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VIETORIS ENDOFUNCTOR FOR CLOSED RELATIONS
AND ITS DE VRIES DUAL

MARCO ABBADINI, GURAM BEZHANISHVILI, AND LUCA CARAI

ABsTrACT. We generalize the classic Vietoris endofunctor to the
category of compact Hausdorff spaces and closed relations. The
lift of a closed relation is done by generalizing the construction of
the Egli-Milner order. We describe the dual endofunctor on the
category of de Vries algebras and subordinations. This is done in
several steps, first by generalizing the known endofunctor on the
category of boolean algebras and boolean homomorphisms, then
lifting it up to S5-subordination algebras, and finally using Mac-
Neille completions to further lift it to de Vries algebras. Among
other things, this yields a generalization of Johnstone’s pointfree
construction of the Vietoris endofunctor to the category of compact
regular frames and preframe homomorphisms.

1. INTRODUCTION

Hyperspace constructions are among classic constructions in topology
[2I] with numerous applications [23]. One of the most famous is taking
the Vietoris space V(X) of a compact Hausdorff space X. It is well known
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[30, Sec. III.4] that this defines an endofunctor V on the category KHaus
of compact Hausdorff spaces and continuous functions.

In recent years there has been some work on generalizing KHaus to
the category KHaus® of compact Hausdorff spaces and closed relations
(4], [33], [39], [12], [1]). One advantage of KHaus" is that it is more
symmetric. In particular, KHaus® is a dagger category (see, e.g., [12]
Rem. 3.7]). It is then natural to try to generalize the Vietoris endofunctor
to an endofunctor VR: KHaus® — KHaus®. This is one of the aims of the
present paper.

If f: X — Y is a continuous function between compact Hausdorff
spaces, then its lift V(f): V(X) — V(Y) is defined by Vf(F) = f[F],
where F is a closed subset of X and f[F] is the f-image of F in Y.
We observe that if R C X x Y is a closed relation, then the lift VR(R)
can be defined by generalizing the well-known Egli-Milner order, which
originates in domain theory (see, e.g., [43} p. 224]). More precisely, if
F C X and G CY are closed sets, then we define VR(R) by

FVR(R)G < G CR[F]and F C RG],

where R[F] is the R-image of F in Y and R™![G] is the R-inverse image
of G in X. We show that this defines an endofunctor VR: KHaus® —
KHausR, which restricts to the Vietoris endofunctor V: KHaus — KHaus
(see section [2).

In pointfree topology there is a well-known duality between KHaus and
the category KRFrm of compact regular frames [29] (see also [6] and [30,
Sec. I11.1]), known as Isbell duality. It is obtained by associating with
each compact Hausdorff space X the frame O(X) of opens of X. In [30,
Sec. I11.4], Peter T. Johnstone described an endofunctor J: KRFrm —
KRFrm dual to V: KHaus — KHaus (see also [31]).

Isbell duality extends to a duality between KHaus® and the category
KRFrmP of compact regular frames and preframe homomorphisms ([44],
[33]). While it is possible to extend Johnstone’s endofunctor to an end-
ofunctor JP: KRFrmP — KRFrmP that is dual to VR, the construction is
less elegant. Indeed, for L € KRFrm, the frame J(L) is constructed as
the quotient of the free frame over the set {O,,<, | a € L} by appro-
priate relations [30, p. 112]. Then J(L) is a compact regular frame and
the functoriality of J follows since every frame homomorphism preserves
arbitrary joins and finite meets [30, pp. 113-115]. Since KRFrmP is a
wide subcategory of KRFrm, to define JP(L) we do not need to change
the construction of J(L), but the functoriality of J* becomes a non-trivial
issue because preframe homomorphisms do not preserve arbitrary joins
(see Remark [8.15). We instead take a different route.
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There is another duality for KHaus that is closely related to Isbell
duality. It is obtained by associating with each compact Hausdorff space
X the boolean frame RO(X) of regular opens of X equipped with the
proximity relation given by U < V if and only if c/(U) C V. This yields
a duality between KHaus and the category of pairs (B, <) where B is a
boolean frame and < is a proximity relation on B. These pairs are known
as de Vries algebras, the resulting category is denoted by DeV, and the
duality between KHaus and DeV is known as de Vries duality [I8] (see
also [§]).

Since both KRFrm and DeV are dually equivalent to KHaus, the two
categories are equivalent, and the equivalence is obtained through the
booleanization B: KRFrm — DeV [9]. The endofunctor J: KRFrm —
KRFrm then gives rise to an endofunctor on DeV that is dual to the
Vietoris endofunctor on KHaus. A direct pointfree construction of this
endofunctor, without utilizing J, remained an open problem [I0, p. 375].
The approach we develop in this paper, among other things, leads to a
solution of this problem (see Remark .

In [1], we extended de Vries duality to KHaus®. For this we worked
with subordination relations, which originated in [II]. We introduced the
category BAS whose objects are boolean algebras and whose morphisms
are subordination relations between them (see section . Let StoneR be
the full subcategory of KHaus® consisting of Stone spaces. Then Stone
duality extends to an equivalence between BAS and Stone® ([17], [36],
[I]. Using the machinery of allegories [22] yields an equivalence between
KHaus® and the category whose objects are pairs (B,S) where B is a
boolean algebra and S is a subordination relation on B satisfying axioms
that generalize the axioms of an S5-modality, which plays a prominent
role in modal logic [14]. Because of this connection, we termed such pairs
(B, S) S5-subordination algebras and denoted the resulting category by
SubS5° |1, p. 8]. The category DeV® is a full subcategory of SubS5°
consisting of de Vries algebras. It turns out that DeV® is equivalent to
KHaus® and, hence, to SubS5° [, p. 12]. In fact, the equivalence between
SubS5° and DeV® is obtained by generalizing the well-known MacNeille
construction to S5-subordination algebras [2].

In this paper, we define an endofunctor on SubS5° which is dual to the
Vietoris endofunctor VR on KHaus®. This we do as follows. In [47], the
authors define the endofunctor K on the category BA of boolean algebras
that is dual to the Vietoris endofunctor V on the category Stone of Stone
spaces. One of our main technical results lifts this endofunctor to the
endofunctor KS on BAS (see section . In section [7, we show that K is
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equivalent to VR on Stone". Finally, in section |8} we lift K° to an endo-
functor on SubS5% which is equivalent to VR on KHaus®. We then show
that composing the MacNeille completion functor with this endofunctor
yields an endofunctor > on DeV® which is also equivalent to VR.

This resolves the problem mentioned above in the more general setting
of the category SubS5° and its full subcategory DeV>. In [3], we show how
this yields a solution of the problem for the category DeV by utilizing the
technique developed in [IJ.

2. THE VIETORIS ENDOFUNCTOR ON KHaus®
We start by recalling the classic Vietoris construction.

Definition 2.1. Let X be a compact Hausdorff space and O(X) the frame
of opens of X. The Vietoris space of X is the space V(X) of closed subsets
of X topologized by the subbasis {0y |U € O(X)}U{Cy | U € O(X)},
where

Oy ={FeV(X)|FCU}and Oy = {F e V(X) | FNU # &}.

For a continuous function f: X — Y between compact Hausdorff
spaces, define the function V(f): V(X) — V(Y) by V(f)[F] = f[F] for
each F' € V(X). It is well known (see, e.g., [30, p. 112]) that this defines
an endofunctor on KHaus which we denote by V.

The following useful lemma is well known (see [30, p. 112]).
Lemma 2.2. Let X € KHaus and U C O(X). Then

Onu =({Cu | U €U} U finite,
Oyu =U{Ou | U €U} U directed,
Syu =U{Cu | U €U} U arbitrary,
Hyuv € Op U Oy,

IjU N <>V g <>UmV.

As a simple consequence of Lemmal[2.2] we obtain the following lemma.
Lemma 2.3. The following is a basis for V(X):
{OunOy, N---NOy, |UV,...,V, € O(X) and Vq,...,V,, CU}.

We recall that a relation R: X — Y between compact Hausdorff spaces
is closed if it is a closed subset of X x Y. Let KHaus® be the category
of compact Hausdorff spaces and closed relations between them. Identity
morphisms in KHaus® are identity relations and composition is relation
composition. Our goal is to lift V to an endofunctor on KHausR. For this,
we generalize the definition of the Egli-Milner order [43], p. 224].
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Definition 2.4. Let R: X — Y be a closed relation between compact
Hausdorff spaces. Define Rg, Reo, and Rpy from V(X) to V(Y) as
follows:

(1) F Ra G iff G C R[F],

(2) FRe Giff FC RG],

(3) Rem = Ro NRe.

In order to show that these relations are closed, we utilize the following
lemma (see, e.g., [IT, Lem. 2.12]).

Lemma 2.5. For a relation R: X — Y between compact Hausdorff
spaces, the following are equivalent:

(1) R is closed,

(2) R[F] is closed for each closed F C X and RG] is closed for
each closed G CY,

(3) (z,y) ¢ R implies the existence of two open neighborhoods U, and
U, such that R[U,)NU, = @.

In order to simplify notation (see Proposition 2.6 and Proposition 7.1),
for F C Z, we write —F to denote the complement of E in Z.

Proposition 2.6. The relations Ro, Re, and Rey are closed.

Proof. To see that Rp is a closed relation, it is enough to show that
Lemma is satisfied. Let (F,G) ¢ Ro. Then G € R[F]. Therefore,
there is * € G such that x ¢ R[F]. Since R[F] is closed, there are
disjoint open sets U and V such that x € U and R[F] C V. Thus,
FC-R'-V,s0o FeUO_p1_y. Also, GNU # @, s0 G € Opy. We
show that RD[D,Rf1,V] NOoy =o. If K € Rg [D,R—I,V] N <y, then
K NU # @ and there is H € O_g-1_y such that H Rg K. Therefore,
HC -R!'—-Vand K C R[H]. From H C —R™! — V it follows that
R[H] C V, so K C V, which together with K N U # & implies that U
and V are not disjoint, a contradiction. Thus, Rg is closed.

To see that R is a closed relation, we again show that Lemma [2.5((3)
is satisfied. Let (F,G) ¢ Ro. Then F ¢ R™[G]. Therefore, there is
x € F such that ¢ R™'[G]. Since R™![G] is closed, there are disjoint
open U and V such that 2 € U and R7}[G] C V. Thus, FNU # @ and
G C —R—V. This implies that F' € Oy and G € O_g_y. We show that
R(}[OU} NO_gr_y=2. f K € RQ[OU] NO_gr_v, then K C —R—V and
there is H € Oy such that H Re K. Therefore, R~ K] CV, HNU # @,
and H C R7![K]. Thus, H CV and H NU # @, which contradicts that
U and V are disjoint. Consequently, R is closed.

Finally, since both Rg and R¢ are closed relations, so is their inter-
section; hence, Rgys is a closed relation. O
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Definition 2.7. For a morphism R: X — Y in KHaus®, define
VR(R) = Ra, VR(R) = Ro, and VR(R) = Rpu.

We next show that VR and VR are semi-functors, while VR is an end-
ofunctor on KHaus®. We recall that, given two categories C and D, a
semi-functor F': C — D is an assignment that maps objects of C to ob-
jects of D, morphisms of C to morphisms of D, and preserves composition
(see, e.g., [26], [28]). The notion of a semi-functor is weaker than that of
a functor since identity morphisms are not required to be preserved.

Theorem 2.8.

(1) VR, VR : KHaus® — KHaus® are semi-functors.

(2) VR is an endofunctor on KHaus® which restricts to the Vietoris
endofunctor V on KHaus.

(3) Each of the three restricts to StoneR.

Proof. That VB and VR are well defined follows from Proposition
Let Ry: X1 — X5 and Ry: X5 — X3 be morphisms in KHausR, and let
F C X1, G C X5, and H C X3 be closed subsets. If F VR(R;) G and
G VR(Ry) H, then G C Ry[F] and H C Ry[G]. Therefore,

H C Ry[G] C Re[Ra[F]] = (Rz 0 Ry)[F],

and thus, F VR(Ryo0Ry) H. Conversely, if F VR(Ryo R;) H, then
H C Ry[R1[F]]. Let G = R1[F]. Then G is a closed subset of X5 such that
G C Ri[F] and H C Ry[G]. Therefore, F VR(R;) G and G VB(Ry) H.
Thus, VR(Ry 0 R;) = VR(Ry) o VR(R;). The proof for V§ is similar.
That VR is well defined follows from Proposition It is an im-

mediate consequence of the definition of Rzjs that VR preserves identity
relations. If F VR(R;) G and G VR(Ry) H, then

G C Ri[F], F C R{'[G], H C Ro[G], and G C Ry '[H].

The same argument as in yields that F VR(Ry 0 Ry) H. Conversely,
let F C X; and H C X3 be closed subsets such that I VR(R2 o Ry)
H. Then H C Ry[Ry[F]] and F C R;'[R;'[H]]. Since R; and R, are
closed relations, G := R;[F] N Ry '[H] is a closed subset of X». We show
that F VR(R;) G and G VR(Ry) H. The definition of G yields that
G C Ry[F] and G C Ry'[H]. Since H C Ry[Ry[F]], for each z € H
there are x € F and y € X5 such that * Ry y and y Rs z. Therefore,
y € Ry [FINR,'[H] = G. Thus, H C Ry[G]. Similarly, F C R, '[R; '[H]|
implies F C R, '[G]. Consequently, F VR(R;) G and G VR(R,) H. This
shows l;chatt VR preserves compositions and, hence, is an endofunctor on
KHaus™.
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If f: X; — Xy is a continuous function, then F' C f~![G] if and only
if f[F] C G. Therefore, F VR(f) G if and only if G = f[F], and so VR(f)
is the function that maps F € V(X;) to f[F] € V(X3). Thus, VR extends
the Vietoris endofunctor on KHaus.

It is well known (see [38], Sec. 4]) that if X is a Stone space, then
V(X) is also a Stone space. Consequently, VR, V& and VR restrict to
Stone". |

Remark 2.9. The semi-functors VR and V& do not preserve identity.
Indeed, if R is the identity relation on X, then F' Rg G if and only if
G C F and F Re G if and only if FF C G. Therefore, if X # &, then
neither R nor Re is the identity on V(X) in KHaus".

We recall that a dagger on a category C is a contravariant functor
(—)f: C — C that is the identity on objects and the composition (=) o
(=)' is the identity functor on C (see, e.g., [27, p. 74]). It is well known
and easy to see that mapping a closed relation R: X — Y to its converse,
which is clearly a closed relation, defines a dagger on KHaus®. We con-
clude the section by observing that VR and VR are definable from each
other using (—)T, and that VR commutes with (—)T.

Proposition 2.10.
(1) VB o (=) = (=)o VE and V§ o (-)T = (=)T o V§.
(2) VR o (=) = (-)f o V.

Proof. Since VB, VR and VR coincide on objects and (—)T fixes the ob-
jects, we only need to show that the compositions agree on the morphisms.

We only prove the first equality since the second is proved similarly.
Let R: X — Y be a morphism in KHaus®. For F € V(X) and G € V(Y),
we have

GVE(R)F <= FCR'G] <= FC RG]
«— FVR(R) G — GVR(R)F.
@) Let R: X — Y be a morphism in KHaus®. If F € V(X) and
G € V(Y), then implies
GVRRNYF «— GVR(R" Fand GVR(RN) F
— GVR(R) Fand GVR(R)' F
<= FVR(R)G and F VR(R) G
— GVRR)IF O
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Remark 2.11. We point out that Proposition simplifies the proof
of Proposition Indeed, if R: X — Y is a closed relation, then
VR(R) = VB(RT)T, and so is closed. Thus, it is enough to prove that
VB(R) is closed.

3. CLOSED RELATIONS AND SUBORDINATIONS

In this section, we recall the definition of subordination relations and
the results connecting them to closed relations between compact Hausdorff
spaces. Subordinations on boolean algebras were introduced in [II]. They
are closely related to precontact relations ([19], [20]) and quasi-modal
operators [16].

Definition 3.1 ([II, Def. 2.3]). We call a relation S: A — B between
boolean algebras a subordination relation if it satisfies the following ax-
ioms, where a,b € A and ¢,d € B:

(1) 0S0and 151,

(52) a,b S cimplies (aVb) S ¢,

(S3) a S ¢,d implies a S (c A d),

(S4) a <b S ¢ <dimplies a S d.

Boolean algebras and subordination relations between them form a
category, which we denote by BAS. The identity on B € BAS is the
order < on B and the composition is relation composition. We have
the following generalization of Stone duality, which was obtained in [T,
Cor. 2.6] by utilizing a result of Sergio A. Celani [I7, Thm. 4]. It is also a
consequence of a more general result of Alexander Kurz, Andrew Moshier,
and Achim Jung [36, Thm. 5.5.9].

Theorem 3.2. The categories Stone® and BAS are equivalent.

Remark 3.3. The functors Clop: Stone® — BAS and Uf: BAS — Stone®
yielding the above equivalence are defined as follows. On objects, they
act as the clopen and ultrafilter functors of Stone duality. On morphisms,
they act as follows. If R: X — Y is a closed relation between Stone spaces,
then Clop(R) is the subordination relation Sg: Clop(X) — Clop(Y') given
by
USrV < R[UCVW.

If S: A — B is a subordination relation between boolean algebras, then
Uf(S) is the closed relation Rg: Uf(A) — Uf(B) given by

x Rsy < Sz] Cy.

Definition 3.4 ([1, p. 7]). An S5-subordination space is a pair (X, E)
where X is a Stone space and E is a closed equivalence relation on X. A
closed relation R C X; x X5 between S5-subordination spaces (X1, E1)
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and (Xo, Ey) is compatible if Ro F1 = R = Es 0 R. We let StoneER be
the category of Sh-subordination spaces and compatible closed relations.

Theorem 3.5 ([I, Cor. 3.12]). The categories StoneE® and KHaus® are
equivalent.

Remark 3.6. The equivalence in Theorem [3.5]is established by the func-
tor Q: StoneER — KHaus® that maps (X,E) € StoneER to the quo-
tient space X/E and a morphism R: (X1, E;) — (Xu, E) in StoneER
to the closed relation Q(R) :== m3 0 Ro ﬂ, where m: X7 — X;/E; and
ma: Xo — Xo/FEy are the projection maps. A quasi-inverse of Q is de-
fined by utilizing the well-known Gleason cover construction (see, e.g.,
[30, Sec. IIL3]). For a compact Hausdorff space X, let G(X) = (X, E)
where gx : X — X is the Gleason cover of X and z E y if and only if
gx () = gx(y). For a closed relation R: X — Y, let G(R): G(X) = G(Y)
be the relation given by G(R) := g;f, o Rogx. This defines the Gleason
cover functor G: KHaus® — StoneER, which is a quasi-inverse of Q [
Thm. 4.6].

Definition 3.7.

(1) We say that a subordination S on a boolean algebra B is an S5-
subordination if S satisfies the following axioms where a,b € B:
(S5) a S b implies a < b,

(S6) a S b implies —=b S —a,
(S7) a S b implies there is ¢ € B such that a S ¢ and ¢ S b.

(2) An S5-subordination algebra is a pair (B, S) where B is a boolean
algebra and S is an Sh-subordination on B.

(3) A subordination 7' C By x By between S5-subordination algebras
(B1,51) and (Bs, S2) is compatible if To S1 =T = Sy o0T.

(4) Let SubS5° be the category of S5-subordination algebras and com-
patible subordinations.

De Vries algebras are special Sh-subordination algebras.

Definition 3.8.

(1) A de Vries algebra is an S5-subordination algebra (B, S) such that
B is complete and S satisfies the axiom:
(S8) b # 0 implies that there is a # 0 such that a S b.

(2) Let DeV® be the full subcategory of SubS5° consisting of de Vries
algebras.

Theorem 3.9 ([I, Cor. 3.14, 4.7]). The categories KHaus®, StoneER,
SubS5%, and DeV® are equivalent.
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The equivalence of StoneER and SubS5° was obtained by utilizing the
machinery of allegories and splitting equivalences. As we observed in the
previous section, KHaus" is a dagger category and VR commutes with the
dagger. In addition, ordering the hom-sets by inclusion turns KHaus®
into an order-enriched category (meaning that each hom-set is partially
ordered and composition preserves the order; see, e.g., [41l p. 105]).

An allegory ([22], [32]) is an order-enriched dagger category such that

(1) each hom-set has binary meets,

(2) (=)' preserves the order on the hom-sets,

(3) the modular law holds: gf A h < (g AhfT)f for all f: C — D,
g:D—FE,and h: C — E.

We already saw that VR commutes with the dagger, and it is straight-
forward to see that VR preserves inclusions of relations. Therefore, VR is a
morphism of ordered categories with involution (see [45], [37]). However,
as we will see in the next example, VR does not preserve the meet and,
hence, is not a morphism of allegories (see [30], [II).

Example 3.10. Since VR preserves inclusions of relations, for any pair of
closed relations Ry, Ry: X — Y, we have VR(R;NRy) C VR(R))NVR(Ry).
We show that the other inclusion does not hold in general. Let X be a
finite discrete space with at least two elements. We let Ri: X — X be
the identity and Ro: X — X its complement. Clearly, X is compact
Hausdorff and R, and Ry are closed. Moreover, Ry N Ry = @. Thus,
X VR(R; N Ry) X does not hold. However, X = R;'[X] = Ri[X] and
X = R;'[X] = Ry[X] because X has at least two elements. Therefore,
X (VR(R1) N VR(Ry)) X holds.

Our goal is to describe an endofunctor on SubS5° that corresponds to
the Vietoris endofunctor VR on KHaus® and then lift it to an endofunctor
on DeV®. For this, we first generalize the functor K: BA — BA dual to
V: Stone — Stone (see the Introduction).

4. THE ENDOFUNCTOR K ON BA

We recall the definition of the endofunctor K on BA. There are several
equivalent approaches to defining K. We will follow the one given in [47],
which, in turn, relies on [31].

Definition 4.1. For B € BA, let X = {0, | a € B} U{<, | a € B}
be a set of symbols and define K(B) as the quotient of the free boolean
algebra over X by the relations

O, =1, ©o =0,

Uanb = Ug A Oy, Cave = Cq V <>b7

Oave < U V <>b7 Oa A <>b < <>a/\b-
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With a small abuse of notation, we write 0, and <, also for the equiv-
alence classes [0,] and [©,] in K(B).

Remark 4.2.

(1) The last two inequalities in Definition can be replaced by the
equation O, = =, which is equivalent to ¢, = =0_,. Indeed,
the two inequalities imply

1 =0y = Opyg S0, VO, and Oy Ao, < Ganmg = Op = 0.
Therefore, -0, = <&, and, hence, O, = =C_,. Conversely, since
Oavp ABO—p = Ogp-p <8 and  Op < Opyaa = Canp V Ong,
it follows that
Oave <0,V -0y and =04 A Oy < Ognpe
Thus,
Oave <0, VO, and Op A Oy < Ogppe

(2) Equivalently, K(B) can be defined as the quotient of the free
boolean algebra over the set {0, | a € B} by the relations 0; = 1
and Ognp = O, A Op (see [35, Rem. 3.13] and [47, Rem. 1]).
Alternatively, K(B) can be defined as the quotient of the free
boolean algebra over the set {<, | @ € B} by the relations &g =0
and Ouvp = Og V Oy (see [, Sec. 7] and [13], Def. 2.4]).

Definition 4.3. Let A and B be boolean algebras and let a: A — B be
a boolean homomorphism. The map K(a): K(A) — K(B) is the unique
boolean homomorphism satisfying K(f)(0a) = Oa(e) and K(f)(Cq) =
<>a(a)-

It is straightforward to see that this defines an endofunctor on BA (see
[47), p. 122]).

Proposition 4.4. K is an endofunctor on BA.

As suggested by the notation, there is a close connection between K(B)
and modal operators on B. We recall that a modal operator on B is a
function O: B — B satisfying 01 = 1 and O(aAb) = OaADb (equivalently,
O preserves finite meets). A modal algebra is a pair (B,0) where O is
a modal operator on B. Let MA be the category of modal algebras and
modal homomorphisms (i.e., boolean homomorphisms preserving O).

Remark 4.5. Modal algebras can alternatively be defined as pairs (B, <)
where ©0 = 0 and O(a VvV b) = Ca VvV Ob (equivalently, < preserves finite
joins). The two operators O and < are interdefinable by the well-known
identities ©0a = —-0O-¢ and Oa = -O—a.
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The next result is well known; see [47, Fact 3]. For the definition of
algebras for an endofunctor, see, e.g., [5, Def. 5.37].

Theorem 4.6.
(1) For a boolean algebra B, there is a bijection between modal oper-
ators on B and boolean homomorphisms K(B) — B.
(2) This bijection extends to an isomorphism between MA and the
category Alg(K) of algebras for the endofunctor K: BA — BA.

Remark 4.7.

(1) The bijection of Theorem [4.6{|1) is obtained by associating to each
modal operator O on B the boolean homomorphism «: K(B) — B
defined by «(d,) = Oa and to each boolean homomorphism
a: K(B) — B the modal operator O given by Oa = a(0,,).

(2) An analogous bijection holds if we replace O by <.

The next result is well known (see [4], [35], or [47]). For the definition
of coalgebras for an endofunctor, see, e.g., [46], Def. 140].

Theorem 4.8. The following diagram is commutative up to natural iso-
morphism.
Clop
Stone ———————— BA

%
Uf

Clop

Stone =———— BA
Uf

In other words, there are natural isomorphisms Clop oV ~ K o Clop and
UfoK ~ VoUf. Consequently, Stone duality extends to a dual equivalence
between Alg(K) and the category Coalg(V) of coalgebras for the Vietoris
endofunctor V: Stone — Stone.

5. THE SEMI-FUNCTORS K3AND K2

In this section, we describe how to lift a subordination S: A — B
to the subordinations Sp,So: K(A4) — K(B), which are the algebraic
counterparts of Rg and R¢. In the next section, we use Sp and So
to define S, which is the algebraic counterpart of Rgys. To define Sp
and S, we first introduce disjunctive and conjunctive normal forms for
elements of K(B).

Definition 5.1. Let © € K(B).
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(1) We say that x is in disjunctive normal form if it is written as a
finite join
n
L= \/(DCL@ /\<>bi1 A /\<>bmi)’
i=1
where 0 # b;; < a; for each ¢ and j.
(2) We say that x is in conjunctive normal form if it is written as a
finite meet
n
T = /\(<>Cz VUg, V-V Ddini)’
i=1
where ¢; < d;; # 1 for each 7 and j.

Since we allow n = 0, the empty join and meet yield disjunctive and
conjunctive normal forms for 0 and 1, respectively.

Lemma 5.2. Any element of K(B) can be written in disjunctive and
conjunctive normal forms.

Proof. Let x € K(B). We only prove that = can be written in disjunctive
normal form because the proof for the conjunctive normal form is similar.
Since K(B) is generated by the elements of the form O, and <, we may
write z € K(B) as a finite join of finite meets of O, and <, or their
negations (see, e.g., [42, p. 14]). As -0, = ¢_, and =<, = O, we have

T = \/(Dail /\"'/\Da,;ki /\<>b7‘,1 /\"'/\Obmi)'

Let a; = a;1 A -+ A ajk,. It follows from the definition of K(B) that

Uo; = oy Ao AD

@ik *

Therefore,

€T = \/(Dai A <>bi1 TARRRRA <>bmi)'
i=1
The definition of K(B) also yields that O, A & = O, A Ogap for each
a,b € B. Thus, by replacing each b;; with a; A b;;, we may assume that
bi; < a; for each ¢ and j. Since $0 = 0, we can suppress every disjunct
Oa; A Cpyy Ave Ay, with b;; = 0 for some j. O

The next definition is motivated by Proposition [7.1}

Definition 5.3. Let S: A — B be a subordination, z € K(A4), and
y € K(B).
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(1) We set « Sg y if it is possible to write = in disjunctive normal
form

i

n
T = \/(Dai NQpyy Nvee /\<>bin,-)
=1

and y in conjunctive normal form

m

y=/\(Oc, VB4, V--- vy, )
j=1
so that, for each ¢ < n and j < m, there exists k < m; with
a; S djk.
(2) We set  So y if it is possible to write = in disjunctive normal
form
n
T = \/(Daz NObyy Ao A <>bm7‘)
i=1
and y in conjunctive normal form
m
¥y= /\(<>0j Vg, VooV Ddﬂ"j)
j=1

so that, for each i < n and j < m, there exists [ < n; such that
bil S Cj.

The following technical lemma characterizes the order on K(B) in terms
of normal forms.

Lemma 5.4. Let z,y € K(B) be written in disjunctive and conjunctive
normal form, respectively:
n
x:\/(Dai/\obil/\.'./\obini)7 Y=
=1 J

~

(Ocj\/‘:\dﬂ\/"'vmd

j7nj )
1

Then x <y if and only if, for each i <n and j < m, there exists k < m;
such that a; < dji or there exists | < n; such that by < c;.

Proof. The inequality
n
\/(Dai A <>bi1 AERRA Obini) <
i=1 J

(Ocj\/del\/-“\/Dd

)

=

1
holds if and only if, for each 7 and 7,
Oy A by Ave - A Opy < Oy VOgy, VooV gy,
Thus, it is sufficient to show that for a, b1,...,b,, ¢, d1,...,d;, € B such

that b; < a and ¢ < d; for every ¢ and j, the following two conditions are
equivalent:
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(1) O Ay A AOy, <O VOg, V---VQy ,
(2) there exists j such that a < d; or there exists ¢ such that b; < c.

= . It follows from Deﬁnitionthat a < d; implies O, < Oy,
and b; < ¢ implies ¢y, < ©,. Thus, holds.
= (). Suppose () holds, so

Da/\<>b1/\-~-/\<>bn§<>C\/Dd1\/~--\/lildm.

Let A ={0,1} be the two-element boolean algebra. Define two functions
$,0: B— Aby

e — 0 ifen(an-c)=0,
|1 ifeA(aA-e) #0

and

. 1 if meA(aN—c)=0,
0 if—eA(aA-e) #0

for each e € B. It is straightforward to see that & preserves finite joins
and that Oe = ~O—e for each e € B. Therefore, there is a unique boolean
homomorphism «: K(B) — A such that a(0.) = Oe and a(<©,) = Oe for
each e € B. Therefore,

(O Ay, A=Ay ) =0aAOby A--- A by,
a(C.vOg V---vOg, ) =<cVOdy V-V Ody,.

Because Oy A Op, A -- Ay
preserving,

<O, v0Og, V-V 0Oy, and « is order

n m

Oa A A+ Ab, < OeVOdy V-V Od,y,.

We have Oa = 1 since ma A (a A—c) = 0 and Oc = 0 since ¢A (aA—e) = 0.
Thus,

Oby A+ ANCb, < Ody V---V Ody,.

Consequently, Oby A -+ A<$b, =0 or Ody V- --V Od,, = 1. In the former
case, there is i < n such that ¢b; = 0, so b; A (a A —¢) = 0 and, hence,
b; A =¢ = 0 (since b; < a). Therefore, b; < c. In the latter case, there is
j < m such that Od; = 1, so =d; A (a A =¢) = 0 and, hence, -d; Aa =0
(since ¢ < dj;). Thus, a < d;. O

The next proposition says that the definitions of Sp and S¢ are in-
dependent of the normal forms used to write  and y. This fact will be
useful in proving that Sg and S¢ are subordinations in Theorem



228 M. ABBADINI, G. BEZHANISHVILI, AND L. CARAI

Proposition 5.5. Let S: A — B be a subordination. If v € K(A) and
y € K(B) are written in disjunctive and conjunctive normal form

n

x:\/(Dai/\Obﬂ/\"'AObmi)v Y=
i=1 J

=

(O¢; VOg,, V-V Oy, ),

J

1

then

(1) = So y if and only if, for all i and j, there exists k < m; such
that a; S djp.

(2) = So y if and only if, for all i and j, there exists | < n; such that
bil S Cj.

Proof. We only prove (/1) since the proof of is similar. The right-to-
left implication follows immediately from the definition of Sn. To prove
the left-to-right implication, assume that * Sg y. The definition of Sp
implies that it is possible to write x and y in disjunctive and conjunctive
normal form, respectively:

u

t
T = \/ (Der A <>f1'1 ARERNA <>f'r~t7«)’ Yy= /\(<>gs VOp, V-V Dhsus)7
r=1

s=1

so that, for any r and s, there exists ¢ < uy with e, S hgy. Fix ¢ <n and
j < m. We show that there is ¥ < m; such that a; S d;i. Clearly,

t
Dai A <>bi1 ARERNAN <>b177.1 < \/(Der A <>frl ARRRNA ertr)a

(1) u !
N\ (©gVOh, VeV Oy, ) < Og VOg, VeV O,

jmj”
s=1

Thus,

t
Dai/\obil/\..'/\obini < \/(Der/\ofrl/\.'./\ofw“mw) < OOVDelv"'\/DGt'

r=1

We claim that there is v’ < t such that a; < e. If e, = 1 for some
r, then we can take ' = r. Otherwise, e, # 1 for every r and, hence,
the expression $g V Og, V ---V O, is in conjunctive normal form (with a
unique conjunct). Therefore, since a; # 0, Lemma implies that there
is 7’ < t such that a; < e,, proving our claim.
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By our assumption, for each s < u, there exists g, such that e,s S hyq,.
Consequently, e,» S A\_, hsq.. Equation yields

DAZ:l hS‘ZS = Dhl‘ll /\ e /\ Dh

uquy

u
< N\(©g, VO, V-V O,,)
s=1

< Op, Vg, VoV O

d; mj "

By Lemma there exists £ < m; such that /\Z:1 hsq, < dj. Thus, we
have found k < m; such that

u
a; < Er/ S /\ hsqs < djkn

s=1
and so a; S djy- O

Theorem 5.6. If S: A — B is a subordination, then Sgo and So are
subordinations.

Proof. We only prove that Sp is a subordination because the proof for S¢
is similar. For this we must show that Sp satisfies the axioms f
of Definition [B.1}

Write 0 in disjunctive normal form as the empty join and in con-
junctive normal form as 0 = $g. Then 0 Sg 0 holds trivially. That 1 Sp 1
is proved similarly.

Suppose = So z and y So z. Write = and y in disjunctive normal
form and z in conjunctive normal form:

m
(Tai Aty A=Ay, )y g =\ (Do, Ay Avee A Oy, )
j=1

8
Il

&
Il
-

|
>

(<>€7* \ Dfrl VeV Dfrtr)‘

I
—

T

By Proposition [5.5(()), for all i and r, there exists k < ¢, such that a; S fy

and for all j and r, there exists [ < ¢, such that ¢; S f,;. Since z V y can

be written in disjunctive normal form as
n

zVy= \/(Da,i/\<>b“/\~~-/\<>b,

ing

<3

)V
i=1 j=1

(chAOdjl/\-~-/\<>d

j”mj ) ’

it follows from the definition of Sg that (z V y) Sp z.
The proof of is similar to that of (S2]).
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(S4) Let x <y Sp z < w. By the definition of Sp, we can write x and
y in disjunctive normal form and z and w in conjunctive normal form

n t

T = \/(Dai/\obu/\"'/\obm ) = \/ D /\<>f1 '/\<>frt7-)a
i=1 r=1
u m

2= \(©g, VO, V- VO, ), w= \(Og VOqg, V-V, ),
s=1 Jj=1

so that, for all r and s, there exists ¢ < u, with e, S hyq. By arguing as in
the proof of Proposition [5.5] we obtain that, for any ¢ and j, there exists
k < m; such that a; S d;;. Therefore, z So w by Proposition [5.5(|1). O

We are ready to define the semi-functors K3, K3 : BAS — BAS.

Definition 5.7. For a boolean algebra B, let K2 (B) = K3 (B) = K(B).
For a morphism S in BA®, let K2 () = Sp and K2(S) = So.

Theorem 5.8. K3, K32 : BAS — BAS are semi-functors.

Proof. We show that K2 is a semi-functor. That K2 is a semi-functor is
proved similarly. Let S: By — Bs and T': B, — Bj3 be subordinations.
Suppose that » € K3(B;) and y € K°(Bs) are written in disjunctive and
conjunctive normal form, respectively:
n
mZV(DaiAObil/\"'/\Obmi)ﬂ y=
i=1 J
We show that = K2 (7o S) y if and only if z (K2(T) o K§(5))y. To
prove the left-to-right implication, suppose that z K3 (T o S) y, which
means that for every ¢ < n and j < m, there exists k; < m; such that
a; (T' o S) dji;. Thus, there is fi; € Bo such that a; S fi; T djx;, and so

Ug, K% (S) Dfij KS\] (T> dek]

,>§

(Oc, VOay, VooV Og,

)

1

It follows from the properties of subordinations that, for each i, we have
Oa, K3(S) 7\ Oy, | K&(T) 7\ O,
' Y
and, hence,
x < (\n/ D) 7\ Oy, | K3(T) 7\ Oayi, | < v
i=1 j=1

1j=
Let z = \/[_ 1/\3 1Oy, EKS( 2). Then # K2 (S) 2 K3(T) y. This shows
that K3 (T o S) C K3 (T) o K&(9).

\|<:

To prove the other inclusion, suppose
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that = (K2(7T)oK2(9)) vy and that z and y are written in disjunctive
and conjunctive normal form as above. Then there is 2 € K°(Bs) such
that o K2(S) 2z K3(T) y. Write 2 in conjunctive normal form

t
2= N(Ce, VO, v--vDy, ).
r=1

Fix i < n and j < m. Since 2 K3(S) z, for each r < t, there is I, < t,
such that a; S fr,.. Because

E‘/\Tf;:1 frlr S z K% (T) Y,

there is s < m; such that (/\i:1 f,,lr) T d;s. Then

¢

ai S </\ szk> T dys,
k=1

and so a; (T 0 S) djs. Therefore, z K& (T o S) y. This shows that K2, is a

semi-functor. O

6. THE ENDOFUNCTOR K5 oN BA®

In this section, we utilize Sp and S¢ defined in the previous section to
lift a subordination S: A — B to the subordination S: K(A) — K(B),
which is the algebraic counterpart of Rgjps. This allows us to extend the
endofunctor K: BA — BA to the endofunctor KS: BAS — BAS.

For boolean algebras A and B, we denote by BAS (A, B) the poset of
subordinations S: A — B ordered by inclusion[] Our goal is to define S
as the join of Sg and Se in BA®(K(A), K(B)). For this we need to show
that joins exist in BAS(K(A), K(B)). In fact, we will show that BAS(A, B)
is always a frame, where we recall that a complete lattice L is a frame if
it satisfies a A\V E = \/{aAb| b€ E} foreach a € L and E C L (see,
e.g., [40, p. 10]).

We also recall that a complete lattice is a coframe if its order-dual is a
frame (see, e.g., [40, p. 10]). Let X be the Stone dual of A and let Y be the
Stone dual of B. It is clear that (Stone®(X,Y),C) is the poset of closed
subsets of X x Y, and so is a coframe. By [I}, Thm. 2.14], (BA®(4, B), C)
is dually isomorphic to (StoneR(Uf(A), Uf(B)), C). Therefore, BA®(A, B)
is a frame. However, this proof uses Stone duality. As promised in [il
Rem. 2.15], we give a choice free proof of this result.

LThis is in contrast to [I], where BAS(A, B) was ordered by reverse inclusion to
guarantee that BAS was an allegory.
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Theorem 6.1. BAS(A,B) is a frame, where meets are given by inter-
sections and the join of {S,} C BAS(A, B) is given by x (\/ Sa)y if and
only if there exist finite subsets F C A and G C B such that v = \/ F,
y=NA\G, and for all a € F and b € G, there is a with a S, b.

Proof. Tt is straightforward to see that the intersection of a family of
subordinations is a subordination. Therefore, BAS(A,B) is a complete
lattice where meets are given by intersections. Let {S,} C BAS(A, B).
Define S: A — B by x S y if and only if there exist finite subsets F' C A
and G C B such that x = \/ F, y = A G, and for all « € F and b € G,
there is o with a S, b. It is clear that S contains S, for each . We show
that S is a subordination.

Since 0 = V@ and 1 = A @, it trivially holds that 0 S 0 and
151.

Suppose that = S y and 2’ S y. Then there exist F, F' C A and
G,G' C Bsuch that z = \/F, 2’ = \/F', y = NG = A G, and for all
a € F and b € G, there exists a with a S, band forall @’ € F' and b’ € G,
there exists 8 with a’ Sg b'. Since B is a boolean algebra, by distributivity,
we obtain that y = A G, where G" = {b VvV |be G and V/ € G'}. Let
F'"=FUF'. ThenzVa =\F"' Letad € F” and b’ € G”’. Then
b =bVvl with b € G and b’ € G'. Therefore, if " € F, there is « such
that a” S, b <bVl. If o” € F’, there is 8 such that a” Sz b’ <bVd'. In
either case, a” S b”. Thus, z S y.

is proved similarly to (S2).

Suppose ' < x Sy <y'. Thenxz =\ F,y = AG, and for all
a € F and b € G, there is a with a S, b. Let F' = {aA2' | a € F}
and G' ={bVvy |be G}. Then 2’ =\/ F" and y' = A\ G'. Moreover, if
a € F'and V' € G, there exist a € F and b € G such that ' = a Az’ and
b =bVy'. Therefore,a’ =aAz<aS,b<bVy =b. Thus, 2’ Sy

It remains to prove that S is the least upper bound of {S,}. Let
T: A — B be such that S, C T for each o and let S y. Then © =\/ F,
y = A\ G for some finite F' and G such that for all ¢ € F' and b € G there
is a with a S, b. Therefore, a T b. Since T satisfies and , it
follows that + = (\V F) T (AG) =y. Thus, S C T.

It is left to show that T N\/ Sq = \/(T'N S,) for each T € BA>(4, B)
and {S,} C BA®(4, B). The right-to-left inclusion is clear since BA® is a
complete lattice. To show the left-to-right inclusion, let z € A and y € B
such that « (TN\/ Sa) y. Then « T y and = (\/ S,)y. So there exist
finite subsets F' C A and G C B such that z = \/ F', y = A G, and for all
a € F and b € G, there is o with a S, b. For all a € F and b € G, we
have a < z T y < b, which implies that a T b. Therefore, for all a € F
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and b € G, there is a with a (T'N S,) b and, hence, z \/(T'NS,) y. Thus,
BA®(A, B) is a frame. O

Definition 6.2. Let S: A — B be a subordination between boolean
algebras. We define S to be the join Sg V S in BA®(K(A), K(B)).

We thus have the following description of S, which is an immediate
consequence of Definition [5.3] Theorem [5.6] and Theorem [6.1}

Corollary 6.3. The relation S is a subordination and x S y if and only
if it is possible to write x and y in disjunctive and conjunctive normal
form, respectively:

n m

Tr = \/(Dai A <>bi1 A A <>bmi)7 Y= /\<<>Cj 4 del VeV demj)
i=1 j=1

50 that, for all i and j, there exists k < mj; with a; S d;i, or there exists
l S n; with bil S Cj.

The description of S given in Corollary [6.3]is similar to Definition [5.3
In Proposition @ we showed that the definitions of Sy and S¢ are in-
dependent of the normal forms used to represent elements. The same is
true for S and the proof is similar, so we skip it.

Proposition 6.4. Let S: A — B be a subordination. Ifx € K(A) andy €
K(B) are written in disjunctive and conjunctive normal form, respectively:

n m

T = \/(Dai A <>bi1 ARERNAN <>bin->7 Yy = /\(<>Cj 4 de1 VeV dem,)?

i J
i=1 j=1

then x S y if and only if, for all i and j, there exists k < m; with a; S dj
or there exists | < n; with by S c;.

Definition 6.5. For a boolean algebra B, let K>(B) = K(B); and for a
morphism S in BA®, let K3(S) = S.
Theorem 6.6. K° is an endofunctor on BAS.
Proof. We show that K° preserves composition; that is,
K3(T o S) = K5(T) o K5(9).

We first show the left-to-right inclusion. It follows from Definition [6.2
that K2 (S), K2 (S) C K3(S) and K2(T),K2(T) C KS5(T). Therefore,

(K3(T) 0 K3 (8)) € (K>(T) o K>(S))

and
(K3(T) 0 K3 (S)) C (K>(T) o K3(5)).
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Since K3 and K2 are semi-functors, we have
KS(ToS)=K3(ToS)VKS(ToS)
= (K3(T) o K3(5)) V (K3(T) 0 K3 (5))-

Thus, KS(T o S) C K3(T) o K3(S). To prove the other inclusion, let
r € K5(B) and y € K3(B3) be written in disjunctive and conjunctive
normal form as above, and assume that z (K>(T") o K®(S)) y. Then there
exists z € K5(By) such that x K3(S) 2z K3(T) y. Write z in conjunctive

normal form
t

Z = /\(<>6T v Dfrl VeV Dfrt,,.)'
r=1
Fix i < n and j < m. We can reorder the conjuncts in the conjunctive
normal form of z in such a way that there is ¢’ < ¢ such that » < ¢’ implies
that there is I, < ¢, with a; S f,;, and that r > t' implies that there is
s < m; such that b;5 S e,. We also allow ¢/ = 0 for the case in which the

first condition never holds. Let f = /\i,:1 fri,.- Then
O Ay aanN ' A Oeuns)
=B, A AOg A N APenn)

<zKR3T) y < Oy Vg, VooV Oy

Jmg
Thus, there exists k¥ < m; such that f T d;; or there exists r > ¢’ such
that (e, A f) T c;. In the first case, a; S /\:/:1 fri, = f T dji, and, hence,
a; (T'oS) dji. In the second case, there is s < n; such that b;s S e,.
Since x is written in conjunctive normal form, b;; < a; S f and, hence,
bis S f. Thus, bis S (er A f) T ¢;j, which implies that b;s (T'0 S) ¢;. In
either case, we have that = K5(T o S) .

Recall from section that the identity on B € BAS is the partial order
<. By Lemma KS(<) is the partial order < on K(B). Therefore, K>
preserves identities, hence is an endofunctor on BAS. O

The dagger (—)': KHaus® — KHaus® that we introduced in the para-
graph preceding Proposition clearly restricts to Stone®. The cor-
responding dagger (—)" on BA> is given by mapping a subordination
S: A — B to the subordination St: B — A defined by b ST a if and only
if ~a S —b (see [1, Thm. 2.14]). Since (—)t: BAS(A, B) — BA®(B, A) pre-
serves inclusion, it gives an order-isomorphism between BA®(A, B) and
BAS(B, A). We conclude this section by observing that K3 and K2 are
definable from each other using (—)' and that K commutes with (—)T.
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Proposition 6.7.
(1) K§ o (=) = (<) oK and K o (=) = (—)T o K3,
(2) Ko ()i = () o KS.

Proof. Since K2, K2, and K® coincide on objects and (—)' fixes the ob-
jects, we only need to show that the compositions agree on the morphisms.

We only prove the first equality because the second is proved sim-
ilarly. Let S: A — B be a morphism in BAS. Suppose that z € K(A)
and y € K(B) are written in disjunctive and conjunctive normal form,
respectively:

8
I

<
Il
-

(Dai NCpy Neee A <>bmi ),

[
>3

(<>chde1\/"'de

j7nj )

<.
Il
—

As -0, = ¢, and =0y, = O, we obtain that —x and —y can be written
in conjunctive and disjunctive normal form, respectively:

]

&

|
~

s
I
-

(<>_‘ai VUop, VooV D—‘bmi)’

J
NS

Il
<3

(Ome; A Oy A AOogy,, ).

.
Il
-

By Proposition r K3 (ST) y if and only if, for all i and j, there
exists k such that a; ST d;i, which means that —d;; S —a;. Applying
Proposition again, this is equivalent to =y K% (S) -z, which means
that = K2 (S) y.

Since (—)": BAS(4, B) — BA®(B, A) is an order-isomorphism, we
have (S V S5)T = S] v S} for each Sy, S> € BAS(A, B). Therefore, by (T),
for each subordination S: A — B, we have

K°(ST) = K3 (S") VK3 (ST) = K& (5)T VK3 (9)
= (K3(5) VKR(5))T = K*(9)". O

Remark 6.8. By Proposition [6.7([2), K° commutes with the dagger on
BAS. It follows from Corollary that K> preserves inclusions of sub-
ordinations. Thus, K® is a morphism of order-enriched categories with

involution. However, like VR, the functor K° is not a morphism of al-
legories. This follows from Example Theorem and Theorem

7-3(13)-
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7. CONNECTING K° AND VR

In this section, we show that, under the equivalence between Stone®

and BAS, the endofunctor VR on Stone® corresponds to the endofunctor
KS on BAS. Analogous results are obtained for VR and K3, as well as for
VR and K3.

Proposition 7.1. Suppose that R: X — Y is a closed relation between
Stone spaces. Let U € Clop(V(X)) and W € Clop(V(Y)) be written in
disjunctive and conjunctive normal form, respectively:

n

m
U=J@u,nov,n---noy,), W=()(ow, U0z, U---UOg,, )
i=1 j=1

with clopen sets @ # Vy C U; for each i and I, and W; C Zj, #Y for
each j and k.

(1) u SRD w ’L_ﬁ'VZ,]Hk S mj . Ul SR ij,

(2) U Spa W iff Vi, j3lL < n; : Vi Sp W;,

(3) U Srpy W ilf

V’L,]((E”C < m; U; Sr ij) V (E” <n;:VySr W]))

Proof. Since Sg, is a subordination, it is enough to prove the case
n =m = 1, i.e., that
OuNOy, N---NOy ) Sy (OwUDz, U---UDg, ) iff 3k < q: U Sg Z,
under the assumption that @ # V; CU and W C Z; # Y.

To prove the right-to-left implication, suppose that U Sg Z. Then
R[U| C Zy. Let F e Oy NOViN---NOV, and G € V(Y) with F Rg G,
so G C R[F]. Since F € Oy, we have F' C U, and hence,

G C R[F]| C R[U] C Z.
Thus, G € Oz, C Oy U0z U---UOgz, and so
(DUHOVl ﬂ"'ﬂOvp) SRD (OWUDZl U"'Umzq).

To prove the other implication, suppose that U $r Z; for each k < ¢,

so there are x; € U and y, € —Zj such that xzx R yi. Then
{z1,...,2,fUVIU---UV, € Oy NOy, N---N Oy,
{y17~-~7yq} ¢<>Wu\:\21 U"'UDZq7 and
{y1,--,yq} C R{z1,...,2¢}] CR[{z1,..., 2} UVIU---UV,].

Therefore, {z1,...,2,}UVIU---UV,, Ro {y1,...,yq}, proving the failure
of

(DUHOVlﬂ”'ﬂQVP) SRo (OWUDZIUWUDZ(]).
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Since S, is a subordination, it is sufficient to prove the case

n =m = 1, i.e., that
CunNoy,N---NOy, ) Sr, (OwUDz U---UDg ) iff 3L <p: Vi Sg W,

under the assumption that @ # V; CU and W C Z; #Y.

For the right-to-left implication, suppose V; Sg W. Then R[V;] C W.
Let F € OyNOy, N---NOy, and G € V(Y) with F Ro G, s0 F C RG],
Since F' € Oy, we have F' NV, # &. Therefore, R"1[G] NV} # &, and
hence, GN R[V]] # &. Thus, GNW # @. Consequently, G € Oy, which
implies that G € Gy UOgz, U---UOg, . This shows that

(DUﬂovlﬂ"'ﬁOVp>SR<> (OwU\jle'-'Umzq).

For the left-to-right implication, suppose that V; $g W for each [ < p,
so there are x; € V; and y; € —W such that z; R y;. Then

{Il,...,ilfp}eDUQOVIQ"'QQVP,
{yi, . yptU—-2Z1U---U—-Z, ¢ Oy UDOz U---UOg,, and
{o1,.., 2 SR Y{y1, 9 SR M {yty e s ypt U=Z1 U U—Z,],

which implies that {z1,...,2p} Ro {y1,...,¥p}U—Z1U---U—Z,, proving
the failure of

(DUQOVlf\I"'ﬂOVI) SRQ (OwU\jle'-'Umzq).
Since Sggy, is @ subordination, it is enough to prove the case n =
m =1, i.e., that
O Noy N---NOy,) Sren(Cw UDOz U---UOgz,)
it 3k :U Sg Z,, or A1 : V; Sg W,

under the assumption that @ # V; CU and W C Z; #Y.
For the right-to-left implication, suppose that U Sg Z, for some k < ¢
or V; Sg W for some | < p. Then, by (T)) and (2),

(DUQOVI ﬂ"'ﬂovp) SRo (<>WUD21 U"'Umzq)
or

(Bu NOy, N---NOy,) Sre (Ow ULz U---UDgz,).
Thus,

(Oy N Oy, ﬁ~'~ﬂ<>vp) SRy (Ow U0z, U'”Ulqu).

For the other implication, suppose that for each k < g, there are x), € U
and yy € —Z such that zj R yi, and that for each [ < p, there are ] € V,
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and y; € —W such that z; R y;. Therefore,

{r1,.. 2q, 2], .2, €Ty NOy, N---N Oy,

{vi,- -y ¥, Uyt € Ow U Dz, U---UOg,,

{vi,-- yey1s -y} € R[{, .. xg, 2, .., 2, )], and
{xl,...,zq,az’l,...,z;} QRfl[{yl,...,yq,yi,...,y;}].

Thus, {z1,...,2¢,27,...,2,} Rem {¥1,---:¥q, Y15+ -+ Yy}, proving the
failure of

(OuNOy, N---NOy) Srey (Ow UDz, U---UOg,). O

We next recall the notions of a natural transformation and natural

isomorphism between semi-functors.

Definition 7.2 ([28, Sec. 2.2]). Let D and E be categories and F, G, H :
D — E semi-functors.

(1) A natural transformation (called “semi natural transformation” in
[28] Def. 2.4]) o from F' to G is a function which assigns to each
object D € D a morphism ap: F(D) — G(D) in E such that for
every morphism f: D — D’ in D, the following square commutes

F(D) —2*2 - G(D)
F(f) G(f)

F(D') ——=—— G(D),

and for every D € D, the following diagram commutes (under the
hypotheses above, the commutativity of one triangle implies the
commutativity of the other triangle).

F(D) —2*2 . G(D

= )
F(idp) >p ‘G(idD)

F(D) ——— G(D)

ap

(2) The composite 8 o a: FF — H of two natural transformations
a: F — G and 8: G — H is the natural transformation defined
by (Boa)p = Bpoap for D €D.
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(3) The identity natural transformation 1p: F' — F on F' has compo-
nents (1r)p := F(idp). (Note that, in general, (1r)p # idp(p).)

(4) F and G are naturally isomorphic (denoted F' ~ G) if there are
natural transformations «: FF — G and 8: G — F such that
aof=1gand foa=1p.

Theorem 7.3. We have the following natural isomorphisms:

(1) Clopo VR ~ K3 o Clop and Uf o K& ~ V& o Uf.

(2) Clopo VR ~ K o Clop and Uf o K3 ~ V& o Uf.

(3) Clop o VR ~ K5 o Clop and Uf o K® ~ VR o Uf.
Therefore, the following three diagrams commute up to natural isomor-
phism.

Clop Clop
Stone® ———— BAS Stone® ———— BAS
uf uf
Vg K3 V3 K3
lop lop
StoneR ————— BAS Stone®R ————— BAS
Uf Uf
Clop
Stone® ———— BAS
Uf
VR KS
Clop
Stone® ———— BA®
uf

Proof. We only prove that Clop o VR ~ K2 o Clop; since Clop and Uf
are quasi-inverses, it follows that Uf o K& ~ VR o Uf. By [A7, Fact 1],
for each X € Stone, there is a boolean isomorphism fx: Clop(V(X)) —
K(Clop(X)), which maps, for every clopen U of X, the clopen Oy of V(X)
to the formal symbol Oy € K(Clop(X)), and the clopen < of V(X) to the
formal symbol <y € K(Clop(X)) For each X € Stone®, we define two
relations ax: Clop(VR(X)) — K3 (Clop(X)) and Bx: K2(Clop(X)) —
Clop(VR (X)) by setting

Uax fx(V) < fx(U) Bx V <= U Clop(VE(idx)) V
2We have a conflict of notation here since, on the one hand, Oy denotes a clopen

subset of V(X) and, on the other hand, a formal symbol in K(Clop(X)). This will
come up again in Claim but nowhere else.
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for each U,V € Clop(VR(X)). For the sake of completeness, we give its
explicit formulation:

Uax fx(V) <= [xU) BxV
“— VFelUVGeV(X)(GCF=GeV).

We prove that o and 3 are natural transformations. Since Clop(VE(1x))
is a subordination and fx a boolean isomorphism, ax and Sx are subor-
dinations. Let R: X — Y be a morphism in StoneR. We prove that the
following square commutes.

Clop(VE (X)) ——— K& (Clop(X))
Clop (VA (R)) K5, (Clop(R))

Clop(VE(Y)) —=— K3 (Clop(Y))
For this we require the following claim.
Claim 7.4. For U € Clop(VR(X)) and W € Clop(VR(Y)), we have
U Clop(VE(R) W <= fx(U) K3 (Clop(R)) fy(W).

Proof of claim. Write U4 and W in disjunctive and conjunctive normal

form, respectively:

U= U(DUq‘, m<>Vq‘,1 n--- m<>‘/7771)7 W= m(OW7 U l:|ZJ1 U---u Dij,]-)
i=1 j=1

with clopen sets @ # V; C Uj; for each 7 and [, and W; C Z;, # Y for

each j and k. Since Clop(VR(R)) = Sg,,, Proposition [7.1{[T) yields

U Clop(VR(R)) W <= Vi,j3k <m;:U; Sgp Zj.

On the other hand, since fx is a boolean homomorphism,

n

fx@) =\ (Ou, NOv, A+ AOv,,)
=1

and

fx(W): (OWJVDZﬂ\/"'\/Dijj).

[

j=1
Since K2 (Clop(R)) = K&(Sg), Proposition yields

fx(U) K3(Clop(R)) fx (W) <= Vi,j3k <m;:U; Sg Zj.
Thus, U Clop(VR(R)) W if and only if fx(U) K3 (Clop(R)) fy(W). O
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prove the commutativity of the square, let ¢ € Clop(VR(X)) and

W € Clop(VE(Y)). On the one hand,

U (ary o Clop(VE(R))) fy (W)
<= 3Z € Clop(VR(Y)) : U Clop(VR(R)) Z ay fy (W)
<= JZ € Clop(VR(Y)) : U Clop(VR(R)) Z Clop(VR (idx)) W

<= U (Clop(VE(idx)) o Clop(VE(R))) W
< U Clop(VR(idx o R)) W
<~ U Clop(VR(R)) W

On the other hand,

U (K3 (Clop(R)) o ax) fy (W)
<= 3V € Clop(VE(X)) : U ax fx(V) K3(Clop(R)) fy (W)
<~ 3V e Clop(VR(X)): U ax fx(V), V Clop(VE(R)) W by Claim [7.4]
< 3V e Clop(VR(X)) : U Clop(VR (idx)) V Clop(VR(R)) W
< U (Clop(VR(R)) o Clop(VR (idx))) W
= U Clop(VR(Roidy)) W
<~ U Clop(VR(R)) W.
Thus, ay o Clop(VR(R)) = K3(Clop(R)) o ax. Moreover, when X =Y

and R = idy, the calculation in the second to last display above and the
definition of ax give

U (ax o Clop(VE (idx))) fx (V) <= U Clop(V§ (idx)) V
— Uax fx(V).

Therefore, the following triangle commutes for every X € Stone.

Thus,

Clop(VE(X))
Clop(VE (idx))

Clop(VE (X)) ———a5x— K3&(Clop(X))

« is a natural transformation. That § is a natural transformation

is proved similarly.
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Let X € Stone®. We prove that Sx o ax = Clop(VR(idx)). For
U,V € Clop(VR (X)), we have

U (Bxoax)V
<= IW e Clop(VR(X)) : U ax fxW) Bx V
< 3W € Clop(VR(X)) : U Clop(VR (idx)) W Clop(VR (idx)) V
= U Clop(V (idx)) o Clop(V§ (idx)) V
< U Clop(VR (idx oidx)) V
< U Clop(VR(idx)) V.

This proves that Sy oax = Clop(VR(idx)). We next prove that axof8x =
K2 (Clop(idx)). For U,V € Clop(VE (X)), we have

fxU) (ax o Bx) fx(V)

W € Clop(VE (X)) : fx(U) Bx W ax fx(V)

IW € Clop(VE (X)) : U Clop(VE (idx)) W Clop(VE (idx)) fx(V)
U Clop(VR (idx oidx)) V

U Clop(VR (idx)) V

fx(U) K3 (Clop(idx)) fx(V) by Claim[7.4)

Therefore, ax o Bx = K2(Clop(idx)). Thus, a and § yield a natural
isomorphism between Clop o VR and K2, o Clop.

and are proved similarly. For the sake of completeness, we
describe the natural isomorphisms. For , the natural isomorphism
is given by the natural transformations a: Clop o VR — K2 o Clop and
B: K2 o Clop — Clop o VR defined by
Uax [x(V) < [xU) Bx V <= U Clop(VE(idx)) V
<— VFeUVGeVX)(GCF=GeV).
For , the natural transformations a: Clop o VR — K5 o Clop and
B: K> o Clop — Clop o VR witnessing the natural isomorphism are defined
by
Uax fx(V) <= fx(U)Bx V < U Clop(VR(idx)) V <= U C V.
|

ox ox

[

8. EXTENDING K° TO SubS5°%, DeV®, AND KRFrmP

In this section, we lift the endofunctor K° on BAS to an endofunctor on
SubS5°. We then use MacNeille completions of S5-subordination algebras
developed in [2] to obtain an endofunctor IS on DeV® and prove that LS is
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dual to the Vietoris endofunctor VR on KHaus®. We conclude by utilizing
ideal completions of Sh-subordination algebras to obtain an endofunctor
on KRFrmP, thus generalizing Johnstone’s construction of the Vietoris
endofunctor on KRFrm ([30), p. 112]).

We recall (see [T, Rem. 3.11]) that the equivalence between SubS5° and
StoneER is obtained by lifting the functors Uf and Clop establishing the
equivalence between BAS and Stone®. We next lift VR: Stone® — StoneR
to an endofunctor on StoneER and K3: BA® — BA® to an endofunctor on
SubS5°. We slightly abuse notation and denote the lift of a functor by
the same letter.

Definition 8.1.
(1) Define VR: StoneER — StoneER by sending an object (X, E) to
(VR(X),VR(E)) and a morphism R to VR(R).
(2) Define K5: SubS5° — SubS5° by sending an object (B,S) to
(KS(B),K>(S)) and a morphism T to K3(T).
To show that VR and K° are well defined, we require the following two
lemmas.
Lemma 8.2.

(1) If (X, E) € StoneER, then VR(E) is a closed equivalence relation

on VR(X) and VR(X)/VR(E) 2 VR(X/E).

(2) If R is a morphism in StoneER, then VR(Q(R)) = Q(VR(R)).
Proof. Since £ = ET, it follows from Proposition [2.6{ that VR(E) is
a closed equivalence relation. Therefore, if 7: X — X/F is the quotient
map, then for F,G € VR(X), we have

FVR(E)G < E[F] = E|G] < 7 'x[F] =n"'7[G]
< 7l[F]| =n[G].
Thus, VR(E) is the kernel of V(r) and, hence, VR(X)/VR(E) is homeo-
morphic to VR(X/E).
Since VR is a functor and commutes with the dagger, we have
Q(VR(R)) = VR(m) o VR(R) o VR(m)T = VR(mr o Ron") = VR(Q(R)). O

Lemma 8.3. Let S be an S5-subordination on a boolean algebra B.

(1) So and So satisfy and (S7).

(2) S is an S5-subordination.

Proof. That Sn and S satisfy is an immediate consequence of
Definition [5.3|and Lemmal5.4 We prove that Sy satisfies (S7). Since K3
preserves inclusion of subordinations and composition,

SpoSn =K3(S) oK (S) =K (S0 S) CKZ(S) = Sa.
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Thus, Sp satisfies . That S satisfies is proved similarly.

By (1), to show that S satisfies and (S7), it is sufficient to
prove that if S,7 € BA®(B, B) satisfy and (S7), then so does their
join. Since holds for S and T, we have that S and T are contained
in <, where < is the partial order on B. Thus, SV T is contained in <,
and so S V T satisfies . Since S and T satisfy , S C SoS and
T CToT. Thus,

SVT C(SoS)V(ToT)C(SVT)o(SVT),

where the last inclusion follows from the fact that both SoS and T o T
are contained in (SVT)o (SVT) because S,T C SVT. Therefore, SVT
satisfies .

It remains to show that S satisfies We have that ST = S because S
satisfies (S6). By Proposition SJr =K3(9)F = K5(ST) = K5(9) = S.
Thus, S satisfies (S6). O

Theorem 8.4. VR: StoneER — StoneER and KS: SubS5% — SubS55 are
well-defined functors and the following diagram commutes up to natural
isomorphism.

g Clop
KHaus® —————— StoneER ———— SubS5°
Q uf
VR VR KS
KHaus®
uf

Proof. That VR is well defined follows from Lemma [8.2((1) and that K>
is well defined from Lemma E. By Lemma 8 V o Q Qo VR,
and since G is a quasi-inverse of Q (see Remark (3 -D the left square
commutes. Finally, because VR and K° are defined componentwise (see
Definition , Theorem yields commutativity of the right square.

|

To obtain an endofunctor on DeV3, we recall the definition of the Mac-
Neille completion of an S5-subordination algebra. For a subset E of a
poset, we write E* for the set of upper bounds and E* for the set of lower
bounds of E.

Definition 8.5. Let (B, S) be an S5-subordination algebra.

(1) |2, Def. 3.1] An ideal I of B is a round ideal if, for each a € I,
there is b € I such that a S b.
(2) [2, Thm. 4.7] A round ideal I is normal if I = S~[(S[I*])].
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For (B, S) € SubS5°, let NZ(B, S) be the set of normal round ideals
of (B, S) ordered by inclusion. Following |2}, Def. 4.6], we call NZ(B, S)
the MacNeille completion of (B, S).

Theorem 8.6 ([2, Prop. 4.4, Thm. 4.13]). If (B, S) is an S5-subordination
algebra, then NZ(B,S) is a de Vries algebra. Moreover, the assignment
(B,S) — NZI(B,S) extends to a functor M: SubS5° — DeV®, which is
an equivalence whose quasi-inverse is the inclusion A: DeV® — SubS5°.

Definition 8.7. Define L5: DeV® — DeV* to be the composite MoKSoA.

Clearly, L° is a well-defined endofunctor on DeV®. Moreover, since
M: SubS5° — DeV* is an equivalence whose quasi-inverse is A: DeV® —
SubS5°, we have the following theorem.

Theorem 8.8. The following diagram commutes up to a natural isomor-
phism.

SubS5S — M 4 DeVS
K> LS

SubS5° — DeV®

We recall from [T, Def. 4.10] that the functor D: KHaus® — DeV®
sends each compact Hausdorff space X to the de Vries algebra RO(X)
of its regular opens and a closed relation R: X; — X5 to the compatible
subordination D(R): RO(X;) — RO(Xz2) defined by

UDR)V < R[c(U)] CV.

By [2, Thm. 7.8], M o Clop is naturally isomorphic to D o Q. Therefore,
combining Theorem and Theorem [8.8, we obtain Theorem 8.9.

Theorem 8.9. The following diagram commutes up to natural isomor-
phism.

D
KHausR <2 StoneER L SubS5° M DeVS
VR R K> LS

Clop

KHaus® «—2 StoneER — 2% | 5;;bS5S M DeVS
D
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Remark 8.10. We thus obtain that the Vietoris endofunctor VR on
KHaus® can be dually described either as the endofunctor KS on SubS5%
or as the endofunctor L° on DeV®. The usefulness of the latter descrip-
tion stems from the fact that, unlike in SubS5°, isomorphisms in DeV>
are given by structure-preserving bijections [I, Thm. 5.4].

In [I0] p. 375], it was left as an open problem to give a direct description
of an endofunctor on DeV that is dual to the Vietoris endofunctor V on
KHaus. Our result above solves a similar problem by showing that it is the
endofunctor L5 that is dual to the Vietoris endofunctor VR on KHaus".
In [3], we show how to modify our result to obtain a solution of [10, p. 375].

We conclude the paper by developing the dual endofunctor VR for
KRFrmP. For this, we recall from [2, Thm. 3.5] that associating with each
S5-subordination algebra (B, S) the frame RZ(B,S) of round ideals of
(B, S) defines a contravariant functor I: SubS5% — KRFrmP. To describe
its quasi-inverse, we recall that for a frame L, the pseudocomplement of
a € Lis given by a* = \/{x € L | a Az = 0}. The well-inside relation on
L is then defined by a < b if and only if a* V b = 1. The booleanization
of L is the boolean frame BL = {a € L | a = a**} (see, e.g., [7]), and
restricting < to BL yields a de Vries algebra (BL, <) [9]. This defines
a contravariant functor B: KRFrm® — DeV® [2] Prop. 4.2], and we have
the following theorem.

Theorem 8.11 ([2, Thm. 4.18(1)]). The functors I and A o B form a
dual equivalence between SubS5% and KRFrmP.

Definition 8.12. Define J¥: KRFrmP — KRFrmP to be the composition
IoKSoAoB.

Clearly, JP is a well-defined endofunctor on KRFrmP. Moreover, since
I: SubS5° — KRFrmP is an equivalence with A o B8: KRFrm® — SubS5°
as quasi-inverse, we obtain Theorem [8.13

Theorem 8.13. The following diagram commutes up to natural isomor-
phism.

SubSsS — L« KRFrmP
KS P

SubSsS — L« KRFrmP

For a compact Hausdorff space X, let O(X) be the compact regular
frame of opens of X. For a closed relation R: X — Y, let Og: O(Y) —
O(X) be given by OrU = —R~!—U. This defines a contravariant functor
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O: KHaus® — KRFrmP, which is a dual equivalence (|44], [33]). By [2,
Thm. 7.4], OoQ is naturally isomorphic to IoClop. Thus, putting Theorem
and Theorem together yields the next theorem.

Theorem 8.14. The following diagram commutes up to natural isomor-
phism.

o
KHaus® 2 StoneER — 9% gupssS — L % KRFrmP
VR vR KS big
KHaus® «—2 StoneER — 9%, gupssS — L KRFrmP
o

Remark 8.15. We thus obtain an endofunctor on KRFrmP that is dual
to VR, This extends Johnstone’s endofunctor J on KRFrm that is dual to
the Vietoris endofunctor V on KHaus. Alternatively, one could generalize
Johnstone’s construction directly, but the difficulty would be in lifting
the morphisms. Indeed, Johnstone writes each element of J(L) as a join
of finite meets of the generators {0,,<, | @ € L}. Since every frame
homomorphism f: L — M preserves arbitrary joins and finite meets, it
lifts to a frame homomorphism J(f): J(L) — J(M). On the other hand,
preframe homomorphisms only preserve directed joins, so the above lift
could be modified as follows. Write each element as a directed join of finite
meets of finite joins of the generators {O,,<, | @ € L}. Then the hard
part is in proving that the natural lift of f: L — M to JP(f): J(L) —
J(M) is well defined. This issue disappears in our alternate construction
of JP as the composite 1o K> o A o 8.

NOTE ADDED IN PROOF

e Theorem was proved earlier by Alexandre Goy, Daniela
Petrigan, and Marc Aiguier [25] using different methods; see also
[24]. We thank Quentin Aristote and Daniela Petrigsan for point-
ing this out to us.

e Lemma is essentially due to Jan Cederquist and Thierry Co-
quand [15]; see also the paper by Tatsuji Kawai [34].
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