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Abstract

We consider arbitrary trajectories subject to a coordinate-wise energy decrease: the sign of the derivative of each entry
is never the same as that of the corresponding entry of the gradient of some energy function. We show that this simple
condition guarantees convergence to a point, to the minimum of the energy functions, or to a set where its Hessian has very
specific properties. This extends and strengthens recent results that were restricted to convex quadratic energy functions. We
demonstrate the application of our result by using it to prove the convergence of a class of multi-agent systems subject to
multiple uncertainties.
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1 Introduction

We consider the convergence properties of a trajectory
y: RT — R™ t s y(t) whose evolution is constrained
by an energy function V : R —» R, =z — V(z) via the
set of inequalities

.oV

VE>0,i=1,...,n, (1)
Ty

i.e. the derivative of a coordinate y; of y and the corre-
sponding coordinate of the gradient VV of V at y al-
ways have opposite sign if they are both nonzero. We
note that we will always use the letter y when referring
to a trajectory or its accumulation points, and the letter
x for the points in the ambient space R™.

For energy functions of the form V = z7 Qx, with Q pos-
itive semi-definite, condition (1) was shown in our recent
work [9] to be often sufficient for convergence of y. This
was motivated by a platoon cooperative control applica-
tion involving dead-zone control and bounded arbitrary
disturbance. It allowed in particular solving a conjecture
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on the convergence of such systems [5], and a related
problem of consensus under bounded disturbance [2, 6].
In this work, we extend these results to general functions
V', characterize more precisely the alternative long-term
behavior of the trajectory when convergence is not guar-
anteed, and explore the tightness of our conditions. We
demonstrate the application of our result on a general-
ization of the platoon application from [9].

We stress that the trajectory y is not assumed to be gen-
erated by a vector field or a system of differential equa-
tions. It can be completely arbitrary provided it satis-
fies the constraints (1). By contrast, a large proportion
of the convergence results based on decrease of energy
functions rely on variations or extensions of Lyapunov-
Kraskowski-LaSalle Theorems [10], and typically assume
that trajectories follow some ordinary differential equa-
tion such as y(t) = f(y(t),t) or y(t) = f(y(t)) for an
f satisfying some (uniform) continuity conditions [1,4].
For example, LaSalle theorem guarantees (under some
conditions) the convergence of §y = f(y) to an invariant
set, but not to a single point, provided f(z)TVV (z) <0
everywhere [11]. Convergence to 0 can then be guaran-
teed under the additional assumption that %V (y(t)) =

Fly@)TVV(y(t)) is not uniformly zero along any tra-
jectory other than that staying at 0 [14]. For more detail
on various cases of unforced systems, we refer the reader
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to [12] as a starting point.

Vector fields f(x,t) over the state space may not be
naturally available in systems whose evolution is driven
by external elements. Think of discrete communications
in cyber-physical applications, systems designed to be
robust to adversarial input signals that could depend
on the trajectory and its history, or systems involving
some random decisions (though more complex descrip-
tions may be available, see [7,15]). Similarly, many mod-
ern control laws are not easily described by a continu-
ous field f, think e.g. of event-triggered or self-triggered
mechanisms [8,13]. Hence it is desirable to have results
guaranteeing the convergence of a single trajectory based
on properties satisfied along that specific trajectory with-
out assuming or constructing a corresponding vector
field, nor speculating about the properties of potential
other trajectories. Currently available results for single
trajectories require a sufficiently negative decrease, e.g.,
4y (y(t)) < —AV(y(t)) for some positive A, which al-
lows guaranteeing convergence to the minimum of V' at
a certain rate, see again [10]. This precludes their use
when no such uniform condition can be guaranteed, or
for situations where the rate of convergence cannot be
known, which could happen for example if parts of the
system can occasionally pause. On the other hand, sim-
ply requiring %V(y(t)) < 0 does not imply convergence,
as can be verified on the simple two-dimensional exam-
pley;(t) = (1+e ) cost and y2(t) = (1+e7t)sint with
V(x) = ||z||,. As a source of intuition at a very informal
level, one could say that the condition £V (y(t)) < 0 im-
plies the decrease and convergence of the energy V along
the trajectory, but allows for persistent significant en-
ergy transfer between the different coordinates. By con-
trast, our condition (1) forces the decrease of energy on
every coordinate. This remains at the level of intuition
though, as the energy V in general cannot be separated
along the different coordinates.

Our paper is organized as follows: We state our main
convergence result in Section 2, together with convenient
corollaries specializing it, including for convex functions
V. We study its tightness in Section 3 with an example
showing that the alternative to convergence cannot sim-
ply be removed, and demonstrate in Section 4 its appli-
cation to analyze a multi-agent problem. The main proof
is presented in Section 5, together with the intuition on
how the elements are built together. We draw conclu-
sions and discuss potential continuations and open prob-
lems in Section 6.

2 Main results

We first present our most general result with minimal
assumptions, thus allowing for most possibilities for the
asymptotic behavior.

Theorem 1 Let V : R™ — R be a twice differentiable

function with a locally Lipschitz Hessian and y : RT —
R™ a trajectory that is absolutely continuous, also im-
plying that y(t) exists almost everywhere. Suppose that
where it exists,

. ov
9i(t) 2—ly@) <0

o VE>0i=1,....,n. (2

Then, at least one of the following conditions holds:

(a) y converges;

(b) for every accumulation point g, there exists a non-
trivial vector v in the kernel of the Hessian V2V (%),
whose entries v; are nonzero only for coordinates in

which the gradient VV () is 0, i.e. vi%(g) =0.

Condition (b) implies in particular that the Hessian
V2V () must be rank deficient at every accumulation
point, and the gradient VV () must have a zero coordi-
nate. We stress that at this stage no assumption is made
on V other than its sufficient smoothness. Our result
also allows the possibility of y(¢) having no accumula-
tion point, in which case (b) is trivially satisfied. This is
for example the case for y(t) = —t with V(z) = e” on R.

The proof of Theorem 1 is presented in Section 5. We
now deduce some useful special cases by strengthening
some assumptions.

Corollary 2 Under the conditions of Theorem 1, if V2V
is never rank deficient, or if its kernel never contains
a vector with zero component, then exactly one of the
following condition holds:

(1) y converges;

(2) y admits no accumulation point. Therefore, it leaves
definitively any compact set after a finite time and
1s unbounded.

In particular every bounded trajectory converges.

PROOF. Under any of the additional assumptions of
this corollary, no point satisfies condition (b) of Theorem
1, which implies that if y does not converge, it must
admit no accumulation point. The rest of condition (2)
follows because if there were an infinite and unbounded
sequence of times at which y is in a compact set K, it
would admit an accumulation point. O

The absence of vector with zero component in the kernel
of the Hessian turns out to be useful in some multi-
agent systems where the Hessian can be related to a
graph Laplacian, as will be seen in Section 4.2. It is also
directly applicable to any function of the form V(z) =

V(II,x) where II, is the orthogonal projection onto a
space orthogonal to a vector v with v; # 0 for every



i, and V is strongly convex, i.e. to functions which are
strongly convex up to an invariance in the direction v.

The next corollary concerns convex functions.

Corollary 3 Under the conditions of Theorem 1, if
V2V (x) = 0Vz andV admits a minimum x*, theny con-
verges. Hence, if V' is strongly convez, then y converges.

Remark 1 The assumption of the existence of a mini-
mum z* is needed, as V2V (z) = 0 does not necessarily
imply the existence of a minimum. See, e.g., the example
V(z) = e* on R mentioned above.

PROOF. Since V2V (z) = 0 for every x, Corollary 2
implies that every bounded trajectory converges. Hence,
we just need to prove that all trajectories are bounded.
We suppose without loss of generality that * = 0 and
V(z*) = 0 and first show V is radially unbounded. In-
deed, if it were not, we could find arbitrary large x for
which V(z) < M for some constant M, and convexity
implies that for these z,

1% (x> el =Ly ¢ Ly < M

||| |l |||

L. of norm 1 where V

Hence we could find points Tell

takes arbitrarily small value, which by the compact-
ness of the unit sphere and the continuity of V implies
that V(z) = 0 for some z of norm 1. It follows then
from the convexity of V' that f(\) := V(Az) = 0 for
all A\ € [0,1], and therefore that f”(\) = 0 on (0,1).
But since f” = 2TV2V z, this contradicts V2V (z) = 0.
Hence V is radially unbounded, and since V' (y(¢)) is non-
increasing as y7 VV (y(t)) < 0 follows from (2), this im-
plies the boundedness of y, and thus its convergence.

3 Tightness

We now show that the assumptions of Theorem 1 al-
low for situations where only condition (b) holds demon-
strating thus that these situations cannot be excluded
without additional assumptions.

Example 1 Let C = [-1,1]> C R?, and V(z) =
d*(z,C), i.e. the fourth power of the Buclidean distance
to C. Consider the trajectory y(t) = (2 + e~ *,sin(t)).

V' is convex, and one can verify that its Hessian is lo-
cally Lipschitz. Besides, y remains in [1,00) X [-1, 1], on
which d(z,C) = (21 — 1) and hence V(z) = (21 — 1)%.
Furthermore the differentials in this region are

0 0 0

VV(z) = (4(m1 N 1)3> VAV (z) = <12($1 — b’ 0) .

In particular VV (y(t)) = (4(e=* 4+ 1)3,0)T, which to-
gether with ¢(t) = (—e™% cos(t)) implies that our as-
sumption (2) is satisfied, and Theorem 1 applies. The
trajectory does not converge, so condition (a) does not
hold. Tts set of accumulation points 7 is {(2,¢) : ¢ €
[—1,1]}, and at such points VV(g) = (4,0) ', while the
kernel of the Hessian is span{(0,1) " }. These points sat-
isfy thus condition (b).

4 Example of application

We now demonstrate the application of our results on an
example generalizing the linear platoon problem in [9],
which, to the best of our knowledge, is not amenable to
analysis by any available result. We show in particular
how one can exploit our result in combination with ad-
ditional information on the dynamics of trajectories to
characterize their asymptotic behavior.

4.1 System Description

We consider a system of n agents having each a position
yi(t) € R, together with a connected (undirected) graph
G. We denote by i ~ j the fact that 7 and j are neigh-
bors on G, and use again y(t) and x respectively for the
trajectory of the system and for simple vectors in R”.

Agents follow first-order dynamics that may be sub-
ject to unmodeled nonlinearities. They may be hetero-
geneous and have no common or permanent notion of
time, and their progression may be slowed down or in-
terrupted for exogenous reasons, or for example for col-
lision avoidance. Therefore we model their dynamics as

Ui(t) = hq(t,u(t)), (3)

where u;(t) is their control input and h; an arbitrary
function that preserves the sign of w; but is not known
to the agents. Agents measure the relative positions of
their neighbors on G in an inexact manner; they have
access to

Ay (t) = y;(t) — yilt) +pij(t)  forevery j ~i, (4)
for some arbitrary bounded perturbation p;;(t) with
|pij(t)| < pij, resulting for example from quantization,
miscalibration or noise. The bounds p;; are known.

We suppose that agents have certain preferences regard-
ing their relative positions to their neighbors, charac-
terized by “energy” functions f;;(z; — z;) satistying the
symmetry condition f;;(2) = fji(—%), and which they
want to minimize. No assumption is made on the consis-
tency between these functions. Agents would naturally
want to minimize their total discomfort

Vi) = fijla; — 1),

g



with x = (z1,...,7,)T, and therefore attempt to follow
—g;/z = >_j~i fij(®j — xi). However, they do not have
access to this exact derivative due to the measurement
errors (4), and since these errors can be arbitrary, one
cannot rely on them canceling out on average. Hence
they will follow a robust approach and only move when
certain that the direction is advantageous. To capture
this, observe that if agent 7 measures Aij, (4) implies

that the real y; —y; could be anywhere in [A;; —P;;, A+
Di;). Hence, based on its measurements A;;, agent i can

compute the following upper and lower bounds on g;/ ,

grt)=>_ sup —f(Ayt)+p)

ji PE(—Pij,Pij)
g (t)=>_ inf

i PE[—Pij,Pij]

. 5
—[i;(Aij(t) +p). ®)

Each agent will then move only if these bounds have the

same sign, as it is then sure of the sign of g;/i . This can

be achieved by

u;(t) = —max(g; (t),0) — min(g;" (¢),0),  (6)

with only at most one of the terms being non-zero. The
input u;(t) will thus be nonzero only if it is certain than

g;/? is nonzero, and they will then have opposite sign. We

note that the optimization problems in (5) are trivially
solved by p = £p;; when the f;; are convex.

4.2 Analysis using Theorem 1

We define the global energy function

V(z) = ZVz‘(I) =3 D fulwy—m). (1)

1 g

Using the symmetry of the f;;, one can verify that,
oV
Oz;
guarantee that y;(¢) could only be nonzero if one were
sure it would have the opposite sign as ga‘f. Hence the
trajectory of the system defined in Section 4.1 satisfies

a stronger version of our main assumption (2):

= 2%. Moreover, our construction (3), (5) and (6)

. .oV
9 #0 = yl%‘y(t) <0,

Vt>0,i=1,...,n. (8)
Provided the f;; are twice differentiable with locally Lip-
schitz second derivative, we can therefore apply Theo-
rem 1 and conclude that either y converges, or all ac-
cumulation points satisfy condition (b) of the theorem.
The precise implications will depend on the nature of the
functions f;; and of the functions g. We will now show
when the functions f;; are convex and based on the non-
linearity h; in (3), our result can be used to guarantee
convergence to a point in the vicinity of arg min V' (z).

Assumption 1 Every f;; is locally strongly convex and
admits a minimum.
Without loss of generality we further assume f;; > 0.

Lemma 4 Under Assumption 1, every trajectory of the
system defined in in Section 4.1 is bounded.

PROOF. We first show the existence of a (global) min-
imizer * of V. Since every f;; is locally strongly convex
and admits a minimum, the argument used in Corol-
lary 3 shows that every f;;(z) grows unbounded when |z|
grows, and so does thus min;.; fi;(z). We focus now on
the restriction V' of V' to the subspace where >, x; = 0.
On this subspace, for any x there exists a pair k, £ such
that |z, — z¢| > ||z||. The connectivity of G implies
the existence of a path of length at most n — 1 be-
tween nodes k and ¢, including an edge (4, j) for which
2, — x;] > -5 [|2|| ., Hence, it follows from the defini-
tion (7) of V that for large enough z,

~ . Z|| oo
V(ﬂf)Zfij(fj—Ii)Z}}E?,fi'j/(H I ),

n—1

using that f;;(y) are non-decreasing for large enough y.

Consequently V' (x) grows to infinity when ||z||  grows.

V' is thus radially unbounded, which implies it admits a
minimum z* (see e.g. [3, Proposition A.8]). Furthermore,
the invariance of V under addition of a a multiple of
(1,1,...,1)T implies that 2* is also a minimizer of V.

We now fix one specific minimizer z* and consider a
trajectory y. For every time ¢ we define the set I(t) =
arg maxy=1,..n Yx(t) — 5. This definition implies that
if i € I(t), then y;(t) — yi(t) < x} — a7 for every j.
Remember that each f;; is convex, and thus that each

f1.(2) is non-decreasing with z. Therefore we have

%'y(“ =23 iy (6) — wi(t))

i
ooy _ OV

>-2) flia; —af) = 87'"“ =0,
Jnvi ¢

since z* is a minimizer of V. Hence, condition (8) im-
plies that if y; # 0, then ¢; < 0, so any agent who is
reaching the maximum of y(¢) — «}, at a given time can
only have a non-positive speed. By arguments exactly
parallel to those used in [9, Theorem 4], this implies that
maxy, Y (t) — 7}, is nonincreasing. A symmetric reasoning
shows then also that miny, yx(¢) — «} is nondecreasing ! .
Hence every y;(t) remains bounded. O

! We note that Theorem 4 in [9] should have required condi-
tion (8) for guaranteeing the monotonicity of min x;(¢) and
max z;(t). But this condition was indeed satisfied when The-
orem 4 was used in Theorem 5 of the same paper.



Lemma 5 letV be defined as in (7). Under Assumption
1, for every x there holds V2V (z) = 0, with ker V2V =
span{(1,1,...,1)T}.

PROOF. 1t follows from the definition of V' and the
symmetry of the fi; that (V?V); = 2f/i(z; — ;) if
i ~ 7 and zero else, and that the diagonal elements are
(V2V); = =2 > jei fi5(x; — ). Consequently V2V can
be interpreted as the Laplacian of a weighted version of
the graph G, with the weight of each edge (¢, j) being
2fi"(xj — ;) = 2f};(x; — x;). Moreover, these weights
are all positive due to the local strong convexity of the
fij- The result follows then from classical arguments in
algebraic graph theory. O

We can now establish convergence of every trajectory.

Corollary 6 Under Assumption 1, every trajectoryy of
the system defined in Section 4.1 converges.

PROOF. We know that Theorem 1 applies to the tra-
jectories y of the system. And it follows from Lemma 5
that the kernel of V2V () is always span{(1,1,...,1)T},
and contains thus no nontrivial vector with a zero com-
ponent. Corollary 2 implies then that every bounded tra-
jectory converges, and thus that every trajectory con-
verges since Proposition 4 guarantees the boundedness
of all trajectories. O

There remains to characterize the potential limits of the
trajectories, for which we will make an additional as-
sumption on the function h; defining the agent dynam-
ics in (3). The current ones allow indeed for example for
h; = 0, in which case agents never move, and nothing
can therefore be said about their limits.

Assumption 2 For every agent i, |h;(u;(t),t)] >
alui(t)| holds on an infinite number of disjoint time
intervals of lengths at least T, for some a, 7 > 0.

It follows from (4) that the relative position Ay;(t) of j
as measured by i is at least y;(t) — y;(t) — pi;. Hence the

convexity of f;; implies that sup,¢(_5, 5.1 —fi; (Aij(t)—

p) appearing in (5) is at most — i’j (y;(t) — yi(t) — 2Dsj)-
Therefore, when y(t) = 2 we have

g9 (t) < g (2) == — Zfi/j(xj — @i — 2Pij),

Jri

g9i (t) = g5 () = =Y fl; (@) — @i + 2pij).

jri
Furthermore, it follows from the control law (6) that

wi(t) € [=g (w(®), =g, w®)], Vi (9)

We are now ready to characterize the limiting points.

Proposition 7 Under Assumptions 1 and 2, every tra-
jectory y of the system defined in Section 4.1 converges.
Moreover, limy_, o y(t) € SP := Ni=1,.. nSY, with
SP={r:g; (x) <0< g/ (2)}.

The shape of S” depends on the properties of the f;;, the
structure of the graph G and on the magnitude of the
perturbation bounds p;;. Moreover, observe that it de-
pends continuously on these bounds, and that when they
are all zero, SP = {z : VV(x) = 0} = argmin, V().
Proposition 7 proves thus convergence to a point in the
vicinity of the minimum set of the potential V', at a dis-
tance that depends on the magnitude of the perturba-
tions.

PROOF. Convergence to a point y* is guaranteed by
Corollary 6. Suppose, to obtain a contradiction, that
y* &€ S? for some 4, and assume without loss of general-
ity that ;" (y*) < 0. Then, since §;" is continuous with
respect to x, there exists a time T after which we always
have g (y(t)) < 34 (y*) < 0, and therefore u;(t) >
—39i (y*) > 0 by (9). The sign-preserving character of
h; and Assumption 2 imply then that &; = h;(t,u;) > 0
for all t > T, and @; = h;(t,u;) > aig (y*) > 0 on
an infinite number of disjoint intervals of length at least
7 > 0, which contradicts the convergence of y;(t) and
thus of y. Hence we must have y* € S? for every i. O

5 Proof of Theorem 1
5.1 Introduction and proof structure

For the ease of reading, we will slightly abuse notations

and use VV; to denote g—;/i and VV;(z) to denote g—;ﬂz.

We first observe that, although we did not assume V' to
be bounded from below, this assumption is automati-
cally satisfied along the trajectory if there exists an ac-
cumulation point.

Lemma 8 Under the assumptions of Theorem 1, if y
admits an accumulation point g, then V(y(t)) > V(g)
forallt, and limy_, o V(y(t)) = V().

PROOF. It follows from assumption (2) that
d S ,
SV ()= VVily(®)ii(t) <0,
i=1

implying that V(y(t)) is non-increasing. Since y(t) gets
arbitrary close to g for arbitrarily large times, the con-
tinuity of V' implies limsup, ,. V(y(t)) > V(%), and
thanks to the monotonicity of V(g(t)) we have then

inf V(y(t)) = lim V(y(t)) = lim sup V(y(t)) > V(g)-

t—oo t—00

O



We now define
K; :={x: VVi(z) =0},

the set on which the i*" coordinate of the gradient of V'
cancels. These sets are closed by continuity of VV'. We
say that an accumulation point ¥ is locally K-minimal
if there is a non-trivial ball centered on y containing no
accumulation point that belongs to a smaller number of
K; than g. We first prove in Section 5.2 the result for lo-
cally K-minimal accumulation points, and will then ex-
tend it to the general case in Section 5.3 using topolog-
ical arguments.

The intuition behind our proof is the following. In the
non-trivial case of the theorem where the trajectory y
does not converge but admits a (K-minimal) accumula-
tion point g, this trajectory must repeatedly approach
y and then leave it at a non-vanishing distance. We will
exploit this to define a “direction” v that is (asymp-
totically) followed infinitely often when the trajectory
leaves y. We will argue that for those ¢ for which y € K,
there must hold (Hv); = 0 with H the Hessian of V
at g, because otherwise there would be an accumula-
tion point of the form ¢ 4+ dv at which VV; # 0, i.e.
that does not belong to K;, contradicting the local K-
minimality of §. We will also argue that for those i for
which § € K; i.e. VV; # 0, there must hold v; = 0,
for otherwise, following v would result in an impossible
repeated decrease of energy VV(g)v < VV;(g)v; < 0
(where we use our assumption (2)). Hence there we will
have v Hv = >, v;(Hv); = 0, i.e. the direction v is in
the kernel of H. The analysis of the structure of this v
will then give condition (b).

5.2 K-minimal accumulation points

Proposition 9 Under the assumptions of Theorem 1,
if y does mot converge, every locally K-minimal accumu-
lation point § satisfies the following condition: The ker-
nel of V2V (y) contains a nontrivial vector v such that
v; VV;(g) = 0 for everyi, i.e. the entries of v; are possibly
nonzero only for coordinates in which the gradient is 0.

We suppose y does not converge and fix a locally K-
minimal accumulation point g (in the absence of such
point, the claim trivially holds). We may re-index the
coordinates without loss of generality in such a way that
y belongs to K1, ..., Ki and not to the n — k other K,
with k potentially equal to 0. This choice and the local K-
minimality of § imply that the two following conditions
are satisfied for any sufficiently small ¢, and hence we
assume them to be satisfied in the sequel for the values
of € considered. -

(i) B(y,3¢) N K; = 0 for @ > k, where B denotes the
closed ball.

(ii) there are no accumulation points on less than k sets
K; within B(g, 3¢).

Figure 1. Representation of different constructions in the
proof of Proposition 9 for a given accumulation point g: (i)
the sets K;, with g belonging to one of them, K;, so that
k = 1; (ii) the three balls of radius €, 2¢ and 3¢ centered on 7,
which do not intersect Kj; and (iii) the trajectory y and some
vectors Ay™ connecting each time a point of the trajectory
at distance € from § to a subsequent point at distance 2e
from g (these points are respectively y(t1") and y(t5"), and
are not represented here)

We first show that locally, the trajectory will be
asymptotically constrained towards the k kernel spaces
Ki,..., K} prescribed by y. In the representation of
Figure 1, this means that y will approach closely K; in
the long run fori =1, ... k.

Since y(t) does not converge to g, then for e small enough,
we can find arbitrary large ¢ for which y(t) ¢ B(7, 2¢).
On the other hand, since § is an accumulation point, we
can also find arbitrary large ¢ for which y(¢) € B(7,¢).
Hence, there exists a sequence of disjoint intervals
[t ¢5"] with ¢7", 5" — oo such that y(t]") € 0B(y,€),
y(t7) € OB(7.2¢) and y(E",#77)) € B(7,2€). We let
then Ay™ = y(t5') — y(t*), be the vector linking the
beginning and end of these pieces of trajectories, and
already observe that ||Ay™|| € [2¢, 4¢]. See again Figure
1 for a representation.

Since these vectors live in a compact set, they have an
accumulation point Ay€, still with ||Ay¢|| € [2€,4€].
This vector can be interpreted as a direction in which
the trajectory repeatedly leaves the small neighborhood
of 3. We will show that (Ay©)THAy® = O(e3) for H
the Hessian of V' at g. For this purpose we show that
|(HAY);| = O(e?) for i < k and Ay¢ =0 for i > k.

Claim 1: For i < k, for any increasing diverging se-

quence of times ¢™ such that y(t™) € B(7, 3¢), there
holds

lim d(y(t™),K;) =0and lim VV;(y(t"™)) =0

m—r o0 m—r o0

In particular VV;(y(t5")) — 0 and VV;(y(t7*)) — 0.

PROOF. If lim,, o d(y(t™), K;) = 0 did not hold,
there would be an infinite subsequence 7(t™') at a dis-



tance larger than 0 > 0 from Kj;, which would admit an
accumulation point y° € B(, 3¢) since y(t™) remains in
that compact set. Moreover, y° would not belong to any
K; for j > k since B(y, 3¢) does not intersect with any
such K ;. Hence we would have an accumulation point of
y belonging to less than k sets K; in contradiction with
y being K-minimal. The second part of the claim follows
then by continuity of the gradient?. O

We now show how Claim 1 implies the direction Ay€ is
“not too far” from the kernel of the first k rows of the
Hessian of V.

Claim 2: Let H = V2V (g). For any i < k there holds
|(HAy®);| < Ce?, for some C possibly depending on ¢
but not on e.

PROOF. We prove

limsup [(HAY™),| < O, (10)

m—r 00

which implies the result by definition of Ay® as an accu-
mulation point of Ay™. For this purpose we first show
that the difference of the gradient VV (y(t5)) — VV (7)
can be approximated by HAy™ up to O(e?). Indeed, we
can write VV (y(t5")) — VV (@) as the following integral

1
/ VAV (5 + (y(t5") — 9)s) (y(t5") — g)ds

s=0
s

— [ He) - s
= [V @ ) - 09— 1) o)~ 9)ds

Since the Hessian is assumed to be locally Lipschitz con-
tinuous, we have, for a Lipschitz constant L(g),

||V2V (7 + (y(t5") — §)s) — H|| < L(@)s|ly(t5") — g
= O(e),

with the implicit constant only depending on %. Hence,
slightly abusing the O(e) notation for the sake of con-
ciseness, there holds

VV(y(t5') = VV(5)

1
— B -9 + / _0(u(ty) ~ i)ds
= H(y(ty") — §) + O(e?),

2 We need to work on the closed ball. Because it is com-
pact and VV is continuous, Heine-Cantor theorem implies
uniform continuity, hence approaching the set K; on which
VYV is 0 implies that VV; goes to 0.

where we have used ||ly(¢t5*) —g|| = 2e. Similarly
VV(y(t) — VV(5) = H(y(t]") — y) + O(€?). Hence

VV(y(t3) = VV(y(t7") = HAy™ + O(¢*).  (11)

By Claim 1, we know that VV;(y(t5*)) — 0 and
VV;i(y(t7")) — 0. Therefore, it follows from (11), applied
to each component ¢ = 1,..., k, that

VVi(y(t5") = VVi(y(t]") = HiAy™ + O(e*) = 0,

which implies (10) and thus the claim. O

Next, we show that Ayf = 0 for ¢ > k. The idea of the
proofis that every Ay, of which Ayf is an accumulation
point, results in a proportional decrease of energy “along
the ¢ coordinate” that cannot be compensated by the
other coordinates due to our principal condition (2).

Claim 3: Ay§ =0 for ¢ > k.

PROOF. We show that limy,_,., Ay* = 0 for i > k,
which implies the claim as Ay€ is an accumulation point
of Ay™.

Since VV;(y) # 0 for i > k by definition of k, the conti-
nuity of VV implies that for sufficiently small €, we have
|VVi(z)] > ¢ > 0 for some ¢ > 0 for all z € B(y, 2e).
Therefore, since y(t) € B(y, 2¢) for ¢ € [t]", 5], we have

tén. 1 [t )
Ay < / gildt < X / Vily)] [l
t t

m C m
1 1

Our main assumption on coordinate-wise decrease (2)
implies that |VV;(y)| |9:] = —VVi(y)¥:, and generally
that —VV;(y)y; > 0 for every j. Hence,

Ay =3 [T Vi + 3 9V, | de
S i
= L V) - V).

This last inequality holds for every m, so that

S < STV - V) < oo,

m m

as V(y(t)) is non-increasing and the overall decrease of
V(y(t)) is finite by Lemma 8. Therefore, there holds
|Ay™| — 0 as m — oo, which implies Ayf = 0. O

Claim 4: Let H = V2V (g). If € is small enough, there
holds ,
|(Ay€)TH(Ay6)| <(C'é (12)



for some constant C’ depending only on 7.

PROOF. For i <k, it follows from Claim 2 that
|Ays (HAY )| < (|8 |(HAY )| < 4eCe? = C'éb.

For ¢ > k, we have Ayf(HAy®); = 0 because Ay = 0
by Claim 3, so (12) holds. O

We are now ready to prove Proposition 9.

PROOF. First, remember that ||Ay¢|| € [2¢, 4€], hence

any sequence of % admits an accumulation point. In
particular, among the small enough € there exists a se-
quence of €, converging to 0 and a vector v with ||v|| €
[2, 4] such that v = limp_, o éAyEf.

For i > k, Claim 3 implies that éAyf" = 0 and thus
v; = 0. Besides, from Claim 4, we have

€y T €y
(L) (%)
€y €y
1
L

£— 00

’vTHv’ = lim
L— o0

1
< lim —C'e} = C'e, = 0.
£— 00 €y

So we have found a nonzero v in the kernel of H such that
v; = 0 for all 4 > k, i.e. for all ¢ for which VV;(y) # 0,
which establishes Proposition 9. O

5.8  Generalization to all accumulation points

We now prove Theorem 1 by extending the result of
Proposition 9 to all accumulation points, whether K-
minimal or not.

Lemma 10 Under the assumptions of Theorem 1, the
set of x € R™ satisfying property (b) in Proposition 9 is
closed.

PROOF. Let T be the set of points z satisfying the
property (b) in Proposition 9. Observe that « € T if and
only if the following system admits a non-trivial solution

( V2V () ) b= 0
diag(VV (z)) 7

i.e. if the matrix of this system is of rank smaller than n.
Since the rank of a matrix is the size of its largest non-
singular square submatrix, this condition can be checked
by checking that all n x n submatrices have a zero deter-
minant, i.e. that a finite number of continuous functions
of x are zero (since V2V (x) and VV () are continuous).

The set T is thus an intersection of zero sets of continu-
ous functions and is therefore closed. O

The next lemma will allow us to deduce that the set
of K-minimal accumulation points is dense within the
set of accumulation points, i.e. its closure contains all
accumulation points. We state it for functions defined on
subsets of R™, but it actually directly extends to general
topological spaces, with the same proof.

Lemma 11 LetS C R™ and g : S — N. The set of local
minima of g is dense in S.

PROOF. Let My C S be the set of locally minimal
points with value k. By definition,

k—1
M =g~ (k)\ | 97100 (13)
=0

We show by induction that Uf:o M; = Uf:o g~1(7). For
k = 0 this is immediate because (13) becomes My =
9 1(0). Let us now assume the relation holds for & — 1.
Using (13), we may write

h—1 —1 k-1
Mo M= g R\ U@ JulJ o)
i=0 i=0 i=0

k—1 k
=g mulJg )| =Us 0,

=0 =0

which confirms the induction step. Since S is the domain
of g, we have then

oo oo ki
S=g'M=g ') cYYos ()
i=0 k=0i=0
~ k oo
= U U M; C U M;,
k=01i=0 i=0

i.e. the closure of local minima covers S. O

To complete the proof of the main theorem, we let S be
the set of accumulation points of ¢, and define on this set
the function g assigning to each point the number of sets
K; to which it belongs. Observe that the set Sy, of K-
minimal accumulation points is exactly the set of local
minima of g. Hence it follows from Lemma 11 that Smin
is dense in S, and thus that S C Spi,. Now Proposition
9 states that, in the absence of convergence of y, every
point of Sy, satisfies condition (b), and we have seen in
Lemma 10 that the set of points satisfying this condition
is closed. Hence every point of S C S, also satisfies
that condition.



6 Conclusions and Open Research Directions

We have extended the results of [9] to general energy
functions as opposed to quadratic positive semi-definite
ones, thus significantly increasing their applicability, and
clarified the possible impact of vectors with zero com-
ponents in the Hessian kernel. Our results allow estab-
lishing the convergence of trajectories under very sim-
ple and easily verifiable assumptions, and guarantee in
other situations simple and strong properties for the ac-
cumulation points of the trajectory.

We hope our results will serve as a useful tool for the
analysis of the evolution of various systems, to take a
shortcut in confirming convergence when otherwise there
is a high complexity in the description of the dynamics.
One may think of multi-agent interactions with commu-
nication issues, cooperation or race conditions, measure-
ment errors and quantizations, exogenous randomness,
and more.

Note that currently our results per se do not provide in-
formation on the convergence speed, but this is a con-
sequence of an approach applicable to trajectories with
potentially arbitrarily slow convergence. There remains,
however, several open questions.

Guaranteeing convergence: We have seen in Example 1
that the alternative (b) to the convergence of the trajec-
tory cannot simply be discarded from the possible con-
clusions of Theorem 1. However, it might be possible
to strengthen Theorem 1 by modifying our coordinate-
wise decrease assumption (2). Observe indeed that Ex-
ample 1 involves the trajectory freely moving along co-
ordinates for which the corresponding gradient is zero.
Hence it would not satisfy the stronger assumption (8),
requiring that the derivative of the i** coordinate of y
should have opposite sign as the corresponding coordi-
nate of VV', and must be zero if the latter is zero. This
assumption was satisfied in our example in Section 4,
and exploited to prove boundedness and convergence of
that system. Whether or not (8) is in general a sufficient
condition for convergence is an open question. An even
stronger assumption would also force ¢;(t) to be nonzero
when g—g‘é lyty # 0, but this would significantly decrease
the applicability of the result, as it would forbid in most
situations coordinates from fully stopping.

Coordinate-free formulation: Finally, the application of
our results strongly depends on the choice of coordinates.
They can be extended by embedding a change of coor-
dinates, but formulating a truly coordinate-independent
version of Theorem 1 remains an open perspective.
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