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Abstract

The aim of this thesis is to establish some new interactions between the theory
of semi-abelian categories and the theory of Hopf algebras.

We prove that the category Hopfx .. of cocommutative Hopf algebras over
a field K of characteristic zero is a semi-abelian category, by using the Cartier-
Gabriel-Kostant-Milnor-Moore decomposition of any cocommutative Hopf algebra
as a semi-direct product of a group Hopf algebra and a primitive Hopf algebra.
Then, we show that Hopf ... contains a torsion theory whose torsion-free and
torsion parts are given, up to equivalence, by the category of groups and by the
category of Lie K-algebras, respectively.

Then we prove that Hopf x ., is actually an action representable semi-abelian
category, and we describe the split extension classifiers in it in terms of the split
extension classifiers in the category of groups and in the category of Lie K-algebras.
We explore then the categorical notion of centralizers and centers in Hopf x ...
We finally show that our categorical and explicit notion of centers in Hopf ...
coincides with the one recently introduced and investigated in the context of

arbitrary Hopf algebras.
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Chapter 0

Introduction

The aim of this thesis is to establish some new interactions between the theory
of semi-abelian categories and the theory of Hopf algebras. The starting point is
a well-known result due to A. Grothendieck, as outlined in [52], saying that the
category of finite-dimensional, commutative and cocommutative Hopf algebras over
a field K is abelian. This result was extended by M. Takeuchi [53] to the category
Hopf k .o co Of cocommutative and commutative Hopf algebras, not necessarily
finite-dimensional. In particular, this result implies that the category Hopf i ... o
is protomodular [13] in the sense of D. Bourn, and exact [4] in the sense of M. Barr,

which are the two properties at the heart of the theory of semi-abelian categories.

In the pointed context, protomodularity amounts to the condition that the Split

Short Five Lemma holds, i.e. given a commutative diagram

k f

0 K Az———>B
f/

0 K’ — A———=FP

where k = ker(f), k' = ker(f’), fos=1p, and f'os’ = 1p, if both x and 3

are isomorphisms, then so is a.

A similar property has been studied by N. Andruskiewitsch and J. Devoto in
[3] for the category of arbitrary Hopf algebras, denoted by Hopf ;. These authors

prove that « (in the above diagram) is an epimorphism and a monomorphism,
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thus they link the problem of proving that « is an isomorphism with the problem
concerning the surjectivity of epimorphisms and the injectivity of monomorphisms
in Hopf ;, which has been later studied by A. Chirvasitu [22] and A.L. Agore [1].
In the cocommutative context, it is known that Hopf . is protomodular since it
can be viewed as the category of internal groups in the category of cocommutative

coalgebras (see [51], for instance).

The problem of establishing the exactness for the category of arbitrary Hopf
algebras is delicate since limits and colimits are difficult to describe. However, an
explicit description of binary products and equalizers are given in the cocommutative
context [3, 26].

In this thesis, we will first examine exactness properties of Hopfx . and prove
that Hopf . is semi-abelian, by using the Cartier-Gabriel-Kostant-Milnor-Moore
decomposition theorem, which decomposes any cocommutative Hopf algebra as
a semi-direct product of a group Hopf algebra and a primitive Hopf algebra [52].
Since a category C is abelian if and only if both C and its dual C°P are semi-
abelian, this observation can be seen as a "non-commutative” version of Takeuchi's
theorem mentioned above. Then, we show that Hopfy .. contains a torsion
theory whose torsion-free and torsion parts are given, up to equivalence, by the
category of groups and by the category of Lie K-algebras, respectively. This part of
the research is somehow influenced by the workshop "Galois Theory, Hopf Algebras,
and Semi-abelian Categories" held in 2002 at the Fields Institute (Toronto, Canada).
Many interesting connections have been already obtained between Galois theory
and Hopf algebras, or Galois theory and semi-abelian categories, the aim of this
thesis is to establish some new interactions between the theory of semi-abelian
categories and the theory of cocommutative Hopf algebras. In the semi-abelian
context several diagram lemmas of homological algebra hold, such as the Snake
lemma, the 3-by-3-lemma, Noether’s isomorphism theorems, etc (see [8]). By
proving that Hopf i . is semi-abelian, those theorems, and for instance a theory
of internal crossed modules and a commutator theory, now become available for

Hopf algebraist.

Our theorem proving that Hopfy .. is semi-abelian [30] has an important
corollary: Hopf i . is actually an action representable semi-abelian category as
it is the case for the categories of groups and of Lie K-algebras. A category C is

said to be an action representable category if for any object X in C, there is a split



extension

OHXHY:[X]HO (0.0.1)

with kernel X satisfying the property that any other split extension with kernel X
in C

0—=X—A=—=B——>0 (0.0.2)

can be uniquely obtained by pulling back the split extension (0.0.1) along a suitable
morphism B — [X]. In this case, the object [X] in the split extension (0.0.1)
is called a split extension classifier of X. In the category of groups, the split
extension classifier of a group G is given by its automorphism group Aut(G), and
the group actions p: G’ — Aut(G) of groups G’ on G correspond bijectively to the
isomorphism classes SpIExt(G’, G) of split extensions of G’ by G. In Hopf g ...,
the categorical notion of the semi-direct product has been introduced by R.K.

Molnar and the following theorem is a reformulation of his Theorem 4.1 in [41].

Theorem 0.0.1 Every split short exact sequence in Hopf . ..
00— A——H_—B——=0
is canonically isomorphic to a semi-direct product exact sequence

00— A——-AxB—B——=0

It is well known that there are semi-abelian categories that are not action repre-
sentable: for instance, this is the case for the category of rings. When a semi-abelian
category C is action representable, commutator theory becomes simpler, since the
Huqg commutator of normal monomorphisms and the Smith commutator of equiva-

lence relations always coincide in C [19].

We explore then the categorical notion of centralizers and centers in the action
representable semi-abelian category Hopf ... We describe the centralizers and
the centers in Hopf .. and show that our categorical approach gives an explicit
description of the center recently introduced and investigated by A. Chirvasitu and

P. Kasprzak in the context of arbitrary Hopf algebras [23].
Our text is organized as follows:

Chapter 1 In the first chapter we give an overview of the semi-abelian context

and recall the definition of the category of cocommutative Hopf algebras. We
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consider some important properties and examples, and consider the connections
between them by giving some categorical constructions in Hopf ... Finally,
we recall and give a sketch of a proof of the important decomposition due to

Cartier-Gabriel-Kostant-Milnor-Moore.

Chapter 2 In the second chapter, we prove that the category Hopf .., over a
field K of characteristic zero, is a semi-abelian category, by using the Cartier-Gabriel-
Kostant-Milnor-Moore decomposition. Then, we show that Hopf .. contains a
torsion theory whose torsion-free and torsion parts are given, up to equivalence, by
the category of groups and by the category of Lie K-algebras, respectively. The

main results of this chapter have been published in [30].

Chapter 3 In the third chapter, based on results of the second chapter, we
describe the split extension classifiers in the category of cocommutative Hopf
algebras over an algebraically closed field of characteristic zero, hereby providing a
new characterization of semi-direct products (smash products) of cocommutative
Hopf algebras. The categorical notions of centralizer and of center in the category
of cocommutative Hopf algebras is then explored. In the category of cocommutative
Hopf algebras the categorical notion of center coincides with the one that have

been recently introduced and investigated in the context of general Hopf algebras.

Chapter 4 In the last chapter, we present some open problems and indicate
some directions for future developments. The first one concerns the possibility of
extending our second chapter’s results to the non-associative context, based on
an extended version of the Cartier-Gabriel-Kostant-Milnor-Moore decomposition,
proven by V.N. Zhelyabin [55]. The second part of the chapter outlines where
the assumption on the characteristic of the field K is important to prove that

Hopf k . is semi-abelian.



Chapter 1

The category of

cocommutative Hopf algebras

1.1 Introduction to semi-abelian categories

Semi-abelian categories; introduced by G. Janelidze, L. Marki and W. Tholen [33];
are finitely complete, pointed, exact in the sense of M. Barr [4], protomodular
in the sense of D. Bourn [13], with finite coproducts. These categories have
been introduced to capture some typical algebraic properties valid for non-abelian
algebraic structures such as groups, Lie algebras, rings, crossed modules, varieties of
Q-groups in the sense of P. Higgins [31] and compact groups. They also provide a
suitable context for the study of non-abelian (co)homology. Every abelian category
is in particular semi-abelian, and a category C is abelian when both C and its
opposite C°P are semi-abelian. A finitely cocomplete Barr-exact category turns out
to be semi-abelian precisely when it admits a zero object and when the usual Split

Short Five Lemma holds.

1.1.1 Basic categorical notions and notations

In the first section of this chapter, we will recall and fix some elementary categorical
notions and notations. For more details, we refer the reader to the introductory
books [6, 7, 36].
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Definitions 1.1.1 1. Let C be a category, and |C]| be the class of objects of
C. An object I € |C]| (resp. F' € |C]) is said to be an initial object (resp. a
terminal object) if for any object X € |C]|, there exists a unique morphism
from I to X (resp. from X to F'). A zero object, denoted by 0, is an object
which is at the same time an initial and a terminal object. A category is
said to be pointed when it contains a zero object, in this case a morphism
f: A — B is called a zero morphism if it factors through 0. Each set

Homc (A, B) has precisely one zero morphism, which we will denote by 04 p.

2. Let A and B be two objects of a category C, the binary product of A and B

is an object A x B with two morphisms in C
A< AxB-2EsB

with the following universal property: for any object C' and a pair of morphisms
f:C — A and g: C — B, there exists a unique morphism

(f,9): C — A x B such that pso (f,g) = f and pp o (f,g9) = g, ie.
which makes the following diagram commute

Ax B

A 3!(f,9) B
\ /
C

3. Given a category C, we can define a new category called the dual (or
opposite) category of C, denoted by C°P, by putting |C°P| := |C| and for all
X,Y € |C°P|, Homger (X, Y) := Homc(Y, X).

4. The dual notion of the one of binary product is the notion of binary coproduct.

Example 1.1.2 (a) In the category Vectk of vector spaces over a field K
and linear maps, binary products and binary coproducts are given by the

direct sum with projections and inclusions, respectively.

(b) In the category Grp of groups and group homomorphisms, the binary
product is given by the direct product of groups with the group law
given component by component. The binary coproduct of two groups is

usually called the "free product" (see [6], for instance).
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(c) In the category Liek of Lie K-algebras over a field K and Lie homo-
morphisms, the binary product is given by the cartesian product with

the bracket law defined component by component.

5. Let a,3: A — B be two morphisms in a category C. We say that a
morphism u: C' — A is an equalizer for « and § if c ou = S ow, and
the following universal property holds: for any morphism u': C' — A such
that aou’ = 8 o u/, there exists a unique morphism ~: C — C such
that v/ = u o y. We will denote the "object part" of the equalizer of o and
B by Eq(a, 3). Dually, we can define the notion of the coequalizer. The
coequalizer object will be denoted by Coeq(a, 3).

Assume that the category C has a zero object. If a: A — B is a morphism
in C, then the equalizer (resp. the coequalizer) of o and 04 p is called
the kernel (resp. the cokernel) of «, and will be denoted by ker(«) (resp.
coker(a)).

Example 1.1.3 (a) In Vectx and Lieg, the kernel of a morphism
f: A — B is given by the usual kernel f~'(0g) = {a € A such

that f(a) =0p}

(b) In Grp, the kernel of a morphism f: A — B is given by
f~1(1p) = {a € A such that f(a) = 15}

6. A category C is said to be finitely (co)complete if it has binary (co)products

and (co)equalizers.

7. In finitely (co)complete categories, we always have the existence of pullbacks
(or its dual, i.e. pushouts): let f: A — C and g: B — C be a pair of
morphisms with the same codomain. The pullback of f and g over C'is an

object A x ¢ B with two morphisms
A< AxcB-"-B

satisfying the following universal property: for any pair of morphisms
u: ¥ — A and v: E — B, such that f ou = g o v, there exists a
unique morphism ¢: E — A X B such that T4 0¢p =wu and rgo ¢ = v,
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i.e. which makes the following diagram commute

E
3 v

T™B

“ AXCBHB
WA\L J g
A

f

Pullbacks can be constructed from equalizers and binary products in the
following way: we first construct the binary product (A X B,pa,pp) of A

and B, then we consider the equalizer of the pair of morphisms
fopa,gopp: AXB —C

denoted by (FE,i). It can easily be checked that the pullback of f and g over
C'is given by (E,paoi,pgoi).

The pullback of a morphism f along itself is called the kernel pair of f, and
will be denoted by Fq(f).

A morphism f: A — B in a category is said to be an epimorphism
(dually, resp. monomorphism) if for all morphisms w,v: B — C (resp.
u,v: C —> B) such that wo f =wvo f (resp. fou= fowv) one has that

U =v.

Example 1.1.4 (a) In Vecty, Grp and Lieg, it can be shown that epi-
morphisms (resp. monomorphisms) are the same as surjective homo-

morphisms (resp. injective homomorphisms).

(b) In Ring, the category of rings, epimorphisms are not necessarily surjec-
tive. A counter-example is the inclusion Z C Q which is a non-surjective

epimorphism.

A pair of morphisms f: A — B and g: C' — B is said to be jointly
epimorphic if for any pair of morphisms u,v: B — X such that uo f = vo f
and uog = vog, one has that u = v. Jointly monomorphic pair of morphisms

are defined dually.
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11. A morphism f: A — B in a category is said to be a regular epimorphism
if fis a coequalizer, i.e. if we can find a pair of morphisms u,v: C — A
such that f = Coeq(u,v).

Definition 1.1.5 A finitely complete category is said to be regular if

= every morphism can be factorized as a regular epimorphism followed by a

monomorphism;

= regular epimorphisms are pullback-stable: i.e. for any regular epimorphism f
in the pullback

AXCBg

A

then mg: A X B — B has to be a regular epimorphism as well.

Sy

-
Q

Q

!

Example 1.1.6 = The categories Vecty, Grp and Liey are regular. More

generally, any variety of universal algebras is a regular category.

= The category Top of topological spaces with continuous maps is not regular

(see [6], for instance).

In these categories, the regular epimorphism/monomorphism factorization of a
morphism f: A — B, also called the "regular image factorization", is unique (up
to isomorphism). This leads to the notion of the image of a morphism, denoted by
f(A), which is the subobject determined by the monomorphism m: f(A) — B in

the commutative diagram

A\ ! /B
f(4)

Definition 1.1.7 Two monomorphisms r : B — A and s : C — A having the
same codomain are equivalent if there is an isomorphism ¢ : B — C' such that

sot =r. An equivalence class of monomorphisms for this equivalence relation
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is called a subobject of A. The subobjects occuring as kernels of morphisms are

called normal subobjects.

Example 1.1.8 The image f(A) of a morphism f: A — B is the subobject of
B obtained by the regular epimorphism/monomorphism factorization in regular

categories.

The following classes of morphisms will be of importance in our work.

Definition 1.1.9 A morphism f: A — B in a category is said to be a normal
epimorphism if f is a cokernel, i.e. if there exists u: C' — A such that coker(u) =
f. Dually, f is said to be a normal monomorphism if f is a kernel, i.e. if there
exists u: B — C such that ker(u) = f.

Definition 1.1.10 A morphism f: A — B in a category C is said to be a split
epimorphism if there exists a morphism i: B — A such that foi=1p.

Note that any epimorphism in Vecty is split. This is not the case in the

category Grp of groups.

There is the following natural chain of implications between the described classes

of epimorphisms:

Proposition 1.1.11 Let C be a category with binary products. We have

= split epimorphisms C regular epimorphisms C epimorphisms;

= normal epimorphisms C regular epimorphisms.

Any isomorphism is both a monomorphism and an epimorphism. The converse
is not true: in Ring, the canonical inclusion Z C Q is both a monomorphism
and an epimorphism, but not an isomorphism. Any morphism which is both a

monomorphism and a regular epimorphism is an isomorphism.

By the Tierney theorem, a category is abelian if and only if it is Barr-exact and
additive (see [16], for instance). In semi-abelian categories, one replaces additivity
with protomodularity, a concept introduced by D. Bourn in [13]. In the pointed

context, protomodularity amounts to the fact that the following formulation of the



1.1 Introduction to semi-abelian categories 11

Split Short Five Lemma holds: given a commutative diagram

0 K A———>BRB

: T

0 K’ " A———p

where k = ker(f), k' = ker(f’), fos=1p, and f'os’ = 1p, if both x and 3

are isomorphisms, then « is an isomomorphism.

Example 1.1.12

Among the examples of protomodular categories we have Grp, Lieg, the category
Ab of abelian groups, the category Loop of loops (see Definition 4.1.1), and the
category HAlg of Heyting algebras (and of Heyting semilattices, see [34]).

The category of internal groups in a finitely complete category is always protomodular

(see [8]).

Definition 1.1.13 An internal group in a category C, with binary products and
a terminal object F', is an object G in C with three morphisms, the unit mor-
phism 1: FF — @G, the inversion morphism s: G — G and the multiplication
morphism m: G X G — G making the following diagrams commute, where
0 = (idg,idg): G — G x G denotes the diagonal of the binary product G x G.

GxGxG—2"  _axa ¢ Gxa
N .
ida
GxG _ ¢  GxG———2(
a (idg,s)0d GxQ
(S’idG)O(S\L ) \Lm
ida
GxG _ ¢

Example 1.1.14 = The category Grp(Set) of internal groups in the category

of sets is the usual category of groups.
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= The category Grp(Top) of topological groups is the category of internal

groups in the category of topological spaces.

» The category Grp(Comp) of compact groups is the category of internal

groups in the category of compact spaces.

» The category Hopf g .. of cocommutative Hopf algebras can be seen as the
category Grp(CoAlgk coc) of internal groups in the category of cocommu-

tative coalgebras.
Let us recall the following property of protomodular categories.

Proposition 1.1.15 [13] In any protomodular category, a morphism f is a regular

epimorphism if and ony if f is a normal epimorphism, with f = coker(kzer(f)).

Any protomodular category C is a Mal'tsev category [21]: this means that every
(internal) reflexive relation C is an (internal) equivalence relation. Recall that a
reflexive relation on an object X is a diagram of the form

b1
R<=— X, (1.1.1)

b2
where p; and po are jointly monomorphic, and p; 0d = 1x = ps0d; such a reflexive
relation R is an equivalence relation when, moreover, there exist 0: R — R and

7: R xx R — R as in the following diagram

m p1
Rxx R T R 5 X

P2

such that p; o 0 = pp and py 0 0 = p; (symmetry), and p; o7 = p; o m and
P2 © T = py o o (transitivity), where 7 and 7o are the projections in the following
pullback:
Rxx R—/=R
777

X

P2

Definition 1.1.16 A regular category C is said to be Barr-exact if every equivalence
relation in C is effective, i.e. every equivalence relation is the kernel pair of a

morphism in C.
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Example 1.1.17 = The categories Set, Grp, Liex, Vecty, Grp(Top) are

exact;

= All algebraic varieties in the sense of universal algebra are exact.

Definitions 1.1.18 1. A category which is pointed, protomodular and regular
is said to be homological [8].

2. A category with binary coproducts, pointed, exact and protomodular is said

to be semi-abelian [33].

A category C is abelian if and only if both C and its dual C°P are semi-abelian.
We end this introduction with the following diagram indicating some implications

between the different contexts recalled above.

semi-abelian

/ \

homological Barr-exact
protomodular\ regular
Mal'tsev

1.1.2 Homological lemmas in the semi-abelian context

In the semi-abelian context; several diagram lemmas of homological algebra hold;

such as the Snake lemma, the 3-by-3-Lemma, Noether isomorphisms theorems, etc

(see [8]).

Definition 1.1.19 In a pointed category, a sequence of morphisms

0—s=A—top_ o050

is said to be a short exact sequence when k = ker(q) and ¢ = coker(k).

In a pointed regular category with finite limits, a sequence of morphisms

A-l.p . ¢
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is an exact sequence in B when considering the image factorizations of f and g

VAW

the following sequence is a short exact sequence

J 0 (1.1.2)

A long sequence of composable morphisms is exact when each pair of consecutive
morphisms is exact, and the sequence 1.1.2 is said to be exact if and only if it is a

short exact sequence.

Theorem 1.1.20 Let A C B C C (the inclusions are normal subobjects) be objects

in a semi-abelian category C. Then the following is an exact sequence

B C  C
O—3—7a—p5 VY

Theorem 1.1.21 [8] (Snake Lemma) Any commutative diagram, in a semi-abelian
category, with exact rows as below, such that u, v and w are proper (i.e. their

images are kernels)

0 0 0
Y \ Y
0 > ker(u) > ker(v) > ker(w)
Y \ ‘ Y
K’ X — Y’ 0
0 K———>X Y
Voo v v
coker(u) > coker(v) > coker(w) >0
v N v
0 0 0

can be completed with the dotted morphisms in such a way that all squares commute

and the following is an exact sequence

ker(u) —— ker(v) —— ker(w) _*, coker(u) — coker(v) —— coker(w)
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Theorem 1.1.22 [8] (Five Lemma) In any semi-abelian category, consider the
following commutative diagram where the rows are exact sequences and the ver-
tical morphisms b and d are isomorphisms, a is a regular epimorphism, e is a

monomorphism.

A B C D E
S AR N T
AN B (' — D — > F

Then c is an isomorphism.

Theorem 1.1.23 [15] (Nine Lemma) In any semi-abelian category, consider the
following commutative diagram where the three columns and the middle row are
short exact sequences. The first row is a short exact sequence if and only if the

last row is a short exact sequence.

0 0 0
0 K// X// Y// O
0 K’ X' Y’ 0
0 K X Y 0
0 0 0

1.1.3 Adjunctions

Definition 1.1.24 Let C and D be two categories, F': C — D and G: D — C
be two functors. We will say that F'is a left adjoint to G (or G is a right adjoint
to F') and denote this by

if and only if there exists bijections

0c,p: Homc(C,G(D)) = Homp (F(C), D)
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for every objects C' € |C|, D € |D| and these bijections are natural both in C
and D. By natural, we mean that for every pair of morphisms v: ¢’ — C and

v: D — D', the following diagram commutes

Homp (F(C), D) —22 Home(C,G(D))

vo—oF(’y)l iG(u)o—o'y

Homp (F(C'),D") Homcg (C',G(D))
c’,pD’

where v o — o F'(7y) is defined by

(vo—oF(y))(f)=vofoF(y)

for any f € Homp (F(C), D). The definition of G(v) o — o~ is given similarly.
An equivalent definition is given as follows.

The functor F'is a left adjoint to the functor G if and only if for every object
C € |C|, there exists a morphism n¢ : C — G(F(C)) which is natural, i.e. for

every morphism v: C' — C, the following diagram commutes

¢ —=G(F(C))
VT c(F(y)

O = G(F(C))

and is universal: for every morphism f: C — G(D), there exists a unique

morphism f: F(C) — D such that the following diagram commutes

C s G(F(C))
; lG(f)
G(D)

7 is called the unit of the adjunction, and n¢ is called the C-component of 7.

Example 1.1.25 = The forgetful functor U: Ab — Grp has a left adjoint
functor given by the abelianization functor F, i.e. VG € Grp, F(G) :=
G/|G,G], i.e. F(G) is the quotient of G by its derived subgroup [G, G].
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= The underlying set functor U: CURing — Set, from the category of
unital and commutative rings to the category of sets, has a left adjoint given
by F': Set — CURing defined for a given set X by F(X) the polynomial

ring Z[x1, ..., Ty, ...] where the x;'s are the elements of X.

An important property of right adjoints is the following (see [36], for instance).

Proposition 1.1.26 Let C and D be finitely complete categories. If the functor
F: C — D has a left adjoint, then F' preserves binary products and equalizers.

Definition 1.1.27 Let C and D be two categories. A functor
F: C — D is called an equivalence of categories if there exists a functor
G:D — C suchthat Go F = 1¢ and F o G = 1p, where 1¢ and 1p are
the identity functors on C and D. If the last isomorphisms are equalities, then C

and D are said to be isomorphic categories.

Definition 1.1.28 A functor F': C — D induces, for every pair of objects
X,Y € |C|, a morphism

Fxy: Homc(X,Y) — Homp (F(X),F(Y))

The functor F is said to be full (resp. faithful) if Fx y is surjective (resp. injective).

1.1.4 Torsion theories in the semi-abelian context

In the non-abelian context of semi-abelian categories, it is also natural to define
and study a general notion of torsion theory, that extends the one introduced by
S.E. Dickson in the frame of abelian categories [27]. This study was first initiated
in [17], and further developed in [28, 29], also in relationship with semi-abelian

homology theory.

Let us recall the definition of a torsion theory in the homological context:

Definition 1.1.29 In a homological category C, a torsion theory is given by a pair
(T,F) of full and replete (i.e. isomorphism closed) subcategories of C such that:
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i. For any object X in C, there exists a short exact sequence, i.e.

tx = ker(nx),nx = coker(tx):

where 0 is the zero object in C, T € T and F € F.

ii. The only morphism f: T — F from T € T to F' € F is the zero morphism.

When (T,F) is a torsion theory, T is called the torsion subcategory of C, and F the
torsion-free subcategory. Among the many examples in the context of homological

categories, let us mention the following ones:
Example 1.1.30

1. Every torsion theory in an abelian category C. For instance: the pair
(Ab;, Ab,y) in the category Ab of abelian groups, where Ab; and Aby;
denote the full and replete subcategories of the category of abelian groups

whose objects are torsion and torsion-free abelian groups, respectively.

2. The pair (NilCRng, RedCRng) in the category CRng of non-unital
commutative rings, where NilCRng and RedCRng denote the full sub-
categories of nilpotent commutative rings, and of reduced commutative rings

(i.e. commutative rings with no nontrivial nilpotent elements), respectively.

3. The pair (Grp(Ind), Grp(Haus)) in the category Grp(Top) of topological
groups, where Grp(Ind) and Grp(Haus) denote the full subcategories of

indiscrete groups and of Hausdorff groups, respectively.

Theorem 1.1.31 Let (T,F) be a torsion theory in a homological category C.
Then the torsion-free subcategoy F is reflective in C, i.e. the inclusion functor
U: F — C has a left adjoint called the reflector and denoted here by F'.

Any torsion-free subcategory F of a homological category C is then a normal
epimorphism reflection, i.e. the reflector F'is full and for every object X € C, one

has that nx: X — U(F(X)); the X-component of the unit of the adjunction; is
X
a normal epimorphism. In this case, one has U (F(X)) = X"
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1.2 Introduction to cocommutative Hopf algebras

A bialgebra is an algebra on which there exists a dual structure, called a coalgebra
structure, such that the two structures satisfy a compatibility relation. A Hopf
algebra is a bialgebra with an endomorphism satisfying an invertibility condition
which can be expressed using the algebra and the coalgebra structures. The first
example of such a structure was observed by H. Hopf in 1941 [32]. Since the end of
the 1980s, Hopf algebras have developped a broad range of applications in various
fields of mathematics: group theory (the group algebra is a Hopf algebra), Lie
theory (the universal enveloping algebra of a Lie algebra is a Hopf algebra), Galois

theory [42], combinatorics [37], quantum mechanics [38], etc.

The aim of this section is to recall and fix some notations of the category
of cocommutative Hopf algebras. For more details, we refer the reader to the

introductory books [26, 52].

1.2.1 Algebras

Definition 1.2.1 Let A be a vector space over a field K. A unitary and associative
K-algebra on A is a structure (A,x) where the law %, called multiplication is

K-bilinear, internally defined, associative and has a unit denoted by 14.
An equivalent definition is given by the following:

A unitary and associative K -algebra over a vector space A is a triple (A, M, u)
where M: A ®k A — A is the multiplication, and u: K — A is the unit. The

maps M and u have to make the following diagrams commute:

Aok Aor A Y f oA A®g A
U e PR
M®@kida M M

It is clear that the left diagram in the Definition 1.2.1 expresses associativity of

the multiplication, and the right diagram expresses the existence of the unit.

The definition 1.2.1 defines the objects of the category of K-algebras, morphisms
are defined by the following
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Definition 1.2.2 Let us consider two K-algebras (A, M,u4) and (B, Mp,up).
A linear map f: A — B from A to B is a K-algebra morphism if f preserves the

multiplication and the unit, i.e. f makes the following diagrams commute

A ! B
N
UuUA (29:}
A 7 K

B

The identity is a K-algebra morphism and the composition of two K-algebra
morphisms is still a K-algebra morphism. We will denote by Alg, the category of
K-algebras.

Remarks 1.2.3 1. We will write A ® A to denote A @ A, where the commu-
tative field K is supposed to be fixed.

2. From now, we will say "algebra" to talk about a "unitary associative

K-algebra".

3. The definition of an algebra can be given over any commutative ring.

4. We should note that the tensor product A ® B of two algebras is still an
algebra with the multiplication defined Vai,as € A,Vby,by € B by

MA®B(Q1 [ bl, as X bg) = MA(a1 (29 CLQ) X MB(bl [ bg)
and the unit by uagp = ua @ up.
Definition 1.2.4 An algebra (A, M, u) is said to be commutative if Va,y € A,

we have M (z,y) = M(y,x), i.e. M makes the following diagram commute, with
0: A®A— A® Adefined by oc(z ®y): =y, Yo,y € A.

A®A
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1.2.2 Coalgebras

The dualization of Definitions 1.2.1, 1.2.2 and 1.2.4 leads to the definition of the

category of cocommutative coalgebras.

Definition 1.2.5 A counitary and coassociative coalgebra over a vector space C
is a triple (C, A, €) where A: ¢ — C ® C is the coassociative comultiplication
and ¢: C — K is the counit: the K-linear maps A and ¢ have to make the dual

diagrams of those of Definition 1.2.1 commute

C A CeC C®C
| e 2l
A ARid A
C®C— CeCeC KC~——C—C®K
1dRA ~ ~

Definition 1.2.6 Let (C,A¢,ec) and (D, Ap,ep) be two coalgebras. A linear
map f: C — D from C to D is a coalgebra morphisms if f preserves the
comultiplication and the counit, i.e. f makes the dual diagrams of those of the

Definition 1.2.2 commute, i.e. makes the following diagrams commute

c ! D

c ! D
Acl lAD
(o] €D
K

CRC———D®D
feof

The category of coalgebras will be denoted by CoAlg,.

Definition 1.2.7 A coalgebra (C, A, ¢) is said to be cocommutative if its comul-
tiplication map A makes the dual diagram of the Definition 1.2.4 commute, i.e.
makes the following diagram commute, with 0: A ® A — A ® A defined by
clx®y): =yQuz, Va,y € A.

/ \
C X Cel

Remark 1.2.8 1. The following notation for the comultiplication, usually called

the "Sweedler notation", proved itself to be very effective. On a coalgebra C:
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Ve € C, we will denote A(c) by
Ae) = chi & Co4 1= 261 ® c2

where we will often omit the summation symbol, and write A(c) = ¢; ® cs.
By using the notations above, the coassociativity of the comultiplication can

be expressed by the equality

(id@A) o Ale) = (ido A) (D c1 @) =Y e1 ® ear @ can

should be equal to Zcu ®c12 ®co. So we write both of the above quantities

as ch ® c2 ® c3. The counit law can be expressed by the equality

Z eler)ea =c= Z e(ea)er
2. Remarks 1.2.3 still hold in the context of coalgebras.

Example 1.2.9 1. Let S be a non empty set: K[S] the vector space with basis
S. Then K[S] is a coalgebra with the comultiplication A and the counit €
defined by A(s) = s® s and €(s) = 1, Vs € S, and linearly extended to all
the elements in K[S].

2. The field K has itself a coalgebra structure with the comultiplication
A(k) = k® 1 and the counit e(k) = k, Vk € K. We remark that this
coalgebra is a particular case of the example 1 for S a set with only one

element.

3. Let C be a vector space with basis {c,, such that m € N}. Then C
is a coalgebra with the comultiplication A and the counit € defined by
Alen) = Zci ® Cm—; and €(¢y) = do.m, ¥Ym € N, where § denotes the

i=0
Kronecker delta. This coalgebra is called the divided power coalgebra.

The notions of subalgebras and quotient of algebras are well known, let us recall
the notions of subcoalgebras and coideals which are important to study quotients

of coalgebras.

Definition 1.2.10 Let (C,A,¢) be a coalgebra. A vector subspace D of C

is said to be a subcoalgebra of C' if D is stable under the comultiplication:
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A(D) C D ® D. The subspace D will have a structure of a coalgebra by the

restriction of the comultiplication and the counit from C to D.

Definition 1.2.11 Let (C, A, €) be a coalgebra and I a vector subspace of C'. We
say that [ is:

= a left (resp. right) coideal if A(I) CC ® 1 (resp. A(I) CI®C);

» acoideal if A(I) CC®I+1®C and ¢(I) = 0.

Remark 1.2.12 If I is a coideal then I is not necessarily a left and a right coideal.
A left and right coideal of a coalgebra C is a subcoalgebra of C.

Important examples of subcoalgebras and coideals are the following

Proposition 1.2.13 [26] Let f: C — D be a coalgebra morphism, then Im(f)
is a subcoalgebra of D and ker(f) is a coideal of C.

Proof. Since f is a coalgebra morphism, the following diagram commutes

c ! D

Acl lAD

ceC 7Y, D®D

Then we have:

Ap(f(C))

= (f®fAc(O)
(feNcel)
f(C)e f(0)
Im(f) @ Im(f)

Ap(Im(f))

N

thus Im(f) is a subcoalgebra of D.

We also have that (f ® f)Ac(ker(f) (f (ker(f ) = 0, so that
Ac(ker(f)) Cker(f @ f) =ker(f) @ C + C’® ker(f) thus k;er(f) is a coideal
of C. a
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The following result is well known (see [26], for instance).

Theorem 1.2.14 Let C be a coalgebra, I a coideal of C and p: C — C/I the
canonical projection of vector spaces. Then there exists a unique coalgebra structure

on C/I such that p is a coalgebra morphism.
Proof. Since p(I) =0, we know that
pep)AUI) C(pop)I@C+C®I)=0

Hence, by the universal property of quotient vector spaces, one has that there
exists a unique linear map A: C/I — C/I ® C/I such that the following diagram

commutes
C P C/I
R iA
C®C = C/I®C/T

For all ¢ = p(c) € C/I, with ¢ € C, this morphism is defined by A(c) = ZH@@.

It is clear that we have
A@ide/)A@) = (idey @ D)A@C) =Y cT@GREG

thus A is coassociative.

Since ¢(I) = 0, we find by the universal property of quotient vector spaces

that there exists a unique linear map €: C//I — K such that €op = e. We have
€(€) = €(c), Ve € C, hence ZE(G)E = p(ZG(C1)02) =p(c) =¢.

It follows that (C/I,A,€) is a coalgebra and p is a coalgebra morphism. The
uniqueness of the coalgebra structure on C/I for which one has that p is a coalgebra

morphism follows from the uniqueness of A and &. a

We know that isomorphisms in the category of algebras are the same as bijective

algebra morphisms. This is still true in the category of coalgebras.
Proposition 1.2.15 In CoAlg, isomorphisms and bijective morphisms coincide.

Proof. Let C,D be two coalgebras and g: D — C' a coalgebra morphism.
Supposing that g is bijective, we have to show that ¢g=!: C' — D is a coalgebra
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morphism. Indeed, Vc € C', we have:

Alg'e) = D g7 ®g T (e)

I
QQ|
[
N TN
Q@
—
)
=
—~
)
~
—
~
N— —— —

So g~ ! preserves the comultiplication. The map g~! clearly preserves the counit.
O

By Proposition 1.2.15, we obtain the first isomorphism theorem for coalgebras.

Theorem 1.2.16 [26] Let C, D be two coalgebras and f: C — D a coalgebra
morphism. Then there exists a canonical coalgebra isomorphism between C'/ker(f)
and Im(f).

As it often happens, dual notions can behave quite differently. Coalgebras differ
from algebras by a certain finiteness property they have. This can first be seen by
the fact that the dual of a coalgebra is always an algebra in a functorial way, but
not conversely (see [26], for instance). A second important finiteness property for

coalgebras is the following result.

Theorem 1.2.17 [26] (Fundamental theorem of coalgebras) Let C' be a coalgebra
over a field K. Every element ¢ € C'is contained in a finite dimensional subcoalgebra
of C.

1.2.3 Bialgebras

Definition 1.2.18 A bialgebra on a vector space A is a 5-tuple (A, M, u, A,¢)
where (A, M,u) is an algebra and (A, A, ¢) is a coalgebra, such that these two
dual structures are compatible to each other in the following sense: the maps M

and u are coalgebra morphisms, i.e. M and u have to make the following diagrams
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commute:
Ao A M A
A®Al lA

R A
A K ——> A K—— K

Remark 1.2.19 From diagrams of the Definition 1.2.18, we see that it is equivalent

to ask that the comultiplication and the counit have to be algebra morphisms.

Definition 1.2.20 A bialgebra morphism is a map that is at the same time an

algebra morphism and a coalgebra morphism.

We will denote by BiAlg, the category of bialgebras.

1.2.4 Hopf algebras
The inversion map S: G — G of a group G satisfies the equality
S(9)g=1=4gS5(g), VgeG

i.e. it makes the following diagram commute, where 0 is the zero object in Grp,

i.e. 0 is the one-element group.

G- axa GxG-M.q
\d®/
0
G < 0 “ G
‘Sl TM
Sxid
Gx@G GxG

idx S
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In the cocommutative context, bialgebras and Hopf algebras can be viewed, respec-
tively, as monoids and groups in the symmetric monoidal category of cocommutative

coalgebras.

The category we study in this section is the category of Hopf algebras over a
field K, denoted by Hopf .

Definition 1.2.21 The objects in Hopf are Hopf algebras, i.e. sextuples
(H,M,u,A, ¢, S) where (H, M,u,/,¢) is a bialgebra, and S is a linear map,
called the antipode, making the following diagram commute

S®id

H—>HoH————sH®H—sH

1d®S
€ u

K

Definition 1.2.22 Morphisms in Hopf j are exactly bialgebra morphisms (i.e. mor-
phisms that are both algebra and coalgebra morphisms), since bialgebra morphisms

always preserve antipodes (see Proposition 1.2.29).

Definition 1.2.23 A Hopf algebra H is said to be cocommutative if its underlying

coalgebra is cocommutative.

The category of cocommutative Hopf K-algebras will be denoted by Hopf ...

The first historical examples of Hopf algebras were all commutative or cocom-
mutative. The first example neither commutative nor cocommutative was found
more than two decades after the beginning of the research on Hopf algebras. It is

the 4-dimensional Sweedler Hopf algebra (see Example 1.2.24 item 4 below).

In the category Hopf .. there are two full subcategories which will be of
importance for our work: the category GrpHopf ;- of group Hopf algebras, and
the category PrimHopf ;. of primitive Hopf algebras, whose definitions we now

recall.

Example 1.2.24 1. The group Hopf algebra on a group G, denoted by K|[G],

is the free vector space on G over the field K, i.e. K[G] = {Zagg, where
geG
(ag)gec is a family of scalars with only a finite number being non zero} and

{g| g € G} is a basis of K[G]. The group Hopf algebra K[G] can be equipped
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with a structure of cocommutative Hopf algebra: the multiplication is induced
by the group law, and the comultiplication A: K[G] — K|[G] ® K[G], the
counit €: K[G] — K and the antipode S: K[G] — K|[G] are the linear maps
defined on the base elements respectively by A(g) = g® g, ¢(9) = 1 and
S(g)=g"', Vged.

This assignment defines a functor K[—]: Grp — Hopf, from the cate-
gory of groups to the category of Hopf algebras, which has a right adjoint
G: Hopf ;- — Grp, associating to any Hopf algebra H its group of grouplike
elements

GH)={zeH|Alx)=2x@z,e(x)=1}

We also denote G(H) := Gp for a given Hopf algebra H. We can now
consider GrpHopf -, which is the full subcategory of Hopf ;- whose objects
are group Hopf algebras and all Hopf algebras isomorphic to them, that is
Hopf algebras generated as vector spaces by grouplike elements. The functor
K[-]: Grp — GrpHopf is an equivalence of categories. Indeed, it is
clear that K[—] o G is isomorphic to the identity functor on the category
of group Hopf algebras, and let us recall why the functor G o K[—] is the
identity functor on the category of groups. If G is a group and K[G] the
group Hopf algebra on G, one clearly has that G C G(K[G]) (in fact, this
inclusion is the unit of the adjunction described above). Conversely, let
T = Zagg € K|[G] be a group-like element. We have A(z) = Zagg ®g

geG geG
but also A(z) =z ®z = Z agapg @ h. Since {g@h | g,h € G} forms a
g,heG
basis of K[G] ® K[G], Vg,h € G we have a = ay, and oy, = 0 if g # h.

It follows that all ay's should be zero except one that should be 1x, thus x
isin G.

Group Hopf algebras completely characterize the cocommutative Hopf algebras

in the finite dimensional context, by the following result:

Proposition 1.2.25 [26] Let H be a cocommutative finite dimensional Hopf
algebra over a field K of characteristic zero. Then there exists a finite group
G such that H = K[G].

. The tensor algebra on a vector space V, denoted by T'(V). Let us denote

by TO(V) =K, T'(V)=V,andforn >2by T*"(V)=VaV®..Q0V,
the tensor product of n copies of the vector space V. T(V) is given by
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T(V) = @p>oT™ (V). On T(V) one defines the multiplication as follows: for
r=m1 Q@ .0my, €T*(V),andy=h; ® ... @ h,, € T"(V), we define

Ty =m ®..0mMm, @~ @...0h, € T"T(V)

The multiplication of two arbitrary elements of T'(V') is obtained by extending
the above formula by linearity. In this way T'(V') becomes an algebra with
identity element 1x € T°(V). Defining A and e by A(v) =v®@1+1®v
and €(v) =0Yv € V,and S: T(V) — T(V) by S(v) = —v, Yo € V, all
extend linearly to all (V).

T(V) is a cocommutative and non-commutative (unless V' = K) Hopf algebra.
It allows to define the symmetric Hopf algebra and the universal enveloping

algebra of a Lie algebra.

3. The universal enveloping algebra of a Lie algebra L, denoted by U(L), is
defined by the quotient U(L) = T'(L)/I, where T'(L) is the tensor algebra on
the vector space underlying L, and I is the two-sided ideal of T'(L) generated
by the elements of the form z @ 2’ — 2’ ® ¢ — [z, 2'], Va,2’ € L. Remark that
the elements of L generate U(L) as an algebra. The universal enveloping
algebra U(L) can be equipped with a structure of cocommutative (and non
commutative) Hopf algebra, by taking the concatenation as multiplication,
and comultiplication A: U(L) — U(L) ® U(L), counit e: U(L) — K and
antipode S: U(L) — U(L) the algebra maps defined on the generators by
Alz)=z®14+1®x, e(x) =0 and S(z) = —z, Vo € L.

Recall that for any Hopf algebra H an element x € H is called a primitive
element if A(z) = x® 1+ 1® x (and consequently, e(z) = 0). The
above constructions lead to a pair of adjoint functors, where the functor
U: LieAlg; — Hopf is a left adjoint to P: Hopf; — LieAlg, with
P(H) :={h € H such that A(h) =h®1+1®h}, VH € Hopf,. We
also denote P(H) := Ly for a given Hopf algebra H. We can now consider
the category PrimHopf -, which is the full subcategory of Hopf ;- whose
objects are primitive Hopf algebras, that is Hopf algebras generated as algebras
by their primitive elements. In the case where K is a field of characteristic
0, the category PrimHopf, is known to be equivalent to the category
LieAlg of Lie K-algebras [40, Theorem 5.18].

As can be seen from the formula of comultiplication, both group Hopf algebras

and primitive Hopf algebras are cocommutative. Therefore the categories
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GrpHopf ; and PrimHopf . are also full subcategories of Hopf ..
The functors U, P, K[—],G and their well-known adjunctions are represented

in the following diagram:

K[-] U
Grp 1 Hopf g .o 1 LieAlg,
g P

In case K is an algebraically closed field of characteristic zero, the functor
K[—] is also a right adjoint to G (see Proposition 1.4.7). The composite
functor P o K[—], resp. G o U, gives the zero object since there is no non-
trivial primitive elements in a group Hopf algebra, resp. there is no non-trivial

group-like elements in a universal enveloping algebra.

Examples 1 and 3 are very important in our work since they link Hopf i ..
with the category of groups and the category of Lie K-algebras, respectively.

These latter are classical examples of semi-abelian categories.

. Sweedler’s 4-dimensional Hopf algebra[32]. Let H be the algebra given by

generators and relations as follows: H is generated as an algebra by ¢ and =
satisfying the relations ¢ = 1,22 = 0,7c = —cx. Then H has dimension 4
as a vector space, with basis {1, ¢, z, cx}. The coalgebra structure is induced
by A(c) =c®cand A(z) =c®ax+2®1, €(c) =1 and e(xz) = 0. In
this way, H becomes a bialgebra which also has an antipode S defined by
S(c) =c ! and S(x) = —cu.

Let us recall now the notion of convolution product of two Hopf algebra

morphisms, it will let us clarify Definition 1.2.22 and the fact that Hopf  is a full

subcategory of Bialg.

Definition 1.2.26 Let C be a coalgebra and A an algebra. The convolution
product, denoted by x, on Homg (C, A) is defined by f*xg= M4 o (f®g)oAc.
Explicitly, for any f,g: C — A, by the Sweedler notation, Vc € C

(f*9)(c) =D _fler)glea)

Proposition 1.2.27 [26] Let C be a coalgebra and A an algebra, then Hom (C, A)

endowed with the convolution product and unit uy4 o €c is an algebra.
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Proof. It is clear that Hom (F, G) is a vector space. The convolution product
is associative since the comultiplication is coassociative and the multiplication is

associative.

The unit of Homg (F, G) is given by the composition of the unit of G and the
counit of F: Vx € F, we have

(f % (ug oer)) (@) = > _fa)(ug o ep)(za) = ¥ _f(a1)e(xa)le = f(a)

Similarly, we can show that (ug oep) * f = f.

Remark 1.2.28 1. Let us consider C' = A a Hopf algebra in Proposition 1.2.27.
In this case, it can be easily shown that S*id = uoe =1id*S. The antipode
S is the inverse of the identity morphism for the convolution product. This

proves also the uniqueness of the antipode on a Hopf algebra.

2. Let F' and G be two Hopf algebras, the convolution product u * v of two
morphisms u,v: F — G is not necessarily a Hopf algebra morphism: u x v
is an algebra morphism if G is commutative, and a coalgebra morphism if
F' is cocommutative. The convolution product is the operation giving the
additivity of the category of cocommutative and commutative Hopf algebras

over a field.

Let us show that the inverse of a Hopf algebra morphism, for the convolution

product, is obtained by its composition with the antipode.

Proposition 1.2.29 [26] Let U € CoAlg, (C,D) and R € Alg, (A, B). Defin-

ing the linear map
¢: Homg (D, A) — Homg (C, B),¢(f) := Ro foU
Then ¢ is an algebra morphism for the convolution product:

» (i) Vf,g € Homg (D, A), we have: ¢(f xg) = &(f) * &(g);

= (i) ¢(uaoep) =upoec.
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Proof. (i) We have

9(fxg) = Ro(frg)oU
— RoMuo(f®g)oApol
— Mao(R@R)o(f®g)o(UaU)oAp
= Myo((RofolU)®(Rogol))oAp
= ¢(f) *¢(g)

(i) We have

upoec = (Rowua)o(epol)
= Ro(ugoep)oU

= ¢>(UA o ED)

In the particular case where F' and G are Hopf algebras in Proposition 1.2.29,
and R € Hopf ;. (F,G), one has that the map ¢ :

¢: Homg (F, F) — Homg(F,G): f+—— Ro f
is an algebra morphism. By Remark 1.2.28, we know that
RoSp = 6(Sr) = ¢(idy") = (#(idr)) " = (Roidp) ™" = R™!

We have then shown that RoSp = R~!. Similarly we can show that SgoU = U~".

If f is a bialgebra morphism, we then have that Sg o f is the inverse of f,
f o S is also the inverse of f, but the inverse is unique, which proves that any
bialgebra morphism preserves the antipode, i.e. Sg o f = f o Sp. This clarifies the
Definition 1.2.22.

Corollary 1.2.30 In the category Hopf j-, isomorphisms are the same as bijective

Hopf algebra morphisms.

Proof. Let us consider f: A — B a bijective Hopf algebra morphism. We know
by Proposition 1.2.15 that there exists g.: B — A a coalgebra morphism such
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that g.o f =ida and f o g. = idg. We also know that there exists g,: B — A
an algebra morphism such that g, o f = id4 and fog, = idp. By the associativity

of the composition

Ga=9gaoidp =gao(foge) =(gaof)oge=1idaoge=gec

Let us denote g = g, = g.. The morphism g is an algebra and a coalgebra inverse

to the morphism f. Then g is a Hopf algebra inverse to the morphism f. a

Let us finally recall the notions of subobjects and quotient objects in Hopf . ..
and give an important correspondence theorem about them, proved by K. Newman
in [45].

Definition 1.2.31 Let A be a Hopf algebra,

= a Hopf subalgebra H of A is a subspace of A which is stable under the

multiplication, the comultiplication and the antipode;

= a Hopf subalgebra H of A is said to be normal if we have that a1hS(as) € H
and S(ay)hay € H, Vh € H,Va € A.

Proposition 1.2.32 [26] Let H be a bialgebra and I C H at the same time an
ideal and a coideal of H. Then the algebra structure and the coalgebra structure on
the quotient H/I define a bialgebra; and the canonical projection p: H — H/I

is a bialgebra morphism.

If the bialgebra H is cocommutative (resp. commutative), then the quotient

bialgebra H/I is also cocommutative (resp. commutative).

Definition 1.2.33 [ is a Hopf ideal of a Hopf algebra H if I is an algebra ideal of
H, a coalgebra coideal of H, and it is stable under the antipode.

Example 1.2.34 For every Hopf algebra morphism u: F — G, ker(u) (i.e. the
kernel of u in Vecty) is a Hopf ideal of F.

Proposition 1.2.35 [26] Let H be a Hopf algebra with antipode S and I a Hopf
ideal of H, then one can define a Hopf algebra structure on H/I from the one on

H. The canonical projection p: H — H/I is a Hopf algebras morphism.
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Proof. We know that H/I has a bialgebra structure (see Theorem 1.2.14). Since
S(I) C I, the morphism S: H — H induces a morphism S: H/I — H/I

defined by S(h) = S(h), Vh € H.

We have then that S is an antipode on the vector space H/I since Vh € H,

we have

> S(hi)ha =Y _S(h1)hs = e(h)I = (h)T

Similarly, we can prove that ZhliS(lTQ) =e(h)1. O

K. Newman [45] has shown that for any cocommutative Hopf algebra over a
field, there is a bijection between Hopf subalgebras and left bi-ideals (i.e. left ideals

which are two-sided coideals).

Theorem 1.2.36 Letting H € Hopf ., the correspondence 7: G — HG™,
from Hopf subalgebras of H to left bi-ideals of H is a bijection, where

G :={g € Gle(g) = 0}

and HG' denotes the vector subspace of H whose elements are products of
elements of H and elements of GT. The inverse of T, which is denoted by u, is

defined as follows: let I be a left bi-ideal in H, then H/I is a coalgebra, and

uw(I):=G=HKer(r: H— H/I) ={z € H|(id m)A(z) =2 ® 14}

The cocommutativity of H implies that G is a subcoalgebra of H and that it is
stable under the antipode. Since I is a left ideal, it can be checked that G is closed

under the multiplication, thus G is a Hopf subalgebra of H.

1.3 Categorical constructions in Hopfy .

The aim of this section, with some personal contributions, is to give explicit
constructions of the notions introduced in Section 1.1 applied to cocommutative

Hopf algebras defined in Section 1.2.

First of all, it is clear that K with the following structure is the zero object
in Hopf ... the multiplication is given by the multiplication on the field K,
the comultiplication is given Vk € K, by A(k) = k® 1 (i.e. it is the natural
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isomorphism K = K ®g K), the unit, the counit and the antipode on K are given
by the identity on K. The zero morphism from a Hopf algebra F' to a Hopf algebra

G is given by ug o ep.

1.3.1 Hopfy . is complete and cocomplete

H.E. Porst has proved ([47], Theorem 12) that the category of Hopf algebras on
a unitary commutative ring is locally presentable [48], which implies in particular

that it admits all limits and colimites.

Explicit constructions of arbitrary (co)products and (co)equalizers in the category
of arbitrary Hopf algebras on a commutative field, can be found in the following
works of A.L. Agore [1, 2].

Even if the explicit description of binary products for arbitrary Hopf algebras is
difficult to deal with in general, let us recall here the construction of binary products

in the cocommutative context.

1.3.1.1 Binary products in Hopf ...

The following lemma is a characterization of cocommutative coalgebras.

Lemma 1.3.1 The coalgebra (C, A, €) is cocommutative if and only if the comul-

tiplication map Ag: C — C ® C' is a coalgebra morphism.

Proof. The comultiplication map Ag: C — C' ® C'is a coalgebra morphism if

it makes the following diagrams commute

C 2o cCeC C Ac cCeC
Aci \Lﬂc(gc
€cC €EcC
CoC—>CaCalaC %

The left-hand side diagram commutes. Indeed, for any ¢ € C, one has:

Acgo(Ac(c)) = Acgel(c ®ca)
= (1)1 ® (c2)1 ® (c1)2 ® (c2)2
= C1 ® C3 ® C2 ® Cq
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and

(Ac ®Ac)Ac(c) = (Ac®Ac)(c ®cs)
= Ac(c) @ Ac(es)
= (c1)1® (c1)2 @ (c2)1 ® (€2)2
= 1 RcRc3Rcy

Since C' is cocommutative, we have:

ZCl®C2®63®C4 = ch®(62)1®(02)2®03
= 281@)(02)2@(02)1 ®c3
201®C3®62®C4

The right-hand side diagram commutes since for any ¢ € C, one has:
ecac(A(c)) = ecac(c1 @ ) = ec(cr)ec(c2) = ec(ciec(e)) = ec(c)

The converse direction is proved by applying the map € ® id ® id ® € to the
both sides of the equality

(€1)1® (c2)1 ® (€c1)2 ® (c2)2 = (1)1 ® (c1)2 ® (c2)1 ® (c2)2

which hold since A¢: C — C' ® C' is a coalgebra morphism. a

Proposition 1.3.2 Let A and B be two cocommutative Hopf algebras. Then
(A ® B,pa,pp) is the product of A and B in Hopfy .. where
pa = Magk © (idA ® GB) and pp = Mggp © (EA ® idB). The Hopf al-
gebra structure on A ® B is given as follows: the multiplication M gp =
(Mg ® Mp) o (ida ® 0 ® idg), the unit uagp: K 2 K@ K — A ® B de-
fined by us ® up, the comultiplication A gp = (ida ® 0 ® idp)(As @ Ap),
the counit exgp: A® B— K ® K = K defined by €4 ® ep, and the antipode
Sag =54 ® Sp.

Proof. It is clear that p4 and pp are Hopf algebra morphisms. Let us check the
universal property of the product: let f: E — A and g: £ — B be two Hopf
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algebra morphisms. Then we must show that there exists a unique Hopf algebra

morphism ¢: E — A ® B making the following diagram commute

A®B (1.3.1)

We will define ¢ by ¢ := (f ® g) 0 Ap, ie. ¢(x) = f(z1) ® g(x2), Va € E.
The map ¢ is an algebra (resp. coalgebra) morphism as a composite of algebra

(resp. coalgebra, see Lemma 1.3.1) morphisms. Then ¢ is Hopf algebra morphism.

The Hopf algebra morphism ¢ makes the Diagram 1.3.1 commute. Indeed, one
has that ppo ¢ = f:

Zf(ﬂfl)ﬂe (9(12))
> fla)en(ws)
f(x)

ma(o(x))

One similarly shows that pgo¢ = g.

Let us finally prove the uniqueness of ¢. If qS/: FE — A ® B is another Hopf

algebra morphism such that 74 o gb' = fand o gb' = g, we have

¢ = (fog)oAp=((nacd)®(rpog))oAg
(ma®mp)o(¢ @¢)oAp

(7TA®7TB)OAA®BO¢/

= (ida®ep@ea@idp)o(ida®o@idg)o(As®Ag)og

— (ida®es®ep@idp)o(Aa®Ag)od

= ¢
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1.3.1.2 Equalizers and coequalizers in Hopf .,

Explicit descriptions of equalizers and coequalizers in the category of arbitrary Hopf
algebra were obtained by N. Andruskiewitsch and J. Devoto in [3]. We are now

going to recall them here below.

Definition 1.3.3 Let f,g: A — B be two Hopf algebra morphisms. We introduce
the following subsets of A:

LEqual(f,g) :={a € A|(f ®ida)Aa(a) = (g @ida)Aa(a)}

REqual(f,g) = {a € A|(ida ® f)Aa(a) = (ida ® g)Aa(a)}

HEqual(f,qg) :={a € A, such that

(ida @ f ®ida)(Aa @id)As(a) = (idg @ g ®ida)(As @ida)As(a)}
Remark 1.3.4 1. If a € A belongs to one of the three sets of the Definition
1.3.3, then: f(a) = g(a).

2. It is clear that the three subsets in Definition 1.3.3 are subalgebras of A.

Lemma 1.3.5 [3] Let f,g: A — B be two Hopf algebra morphisms, then:

1. Sy (LEqual(f,g)) = REqual(f,g), and S (REqual(f, g)) = LEqual(f,g);

2.
A(LEqual(f,g)) € LEqual(f,g) ® A

and
A(REqual(f, g)) C A® REqual(f,g)

3. HEqual(f,g) is a Hopf subalgebra of A;

4. (HEqual(f, g),i) where 7 is the inclusion morphism, is the equalizer of f
and g in the category Hopf .

Proof. The antipode S and S~! are anticomultiplicative (see [26], for instance),
which implies (1). (2) follows from the coassociativity of A. (3) is easy to verify
and the condition on H Equal in the Definition 1.3.3 is included to guarantee that
HEqual(f,g) is a subcoalgebra of A. To prove (4), let h: C — A be a Hopf
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algebra morphism such that f o h = g o h; then the image of h is contained in
HEqual(f,qg), since h is a Hopf algebra morphism. Hence, there is a unique Hopf
algebra morphism i’: C' — HEqual(f, g) such that i o4’ = h, which proves the
universal property of H Equal(f,g) as equalizer. a

Proposition 1.3.6 [3] Let f,g: A — B be two of Hopf algebra morphism, then

the following conditions are equivalent

1. LEqual(f,g) = HEqual(f,g);
2. LEqual(f,g) is a Hopf subalgebra of A4;
3. LEqual(f,g) = REqual(f,g);
4. REqual(f,g) is a Hopf subalgebra of A;

5. REqual(f,g9) = HEqual(f,g).

Proof. (1) = (2)isclear. (2) = (3) and (3) = (4) follow from Lemma 1.3.5. (4)
= (5) is a consequence of the universal property of HEqual(f,g). Interchanging
right with left, we obtain the proof of (5) = (1). 0

Proposition 1.3.7 Let f,g: A — B be two morphisms of cocommutative Hopf
algebras, then LEqual(f,g) = REqual(f,g) = HEqual(f,g).

Proof. Let us prove that LEqual(f,g9) C REqual(f,g). Let a € LEqual(f,g),
we have (f ® idg)(a1 ® az) = (9 ® ida)(a1 ® az). Since A is cocommutative,
this means that (f ® ida)(az ® a1) = (g ® ida)(az ® a1), thus a1 ® f(az) =
a1 ® g(az) by applying the map o. This shows that a € REqual(f, g). We prove
similarly that REqual(f,g) C LEqual(f,g). Then by Proposition 1.3.6 we get
that LEqual(f,g) = REqual(f,g) = HEqual(f,g). O

Proposition 1.3.8 Let f: A — B be a cocommutative Hopf algebra morphism.
By Propositions 1.3.6 and 1.3.7, in the context of cocommutative Hopf algebras,
the Hopf kernel of f (kernel of f in the category of cocommutative Hopf algebras)
is given by

HKer(f) ={a€ A|(f ®ida)Aa(a) =1 ®a}

Unlike equalizers, coequalizers are easy to compute in Hopf i ...
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Proposition 1.3.9 Let f,g: A — B be two Hopf algebra morphisms. Note J
the subset of B given by the elements of the form {f(a) — g(a),a € A}. We can
show by direct computations that BJB has a structure of Hopf Ideal in B. Indeed,

to see that BJB is a coideal of B, one can use the following equality

A(f(z) —g(@) = (f(x1) — g(z1)) @ f(22) + g(21) @ (f(22) — g(22)),

then (HCoeq(f,g),w) is the coequalizer of f and g in the category of cocommu-

tative Hopf algebras, where HCoeq(f,g) = and 7 is the usual projection of

B
BJB
quotient vector spaces. If one wants to consider the cokernel of f, then J becomes

F(A)T. Then we have 5

HCoker(f) = BI(A)B

Remark 1.3.10 We will denote by H Ker (resp. HCoker) kernels (resp. cokernels)
computed in the category Hopfy .., and by ker (resp. coker) kernels (resp.

cokernels) computed in the category Vect .

1.3.1.3 Pullbacks in Hopfy .

By the constructions of the equalizers and the binary products (Propositions 1.3.2
and 1.3.7) in the category of cocommutative Hopf algebras, the pullback of a

morphism f along a morphism g in Hopf ..

AXCBg

A

has the following explicit description:

Q'TUU

Achz{a®beA®B\f(a1)®a2®b=g(b1)®a®b2}

and m4 = Mgk © (idA®€B), g = Mkgp © (6A®7:d3).

1.3.2 Epimorphisms and monomorphisms in Hopf .

Concerning epimorphisms in Hopf x ..., |. Kaplansky proposed in 1975 a series

of ten conjectures [35] concerning the theory of Hopf algebras. Among these
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conjectures, the first one has a crucial importance for the study of epimorphisms
of Hopf algebras, it states that Hopf algebras are free modules over their Hopf
subalgebras (under multiplication). It has been proved by W.D. Nichols and M.B.
Zoeller in 1989 that this conjecture is true in finite dimension [46]. Counter-
examples exist in infinite dimension and it is known today that a non-surjective
epimorphism constitutes a counter-example to the first conjecture of |. Kaplansky.
Nevertheless, we know that epimorphisms are surjective when the first conjecture
of Kaplansky holds, which is true in particular for either finite dimensional or
commutative or cocommutative Hopf algebras [22]. Actually, regular epimorphisms
are the epimorphisms that "count" in regular categories; a clarification about them

will come in Chapter 2.

Concerning monomorphisms in Hopf . .., we have the following:

Proposition 1.3.11 If f: A — B is a cocommutative Hopf algebra morphism,
then ker(f) = A(err(f)ﬁA. Consequently, monomorphisms are injective in
Hoprycoc.

Proof. We have A(err(f))+A C A since (Hk:er(f))Jr C A: indeed,
Vo € (Hl@er(f))+ we have f(z) = e(z)lp = 0. For the converse direction,
since ker(f) is a Hopf ideal of A, by Newman's bijection (Theorem 1.2.36) we have

ker(f) = A(HK@T(A — ke;él(f)))+

A
ker(f)

We conclude by the fact that (HKer(A — ))+ c (erT(f))+

(proved by Theorem 1.2.14).
For f a monomorphism, we know that the kernel in Hopf ... is the zero

object K. It follows that Hker(f)" = 0, thus ker(f) =0 and f is injective (also
proved in [44, 54]). O

1.3.3 Exact sequences in Hopf .

Let us recall the notion of exact sequences in the category of cocommutative Hopf
algebras in the sense of N. Andruskiewitsch and J. Devoto [3] who gave the following

definition in the more general context of arbitrary Hopf algebras.
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Definition 1.3.12 Let f: A — B and g: B — C be two composable cocom-

mutative Hopf algebra morphisms. The following sequence

0—sA—">C-"sB— 50

is said to be exact if the following conditions hold:

1. 4 is injective;
2. m is surjective;
3. Tot =UuUpBoE€y;

4. ker(m) = CAT;

(&)

. A={z € C such that (7 ® id)A(x) = 1p ® x} = HKer(r).

In Chapter 2, we will obtain that these exact sequences become in the co-
commutative context the categorical notion of short exact sequences (see Section
2.1.2.1).

1.4 Decomposition theorem in Hopf .

The aim of this section is to recall the Cartier-Gabriel-Kostant-Milnor-Moore de-

composition for cocommutative Hopf algebras, and to give a sketch of its proof.

1.4.1 Actions in Hopfy .

Let us first recall some definitions and results from [41].

Definition 1.4.1 Let B be a cocommutative Hopf algebra. A B-module Hopf
algebra is a Hopf algebra A that is at the same time a left B-module, with
action denoted by p: B® A — A, p(b® a) =b- a, such that its bialgebra maps
(multiplication, unit, comultiplication and counit) are maps of B-modules. Explicitly,

the linear map p has to satisfy the following axioms for any b € B and any a € A:

(Axiom 1) 1p-a =gq;

(Axiom 2) (bb')-a=1b- (b -a);
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(Axiom 3) b (ad’) = (by - a)(by - a);

(Axiom 4) b-14 = e(b)14;

(Axiom 5) (b-a); @ (b-a)s = by - a1 @ by - as;
(Axiom 6) €(b- a) = e(b)e(a).

If A is moreover a cocommutative Hopf algebra, we then say that p is an action
of B on Ain Hopf .,

Remark that A is a B-module Hopf algebra if and only if A is an internal Hopf

algebras in the symmetric monoidal category of B-modules.

Proposition 1.4.2 [41] Let B be a cocommutative Hopf algebra and A a B-module
Hopf algebra with action p: B® A — A. Then there exists a Hopf algebra A x, B,

whose underlying vector space is A ® B and whose structure maps are given by

UAxB = UA®@up
Myy,pla®@b@d @) = a(bs-a") @ byd'
Aawp = (ida®0oc®idg)(As® Ap)
€AxB = €AQ®€B
Saxp(la®b) = Sp(b1)-Sala) @ Sp(b2)

If moreover B is cocommutative, then A x, B is also cocommutative.

We call A x, B the semi-direct product of Hopf algebras (also known as smash
product) of B and A.

The following useful lemma about split short exact sequences is a reformulation
of Theorem 4.1 in [41].

Lemma 1.4.3 Every split short exact sequence in Hopf ..

p
0*>A$H<:>B*>O

is canonically isomorphic to the semi-direct product exact sequence

0— A AxB==>B—>0

2
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where 11 = idg @ up, 1o =ua @ idp and ps = €4 R idp.

Proof. The arrow h: A x B — H in the diagram below is given by h(a ® b) =
k(a)s(b) for alla®@ b e A x B.

0 A v awpe—Pp
o
J/h
p
0 A k H B——=0

S

This is a morphism of split short exact sequences, and therefore & is an isomorphism

by protomodularity of Hopf . ., H

Example 1.4.4 1. [41] Let N and M be groups and 7: M — Aut(N) be
a group homomorphism defining an action of M on N. Then the map
M x N — N defined by (m,n) — 7(m)(n) induces a coalgebra map
K[M] ® K[N] — K[N] which makes K[N] into a K[M]-module Hopf
algebra. Thus K[N] x K[M] is a Hopf algebra. One actually has that

K[N] x K[M] = K[N x,; M|

where N X M is the usual semi-direct product of groups with the multipli-
cation defined Vni,ne € N,Vmq,mg € M by

(n1, m1)(na, ma) = (n17(mq)(n2), mims).

2. [41] Similarly, for Lie algebras L and M and v: L — Der(M), a Lie algebra
homomorphism, the action L x M — M defined by (I,m) — v(l)(m) (for
any (I,m) € L x M) induces a coalgebra map U(L) @ UM) — U(M)
making U(M) into a U(L)-module Hopf algebra, and as above the Hopf
algebra

U(M) x U(L) = U(M x, L)

where M %, L is the usual semi-direct product of Lie algebra with the Lie
bracket defined Ym,, mo € M,Vly,ls € L by

[(ma, 1), (ma,12)] = ([m1, ma] + v(l1)(m2) — v(l2)(m1), I, l2]).
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3. Let X be a normal Hopf subalgebra of a cocommutative Hopf algebra H.
Then X has a structure of H-module Hopf algebra with action defined by

h-x= hll’S(hg),

forallz € X and h € H.

4. Let H be any Hopf algebra. Consider P(H) = Ly the Lie algebra of primitive
elements of H and G(H) = Gy the group of grouplike elements of H. Then
U(Lg) and K[Gg] are cocommutative Hopf algebras and

g-z=gxS(g),

Vo € Ly and Vg € Gy defines an action of K[Gg] on U(Ly). Furthermore,
the map

wp :U(Ly)x K[Gg) = H, wp(z®g)=u1xg (1.4.1)

is a Hopf algebra morphism between the induced semi-direct product Hopf

algebra and the original Hopf algebra H.

We use Lemma 1.4.3 to reformulate the well-known structure theorem for
cocommutative Hopf algebras over an algebraically closed field of characteristic zero
in terms of split exact sequences (see for instance [52], page 279 in combination
with Lemma 8.0.1(c)):

Theorem 1.4.5 (Cartier-Gabriel-Kostant-Milnor-Moore) For any cocommuta-
tive Hopf K-algebra H, over an algebraically closed field K of characteristic 0, the

Hopf algebra morphism wyy (1.4.1) is an isomorphism,
U(Ly) % K[Gu] & H.

Consequently, for each H there exists a canonical split exact sequence of cocom-

mutative Hopf algebras of the following form
134 PH
0——=U(Ly) ——= H_—=K|[Gg]|——0
SH

where iy = wyoiy, Sg = wy oty and pyg = pa ow;f with the notations of Lemma
1.4.3.
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Remark 1.4.6 Every morphism f: Hy — Hs of cocommutative Hopf algebras

gives rise to a morphism of split exact sequences of the following form

SHy
P —
0> U(Ln) — = B = == K[y, ————0
fle(P(f))i fl J{fz:K[g(f)]
SHo
P —
00— UlLn,) — > Ho = = K[Gy,) ————0

Proposition 1.4.7 Over an algebraically closed field K of characteristic 0, the
functor

K[-]: Grp — Hopf i ...

is both a right and a left adjoint to the functor

G: Hopf ... — Grp.

Proof. We already remarked that the functor K[—] is a left adjoint to the functor

G (even in the general case of any commutative base ring K)

Grp N HOpr,coc~

Indeed, if G € Grp, by definition all elements of G are grouplike elements in K|[G].
Hence there is a canonical inclusion ¢ : G — G(K[G]). One can easily check
that ng is natural and universal. In case that K is a field, it is well-known that
ng = idg (see Examples 1.2.24), and the functor K[—] is then fully faithful.

When K is an algebraic closed field of characteristic zero, as stated, the functor

K[—] is actually also a right adjoint to the functor G.

K[-]
GI‘p T Hopr,coc
g

To see this, let H € Hopf ... We define the H-component of the unit of the
adjunction ng : H — K[G(H)] as the morphism py defined in Theorem 1.4.5.
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We clearly have that pgy is natural in H, and py is universal since for every

morphism f: H — K[G] in the following diagram

i p
0——=U(Ly) —>~ H=—=K[Gy] —=0

SH
\ lalf

0 K[C]

we have that foiy = Oy(r,),Kk[q) Since primitive elements are preserved by Hopf
algebra morphisms and there is no non-trivial primitive elements in a group Hopf
algebra. By the universal property of the cokernel py, we conclude that there exists
a unique morphism f: K[Gg] — K[G] such that the above diagram commutes.
Since the functor K[~]: Grp — Hopf ., is fully faithful (as explained in the
first part of the proof), the required universal property of the unit of the adjunction
is satisfied. a

1.4.2 Compatibility condition on semi-direct products

We now give an algebraic condition that will be useful to guarantee the existence

of a Hopf algebra morphism between semi-direct products.

First remark that a semi-direct product of cocommutative Hopf algebras Ax B, is
generated as an algebra by the images of the Hopf algebra morphismsi; : A — AxB
and i3 : B — A x B. Indeed, it is enough to observe that

(a®b)=(a®1p)(1a ®Db)

in A x B. In fact, this property might be seen as a consequence of [13, Proposition
11], which implies that given any split short exact sequence in a pointed protomodular
category

OHKL>A<:>B*>O

the pair of morphisms (k, s) is jointly epimorphic.
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Proposition 1.4.8 Consider the solid diagram in the category Hopf ..

i2

0 H1 al H1><1H2</—\H2 0
fi h ig
N
0 a2 Ja Y e —— Y 0

where the sequences are split exact. We write - for the action of Hy on Hq and ‘g
for the action of I3 on Fj. Then there exists a morphism h: Hy x Hy — F} x Fy
making the diagram commute if and only if f and g are compatible in the following

sense:
fmz)=g)  r flx) Yoe H,Vy € Hs.

If these equivalent conditions hold then h = f ® g.

Proof. First remark that, by the observation just before this Proposition, if a

Hopf algebra morphism £ as in the diagram exists, then necessarily
h(a®b) = h(a® 1p,)h(1h, ®b) = (f(a) ® 1p,)(1r, @ g(b)) = f(a) @ g(b),

forany a®b € Hy ® Hy. This shows that h = f ® g.

Furthermore, given any coalgebra morphisms f and g, the map f ® g is a
coalgebra morphism since the semi-direct product has the tensor product as a
coalgebra structure (i.e. the categorical product in the category of cocommutative

Hopf algebras).

Finally, f ® g is an algebra morphism if and only if for all z, 2’ € Hy, y,vy’ € Hs,

we have:

(feg(EeoyE oy)) = (feogey)((fog) oy)).

Since f and g are Hopf algebra morphisms, we find that

(feg)(rzoy (@ oy)) (f®g)(z(y 1 2") @ y2y)
fx-m2) @ g(y2)

= f@)f(y1-u2)@g(y)y)
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and

(feogEon)((feogE @y)) = (f@)@gy)(f@)egl))

Therefore f ® g is an algebra morphism if and only if

f@)f(yr-m2) @g(y)9y) = f(@)(gy) -r f(2") @ gly2)9(y)

for all z,2’ € Hy and y,y’ € Hy If the compatibility condition holds, then clearly
this condition is satisfied. Conversely, take z = 1, and ¥’ = 1p, and apply id ® €

to the above identity to obtain the compatibility condition. a

1.4.3 Sketch of a proof to Theorem 1.4.5

Let us first recall some elementary definitions for coalgebras (for more details and a

complete proof, we refer the reader to [52], Chapters 7, 8, 11, 12 and 13).

Definition 1.4.9 Let C be a non-zero coalgebra.

= (' is said to be irreducible if any two non-zero subcoalgebras have a non-zero

intersection;
= (' is said to be simple if it has no non-zero subcoalgebras;
= (' is said to be pointed if all simple subcoalgebras of C' are 1-dimensional;

= A subcoalgebra D of C is an irreducible component (IC) if it is a maximal
irreducible subcoalgebra. D is a pointed irreducible component (PIC) if it is
an irreducible component whose unique simple subcoalgebra is 1-dimensional

(i.e. D is pointed).
The following two lemmas will allow us to consider only pointed coalgebras.
Lemma 1.4.10 Let C be a non-zero coalgebra on a field K.

1. Any simple subcoalgebra of C is finite dimensional;
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2. Any non-zero subcoalgebra of C' contains a simple subcoalgebra;
3. If K is algebraically closed, any cocommutative coalgebra is pointed;

4. Cis irreducible < C contains a unique simple subcoalgebra R.

Proof. 1. Let 0 £ d € D, with D a simple subcoalgebra. The subcoalgebra

FE generated by d is finite dimensional and lies in D. But D is simple, so
E=D.

. The result clearly holds for finite dimensional subcoalgebras and as in (1) any

non-zero subcoalgebra contains a non-zero finite dimensional subcoalgebra.

. Let R be a simple subcoalgebra of the cocommutative coalgebra C. Then R

is cocommutative because C'is, and R is finite dimensional by (1). Hence
R* is a commutative finite dimensional algebra. Since the ideals of R* are
in 1-1 correspondence with the subcoalgebras of R, we conclude that R* is
simple, hence a finite field extension of K. Since K is algebraically closed,
dim R =dim R* =1. Thus C is pointed.

. = is trivial (consider the intersection of two distinct simple subcoalgebras).

To prove the converse implication, let us consider R the unique simple
subcoalgebra. By (2) R must lie in the intersection of any two non-zero

subcoalgebras, hence C' is irreducible.

Lemma 1.4.11 Let C = ZCQ, with C, subcoalgebras of C'. Then

1. Any simple subcoalgebra of C' lies in one of the C,,.
2. C is irreducible < each C, is irreducible and N, C, # 0.

3. C'is pointed < each C,, is pointed.

By the following theorem, we can decompose any cocommutative coalgebra in

its irreducible components.

Theorem 1.4.12 Let C be any coalgebra. Then we have the followings

1. Any irreducible subcoalgebra E is contained in an IC.
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2. A sum of (distinct) ICs is direct.

3. If C is cocommutative then C is the direct sum of its ICs

The following two lemmas will let us prove the first part of the decomposition.

Lemma 1.4.13 Let H be a Hopf algebra, g,h € G(H) and let us denote by HY
the irreducible component containing g. We have that HYH" ¢ H9" and H' is a
Hopf subalgebra of H.

Lemma 1.4.14 Let H be a Hopf algebra. If the underlying coalgebra of H is a

pointed cocommutative coalgebra, then H = @ HY as coalgebras.
g€9(H)

The following theorem gives a decomposition for each cocommutative Hopf
algebra into a semi-direct product of its ICs and a group Hopf algebra over the

group of its group-like elements.

Theorem 1.4.15 Assume H is a cocommutative pointed Hopf algebra and
G = G(H). Then H! is a K|G]-module algebra via g -h = ghg~!, and the
multiplication

H'@ K[G] > H

induces a Hopf algebra isomorphism ¢: K[G] x H' — H taking g ® h to gh.

Proof. H' is a K[G]-module Hopf algebra. Indeed, it suffices to show that

!'is a Hopf algebra morphism. (Note that gH'g~! C

g+ H' — H' : h — ghg™
HIHI ' = H! so that g- is well defined). Clearly g- is an algebra morphism and
so H' is a K[G]-module algebra and K[G] x H! is well defined. We will show that

¢ is actually an algebra map. Let h,h' € H!, g,¢' € G. Then
(h@g)(h'®g") =h(g-h')®gg" = h(gh'g™") @ g¢’

This maps by ¢ to hgh'g'“tgg’ = (hg)(h'g’) = p(h®g)d(h' ®g"). Also p(121) =1,
so ¢ is an algebra morphism. It remains to show that ¢ is an isomorphism. This
follows from the so-called fundamental theorem of Hopf modules; we omit this part
of the proof. For details we refer to [52] (Theorem 4.1.1).

If H! x K[G] is given by the tensor product coalgebra structure and the antipode
induced by that of H, then it is easily verified that ¢ is a Hopf algebra morphism.
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Note that if H is cocommutative and K is algebraically closed then H is pointed
by Lemmas 1.4.13 and 1.4.14 applied together. a

The proof of Theorem 1.4.5 is completed by the Milnor-Moore following theorem
which fully characterizes irreducible cocommutative Hopf algebras. Note that the
assumption that the characteristic of the field is zero is crucial here (see Section
4.2).

Theorem 1.4.16 (Milnor-Moore) Let H be an irreducible cocommutative Hopf
algebra over a field K of characteristic 0. Then H is isomorphic as a Hopf algebra
to U(P(H)), the universal enveloping algebra of P(H), which is a Lie algebra via
[z,y] = zy — yx. Then H* = U(P(H)) for any cocommutative Hopf algebra over

a field of characteristic 0.

Proof. The idea of the proof is to show that H, U(P(H)) and B(P(H))
have isomorphic coalgebra structures which will induce an isomorphism of Hopf
algebras. Recall that B(V'), where V is a vector space, is defined by the maximal
cocommutative subcoalgebra of Sh(V') where Sh(V) is the Shuffle Hopf algebra
of V, defined by Sh(V) = T(V*)? = the graded dual of T(V*). For a complete
proof, see [52]. O



Chapter 2

A torsion theory in Hopf g .,

2.1 Hopf ., is semi-abelian

The starting point of this chapter on cocommutative Hopf algebras is a well-known
result due to A. Grothendieck, as outlined in [52], saying that the category of
finite-dimensional, commutative and cocommutative Hopf K-algebras over a field
K is abelian. This result was later extended by M. Takeuchi in the following
theorem [53]. An alternative proof was given by K. Newman [45] based on his
bijective correspondance between left bi-ideals and normal Hopf subalgebras in the

cocommutative context (Theorem 1.2.36).

Theorem 2.1.1 The category of commutative and cocommutative Hopf K -algebras

over a field K is abelian.

The category Hopf x . of cocommutative Hopf K-algebras is not additive,
thus it can not be abelian (see the proof in Section 2.3). In this chapter we
investigate some of its fundamental exactness properties, showing that it is a
homological category, and that it is Barr-exact, leading to the conclusion that the
category Hopf i .. is semi-abelian [33] whenever the field K is of characteristic
zero (Theorem 2.1.8). This result establishes a new link between the theory of Hopf
algebras and the more recent one of semi-abelian categories, and was published
[30]. Both these theories can be actually viewed as wide generalizations of group
theory. Since a category C is abelian if and only if both C and its dual C°?

are semi-abelian, this observation can be seen as a "non-commutative” version of
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Takeuchi's theorem mentioned above, from which we can actually deduce Takeuchi's
theorem as observed by C. Vespa and M. Wambst [54].

In this chapter we also prove the existence of a non-abelian torsion theory (T, F)
in Hopf . . (Theorem 2.2.1), where the torsion subcategory T is the category of
primitive Hopf K-algebras, which is equivalent to the category of Lie K-algebras,
and the torsion-free subcategory F' is the category of group Hopf K-algebras, which

is equivalent to the category of groups.

The categories of groups and of Lie K-algebras are two typical examples of
semi-abelian categories: this shows again that the theories of cocommutative Hopf
algebras and of semi-abelian categories are strongly intertwined. The category
Hopf x .. inherits some fundamental exactness properties from groups and Lie
algebras thanks to the well-known canonical decomposition of Cartier-Gabriel-
Kostant-Milnor-Moore (Theorem 1.4.5).

2.1.1 Hopfg,,. is protomodular

Let us consider the following commutative diagram of short exact sequences in

Hopf g .
0 A ! C i B 0
0 A - c’ , B 0
Z i (2.1.1)

Thanks to the explicit descriptions of equalizers and coequalizers recalled in
Section 1.3.1.2, one can easily prove that the kernel and the cokernel of 6 are the
zero object K. Let ¢ € LKer(f). Then we have

(r ®@ide)A(c) = (7' 0 0) ®idc) Alc) =1 ® ¢

thus c € A. Then (0 Q@ idc)Ac(c) =1 Q@ ca = 1¢ Qc, thus HKer(d) = K.

This proves that 6 is a monomorphism and one can check that 6 is epimorphism
of Hopf K-algebras [3]. Since monomorphisms are injections and epimorphisms
are surjections in Hopf . . (see Section 1.3.2), this shows that 6 is a bijective
Hopf algebra morphism and then an isomorphisms of Hopf algebras (see Corollary

1.2.30). So the category Hopf i . is protomodular.
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The category Hopf i .. is actually even strongly protomodular [14], since it
has finite limits and it can be viewed as the category of internal groups in the

category of cocommutative coalgebras (see [51], for instance).

In section 3.1.5, we will prove that the category of arbitrary Hopf algebras over

a field K, denoted by Hopf .., is protomodular.

2.1.2 Hopfy,, is Barr-exact

2.1.2.1 Regular epimorphism/monomorphism factorization in Hopf .

Let f: A — B be a cocommutative Hopf algebra morphism. By the protomod-
ularity of Hopf ..., it is well known that regular epimorphisms are the same
as cokernels, i.e. normal epimorphisms (see Proposition 1.1.15). Accordingly, to
construct the regular epimorphism/monomorphism factorization of the morphism f,
we consider the kernel i: Hker(f) — A of f and the cokernel p: A — HCoker(i)
of 4, both computed in the category Hopfx ., :

f

Hker(f)C : A B
P% /
HCoker(i

The existence of this factorization m such that mop = f follows from the universal

property of the cokernel p of i. It remains to prove that m is a monomorphism,
which is equivalent in Hopf ... to showing that m is an injection. In the category

Hopf ... the above factorization is obtained as in the category of vector spaces

A , and ker(f) = A(err(f))+A (see Section

since HCOkeT(l) = W

1.3.2).

Note that any epimorphism of cocommutative Hopf K -algebras is then a normal

epimorphism, and the following classes of epimorphisms coincide in Hopf x .,.:

Corollary 2.1.2 We have the following equalities in Hopf x ...

normal epimorphisms = regular epimorphisms = epimorphisms = surjective Hopf

algebra morphisms
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By this corollary, we obtain that exact sequences defined in Section 1.3.3, in the
sense of N. Andruskiewitsch and J. Devoto, become in the cocommutative context

the categorical notion of short exact sequences (see Section 1.1.2).

We also obtain the first isomorphism theorem in Hopf . .,.:

Theorem 2.1.3 Any morphism f: A — B in Hopf .. induces an isomorphism

2.1.2.2 Pullback stability of regular epis in Hopf ...

To prove pullback stability of regular epimorphisms in the category Hopf . .., the
approach we follow is to apply the pullback stability of regular epimorphisms in the
two full subcategories GrpHopf ;. and PrimHopf ;; of Hopf ., which are
both semi-abelian, and closed under pullbacks and quotients in Hopf .. From
the regularity of these two categories and the decomposition provided by Theorem

1.4.5 we shall deduce the regularity of Hopf x ...

Lemma 2.1.4 The two full subcategories GrpHopf; and PrimHopf,, of
Hopf x ..., are semi-abelian categories. Both these categories are closed under

quotients and pullbacks in Hopf ...

Proof. As recalled in Section 1.2, the two full subcategories GrpHopf ;- and
PrimHopf; are equivalent to the category Grp of groups and to the category
LieAlg, of Lie K-algebras, respectively. The fact that Grp and LieAlg,- are

semi-abelian is well known (see [8], for instance).

The categories GrpHopf ;; and PrimHopf ;- are closed under quotients since
Hopf K-algebra morphisms preserve both group-like and primitive elements. These
categories are closed under products in the category Hopf . ..., as explained in [40].
To see that PrimHopf j is closed under subobjects in Hopfx ., let us consider
a monomorphism m: A — U(L) in Hopfg .. with codomain a primitive Hopf
algebra. The morphism m, being a Hopf algebra morphism, preserves group-like
elements and the group of group-like elements is trivial in the primitive Hopf algebra
U(L). Since m is injective, we see that the group of group-like elements of A
is trivial as well. By applying Theorem 1.4.5, we conclude that A has to be a

primitive Hopf algebra as well. A similar argument shows that GrpHopf - is closed
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under subobjects in Hopf i .. It follows that the subcategories GrpHopf x and

PrimHopf ; are closed under pullbacks in Hopf . ... a

Remark 2.1.5 In the following we shall assume that K is an algebraically closed
field. It can be checked that this is not a restriction: indeed, given a field K

and ¢: K — K an embedding of K in an algebraic closure K of K, one has the

adjunction
L
Hopf?,coc Q HOpr’COC
Ry
where Ry is the “restriction of scalars functor” and Ly = — ® K its left adjoint,

the “extension of scalars” functor (this adjunction is a particular case of a more
general adjunction between the categories of vector spaces on K and K, respecitvely.
See [50], for instance). Being a left adjoint, Ly preserves regular epimorphisms and
moreover Ly reflects regular epimorphisms and preserves finite limits. Accordingly,
knowing that Hopf . is regular (respectively, exact), one can deduce from this

that Hopf .. is regular (resp. exact) as well.

The following result concerning split short exact sequences in Hopf x . will

be useful in the proof of the regularity of this category:

Lemma 2.1.6 Given the following commutative diagram of split short exact se-

quences in Hopf x .,

SH1
—
0 Al i H1 P, Bl 0
hAl hl lhB
SHo
—
0 A2 i H2 Py B2 0

We have that h is surjective if and only if both h4 and hp are surjective.

Proof. We apply Lemma 1.4.3 to the exact sequences in the statement of the

Lemma, obtaining the following commutative diagram which is canonically isomor-
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phic to the previous one:

&1 s1
0 A, = R AlNBlk—\Bl 0
71 p1
hA\L hA®hBJ/ ihB
52 ......... 82
0 Ag = ~ Ay X\ By=————=B, 0
12 p2

Hence, the morphism h is surjective if and only if hy ® hg: A1 X By — As X By
is surjective. If h4 and hp are surjective, then h4 ® hp is surjective by considering
this morphism on its underlying vector space. For the converse implication, if
ha ® hp is surjective, let us note that for each semi-direct product A; x B;, the
underlying coalgebra is exactly the categorical product of the coalgebras A; and B;;
we denote &; = id, ® ep, for the coalgebra-projection of A; x B; onto A; (which

is not a Hopf algebra morphism).

It is clear that ha o0& = & 0 (ha ® hp), as coalgebra morphisms. Since &5 is a
split epimorphism and h4 ® hp is surjective, we conclude that h 4 is surjective. It

is clear that hp is surjective whenever h is.

Theorem 2.1.7 Consider the following pullback (P, T4, 7g) in the category Hopf i ..

B
_

13
m£ -

7

(2.1.2)

Q<TUU

if f is a regular epimorphism then wg is a regular epimorphism.

Proof. Thanksto Lemma 2.1.4, regular epimorphisms are pullback stable whenever
the Hopf algebras A, B and C' in diagram (2.1.2) belong to GrpHopf ., or to

PrimHopf ;, respectively.

Let us now consider cocommutative Hopf K-algebras A, B and C over a field
K of characteristic zero. By Theorem 1.4.5, we have: A = U(L,) x K[G4],
B= U(LB) X K[GB] and C' = U(Lc) X K[Gc]
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Thanks to Remark 1.4.6, we can build the following commutative diagram.

Py U(Lg) .
\4‘@\) P sp = \ B <\SB;
Aq pp P2 J g1 T By ‘ PB K[GB]
TA g
U(La) i U(Lc)

K[G 4] K[Gc]

where (P, ma,,7p, ) is the pullback of fi and g1, (P, ma,, 7B, ) is the pullback of
f2 and gs.

When f is surjective, the surjectivity of fi; and f5 follows from Lemma 2.1.6
applied to the lower part of the diagram. The front and back squares of the diagram
are in GrpHopf ;; and in PrimHopf ., respectively, thus both 75, and 7p, are
surjective (by Lemma 2.1.4). Applying Lemma 2.1.6 again (in converse direction),

we obtain that wp is also surjective.

In order to prove that Hopfy ... is semi-abelian, it remains to show that
equivalence relations are effective. For this, we shall show that any equivalence
relation R in Hopf . is the kernel pair of its coequalizer ¢: X — X. We
first apply Theorem 1.4.5 to the equivalence relation R, obtaining the following
commutative diagram, where the morphisms ¢1, g2 and ¢ are the coequalizers of

p11 and pa1, p12 and pag, p1 and po, respectively, and (Eq(q),m1,m2) is the kernel

pair of q.
0 ULp) —2 =R — K[Gp] ——=0
P11 [Ax, | P21 P1|Ax | P2 Eq(q) P12 |Ax,| P22
i 2
0 —U(Lx) - X — K[Gx] 0
th\L q ‘ng
U(Lx) X — K[Gx]
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Thanks to Lemma 2.1.4, the left column is exact, i.e. U(Lg) = Eq(q1). On the
other hand, let us explain why the right column is also exact. First observe that
(K[GR],p12, p22) is a reflexive relation on K[G x|, while the category GrpHopf ;-
of group Hopf algebras is exact Mal'tsev and closed under pullbacks and quotients

in Hopf . .. It follows that K[GR] is the kernel pair of ¢z in Hopf i ...

The universal property of (Eq(q),m1,m2) gives the unique arrow 6: R — Eq(q)
with 71 0 @ = p; and m 0 @ = py. Since the morphisms ix and ix are split in
the category of cocommutative coalgebras, one can check that the arrow iy is a
monomorphism, by using the fact that the coequalizers of equivalence relations
in Hopf . ... are computed as in Coalgy ... Consequently, the lower row in

the diagram above is an exact sequence as is then the lower row in the following

diagram.
0 U(LR) i R DR K[GE] 0
idU(LR)\L [’ iidk[cR]
0 U(Lg) . Eq(q) K[GR] 0
R Pr

By applying the Split Short Five Lemma to the above commutative diagram, it
follows that the morphism 6 is an isomorphism, and the equivalence relation R is

effective. One accordingly has the following:

Theorem 2.1.8 For any field K of characteristic 0, the category Hopf x . of

cocommutative Hopf K -algebras is semi-abelian.

2.2 A torsion theory in Hopf K coc

From now on, in the homological category of cocommutative Hopf K-algebras, T
will always denote the (full) subcategory PrimHopf ;- of primitive Hopf algebras,
and F the (full) subcategory GrpHopf j of group Hopf algebras.

Theorem 2.2.1 The pair (PrimHopf . ,GrpHopf ;) is a hereditary torsion the-
ory in Hopf i .-
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Proof. Thanks to Theorem 1.4.5, we know that we can associate the following

short exact sequence with any cocommutative Hopf K-algebra H:
0——>U(Ly) —2> H -5 K[Gy] —0

Any morphism f: U(L) — K|[G] from a primitive Hopf algebra
U(L) € PrimHopf ;- to a group Hopf algebra K[G] € GrpHopf is the zero
morphism in Hopf ... Indeed, any primitive Hopf algebra U(L) is generated by
its primitive elements, which are preserved by any Hopf algebra morphism. Since
a group Hopf algebra K[G] does not contain any non-zero primitive element, it
follows that f is the zero morphism. It follows that (PrimHopf ,,GrpHopf )

is a torsion theory, which is actually hereditary thanks to Lemma 2.1.4. a

2.3 Hopfg . is not abelian

The category Hopf . is not abelian since it contains monomorphisms which
are not normal. Indeed, since the functor K[—] is a right and left adjoint to the
functor G (see Proposition 1.4.7), and G o K[—] = idGrp, We have that the inclusion
of K[G'] into K[G], where G’ is a non-normal subgroup of G, is a non-normal
monomorphism. Another proof to that Hopf x . is not abelian, is given by using
the Tierney theorem, i.e. a category is abelian if and only if it is Barr-exact and
additive. This proof will outline where the hypothesis of commutativity is needed
to prove that Hopf ..., is an abelian category. In any additive category, we
have that binary products are isomorphic to binary coproducts (see for instance [8])

which we will prove is not the case in Hopf .-

Let X and Y be objects in Hopf ., whose coproduct is supposed to be

X ®Y with the morphisms ix and iy given by the universal property of products

X

fax
X®X

¢idx®(uYoex)
X X Xev
(uxoey)®idx¢
Y®Y
N
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Vee X ix(x)= (idX ® (uy oex)) oAx(z) =21 Qex(z1)ly =2 ® 1y

Similarly, for all y € Y, we show that iy (y) = 1x ®y. Let us show that the universal
property of the binary coproduct is not satisfied: let us consider f: X — Z and
g: Y — Z two Hopf algebra morphisms

~

I
RN

If there exists a morphism 1: X ® Y — Z making the above diagram commute,

Z

we should have:
Vo€ X: (Yoix)(@) = v(z®1y) = f(z)
VyeY: (Yoiy)(y) =¢(1x ®y) =g(y)

Vr®y e X ®Y: 9 should satisfy
Yy =@ely)zv(1x @y) = f(2).29(y)

The morphism 1 necessarily defined in this way is not necessarily an algebra

morphism if Z is not commutative.



Chapter 3

Split extension classifiers in

HOPfK,coc

In this chapter, we describe the split extension classifiers in the category of co-
commutative Hopf algebras over an algebraically closed field of characteristic zero,
hereby providing a new characterization of semi-direct products (smash products)
of cocommutative Hopf algebras. The categorical notions of centralizer and of
center in the category of cocommutative Hopf algebras is then explored. In the
category of cocommutative Hopf algebras the categorical notion of center coincides
with the one that have been recently introduced and investigated in the context of

general Hopf algebras.

3.0.1 Basic notions and notations

Given a group G and its automorphism group Aut(G), consider the canonical split

extension
i1 12
0——G—— G xAut(G) =—= Aut(G) ——0 (3.0.1)
b2

where the action of Aut(G) on G defining the semidirect product G x Aut(G)
is simply given by the evaluation, ps is the second projection and iy,s are the
canonical injections. As explained in [9, 11, 12] this split extension has a remarkable

universal property in the category Grp of groups: any other split extension with
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kernel G

0—>G—tsA="5B— >0 (3.0.2)

f

can be uniquely obtained (up to isomorphism) by pulling back the split extension

(3.0.1) along a group homomorphism x: B — Aut(G):

0 G—F S A<~—"——"pB .

ok

0 ——=G —=G % Aut(G) == Aut(G) —=0
D2

The group action x: B — Aut(G) of B on G corresponds to the semi-direct product
G x, B defining a split extension of B by G isomorphic to (3.0.2).

Given a Lie algebra L in the category Lieg of Lie algebras over a field K the
same universal property is satisfied by the split extension of the Lie algebra Der(L)
of derivations of L by L

0— > L —"+ I x Der(L) =—= Der(L) — 0. (3.0.3)
p2

Here the semi-direct product L x Der(L) in Liek is defined on the underlying
vector space L @ Der(L), and the Lie bracket is given by

[(@.0), (&', 9)] = (I 2140 ) =), [6,61) = (I, 1+ 0() (), Gop—yog),

for any x,2’ € L, for any ¢,1 € Der(L). In the category Lieg, the Lie algebra
actions p: L1 — Der(L) of Ly on L correspond bijectively to the isomorphism

classes SplExt (L, L) of split extensions of Ly by L. Given a split extension

(P Sy — (3.0.4)

the universal property of the split extension (3.0.3) is then expressed by the existence

of a unique morphism p: L1 — Der(L) such that the following diagram commutes
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and the right-hand square is a pullback:

0 AiL1—>O.

TPl

0—>L—>L><1Der( )éDer(L)HO
p2
In a general pointed protomodular category [13] it is possible to express the same
universal property as the one of the automorphism group Aut(G) of a group G in
Grp and the one of the derivation Lie algebra Der(L) of a Lie algebra L in Lieg.
One simply requires that, given any object X in C, there is a split extension
i o 2
0—X—X=——=<[X]—=0 (3.0.5)
p2
with kernel X satisfying the property that any other split extension with kernel X
in C
0—=X-toA=—=B— >0 (3.0.6)

f

can be uniquely obtained by pulling back the split extension (3.0.5) along a suitable
morphism B — [X], i.e. there exists a unique x: B — [X] such that the following

square is a pullback

i

Equivalently, one requires the existence of a unique morphism y: B — [X] and of
a morphism ¥: A — X such that the following diagram of split exact sequences
commutes

0—>X*>A<7B*>O

Fob

O—>X—>X'H[X]4>O
D2

If this is the case for any any X in C, one says that the category C has representable
object actions or that it is action representable, in the sense of [11], and the object
[X] in (3.0.5) is called a split extension classifier. Besides the categories of groups
and of Lie algebras, there are many further examples of categories having this

property: crossed modules, boolean rings, commutative von Neumann regular rings,
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and other ones [11, 12]. It is well known that there are semi-abelian categories
that do not have representable object actions: for instance, this is the case for
the category of rings. When a semi-abelian category C has representable object
actions, commutator theory becomes simpler, since the Hug commutator of normal
monomorphisms and the Smith commutator of equivalence relations always coincide

in such a category C [19].

In Theorem 2.1.8, we showed that the category Hopf . .. of cocommutative
Hopf algebras over an algebraically closed field of characteristic zero is semi-abelian.
In fact, it is widely known that the category of cocommutative Hopf algebras
over any commutative base ring K (even not necessarily a field) is isomorphic to
the category of internal groups in the category of cocommutative coalgebras over
K. Hence, even if in this more general case it is unknown whether Hopf .. is
semi-abelian, the category is still protomodular and it makes sense to consider split
extension classifiers in Hopf . ... Since the category of cocommutative coalgebras
is moreover complete and cartesian closed by Theorem 5.3 in [5], it follows by
Theorem 2.1 in [10] that Hopf . . is action representable over any commutative

ring K.

The aim of the present chapter is to give an explicit description of the split
extension classifiers in the category Hopf .. of cocommutative Hopf algebras
over an algebraically closed field of characteristic zero. By doing so, we provide
a new equivalent characterization of semi-direct products (smash products) of
cocommutative Hopf algebras. We also prove that the category Hopf ;- of arbitrary
Hopf algebras over any field K is protomodular, and observe that the split extension
classifier described in the cocommutative case can still be built in the case of a
general Hopf algebra H. In the category Hopf j,, when K is an algebraically closed
field of characteristic 0, this object still has a restricted universal property, with
respect to a special type of split exact sequences. We then analyse the abstract
notions of center and of centralizer, introduced by D. Bourn and G. Janelidze in
[19], in the category Hopf . .,.. This part also uses some nice results concerning
centralizers due to A. Cigoli and S. Mantovani in [24]. We finally compare our
description of the center in Hopf . with the defintion given by A. Chirvasitu
and P. Kasprzak in [23] for arbitrary (not necessarily cocommutative) Hopf algebras,
and observe that they coincide in the cocommutative case. Since our results
heavily rely on the Cartier-Gabriel-Konstant-Milnor-Moore decomposition theorem

for cocommutative Hopf algebras which is only valid over an algebraically closed



3.1 Split extension classifiers in Hopf x .. 67

field of characteristic zero, our description only holds in this case. It remains an

open question how this description can be extended to the general case.

3.1 Split extension classifiers in Hopfy .

The aim of this section is to construct the split extension classifier [H] for a given
cocommutative Hopf algebra H in Hopf ... over an algebraically closed field
of characteristic zero K. Thanks to the decomposition theorem for these Hopf
algebras, we only have to identify the grouplike and primitive elements of [H].
It might be not a big surprise that G([H]) will turn out to be exactly the group
Autgops(H) of Hopf algebra automorphisms of H. The primitive elements of [H]

turn out to be what we will call Hopf derivations.

3.1.1 Hopf derivations

Definition 3.1.1 Let H be a Hopf algebra. A Hopf derivation on H is a linear
endomorphism 1 of H which is at the same time a derivation on H, i.e. v satisfies
the Leibniz rule

oM = Mo (¢ ®id+id Q1)

and a coderivation on H, i.e. it satifies the co-Leibniz rule
Aot = (¢ ®id+id®@1p)o A
The set of all Hopf derivations on H is denoted by Derpops(H).

Given elements x,y € H, we can express the Leibniz and co-Leibniz rules for

v : H — H respectively as

V(zy) = Y(@)y+zyy);
PY(x1) @ o + 21 @ YV(x2).

<=
5
®
<
S
[NV}

I

It is well-known that the derivations of an algebra are a Lie algebra by means
of the commutator bracket. We start this section with the observation that Hopf

derivations also form a Lie algebra.
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Lemma 3.1.2 Let H be a Hopf algebra. Then Dergopf(H) is a Lie algebra for

the commutator bracket

[1,102] = Y1 0thg —thgothy Vipy, 1y € Derpopr(H).

Proof. As already mentioned, it is well-known that [¢)1,1)5] is again a derivation
on H for all derivations v; and . Let us prove that [t1,2] is a coderivation for

all coderivations 1 and )s:

Ao, ha] = Ao (ot —1hpot)
= (Aoyr)othy —(Aorpa)oyy
= (Y1 ®id+id®@Y;1)o (Yo ®id+id ®hg) 0 A
(Y2 ®@id +id @ ¢2) 0 (1 @ id +id @ ¢h1) 0 A
= ((104n) @id+11 @2 + Y2 @ 1 +id ® (1 04h2)) 0 A
—((h2 0 1) @ id+ b ® 1 + Y1 ® Yo +id ® (P20 ¢P1)) 0 A
= ((Y1092) ®id+id® (1 092)) 0 A
—((W20) @id+id® (P2091)) 0 A
= ((Y10v2 —120t1) ®id+id® (1 0 hy — hg01Py)) 0 A
= ([t1, 2] ®id+id ® 11, 1h2]) 0 A.

Hence we find that, in particular, Derg,p,¢ is a Lie algebra for the commutator
bracket. O

The following known result for derivations and coderivations will be useful.

Lemma 3.1.3 Let H be a Hopf algebra and ¢ € Deryops(H). Then ¢pou = 0 and
eoy =0.

Proof. Let u(lx) = 1y € H be the unit of H. Then we find since ¢ is a

derivation

Y(1g) =(lgly) = (1lg)lyg + 1gv(1g) = (1) + ¢ (1g).
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Hence ¢ (1) = 0 and thus 1 o u = 0. Similarly, since 4 is a coderivation, we have

forall z ¢ H
(=) = e(vEne(=)))
= (v()elz2) + me(v(=2))
= e(w(zl)e(@)) +€(216<’¢(2’2)))
= ¢(v(2) +e(¥(2)
Hence eot(z) =0 for all z € H. ]

3.1.2 Construction of an action of K [Auty,.s(H )| on U(DerHopf(H))

Given H € Hopf .., denote by Autpepr(H) the group of Hopf algebra auto-
morphisms of H, i.e. bialgebra automorphisms of H (bijective endomorphisms of

Lemma 3.1.4 For any ¢ € Autpope(H) and 9 € Derpope(H ), the linear endomor-
phism ¢ -1 := ¢ o1p o ¢! is a Hopf derivation on H. l.e. there is a well-defined

map

p: AUtHopf(H) X DerHopf(H) — DerHopf(H), p(gﬁ, 1/}) =¢oo gf)il.

Proof. Let us first check that ¢ o) o ¢! is a derivation. For any z,y € H we
find

<¢ow>(¢-1<x>¢-1<y>>
(0671 @07 ) + 07 @e(67 )
= (povog™ ><x>y+x<¢ oo ).

(potpoo™")(ay)
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In the above equalities, we have used the fact that ¢ and ¢~ are algebra morphisms,

and that v is a derivation. Let us also prove that ¢ o1 o ¢~ ! is a coderivation:

Aogopogpt

= (p@p)oAorpop?
(p@¢)o(Pp@id+id@Y)oAog™?
(p@p)o(p@id+idey)o(¢ ' ®d™")o
= ((povoop ) @id+id® (popogd™")) oA
(¢ y)@id+id® (¢-¢)) oA

o (o)

)
)o

In the above equalities, we have used the fact that ¢ and ¢! are coalgebra

morphisms, and that v is a coderivation. O

Lemma 3.1.5 The map p from Lemma 3.1.4 induces a linear map
7 K[Authopt (H)] @ U(DerHopf(H)) — U(DerHopf(H))

defined by p(¢ ® 1) := p(¢,%) = potho ™! for ¢ € Authepr(H) and 1 €
DerHopf(H).

Proof. Fix any ¢ € Autpopr(H). Then the induced morphism py : Derpope(H) —
Dernopr (H ) defined by py(10) = p(¢, 1) is a Lie algebra morphism. Indeed:

¢-(Yor) —¢ or))
popor 0opt —gor) oghog !
[porpogp™! g0t 0p™!]
CRTNCRTS]

o[, ]

Hence py induces an algebra map 5, : U (Deruopf (H)) — U (Derpop(H)). Hence

we can define p by linear extension as stated. a

Proposition 3.1.6 The map p from Lemma 3.1.5 defines an action of Hopf algebras
of K[Authopr(H)] on U (Derpopr(H)). Accordingly, there is a well-defined semi-
direct product U (Derpops(H)) X5 K [Authops (H )], that we will denote by [H].
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Proof. We have to verify that p satisfies the axioms of an action of cocommutative
Hopf algebras (Definition 1.4.1). Axiom 3 and Axiom 4 follow immediately from
the construction of p in the proof of Lemma 3.1.5. Indeed, by construction for
any ¢ € K[Autyopr(H)], the map p, is an algebra morphism, which expresses
exactly Axiom 3 and Axiom 4. As a consequence, it is enough to verify the
remaining axioms on base elements of the vector space K [Autpops(H)] (i.e. elements
¢ € Authopr(H)) and generators of the algebra U (Derpopt(H)) (i.e. elements of
the form ¢ € Derpope(H)).

- (/—\xiom 1) idK[AUtHopf(H)] . 1/} = 1)[};
= (Axiom 2) (po @) -y =¢og ohogd tog =g (¢ -¥);

= (Axiom 5) Remark first that any ¢ € Autpeps(H) is a grouplike element of
K[Authopf(H )] and any ¢ € Derpope(H) is a primitive element in U(DerHopf(H)).
Since ¢+ 1) € Derpops(H) this is as well a primitive element in U (Derpop(H)).

Hence we obtain

(@91 ® (¢ )2 =A(¢-¢) = (¢-¥) @id+id® (¢ V)

and

(1-Y1) @ (d2-12) = (9-Y)®(p-id) + (¢-id) @ (¢~ 1)
= (¢-Y)@id+id® (¢ 1)),

from which the axiom follows.

= (Axiom 6) We have e(¢ - 1) = 0 = €(¢)e(v)) since ¢ - 1p and ) are primitive

elements.

3.1.3 Construction of an action of U(DerHopf(H)) X5 K [Autpopf (H )]
on

Proposition 3.1.7 Let H be a cocommutative Hopf algebra and consider the Hopf
algebra [H] = U(DerHopf(H)) X5 K [Autnops (H)] from Proposition 3.1.6. The map

x:[H®H— H
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given by
(¥ ® @) xh =1 (d(h)),

for any 1 € Derpops(H) and ¢ € Autnops(H ) defines an action of [H] on H.

Proof. Let us check that  satisfies the axioms of an action of cocommutative
Hopf algebras (Definition 1.4.1).

= (Axiom 1) (id (

U DerHopf(H)) ® idK[AutHopf(H)}) *h = h.

= (Axiom 2) One has the equalities

(W&(p5¢) @ (¢0d))(h)
= (Wogoy op togog)(h)
= @Weo)* (W ®¢)xh).

W) (Y ©¢)xh

= (Axiom 3) First remark that for any ¢ € Autnops(H) and ¢ € Derpope(H)

we have

Ay © ¢)

(id @ o ® id) (A() ® Ag))
(id@oid) (P21 +129Y) (¢ ® @))
YVRPRIARXP+idR P QYR P

where we used that ¢ is grouplike and v is primitive. Then we can now verify

the axiom.

(p@p)xhh' = o
h)g(h"))
No(R) + o(h)y(d(R)),
@) *h)((id @ @) x h') + ((id @ ¢) * h) (1) @ ) x h)
)1 % h) (¥ ® $)2 x 1)

where we used that ¢ is an algebra morphism in the second equality and that

1 is a derivation in the third equality.
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= (Axiom 4) The right-hand side of the equality is given by
(v ®¢)* 1y =v(o(1n)) = ¥(1n) =0,
where we applied Lemma 3.1.3. The left-hand side of the equality is given by
(V@ ¢)ly = e(y)e(¢)ly =0

where used €(1)) = 0 since 1 is a primitive element of U (Derpops(H)).

= (Axiom 5) The left-hand side of the identity to be checked is given by

(e o)xh), @ (W@d)xh), = A((W@¢)xh)=Aotog¢(h)
(Y ®id +id @) o Ao p(h)
(Y ®id+id®y)o (¢ ® ¢) o A(h)
(o) @+ o (Pop))oAn).

On the other hand, since
AYRP) =1YRdRIdRP+id® ¢ R Y ® ¢,

the right-hand side of the identity is given by

(V@) 1xh1) @ (Y@ ¢)axha) = ((W@)*hi) @ ((id® ¢)* hy)
+((id ® ¢) * h1) @ ((¥ @ @) * ho)
= P(p(h)) ® d(h2) + ¢(h1) @ ¢ (¢(h2))
= (Wod)®o+0® ($og))oAh)

= (Axiom 6) The right-hand side of the identity is given by

(¥ @ ¢)e(h) = e(ip)e(p)e(h) =0

where we used again that ¢(¢) = 0 since ¢ is a primitive element. The

left-hand side of the identity is given by

(W @¢)xh) =copog(h) =
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where we used Lemma 3.1.3.

3.1.4 Universal property of the split extension classifier

The aim of this section is to prove that for a given cocommutative Hopf algebra
H, the Hopf algebra [H| constructed in Proposition 3.1.6 together with its action
on H defined in Proposition 3.1.7 is exactly the split extension classifier of H in

Hopf x ... i.. it satisfies the universal property recalled in the introduction.

Consider a split exact sequence in Hopf ..
0——=H——>B=—=A——0. (3.1.1)

By applying the semi-direct product decomposition of A recalled in Theorem 1.4.5,
and by using Lemma 1.4.3, the split exact sequence (3.1.1) is isomorphic to the

following split exact sequence in Hopf g ..
0——H —> H x, (U(La) x K[Ga]) == f U(L4) x K[G4] — 0.
We are now going to construct a morphism
X: U(La) % K[Ga] — U(Derpops(H)) x5 K [Autpopt (H)]

compatible with the morphism idp (see Proposition 1.4.8) such that the following

diagram commutes, and then prove the uniqueness of such a morphism y.
0> H-A Hxy (U(La) % K[Ga]) = U(La) x K[Ga] >0 (3.1.2)
f

Y
0>=H——" o~ Hx, [H~=———"—=[H ——>0

idg®x X

If p: A® H — H is the action of A on H induced by the split exact sequence
(3.1.1), defined by p(a ® h) = a -4 h, one has a group homomorphism defined by
Xc : Ga — Autpeps(H) : xa(g)(h) ;=g -a h, forany g € G4 and h € H.

Let us first check that Vg € G 4, the map xg(g) is an endomorphism of Hopf
algebras of H:



3.1 Split extension classifiers in Hopf x .. 75

= xc(g) is an algebra morphism since Vh,h' € H we have

xa(g)(hh') = g-a(hh') = (g1-a h)(g2-a ')
= (g-ah)(g-ah) = (xal9)(h))(xa(g)(h))
xa(9)(lu) = g-alg=e(g)ly=1g

by axioms 3 and 4 of an action of cocommutative Hopf algebras and by the

fact that g is a group-like element of H.

= Xxc(g) is a coalgebra morphism since we have

Axa(9)(h)) = Ag-ah)=(g-ah)1®(g-ah)
= (g1-ah1)®@(g2-ah2)=(g-ah1)®(9-4h2)
= (xa(9) @ xalg))A(h)

c(xc(g9)(h)) €(g-ah) = e(g)e(h) = e(h)

by the axioms 5 and 6 of an action of cocommutative Hopf algebras and by

the fact that g is a group-like element of H.

Moreover, the map x¢ : G4 — Enduops(H) is @ monoid morphism.

= indeed: for all g,¢’ € G we have xg(9'9) = xa(9’) o xa(9)-
(xa(@)oxa(@)(h) = g -alg-ah)=(g'9)-ah=xc(d'9)(h)

where the second equality follows follows axiom 2. Observe that the map x¢

preserves the neutral element by axiom 1.

In particular, it follows that xg(g~1) = xa(g9) ™! and therefore, xc(g) is an auto-
morphism of Hopf algebras for all g € G.

If Aactson H viap: A® H — H, with p(a®h) = a-4 h, then we have a Lie
algebra morphism xr, : Ly — Derpopr(H) defined by xr,(z)(h) = x -4 h. Indeed,
let us prove that x(z) is a Hopf derivation in H for all x € L 4.
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= xr(x) is a derivation since we have for all h,h' € H

L@ (R = (@A h)(1a W)+ (1oa B)(@ 4 )
= (z-a h)h,—kh(l‘ A h/)
X (@) (M)A + hxr(w)(h')

by axiom 1 and 3 of an action of cocommutative Hopf algebras and by the

fact that z is a primitive element.

= We also prove that xr(x) is a coderivation since we have for all h € H,

(Aoxp(@)(h) = Aw-ah)

(T-ah)1 @ (x-4h)

(z1-4 h1) @ (24 ha)

= (@ah)®@-ah)+ (1am)® (2-ah)
(;v Ah1)®h2—|—h1®(x Ahg)

= xu(@)
= (e

(h1) ® hy + h1 @ x1(2)(h2)
) ®id +id ® x1(z)) o A(h)

In the above equalities, we have used the axioms 1 and 5 of an action of

cocommutative Hopf algebras, and the fact that x is a primitive element.

Hence x1, : L4 — Derpops(H) is well-defined. Furthermore, Vz,y € L4, Yh € H,

one has:
xelz,yl(h) = xo(zy —yz)(h)

= (2y)-ah—(yz)-ah

= za(y-ah)—y-a(x-ah)

= (XL(fC) oxr(y) — xr(y)o XL(fB)) (h)
[XL (), XL(Z/)} (h).

where we used the axiom 2 of action of cocommutative Hopf algebras. Therefore,

XL : La — Deryops(H) is a morphism of Lie algebras.



3.1 Split extension classifiers in Hopf x .. 7

The morphisms
U(xr): U(La) — U(DerHopf(H))

and
K[Xg] : K[GA] — K [AutHopf(H)}

satisfy the compatibility condition (Proposition 1.4.8). Indeed, Vg € G4,Vx € L4,
Vh € H, we have:

xe(g-az)(h) = (xa(g)oxc(x)oxalg™))(h)
S (grg ) ah = ga(z-alg'-ah)

which holds by the axiom 2 of action. As a consequence, given a Hopf algebra A act-
ing on H, we obtain the associated morphisms U(x): U(La) — U(DerHopf(H))
and K[xg]: K[Ga] — K [Autpopr(H)] which can be recombined to define a Hopf
algebra morphism x := U(x1) ® K[x¢g] in diagram 3.1.2.

The morphisms idg and x satisfy the compatibility condition (Proposition
1.4.8): indeed, for a generator x® g € U(L4) x4 K[G 4], associated to the element
xg € A by the isomorphism of Cartier-Gabriel-Moore-Milnor-Kostant (Theorem
1.4.5), and for all h € H, one has:

(Vo) @ Kixa)@@g) widath) = (V)@ @ Klxcl(9)) -« idu(h)

= (U)o K[xe@)]) ()
= x-a(g9-ah)

= (zg9)-ah

= idy((zg) -ah)

by the axiom 2 of an action of cocommutative Hopf algebras.
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It remains to prove the uniqueness of the morphism x. For this, consider two

other morphisms ¢ and & making the following diagram commute

0> H-A Hxy (U(La) % K[Ga]) = U(La) x K[Ga] >0 (3.1.3)
f
E 5
\ io \
0—>H H x, [H =————=[H] 0
D2

By Proposition 1.4.8 we know that £ = idy ® & and idg and ¢ are compatible,

hence we obtain that
&la) xh=a-ah=x(a)h.

The morphism & induces a group homomorphism g : Gao — Authepe(H) and a Lie
algebra homomorphism &1,: L4 — Deryops(H). We see that for all z € L4 and
g€Ga

o(x)(h) = xL(z)(h),

and
§a(9)(h) = xc(9)(h).

One accordingly has the following:

Theorem 3.1.8 For any algebraically closed field K of characteristic 0, the split

extension classifier of any cocommutative Hopf K -algebra H is given by
U(DerHopf(H)) X5 K [AUtHopf(H)}

where
p: K[AUtHopf(H)] (%9 U(DerHopf(H)) — U(DerHopf(H))

is defined by
Po@y):=¢-p=¢ogog!

on the generators and extended by linearity to all K[Autyop(H )] ® U (Derpops(H)).
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3.1.5 Split extension classifiers in Hopf

The problem of determining the existence of split extension classifiers can be studied
in the context of arbitrary Hopf algebras over a field K, denoted by Hopf -, which

is protomodular by the following theorem:
Theorem 3.1.9 The category of Hopf algebras over a field K is protomodular.

Proof. Let us consider the following morphism of split exact sequences in Hopf .,

where we have to prove that 6 is an isomorphism of Hopf algebras.

By Theorem 4.1 in [41], the above morphism of split exact sequences is isomorphic

to the following one

0 A AN O >0

i2
idA i l@ iidc
P

OHA%,)AXIIC‘:CHO

[3 /
1 (2

Hence, to prove that 6 is an isomorphism, it is equivalent to prove that 6 is an
isomorphism. We have that A x C is generated as an algebra by the images of
the Hopf algebra morphisms i; : A =+ Ax C and i, : C — A x C. Indeed, any

element a ® ¢ € A x C can be written as
(a®c)=(a®1c)(1la ®c)
Then we have
la®c)=0((a®1c)(1la®c)) =0(a®1c)0(1a @ c) = (ida ®idc)(a ® c)

We obtain that the morphism 6 is equal to id4 ® idc and then is an isomorphism.
O
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The object [H] given in Theorem 3.1.8 is well-defined in the general context of
Hopf algebras, i.e. for H in Hopf : indeed, the Hopf algebra K[AUtHopf(H)] is
still cocommutative, and it acts on the cocommutative Hopf algebra U(DerHopf(H))

via the action
p: K[AutHopf(H)] & U(DerHopf(H)) — U(DerHopf(H))

defined by

oY) :=¢-p=dogpogd
on the generators and extended by linearity to all K [Autnopf(H)] ® U (Deropt (H)).
Then [H] is in Hopf .. and by Theorem 2.13 in [41], the action of [H] on H

given by the map
*:[H®@H —H

is still well-defined by

(¥ ® ¢) x h:=1(g(h)),

for any ¢ € Derpopf(H) and ¢ € Autnopr(H). Hence, this action % defines the
object H = H x, [H] which is in Hopf .

Actually, the object [H] can be seen as a kind of “relative” split extension
classifier in Hopf x, where the universal property of [H| can be expressed as

follows: the split extension

0—>H "~ H=2[H —>0
p2

is such that, for any other split extension in Hopf, with kernel H and A €
Hopf g ..., depicted as

0—=H-*.B<—"—4A_— >y,

there are unique morphisms x: A — [H] and X¥: B — H making the following

diagram of split exact sequences commute

0*>H4>B<7A4>0

lx

OHHHH%[H}HO.
p2
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3.2 Centers and centralizers in Hopf .

Before investigating the notions of centers and centralizers in Hopf . .., we first

recall these notions in the categories of groups and of Lie K-algebras.

3.2.1 Centers and centralizers in Grp

Recall that the center of a group G, denoted by Z(G), is defined by
Z(G)={z € G,zg = gz Vg € G}.

The centralizer Cq(H) of a subgroup H of a group G is the set of elements of G

which commute with every element of H, i.e.

Cq(H) ={x € G,zh = hx Vh € H}.

Proposition 3.2.1 The center of a group G is the kernel of the conjugation map,
i.e. the kernel of the morphism ¢ : G — Aut(G) where ¢(z) is defined by
é(x)(y) = xyx~t, Va,y € G. The centralizer of a subgroup H of a group
G is the kernel of the morphism ¢ : H — Aut(G), where ¢(h) is defined by
é(h)(g) = hgh™!, Yh € H, Yg € G.

Definition 3.2.2 A characteristic subgroup of a group G is defined as a subgroup

H of G which is invariant under all the automorphisms of G.

This means that any automorphism of G restricts to an automorphism of H.
Since the automorphism group Aut(G) of a group G classifies all the group actions
on (G, a subgroup H of a group G is characteristic if and only if any group action

x on G restricts to an action on H.

Let us also mention the following "transitivity properties" of characteristic
subgroups which will allow us to consider the more general case in the category of

cocommutative Hopf algebras.

Proposition 3.2.3 1. If K is a characteristic subgroup of H and H is a char-

acteristic subgroup of GG, then K is a characteristic subgroup of G.
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2. If K is a characteristic subgroup of H and H is a normal subgroup of G,
then K is a normal subgroup of G. In particular every characteristic subgroup

is a normal subgroup.

3.2.2 Centers and centralizers in Liex

Recall that the center of a Lie algebra L, denoted by Z (L), is defined by
Z(L)y={x € L,[x,a] =0 Va € L}

The centralizer C(I) of a Lie subalgebra I of a Lie algebra L is the set of
elements of L commuting with every element of I, i.e. C(I) = {z € L, [z,i] =
0Viell.

Proposition 3.2.4 The center of a Lie algebra L is the kernel of the adjoint
representation, i.e. of the Lie algebra homomorphism defined by ad : L —
End(L) : ad(x) := [x,—]. The centralizer of a Lie subalgebra I of a Lie algebra L
is the kernel of the adjoint representation, i.e. ad: I — End(L) : ad(l) := [, —].

Definition 3.2.5 A characteristic ideal I of a Lie algebra L is a subalgebra which

is invariant under all the derivations on L.

Similarly to the case of characteristic subgroups in the category of groups, the

characteristic ideals also have some useful properties:

Proposition 3.2.6 1. If I is a characteristic Lie subalgebra of L and L is a
characteristic Lie subalgebra of M, then I is a characteristic Lie subalgebra
of M.

2. If I is a characteristic Lie subalgebra of L and L is a normal Lie subalgebra
of M, then I is a normal Lie subalgebra of M.

3.2.3 Centers and centralizers in semi-abelian action repre-
sentable categories

A. Cigoli and S. Mantovani gave a description of the center and of the centralizer

of a normal subobject in the general context of semi-abelian action representable
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categories [24]. Let x : X — A be a normal subobject of A, the quotient map
p: A— A/X, and let (Eq(p),pl,pg) be the equivalence relation on A induced
by X, i.e. the projections in the following pullback (the kernel pair of the quotient

map p)

Eq(p) —= zj
A A/X

We write A : A — Fq(p) for the only morphism such that pj o A =14 = py o A.

Definition 3.2.7 In any semi-abelian action representable category, the centralizer
of a normal subobject X in A, denoted by C4(X) is given by the kernel of the
unique morphism y induced by the universal property of the split extension classifier
[X] of X:

er A
0 x [ Eq(p) =——=A——0 (3.2.1)
p1
0 p g XN*[X]i[X]%O

Example 3.2.8 In the case of the category of groups (resp. of the category of Lie
algebras), the upper split extension sequence in the Diagram 3.2.1 of Definition
3.2.7 gives rise to the conjugation action (resp. to the adjoint representation) of A
on X, thus we recover the classical notion of centralizer by Propositions 3.2.1 and
3.2.4,

Definition 3.2.9 [25] Let C be a semi-abelian category, F' is a characteristic
subobject of H if, given any normal subobject G of H, then F' is a normal
subobject of H.

Remark 3.2.10 Definition 3.2.9 is equivalent to Definitions 3.2.2 and 3.2.5 in the

category of groups and in the category of Lie K-algebras, respectively.

3.2.4 Centers and centralizers in Hopf .

In the category of cocommutative Hopf algebras, the centralizer of a normal Hopf

subalgebra H of A, denoted by C'4(H), is given by the kernel of x in the following
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morphism of split extensions, where x is defined as in Section 3.1.4.

0— > HKer(pl) )

AZU(La) ¥a K[Gg] ———— 0
p1
J/XU(XL)@)K[XG]

0—=H—>H ><* [H] = [H] = U (Derpopf(H)) x5 K [Autpops(H)| — 0

So to describe the centralizer C4(H), we have to compute the kernel of x in

the category Hopf i ., denoted by HKer(x). We will show that
HKer(x) = HKer(U(XL) ® K[Xg]) ~ HKer(U(XL)) X A HKer(K[Xg}).

This is proved by computing the kernels of U(x), x and K[x¢] in the following
diagram

0

U(L4) & U(LA) x4 K[Ga] =———= K[G4]

0
pra
U(XL)\L X—U(XL)®K{XG]i \LK[XG]
5[]
0— U(DerHopf(H)) E> U(DerHopf(H)) X5 K[AutHopf(H)} ;ﬁ K[AutHopf(H)] —0
obtaining the following diagram
0 0 0
0— HKer(U(xy)) : HEKer(y) =————= HKer(K[xg]) — 0
P
HEer (Ux)) HKer(x) HEer(Kixa))
0> U(La) — S U(Ly) %4 K[Gp] =————= K[Ga] —>0
pa
U(xc) x=U(xL)®K[xc] K(xc]
s[H)
0— U(DerHopf(H)) [9 U(DerHopf(H)) X5 K [AutHopf(H)] Z% K [AutHopf(H)} —0

where the first row is easily seen to be a split short exact sequence. Let us show
now that

HEKer(K[xc)) = K [kerarp(xa)]

and

HKer(U(xr)) = U(kerpic(xz))
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Proposition 3.2.11 Let f : G — G’ be a morphism in Grp and ker(f) its
kernel in Grp. Then the Hopf kernel HKer(f) of f = K[f] : K[G] — K|[G'] in
Hopf g .. is given by K [ker(f)].

Proof. It is clear that we have K [ker(f)] C HKer(f): indeed, let us consider
an element «;g; where g; € ker(f),Vi € I. One has the following equalities

(f @ida)A(eigi) = i f(9:) ® 9i = 1 ® g

Another way to prove this inclusion is to apply the functor K[—] to f, and to use the
universal property of the kernel HKer(f). To prove that HKer(f) C K [ker(f)],
let us consider an element a;g; € HKer(f), so we have that o; (f(g:)—1) ®g; =0,
since g; is a basis of K[G], we obtain Vi € I that f(g;) = 1 if a; # 0, thus
o;g; € K [ker(f)]. O

Remark 3.2.12 An alternative proof for Proposition 3.2.11, valid only over alge-
braically closed fields K of characteristic zero, comes from the fact that the functor
K[—] preserves limits, thus in particular kernels, since it is a right adjoint to the

functor G (see Proposition 1.4.7).

Proposition 3.2.13 Let f: L — L’ be a Lie K-algebra morphism and ker(f)
its kernel in the category of Lie K-algebras. Then the Hopf kernel HKer(f) of
f=U(f): U(L) — U(L') in the category of cocommutative Hopf algebras is

given by U (ker(f)).

Proof. It is clear that we have U(ker(f)) - HKer(U(f)), since we can apply
the functor U to f : L — L’, and use the universal property of the kernel

HKer(f). For the converse direction, let z € U(L) be a generator, i.e. a primitive
element, such that x € HKer(U(f)), we have

(fRida)(z®1+1®z) = (uoe®ida)(z®1+1®1)
then f(z) @1+ 1@z = 1Qz
so that f(z)®1 = 0, and f(z) =0.
Accordingly, = is a generator element of U(ker(f)). O

Remark 3.2.14 We actually have that the functor U preserves all binary products
[40] and equalizers, indeed if f,g : L — L’ is a pair of Lie K-algebra morphisms and
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Eq(f, g) their equalizer in the category of Lie K-algebras. Then the Hopf equalizer
[3] HEqual(f,g) of f=U(f):U(L) — U(L') and g =U(g) : U(L) — U(L')
in the category of cocommutative Hopf algebras is given by U(Eq(f, g)) Indeed

we have
(fRida)(z@1+10z) = (9Qida)(z@1+1Qx)
then f(x)®@1+1®2 = gx)®1+1®z
sothat (f —¢g)(x)®1 = O0Oand(f—g)(x)=0.

Accordingly, z is a generator of U(Eq(f,g)).

One can then compute HKer(x) by computing kerri.(xz) and kergyp(xc)

and obtain the following:

Theorem 3.2.15 The centralizer C4(H) in the category of cocommutative Hopf
algebras is given by

Ca(H) =U(kerpic(xr)) ¥a K[kergrp(xa)]
where
kerrie(xr) = {x € L4 such that [x,h] =0, for allh € H}
and
kercrp(xc) = {g € Ga such that gh = hg, for all h € H}

Let us finally mention some results that follow from the corresponding ones in

[25] in the general context of semi-abelian action representable categories.

Proposition 3.2.16 For every normal Hopf subalgebra K of H, the centralizer
Zy(K) of K in H is a normal Hopf subalgebra in H. Then the center Z(H) is a
characteristic Hopf subalgebra of H.

Proposition 3.2.17 1. If K is a characteristic Hopf subalgebra of H, and H is a
characteristic Hopf subalgebra of G, then K is characteristic Hopf subalgebra
of G.

2. If K is a characteristic Hopf subalgebra of H, and H is a normal Hopf
subalgebra of G, then K is a normal Hopf subalgebra of G.
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3.2.5 Arbitrary Hopf algebra centers

A. Chirvasitu and P. Kasprzak have introduced the following definition of the center

for any arbitrary (not necessarily cocommutative) Hopf algebra ([23]).

Definition 3.2.18 Let A be a Hopf algebra. The Hopf algebra center HZ(A) of
A is the largest Hopf subalgebra of A contained in

Z(A)y={x € A st. y128(y2) = we(y) Vy € A}

A. Chirvasitu and P. Kasprzak have added in [23] that in the case of bijective
antipodes (which holds for instance in the cocommutative context), the Hopf

algebra center of A can be described as:
HZ(A)={z e A: (ido A)(A(z)) € A® Z(A) ® A}

Remark 3.2.19 The center Z(A) coincides with the classical notion Z,;,(A) of
the center of A seen as an algebra, i.e. Zy4(A) ={z € A sit. ay=yx Vy e A}.
Indeed, to prove that Z(A) C Zy4(A), let us consider x € Z(A), then for all

y € A, we have zy = ze(y1)y2 = y125(y2)ys = y1ze(ye) = yx. To prove
that Zu4(A) C Z(A), let us consider & € Z,,(A), then for all y € A, we have

125 (y2) = 2y15(y2) = ze(y).

Proposition 3.2.20 For a cocommutative Hopf algebra A. Let x: A — [A]
denote the unique morphism associated to the action of A on itself by conjugation,
and x :=U(xz) ® K[xg|. We have

Z(A) = U (kerpie(x1)) ¥4 K [kerary(xa)] = HZ(A)
where
kerpie(xr) = {x € L4 such that [z,a] =0, for all a € A}
and
kercrp(xa) = {9 € Ga such that ga = ag, for all a € A}.

Proof. Let us first prove that HKer(x) = Z(A) C HZ(A). An element x € A
is in Z(A) if and only if x(z1) ® 22 = idjq ® x € [A] ® A. By Remark 3.2.19,
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it suffices to prove that Z(A) C Z,4(A), i.e. zy = yx, Yy € A. For this, let us
denote the action of [A] on A by

P:[Al@A— Apu®x)=uzx
and define the following map for any y € A
ry i [A]@ A= Ary(u® ) = (wy)x

We have 7, (idj 4 ® ) = ida(y)x = yz, and

ry(x(21) ® 22) x(@1)(y)z2
= z1yS(72)73
= zy€e(:2)

= zy.

Since Z(A) is a Hopf subalgebra of A, we obtain Z(A) C HZ(A).

On the other hand one sees that HZ(A) C Z(A) by applying the universal
property of the kernel of x = U(xr) ® K[x¢] which is Z(A), since we have the

equalities
x(a)(h) = a1hS(az) = ha1S(as) = he(a) = e(a)id;g)(h), Ya € HZ(A), Vh € [H].

d



Chapter 4

Research perspectives

4.1 Non-associative cocommutative Hopf algebras

A crucial point in our proof of Theorem 2.1.8 which states that Hopfy .. is a
semi-abelian category is the Cartier-Gabriel-Kostant-Milnor-Moore decomposition
(Theorem 1.4.5) which cannot be extended to the context of Hopf algebras over
a field of non-zero characteristic (see Section 4.2) using the counter-example of
divided power Hopf algebras (see Section 4.2). This theorem has been extended
by V.N. Zhelyabin [55] to the non-associative context, namely to the category of
weakly associative, coassociative and cocommutative Moufang H-bialgebras, over

a field of characteristic zero, that we will denote by MHBialg .o ya-

The H-bialgebras, introduced by J.M. Izquierdo in [49], can be tought of as
non-associative Hopf algebras: associative H-bialgebras are exactly Hopf algebras.
Loop algebras and universal enveloping algebras of Mal'tsev algebras are important
examples of H-bialgebras. The Mal'tsev algebras were introduced by A.O. Mal'tsev
in [39] as the tangent algebras to locally analytic Moufang loops, they are some
generalization of Lie algebras to the non-associative context. The H-bialgebras,

satisfying the Moufang identities for H-bialgebras are called Moufang H-bialgebras.
We will investigate in this section some of categorical constructions in

MHBiang,coc,wa'

Definitions 4.1.1 = Let us consider a non-empty set @) equipped with a map
M: Q x Q@ — @ called the multiplication M, and left and right divisions
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denoted respectively by \ and /. The set Q is called a quasigroup if a(a\b) =
a\(ab) = b and (b/a)a = (ba)/a = b, Ya,b € Q. In case that @ admits an
identity element e, the quasigroup @ is said to be a loop. Morphisms of loops
are maps which preserve the multiplication law (as they always preserve left

and right divisions). The category of loops will be denoted by Loop.

= Aloop (Q,M,e,\,/) is a Moufang loop provided that one of the following
equivalent identities holds in @, Vz,y,z € Q.

8

((y2)z) = (zy)(2)

(y(z2))
x w(yz))x = (vy)(zx)

(z(y=))

—

In a Moufang loop Q, each element = € @ has a two sided inverse 27! =

e/x = xz\e (for a proof, see for instance [20]). The category of Moufang
loops, a full subcategory of Loop, will be denoted by MLoop.

From now, algebras are not supposed to be associative.

Definition 4.1.2 An algebra M with a binary anticommutative bracket operation
[,] is said to be a Mal'tsev algebra if [J(x,y, 2),z] = J(z,y, [z, 2]) in M, where
J(z,y,2) = [[z,v], 2] + [y, 2], ] + [[2, 7], y] is the Jacobian in z,y and z. Mal'tsev
algebra morphisms are maps which preserve the bracket operation. The category of

Mal'tsev algebras over a field K will be denoted by MAlg;,.

Remark 4.1.3 It is clear that any Lie algebra is a Mal'tsev algebra since the

Jacobian is then equal to zero.

The following theorem, given in [18], describes when a variety (in the sense of

the universal algebra) is protomodular.

Theorem 4.1.4 A variety is pointed protomodular if and only if the corresponding
theory contains a unique constant 0 and, for some natural number n € N, n binary

operations o;(x,y) = 0; a (n+1)-ary operations 6 such that
6(&1($,y), ...,Oén(l‘,y), y) =T

Proposition 4.1.5 The categories of Moufang loops and of Mal'tsev algebras are

semi-abelian.
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Proof. By using Theorem 4.1.4, the category of Moufang loops is protomodular
since we can take n = 1, a(z,y) = z/y and 6(z,y) = zy. The category of
Mal'tsev algebras is protomodular since we can take n = 1, a(x,y) = = — y and
O(x,y) = x + y. Then that the categories MLoop and MAlg, are semi-abelian
since they are pointed and a variety is semi-abelian if and only if it is pointed and

protomodular [13]. ]

4.1.1 The category of Moufang H-bialgebras

The category we study in this section is the category of Moufang H-bialgebras over
an algebraically closed field K of characteristic zero, denoted by MHBialg,-. The
objects in MHBialg - are Moufang H-bialgebras, i.e. H-bialgebras satisfying the
Moufang condition, defined by J.M. Pérez-lzquierdo in [49], which we are going to

recall now.

In this section, a bialgebra B over a field K will mean a 5-tuple (B, M, u, A ¢)
where (B, M, u) is a non-necessarily associative and unital algebra and (B, A, ¢€) is a
coassociative and counital coalgebra, such that these two structures are compatible,

in the sense that maps M and u are coalgebra morphisms.

Definition 4.1.6 = A bialgebra (B, M,u, A, ¢) is an H-bialgebra provided that
it is equipped with two bilinear mappings \: B®& B — Band /: BB — B
called respectively the left and right divisions and satisfying Ya,b € B
a1)\(ag2)b) = e(a)b = aq)(a@)\b) and (bar))/a(2) = €(a)b = (b/a())ac)

= A H-bialgebra (B, M,u,A,¢,\,/) is a Moufang H-bialgebra if the following
identities hold Vz,y, z € B:
) (WE@?2) = (Covre)z  ((ze)v)re = 2(z0)(Yre))
1) (W2)e) = oY) re) (20 @2)re = @0y (@)

These identities are obtained by the linearization of Moufang identities on a

Moufang loop, all these identities are also equivalent as shown in [49].

= Morphisms in the category MHBialg; are morphisms of bialgebras, pre-

serving left and right divisions.

= Let B be a H-bialgebra. We define by

Q(B):={qe€ B|A(q) =q®q,e(q) =1}
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the set of loop-like elements of B, and by
PB):={beB|A(b)=b®1+10b}

the set of primitive elements of B.

= The H-bialgebra B is said to be weakly associative provided that
Va,y € P(B),Vg,h € Q(B), we have

(z,y,9) = (vy)g — x(yg) = 0 = z(gh) — (vg)h = (v, g, h)

= The category of cocommutative and weakly associative Moufang H-bialgebras

will be denoted by MHBIalgy .,. 1a-

Proposition 4.1.7 [49] Let (B, M, u,A,¢€) be a bialgebra. There exists maps
\: B&B — Band /: B B — B such that (B, M,u,A/¢,\, /) is an H-bialgebra
if and only if the left and right multiplication are invertible in Hom(B, End(B)).

In that case the operations \ and / are uniquely determined.

The following proposition explains how H-bialgebras are a good generalization

of Hopf algebras to the non-associative context.

Proposition 4.1.8 An associative H-bialgebra B is a Hopf algebra. Moreover, we
have: a\b = S(a)b and a/b = aS(b), Va,b € B, where S denotes the antipode
defined by S(b) =b\1=1/b, Vb € B.

J.M. Pérez-lquierdo has also proved that the loop-like [49] and primitive elements

[43] of H-bialgebras gives also a good generalization to the non-associative context.

Proposition 4.1.9 For any Moufang H-bialgebra (B, M,u,A¢,\,/) the set
(Q(B),M,u,\,/) is a Moufang loop.

Proposition 4.1.10 For any Moufang H-bialgebra (B, M,u,A ¢, \,/) the set
(P(B),M,u,\,/) is a Mal'tsev algebra.

Theorem 4.1.11 (Non-associative Milnor-Moore Theorem) [49] Over a field of
characteristic zero, any cocommutative H-bialgebra B generated by P(B) is
isomorphic to the universal enveloping algebra of the Mal'tsev algebra P(B), i.e.
B=U(P(B)).
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Theorem 4.1.11 and an extended version of the Cartier-Gabriel-Kostant-Milnor-
Moore decomposition, proven by V.N. Zhelyabin [55], are very important elements

for extending our second chapter’s results to the non-associative context.

4.2 Assumption on the characteristic of the field K

Even if the protomodularity and the descriptions of binary products and equalizers
in Hopf ... doesn't involve the field characteristic, we would like to outline here
that our proof giving that the category Hopf i . is semi-abelian (Theorem 2.1.8)
is crucially based on Theorem 1.4.16 which doesn’t hold for fields of non-zero
characteristic. Moreover, Newman'’s bijective correspondance between left bi-ideals
and Hopf subalgebras in the cocommutative context (Theorem 1.2.36) is also based
on Theorem 1.4.16.

Example 4.2.1 A counter-example to Theorem 1.4.16 for Hopf algebras over a
non-zero characteristic field is given by the divided power Hopf algebras over a field
of characteristic p (p prime). Let H be a K-vector space with basis {c¢;, i € N} on

which we consider the following Hopf algebra structure:

m

Alen) = Zci & Cm—i

=0

and the counit given by ¢(c,,) = o, for any m € N. The multiplication given by

CnCm = (”Zm)cn+m for any n,m € N, extended by linearity to all H.

The bialgebra H has an antipode: since H is cocommutative, it suffices to
show that there exists a linear map S: H — H such that ZS(hl)hg =¢e(h)1
for any h in a basis of H. We define Vn € N, S(¢,,) = (—1)"¢c,. One can verify
that H is irreducible as a coalgebra but it is not generated by primitive elements
since P(H) = K[c1].

Example 4.2.1 makes it difficult to extend Theorem 2.1.8 to the case of cocom-

mutative Hopf algebras over an arbitrary field K.
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