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Abstract

We consider a semiparametric single-index model, and suppose that endogeneity
is present in the explanatory variables. The presence of an instrument is assumed
that is non-correlated with the error term. We propose an estimator of the parametric
component of the model, which is the solution of an ill-posed inverse problem. The
estimator is shown to be asymptotically normal under certain regularity conditions.
A simulation study is conducted to illustrate the finite sample performance of the
proposed estimator.
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1 Introduction

In this paper we consider the problem of estimating a semiparametric single-index regression
model, when it is assumed that (some of) the explanatory variables are endogenous. En-
dogeneity is a central issue when modeling statistical data coming from human or medical
sciences, and occurs when some of the independent variables in a regression model are corre-
lated with the error term. It can arise when relevant explanatory variables are omitted from
the model, as a result of sample selection errors or when unobserved subject selection occurs
in experimental studies. The textbook by Hayashi (2000) is an excellent introduction into
the problem of endogeneity and how to cope with it in identification, estimation or testing
problems.

When endogeneity is present, ordinary regression techniques produce biased and incon-
sistent estimators. A possible way out is to make use of so-called ‘instrumental variables’.
These are variables that are not part of the original model, they are correlated with the
endogenous explanatory variables conditional on the other covariates, and they cannot be
correlated with the error term in the model (i.e. the instruments do not suffer from the same
problem as the original explanatory variables).

We illustrate this concept by means of a textbook example taken from Wooldridge (2008).
Consider the following model to estimate the effects of several variables, including cigarette

smoking, on the weight of newborns:
log(bwght) = 0y + 01 male + Oy parity + 03 log(faminc) + 04packs + U,

where male is a binary indicator equal to one if the child is male; parity is the birth order
of this child; faminc is family income; packs is the average number of packs of cigarettes
smoked per day during pregnancy. The variable packs is likely to be correlated with omitted
but important factors to explain the weight bwght. Among the omitted variables we think
of health factors that are not necessarily easy to measure in a statistical survey. Hence,
packs and U might be correlated. If the coefficient (3, is estimated by common least squares
techniques, the resulting estimator might thus be biased. A possible instrumental variable
for packs suggested in Wooldridge (2008) is the average price of cigarettes in the state of
residence, cigprice. That variable is likely to be uncorrelated with e.g. individual’s health
factors but it is certainly correlated with individual decisions to consume some quantity of
cigarette packs.

Many other examples can be found in the literature, see e.g. Angrist & Krueger (2001),
Manzi et al. (2014) or Johannes et al. (2013). Detecting sources of endogeneity and appro-



priate instrumental variables is a difficult empirical issue and it sometimes leads to animated
debates. The purpose of this paper is not to enter into this discussion. Instead it aims at
studying the interesting statistical challenges encountered when endogeneity arises in semi-
parametric regression.

Throughout the paper we suppose that a random vector (X,Y) satisfies the following

single-index model:
Y = h(X") + U, (1.1)

where the vector of covariates X is endogenous, i.e. the error term U is correlated with X
(or equivalently E(U|X) # 0), but we assume that there exists a vector of instruments W
such that E(U|W) = 0. We suppose that Y is one-dimensional, X is k-dimensional and W
is g-dimensional. The data consist of an i.i.d. sample (W;, X;,Y;) (i = 1,...,n), having the
same distribution as the vector (W, X,Y"). The function i : R — R and the parameter vector
6 € R* are unknown. The true unknown link function is denoted by hg, the true unknown
parameter vector by 1.

A number of approaches exist in the literature to identify regression models with endoge-
nous variables. We adopt here the ‘inverse problem’-approach, and develop conditions under
which a certain operator is invertible, leading to the existence and uniqueness of a solution
of model ([IT]). Recent references on this approach in a fully nonparametric setting include
the work by Hall & Horowitz (2005), Cavalier & Golubev (2006), Cavalier (2008), Johannes
(2009), Darolles et al. (2011), Johannes et al. (2011), Bissantz et al. (2013) and Hildebrandt
et al. (2014) to name but a few.

The estimator of ¥ we propose in this paper will be the solution of a certain system of
equations, depending on an estimator of the unknown link function hg. To prove the weak
consistency and asymptotic normality of this estimator, we will make use of Chen et al.
(2003). In this paper high-level conditions are developed under which a parameter estimator
that is defined via an estimating equation depending on a nonparametric nuisance function, is
consistent and asymptotically normal. Although some of these conditions require substantial
amount of work when verified for particular models, their result offers the advantage of giving
the framework of the proof. One does not need to start the proof from zero, but it suffices
in fact to fill in the missing steps in the general proof. We will check each of these high-level
conditions for our model.

The above single-index model has been studied very extensively in the absence of en-
dogeneity, see e.g. Powell et al. (1989), Ichimura & Lee (1991) and Hardle et al. (1993),

for some of the fundamental papers on estimation and inference for this model, and e.g.



Delecroix et al. (2006), Lin & Kulasekera (2007), Wang et al. (2010), Zhang et al. (2010),
Peng & Huang (2011) and Xia et al. (2012) for some of the more recent contributions. The
literature is however limited when endogeneity is present in the explanatory variables. A
general theory of inference using sieves for semiparametric models in the presence of endo-
geneity has been recently initiated by the seminal work of Ai & Chen (2003). The above
single-index model belongs to the class of models considered in the latter paper. The results
we derive below are different from existing work in several aspects. First, we use kernel-
based estimators instead of sieves. Next, our estimator is exploiting the particular structure
of the single-index model. Finally, our estimating view is original because inference relates
to an ill-posed inverse problem for which we propose a regularization procedure. As far as
we know, it is the first work where a regularization technique is combined with inference for
endogenous single-index models.

We also note that there exists a (limited) literature on other semiparametric regression
models with endogenous variables, e.g. Chen & Pouzo (2009) for semiparametric inference
with nonsmooth residuals, Florens et al. (2012) for instrumental regression in partially linear
models, and Vanhems & Van Keilegom (2013) for a control function approach to deal with
endogeneity in semiparametric transformation models.

The paper is organized as follows. In the next section, we introduce some notations, and
we propose estimators for the unknown link function hg and the unknown vector of regression
parameters 9. In Section 3 the asymptotic normality of the estimator of 1 is formulated,
and we also give the conditions under which this result is valid. In Section 4 we present the
results of a simulation study, in which we study the performance of the proposed estimator
for small samples. Some general conclusions, possible extensions and lines of further research
are discussed in Section 5. Finally, the proof of the main asymptotic result is given in the

Appendix.

2 Estimation

Denote the densities of X and W by fx and fy respectively. The support of X, which is
supposed to be a compact subset of R*, is denoted by X. The parameter vector 6 lives in
a known compact set © C RF. For identifiability reasons we suppose that §; = 1, which is
by no means restrictive, since we can always arrange the order of the covariates in such a
way that the first covariate has a non-zero effect on the response. We can therefore write

© = {1} x Oy, where we assume that ©; is a compact subset of R¥~!. The link function h



belongs to a Sobolev space H of degree 2, i.e.
H=W,) = {h :Q — R ;h,h are absolutely continuous and h” € LQ(Q)},

with € a compact subset of R containing the support of X'0 for all § € O, and where
Ly(Q) ={h:Q—=R; [,|h(2)]*dz < oo}. We equip the space H with the following norm:

IR, = [ 1)
Q
Let r(w) = E(Y|W = w) fw(w) for w € R?, and for # € © and h € H define the operator
Ty:H — Lo(RY) : h = Tyh = E(h(Xte)W - -)fW(-)
= / h(z2) fxtow)(z, -)dz.
Q
For each 6 € O, define the following functions:

hg . = arg min A(h, 0, a)

hy = arg min A(h,0,0),

where

A(h,0,0) = /

Ra

(Toh(w) - r(w))2 dw + a /Q W (2)Pdz,

and « is a sequence of positive real numbers (possibly depending on n). Note that by
convexity of the maps h +— A(h,0,a) and h — A(h,0,0), the above functions are uniquely
defined on H. Remark also that for # = 1, h§ = hy where ¥ is the true parameter.

Next, we will propose an estimator for 1. First of all, an estimator of the unknown

operator Ty can be obtained by kernel smoothing:
~ 1 <& [T .
Tyh(w) = — ky, (X;0 — 2)K, ; —w)h(z)dz,
() =3 [ (00 = 2 O, w2

where by and by, are appropriate bandwidth sequences, k is a one-dimensional kernel,
Ky, (u) = b, k(u/by), K(w) = o_1 k(w;) is a product kernel of dimension ¢, and K, (w) =

byt K (w/by ). An estimator of r is given by

1 n
7 == Y. Ky, (W; —w).
) = 3 30 Vil (Vs =0
For h € H and 6 € © define the criterion function:

An(h, 0, 0) = / (fgh(w)—?(w)>2dw+a /Q I (2)2dz, (2.1)

Ra
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and let
h@,a = arg gg?gl An(ha 9) Oé).

We are now ready to define the estimator of ¥/, which will be expressed as a Z-estimator
as in Chen et al. (2003). Define the following criterion function for h € H and 6 € ©:

M(h,0) =E [m(W, X,Y,h, 9)] ,

where

m(W, X, Y, h,60) = go(W) (Y = h(X'0)).

and where go(W) = (g1.0(W), ..., g00(W))" is a suitable ¢-dimensional vector of weights,
with ¢ > k. Note that the weight function is fixed and not chosen from the data, but we

allow a dependence on . Furthermore, for any choice of gy, we have that
M (hg,?) =0,

since E(U|W) = 0. Now, define the empirical counterpart of this criterion function:

M, (h,0) = % > m(Wi, X, Y; b, 0).

i=1

Finally, let
9 = axgnin | My (.0, 0)]] (2.2)

where ||A|| = (tr(A*A))'/? is the Euclidean norm for any matrix A.

3 Asymptotic results

We need to introduce a few additional notations. Let L be the second order derivative
operator, defined by
L:H — Ly]0,1): g— Lg=—g",

and let Sy = TyL~! and §9 = fgL_l. Further, let
0
D= —E|go(W)h(X"0)X'| — E|go(W)(05)

00t
% o= (/0'2(w)§j1(w)sz(w)fW(U’)dw)

Xtﬁ)]

Gzﬂ(

1<j1,52<¢



where o?(w) = Var(U|W = w), {(w) = (&(w), ..., &(w)),

§(w) = go(w) — /gﬂ(w){(Tﬂﬁ)‘lfm,w(ww)}(Z)fm,w(Z,w) dz dw,

and where T7 is the adjoint operator of Ty. Also, for & > 0, s > 0 and p > 1, let &*(RP)
be the space of functions f : R? — R satisfying:

1. f is everywhere (m — 1) times partially differentiable for m — 1 < s < m and m € N;

2. for some xk > 0 and for all x, the inequality

yilly—z|<r |y — x|

aj1+m+jpf(m)( D ]l)

holds true where (), = 0 whenm = 1 and Q,(z) = ZO<j1+...+jp<m—1 ST ol z
= )" ...0xp

i=1"1

for any z when m > 1;

3. 1 is uniformly bounded by a constant when o = 0 and the functions f and ¢ satisfy
[ f¥(x)dx < o0 and [ *(x)dr < oo when o > 0.

The asymptotic results of this section will be valid under the following assumptions:

(A1) If Ty,hy = Ty, hy for some 61,0, € © and hy,hy € H, then 0; = 0y and hy = hy

(identification condition).

(A.2) Forall § € ©, there exist 75 > 0 and a function 1y € Ly(IR) such that h§ = (T3Ty) /%1y,

supy [ 13 (z)dz < oo and v = infyyp < oo (source condition).

(A.3) Each explanatory variable X;, j = 1,..., k has a density belonging to & (R)N&*?(R)
for some s; > 1. Moreover, supy , fxtg(z) < oo and fxwgw belongs to &"'(RIT1) N
&*22(RI™Y) for all § € © and for some sy > 1.

(A.4) The kernel function k is a symmetric, twice continuously differentiable probability

density of order p > 2.

(A.5) nbil — 0, nbF — 0, nbitby — oo, na® — 0, (by Vbz)*a~? — 0 and nbl,bza® — oo,
where v is defined in assumption p = p A sy and p and sy are defined in
assumptions |(A.4)| and |(A.3)| respectively.

(A.6) (a) hy € H for all @ € © and hj is p times continuously differentiable with respect to
6, where p is defined in assumption |(A.4)
(b) The matrix I' is of full rank and the matrix ¥ is positive definite.

7



(A.7) The function gy satisfies supy E||gs(W)||* < oo and is continuously differentiable with
respect to 6. Moreover, for all § > 0 there exists € > 0 such that infjg_g~s || M (hg, )|
> €.

(A.8) For all 8 € O, the operators Sy and §9 are compact, and the derivatives of their
eigenfunctions are uniformly bounded with probability 1. Furthermore, for all § € ©

and s = 0, 1,2, the operators L%/*T, and L*/ QT\(; are compact with singular systems
{(Nos ks D5 ks Vo.5.1) ren, Tespectively {(Ao sk, o5k Vo.s.k) fren, such that
(i) [|L*2R8]| < 00, P(||L*"%hg.a|| < Cs1) — 1 for n — oo, some constants Cyq > 0,
and s = 0,1, and ||L/};g7a|| = Op(1).

(ii) sup, o> [Ye,sk(2)] < 0o and P(sup, 4>, |1Z97s,k(z)| < Cs2) — 1 for n — oo,
some constant Cs o > 0 and s =0, 1.

(iil) sup, o(>_), [Y0,2.1(2)[?) < 0o and sup, 4(>_4 ‘@0,2,14(2)‘2) = Op(1).

(iv) There exist functions /;, l, € L'(N), s = 0,1, independent of #, bounded and

monotone decreasing such that

‘)\ﬁ,s,l<¢9,s,k7 ¢19,s,l>‘ Cs,3/):€,s,k£s(|k - l|)
P(‘)\ﬁ,s,l<$€),s,ka Gosi)| < Cs,3/):€,s,k2s(|k - l|)> — 1 for n — oo,

IN

and for some C; 3 < 00.

Remark 3.1 Note that the source condition in can be seen as an assumption on the
smoothness of the density from which the expectation operator is defined in Ty. A thorough
discussion of the source condition and its connection to smoothness assumptions can be
found in Johannes et al. (2011). The essential point is that the smoothness of the density of
X'0 matters here. But the smoothness of the density of X0 is itself related to the smooth-
ness of the density of the covariates. Assumptions are rather classical regularity
conditions on the smoothness of certain underlying functions, on the bandwidth sequences,
on the kernel function, and on the boundedness, non-singularity and compactness of certain
quantities, matrices and operators, respectively. Finally, the identification condition in

is common in semiparametric models, and can be checked under particular model constraints.

We are now ready to give an i.i.d. expansion of the estimator 5, from which its asymptotic

normality will follow immediately.



Theorem 3.1. Assume Then, we have:

n

G- 0= = S (') TUUE(W;) + op(n12),

(e
where U; =Y; — ho(X[¥). Hence,
n'%(@ —0) % N0, V),

where
V = (')~ TS,
and where the function £(-) and the matrices I' and 3 are defined in (B1]).

Remark 3.2 Note that when ¢ = k (i.e. when the function gy contains as many components
as there are parameters in the model), the formula of the asymptotic variance reduces to
V =T718(I%) "1, since T is a square (invertible) matrix in that case.

Also note that the estimation of the asymptotic variance might be cumbersome in prac-
tice. The estimation of the matrix I is still manageable (although it involves the estimation
of derivatives of the function hg), but the estimation of the function £(-), which appears in
the formula of ¥, is more problematic. In practice, it might therefore be more convenient
to estimate the matrix V' by means of a bootstrap procedure. Chen et al. (2003) give suf-
ficient high level conditions under which a naive bootstrap procedure is consistent for the
estimation of the distribution of 8. We refer to their paper for more details.

A nice feature of our result is that the (first order) asymptotic distribution does not
depend on the bandwidths by, and bz. This is similar to the exogenous case (see e.g. Hardle
et al. (1993)).

Remark 3.3 It can be easily seen that the optimal (theoretical) choice of the function gg(-)
is given by go(-) = E(R/(X'0) X |W = )Var(U|W = -)~!; see e.g. Florens et al. (2004), Section
17.5.3 p. 440 for a detailed derivation.

4 Numerical aspects and simulations

In this section we discuss the numerical aspects and the finite sample behavior of the pro-
posed estimator. We first define a data generating process on which the performance of the
estimator will be based.

The nonparametric function considered in this analysis is ho(z) = sin[27(1 — 2)?] and is

defined over © = [0, 1]. This function is twice differentiable on the interval [0, 1] and satisfies

9



the border conditions ho(0) = 0 and hy(1) = 0. A single-index model with two covariates
is considered: X; = (W + U + V})/a; and Xy = (W? + 2U + Vi) /ay + 3/8, where oy
and ay are two constants and U, V}, V, and W are independent, zero-mean normal variables
with variances o3 = 0.4, 07 = 0.3, 05 = 0.3 and 03, = 1 respectively. The constants
oy and a9 are functions of those last four variances and are chosen such that the variable
X' = —0.3X; + 9X3 belongs to the interval [0, 1] with a probability larger than 0.99. This
leads to oy = 3.033 and vy = 3.823.

In the simulations below, the true value of the parameter is ¥ = 0.8 and the dependent
variable Y is generated from the single-index model Y = h(—0.3X,+0X5)+U, see (L1). The
component U that is the error term in the single-index model also appears in the generation
of X; and X5, introducing non-zero correlation between the covariates and the error term.

Figuredl(a) illustrates this setting with a sample of n = 400 data points. In the figure the
variable Z is on the x-axis, and Y is on the y-axis. The solid line represents the true function
h(z). The endogeneity of Z is apparent from this figure, since the cloud of data points is
not equally located around the function h. Figure @(a) also shows the result of the common
kernel estimator of h from the observations of (Z,Y). The Nadaraya Watson estimator is
used with a Gaussian kernel. The results for various bandwidth choices are superimposed in
the figure. This estimator ignores endogeneity and is therefore biased.

In contrast, the same data are used in Figure[dl(b), now with the nonparametric estimator
studied in the previous sections that is minimizing the penalized discrepancy function (2.1]).
The figure superimposes our estimator for various choices of the regularization parameter «.
The estimation also includes the choice of the bandwidths by and by, (cf Section B). Little
is known about the optimal choice of those nuisance parameters in such a complex model.
In the simulations we therefore consider Silverman (1998)’s rule of thumb and set by, (resp.
bz) equal to 1.06Gyn "1/ (resp. 1.065,n~/°). We also found empirically that it might be
better to undersmooth the density of Z. Accordingly we consider three data driven choices
for bz in our Monte Carlo study below where we also study the sensitivity of the estimator
for a range of values of a. Note also that, by construction, the estimator in Figure @(b)
satisfies the constraints imposed by the penalty term (ZII) so that the estimator is twice
differentiable and is such that E(O) =0 and ﬁ/(l) =0.

We now turn to the estimation of the parameter 9. To construct the functions ﬁgﬂ for each
0 several choices are considered for the regularization parameter « (going from 1072 to 107°)
and for the bandwidth b;. The three choices for by are: Silverman’s rule of thumb (denoted
bz(1)),b7(2) =bz(1)/2 and bz (3) = bz(1)/4. Estimating 9 as in ([2.2]) also requires to choose

a multivariate function g of the instruments. In our simulations, we study several options.
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Figure 1: Nonparametric estimation of the function A from an i.i.d. sample of Y and Z (with
known ¢). In the figure at the left a Nadaraya-Watson estimator is used with bandwidth
values 0.1,0.2,0.3 and 0.4, whereas the figure at the right is based on a penalized estimator

with regularization parameter o = 107, 1071%, 10~ and 1072

In a first set of simulations we consider g(W) = (W, W?)!, which is simple to implement
but not optimal. In theory, the optimal choice for this function is go(W) = E(I/(X'0) X|W)
(see Remark 3.3 together with the fact that U and W are independent, which implies that
Var(U|W) is constant). In a second set of simulations, we consider that last function at
the true value of the parameter 9. That estimator is theoretically optimal but unfeasible.
The conditional expectation appearing in the optimal function g is computed in practice
by the Nadaraya Watson estimator with a Gaussian kernel and a bandwidth provided by
Silverman’s rule of thumb.

The minimization of (2.2]) is performed by a discretization of the parameter space ©. For
each configuration the results for 500 Monte Carlo simulations are given in Tables [Il and
for various sample sizes.

Monte Carlo simulations show relatively stable results over the considered range of .
The tables also show that bias is generally smaller when the bandwidth by is smaller than

Silverman’s rule of thumb. Undersmoothing the density of Z is therefore a recommendation
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n = 200 n = 400

bz(1) | bz(2) | bz(3) || bz(1) | b2(2) | bz(3)
o5 10-9 -0.0842 | -0.0883 | -0.0554 || -0.0233 | -0.0308 | 0.0003

037 | (0.37) | (039 | (0.3) | (037 | (0.35)
o= 10-9 -0.0261 | -0.0686 | -0.0462 || -0.0180 | -0.0372 | 0.0017

0.39) | (0.37) | (031 | (0.35) | (035 | (0.32)
o5 % 10-10 -0.0530 | -0.0121 | -0.0556 || -0.0421 | 0.0203 | -0.0611

0.35) | (0.36) | (0.31) | (0.31) | (031 | (0.38)
o — 10-10 -0.0400 | -0.0280 | -0.0600 | -0.0432 | -0.0432 | -0.0185

0.35) | (0.31) | (0.35) | (0.31) | (035 | (0.36)
o5 1011 -0.0347 | -0.0251 | -0.0410 | -0.0333 | -0.0065 | -0.0246

0.36) | (0.3 | 036 || 0.3) | (0.31) | (0.2

Table 1: Each cell presents the bias and standard error (in parentheses) of the estimator 0
from 500 simulations.Various choices for « are tested and three data driven choices of by are
considered: bz(1) is Silverman’s rule of thumb, bz(2) = bz(1)/2 and bz(3) = bz(1)/4. Two
sample sizes are considered : n = 200 and 400. The function g equals g(W) = (W, W?)*.

12



n = 200 n = 400

bz(1) | bz(2) | bz(3) || bz(1) | b2(2) | bz(3)
o5 % 10~ -0.0460 | -0.0933 | -0.0990 || -0.0082 | -0.0692 | -0.0202

0.36) | (0.3 | 035 || (0.33) | (0.35) | (0.35)
o — 10-9 -0.0740 | -0.0028 | -0.0255 || -0.0336 | -0.0396 | -0.0444

0.38) | (0.36) | (0.34) | (0.38) | (0.34) | (0.34)
o= 5 % 10-10 -0.0470 | -0.0530 | -0.0210 || -0.0508 | -0.0822 | -0.0025

0.34) | (0.35) | (0.35) | (0.33) | (0.35) | (0.34)
o — 10-10 -0.0470 | -0.0530 | -0.0210 || -0.0021 | -0.0331 | -0.0241

0.34) | (0.33) | (0.36) | (0.33) | (0.32) | (0.33)
o5 10-11 -0.0470 | -0.0530 | -0.0210 || -0.0126 | -0.0307 | 0.0056

0.32) | (033 | (0.3 || (0.52) | (0.32) | (0.52)

Table 2: Each cell presents the bias and standard error (in parentheses) of the estimator 0
from 500 simulations.Various choices for « are tested and three data driven choices of by
are considered: bz(1) is Silverman’s rule of thumb, b;(2) = bz(1)/2 and bz(3) = bz(1)/4.
Two sample sizes are considered : n = 200 and 400. The function g equals go(W) =
E(h' (X'0)X|W).

13



for practical implementation. The same exercise with the density of the instrumental variable

W (not reported here) showed that the procedure is less sensitive to changes of by .

5 Conclusions

In this paper we have studied the estimation of a semiparametric single-index model when
endogeneity is present in the explanatory variables, and a vector of instruments is available
that is non-correlated with the error term. Under this model, an estimator of the parametric
component of the model is proposed, which is the solution of an ill-posed inverse problem.
The y/n-consistency and asymptotic normality of the proposed parameter estimator 0 is
established using delicate results on the asymptotic theory for general semiparametric es-
timators. As a by-product we also obtain the asymptotic properties of the estimator h of
the link function, which is smooth and twice differentiable. Therefore meaningful quantities
such as the marginal effect of a covariate, which involves the derivative of h, can be easily
estimated. The finite sample performance of the parameter estimator is also studied via a
simulation study. The simulations show the benefits of undersmoothing the density of X0,
which is an interesting aspect to notice as well.

Although some indications are given in the simulation study about how to choose the
smoothing parameters by, and b and the regularization parameter « in practice, the optimal
choice of these parameters remains an open issue, which is worth to be studied in the future.
Another open problem is the selection of the function g in the estimating equation. It is
expected that the function g has an impact on the variance and the efficiency of the parameter
estimator. This important issue of the method merits further attention, but is beyond the
scope of this paper, since it necessitates an elaborated, lengthy and detailed efficiency study

of the proposed method.

Appendix: Proofs

We start with a definition and a number of technical lemmas, needed in the proof of the

main result.

Lemma A.1. 1. If f and g are two probability densities that belong to &*%(R) with
a =1 or 2, then the convolution f g € &%*(R).

2. If f is a probability density that belongs to &*%(R) with o = 1 or 2, and if § # 0 then
(1/8)f(-/B) € &=*(R).

14



Proof. We prove the first assertion and restrict attention to the case where s > 1. First
note that for all z, vy,

-1

S

& (f xg)(z)

o W)

Qfrg(y — 7)

<
Il
HH

3

o [ ste =gtz -2 = [ @ty = )i

x]

1

<.
Il

Hence, for all |y — x| < py,

(f*9)(y) = (f x9) (@) = Qpaguy — 7))
ly — s

_ f‘f(y —2) = [z —2) = Qpas(y — x)‘g(z)dz
((y—2)— (@ —2)J

< [ st = (s = (0 x ))

Moreover if o = 1, [(f * g)(x)dz = [[[ f(z — 2)dz]g(2)dz = [ f(y)dy - [ g(z)dz =1 and
similarly [(¢; % g)(z)dx < co. For a = 2 we have:

Jrgr@ar= [ [ 1= 2] i
<[] £a-290: [ o]
~ [ [ e - 2as]gtriz = [ Py <o,

since [ g(z)dz =1. In a similar way we can show that [(¢; * g)*(z)dz < oco. O

The previous lemma has the following consequence: if each variable X;, j =1,... k, has
a density in **(R) (o = 1 or 2), then for any 6 € O, fxip € &>*(R). This property will

be used in the proofs below.
The next lemma gives a closed form expression for the functions hg, hy , and ﬁgﬂ.
Lemma A.2. The functions hg, hy , and Egﬂ satisfy:
hy = L~1(S}Sp) 1S, bo = L7 (al + 5559) 7 S,

and
oo = L™ (o + 5;59) 75,7

where [ is the identity operator.
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Proof. We prove the last statement. The first and the second one can be derived in a

similar way. First, note that the estimator /f\Lga minimizes the functional
(Toh — 7, Tyh — 7) + a(Lh, Lh)

over all h € H. The minimizer of this functional is the element in H for which the Fréchet

derivative of this functional in all possible directions h equals zero. Consider

1¢ ~ s . s - ~
lim —{(Tgh + oTyh — 7, Tyh + oTyh — 7 + a{Lh + oLh, Lh + oLh)

00 0
(Tyh =7 Tyh =7 — (Lh, Lh>}
- 2{(@%, Tyh —7) + a(Lh, L%)}
- 2{(%, TiToh — To7) + alh, L*Lh>}
for all %, and therefore
oo = (L' L+ TpTy) " T7 = LY (ol + 8;Sp) ' S7,

where the last equality follows from the definition of §9, and using the fact that (L*L)~! =
L= O

The next lemma gathers useful results on the norm of (a function of) operators. It is
quoted from Florens et al. (2011), see their Lemma A.1, p. 489, where a formal proof can
be found.

Lemma A.3 (Florens et al. (2011)). Let K : H — G be a linear operator defined between
the two Hilbert spaces H and G, and let K* be the adjoint operator of K. Then, for all

a > 0, the following bounds on the operator norm hold true:
o7 ifo0<~y<1
|K*K| e ify > 1
(ol + K*K)"'K*|| = | K(al + K*K) 7| S 1/Ver |
(ol + K*K)7Y| < 1/ar
|K(af + K*K)'K*|| <1,
|l - (ol + K*K) ' K*K]| S Va,
|1l — (ol + K*K)'K*K|| < 1.

laad + K*K) " (K*K)| < {
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The distance between the operators §9 and Sy and the corresponding distance between
the adjoint operators is of crucial importance for the proof of the main result. We give its

rate of convergence in the next lemma.

Lemma A.4. Assume |(A.3) and |[(A.4)l Then,

sup |y = SylI> = Op((nblyb) ™" + (b V b))
€

and
up |55 — SjI* = Op((nbiybz) ™" + (bw V b)),
S

where p is defined in assumption The same holds true when the operator S' is replaced
by T'.

Proof. The proof follows from Lemma A.1 in Florens et al. (2012) combined with Markov’s

inequality (except that our result is uniform over 6), and is therefore omitted. U

The next proposition considers the rate of convergence of Egﬂ — hy with respect to the

| - [|g-norm uniformly over 6.

Proposition A.1. Assume |[(A.2) [(A.3)| [(A.4)[and [(A.8)] Then,

~ by V by)? 1
sup ([, — 15, = Op (L0 22)
6cO (@

+ oﬂA2> ,
a’nbi, by

where v and p are defined in assumption |(A.5)|

Proof. First, consider
T .o — =T+ 11+ 111,

where
I=L"Y(al+8;8)7'S5(F—r),
11 = L~ (al + S;5,) (S5 — Sp)r,
1L = L~ (o + S;S) 1 (S5 — SpSe)(al + S5Sp) Sy

By Lemma [A.3] we have that

K bt 1
I 2 < = ~_ 2 — O (_W )7
I < 17 =l = On (4
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under assumptions |(A.3)|and [(A.4)l Next, consider II:

1 by V by)?P
+(W z) )’

K ~
2 < = * Q|2 — (
I3, < 5055 = 80P = Or (G + 2

under assumption [(A.3)| by Lemmas [A.3] and [A.4] above. It remains to consider III. Note
that

SiSp — SiSy = (S; — S5)Sy — Si(Sp — Sp),

and hence,

1 (bW V bz)2p>

K S
2 * * 2 2
I, < 2515350 = Sl = O (g + s

again by Lemmas and [AZ4 Tt remains to consider the bias part ||hg, — hg||3,, which
is of order a?"? under assumption [(A.2)] by using standard arguments (e.g. Florens et al.
(2012)). O

~

In the next lemma we consider the rate of convergence of the Lo-norm of [hg o —hg ,J(X'0)
and of its first derivative as well as uniform bounds with respect to z and 6 for the estimator

and its derivatives.

Lemma A.5. Assume |(A.3) and |(A.4)l Then,

Ex (Boa(X'0) - ;;,Q(Xtﬁ))2 —op(1) and  Ex (), (X) - ;g(a()m))2 — op(1),

where Ex denotes the expectation with respect to the variable X only.

Proof. Let C/l\ﬂ’a = ﬁﬂ’a — hy . The first expectation equals
Bx(&.(00)) = [ &, () fxeal:)d,

and since fyty is uniformly bounded this is bounded up to a constant by [ c/i%,a(z)dz. The
first result now follows by using similar arguments as in the proof of Proposition [A.1]

For the second statement the proof is similar. Indeed, we can write
!

o — Mo = L7V2(al + S555) 71857 — L™V2(al + SpSy) ™' Sy

The control of this difference is similar to what we did in Proposition [A.Jl We omit the
details. U
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Lemma A.6. Assume |(A.2)} |(A.4)| [(A.5)]and |[(A.8)l Then, there exists a constant M > 0
such that

P< sup \hga( )|<M> — 1 forn — oo, s=0,1.
2€0,0€0

Furthermore,

sup |y o(2) — By (2)| = Op(1).
2€Q,0€0
Proof. Write

1L %hoo| < |(al + LPPTyTyL ) L Tyr| + |(of + LT T, L) LTy (F — 1))
- Rl —|— RQ.

For the first term we have

No.s ~ ~
R, < Z 20k (Tyho, Bo.s )] [Vo.0 k]

K O“")‘esk
B )\esk o ~
= > | (o, T o) ¥,5.k]
3 O‘+>‘esk
N5 kM50 52 ~
< Z — = |<¢65k>¢19sl>||< ho, Vo.s0)| 116,51l
Tl 0‘+)‘esk
GSk —s/2 N
S s3 |k_l‘)‘< / h'(]awﬁ,s,lﬂ |¢9,s,k|
Z a+)\98k
S 83Z||L_S/2h |||w98k|zf |k_l|
<

5,32 L2 | [ a5 4] Zés Ik —1])
k [

by using the basis expansion of @Mt with respect to {¢yg s;}i>0 in the third line, the fact that
22 /(a+ 2%) <1 for all @ > 0 and assumption [(A.8) in the fourth line, and using that
||[L=2/%|| is bounded. R, is therefore bounded, using assumption For the second

term we see that

Ry < Z #j\:k [(F =7, Po,ok)| [o.6.0(2)]
~ v, 1 ~
< =rll 32 Woe(2)] = 0C8) + 0057 > Daasl)
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Taking the supremum over all ¢ € © and z € 2 and using the fact that Oa,s.((nb?ya ™)
0a.s.(bz) = 04.5.(1), gives the first result. For the second statement, we first write |d L(2)] <
\ﬁ;;,a(z)\ +[hg",(2)|, and then follow the lines above by using the weaker conditions for s=2
U

Lemma A.7. Assume |(A.3) and [(A.4)l Then, for 6, = o(1),

ne—sgupan[H ((‘%m*“ =, ‘WZJXtH)HQ] = or(l),

and 2
s B[|(5 5l )| o] = os)

Proof. Let 079706 = /Hg’a — hg,, as in the previous proof. Using a Taylor expansion and Lemma

[A2l we can write

8
8

where D = L*L,

Qﬂ a'r - Qﬁ ol = (Qﬁ « Qﬁ,a)r + @\ﬂ,a(?_ T)v

. e\ 1) [est) | A1) o\

O = (aD 4T T9> {TG - [Te T Tg} (aD 4T Tg) T; }
o\ L) w(1) ) (1) xrr )

Qoo = (a0 +1;1) {1 ~ [T + 10T (0D + T3Ty) T,

the operators T, : L*(R¥) — L2(R?) and T, : L*(R?) — L2(R*) are defined by

9

0 «

)
Ty'h = 89(

ng)

and

Tyh / Zkbz (X10 — 2) Ky, (Wi — )h(2)dz,

A~

(1)) _ ’ (X! ‘
T = / sz%(x,.e_ 2) X! Ko (W = h(2)dz,
Teg —/ Zk‘bz Xt KbW(W - w)g(w)dw>
Rq i=1

T;Wyg /R — Zkbz (X' — X! K, (W; — w)g(w)dw.
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It follows that

(@G,a - Qe,a)T

e |:(OzD —|— fe*fg)_l

— (@D + ) B - (B + BT @D+ TiT) b
+(aD +T;1) T — 1y

~(aD+ ;) [T + ;YD) (aD + T 1) T

[T+ TV (D + T T) T b

Note that

(OéD + fg*fg)_l — (OéD + Tng)_l

—(aD +T3Ty) ™" ( [Ty — T3] To + Ty [Tp — Te]) (aD + T;Ty)

and that
(T + T30 (oD + TpT0) Ty — [T3130 + T, V] (oD + T3 1) ' Ty
= [T + Ty (oD + TyTy) [Ty - T7]
+<[Tg — )T + 1[0 - 1) + (1Y - 1T+ 1O [T, - Tg}) (oD + T;Ty) "' T;

[T + T,V (ap + T3 T) ™ ([T7 - 1) T+ T3 [Ty — 1) ) (@D + T3Ty) 15

Hence, it suffices to control the differences ||ﬁg —Tyl|, ||i; - T3], ||i§1) — Tlgl)|| and ||f;(1) —

Y||. The former two expressions are op(1) by Lemma [A4l The order of the latter two
can be obtained by using similar arguments. The first part of the statement of the lemma
now follows.

For the second part, write

afaet(hea Poa)(2) = (o — QUN)T(2) + QU (F(z) = (=), (A1)

with

08 = (D + By) {550 = PEOTO 4 P + T8 (0D + T380) T

-1 -fj'\v;(l) [TG T( ) —+ T*(l)Tg} (OéD + Tg Tg) 1?5(- t},

—2[T; T+ 1;¢ ’ﬁ,] (aD + Ty 1)
(1) aD + Tg*Tg T(l *(1) + TG*T( ) + T*(Q)Te} (OzD + Tg*Te) T@*

211" + 1,V Tg} (aD+T3T5)

7,0~ [T + T,V (aD + T;T) T | t}’
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where T h = aeagt (Tyn), 1,%g = aeaet (T59).

:/nb2 Zk 2) Xi X[ Ky, (Wi = ) h(2)dz,

Z ;=1
/Rq s Zk — VX X!y, (Wi — w)g(w)dw.
Using similar arguments as above, we can show that ||7) 7y — 1Ty (2)|| = Op(1) and ||f9(2) —

T || = Op(1) uniformly over a neighborhood around ¢. Hence, expression (A is bounded
in probability uniformly over that neighborhood. U

The proof of the main result will be based on results in Chen et al. (2003). In the
latter paper high-level conditions are given under which a semiparametric Z-estimator (i.e.
any parameter estimator that is obtained as the solution of a system of equations involving
a nonparametric nuisance function) is weakly consistent (Theorem 1) and asymptotically
normal (Theorem 2). For the asymptotic normality we need a small modification of their
result, which we state below. We omit the proof.

To present this modified result, we need to introduce a number of additional notations.
As before we assume that 6 belongs to a parameter space ©, and we will assume that the
nuisance functions h belong to a certain space H. This space is not necessarily equal to the
space H introduced before, and will be chosen in the proof of the main result, in such a
way that the high level conditions of Proposition [A.2] below will be satisfied. The space H
is endowed with a pseudo-norm || - ||g. The functions h in H will often be indexed by the
parameter vector # and we will identify h with (hg),.

Since in the result below we assume that 8 and h are weakly consistent, we can restrict
the spaces © and H to shrinking neighborhoods around the true ¥ and hy. Let ©O5 = {# € O :
10 — V|| < 0,} and Hs = {h € H : supyee, ||ho — hyllu < 0, } for some 6, = o(1). Moreover,
for any 6 € ©4, we say that M (hg, ) is pathwise differentiable at hy € Hy in the direction
[hg — he| if {hg+7(hg —hg) : 7 € [0,1]} C H and lim,_,o[M (hg + 7(hg — hg),0) — M (hg, 0)]/7
exists. We denote the limit by A(hg, 0)[he — he).

Proposition A.2. Suppose that M (hg, ) = 0 and h—1 = op(1). In addition, assume that

(C1) Mo (g, B)]| = infoco, [|M(Ro )| + 0p(n=72).

(C.2) The ordinary derivative I'(hg, ) :== 2 M (hj,0) exists for all § € ©5 and is continuous
at @ = 1. Moreover, the matrix I' := I'(hg, 9) is of full (column) rank.
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(C.3) For all § € ©4 the pathwise derivative A(hg, ) [hg— hg] exists in all directions [hy —hg] €
H. Moreover, for all (hy,0) € Hs x O, M(hgy,0) is linear in hy, i.e. M(hg,0) —

o~ o~

M (hg, 0) — A(hg, 0)[he — hg] = 0, and [|A(hg, 0)[hoo — hg] — Alho, )[hy.a — holll <
0p(1)8, + Op(n='/2).
(C.4) For all § € O, P(hg, € H) — 1 and supgee, [|ho.0 — 25|l = 0p(1).

(C.5) For all sequences €, = o(1),

S | Mo, 6) — M(ho, 0) — M (ho, 0)]| = op(n”'1?).

69| <en,supgee; lho—hjlln<en

(C.6) For some positive definite matrix X, n/2{M, (ho,9) + A(ho, 9)[hy. — ho]} > N(0,%).
Then,
n'2(6 —9) % N(0,V),
where
V = (')~ ')~
We are now ready to prove the main result of the paper.

Proof of Theorem Bl First of all, let us define the space H by

H= {h : Q — R; h, h' are absolutely continuous,

sup [h(2)| < M and sup |B'(2)] < M} (A.2)

z€eQ z€Q

where M is defined in Lemma [A6 and let [|h||z = [|A]|F, = [, h*(2) d=.

We will first show that § — 9 = op(1) by checking the conditions of Theorem 1 in Chen
et al. (2003). Condition (1.1) in the latter paper is automatically satisfied by construction,
whereas (1.2) follows from assumption For condition (1.3), write

sup |[2(hs,0) = M (5. 0)]| = sup || B g(W) {no(x'0) — n5(x0) }]|

<[ Egravy e .

sup E((hg - h§)2(Xt9)>

The former expected value is finite by assumption [(A.7), whereas the latter one is bounded
by C'supg [|hg — hg||f; for some C' < oo, since supy, fxtg(z) < oo by assumption [(A.3)]
Next, condition (1.4) follows from Proposition [A ]l whereas condition (1.5) can be verified
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in a similar way as condition (C.5) from Proposition [A.2] which we show below. Hence, we
have shown that the conditions of Theorem 1 in Chen et al. (2003) are satisfied, except for
condition (1.5) of which we postpone the verification to later.
We are now ready to show the asymptotic normality of 5, using Proposition above.
(C.1) This is automatically satisfied by construction of the estimator 6.
(C.2) The derivative with respect to 6 is
F( 27 9) (é - 9)
1 . _
= tim ~{E[gy,5-0 (W) (Y = hi oo (XHO+ (0= 0)))]
—E[g(W) (¥ - 3(x'))] }

—{E[(50.00)| 0 - m50x0)] - E[mving cx)x]

0 . -

~E|9o(W) (545 |_,(X'0)] 18- 6)

The first part of (C.2) is therefore fulfilled if Ay, Ohg /00 and 0gy/00 exist and are contin-
uous in 0 (guaranteed by assumption (a) and |(A.7))). The second part is fulfilled by
assumption (b). Note that for # = 9 we have h§ = hy and the expression reduces to

=0

D(k5.9) =~ [so WX DX ] ~ B[00 (505)|_, (x°9)]
B (50:07)]_ (v = k00| =E[(F0W))|_ By — maxapiw] <o

(C.3) We calculate the functional derivative as
A(B3. 0)ho — ) = Tim LB (W) (V — {15 + 7(ho — 1)} (X'0))]
—E[g(W) (¥ - n3(x'))] }
= —E[go(W') (hg — h§)(X'6)].
It follows that the first part of (C.3) is fulfilled, i.e.
M (hg,0) — M (hgy, 0) — A(hg, 0)[he — hg) = 0.
For the second part we have
| A5 0o = e] = A5, D) g0 — ]

= ||E|50(9){ (oo = h3)(X'0) = (Ro = B)(XD) + (Roa = b5 = (oo = DX} }] |

< c(Blom)|) " (elr21 -+ B0 + E1221 + B0
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with dpa = hoa — B, dg.a = hS, — kS, and

o~

I = dyo(X'0) — dy o(X"), I = dy o(X'0) — dy o(X0),
Iy = dy.o(X'0) — dy o(X"), Ly = dyo(X'0) — dyo(X'6).

The terms E[IZ] and E[IZ] are O(a"?) (as was shown at the end of the proof of Proposi-
tion [AT)), which is O(n~/?) under assumption We obtain by a Taylor expansion of
cjg,a(XtQ) around X' that

L= 4, (X'9)X'(0—0)+ %Jggﬁa(m(e —9)LXXHO — ),

Here &, denotes a random variable between X‘0 and X%J). Because X belongs to some

compact set we have || X X*|| < for some x < co. Hence,

E[I2] < Ci|(0—9)E _c?ja(Xtﬁ)XXt] 6 —v)
(0 — 9)'E [@;@(g@?xx%@ —9)(0 - ﬂ)tXXt] 0 19)‘

IN

Collo — 9|PE[ 3, (X'9)]| + G510 — 0| *E| 1 (€0)]
< op(1)52 + Op(64)

by Lemma [A.G, uniformly over all ||§ — || < §,,, and where Cy = Ok and C3 = Cyx%. Using

a similar development for I, we obtain that

B() < Cufl0 - oPE[| - da| _ x'0)]] + 10 - 0l'B]

2 .
5l xol )

for some 7 on the line segment between 6 and . The latter is of the order op(1)6% + Op(d2)
by Lemma [A.7l This shows that the second part of (C.3) is satisfied.

(C.4) Using the definition of the space H given in equation (A.2)) and using Lemma [A.0]
it is easily seen that for all 6 € O5 we have that P(ﬁgﬂ € H) — 1 as n tends to infinity.
Moreover, sup, Hﬁg,a —hgllm = op(1) by Proposition[A.Jland the definition of the norm || - ||g.

(C.5) For proving condition (C.5), we make use of Theorem 3 in Chen et al. (2003). If
conditions (3.2) and (3.3) in the latter theorem are verified, then (C.5) holds true. Condition
(3.2) is easily seen to be valid for r = 2 and s; = 1 (j = 1,...,¢) (using the notation of
Chen et al. (2003)). For (3.3), it follows from e.g. Theorem 2.7.1 in Van der Vaart & Wellner
(1996) that log N (e, H, || - ||lm) < Ke ! for all 0 < e < M, where N (e, H, || - ||m) is the covering
number, i.e. the smallest number of balls of || - ||g-radius € needed to cover the space H.

Condition (3.3) now follows.
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(C.6) We need to show the asymptotic normality of
A4ﬁ(h§,ﬂ)%—A(h;,ﬁ)(ﬁﬁﬁl—-h;).

Now, M, (h$,?) is already a sum of independent identically distributed random variables

with zero mean, since

E[M,(h$,9)] = M(h5,9) =0
From the first part of (C.3) we have
ARG, D) [hp o — B5) = M(hg 0, 0) — M(h5,0)
= —Elgg (W) (hy.a(X'0) — h5(X'D))]
_ / 90(0) (o () — BS(2)) Fxrow (2, w)d(z, w).
R2
We can write
/ go(w) (o a(2) = h5(2)) fxrgw (2, w)d(z, w) = / 99(w)SyL(hy o — h3)(w)dw
R2 R
= (g9, S9(S5S9) LS5 — SyLhS)) + (g9, Sol(al + S555) 7185 — (S5S)"LS317)
+(g9, S9(S5S5) "' [Sy — SyILhS)
- In,l + [n,2 + In,3~
First, note that

(55519)‘255@— §ﬁLh§)( )
- S [ () e L] st i

bw

n

{
- vl
A

— g (K Zh Xt TﬂTﬂ /K ) fxrow (-, W, bWw)dw}( )

T /K ) Fxto (. W = bw)du }(2)

+orW)2 S {(@T) " [ Kw)froawr (W= w2

i=1

- % Z U{(T;Ty) " fxeow (-, W) }(2) + Op (b)) + Op(b5,),

where both remainder terms are of order op(n=/2) since nb2Zp — 0 and nb%{} — 0. Hence, we

obtain for I,,; :

ZU/ T19T19) 1‘th79’W(.’m)}(z)thﬁ7W(zaw)d(Z,w)+Op(n_1/2)’

26



which gives the following contribution to the i.i.d. sum :

Further we get
Lis = ((S5S9)"S590, 1S5 — S51Lh3)
= [ 3807 3001 L5 [ (Froaw ) = ElFceas(z,0)
+(E [me’W(z,w)] - wa’W(z,w))} dz dw,

where, by standard calculations, the bias part is of order O((by V by)*) = o(n~/?) and
the stochastic part is of order op(n~'/2) due to the additional integration. In a somewhat

similar way we can show that also I,, » is asymptotically negligible. U
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