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Abstract

The aim of this thesis is to establish some new interactions between the theory
of semi-abelian categories and the theory of Hopf algebras.

We prove that the category HopfK,coc of cocommutative Hopf algebras over
a field K of characteristic zero is a semi-abelian category, by using the Cartier-
Gabriel-Kostant-Milnor-Moore decomposition of any cocommutative Hopf algebra
as a semi-direct product of a group Hopf algebra and a primitive Hopf algebra.
Then, we show that HopfK,coc contains a torsion theory whose torsion-free and
torsion parts are given, up to equivalence, by the category of groups and by the
category of Lie K-algebras, respectively.

Then we prove that HopfK,coc is actually an action representable semi-abelian
category, and we describe the split extension classifiers in it in terms of the split
extension classifiers in the category of groups and in the category of Lie K-algebras.
We explore then the categorical notion of centralizers and centers in HopfK,coc.
We finally show that our categorical and explicit notion of centers in HopfK,coc
coincides with the one recently introduced and investigated in the context of
arbitrary Hopf algebras.
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Chapter 0

Introduction

The aim of this thesis is to establish some new interactions between the theory
of semi-abelian categories and the theory of Hopf algebras. The starting point is
a well-known result due to A. Grothendieck, as outlined in [52], saying that the
category of finite-dimensional, commutative and cocommutative Hopf algebras over
a field K is abelian. This result was extended by M. Takeuchi [53] to the category
HopfK,coc,co of cocommutative and commutative Hopf algebras, not necessarily
finite-dimensional. In particular, this result implies that the category HopfK,coc,co
is protomodular [13] in the sense of D. Bourn, and exact [4] in the sense of M. Barr,
which are the two properties at the heart of the theory of semi-abelian categories.

In the pointed context, protomodularity amounts to the condition that the Split
Short Five Lemma holds, i.e. given a commutative diagram

0 // K
k //

κ

��

A
f //

α

��

B

β

��

s
oo

0 // K ′
k′

// A′
f ′

// B′

s′
oo

where k = ker(f), k′ = ker(f ′), f ◦ s = 1B, and f ′ ◦ s′ = 1B′ , if both κ and β
are isomorphisms, then so is α.

A similar property has been studied by N. Andruskiewitsch and J. Devoto in
[3] for the category of arbitrary Hopf algebras, denoted by HopfK . These authors
prove that α (in the above diagram) is an epimorphism and a monomorphism,
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thus they link the problem of proving that α is an isomorphism with the problem
concerning the surjectivity of epimorphisms and the injectivity of monomorphisms
in HopfK , which has been later studied by A. Chirvasitu [22] and A.L. Agore [1].
In the cocommutative context, it is known that HopfK,coc is protomodular since it
can be viewed as the category of internal groups in the category of cocommutative
coalgebras (see [51], for instance).

The problem of establishing the exactness for the category of arbitrary Hopf
algebras is delicate since limits and colimits are difficult to describe. However, an
explicit description of binary products and equalizers are given in the cocommutative
context [3, 26].

In this thesis, we will first examine exactness properties of HopfK,coc and prove
that HopfK,coc is semi-abelian, by using the Cartier-Gabriel-Kostant-Milnor-Moore
decomposition theorem, which decomposes any cocommutative Hopf algebra as
a semi-direct product of a group Hopf algebra and a primitive Hopf algebra [52].
Since a category C is abelian if and only if both C and its dual Cop are semi-
abelian, this observation can be seen as a ”non-commutative” version of Takeuchi’s
theorem mentioned above. Then, we show that HopfK,coc contains a torsion
theory whose torsion-free and torsion parts are given, up to equivalence, by the
category of groups and by the category of Lie K-algebras, respectively. This part of
the research is somehow influenced by the workshop "Galois Theory, Hopf Algebras,
and Semi-abelian Categories" held in 2002 at the Fields Institute (Toronto, Canada).
Many interesting connections have been already obtained between Galois theory
and Hopf algebras, or Galois theory and semi-abelian categories, the aim of this
thesis is to establish some new interactions between the theory of semi-abelian
categories and the theory of cocommutative Hopf algebras. In the semi-abelian
context several diagram lemmas of homological algebra hold, such as the Snake
lemma, the 3-by-3-lemma, Noether’s isomorphism theorems, etc (see [8]). By
proving that HopfK,coc is semi-abelian, those theorems, and for instance a theory
of internal crossed modules and a commutator theory, now become available for
Hopf algebraist.

Our theorem proving that HopfK,coc is semi-abelian [30] has an important
corollary: HopfK,coc is actually an action representable semi-abelian category as
it is the case for the categories of groups and of Lie K-algebras. A category C is
said to be an action representable category if for any object X in C, there is a split
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extension
0 // X // X // [X]oo // 0 (0.0.1)

with kernel X satisfying the property that any other split extension with kernel X
in C

0 // X // A // Boo // 0 (0.0.2)

can be uniquely obtained by pulling back the split extension (0.0.1) along a suitable
morphism B → [X]. In this case, the object [X] in the split extension (0.0.1)
is called a split extension classifier of X. In the category of groups, the split
extension classifier of a group G is given by its automorphism group Aut(G), and
the group actions ρ : G′ → Aut(G) of groups G′ on G correspond bijectively to the
isomorphism classes SplExt(G′, G) of split extensions of G′ by G. In HopfK,coc,
the categorical notion of the semi-direct product has been introduced by R.K.
Molnar and the following theorem is a reformulation of his Theorem 4.1 in [41].

Theorem 0.0.1 Every split short exact sequence in HopfK,coc

0 // A // H // Boo // 0

is canonically isomorphic to a semi-direct product exact sequence

0 // A // A⋊B // Boo // 0

It is well known that there are semi-abelian categories that are not action repre-
sentable: for instance, this is the case for the category of rings. When a semi-abelian
category C is action representable, commutator theory becomes simpler, since the
Huq commutator of normal monomorphisms and the Smith commutator of equiva-
lence relations always coincide in C [19].

We explore then the categorical notion of centralizers and centers in the action
representable semi-abelian category HopfK,coc. We describe the centralizers and
the centers in HopfK,coc and show that our categorical approach gives an explicit
description of the center recently introduced and investigated by A. Chirvasitu and
P. Kasprzak in the context of arbitrary Hopf algebras [23].

Our text is organized as follows:

Chapter 1 In the first chapter we give an overview of the semi-abelian context
and recall the definition of the category of cocommutative Hopf algebras. We
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consider some important properties and examples, and consider the connections
between them by giving some categorical constructions in HopfK,coc. Finally,
we recall and give a sketch of a proof of the important decomposition due to
Cartier-Gabriel-Kostant-Milnor-Moore.

Chapter 2 In the second chapter, we prove that the category HopfK,coc, over a
field K of characteristic zero, is a semi-abelian category, by using the Cartier-Gabriel-
Kostant-Milnor-Moore decomposition. Then, we show that HopfK,coc contains a
torsion theory whose torsion-free and torsion parts are given, up to equivalence, by
the category of groups and by the category of Lie K-algebras, respectively. The
main results of this chapter have been published in [30].

Chapter 3 In the third chapter, based on results of the second chapter, we
describe the split extension classifiers in the category of cocommutative Hopf
algebras over an algebraically closed field of characteristic zero, hereby providing a
new characterization of semi-direct products (smash products) of cocommutative
Hopf algebras. The categorical notions of centralizer and of center in the category
of cocommutative Hopf algebras is then explored. In the category of cocommutative
Hopf algebras the categorical notion of center coincides with the one that have
been recently introduced and investigated in the context of general Hopf algebras.

Chapter 4 In the last chapter, we present some open problems and indicate
some directions for future developments. The first one concerns the possibility of
extending our second chapter’s results to the non-associative context, based on
an extended version of the Cartier-Gabriel-Kostant-Milnor-Moore decomposition,
proven by V.N. Zhelyabin [55]. The second part of the chapter outlines where
the assumption on the characteristic of the field K is important to prove that
HopfK,coc is semi-abelian.



Chapter 1

The category of
cocommutative Hopf algebras

1.1 Introduction to semi-abelian categories

Semi-abelian categories; introduced by G. Janelidze, L. Márki and W. Tholen [33];
are finitely complete, pointed, exact in the sense of M. Barr [4], protomodular
in the sense of D. Bourn [13], with finite coproducts. These categories have
been introduced to capture some typical algebraic properties valid for non-abelian
algebraic structures such as groups, Lie algebras, rings, crossed modules, varieties of
Ω-groups in the sense of P. Higgins [31] and compact groups. They also provide a
suitable context for the study of non-abelian (co)homology. Every abelian category
is in particular semi-abelian, and a category C is abelian when both C and its
opposite Cop are semi-abelian. A finitely cocomplete Barr-exact category turns out
to be semi-abelian precisely when it admits a zero object and when the usual Split
Short Five Lemma holds.

1.1.1 Basic categorical notions and notations

In the first section of this chapter, we will recall and fix some elementary categorical
notions and notations. For more details, we refer the reader to the introductory
books [6, 7, 36].
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Definitions 1.1.1 1. Let C be a category, and |C| be the class of objects of
C. An object I ∈ |C| (resp. F ∈ |C|) is said to be an initial object (resp. a
terminal object) if for any object X ∈ |C|, there exists a unique morphism
from I to X (resp. from X to F ). A zero object, denoted by 0, is an object
which is at the same time an initial and a terminal object. A category is
said to be pointed when it contains a zero object, in this case a morphism
f : A −→ B is called a zero morphism if it factors through 0. Each set
HomC(A,B) has precisely one zero morphism, which we will denote by 0A,B .

2. Let A and B be two objects of a category C, the binary product of A and B
is an object A×B with two morphisms in C

A A×B
pAoo pB // B

with the following universal property: for any object C and a pair of morphisms
f : C −→ A and g : C −→ B, there exists a unique morphism
(f, g) : C −→ A × B such that pA ◦ (f, g) = f and pB ◦ (f, g) = g, i.e.
which makes the following diagram commute

A×B
pA

||

pB

##
A B

C

f

cc

g

;;∃!(f,g)

OO

3. Given a category C, we can define a new category called the dual (or
opposite) category of C, denoted by Cop, by putting |Cop| := |C| and for all
X,Y ∈ |Cop|, HomCop(X,Y ) := HomC(Y,X).

4. The dual notion of the one of binary product is the notion of binary coproduct.

Example 1.1.2 (a) In the category VectK of vector spaces over a field K
and linear maps, binary products and binary coproducts are given by the
direct sum with projections and inclusions, respectively.

(b) In the category Grp of groups and group homomorphisms, the binary
product is given by the direct product of groups with the group law
given component by component. The binary coproduct of two groups is
usually called the "free product" (see [6], for instance).
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(c) In the category LieK of Lie K-algebras over a field K and Lie homo-
morphisms, the binary product is given by the cartesian product with
the bracket law defined component by component.

5. Let α, β : A −→ B be two morphisms in a category C. We say that a
morphism u : C −→ A is an equalizer for α and β if α ◦ u = β ◦ u, and
the following universal property holds: for any morphism u′ : C ′ −→ A such
that α ◦ u′ = β ◦ u′, there exists a unique morphism γ : C ′ −→ C such
that u′ = u ◦ γ. We will denote the "object part" of the equalizer of α and
β by Eq(α, β). Dually, we can define the notion of the coequalizer. The
coequalizer object will be denoted by Coeq(α, β).

Assume that the category C has a zero object. If α : A −→ B is a morphism
in C, then the equalizer (resp. the coequalizer) of α and 0A,B is called
the kernel (resp. the cokernel) of α, and will be denoted by ker(α) (resp.
coker(α)).

Example 1.1.3 (a) In VectK and LieK , the kernel of a morphism
f : A −→ B is given by the usual kernel f−1(0B) = {a ∈ A such
that f(a) = 0B}

(b) In Grp, the kernel of a morphism f : A −→ B is given by
f−1(1B) = {a ∈ A such that f(a) = 1B}

6. A category C is said to be finitely (co)complete if it has binary (co)products
and (co)equalizers.

7. In finitely (co)complete categories, we always have the existence of pullbacks
(or its dual, i.e. pushouts): let f : A −→ C and g : B −→ C be a pair of
morphisms with the same codomain. The pullback of f and g over C is an
object A×C B with two morphisms

A A×C B
πAoo πB // B

satisfying the following universal property: for any pair of morphisms
u : E −→ A and v : E −→ B, such that f ◦ u = g ◦ v, there exists a
unique morphism ϕ : E −→ A×C B such that πA ◦ ϕ = u and πB ◦ ϕ = v,
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i.e. which makes the following diagram commute

E
∃!ϕ

##

v

&&
u

  

A×C B
πB //

πA

��

B

g

��
A

f
// C

Pullbacks can be constructed from equalizers and binary products in the
following way: we first construct the binary product (A × B, pA, pB) of A
and B, then we consider the equalizer of the pair of morphisms

f ◦ pA, g ◦ pB : A×B −→ C

denoted by (E, i). It can easily be checked that the pullback of f and g over
C is given by (E, pA ◦ i, pB ◦ i).

8. The pullback of a morphism f along itself is called the kernel pair of f , and
will be denoted by Eq(f).

9. A morphism f : A −→ B in a category is said to be an epimorphism
(dually, resp. monomorphism) if for all morphisms u, v : B −→ C (resp.
u, v : C −→ B) such that u ◦ f = v ◦ f (resp. f ◦ u = f ◦ v) one has that
u = v.

Example 1.1.4 (a) In VectK , Grp and LieK , it can be shown that epi-
morphisms (resp. monomorphisms) are the same as surjective homo-
morphisms (resp. injective homomorphisms).

(b) In Ring, the category of rings, epimorphisms are not necessarily surjec-
tive. A counter-example is the inclusion Z ⊂ Q which is a non-surjective
epimorphism.

10. A pair of morphisms f : A −→ B and g : C −→ B is said to be jointly
epimorphic if for any pair of morphisms u, v : B −→ X such that u◦f = v◦f
and u◦g = v◦g, one has that u = v. Jointly monomorphic pair of morphisms
are defined dually.
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11. A morphism f : A −→ B in a category is said to be a regular epimorphism
if f is a coequalizer, i.e. if we can find a pair of morphisms u, v : C −→ A

such that f = Coeq(u, v).

Definition 1.1.5 A finitely complete category is said to be regular if

• every morphism can be factorized as a regular epimorphism followed by a
monomorphism;

• regular epimorphisms are pullback-stable: i.e. for any regular epimorphism f

in the pullback
A×C B

πB //

πA

��

B

g

��
A

f
// C

then πB : A×C B −→ B has to be a regular epimorphism as well.

Example 1.1.6 • The categories VectK , Grp and LieK are regular. More
generally, any variety of universal algebras is a regular category.

• The category Top of topological spaces with continuous maps is not regular
(see [6], for instance).

In these categories, the regular epimorphism/monomorphism factorization of a
morphism f : A −→ B, also called the "regular image factorization", is unique (up
to isomorphism). This leads to the notion of the image of a morphism, denoted by
f(A), which is the subobject determined by the monomorphism m : f(A) −→ B in
the commutative diagram

A
f //

p
!!

B

f(A)
m

==

Definition 1.1.7 Two monomorphisms r : B −→ A and s : C −→ A having the
same codomain are equivalent if there is an isomorphism t : B −→ C such that
s ◦ t = r. An equivalence class of monomorphisms for this equivalence relation
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is called a subobject of A. The subobjects occuring as kernels of morphisms are
called normal subobjects.

Example 1.1.8 The image f(A) of a morphism f : A −→ B is the subobject of
B obtained by the regular epimorphism/monomorphism factorization in regular
categories.

The following classes of morphisms will be of importance in our work.

Definition 1.1.9 A morphism f : A −→ B in a category is said to be a normal
epimorphism if f is a cokernel, i.e. if there exists u : C −→ A such that coker(u) =
f . Dually, f is said to be a normal monomorphism if f is a kernel, i.e. if there
exists u : B −→ C such that ker(u) = f .

Definition 1.1.10 A morphism f : A −→ B in a category C is said to be a split
epimorphism if there exists a morphism i : B −→ A such that f ◦ i = 1B .

Note that any epimorphism in VectK is split. This is not the case in the
category Grp of groups.

There is the following natural chain of implications between the described classes
of epimorphisms:

Proposition 1.1.11 Let C be a category with binary products. We have

• split epimorphisms ⊆ regular epimorphisms ⊆ epimorphisms;

• normal epimorphisms ⊆ regular epimorphisms.

Any isomorphism is both a monomorphism and an epimorphism. The converse
is not true: in Ring, the canonical inclusion Z ⊂ Q is both a monomorphism
and an epimorphism, but not an isomorphism. Any morphism which is both a
monomorphism and a regular epimorphism is an isomorphism.

By the Tierney theorem, a category is abelian if and only if it is Barr-exact and
additive (see [16], for instance). In semi-abelian categories, one replaces additivity
with protomodularity, a concept introduced by D. Bourn in [13]. In the pointed
context, protomodularity amounts to the fact that the following formulation of the
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Split Short Five Lemma holds: given a commutative diagram

0 // K
k //

κ

��

A
f //

α

��

B

β

��

s
oo

0 // K ′
k′

// A′
f ′

// B′

s′
oo

where k = ker(f), k′ = ker(f ′), f ◦ s = 1B, and f ′ ◦ s′ = 1B′ , if both κ and β
are isomorphisms, then α is an isomomorphism.

Example 1.1.12

Among the examples of protomodular categories we have Grp, LieK , the category
Ab of abelian groups, the category Loop of loops (see Definition 4.1.1), and the
category HAlg of Heyting algebras (and of Heyting semilattices, see [34]).

The category of internal groups in a finitely complete category is always protomodular
(see [8]).

Definition 1.1.13 An internal group in a category C, with binary products and
a terminal object F , is an object G in C with three morphisms, the unit mor-
phism 1: F −→ G, the inversion morphism s : G −→ G and the multiplication
morphism m : G × G −→ G making the following diagrams commute, where
δ = (idG, idG) : G −→ G×G denotes the diagonal of the binary product G×G.

G×G×G
1×m //

m×1
��

G×G

m

��
G×G

m
// G

G
(1,idG) //

(idG,1)
�� idG

))

G×G

m

��
G×G

m
// G

G
(idG,s)◦δ //

(s,idG)◦δ
�� idG

**

G×G

m

��
G×G

m
// G

Example 1.1.14 • The category Grp(Set) of internal groups in the category
of sets is the usual category of groups.
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• The category Grp(Top) of topological groups is the category of internal
groups in the category of topological spaces.

• The category Grp(Comp) of compact groups is the category of internal
groups in the category of compact spaces.

• The category HopfK,coc of cocommutative Hopf algebras can be seen as the
category Grp(CoAlgK,coc) of internal groups in the category of cocommu-
tative coalgebras.

Let us recall the following property of protomodular categories.

Proposition 1.1.15 [13] In any protomodular category, a morphism f is a regular
epimorphism if and ony if f is a normal epimorphism, with f = coker

(
ker(f)

)
.

Any protomodular category C is a Mal’tsev category [21]: this means that every
(internal) reflexive relation C is an (internal) equivalence relation. Recall that a
reflexive relation on an object X is a diagram of the form

R
p1 //

p2
// X,δoo (1.1.1)

where p1 and p2 are jointly monomorphic, and p1 ◦ δ = 1X = p2 ◦ δ; such a reflexive
relation R is an equivalence relation when, moreover, there exist σ : R −→ R and
τ : R×X R −→ R as in the following diagram

R×X R
τ // R

σ

�� p1 //

p2
// Xδoo

such that p1 ◦ σ = p2 and p2 ◦ σ = p1 (symmetry), and p1 ◦ τ = p1 ◦ π1 and
p2 ◦ τ = p2 ◦ π2 (transitivity), where π1 and π2 are the projections in the following
pullback:

R×X R
π2 //

π1

��

R

p1

��
R

p2
// X

Definition 1.1.16 A regular category C is said to be Barr-exact if every equivalence
relation in C is effective, i.e. every equivalence relation is the kernel pair of a
morphism in C.
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Example 1.1.17 • The categories Set, Grp, LieK , VectK , Grp(Top) are
exact;

• All algebraic varieties in the sense of universal algebra are exact.

Definitions 1.1.18 1. A category which is pointed, protomodular and regular
is said to be homological [8].

2. A category with binary coproducts, pointed, exact and protomodular is said
to be semi-abelian [33].

A category C is abelian if and only if both C and its dual Cop are semi-abelian.

We end this introduction with the following diagram indicating some implications
between the different contexts recalled above.

semi-abelian
tt **

homological
�� ,,

Barr-exact
��

protomodular
��

regular

Mal’tsev

1.1.2 Homological lemmas in the semi-abelian context

In the semi-abelian context; several diagram lemmas of homological algebra hold;
such as the Snake lemma, the 3-by-3-Lemma, Noether isomorphisms theorems, etc
(see [8]).

Definition 1.1.19 In a pointed category, a sequence of morphisms

0 // A
k // B

q // C // 0

is said to be a short exact sequence when k = ker(q) and q = coker(k).

In a pointed regular category with finite limits, a sequence of morphisms

A
f // B

g // C
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is an exact sequence in B when considering the image factorizations of f and g

A
f //

p
��

B

q
��

g // C

I

s

??

J

t

??

the following sequence is a short exact sequence

0 // I
s // B

q // J // 0 (1.1.2)

A long sequence of composable morphisms is exact when each pair of consecutive
morphisms is exact, and the sequence 1.1.2 is said to be exact if and only if it is a
short exact sequence.

Theorem 1.1.20 Let A ⊆ B ⊆ C (the inclusions are normal subobjects) be objects
in a semi-abelian category C. Then the following is an exact sequence

0 // B

A
// C

A
// C

B
// 0

Theorem 1.1.21 [8] (Snake Lemma) Any commutative diagram, in a semi-abelian
category, with exact rows as below, such that u, v and w are proper (i.e. their
images are kernels)

0
��

0
��

0
��

0 // ker(u) //

��

ker(v) //

��

ker(w)

ϕxx

��
K ′ //
u
��

X ′

v
��

// Y ′

w
��

// 0

0 // K //

��

X //

��

Y

��
coker(u) //

��

coker(v) //

��

coker(w)
��

// 0

0 0 0

can be completed with the dotted morphisms in such a way that all squares commute
and the following is an exact sequence

ker(u) // ker(v) // ker(w) ϕ // coker(u) // coker(v) // coker(w)
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Theorem 1.1.22 [8] (Five Lemma) In any semi-abelian category, consider the
following commutative diagram where the rows are exact sequences and the ver-
tical morphisms b and d are isomorphisms, a is a regular epimorphism, e is a
monomorphism.

A //

a

��

B //

b
��

C //

c

��

D //

d
��

E

e

��
A′ // B′ // C ′ // D′ // E′

Then c is an isomorphism.

Theorem 1.1.23 [15] (Nine Lemma) In any semi-abelian category, consider the
following commutative diagram where the three columns and the middle row are
short exact sequences. The first row is a short exact sequence if and only if the
last row is a short exact sequence.

0

��

0

��

0

��
0 // K ′′ //

��

X ′′ //

��

Y ′′

��

// 0

0 // K ′ //

��

X ′

��

// Y ′

��

// 0

0 // K //

��

X //

��

Y

��

// 0

0 0 0

1.1.3 Adjunctions

Definition 1.1.24 Let C and D be two categories, F : C −→ D and G : D −→ C
be two functors. We will say that F is a left adjoint to G (or G is a right adjoint
to F ) and denote this by

C
F

⊥
//
D

G
oo

if and only if there exists bijections

θC,D : HomC
(
C,G(D)

) ∼= HomD
(
F (C), D

)
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for every objects C ∈ |C|, D ∈ |D| and these bijections are natural both in C

and D. By natural, we mean that for every pair of morphisms γ : C ′ −→ C and
υ : D −→ D′, the following diagram commutes

HomD
(
F (C), D

) θC,D //

υ◦−◦F (γ)
��

HomC
(
C,G(D)

)
G(υ)◦−◦γ
��

HomD
(
F (C ′), D′)

θC′,D′
// HomC

(
C ′, G(D′)

)
where υ ◦ − ◦ F (γ) is defined by

(
υ ◦ − ◦ F (γ)

)
(f) = υ ◦ f ◦ F (γ)

for any f ∈ HomD
(
F (C), D

)
. The definition of G(υ) ◦ − ◦ γ is given similarly.

An equivalent definition is given as follows.

The functor F is a left adjoint to the functor G if and only if for every object
C ∈ |C|, there exists a morphism ηC : C −→ G(F (C)) which is natural, i.e. for
every morphism γ : C ′ −→ C, the following diagram commutes

C
ηC // G(F (C))

C ′
ηC′
//

γ

OO

G(F (C ′))

G
(
F (γ)

)OO

and is universal: for every morphism f : C −→ G(D), there exists a unique
morphism f : F (C) −→ D such that the following diagram commutes

C
ηC //

f
##

G(F (C))

G(f)
��

G(D)

η is called the unit of the adjunction, and ηC is called the C-component of η.

Example 1.1.25 • The forgetful functor U : Ab −→ Grp has a left adjoint
functor given by the abelianization functor F , i.e. ∀G ∈ Grp, F (G) :=
G/[G,G], i.e. F (G) is the quotient of G by its derived subgroup [G,G].
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• The underlying set functor U : CURing −→ Set, from the category of
unital and commutative rings to the category of sets, has a left adjoint given
by F : Set −→ CURing defined for a given set X by F (X) the polynomial
ring Z[x1, ..., xn, ...] where the xi’s are the elements of X.

An important property of right adjoints is the following (see [36], for instance).

Proposition 1.1.26 Let C and D be finitely complete categories. If the functor
F : C −→ D has a left adjoint, then F preserves binary products and equalizers.

Definition 1.1.27 Let C and D be two categories. A functor
F : C −→ D is called an equivalence of categories if there exists a functor
G : D −→ C such that G ◦ F ∼= 1C and F ◦ G ∼= 1D, where 1C and 1D are
the identity functors on C and D. If the last isomorphisms are equalities, then C
and D are said to be isomorphic categories.

Definition 1.1.28 A functor F : C −→ D induces, for every pair of objects
X,Y ∈ |C|, a morphism

FX,Y : HomC(X,Y ) −→ HomD
(
F (X), F (Y )

)
The functor F is said to be full (resp. faithful) if FX,Y is surjective (resp. injective).

1.1.4 Torsion theories in the semi-abelian context

In the non-abelian context of semi-abelian categories, it is also natural to define
and study a general notion of torsion theory, that extends the one introduced by
S.E. Dickson in the frame of abelian categories [27]. This study was first initiated
in [17], and further developed in [28, 29], also in relationship with semi-abelian
homology theory.

Let us recall the definition of a torsion theory in the homological context:

Definition 1.1.29 In a homological category C, a torsion theory is given by a pair
(T,F) of full and replete (i.e. isomorphism closed) subcategories of C such that:
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i. For any object X in C, there exists a short exact sequence, i.e.
tX = ker(ηX), ηX = coker(tX):

0 // T
tX // X

ηX // F // 0

where 0 is the zero object in C, T ∈ T and F ∈ F.

ii. The only morphism f : T −→ F from T ∈ T to F ∈ F is the zero morphism.

When (T,F) is a torsion theory, T is called the torsion subcategory of C, and F the
torsion-free subcategory. Among the many examples in the context of homological
categories, let us mention the following ones:

Example 1.1.30

1. Every torsion theory in an abelian category C. For instance: the pair
(Abt, Abtf ) in the category Ab of abelian groups, where Abt and Abtf
denote the full and replete subcategories of the category of abelian groups
whose objects are torsion and torsion-free abelian groups, respectively.

2. The pair (NilCRng, RedCRng) in the category CRng of non-unital
commutative rings, where NilCRng and RedCRng denote the full sub-
categories of nilpotent commutative rings, and of reduced commutative rings
(i.e. commutative rings with no nontrivial nilpotent elements), respectively.

3. The pair (Grp(Ind), Grp(Haus)) in the category Grp(Top) of topological
groups, where Grp(Ind) and Grp(Haus) denote the full subcategories of
indiscrete groups and of Hausdorff groups, respectively.

Theorem 1.1.31 Let (T,F) be a torsion theory in a homological category C.
Then the torsion-free subcategoy F is reflective in C, i.e. the inclusion functor
U : F −→ C has a left adjoint called the reflector and denoted here by F .

F
U
// C

F

⊥
oo

Any torsion-free subcategory F of a homological category C is then a normal
epimorphism reflection, i.e. the reflector F is full and for every object X ∈ C, one
has that ηX : X −→ U(F (X)); the X-component of the unit of the adjunction; is
a normal epimorphism. In this case, one has U

(
F (X)

) ∼=
X

T (X) .
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1.2 Introduction to cocommutative Hopf algebras

A bialgebra is an algebra on which there exists a dual structure, called a coalgebra
structure, such that the two structures satisfy a compatibility relation. A Hopf
algebra is a bialgebra with an endomorphism satisfying an invertibility condition
which can be expressed using the algebra and the coalgebra structures. The first
example of such a structure was observed by H. Hopf in 1941 [32]. Since the end of
the 1980s, Hopf algebras have developped a broad range of applications in various
fields of mathematics: group theory (the group algebra is a Hopf algebra), Lie
theory (the universal enveloping algebra of a Lie algebra is a Hopf algebra), Galois
theory [42], combinatorics [37], quantum mechanics [38], etc.

The aim of this section is to recall and fix some notations of the category
of cocommutative Hopf algebras. For more details, we refer the reader to the
introductory books [26, 52].

1.2.1 Algebras

Definition 1.2.1 Let A be a vector space over a field K. A unitary and associative
K-algebra on A is a structure (A, ⋆) where the law ⋆, called multiplication is
K-bilinear, internally defined, associative and has a unit denoted by 1A.

An equivalent definition is given by the following:

A unitary and associative K-algebra over a vector space A is a triple (A,M, u)
where M : A⊗K A −→ A is the multiplication, and u : K −→ A is the unit. The
maps M and u have to make the following diagrams commute:

A⊗K A⊗K A
idA⊗KM//

M⊗KidA

��

A⊗K A

M

��
A⊗K A

M
// A

A⊗K A

M

��
K ⊗K A

u⊗KidA

;;

≈
// A A⊗K K

idA⊗Ku
cc

≈
oo

It is clear that the left diagram in the Definition 1.2.1 expresses associativity of
the multiplication, and the right diagram expresses the existence of the unit.

The definition 1.2.1 defines the objects of the category of K-algebras, morphisms
are defined by the following
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Definition 1.2.2 Let us consider two K-algebras (A,MA, uA) and (B,MB , uB).
A linear map f : A −→ B from A to B is a K-algebra morphism if f preserves the
multiplication and the unit, i.e. f makes the following diagrams commute

A⊗K A
f⊗Kf //

MA

��

B ⊗K B

MB

��
A

f
// B

A
f // B

K

uA

cc

uB

;;

The identity is a K-algebra morphism and the composition of two K-algebra
morphisms is still a K-algebra morphism. We will denote by AlgK the category of
K-algebras.

Remarks 1.2.3 1. We will write A⊗A to denote A⊗K A, where the commu-
tative field K is supposed to be fixed.

2. From now, we will say "algebra" to talk about a "unitary associative
K-algebra".

3. The definition of an algebra can be given over any commutative ring.

4. We should note that the tensor product A ⊗ B of two algebras is still an
algebra with the multiplication defined ∀a1, a2 ∈ A,∀b1, b2 ∈ B by

MA⊗B(a1 ⊗ b1, a2 ⊗ b2) := MA(a1 ⊗ a2) ⊗MB(b1 ⊗ b2)

and the unit by uA⊗B := uA ⊗ uB .

Definition 1.2.4 An algebra (A,M, u) is said to be commutative if ∀x, y ∈ A,
we have M(x, y) = M(y, x), i.e. M makes the following diagram commute, with
σ : A⊗A −→ A⊗A defined by σ(x⊗ y) : = y ⊗ x, ∀x, y ∈ A.

A⊗A

M

""
A⊗A

M
//

σ

::

A
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1.2.2 Coalgebras

The dualization of Definitions 1.2.1, 1.2.2 and 1.2.4 leads to the definition of the
category of cocommutative coalgebras.

Definition 1.2.5 A counitary and coassociative coalgebra over a vector space C
is a triple (C,∆, ϵ) where ∆: C −→ C ⊗ C is the coassociative comultiplication
and ϵ : C −→ K is the counit: the K-linear maps ∆ and ϵ have to make the dual
diagrams of those of Definition 1.2.1 commute

C
∆ //

∆
��

C ⊗ C

∆⊗id
��

C ⊗ C
id⊗∆

// C ⊗ C ⊗ C

C ⊗ C
id⊗ϵ

""

ϵ⊗id

}}
K ⊗ C C

∆

OO

≈
//

≈
oo C ⊗K

Definition 1.2.6 Let (C,∆C , ϵC) and (D,∆D, ϵD) be two coalgebras. A linear
map f : C −→ D from C to D is a coalgebra morphisms if f preserves the
comultiplication and the counit, i.e. f makes the dual diagrams of those of the
Definition 1.2.2 commute, i.e. makes the following diagrams commute

C

∆C

��

f // D

∆D

��
C ⊗ C

f⊗f
// D ⊗D

C
f //

ϵC
##

D

ϵD
{{

K

The category of coalgebras will be denoted by CoAlgK .

Definition 1.2.7 A coalgebra (C,∆, ϵ) is said to be cocommutative if its comul-
tiplication map ∆ makes the dual diagram of the Definition 1.2.4 commute, i.e.
makes the following diagram commute, with σ : A ⊗ A −→ A ⊗ A defined by
σ(x⊗ y) : = y ⊗ x, ∀x, y ∈ A.

C ⊗ C

σ

%%
C

∆
//

∆
<<

C ⊗ C

Remark 1.2.8 1. The following notation for the comultiplication, usually called
the "Sweedler notation", proved itself to be very effective. On a coalgebra C:
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∀c ∈ C, we will denote ∆(c) by

∆(c) =
∑
i

c1i ⊗ c2i :=
∑

c1 ⊗ c2

where we will often omit the summation symbol, and write ∆(c) = c1 ⊗ c2.
By using the notations above, the coassociativity of the comultiplication can
be expressed by the equality

(id⊗ ∆) ◦ ∆(c) = (id⊗ ∆)
(∑

c1 ⊗ c2
)

=
∑

c1 ⊗ c21 ⊗ c22

should be equal to
∑

c11 ⊗c12 ⊗c2. So we write both of the above quantities
as

∑
c1 ⊗ c2 ⊗ c3. The counit law can be expressed by the equality

∑
ϵ(c1)c2 = c =

∑
ϵ(c2)c1

2. Remarks 1.2.3 still hold in the context of coalgebras.

Example 1.2.9 1. Let S be a non empty set: K[S] the vector space with basis
S. Then K[S] is a coalgebra with the comultiplication ∆ and the counit ϵ
defined by ∆(s) = s⊗ s and ϵ(s) = 1, ∀s ∈ S, and linearly extended to all
the elements in K[S].

2. The field K has itself a coalgebra structure with the comultiplication
∆(k) = k ⊗ 1 and the counit ϵ(k) = k, ∀k ∈ K. We remark that this
coalgebra is a particular case of the example 1 for S a set with only one
element.

3. Let C be a vector space with basis {cm such that m ∈ N}. Then C

is a coalgebra with the comultiplication ∆ and the counit ϵ defined by

∆(cm) =
m∑
i=0

ci ⊗ cm−i and ϵ(cm) = δ0,m, ∀m ∈ N, where δ denotes the

Kronecker delta. This coalgebra is called the divided power coalgebra.

The notions of subalgebras and quotient of algebras are well known, let us recall
the notions of subcoalgebras and coideals which are important to study quotients
of coalgebras.

Definition 1.2.10 Let (C,∆, ϵ) be a coalgebra. A vector subspace D of C
is said to be a subcoalgebra of C if D is stable under the comultiplication:
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∆(D) ⊆ D ⊗ D. The subspace D will have a structure of a coalgebra by the
restriction of the comultiplication and the counit from C to D.

Definition 1.2.11 Let (C,∆, ϵ) be a coalgebra and I a vector subspace of C. We
say that I is:

• a left (resp. right) coideal if ∆(I) ⊆ C ⊗ I (resp. ∆(I) ⊆ I ⊗ C);

• a coideal if ∆(I) ⊆ C ⊗ I + I ⊗ C and ϵ(I) = 0.

Remark 1.2.12 If I is a coideal then I is not necessarily a left and a right coideal.
A left and right coideal of a coalgebra C is a subcoalgebra of C.

Important examples of subcoalgebras and coideals are the following

Proposition 1.2.13 [26] Let f : C −→ D be a coalgebra morphism, then Im(f)
is a subcoalgebra of D and ker(f) is a coideal of C.

Proof. Since f is a coalgebra morphism, the following diagram commutes

C
f //

∆C

��

D

∆D

��
C ⊗ C

f⊗f
// D ⊗D

Then we have:

∆D

(
Im(f)

)
= ∆D(f(C))

= (f ⊗ f)∆C(C)

⊆ (f ⊗ f)(C ⊗ C)

= f(C) ⊗ f(C)

= Im(f) ⊗ Im(f)

thus Im(f) is a subcoalgebra of D.

We also have that (f ⊗ f)∆C

(
ker(f)

)
= ∆D

(
f

(
ker(f)

))
= 0, so that

∆C

(
ker(f)

)
⊆ ker(f ⊗ f) = ker(f) ⊗ C + C ⊗ ker(f), thus ker(f) is a coideal

of C. 2
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The following result is well known (see [26], for instance).

Theorem 1.2.14 Let C be a coalgebra, I a coideal of C and p : C −→ C/I the
canonical projection of vector spaces. Then there exists a unique coalgebra structure
on C/I such that p is a coalgebra morphism.

Proof. Since p(I) = 0, we know that

(p⊗ p)∆(I) ⊆ (p⊗ p)(I ⊗ C + C ⊗ I) = 0

Hence, by the universal property of quotient vector spaces, one has that there
exists a unique linear map ∆: C/I −→ C/I⊗C/I such that the following diagram
commutes

C
p //

∆
��

C/I

∆
��

C ⊗ C
p⊗p

// C/I ⊗ C/I

For all c = p(c) ∈ C/I, with c ∈ C, this morphism is defined by ∆(c) =
∑

c1 ⊗ c2.

It is clear that we have

(∆ ⊗ idC/I)∆(c) = (idC/I ⊗ ∆)∆(c) =
∑

c1 ⊗ c2 ⊗ c3

thus ∆ is coassociative.

Since ϵ(I) = 0, we find by the universal property of quotient vector spaces
that there exists a unique linear map ϵ : C/I −→ K such that ϵ ◦ p = ϵ. We have
ϵ(c) = ϵ(c), ∀c ∈ C, hence

∑
ϵ(c1)c2 = p

(∑
ϵ(c1)c2

)
= p(c) = c.

It follows that (C/I,∆, ϵ) is a coalgebra and p is a coalgebra morphism. The
uniqueness of the coalgebra structure on C/I for which one has that p is a coalgebra
morphism follows from the uniqueness of ∆ and ϵ. 2

We know that isomorphisms in the category of algebras are the same as bijective
algebra morphisms. This is still true in the category of coalgebras.

Proposition 1.2.15 In CoAlgK , isomorphisms and bijective morphisms coincide.

Proof. Let C,D be two coalgebras and g : D −→ C a coalgebra morphism.
Supposing that g is bijective, we have to show that g−1 : C −→ D is a coalgebra
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morphism. Indeed, ∀c ∈ C, we have:

∆
(
g−1(c)

)
=

∑
g−1(c)1 ⊗ g−1(c)2

=
∑

g−1
(
g
(
g−1(c)1

))
⊗ g−1

(
g
(
g−1(c)2

))
=

∑
g−1

(
g
(
g−1(c)

)
1

)
⊗ g−1

(
g
(
g−1(c)

)
2

)
=

∑
g−1(

c1
)

⊗ g−1(
c2

)
So g−1 preserves the comultiplication. The map g−1 clearly preserves the counit.

2

By Proposition 1.2.15, we obtain the first isomorphism theorem for coalgebras.

Theorem 1.2.16 [26] Let C,D be two coalgebras and f : C −→ D a coalgebra
morphism. Then there exists a canonical coalgebra isomorphism between C/ker(f)
and Im(f).

As it often happens, dual notions can behave quite differently. Coalgebras differ
from algebras by a certain finiteness property they have. This can first be seen by
the fact that the dual of a coalgebra is always an algebra in a functorial way, but
not conversely (see [26], for instance). A second important finiteness property for
coalgebras is the following result.

Theorem 1.2.17 [26] (Fundamental theorem of coalgebras) Let C be a coalgebra
over a field K. Every element c ∈ C is contained in a finite dimensional subcoalgebra
of C.

1.2.3 Bialgebras

Definition 1.2.18 A bialgebra on a vector space A is a 5-tuple (A,M, u,∆, ϵ)
where (A,M, u) is an algebra and (A,∆, ϵ) is a coalgebra, such that these two
dual structures are compatible to each other in the following sense: the maps M
and u are coalgebra morphisms, i.e. M and u have to make the following diagrams
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commute:

A⊗A
M //

∆⊗∆
��

A

∆
��

A⊗A⊗A⊗A
id⊗σ⊗id

≈ // A⊗A⊗A⊗A
M⊗M

// A⊗A

A⊗A
ϵ⊗ϵ //

M

��

K ⊗K

≈
��

u⊗u // A⊗A

A
ϵ

// K
u

// A

∆

OO
A

ϵ

  
K

idK

//

u

>>

K

Remark 1.2.19 From diagrams of the Definition 1.2.18, we see that it is equivalent
to ask that the comultiplication and the counit have to be algebra morphisms.

Definition 1.2.20 A bialgebra morphism is a map that is at the same time an
algebra morphism and a coalgebra morphism.

We will denote by BiAlgK the category of bialgebras.

1.2.4 Hopf algebras

The inversion map S : G −→ G of a group G satisfies the equality

S(g)g = 1 = gS(g), ∀g ∈ G

i.e. it makes the following diagram commute, where 0 is the zero object in Grp,
i.e. 0 is the one-element group.

G

ϵ

))

δ // G×G
S⊗id //
id⊗S

// G×G
M // G

0
u

55

G
ϵ //

δ

��

0 u // G

G×G
S×id //
id×S

// G×G

M

OO
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In the cocommutative context, bialgebras and Hopf algebras can be viewed, respec-
tively, as monoids and groups in the symmetric monoidal category of cocommutative
coalgebras.

The category we study in this section is the category of Hopf algebras over a
field K, denoted by HopfK .

Definition 1.2.21 The objects in HopfK are Hopf algebras, i.e. sextuples
(H,M, u,∆, ϵ, S) where (H,M, u,∆, ϵ) is a bialgebra, and S is a linear map,
called the antipode, making the following diagram commute

H

ϵ

))

∆ // H ⊗H
S⊗id //
id⊗S

// H ⊗H
M // H

K

u

55

Definition 1.2.22 Morphisms in HopfK are exactly bialgebra morphisms (i.e. mor-
phisms that are both algebra and coalgebra morphisms), since bialgebra morphisms
always preserve antipodes (see Proposition 1.2.29).

Definition 1.2.23 A Hopf algebra H is said to be cocommutative if its underlying
coalgebra is cocommutative.

The category of cocommutative Hopf K-algebras will be denoted by HopfK,coc.

The first historical examples of Hopf algebras were all commutative or cocom-
mutative. The first example neither commutative nor cocommutative was found
more than two decades after the beginning of the research on Hopf algebras. It is
the 4-dimensional Sweedler Hopf algebra (see Example 1.2.24 item 4 below).

In the category HopfK,coc there are two full subcategories which will be of
importance for our work: the category GrpHopfK of group Hopf algebras, and
the category PrimHopfK of primitive Hopf algebras, whose definitions we now
recall.

Example 1.2.24 1. The group Hopf algebra on a group G, denoted by K[G],
is the free vector space on G over the field K, i.e. K[G] = {

∑
g∈G

αgg, where

(αg)g∈G is a family of scalars with only a finite number being non zero} and
{g | g ∈ G} is a basis of K[G]. The group Hopf algebra K[G] can be equipped
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with a structure of cocommutative Hopf algebra: the multiplication is induced
by the group law, and the comultiplication ∆: K[G] −→ K[G] ⊗K[G], the
counit ϵ : K[G] → K and the antipode S : K[G] → K[G] are the linear maps
defined on the base elements respectively by ∆(g) = g ⊗ g, ϵ(g) = 1 and
S(g) = g−1, ∀g ∈ G.

This assignment defines a functor K[−] : Grp → HopfK from the cate-
gory of groups to the category of Hopf algebras, which has a right adjoint
G : HopfK → Grp, associating to any Hopf algebra H its group of grouplike
elements

G(H) = {x ∈ H | ∆(x) = x⊗ x, ϵ(x) = 1}

We also denote G(H) := GH for a given Hopf algebra H. We can now
consider GrpHopfK , which is the full subcategory of HopfK whose objects
are group Hopf algebras and all Hopf algebras isomorphic to them, that is
Hopf algebras generated as vector spaces by grouplike elements. The functor
K[−] : Grp → GrpHopfK is an equivalence of categories. Indeed, it is
clear that K[−] ◦ G is isomorphic to the identity functor on the category
of group Hopf algebras, and let us recall why the functor G ◦ K[−] is the
identity functor on the category of groups. If G is a group and K[G] the
group Hopf algebra on G, one clearly has that G ⊆ G

(
K[G]

)
(in fact, this

inclusion is the unit of the adjunction described above). Conversely, let
x =

∑
g∈G

αgg ∈ K[G] be a group-like element. We have ∆(x) =
∑
g∈G

αgg ⊗ g

but also ∆(x) = x⊗ x =
∑
g,h∈G

αgαhg⊗ h. Since {g⊗ h | g, h ∈ G} forms a

basis of K[G] ⊗K[G], ∀g, h ∈ G we have α2
g = αg, and αgαh = 0 if g ̸= h.

It follows that all αg’s should be zero except one that should be 1K , thus x
is in G.

Group Hopf algebras completely characterize the cocommutative Hopf algebras
in the finite dimensional context, by the following result:

Proposition 1.2.25 [26] Let H be a cocommutative finite dimensional Hopf
algebra over a field K of characteristic zero. Then there exists a finite group
G such that H ∼= K[G].

2. The tensor algebra on a vector space V , denoted by T (V ). Let us denote
by T 0(V ) = K, T 1(V ) = V , and for n ≥ 2 by Tn(V ) = V ⊗ V ⊗ ... ⊗ V ,
the tensor product of n copies of the vector space V . T (V ) is given by



1.2 Introduction to cocommutative Hopf algebras 29

T (V ) = ⊕n≥0T
n(V ). On T (V ) one defines the multiplication as follows: for

x = m1 ⊗ ...⊗mn ∈ Tn(V ), and y = h1 ⊗ ...⊗ hr ∈ T r(V ), we define

x · y := m1 ⊗ ...⊗mn ⊗ h1 ⊗ ...⊗ hr ∈ Tn+r(V )

The multiplication of two arbitrary elements of T (V ) is obtained by extending
the above formula by linearity. In this way T (V ) becomes an algebra with
identity element 1K ∈ T 0(V ). Defining ∆ and ϵ by ∆(v) = v ⊗ 1 + 1 ⊗ v

and ϵ(v) = 0,∀v ∈ V , and S : T (V ) −→ T (V ) by S(v) = −v, ∀v ∈ V , all
extend linearly to all T (V ).

T (V ) is a cocommutative and non-commutative (unless V = K) Hopf algebra.
It allows to define the symmetric Hopf algebra and the universal enveloping
algebra of a Lie algebra.

3. The universal enveloping algebra of a Lie algebra L, denoted by U(L), is
defined by the quotient U(L) = T (L)/I, where T (L) is the tensor algebra on
the vector space underlying L, and I is the two-sided ideal of T (L) generated
by the elements of the form x⊗x′ −x′ ⊗x− [x, x′], ∀x, x′ ∈ L. Remark that
the elements of L generate U(L) as an algebra. The universal enveloping
algebra U(L) can be equipped with a structure of cocommutative (and non
commutative) Hopf algebra, by taking the concatenation as multiplication,
and comultiplication ∆: U(L) −→ U(L) ⊗ U(L), counit ϵ : U(L) → K and
antipode S : U(L) → U(L) the algebra maps defined on the generators by
∆(x) = x⊗ 1 + 1 ⊗ x, ϵ(x) = 0 and S(x) = −x, ∀x ∈ L.

Recall that for any Hopf algebra H an element x ∈ H is called a primitive
element if ∆(x) = x ⊗ 1 + 1 ⊗ x (and consequently, ϵ(x) = 0). The
above constructions lead to a pair of adjoint functors, where the functor
U : LieAlgK → HopfK is a left adjoint to P : HopfK → LieAlgK , with
P(H) := {h ∈ H such that ∆(h) = h ⊗ 1 + 1 ⊗ h}, ∀H ∈ HopfK . We
also denote P(H) := LH for a given Hopf algebra H. We can now consider
the category PrimHopfK , which is the full subcategory of HopfK whose
objects are primitive Hopf algebras, that is Hopf algebras generated as algebras
by their primitive elements. In the case where K is a field of characteristic
0, the category PrimHopfK is known to be equivalent to the category
LieAlgK of Lie K-algebras [40, Theorem 5.18].

As can be seen from the formula of comultiplication, both group Hopf algebras
and primitive Hopf algebras are cocommutative. Therefore the categories
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GrpHopfK and PrimHopfK are also full subcategories of HopfK,coc.
The functors U,P,K[−],G and their well-known adjunctions are represented
in the following diagram:

Grp
K[−]

⊥
//
HopfK,coc

P
//

G
oo LieAlgK

U

⊥
oo

In case K is an algebraically closed field of characteristic zero, the functor
K[−] is also a right adjoint to G (see Proposition 1.4.7). The composite
functor P ◦K[−], resp. G ◦ U , gives the zero object since there is no non-
trivial primitive elements in a group Hopf algebra, resp. there is no non-trivial
group-like elements in a universal enveloping algebra.

Examples 1 and 3 are very important in our work since they link HopfK,coc
with the category of groups and the category of Lie K-algebras, respectively.
These latter are classical examples of semi-abelian categories.

4. Sweedler’s 4-dimensional Hopf algebra[32]. Let H be the algebra given by
generators and relations as follows: H is generated as an algebra by c and x
satisfying the relations c2 = 1, x2 = 0, xc = −cx. Then H has dimension 4
as a vector space, with basis {1, c, x, cx}. The coalgebra structure is induced
by ∆(c) = c ⊗ c and ∆(x) = c ⊗ x + x ⊗ 1, ϵ(c) = 1 and ϵ(x) = 0. In
this way, H becomes a bialgebra which also has an antipode S defined by
S(c) = c−1 and S(x) = −cx.

Let us recall now the notion of convolution product of two Hopf algebra
morphisms, it will let us clarify Definition 1.2.22 and the fact that HopfK is a full
subcategory of BialgK .

Definition 1.2.26 Let C be a coalgebra and A an algebra. The convolution
product, denoted by ∗, on HomK(C,A) is defined by f ∗ g = MA ◦ (f ⊗ g) ◦ ∆C .
Explicitly, for any f, g : C −→ A, by the Sweedler notation, ∀c ∈ C

(f ∗ g)(c) =
∑

f(c1)g(c2)

Proposition 1.2.27 [26] Let C be a coalgebra andA an algebra, thenHomK(C,A)
endowed with the convolution product and unit uA ◦ ϵC is an algebra.
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Proof. It is clear that HomK(F,G) is a vector space. The convolution product
is associative since the comultiplication is coassociative and the multiplication is
associative.

The unit of HomK(F,G) is given by the composition of the unit of G and the
counit of F : ∀x ∈ F , we have

(
f ∗ (uG ◦ ϵF )

)
(x) =

∑
f(x1)(uG ◦ ϵF )(x2) =

∑
f(x1)ϵ(x2)1G = f(x)

Similarly, we can show that (uG ◦ ϵF ) ∗ f = f .

2

Remark 1.2.28 1. Let us consider C = A a Hopf algebra in Proposition 1.2.27.
In this case, it can be easily shown that S ∗ id = u ◦ ϵ = id ∗S. The antipode
S is the inverse of the identity morphism for the convolution product. This
proves also the uniqueness of the antipode on a Hopf algebra.

2. Let F and G be two Hopf algebras, the convolution product u ∗ v of two
morphisms u, v : F −→ G is not necessarily a Hopf algebra morphism: u ∗ v
is an algebra morphism if G is commutative, and a coalgebra morphism if
F is cocommutative. The convolution product is the operation giving the
additivity of the category of cocommutative and commutative Hopf algebras
over a field.

Let us show that the inverse of a Hopf algebra morphism, for the convolution
product, is obtained by its composition with the antipode.

Proposition 1.2.29 [26] Let U ∈ CoAlgK(C,D) and R ∈ AlgK(A,B). Defin-
ing the linear map

ϕ : HomK(D,A) −→ HomK(C,B), ϕ(f) := R ◦ f ◦ U

Then ϕ is an algebra morphism for the convolution product:

• (i) ∀f, g ∈ HomK(D,A), we have: ϕ(f ∗ g) = ϕ(f) ∗ ϕ(g);

• (ii) ϕ(uA ◦ ϵD) = uB ◦ ϵC .
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Proof. (i) We have

ϕ(f ∗ g) = R ◦ (f ∗ g) ◦ U

= R ◦MA ◦ (f ⊗ g) ◦ ∆D ◦ U

= MA ◦ (R⊗R) ◦ (f ⊗ g) ◦ (U ⊗ U) ◦ ∆D

= MA ◦
(
(R ◦ f ◦ U) ⊗ (R ◦ g ◦ U)

)
◦ ∆D

= ϕ(f) ∗ ϕ(g)

(ii) We have

uB ◦ ϵC = (R ◦ uA) ◦ (ϵD ◦ U)

= R ◦ (uA ◦ ϵD) ◦ U

= ϕ(uA ◦ ϵD)

2

In the particular case where F and G are Hopf algebras in Proposition 1.2.29,
and R ∈ HopfK(F,G), one has that the map ϕ :

ϕ : HomK(F, F ) −→ HomK(F,G) : f 7−→ R ◦ f

is an algebra morphism. By Remark 1.2.28, we know that

R ◦ SF = ϕ(SF ) = ϕ(id−1
F ) =

(
ϕ(idF )

)−1 = (R ◦ idF )−1 = R−1

We have then shown that R◦SF = R−1. Similarly we can show that SG◦U = U−1.

If f is a bialgebra morphism, we then have that SG ◦ f is the inverse of f ,
f ◦ SF is also the inverse of f , but the inverse is unique, which proves that any
bialgebra morphism preserves the antipode, i.e. SG ◦ f = f ◦ SF . This clarifies the
Definition 1.2.22.

Corollary 1.2.30 In the category HopfK , isomorphisms are the same as bijective
Hopf algebra morphisms.

Proof. Let us consider f : A −→ B a bijective Hopf algebra morphism. We know
by Proposition 1.2.15 that there exists gc : B −→ A a coalgebra morphism such
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that gc ◦ f = idA and f ◦ gc = idB . We also know that there exists ga : B −→ A

an algebra morphism such that ga ◦ f = idA and f ◦ ga = idB . By the associativity
of the composition

ga = ga ◦ idB = ga ◦ (f ◦ gc) = (ga ◦ f) ◦ gc = idA ◦ gc = gc

Let us denote g = ga = gc. The morphism g is an algebra and a coalgebra inverse
to the morphism f . Then g is a Hopf algebra inverse to the morphism f . 2

Let us finally recall the notions of subobjects and quotient objects in HopfK,coc
and give an important correspondence theorem about them, proved by K. Newman
in [45].

Definition 1.2.31 Let A be a Hopf algebra,

• a Hopf subalgebra H of A is a subspace of A which is stable under the
multiplication, the comultiplication and the antipode;

• a Hopf subalgebra H of A is said to be normal if we have that a1hS(a2) ∈ H

and S(a1)ha2 ∈ H, ∀h ∈ H,∀a ∈ A.

Proposition 1.2.32 [26] Let H be a bialgebra and I ⊂ H at the same time an
ideal and a coideal of H. Then the algebra structure and the coalgebra structure on
the quotient H/I define a bialgebra; and the canonical projection p : H −→ H/I

is a bialgebra morphism.

If the bialgebra H is cocommutative (resp. commutative), then the quotient
bialgebra H/I is also cocommutative (resp. commutative).

Definition 1.2.33 I is a Hopf ideal of a Hopf algebra H if I is an algebra ideal of
H, a coalgebra coideal of H, and it is stable under the antipode.

Example 1.2.34 For every Hopf algebra morphism u : F −→ G, ker(u) (i.e. the
kernel of u in VectK) is a Hopf ideal of F .

Proposition 1.2.35 [26] Let H be a Hopf algebra with antipode S and I a Hopf
ideal of H, then one can define a Hopf algebra structure on H/I from the one on
H. The canonical projection p : H −→ H/I is a Hopf algebras morphism.
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Proof. We know that H/I has a bialgebra structure (see Theorem 1.2.14). Since
S(I) ⊆ I, the morphism S : H −→ H induces a morphism S : H/I −→ H/I

defined by S(h) = S(h), ∀h ∈ H.

We have then that S is an antipode on the vector space H/I since ∀h ∈ H,
we have ∑

S
(
h1

)
h2 =

∑
S(h1)h2 = ϵ(h)1 = ϵ(h)1

Similarly, we can prove that
∑

h1S(h2) = ϵ(h)1. 2

K. Newman [45] has shown that for any cocommutative Hopf algebra over a
field, there is a bijection between Hopf subalgebras and left bi-ideals (i.e. left ideals
which are two-sided coideals).

Theorem 1.2.36 Letting H ∈ HopfK,coc, the correspondence τ : G 7−→ HG+,
from Hopf subalgebras of H to left bi-ideals of H is a bijection, where

G+ := {g ∈ G|ϵ(g) = 0}

and HG+ denotes the vector subspace of H whose elements are products of
elements of H and elements of G+. The inverse of τ , which is denoted by µ, is
defined as follows: let I be a left bi-ideal in H, then H/I is a coalgebra, and

µ(I) := G = HKer(π : H −→ H/I) := {x ∈ H|(id⊗ π)∆(x) = x⊗ 1A}

The cocommutativity of H implies that G is a subcoalgebra of H and that it is
stable under the antipode. Since I is a left ideal, it can be checked that G is closed
under the multiplication, thus G is a Hopf subalgebra of H.

1.3 Categorical constructions in HopfK,coc

The aim of this section, with some personal contributions, is to give explicit
constructions of the notions introduced in Section 1.1 applied to cocommutative
Hopf algebras defined in Section 1.2.

First of all, it is clear that K with the following structure is the zero object
in HopfK,coc: the multiplication is given by the multiplication on the field K,
the comultiplication is given ∀k ∈ K, by ∆(k) = k ⊗ 1 (i.e. it is the natural
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isomorphism K ∼= K ⊗K K), the unit, the counit and the antipode on K are given
by the identity on K. The zero morphism from a Hopf algebra F to a Hopf algebra
G is given by uG ◦ ϵF .

1.3.1 HopfK,coc is complete and cocomplete

H.E. Porst has proved ([47], Theorem 12) that the category of Hopf algebras on
a unitary commutative ring is locally presentable [48], which implies in particular
that it admits all limits and colimites.

Explicit constructions of arbitrary (co)products and (co)equalizers in the category
of arbitrary Hopf algebras on a commutative field, can be found in the following
works of A.L. Agore [1, 2].

Even if the explicit description of binary products for arbitrary Hopf algebras is
difficult to deal with in general, let us recall here the construction of binary products
in the cocommutative context.

1.3.1.1 Binary products in HopfK,coc

The following lemma is a characterization of cocommutative coalgebras.

Lemma 1.3.1 The coalgebra (C,∆, ϵ) is cocommutative if and only if the comul-
tiplication map ∆C : C −→ C ⊗ C is a coalgebra morphism.

Proof. The comultiplication map ∆C : C −→ C ⊗ C is a coalgebra morphism if
it makes the following diagrams commute

C

∆C

��

∆C // C ⊗ C

∆C⊗C

��
C ⊗ C

∆C ⊗∆C

// C ⊗ C ⊗ C ⊗ C

C
∆C //

ϵC

##

C ⊗ C

ϵC⊗C
yy

K

The left-hand side diagram commutes. Indeed, for any c ∈ C, one has:

∆C⊗C
(
∆C(c)

)
= ∆C⊗C(c1 ⊗ c2)

= (c1)1 ⊗ (c2)1 ⊗ (c1)2 ⊗ (c2)2

= c1 ⊗ c3 ⊗ c2 ⊗ c4
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and

(∆C ⊗ ∆C)∆C(c) = (∆C ⊗ ∆C)(c1 ⊗ c2)

= ∆C(c1) ⊗ ∆C(c2)

= (c1)1 ⊗ (c1)2 ⊗ (c2)1 ⊗ (c2)2

= c1 ⊗ c2 ⊗ c3 ⊗ c4

Since C is cocommutative, we have:

∑
c1 ⊗ c2 ⊗ c3 ⊗ c4 =

∑
c1 ⊗ (c2)1 ⊗ (c2)2 ⊗ c3

=
∑

c1 ⊗ (c2)2 ⊗ (c2)1 ⊗ c3

=
∑

c1 ⊗ c3 ⊗ c2 ⊗ c4

The right-hand side diagram commutes since for any c ∈ C, one has:

ϵC⊗C
(
∆(c)

)
= ϵC⊗C(c1 ⊗ c2) = ϵC(c1)ϵC(c2) = ϵC

(
c1ϵC(c2)

)
= ϵC(c)

The converse direction is proved by applying the map ϵ ⊗ id ⊗ id ⊗ ϵ to the
both sides of the equality

(c1)1 ⊗ (c2)1 ⊗ (c1)2 ⊗ (c2)2 = (c1)1 ⊗ (c1)2 ⊗ (c2)1 ⊗ (c2)2

which hold since ∆C : C −→ C ⊗ C is a coalgebra morphism. 2

Proposition 1.3.2 Let A and B be two cocommutative Hopf algebras. Then
(A ⊗ B, pA, pB) is the product of A and B in HopfK,coc, where
pA = MA⊗K ◦

(
idA ⊗ ϵB

)
and pB = MK⊗B ◦

(
ϵA ⊗ idB

)
. The Hopf al-

gebra structure on A ⊗ B is given as follows: the multiplication MA⊗B =
(MA ⊗ MB) ◦ (idA ⊗ σ ⊗ idB), the unit uA⊗B : K ∼= K ⊗ K −→ A ⊗ B de-
fined by uA ⊗ uB, the comultiplication ∆A⊗B = (idA ⊗ σ ⊗ idB)(∆A ⊗ ∆B),
the counit ϵA⊗B : A⊗B −→ K ⊗K ∼= K defined by ϵA ⊗ ϵB, and the antipode
SA⊗B = SA ⊗ SB .

Proof. It is clear that pA and pB are Hopf algebra morphisms. Let us check the
universal property of the product: let f : E −→ A and g : E −→ B be two Hopf
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algebra morphisms. Then we must show that there exists a unique Hopf algebra
morphism ϕ : E −→ A⊗B making the following diagram commute

A⊗B
pA

||

pB

##
A B

E

ϕ

OO

f

cc

g

;;

(1.3.1)

We will define ϕ by ϕ := (f ⊗ g) ◦ ∆E , i.e. ϕ(x) =
∑

f(x1) ⊗ g(x2), ∀x ∈ E.
The map ϕ is an algebra (resp. coalgebra) morphism as a composite of algebra
(resp. coalgebra, see Lemma 1.3.1) morphisms. Then ϕ is Hopf algebra morphism.

The Hopf algebra morphism ϕ makes the Diagram 1.3.1 commute. Indeed, one
has that pA ◦ ϕ = f :

πA
(
ϕ(x)

)
=

∑
f(x1)ϵB

(
g(x2)

)
=

∑
f(x1)ϵE(x2)

= f(x)

One similarly shows that pB ◦ ϕ = g.

Let us finally prove the uniqueness of ϕ. If ϕ′ : E −→ A⊗B is another Hopf
algebra morphism such that πA ◦ ϕ′ = f and πB ◦ ϕ′ = g, we have

ϕ = (f ⊗ g) ◦ ∆E =
(
(πA ◦ ϕ

′
) ⊗ (πB ◦ ϕ

′
)
)

◦ ∆E

= (πA ⊗ πB) ◦ (ϕ
′
⊗ ϕ

′
) ◦ ∆E

= (πA ⊗ πB) ◦ ∆A⊗B ◦ ϕ
′

= (idA ⊗ ϵB ⊗ ϵA ⊗ idB) ◦ (idA ⊗ σ ⊗ idB) ◦ (∆A ⊗ ∆B) ◦ ϕ
′

= (idA ⊗ ϵA ⊗ ϵB ⊗ idB) ◦ (∆A ⊗ ∆B) ◦ ϕ
′

= ϕ
′

2
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1.3.1.2 Equalizers and coequalizers in HopfK,coc

Explicit descriptions of equalizers and coequalizers in the category of arbitrary Hopf
algebra were obtained by N. Andruskiewitsch and J. Devoto in [3]. We are now
going to recall them here below.

Definition 1.3.3 Let f, g : A −→ B be two Hopf algebra morphisms. We introduce
the following subsets of A:

LEqual(f, g) := {a ∈ A|(f ⊗ idA)∆A(a) = (g ⊗ idA)∆A(a)}

REqual(f, g) := {a ∈ A|(idA ⊗ f)∆A(a) = (idA ⊗ g)∆A(a)}

HEqual(f, g) := {a ∈ A, such that

(idA ⊗ f ⊗ idA)(∆A ⊗ id)∆A(a) = (idA ⊗ g ⊗ idA)(∆A ⊗ idA)∆A(a)}

Remark 1.3.4 1. If a ∈ A belongs to one of the three sets of the Definition
1.3.3, then: f(a) = g(a).

2. It is clear that the three subsets in Definition 1.3.3 are subalgebras of A.

Lemma 1.3.5 [3] Let f, g : A −→ B be two Hopf algebra morphisms, then:

1. SA
(
LEqual(f, g)

)
= REqual(f, g), and SA

(
REqual(f, g)

)
= LEqual(f, g);

2.
∆

(
LEqual(f, g)

)
⊆ LEqual(f, g) ⊗A

and
∆

(
REqual(f, g)

)
⊆ A⊗REqual(f, g)

3. HEqual(f, g) is a Hopf subalgebra of A;

4.
(
HEqual(f, g), i

)
where i is the inclusion morphism, is the equalizer of f

and g in the category HopfK .

Proof. The antipode S and S−1 are anticomultiplicative (see [26], for instance),
which implies (1). (2) follows from the coassociativity of ∆. (3) is easy to verify
and the condition on HEqual in the Definition 1.3.3 is included to guarantee that
HEqual(f, g) is a subcoalgebra of A. To prove (4), let h : C −→ A be a Hopf
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algebra morphism such that f ◦ h = g ◦ h; then the image of h is contained in
HEqual(f, g), since h is a Hopf algebra morphism. Hence, there is a unique Hopf
algebra morphism i′ : C −→ HEqual(f, g) such that i ◦ i′ = h, which proves the
universal property of HEqual(f, g) as equalizer. 2

Proposition 1.3.6 [3] Let f, g : A −→ B be two of Hopf algebra morphism, then
the following conditions are equivalent

1. LEqual(f, g) = HEqual(f, g);

2. LEqual(f, g) is a Hopf subalgebra of A;

3. LEqual(f, g) = REqual(f, g);

4. REqual(f, g) is a Hopf subalgebra of A;

5. REqual(f, g) = HEqual(f, g).

Proof. (1) ⇒ (2) is clear. (2) ⇒ (3) and (3) ⇒ (4) follow from Lemma 1.3.5. (4)
⇒ (5) is a consequence of the universal property of HEqual(f, g). Interchanging
right with left, we obtain the proof of (5) ⇒ (1). 2

Proposition 1.3.7 Let f, g : A −→ B be two morphisms of cocommutative Hopf
algebras, then LEqual(f, g) = REqual(f, g) = HEqual(f, g).

Proof. Let us prove that LEqual(f, g) ⊆ REqual(f, g). Let a ∈ LEqual(f, g),
we have (f ⊗ idA)(a1 ⊗ a2) = (g ⊗ idA)(a1 ⊗ a2). Since A is cocommutative,
this means that (f ⊗ idA)(a2 ⊗ a1) = (g ⊗ idA)(a2 ⊗ a1), thus a1 ⊗ f(a2) =
a1 ⊗ g(a2) by applying the map σ. This shows that a ∈ REqual(f, g). We prove
similarly that REqual(f, g) ⊆ LEqual(f, g). Then by Proposition 1.3.6 we get
that LEqual(f, g) = REqual(f, g) = HEqual(f, g). 2

Proposition 1.3.8 Let f : A −→ B be a cocommutative Hopf algebra morphism.
By Propositions 1.3.6 and 1.3.7, in the context of cocommutative Hopf algebras,
the Hopf kernel of f (kernel of f in the category of cocommutative Hopf algebras)
is given by

HKer(f) = {a ∈ A|(f ⊗ idA)∆A(a) = 1B ⊗ a}

Unlike equalizers, coequalizers are easy to compute in HopfK,coc.
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Proposition 1.3.9 Let f, g : A −→ B be two Hopf algebra morphisms. Note J
the subset of B given by the elements of the form {f(a) − g(a), a ∈ A}. We can
show by direct computations that BJB has a structure of Hopf Ideal in B. Indeed,
to see that BJB is a coideal of B, one can use the following equality

∆
(
f(x) − g(x)

)
=

(
f(x1) − g(x1)

)
⊗ f(x2) + g(x1) ⊗

(
f(x2) − g(x2)

)
,

then
(
HCoeq(f, g), π

)
is the coequalizer of f and g in the category of cocommu-

tative Hopf algebras, where HCoeq(f, g) = B

BJB
and π is the usual projection of

quotient vector spaces. If one wants to consider the cokernel of f , then J becomes
f(A)+. Then we have

HCoker(f) = B

Bf(A)+B

Remark 1.3.10 We will denote byHKer (resp. HCoker) kernels (resp. cokernels)
computed in the category HopfK,coc, and by ker (resp. coker) kernels (resp.
cokernels) computed in the category VectK .

1.3.1.3 Pullbacks in HopfK,coc

By the constructions of the equalizers and the binary products (Propositions 1.3.2
and 1.3.7) in the category of cocommutative Hopf algebras, the pullback of a
morphism f along a morphism g in HopfK,coc

A×C B
πB //

πA

��

B

g

��
A

f
// C

has the following explicit description:

A×C B = {a⊗ b ∈ A⊗B|f(a1) ⊗ a2 ⊗ b = g(b1) ⊗ a⊗ b2}

and πA = MA⊗K ◦
(
idA ⊗ ϵB

)
, πB = MK⊗B ◦

(
ϵA ⊗ idB

)
.

1.3.2 Epimorphisms and monomorphisms in HopfK,coc

Concerning epimorphisms in HopfK,coc, I. Kaplansky proposed in 1975 a series
of ten conjectures [35] concerning the theory of Hopf algebras. Among these
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conjectures, the first one has a crucial importance for the study of epimorphisms
of Hopf algebras, it states that Hopf algebras are free modules over their Hopf
subalgebras (under multiplication). It has been proved by W.D. Nichols and M.B.
Zoeller in 1989 that this conjecture is true in finite dimension [46]. Counter-
examples exist in infinite dimension and it is known today that a non-surjective
epimorphism constitutes a counter-example to the first conjecture of I. Kaplansky.
Nevertheless, we know that epimorphisms are surjective when the first conjecture
of Kaplansky holds, which is true in particular for either finite dimensional or
commutative or cocommutative Hopf algebras [22]. Actually, regular epimorphisms
are the epimorphisms that "count" in regular categories; a clarification about them
will come in Chapter 2.

Concerning monomorphisms in HopfK,coc, we have the following:

Proposition 1.3.11 If f : A −→ B is a cocommutative Hopf algebra morphism,
then ker(f) = A

(
Hker(f)

)+
A. Consequently, monomorphisms are injective in

HopfK,coc.

Proof. We have A
(
Hker(f)

)+
A ⊆ A since

(
Hker(f)

)+ ⊆ A: indeed,
∀x ∈

(
Hker(f)

)+ we have f(x) = ϵ(x)1B = 0. For the converse direction,
since ker(f) is a Hopf ideal of A, by Newman’s bijection (Theorem 1.2.36) we have

ker(f) = A
(
HKer

(
A −→ A

ker(f)
))+

We conclude by the fact that
(
HKer

(
A −→ A

ker(f)
))+

⊆
(
Hker(f)

)+

(proved by Theorem 1.2.14).

For f a monomorphism, we know that the kernel in HopfK,coc is the zero
object K. It follows that Hker(f)+ = 0, thus ker(f) = 0 and f is injective (also
proved in [44, 54]). 2

1.3.3 Exact sequences in HopfK,coc

Let us recall the notion of exact sequences in the category of cocommutative Hopf
algebras in the sense of N. Andruskiewitsch and J. Devoto [3] who gave the following
definition in the more general context of arbitrary Hopf algebras.
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Definition 1.3.12 Let f : A −→ B and g : B −→ C be two composable cocom-
mutative Hopf algebra morphisms. The following sequence

0 // A
i // C

π // B // 0

is said to be exact if the following conditions hold:

1. i is injective;

2. π is surjective;

3. π ◦ i = uB ◦ ϵA;

4. ker(π) = CA+;

5. A = {x ∈ C such that (π ⊗ id)∆(x) = 1B ⊗ x} = HKer(π).

In Chapter 2, we will obtain that these exact sequences become in the co-
commutative context the categorical notion of short exact sequences (see Section
2.1.2.1).

1.4 Decomposition theorem in HopfK,coc

The aim of this section is to recall the Cartier-Gabriel-Kostant-Milnor-Moore de-
composition for cocommutative Hopf algebras, and to give a sketch of its proof.

1.4.1 Actions in HopfK,coc

Let us first recall some definitions and results from [41].

Definition 1.4.1 Let B be a cocommutative Hopf algebra. A B-module Hopf
algebra is a Hopf algebra A that is at the same time a left B-module, with
action denoted by ρ : B ⊗ A → A, ρ(b⊗ a) = b · a, such that its bialgebra maps
(multiplication, unit, comultiplication and counit) are maps of B-modules. Explicitly,
the linear map ρ has to satisfy the following axioms for any b ∈ B and any a ∈ A:

(Axiom 1) 1B · a = a;

(Axiom 2) (bb′) · a = b · (b′ · a);
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(Axiom 3) b · (aa′) = (b1 · a)(b2 · a′);

(Axiom 4) b · 1A = ϵ(b)1A;

(Axiom 5) (b · a)1 ⊗ (b · a)2 = b1 · a1 ⊗ b2 · a2;

(Axiom 6) ϵ(b · a) = ϵ(b)ϵ(a).

If A is moreover a cocommutative Hopf algebra, we then say that ρ is an action
of B on A in HopfK,coc.

Remark that A is a B-module Hopf algebra if and only if A is an internal Hopf
algebras in the symmetric monoidal category of B-modules.

Proposition 1.4.2 [41] Let B be a cocommutative Hopf algebra and A a B-module
Hopf algebra with action ρ : B⊗A → A. Then there exists a Hopf algebra A⋊ρB,
whose underlying vector space is A⊗B and whose structure maps are given by

uA⋊B = uA ⊗ uB

MA⋊ρB(a⊗ b⊗ a′ ⊗ b′) = a(b1 · a′) ⊗ b2b
′

∆A⋊B = (idA ⊗ σ ⊗ idB)(∆A ⊗ ∆B)

ϵA⋊B = ϵA ⊗ ϵB

SA⋊B(a⊗ b) = SB(b1) · SA(a) ⊗ SB(b2)

If moreover B is cocommutative, then A⋊ρ B is also cocommutative.

We call A⋊ρ B the semi-direct product of Hopf algebras (also known as smash
product) of B and A.

The following useful lemma about split short exact sequences is a reformulation
of Theorem 4.1 in [41].

Lemma 1.4.3 Every split short exact sequence in HopfK,coc

0 // A
k // H

p // B
s

oo // 0

is canonically isomorphic to the semi-direct product exact sequence

0 // A
i1 // A⋊B

p2 // B
i2
oo // 0
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where i1 = idA ⊗ uB , i2 = uA ⊗ idB and p2 = ϵA ⊗ idB .

Proof. The arrow h : A⋊B → H in the diagram below is given by h(a⊗ b) =
k(a)s(b) for all a⊗ b ∈ A⋊B.

0 // A
i1 // A⋊B

p2 //

h

��

B
i2

oo // 0

0 // A
k // H

p // B
s

oo // 0

This is a morphism of split short exact sequences, and therefore h is an isomorphism
by protomodularity of HopfK,coc. 2

Example 1.4.4 1. [41] Let N and M be groups and τ : M −→ Aut(N) be
a group homomorphism defining an action of M on N . Then the map
M × N −→ N defined by (m,n) 7→ τ(m)(n) induces a coalgebra map
K[M ] ⊗ K[N ] −→ K[N ] which makes K[N ] into a K[M ]-module Hopf
algebra. Thus K[N ] ⋊K[M ] is a Hopf algebra. One actually has that

K[N ] ⋊K[M ] ∼= K[N ⋊τ M ]

where N ⋊τ M is the usual semi-direct product of groups with the multipli-
cation defined ∀n1, n2 ∈ N, ∀m1,m2 ∈ M by

(n1,m1)(n2,m2) = (n1τ(m1)(n2),m1m2).

2. [41] Similarly, for Lie algebras L and M and ν : L −→ Der(M), a Lie algebra
homomorphism, the action L×M −→ M defined by (l,m) 7→ ν(l)(m) (for
any (l,m) ∈ L × M) induces a coalgebra map U(L) ⊗ U(M) −→ U(M)
making U(M) into a U(L)-module Hopf algebra, and as above the Hopf
algebra

U(M) ⋊ U(L) ∼= U(M ⋊ν L)

where M ⋊ν L is the usual semi-direct product of Lie algebra with the Lie
bracket defined ∀m1,m2 ∈ M,∀l1, l2 ∈ L by

[
(m1, l1), (m2, l2)

]
=

(
[m1,m2] + ν(l1)(m2) − ν(l2)(m1), [l1, l2]

)
.
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3. Let X be a normal Hopf subalgebra of a cocommutative Hopf algebra H.
Then X has a structure of H-module Hopf algebra with action defined by

h · x = h1xS(h2),

for all x ∈ X and h ∈ H.

4. Let H be any Hopf algebra. Consider P(H) = LH the Lie algebra of primitive
elements of H and G(H) = GH the group of grouplike elements of H. Then
U(LH) and K[GH ] are cocommutative Hopf algebras and

g · x = gxS(g),

∀x ∈ LH and ∀g ∈ GH defines an action of K[GH ] on U(LH). Furthermore,
the map

ωH : U(LH) ⋊K[GH ] → H, ωH(x⊗ g) = xg (1.4.1)

is a Hopf algebra morphism between the induced semi-direct product Hopf
algebra and the original Hopf algebra H.

We use Lemma 1.4.3 to reformulate the well-known structure theorem for
cocommutative Hopf algebras over an algebraically closed field of characteristic zero
in terms of split exact sequences (see for instance [52], page 279 in combination
with Lemma 8.0.1(c)):

Theorem 1.4.5 (Cartier-Gabriel-Kostant-Milnor-Moore) For any cocommuta-
tive Hopf K-algebra H, over an algebraically closed field K of characteristic 0, the
Hopf algebra morphism ωH (1.4.1) is an isomorphism,

U(LH) ⋊K[GH ]
ωH∼= H.

Consequently, for each H there exists a canonical split exact sequence of cocom-
mutative Hopf algebras of the following form

0 // U(LH) iH // H
pH // K[GH ]
sH

oo // 0

where iH = ωH ◦ i1, sH = ωH ◦ i2 and pH = p2 ◦ω−1
H with the notations of Lemma

1.4.3.
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Remark 1.4.6 Every morphism f : H1 −→ H2 of cocommutative Hopf algebras
gives rise to a morphism of split exact sequences of the following form

0 // U(LH1)
iH1

//

f1:=U(P(f))
��

H1 pH1
//

f

��

K[GH1 ]

f2:=K[G(f)]
��

//
sH1

rr 0

0 // U(LH2)
iH2

// H2 pH2
// K[GH2 ] //

sH2
rr 0

Proposition 1.4.7 Over an algebraically closed field K of characteristic 0, the
functor

K[−] : Grp → HopfK,coc

is both a right and a left adjoint to the functor

G : HopfK,coc → Grp.

Proof. We already remarked that the functor K[−] is a left adjoint to the functor
G (even in the general case of any commutative base ring K)

Grp
K[−]

⊥
//
HopfK,coc.

G
oo

Indeed, if G ∈ Grp, by definition all elements of G are grouplike elements in K[G].
Hence there is a canonical inclusion ηG : G −→ G

(
K[G]

)
. One can easily check

that ηG is natural and universal. In case that K is a field, it is well-known that
ηG = idG (see Examples 1.2.24), and the functor K[−] is then fully faithful.

When K is an algebraic closed field of characteristic zero, as stated, the functor
K[−] is actually also a right adjoint to the functor G.

Grp
K[−]

⊤
//
HopfK,coc

G
oo

To see this, let H ∈ HopfK,coc. We define the H-component of the unit of the
adjunction ηH : H −→ K[G(H)] as the morphism pH defined in Theorem 1.4.5.
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We clearly have that pH is natural in H, and pH is universal since for every
morphism f : H −→ K[G] in the following diagram

0 // U(LH)

""

iH // H
pH //

f ""

K[GH ]

∃!f
��

sH

oo // 0

0 // K[G]

we have that f ◦ iH = 0U(LH ),K[G] since primitive elements are preserved by Hopf
algebra morphisms and there is no non-trivial primitive elements in a group Hopf
algebra. By the universal property of the cokernel pH , we conclude that there exists
a unique morphism f : K[GH ] −→ K[G] such that the above diagram commutes.
Since the functor K[−] : Grp → HopfK,coc is fully faithful (as explained in the
first part of the proof), the required universal property of the unit of the adjunction
is satisfied. 2

1.4.2 Compatibility condition on semi-direct products

We now give an algebraic condition that will be useful to guarantee the existence
of a Hopf algebra morphism between semi-direct products.

First remark that a semi-direct product of cocommutative Hopf algebras A⋊B, is
generated as an algebra by the images of the Hopf algebra morphisms i1 : A → A⋊B
and i2 : B → A⋊B. Indeed, it is enough to observe that

(a⊗ b) = (a⊗ 1B)(1A ⊗ b)

in A⋊B. In fact, this property might be seen as a consequence of [13, Proposition
11], which implies that given any split short exact sequence in a pointed protomodular
category

0 // K
k // A

f // B
s

oo // 0

the pair of morphisms (k, s) is jointly epimorphic.
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Proposition 1.4.8 Consider the solid diagram in the category HopfK,coc

0 // H1
i1 //

f

��

H1 ⋊H2 //

h

��

H2

g

��

//
i2qq 0

0 // F2 // F1 ⋊ F2 // F2 //qq 0

where the sequences are split exact. We write ·H for the action of H2 on H1 and ·F
for the action of F2 on F1. Then there exists a morphism h : H1 ⋊H2 → F1 ⋊ F2

making the diagram commute if and only if f and g are compatible in the following
sense:

f(y ·H x) = g(y) ·F f(x) ∀x ∈ H1,∀y ∈ H2.

If these equivalent conditions hold then h = f ⊗ g.

Proof. First remark that, by the observation just before this Proposition, if a
Hopf algebra morphism h as in the diagram exists, then necessarily

h(a⊗ b) = h(a⊗ 1H2)h(1H1 ⊗ b) = (f(a) ⊗ 1F2)(1F2 ⊗ g(b)) = f(a) ⊗ g(b),

for any a⊗ b ∈ H1 ⊗H2. This shows that h = f ⊗ g.

Furthermore, given any coalgebra morphisms f and g, the map f ⊗ g is a
coalgebra morphism since the semi-direct product has the tensor product as a
coalgebra structure (i.e. the categorical product in the category of cocommutative
Hopf algebras).

Finally, f ⊗g is an algebra morphism if and only if for all x, x′ ∈ H1, y, y′ ∈ H2,
we have:

(f ⊗ g)
(
(x⊗ y)(x′ ⊗ y′)

)
=

(
(f ⊗ g)(x⊗ y)

)(
(f ⊗ g)(x′ ⊗ y′)

)
.

Since f and g are Hopf algebra morphisms, we find that

(f ⊗ g)
(
(x⊗ y)(x′ ⊗ y′)

)
= (f ⊗ g)

(
x(y1 ·H x′) ⊗ y2y

′)
= f

(
x(y1 ·H x′)

)
⊗ g(y2y

′)

= f(x)f
(
y1 ·H x′) ⊗ g(y2)g(y′)
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and

(
(f ⊗ g)(x⊗ y)

)(
(f ⊗ g)(x′ ⊗ y′)

)
=

(
f(x) ⊗ g(y)

)(
f(x′) ⊗ g(y′)

)
= f(x)

(
g(y)1 ·F f(x′)

)
⊗ g(y)2g(y′)

= f(x)
(
g(y1) ·F f(x′)

)
⊗ g(y2)g(y′).

Therefore f ⊗ g is an algebra morphism if and only if

f(x)f
(
y1 ·H x′) ⊗ g(y2)g(y′) = f(x)

(
g(y1) ·F f(x′)

)
⊗ g(y2)g(y′)

for all x, x′ ∈ H1 and y, y′ ∈ H2 If the compatibility condition holds, then clearly
this condition is satisfied. Conversely, take x = 1H1 and y′ = 1H2 and apply id⊗ ϵ

to the above identity to obtain the compatibility condition. 2

1.4.3 Sketch of a proof to Theorem 1.4.5

Let us first recall some elementary definitions for coalgebras (for more details and a
complete proof, we refer the reader to [52], Chapters 7, 8, 11, 12 and 13).

Definition 1.4.9 Let C be a non-zero coalgebra.

• C is said to be irreducible if any two non-zero subcoalgebras have a non-zero
intersection;

• C is said to be simple if it has no non-zero subcoalgebras;

• C is said to be pointed if all simple subcoalgebras of C are 1-dimensional;

• A subcoalgebra D of C is an irreducible component (IC) if it is a maximal
irreducible subcoalgebra. D is a pointed irreducible component (PIC) if it is
an irreducible component whose unique simple subcoalgebra is 1-dimensional
(i.e. D is pointed).

The following two lemmas will allow us to consider only pointed coalgebras.

Lemma 1.4.10 Let C be a non-zero coalgebra on a field K.

1. Any simple subcoalgebra of C is finite dimensional;
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2. Any non-zero subcoalgebra of C contains a simple subcoalgebra;

3. If K is algebraically closed, any cocommutative coalgebra is pointed;

4. C is irreducible ⇔ C contains a unique simple subcoalgebra R.

Proof. 1. Let 0 ̸= d ∈ D, with D a simple subcoalgebra. The subcoalgebra
E generated by d is finite dimensional and lies in D. But D is simple, so
E = D.

2. The result clearly holds for finite dimensional subcoalgebras and as in (1) any
non-zero subcoalgebra contains a non-zero finite dimensional subcoalgebra.

3. Let R be a simple subcoalgebra of the cocommutative coalgebra C. Then R
is cocommutative because C is, and R is finite dimensional by (1). Hence
R∗ is a commutative finite dimensional algebra. Since the ideals of R∗ are
in 1-1 correspondence with the subcoalgebras of R, we conclude that R∗ is
simple, hence a finite field extension of K. Since K is algebraically closed,
dim R = dim R∗ = 1. Thus C is pointed.

4. ⇒ is trivial (consider the intersection of two distinct simple subcoalgebras).
To prove the converse implication, let us consider R the unique simple
subcoalgebra. By (2) R must lie in the intersection of any two non-zero
subcoalgebras, hence C is irreducible.

2

Lemma 1.4.11 Let C =
∑

Cα, with Cα subcoalgebras of C. Then

1. Any simple subcoalgebra of C lies in one of the Cα.

2. C is irreducible ⇔ each Cα is irreducible and ∩α Cα ̸= 0.

3. C is pointed ⇔ each Cα is pointed.

By the following theorem, we can decompose any cocommutative coalgebra in
its irreducible components.

Theorem 1.4.12 Let C be any coalgebra. Then we have the followings

1. Any irreducible subcoalgebra E is contained in an IC.
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2. A sum of (distinct) ICs is direct.

3. If C is cocommutative then C is the direct sum of its ICs

The following two lemmas will let us prove the first part of the decomposition.

Lemma 1.4.13 Let H be a Hopf algebra, g, h ∈ G(H) and let us denote by Hg

the irreducible component containing g. We have that HgHh ⊂ Hgh and H1 is a
Hopf subalgebra of H.

Lemma 1.4.14 Let H be a Hopf algebra. If the underlying coalgebra of H is a
pointed cocommutative coalgebra, then H ∼=

⊕
g∈G(H)

Hg as coalgebras.

The following theorem gives a decomposition for each cocommutative Hopf
algebra into a semi-direct product of its ICs and a group Hopf algebra over the
group of its group-like elements.

Theorem 1.4.15 Assume H is a cocommutative pointed Hopf algebra and
G = G(H). Then H1 is a K[G]-module algebra via g · h = ghg−1, and the
multiplication

H1 ⊗K[G] M // H

induces a Hopf algebra isomorphism ϕ : K[G] ⋊H1 −→ H taking g ⊗ h to gh.

Proof. H1 is a K[G]-module Hopf algebra. Indeed, it suffices to show that
g· : H1 −→ H1 : h 7−→ ghg−1 is a Hopf algebra morphism. (Note that gH1g−1 ⊂
HgHg−1 = H1 so that g· is well defined). Clearly g· is an algebra morphism and
so H1 is a K[G]-module algebra and K[G]⋊H1 is well defined. We will show that
ϕ is actually an algebra map. Let h, h′ ∈ H1, g, g′ ∈ G. Then

(h⊗ g)(h′ ⊗ g′) = h(g · h′) ⊗ gg′ = h(gh′g−1) ⊗ gg′

This maps by ϕ to hgh′g′−1gg′ = (hg)(h′g′) = ϕ(h⊗g)ϕ(h′⊗g′). Also ϕ(1⊗1) = 1,
so ϕ is an algebra morphism. It remains to show that ϕ is an isomorphism. This
follows from the so-called fundamental theorem of Hopf modules; we omit this part
of the proof. For details we refer to [52] (Theorem 4.1.1).

If H1⋊K[G] is given by the tensor product coalgebra structure and the antipode
induced by that of H, then it is easily verified that ϕ is a Hopf algebra morphism.
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Note that if H is cocommutative and K is algebraically closed then H is pointed
by Lemmas 1.4.13 and 1.4.14 applied together. 2

The proof of Theorem 1.4.5 is completed by the Milnor-Moore following theorem
which fully characterizes irreducible cocommutative Hopf algebras. Note that the
assumption that the characteristic of the field is zero is crucial here (see Section
4.2).

Theorem 1.4.16 (Milnor-Moore) Let H be an irreducible cocommutative Hopf
algebra over a field K of characteristic 0. Then H is isomorphic as a Hopf algebra
to U

(
P(H)

)
, the universal enveloping algebra of P(H), which is a Lie algebra via

[x, y] = xy − yx. Then H1 = U(P(H)) for any cocommutative Hopf algebra over
a field of characteristic 0.

Proof. The idea of the proof is to show that H, U
(
P(H)

)
and B

(
P(H)

)
have isomorphic coalgebra structures which will induce an isomorphism of Hopf
algebras. Recall that B(V ), where V is a vector space, is defined by the maximal
cocommutative subcoalgebra of Sh(V ) where Sh(V ) is the Shuffle Hopf algebra
of V , defined by Sh(V ) = T (V ∗)g = the graded dual of T (V ∗). For a complete
proof, see [52]. 2



Chapter 2

A torsion theory in HopfK,coc

2.1 HopfK,coc is semi-abelian

The starting point of this chapter on cocommutative Hopf algebras is a well-known
result due to A. Grothendieck, as outlined in [52], saying that the category of
finite-dimensional, commutative and cocommutative Hopf K-algebras over a field
K is abelian. This result was later extended by M. Takeuchi in the following
theorem [53]. An alternative proof was given by K. Newman [45] based on his
bijective correspondance between left bi-ideals and normal Hopf subalgebras in the
cocommutative context (Theorem 1.2.36).

Theorem 2.1.1 The category of commutative and cocommutative HopfK-algebras
over a field K is abelian.

The category HopfK,coc of cocommutative Hopf K-algebras is not additive,
thus it can not be abelian (see the proof in Section 2.3). In this chapter we
investigate some of its fundamental exactness properties, showing that it is a
homological category, and that it is Barr-exact, leading to the conclusion that the
category HopfK,coc is semi-abelian [33] whenever the field K is of characteristic
zero (Theorem 2.1.8). This result establishes a new link between the theory of Hopf
algebras and the more recent one of semi-abelian categories, and was published
[30]. Both these theories can be actually viewed as wide generalizations of group
theory. Since a category C is abelian if and only if both C and its dual Cop

are semi-abelian, this observation can be seen as a ”non-commutative” version of
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Takeuchi’s theorem mentioned above, from which we can actually deduce Takeuchi’s
theorem as observed by C. Vespa and M. Wambst [54].

In this chapter we also prove the existence of a non-abelian torsion theory (T,F)
in HopfK,coc (Theorem 2.2.1), where the torsion subcategory T is the category of
primitive Hopf K-algebras, which is equivalent to the category of Lie K-algebras,
and the torsion-free subcategory F is the category of group Hopf K-algebras, which
is equivalent to the category of groups.

The categories of groups and of Lie K-algebras are two typical examples of
semi-abelian categories: this shows again that the theories of cocommutative Hopf
algebras and of semi-abelian categories are strongly intertwined. The category
HopfK,coc inherits some fundamental exactness properties from groups and Lie
algebras thanks to the well-known canonical decomposition of Cartier-Gabriel-
Kostant-Milnor-Moore (Theorem 1.4.5).

2.1.1 HopfK,coc is protomodular

Let us consider the following commutative diagram of short exact sequences in
HopfK,coc:

0 // A
i //

idA

��

C
π //

θ

��

B

idB

��

// 0

0 // A
i′

// C ′
π′

// B // 0

(2.1.1)

Thanks to the explicit descriptions of equalizers and coequalizers recalled in
Section 1.3.1.2, one can easily prove that the kernel and the cokernel of θ are the
zero object K. Let c ∈ LKer(θ). Then we have

(π ⊗ idC)∆(c) =
(
(π′ ◦ θ) ⊗ idC

)
∆(c) = 1B ⊗ c

thus c ∈ A. Then (θ ⊗ idC)∆C(c) = c1 ⊗ c2 = 1C ⊗ c, thus HKer(θ) = K.

This proves that θ is a monomorphism and one can check that θ is epimorphism
of Hopf K-algebras [3]. Since monomorphisms are injections and epimorphisms
are surjections in HopfK,coc (see Section 1.3.2), this shows that θ is a bijective
Hopf algebra morphism and then an isomorphisms of Hopf algebras (see Corollary
1.2.30). So the category HopfK,coc is protomodular.
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The category HopfK,coc is actually even strongly protomodular [14], since it
has finite limits and it can be viewed as the category of internal groups in the
category of cocommutative coalgebras (see [51], for instance).

In section 3.1.5, we will prove that the category of arbitrary Hopf algebras over
a field K, denoted by HopfK,coc, is protomodular.

2.1.2 HopfK,coc is Barr-exact

2.1.2.1 Regular epimorphism/monomorphism factorization in HopfK,coc

Let f : A −→ B be a cocommutative Hopf algebra morphism. By the protomod-
ularity of HopfK,coc, it is well known that regular epimorphisms are the same
as cokernels, i.e. normal epimorphisms (see Proposition 1.1.15). Accordingly, to
construct the regular epimorphism/monomorphism factorization of the morphism f ,
we consider the kernel i : Hker(f) → A of f and the cokernel p : A → HCoker(i)
of i, both computed in the category HopfK,coc :

Hker(f) �
� i // A

f //

p ����

B

HCoker(i)
22 m

22

The existence of this factorization m such that m ◦ p = f follows from the universal
property of the cokernel p of i. It remains to prove that m is a monomorphism,
which is equivalent in HopfK,coc to showing that m is an injection. In the category
HopfK,coc the above factorization is obtained as in the category of vector spaces

since HCoker(i) = A

A
(
Hker(f)

)+
A

, and ker(f) = A
(
Hker(f)

)+
A (see Section

1.3.2).

Note that any epimorphism of cocommutative Hopf K-algebras is then a normal
epimorphism, and the following classes of epimorphisms coincide in HopfK,coc:

Corollary 2.1.2 We have the following equalities in HopfK,coc

normal epimorphisms = regular epimorphisms = epimorphisms = surjective Hopf
algebra morphisms
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By this corollary, we obtain that exact sequences defined in Section 1.3.3, in the
sense of N. Andruskiewitsch and J. Devoto, become in the cocommutative context
the categorical notion of short exact sequences (see Section 1.1.2).

We also obtain the first isomorphism theorem in HopfK,coc:

Theorem 2.1.3 Any morphism f : A −→ B in HopfK,coc induces an isomorphism

A

A
(
HKer(f)+

)
A

∼= f(A)

2.1.2.2 Pullback stability of regular epis in HopfK,coc

To prove pullback stability of regular epimorphisms in the category HopfK,coc, the
approach we follow is to apply the pullback stability of regular epimorphisms in the
two full subcategories GrpHopfK and PrimHopfK of HopfK,coc, which are
both semi-abelian, and closed under pullbacks and quotients in HopfK,coc. From
the regularity of these two categories and the decomposition provided by Theorem
1.4.5 we shall deduce the regularity of HopfK,coc.

Lemma 2.1.4 The two full subcategories GrpHopfK and PrimHopfK , of
HopfK,coc, are semi-abelian categories. Both these categories are closed under
quotients and pullbacks in HopfK,coc.

Proof. As recalled in Section 1.2, the two full subcategories GrpHopfK and
PrimHopfK are equivalent to the category Grp of groups and to the category
LieAlgK of Lie K-algebras, respectively. The fact that Grp and LieAlgK are
semi-abelian is well known (see [8], for instance).

The categories GrpHopfK and PrimHopfK are closed under quotients since
Hopf K-algebra morphisms preserve both group-like and primitive elements. These
categories are closed under products in the category HopfK,coc, as explained in [40].
To see that PrimHopfK is closed under subobjects in HopfK,coc, let us consider
a monomorphism m : A ↣ U(L) in HopfK,coc with codomain a primitive Hopf
algebra. The morphism m, being a Hopf algebra morphism, preserves group-like
elements and the group of group-like elements is trivial in the primitive Hopf algebra
U(L). Since m is injective, we see that the group of group-like elements of A
is trivial as well. By applying Theorem 1.4.5, we conclude that A has to be a
primitive Hopf algebra as well. A similar argument shows that GrpHopfK is closed
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under subobjects in HopfK,coc. It follows that the subcategories GrpHopfK and
PrimHopfK are closed under pullbacks in HopfK,coc. 2

Remark 2.1.5 In the following we shall assume that K is an algebraically closed
field. It can be checked that this is not a restriction: indeed, given a field K

and ϕ : K → K an embedding of K in an algebraic closure K of K, one has the
adjunction

HopfK,coc
Rϕ

⊥ 11 HopfK,coc
Lϕ

qq

where Rϕ is the “restriction of scalars functor” and Lϕ = − ⊗K K its left adjoint,
the “extension of scalars” functor (this adjunction is a particular case of a more
general adjunction between the categories of vector spaces on K and K, respecitvely.
See [50], for instance). Being a left adjoint, Lϕ preserves regular epimorphisms and
moreover Lϕ reflects regular epimorphisms and preserves finite limits. Accordingly,
knowing that HopfK,coc is regular (respectively, exact), one can deduce from this
that HopfK,coc is regular (resp. exact) as well.

The following result concerning split short exact sequences in HopfK,coc will
be useful in the proof of the regularity of this category:

Lemma 2.1.6 Given the following commutative diagram of split short exact se-
quences in HopfK,coc:

0 // A1
iH1

//

hA

��

H1 pH1
//

h

��

B1

hB

��

//
sH1

ss 0

0 // A2
iH2

// H2 pH2
// B2 //

sH2
ss 0

We have that h is surjective if and only if both hA and hB are surjective.

Proof. We apply Lemma 1.4.3 to the exact sequences in the statement of the
Lemma, obtaining the following commutative diagram which is canonically isomor-
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phic to the previous one:

0 // A1
i1

//

hA

��

A1 ⋊B1 p1
//

hA⊗hB

��

ξ1
rr B1

hB

��

//
s1qq 0

0 // A2
i2

// A2 ⋊B2 p2
//

ξ2
rr B2 //

s2qq 0

Hence, the morphism h is surjective if and only if hA ⊗ hB : A1 ⋊B1 → A2 ⋊B2

is surjective. If hA and hB are surjective, then hA ⊗ hB is surjective by considering
this morphism on its underlying vector space. For the converse implication, if
hA ⊗ hB is surjective, let us note that for each semi-direct product Ai ⋊Bi, the
underlying coalgebra is exactly the categorical product of the coalgebras Ai and Bi;
we denote ξi = idAi

⊗ ϵBi
for the coalgebra-projection of Ai ⋊Bi onto Ai (which

is not a Hopf algebra morphism).

It is clear that hA ◦ ξ1 = ξ2 ◦ (hA ⊗ hB), as coalgebra morphisms. Since ξ2 is a
split epimorphism and hA ⊗ hB is surjective, we conclude that hA is surjective. It
is clear that hB is surjective whenever h is.

2

Theorem 2.1.7 Consider the following pullback (P, πA, πB) in the category HopfK,coc:

P
πB //

πA

��

B

g

��
A

f
// C

(2.1.2)

if f is a regular epimorphism then πB is a regular epimorphism.

Proof. Thanks to Lemma 2.1.4, regular epimorphisms are pullback stable whenever
the Hopf algebras A, B and C in diagram (2.1.2) belong to GrpHopfK , or to
PrimHopfK , respectively.

Let us now consider cocommutative Hopf K-algebras A, B and C over a field
K of characteristic zero. By Theorem 1.4.5, we have: A ∼= U(LA) ⋊ K[GA],
B ∼= U(LB) ⋊K[GB ] and C ∼= U(LC) ⋊K[GC ].
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Thanks to Remark 1.4.6, we can build the following commutative diagram.

P1
πB1 //

πA1

��

iP **

U(LB)
iB

**

g1

��

P
πB //

πA

��

pP **

B

pB **

g

��

P2
πB2 //

sP

nn

πA2

��

K[GB ]

sB
nn

g2

��

U(LA)
f1

//

iA **

U(LC)
iC

**A
f

//

pA **

C

pC **
K[GA]

sA

nn

f2

// K[GC ]

sC
nn

where (P1, πA1 , πB1) is the pullback of f1 and g1, (P2, πA2 , πB2) is the pullback of
f2 and g2.

When f is surjective, the surjectivity of f1 and f2 follows from Lemma 2.1.6
applied to the lower part of the diagram. The front and back squares of the diagram
are in GrpHopfK and in PrimHopfK , respectively, thus both πB1 and πB2 are
surjective (by Lemma 2.1.4). Applying Lemma 2.1.6 again (in converse direction),
we obtain that πB is also surjective.

2

In order to prove that HopfK,coc is semi-abelian, it remains to show that
equivalence relations are effective. For this, we shall show that any equivalence
relation R in HopfK,coc is the kernel pair of its coequalizer q : X → X. We
first apply Theorem 1.4.5 to the equivalence relation R, obtaining the following
commutative diagram, where the morphisms q1, q2 and q are the coequalizers of
p11 and p21, p12 and p22, p1 and p2, respectively, and (Eq(q),π1,π2) is the kernel
pair of q.

0 // U(LR)

i′R

--

iR //

p21

��

p11

��

R

p2

��

p1

��

pR

//
θ

''

K[GR]

p22

��

p12

��

// 0

Eq(q)

π2ww

π1

ww

p′
R

::

0 // U(LX) iX //

q1
��

∆X1

OO

X
pX

//

∆X

OO

q

��

K[GX ]
q2
��

∆X2

OO

// 0

U(LX)
iX

// X
pX

// K[GX ]
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Thanks to Lemma 2.1.4, the left column is exact, i.e. U(LR) = Eq(q1). On the
other hand, let us explain why the right column is also exact. First observe that
(K[GR], p12, p22) is a reflexive relation on K[GX ], while the category GrpHopfK
of group Hopf algebras is exact Mal’tsev and closed under pullbacks and quotients
in HopfK,coc. It follows that K[GR] is the kernel pair of q2 in HopfK,coc.

The universal property of (Eq(q),π1,π2) gives the unique arrow θ : R → Eq(q)
with π1 ◦ θ = p1 and π2 ◦ θ = p2. Since the morphisms iX and iX are split in
the category of cocommutative coalgebras, one can check that the arrow iX is a
monomorphism, by using the fact that the coequalizers of equivalence relations
in HopfK,coc are computed as in CoalgK,coc. Consequently, the lower row in
the diagram above is an exact sequence as is then the lower row in the following
diagram.

0 // U(LR) iR //

idU(LR)

��

R
pR //

θ

��

K[GR]

idK[GR]

��

// 0

0 // U(LR)
i′R

// Eq(q)
p′

R

// K[GR] // 0

By applying the Split Short Five Lemma to the above commutative diagram, it
follows that the morphism θ is an isomorphism, and the equivalence relation R is
effective. One accordingly has the following:

Theorem 2.1.8 For any field K of characteristic 0, the category HopfK,coc of
cocommutative Hopf K-algebras is semi-abelian.

2.2 A torsion theory in HopfK,coc

From now on, in the homological category of cocommutative Hopf K-algebras, T
will always denote the (full) subcategory PrimHopfK of primitive Hopf algebras,
and F the (full) subcategory GrpHopfK of group Hopf algebras.

Theorem 2.2.1 The pair (PrimHopfK ,GrpHopfK) is a hereditary torsion the-
ory in HopfK,coc.
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Proof. Thanks to Theorem 1.4.5, we know that we can associate the following
short exact sequence with any cocommutative Hopf K-algebra H:

0 // U(LH) iH // H
pH // K[GH ] // 0

Any morphism f : U(L) → K[G] from a primitive Hopf algebra
U(L) ∈ PrimHopfK to a group Hopf algebra K[G] ∈ GrpHopfK is the zero
morphism in HopfK,coc. Indeed, any primitive Hopf algebra U(L) is generated by
its primitive elements, which are preserved by any Hopf algebra morphism. Since
a group Hopf algebra K[G] does not contain any non-zero primitive element, it
follows that f is the zero morphism. It follows that (PrimHopfK ,GrpHopfK)
is a torsion theory, which is actually hereditary thanks to Lemma 2.1.4. 2

2.3 HopfK,coc is not abelian

The category HopfK,coc is not abelian since it contains monomorphisms which
are not normal. Indeed, since the functor K[−] is a right and left adjoint to the
functor G (see Proposition 1.4.7), and G ◦K[−] = idGrp, we have that the inclusion
of K[G′] into K[G], where G′ is a non-normal subgroup of G, is a non-normal
monomorphism. Another proof to that HopfK,coc is not abelian, is given by using
the Tierney theorem, i.e. a category is abelian if and only if it is Barr-exact and
additive. This proof will outline where the hypothesis of commutativity is needed
to prove that HopfK,coc,co is an abelian category. In any additive category, we
have that binary products are isomorphic to binary coproducts (see for instance [8])
which we will prove is not the case in HopfK,coc.

Let X and Y be objects in HopfK,coc, whose coproduct is supposed to be
X ⊗ Y with the morphisms iX and iY given by the universal property of products

X

idX

vv

uY ◦ϵX

((

∆X��
X ⊗X

idX ⊗(uY ◦ϵX )��
X X ⊗ Y

πXoo πY // Y

Y ⊗ Y

(uX ◦ϵY )⊗idX

OO

Y

idY

66

uX ◦ϵY

hh

∆Y

OO
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∀ x ∈ X, iX(x) =
(
idX ⊗ (uY ◦ ϵX)

)
◦ ∆X(x) = x1 ⊗ ϵX(x1)1Y = x⊗ 1Y

Similarly, for all y ∈ Y , we show that iY (y) = 1X⊗y. Let us show that the universal
property of the binary coproduct is not satisfied: let us consider f : X −→ Z and
g : Y −→ Z two Hopf algebra morphisms

X ⊗ Y

ψ

��

X

f ##

iX

;;

Y

g
{{

iY

cc

Z

If there exists a morphism ψ : X ⊗ Y −→ Z making the above diagram commute,
we should have:

∀x ∈ X: (ψ ◦ iX)(x) = ψ(x⊗ 1Y ) = f(x)

∀y ∈ Y : (ψ ◦ iY )(y) = ψ(1X ⊗ y) = g(y)

∀x⊗ y ∈ X ⊗ Y : ψ should satisfy

ψ(x⊗ y) = ψ(x⊗ 1Y ).Zψ(1X ⊗ y) = f(x).Zg(y)

The morphism ψ necessarily defined in this way is not necessarily an algebra
morphism if Z is not commutative.



Chapter 3

Split extension classifiers in
HopfK,coc

In this chapter, we describe the split extension classifiers in the category of co-
commutative Hopf algebras over an algebraically closed field of characteristic zero,
hereby providing a new characterization of semi-direct products (smash products)
of cocommutative Hopf algebras. The categorical notions of centralizer and of
center in the category of cocommutative Hopf algebras is then explored. In the
category of cocommutative Hopf algebras the categorical notion of center coincides
with the one that have been recently introduced and investigated in the context of
general Hopf algebras.

3.0.1 Basic notions and notations

Given a group G and its automorphism group Aut(G), consider the canonical split
extension

0 // G
i1 // G⋊ Aut(G)

p2
// Aut(G)

i2oo // 0 (3.0.1)

where the action of Aut(G) on G defining the semidirect product G ⋊ Aut(G)
is simply given by the evaluation, p2 is the second projection and i1, i2 are the
canonical injections. As explained in [9, 11, 12] this split extension has a remarkable
universal property in the category Grp of groups: any other split extension with
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kernel G
0 // G

k // A
f
// B

soo // 0 (3.0.2)

can be uniquely obtained (up to isomorphism) by pulling back the split extension
(3.0.1) along a group homomorphism χ : B → Aut(G):

0 // G
k // A

χ

��

f
// B

χ

��

soo // 0

0 // G
i1 // G⋊ Aut(G)

p2
// Aut(G)

i2oo // 0

The group action χ : B → Aut(G) of B on G corresponds to the semi-direct product
G⋊χ B defining a split extension of B by G isomorphic to (3.0.2).

Given a Lie algebra L in the category LieK of Lie algebras over a field K the
same universal property is satisfied by the split extension of the Lie algebra Der(L)
of derivations of L by L

0 // L
i1 // L⋊ Der(L)

p2
// Der(L)

i2oo // 0. (3.0.3)

Here the semi-direct product L ⋊ Der(L) in LieK is defined on the underlying
vector space L⊕ Der(L), and the Lie bracket is given by

[
(x, ϕ), (x′, ψ)

]
:=

(
[x, x′]+ϕ(x′)−ψ(x), [ϕ, ψ]

)
=

(
[x, x′]+ϕ(x′)−ψ(x), ϕ◦ψ−ψ◦ϕ

)
,

for any x, x′ ∈ L, for any ϕ, ψ ∈ Der(L). In the category LieK , the Lie algebra
actions ρ : L1 → Der(L) of L1 on L correspond bijectively to the isomorphism
classes SplExt(L1, L) of split extensions of L1 by L. Given a split extension

0 // L
k // A

f
// L1

soo // 0. (3.0.4)

the universal property of the split extension (3.0.3) is then expressed by the existence
of a unique morphism ρ : L1 → Der(L) such that the following diagram commutes
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and the right-hand square is a pullback:

0 // L
k // A

f
//

ρ

��

L1
soo //

ρ

��

0.

0 // L
i1 // L⋊ Der(L)

p2
// Der(L)

i2oo // 0

In a general pointed protomodular category [13] it is possible to express the same
universal property as the one of the automorphism group Aut(G) of a group G in
Grp and the one of the derivation Lie algebra Der(L) of a Lie algebra L in LieK .
One simply requires that, given any object X in C, there is a split extension

0 // X
i1 // X

p2
// [X]

i2oo // 0 (3.0.5)

with kernel X satisfying the property that any other split extension with kernel X
in C

0 // X
k // A

f
// B

soo // 0 (3.0.6)

can be uniquely obtained by pulling back the split extension (3.0.5) along a suitable
morphism B → [X], i.e. there exists a unique χ : B → [X] such that the following
square is a pullback

A
f //

χ

��

B

χ

��
X

p2
// [X].

Equivalently, one requires the existence of a unique morphism χ : B → [X] and of
a morphism χ : A −→ X such that the following diagram of split exact sequences
commutes

0 // X
k // A

f
//

χ
��

B
soo //

χ

��

0.

0 // X
i1 // X

p2
// [X]

i2oo // 0

If this is the case for any any X in C, one says that the category C has representable
object actions or that it is action representable, in the sense of [11], and the object
[X] in (3.0.5) is called a split extension classifier. Besides the categories of groups
and of Lie algebras, there are many further examples of categories having this
property: crossed modules, boolean rings, commutative von Neumann regular rings,
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and other ones [11, 12]. It is well known that there are semi-abelian categories
that do not have representable object actions: for instance, this is the case for
the category of rings. When a semi-abelian category C has representable object
actions, commutator theory becomes simpler, since the Huq commutator of normal
monomorphisms and the Smith commutator of equivalence relations always coincide
in such a category C [19].

In Theorem 2.1.8, we showed that the category HopfK,coc of cocommutative
Hopf algebras over an algebraically closed field of characteristic zero is semi-abelian.
In fact, it is widely known that the category of cocommutative Hopf algebras
over any commutative base ring K (even not necessarily a field) is isomorphic to
the category of internal groups in the category of cocommutative coalgebras over
K. Hence, even if in this more general case it is unknown whether HopfK,coc is
semi-abelian, the category is still protomodular and it makes sense to consider split
extension classifiers in HopfK,coc. Since the category of cocommutative coalgebras
is moreover complete and cartesian closed by Theorem 5.3 in [5], it follows by
Theorem 2.1 in [10] that HopfK,coc is action representable over any commutative
ring K.

The aim of the present chapter is to give an explicit description of the split
extension classifiers in the category HopfK,coc of cocommutative Hopf algebras
over an algebraically closed field of characteristic zero. By doing so, we provide
a new equivalent characterization of semi-direct products (smash products) of
cocommutative Hopf algebras. We also prove that the category HopfK of arbitrary
Hopf algebras over any field K is protomodular, and observe that the split extension
classifier described in the cocommutative case can still be built in the case of a
general Hopf algebra H. In the category HopfK , when K is an algebraically closed
field of characteristic 0, this object still has a restricted universal property, with
respect to a special type of split exact sequences. We then analyse the abstract
notions of center and of centralizer, introduced by D. Bourn and G. Janelidze in
[19], in the category HopfK,coc. This part also uses some nice results concerning
centralizers due to A. Cigoli and S. Mantovani in [24]. We finally compare our
description of the center in HopfK,coc with the defintion given by A. Chirvasitu
and P. Kasprzak in [23] for arbitrary (not necessarily cocommutative) Hopf algebras,
and observe that they coincide in the cocommutative case. Since our results
heavily rely on the Cartier-Gabriel-Konstant-Milnor-Moore decomposition theorem
for cocommutative Hopf algebras which is only valid over an algebraically closed
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field of characteristic zero, our description only holds in this case. It remains an
open question how this description can be extended to the general case.

3.1 Split extension classifiers in HopfK,coc

The aim of this section is to construct the split extension classifier [H] for a given
cocommutative Hopf algebra H in HopfK,coc over an algebraically closed field
of characteristic zero K. Thanks to the decomposition theorem for these Hopf
algebras, we only have to identify the grouplike and primitive elements of [H].
It might be not a big surprise that G([H]) will turn out to be exactly the group
AutHopf (H) of Hopf algebra automorphisms of H. The primitive elements of [H]
turn out to be what we will call Hopf derivations.

3.1.1 Hopf derivations

Definition 3.1.1 Let H be a Hopf algebra. A Hopf derivation on H is a linear
endomorphism ψ of H which is at the same time a derivation on H, i.e. ψ satisfies
the Leibniz rule

ψ ◦M = M ◦ (ψ ⊗ id+ id⊗ ψ)

and a coderivation on H, i.e. it satifies the co-Leibniz rule

∆ ◦ ψ = (ψ ⊗ id+ id⊗ ψ) ◦ ∆

The set of all Hopf derivations on H is denoted by DerHopf(H).

Given elements x, y ∈ H, we can express the Leibniz and co-Leibniz rules for
ψ : H → H respectively as

ψ(xy) = ψ(x)y + xψ(y);

ψ(x)1 ⊗ ψ(x)2 = ψ(x1) ⊗ x2 + x1 ⊗ ψ(x2).

It is well-known that the derivations of an algebra are a Lie algebra by means
of the commutator bracket. We start this section with the observation that Hopf
derivations also form a Lie algebra.
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Lemma 3.1.2 Let H be a Hopf algebra. Then DerHopf (H) is a Lie algebra for
the commutator bracket

[ψ1, ψ2] = ψ1 ◦ ψ2 − ψ2 ◦ ψ1 ∀ψ1, ψ2 ∈ DerHopf(H).

Proof. As already mentioned, it is well-known that [ψ1, ψ2] is again a derivation
on H for all derivations ψ1 and ψ2. Let us prove that [ψ1, ψ2] is a coderivation for
all coderivations ψ1 and ψ2:

∆ ◦ [ψ1, ψ2] = ∆ ◦ (ψ1 ◦ ψ2 − ψ2 ◦ ψ1)

= (∆ ◦ ψ1) ◦ ψ2 − (∆ ◦ ψ2) ◦ ψ1

= (ψ1 ⊗ id+ id⊗ ψ1) ◦ (ψ2 ⊗ id+ id⊗ ψ2) ◦ ∆

−(ψ2 ⊗ id+ id⊗ ψ2) ◦ (ψ1 ⊗ id+ id⊗ ψ1) ◦ ∆

=
(
(ψ1 ◦ ψ2) ⊗ id+ ψ1 ⊗ ψ2 + ψ2 ⊗ ψ1 + id⊗ (ψ1 ◦ ψ2)

)
◦ ∆

−
(
(ψ2 ◦ ψ1) ⊗ id+ ψ2 ⊗ ψ1 + ψ1 ⊗ ψ2 + id⊗ (ψ2 ◦ ψ1)

)
◦ ∆

=
(
(ψ1 ◦ ψ2) ⊗ id+ id⊗ (ψ1 ◦ ψ2)

)
◦ ∆

−
(
(ψ2 ◦ ψ1) ⊗ id+ id⊗ (ψ2 ◦ ψ1)

)
◦ ∆

=
(
(ψ1 ◦ ψ2 − ψ2 ◦ ψ1) ⊗ id+ id⊗ (ψ1 ◦ ψ2 − ψ2 ◦ ψ1)

)
◦ ∆

=
(
[ψ1, ψ2] ⊗ id+ id⊗ [ψ1, ψ2]

)
◦ ∆.

Hence we find that, in particular, DerHopf is a Lie algebra for the commutator
bracket. 2

The following known result for derivations and coderivations will be useful.

Lemma 3.1.3 Let H be a Hopf algebra and ψ ∈ DerHopf(H). Then ψ ◦u = 0 and
ϵ ◦ ψ = 0.

Proof. Let u(1K) = 1H ∈ H be the unit of H. Then we find since ψ is a
derivation

ψ(1H) = ψ(1H1H) = ψ(1H)1H + 1Hψ(1H) = ψ(1H) + ψ(1H).
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Hence ψ(1H) = 0 and thus ψ ◦ u = 0. Similarly, since ψ is a coderivation, we have
for all z ∈ H

ϵ
(
ψ(z)

)
= ϵ

(
ψ(z)1ϵ

(
ψ(z)2

))
= ϵ

(
ψ(z1)ϵ(z2) + z1ϵ

(
ψ(z2)

))
= ϵ

(
ψ(z1)ϵ(z2)

)
+ ϵ

(
z1ϵ

(
ψ(z2)

))
= ϵ

(
ψ(z)

)
+ ϵ

(
ψ(z)

)
Hence ϵ ◦ ψ(z) = 0 for all z ∈ H. 2

3.1.2 Construction of an action of K[AutHopf(H)] on U
(
DerHopf(H)

)

Given H ∈ HopfK,coc, denote by AutHopf(H) the group of Hopf algebra auto-
morphisms of H, i.e. bialgebra automorphisms of H (bijective endomorphisms of
H).

Lemma 3.1.4 For any ϕ ∈ AutHopf(H) and ψ ∈ DerHopf(H), the linear endomor-
phism ϕ · ψ := ϕ ◦ ψ ◦ ϕ−1 is a Hopf derivation on H. I.e. there is a well-defined
map

ρ : AutHopf(H) × DerHopf(H) −→ DerHopf(H), ρ(ϕ, ψ) := ϕ ◦ ψ ◦ ϕ−1.

Proof. Let us first check that ϕ ◦ ψ ◦ ϕ−1 is a derivation. For any x, y ∈ H we
find

(ϕ ◦ ψ ◦ ϕ−1)(xy) = (ϕ ◦ ψ)
(
ϕ−1(x)ϕ−1(y)

)
= ϕ

(
ψ

(
ϕ−1(x)

)
ϕ−1(y) + ϕ−1(x)ψ

(
ϕ−1(y)

))
= (ϕ ◦ ψ ◦ ϕ−1)(x)y + x(ϕ ◦ ψ ◦ ϕ−1)(y).
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In the above equalities, we have used the fact that ϕ and ϕ−1 are algebra morphisms,
and that ψ is a derivation. Let us also prove that ϕ ◦ ψ ◦ ϕ−1 is a coderivation:

∆ ◦ (ϕ · ψ) = ∆ ◦ ϕ ◦ ψ ◦ ϕ−1

= (ϕ⊗ ϕ) ◦ ∆ ◦ ψ ◦ ϕ−1

= (ϕ⊗ ϕ) ◦ (ψ ⊗ id+ id⊗ ψ) ◦ ∆ ◦ ϕ−1

= (ϕ⊗ ϕ) ◦ (ψ ⊗ id+ id⊗ ψ) ◦ (ϕ−1 ⊗ ϕ−1) ◦ ∆

=
(
(ϕ ◦ ψ ◦ ϕ−1) ⊗ id+ id⊗ (ϕ ◦ ψ ◦ ϕ−1)

)
◦ ∆

=
(
(ϕ · ψ) ⊗ id+ id⊗ (ϕ · ψ)

)
◦ ∆

In the above equalities, we have used the fact that ϕ and ϕ−1 are coalgebra
morphisms, and that ψ is a coderivation. 2

Lemma 3.1.5 The map ρ from Lemma 3.1.4 induces a linear map

ρ : K[AutHopf(H)] ⊗ U
(
DerHopf(H)

)
−→ U

(
DerHopf(H)

)
defined by ρ(ϕ ⊗ ψ) := ρ(ϕ, ψ) = ϕ ◦ ψ ◦ ϕ−1 for ϕ ∈ AutHopf(H) and ψ ∈
DerHopf(H).

Proof. Fix any ϕ ∈ AutHopf(H). Then the induced morphism ρϕ : DerHopf(H) →
DerHopf(H) defined by ρϕ(ψ) = ρ(ϕ, ψ) is a Lie algebra morphism. Indeed:

ϕ · [ψ,ψ
′
] = ϕ · (ψ ◦ ψ

′
− ψ

′
◦ ψ)

= ϕ ◦ ψ ◦ ψ
′
◦ ϕ−1 − ϕ ◦ ψ

′
◦ ψ ◦ ϕ−1

= [ϕ ◦ ψ ◦ ϕ−1, ϕ ◦ ψ
′
◦ ϕ−1]

= [ϕ · ψ, ϕ · ψ
′
].

Hence ρϕ induces an algebra map ρϕ : U
(
DerHopf(H)

)
→ U

(
DerHopf(H)

)
. Hence

we can define ρ by linear extension as stated. 2

Proposition 3.1.6 The map ρ from Lemma 3.1.5 defines an action of Hopf algebras
of K[AutHopf(H)] on U

(
DerHopf(H)

)
. Accordingly, there is a well-defined semi-

direct product U
(
DerHopf(H)

)
⋊ρ K[AutHopf(H)], that we will denote by [H].
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Proof. We have to verify that ρ satisfies the axioms of an action of cocommutative
Hopf algebras (Definition 1.4.1). Axiom 3 and Axiom 4 follow immediately from
the construction of ρ in the proof of Lemma 3.1.5. Indeed, by construction for
any ϕ ∈ K[AutHopf(H)], the map ρϕ is an algebra morphism, which expresses
exactly Axiom 3 and Axiom 4. As a consequence, it is enough to verify the
remaining axioms on base elements of the vector space K[AutHopf(H)] (i.e. elements
ϕ ∈ AutHopf(H)) and generators of the algebra U

(
DerHopf(H)

)
(i.e. elements of

the form ψ ∈ DerHopf(H)).

• (Axiom 1) idK[AutHopf (H)] · ψ = ψ;

• (Axiom 2) (ϕ ◦ ϕ′) · ψ = ϕ ◦ ϕ′ ◦ ψ ◦ ϕ′−1 ◦ ϕ−1 = ϕ · (ϕ′ · ψ);

• (Axiom 5) Remark first that any ϕ ∈ AutHopf(H) is a grouplike element of
K[AutHopf(H)] and any ψ ∈ DerHopf(H) is a primitive element in U

(
DerHopf(H)

)
.

Since ϕ ·ψ ∈ DerHopf(H) this is as well a primitive element in U
(
DerHopf(H)

)
.

Hence we obtain

(ϕ · ψ)1 ⊗ (ϕ · ψ)2 = ∆(ϕ · ψ) = (ϕ · ψ) ⊗ id+ id⊗ (ϕ · ψ)

and

(ϕ1 · ψ1) ⊗ (ϕ2 · ψ2) = (ϕ · ψ) ⊗ (ϕ · id) + (ϕ · id) ⊗ (ϕ · ψ)

= (ϕ · ψ) ⊗ id+ id⊗ (ϕ · ψ),

from which the axiom follows.

• (Axiom 6) We have ϵ(ϕ · ψ) = 0 = ϵ(ϕ)ϵ(ψ) since ϕ · ψ and ψ are primitive
elements.

2

3.1.3 Construction of an action of U
(
DerHopf(H)

)
⋊ρK[AutHopf(H)]

on H

Proposition 3.1.7 Let H be a cocommutative Hopf algebra and consider the Hopf
algebra [H] = U

(
DerHopf(H)

)
⋊ρK[AutHopf(H)] from Proposition 3.1.6. The map

⋆ : [H] ⊗H −→ H
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given by
(ψ ⊗ ϕ) ⋆ h := ψ

(
ϕ(h)

)
,

for any ψ ∈ DerHopf(H) and ϕ ∈ AutHopf(H) defines an action of [H] on H.

Proof. Let us check that ⋆ satisfies the axioms of an action of cocommutative
Hopf algebras (Definition 1.4.1).

• (Axiom 1)
(
id
U

(
DerHopf (H)

) ⊗ idK[AutHopf (H)]
)
⋆ h = h.

• (Axiom 2) One has the equalities

(ψ ⊗ ϕ)(ψ
′
⊗ ϕ

′
) ⋆ h =

(
ψ⊗(ϕ ·ρ ψ

′
) ⊗ (ϕ ◦ ϕ

′
)
)
(h)

= (ψ ◦ ϕ ◦ ψ
′
◦ ϕ−1 ◦ ϕ ◦ ϕ

′
)(h)

= (ψ ⊗ ϕ) ⋆
(
(ψ

′
⊗ ϕ

′
) ⋆ h

)
.

• (Axiom 3) First remark that for any ϕ ∈ AutHopf(H) and ψ ∈ DerHopf(H)
we have

∆(ψ ⊗ ϕ) = (id⊗ σ ⊗ id)
(
∆(ψ) ⊗ ∆(ϕ)

)
= (id⊗ σ ⊗ id)((ψ ⊗ 1 + 1 ⊗ ψ) ⊗ (ϕ⊗ ϕ))

= ψ ⊗ ϕ⊗ id⊗ ϕ+ id⊗ ϕ⊗ ψ ⊗ ϕ

where we used that ϕ is grouplike and ψ is primitive. Then we can now verify
the axiom.

(ψ ⊗ ϕ) ⋆ hh′ = ψ
(
ϕ(hh′)

)
= ψ

(
ϕ(h)ϕ(h′)

)
= ψ(ϕ(h))ϕ(h′) + ϕ(h)ψ(ϕ(h′)),

=
(
(ψ ⊗ ϕ) ⋆ h)

(
(id⊗ ϕ) ⋆ h′) +

(
(id⊗ ϕ) ⋆ h)

(
(ψ ⊗ ϕ) ⋆ h′)

=
(
(ψ ⊗ ϕ)1 ⋆ h

)(
(ψ ⊗ ϕ)2 ⋆ h

′)
where we used that ϕ is an algebra morphism in the second equality and that
ψ is a derivation in the third equality.
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• (Axiom 4) The right-hand side of the equality is given by

(ψ ⊗ ϕ) ⋆ 1H = ψ
(
ϕ(1H)

)
= ψ(1H) = 0,

where we applied Lemma 3.1.3. The left-hand side of the equality is given by

ϵ(ψ ⊗ ϕ)1H = ϵ(ψ)ϵ(ϕ)1H = 0

where used ϵ(ψ) = 0 since ψ is a primitive element of U
(
DerHopf(H)

)
.

• (Axiom 5) The left-hand side of the identity to be checked is given by

(
(ψ ⊗ ϕ) ⋆ h

)
1 ⊗

(
(ψ ⊗ ϕ) ⋆ h

)
2 = ∆

(
(ψ ⊗ ϕ) ⋆ h

)
= ∆ ◦ ψ ◦ ϕ(h)

= (ψ ⊗ id+ id⊗ ψ) ◦ ∆ ◦ ϕ(h)

= (ψ ⊗ id+ id⊗ ψ) ◦ (ϕ⊗ ϕ) ◦ ∆(h)

=
(
(ψ ◦ ϕ) ⊗ ϕ+ ϕ⊗ (ψ ◦ ϕ)

)
◦ ∆(h).

On the other hand, since

∆(ψ ⊗ ϕ) = ψ ⊗ ϕ⊗ id⊗ ϕ+ id⊗ ϕ⊗ ψ ⊗ ϕ,

the right-hand side of the identity is given by

(
(ψ ⊗ ϕ)1 ⋆ h1

)
⊗

(
(ψ ⊗ ϕ)2 ⋆ h2

)
=

(
(ψ ⊗ ϕ) ⋆ h1

)
⊗

(
(id⊗ ϕ) ⋆ h2

)
+

(
(id⊗ ϕ) ⋆ h1

)
⊗

(
(ψ ⊗ ϕ) ⋆ h2

)
= ψ

(
ϕ(h1)

)
⊗ ϕ(h2) + ϕ(h1) ⊗ ψ

(
ϕ(h2)

)
=

(
(ψ ◦ ϕ) ⊗ ϕ+ ϕ⊗ (ψ ◦ ϕ)

)
◦ ∆(h)

• (Axiom 6) The right-hand side of the identity is given by

ϵ(ψ ⊗ ϕ)ϵ(h) = ϵ(ψ)ϵ(ϕ)ϵ(h) = 0

where we used again that ϵ(ψ) = 0 since ψ is a primitive element. The
left-hand side of the identity is given by

ϵ
(
(ψ ⊗ ϕ) ⋆ h

)
= ϵ ◦ ψ ◦ ϕ(h) = 0
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where we used Lemma 3.1.3.

2

3.1.4 Universal property of the split extension classifier

The aim of this section is to prove that for a given cocommutative Hopf algebra
H, the Hopf algebra [H] constructed in Proposition 3.1.6 together with its action
on H defined in Proposition 3.1.7 is exactly the split extension classifier of H in
HopfK,coc, i.e. it satisfies the universal property recalled in the introduction.

Consider a split exact sequence in HopfK,coc

0 // H // B // Aoo // 0. (3.1.1)

By applying the semi-direct product decomposition of A recalled in Theorem 1.4.5,
and by using Lemma 1.4.3, the split exact sequence (3.1.1) is isomorphic to the
following split exact sequence in HopfK,coc.

0 // H
k // H ⋊A

(
U(LA) ⋊K[GA]

)
f
// U(LA) ⋊K[GA]

soo // 0.

We are now going to construct a morphism

χ : U(LA) ⋊K[GA] −→ U
(
DerHopf(H)

)
⋊ρ K

[
AutHopf(H)

]
compatible with the morphism idH (see Proposition 1.4.8) such that the following
diagram commutes, and then prove the uniqueness of such a morphism χ.

0 // H
k // H ⋊A

(
U(LA) ⋊K[GA]

)
f
//

idH ⊗χ
��

U(LA) ⋊K[GA]

χ

��

//soo 0

0 // H
i1 // H ⋊⋆ [H]

p2
// [H] //

i2oo 0

(3.1.2)

If ρ : A⊗H → H is the action of A on H induced by the split exact sequence
(3.1.1), defined by ρ(a⊗ h) = a ·A h, one has a group homomorphism defined by
χG : GA −→ AutHopf(H) : χG(g)(h) := g ·A h, for any g ∈ GA and h ∈ H.

Let us first check that ∀g ∈ GA, the map χG(g) is an endomorphism of Hopf
algebras of H:
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• χG(g) is an algebra morphism since ∀h, h′ ∈ H we have

χG(g)(hh′) = g ·A (hh′) = (g1 ·A h)(g2 ·A h′)

= (g ·A h)(g ·A h′) =
(
χG(g)(h)

)(
χG(g)(h′)

)
χG(g)(1H) = g ·A 1H = ϵ(g)1H = 1H

by axioms 3 and 4 of an action of cocommutative Hopf algebras and by the
fact that g is a group-like element of H.

• χG(g) is a coalgebra morphism since we have

∆
(
χG(g)(h)

)
= ∆

(
g ·A h) = (g ·A h)1 ⊗ (g ·A h)2

= (g1 ·A h1) ⊗ (g2 ·A h2) = (g ·A h1) ⊗ (g ·A h2)

=
(
χG(g) ⊗ χG(g)

)
∆(h)

ϵ
(
χG(g)(h)

)
= ϵ(g ·A h) = ϵ(g)ϵ(h) = ϵ(h)

by the axioms 5 and 6 of an action of cocommutative Hopf algebras and by
the fact that g is a group-like element of H.

Moreover, the map χG : GA → EndHopf(H) is a monoid morphism.

• indeed: for all g, g′ ∈ G we have χG(g′g) = χG(g′) ◦ χG(g).

(
χG(g′) ◦ χG(g)

)
(h) = g′ ·A (g ·A h)=(g′g) ·A h = χG(g′g)(h)

where the second equality follows follows axiom 2. Observe that the map χG
preserves the neutral element by axiom 1.

In particular, it follows that χG(g−1) = χG(g)−1 and therefore, χG(g) is an auto-
morphism of Hopf algebras for all g ∈ G.

If A acts on H via ρ : A⊗H → H, with ρ(a⊗ h) = a ·A h, then we have a Lie
algebra morphism χL : LA −→ DerHopf(H) defined by χL(x)(h) = x ·A h. Indeed,
let us prove that χL(x) is a Hopf derivation in H for all x ∈ LA.
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• χL(x) is a derivation since we have for all h, h′ ∈ H

χL(x)(hh′) = (x ·A h)(1 ·A h′) + (1 ·A h)(x ·A h′)

= (x ·A h)h′ + h(x ·A h′)

= χL(x)(h)h′ + hχL(x)(h′)

by axiom 1 and 3 of an action of cocommutative Hopf algebras and by the
fact that x is a primitive element.

• We also prove that χL(x) is a coderivation since we have for all h ∈ H,

(
∆ ◦ χL(x)

)
(h) = ∆(x ·A h)

= (x ·A h)1 ⊗ (x ·A h)2

=
(
x1 ·A h1

)
⊗

(
x2 ·A h2

)
=

(
x ·A h1

)
⊗

(
1 ·A h2

)
+

(
1 ·A h1

)
⊗

(
x ·A h2

)
=

(
x ·A h1

)
⊗ h2 + h1 ⊗

(
x ·A h2

)
= χL(x)(h1) ⊗ h2 + h1 ⊗ χL(x)(h2)

=
(
χL(x) ⊗ id+ id⊗ χL(x)

)
◦ ∆(h)

In the above equalities, we have used the axioms 1 and 5 of an action of
cocommutative Hopf algebras, and the fact that x is a primitive element.

Hence χL : LA → DerHopf(H) is well-defined. Furthermore, ∀x, y ∈ LA, ∀h ∈ H,
one has:

χL[x, y](h) = χL(xy − yx)(h)

= (xy − yx) ·A h

= (xy) ·A h− (yx) ·A h

= x ·A (y ·A h) − y ·A (x ·A h)

=
(
χL(x) ◦ χL(y) − χL(y) ◦ χL(x)

)
(h)

=
[
χL(x), χL(y)

]
(h).

where we used the axiom 2 of action of cocommutative Hopf algebras. Therefore,
χL : LA → DerHopf(H) is a morphism of Lie algebras.
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The morphisms

U(χL) : U(LA) −→ U
(
DerHopf(H)

)
and

K[χG] : K[GA] −→ K
[
AutHopf(H)

]
satisfy the compatibility condition (Proposition 1.4.8). Indeed, ∀g ∈ GA,∀x ∈ LA,
∀h ∈ H, we have:

χL(g ·A x)(h) =
(
χG(g) ◦ χL(x) ◦ χG(g−1)

)
(h)

⇔ (gxg−1) ·A h = g ·A
(
x ·A (g−1 ·A h)

)
which holds by the axiom 2 of action. As a consequence, given a Hopf algebra A act-
ing on H, we obtain the associated morphisms U(χL) : U(LA) −→ U

(
DerHopf(H)

)
and K[χG] : K[GA] −→ K

[
AutHopf(H)

]
which can be recombined to define a Hopf

algebra morphism χ := U(χL) ⊗K[χG] in diagram 3.1.2.

The morphisms idH and χ satisfy the compatibility condition (Proposition
1.4.8): indeed, for a generator x⊗g ∈ U(LA)⋊AK[GA], associated to the element
xg ∈ A by the isomorphism of Cartier-Gabriel-Moore-Milnor-Kostant (Theorem
1.4.5), and for all h ∈ H, one has:

((
U(χL) ⊗K[χG]

)
(x⊗ g)

)
·⋆ idH(h) =

(
U(χL)(x) ⊗K[χG](g)

)
·⋆ idH(h)

=
(
U

(
χL(x)

)
◦K

[
χG(g)

])
(h)

= x ·A (g ·A h)

= (xg) ·A h

= idH
(
(xg) ·A h

)
by the axiom 2 of an action of cocommutative Hopf algebras.
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It remains to prove the uniqueness of the morphism χ. For this, consider two
other morphisms ξ and ξ making the following diagram commute

0 // H
k // H ⋊A

(
U(LA) ⋊K[GA]

)
f
//

ξ

��

U(LA) ⋊K[GA]

ξ

��

//soo 0

0 // H
i1 // H ⋊⋆ [H]

p2
// [H] //

i2oo 0

(3.1.3)

By Proposition 1.4.8 we know that ξ = idH ⊗ ξ and idH and ξ are compatible,
hence we obtain that

ξ(a) ·⋆ h = a ·A h = χ(a) ·⋆ h.

The morphism ξ induces a group homomorphism ξG : GA → AutHopf(H) and a Lie
algebra homomorphism ξL : LA → DerHopf(H). We see that for all x ∈ LA and
g ∈ GA

ξL(x)(h) = χL(x)(h),

and
ξG(g)(h) = χG(g)(h).

One accordingly has the following:

Theorem 3.1.8 For any algebraically closed field K of characteristic 0, the split
extension classifier of any cocommutative Hopf K-algebra H is given by

U
(
DerHopf(H)

)
⋊ρ K

[
AutHopf(H)

]
where

ρ : K[AutHopf(H)] ⊗ U
(
DerHopf(H)

)
−→ U

(
DerHopf(H)

)
is defined by

ρ(ϕ⊗ ψ) := ϕ · ψ = ϕ ◦ ψ ◦ ϕ−1

on the generators and extended by linearity to all K[AutHopf(H)] ⊗U
(
DerHopf(H)

)
.
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3.1.5 Split extension classifiers in HopfK

The problem of determining the existence of split extension classifiers can be studied
in the context of arbitrary Hopf algebras over a field K, denoted by HopfK , which
is protomodular by the following theorem:

Theorem 3.1.9 The category of Hopf algebras over a field K is protomodular.

Proof. Let us consider the following morphism of split exact sequences in HopfK ,
where we have to prove that θ is an isomorphism of Hopf algebras.

0 // A
k //

idA

��

B
f //

θ

��

C

idC

��

s
oo // 0

0 // A
k′
// B′

f ′
// C

s′
oo // 0

By Theorem 4.1 in [41], the above morphism of split exact sequences is isomorphic
to the following one

0 // A
i1 //

idA

��

A⋊ C
p2 //

θ
��

C

idC

��

i2
oo // 0

0 // A
i′1

// A⋊′ C
p′

2 // C
i′2

oo // 0

Hence, to prove that θ is an isomorphism, it is equivalent to prove that θ is an
isomorphism. We have that A ⋊ C is generated as an algebra by the images of
the Hopf algebra morphisms i1 : A → A ⋊ C and i2 : C → A ⋊ C. Indeed, any
element a⊗ c ∈ A⋊ C can be written as

(a⊗ c) = (a⊗ 1C)(1A ⊗ c)

Then we have

θ(a⊗ c) = θ
(
(a⊗ 1C)(1A ⊗ c)

)
= θ(a⊗ 1C)θ(1A ⊗ c) = (idA ⊗ idC)(a⊗ c)

We obtain that the morphism θ is equal to idA ⊗ idC and then is an isomorphism.
2
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The object [H] given in Theorem 3.1.8 is well-defined in the general context of
Hopf algebras, i.e. for H in HopfK : indeed, the Hopf algebra K

[
AutHopf(H)

]
is

still cocommutative, and it acts on the cocommutative Hopf algebra U
(
DerHopf(H)

)
via the action

ρ : K[AutHopf(H)] ⊗ U
(
DerHopf(H)

)
−→ U

(
DerHopf(H)

)
defined by

ρ(ϕ⊗ ψ) := ϕ · ψ = ϕ ◦ ψ ◦ ϕ−1

on the generators and extended by linearity to all K[AutHopf(H)] ⊗U
(
DerHopf(H)

)
.

Then [H] is in HopfK,coc and by Theorem 2.13 in [41], the action of [H] on H
given by the map

⋆ : [H] ⊗H −→ H

is still well-defined by
(ψ ⊗ ϕ) ⋆ h := ψ

(
ϕ(h)

)
,

for any ψ ∈ DerHopf(H) and ϕ ∈ AutHopf(H). Hence, this action ⋆ defines the
object H = H ⋊⋆ [H] which is in HopfK .

Actually, the object [H] can be seen as a kind of “relative” split extension
classifier in HopfK , where the universal property of [H] can be expressed as
follows: the split extension

0 // H
i1 // H

p2
// [H]

i2oo // 0

is such that, for any other split extension in HopfK with kernel H and A ∈
HopfK,coc, depicted as

0 // H
k // B

f
// A

soo // 0,

there are unique morphisms χ : A → [H] and χ : B −→ H making the following
diagram of split exact sequences commute

0 // H
k // B

f
//

χ
��

A
soo //

χ

��

0

0 // H
i1 // H

p2
// [H]

i2oo // 0.
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3.2 Centers and centralizers in HopfK,coc

Before investigating the notions of centers and centralizers in HopfK,coc, we first
recall these notions in the categories of groups and of Lie K-algebras.

3.2.1 Centers and centralizers in Grp

Recall that the center of a group G, denoted by Z(G), is defined by

Z(G) = {x ∈ G, xg = gx ∀g ∈ G}.

The centralizer CG(H) of a subgroup H of a group G is the set of elements of G
which commute with every element of H, i.e.

CG(H) = {x ∈ G, xh = hx ∀h ∈ H}.

Proposition 3.2.1 The center of a group G is the kernel of the conjugation map,
i.e. the kernel of the morphism ϕ : G −→ Aut(G) where ϕ(x) is defined by
ϕ(x)(y) = xyx−1, ∀x, y ∈ G. The centralizer of a subgroup H of a group
G is the kernel of the morphism ϕ : H −→ Aut(G), where ϕ(h) is defined by
ϕ(h)(g) = hgh−1, ∀h ∈ H, ∀g ∈ G.

Definition 3.2.2 A characteristic subgroup of a group G is defined as a subgroup
H of G which is invariant under all the automorphisms of G.

This means that any automorphism of G restricts to an automorphism of H.
Since the automorphism group Aut(G) of a group G classifies all the group actions
on G, a subgroup H of a group G is characteristic if and only if any group action
χ on G restricts to an action on H.

Let us also mention the following "transitivity properties" of characteristic
subgroups which will allow us to consider the more general case in the category of
cocommutative Hopf algebras.

Proposition 3.2.3 1. If K is a characteristic subgroup of H and H is a char-
acteristic subgroup of G, then K is a characteristic subgroup of G.
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2. If K is a characteristic subgroup of H and H is a normal subgroup of G,
then K is a normal subgroup of G. In particular every characteristic subgroup
is a normal subgroup.

3.2.2 Centers and centralizers in LieK

Recall that the center of a Lie algebra L, denoted by Z(L), is defined by

Z(L) = {x ∈ L, [x, a] = 0 ∀a ∈ L}

The centralizer CL(I) of a Lie subalgebra I of a Lie algebra L is the set of
elements of L commuting with every element of I, i.e. CL(I) = {x ∈ L, [x, i] =
0 ∀i ∈ I}.

Proposition 3.2.4 The center of a Lie algebra L is the kernel of the adjoint
representation, i.e. of the Lie algebra homomorphism defined by ad : L −→
End(L) : ad(x) := [x,−]. The centralizer of a Lie subalgebra I of a Lie algebra L
is the kernel of the adjoint representation, i.e. ad : I −→ End(L) : ad(l) := [l,−].

Definition 3.2.5 A characteristic ideal I of a Lie algebra L is a subalgebra which
is invariant under all the derivations on L.

Similarly to the case of characteristic subgroups in the category of groups, the
characteristic ideals also have some useful properties:

Proposition 3.2.6 1. If I is a characteristic Lie subalgebra of L and L is a
characteristic Lie subalgebra of M , then I is a characteristic Lie subalgebra
of M .

2. If I is a characteristic Lie subalgebra of L and L is a normal Lie subalgebra
of M , then I is a normal Lie subalgebra of M .

3.2.3 Centers and centralizers in semi-abelian action repre-
sentable categories

A. Cigoli and S. Mantovani gave a description of the center and of the centralizer
of a normal subobject in the general context of semi-abelian action representable
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categories [24]. Let x : X −→ A be a normal subobject of A, the quotient map
p : A −→ A/X, and let

(
Eq(p), p1, p2

)
be the equivalence relation on A induced

by X, i.e. the projections in the following pullback (the kernel pair of the quotient
map p)

Eq(p) p1 //

p2

��

A

p

��
A

p
// A/X

We write ∆ : A −→ Eq(p) for the only morphism such that p1 ◦ ∆ = 1A = p2 ◦ ∆.

Definition 3.2.7 In any semi-abelian action representable category, the centralizer
of a normal subobject X in A, denoted by CA(X) is given by the kernel of the
unique morphism χ induced by the universal property of the split extension classifier
[X] of X:

0 // X
HKer(p1) // Eq(p)

p1
//

χ

��

A

χ

��

//∆oo 0

0 // X
i1 // X ⋊⋆ [X]

p2
// [X] //

i2oo 0

(3.2.1)

Example 3.2.8 In the case of the category of groups (resp. of the category of Lie
algebras), the upper split extension sequence in the Diagram 3.2.1 of Definition
3.2.7 gives rise to the conjugation action (resp. to the adjoint representation) of A
on X, thus we recover the classical notion of centralizer by Propositions 3.2.1 and
3.2.4.

Definition 3.2.9 [25] Let C be a semi-abelian category, F is a characteristic
subobject of H if, given any normal subobject G of H, then F is a normal
subobject of H.

Remark 3.2.10 Definition 3.2.9 is equivalent to Definitions 3.2.2 and 3.2.5 in the
category of groups and in the category of Lie K-algebras, respectively.

3.2.4 Centers and centralizers in HopfK,coc

In the category of cocommutative Hopf algebras, the centralizer of a normal Hopf
subalgebra H of A, denoted by CA(H), is given by the kernel of χ in the following
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morphism of split extensions, where χ is defined as in Section 3.1.4.

0 // H
HKer(p1)// Eq(p)

p1
//

χ

��

A ∼= U(LA) ⋊A K[GA]

χ=U(χL)⊗K[χG]
��

//∆oo 0

0 // H
i1 // H ⋊⋆ [H]

p2
// [H] = U

(
DerHopf(H)

)
⋊ρ K

[
AutHopf(H)

]
//

i2oo 0

So to describe the centralizer CA(H), we have to compute the kernel of χ in
the category HopfK,coc, denoted by HKer(χ). We will show that

HKer(χ) = HKer
(
U(χL) ⊗K[χG]

) ∼= HKer
(
U(χL)

)
⋊A HKer

(
K[χG]

)
.

This is proved by computing the kernels of U(χL), χ and K[χG] in the following
diagram

0 // U(LA) iA //

U(χL)
��

U(LA) ⋊A K[GA]
pA

//

χ=U(χL)⊗K[χG]
��

K[GA]

K[χG]
��

//
sAoo 0

0 // U
(
DerHopf(H)

) i[H]// U
(
DerHopf(H)

)
⋊ρ K

[
AutHopf(H)

]
p[H]
// K

[
AutHopf(H)

]
//

s[H]oo 0

obtaining the following diagram

0

��

0

��

0

��
0 // HKer

(
U(χL)

)
HKer

(
U(χL)

)
��

i // HKer(χ)
HKer(χ)

��

p
// HKer

(
K[χG]

)
HKer

(
K[χG]

)
��

soo // 0

0 // U(LA) iA //

U(χL)
��

U(LA) ⋊A K[GA]
pA

//

χ=U(χL)⊗K[χG]
��

K[GA]
K[χG]
��

//
sAoo 0

0 // U
(
DerHopf(H)

) i[H]// U
(
DerHopf(H)

)
⋊ρ K

[
AutHopf(H)

]
p[H]
// K

[
AutHopf(H)

]
//

s[H]oo 0

where the first row is easily seen to be a split short exact sequence. Let us show
now that

HKer
(
K[χG]

)
= K

[
kerGrp(χG)

]
and

HKer
(
U(χL)

)
= U

(
kerLie(χL)

)
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Proposition 3.2.11 Let f : G −→ G′ be a morphism in Grp and ker(f) its
kernel in Grp. Then the Hopf kernel HKer(f) of f = K[f ] : K[G] −→ K[G′] in
HopfK,coc is given by K

[
ker(f)

]
.

Proof. It is clear that we have K
[
ker(f)

]
⊆ HKer(f): indeed, let us consider

an element αigi where gi ∈ ker(f),∀i ∈ I. One has the following equalities

(f ⊗ idA)∆(αigi) = αif(gi) ⊗ gi = 1 ⊗ αigi

Another way to prove this inclusion is to apply the functor K[−] to f , and to use the
universal property of the kernel HKer(f). To prove that HKer(f) ⊆ K

[
ker(f)

]
,

let us consider an element αigi ∈ HKer(f), so we have that αi
(
f(gi)−1

)
⊗gi = 0,

since gi is a basis of K[G], we obtain ∀i ∈ I that f(gi) = 1 if αi ̸= 0, thus
αigi ∈ K

[
ker(f)

]
. 2

Remark 3.2.12 An alternative proof for Proposition 3.2.11, valid only over alge-
braically closed fields K of characteristic zero, comes from the fact that the functor
K[−] preserves limits, thus in particular kernels, since it is a right adjoint to the
functor G (see Proposition 1.4.7).

Proposition 3.2.13 Let f : L −→ L′ be a Lie K-algebra morphism and ker(f)
its kernel in the category of Lie K-algebras. Then the Hopf kernel HKer(f) of
f = U(f) : U(L) −→ U(L′) in the category of cocommutative Hopf algebras is
given by U

(
ker(f)

)
.

Proof. It is clear that we have U
(
ker(f)

)
⊆ HKer

(
U(f)

)
, since we can apply

the functor U to f : L −→ L′, and use the universal property of the kernel
HKer(f). For the converse direction, let x ∈ U(L) be a generator, i.e. a primitive
element, such that x ∈ HKer

(
U(f)

)
, we have

(f ⊗ idA)(x⊗ 1 + 1 ⊗ x) = (u ◦ ϵ⊗ idA)(x⊗ 1 + 1 ⊗ x)

then f(x) ⊗ 1 + 1 ⊗ x = 1 ⊗ x

so that f(x) ⊗ 1 = 0, and f(x) = 0.

Accordingly, x is a generator element of U
(
ker(f)

)
. 2

Remark 3.2.14 We actually have that the functor U preserves all binary products
[40] and equalizers, indeed if f, g : L −→ L′ is a pair of LieK-algebra morphisms and
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Eq(f, g) their equalizer in the category of Lie K-algebras. Then the Hopf equalizer
[3] HEqual(f, g) of f = U(f) : U(L) −→ U(L′) and g = U(g) : U(L) −→ U(L′)
in the category of cocommutative Hopf algebras is given by U

(
Eq(f, g)

)
. Indeed

we have

(f ⊗ idA)(x⊗ 1 + 1 ⊗ x) = (g ⊗ idA)(x⊗ 1 + 1 ⊗ x)

then f(x) ⊗ 1 + 1 ⊗ x = g(x) ⊗ 1 + 1 ⊗ x

so that (f − g)(x) ⊗ 1 = 0 and (f − g)(x) = 0.

Accordingly, x is a generator of U
(
Eq(f, g)

)
.

One can then compute HKer(χ) by computing kerLie(χL) and kerGrp(χG)
and obtain the following:

Theorem 3.2.15 The centralizer CA(H) in the category of cocommutative Hopf
algebras is given by

CA(H) = U
(
kerLie(χL)) ⋊A K

[
kerGrp(χG)

]
where

kerLie(χL) = {x ∈ LA such that [x, h] = 0, for all h ∈ H}

and

kerGrp(χG) = {g ∈ GA such that gh = hg, for all h ∈ H}

Let us finally mention some results that follow from the corresponding ones in
[25] in the general context of semi-abelian action representable categories.

Proposition 3.2.16 For every normal Hopf subalgebra K of H, the centralizer
ZH(K) of K in H is a normal Hopf subalgebra in H. Then the center Z(H) is a
characteristic Hopf subalgebra of H.

Proposition 3.2.17 1. If K is a characteristic Hopf subalgebra of H, and H is a
characteristic Hopf subalgebra of G, then K is characteristic Hopf subalgebra
of G.

2. If K is a characteristic Hopf subalgebra of H, and H is a normal Hopf
subalgebra of G, then K is a normal Hopf subalgebra of G.
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3.2.5 Arbitrary Hopf algebra centers

A. Chirvasitu and P. Kasprzak have introduced the following definition of the center
for any arbitrary (not necessarily cocommutative) Hopf algebra ([23]).

Definition 3.2.18 Let A be a Hopf algebra. The Hopf algebra center HZ(A) of
A is the largest Hopf subalgebra of A contained in

Z(A) = {x ∈ A s.t. y1xS(y2) = xϵ(y) ∀y ∈ A}

A. Chirvasitu and P. Kasprzak have added in [23] that in the case of bijective
antipodes (which holds for instance in the cocommutative context), the Hopf
algebra center of A can be described as:

HZ(A) = {x ∈ A :
(
id⊗ ∆

)(
∆(x)

)
∈ A⊗ Z(A) ⊗A}

Remark 3.2.19 The center Z(A) coincides with the classical notion Zalg(A) of
the center of A seen as an algebra, i.e. Zalg(A) = {x ∈ A s.t. xy = yx ∀y ∈ A}.
Indeed, to prove that Z(A) ⊆ Zalg(A), let us consider x ∈ Z(A), then for all
y ∈ A, we have xy = xϵ(y1)y2 = y1xS(y2)y3 = y1xϵ(y2) = yx. To prove
that Zalg(A) ⊆ Z(A), let us consider x ∈ Zalg(A), then for all y ∈ A, we have
y1xS(y2) = xy1S(y2) = xϵ(y).

Proposition 3.2.20 For a cocommutative Hopf algebra A. Let χ : A −→ [A]
denote the unique morphism associated to the action of A on itself by conjugation,
and χ := U(χL) ⊗K[χG]. We have

Z(A) = U
(
kerLie(χL)

)
⋊A K

[
kerGrp(χG)

]
= HZ(A)

where

kerLie(χL) = {x ∈ LA such that [x, a] = 0, for all a ∈ A}

and

kerGrp(χG) = {g ∈ GA such that ga = ag, for all a ∈ A}.

Proof. Let us first prove that HKer(χ) = Z(A) ⊆ HZ(A). An element x ∈ A

is in Z(A) if and only if χ(x1) ⊗ x2 = id[A] ⊗ x ∈ [A] ⊗ A. By Remark 3.2.19,
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it suffices to prove that Z(A) ⊆ Zalg(A), i.e. xy = yx, ∀y ∈ A. For this, let us
denote the action of [A] on A by

ρ : [A] ⊗A → A, ρ(u⊗ x) = u.x

and define the following map for any y ∈ A

ry : [A] ⊗A → A, ry(u⊗ x) = (u.y)x

We have ry(id[A] ⊗ x) = idA(y)x = yx, and

ry
(
χ(x1) ⊗ x2

)
= χ(x1)(y)x2

= x1yS(x2)x3

= x1yϵ(x2)

= xy.

Since Z(A) is a Hopf subalgebra of A, we obtain Z(A) ⊆ HZ(A).

On the other hand one sees that HZ(A) ⊆ Z(A) by applying the universal
property of the kernel of χ = U(χL) ⊗K[χG] which is Z(A), since we have the
equalities

χ(a)(h) = a1hS(a2) = ha1S(a2) = hϵ(a) = ϵ(a)id[H](h), ∀a ∈ HZ(A), ∀h ∈ [H].

2



Chapter 4

Research perspectives

4.1 Non-associative cocommutative Hopf algebras

A crucial point in our proof of Theorem 2.1.8 which states that HopfK,coc is a
semi-abelian category is the Cartier-Gabriel-Kostant-Milnor-Moore decomposition
(Theorem 1.4.5) which cannot be extended to the context of Hopf algebras over
a field of non-zero characteristic (see Section 4.2) using the counter-example of
divided power Hopf algebras (see Section 4.2). This theorem has been extended
by V.N. Zhelyabin [55] to the non-associative context, namely to the category of
weakly associative, coassociative and cocommutative Moufang H-bialgebras, over
a field of characteristic zero, that we will denote by MHBialgK,coc,wa.

The H-bialgebras, introduced by J.M. Izquierdo in [49], can be tought of as
non-associative Hopf algebras: associative H-bialgebras are exactly Hopf algebras.
Loop algebras and universal enveloping algebras of Mal’tsev algebras are important
examples of H-bialgebras. The Mal’tsev algebras were introduced by A.O. Mal’tsev
in [39] as the tangent algebras to locally analytic Moufang loops, they are some
generalization of Lie algebras to the non-associative context. The H-bialgebras,
satisfying the Moufang identities for H-bialgebras are called Moufang H-bialgebras.

We will investigate in this section some of categorical constructions in
MHBialgK,coc,wa.

Definitions 4.1.1 • Let us consider a non-empty set Q equipped with a map
M : Q×Q −→ Q called the multiplication M , and left and right divisions
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denoted respectively by \ and /. The set Q is called a quasigroup if a(a\b) =
a\(ab) = b and (b/a)a = (ba)/a = b, ∀a, b ∈ Q. In case that Q admits an
identity element e, the quasigroup Q is said to be a loop. Morphisms of loops
are maps which preserve the multiplication law (as they always preserve left
and right divisions). The category of loops will be denoted by Loop.

• A loop (Q,M, e, \, /) is a Moufang loop provided that one of the following
equivalent identities holds in Q, ∀x, y, z ∈ Q.

x
(
y(xz)

)
=

(
(xy)x

)
z x

(
(yz)x

)
= (xy)(zx)(

(zx)y
)
x = z

(
x(yx)

) (
x(yz)

)
x = (xy)(zx)

In a Moufang loop Q, each element x ∈ Q has a two sided inverse x−1 =
e/x = x\e (for a proof, see for instance [20]). The category of Moufang
loops, a full subcategory of Loop, will be denoted by MLoop.

From now, algebras are not supposed to be associative.

Definition 4.1.2 An algebra M with a binary anticommutative bracket operation
[, ] is said to be a Mal’tsev algebra if [J(x, y, z), x] = J(x, y, [x, z]) in M , where
J(x, y, z) = [[x, y], z] + [[y, z], x] + [[z, x], y] is the Jacobian in x, y and z. Mal’tsev
algebra morphisms are maps which preserve the bracket operation. The category of
Mal’tsev algebras over a field K will be denoted by MAlgK .

Remark 4.1.3 It is clear that any Lie algebra is a Mal’tsev algebra since the
Jacobian is then equal to zero.

The following theorem, given in [18], describes when a variety (in the sense of
the universal algebra) is protomodular.

Theorem 4.1.4 A variety is pointed protomodular if and only if the corresponding
theory contains a unique constant 0 and, for some natural number n ∈ N, n binary
operations αi(x, y) = 0; a (n+1)-ary operations θ such that

θ
(
α1(x, y), ..., αn(x, y), y

)
= x

Proposition 4.1.5 The categories of Moufang loops and of Mal’tsev algebras are
semi-abelian.
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Proof. By using Theorem 4.1.4, the category of Moufang loops is protomodular
since we can take n = 1, α(x, y) = x/y and θ(x, y) = xy. The category of
Mal’tsev algebras is protomodular since we can take n = 1, α(x, y) = x− y and
θ(x, y) = x+ y. Then that the categories MLoop and MAlgK are semi-abelian
since they are pointed and a variety is semi-abelian if and only if it is pointed and
protomodular [13]. 2

4.1.1 The category of Moufang H-bialgebras

The category we study in this section is the category of Moufang H-bialgebras over
an algebraically closed field K of characteristic zero, denoted by MHBialgK . The
objects in MHBialgK are Moufang H-bialgebras, i.e. H-bialgebras satisfying the
Moufang condition, defined by J.M. Pérez-Izquierdo in [49], which we are going to
recall now.

In this section, a bialgebra B over a field K will mean a 5-tuple (B,M, u,∆, ϵ)
where (B,M, u) is a non-necessarily associative and unital algebra and (B,∆, ϵ) is a
coassociative and counital coalgebra, such that these two structures are compatible,
in the sense that maps M and u are coalgebra morphisms.

Definition 4.1.6 • A bialgebra (B,M, u,∆, ϵ) is an H-bialgebra provided that
it is equipped with two bilinear mappings \ : B⊗B → B and / : B⊗B → B

called respectively the left and right divisions and satisfying ∀a, b ∈ B

a(1)\(a(2)b) = ϵ(a)b = a(1)(a(2)\b) and (ba(1))/a(2) = ϵ(a)b = (b/a(1))a(2)

• A H-bialgebra (B,M, u,∆, ϵ, \, /) is a Moufang H-bialgebra if the following
identities hold ∀x, y, z ∈ B:

x(1)
(
y(x(2)z)

)
=

(
(x(1)y)x(2))z

(
(zx(1))y

)
x(2) = z

(
x(1)(yx(2))

)
x(1)

(
(yz)x(2)

)
= (x(1)y)(zx(2))

(
x(1)(yz)

)
x(2) = (x(1)y)(zx(2))

These identities are obtained by the linearization of Moufang identities on a
Moufang loop, all these identities are also equivalent as shown in [49].

• Morphisms in the category MHBialgK are morphisms of bialgebras, pre-
serving left and right divisions.

• Let B be a H-bialgebra. We define by

Q(B) := {q ∈ B | ∆(q) = q ⊗ q, ϵ(q) = 1}
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the set of loop-like elements of B, and by

P(B) := {b ∈ B | ∆(b) = b⊗ 1 + 1 ⊗ b}

the set of primitive elements of B.

• The H-bialgebra B is said to be weakly associative provided that
∀x, y ∈ P(B),∀g, h ∈ Q(B), we have

(x, y, g) = (xy)g − x(yg) = 0 = x(gh) − (xg)h = (x, g, h)

• The category of cocommutative and weakly associative Moufang H-bialgebras
will be denoted by MHBialgK,coc,wa.

Proposition 4.1.7 [49] Let (B,M, u,∆, ϵ) be a bialgebra. There exists maps
\ : B⊗B → B and / : B⊗B → B such that (B,M, u,∆, ϵ, \, /) is an H-bialgebra
if and only if the left and right multiplication are invertible in Hom

(
B,End(B)

)
.

In that case the operations \ and / are uniquely determined.

The following proposition explains how H-bialgebras are a good generalization
of Hopf algebras to the non-associative context.

Proposition 4.1.8 An associative H-bialgebra B is a Hopf algebra. Moreover, we
have: a\b = S(a)b and a/b = aS(b), ∀a, b ∈ B, where S denotes the antipode
defined by S(b) = b\1 = 1/b, ∀b ∈ B.

J.M. Pérez-Iquierdo has also proved that the loop-like [49] and primitive elements
[43] of H-bialgebras gives also a good generalization to the non-associative context.

Proposition 4.1.9 For any Moufang H-bialgebra (B,M, u,∆, ϵ, \, /) the set(
Q(B),M, u, \, /

)
is a Moufang loop.

Proposition 4.1.10 For any Moufang H-bialgebra (B,M, u,∆, ϵ, \, /) the set(
P(B),M, u, \, /

)
is a Mal’tsev algebra.

Theorem 4.1.11 (Non-associative Milnor-Moore Theorem) [49] Over a field of
characteristic zero, any cocommutative H-bialgebra B generated by P(B) is
isomorphic to the universal enveloping algebra of the Mal’tsev algebra P(B), i.e.
B ∼= U

(
P(B)

)
.
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Theorem 4.1.11 and an extended version of the Cartier-Gabriel-Kostant-Milnor-
Moore decomposition, proven by V.N. Zhelyabin [55], are very important elements
for extending our second chapter’s results to the non-associative context.

4.2 Assumption on the characteristic of the field K

Even if the protomodularity and the descriptions of binary products and equalizers
in HopfK,coc doesn’t involve the field characteristic, we would like to outline here
that our proof giving that the category HopfK,coc is semi-abelian (Theorem 2.1.8)
is crucially based on Theorem 1.4.16 which doesn’t hold for fields of non-zero
characteristic. Moreover, Newman’s bijective correspondance between left bi-ideals
and Hopf subalgebras in the cocommutative context (Theorem 1.2.36) is also based
on Theorem 1.4.16.

Example 4.2.1 A counter-example to Theorem 1.4.16 for Hopf algebras over a
non-zero characteristic field is given by the divided power Hopf algebras over a field
of characteristic p (p prime). Let H be a K-vector space with basis {ci, i ∈ N} on
which we consider the following Hopf algebra structure:

∆(cm) =
m∑
i=0

ci ⊗ cm−i

and the counit given by ϵ(cm) = δ0,m for any m ∈ N. The multiplication given by
cncm =

(
n+m
n

)
cn+m for any n,m ∈ N, extended by linearity to all H.

The bialgebra H has an antipode: since H is cocommutative, it suffices to
show that there exists a linear map S : H −→ H such that

∑
S(h1)h2 = ϵ(h)1

for any h in a basis of H. We define ∀n ∈ N, S(cn) = (−1)ncn. One can verify
that H is irreducible as a coalgebra but it is not generated by primitive elements
since P(H) = K[c1].

Example 4.2.1 makes it difficult to extend Theorem 2.1.8 to the case of cocom-
mutative Hopf algebras over an arbitrary field K.
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