubbery plateau, a transient strain hardening behavior, as
well as an yield strain that remains independent of the applied strain rate.
These features are discussed based on the molecular theories outlined in the
introduction of this manuscript.

Subsequently, in Chapter 7, an experimental route is proposed to investigate
the shear properties of unentangled polymeric melts in fast flows. This inves-
tigation includes the design of a novel rheometer tool, which aims to perform
orthogonal superposition measurements on high viscous samples. This design
is subsequently validated using computational fluid dynamics (CFD) simula-
tions.

In conclusion, Chapter 8 provides a comprehensive summary of the contribu-
tions presented in this PhD dissertation, along with potential future prospects.
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Chapter 1

State of the art

1.1 Introduction

Nowadays, polymeric materials are ubiquitous, finding their application in a
large variety of fields such as packaging, biomedical devices, advanced electron-
ics, automative industry or textile industry. Their extensive usage is due, in
part, to their ease of processing.

However, in many of the polymer processing methods, the occurrence of flow
instabilities limits the maximum throughput, thereby affecting the process ef-
ficiency. For instance, during the extrusion of thermoplastics, the extrudates
can experience distortions that span from minor scratches and roughness to
large irregularities in cross-sectional area and shape in the case of excessive
throughputs (see Figure 1.1 (a)). In melt spinning, a flow instability known
as "draw resonance" can occur beyond a specific take-up speed, causing peri-
odic variations in the fiber radius (see Figure 1.1 (b)). Research has indicated
that the elastic response of polymeric fluids plays a crucial role in stabilizing
draw resonance. This explains why highly branched melts, such as low-density
polyethylenes (LDPE), exhibit enhanced stability against draw resonance com-
pared to less branched polymers like high-density polyethylene (HDPE) or lin-
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ear low-density polyethylene (LLDPE). The presence of branching in polymers
promotes "extension thickening", which means an increase in extensional vis-
cosity with the strain. In the industrial context, extensional thickening is often
seen as a coveted property as it is stabilizing factor in numerous processing
methods.2–5

Figure 1.1: Examples of instabilities in polymer processing : (a) Extrusion
instabilities observed for polyethylene. In the first photo, the extrudate ap-
pears defect-free. (b) Draw resonance instability during melt spinning, cap-
tured within one period of oscillation. Panel (a) is adapted from [6] and Panel
(b) is adapted from [7].

These examples highlight the significance of understanding the flow dynamics
of polymers for optimizing industrial processing techniques. Rheology, the
science of flow and deformation of matter, plays an important role in this
regard by developing constitutive models that relate the stress response of
polymer fluids and their deformation history. These models not only contribute
to enhancing processability but can also aid in designing new materials with
enhanced mechanical strength.
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In this work, our focus lies on molecular constitutive equations that bridge
the gap between the macroscopic viscoelastic properties of polymers and the
dynamics of polymeric chains at the molecular level. Additionally, our exper-
imental investigation will center on examining the flow behavior of polymeric
melts in shear and uniaxial extension flow, as many industrial processes often
involve complex flows that combine these two types of flow.

In this chapter, we will begin by providing an overview of the flow kinematics
and material functions associated with simple shear and uniaxial extension
flows. We will then introduce the fundamental concepts of linear and nonlinear
viscoelasticity. Afterward, we will review molecular rheological models designed
for polymer melts and supramolecular polymers.

1.2 Description of the flows

This section contains established knowledge, which is summarized in reference
textbooks.8–10

1.2.1 Simple shear flow

Figure 1.2 presents an illustrative example of a typical rheological experiment
for the simple shear deformation. In this experiment, a fluid is placed between
two parallel plates with an area dA separated by a distance dy. While one plate
remains stationary, the other plate moves a distance dx, resulting in a shear

strain equal to γxy =
dx

dy
.

The velocity field of the flow can thus be expressed as follows:

vx = γ̇y vy = 0 vz = 0 (1.1)

Here γ̇ represents the shear rate, which is time derivative of the strain γxy.

In order to displace the top parallel plate, a force dF is required. The shear
stress, defined as the ratio of the force dF to the area dA, is directly related
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Figure 1.2: Scheme of a shear flow.

to the shear rate via a time-dependent function known as the stress growth
coefficient η+(t, γ̇).

τxy =
dF
dA

= η+(t, γ̇)γ̇ (1.2)

If the shear flow is continued until reaching a steady-state, η+(t, γ̇) becomes
time-independent and equal to the viscosity of the fluid η(γ̇).

Consider a fluid element initially located at (x, y) = (0, y0). Its position at a
later time t is given by (x, y) = (γ̇y0t, y0). This illustrates that, in shear flow,
the fluid elements are separated linearly in time. Such flows are called "weak
flows" because they alter with difficulty the internal structure of a fluid.

As shown in Figure 1.3, simple shear flow is a combination of rotational and
elongational flows, which play a crucial role in the deformation of polymeric
chains. Specifically, when exposed to shear flow, polymeric chains tend to
orient and stretch. However, the rotational component of the flow induces
deviations from the direction of greatest stretch, causing the chains to tumble.
This tumbling phenomenon limits the extent of chain stretching. Consequently,
the chains undergo a succession of stretch/compression cycles as shown in panel
(b) of Figure 1.3.
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Figure 1.3: (a) Shear flow is a combination of rotational and elongational
components. (b) Illustration of a polymeric coil under shear flow. Adapted
from [11].

1.2.2 Uniaxial extensional flow

Figure 1.4 depicts a fluid subjected to a uniaxial extensional flow. The sample
of initial length L0 undergoes elongation along the z axis while, experiencing
contraction along the two remaining axis due to volume conservation.

Figure 1.4: Scheme of a uniaxial extensional flow

In the case of an incompressible fluid, the velocity field in an uniaxial exten-
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sional flow is described by the following equations:

vx = −ϵ̇x/2 vy = −ϵ̇y/2 vz = ϵ̇z (1.3)

In this context, the elongational strain rate ϵ̇ is assumed to be constant and
defined as follows:

ϵ̇ =
1

L

dL

dt
, (1.4)

Here, L denotes the length of the sample at time t.

Upon integrating equation 1.3, it can be observed that that the fluid elements
separate exponentially in time.

x(t) = x0 exp(−ϵ̇t/2) y(t) = y0 exp(−ϵ̇t/2) z(t) = z0 exp(ϵ̇t) (1.5)

Consequently, uniaxial extension is characterized by a strong stretching, mak-
ing it effective at orienting and stretching polymeric chains. Unlike shear flow,
extensional flow does no have vorticity and thus leads to a continuous stretching
of the chains, as illustrated in Figure 1.5.

Figure 1.5: Illustration of polymeric coils under uniaxial extensional flow.
Adapted from [9].

As for shear flow, the extensional stress growth coefficient η+E(t, ϵ̇) is defined as
follows:

σz − σx = η+E(t, ϵ̇)ϵ̇ (1.6)

When steady extensional flow is achieved, η+E(t, ϵ̇) becomes time independent
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and equal to the extensional viscosity of the fluid ηE(ϵ̇).

1.3 The Pipkin diagram

Characterisation of polymeric fluids involves a large variety of rheological ex-
periments. These experiments can be classified into different flow regimes by as-
signing them a strain amplitude γ0 and a characteristic timescale τexp. The time
τexp is often combined with the characteristic relaxation time of the measuring
fluid τrel to express the dimensionless number De =

τrel
τexp

called Deborah num-

ber. To visually represent the various flow regimes, a two-dimensional graph
known as the Pipkin diagram (depicted in Figure 1.6) is commonly used.12 In
this diagram, the vertical axis corresponds to the strain amplitude γ0, while
the horizontal axis represents the Deborah number De.

Figure 1.6: Pipkin diagram. Adapted from [12].

In this diagram, the limit of small strains, indicated by the light-colored regions,
corresponds to the linear regime, where the deformation is sufficiently small to
not modify the internal structure of the material. This region is often used to

7



characterize the material at equilibrium.

In the linear regime, at low De, the material adopts a viscous behavior with a
constant viscosity η0, in a similar way to a Newtonian fluid. Its stress response
is therefore directly proportional to the strain rate and the energy of defor-
mation is dissipated through the friction between the molecules. In contrast,
when De ≫ 1, the material behaves as an elastic solid and follows Hooke’s laws.
Much like a spring, the stress is proportional to the strain, and the energy of
deformation is stored in the material. Between these two extremes, the material
adopts an intermediate behavior known as linear viscoelasticity.

As the strain amplitude γ0 is increased, we transition into the nonlinear regime
of deformation, where the internal state of the material is significantly modi-
fied. In the case of polymeric fluids, the constituent polymer chains undergo
orientation and stretching as discussed earlier. These effects have a profound
impact on the flow behavior of the material. Most of the industrial polymer
processes operate in this regime.

In a similar fashion to the linear regime, the left edge corresponds to the limit
of pure viscous behavior, while, along the right edge, a pure elastic behavior
is restored. Also, when large deformation γ0 is applied at intermediate De,
nonlinear viscoelastic behavior starts to manifest.

The rheometric flows typically cover the linear and nonlinear viscoelastic re-
gions, which are represented by the green area in the Pipkin diagram. The
upcoming sections specifically focus on important aspects of the linear and
nonlinear viscoelastic regimes of polymeric melts.

1.4 Linear viscoelasticity

In a relaxation test, a constant and sudden strain of magnitude γ0 is applied
and the resulting stress response is measured over time. This experiment allows
for the determination of the relaxation modulus G(t) which is defined as the
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ratio of the stress to the strain.

G(t) =
τ(t)

γ0
(1.7)

In the linear regime of deformation, the stress at time t arising from a small
shear strain δγ applied at time t′ < t is given by

τ(t) = G(t− t′)δγi (1.8)

If N small deformations δγ(ti) are applied in the past at various time ti, the
resulting stress at time t is obtained by summing all the individual stress con-
tributions arising from these incremental shearing deformations.

τ(t) =

N∑
i=1

G(t− t′)δγi(t
′) for t > tN (1.9)

By letting δγ(ti) approaches zero and N approaches infinity, the stress response
can be evaluated by the following integral.

τ(t) =

∫ t

−∞
G(t− s)

dγ

ds
ds (1.10)

This equation can then be generalized to different types of flows by replacing
the stress τ and the strain γ by the stress tensor σij and the infinitesimal strain
tensor γij .

σij(t) =

∫ t

−∞
G(t− s)γ̇ij(s)ds (1.11)

This constitutive equation represents the general form of the "Boltzmann su-
perposition principle". This principle holds true when the response of the
material is linear and time-invariant. An important implication of this princi-
ple is that the relaxation modulus G(t) contains all the necessary information
to fully characterize the linear viscoelastic behavior of the material.

For example, in a simple shear flow with a constant shear rate, the Boltzmann
superposition principle (equation 1.11) predicts the following expression for the

9



stress growth coefficient :

η+(t) =
σ(t)

γ̇
=

∫ t

−∞
G(s)ds (1.12)

On the other hand, in the case of a uniaxial extensional flow, equation 1.11
yields the following expression for the extensional stress growth coefficient.

η+E(t) =
σzz − σxx

ϵ̇
= 3

∫ t

−∞
G(s)ds (1.13)

Dividing equations 1.13 by equation 1.12 results in the following ratio com-
monly referred to as the Trouton ratio Tr.

Tr =
η+E(t)

η+(t)
= 3 (1.14)

The Trouton ratio is an important result which allows to relate the extensional
properties with the shear properties in the linear regime.

A popular phenomenological model that is used to describe the linear response
of polymeric fluids is the generalized Maxwell model. In this model, the relax-
ation modulus G(t) is expressed as the following sum of exponentials.

G(t) =

N∑
k=1

Gk exp

(
− t

τk

)
(1.15)

Each term in the sum corresponds to a specific relaxation mode, characterized
by a time constant τk and a front factor Gk. The set of parameters [Gi,τi]
defines the discrete relaxation spectrum of a material.

Using the Boltzmann superposition principle, the generalized Maxwell model
predicts the following expression for the extensional stress growth coefficient.

η+E(t) = 3

N∑
k=1

Gkτk

(
1− exp

(
− t

τk

))
(1.16)

10



As observed in Figure 1.7, the prediction of the generalized Maxwell model fits
very well the extensional response of polymeric materials at low rates or small
deformation. The rapid increase of the experimental data obtained at higher
deformations indicates the onset of nonlinear viscoelastic behavior.

Figure 1.7: The extensional stress growth coefficient η+E(t) of polystyrene at
various stretching rates. The dashed lines are obtained using equation 1.16.
Reproduced from [13].

1.4.1 Small amplitude oscillatory shear (SAOS)

In practice, applying a step strain to determine G(t) is not the most optimal
method for characterizing the linear viscoelastic regime. In this approach,
accurately probing the early relaxation is challenging due to the difficulty in
generating an instantaneous deformation. Additionally, at longer times, the
signal becomes noisy, complicating the acquisition of accurate data for the
terminal regime.

An alternative and widely used experiment method to characterize the linear
response is small amplitude oscillatory shear (SAOS). This approach involves
applying a sinusoidal signal, either shear strain or shear stress, to the sample.
In the case of a strain-controlled experiment, a sinusoidal strain γ = γ0 sin(ωt)

is imposed to the sample in the linear regime of deformation. The resulting
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shear stress is also sine wave, but phase-shifted by an angle δ.

τ(t) = τ0 sin(ωt+ δ) (1.17)

Using classical trigonometric identities, the shear stress can be decomposed
into two components : one that is in phase with the strain and one that is
delayed by 90◦ with respect to the strain.

τ(t) = τ0(cos(δ) sin(ωt) + sin(δ) cos(ωt)) (1.18)

These components can be represented by two material functions : the storage
modulus G′(ω) and the loss modulus G′′(ω) in the following way.

τ(t) = γ0(G
′(ω) sin(ωt) +G′′(ω) cos(ωt)) (1.19)

Here G′(ω) and G′′(ω) are given by

G′(ω) =
τ0
γ0

cos(δ) G′′(ω) =
τ0
γ0

sin(δ) (1.20)

The storage modulus G′(ω) is proportional to the in-phase component and
thus reflects the elastic response of the sample while the loss modulus is pro-
portional to the out of phase component and represents the viscous response
of the sample.

In the case of a Newtonian fluid, the storage modulus G′(ω) is zero while the
loss modulus is given by G′′(ω) = ηω. In contrast, a viscoelastic fluid displays
non-zero values for both G′(ω) and G′′(ω), with their magnitudes depending
on the frequency ω.

Using equation 1.11, it is possible to derive the following connections between
G(t) and G′(ω) as well as G′′(ω).

G′(ω) = ω

∫ ∞

0

G(t) sin(ωt)dt G′′(ω) = ω

∫ ∞

0

G(t) cos(ωt)dt (1.21)
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Based on these expressions, the generalized Maxwell model domain can be
expressed in the frequency domain as follows.

G′(ω) =

N∑
i=1

Gi(ωτi)
2

1 + (ωτi)2
G′′(ω) =

N∑
i=1

Gi(ωτi)

1 + (ωτi)2
(1.22)

Panel (a) of Figure 1.8 shows the storage and loss moduli of a fluid characterized
by a singe Maxwell element. At low frequencies, the fluid demonstrates viscous
behavior with G′ scaling as ω2 and G′′ scaling as ω, indicative of a fully relaxed
sample. In contrast, at high frequencies, a constant storage modulus G′ and
decreasing loss moduli G′′ are obtained, similar to the behavior of a rubber. In
reality, polymeric materials encompass a spectrum of relaxation times, resulting
in a broadening of the relaxation peak of G′′ and causing the decrease in the
storage modulus G′ to be more gradual and smoother, as shown by panel
(b).

Figure 1.8: (a) Prediction of a single Maxwell fluid. (b) Linear viscoelastic
data of an industrial polymer. Panel (b) is adapted from [14].

1.5 Nonlinear viscoelasticity

Pipkin famously marked the interior of the nonlinear viscoelastic regime with
a question mark, stating that "Nothing very systematic is known" about this
region.12 This lack of knowledge is due to the absence of universal constitutive
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equations capable of fully describing all nonlinear viscoelastic behaviors.

Despite this difficulty, numerous nonlinear models have been proposed over
time, including both empirical continuum models and molecular models. For
instance, Lodge proposed the rubber liquid model which can be retrieved by
modifying the general form of the Boltzmann superposition principle.9,15,16 In
the case of large deformation, where the deformed and non-deformed states are
significantly different from each other, the infinitesimal strain tensor γij is no
longer valid. In that case, the Finger tensor C−1

ij can be used to describe such
finite strain. By substituting the infinitesimal strain tensor in equation 1.11 by
the Finger tensor and by integrating by parts, the resulting equation can be
obtained.

σij(t) =

∫ t

−∞

dG(t− t′)

dt′
C−1

ij (t, t′)dt′ (1.23)

Using the generalized Maxwell model to describe G(t), the resulting constitu-
tive allows to predict qualitatively important properties of the nonlinear vis-
coelasticity of polymeric fluids such as strain hardening in uniaxial extensional
flow and nonzero first normal stress difference. Nevertheless, the model has
strong limitations, as it fails to predict shear thinning and predicts an infinite
extensional viscosity at finite stretching rate.10 To overcome these limitations,
more advanced models based on a molecular approach are needed.

1.6 Molecular rheology of polymeric melt

In order to predict the rheological responses of polymeric systems, various types
of molecular theories are used including single chain models.

This type of model specifically examines the dynamics of individual polymeric
chains whose behavior is representative of the behavior exhibited by all the
similar chains in the polymer. In this section, we first introduce the bead-
spring model of Rouse which is the most popular model to capture the rheology
of unentangled flexible polymers. Then, we introduce the tube model which
describes the dynamics of entangled polymers.
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Figure 1.9: A single polymeric chain in its environment. Adapted from [17].

1.7 The Rouse model

The dynamics of an unentangled polymeric chains can be described using the
bead-spring model proposed by Rouse.9,10,18 In this model, a polymeric chain
is viewed as a series of N beads connected by N−1 massless springs (see Figure
1.10). N is often taken as the number of Kuhn segments in the polymer. The
springs account for the elastic force generated by the polymeric subchains.
Moreover, the motion of the beads results in a viscous drag, which represents
the friction between the chain and its surroundings. The latter is made up of
neighbouring chains and solvent.

Figure 1.10: Bead-spring model.

In this model, the motion of the beads is influenced by three forces : the
drag force, the elastic spring force and the random Brownian force. As a
consequence, the position of the nth bead at time t denoted r(n, t) is given by
the following force balance.
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ζ0

(
∂r(n, t)

∂t
− K · r(n, t)

)
= −3kBT

b2

N∑
m=0

Anmr(m, t) + FB(n, t) (1.24)

The first term on the left-hand side of equation 1.24 represents the drag force
experienced by the nth bead. It is proportional to the friction coefficient ζ0 of
an individual bead and to the difference between the velocity of the nth bead
and the velocity of the medium, given by K · r(n, t), where K is the velocity
gradient of the applied flow.

The second term on the right-hand side of equation 1.24 represents the elastic
force originating from the stretching of the spring connecting the nth bead to

its neighboring beads. The constant of proportionality is given by κ =
3kBT

b2
for pure harmonic springs.

The third term on the right-hand side of equation 1.24, FB(n, t), represents
the random Brownian force exerted on the nth bead at a time t due to thermal
fluctuations. The Brownian force is assumed to be a stochastic process with
zero mean. Additionally, the magnitude of the Brownian force is related to the
friction coefficient ζ0 via the fluctuation-dissipation theorem.

⟨FB(n, t)⟩ = 0 ⟨FB(n, t)FB(m, t′)⟩ = 2ζ0kBTδnmδ(t− t′) (1.25)

In the equations above, the angle brackets denote the time-average value of the
quantity, δ(t− t′) the Dirac delta function and δnm the Kronecker delta.

The Rouse matrix Anm, which appears in the second term on the right-hand
side of equation (1.24), characterizes the connectivity of the linear chain. This
symmetric matrix with dimensions N ×N is given by
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Anm =



1 −1

−1 2 −1

. . . . . . . . .

−1 2 −1

−1 1


One way to obtain a solution for this set of equations in the linear regime is
by diagonalizing it into a set of independent equations. By doing so, Rouse
obtained the following expression for the relaxation modulus.

G(t) =
ρRT

M

N∑
p=1

exp(−t/τp) (1.26)

Here ρ is the density of the polymeric material, T the absolute temperature, R
the ideal gas constant and M the mass of the polymeric chains. Moreover, the

relaxation times τp can be expressed as the quotient
ζ0
κλp

, where λp represents

the pth non zero eigenvalue of the matrix Anm. An analytical solution of τp is
given by

τp =
1

4 sin2( pπ
2N )

ζ0b
2

3kBT
(1.27)

Using the approximation sin2(x) ≈ x2 valid for small x, τp can be written as
follows:

τp ≈
(
N

p

)2
ζ0b

2

3π2kBT
(1.28)

The time τp corresponds to the relaxation time of a subchain containing (N/p)

Kuhn segments. Thus, the relaxation of a Kuhn segment τ0 is obtained when
p = N , while the relaxation time of the whole chain is obtained when p = 1

and is given by

τR ≈ N2b2

3π2kBT
ζ0 ∝ M2 (1.29)

The time τR is called the Rouse time and scales as the square of the molar mass
of the chains M . Figure 1.11 shows the spectrum of relaxation time and the
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predictions of G′ and G′′ of the Rouse model. As observed, when sufficiently
far from the terminal regime, equation 1.26 predict that G′ and G′′ scale as the
square root of the frequency.

It is also worth-mentioning that the Rouse process predicts that the linear
viscoelastic moduli of polymers of the same nature (i.e. same ζ0 and κ) overlap
at short times.

Figure 1.11: (a) Spectrum of relaxation time predicted by the Rouse equation.
(b) Relaxation modulus predicted by the Rouse equation.

Nonetheless, in a wide varieties of polymers, the motion of the chains is sig-
nificantly hindered. The obstruction can be caused by the presence of entan-
glements and/or supramolecular bonds. In that case, the Rouse process stops
after reaching these obstacles.

In the upcoming sections of this manuscript, we discuss different approaches
to model the relaxation modulus in these cases. First, we will introduce the
tube model, which helps us to understand the behavior of entangled polymeric
melts. Next, we will outline the viscoelastic responses of both unentangled and
entangled supramolecular polymers.

1.8 Rheology of polymer melts: the tube model

The tube model, based on the seminal ideas of de Gennes, Doi and Edwards is
one of the most successful model which allows to predict the linear viscoelastic
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response of entangled polymeric fluids.19,20 In this model, the entanglements
confine the test chain in an tubelike region (see Figure 1.12), restricting its
motion in the transverse direction.

Figure 1.12: A polymeric chain (green) confined in a tube defined by the
entanglement network (red) and its corresponding primitive path (black).

Each subchain between two entanglements follows Gaussian statistics, with its
end-to-end distance determined by l =

√
Neb2, where Ne represents the number

of Kuhn segments between two entanglements. It follows that the test chain

can itself be modeled as a random flight of Z =

(
M

Me
+ 1

)
steps of length l.

The latter is called the primitive path and corresponds to the curvilinear axis
of the tube. Doi and Edwards also demonstrated that the diameter of the tube
a at equilibrium is equivalent to the entanglement spacing l.

The relaxation process of entangled polymer chains can be divided into two
stages: the Rouse relaxation within the tube and the disengagement of the
chains from their initial tube. The next sections provide a concise overview of
these mechanisms.

1.8.1 Rouse relaxation within the tube

In the short-time regime, the entangled chains undergo a Rouse process, akin
to unentangled melts. Subchains smaller than the average spacing between
two entanglements can move freely in all three dimensions and thus relax by
the classical Rouse process. This relaxation involves timescales shorter than
the Rouse relaxation time of an entanglement strand denoted as τe and given
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by

τe ≈
N2

e b
2

3π2kBT
ζ0 (1.30)

After τe, entanglements suppress all the remaining Rouse modes, except the
longitudinal ones. The latter relax stress by transporting subchains from one
tube segment to another, readjusting the length of the entangled strands to
achieve uniform chain tension. Based on this, Likhtman and McLeish derived
the following expression for the Rouse modulus of an entangled melt.21

GRouse(t) = Ge

 1

5Z

Z−1∑
p=1

exp

(
−p2t

τR

)
+

1

Z

Z∑
p=N

exp

(
−2p2t

τR

) (1.31)

Here, the first term denotes the fast Rouse relaxation of segments shorter than
the entanglement spacing while, the second term corresponds to the slow lon-
gitudinal modes.

1.8.2 Disengagement of the chain

As time progresses, the chains start to feel the influence of their neighboring
chains via the entanglements and thus become confined in their tubes. To
relax their configurations, the chains must escape their tube. In the linear
regime, this occurs through three distinct mechanisms: reptation, Contour
Length Fluctuation (CLF), and Constraint Release (CR).

1.8.2.1 Reptation

Due to thermal agitation, the chains progressively diffuse out of the tube by
sliding back and forth along its curvilinear axis. Once a part of the molecule
is out the tube, it can adopt a new random orientation that do not carry any
stress. The chain thus relaxes completely when the whole tube is vacated. An
illustration of this process called reptation is shown in Figure 1.13. In order
to solve the mathematical problem of reptation, Doi and Edwards assumed
that the length of the primitive path is constant and equal to its equilibrium
value Leq = Zl.20 Under these assumptions, they have shown that the problem
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Figure 1.13: Relaxation of tube segments by reptation. The unrelaxed and
the relaxed segments are depicted in blue and in orange respectively.

reduces to a one dimensional diffusion equation.

∂psurv(s, t)

∂t
= Dc

∂2psurv(s, t)

∂s2
(1.32)

Here psurv(s, t) corresponds to the survival probability of the infinitesimal por-
tion of the tube at time t and localized at the position s. Dc is the diffusion
constant of the center of mass of the chain. An expression of Dc can be obtained
using the Einstein’s relationship.

Dc =
kBT

ζ0N
(1.33)

The boundary and the initial conditions of equation 1.32 are given by

psurv(x, 0) = 1 for x ∈ [0, 1] (1.34)

psurv(0, t) = psurv(L, t) = 0 (1.35)

The survival fraction of the initial tube segments prept(t) can be calculated by
integrating this function psurv(s, t) along the whole chain.
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prept(t) =
1

L

∫ L

0

p(s, t)ds =
8

π2

∑
p odd

1

p2
exp

(
−p2Dct

L2
eq

)
(1.36)

Assuming that only reptation contributes to the relaxation of the chains, the
relaxation modulus G(t) can be written as

G(t) = G0
Nprept(t) = G0

N

8

π2

∑
p odd

1

p2
exp

(
−p2Dct

L2
eq

)
, (1.37)

where G0
N =

4

5

ρRT

Me
is the plateau modulus. The spectrum of relaxation times

predicted by equation 1.37 is narrow and largely dominated by the longest
relaxation time τrep known as the reptation time.

τrept =
L2
eq

Dc
= τe

(
N

Ne

)3

∝ M3 (1.38)

The reptation time is therefore proportional to the cube of the molar mass of
the chains M . However, experimental studies have shown that the power-law
exponent of the longest relaxation time ranges from 3 to 3.6. This deviation is
caused by the presence of an additional mechanism of relaxation called Contour
Length Fluctuation (CLF).

1.8.2.2 Contour Length Fluctuation (CLF)

In reality, the contour length of the primitive path incessantly fluctuates with
time. Because of this continuous motion, a polymeric chain can shrink tem-
porarily in its tube, leaving its extremities empty. This temporary retraction
leads to the relaxation of the chain ends. As a result, the reptation motion
of the chains occurs in a tube of length Leq − ∆L, with ∆L being the part
of the tube entirely relaxed by CLF. Likhtman and McLeish obtained the fol-
lowing formula through simulations for the corrected longest relaxation time
τd.20

τd = 3Z3τe

(
1− 3.38√

Z
+

4.17

Z
− 1.55

Z
3
2

+O(Z−2)

)
(1.39)
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The dependence of the molar mass of the term in brackets illustrates the fact
that CLF tends to be more significant for shorter chains. This explains why
the power-law exponent of the relaxation evolves from around 3.6 for barely
entangled chains to 3 for highly entangled chains.

In the literature, different expressions are used to describe the spectrum of
relaxation times due to CLF. A popular approach consists of dividing the spec-
trum into two parts.1,22 This can done by evaluating the potential energy
U(x) due to the retraction of an arm of a chain (half of a chain), initially at
equilibriuum, at the position x.1,22–24 The expression of U(x) is dominated by
the arm entropic force and the tube constraint and is given by

U(x) =
3kBT

2Nb2
(Leqx)

2 + constant (1.40)

Here x corresponds to a coordinate which follows the curvilinear axis of the
tube and is normalized such that it ranges from 0 at the chain ends to 1 at the
center of the chain.

When U(x) < kBT , the motion of the arm is not influenced by the tube. The
chain ends therefore adopt a unconstrained Rouse-like behavior. In this regime
of "early fluctuations", the relaxation times are given by

τearly(x) =
9π3

16

(
Z

2

)2

τRx
4 (1.41)

When U(x) > kBT , the retraction becomes much more difficult as it involves
deeper segments. The chain has to adopt a highly wrinkled and entropically
unfavorable conformation to vacate the corresponding part of the tube, as
illustrated in Figure 1.14. For this reason, the relaxation is considerably slowed
down and an exponentially increasing time is required.

τactivated(x) = τ0 exp

(
U(x)

kBT

)
(1.42)

Here τ0 corresponds to an arbitrary waiting time.
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Figure 1.14: Illustration of CLF mechanism. The chains ends adopt highly
wrinkled conformations to relax. Reproduced from [17].

The fluctuation depth xtrans such that U(xtrans) = kBT corresponds to the
transition between the early-time chain end fluctuations and the activated fluc-
tuations. Chain ends of length lower than xtrans relax by a Rouse-like motion
while longer segments fluctuate in the potential U(x). Based on this idea, van
Ruymbeke et al. proposed the following expression to describe the spectrum
of fluctuation times τfluc(x).1

τfluc(x) =


τearly(x), if x < xtrans.

τearly(x) exp

(
∆U(xtrans → x)

kBT

)
, if x ≥ xtrans.

(1.43)

The probability pCLF (x, t) that the segment localised at the coordinate x at
time t is not relaxed by CLF can therefore be evaluated by:

pCLF (x, t) = exp

(
− t

τfluc(x)

)
(1.44)

1.8.2.3 Constraint Release (CR)

So far, only the motion of the test chain was considered. However, the matrix
chains can also relax via reptation and CLF, enabling the release and the
renewal of the entanglements constraints of the test chain.

This mechanism called Constraint Release (CR) is particularly important for
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the relaxation of polydisperse polymers. In these types of systems, the test
chain contains entanglements with neighbouring chains of different lengths. As
the disentanglement process occurs at timescales comparable to the terminal
time of the chains, some entanglements have shorter lifetimes than others,
causing them to disappear more rapidly. This disentanglement enables the test
chain to disorient its local configuration and thus to partially relax before its
intrinsic reptation time (see Figure 1.15).

Figure 1.15: The local configuration of a polymeric chain (green) is relaxed
by a constraint release event. Adapted from [25].

Different approaches to treat CR exist in the literature. In this following sec-
tions, we introduce two cases: the double reptation theory and the dynamic
tube dilation.

Double reptation theory

The double reptation theory, developed by Tuminello, Tsenoglou and des Cloizeaux,
offers a simple description of CR.26–28 In des Cloizeaux’s version of the theory,
entanglements are viewed as stress points arising from interactions between two
chains, with disentanglement occuring when one of the two chains relaxes. The
relaxation modulus is then determined by summing the contributions from all
surviving entanglements. Consequently, if the chains relax independently, this
approach results in a relaxation modulus that is directly proportional to the
square of the survival fraction of the initial tube psurv(t).

G(t) = G0
Np2surv(t) (1.45)

Thus, in absence of CLF, the double reptation theory simply replaces prep(t)

by p2rep(t), resulting in a terminal relaxation time equal to τrep/2. In the case
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of a polydisperse polymer, G(t) is obtained by the following mixing rule.

G(t) = G0
N

(∑
i

νiµi(t)

)2

(1.46)

Here i and µi(t) refer respectively to the volume fraction of the chains and to
the unrelaxed fraction of their initial tubes. Equation 1.46 provides a decent
prediction for the linear rheology of polymers that exhibit typical polydispersi-
ties found in commercial samples. However, it is not valid when the polymers
include chains with well-separated relaxation times.29

Dynamic tube dilation

The dynamic tube dilation (DTD) initially proposed by Marrucci provides a
more accurate and sophisticated solution of CR.30 When the time scale of the
experiment is significantly longer than an entanglement’s lifetime, these entan-
glements are created and eliminated with such speed that they do not impede
the motion of the test chain anymore. Consequently, these entanglements can
be disregarded, leading to an increase of the dimensions of the tube. This
increase is modeled on the basis that the relaxed fraction of the polymer be-
haves similarly to a solvent for the test chain. Under this assumption, the
molar mass between entanglements Me is expressed as the following function
of time.

Me(t) =
Me,0

Φ(t)α
(1.47)

Here Φ(t) correponds to the unrelaxed fraction of the polymer at time t and α

is the dynamic dilation exponent. Experimental measurements of α typically
yield values ranging from 1 to 1.3.31,32

As a result, the tube dilates and shortens as follows:

Leq(t) = Leq,0Φ(t)
α/2 (1.48) a(t) =

a0
Φ(t)α/2

(1.49)

Here Leq,0 and a0 denote the initial length and diameter of the tube, respec-
tively.
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This change of topology leads to the following rescaling of the reptation time
τrep(t).

τrep(t) = τrep,0Φ(t)
α (1.50)

In the DTD, when a small fraction of long chains is diluted in a matrix of
short chains, the tube can dilate faster that the chain is able to explore it.
This implies that a long chain that is only entangled with short chains relaxes
as soon as the short chains relax. However, in reality, the long chains cannot
explore their tubes faster than an unconstrained Rouse process. This limitation
gives rise to the concept of supertube, wherein the long chains can only explore
a narrower Rouse-limited tube concentric to the "supertube" predicted by the
DTD. Gradually, this Rouse-limited tube expands until it reaches the diameter
of the supertube. This mechanism, introduced by Viovy et al. and further
investigated by Milner et al., is called contraint-release Rouse (CR-Rouse) and
provides a lower bound for Φ(ti).33–35

Φ(ti) ≥ Φ(ti−1)

√
ti−1

ti
(1.51)

When CR-Rouse is taken into account, the relaxation modulus is given by

G(t) =
ρRT

Me,0
ϕ(t)Φα(t) (1.52)

Here, the function ϕ(t) corresponds to the survival fraction of the initial thin
tube.

Equation 1.52 illustrates that the relaxation modulus is governed by the in-
terplay of two functions: one that characterizes the relaxation due to motion
of the test chain (i.e. ϕ(t)), and the other describing the relaxation caused by
motion of the neighbouring chains Φα(t). The latter function is always larger
than or equal to the former one due to the inequality 1.51. In the case of double
reptation, both functions are identical and given by ϕ(t).
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1.8.3 Predictive approaches for the LVE response

In the literature, several approaches which include the fundamental processes
of reptation, CLF, and CR have been developed to predict the linear viscoelas-
tic responses of polymer melts. However, many of these approaches include
mathematical and physical approximations, necessitating a compromise be-
tween equation complexity and prediction accuracy. Here, in this section, we
introduce two approaches. The first one is relatively simple and relies on the
double reptation theory while the second one is more sophisticated and employs
DTD and CR-Rouse.

1.8.3.1 Time-dependent diffusion (TDD) reptation

Des Cloizeaux proposed a model which allows to integrate reptation and CLF
with the double reptation theory.28 To achieve this, he introduced a time-
dependent effective diffusion coefficient D(t) in equation 1.32. At short times,
the behavior of D(t) is dominated by the unconstrained Rouse motion of the
chains, resulting in an evolution with t−1/2. Subsequently, at longer times, the
mechanism of reptation becomes dominant, causing D(t) to converges to Dc.
Based on this, Des Cloizeaux derived the following form for D(t).

D(t) = Dc

(
1 +

∞∑
n=1

exp

(
−n2t

τi

))
(1.53)

Here τi = σ
τrep
Z

denotes a Rouse time and σ a material-dependent parameter
which describes the relative importance of CLF. The relationship between σ

and Me is not clear yet.36

Combining equation 1.32 with equation 1.53 results in the following expression
for the fraction of original entanglements µ(t) surviving at time t.

µ(t) =
8

π2

∑
odd q

1

q2
exp
(
−q2w(t)

)
(1.54)

Here the function w(t) in equation 1.54 is given by
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w(t) =
t

τrep
+

α

Z
g

(
tZ

ατrep

)
(1.55)

where g(x) is defined as:

g(x) =

∞∑
m=1

1− exp
(
−m2x

)
m2

(1.56)

As observed, the expression of w(t) includes two terms. The first term accounts
for the relaxation through reptation while the second term captures the con-
tributions of the relaxation arising from CLF. Substituting equation 1.54, 1.55
and 1.56 into equations 1.46 allows to express the relaxation modulus into a
relatively concise equation.

G(t) =
64

π4
G0

N

∑
i

νi
∑

odd q

1

q2
exp
(
−q2wi(t)

)2

(1.57)

However, Likhtman and McLeish showed that the treatment of CLF by des
Cloizeaux is significantly imprecise.21 Furthermore, as discussed above, the
double reptation theory does not provide a precise approximation of CR and
is valid only for smooth molar mass distribution.

1.8.3.2 Time marching algorithm (TMA)

A more advanced approach to predict quantitatively the linear response of
polymers can be achieved by treating CR by DTD and CR-Rouse. Here, the
relaxation modulus of polydisperse systems cannot be expressed analytically
due to the complex interdependence of the spectrum of relaxation times with
the survival fraction of the tube. According to the DTD picture, the relaxed
fraction of the polymer behaves like a solvent for the remaining unrelaxed
segments, modifying their reptation and fluctuation times. As these changes
occur continuously over time, finding an analytical solution becomes impossi-
ble.
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To address this issue, Van Ruymbeke et al. developed a time marching al-
gorithm (TMA) to predict the LVE response of polydisperse systems.1 This
algorithm involves discretizing the time axis and computing the survival proba-
bilities psurv(xi, tk) of a segment xi at a time tk using the corresponding values
obtained at a previous time tk−1. In this approach, psurv(xi, tk) is given by the
product between the probabilities that the tube segments survive by reptation
prep(tk) and by CLF pCLF (tk).

psurv(xi, tk) = prep(xi, tk)pCLF (xi, tk) (1.58)

Here, the probabilities prep(xi, tk) and pCLF (xi, tk) can be evaluated via

prep(xi, tk) = prep(xi, tk−1)prep(xi, [tk−1, tk]) (1.59)

pCLF (xi, tk) = pCLF (xi, tk−1)pCLF (xi, [tk−1, tk]) (1.60)

The square brackets [tk−1, tk] in equation 1.59 and 1.60 refers to the time
interval between tk−1 and tk. Assuming that this time interval is sufficiently
small to disregard any significant variation in the relaxation time within this
interval, the variations of the survival probabilities can be evaluated using the
equations below:

prep(xi, [tk−1, tk]) = exp

(
−∆t

τrep(tk)

)
(1.61)

pCLF (xi, [tk−1, tk]) = exp

(
−∆t

τfluc(xi, tk)

)
(1.62)

The values of τrep(tk) and τfluc(xi, tk) can be computed with equations 1.38,1.50
and 1.43. Based on that, the relaxation modulus G(ti) is obtained by the fol-
lowing expression.

G(tk) = G0
N

(∑
i

νi

∫ 1

x=0

psurv(xi, tk)dxi

)
Φα(t) = G0

Nϕ(t)Φα(t) (1.63)
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Here the CR-Rouse-limited fraction is given by Φα(tk) = max

(
ϕ(tk), ϕ(tk−1)

√
tk−1

tk

)
.

As shown by the work of Shahid et al., the resulting algorithm predicts very
well the linear viscoelastic responses of entangled linear polymers (see Figure
1.16).31

Figure 1.16: Dynamic moduli of polystyrene (PS) melts. Panel (a) exhibits
the LVE response of long PS chains with a molar mass of 820 kg/mol diluted
with oligomeric styrene of 8.8 kg/mol at different weight fraction. Panel (b)
displays the LVE of monodisperse PS melts at various molar masses. The
symbols are the experiments results while the solid lines correspond to the
predictions of the TMA. Reproduced from [31].

1.8.4 Universality in the linear regime

Upon reviewing the preceding sections, it appears that the spectrum of relax-
ation times of a polymeric melt is entirely defined by three distinct parameters:
the molar mass between two entanglements Me, the relaxation time of an en-
tanglement strand τe and the number of entanglements Z. According to the
tube model, polymers with different chemistries in either the melt state or in
solution exhibit identical flow dynamics when they possess the same number of
entanglements Z. This universal behavior is well demonstrated by the work of
Wingstrand et al. who measured the linear responses of poly(methyl methacry-
late) (PMMA) and polystyrene (PS) for Z = 7 and Z = 20.37 As shown in
Figure 1.17, the LVE response of the samples with the same Z overlap when
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the dynamic moduli are normalized with the plateau modulus G0
N =

4

5

ρRT

Me
and the frequency is scaled by τe.

Figure 1.17: Dimensionless LVE data of PS and PMMA melts. Closed sym-
bols refer to samples with Z ≈ 20, while open symbols indicate samples with
Z ≈ 7. Reproduced from [37].

1.8.5 The nonlinear viscoelastic regime

When subjected to sufficiently large and rapid deformation, polymeric chains
can orient, unravel and stretch, which affects significantly their relaxation be-
havior. To account for these effects, additional mechanisms such as large ori-
entation of tube segments, chain stretching, and convective constraint release
(CCR) need to be introduced in the tube model.

Large orientation of the tube segments

When exposed to strain rates larger than 1/τd, the polymeric chains cannot
disengage from their tubes and thus cannot maintain their equilibrium confor-
mations. Consequently, the tube segments align themselves in the direction
of the deformation. During chain orientation, the entanglement strands main-
tain their Gaussian distribution and thus, the length of the primitive path Lpp

remains equal to the equilibrium length of the tube Leq. The Doi-Edwards
(DE) model was the first to incorporate this mechanism.20 Nevertheless, the
DE model failed to predict the upturn of the extensional viscosity observed
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for polymeric solutions at high strain rates and also predicts excessive shear-
thinning.10

Chain stretching

Subsequently, Marrucci and Grizzuti introduced a crucial modification to the
DE theory. They included a characteristic time scale τS for chain retraction,
resulting in the development of the Doi-Edward-Marrucci-Grizzuti (DEMG)
theory.38 In this theory, as the applied strain rate exceeds 1/τS , the chains
start to stretch, causing the elongation of the entanglement strands. As a
result, the length of the primitive path Lpp surpasses Leq. When a chain is
fully extended, its primitive path is given by Lpp = Nb. The maximum stretch

ratio is therefore determined by λmax =
Nb

Zl
=
√
Ne. Following the cessation

of flow, the chains retract in their tubes through Rouse motion in a time equal
to τS . Since the retraction requires motion at the scale of the whole chain,
the time τS is approximately equal to τR. The extent of chain stretching is
particularly important for strong flows such as uniaxial elongation.

Convective constraint release (CCR)

Despite the introduction of chain stretching, the DEMG theory still overes-
timates the extent of shear thinning. In order to adress this issue, Marrucci
introduced the mechanism of convective constraint release (CCR).39

When matrix chains are subjected to stretch, they can relax via retraction,
which may result in the loss of entanglements on the test chain. This new con-
straint release mechanism called Convective Constraint Release (CCR) imposes
a disentanglement that occurs at a rate proportional to the flow rate. When a
uniaxial extensional flow with a controlled stretching rate ϵ̇ is imposed, the im-
pact of CCR is insignificant, as at high strain rates, the chains are persistently
strongly stretched, making entanglements unimportant to their flow behavior.
In contrast, in shear flows with constant γ̇, the polymeric chains undergo a
succession of stretch/retraction cycles due to the vorticity of the flow. This
makes CCR a mechanism of prime importance in shear flow.9
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1.8.5.1 Weissenberg number

The onset of orientation of the tube segments and chains streching can be cap-
tured using a dimensionless number called Weissenberg number Wi.40,41 This
number compares the strain rate of the flow (either in shear or in extensional
flow) with a characteristic relaxation time τ of the polymeric fluid.

Wi = ϵ̇τ (1.64) Wi = γ̇τ (1.65)

Using the reptation time τrep and the Rouse relaxation time τR as τ defines the
reptation Weissenberg number Wid and the Rouse Weissenberg number WiR.
Figure 1.18 depicts the three levels of chain deformation using the Weissenberg
number.

Figure 1.18: Depending on the applied strain rates, a chain can be at the
equilibrium state, oriented or stretched.

1.8.6 Theoretical predictions

Several models have been proposed to incorporate the nonlinear effects of
orientation of the tube segments, chain stretching and CCR into the tube
model, such as the Mead-Larson-Doi (MLD) model and the Graham-Likthman-
McLeish-Milner (GLaMM) model.42,43 These models have made significant
progress in capturing the nonlinear rheological behavior of polymeric fluids.
However, despite their advancements, significant discrepancies between their
predictions and experimental results still exist. This can be attributed to im-
precise descriptions of the underlying mechanisms, as well as the presence of
potential additional mechanisms which are not accounted for in these mod-
els.
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1.8.7 Comparison of theory with data for linear poly-
mers

In this section, we briefly review the performances of nonlinear tube model in
shear and extensional flow.

1.8.8 Nonlinear viscoelastic regime in shear flow

The incorporation of orientation of tube segments, CCR and tube retraction
in tube-based models has led to predictions that are in qualitative agreement
with experimental results in shear flow. These models successfully capture
the experimentally observed strain softening behavior of entangled polymeric
melts, characterized by a large overshoot associated with the orientation of
tube segments and chain stretching (see Figure 1.19 (a)).44

Figure 1.19: Panel (a) displays the stress growth coefficient of entangled
polystyrene melts. Panel (b) compares the predictions of the GLaMM model
alongside experimental data of PS melts. Panel (a) and panel (b) are repro-
duced from [45] and [44], respectively.

However, at high shear rates, entangled polymeric melts also exhibit a slight
undershoot that is not predicted by most of the tube-based molecular models.
Costanzo et al. attributed the origin of this undershoot to chain tumbling,45 a
mechanism noticed in previous non-equilibrium molecular dynamics (NEMD)
simulations by Kim et al. for barely entangled polymers.46 These simulations
revealed a bimodal probability distribution of the end-to-end vector, R, at high
shear rates, arising from individual chains undergoing phases of high extension
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followed by short periods of fast rotational tumbling. Later, Masubuchi et
al. investigated tumbling by Primitive Chain Network (PCN) simulation. The
simulations satisfactorily replicated the stress growth coefficient observed in
PS melts and demonstrated that both orientation and chain stretching are
affected by tumbling.47 Costanzo et al. introduced tumbling in the tube model
using a semiphenomenological approach based on molecular dynamics (MD)
simulations of Sefiddashi et al.45,48 However, a precise molecular description
of this mechanism is still missing.

Costanzo et al. assessed the universal behavior of polymeric systems in the
nonlinear shear regime at moderate WiR.45 They achieved this by preparing
entangled polystyrene (PS) melts and solutions with the same number of entan-
glements Z, which resulted in an equivalent linear viscoelastic response. They
found that these systems exhibit comparable normalized transient nonlinear
shear response (see panel (a) of Figure 1.20), indicating that the nonlinear
shear regime at moderate WiR is solely determined by Me, τe, and Z, similar
to the linear regime.

Additionally, the authors demonstrated that the steady-state viscosities of dif-
ferent polymeric systems, when normalized by the product of G0

N and their
terminal relaxation time (τm), adopt a universal shear thinning behavior when
expressed as a function of the Weissenberg number Wim = ϵ̇τm based on the
terminal time. They found that the exponent of the high shear rate power law
is equal to -0.82 (see panel (b) in Figure 1.20).

1.8.9 Nonlinear in extensional flow

Figure 1.21 shows the schematic predictions of the extensional viscosity accord-
ing to the DEMG model.49 As observed, this nonlinear tube model predicts
four distinct regimes.49

• First, when the extension rate ϵ̇ is lower than 1/τd, the chains constantly
escape their confinement tube via reptation enabling the chains to pre-
serve their equilibrium conformations, resulting in a constant viscosity
equal to ηE = 3η0.
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Figure 1.20: (a) Normalized shear stress coefficient of PS 133k (in blue) and
PS285k/2k (47% wt) (in red) for different WiR. The WiR ranges from 0.108
to 3.42 and both systems contain Z ≈ 13.9. τc is derived from a different
model than the tube model, but it is equivalent to τe. (b) Normalized steady
viscosity of PS 133k (in blue), PS285k/2k (47%wt) (red), PS185k (green), and
PS285k/2k (65%wt) (black). Panel (a) and panel (b) are reproduced from [45].

• Second, when 1/τrep < ϵ̇ < 1/τR, the flow orients the tube segments along
the extension axis. In this regime, the stress saturates and the viscosity
decreases as ηE ∼ ϵ̇−1.

• Third, when ϵ̇ exceeds 1/τR, the chains start to stretch, which lead to an
upturn of the viscosity.

• Fourth, at high strain rates, the chains become fully extended and the
viscosity reaches a plateau.

However, the experimental data reveals stark divergences from these predic-
tions.50

The first deviation from the theory is illustrated in Figure 1.22, which dis-
plays the normalized steady extensional responses of PS solutions and melts
with the same number of entanglements Z. As observed, the behavior of the
systems differs substantially. The most diluted polymeric solutions exhibit rea-
sonable agreement with the predictions of the tube model, demonstrating the
expected thinning behavior followed an the upturn of the viscosity. However,
as the concentration of the solutions increases, the viscosity shows a shift from
a marked upturn to a monotonic thinning behavior. The regime III and IV are
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Figure 1.21: Extensional viscosity ηE as a function of the stretching rate ϵ̇,
as predicted by the standard tube-model. Adapted from [49].

thus effectively erased in PS polymeric melts, indicating that the universality
of entangled polymeric systems is no longer applicable in extensional flow.51

It should be noted that, according to Ianniruberto,52 this breakdown of uni-
versality was expected, as the PS melts and solutions shown in Figure 1.23
have different finite extensibilities λmax =

√
Ne/ϕ and thus should lead to dif-

ferent asymptotic values of the viscosity in region IV. However, Ianniruberto
demonstrated that this difference in extensibility alone cannot account for the
order-of-magnitude difference between the melt and the solutions.52

Figure 1.22: Normalized extensional viscosity as a function of the Weis-
senberg number for different PS polymers with same values of Z. Reproduced
from [51].
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Moving on, Figure 1.23 presents a second substantial inconsistency with the
theory. As it is readily seen, polymeric melts of different nature but with sim-
ilar values of Z exhibit fundamentally different flow behaviors. Specifically,
PS melts demonstrate a monotonic increase in viscosity (see panel (a)), while
poly(n-butyl acrylate) (PnBA) melts display an extension steady-thickening
behavior (see panel (b)). In a similar vein, Morelly et al. have also reported dif-
ferent power-law exponents in the extension steady-thinning regime for PMMA,
PS, and poly(tert-butylstyrene) (PtBS) melts.53

Figure 1.23: (a) Extensional stress growth coefficient of PS melt of 185 kg/mol
at 130 ℃. (b) Extensional stress growth coefficient of PnBA melt of 200 kg/mol
at 21.5 ℃. Panel (a) and (b) are adapted from [54] and [55], respectively.

Lastly, Huang et al. uncovered another significant deviation from the standard
tube model.56 In particular, they discovered that solutions of PS chains with
a molecular weight of 545k, when diluted at the same concentration with short
chain styrene oligomers (with molar masses ranging from 1k to 4k), exhibited
distinct extensional responses, as shown in Figure 1.24. The surprising nature
of this result stems from the fact that the short chains, which do not undergo
stretching, were not expected to significantly impact the extensional responses
of these systems.

These unexpected behaviors suggest that additional mechanisms need to be
added in the molecular picture to correctly describe the extensional rheology
of polymeric systems.

Marrucci and Ianniruberto first proposed the interchain pressure effect (IP) as
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Figure 1.24: Comparison of the normalized extensional stress growth coef-
ficient of PS melts of 545 kg/mol diluted with oligomeric styrene of different
molar masses. Reproduced from [56].

an explanation for the observed behavior of PS polymer melts.49 According to
this model, a polymeric chain exerts an entropic force on the tube walls due
to its spatial confinement. This force counteracts the flow-induced reduction
of the tube diameter. As the tube diameter decreases with the imposed defor-
mation, the pressure builds up against the walls, eventually reaching a steady
state when the opposing forces balance each other. This mechanism leads to
the introduction of one nonlinear parameter τa called the tube diameter re-
laxation time, which is expected to scale with τR. Built upon this concept,
Wagner and Rolón-Garrido developed a constitutive equation known as the
Extended Interchain Pressure (EIP) model, of which the predictions are in
quantitative agreement with the entire response of monodisperse PS melts.57

The EIP model was also successfully applied to PS solutions in oligomeric
styrene (OS)58 and in diethyl phthalate (DEP).59 However, this approach in-
volves two distinct values of τR: one for the polymeric solutions and another
for the corresponding melt, which is questionable as a Rouse process should
not depend on the concentration. Narissima et al. later addressed this issue by
proposing that interchain pressure can be transmitted by oligomeric solvents as
well, and the effectiveness of this transmission is influenced by the molar mass
of the solvent molecules.60 The main prediction of this rework is that polymer
concentration and molar mass of the solvent (if larger than a quarter of Me)
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have no effect on the steady-state elongational viscosity ηE . Nevertheless, the
EIP model still fails to describe the observed extension thickening behavior
obtained for well-entangled monodisperse PnBA.

Alternatively, Ianniruberto et al. and Yaoita et al. explained the non universal
behavior of polymeric melts and solutions by the idea of flow-induced reduction
of monomeric friction.61–63 When subjected to sufficiently fast flow, the local
environment of the chains becomes highly anisotropic, causing a decrease in
the monomeric friction coefficient ζ0. This, in turn, leads to a reduction in the
Rouse relaxation time τR and a lower level of chain stretching. This hypothesis
was scrutinized and reinforced by several MD simulations such as those done
by Ianniruberto et al.64 and Masubuchi et al.65 As solvent molecules tend to
stay isotropic, dilution tends to impede the reduction of friction. This effect al-
lows to explain the difference of behavior between polymer melts and solutions.
Indeed, Desai and Larson succeeded to retrieve the monotonic extension thin-
ning of the melt and the extension thickening of the solution by introducing a
friction coefficient ζ, which depends on a stretch/orientation parameter, in the
DEMG model.66 This mechanism can also account for the different rheological
behavior observed for polymers with varying chemical structures. For instance,
Masubuchi et al. have attributed the extension-thickening behavior of PnBA
to the presence of flexible side-groups that are difficult to orient, thus acting
as solvents and screening the interactions between the backbone segments.67

Finally, the effect of the molar mass of the solvent on the elongational viscosity
can be explained by the presence of nematic interactions between the short
molecules and the long and oriented polymeric chains. The solvent with a mo-
lar mass of 4 kg/mol is more readily oriented compared to the one of 1 kg/mol
solvent, which leads to a greater reduction of friction, and consequently a lower
viscosity. On this basis,56 Ianniruberto developed a multi-mode model, which
could successfully fit the extensional properties of the PS solutions of Huang et
al.. Their model includes a nematic interaction parameter ϵ, which is defined
as a ratio of the order parameter of the solvent molecules to the order parame-
ter of the long polymeric chains.52 This new non-linear parameter varies with
the molar mass of the solvent molecules. It vanishes for the smallest solvent
molecule investigated,68 and, according to the data of Shahid at al., remains
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constant above an oligomeric molecular weight of 9k for PS.69

To further investigate this idea of reduction of monomeric friction , Matsumiya
et al. measured the extensional responses of unentangled PS and poly(p-
tert-butylstyrene) melts.70 Concentrating the investigations on unentangled
systems allows to eliminate the complex dynamics resulting from the entan-
glements. As observed in Figure 1.25, both systems exhibit an extension-
thickening behavior followed by extension-thinning with increasing strain rates.
They demonstrated that such behavior cannot be explained by the Rouse model
alone and an additional consideration of flow-induced reduction of friction is
necessary to explain this phenomenon. They successfully modeled the steady

Figure 1.25: Normalized extensional viscosity expressed as a function of WiR
of an unentangled (a) PS melt and a (b) PtBS melt. The symbols correspond
to the data while the solid lines represent the predictions of the FENE-PM
model with (red) or without reduction of friction. FENE-PM model refers to
a Rouse model with a pre-averaged FENE-spring constant. Reproduced from
[70].

state data by using a finite extensible nonlinear elasticity (FENE) bead-spring
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model and by fitting experimentally the ζ reduction. However, their model
failed to reproduce the transient stress growth coefficient η+E(t) and the relax-
ation data of the polymeric melts. They hypothesized that, on start-up and
cessation of fast flows, the transient ζ reduction was delayed compared to the
stress evolution. As a result, the ζ reduction would be fully characterized not
only by the stretch and orientation but also by their rate of change. This idea
was further investigated by Ianniruberto et al. by means of Brownian simula-
tions of Fraenkel chains.71 A rather good quantitative fit of the start-up data
and most of the relaxation data was obtained with their model thanks to the
introduction of a time delay for the ζ reduction in the fastest flow.

In addition to the ζ reduction, Watanabe and coworkers proposed that an
additional factor contributing to the deviation of the experimental data from
the classical Rouse model is the violation of the fluctuation-dissipation theo-
rem.72–74 Based on this idea, they derive a constitutive equations for unentan-
gled polymeric melts based on the Rouse model with a friction coefficient ζ(t),
a Brownian force intensity B(t) and a spring constant κ(t) that are allowed to
change under flow. The integral version of this equation is given by75

σ(t) =

∫ t

−∞

κ(t)

κ(t′)
M(t, t′)C−1(t, t′)dt′ (1.66)

with M(t, t′) =
dG(t− t′)

dt′
being the memory function defined as

M(t, t′) =

N∑
p=1

ν

2

B(t′)

ζ(t′)

1

τp(t′)
exp

(∫ t

−∞

dt′′

τp(t′′)

)
(1.67)

Here, the times τp(t) are given by
ζ(t)

2λpκ(t)
. It is worth noting that when the

variables B(t), κ(t), and ζ(t) remain constant over time, the Lodge constitutive
equation (equation 1.23) with the relaxation modulus G(t) of the Rouse mod-
ulus (equation 1.26) is retrieved. According to this equation, since the Lodge
equation does not predict shear thinning, any observed shear thinning in an
unentangled melt is solely attributable to the fluctuations of κ, ζ, and B during
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flow. Later, Watanabe et al. reanalysed the Rouse model with expressing ζ

and B in terms of anisotropic tensorial form.76,77

The variation of κ(t) is mathematically captured by the inverse Langevin func-
tion, which is derived from the non-Gaussian statistical theory of rubber elas-
ticity. As this function has no exact analytical form, approximations of this
function, such as the normalized Padé approximation or the Warner approxi-
mation, are generally used.9

In order to make predictions using equation 1.66, it is necessary to assume arbi-
trary functional forms for ζ and B. For instance, Ianniruberto et al. described
the reduction of friction via the following ansatz:64

ζ

ζeq
=

(
1 +

(
F so

F so
c

)α)−n/α

(1.68)

Here F so is the Kuhn segment order parameter, while F so
c , α and n are fitting

parameters. Experimental data and simulations results are therefore crucial to
gain insight into the evolution of ζ and B with the flow and thus to develop
precise analytical expressions that describe their changes with the flow.

In a recent study, Jiang and van Ruymbeke performed NEMD simulations to
investigate the variations of B and ζ with the strain rates in different planar
flows, including simple shear and uniaxial extension.78 Their findings confirmed
that both B and ζ exhibit changes with strain rates. However, their work also
revealed that the changes in B are relatively minor compared to the variations
observed in ζ in extensional flow

Later, Masubuchi et al. conducted a study where they compared the results of
PCN simulations with experimental data of Costanzo et al.45 of monodisperse
entangled PS melts under to shear and extensional flow.79 They tested two dif-
ferent friction reduction equations and investigated the impact of the potential
deviations from the fluctuation dissipation theorem. The results showed that
regardless of whether the fluctuation-dissipation theorem was upheld or vio-
lated, both friction models reasonably described the experimental data. This
finding supports that the the violation does not significantly affect the predic-
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tions of nonlinear rheology.

1.9 Rheology of supramolecular polymers

In this section, our focus turns to the dynamics of supramolecular polymers.
We begin with a brief general introduction to contextualize the topic, and then
we provide a concise review of molecular models used to describe the rheological
response of such polymers.

1.9.1 Background

The inclusion of non-covalent bonds in conventional polymers offers a means
of connecting polymeric chains. As illustrated in panel (a) of Figure 1.26,
these bonds typically rely on weak interactions such as hydrogen bonding,80

π-π stacking,81,82 ionic interactions,83 hydrophobic interactions84,85 or metal-
ligand complexation.86,87 Each of these interactions exhibits varying strength
and directionality.

Figure 1.26: (a) Representation of different types of interactions including
covalent bonding and physical interactions. (b) Binding energies associated
with various types of interactions. Panel (a) and panel (b) are adapted from
[88] and [89], respectively.

Panel (b) of Figure 1.26 compares the typical binding energies associated with
these various types of bonds as well as the covalent bonds. As observed, the co-
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valent bonds surpasses widely the thermal energy kBT , allowing them to remain
stable at room temperature and ambient pressure. In contrast, weak physical
bonds tend to have energies much closer to the thermal energy, making them
less stable. Consequently, the association and dissociation of the bonds can take
place within our observation time frame, rendering them reversible.

The reversible nature of these bonds can confer valuable properties including
the ability to respond to external triggers such as pH,90,91 temperature92 or
irradiation.93 A notable example of achieving high thermal responsiveness
was demonstrated by Sijbesma et al.,94 who employed noncovalent binding
motifs based on hydrogen bonding. These motifs were attached to both ends of
low molecular weight linear polysiloxane. At low temperatures, this material
formed extended linear chains with high molar mass, exhibiting rheological
behavior similar to well-entangled polymers. However, as the temperature
increases, the dissociation rate of the noncovalent bonds increases significantly.
This results in depolymerization, causing a drastic decrease in melt viscosity
and improved processability of the material.

Furthermore, these bonds can also impart shape-memory95,96 or self-healing97–99

properties. The latter are well exemplified by the supramolecular rubber de-
veloped by Leibler and co-workers.99 The rubber is based on a mixture of ran-
domly branched ditopic and tritopic oligomers that contain diverse H-bonding
groups. The presence of branches and the diversity of oligomers effectively pre-
vent phase separation. As shown in the panel (a) of Figure 1.27, the system is
capable of self-repair at room temperature when cut or torn into pieces, owing
to the presence of physical associations. The mending occurs when the broken
pieces come into contact, with no need for heat or excessive pressure. Once
repaired, the sample regains its original extensibility.

In addition, weak physical bonds can also be used to improve the toughness of
materials. For example, Suo and coworkers developed a double network hydro-
gel by combining covalently a ionically crosslinked alginate with a covalently
crosslinked polyacrylamide.100 The non-covalent network serves as a sacrifi-
cial network that dissipates energy by undergoing breakage during stretching,
while the covalent network maintains the integrity of the material. As a result,
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the hybrid gel exhibits a massive increase of the extensibility. Additionally,
the material can partially recover part of its original properties after moderate
stretching due to the reversible nature of the first network.

Finally, one can also mention that the reversible nature of the bonds in supramolec-
ular polymers play a critical role in physiological processes, such as the folding
of proteins or the winding and unwinding of DNA.102

Rheology provides a valuable approach to study the dynamics of physical
bonds in supramolecular polymers. Indeed, the reversible junctions widely
affect the viscoelastic properties of supramolecular polymers. The inclusion of
supramolecular moieties, often referred to as "stickers" in the rheology com-
munity, typically translates into a much longer relaxation time and an increase
of the level of the rubbery plateau. The precise evolution of these material
properties depends on numerous factors such as the position of the stickers
along the polymer backbone, the number of associations on each sticker, and
the occurence of phase separations with their resulting morphologies.103 The
plethora of combinations allows to tune the supramolecular polymers to exhibit
a wide range of rheological properties.

In this work, we specifically study the rheology of linear chains where the
associative groups are located as side groups along the chain. Throughout this
work, these systems are referred to as "sticky polymers". Moreover, all the
chains are interconnected, resulting in the formation of a network. Therefore,
in the forthcoming sections, we present viscoelastic models that are applicable
to unentangled and entangled sticky polymers, as well as associative polymers
containing large aggregates of stickers.

1.9.2 The Sticky Rouse model

For unentangled systems with pairwise associating units, the sticky motion of
the chains is well captured by the sticky Rouse model.104,105 In this model,
the spectrum of relaxation times is divided into two groups: the "fast modes"
and the "slow modes".

At length scale shorter than the average length between two associative bonds,
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Figure 1.27: (a) Illustration of the self-healing capability of a supramolecular
network based on H-bonds. The four steps depict 1) cutting the sample, 2)
mending the cut parts together, 3) healing of the material, and 4) stretching
the healed sample. The stress-strain behavior after various healing times at 40
℃ is shown in the bottom left figure. The cut parts are brought into contact at
20 ℃ immediately after being cut. (b) Scheme of an alginate-polyacrylamide
hybrid gel. The alginate network (represented by red circles) is intertwined
with the polyacrylamide gel (represented by green squares), and both networks
are interconnected by covalent crosslinks (represented by blue triangles). The
stress-strain behavior is shown for the polyacrylamide gel, the alginate network,
and the double network. Panel (a) is adapted from [99] and [101], while panel
(b) is adapted from [100].
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the relaxation is not influenced by the connectivity of the chains. As a result,
the corresponding relaxation modes called "fast modes" are described by the
classical Rouse process detailed in Section 1.7. In this high-frequency regime,
the dynamic moduli are thus expected to vary with the square root of the

frequency. This regime stops at a time scale equal to τ ∼ τ0

(
N

Ns

)2

, where τ0

and Ns are the relaxation time of a Kuhn segment and the number of stickers
along the chains, respectively.

Subsequently, the successive breaking and reformation of the supramolecular
junctions allow the chains to relax further. The presence of associative bonds
introduces additional drag that affects the motion of the chains. As a result,
the slow modes, which are associated with the collective motion of segments
larger than the segments between two stickers, are uniformly delayed and can
be described by a low order Rouse process. Therefore, the dynamic moduli
are again expected to evolve with the square root of the frequency. Moreover,
according to the sticky Rouse model, the longest relaxation of the associative
system is equal to τrel ∼ τSN

2
s , where τS represents the sticker lifetime.

In the intermediate region, where time scales are shorter than τS and longer

than τ ∼ τ0

(
N

Ns

)2

, a rubbery plateau with a modulus equal to G =
ρRT

Ms

is predicted. Here, Ms denotes to the average molar mass between two stick-
ers.

Based on these considerations, Chen et al. described the relaxation modulus of
unentangled supramolecular polymers using the following expression.105

G(t) =
ρRT

M

 Ns∑
p=1

exp

(
−tp2

τSN2
s

)
+

N∑
p=Ns+1

exp

(
−tp2

τ0N2

) (1.69)

This relatively simple equation has been extensively employed in the literature
to describe experimental data of unentangled supramolecular polymers.106–108

However, it has been observed that while this equation qualitatively captures
the linear viscoelastic response, there are notable discrepancies, particularly
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in the plateau region of the relaxation modulus. These deviations are well
illustrated in Figure 1.28, where the prediction of the sticky Rouse model is
compared with the linear response of an associative polymer.

Figure 1.28: Storage and loss moduli of poly(tetramethylene oxide) (PTMO)
ionomer based on sulfonated phthalates with sodium counterions (red) and it
neutral counterpart (blue). The solid lines represents the predictions obtained
with equations 1.69. Reproduced from [105].

Various reasons have been suggested and investigated in the literature to ex-
plain these discrepancies. One important reason is the assumption made in
equation 1.69 that the supramolecular junctions are equally spaced along the
backbone, which does not accurately represent the random distribution of stick-
ers often observed in associative systems. Additionally, other factors such as
the contributions from dangling ends, the non-affine spatial fluctuations of the
bounded stickers, and the presence of a distribution of sticker lifetimes can also
contribute significantly to these discrepancies. These effects will be further
investigated and discussed in detail in Chapter 4.

1.9.3 The Sticky Reptation model

Above the critical molar mass for chain entanglement, the sticky motion of the
chains is widely affected. To describe this behavior, the relaxation modulus
needs to be modified using the sticky reptation model, which was developed
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by Leibler et al.109 In this model, the chains diffuse along the curvilinear axis
of their tube by a reptative motion hindered by the successive breaking and
reformation of the junctions. This model predicts the scaling laws shown in
Figure 1.29.

Figure 1.29: Scaling laws for entangled associative polymers when Me > Ms

(red) and Me < Ms (green) and for entangled polymeric melts (black).

In the literature, we typically distinguish two cases: when the average molar
mass between two entanglements Me is greater than the average molar mass
between two stickers Ms, and vice versa.110

In the the first case (Me > Ms), after the initial Rouse process, a first plateau
manifests. Its magnitude G depends on the density of the obstacles, which
include both entanglements and supramolecular junctions. Consequently, G

can be expressed as:

G = ρRT

(
1

Me
+

1

Ms

)
(1.70)

Once the stickers dissociate, the strands between two entanglements relax
through the sticky Rouse process. This relaxation process takes place in a

timescale equal to τ∗e ∼ τS

(
Me

Ms

)2

.
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After τ∗e , the chains start to experience the topological constraints exerted by
the neighboring chains through the entanglements. Consequently, a second

plateau of magnitude G0
N ∼ ρRT

Me
emerges solely due to the presence of entan-

glements. This plateau persists until the sticky reptation takes place in a time
equal to τ∗rep = τ∗eZ

3
e = τSN

2
sZe, where Ze = M/Me is the mean number of

entanglements along a chain.

In the second case (Me < Ms), initially adressed by Chen et al., some segments
between entanglements can relax without requiring the dissociation of reversible
crosslinks. Consequently, G is well approximated by G0

N and the drop occurring
between the two plateaus at τ−1

S vanishes, leading to the formation of a unique
plateau.110

In the original theory proposed by Leibler et al., relaxation due to CLF and
CR is neglected.109 Chen et al. adressed this limitation by adapting the double
reptation model developed Des Cloizeaux28 (see section 1.8.3.1) to associative
entangled polymers. The modification made in their approach is to replace
the reptation time τrep by the sticky reptation time τ∗rep in equation 1.57.
This modified version of the model showed good quantitative agreement with
the data. However, it still imprecisely captures CLF and CR, indicating the
need for further refinement to accurately describe the LVE response of such
systems.110

1.9.4 Dynamics of associative polymers with clusters

In many cases, supramolecular polymers form microphase-separated clusters,
rather than pure pairwise associations. The presence of such clusters in a
supramolecular polymer has a profound impact on its rheological properties.

When the temperature is lower than the Tg of the clusters, or the melting
temperature Tm in the case of crystalline clusters, the systems are analogous
to crosslinked rubber. The bonds are effectively permanent, which prevent the
system to flow. In contrast, at high temperature, the clusters become dynamic,
thus enabling the polymer to relax completely. The specific details of this
relaxation process remain an area of intense investigation and research.
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Semenov and Rubinstein proposed that aggregated stickers can be envisioned
as a dense core with polymer backbones arranged in loops resembling petals
in a flower-like micelle.111 The resulting aggregates are connected through
polymeric bridges leading to the formation of a transient network. In the case
of polymeric melts, the proportion of loops is expected to be small, and thus
the number of bridges per aggregate is approximately equal to the number of
stickers per aggregate.112 A schematic depiction of the resulting structure is
shown in Figure 1.30

Figure 1.30: Schematic structure of a supramolecular polymers in presence
of large aggregates of stickers. Adapted from [112].

Based on this picture, Semenov and Rubinstein developed a scaling theory,
where the chain-level relaxation, resulting from either the sticky Rouse or the
reptative motion of the chains, is decoupled from the terminal flow. The latter is
governed by the positional rearrangement of the micelles. Specifically, in order
to completely relieve the stress, the micelles need to reorganize via hopping
events, which are characterized by a particularly high activation energy. The
hopping process of a micelle necessitates to break all connections and relax
all entanglements with the old neighbors, and to create new bridges with new
ones. Consequently, this mechanism is expected to be drastically slower than
the sticky motion of the chains and thus would dominate the terminal stress
relaxation.111,112

However, the Semenov-Rubinstein theory is in disagreement with recent stud-
ies conducted by Mordvinkin et al.,113–115 wherein the macroscopic and mi-
croscopic properties of supramolecular systems that contain unordered clus-
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ters were investigated. The investigations involved the use of multiple exper-
imental techniques, such as a specific solid-state NMR relaxometry technique
(MQ-NMR), which is sensitive to single-chain relaxation, broadband dielectric
spectroscopy (BDS), which provides insights into the sticker dynamics, and
dynamic mechanical analysis (DMA) which assesses the bulk relaxation. The
experimental results revealed that the longest relaxation time obtained from
DMA were remarkably similar to those obtained from MQ-NMR. This finding
led the authors to conclude that the terminal relaxation in these systems is pre-
dominantly governed by the single-chain relaxation mechanism, rather than the
micellar rearrangement, as proposed by Semenov and Rubinstein. Additionally,
the observed magnitude of the rubbery plateau of their systems closely matched
the values predicted by the rubber elasticity theory (see equation 1.70). Based
on these observations, the authors suggested that the mechanisms of sticky
Rouse and sticky reptation are still applicable to supramolecular systems con-
taining large aggregates.

Furthermore, the BDS measurements revealed a relaxation process that falls
within the intermediate regime between the segmental motion of the chains
and the terminal relaxation. This relaxation process displayed a similar tem-
perature dependence as the longest relaxation times observed with MQ-NMR
or DMA, indicating that it reflects the motion of the supramolecular junc-
tions. In addition, the absolute time scale associated to this relaxation process
was found to vary with the size of the alkyl side chain of the sticky groups,
as illustrated in panel (a) of Figure 1.31. Interestingly, this variation showed
an inverse order compared to the relaxation modes probed using MQ-NMR,
DMA and conductivity. Based on these findings, the authors concluded that
the relaxation process detected by BDS is not associated to the lifetime of the
bonds, but rather corresponds to an intra-aggregate rearrangement caused by
the motion of the junctions in the clusters.113

Building upon these findings, Mordvinkin et al. proposed a pathway for the
relaxation of supramolecular polymers containing large clusters.113 This path-
way, illustrated in panel (b) of Figure 1.31, suggests that the relaxation of
the system begins with the segmental relaxation of the chains, followed by the
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intra-cluster relaxation. Subsequently, the sticky bonds dissociate, enabling
the diffusion of the polymeric chains, which leads to the complete relaxation of
the system.

Figure 1.31: (a) Comparison of τ∗e obtained from DMA measurements (solid
lines) and NMR measurements (dotted lines) for ionomers based on butyl rub-
ber with varying alkyl side chains. The timescales τ∗CR obtained through BDS
measurements are depicted in dashed lines. (b) Hierarchical sequence of relax-
ation mechanisms proposed by Mordvinkin et al. for supramolecular systems
with aggregates: segmental relaxation of the chains, followed by intra-cluster
relaxation, dissociation of stickers, and finally diffusive motion of the polymeric
chains. Reproduced from [113].

However, the model proposed by Mordvinkin et al. is unable to explain the
large reinforcement of the relaxation modulus as well as the extremely long re-
laxation times obtained in certain supramolecular polymers. This led Sokolov
and coworkers to conclude that the terminal relaxation in these systems is still
governed by a network rearrangement involving partner exchange between the
aggregates. The specific microscopic details of this partner exchange mecha-
nism are not very clear yet.116

In the original theory of Rubinstein and Semenov, stickers hop by first dissociat-
ing from one micellar core and then diffuse as free stickers until they encounter
another core with which they can associate. However, hybrids molecular dy-
namics/Monte Carlo (MD/MC) simulations revealed the existence of alterna-
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tive routes with lower energy barriers which allows the stickers to transition
between clusters.117 If two clusters are located in close proximity, they may
merge into a single, entropically unfavorable large cluster. Subsequently, this
unstable cluster breaks up into two new smaller clusters which may contain
different stickers than the original clusters. This partner exchange process,
depicted in Figure 1.32, leads to a structural rearrangement of the network
without requiring the dissociations of the stickers from the network.

Figure 1.32: Scheme of a partner exchange event between two clusters (green
and red) containing three stickers. Reproduced from [117].

However, Sokolov et al. argue that this partner-exchange mechanism is not
applicable to polymeric systems with well separated clusters; This is because
the merging of such clusters is not feasible due to the presence of multiple
chains between them.116 Thus, a critical assessment of this partner exchange
mechanism is still needed as there is currently a lack of microscopic evidence
to support its detailed description.

In situations where the clusters have a very long lifetime, their relaxation can
be disregarded. Building upon this assumption, Hawke et al. developed a sta-
tistical model, shown in Figure 1.33, that accurately fits the LVE responses of
entangled hydrolysed poly(n-butyl acrylate) (PnBA) copolymers with different
densities of sticky groups.118 These sticky groups, consisting of acrylic acid
(AA), can form either stable aggregates or short-lived pairwise associations via
H-bonds between AA units.

As illustrated in the left panel of Figure 1.33, the polymers contain three dis-
tinct groups of associative chains: (1) cluster-free chains that relax via sticky
reptation, (2) star-like chains containing only one aggregate that relax via hin-
dered CLF and (3) chains with multiple aggregates containing trapped seg-
ments unable to relax and dangling ends that relax via hindered CLF.
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Figure 1.33: Scaling laws of the storage modulus for reversible network.
Adapted from [118].

As depicted in the right panel of Figure 1.33, accounting for the relaxation of
these polymer fractions leads to the prediction of the following four different
regimes in the LVE response.

• At high frequency, the subchains smaller than the average spacing be-
tween two entanglements or stickers relax via a Rouse process.

• Then, an upper plateau zone where elasticity is contributed by both en-
tanglements and trapped segments is obtained. Also, in this step, the
cluster-free chains and the dangling ends relax.

• Afterwards, once all the entanglements of the mobile components are
relaxed, a CRR process enables the trapped segments to equilibrate.

• Finally, the dissociation of the aggregates allow to relieve the remaining
stress. As the breaking of the aggregates is a much slower process than
the equilibration of the trapped segments, a second plateau appears. In
the case of of the model of Hawke et al., the terminal relaxation time is
assumed to be infinite due to the very high stability of the clusters.

Finally, the formation of crystalline cluster is also reported to have wide conse-
quences on the viscoelastic response of polymeric system. Crystalline structure
are typically observed when unentangled and short backbones are used, specif-
ically with telechelic precursors.119
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For example, Ghiassinejad et al. investigated the dynamics and structure of un-
entangled hydrogenated polybutadiene (PB) end-capped by terpyridine (tpy)
ligands.120 Based on a SAXS analysis, it was found that the addition of tran-
sition metal ions in the samples lead to a microphase separation of metal com-
plexes into a crystalline structure below the order-disorder transition tempera-
ture (ODTT). As shown in Figure 1.34, this crystalline structure provides a sig-
nificant reinforcement as evidenced by the magnitude of the plateau modulus,
well above the value predicted if all the complexes acted as pure crosslinking
points. The quantity of metal ions influenced the morphology of the phase-
separated structure, resulting in the formation of either lamellar or hexagonal
morphologies, with notable effects on the ODTT and the linear viscoelastic
(LVE) responses of the material.

Figure 1.34: Storage and loss moduli of unentangled telechelic PB end-capped
by tpy ligands, incorporating different amounts of Zn(II). The data have been
shifted using the Williams-Landel-Ferry (WLF) equation. The results highlight
a substantial reinforcement effect attributed to the presence of a crystalline
structure. Furthermore, the response of the samples exhibits noticeable vari-
ations depending on the quantity of Zn(II) ions, indicating the formation of
distinct crystalline structures. Reproduced from [120].

Another very common system that often displays ordered arrangements is the
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supramolecular polymers based on quadruple hydrogen-bonding ureidopyrim-
idinone (UPy) groups. For instance, Botterhuis et al. demonstrated that UPy
moieties in short polydimethylsiloxane (PDMS) chains align laterally through
π-π stacking interactions, resulting in the formation of nanofibers.121

1.10 Lifetime of the physical bonds

As discussed above, the lifetime of a sticker τS plays a crucial role in the dynam-
ics of supramolecular systems. Its temperature dependence is often described
by the following Arrhenius-type equation:88

τS = τν(T ) exp

(
Ea

RT

)
(1.71)

Here, τν corresponds to a local attempt time, while Ea is the activation energy
for sticker dissociation. The time τν depends on the chain mobility at a local
level, and therefore exhibits the same temperature dependence as the segmen-
tal relaxation of the precursor chains. The temperature-dependent behavior
of these precursors is commonly described using the Williams-Landel-Ferry
(WLF) equation when approaching temperatures close to Tg. This behavior
transitions to an Arrhenius equation when operating at temperatures at least
one hundred degrees higher than Tg.9

It is also worth-mentioning that the activation energy Ea is distinct from the
binding energy Ebind, as it results from the combination of Ebind and an addi-
tional activation barrier ∆E for debonding.122

Recently, Ghosh and Schweizer have raised doubts about the validity of equa-
tion 1.71.123 Through an analysis of experimental data of the literature, they
discovered that using equation 1.71 led to unphysical results, such as negative
activation energies or activation energies close to zero. Based on these obser-
vations, they proposed a model, wherein the temperature dependence of the
pre-exponential factor is weaker than what is predicted by equation 1.71 and
is chemistry dependent. A plausible explanation for this weaker dependence is
that, since only small displacements are involved during the unbinding process
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of the stickers, the local viscous resistance caused by the nonsticky monomers
is described by a length-scale-dependent local viscosity due to non-Markovian
effects. However, further refinement is still necessary to improve the predictive
capabilities of their model.

In addition, according to the bond lifetime renormalization model proposed
by Rubinstein and Semenov,122 the sticker lifetime τS differs from the actual
bond lifetime τb in the case of pairwise associations. This is because the stress
related to the long-range dynamics only starts to relax when one of the initially
paired stickers has found a new partner. After τb, a supramolecular junction
dissociates and starts a random walk. As the latter occurs in a relatively
compact space, it is likely that the junction returns multiple times to its initial
partner before finding a new sticker. As a result, the lifetime τS is given by the
following sum:

τS = τbNret + τopen, (1.72)

Here Nret is the number of times a sticker returns to its original parter and
τopen the time during which a sticker engages in a random walk until it forms
a new bond with a partner.

In contrast, in the case of large aggregate of stickers, the bond lifetime renor-
malization can be disregarded when the binding energy Ebind falls within the

range N1/2
agg <

Ebind

kBT
< N4/3

agg , where Nagg is the mean number of stickers per

aggregate. The reason for this comes from the fact that aggregates can host a
variable number of stickers and the energy change after a sticker hopping event
is less than the thermal energy kBT .111

The bond lifetime renormalization model has been demonstrated by Gold et al.
in the case of entangled transient polyisoprene (PI) networks based on binary
H-bonds.124 To validate the model, the rheological time τS was compared with
the H-bond lifetime, which can be probed by BDS, as each dissociation and
association event changes the dipole moment. As observed in Figure 5.16, the
experimental results, revealed a difference of more than 2 orders of magnitude
between the sticker lifetime and the actual bond lifetime, in accordance with
equation 1.72.
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Figure 1.35: Loss modulus G′′ and loss factor ϵ′′ of entangled PI melt (blue)
and entangled associative PI based on H-bonds (green and red). The sticker
lifetime (τrheo) is determined from the end of the first rubbery plateau, as
predicted by the sticky reptation model (Section 1.29). The bond lifetime
(τα∗) is obtained from the second peak of the loss factor. Reproduced from
[124].

1.11 Time-temperature superposition (TTS) prin-

ciple

The different temperature dependences of the relaxation processes of the supramolec-
ular systems explains the observed violation of the time-temperature super-
position (TTS) principle, making these systems thermorheologically complex.
However, it is still possible to apply the TTS principle in a restricted time-
temperature range to capture the temperature dependence of the relaxation
mechanism specific to that region.88,125 This concept is well illustrated in Fig-
ure 1.36, where the linear responses of unentangled associative polymers with
pendant groups is shown at different temperatures.

In panel (a), the dynamic moduli of the supramolecular polymers are shifted by
a horizontal shift factor a′T to achieve superimposition of the linear responses at
high frequencies. As expected, these shifts lead to a failure in the superposition
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in the low-frequency part due to the stronger temperature dependence of the
mechanism of the sticker dissociation.

In contrast, in panel (b), the moduli are shifted by a factors aT so that the data
coincide at low frequencies. As observed, the curves cease to superimpose at
high frequencies, when the segmental motions starts to contribute to the stress
relaxation.

Figure 1.36: Test of the time-temperature superposition (TTS) principle for
the dynamic moduli of poly(n-butyl) acrylate (PnBA) functionalized with UPy
groups. In panel (a), the data are shifted by a factor a′T to superimpose the
high-frequency region. In panel (b), the data are shifted by a factor aT to
superimpose the low-frequency region. Adapted from [125].

By analyzing the resulting shift factors aT and a′T , it is possible to determine
the activation energy Ea (using equation 1.71) as well as the parameters c1 and
c2 of the WLF equation.

Based on this procedure, pseudo-mastercurves valid for one specific tempera-
ture are often built. These pseudo-mastercurves differ from classical master-
curves in that their breadth varies with absolute temperature, reflecting the
distinct temperature dependencies of the relaxation processes. Hence, when
selecting the reference temperature Tref for the mastercurves, careful consid-
eration must be given to ensure that both high and low frequency parts can
be observed. Once Tref is established, the moduli obtained at T > Tref are
shifted to achieve superposition at high frequencies. Conversely, below Tref ,
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the moduli are shifted to superimpose the low-frequency region. Such pseudo-
mastercurves have been built for numerous systems containing pairwise assso-
ciations or aggregates110,126–128 An exemple of a pseudo-mastercurve is shown
in Figure 1.37.

Figure 1.37: Pseudo-mastercurve of a supramolecular ionic networks (Bro-
mobutyl rubber physically functionalized with butylylimidazole moieites). The
grey area shows the experimental time window. Adapted from [113].

1.11.1 The nonlinear viscoelastic regime in associative
polymers

The nonlinear regime of associative polymeric melts has been studied much less
compared to the the linear regime. Despite this, several molecular models have
been developed to describe the nonlinear rheology of reversible networks.

Among them, one of the most widely used is the transient network theory,
which was initially proposed by Green and Tobolsky129 and later refined by
Lodge16 and Yamamoto.130 This theory was originally developed to explain
the viscoelastic response of entangled polymeric fluids. It is based on the idea
that the polymeric chains connect with each other through bridges to form a
transient and reversible network. These junctions disassociate and reassociate
due to the random thermal motion and/or excessive tension along the chains
caused by the affine deformation of the network. A key assumption of this
theory is that the network strands (subchains between by two successive junc-
tions) always reform in the equilibrium state. Nevertheless, as explained by
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Tanaka and Edwards, their theories remain semiphenomenological due to the
lack of knowledge about the mechanism of dissociation and reassociation of the
supramolecular junctions.131

Later, Tanaka and Edwards improved and adapted their work to derive a de-
tailed molecular theory for transient supramolecular networks formed by un-
entangled telechelic polymers. Their model predicts the single-Maxwellian re-
laxation in the linear viscoelastic regime observed experimentally, notably by
Annable et al.84 in the case of hydrophobically modified ethoxylated polyurethane
(HEUR) solutions. This peculiar relaxation is due to the fact that telechelic
chains can relax entirely by simply detaching one of their associative bonds.
In the nonlinear regime, a monotonic shear thinning behavior is obtained af-
ter the Newtonian plateau due to the detachment and immediate retraction of
dangling chains.

This behavior is in contrast with the observed shear thickening obtained at
intermediate shear rates in numerous associative polymers such as telechelic
and non telechelic ionomers both at the molten state and in solutions.132–135

This observed shear thickening has been attributed to a non-Gaussian behavior
of the elastically active chains136–138 or a flow-induced increase of the number
of supramolecular bridges.134,139 Later, in the context of a transient network
composed of strings of HEUR flower micelles, Suzuki et al. noticed that the in-
crease of the steady viscosity with the shear rates occurs at a moderate stretch-
ing of the network strands. They then concluded that the thickening was due
to an anisotropic enhancement of the number of bridges in the shear gradient
direction, while the overall density of the network strands remains approx-
imately constant.140 Afterwards, Brownian dynamics simulations confirmed
that a shear flow can induce such spatial heterogeneities in the network con-
nectivity.141 Nevertheless, Ianniruberto and Marrucci revisited the results of
Suzuki et al. and concluded that the thickening could also be due to a repulsive
interaction between the micelles forced to interpenetrate one another by the
shear flow.142

However, in a very recent investigation by Zhang et al., shear thickening was
notably absent in concentrated non telechelic poly(vinyl alcohol)/borax aque-
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ous solution.143 Instead, they observed a moderate thinning effect and noted
the absence of any overshoot peaks in the stress growth data, as shown in Fig-
ure 2.2. Additionally, the solutions exhibited an electrical conductivity that
remained nearly independent of the applied strain rates. These observations
were drawn from experiments conducted at a moderate Wi.

Figure 1.38: Transient stress growth coefficient of PVA/borax solution at
different shear rates γ̇. The longest relaxation of the solution is equal 30 s
according to SAOS data. Reproduced from [143].

According to their analysis, the lack of overshoot suggests that polymer chains
experienced neither substantial alignment nor stretching. Rather, the shear
thinning behavior and the constant conductivity imply that the network is
disrupted but rapidly reformed under flow. However, the transient network is
not reformed in the original conformation due to the shear-induced separation
of the stickers. Building on this molecular picture, the researchers extended
the sticky Rouse model to the nonlinear regime by introducing the mechanism
of conformational averaging, arising due to the disorientation caused by the
continuous disruption and reformation of the network. Although a quantitative
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agreement with the data was not achieved, the resulting model was able to
qualitatively reproduce the observed time-strain and time-flow rate separability
obtained in the relaxation data. One can mention that the study of Zhang et al.
neglects the formation of elastically inactive loops. This is another mechanism
that can contribute to shear thinning without a variation in the fraction of
dissociated bonds.144

Finally, in extensional flow, the inclusions of associative bonds in polymeric
melts is reported to increase very significantly strain hardening.145,146 How-
ever, unentangled associative polymers containing one type of supramolecular
junctions are generally very brittle and fracture before reaching the steady
state.147–149 This brittleness can be mitigated by introducing entanglements
and/or different supramolecular junctions to form a double-dynamic network
structure.145,148,150
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Chapter 2

Methods

In this chapter, we introduce the experimental techniques used to characterize
the polymeric materials investigated in this thesis. First, rotational rheometers
were used to evaluate the linear viscoelastic behavior of these materials. Then,
nonlinear extensional responses were determined through a filament stretching
rheometer (FSR), whereas the nonlinear shear response was obtained using a
cone-partitioned plate (CPP) fixture. Lastly, the thermal properties of the
polymers were assessed using Differential Scanning Calorimetry (DSC).

2.1 Rotational rheometry

In this work, the linear measurements were performed using two rotational
rheometers: the ARES-2000 (TA Instruments, USA) and the MCR 301 (Anton
Paar, Austria). These rheometers were combined with an 8 mm plate-plate
geometry.

2.1.1 ARES-2000 (TA Instruments, USA)

ARES-2000 is a strain-controlled rheometer designed for high viscous materials.
A representation of the device is shown in Figure 2.1. The sample is positioned
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between two parallel plates : the bottom plate is connected to a DC motor,
while the upper plate is attached to a force transducer. A shear strain is
applied by the motor to the sample, and the resulting torque is measured by
the transducer. This transducer uses a controlled loop mechanism that applies
a force opposing the force exerted by the sample, thereby maintaining the plate
in the null position. Additionally, a convection oven can be used to control the
temperature and allows to measure under inert atmosphere.151

Figure 2.1: Representation of an ARES rheometer with a parallel-plate ge-
ometry. Adapted from [151].
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2.1.2 MCR 301

The commercialy available stress-controlled MCR 301 rheometer (Anton Paar)
has also been used in this work to evaluate the linear reponse of polymeric
melts. In this rheometer, a synchronous motor applies a torque to the sample
through the upper plate, and the resulting shear strain is measured using an
optical encoder located in the top part of the device.152

As in the the ARES-200, the MCR 301 is equipped with an air/nitrogen convec-
tion oven which allows to precisely control the temperature. A representation
of the rheometer with its key components is shown in Figure 2.2.152

Figure 2.2: (a) Representation of MCR301 rheometer. (b) Schematic repre-
sentation of the internal structure of the convection oven. Adapted from [152].

2.2 Cone-partioned plate (CPP)

A cone-partioned plate (CPP) fixture is used to perform nonlinear shear mea-
surements of polymeric melts. The CPP was initially developed by Meissner153

and later extensively studied by Schweizer and coworkers.154–157 Building upon
these studies, Vlassopoulos et al.45,158,159 introduced a design that is compat-
ible with the convection oven of the ARES rheometer (TA Instruments, USA).
Figure 2.3 shows a schematic depiction and a photograph of this rheometer
tool.
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Figure 2.3: (a) Schematic representation of the CPP setup. (b) Photograph
of the CPP setup. The inset shows the outer ring and the inner parallel plate.
Panel (a) is adapted from [45].

In this tool, the bottom geometry consists of a standard 50mm-cone with an
angle of 0.1 rad and a truncation of 51 µm. This cone is directly connected to
the motor of the rheometer.

Regarding the top geometry, an inner plate with a diameter of 6 mm is directly
attached to the force transducer. This plate is surrounded by a stationary
hollowed plate with an inner diameter of 6.2 mm and an outer diameter of
15 mm. Importantly, the outer plate remains unconnected to the transducer.
Instead, it is attached to the head of the rheometer via a hollow bridge. The
hollow bridge and the outer plate are connected via a translation stage, which
enables horizontal and vertical alignment.

The polymeric sample is loaded in the manner depicted in Figure 2.4.

Figure 2.4: Schematic depiction of sample loading. Adapted from [158].
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The CPP fixture allows to effectively delay the anomalies in measurements
caused by edge fractures, compared to a regular cone and plate geometry. In-
deed, when the sample is subjected to sufficiently high shear rate, the edge of
the sample undergoes fracture. Initially, this does not influence the measure-
ments because the transducer is solely connected to the inner plate. However,
as the shear rate increases, the fracture progressively propagates into the mea-
sured sample, consequently affecting the measurements.155,158

Furthermore, the use of the CPP also postpones the onset of wall slip due to
the substantial normal force applied to the sample.45

2.3 Filament stretching rheometer (FSR)

Extensional stress measurements were performed on the commercially available
Filament Stretching Rheometer (FSR) VADER 1000 (Rheo Filament, USA).
A schematic representation of the rheometer is presented in Figure 2.5.

Figure 2.5: Schematic depiction of the filament stretching rheometer VADER
1000. Adapted from [160].
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In this rheometer, the sample is placed between two stainless steel parallel
plates with diameters of 6 mm. The bottom plate is stationary and directly
connected to the force transducer, while the upper plate is attached to a linear
motor. The motor allows to apply controlled deformations to the sample. The
diameter of the sample is continuously monitored by a mobile laser micrometer.
The entire system is contained in a convection oven, which allows measurements
across a range spanning from room temperature up to a maximum of 250 ℃.
The device has also the capability to maintain a continuous flow of inert gas in
the oven chamber, which is regulated using a flowmeter.

The distinctive feature of the VADER 1000 rheometer, in comparison to other
filament stretching rheometers, is the active feedback control loop that en-
ables to apply the desired kinematic history to the sample in real-time.161,162

This approach eliminates the need for the iterative experimental process, which
involves performing numerous stretching experiments to determine the appro-
priate separation rate of the plates required to achieve the targeted kinematic
history.163,164

The FSR can conduct various types of experiments, such as constant strain
rate, constant stress or stress relaxation experiments. However, in this work,
only constant strain rate experiments have been performed. In this experiment,
the true Hencky strain ϵ is obtained via the following relationship:

ϵ = −2 log

(
R(t)

R0

)
= ϵ̇t (2.1)

Here, R(t) denotes the radius at the mid-filament plane of the sample, as
measured by the laser micrometer, while R0 represents the initial radius of the
sample. The visualization of these radii is provided in Figure 2.6.

The control scheme of the rheometer contantly adjusts the vertical speed of
the top plate to maintain a constant strain rate ϵ̇ in the midplane of the sam-
ple. Concurrently, the force F (t) exerted by the sample on the load cell is
recorded.

During this experiment, part of the force comes from the radial variation due
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Figure 2.6: (a) Photo of a stretched sample in a VADER1000. (b) Schematic
depiction of a filament stretching experiment. Reproduced from [165].

to the shear component of the deformation field, which can be compensated by
a correction factor, as mentioned by H. K Rasmussen et al. Subsequently, for
larger strains, the correction vanishes, and the radial variation of the stress in
the symmetry plane becomes negligible. Assuming the mid filament has planar
as well as axial symmetry, the extensional stress growth coefficient η+E(t) can
be calculated using the equation:166

η+E(t) =
F (t)−mg/2

πR(t)2ϵ̇

1

1 +
(

R(t)
R0

)10/3
exp
(
− Λ3

0

3Λ2
0

) (2.2)

Here m is the mass of the sample, g is the gravitational acceleration, and
Λ0 = L0/2R0 is the initial aspect ratio of the sample. The second factor in
equation 2.2 correction factor for the shearing contribution. This factor ensures
less than 3% deviation from the correct initial stress if Λ0 > 0.3.
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2.4 Differential scanning calorimetry (DSC)

DSC was used to determine the the glass transition temperature of the samples.
The measurements were carried out using a Q2000 instrument (TA instruments,
USA) under N2 atmosphere. The sealed aluminum DSC pans were filled with
approximately 5 - 10 mg of sample.
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Chapter 3

Investigating the transition
between polymer melts and
solutions in nonlinear
extensional flow

In this chapter, we employed a Filament Stretching Rheometer (FSR) to as-
sess the elongation properties of linear PS melts with varying molar masses,
diluted at different concentrations in styrene oligomers. The obtained dataset
was complemented with experimental data from Shahid’s thesis.167 This sys-
tematic study highlights scaling laws that illustrate how concentration, molar
mass, and polydispersity impact the elongational viscosity of polymer melts.
The resulting scaling laws are subsequently rationalised based on the molec-
ular theories detailed in the introduction. This investigation highlights the
significant role of the molecular environment in influencing the stretching of
polymeric chains in extensional flow.

The content of this chapter was published as a part of the following publica-
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tion:

A. André, T. Shahid, F. Oosterlinck, C. Clasen, and E. van Ruymbeke. In-
vestigating the Transition between Polymer Melts and Solutions in Nonlinear
Elongational Flow. Macromolecules, 54(6):2797-2810, 2021.

3.1 Introduction

The Doi-Edwards tube model,20 coupled with relaxation mechanisms such as
reptation, CLF and constraint release allows to quantitatively predict the lin-
ear viscoelastic properties of entangled polymeric systems.21 Specifically, the
model allows to express the linear response as an universal function that only
depends on the average number of entanglements Z along the chains, the av-
erage molar mass between two entanglements Me and the entanglement time
τe.

The tube model constitutes the foundation of the so-called "standard molec-
ular theory", which aims to predict the linear and the nonlinear properties of
entangled polymers. In this theory, two additional mechanisms, namely, Chain
Stretch (CS) and Convective Constraint Release (CCR) are present and can
become dominant when entering in nonlinear flow.9,49 Despite this extension of
the tube model in the nonlinear regime, large discrepancies between the theory
and experimental results still persist today. In particular, experimental data
show that PS melts adopt a monotonous extension thinning behavior with a
scaling of ηE ∝ ϵ̇−0.5,168 while PS solutions with the same Z initially exhibit ex-
tensional thinning and, at elongation rates comparable to the reciprocal Rouse
time τ−1

R , switch to an extension-thickening behavior.169–171 These experimen-
tal observations contradict the standard molecular theory, which predicts, for
all entangled systems, an upturn of the extensional viscosity above ϵ̇ ∼ τ−1

R

due to the rapid stretching of the chains.49

Ianniruberto et al. and Yaoita et al. provided an explanation of this non-
universal behavior between melts and solutions based on the concept of flow-
induced reduction of monomeric friction.61,62 According to this idea, the
monomeric friction coefficient ζ0 decreases due to the strong local anisotropy
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caused by the coalignment of the Kuhn segments under the influence of fast
flows. This reduction in friction coefficient leads to decreased relaxation times
and consequently reduces the overall level of stretch experienced by the chains.
In polymeric solutions, this ζ-reduction is mitigated by the isotropic nature
of the solvent molecules, which explains the difference of qualitative behavior
between melts and solutions.

In this study, we investigate the changes in extensional flow behavior going from
polymer solutions to the melt state. Our aim is to assess the significance of the
concept of friction reduction. To achieve this goal, we conducted elongation
experiments to generate a new dataset, which we then compared with data
provided by Shahid.167 The polymeric systems in both dataset are obtained
by dissolving moderate and relatively high molecular weight monodisperse PS
in an oligomeric solvent, or moderate molecular weight PS at different weight
fractions. This approach allows us to discuss the influence of concentration
and molar mass on the steady state elongational viscosity to highlight scaling
relations.

3.2 Materials and experimental details

3.2.1 Materials and chromatography

Polystyrene of varying molar masses was commercially obtained from Poly-
mer Source, Inc. (Montreal, Canada). The materials were chosen to ensure
a polydispersity index (Ð) as low as possible. The molar mass and Ðof the
ingredients were determined with size-exclusion chromatography (SEC) tech-
nique. The Tg of the melts has also been determined by differential scanning
calorimetry (DSC). A standard heat-cool-heat procedure was carried out with
a heating rate of 10 K/min under an inert atmosphere. The results, which were
found to agree with the specifications received from Polymer Source, Inc. are
summarized in Table 3.1.
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Sample Mw [kg/mol] Ð Tg [℃]
PS820 820 1.02 106.6
PS389 390 1.08 106.6
PS261 260.5 1.05 106.6
PS256 256 1.09 -
OS9 8.8 1.1 94.6

Table 3.1: Specifications of the raw materials.

3.2.2 Preparation of solutions and bidisperse blends

Four polystyrenes solutions and three bidisperse melts were prepared using a
precipitation process following a procedure inspired by ref [51].

Once the respective PS and OS have been weighted according to the targeted
weight fraction, they are dissolved in Tetrahydrofuran (THF) in a sealed con-
tained under gentle magnetic stirring overnight (> 12h) to yield concentrations
from 10 to 15 mg/ml. Subsequently, the THF solution is added drop by drop
into 10 times the volume of methanol under continuous stirring. When the
whole solution is added into the methanol, the stirring is interrupted and the
beaker is covered with an aluminium foil. After 1 to 2 h of rest in a covered
container, the PS is precipitated and settled down. The precipitate is filtered
off and subsequently dried under vacuum (∼ 0.1 bar) at 70℃ for 4 days to
remove the residual solvent.

The composition of the prepared systems and their glass transition temper-
ature Tg, determined by DSC (following the same method as for the melts)
is summarized in Table 3.2. The table also includes the polymeric systems
prepared and measured by Shahid as part of his PhD thesis.167 The molar
mass between two entanglements Me and the number of entanglement Z were

calculated using the equations Me =
Me,0

ϕ
and Z =

M

Me
, respectively. The

value of Me,0 was fixed at 15 kg/mol, as established in the research conducted
by Shahid et al.31

As shown in Figure 3.1, the glass-transition temperatures of the polymeric
systems exhibit a linear dependence on the weight fraction of the long chains,
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PS820 - OS9*

Weight fraction
of the long chains [wt%]

Me [kg/mol] Z Tg [℃]

50 30 27.3 102.3
40 37.5 21.9 101.3
30 50 16.4 100.7
20 75 10.9 99.8
10 150 5.5 98.6
5 300 2.7 98.4

PS389 - OS9 40 37.5 10.4 101.7
20 75 5.2 101.1

PS261 - OS9 40 37.5 7 101.2
20 75 3.5 99.8

PS820 - PS256 10 15 - -
PS820 - PS256 30 15 - -
PS820 - PS256 10 15 - -

Table 3.2: Composition and glass transition temperature of the PS solutions.
*: Polymers prepared and measured by Shahid.167

ϕ. This result is in agreement with the Fox equation, which describes the
glass-transition temperature of miscible blends.172

1

Tg
=

ϕ

Tg,PS
+

1− ϕ

Tg,OS
(3.1)

In this equation, Tg,PS = 106.6 ℃ is the glass-transition temperature of the
high molar mass PS, and Tg,OS = 97.8 ℃ , is that of the OS9. It should be noted
that the experimental glass temperature for OS9 shown in Table 3.2 was not
used due to its abnormally low value compared with the other data in the set.
This discrepancy can be attributed to the presence of residual solvent resulting
from an improper drying of the sample. Instead, this value was extrapolated
from the linear fitting of all the other experimental results.

3.2.3 Mechanical spectroscopy

The rheological properties of the PS systems were characterized using the MCR
301 rheometer for the LVE properties, and the VADER1000 to obtain the tran-
sient elongational responses. Prior to the experiments, all samples were dried
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Figure 3.1: Glass-transition temperatures of PS systems as a function of the
weight fraction of the long chains. The symbols are the experimental results,
and the solid line is the predictions of the Fox equation. Data for PS 820-9k
are taken from the thesis of Shahid.167

overnight at 70 ℃ and then placed into a disc-shaped and in-house developed
mold. In the mold, the samples were molten, pressed and annealed at 160
℃ under vacuum. For the linear measurements, a mold that yields disks of
8 mm diameter, and a thickness of 0.8 ± 0.2 mm was used. For the exten-
sional measurements, a 6 mm mold was employed, resulting in disks with a
final aspect ratio Λ0 of 0.5 ± 0.15 mm.

3.2.3.1 Linear viscoelastic properties

Small amplitude oscillatory shear flow measurements were conducted using a
stainless steel 8 mm parallel plate geometry with a convection oven for tempera-
ture control (∼0.1 ℃) under a N2 atmosphere. For each sample, an amplitude
sweep was carried out to determine the LVE region. Subsequently, at each
selected experimental temperature, a time sweep was carried out until the dy-
namic moduli reached a constant value. Afterwards, a frequency sweep was
performed at different temperatures ranging from 130 to 170 ℃ to determine
the LVE data of each sample. Subsequently, for each polymeric system, the
data were shifted onto a single master curve at a reference temperature Tref
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of 130 ℃ using the TTS principle. No vertical shift was considered as the den-
sity change in the experimental temperature range is negligible. To validate
the experimental shift factors of the PS melt, they are compared with those
predicted by the Williams-Landel-Ferry (WLF) equation173

log(aT ) =
−c01(T − Tref )

c02 + (T − Tref )
(3.2)

with c01 = 8.99 and c02 = 81.53 K. Data for c01 and c02 is taken from ref [51].

Due to the different glass-transition temperatures of the PS solutions, their
horizontal shift factors are different and have a smaller temperature dependence
than those of their parent melts. Indeed, as Tref - Tg increases, the activation
energy decreases and so does the dependence of the relaxation times with the
temperature. Despite this, as demonstrated by Wagner174 and Liu et al.,175 it
is still possible to draw a master curve for the shift factors of both the melts
and the solutions. This can be performed by multiplying the shift factors of the
solutions by a correction factor aTg which takes into account the effect of the
different Tg. This shift aTg can be computed by a WLF-like equation174

log
(
aTg

)
=

−c01(Tg,ref − Tg)

c02 + (Tg,ref − Tg)
(3.3)

Here, Tg,ref corresponds to a reference glass-transition temperature. In this
study, Tg,ref was set to a value of 106.6 ℃, which corresponds to the Tg of the
polymers PS820, PS389 and PS261.

As shown in Figure 3.2, when the corrected shift factors are plotted as a func-
tion of T − Tg, they exhibit excellent agreement with the WLF equation. This
agreement confirms the validity of the experimental shift factor aT , as well as
the values of c01 and c02 at Tref . Based on this validation, one can frequency-
shift the LVE responses of the different polymeric systems onto a temperature
T0 = Tg + 23.4 ℃ and T0 = Tg + 31.4 ℃ to compare them at iso-Tg condi-
tions.
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Figure 3.2: Corrected shift factors aTaTg of PS systems as a function of T−Tg

at the reference temperature Tref = 130 ℃. The symbols are the experimental
results and the solid line is the predictions of the WLF equation. Data for PS
820 - 9k systems is taken from ref [167].

3.2.3.2 Viscoelastic Response under Uniaxial Elongation

Extensional stress measurements were performed on the FSR using stainless
steel 6 mm plates. The filament stretching measurements were carried out
using the subsequent protocol, inspired by ref [170].

Once the temperature in the oven reaches 165 ℃, the sample is placed inside
the rheometer on the bottom plate. The polymer is then melted, and the sam-
ple is slightly compressed by lowering the top plate to ensure proper adhesion
between the sample and the geometries, preventing detachment during stretch-
ing. This squeezing was continuously interrupted to allow the sample to relax.
Afterwards, the sample is pre-stretched to a smaller radius to reduce the force
build-up during the actual stretching and thus to avoid detachment during the
main stress measurement. Similar to the compression step, the pre-stretching
is temporarily halted multiple times to allow the sample to relax. This pre-
stretching process is performed until the desired starting radius R0 is reached,
which ranges from 1.2 to 3.5 mm. The choice of the radius R0 depends on the
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specific characteristics of the sample and the experimental conditions. When
high strain rates are applied to highly viscous samples, the force build-up is so
high that rupture at both ends of the filament cannot be prevented without
reducing the radius R0. Conversely, when a low-viscous sample is stretched
at low strain rates, a sufficiently large R0 is required to avoid a noisy signal.
Finally, the temperature of the oven is lowered to the temperature of the ex-
periment. Once the sample is relaxed, it is stretched at a constant strain rate
ranging from 3× 10−5 to 0.2 s−1.

3.3 Results and Discussion

3.3.1 Linear Rheology

Figures 3.3 and 3.4 display the storage and the loss moduli of the PS systems
at iso-Tg conditions. The linear responses of the PS melts and of PS820-
OS9 can be found in thesis of Shahid.167 To model the LVE responses of
the long chains diluted in oligomers with well separated relaxation times, the
modified TMA tube-based model developed by van Ruymbeke et al.1 is used.
A good prediction of the experimental data is achieved at T = Tg + 23.4 ℃,
by considering Me to be equal to 15 kg/mol, τe to be 0.55 s, and G0

N to be
230 kPa, consistent with the work of Shahid et al.31 The molecular weight of
a PS Kuhn segment is assumed to be equal to MK = 833 g/mol,53 and the
dynamic dilation exponent α (as defined in section 1.8.2.3) is set at 1.176 These
values allow to determine consistently the different characteristic times of the
flow dynamics of the polymer on a physical basis.

Table 3.3 presents the Rouse times τR = Z2τe of the different chains, which
characterizes the stretch relaxation time. These values were computed at two
different iso-Tg conditions as in this chapter ∆Tg = Tref − Tg is set to 31.4
℃ in Section 3.2 and 23.4 ℃ in the other sections. Additionally, the reciprocal
Rouse time τ−1

R , which is approximately the onset of stretching in the standard
tube model, is also included in Table 3.3. Nevertheless, it should be considered
with care as the criteria for the critical strain rate for chain stretching are still
under debate.177,178
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∆Tg = 23.4 ℃ ∆Tg = 31.4 ℃

τR [s] τ−1
R [s−1] τR [s] τ−1

R [s−1]

PS820 1643.6 6× 10−4 258.5 0.0039
PS389 369.9 2.7× 10−3 58.2 0.017
PS261 166.5 6× 10−3 26.2 0.038
OS9 0.2 5 0.03 33.34

Table 3.3: Rouse times and reciprocal Rouse times of the chains.

As shown in Figure 3.3 and 3.4, all PS systems overlap at high frequencies.
This overlapping occurs because, in this particular range, polymer chains relax
through the Rouse process, which starts locally and is not affected by chain
length or dilution.

This regime continues until the entire chain relaxes at a frequency ωR ∼ τ−1
R

for the OS, or until it is interrupted by the entanglements at a frequency ωe ∼
ϕ2/τe for the long chains. In the case of the solutions diluted at 20 wt%, the
difference in the high frequency response of the OS and the long chain polymer
is clearly perceptible. While the high frequency regime is dominated by the
OS relaxation, the frequency window between 1 and 20 rad/s corresponds to
a transition state between the relaxation of the OS of molar mass 9 kg/mol
and the Rouse relaxation of the long chains, up to the relaxation of segments
between two entanglements of mass Me/ϕ = 60 kg/mol, taking place near ωe

≈ 0.73 rad/s.

At intermediate frequencies, the solutions display a rubbery plateau, which
gradually decreases with the level of chain dilution. It should be noted that,
for the most diluted solutions, the plateaus are barely noticeable due to the
very small number of entanglements.

Finally, the terminal relaxation time decreases with decreasing concentration
as predicted by the DTD theory.30

These experimental data are then used to create LVE envelopes that reconstruct
the stress growth coefficient of elongational measurements in the linear regime.
Any upward deviation of the transient extensional data from these envelopes
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indicates strain hardening.

Figure 3.3: Linear viscoelastic response of PS 261k - 9k and PS 389k - 9k
at T = Tg + 23.4 ℃. For clarity, the data of the PS 261k (20 wt%) - 9k and
PS 389k (20 wt%) - 9k systems are downshifted by 1 decade. The symbols
are the experimental results and the solid lines are the predictions of the TMA
tube-based model.
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Figure 3.4: Linear viscoelastic response of PS 820k (10 wt%) - 389k, PS 820k
(10 wt%) - 256k and PS 820k (30 wt%) - 261k at T = Tg + 23.4 ℃.

3.3.2 Elongation viscosity: From the melt state to solu-
tion

Figure 3.5 exhibits the elongational results of Shahid167 conducted on PS solu-
tions with varying concentration, along with the corresponding LVE envelopes.
At very low strain rates (typically at ϵ̇ < τrep), η+E(t) follows the LVE envelopes.
This behavior is exemplified in panel (a), which shows two cases of elongational
flow measurements at very low rates.

At high strain rates, an experimental deviation from the LVE responses can
be observed at very short times. This deviation, which is also observed in our
data as shown in the following section, can be attributed to two main factors.
Firstly, when initiating the experiments, there remains a small residual stress
due to the pre-stretching of the polymer that cannot relax within reasonable
experimental timescales. Additionally, the fluctuations inherent in the control
loop implemented in the FSR causes the force to exhibit oscillations at short
times. At the start-up of the experiment, these oscillations are significant as
the flow is not stabilized due to the limitations in the control of the FSR for
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starting the plate displacement from the rest state. However, this deviation
only affects the data at short times, the steady states and data at longer times
being unaffected as the stress involved is few orders of magnitude higher. Apart

Figure 3.5: Stress growth coefficient of PS solutions taken from the thesis of
Shahid. Data were measured for different strain rates at T = 130 ℃. In panel
(a), the strain rates are from right to left 0.001, 0.003, 0.01, 0.03, 0.06, 0.09 s−1,
except for PS 820k (50 wt%) for which the strain rates are from right to left
0.003, 0.01, 0.03, 0.06 s−1. Additionally, for PS 820k (40 wt%) and PS 820k
(20 wt%), LVE envelopes were also measured in elongational flow at 0.0001
and 0.00003 s−1 respectively. In panel (b), the strain rates are from right to
left 0.003, 0.01, 0.03, 0.06, 0.09, 0.2 s−1 for PS 820k (10 wt%) and 0.01, 0.03,
0.06, 0.1, 0.2, 0.3 s−1 for PS 820k (5 wt%). All the data are shifted to T = Tg

+ 23.4 ℃. For clarity, some of the extensional data are downshifted by 1, 2 or
3 decades as indicated.
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from that, the transient viscosity of the solutions first superimposes with the
linear responses and then rapidly deviates before reaching a steady state. For
all the strain rates presented here, at least the onset of the steady-state value
was reached.

The elongational results highlight the influence of the dilution level on strain
hardening behavior. As the concentration decreases, the strain hardening be-
comes more pronounced. The effect is more obvious in Figure 3.6. In this
figure, the steady state viscosity is presented as function of the strain rate,
alongside the LVE envelopes, adjusted according to the Trouton ratio.

Figure 3.6: Elongational steady-state viscosity data for PS polymers are
displayed by closed symbols, while the corresponding LVE data are represented
with open symbols. The solid lines indicate the TMA tube-based model’s
predictions for the LVE data. Data are respectively measured or shifted to T
= Tg + 23.4 ℃.

At high strain rates, all steady state viscosity values exhibit a similar decrease
with elongation rate with a scaling of ηE,st ∝ ϵ̇−0.5. In the literature, a similar
scaling has already been observed for different chain architectures, including
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linear168 and star PS chains179 as well as PS rings.54 It has also been observed
in both entangled168 and diluted polymer systems.55 However, this scaling law
is not expected to be universal across different polymer chemistries, as demon-
strated by the recent work of Morelly et al. which revealed different power-law
exponents for PMMA, PS, and poly(tert-butylstyrene) (PtBS).53

As observed, Figure 3.6 unveils three regimes with different dependence of the
steady state elongational viscosity on the concentration.

A. Low strain rates

At low strain rates, the LVE envelopes and the steady state viscosity ηE,st

coincide. ηE,st is therefore well predicted by the Doi-Edwards theory.20 By
neglecting the contribution of the short chains, ηE,st exhibits the following
scaling:

ηE,st = 3η0 ∝ ρNA

MK

Nx

Nx−1
e

ζ0 ∝ Mxϕx with x ∈ [3, 3.6] (3.4)

where NA is the Avogadro constant. Thus, in the linear regime, the steady vis-
cosity scales with the number of entanglement segments, Z. The ϕ-dependence
of the steady viscosity can be found by considering that η0 is well approximated
by G0

Nτd. Indeed, the plateau modulus G0
N scales with ϕ2 (if we consider that

the dilation exponent α is equal to 1), while the terminal relaxation time τd

scales with ϕ1−1.4, since the reptation time of the chains scales with ϕ1 and
their fluctuations times scales with ϕ2. As for polymer melts, different scalings
are thus obtained, depending on the importance of the CLF, these last ones
depending on the entanglement state of the chains.

B. High strain rates

At high strain rates (WiR ≫ 1), polymer chains experience stretching. In this
regime, the influence of concentration on the system is significantly reduced
compared to the linear regime. To evaluate the effect of the concentration
on the steady state extensional viscosity, linear regressions were performed on
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the data using the following expression obtained though dimensional analy-
sis:

ηE,st

G0
NτR

=
Aϕx

√
τRϵ̇

(3.5)

In the equation above, similarly to the work of Bach et al.,168 the Rouse time τR
is chosen to normalize the elongation rate. Additionally, the viscosity is made
dimensionless using the plateau modulus and the Rouse time. Since the Rouse
time scales with the square of the molar mass, it is expected that the extensional
viscosity scales linearly with the molar mass. This linear dependence is verified
in section 3.3.3.

Figure 3.7 demonstrates a good agreement between Equation 3.5 and the data,
with an exponent x set to 0.5 and a prefactor A of 13.3. The data set en-
compasses the highest strain rates for all PS solutions considered in this work.
To enhance the accuracy of the regression analysis, the steady state viscosity
values of two polymer melts from ref [169] were included into the dataset. Con-
sequently, we conclude that, at high strain rates, the steady state viscosity of
polymeric solutions evolves with the square root of the concentration. It is im-
portant to note that this 0.5 scaling must be taken as indicative in view of the
scatter in the data. Nevertheless, the concentration scaling of the steady viscos-
ity is definitely more in line with a

√
ϕ dependence than a ϕ dependence. The

experimentally observed scaling cannot be explained by the classical DEMG
theory. In this theory, the steady state viscosity for fully oriented chains is
given by the following equation:9

ηE,st = 3G0
Nk(λ)λ2ϵ̇ (3.6)

Here, the coefficient k(λ), which is given by the inverse Langevin function, de-
scribes the deviation of the FENE spring from the pure Hookean spring.

At high strain rates (WiR ≫ 1), the DEMG theory predicts that the steady
state viscosity saturates as the chains become nearly fully stretched. The corre-
sponding value of the elongation viscosity in this regime, is given by:180

ηFENE =
1

12

ρNA

MK
ζ0N

2b2 (3.7)
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Figure 3.7: Assessment of the influence of the concentration on the steady
state elongation viscosity.

As a consequence, ηFENE is predicted to evolve linearly with ϕ as it scales with
the density of the long chains ρ.

Figure 3.8 shows the ratio of ηFENE to the maximum viscosity ηE,max obtained
for the PS solutions after WiR > 1. While by increasing the dilution, ηE,st

draws nearer to ηFENE , it clearly stays below this limit, indicating that, ac-
cording to equation 3.7, these systems are not fully stretched. However, even if
the chain stretching in the steady regime is lower than the finite extensibility,
one would have expected a ϕ-dependence of the steady viscosity in this high
strain rate regime. Indeed, the chains have the same Rouse time and are there-
fore expected to stretch in the same way, whatever their concentration. Only
the density should be affected by the dilution of the polymer chains (see Equa-
tion 3.6). This ϕ - dependence can also be found if we consider that the steady
viscosity is well approximated by ηE,st = 3G0

Nλ2
meltϵ̇

−1 in the large elongation
rate regime (WiR > 1), since by diluting the sample, the plateau modulus is
rescaled as G0

Nϕ2 , while the stretch factor is rescaled as λ = Lpp/Leq,0 =
λmeltϕ

1/2 .

As discussed in the introduction, this unexpectedly high steady viscosity found
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Figure 3.8: Ratio of ηFENE to the maximum steady state viscosity ηE,stmax

obtained for PS820k - 9k solutions at T = Tg + 23.4 ℃ and at WiR > 1 (WiR
= 7.44, 7.76, 3.34, 4.11, 1.48, 1.77 for 5%, 10%, 20%, 30%, 40% and 50% of
PS820k, respectively).

when diluting the sample has already been observed, and has been discussed
by Ianniruberto et al. based on the concept of monomeric friction reduction:61

as one increases the concentration, the stretched and long chains have a lower
probability to be surrounded by the nearly isotropic short chains and thus
have a higher potential for reduction of monomeric friction. As a consequence,
the retraction time decreases and the shrinkage of the chain increases. Thus,
according to this concept, polymer chains are stretching more when they are
diluted in oligomers. This idea is tested in Figure 3.9 for the transient response.
Panel (a) shows a comparison of the stress growth coefficient of the samples
containing 5 wt%, 10 wt% and 20 wt% of PS820 in OS9, deformed at a similar
elongation rate. The data are divided by ϕ, in order to account for the influence
of concentration on the chain density. It is observed that the curves superim-
pose well, before and during a large part of their strain hardening. Only at
long times, just before reaching the steady state regime, differences between
the transient viscosities of the samples are observed, leading to the

√
ϕ scaling,

as illustrated in panel (b). Thus, these results suggest that, at short times, the
chains stretch in a similar way in the three samples, with no influence of the
concentration and of their molecular environment. According to the friction
reduction concept, this means that at these times (t < 150 s), despite the fact
that the coalignment of the chains is large enough to induce chain stretching, it
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stays too low to induce friction reduction. Differences with concentration due
to friction reduction only emerges at longer times, when the chain coalignment
is more important.

As it has been discussed by Schroeder181 and Young et al.,182,183 a change of
the concentration dependence of the extensional viscosity could also be caused
by the emergence of local hydrodynamics when diluting the polymeric chains,
with the oligomers acting more and more like a good solvent. However, as it is
shown in ref. [69], the same steady viscosity is found if oligomers are replaced by
short entangled chains (PS chains of 73 kg/mol). The role of the environment
is therefore, not clear and should be further investigated.

Figure 3.9: Stress growth coefficient for diluted solutions containing 5 wt%
(red), 10 wt% (blue) or 20 wt% (green) PS820, divided by ϕ (a) or by

√
ϕ (b).

Their corresponding strain rates are 0.0151 s−1, 0.0142 s−1 and 0.0122 s−1,
respectively. Data are shifted at T = Tg + 23.4 ℃.

C. Intermediate strain rates

As shown in Figure 3.6, an intermediate regime between the linear and the
high stretch regime is obtained at WiR ∼ 1. In low-concentrated solutions,
an upturn in the steady-state viscosity is obtained, leading to the formation
of a steady-thickening region. Conversely, the more concentrated polymer con-
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sistently maintain values of ηE,st below below 3η0, indicating a monotonous
steady thinning behavior.

These results also suggest that the steady-state viscosity reached in the nonlin-
ear regime should be interpreted independently from the LVE envelope or the
transient hardening as viscosity values in the different regimes scales in a fun-
damentally different way. Similar arguments have also been made by O’Connor
et al.184 in the case of polymer melts, to explain the rate dependence of the
steady viscosity with varying molar mass and number of Kuhn segments per
entanglement segment.

3.3.3 Elongation Viscosity: Influence of the Molar Mass.

The influence of the molar mass of the long PS chains in solution is studied
by looking at samples with different molar masses while keeping a constant
level of dilution. Much like the results introduced in the preceding section,
the onset of the steady-state values was reached for all strain rates presented
in Figure 3.10. However, for the blends PS261k (20 wt%) and PS389k (20
wt%), when the steady state was about to be reached, large oscillations were
recorded by the FSR. Despite this, we decided to keep the data as they still
allow discussions. Figure 3.10 reveals that the smaller the molar mass of the
long chains, the smaller the strain hardening and the greater the ratio between
the steady-state values and the zero-elongation viscosity 3η0 becomes. Again,
this result seems to be related to the different molecular weight dependence in
the linear regime and in the nonlinear regime.

This effect can be seen better in Figure 3.11, which plots the steady-state
viscosity of the solutions as a function of the strain rates. Indeed, the linear
regime is much more affected by the molar mass of the chains than the nonlinear
regime. The curves also show a similar three-regime picture, as described in
the previous section. In the linear regime, the steady-state viscosity scales with
ηE ∝ Mx, where x ∈ [3,3.4], while, in the nonlinear regime, as shown in Figure
3.12, it scales linearly with the molecular mass of the chains. At intermediate
strain rates, there is an upturn of the steady-state viscosity, which becomes
much more prominent for the low molar mass samples.
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Figure 3.10: Stress growth coefficient of PS solutions for different strain rates
at T = 130 ℃. Data were measured for different strain rates. In panel (a), the
strain rates are from right to left 0.003, 0.01, 0.03, 0.06, 0.09, 0.2 s−1 for PS
389k (40 wt%) and PS 261k (40 wt%) and 0.003, 0.01, 0.03, 0.06, 0.09 s−1 for
PS 820k (40 wt%). In panel (b), the strain rates are from right to left 0.003,
0.01, 0.03, 0.06, 0.09 for PS 389k (20 wt%) and PS 820k (20 wt%) and 0.003,
0.01, 0.03, 0.06, 0.09, 0.2 s−1 for PS 261k (20 wt%). Additionally, for PS 820k
(20 wt%), LVE envelopes were also measured in elongational flow at 0.0001
and 0.00003 s−1 respectively. All the data were subsequently shifted to T =
Tg + 23.4 ℃.

Note that the linear scaling in the high stretch regime is in discrepancy to
the quadratic scaling predicted by equation 3.7 when all chains are oriented
and nearly fully extended. A linear dependence with the molar mass was also
obtained by Bach et al. in the context of nondiluted polymeric melts.168
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Figure 3.11: Elongational steady-state viscosity data for PS polymers are
displayed by closed symbols, while the corresponding LVE data are represented
with open symbols. The solid lines indicate the TMA tube-based model’s
predictions for the LVE data. Data are respectively measured or shifted to T
= Tg + 23.4 ℃.

Figure 3.12: Stress growth coefficient η+E(t) of PS solutions divided by the
molar mass.
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3.3.4 Elongation Viscosity: Influence of the Polydisper-
sity.

In this section, we study the response of bidisperse systems of long and short
chains. The bidisperse blends are used as model systems to investigate the
influence of the polydispersity on the extensional viscosity of PS systems.

The short components in the bimodal blends are PS256, PS261, and PS389.
These selections are made such that the highest strain rates significantly exceed
their reciprocal Rouse time τ−1

R , ensuring that all the chains in the polymer are
stretched (see Table 3.3). It should be noticed, however, that this criterion may
not be valid if the concept of reduction of the monomeric friction is considered.
Indeed, in such a case, the initial stretching of the long chains is expected to
make the environment of the short chains more anisotropic and thus to delay
the onset of stretching. However, the strain rates used here are significantly
higher than τ−1

R , which should be sufficient to compensate any possible decrease
in the stretch relaxation time.

In addition, the molar mass of the chains is sufficiently high to prevent the effect

of tube dilation. The Graessley number Gr =
MLM

2
e

M3
S

of the polymers is much

higher than the critical Graessley number Grc.185 Therefore, the entanglements
with short chains are long-lasting and the long chains relax in a thin tube
formed by entanglements with both long and short chains. This means that
all the systems have the same finite extensibility λmax =

√
Ne , and each

entanglement segment has the same ability to stretch.

According to the concept of friction reduction, viscosity of bidisperse melts
is expected to approximately scale with Mwϕ. This prediction arises from
the notion that changing the concentration in bidisperse blends should not
considerably modify the anisotropic character of the environment. This stands
in contrast to solutions where changes in the concentration lead to variations in
the overall fraction of stretched chains, consequently significantly influencing
the anisotropic character of the environment of the chains. In the preceding
sections, we have shown that the steady-state extensional viscosity of long
chains diluted in unentangled short chains scales with Mw

√
ϕ. This scaling is
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therefore expected to disappear here for bidisperse polymers, provided that the
idea of monomeric friction reduction is valid.

The stress growth coefficient η+E(t) of the three bidisperse systems is shown in
Figure 3.13.

Figure 3.13: Stress growth coefficient η+E(t) of PS solutions divided by the
molar mass.

Here, two mixing laws, which would allow to predict the extensional viscosity of
polydisperse polymers, are tested. The first one is based on the scaling observed
for polymer solutions, i.e., ηE ∝ Mw

√
ϕ. In this case, an effective Rouse time

ταR =

(∑
i

√
ϕiτR,i

)2

can be defined for polydisperse systems via

ηE,st =
∑
i

ηE,st,i

= AG0
N ϵ̇−0.5

∑
i

√
ϕiτR,i

= AG0
N ϵ̇−0.5

√
ταR

(3.8)
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Here, ϕi corresponds to the concentration of chains with a mass Mi and a
Rouse time τR,i.

On the other hand, assuming ηE ∝ Mwϕ leads to the subsequent expression
for the effective Rouse time τβR of polydisperse systems:

τβR =

(∑
i

ϕi
√
τR,i

)2

(3.9)

These two mixing laws were assessed in Figure 3.14. It is observed that the
data superimpose well if a scaling ηE ∝

∑
i

ϕiτR,i is considered. These re-

sults suggest that a blending rule, as the one proposed in equation 3.9, can be
determined to predict the steady viscosity of entangled bidisperse polymers.

Figure 3.14: Assessment of the empirical laws for bidisperse blends (see text)
. The blue line comes from the linear regression shown in Figure 3.7.

To further validate equation 3.9, the stress growth coefficient of two bimodal
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systems with similar average molar mass Mw =
∑
i

ϕiMw,i and well-entangled

short chains was measured. As observed in Figure 3.15, the steady-state vis-
cosities of the samples nearly coincide at high strain rates. This observation
thus confirms the proposed scaling law for the steady viscosity of polydisperse
polymers.

Figure 3.15: Stress growth coefficient of two bimodal systems with a similar
average molar mass Mw (i.e. 432.1 kg/mol for PS820k (10 wt%) - 389k and
428.7 kg/mol for PS820k (30 wt%) - 261k) at T = 138 ℃ (or T - Tg = 31.4℃).
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3.3.5 Elongation steady state viscosity: Overall scaling
for polymer melts and solutions.

Based on our current observations, the scaling laws for polymer solutions
and bimodal systems at high strain rates is respectively ηE,st ∝ Mw

√
ϕ and

ηE,st ∝
∑

ϕiMw,i. These two scaling laws can be combined, as proposed
in Figure 3.16, which shows the normalized steady-state viscosity value of all
measured polymer systems as a function of the Rouse Weissenberg number.
For the bidisperse polymers, equation 3.14 was used to define the Rouse time
τ∗R. Additionally, steady-state viscosities of two polymer melts coming from
the work of Huang et al.170 were incorporated into the data set. As expected,
at high Weissenberg numbers, a universal trend emerges from the data, where
all PS systems follow a common slope of -1/2.

Figure 3.16: Dimensionless elongational steady state viscosities
ηE,st/G

0
N,meltτ

∗
R

√
ϕ of PS polymers as a function of the Weissenberg

number WiR = ϵ̇τ∗R. All the data are shifted at T = Tg + 23.4 ℃.
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3.4 Conclusion

In this work, we have measured and discussed the nonlinear extensional re-
sponses of moderate and relatively high molecular weight monodisperse PS
chains, diluted, or not, with oligomers at various concentrations. The concen-
trations were chosen so that all the polymeric systems stay entangled. For all
measured systems, three distinct regimes of the rate-dependent steady-state
elongational viscosity ηE,st, with different dependencies on the concentration
and molar mass, were observed. At very low strain rates, the polymeric chains
succeed to maintain an equilibrium structure and the steady-state extensional
viscosity tends to the Trouton value 3η0. At high strain rates, polymer chains
are predominantly stretched and exhibit monotonous extension thinning. In
this high stretch regime, three main results, which are in qualitative agreement
with the concept of friction, have been obtained:

1. First, we have proved that it is possible to find a scaling law that de-
scribes the influence of the concentration for the steady-state extensional
viscosity ηE,st of entangled polymer solutions. Specifically, in this work,
we have demonstrated that the steady viscosity of PS chains dissolved in
oligomers of 9k evolves with the square root of the concentration.

2. Second, we have shown that the steady-state of polymeric solutions evolve
linearly with the molar mass. It is worth noting that this scaling law was
previously observed by Bach et al. in the context of non-diluted polymeric
melts.168

3. Third, the results reveal that the steady-state extensional viscosity ηE,st

of bimodal entangled systems adhere to the simple mixing rule: ηE,st ∝∑
i

Mw,iϕiηE,st, where Mw,i and ϕi are the molar mass and the weight

fraction of the components of the bimodal blends.

We have also observed in the high stretch regime, that the importance of the
transient strain hardening strongly depends on the molar mass and the con-
centration, becoming very large when diluting the polymer chains in oligomers.
This observation is due to the different concentration and molar mass depen-
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dence of the linear envelope and of the steady-state viscosity under strong
extensional flow.

In our investigation, it was found that the amount of strain hardening scales

as
ηE,st(ϵ̇)

ηLV E
∝ Mw

√
ϕ

ϕ2G0
N

∝ Mw

ϕ3/2

√
ϵ̇. Furthermore, the ratio of the extensional

viscosity to the zero-elongation viscosity follows a scaling relationship given by
ηE,st

3η0
=

Mw

√
ϕ

(Mwϕ)x
1√
ϵ̇

= ϕ1/2−xM1−x
w

1√
ϵ̇
, where x ∈ [3, 3.4]. As a consequence,

increasing the molar mass and/or the concentration leads to an increase of
the amount of steady thinning. These scaling relationships also reveal that a
similar nonlinear response cannot be obtained if a larger dilution of the polymer
is compensated by a higher molar mass of the chains in such a way that Z =
Mw

Me,0
ϕ remains constant.
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Chapter 4

Linear viscoelastic response
of physically cross-linked
polymers through side-chain
incorporation of
rreidopyrimidinone

In this chapter, we investigated the linear viscoelastic response of unentan-
gled supramolecular polymers using a bead-spring model developed by Liu et
al.186 We introduced a modification to the model, incorporating more realis-
tic assumptions about the distribution of sticker lifetimes. Our modification
resulted in a slight decrease in the longest relaxation time. Ultimately, we
successfully fitted these data by combining the Liu et al.186 model with a phe-
nomenological model that describes the glassy modes. The data for this study
originates from the thesis of Verjans.187
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Part of the content of this chapter was published as a part of the following
publication:

J. Verjans, A. André, E. van Ruymbeke, R. Hoogenboom. Physically cross-
linked polybutadiene by quadruple hydrogen bonding through side-chain in-
corporation of ureidopyrimidinone with branched alkyl side chains. Macro-
molecules, 55(3):928-941, 2022.

4.1 Introduction

Hydrogen bonding provides an excellent platform for the development of supramolec-
ular polymers, as it offers an efficient means to build strong, reversible and
highly directional interactions.188 By adjusting the number of hydrogen bonds
in the binding moieties, the strength of the supramolecular junctions can be
tailored. These junctions exhibit a broad range of strengths, encompassing rel-
atively weak 2-H bound dimers,189 moderately strong triple190,191 or quadruple
hydrogen bonding arrays,94,188 as well as highly stable duplexes with six H-
bonding sites.192–194

The development of the self-complementary quadruple hydrogen-bonding group
2-ureido-4[1H]-pyrimidinone (UPy) by Sijbesma et al.94 constitutes a landmark
result as it combines an easiness of synthesis with a strong association constant
(Kass = 6× 107 M−1 in CDCl3).195,196 The moderate strength of the H-bonds
greatly influences the temperature dependence of the dynamic of the phys-
ical bonds, which enables to create highly thermally responsive polymers.197

Moreover, UPy-based polymers demonstrated self-healing properties,198,199 en-
hanced toughness and stiffness200–202 as well as biocompatibility203,204 and bi-
absorbability.205,206 These characteristics have led to diverse applications in
areas such as reversible adhesives,207 coatings,208 heart valves,209 printing210

and flexible electronics.202,211

To achieve precise control over the material properties of polymers function-
alized with UPy units, a deep understanding of their rheological responses is
essential. In this chapter, the focus is on the linear responses of unentangled
polymers with pendants UPy groups.
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The relaxation behavior of such systems is strongly affected by the average
number of associating groups per chain Ns.88,122,212 When Ns exceeds two,
all the polymeric chains become interconnected, resulting in the formation of
a single, large percolated network. To describe the linear viscoelastic response
of such systems, Baxandall introduced the "sticky Rouse" model.104 In this
model, the associative polymeric chains are viewed as massless arcs with re-
versible cross-link sites characterized by a unique lifetime τS . By analyzing
the configuration probability distribution function of chains with evenly dis-
tributed stickers, Baxandall demonstrated that such chains display a relaxation
behavior that closely resembles that of the Rouse model. Building upon the
pioneering work of Baxandall, Chen et al. expressed the relaxation modulus of
unentangled associative polymers as follows:105

G(t) =
ρRT

M

 Ns∑
p=1

exp

(
−tp2

τSN2
s

)
+

N∑
p=Ns+1

exp

(
−tp2

τ0N2

) (4.1)

In this equation, the first term on the right-hand side originates from the work
of Baxandall and represents the sticky Rouse relaxation resulting from the
sticker dynamics. The second term corresponds to the Rouse relaxation of the
network strands.

While this equation shows satisfactory agreement with experimental data of
unentangled associative polymers, significant discrepancies persist, especially
in the rubbery plateau and the terminal regime.105 Multiple causes for these
discrepancies have been proposed and investigated in the literature.

First, equation 4.1 assumes an uniform distribution of the stickers along the
chains. This is in contrast with the random placement of the stickers typi-
cally obtained with the synthesis of supramolecular polymers. To adress this
issue, Cui et al. developed a stochastic model in which the sticky are randomly
distributed along the chains.126 This model include finite-sized hops of the
sticky groups to simulate the chain motion. As a result, this model yields a
slightly improved agreement with experimental data. Another approach pro-
posed by Jiang et al. involves utilizing a modified version of the Rouse model,
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originally developed to predict the linear rheology of block copolymers with-
out microphase separation.213 In this model, different friction coefficients are
assigned to the different constituents of the block copolymer. Jiang et al. ex-
tended this concept to associative polymers, where the associative groups act
as effective friction centers.213 However, despite considering the random dis-
tribution of stickers along the chains, this model was not able to accurately fit
the relaxation behavior of unentangled associative polymers obtained with MD
simulations, especially in the rubbery plateau regime.214

Liu et al. explained the persisting deviations by stating that the bound stick-
ers are able to diffuse over a certain distance, thereby partially relieving the
stress.186 Subsequently, they integrated these non-affine spatial fluctuations
into a Rouse model using a phenomenological approach. This integration al-
lowed them to obtain an accurate fit of the linear data of unentangled melt data
for two distinct copolymer chemistries at varying concentrations of supramolec-
ular associations. Importantly, their model maintains the crucial assumption
that the fluctuations do not affect the level of the rubbery plateau. This im-
portant hypothesis is in agreement with the earlier work of Indei and Taki-
moto who analytically treated the effect of the junction fluctuations on the
rubbery plateau in a single-chain model.215 To investigate these fluctuations,
they introduced virtual springs that connect one end to the bound stickers
and the other end to the affinely deforming background. Tanaka and Koga
obtained a similar result in their single-chain model of telechelic associating
polymers.216 However, these results obtained for single-chain models appear to
contradict multichain approaches such as the phantom network model217,218

or recent Brownian dynamics simulations of associative polymers performed
by Schaefer and McLeish,219 both of which indicate a softening of the plateau
modulus.

Part of the divergences could also emanate from the presence of a distribution
of sticker lifetimes, as postulated by Cui et al.126 The introduction of such
distribution can be justified by adopting arguments similar to the ones used in
the bond lifetime renormalization model.122 According to this model, associa-
tive polymers with different densities of stickers are expected to have different
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lifetimes. One could therefore expect that the fluctuations in density of stick-
ers along the polymeric chains also lead to a multitude of lifetimes. Moreover,
as explained by Cui et al.,126 when the supramolecular junctions are in close
proximity, the segments between two associative groups may lack the required
flexibility for the associative groups to effectively search for potential partners
within their exploration volume. Consequently, in order to exchange partners,
it may be necessary for multiple junctions to dissociate simultaneously, leading
to a significant increase of the effective lifetime.

Finally, in the sticky Rouse model, only pure pairwise associations are assumed
to be present. However, in reality, supramolecular polymers based on UPy
groups often exhibit microphase separation with the formation of large aggre-
gates of stickers.119 The contrast of polarity between the UPy groups and the
polymer backbone generally results in phase separation, with the UPy moieties
stacking laterally due to π-π interactions.121 While the presence of urethane
and urea linkers close to the UPy groups enhances this trend,220 the presence of
bulky substituents curbs it.221 Recent work of Ahmadi et al. demonstrated the
presence of unordered aggregates in entangled PnBA functionalized with UPy
pendants units.222 This was evidenced by the absence of first-order thermal
transitions in DSC curves and the emergence of diffraction peaks at nanometer
lengths in SAXS profiles. The presence of these aggregates considerably modi-
fied the relaxation behavior with the emergence of an additional low-frequency
plateau. This type of low-frequency plateau has already been observed in the
past, notably by Hawke et al. in the case of entangled poly(n-butyl acry-
late) PnBA copolymerized with acrylic acid group.118 They attributed the
appearance of this plateau to the delay of the relaxation of the strands trapped
between clusters. Nonetheless, it is worth-mentioning that the low-frequency
plateau is not always observed for the systems containing aggregates. Indeed,
for example, Tang et al. have shown by combining Forced Rayleigh Scatter-
ing (FRS) with SAOS that the relaxation of model protein hydrogels is solely
governed at low frequency by the sticky Rouse motion of associative protein
molecules in an aggregated state.223 Another notable effect arising from the
presence of aggregates is that the cluster size influences the lifetime of the stick-
ers. This relationship, which has been demonstrated through hybrid MD/MC
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simulations in the case of unentangled telechelic associative polymers, results
in a distribution of sticker lifetimes.224

In this chapter, the influence of UPy groups on the linear viscoelastic response
of unentangled melt is investigated using the molecular model developed by Liu
et al.186 The effect of the distributions of lifetimes due to bond renormalization
has also been incorporated, although only marginal deviations from the original
model of Liu et al. were observed.186 The data used in this chapter were
provided by Verjans,187 who studied systems where linear polymeric chains
were functionalized with UPy groups. These data were successfully fitted by
combining the model of Liu et al.186 with a phenomenological model which
describe the glassy modes.

4.2 Materials

UPy motifs were grafted onto low molecular weight linear Polybutadiene (PB),
Poly (methyl acrylate) (PMA) and Poly(butyl acrylate) (PBA) with different
functionalization degrees. The different chemical structures of the polymers
are depicted in Figure 4.1. As observed, the UPy side chains were adapted to
incorporate a branched alkyl group instead of the typical methyl group found
in the literature. This modification serves to limit aggregation tendencies by
increasing the steric hindrance on the UPy units and reducing the difference
of polarity between the supramolecular junctions and the apolar backbones.
Details about the synthesis of these supramolecular polymers can be found in
elsewhere.187

Key characteristics of the samples, as provided by Verjans,187 are presented
in Table 4.1. Additionally, the average molar mass between two UPys groups
MUPy was calculated using the following equation:

MUPy =
Mn

nUPy + 1
(4.2)

Here nUPy corresponds to the average number of UPy groups per chain.
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Figure 4.1: Chemical structure of copolymers (a) PB-UPy, (b) PBA-UPy,
and (c) PMA-UPy. The structure of the UPy unit is shown only for the PB-
UPy system.

4.3 Dynamics of supramolecular chains

Unentangled chains relax through the Rouse process. Similar to the approach
of Jiang et al.213 and Liu et al.,186 the Rouse model is extended to unentangled
associative polymers through the effective friction concept. This means that
the supramolecular junctions are assimilated to beads of high friction, as shown
in Figure 4.2.

The position of the nth bead r(n, t) at time t in the linear regime of deformation
is therefore described by the following Langevin equation.10

ζ(n)
∂r(n, t)

∂t
= −κ

N∑
m=0

Anmr(m, t) + FB(n, t) (4.3)

Here ζ(n) corresponds to the friction coefficient of the nth bead and κ to the
elastic constant of the springs. Additionally, the zero-mean Brownian force
FB(n, t) is assumed to follow the fluctuation-dissipation theorem. The Rouse
matrix Anm corresponds to the connectivity matrix of a linear polymeric chain
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Figure 4.2: Illustration of the Bead-spring model. Blue beads of friction ζ0
and red beads of friction ζ1 account for the friction due to the monomers and
the associative bonds respectively.

(see section 1.7).

4.3.1 Decoupling of the normal modes

For the modelling of the data, a procedure very similar to the model of Liu et
al.186 is employed. In their work, the solution of 4.3 is approximated by decou-
pling the long time dynamics from the short time dynamics. This hypothesis
is valid provided that N2

s τS ≫ N2τ0. This inequality means that the friction
of the backbone monomers is significantly lower than the friction brought by
the stickers.

Fast relaxation modes

At short times, the network strands relax through the non-sticky Rouse process.
Following the work of Jiang et al.,213 the Rouse equation, in this regime, can
be reformulated as follows:

ζ0Ξ
∂Q
∂t

= −κAQ + FBI (4.4)

Here the position vectors r(n, t) are included in the column matrix Q.
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Q =


r(1, t)
r(2, t)

...
r(N, t)

 (4.5)

Equation 4.4 also introduces a diagonal matrix Ξ that contains the relative fric-
tion coefficients of the beads δi = ζi/ζ0. This matrix is defined as follows:

Ξ =


δ1

δ2
. . .

δN

 (4.6)

In equation 4.4, the coefficient δi associated with the sticky beads are assumed
to be infinite. This assumption implies that the supramolecular junctions re-
main stationary, effectively fixed in space.

Solving this set of Langevin equations yields the following expression for the
dynamic moduli.

G′(ω) =
ρRT

M

N−1∑
p=Ns

(ωτR,p)
2

1 + (ωτR,p)2
G′′(ω) =

ρRT

M

N−1∑
p=Ns

(ωτR,p)

1 + (ωτR,p)2

(4.7)

Here the relaxation time τR,p is given by the ratio ζ0/k0λR,p. The symbol
λR,p corresponds to the pth nonzero eigenvalues arranged in descending order
of the matrix Ξ−1A. Also, it should be noted that only the N −Ns − 1 modes
associated with the fast relaxation processes were taken into account.

As another option, Liu et al.186 proposed to start the sum over the Rouse
modes at p = 1 rather than p = Ns. According to them, this adjustment
enables correction for the spatial fluctuations of the stickers. Consequently,
the resulting sum now includes N − 1 modes instead of the N − 1−Ns modes
obtained in the classical theory.105 In order to keep the total number of beads
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to N , we multiplied the dynamic moduli by a normalization constant ξ =

(N − 1−Ns)/(N − 1). This constant ensures that the contributions of the fast
modes to the dynamic moduli is equal to (N − 1−Ns) kBT . Therefore, in this
case, the moduli G′ and G′′ can be expressed as

G′(ω) = ξ
ρRT

M

N−1∑
p=1

(ωτR,p)
2

1 + (ωτR,p)2
G′′(ω) = ξ

ρRT

M

N−1∑
p=1

(ωτR,p)

1 + (ωτR,p)2

(4.8)

Here the relaxation time τR,p is given by:

τR,p =
1

4 sin2( pπ
2N )

ζ0
k0

(4.9)

Slow relaxation modes

At long times, the flow dynamics is solely governed by the motion of the sticky
beads. The bead-spring chain shown in Figure 4.2 can therefore be replaced
by a chain containing exclusively sticky beads. The long-time chain dynamics
therefore follows this set of equations.

ζ1
dq1
dt

= κ1(q2 − q1) + f1 (4.10)

ζ1
dqi
dt

= κi(q1+1 − qi) + κi−1(qi − qi−1) + fi (4.11)

ζ1
dqS
dt

= κS−1(qS−1 − qS) + fS (4.12)

Here qi denotes the position of the ith sticky beads and κi the corresponding
elastic constants.

When the stickers are equally spaced along the chains, the elastic constant κ

of the strands are given by

κ =
3kBT

Nb2
(Ns − 1) (4.13)
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In contrast, when the supramolecular junctions are distributed randomly, the
elastic constant of the springs connecting the i − 1th and ith sticky beads is
given κi = αiκ with αi equal to

αi =
N

ni(Ns − 1)
(4.14)

where ni is the number of Rouse segments on the ith strand of the polymeric
chain. The solution to this set of equations produces the following expression
for the dynamic moduli.

G′(ω) =
ρRT

M

Ns−1∑
p=1

(ωτR,p)
2

1 + (ωτR,p)2
G′′(ω) =

ρRT

M

Ns−1∑
p=1

Gi(ωτi)

1 + (ωτi)2

(4.15)

Here the relaxation time τp is determined by the ratio ζ1/κλp with λp being
the pth highest nonzero eigenvalues of the matrix Λ.

Λ =


α1 −α1 0 · · · · · · 0

−α1 α1 + α2 −α2 0 · · · 0

· · · · · · · · · · · · · · · · · ·
0 · · · 0 −αS−2 αS−2 + αS−1 −αS−1

0 · · · · · · 0 −αS−1 αS−1

 (4.16)

4.3.2 Distribution of sticky beads and of molecular weight

To account for the random placement of the stickers, an ensemble of R chains
of N beads was generated. Each bead in the chains has a probability p to be
associated. The number of Kuhn segments in a strand m is computed based
on the following geometric distribution.

P (X = m) = p(1− p)m−1 (4.17)

To obtain the lengths of the network strands in a specific chain, we repeatedly
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compute values of length using the probability distribution defined by equa-
tion 4.17 until the cumulative sum surpasses the total number of beads N .
The resulting series of strand lengths determines the placement of the stickers,
starting from one end of the chain.

Figure 4.3 presents the distribution of the number of sticky beads per chain
and the distribution of strand length obtained using R = 30000 and N = 100

for various values of λ = Np. In panel (a), it can be observed that when
N is significantly large, the distribution of the number of sticky beads closely
approximates the following Poisson distribution.

P (X = m) =
λm exp(−λ)

m!
(4.18)

Figure 4.3: Distribution in number of (a) the number of sticky beads per
chain and (b) the length of the network strands per chain for three different
values of λ. The solid lines show the corresponding (a) Poisson distributions
and (b) geometric distributions. The full circle were obtained using R = 30000
and N = 100.

Finally, a log-normal distribution is used to characterize the distribution of
molecular weights of the polymer chains, following a similar approach as de-
scribed in reference.225 The probability density function of the log-normal
distribution is given by

P (M = m) =
1

mσ
√
2π

exp

(
− (ln(m)− µ)

2

2σ2

)
(4.19)
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The parameters µ and σ2 can be expressed as a function of the mean E[X] and
the variance Var[X] of the distribution in the following way.

µ = ln

(
(E[X])

2√
E[X])2 +Var[X])2

)
(4.20)

σ2 = ln

(
1 +

Var[X])2

(E[X])
2

)
(4.21)

The mean E[X] is by definition equal to Mn and the variance Var[X] can be
computed using the following relation.

Var[X] = E[X2]− E[X]2 = MwMn −M2
n = M2

n(Ð − 1) (4.22)

As a consequence, the distribution can be fully characterized by the values of
the Ðand Mn presented in Table 4.1.

4.3.3 Distribution of sticker lifetimes

The introduction of a distribution of sticker lifetimes can be justified by the
bond lifetime renormalization model. As discussed in Chapter 1, in the original
theory proposed by Rubinstein and Semenov,122 the renormalized lifetime τs

is given by the product Nretτb, where Nret is the number of times a sticker
returns to its original parter and τb the actual bond lifetime. To evaluate Nret,
Rubinstein and Semenov used the following expression

Nret ≈
τopen/τ0
Vstrand/b3

(4.23)

In this equation, τopen represents the duration of the open stage, Vstrand corre-
sponds to the volume of the network strand, τ0 the relaxation time of a Kuhn
segment.

Consequently, the numerator τopen/τ0 corresponds to the number of elementary
time steps of duration τ0 taken during the exploration of Vstrand by the disso-
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ciated stickers. Likewise, the denominator Vstrand/b
3 represents the number of

elementary volume b3 in Vstrand.

According to Rubinstein and Semenov,122 τopen depends on the concentration
of open stickers ϕopen via τopen ∼ τ0/ϕopen. Therefore, equation 4.23 can be
reduced to

Nret ≈
b3

Vstrandϕopen
≈ pR

ϕopen
(4.24)

where pR is the probability that two initially paired stickers are within a dis-
tance b to each other.

In Figure 4.4, two stickers are shown detached after participating in an in-
terchain bond. As the stickers are randomly distributed along the chains,
these stickers are trapped in different exploration volumes V1 ∼ (N

1/2
1 b)3 and

V2 ∼ (N
1/2
2 b)3. Here, N1 and N2 represent the number of Kuhn segments in

the corresponding strands.

Figure 4.4: Conformation of unentangled chains with stickers. The volume
V1 and V2 are shown in orange and in red and the open stickers in blue.

As a first approximation, the smaller volume completely overlaps with the larger
volume. Consequently, if V2 > V1, the probability pR that the two stickers are
in the same elementary volume b3 is given by

119



pR ≈ V1/b
3

V1/b3 × V2/b3
=

b3

V2
=

b3

Vmax
(4.25)

In the equation above, Vmax corresponds to the maximum volume between V1

and V2.

By substituting equation 4.25 in equation 4.24, the following expression for τS

can be obtained.
τS ∝ τbb

3

ϕopenVmax
≈ A

Vmax
(4.26)

Here A is an arbitrary constant. It must be noted that the fraction of open stick-
ers is assumed to be constant in time and uniformly distributed in space.

To incorporate this effect in the model proposed by Liu et al.,186 the friction
coefficient of the sticky beads can be modified as follows.

ζs,i =
Vstrand

Vmax
ζ1 = γiζ1 (4.27)

Here ζ1 would correspond to the friction coefficient obtained when both stick-
ers are trapped in Vstrand = (N1/2

s b)3. By substituting the modified friction
coefficient into equations 4.10, 4.11, and 4.12, the matrix Λ takes the following
form.

Λ =


α1/γ1 −α1/γ1 0 · · · · · · 0

−α1/γ2 (α1 + α2)/γ2 −α2/γ2 0 · · · 0

· · · · · · · · · · · · · · · · · ·
0 · · · 0 −αS−2/γS−2 (αS−2 + αS−1)/γS−2 −αS−1/γS−2

0 · · · · · · 0 −αS−1/γS−1 αS−1/γS−1

 (4.28)

To evaluate the dynamic moduli, an ensemble of R chains consisting of N Kuhn
segments was generated, following a similar approach as described in section
4.3.2. The exploration volume for each sticker was computed by summing the
volumes of the two corresponding adjacent strands. This computation allows
to evaluate the distribution Vmax = max(Vcst, V2), where Vcst represents the
exploration volume of a given sticker, and V2 is a random trapped volume. The
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volume V2 can be determined based on the distribution shown in 4.3 (b). By
using the mean of Vmax to assess the coefficients γi, the symmetry matrix Λ

as well as G′ and G′′ were evaluated.

Figure 4.5 illustrates the effect of the distribution. As observed, the introduc-
tion of the different lifetimes leads to a slight decrease in the terminal relaxation
time. This is because the factors γ are on average smaller than 1. However,
beyond this effect, the influence of the distribution is marginal, as the shape
of G′ and G′′ remains unchanged. Consequently, the influence of the lifetime
distribution is disregarded in the remaining part of this chapter.

Figure 4.5: Prediction of the dynamic moduli considering the model of Liu
et al.186 without (black lines) and with the distribution of lifetimes (red lines).
Predictions were obtained using ζ1k0/ζ0κ = 5× 105, Ns = 10 and N = 100.
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4.3.4 Comparison with the sticky Rouse model

In this section, we compare the predictions of the dynamic moduli obtained
from the model described in the previous section with those from the sticky
Rouse model. The equations of the dynamic moduli of the sticky Rouse model
are given by the following equations:

G′(ω) =
ρRT

M

N−1∑
p=NS

(ωτp)
2

1 + (ωτp)2
+

ρRT

M

NS−1∑
p=1

(ωτR,p)
2

1 + (ωτR,p)2
(4.29)

G′′(ω) =
ρRT

M

N−1∑
p=Ns

ωτp
1 + (ωτp)2

+
ρRT

M

Ns−1∑
p=1

ωτR,p

1 + (ωτR,p)2
(4.30)

with the time τR,p and τp defined by

τR,p =
1

4 sin2( pπ
2N )

ζ0
k

(4.31)

τp =
1

4 sin2( pπ
2N )

ζ1
κ

(4.32)

Figure 4.6 displays the predictions of the model from the previous section,
both with and without the inclusion of Liu et al.’s ansatz.186 The figure also
shows the predictions of the classical sticky Rouse model. The calculations

were performed using the following parameters:
ζ1k0
ζ0k1

= 5× 105, Ns = 10, and

N = 100.

First, at high frequencies, it is observed that the inclusion of the ansatz pro-
posed by Liu et al.186 results in a higher modulus compared to the classical
sticky Rouse model, both at high and intermediate frequencies. Furthermore,
the incorporation of the distribution of strand lengths also widens the spectrum
of relaxation at high frequencies. Finally, in the terminal regime, a faster re-
laxation is achieved due to the non-uniform arrangement of the stickers, which
is consistent with the findings of Liu et al.186
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Figure 4.6: Predictions of the dynamic moduli using the model detailed in
section 4.3.1, considering either fixed stickers (green lines) or fluctuating junc-
tions (black lines). The predictions of the classical sticky Rouse model (red
lines) are also shown. An arrow indicates the location of the first slow mode,
ζ1/(4κ). Additionally, the contributions of the fast modes (magenta lines) and
the slow modes (cyan lines) from the model with fluctuating junctions are also
displayed.

4.3.5 Glassy relaxation

In order to capture the glassy part, the phenomenological Kohlrausch-Williams-
Watts (KWW) model is used. Its expression in the frequency domain is given
by226

G′
KWW (ω) = ωGg

∫ ∞

0

exp

(
−
[

−t

τKWW

]β)
sin(ωt)dt (4.33)

G′′
KWW (ω) = ωGg

∫ ∞

0

exp

(
−
[

−t

τKWW

]β)
cos(ωt)dt (4.34)

Here the fitting parameters are the glassy modulus Gg, the characteristic time
of the glassy relaxation τKWW and the stretch parameter β. The latter specifies
the broadness of the distribution of the glassy modes. A decreasing β leads to
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a broader distribution.

4.4 Results and Discussion

For each references, the linear responses were shifted onto a single master curve
as shown in Figure 4.7. The relaxation behavior of the PB reference was not
measured.

Figure 4.7: Linear viscoelastic mastercurves of (a) PMA at Tref= 30℃ and
(b) PBA at Tref = -30℃. Red lines correspond to the model predictions ob-
tained with the values shown in Table 4.1 and 4.2. The contributions from the
KWW model (in green) and the Rouse model (in cyan) are also presented.

In this Figure, the high frequency parts correspond to the glass-to-rubber tran-
sition region, which persists until ω0 ∼ 4k0/ζ0. Subsequently, the chains relax
through the Rouse process. The expected slope of 0.5 that G′ and G′′ should
follow in the Rouse regime is barely noticeable due to the low molar mass of the
samples. Finally, at frequencies equal to ω ∼ 1/τR, the chains relax completely,
resulting in G′ and G′′ following a slope of 2 and 1 respectively.

Good fits of the mastercurves were obtained by combining the Rouse model
(equations 1.26 and 1.27) with the KWW equations (equations 4.33 and 4.34).
The number of beads N was estimated by dividing the molar mass of the chains
by the molar mass of one Kuhn segment MK . For PBA, similarly to the work of
Liu et al.,186 a Kuhn segment molar mass MK of 700 g/mol was used while, for
PMA, a MK of 450 g/mol was computed using the persistence length lp = 0.64
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nm obtained from atomistic MD simulations.227 Also, a density of ρ = 1000

kg/m3 was assumed for both systems. The values of the fitting parameters are
tabulated in Table 4.2.

As explained in the Introduction, the dynamics of unentangled supramolecular
polymers are primarily controlled by two different timescales, τ0 and τS . This is
shown in Figure 4.8 in which the LVE responses are analyzed using a procedure
initially proposed by Zhang et al.125

In panels (a), the storage and the loss moduli of the PB-U4 and PB-U8 are hor-
izontally shifted by a factor aT to achieve superposition in the high-frequency
region. As expected, these shifts lead to a failure in the superposition in the
low-frequency part due to the stronger temperature dependence of the mecha-
nism of the sticker dissociation.

Conversely, in panels (b), the moduli are shifted by a factors a′T so that the
data coincide at low frequencies. As observed, the curves cease to superimpose
at high frequencies, when the segmental motions starts to contribute to the
stress relaxation. The sticky and the Rouse modes progressively approach each
other with increasing temperature, gradually erasing the rubbery plateau, and
eventually merge at high temperature. This is because the time-scale separation
between τ0 and τs depends on the absolute temperature via113

log

(
τ0
τS

)
∝ Ea

RT
(4.35)

Consequently, at sufficiently high temperature, the dependence of the friction
of the backbone on the longest relaxation time can no longer be neglected.
That is why the responses obtained at T = 120℃ and T = 130℃ for PBA-
U9, shown in Figure 4.9 do not superimpose with the data collected at lower
temperature.

Pseudo-mastercurves were then constructed using the following procedure. First,
a temperature Tref is selected among the different experimental temperature.
The chosen isothermal curve should cover a wide frequency range, that spans
from the end of the relaxation of the Rouse modes to the beginning of the
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Figure 4.8: Test of TTS principle of the dynamic moduli of PB-U4 (a1) and
PB-U8 (a2). In panel (a), the raw data were shifted by a horizontal shift factor
aT until they superimpose at high frequencies. In panel (b), the raw data
were shifted by a factor a

′

T until they superimpose at low frequencies. The
data were shifted using the reference temperature Tref = 80℃ (b2) and Tref =
60℃ (b1). Due to the limited range of frequencies, part of the data collected
at high (a) and low (b) temperature were not included in the panels (a) and
(b) respectively.

relaxation of the sticky modes. In this manner, the rubbery plateau is entirely
described at T = Tref . For the curves measured at T < Tref , a shift aT is
applied to extend the frequency range in high frequency portion of the moduli.
In similar fashion, the moduli obtained at T > Tref are shifted by a

′

T to ex-
tend the window of angular frequency in the regime of the sticker dissociations.
Finally, for the curves measured at T < Tref and at T > Tref , data points as-
sociated with the relaxation of the slow modes and fast modes respectively, are
excluded. The resulting pseudo-mastercurves are shown in Figure 4.10.
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Figure 4.9: Frequency sweep data of PBA-U9 shifted by a
′

T at the reference
temperature Tref = 40℃.

As observed in Figure 4.10, the associative polymers clearly show the formation
of a transient network as indicated by the formation of a plateau in G′ despite
the unentangled state of the building blocks. For the systems with the fewest
supramolecular junctions PB - U4, the plateau modulus is significantly lower

than
ρRT

M
, which suggests that these system is still a mixture of sol and gel.

This could explains why the slope obtained at high frequencies is closer to 1
than 0.5.212

Regarding the systems containing a well-developed network, the moduli scale
with ω1/2 in the high-frequency portion, as the polymer chains relax by the
Rouse process. They do not superimpose as the increase in Tg leads to a
larger monomeric friction when the flow dynamics is compared at the same
temperature. Then, at intermediate frequencies, the systems display a rubbery
plateau, which gradually increases in magnitude with the density of stickers.
Finally, at low frequency, one can observe that the longest relaxation time τrel

tends to increase with the number of UPy groups in the polymeric chains.
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Figure 4.10: Pseudo-mastercurves or curves of PB systems at Tref = 80
℃ (a) and (b), of PMA systems at Tref = 70 ℃ (c) and of PBA systems
at Tref = 40 ℃ (d). The thick solid lines denotes the value of ρRT/M . Data
shown in dark colors correspond to the linear response obtained at Tref .

Figure 4.11 compares the shift factors aT and a
′

T used to build the pseudo-
mastercurves and the mastercurves shown in Figure 4.10 and 4.7. The shifts
shown in panel (a) and (b) are multiplied by a free volume correction factor
aTg

, enabling a comparison of the systems under iso-Tg conditions.174,175 The
values of the shifts aTg

can be found in the appendix of this chapter.

As observed, the shifts aT closely align with the WLF equation.173 At the
reference temperature Tref , which are -30℃ and 30℃ for PBA and PMA
respectively, the values of c01 and c02 are 7.22 and 61.5 K for PBA, and 7.65 and
67.77 K for PMA. These constants were calculated based on the linear data of
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Figure 4.11: Shift factors of associative polymers (a) at Tref = 80℃ (b)
at Tref = 40℃ and (c) at Tref = 40℃ for PBA and 60℃ for PB. The black
line corresponds to the prediction of the WLF equation. In panels (a) and (b),
open symbols refer to the shifts a′T , whereas closed symbols denote the shifts
aT . (d) Extraction of the activation energy through linear fitting.

the reference materials shown in Figure 4.7.

On the other hand, the temperature dependence of a
′

T can be expressed as
follows.125

a
′

T = aT exp

(
Ea

R

(
1

T
− 1

Tref

))
(4.36)

The values for Ea can be determined through linear fitting, where ln

(
a

′

T

aT

)
is
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plotted against 1000/T. By applying this approach, values of Ea ranging from
31.6 kJ/mol to 36 kJ/mol were obtained for polymers based on PB, whereas
polymers based on PMA exhibited values ranging from 36.5 kJ/mol to 44.5
kJ/mol. In the linear regression, the values of aT were extrapolated using the
WLF equation. For associative polymers based on PBA, the regression was

not performed as the WLF equation is not valid when
T

Tg
> 1.3. Nevertheless,

Zhang et al. found an activation energy of Ea = 33 - 37 kJ/mol for PBA-
UPy polymer with a molar mass of 9.8 kg/mol.125 The small differences in
activation energy among the supramolecular polymers based on UPy groups
are not sufficient to conclude any significant effect of the backbone on the
strength of the physical bonds.

Figure 4.12, 4.13 and 4.14 show the predictions of the molecular model detailed
in the preceding section. The fitting parameters are tabulated in Table 2.
Following Fetters et al.,228 a value of 120 g/mol for Mk was used to model the
responses of the PB polymers. A density of ρ = 1000 kg/m3 was also assumed
for the supramolecular polymers.

Overall, the model demonstrates good agreement in capturing the flow behavior
of associative polymers. Discrepancies obtained in the high frequencies region
of PB - U6 and PB - U8 arise due to the omission of glassy modes in the
model. As observed in Figure 4.12, predictions with the ansatz of Liu et al.186

are relatively close to those obtained with the fixed stickers. This similarity is
due to the moderate number of stickers present in the systems, as the ansatz
only introduces Ns additional relaxation modes.

However, as observed in Figure 4.12, 4.13 and 4.14, the model poorly fits the
experimental data in the terminal regime. Indeed, G′(ω) decreases much faster
than what is predicted by the model. This discrepancy means that the spectrum
described by the Rouse equation is excessively broad. This discrepancy could
be related to the presence of another relaxation mechanism in the terminal
regime resulting from the presence of aggregates.

Another discrepancy with the sticky Rouse model can be found by analyzing
the ratio τS/τ0 shown in Table 4.12. As observed, the sticker lifetime τS ∼
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Figure 4.12: Linear viscoelastic mastercurves of (a) PB - U6, (b) PB - U8
and (c) PB - U13. PB at Tref = 80℃. Red and blue lines correspond to the
model predictions with and without fluctuations. The contributions from the
KWW model (in orange), the Rouse model (in magenta) and the slow modes
(in cyan) are also presented for the model with the fluctuations.

ζ1/κ1 increases with the incorporation of the UPy groups. This increase is
partially caused by the rise in Tg with the incorporation of the UPy groups,
which tends to slow down the segmental motion of the chains. Assuming the
validity of equation 4.36, the influence of Tg on τS can be eliminated by com-
paring the breadth of the rubbery plateau, or equivalently, by considering
the ratio τS/τ0. As observed in Table 4.12, the ratio τS/τ0 decreases with
the grafting of the UPy groups. In the literature, a similar result was ob-
tained by Cui et al. for UPyPEHA copolymers composed of ethylhexyl acry-
late (EHA) and 2-[3-(6-methyl-4-oxo-1,4-dihydropyrimindin-2-yl)ureido]-ethyl
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Figure 4.13: Linear viscoelastic mastercurves of (a) PMA - U10, (b) PMA
- U15 at Tref = 40℃. Green lines correspond to the model predictions with
fluctuations. The contributions from the KWW model (in orange), the Rouse
model (in magenta) and the slow modes (in cyan) are also presented for the
model with the fluctuations.

Figure 4.14: Linear viscoelastic mastercurves of (a) PBA - U8 and (b) PBA
- U13 at Tref = 40℃. Red lines correspond to the model predictions obtained
with the values shown in Table 4.1 and 4.2. The contributions the Rouse model
(in magenta) and the slow modes (in cyan) are also presented for the model
with the fluctuations.

acrylate (UPyEA).126 This trend differs from the behavior predicted by the
bond lifetime renormalization model according to which an increase of density
of stickers should lead to an increase of number of returns (see equation 4.25).
This discrepancy could arise from the potential invalidity of equation 4.36,
which might overestimate the coupling between the sticker dissociation and the
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segmental motion of the chains, as explained by Ghosh and Schweizer.123

Finally, a significant divergence between the number of stickers predicted by
NMR and the fitting parameters. The predicted plateau modulus is lowered,
presumably due to the presence of topological defects, junctions containing
multiple stickers or non-affine fluctuations of the bound stickers.
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4.5 Conclusion

In this work, we analyzed the linear rheology of unentangled associative chains
functionalized with UPy pendants groups. In order to do so, we fitted master-
curves using an adaptation of the sticky Rouse model which includes a random
placement of the stickers and a phenomenological correction for the spatial fluc-
tuations of the supramolecular junctions in their associated states. The latter
comes from an ansatz, meaning that it is likely that an additional refinement is
needed to precisely capture the early diffusion of the stickers. The model leads
to a very good description of the data. However, it is worth-mentioning that
the description in the terminal regime is far from being perfect. In this regime,
the storage modulus exhibits a narrower spectrum of relaxation than what is
predicted by the sticky Rouse model. This could indicate the presence of an-
other mechanism of relaxation due to the presence of aggregates. In a future
work, small-angle X-ray scattering (SAXS) measurements would be needed to
confirm the formation of these aggregates. Also, a more rigorous approach such
as MD simulations for studying the fluctuations could be employed to validate
the ansatz proposed by Liu et al.186 This method may provide further insight
into the system’s behavior.
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Appendix

Evaluation of the shifts aTg

Due to the different glass transition temperatures of the polymers, the horizon-
tal shift factors aT are different and have a smaller temperature dependence
with decreasing UPy concentration. In order to account for the effects of the
different Tg, a shift aTg

has been computed by the following equation:

log
(
aTg

)
=

−c01(Tg,ref − Tg)

c02 + (Tg,ref − Tg)
(4.37)

Here Tg,ref is the reference glass transition temperature. The computed shift
aTg are presented in Table 4.3. Here, PB - U13 and PMA - U15 are treated as
the reference materials.

PB - U13 PB - U8 PB - U6 PMA - U15 PMA - U10
aTg 1 0.0791 0.0126 1 0.064

Table 4.3: Correction factor aTg
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Chapter 5

Linear viscoelasticity of
entangled
metallo-supramolecular
polymers with pendant
groups

In this chapter, we present measurements of the linear rheology of entangled
supramolecular polymers based on metal-ligand coordination bonds. The tai-
lorable properties of these systems were explored by varying the quantity and
the nature of the metal ions. The viscoelastic responses were then effectively
modeled by adapting the TMA, originally developed by van Ruymbeke et al.,1

to suit these specific supramolecular systems.
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5.1 Introduction

Among the wide variety of supramolecular systems, metallo-supramolecular
polymers are of particular interest. In these systems, the strength of the bonds
can be widely tuned by adjusting the density and the nature of the metal
ions,87,229,230 the counterions231 and the ligands.230,232

Depending on the chosen association, the metallic complexes can confer valu-
able magnetic, electrochemical, electrochromic, emissive and catalytic proper-
ties.233–237 The multitude of potential combinations makes metal-containing
polymers highly versatile, finding applications in various fields such as opto-
electronic devices, sensors, adhesives, energy storage devices and anticancer
drugs.233,237

When metallo-supramolecular are amorphous and flexible with a glass transi-
tion temperature below the room temperature, it becomes possible to exploit
their properties as a soft material in the bulk state and at ambient condi-
tions.238 Despite the significant amount of research conducted on such metallo-
supramolecular bulk polymers (MSBP), there remains much to uncover regard-
ing the dynamics of the metal-ligand bonds. For instance, limited information is
available regarding the stability constants of metal complexes in MSBP.

The combination of rheological experiments and molecular modeling is a valu-
able approach for characterizing the material properties of associative polymers
and relating them to the chain dynamics. In this chapter, we study the rheology
of entangled polymers with supramolecular side-groups.

As detailed in the introduction, the sticky reptation model, proposed Leibler
et al.,109 was introduced to describe the linear rheology of such systems in the
case of pairwise associations. However, this model neglects relaxation mecha-
nisms other than reptation. In reality, quantitative approaches need to include
Contour Length Fluctuation (CLF) and Constraint Release (CR) to describe
accurately the data of entangled associative systems.

Chen et al.110 considered these secondary relaxation processes by adapting
the double reptation model of des Cloizeaux,28 originally used for entangled
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polymeric melts. Their only modification, compared to the initial model, was
to use the sticky reptation time τ∗rep instead of the reptation time τrep. This
led to a compact and practical set of equations which allows to obtain a rather
good quantitative fit of the data. Nevertheless, in this model, CLF and CR are
imprecisely captured and a refinement of these ideas is needed to capture the
linear rheology of systems with more complex architectures and polydispersity
in molar mass.21 This could be obtained, for example, by using the tube-
based time marching algorithm (TMA) model developed by van Ruymbeke et
al.1

However, the sticky reptation is not valid anymore when the supramolecu-
lar junctions strongly associate and form large aggregates. The presence of
these aggregates is often encountered in the case of polymeric chains associ-
ated through metal-ligand coordination bonds. For example, Jackson et al.
showed that PnBA linear chains functionalized with 2,6-bis(1’- methylbenzim-
idazolyl)pyridine (MeBIP) ligands exhibit microphase separation of the com-
plexes when it is crosslinked with transition metal ions. The rubbery plateau
of these polymers was observed to be around 10 times higher than what is
predicted based on the rubber elasticity theory.239

In the present work, we assessed the viscoelastic properties of entangled linear
PnBA chains with terpyridine side groups randomly placed along the back-
bones. Two types of divalent transition metal ions (Zn(II) and Cu(II)) were
incorporated in the polymer melt at various densities of terpyridine ligands.
This wide range of ion content allows to explore the case of aggregates and
that of pairwise associations. In the latter case, the rheological responses were
fitted using the TMA extended for the modelling of associative polymers. We
obtained a good agreement with the experimental data in the terminal regime
and at high frequencies. However, a significant mismatch was obtained in the
rubbery plateau.
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5.2 Materials and experimental details

5.2.1 Copolymers

The synthesis of a linear PnBA functionalized with terpyridine ligand was
achieved by reversible addition-fragmentation chain-transfer (RAFT) polymer-
ization. The synthesis was performed by Zhuge, as part of his PhD project.240

The molecular structure of the polymer is shown in Figure 5.1.

Figure 5.1: Chemical structure of PnBA-tpy.

The molar mass (Mn = 139.3 kg/mol) and the polydispersity index (Ð= 1.3)
of the systems were determined with SEC. In addition, the resulting number of
junctions along the chains (Zs = 13) and the glass transition temperature (Tg =
-52 ℃) were obtained using nuclear magnetic resonance (NMR) and differential
scanning calorimetry (DSC) respectively. The complete characterization of the
polymer was performed by Zhuge. The system is estimated to contain around
8 entanglements, which was computed based on a value of Me = 18 kg/mol
found in the work of Zhuge et al.241

5.2.2 Preparation of metallo-supramolecular bulk poly-
mers

The procedure employed to prepare the metallo-supramolecular polymers in-
volves the following steps.

First, the synthesized PnBA-tpy11 was dissolved in acetone in a sealed vessel
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under gentle shaking. A high polymeric concentration ranging from 400 g/L to
500 g/L was used to promote the formation of interchain associations. Subse-
quently, a specific amount of either zinc(II) or copper(II) chloride was dissolved
in methanol at a concentration of approximately 10-15 mg/mL and then added
to the polymeric solution. The sealed container was sonicated again to ensure
complete complexation of the metal ions. Afterwards, the solvent was evap-
orated under vacuum using a rotovap. Lastly, the resulting MSBP was put
under vacuum (∼ 0.1 bar) for 2 days to remove the residual solvent.

The composition of the prepared MSBP is summarized in Table 6.2. The term
"equivalents" (eq.) indicates the ratio of the number of metal ions to the num-
ber of ligands in the polymer. Hence, the stoichiometric amount corresponds
to 0.5 eq. Here, the range of ion content allows to cover the case where the
value of Ms is greater than Me, as well as the scenario where Ms is slightly
lower than Me.

PnBA-tpy + ZnCl2

Metal ion content
0.25 eq.
0.5 eq.
0.75 eq.
1.5 eq.

PnBA-tpy + CuCl2

0.5 eq.
0.75 eq.
1.5 eq.
2.5 eq.

Table 5.1: Composition of PnBA polymers functionalized with tpy ligand

5.2.3 Literature data

To explore the case Me ≫ Ms, we also analyzed the linear response of en-
tangled supramolecular polymer melts reported by Gold et al.127 and Kim et
al.242

The polymers of Gold et al.127 are PI melts functionalized with different
amounts of hydrogen-bonding urazole groups. On a different note, Kim et
al.242 focused on poly(styrene-co-sodium methacrylate) (PSMA-Na) ionomers,
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where the molar mass between associative groups Ms remains fixed but the
overall molar mass Mw varies. The main characteristics of these associative
polymers, as provided by Gold et al.127 and Kim et al.,242 are shown in Table
5.2. The parameter n corresponds to the number of stickers along the chains,
as computed by equation 4.2.

Sample names Mw [kg/mol] Ð n References
PI - 84k 84 1.02 - [127]

PI - 84k - U1 84 1.02 12.9 [127]
PI - 84k - U2 84 1.02 25.7 [127]
PI - 84k - U3 84 1.02 51.5 [242]

PSMA-108k-3.7%Na 108 2.04 38.5 [242]
PSMA-445 K-3.8%Na 445 2.02 165.2 [242]

Table 5.2: Main characteristics of the associative polymers of Gold et al.127

and Kim et al.242 used in this work.

5.2.4 Rheological characterization

5.2.4.1 Linear response

The linear viscoelastic (LVE) properties of the different systems were assessed
using the rheometer ARES 2000 (TA Instrument, USA). Small amplitude os-
cillatory shear was performed using a 8 mm parallel plate geometry with a
convection oven under a N2 atmosphere. For each system, an amplitude sweep
was performed at 10 rad/s to determine the linear viscoelastic region. Once the
sample was well equilibrated, a frequency sweep was carried out at frequencies
ranging from 100 to 0.01 rad/s and at temperatures spreading from 100 to -20
℃.
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5.3 Modelling the linear response of entangled

sticky chains

The relaxation modulus G(t) of entangled supramolecular systems can be ex-
pressed as the sum of three distinct contributions.110

G(t) = GRouse(t) +GSR(t) +Gd(t) (5.1)

The first contribution GR(t) accounts for the high-frequency Rouse relaxation,
which occurs at length scales smaller than the mesh size of the polymeric net-
work defined by both the entanglements and the stickers. Then, the second
contribution GSR(t) reflects the sticky Rouse relaxation of the entanglement
strands. Lastly, the third contribution Gd(t) captures the disengagement of the
chains from their tubes.

5.3.1 The Rouse relaxation

Based on the work of Chen et al.,110 the non-sticky Rouse modes can be ex-
pressed as:

GRouse(t) = κ
Ge

Ze

N∑
p=Ns+1

exp

(
− βp2t

N2τ0

)
(5.2)

Here κ and β are factors equal to 1 and 2 if p ≥ Ze and equal to 1/5 and 1 if
p < Ze respectively.

In equation 5.2, the modes obtained when p ≥ Ze correspond to the 3D Rouse
relaxation. This relaxation starts locally at the Kuhn segment scale and con-
tinues until it is interrupted either by the entanglements or the stickers.

On the other hand, the modes obtained when p < Ze correspond to the per-
sisting longitudinal modes that equilibrate the chain density along the axis of
the tube. As soon as the molecular segments of mass Ms are relaxed, the lon-
gitudinal Rouse process stops, as the stickers prevent the transportation of the
monomers between the tube segments.21

It should be noted that the equation originally presented by Chen et al.110
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has been adjusted to include the factor β, which is determined from the Rouse
expression of an entangled melt21 (as detailed in section 1.8.1).

5.3.2 The sticky Rouse relaxation

Analogous to the Rouse relaxation, the sticky Rouse contribution can be de-
scribed in the following manner:

GSR(t) = κ
Ge

Ze

Ns∑
p=1

exp

(
− βp2t

N2
SτS

)
(5.3)

Here, it is assumed that the friction of the backbone is negligible compared
to the one due to the associations, and that most of the stickers are bound,
leading to a sticky Rouse time equal to τsN

2
s .

The sticky Rouse modes starts at the dissociations of the stickers. As soon as
the chains start to feel the entanglements (i.e., p < Ze), only the longitudinal
modes can relax, at the rhythm of the formation and the breakage of the
reversible crosslinks.

5.3.3 The disentanglement modulus

The disentanglement modulus Gd(t) is modeled using the TMA developed by
van Ruymbeke et al.1 In this model, Gd(t) is expressed as

Gd(t) = G0
NΦ(t)ϕ(t) with G0

N =
4

5

ρRT

Me
(5.4)

Here ϕ(t) is the survival fraction of the initial thin tube while ϕCR(t) is the
constraint-release function or dilation factor that determines the diameter of
the dilated tube. As discussed in Chapter 5, the function ϕCR(t) is generally
equal to ϕ(t) when the constraint release process is slow. Indeed, ϕCR(t) cannot
decrease faster than a Constraint Release Rouse process.

Φ(t) = max

(
ϕ(tk+1), ϕ(tk)

√
tk

tk+1

)
(5.5)
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In equation 5.5, tk+1 corresponds to the time obtained just after tk, i.e. tk+1

= tk + δt. Also, an initial condition ϕ(τe) = 1 is imposed.

The survival probability of the initial tube ϕ(t) can be obtained by summing
all the contributions due to the molecular segments x which are still moving in
the initial tube.

ϕ(t) =

∫ 1

0

prep(tk)pfluc(x, tk)dx (5.6)

Here the coordinate x corresponds to the fractional distance from the free ends
(x = 0) to the middle of the chains (x = 1).

In equation 5.6, prep(tk) and pfluc(x, tk) represent the survival probabilities
related to the reptation and the fluctuation processes respectively. They can
be evaluated by the following expressions.

prep(tk) = exp

(
−tk

τ∗rep(t)

)
(5.7)

pfluc(x, tk) = exp

(
−tk

τ∗fluc(x, t)

)
(5.8)

Similarly to the case of entangled polymeric melt, the outer segments relaxed by
the fluctuations do no play a role in the reptation. Hence, the sticky reptation
time, τ∗rep,0 = τSN

2
sZe, can be rescaled as follows: τ∗rep(t) = τ∗rep,0ϕ(t).

While the sticky reptation time, τ∗rep, is known, the value of τ∗fluc(x), the sticky
fluctuation times, still remains to be modeled. Similarly to reptation, CLF is
widely affected by the presence of the junctions. In order to illustrate this in-
fluence, the different generations of segments trapped by stickers are depicted
in Figure 5.2. At the extremities of the chains, the dangling ends, represented
by the segment α, can relax through the classical CLF. Then, in order to relax
the molecular segment β, one needs to wait that the first sticker dissociates,
which should happen in a timescale comparable to τS . For the relaxation of
the third generation, it is required that the first two stickers dissociate simul-
taneously, which is an unlikely process. As a result, for the relaxation of deep
segments, CLF is considerably slowed down and progresses at the rhythm of the
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successive associations and disassociations of the reversible crosslinks.

Figure 5.2: Representation of different generations of trapped segments.
Adapted from [240]

Here, two distinct approaches for modeling τ∗fluc(x) are introduced. The first
approach is approximate and straightforward, while the second approach is
considerably more sophisticated.

1. Sticky CLF

The fluctuations times τfluc(x) of a neutral polymer melt can by determined
by taking into account early fluctuations and activated retraction of the chain
ends. Based on the work of van Ruymbeke et al.,1 τfluc(x) is given by:

τfluc(x) =


τearly(x), if x < xtrans.

τearly(x) exp

(
∆U(xtrans → x)

kBT

)
, if x ≥ xtrans.

(5.9)

In the equation above, τearly(x) can be determined using the following equa-
tion.

τearly(x) =
9π3

16
τRx

4Z2
e (5.10)

Additionally, the difference of potential energy ∆U(xtrans → x) can be ob-
tained through the following equation:

∆U(xtrans → x) =
3kBT

2
Ze(x

2 − x2
trans) (5.11)
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Here, the coordinate xtrans is equal to
√

2

3Zeϕ
.

Replacing τR by τSR in equation 5.9 provides a rapid and straightforward
method for modeling τ∗fluc(x). In this case, the relaxation by CLF is com-
pletely analogous to that of an ordinary polymeric melt. This approach is
expected to be imprecise for deep segment as it fails to consider that the si-
multaneous opening of n consecutive stickers is a rare event, whose probability
decreases exponentially with n. Furthermore, as it averages the influence of
the stickers, it is expected to be more suitable for associative chains with many
short lifetime stickers.

2. Stepwise fluctuations

An alternative strategy to address the fluctuations involves employing stepwise
fluctuations. This approach uses comparable concepts to those used by Leibler
et al.109 to evaluate the scaling laws of the sticky reptation model.

In order to relax the kth generation of trapped segments, it is necessary to
have a minimum of k open consecutive stickers. A succession of k open stickers
followed by a closed sticker is referred to as a "k-strand" using the terminology
introduced by Leibler et al.109

The probability Pk of obtaining a k-strand can be computed as follows:

Pk = pkfree × (1− pfree) (5.12)

Here, pfree represents the average fraction of open stickers.

The probability that an open sticker reassociates after a time t is given by the
following exponential distribution.

P (t, τopen) = exp

(
− t

τopen

)
(5.13)

In the equation above, τopen corresponds to the average lifetime of an open
sticker.
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Hence, the characteristic timescale associated with the lifetime of a k-strand
is τk =

τopen
k

as the probability that none of the stickers of the k-strand have

reassociated is P k(t, τopen).

As a result, for a time period ∆t, the total time during which a k-strand is
existing is equal to pk ∆t, and since each k-strand has a lifetime of τk, the

number of k-strand observed during this period is equal to
pk∆t

τk
. Therefore,

the frequency of occurrence of a k-strand can estimated by the following ra-
tio.

νk =
pk
τk

=
kpkfree(1− pfree)

τopen
(5.14)

In the specific scenario where only two associating units need to meet to form
a supramolecular junction, there exists a relationship between τopen, pfree, and
τs, which can be expressed by the following equation:

τopen
τS

=
pfree

1− pfree
(5.15)

By substituting equation 5.15 in 5.14, the frequency νk can be expressed
as:

νk =
kpk−1

free(1− pfree)
2

τs
(5.16)

Consequently, the time delay τf,k required to relax the kth generation of trapped
segments can be estimated by summing the frequencies of occurrence of all the
k-strand in which the kth sticker along the chain is open.

τf,k ≈

 km∑
q=k

νq

−1

(5.17)

Here km denotes the maximum number of k-strands in the chains. Equation
5.17 can be simplified if we assume that km → ∞. In this case, τf,k reduces
to
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τf,k ≈

 (1− p)2

τS

∞∑
q=k

qpq−1
free

−1

=
τS

pkfree + (1− pfree)kp
k−1
free

(5.18)

To derive the last equality, the following formulas were used:

n∑
k=1

krk−1 =
1− rn+1

(1− r)2
− (n+ 1)rn

1− r
(5.19)

∞∑
k=1

krk−1 =
1

1− r2
(5.20)

This approach results in stepwise fluctuations. Specifically, the sticky fluctua-
tion time τ∗fluc(x) of the dangling ends is the same as the fluctuation time of
its neutral polymer counterpart. Subsequently, for deeper segments, τ∗fluc(x)
is delayed by a timescale equal to τf,k compared to τfluc(x). Since τf,k is
typically much longer than τfluc(x), the trapped segments rapidly equilibrate
shortly after the opening of the k consecutive stickers.

Based on this, the survival probability pfluc can be expressed as follows:

pfluc(x, tk) = exp

(
− p(x)tk
τfluc(x)

)
(5.21)

Here the function p(x) serves as a penalty function, capturing the delaying
effect caused by the stickers. It takes a value of 1 when x < x1, where x1 is
the position of the first sticker along the chain. When x > x1, p(x) can be
evaluated using equation 5.18 in the following manner:

p(x) =
τfluc(x)

τS

(
p
k(x)
free + (1− pfree)k(x)p

k(x)−1
free

)
(5.22)

In the equation above, the number of sticker k(x) is treated as a continuous

variable and is equal to
Zs

2
x.
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This fluctuation process ends when the lifetime of a k-strand becomes smaller
than the diffusion time needed to relax such k-strand.

τopen
kmax

= τfluc(x = xkmax
) (5.23)

This condition defines the coordinate xkmax above which τ∗fluc(x) tends to in-
finity.

Verification of the stepwise approach

To verify the validity of equation 5.18, a procedure similar to Ahmadi et al.243

is performed. An ensemble of C stickers is generated, where an initial fraction
pfree of these stickers is assumed to be in the open state, while the remaining
fraction is in the associated state.

At each time step δ, the open stickers have a probability exp

(
− δ

τopen

)
to

associate, whereas the closed stickers have a probability exp

(
− δ

τclosed

)
to

dissociate. The time step δ is chosen to be sufficiently small to maintain a
constant pfree over time.

By simulating the dynamics of the stickers, the equations incorporating the
stepwise fluctuations can be effectively validated. Figure 5.3 exhibits the av-
erage waiting time τf,k for observing a k-strand. These values of τf,k are
compared with the analytical predictions obtained with equation 5.18.

As observed, the analytical predictions closely match the numerical results,
exhibiting only a minor discrepancy. This deviation can be attributed to the
approximation made in equation 5.18, which assumes that pfree tends towards
zero and thus neglects the initial concentration of open stickers. This assump-
tion is well illustrated by the fact that the equation predicts a waiting time τf,1

equal to τS while, in the simulations, τf,1 is given by the product (1−pfree)τS ,
accounting for the initial presence of open stickers.
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Figure 5.3: Normalized average waiting time τf,k for observing a k-strand at
different ratio τS/τopen. The solid lines correspond to the analytical predictions
of equation (20) whereas the symbols are the numerical predictions obtained
with C = 6000.

5.3.4 Comparison between the different approaches

Figure 5.4 compares the predictions of the dynamic moduli, surviving frac-
tion of the tube ϕ(t) and the fluctuations times τ∗fluc(x) using the different
approaches for hindered fluctuations in the TMA.

As expected, the predictions give significant different results. First, the step-
wise fluctuations predict a relaxation in the first plateau, accounting for the
relaxation of the dangling ends. The magnitude of this relaxation is damped
due to the high level of the plateau.

Then, at frequencies comparable to ω ≈ 1/τS , the dissociation of the stickers
start to influence the CLF. In this region, the stepwise CLF leads to a much
stronger relaxation than the sticky CLF. This relatively important relaxation
is caused by the relaxation of the first trapped segments in the tube.
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Finally, at longer times, the sticky CLF persist whereas the stepwise CLF
is interrupted due to equation 5.23, according to which this process stops at
x = xkmax .

Figure 5.4: Prediction of (a) the relaxation modulus (b) the surviving frac-
tion of the tube and (c) the fluctuation times τfluc considering the different
approaches for hindered fluctuations (see text) incorporated into the Time
Marching Algorithm (TMA). The predictions are obtained with pfree = 0.2,
Zs = 25, Ze = 14 and τS/τe = 1000.

5.4 Results and Discussion

In this section, the linear responses of the supramolecular PnBA polymers and
their neutral counterparts are presented and discussed.
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5.4.1 Linear rheology

5.4.1.1 Effect of the density of ions

The panels in Figure 5.5 illustrate the effects of ion density on Zn(II)-containing
samples. By analyzing these graphs, various observations and conclusions can
be drawn.

Figure 5.5: Storage (x1) and Loss modulus (x2) of PnBA-tpy11 with different
amounts of Zn(II) ions at (a) T = -20 ℃, (b) T = 20 ℃ and (c) T = 60 ℃.

153



First, in panel (a), it can be observed that the supramolecular polymers and the
reference material display comparable relaxation behavior at high frequency.
This similarity arises because, in this regime, the polymeric systems primarily
relax through the Rouse motion of the chains. The Rouse process is a local
relaxation mechanism that takes place at length scales smaller than the mesh
size of the network, and as such, is expected to not be influenced by the connec-
tivity of the polymeric chains. However, a slight delay in the relaxation caused
by the presence of the supramolecular associations can still be noticed. This
coupling between the motion of the backbone and the supramolecur junctions
has previously been observed by Jiang et al.,244 also in the context of Zn-based
metallo-supramolecular networks. Notably, this coupling was observed despite
the absence of a significant change in Tg when metal-ions were introduced, as
indicated by DSC results.

Then, in panel (b) and (c), it is apparent that the longest relaxation time
and the magnitude of the rubbery plateau increase with the amount of ions
in samples containing less than 0.75 eq. Zn(II). Surprisingly, above 0.75 eq.
Zn(II), both the relaxation time and the rubbery plateau remain constant. This
saturation behavior was not expected as adding ions above the stoichiometric
ratio generally influences the complex formation.

If only mono and bis-complex (metal ions bound to one and two ligands respec-
tively) can be formed, the following reaction scheme is often assumed.245,246

X2+ + L −−⇀↽−− XL2+ with K1 =
[XL2+]

[X2+][L]
(5.24)

XL2+ + L −−⇀↽−− XL2
2+ with K2 =

[XL2+
2 ]

[XL2+][L]
(5.25)

Here
[
X2+

]
, [L],

[
XL2+

]
and

[
XL2+

2

]
correspond to the equilibrium concentra-

tion of free metal ions, free ligands, mono-complexes and bis-complexes respec-
tively. Additionally, K1 and K2 are the equilibrium constant for mono- and
bis-complexes.

The mass balance for [L] and
[
X2+

]
is therefore governed by the following
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equations.

[
X2+

]
0
=
[
X2+

]
+
[
XL2+

]
+
[
XL2+

2

]
(5.26)

[L]0 = [L] +
[
XL2+

]
+ 2

[
XL2+

2

]
(5.27)

In the equation above, [L]0 and
[
X2+

]
0

are the initial concentration of free
ligands and free metal ions.

By combining equations 5.24, 5.25, 5.26 and 5.27, the equilibrium activity of
each species can be obtained. In the literature, equilibrium constants K1 and
K2 were determined to have values of 106.7 M−1 and 105.2 M−1 at 25℃ in
aqueous solution.246 As shown in panel (a) of Figure 5.6, these values of K1

and K2 result in a concentration maximum of bis-complexes at the stoichio-
metric amount. The presence of this concentration maximum has been well-
demonstrated in the viscoelastic responses of telechelic metallo-supramolecular
polymers in solutions, as reported by Schmatloch et al.247 Specifically, in these
systems, the relaxation time reaches a maximum at the stoichiometric ratio,
followed by a decrease due to the increasing concentration of mono-complex
which acts as chain stoppers.

However, this observed behavior does not correspond to what is observed in
Figure 5.5, as the longest relaxation time is unchanged with the addition of
ions. This discrepancy could mean that higher effective values for the ratio
K2/K1 and the equilibrium constants K1 and K2 are obtained at the bulk
state, which helps to stabilize the reversible network against a metal cation
excess. In this scenario, as shown in panel (b) of Figure 5.6, the formation of
bis-complexes is favored while the density of mono-complexes stays minimal
above the stoichiometric ratio. This implies an almost linear increase of the
concentration of free ions with the overall ion content. A similar result has been
obtained in a very recent study of Li, where a saturation of the rubbery plateau
was observed at 1 eq. Zn(II) in entangled terpyridine end-capped PnBA star.
It is noteworthy that phase separation of the complexes was not observed in
these systems, based on SAXS measurements.248

The observed behavior in Figure 5.5 illustrates well that it is not straightfor-

155



ward to relate the equilibrium constants estimated in solution with the rheology
of the MSBP. Ligand protonation, solvent coordination and the effect of the
ionic strength can all potentially affect the effective values of both equilibrium
constants and therefore contribute to the difference of qualitative behaviour
between polymeric melts and solutions.87,249

Figure 5.6: Equilibrium concentration of
[
X2+

]
,[L],

[
XL2+

]
and

[
XL2+

2

]
against the quantity of ions in the system. The equilibrium constants are
set as K1 = 106.7 M−1 and K2 = 105.2 M−1 in panel (a) and as K1 = 108 M−1

and K2 = 1010 M−1 in panel (b). The initial concentration [L]0 is assumed to
be equal to 10−4 M−1.

Figure 5.7 presents the influence of the addition of Cu(II) ions, from stoichio-
metric to large excess of ions. Similar to the behavior observed for Zn(II)-based
networks, samples with quantities of ions equal or slightly higher than the sto-
ichiometric ratio (i.e. 0.5 eq. Cu(II) and 0.75 eq. Cu(II)) exhibit similar linear
responses. Nonetheless, for quantities well above the stoichiometric ratio, the
rubbery plateau starts to increase significantly. The samples containing 1.5
and 2.5 eq. Cu(II) display a much slower flow dynamics as well as a broader
spectrum of relaxation times. In addition, the samples do not fully relax in
the experimental temperature range. This behavior could suggest the forma-
tion of microphase-separated domain with long lifetime. This clustering effect
is promoted due to the difference in polarity between the charged terpyridine
metal ion complexes and the apolar PnBA polymer matrix. The faster relax-
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ation obtained for the MSBP with 1.5 eq with respect to that of 2.5 eq. Cu(II)
is attributed to an increase of the aggregation number which slows down the
relaxation of the clusters.

However, it is to interesting to notice, as indicated in Table 5.3, that the values
of the plateau modulus stay below the theoretical plateau modulus G ≈ 320

kPa = Gmelt +
ρRT

Ms
which considers that the sample elasticity is only due to

the presence of entanglements and sticky associations.

Figure 5.7: Linear viscoelastic response of PnBA-tpy11 with Cu(II) ions and
without ions at a) T = 0 ℃ and b) T = 80℃. The star symbols indicate the
plateau modulus G.

Ion content Plateau modulus [Pa]
Reference 1 ×105

0.5 eq. 1.9 ×105

0.75 eq. 1.9 ×105

1.5 eq. 2.3 ×105

2.5 eq. 2.6 ×105

Table 5.3: Value of the plateau modulus G0
N for the of PnBA-tpy11 complexed

with Cu(II). G0
N has been evaluated by taking the value of G′ at the local

minimum of G′ at T = 0℃. For the reference, the theoretical value has been
used.
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5.4.1.2 Effect of the nature of ions

Figure 5.8 shows the effects of the nature of ions, revealing that the relaxation
time increases upon replacing Zn(II) by Cu(II) ions. This result is in agreement
with the Irving-Williams series, which predicts a higher stability for Cu(II)
complexes.250 Furthermore, the magnitude of the rubbery plateau is identical
in both associative polymers as the number of obstacles (pairwise junctions and
entanglements) is similar in both systems.

Figure 5.8: Linear viscoelastic response of PnBA-tpy11 with 0.5 eq. Cu(II),
0.5 eq. Zn(II) and no ions at (a) T = -20 ℃, (b) T = 0 ℃, (c) T = 40 ℃ and
(d) T = 80 ℃.

By analyzing the frequency at which the linear viscoelastic responses of the
associative polymers diverge, it is possible to determine the sticker lifetime of
the Zn(II)-based network.248 This procedure provides a lifetime value τS,Zn(II)
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of 0.32 s at T = 0℃.

As observed in Table 5.4, almost 2 orders of magnitudes separate the crossover
frequency ωc of the reference from that of the MSBP crosslinked with 0.5 eq.
Cu(II). This illustrates the high tunability of the metal ligand interactions.

Reference 0.5 eq. Zn(II) 0.5 eq. Cu(II)
1/ωc 0.146 1.07 17.8

Table 5.4: Inverse of the crossover frequencies of PnBA polymers functional-
ized with tpy ligand at T = 80 ℃.

5.4.1.3 Time-Temperature Superposition (TTS)

To evaluate the temperature dependence of the spectrum of relaxation times of
the polymeric systems, pseudo-mastercurves and mastercurves have been built
using the procedure outlined in Chapter 4.

Pseudo-mastercurves for Zn(II) and Cu(II)-based networks are presented in
Figure 5.9 and 5.10, respectively, alongside the mastercurve of the reference
material at Tref = 20 ℃. The physically-crosslinked networks which contain
the same ions were subjected to identical shift factors aT and a′T . Since the den-
sity remains relatively constant across the experimental temperature range, the
vertical shift bT has been neglected.241,251 As expected, a noticeable discrep-
ancy is observed in the rubbery plateau region due to the distinct temperature
dependencies between the Rouse and sticky modes.

As observed in Figure 5.11, the shift factors found for the reference sample
follow the WLF equation with the corresponding parameters c01 = 6.35 and c02

= 141.52 K.

Furthermore, the activation energy Ea of the assocaitive bonds can be evaluated
by assuming that the shift factors a′T follow the equation:

a′T = aT exp

(
Ea

R

(
1

Tref
− 1

T

))
(5.28)
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Figure 5.9: Storage (a) and Loss modulus (b) of PnBA-tpy11 with different
amounts of Zn(II) ions at Tref = 20 ℃.

Figure 5.10: Linear viscoelastic response of PnBA-tpy11 with different
amounts of Cu(II) ions at Tref = 20 ℃.

By applying this equation, an Ea of 27.2 kJ/mol was obtained for all the
samples containing Zinc ions, from 0.25 to 1.5 eq. Zn(II). Additionally, an
Ea of 52.1 kJ/mol for polymers containing 0.5 and 0.75 eq. Cu(II) ions was
determined. These values indicate that Zn(II) complexes are much more labile
than the Cu(II) complexes and thus exchange much more rapidly.

Activation energies of similar systems have already been measured in the lit-
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erature. For instance, a linear and unentangled PnBA melt with sticky-side
groups based on metal-ligand bonds using Zn(II) ions exhibited an activation
energy of 40 kJ/mol.252 Li et al. also reports activation energy values go-
ing from 18 to 30 kJ/mol for a 4-armed telechelic star PnBA melt crosslinked
with Zn(II) ions and from 50 to 60 kJ/mol for the same system with Cu(II)
ions.253 It can also be interesting to compare these values with the activation
energy range of 33 to 37 kJ/mol found for PnBA-based copolymers containing
quadruple hydrogen-bonding UPy units, as discussed in Chapter 4.

Figure 5.11: Shift factors aT (continuous curve) and a
′

T (dashed curves) of
the references and the MSBP at Tref = 20℃. The shifts obtained at high
temperature for 1.5 eq. Cu(II) and 2.5 eq. Cu(II) are also shown. Inset:
Temperature dependence of a

′

T /aT of 0.5 eq. Zn(II) and 0.5 eq. Cu(II).

When the quantity of Cu(II) ions exceed 0.75 eq., Ea dramatically increases.
This growth is illustrated in Figure 5.12 which displays the linear responses
of the polymers with 1.5 and 2.5 eq. Cu(II) after being shifted using the
same set of shift factors as the MSBP containing 0.5 eq. Cu(II). As observed, a
failure of TTS is obtained at low frequencies due to the existence of a relaxation
mechanism with much stronger temperature dependence. This behavior is most
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probably due to the formation of aggregates, as discussed earlier.

Figure 5.12: Linear viscoelastic responses of PnBA-tpy11 with (a) 1.5 eq.
Cu(II) and (b) 2.5 eq. Cu(II), shifted using identical shift factors as the PnBA-
tpy11 system with 0.5 eq. Cu(II) at Tref = 20 ℃.

Figure 5.13 depicts an attempt to construct pseudo-mastercurves for these sys-
tems. Building a pseudo-mastercurve of associative systems in presence of
microphase-separated domain has already been done in the literature, notably
by Ahmadi et al. for entangled chains functionalized with UPy units222 or by
Stadler et al. in the case of ionomers.128

For T < 20℃, the same shift as the PnBA-tpy11 with 0.5 eq. Cu(II) were ap-
plied. Similarly to the sample containing 0.5 eq. Cu(II), a significant mismatch
is obtained for the lowest frequencies at T = 0℃. This discrepancy is attributed
to the difference of temperature dependence between the Rouse and the sticky
regime.

Then, for T > 20℃, the dynamic moduli were shifted with special emphasis
on superposition in the low-frequency region. This procedure results in losing
a part of the superposition in the window of frequency spreading from around
10−3 to 10−5 rad/s. These failures could be caused by the difference of activa-
tion energies between the reptation motion of the chains and the relaxation of
the clusters. The presence of three regimes with different temperature depen-
dences makes difficult to build reliable mastercurves across a broad frequency
range. As explained by Cui et al.,126 errors of the shifting obtained at each
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temperature accumulates, which can result in a widely inaccurate positioning
of the data. Consequently, the mastercurves shown in Figure 8 should only be
used as a guide to differentiate the different regimes of relaxation.

Figure 5.13: Pseudo-mastercurve of PnBA-tpy11 with (a) 1.5 eq. Cu(II)
and b) 2.5 eq. Cu(II) at Tref = 20℃. The dashed-dotted line corresponds
to the value of the plateau modulus obtained for the sample 0.5 eq. Cu(II).
The dashed line corresponds to the difference between the value of the plateau
modulus of the sample with 0.5 eq. Cu(II) and the value of the plateau modulus
of the sample (a) 1.5 eq. Cu(II) and (b) 2.5 eq. Cu(II).

Nonetheless, it is possible to evaluate the onset of the relaxation of the aggre-
gates. The system containing 0.5 eq. Cu(II) ideally corresponds to the case
where all ligands are involved in bis-complexes, without the presence of ag-
gregates. Therefore, by subtracting the value of the plateau modulus of this
systems from that of the systems containing 1.5 and 2.5 eq Cu(II), we can
obtain a rough estimate of the extra-stress resulting from the presence of the
aggregates. The dashed lines depicted in Figure 5.13 represents this stress
contribution. According to the hierarchical sequence of relaxation mechanisms
proposed by Semenov and Rubinstein,111 above the dashed lines and below
the rubbery plateau, the relaxation is caused by the reptative motion of the
chains.

Using Equation 5.28 and considering the shifts obtained at temperatures T
≥ 60 ℃, which should roughly correspond to the regime of relaxation of the
aggregates, an activation energy of 99 kJ/mol or 146 kJ/mol was evaluated for
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the samples containing 1.5 eq. Cu(II) or 2.5 eq. Cu(II), respectively.

5.4.1.4 Modeling the linear viscoelastic responses

To fit the data of the reference material and the supramolecular polymers, the
classical TMA developed by van Ruymbeke et al.1 and the sticky TMA de-
tailed in section 5.3 were employed, respectively. In both cases, polydispersity
in molecular weight was incorporated using a log-normal distribution, follow-
ing a similar approach as described in Chapter 4. The resulting relaxation
modulus was converted to the frequency domain using the Schwarzl approxi-
mation.254

As shown in Figure 5.14, a good agreement is found between the prediction of
the TMA and the linear response of the reference sample. To achieve the fit,
the values of the parameters of the tube model were set as follows: Me = 18
kg/moland, G0

N = 160 kPa and τe = 0.025 s. The values of Me and G0
N are

consistent with the values used in the work of Zhuge et al. [241].

Figure 5.14: Linear viscoelastic response of PnBA-tpy11 at Tref = 20 ℃.
The solid line corresponds to the prediction of the extended TMA.

Figure 5.15 displays the fits of the pseudo-mastercurves for the metallo-supramolecular
polymers. The two approaches for hindered CLF presented in section 5.3.3 were
employed, and these fits were obtained using the same values of Me, G0

N , and
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τe as the reference sample. The remaining fitting parameters can be found in
Table 5.15.

As observed, the TMA incorporating the sticky CLF provides a decent fit of
the data. In contrast, the TMA which includes stepwise fluctuations tends to
overestimate the relaxation in the plateau modulus region, particularly for the
sample containing 0.25 eq. Zn(II). It is also worth noting that the data obtained
from the samples containing 0.25 eq. Zn(II) and 0.5 eq. Zn(II) do not exhibit
the small shoulder as predicted by the stepwise CLF. This shoulder originates
from the stop condition mentioned in equation 5.23). This mismatch between
the data and the model likely arises from the excessively abrupt nature of the
stop condition.

As observed in Table 5.15, the resulting values of Ms for the samples contain-
ing a density of ions equal to and above the stoichiometric ratio are slightly
higher than the value of Ms = 10.7 kg/mol obtained by NMR. The difference
may be attributed to the presence of topological defects in the supramolecular
networks. In addition, as explained in Chapter 4, overlooked contributions of
the stress relaxation in the model could be associated to the diffusion of the
closed stickers in the compliant network. Introducing such mechanisms would
certainly improve the fitting but it would also increase the complexity of the
model.

Moreover, it is observed that significant discrepancies persist in the plateau
modulus region especially for the sample with 0.5 eq. Cu(II). While according
to the model, no relaxation of molecular segments larger than MS occurs before
τS , it seems, from the experimental results, that this is not corresponding to
the real case. This discrepancy could be due to the presence of a spectrum
of τS . This hypothesis is reinforced by the fact that the terminal regimes of
the experimental LVE are broader than the predictions (except for the 0.25
eq. Zn(II)). The presence of a distribution can be justified following the ideas
developed by Rubinstein and Semenov.

This method yields the best fits with values of pfree, ranging from 0.05 to
0.01.
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Figure 5.15: Linear viscoelastic response of PnBA-tpy11 at Tref = 20 ℃ with
(a) 0.25 eq. Zn(II) b) 0.5 eq. Zn(II) c) 0.75 eq. Zn(II) and d) 0.5 eq. Cu(II).
The solid lines correspond to the prediction of the extended TMA with stepwise
fluctuations (red) and sticky CLF (green).

Ms [kg/mol] τsticS p τstepS

0.25 eq. Zn(II) 28 0.18 0.05 0.7
0.5 eq. Zn(II) 15 0.09 0.02 0.09
0.75 eq. Zn(II) 13 0.19 0.01 0.17
0.5 eq. Cu(II) 15 3.6 0.02 4

Table 5.5: Fitting parameters used in Figure 5.15. τsticS and τstepS correspond
to the sticker lifetime using the sticky CLF and stepwise fluctuations, respec-
tively.

Figure 5.16 compares the model predictions with the data of Gold et al.127

Based on the linear response of the reference sample shown in panel (a), a value
of 4.5 kg/mol for Me and of 300 kPa for G0

N were determined using the classical
TMA. These values were then utilized in the modeling of the associative PI.
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As observed, the sticky reptation model captures accurately the double plateau
observed in the experiments. However, a significant mismatch is obtained in the
high frequency plateau, where the model predicts insufficient relaxation. This
discrepancy can be attributed to the limitations of equation 5.3, which assumes
an uniform distribution of the stickers along the chains and neglect the spatial
fluctuations of the bounded stickers. Additionally, in the second plateau region,
the model incorporating stepwise fluctuations also fails to predict sufficient
relaxation. This limitation arises because the relaxation process is effectively
frozen by the stop condition defined in equation 5.23.

As shown in Figure 5.17, when the stop condition is removed, the fitting for the
PI - 84k - U1 sample significantly improves. This suggests that the discrepancy
may arise from the excessively abrupt nature of the stop condition. Finally, the
model fails at describing experimental data at low frequencies as, in this region,
the experimental G′ and G′′ deviate from the expected power law dependence of
two and one, respectively. This deviation suggests the presence of long lifetime
aggregates in the polymers of Gold et al.127

Figure 5.18 presents the fitting of the ionomers of Kim et al.242 The param-
eters Me and G0

N of these ionomers are set to the same values as those of a
PS melt, which are Me = 15 kg/mol and G0

N = 160 kPa. In panel (a), the
supramolecular polymer exhibits a viscoelastic response similar to that of an
unentangled associative polymer with a wide sticky Rouse ramp. This behavior
arises because the polymer has a small number of entanglements (Ze ≈ 5) and
a large number of stickers (ZS ≈ 38). The sticky reptation model moderately
captures this trend, providing a reasonable description of the data.

Moving on to panel (b), the system possesses a much higher number of en-
tanglements, resulting in a more pronounced second plateau. Here, the TMA
model does not capture accurately the transition between the two plateaus. As
observed, the slope in this range is slighly lower than the expected slope of 0.5
as predicted by the sticky Rouse theory.

The fitting parameters used to fit the responses of the polymers of Kim et al.242

and Gold et al.127 are presented in Table 5.15.
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Figure 5.16: Linear viscoelastic response of (a) PI - 84k, (b) PI - 84k - U1, (c)
PI - 84k - U2 and (d) PI - 84k - U3 at Tref = -30 ℃. The solid lines correspond
to the predictions of the extended TMA with stepwise fluctuations (red) and
sticky CLF (green).

Figure 5.17: Linear viscoelastic response (blue symbols) of PI - 84k - U1 at
Tref = -30 ℃. The predictions of the extended TMA with stepwise fluctuation
with the stop condition (red solid lines) and without the stop condition (red
dashed lines) are also shown.
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Figure 5.18: Linear viscoelastic response (a) PSMA-108k-3.7%Na and (b)
PSMA-445 K-3.8%Na at Tref = 160 ℃. The predictions of the extended TMA
with stepwise fluctuations with the stop condition (dark red) and without the
stop condition (red) are also shown.

M th
s [kg/mol] Ms [kg/mol] - τe τsticS p τsteps

PI - 84k - - 0.02 - - -
PI - 84k - U1 5.9 6 0.06 2.4 0.02 2.4
PI - 84k - U2 3.1 2.5 0.25 3 0.05 3
PI - 84k - U3 1.6 1.5 2.3 8 0.1 8

PSMA-108k-3.7% Na 1.34 3 0.15 1.4 0.1 1.4
PSMA-445 K-3.8 %Na 1.32 2 0.15 1.4 0.1 1.4

Table 5.6: Fitting parameters used in Figure 5.18 and 5.16. τsticS and τstepS

correspond to the sticker lifetime using the sticky CLF and stepwise fluctu-
ations, respectively. Additionally, M th

s refers to the Ms computed based on
NMR results.

5.4.2 Conclusion

In this work, we conducted rheological measurements on entangled linear poly(n-
butyl acrylate) (PnBA) chains functionalized with terpyridine side groups. By
introducing divalent ions (Zn(II) and Cu(II)), we were able to create metallo-
supramolecular networks. The magnitude of the rubbery plateau and the
longest relaxation time were modulated by varying the ion concentration in
the polymeric systems. We observed that both properties increase with the
amount of ions until reaching a constant and stable value when the stoichio-
metric amount was exceeded. However, at very high concentrations (above 1.5
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eq. for Cu(II)), the relaxation time and the rubbery plateau experienced a
significant increase once again. We explained the existence of last regime by
the formation of large aggregates of stickers in the samples.

Then, we extended the TMA initially developed to predict the linear viscoelas-
ticity of polymer melts to entangled associative polymers with sticky-side group
and binary associations. The modifications were based mainly on the sticky rep-
tation model developed by Leibler et al.109 Two distinct approaches to model
the CLF hindered by the dynamics of the stickers were proposed. The resulting
sticky TMA model were used to fit the linear response of the PnBA polymers
and literature data. While the model provides a good description of the data,
a significant mismatch still persists in the rubbery plateau. Accountinf for a
distribution of lifetimes and allowing the pairs of closed stickers to diffuse over
a certain length would allow to refine the theoretical curves. This sticky TMA
could form a basis for predicting the linear rheology of polymers of different
architectures and with more complex distribution of molar masses.
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Chapter 6

Linear and nonlinear
viscoelasticity of unentangled
metallo-supramolecular
polymers with pendant
groups

In this chapter, we conducted linear and nonlinear shear measurements on
unentangled metallo-supramolecular polymers. The viscoelastic responses ob-
served in these systems display intriguing characteristics, including an unusu-
ally high rubbery plateau, transient strain hardening behavior, and a yield
strain that remains independent of the applied strain rate. These features are
discussed in relation to the molecular theories outlined in the introduction of
this manuscript.
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6.1 Introduction

In this chapter, we examine the linear and nonlinear rheological responses of un-
entangled metallo-supramolecular polymers. Concentrating the investigations
on unentangled systems allows to eliminate the complex dynamics resulting
from the entanglements.

Extensive research has already been dedicated to understand the linear dy-
namics of such polymers. An illustrative instance is the formulation of the
sticky Rouse model, which captures accurately experimental data of polymers
featuring pairwise associations or small clusters of stickers, as demonstrated
in Chapter 4. Nonetheless, there remains fundamental questions about the
rheological properties of the systems containing large aggregates of stickers.
Notably, a comprehensive understanding of the mechanical reinforcement gen-
erated by sticker aggregation remains incomplete.116,255 Moreover, despite the
proposal of multiple pathways for the relaxation of such systems, a definitive
sequence for the relaxation has not yet been firmly established.112

In comparison to the linear regime of associative polymers, the nonlinear regime
in shear flow has received much less attention. Nevertheless, various studies
conducted in this regime have unveiled intriguing features.

First, a steady shear thickening region has been observed at moderate strain
rates in telechelic and nontelechelic associative systems.132–135,139 In the lit-
erature, this shear thickening behavior has been attributed to several factors,
including non-Gaussian stretching of the network strands,136 increase of inter-
chain associations at the expense of intrachain associations,139 emergence of
spatial heterogenities in the connectivity network,140 and repulsive interaction
between micelles.142 However, it is important to note that the shear thicken-
ing is not universally present in nontelechelic polymers. For exemple, studies
conducted by Zhang et al. in the molten state,143 or by Tirtaatmadja et al.256

and Pellens et al.257 in solutions only revealed shear thinning.

Moreover, associative polymers nearly always display deviations from the Cox-
Merz rule, even in absence of shear thickening.257 In most cases, the steady
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shear data are found to surpass the corresponding dynamic data.134,257,258

According to Pellens et al., this discrepancy originates from the fact that shear
flow affects the structure of associative polymers in a different manner than in
conventional polymeric fluids.257

Finally, transient thickening has been observed in startup shear measurements
of telechelic and dendronized polymers in the molten state.258–260 This thicken-
ing is followed by an overshoot peak and subsequently an asymptotic decreases
towards a steady state. In both instances, the strains at the stress peaks, often
referred to as yield strains, are almost insensitive of the applied shear rates.
This observation suggests that this strain corresponds to a critical strain for
the initiation of force-induced dissociation.

In this chapter, we present a systematic study of the linear and nonlinear shear
properties of unentangled metallosupramolecular PnBA. Similar to Chapter 5,
the networks are crosslinked using various densities of Zn(II) and Cu(II) ions.
These polymeric materials are employed to critically examine the aforemen-
tioned features observed in the rheological responses of associative polymers
and to investigate their temperature dependences.

6.2 Materials and experimental details

6.2.1 Linear sticky PnBA-co-PTPA random copolymer

In this study, short linear poly(n-butyl acrylate) (PnBA) chains functionalized
with terpyridine (tpy) functionalized are investigated. They were synthetized
with low polydispersity using RAFT polymerization in a previous work of
Lyons.261 The intended molar mass of the chains was designated to remain
less than twice the average molar mass between two entanglements of pure
PnBA, a value established as 18 kg/mol in the study of Zhuge et al.241 This
approach ensures that the chains remain in an unentangled state

The structural parameters of the copolymers are summarized in Table 6.1. The
molar mass, the polydispersity index (Ð), the number of functional groups per
chains were determined by size-exclusion chromatography (SEC) and Nuclear

173



Magnetic Resonance (NMR).261

Name of of the sample Mn [kg/mol] Ð Functional groups/chain Tg [℃]
PnBA25k-7Tpy 27.5 1.18 7 -48
PnBA25k-11Tpy 24.5 1.18 11 -40

Table 6.1: Structural parameters of unentangled PnBA functionalized with
tpy groups

6.3 Sample preparation

The supramolecular gels were prepared using a procedure similar to the one
detailed in Chapter 5.

The composition of the resulting MSBP is summarized in Table 6.2.

PnBA25k-7Tpy + ZnCl2

Metal ion content
0.75 eq.
1 eq.

PnBA25k-11Tpy + ZnCl2

0.25 eq.
0.5 eq.
0.75 eq.
1 eq.

PnBA25k-11Tpy+ CuCl2 0.5 eq.

Table 6.2: Composition of PnBA polymers functionalized with tpy ligand

6.4 Rheometry

Rheological experiments were conducted using the ARES-2000 (TA Instru-
ments, DE) rheometer. Both linear and nonlinear shear measurements were
carried out utilizing a cone-partitioned plate (CPP) geometry.

The experimental procedure involved several steps. Once the sample was
loaded, it was equilibrated for 20 minutes at 130 ℃. Then, the linear viscoelastic
responses were assessed at temperature ranging from 130 to -10 ℃. To achieve
this, the classical approach was followed: after thermal equilibration, a strain
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sweep was achieved to determine the linear viscoelastic region. This was fol-
lowed by a frequency sweep spanning a frequency range of 0.1 - 100 rad/s. For
temperatures below 25 ℃, the cooling was performed under N2 atmosphere.
Finally, step-rate experiments were conducted at shear rates spreading from
0.1 to 100 s−1 and at temperature ranging from 60 to 25 ℃.

6.5 Results and discussion

6.5.1 Linear rheology

Figure 6.1 presents the LVE response of the precursors PnBA25k-11Tpy in
presence or not of Zn(II) metal ions at temperatures ranging from 0 to 80 ℃.
As expected, the physically crosslinked networks exhibit a rubbery plateau,
which is absent in the unentangled reference sample. Furthermore, both the
longest relaxation time and the magnitude of the rubbery plateau increase
monotonically with the addition of Zn(II) ions, even beyond the stoichiometric
amount. Lastly, similar to the findings in Chapter 5, the segmental relaxation
is delayed as the density of Zn(II) ions increases. This effect is evident in the
LVE plots of the samples at T = 0 ℃.

Much like the associative polymers presented in Chapter 4 and 5, the polymers
studied in this chapter demonstrate two distinct temperature dependencies in
their linear rheological responses. The high frequency region of the dynamic
moduli is governed by the segmental motion of the chains, whereas the low
frequency region is dominated by the association dynamics. These two distinct
temperature dependencies are well illustrated in Figure 6.2, which displays the
linear responses of the PnBA27k-7Tpy containing 1 eq. Zn(II). These responses
have been frequency-shifted to achieve superposition at high frequencies (panel
(a)) and at low frequencies (panel (b)).

By following the procedure outlined in Chapter 4, the mastercurves and pseudo-
mastercurves of the unentangled polymers containing Zn(II) ions have been
constructed. These curves are presented in Figure 6.3 and 6.4.
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Figure 6.1: Linear viscoelastic response of PnBA25k-11Tpy at different tem-
peratures

As indicated by the solid black lines in Figure 6.3, the plateau observed for
PnBA25k-11Tpy with 0.75 eq. and 1 eq. of Zn(II) ions significantly exceeds

the value G0
N,el =

ρRT

Ms
. This value corresponds to the maximum contribution

of the elastically active chains to the rubbery plateau. Consequently, the mag-
nitude of the plateau suggests the presence of another mechanism contributing
to the elasticity. Potential causes of this reinforcement might be related to the
stretching of the network strands and/or the presence of large aggregates of
stickers.111
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Figure 6.2: Linear viscoelastic responses of PnBA25k-7Tpy, crosslinked with
1 eq. Zn(II) and non-crosslinked at Tref = 25 ℃. In panel (a), the linear
responses of the associative polymer have been shifted using the same shift as
that of the reference material indicated by the black symbols. In panel (b), the
responses have been shifted to achieve overlapping at high temperature.

Figure 6.3: Pseudo-mastercurves of PnBA25k-11Tpy crosslinked or not with
Zn(II) ions at Tref = 25 ℃. Data of the associative polymers measured at Tref

are represented in dark colors.
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Figure 6.4: Pseudo-mastercurves of PnBA25k-7Tpy crosslinked or not with
Zn(II) ions at Tref = 25 ℃. Data of the associative polymers measured at Tref

are represented in dark colors.

In contrast, as shown in Figure 6.4, the plateau obtained for PnBA27k-7Tpy
at similar densities of Zn(II) ions is much closer to G0

N,el. This distinction
is even more apparent in Figure 6.5. As observed, although the linear vis-
coelastic responses of the precursor chains are similar, substantial differences
in viscoelasticity arise upon the introduction of Zn(II) ions.

The thin solid lines which fit the terminal regime of the mastercurves and
pseudo mastercurves represent the asymptotic behavior of G′ ∝ ω2 and G′′ ∝ ω.
From these lines, the weight average relaxation time τw can be estimated using
the following equation.

τw = lim
ω→0

[
G′′

ωG′′

]
(6.1)

The resulting values of τw can be found in Table 6.4 presented in Appendix.
Figure 6.6 illustrates the variation of τw with the ion content, revealing that
an exponential law describes rather well this evolution. This result would
support the notion that the terminal flow behavior of these polymeric systems is
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Figure 6.5: Comparison of the pseudo-mastercurves and the mastercurves of
PnBA27k-7Tpy and PnBA25k-11Tpy polymers at Tref = 25 ℃.

predominantly governed by the dynamics of aggregates. However, the quadratic
scaling predicted by the sticky Rouse theory also exhibits a satisfactory fit. At
present, there is not enough data to definitively favor one option over the other.

Figure 6.7 presents the shift factors aT and a′T used for constructing the pseudo-
mastercurves of the Zn(II)-based networks. As shown in panel (a), the predic-
tions of the WLF equation closely align with the shift factors of the reference
material, as well as with those obtained at low temperature with the associative
polymers. Additionally, panel (b) demonstrates that the activation energy Ea

associated with the terminal regime increases with the amount of Zn(II) ions.
The computed values of Ea are provided in Table 6.3.

In addition to the presence of aggregates, the increase in Ea can be attributed
to the limited number of potential partners Npart available for detached stick-
ers. In a study by Cui et al.,126 it was demonstrated that Npart scales with the
square root of the number of Kuhn segments between two associative groups.
In our specific case, the average number of Kuhn segments between two ter-
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Figure 6.6: Evolution of the longest relaxation times of the polymeric systems
with the ion content. The red and blue curves were obtained using a best fitting
procedure.

Figure 6.7: (a) Shift factors aT and a′T used to build (pseudo)-mastercurves
shown in Figure 6.3. The black solid line shows the prediction of the WLF
equation with c1 and c2 (b) Shift factors a′T expressed a function of temperature

1 eq. 0.75 eq. 0.5 eq. 0.25 eq.
PnBA25k-11Tpy 81.4 67.6 61.5 36.9
PnBA25k-7Tpy 51.2 49.4 - -

Table 6.3: Activation energies of Zn(II)-containing associative unentangled
PnBA-co-PTPA copolymer
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pyridine groups is approximately
Ms

MK
≈ 2.8 and 5.6 in PnBA - 11tpy and

PnBA - 7tpy, respectively, considering that MK is approximately equal to 700
g/mol.55

The scarcity of potential partners may imply that the simultaneous dissociation
of multiple neighboring junctions is necessary to change partners. In the sce-
nario of a fully cooperative disassociation of n stickers, it can be expected that
Ea ≈ nE∗

a where E∗
a is the activation energy corresponding to the dissociation

of one single bond.262 In Chapter 5, it was demonstrated that the activation
energy of entangled PnBA-tpy crosslinked with Zn(II) ions, and with a large
spacing between the stickers, is around 27 kJ/mol. Assuming that E∗

a takes
this value, n ranges from 1.4 to 3. However, it is important to note that these
values of n serve as an upper bound, as the formation of aggregates can also
contribute to the increase in the activation energy.

On a different note, the slowdown of the segmental relaxation due to the pres-
ence of the stickers can also be caused by the rigidity of the stickers. As the
stiffness of the network strand increases, its size gets larger and the correspond-
ing longest relaxation time rises.

Panel (a) of Figure 6.8 exhibits the linear response of PnBA-11tpy with a
stoichiometric amount of Cu(II) ions, shifted using the WLF equation. Over
the temperature range of T = −10 to 40 ℃, the behavior of the sample is similar
to that of the Zn(II)-based networks. In this range, the Cu(II)-based network
exhibits a Rouse ramp, followed by a long rubbery plateau spanning several
frequency decades. Then, as the temperature increases, the storage modulus
starts to decrease again. This decrease remains moderate and is mitigated at
low frequencies. Finally, at T = 130℃, the sample transitions into a liquid-like
state, with the loss modulus surpassing the storage modulus. It is important to
note that the sample is not fully relaxed within the experimental temperature
range, as both G′ and G′′ do not exhibit a slope of 2 and 1, respectively.

Clearly, it is evident that constructing a pseudo-mastercurve is not possi-
ble. Ghiassinejad et al. also observed a similar behavior in a study involv-
ing short hydrogenated polybutadiene chains capped with terpyridine ligands

181



Figure 6.8: (a) Linear response of PnBA25k-11Tpy crosslinked with 0.5 eq.
Cu(II) and frequency-shifted using the prediction of the WLF equation. (b)
Comparison of the storage moduli of PnBA25k-11Tpy crosslinked with 0.5 eq.
Cu(II) (red) and 0.5 eq. Zn(II) (green). For the system containing 0.5 eq.
Zn(II), the pseudo-mastercurve is shown.

and crosslinked with Zn(II) (see Figure 1.34).120 Through SAXS analysis, they
observed that the metal complexes phase-separated in a highly organized lamel-
lar structure. This crystalline structure acts as permanent crosslinks and thus
prevents the polymer from fully relaxing. While less important, a similar phe-
nomenon is believed to occur in our sample. The thermorheological complexity
observed at low frequencies would therefore be due to the combined effects of
the structural evolution of the aggregates and the dissociation dynamics.

In panel (b) of of Figure 6.8, it is shown that the introduction of Cu(II) ions
does not result in any significant reinforcement when compared to polymers
that contain Zn(II) ions. This absence of reinforcement could be caused by an
insufficient proportion of micro-phased domains in the polymeric material and
probably, the absence of well-ordered structure.

6.5.2 Nonlinear rheology

In this section, the results of the step-rate experiments are presented and ana-
lyzed.

182



Figure 6.9 displays the stress growth coefficient η+(t) of the reference materials
PnBA25k-7Tpy and PnBA25k-12Tpy at different shear rates, juxtaposed with
the corresponding linear responses. The strain rates are given in terms of Rouse
Weissenberg numbers WiR = γ̇τw.

Figure 6.9: Transient shear viscosity at T = -10 ℃ of (a) PnBA25k-7Tpy,
(b) PnBA25k-11Tpy at various nondimensional shear rates (WiR).

As expected, when WiR is significantly less than 1, η+(t) closely aligns with the
linear viscoelastic response. Nonetheless, substantial deviations from the linear
viscoelastic envelope can still be observed at short times due to the limitations
in the time resolution of the rheometer. When subjected to higher shear rates,
both unentangled melts demonstrate a transient and steady shear-thinning
behavior. This behavior is consistent with previous studies where nonlinear
shear measurements were performed on unentangled PS melts.263,264

As shown in Figure 6.10, the introduction of transient crosslinking units in an
unentangled melt leads to significant modifications of its nonlinear shear re-
sponse. The sticky polymers exhibit transient shear thickening. This finding
stands in stark contrast to recent nonlinear shear data reported by Zhang et
al.,143 who investigated unentangled poly(vinyl alcohol) (PVA) crosslinked by
borax in aqueous solutions. In their study, the sticky polymers demonstrate
moderate thinning behavior without exhibiting any overshoot peaks. In con-
trast, transient shear hardening has been observed in studies involving telechelic
associative polymers both in solutions132,133 and in the molten state260 as well
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as dendronized polymers with UPy moieties in the molten state.259

Figure 6.10: Stress growth coefficient of (a) PnBA25k-7Tpy (a) with 0.75 eq.
Zn(II) and (b) with 1 eq. Zn(II) at T = 25 ℃ as well as of PnBA25k-12Tpy
with (c) 1 eq. Zn(II) (d) 0.75 eq. Zn(II) and (e) 0.5 eq. Zn(II) at T = 50
℃ at various shear rates (WiR). In panel (e), the response at T = 40 ℃ is
also shown. The dashed represents the baseline η+(t) = G0

N t.
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The dashed lines in Figure 6.10, represent the baseline behavior η+(t) = G0
N t,

and thus depict the response of an ideal linear elastic solid. As the shear rates
increase, the stress growth function approaches this baseline. Nevertheless, it
consistently remains below it due to the relatively slow imposed shear rates γ̇

compared to the rate of dissociation of the stickers τ−1
s . This indicates that

the supramolecular networks experience significant relaxation at these shear
rates.

In Figure 6.11, the shear stress is expressed as a function of the shear strain.
In panel (a), it can be observed that for the reference samples, the strain γmax

at the stress peak, often called the yield strain, increases with the strain rates.
This behavior stands in contrast to the behavior for transient networks shown
in panel (b), where γmax remains relatively unaffected by the shear rates. This
finding is consistent with previous studies on telechelic associative polymers,
which have shown a similar trend.132,258 The difference in behavior reflects
the presence of distinct physical mechanisms governing the flow of the samples.

Figure 6.11: Transient shear stress as a function of strain for (a) PnBA25k-
12Tpy at T = -10 ℃ and (b) PnBA25k-7Tpy with 0.75 eq. Zn(II) at T = 25
℃.

Concerning the reference samples, the stress peak is closely associated with the
finite extensibility of the chains, the flow-induced reduction of the monomeric
friction ζ and possibly the breakdown of the fluctuation-dissipation theorem
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under flow.78 Figure 6.12 shows the evolution of γmax with the shear rates,
revealing a power-law behavior with exponents of 0.14 and 0.17 for PnBA27k-
7Tpy and PnBA25k-11Tpy, respectively. These values can be compared to the
exponent value of 0.33 reported by Costanzo et al. obtained for PS unentan-
gled and entangled melts.45,264 The observed non-universal scaling may be
attributed to differences in the potential for reduction of friction among the
chemically distinct melts. Indeed, Masubuchi et al. demonstrated that PnBA
melts were less prone to ζ-reduction compared to PS melts. This difference
was attributed to the presence of flexible side chains in the PnBA backbone,
which screen the interactions between the backbone segments.67

In telechelic polymers, γmax is commonly regarded as the critical strain at
which the network undergoes significant alteration due to force-induced bond
dissociation.258,259 However, in our specific case, as depicted in Figure 6.10,
the stress overshoots are obtained at strain rates slower than the dissociation
rate, suggesting that the stickers can already detach by thermal disassocia-
tion. Therefore, the underlying cause of the overshoot is likely to be more
complex.

In the panel (b) of Figure 6.12, it can be observed that γmax ranges from 3
to 5. Surprisingly, it is observed that γmax does not vary significantly with
changes in ion density. Furthermore, despite having a smaller mesh size, the
network based on PnBA chains that contain 11 pendant terpyridine groups
exhibit greater resistance to deformation compared to those with 7 terpyri-
dine units. This enhanced resistance in the PnBA25k-11Tpy systems might be
due to the development of microphases which contribute to the formation of
stronger supramolecular bonds.

Further insights into the overshoot can be gained by examining the ratio of the
peak viscosity ηmax to the steady-state viscosity ηst, commonly referred to as
the fractional overshoot. In the literature, this ratio is regarded as a measure of
the mechanical coherence of the networks and thus provides valuable informa-
tion about the ability of the network to accomodate large deformation.258,265

As observed in Figure 6.13, the fractional overshoot increases with the intro-
duction of ions. This increase can be attributed to the formation of stickers
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Figure 6.12: Comparison of γmax for (a) the precursors and (b) the associative
polymers. Panel (a) presents data collected at T = -10 ℃, while in panel (b),
γmax values for PnBA27k-7Tpy and PnBA25k-11Tpy were obtained at T =
50℃ and T = 25℃, respectively.

with longer lifetime. As observed in panel (b) of Figure 6.13, all the data ex-
hibit an increasing trend, following a power law with an exponent of 0.16. A
similar exponent was obtained in metallosupramolecular assemblies based on
entangled telechelic star polymers and crosslinked with Zn(II), Cu(II) or Co(II)
ions.258 Furthermore, entangled PS melts exhibit a slightly higher power law
exponent (0.2),45 while PI entangled star polymers demonstrate a much lower
exponent of 0.05.266

While the references appear to obey the Cox-Merz rule within experimental
error, this empirical rule is not valid anymore for the transient networks as
shown in Figure 6.14. The steady shear data are systematically larger than
the dynamic data within the experimentally accessible shear rates window.
In the literature, the failure of this rule is almost systematic in associative
polymers.257

Interestingly, the steady-state viscosities of the different samples demonstrate
a universal dependence as shown in Figure 6.15. Notably, all these viscosities
follow a power law with an exponent close to -0.5. This value is similar to the
slope found in unentangled PS melt.267
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Figure 6.13: (a) Fractional viscosity overshoot of PnBA25k-11Tpy as a func-
tion of the strain rate. (b) Master curve of the fractional overshoots. Data of
the references are shown at T = -10 ℃, of associative PnBA25k-7Tpy at 25
℃ and associative PnBA25k-11Tpy at 50 ℃. The time t′ is an empirical shift
factor.

Figure 6.14: Assessment of the Cox-Merz rule for (a) PnBA27k-7Tpy and (b)
PnBA25k-11Tpy both with and without Zn(II) ions. Data for the associative
systems are presented at (a) T = 25 ℃and (b) at T = 50 ℃, while the data
for reference materials are displayed at T = -10 ℃. Additionally, data for the
reference material shown in panel (b) has been downshifted by one decade for
improved clarity.

Finally, TTS principle has been evaluated for PnBA25k-11Tpy using 0.5 and
0.75 eq. Zn(II) ions. The nonlinear responses of these samples were mea-
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Figure 6.15: Normalized steady state viscosity ηst/η0 as a function of the
normalized shear rates γ̇t′. The time t′′ is an empirical shift factor.

sured at 40 and 50 ℃, and subsequently shifted using the shift factors aT =
η0(T = 40℃)

η0(T = 50℃)
. Surprisingly, as shown in Figure 6.16, the shifted data coincide,

indicating that the temperature dependence of η+(t) within this restricted tem-
perature window is the same as that of thermal dissociation. Note that the part
governed by the segmental motion of the chains cannot be probed experimen-
tally as it involves very short timescales.

Figure 6.16: Evaluation of TTS principle in nonlinear shear flow for
PnBA25k-11Tpy with 0.75 eq. Zn(II). Both plots share a common legend.
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6.6 Conclusion

In summary, we investigated the viscoelastic properties of unentangled PnBA
chains with terpyridine side groups positioned along the backbone and crosslinked
using Zn(II) or Cu(II) ions.

The linear viscoelastic responses of the supramolecular networks displayed the
anticipated behavior of transient networks, featuring a rubbery plateau whose
magnitude increased with ion concentration, followed by terminal relaxation.
Surprisingly, at high ion concentrations, the magnitude of the rubbery plateau
exceeded predictions from the rubber elasticity theory. This lead us to conclude
that the polymeric system underwent microphase separation.

Moving into the nonlinear regime of deformation, the presence of supramolecu-
lar bonds caused transient shear hardening behaviour. Interestingly, the yield
strain γmax was noted to remain nearly unaffected by changes in strain rates, a
behavior previously observed in telechelic associative polymers. Moreover, the
associative polymers displayed comparable shear thinning compared to their
neutral precursors. Finally, TTS principle was surprisingly found to hold true
in a moderate temperature window.

Overall, this study contribute to the limited pool of nonlinear data available
for sticky polymers in the molten state. Further investigations are necessary to
explore the impact of key parameters such as the morphology, the association
strength and the temperature on nonlinear rheology.
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Appendix

Relaxation times

The values of the relaxation times τw are shown in Table 6.4.

Sample PnBA25k-11Tpy PnBA25k-7Tpy
Reference 6.4 × 10−3 2.3 × 10−3

0.25 eq. Zn(II) 3.47 × 100 -
0.5 eq. Zn(II) 8.22 × 101 -
0.75 eq. Zn(II) 1.66 × 102 2 × 100

1 eq. Zn(II) 1.59 × 103 3.91 × 100

Table 6.4: Relaxation times of the associative polymers studied in this chap-
ter.

Values of the empirical factors

The values of the empirical shift factors t′ and t′′ are shown in Table 6.5.

Sample t′ t′′

PnBA25k-11Tpy 1 1
PnBA25k-11Tpy - 0.5 eq. Zn(II) 4.6 6.7
PnBA25k-11Tpy - 0.75 eq. Zn(II) 1.7 3.6
PnBA25k-11Tpy - 1 eq. Zn(II) 0.4 0.55

PnBA25k-7Tpy 3.2 3.7
PnBA25k-7Tpy - 0.75 eq. Zn(II) 0.6 2.25
PnBA25k-7Tpy - 1 eq. Zn(II) 0.65 1.14

Table 6.5: Values of the empirical shift factors t′ and t′′.
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Chapter 7

Orthogonal superposition
rheology of polymeric
melts

In this chapter, we present and validate the design of a novel rheometer tool tai-
lored for conducting orthogonal superposition measurements on polymer melts.
The design is derived from a prototype developed by Thomas Schweizer at ETH
Zurich.

7.1 Introduction

While the linear viscoelastic behavior of polymer melts has been deeply studied
and is rather well understood, the nonlinear regime is still a matter of discus-
sion and many questions remain unanswered. For example, the origin of shear
thinning in unentangled polymer melts has not been fully elucidated. In the
current picture, the decrease of the steady-state shear viscosity of such systems
is explained using a bead-spring model with a spring constant κ, a friction
coefficient ζ of the monomeric units and a Brownian force intensity B, that
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deviate from their equilibrium values. However, the precise way these parame-
ters evolve is still not well understood, primarily due to a lack of experimental
data.74–77,267

In order to investigate the nonlinear shear responses of polymeric melts, var-
ious experimental approaches can be employed. These approaches encompass
techniques measuring time-domain functions such as stress relaxation, start-up
shear flow experiments or creep experiments. Additionally, there are meth-
ods that enable frequency-dependent measurements such as large amplitude
oscillatory shear (LAOS) or superposition rheology techniques.9

LAOS involves applying a nonlinear sinusoidal deformation to a material and
observing its resulting stress response over time. In contrast to SAOS where
the stress response remains sinusoidal, LAOS induces higher harmonics in the
stress output due to nonlinearities. Consequently, LAOS results cannot be
analyzed in terms of storage and loss moduli. Instead, numerous approaches
have been developed in the literature to understand LAOS. These approaches
include studying the amplitude of the odd harmonics present in the output
signals or examining the Lissajous curves of the measured stress versus strain.
However, the complex kinematic history associated with LAOS makes it highly
challenging to interpret the stress response in molecular terms.268

On the other hand, the superposition rheology technique uses much simpler
kinematics, allowing to bring a better understanding of the stress output based
on the molecular mechanisms. The principle of this technique is to superim-
pose a small oscillatory perturbation to a system already subjected to nonlinear
steady shear flow. The perturbation can be applied either parallel or perpen-
dicular to the main flow direction (see Figure 7.1).269

In the case of parallel superposition (PSR), the main and superimposed flows
are strongly coupled, posing challenges in evaluating a linear perturbation spec-
trum. Consequently, the observed parallel moduli G′

∥ and G′′
∥ not only depend

on the relaxation spectrum but also on how it evolves with the shear rates. In
some cases, this coupling effect can even result in negative values for G′

∥ and
G′′

∥ . However, at high frequencies, the moduli are less affected by the main
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Figure 7.1: Illustration of the principle of superposition rheology.

flow, enabling some degree of interpretation.269–271

On the other hand, in orthogonal superposition (OSR), both flows are effec-
tively decoupled, making it easier to correlate the observed relaxation spectrum
with the molecular relaxation behavior.269,271

In the past, OSR instruments developed by Simmons,272 Mewis and Schoukens,273

and Zeegers et al.274 required complex mechanical construction and were lim-
ited in their applicability to low viscous fluids and a relatively narrow viscosity
range. In 1997, Vermant et al. made a significant advancement by modify-
ing the closed loop system of a force-rebalanced transducer in a commercial
rheometer, allowing the generation of an axial oscillatory motion. Addition-
ally, they developed a novel flow cell design which consists of a double-walled
Couette cell which is open at the bottom to prevent pumping flow. These de-
velopments allowed to successfully perform OSR measurements on polymeric
solutions.275 Subsequently, the OSR technique was integrated into commercial
rheometers such as the strain-controlled ARES-G2.276

OSR measurements performed on solutions of melts revealed a decrease in
the longest relaxation times, along with a monotonic drop in the OSR mod-
uli. These findings were initially discussed in the context of phenomenological
models such as the Wagner I model269 or the Leonov model.277,278

However, subsequent investigations shifted their focus towards the application
of tube-based models. First, Mead computed analytical solutions for the OSR
moduli using the MLD model. Nevertheless, a notable limitation in his deriva-
tion is the assumption of negligible chain stretching.279 Recently, Zhang et
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al. evaluated the OSR moduli using the Rolie-Poly and the Rolie-Double-
Poly models, this time incorporating chain stretching. In their analysis, they
demonstrated that the perturbation spectra obtained at different shear rates
can be shifted onto a single master curve. The horizontal and vertical shift
factors employed to build these master curves were found to be dependent on
the level of chain stretching and on a parameter governing the effectiveness of
CCR. Furthermore, they also established that such master curves could be gen-
erated for a broader class of constitutive models, which include the DCR-CS
(double-convection-reptation model with chain stretch) model of Marrucci and
Ianniruberto.280,281

Finally, it is worth noting that, while the time-shear rate superposition (TSRS)
principle has not yet been experimentally validated in the context of polymeric
systems, it has been effectively observed in colloidal systems.282–284

In this chapter, the design of a novel rheometer tool which aims to perform
OSR measurements on polymer melts is presented. The tool is intended to be
used with an ARES-G2 rheometer. The principle is based on a prototype devel-
oped and built by Dr. T. Schweizer at ETH Zurich. The design is subsequently
validated using computational fluid dynamics (CFD) simulations in COMSOL
multiphysics. Finally, in the last part of this chapter, the molecular model de-
veloped by Sato et al.75 for unentangled melts is analyzed. Our analysis reveals
that this model predicts the validity of the TSRS principle. Moreover, we have
demonstrated that the rate-dependent shift factors employed in constructing
the master curves allow to quantify the evolution of the spectrum of relaxation
times as well as the breakdown of the fluctuation-dissipation theorem with
WiR.

7.2 Design of the rheometer tool

An annular Couette-type geometry is used to superimpose the oscillatory flow
with the steady-state shear flow. The flow cell, as depicted in Figure 7.2, com-
prises two coaxial cylinders, with the polymeric fluid flowing in the gap between
them. The inner cylinder rotates to generate the steady shear flow, while the
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outer cylinder oscillates in the axial direction to produce the perturbation flow.
This configuration ensures that both flow components are applied orthogonally,
and results in a well-controlled and consistent flow pattern. Additionally, the
design incorporates reservoirs at both ends of the annular gap to delay the
onset of edge fracture of the polymeric fluid in the actual flow cell.

Figure 7.2: Annular Couette cell geometry for orthogonal superposition
rheometry. The assembled cell (a), the inner cylinder (b) as well as the outer
cylinder (c) are represented. For the sake of clarity, the holes have been omit-
ted in (a).

Both cylinders are connected to the drive units of an ARES-G2 rheometer
through two shafts, as illustrated in Figure 7.3. The inner cylinder is directly
screwed to the lower shaft, while the outer cylinder is secured to the upper
shaft using two small screws.
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Figure 7.3: The lower shaft (a), the upper shaft (b), as well as the assembly
(c) of the orthogonal rheometer tool are shown. Additionally, a photo of the
assembly is presented (d).

Before conducting the measurement, it is necessary to fill the gap between the
coaxial cylinders with the polymeric material. To achieve this, the loading
setup shown in Figure 7.4 is used. In addition to the inner and outer cylinders
shown in Figure 7.2, this setup includes six additional pieces which are depicted
in Figure 7.5.

Figure 7.4 illustrates the step-by-step procedure for loading the sample:

1. In the first step, the cavity in the bottom of the outer cylinder is filled
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with 0.5 g of polymeric powder. A metallic plate (in bronze) that is
screwed to the bottom of the outer cylinder prevents the polymer material
from escaping. Afterwards, a vacuum pump is connected to the setup
via the vacuum inlet of the vacuum chamber. The assembly is then
placed in a hot press, where the temperature is set above the Tg of the
polymer. Waiting for approximately 15 minutes is crucial at this stage to
ensure that the temperature throughout the setup becomes uniform and
to effectively remove any bubbles that may be present in the polymeric
fluid.

2. Subsequently, the spacer (in blue) is pressed down with the help of the
hollowed bar (in orange). The spacer obstructs the vacuum inlet and
ensures that the inner and outer cylinders remain concentric.

3. After removing the hollowed bar, pressure is applied to the auxiliary
insert (in red). This insert, which is screwed to the inner cylinder, is
a tool that replaces the upper shaft during the loading process. It is
also worth-mentioning that the cylinders are positioned on a support,
which guarantees that the setup remains in the accurate position while
undergoing pressing.

4. Finally, the polymer enters the annular gap and expels the spacer. When
the inner cylinder makes contact with the metallic plate, no further force
is applied. At this point, the cooling is switched on, and the vacuum
pump is switched off. Subsequently, the auxiliary insert, metallic plate,
and vacuum chamber are unscrewed from the cylinders, while the spacer
and support are manually taken out.
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Figure 7.4: Step-by-step procedure for filling the flow cell with polymeric
melt.

Figure 7.5: Components employed during the loading process.
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7.3 Equations of the flow

7.3.1 Main flow

In the case of a narrow gap size, the curvature becomes negligible, making
it possible to treat the geometry as that of parallel plates. This assumption
remains valid when the ratio δ = R0/Ri is close to 1. Here, R0 and Ri represent
the radii of the outer and inner cylinders, respectively.

Under these conditions, both the shear stress and the shear rate can be re-
garded as uniform throughout the gap. This simplification greatly facilitates
the determination of the true viscosity versus shear rate curve. To evaluate
this flow curve, the equations of the Narrow Gap Couette (NGC) geometry are
applied, which are internationally standard for measuring the non-Newtonian
viscosity of polymers.285 These equations are summarized in Table 7.1. Here,
Mi and Nrev indicate the measured torque and rotation speed expressed in
rev/s and in [N · m], respectively. The values of the geometric factors of our
flow cell are also shown.

Shear parameters Geometric factors Conversion equations

γ̇ [1/s] Kγ̇ = 2π
δ2 + 1

δ2 − 1
= 66.123 γ̇ = Kγ̇ × Nrev

τrθ [Pa] Kτ =
1

2πR2
iLcyl

1 + δ2

2δ2
= 232550 τrθ = Kτ × Mi

ηst [Pa · s] Kη =
Kτ

Kγ̇
= 3516.9 ηst = Kη × Mi

Nrev

Table 7.1: Equations of the main flow. (Ri = 5 mm, δ = 1.1, Lcyl = 25 mm)

7.3.2 Perturbation flow

Regarding the perturbation, a pure laminar annular Couette flow is assumed.
The corresponding equations are presented in Table 7.2.
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Shear parameters Geometric factors Conversion equations

γ⊥ [-] K⊥
γ =

1

R0 ln
(

R0

Ri

) = 1907.6 γ = K⊥
γ × z0

τ⊥ [Pa] K⊥
τ =

1

2πR0Lcyl
= 1157.5 τ⊥ = K⊥

τ × F0

G′
⊥ [Pa · s] K⊥

G′ =
K⊥

τ

K⊥
γ

= 0.6068 G′
⊥ = K⊥

G′ ×
Fo

z0
cos(ϕ)

G′′
⊥ [Pa · s] K⊥

G′′ =
K⊥

τ

K⊥
γ

= 0.6068 G′′
⊥ = K⊥

G′′ ×
Fo

z0
sin(ϕ)

Table 7.2: Equations of the perturbation flow. (Ri = 5 mm, δ = 1.1, Lcyl =
25 mm)

7.4 COMSOL Simulations

Experimental errors arise due to the presence of melt reservoirs at both ends
of the annular gap. To account for this effect in the equations of the flow, end-
effect factors can be introduced as corrections.286 To determine the appropriate
values for these correction factors, flow profiles of different incompressible flu-
ids were simulated using the Computational Fluid Dynamics (CFD) module
in COMSOL Multiphysics. The laminar flow interface was selected to perform
time-dependent analyses. This interface effectively solves the Navier-Stokes
equations as well as the continuity equation for conservation of mass. Addi-
tionally, the air-liquid interface was treated as a stress-free boundary, whereas
a no-slip condition was assumed at the walls of the flow cell. A representation
of the 3D model used for the simulation is shown in Figure 7.6. HereA New-
tonian fluid with a viscosity of 105 Pa.s is subjected to shear by moving the
outer walls at a velocity of 30 × 10−3 mm/s. The color legend represents the
shear rates.

First, a Carreau fluid was sheared by rotating the outer walls at different speeds.
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Figure 7.6: Illustration of the 3D model used for the CFD simulations. Here
a fluid is subjected to shear by moving downwards the outer walls.

The resulting force was determined by integrating the stress in the correspond-
ing direction over the outer walls. By applying the conversion equations pre-
sented in Table 7.1, an estimation of the viscosity of the fluid was obtained.
As shown in panel (a) of Figure 7.7, this prediction yielded a relative error of
16.25% in the Newtonian plateau compared to the actual value of the viscosity.
However, the relative error was found to decrease in the shear thinning region.
As it is seen in panel (b), the error is primarily caused by the shear flow gen-
erated by the motion of the horizontal (horiz) and vertical (edges) walls of the
reservoirs. By removing the reservoirs, a much more accurate prediction of the
viscosity is achieved, resulting in a relative error of approximately 2%.

To account for the end-effects, Kτ can be adjusted using a correction factor
cL. The resulting corrected geometric factor Kcorr

τ can be expressed as fol-
lows:

Kcorr
τ =

Kτ

cL(n)
(7.1)

Here, cL is assumed to depend on the power law index n which can be evaluated
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Figure 7.7: (a) Steady-state viscosity predictions for a Carreau fluid. (b)
Contributions of the different surfaces to the total force.

through the derivative of the torque with respect to the rotation speed of the
outer cylinder.

n =
d ln(Mi)

d ln(2πNrev)
(7.2)

The values of cL, which are shown in Figure 7.8, have been determined by ex-
amining the velocity profile of power-law fluids with different n. For reference,
PS melts were reported to exhibit shear-thinning properties with n ranging
from around 0.2 to 0.5.45,263,264 This range corresponds to cL values of ap-
proximately 1.09 and 1.12, respectively. These values are to be compared with
the values of 1.16 obtained in the Newtonian plateau.

Subsequently, the inner walls were oscillated at a frequency of 1 rad/s at various
strain amplitudes z0. As shown in Figure 7.9, using the equation presented in
Table 7.2 results in a negligible error of less than than 2%. Consequently, there
is no requirement for introducing an orthogonal end-effect factor.
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Figure 7.8: Values of cL computed from simulations using a power-law fluids
with a vicosity equal to η = 105 × γ̇n−1 Pa · s.

Figure 7.9: Steady-state viscosity predictions for a Carreau fluid. The inner
walls are oscillating at a frequency of 1 rad/s and at different strain amplitudes
z0.

7.5 Analysis of the OSR moduli of unentangled

polymeric melts

In this section, the model proposed by Sato et al.75 for unentangled melts is
used to predict the OSR moduli. To achieve this, the same procedure as that
of Zhang et al. is followed.280 The first part involves the computation of an
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analytical solution through a linear perturbation analysis. In the second part,
the results are validated by numerically solving the constitutive equation of
Sato et al.

7.5.1 Linear perturbation analysis

According to the bead-spring model of Sato et al., the stress response of an
unentangled melt is governed by the following equations:75

σ̃σσ =

N∑
p=1

σ̃σσp(t)θp (7.3)

σ̃σσp(t) =
3(N + 1)

2g
rκ(t)ÃAAp(t) (7.4)

ÃAAp(1)(t) = − 1

τ̃p(t)
ÃAAp(t) +

g

3θ1

(
2

N + 1

)
rB
r2ζ

III (7.5)

In the above equations, σ̃σσ =
σσσ

νkBT
, τ̃p(t) =

rζ
2θprκ

and θ = 4 sin2
(

pπ

2(N + 1)

)
are the dimensionless stress tensor, dimensionless relaxation time for the pth

mode, and the pth eigenvalue of the Rouse matrix Anm (see section 1.7), re-
spectively. Additionally, rB , rζ and rκ denote the ratio of the values of B, ζ
and κ at time t to their respective equilibrium values. Finally, ÃAAp(1) designates
the upper-convected derivative of the tensor ÃAAp.

In OSR rheometry, the fluid is subjected to an axial steady shear flow as well
as an orthogonal perturbation flow. The velocity gradient tensor is therefore
given by:

Kij =

0 γ̇0 0

0 0 0

0 γ̇⊥ 0

 (7.6)

Here, γ̇0 represents the shear rate of the steady-state flow, while γ̇⊥ = γ̇⊥,0ω cos(ωt)

indicates the shear rate of the perturbation flow. The amplitude γ̇⊥,0 flow
should be kept minimal to stay in the linear perturbation regime.
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The mathematical procedure for deriving the expression of the OSR moduli is
explained by Zhang et al.280 It consists of applying a linear perturbation to

the constitutive equation with a parameter ϵ =
γ̇⊥
γ̇0

. Given that the interme-

diate tensor Ãp is linearly proportional to σ̃σσ, the following expressions can be
written:

Aij(t, ϵ) = Aij(t, 0) + ϵ
∂Aij

∂ϵ

∣∣∣
ϵ=0

+O(ϵ2) (7.7)

≈ A
(0)
ij (t) + ϵA

(1)
ij (t) (7.8)

Here the superscript "(0)" indicates the steady state solution, while the super-
script "(1)" represents the first-order perturbation correction.

To evaluate the OSR moduli, the computation of the term σyz is necessary.
This process begins by substituting equation 7.8 into equation 7.5. Then, by
differentiating the resulting equation with respect to the perturbation param-
eter ϵ, the following equation for A(1)

yz,p can be obtained.

dA
(1)
yz,p

dt
+

A
(1)
yz,p

τp
= γ̇⊥,0ω cos(ωt)A(0)

yy,p (7.9)

Solving this differential equation yields the following expression for A(1)
yz,p

A(1)
yz,p =

γeA
(0)
yy,pω2τ2p

1 + ω2τ2p
cos(ωt) +

γeA
(0)
yy,pωτp

1 + ω2τ2p
sin(ωt) (7.10)

Here, the value of A(0)
yy,p can be determined by solving the steady-state solution

of equation 7.5. Its expression is given by:

A
(0)
22,p =

2g

3(N + 1)

τp
θ1

rB
r2ζ

(7.11)

Injecting equations 7.10 and 7.11 into equation 7.3 results in the following
expression for the component σ̃23(t) of the stress tensor:
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σ̃23

γ0
=

rB
rζ

cos(ωt)

N∑
p=1

ωτp,eq(
rκ
rζ

)
+ ω2τ2p,eq

+ sin(ωt)

N∑
p=1

ω2τ2p,eq(
rκ
rζ

)2
+ ω2τ2p,eq


(7.12)

In the above equation, τp,eq refers to the relaxation times obtained at equilib-
rium.

The OSR storage and loss moduli can thus be expressed as follows:

G
′

⊥ = νkBT
rB
rζ

N∑
p=1

ω2τ2p,eq(
rκ
rζ

)2
+ ω2τ2p,eq

G
′′

⊥ = νkBT
rB
rζ

N∑
p=1

(
rκ
rζ

)
ω2τ2p,eq(

rκ
rζ

)2
+ ω2τ2p,eq

(7.13)

Interestingly, a close inspection of equation 7.14 reveals that the only effect of
the flow is to induce horizontal and vertical shifts in the moduli, quantitified
by the values a∗ =

rκ
rζ

and b∗ =
rB
rζ

, respectively. The horizontal shift factor a∗

describes the evolution of the spectrum of relaxation time with the flow, caused
by the finite extensibility of the chains and the reduction of monomeric friction.
On the other hand, the vertical shift factor b∗ arises due to the deviation from
the fluctuation-dissipation theorem.

7.5.2 Numerical validation

To validate the perturbation analysis, the constitutive equation was solved
numerically. For the computation, the following forms for rκ, rζ and rB , as
suggested by Sato et al., were employed.75

rκ(t) =
1− 1/g2

1− ⟨ũ2⟩/g2
rζ(t) =

1(
1 +

(
F so

F so
c

)α)n/α rB(t) = 1 (7.14)

The function used for rκ accounts for the non-linearity of the spring and serves
as a rough approximation of the inverse Langevin function. Here ⟨ũ2⟩ represents
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the mean square length of the spring, and g corresponds to the number of Kuhn
segments in a spring.

Regarding rζ , F so stands for the order parameter of the polymeric chains,
whereas F so

c corresponds to a critical order parameter. The parameters α and
n are additional fitting parameters. When F so falls below F so

c , ζ(t) reaches
its equilibrium value ζeq. Conversely, when F so exceeds F so

c , ζ(t) decreases
following a power-law behavior. The order parameter F so can be evaluated
through

F so =
λ2

λ2
max

√
(Sxx − Syy)2 + 4S2

xy (7.15)

In this equation, λ2 = ⟨ũ2⟩/g2 represents the stretch ratio of the chain, while
Sij denotes the orientation tensor. Both Sij and ⟨ũ2⟩ are computed based on
the conformation tensor W and its trace. W given by:

W(t) =
N + 1

2N

N∑
p=1

Ap(t)θp (7.16)

From this tensor, Sij and ⟨ũ2⟩ using the following equations:

S =
W

Tr(W)
(7.17)

⟨ũ2⟩ = Tr(W) (7.18)

By numerically solving the constitutive equation proposed by Sato et al., the
computation of the OSR moduli can be performed using the following equa-
tions:

G
′

⊥ =
σst
23,0

γ⊥
cos
(
δst
)

(7.19)
G

′′

⊥ =
σst
23,0

γ0,⊥
sin
(
δst
)

(7.20)

Here σst
23,0 and δst respectively represent the amplitude of the shear stress and

the phase shift between the shear stress and the applied strain. Both quantities
are determined when the stress tensor reaches its steady-state.
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Figure 7.10 exhibits the predicted OSR moduli at different WiR = γ̇τR,eq.
As observed, when appropriately shifted, the curves superimpose and form a
master curve. This observation further validates the results obtained through
the perturbation analysis.

Figure 7.10: (a) Orthogonal superposition moduli at different WiR. (b)
Application of the TSRS principle. The simulations were performed for N =
200, g = 10, α = 4, n = 2 and F so = 0.1.

As observed in Figure 7.11, the shifts a∗ and b∗ monotonously increase with
WiR.

Figure 7.11: Shift factors a∗ and b∗ as a function of WiR. The simulations
were performed for N = 200, g = 10, α = 4, n = 2 and F so = 0.1.
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7.6 Conclusion

In this chapter, we have presented the design of a rheometer tool that aims to
perform orthogonal superposition measurements on polymeric melts. However,
the flow field generated by the flow cell is not perfectly homogeneous, primarily
due to the inclusion of reservoirs at the edges of the tool. To address this
geometric effect, we determined the values of end-effect factors using CFD in
COMSOL Multiphysics. Subsequently, we have used the constitutive equation
of Sato et al. for unentangled melts75 to derive analytical expressions of the
orthogonal moduli. The resulting expressions reveals the possibility of shifting
the viscoelastic spectra obtained at different WiR to produce of a master curve.
The set of shift factors used to build the master curve allow to quantify the
evolution of the spectrum of relaxation times as well as the deviation from the
fluctuation-dissipation theorem.

It is worth mentioning that the fabrication of the rheometer tool have recently
been completed. In the future, our plan is to conduct measurements on poly-
meric samples using this newly developed tool to validate its functionality. The
successful completion of this validation could contribute to a better understand-
ing of the nonlinear shear rheology of polymer melts.
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Chapter 8

Conclusion and
perspectives

In this PhD dissertation, we investigated the rheological behavior of linear
polymeric melts with well-defined molar mass distribution in simple shear and
uniaxial extensional flow. The primary objective of this research was to con-
tribute to the development of more accurate and predictive molecular con-
stitutive equations, which in turn can guide the optimization of processing
conditions and the design of polymeric materials. The thesis was organized
into three distinct parts: 1) Extensional rheology of polymeric melts, 2) Lin-
ear and nonlinear rheology of associative polymers, and 3) Development of a
rheometer tool for orthogonal superposition measurements. These parts can
be summarized as follows:

Extensional rheology of polymer melts (Chapter 3)

In this part, we explored the extensional responses of PS melts. Specifically,
we have shown that the extensional viscosity of bidisperse PS, comprising well-
entangled linear chains, scales linearly with the concentration of the chains.
However, when the shortest component of the bidisperse melts is substituted
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with oligomeric chains, the extensional viscosity exhibits a different scaling law,
being proportional to the square root of the concentration of the long chains in
the polymeric material. This result was rationalized with the concept of reduc-
tion of monomeric friction. By diluting polymeric chains with oligomers, the
environment becomes less anisotropic, thus hampering the ζ-reduction mecha-
nism. As a consequence, the flow gains a greater grip on the polymer molecules,
leading to increased stretching of the long chains. This result holds significant
importance for industrial applications, considering that most industrial pro-
cesses involve polydisperse polymers.

Linear and nonlinear rheology of associative polymers (Chap-
ter 4, 5 and 6)

Afterwards, we explored the rheological behavior of associative polymers, where
the stickers are located as side groups along the chains. This part comprises 3
different chapters.

In Chapter 4, the focus is on the modeling of the linear rheology of unentangled
UPy-based supramolecular networks. To capture the response of these poly-
mers, the study employs a "sticky Rouse" model that accounts for a random
placement of the stickers as well as a distribution in molar mass. Additionally,
the model allows paired junctions to move in space without dissociating, with
their displacements described by an ansatz.186 The model provides a reason-
able description of the data. However, further research is needed to validate
the ansatz and explore these non-affine spatial fluctuations.

Chapter 5 explores the relaxation dynamics of entangled metallo-supramolecular
PnBA functionalized with terpyridine ligand and crosslinked with Zn(II) and
Cu(II) ions. Interestingly, these polymers demonstrate a surprising mechanical
stability. Specifically, when a moderate excess of Zn(II) ions is introduced,
minimal changes occur in the plateau modulus and in the longest relaxation
time. This behavior contrasts with that of metallo-supramolecular polymers in
solutions, where the addition ions above the stoichiometric amount results in
a monotonic decrease in viscosity due to the formation of mono-complexes.247

Consequently, this result suggests that the stability constants of the mono and
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bis-complexes are significantly modified when transitioning from the solution
state to the melt state.

In this same chapter, the linear rheological response of the PnBA polymers is
also modeled using a TMA that has been specially adapted for entangled poly-
mers with sticky groups. This model introduces a novel approach to describe
the CLF of associative polymers. Interestingly, the model successfully fits the
data of the PnBA polymer, as well as literature data from other entangled
associative linear polymers.

Lastly, the section on associative polymers was concluded by examining the lin-
ear and nonlinear shear rheology of unentangled metallo-supramolecular PnBA.
In the linear regime, the rheological characterization strongly indicates the ag-
gregation of stickers, as evidenced by the pronounced mechanical reinforcement.
Specifically, the rubbery plateau is significantly higher than the level predicted
by the rubber elasticity theory. In the nonlinear regime of deformation, various
intriguing features became apparent. Firstly, the associative systems display
transient shear hardening behaviour. Additionally, the strain obtained at the
peak stress, identified as a yield strain, remains unaffected by the shear rates.
Finally, the TTS principle holds true in a moderate temperature window. These
pecular behaviors arise due to phenomenon of force-induced and thermal bond
dissociation. Further investigations are necessary to assess the role of mor-
phology in the nonlinear regime and to understand precisely the details of the
molecular conformations adopted by the chains in nonlinear shear flow.

Development of a rheometer tool for orthogonal superpo-
sition measurements (Chapter 7)

In the final chapter of this work, a design for a rheometer tool which aims
to perform orthogonal superposition measurements is presented. The design
draws inspiration from a prototype shared by T. Schweizer (ETH, Switzer-
land), and has been validated through CFD simulations. In the last part of
this chapter, analytical predictions of the orthogonal dynamic moduli for unen-
tangled melts are also presented, utilizing a molecular model proposed by Sato
et al.75 The results demonstrate the validity of the time-shear rate superposi-
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tion principle. Additionally, the shift factors necessary to construct the master
curves are found to be dependent solely on the changes in monomeric fric-
tion, finite extensibility, and the Brownian force intensity. The quantification
of these shift factors could provide valuable information about the behavior
of polymeric systems under fast flow and constitute an important test of a
constitutive model.

Perspectives

Finally, potential future research are outlined for the different parts:

Extensional rheology of polymer melts

An important topic in the study of nonlinear rheology of entangled polymer
melts that needs to be elucidated is the role played by the entanglements. While
several molecular models assume a constant tube diameter in extensional flow,
MD simulations performed by O’Connor et al. indicate a reduction in the
tube diameter as WiR increases, a phenomenon which can be attributed to
an increasing number of entanglements.184 As explained in the recent review
of Ianniruberto et al., this potential mechanism could be crucial as it could
significantly amplify the degree of orientation of the chains, and possibly lead
to a more pronounced decrease in monomeric friction reduction.63 Conducting
additional MD simulations could therefore be an interesting approach to explore
the changes in entanglement density and its impact on the rheological response
of polymeric melts.

Linear and nonlinear rheology of associative polymers

In Chapter 5, a new expression modeling the CLF of associative polymers is
formulated. To validate this expression, a possible approach involves perform-
ing linear rheology measurements on star-shaped sticky polymers (represented
in Figure 8.1). In such polymers, reptation is inherently suppressed due to
the presence of a central core. Consequently, CLF becomes the predominant
relaxation mechanism in these polymers.
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Figure 8.1: Schematic depiction of an entangled sticky star-shaped polymer.
The red dots represent the stickers.

In this context, the introduction of a characteristic depth for the star’s arms
becomes pertinent. This characteristic depth would correspond to the location
where the relaxation time of the outer segments of the star’s arms is equal to the
average duration during which all supramolecular junctions along this segment
remain open. It could be anticipated that, for segments involving higher depth,
the CLF process would experience significant deceleration, as the presence of
closed stickers would regularly interrupt the free diffusion of the chain ends.
Investigating stars with long arms could therefore shed light on how segments
in proximity to the polymer core undergo relaxation.

To gain a deeper understanding of the nonlinear rheological response of asso-
ciative polymer melts, combining rheological characterization with additional
experimental techniques is essential. For instance, methods like Small-angle
X-ray scattering (SAXS) and Wide-angle X-ray scattering (WAXS) are crucial
for characterizing the morphology of phase-separated domains. Another valu-
able technique is the recently developed rheo-fluorescence technique of Rasid et
al., which quantifies the fraction of dissociated bonds in associative polymers
subjected to nonlinear shear flow based upon a change in fluorescence. Rasid
et al. applied this technique to metal-coordinate gel crosslinked via nickel-
terpyridine complexation. The bis-complexes do not display any fluorescence,
while, upon bond dissociation, terpyridine groups fluoresces.287 This method
could therefore be used to analyze the systems presented in Chapter 6 and 5.
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Additionally, performing Small-angle neutron scattering (SANS) on partially
deuterated samples quenched from nonlinear steady flow can provide a valuable
information about the nonlinear responses of polymer samples. Particularly,
SANS can offer insights into chain stretching, as demonstrated by Hassager et
al. in the case of PS melts.288

Development of a rheometer tool for orthogonal superpo-
sition measurements

Validating the rheometer tool presented in Chapter 7 aimed to perform orthog-
onal superposition measurements could contribute to the limited pool of char-
acterization methods of polymeric melts in the nonlinear regime. As explained
by various authors, superposition experiments serve as a robust assessment for
constitutive equations.

Additionally, instead of using sine waves as perturbation signals, exploring
alternative signal types is valuable. For instance, Geri et al. introduced an
optimally windowed chirp signal which allows for a rapid determination of the
frequency response of viscoelastic materials, making it particularly suitable for
studying time-evolving materials.289–291
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