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Abstract

Geometrical domains characterising the degreeseefibm of a structural system within the context
of Maxwell’s reciprocal representation of force aggbmetry are likely to provide indicators of the
constitutive elements of structural robustnesauchtral robustness is defined as the “insensititaty
local failure”. This definition emphasises the sture’s capacity for force redistribution and the
possibility of finding alternative load paths instructure. Features linked to resistance and the
redistribution of forces are likely to be modelleg load path, struts and ties or thrust lines, elus
geometrical thinking.

Since most methods proposed today for assessingrabestness of structures are based on
probabilistic approaches, they are of limited iagrfor the design phase. Of the few approachés tha
have adopted a deterministic formulation, all pdeva type of survey that is based on an in-depth
analysis of the structure once it has been desjgrmrding to specific scenarios. A central chajie
should be to manage the issue of robustness eddrarg the design process, or even to be able to
interact with a model of the future structure iml@nrto adjust the features of robustness. Thismpape
explores the ability of geometrical domains to asssome of the relevant elements of structural
robustness in terms of design in order to chariset¢he capacity of structures to redistribute dégrdt
compares indicators linked to the area of theseailtsnBased on case studies, this quantification of
the structural provision is then compared with @edi of deterministic and energetic criteria cutyent
proposed in literature to quantify structural rainess.

Keywords: robustness, graphic statics, structural desiguot-and-tie modelling, thrust lines, force
redistribution
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1. Introduction

Most methods proposed today for assessing the trdmss of structures are based on probabilistic
approaches (Cacawbal. [1]). Of the few that have adopted a determinifienulation, all provide a
type of survey that is based on an in-depth amalgéithe structure once it has been designed,
according to specific scenarios. A central chakkemy structural design is to manage the issue of
robustness earlier on in the design process, on beeable to interact with a model of the future
structure in order to adjust features of robustn€hss paper contains an overview of a geometrical
approach for evaluating constitutive elements oficttiral robustness. This research is linked to
modelling methods and the analysis and refinemérgtroictural designs using geometrical tools
almost exclusively, even if they are implementedhi®ans of computers and dynamic geometry. This
is a way of simplifying analyses and making themrengsual, enabling the designer to interact with
the structure during the early stages of its design

The paper begins with a literature review of methtal assess robustness issues and explains how
they have been interpreted in the context of thergdrical approaches taken. It then introduces the
geometrical methods that provide the origin of té&metrical approach to robustness (Fivet and
Zastavni [2]). A characterisation of two case stgdis then presented to highlight the major feature
of the geometrical results when considering undadagnd damaged structures. Elements of
deterministic and energetic approaches are theromxp and compared with the geometrical
assessment. The paper finally provides concluséos future recommendations with regard to the
advocated approach.

2. Theissueof robustnessin literature

A series of methods are proposed in literaturehtaracterise robustness (Cacatal. [1]; Sorensen

et al. [3]). Four major approaches can be identified: -bsked, probabilistic, deterministic and
energetic approaches. Risk-based approaches ahdhilistic approaches are adopted by specialists
and require very specific methods. In short, prdistic approaches can be evaluated by a relighilit
based index linked to redundancy that compareptbigability of ruptures as in Frangopol & Curley
[4]:

RI= Pf (damaged ) Pf(intact)
P

f lintact) (1)

Risk-based approaches are based on a comparistineof and indirect risks (Baker, Schubert and
Faber [5]):
R

Dir
+R

Ind (2)
They are said to be of limited practical interesprienseret al. [3]). This is certainly the case at the
design stage. Deterministic and energetic appr@aghevide indicators produced by structural
analyses. They will be used below as referenceébarassessment of the two case studies presented
here.

1
rob
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2.1. Deterministic approaches

A deterministic approach is proposed by Frangopal &urley [4] as the application of a reserve
strength factor based on the Residual InfluenceaoFamsed in the offshore industry. It compares the
structural capacity of intact and damaged strustuieere an element has been completely damaged.

A simple way of appropriating this approach is toimpare the load capacity of damaged and intact
structures according to chosen scenarios:

L

R= intact

L

intact Ldamaqed (3)

2.2. Energetic approaches

Energetic approaches classically consist in calicgahe deformation energy (work of failure) of a
structure led to failure (Smith [6]). It consista integrating the space below the curve that
characterises the stain-stress relationship oftitueture up to the collapse point.

The energetic approach considered here was slighitgrent and was adapted from the deterministic
approach of Starossek and Haberland [7,1]: R=riax j (B /E: )

where E; is the energy released by the initial failure owfedement j and available for the damage
of the next structural element k, ang s the energy required for the failure of the nstxtictural
element k. The appropriation of the method in #iigdy consisted in dividing the structure into its
elements. The most fragile element was researchéeiag the one that reduced stiffness most. For a
model made of bars, the stiffness matrix was catedl and Kx = f was solved. The deformation
energy of the system was 1/2 K x. The structural elements i considered in thensrios were
removed and Kx; = f was calculated. The difference in deformagmergy in each structural element
was calculated with the deformation energy befowt ater the element was removed.

3. Geometrical domains of available equilibriums

The originality of the approach depicted in thispga comes mainly from its use of graphical
representations of solution spaces within recigrd@grams. An introduction to these concepts can
be found in Deschuyteneer, Zastavni and Fivet §t#] Fivet and Zastavni [8].
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Figure 1: The shaded area in the force diagrarhtrig the solution space of the node p* such that
the strut-and-tie network (left) is not more thamétre high and the magnitudes are below 10kN.
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4. Geometrical approach to robustness

Robustness is defined as “insensitivity to locélfa” (Starossek [9]). This definition emphasisks
capacity of force redistribution in a structure.dther words, it is about the possibility of findin
alternative load paths in a structure.

Under certain conditions, the geometrical domanesgnted above are a convenient tool for exploring
the possible redistributions of forces in a stmut-éie model or a model made of thrust lines, and
hence for characterising its robustness. The dwstition is the necessary aptitude in the strector
developing a plastic redistribution of forces sattthe lower bound theorem of plastic design can be
applied. Such behaviour is commonly assumed fal Stames, concrete frames, arches and shear
walls, masonry structures, timber with screw oe#uted rods etc.

4.1. Presentation and methods

According to the analysis of dimensions of robussnproposed by Knoll & Vogel [10, 11], five
dimensions of robustness are likely to concerndasign more directly: strength, second line of
defence, multiple load paths and redundancy, ssBrconsiderations and post-buckling resistance.

Of the 16 strategies proposed by the Knoll and VYaget all of them are applicable simultaneously.
Some of them are related to the ductility of theicure or its constitutive elements, making a link
with the theorems of plastic design that provide shope of application of the approach presented in
this paper. Others are specific to the erectiothefstructure, its life and maintenance, or disvept
elements to be implemented.

Implementing the dimensions related to robustnesimg the design — geometry and dimensioning —
means (inter)acting with the design, with key midegs mainly associated with the designer’s
experience. Features linked to the resistance edidtribution of forces are likely to be modelleg b
load paths, struts and ties or thrust lines, cltoggeometrical thinking.

The key idea is to associate a load path madewgsties and/or thrust lines with the structuinethe
context of constraint-based graphic statics, allde/estresses and spatial limits are likely to be
represented by geometrical constraints appliediolbad path. The extent to which a node of this
load path is free to move can then be seen as aumeaf the model’s capacity to redistribute loads.
The assumption will be that the integral (in thetmeanatical meaning of a sum) of relevant
characterising domains represents an interactiasuore of the total level of robustness.

5. Application to study cases

The analysis of the geometrical domains charaaterisvo structures is here performed for different
scenarios of integrity: the whole intact structwatiations due to damages and variations of design
geometry. The first set of scenarios referred tomparison of the capacity of redistribution betwee
the undamaged structure and damaged structuresdawgpdo several scenarios. The second series,
implementing geometrical variations, showed thduarice of design choices on the capacity to
redistribute loads and hence robustness. Herextieait of geometrical domains was understood to be
a constitutive dimension of the robustness. Thediudy cases analyse (1) a concrete shear wall with
openings and (2) theonte della Musica in Rome, Italy.
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5.1. Casestudy 1: Concrete shear wall

The first case study is adapted from the classiangte developed by Schlaich, Schafer and
Jennewein [12]. The original example is a sheal vesting on its two extreme sides, including a
square opening near to the left support and lodged vertical punctual force at around 3/5 of its
length. In this analysis, to complicate this almtatial matter and turning it into a real struaur
issue, the square opening became a door at thenboftthe structure and a new rectangular opening
was added to the upper part of the structure. dhdihg scheme included seven punctual forces of

varying magnitude.
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Figure 2: Shear wall and geometrical domains othigalighted pole: damage of the column-support
(Z3), damage of the support to the right of theasheall (Z1), and displacement of the reactions
under the wall in different parts of the wall (Z4). The scenario corresponding to the reactiooe®r
as represented in the right-hand figure is linkeed2 for a domain of 0,817 MN2.

Struts and ties are modelled inside a non-Berriashiéar wall (Fig. 2, right). The analysis of the
structure as presented here is partial since it oohsiders a few characteristic typologies oualbf
the possible strut-and-tie models. The final glad@ain would be the sum of all the possible sub-
domains for a given set of strut-and-tie models.

In this case, the set comprises the following $tma¢ mechanisms: vertical struts supported bya ti

arch (Fig.2), inverted arch (Fig.3 a), three bramglsystem (Fig.3 b) and fan-like suspended lodd pa
(Fig.3 c). The study of these various domains h#étesmodification of the structural configuration.
For instance, new load paths can be allowed byngddtinforcement, which will consequently
increase robustness.
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Figure 3: (a, b and c) domains resulting from vasitbad-paths.
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The analysis of the basic structural working — ¢utar compressed load path — has also been tested
with an increased door in order to simulate chamjesymmetry of the shear wall (Fig. 4). This can
be considered as a design variant of positioniegetige of the door otherwise.

R TR TN

[pelm= O,

Z4=1.255 MN*
Z9 =0.988 MN*

Figure 4: Shear wall and geometrical domain coweding to the pole of the discharging arch when a
variant in the design is taken with a thin columnhe form diagram of Fig

The geometrical analysis shows a sensible reduofitime possible variation of the pole in the cake

a damaged support (Z3 only in Fig. 2) correspondmd,592 MN2 compared to an undamaged
arrangement (Z4 in Fig. 2). The geometrical Z4 dioneharacterises the possibility of finding
variations in the drawing of the load path leadimg forces to the support.

If, for instance, the supporting left column disapps, the domain moves. Similarly, if the width of
the left column is modified (Fig. 4), the possiblse geometrical domain of (Fig. 2) is displacdte T
domain will be reduced in comparison to the basmado of Z4. It is therefore a worse option for a
robustness-oriented design. Diagrams may also shewases where there is no solution according to
the design constraints, or where the existence suflation requires an increase in the magnitude of
forces (constrained by the circular boundaries)thedefore a revision of the dimensioning.

In summary, a correlation can be shown betweeraptiéude of the structure to redistribute forces —
comprised as an indicator of some constitutive disiens of the robustness — and a geometrical
characterisation of the permittadariations of the position of nodes constitutingstaut-and-tie
modelling of the structure.
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5.2. Casestudy 2: Pontedella Musica

The Ponte della Musica in Rome (Fig. 5) was built in 2011 in Italy by tlechitect Kit Powell-
Williams and engineers C. Lotti & Associati and BHappold. It is a hybrid typology between a steel
arch bridge and a bow-string bridge with a cleaanspf 130m. The hangers are made of rigid steel
profiles moving forwards towards the longitudinantral symmetrical axis of the structure. The
bridge is used as a footbridge, but is likely toused to carry buses and trams as well. The exercis
consists in simulating the possible redistributiofisorces in the arch according to different suppo
conditions. Finally it compares these redistribasiovith those allowed when some of the hangers
sustaining the deck are damaged.

e
= e =
11

Figure 5:Ponte della Musica, Rome 2011, Powell-Williams, Lotti & Associati aBdiro Happold

Firstly, the bridge’s bending resistance is analygending forces are modelled as thrust lines, the
off-centring of which is related to the magnitudietibe axial compression forces (Fig. 6). Using
graphic statics, the geometry of this thrust liseactually defined by a single point in the force
diagram. The domain of this point consequently im® all the possible configurations of bending
resistance. Other domains are then generatedtéedlstructures in which hangers are damaged. In
the first instance, the structural collaboratiotwsen hangers and the arch are neglected.

Figure 6:Ponte della Musica: resistance to bending forces shown in blue aseftring, with a
possible thrust line in the case of limited bendimiges in the support.
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The result of the analysis (Fig.7) shows a domdih) (of 18,8 MN2 for the pole of the thrust line,
defining the extent of possible geometries forldaa path in the case of symmetrical loading. k& th
case of damage to four central hangers (Z2), thisain is reduced by 24 % to 14,4 MN2, but still
allows multiple load paths — and in the case of aigento three lateral hangers (Z3), this domain is
only reduced by 9 % to 17,2 MN2. This shows th& Htenario reveals less damagh a view to
redistributing forces. Under asymmetrical loadintjse intact structure (Z4) has the ability to
redistribute load paths to an equivalent of 16,42NlBY % of the symmetrical referenceg, slightly
less than the reference maximum symmetrical loadivigere the four central hangers are damaged
(Z5), the domain becomes 11,7 MN2 (71 % of the amgirical reference and 62 % of the
symmetrical reference) and in the case of damadlré® lateral hangers (Z6), this domain is 16.35
MN2 (99 % of the asymmetrical reference and 87f¥h® symmetrical reference).

L
.

3

Z3=17.2 MN?
Z1=18.8 MN?

—

, o [ Z4=16.4 MN*
Z2=14.4 MN { Z5=11.7 MN?

Z6=16.35 MN*

Figure 7: Ponte della Musica, domains for diffedeaidings and levels of damage: intact with
symmetrical load (Z1) and with asymmetrical load)2 central hangers removed with symmetrical
load (Z2) and with asymmetrical load (Z5); 3 latdrangers removed with symmetrical load (Z3) and

asymmetrical load (Z6).

The slightly different position of this asymmetiliclomain demonstrates the ability of the structare
redistribute bending forces on both sides of theh,aenabling the reduction of the domain to be less
significant.
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6. Comparison of deter ministic and ener getic approachesto robustness

6.1. Deterministic approach: Ponte della Musica

A simulation was undertaken for the previous 6edéht cases in order to obtain the ratio of service
loadings that would lead to the failure of the stawe. The structure is modelled as an arch for a
maximum bending resistance of 29,6 MN.m (considgtire axial compression force in the arch) in
steel tubes and 146 MN.m in the concrete basehefarch, with an elastic embedding in the
foundation of 60 MN.m/degree enabling a plastiastebution of forces. The results are given below:

Multiplying coefficient Symmetrical Q Asymmetrical Q
Intact 23,8 2,49

4 central hangers damaged 3,93 1,84

3 lateral hangers damaged 4,13 2,05

The factor for the symmetrical loading was quiteyéa leading to a complex comparison between the
different cases. If the 74 % reduction between daenaged and undamaged structure in the
asymmetrical case is taken as a temporary referaheereduction is 77 % in the geometrical

approach (symmetrical loads). However without mameestigation the comparison cannot be

maintained further between these different indices.

6.2. Energetic approach: Ponte della Musica

The energetic approach used here is a stiffnesdbaeasure of robustness expressed in energies
computed as described above in paragraph 2.2. akescand the energies obtained for services
loading are:

Energies[MJ] Symmetrical Q Asymmetrical Q
Intact 0,308 0,254
4 central hangers damaged 0,369 0,321

The cases and the energies obtained for yieldiagihy (as computed in 6.1) are:

Energies[MJ] Symmetrical Q Asymmetrical Q
Intact 174,56 1,58
4 central hangers damaged 5,82 1,09

During the service phase, the total asymmetricif@pis half the symmetric total loading, so for a
similar total loading, energies in the asymmetasewould be greater. As has been seen in 6.1, the
damage occurs earlier if loading is asymmetricalthe work is reduced. A comparison between the
undamaged and damaged bridge shows that the enémgformation is greater in the latter case,
since there would be greater deformations betwhenrstart and the point when the failure occurs.
Again, it is observed that both measures — the g&dcal domain approach and the energetic
approach — are not directly correlated, as theynatecorrelated to the deterministic approach shown
in 6.1. Nevertheless, a similar evolution betwe#feEnt measures can be observed, but at variable
scales. The impact of the asymmetrical loadinghiseoved for the two approaches, but to a rather
different extent. Indeed, one analysis refers ® ¢bmplete structure (energetic approach) and the
other to the extent of the possible redistributibioad paths. The parallel evolution of the indica

of both approaches cannot be sustained furtherouitmore extensive research and an attempt to
correlate these measures more closely.
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7. Comparison through direct resultsand indices

7.1. Comparison of the variousresults

Four types of values characterising the robustmesshere analysed: a geometrical approach, a
deterministic approach and two energetic approaahes assessing the service state and the other
assessing the star of yielding. These approachepae very different types of magnitudes. The
geometrical approaches compare only forces, réulisitng load paths while loadings are maintained;
the deterministic approach considers only forcaty Wwad paths unchanged and loadings multiplied
to reach yielding; energetic approaches consideefoand displacements, with load paths unchanged,
one during service state, and the other multiplgedlings to reach the yielding state. This produces
quite different values and extents as well.

7.2. Comparison through indices

Two families of indices are proposed in the litarat

Type A: |[1___oo]: Kirtact according to Frangopol and Curley [4] or Bakerh@mert and
Xintact - Xdamaged

Faber [5] where X is the values to be compared. Wérergies growing with damage are considered,

X damaged— Xintact r€places the denominator.

SLS SLS Yield limit Yield limit
Indices of robustness Geometric Energetic Energetic Deterministic
Symmetrical loading 4 centre damaged 4.27 5.05 1.03 1.2
3 side damaged 11.9 (lacking) 111 1.21
Asymmetrical loading 4 centre damaged 3.49 3.79 3.22 3.83
3 side damaged 328 (lacking) (lacking) 5.66

Type B: |[0___1]:1_M according to Frangopol and Curley [4jth X the values to
xinlacl
compare. When energies are considered the numéatomes ¥maged— Xintact

SLS SLS Yield limit Yield limit
Indices of robustness Geometric Energetic Energetic Deterministic
Symmetrical loading 4 centre damaged 0.77 0.8 0.03 0.17
3 side damaged 0.92 (lacking) 0.1 0.17
Asymmetrical loading 4 centre damaged 0.71 0.74 0.69 0.74
3 side damaged 0.99 (lacking) (lacking) 0.82

8. Conclusions and per spectives
This paper presents a geometrical approach to &eationstitutive elements of structural robustness
and compares it to other indices from literaturiee §eometrical approach proposed here proves to be
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of interest during the design phase since it presvid qualitative summary of the possible load path
redistributions. The analysis shows that the nadfittie indices used in literature greatly differce

they are related to very different types of magietss The geometrical index as proposed here is no
exception. However the analysis shows that wherirptite form of indices, their relative magnitude
and evolution show similar evolutions according ttee different parameters. This unexpected
observation shows that their characterisation efrémaining robustness nevertheless appears to be
convergent. However, further research must be edhrto confirm the meaningfulness of these
comparisons.
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