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Fall in love with some activity and do it!
Nobody ever figures out what life is all about,
and it doesn’t matter. Explore the world.
Nearly everything is really interesting if you
go into it deeply enough.

Richard Feynman
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Preface

One of the most fundamental purposes of applied statistics is to provide an appro-
priate description of the relationship between certain stochastic covariate variables
and a response of interest. While classical statistical theory historically commits
for this task to the most popular mean regression modelling, a growing interest has
emerged these last decades for the analysis of conditional quantiles instead, as the
latter allow, among other conveniences, for a more complete representation of the
relationship of interest.

Providing practitioners convenient tools for an appropriate estimation of a quan-
tile regression model, be it parametrically, semiparametrically or nonparametrically
specified, then constitutes a major challenge for statisticians. This statement is
further emphasized in situations where the data at hand slightly diverges from the
ideal scenario where all observations are completely recorded. One example of such
nuisance in the data that is often encountered in practice concerns the occurrence of
right-censoring of the responses, where one no longer completely observes the true
response variable of interest, but instead only the minimum of it and an interfering
censoring variable.

In this context, this thesis aims at developing new estimation procedures for
quantile regression models where right-censoring of the response variable may
occur, although part of our work will be observed to encompass some novelties
for situations with strictly complete observations as well. In particular, this ma-
nuscript is organized as follows:

Chapter 1: Overview.
This first chapter offers an overview of the notations and main material requi-
red in order to comfortably grasp the content of this thesis. In particular, the
chapter starts by covering a brief introduction on the notions of quantiles and
quantile regression, by highlighting among other things a certain duality bet-
ween two distinct approaches when it comes to the estimation of conditional
quantiles in practice. The chapter then proceeds to introduce some fundamen-
tal notions related to copulas and copula-based regression modelling that will
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come in handy for some of our contributions. Then, motivated by the main
context of this thesis, a brief introduction to survival analysis and censored
quantile regression modelling is considered, before closing the chapter by high-
lighting clearly where the contributions of this thesis fit with respect to the
literature on censored quantile regression estimation.

Chapter 2: Semiparametric Copula Quantile Regression for Complete
or Censored Data.

In this chapter, two main contributions are developed for the convenient com-
bination of copulas with quantile regression modelling. Building on the work
of Noh et al. (2015), the first contribution concerns the estimation of a quantile
regression for strictly completely observed data, where an alternative estima-
tion strategy is here considered in order to bypass the shortcomings of the
approach of Noh et al. illustrated in the literature. In a second contribution,
the proposed estimation procedure is then adapted in order to accommodate
for the potential presence of right-censored data in the response, hereby pre-
venting one from completely observing the latter. For the specific handling of
censoring, a judicious use of the so-called inverse-censoring-probability techni-
que is considered here, resulting in a competitive semiparametric estimation
procedure for quantile regressions with censored data. However, although ex-
tensively used in the literature on censored quantile regressions, a major flaw
of the inverse-censoring-probability technique is that the latter may in fact be
traced back to some notorious work in mean regression modelling with cen-
sored responses, hereby suggesting that the latter is not specifically designed
to account for the specificities of quantiles in its handling of censoring. This
then motivates the development of the next chapter.

Chapter 3: An Adapted Loss Function for Censored Quantile Regression.

This third chapter introduces a reconsideration of the usual handling of cen-
sored data in the literature on quantile regression estimation. Following the
insights of the previous chapters, the objective is here to provide a general
framework for the consideration of censored data in quantile regressions. To
that end, and mimicking the pioneering work of Koenker and Bassett (1978)
expressing conditional quantiles as the result of minimizing a conditional ex-
pected loss, the idea is here to define an alternative loss function that already,
and automatically, accounts for censoring in the responses. This results in a
very simple accommodation of the loss function routinely employed for com-
plete observations, and hence could allow for a simple transcription to the
world of survival data of numerous models that have been initially developed
in the literature on complete observations. An illustrative application of the
general methodology to the linear regression framework is then considered and
further studied in detail, both from theoretical and practical points of view.
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Chapter 4: Linear Censored Quantile Regression: A Novel Minimum-
Distance Approach.

In this chapter, a new procedure is investigated for the estimation of a linear
quantile regression with censored data, motivated by several insights following
our previous work. To that end, rather than building the procedure on the
conventional technique of minimizing a conditional expected loss, the estima-
tion of the linear coefficients is here carried out by minimizing an alternative
measure of distance, taken as the distance between the quantile level of in-
terest and the conditional distribution of the response given the covariates,
the latter being evaluated at the value of the linear function for each obser-
vation. In essence, this estimation approach is thus similar to the well-known
technique consisting in estimating the conditional distribution of the response
given the covariates in a first step, and inverting it in a second step in order to
recover the conditional quantiles. The main novelty then comes here from the
somewhat atypical consideration of the latter technique in the linear frame-
work, however motivated in this context by several arguments following our
work and experience with quantile regressions for censored data.

Chapter 5: Discussion and Extensions.
This last chapter closes the thesis, for which a detailed conclusion following
our journey is first provided, before considering the early, and illustrative
developments of three suggestions that could be further investigated for future
contributions in the domain of censored quantile regression estimation.
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Chapter 1

Overview

In this thesis, we aim at extending statistical methodologies for the estimation
of general quantile regression models with both complete and censored response
variables, although a stronger emphasize will be placed on the latter situation.
Regression analysis is arguably the most common and most powerful statistical tool
when it comes to investigating the relationship between certain covariate variables
and a response of interest. While conditional mean models historically dominated
the regression landscape, the last decades have witnessed the emergence of a wide
variety of regression models focusing on conditional quantiles instead, stemming
from the seminal work of Koenker and Bassett (1978) who introduced conditional
quantiles as a natural extension of ordinary quantiles when considering additional
covariate information. Quantile regression has since then received a notable interest
in the literature on both theoretical and applied statistics, with several conveniences
over mean regression models acting as driving forces for the latter research, as will
be made explicit in the following sections.

This introductory chapter is devoted to the establishment of all the material
required in order to easily apprehend the suggestions of our work. To that end, a
natural opening reported in Section 1.1 is a brief overview of the basic notions of
ordinary and conditional quantiles. Next, a quick necessary detour to the concept
of copulas will be undertaken and motivated in Section 1.2. Then, as our primary
motivation comes from the world of survival analysis, Section 1.3 reports the main
notions and singularities related to the latter domain. Section 1.4 next aims at
bridging Sections 1.1 and 1.3 by resuming earlier work in the literature on censored
quantile regression techniques, to which our proposed procedures will be brought
into contrast. Finally, Section 1.5 concludes this chapter by providing a succinct
overview of the outline and contributions of the thesis.
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1.1 Quantiles and quantile regression for complete
observations

This first section is devoted to the necessary introduction of some basic notations
and concepts related, in first instance, to ordinary quantiles. The extension to
conditional quantiles will then be considered next, while a few motivational words
on the relevance of the quantile regression methodology for real data applications
will complete the section. All the concepts and methodologies related to quantile
regression are detailed in numerous textbooks, of which the work of Koenker (2005)
is arguably the most popular.

1.1.1 Quantiles without covariates

For notational purposes, let us introduce here a real-valued (continuous) random
variable T with cumulative distribution function (c.d.f.) FT (t) = P(T ≤ t). In
the context of this thesis, T will be mainly to be read as a time-to-event variable,
or some monotone transformation of the latter, although this is inconsequential
for this introductory section. Now, for any τ ∈ (0, 1), we denote by mτ the τ -th
ordinary quantile of the variable T , formally defined as

mτ = inf{t ∈ R : FT (t) ≥ τ} ≡ F−1
T (τ). (1.1.1)

A textbook approach to motivating the role of quantiles is to bring the latter notion
into contrast with the expectation of T , denoted by E(T ), on two specific features.
First, a crucial element of the quantile function F−1

T (τ) is its inherent capacity
of fully characterizing the distribution of T , whereas the expectation allows for
identifying only one characteristic of the latter. In that sense, quantiles provide by
nature a much broader picture than the expectation. A second appealing point of
comparison is that both the expectation and quantiles allow in fact for an alterna-
tive formulation expressed as the minimization of an expected loss. For the case
of E(T ), it is indeed well-known that the latter is simply recovered from minimi-
zing an expected quadratic loss, that is, E(T ) = arg mina∈R E[(T − a)2]. Similarly,
one may easily show by derivation that any quantile mτ of T is recovered by an
analogous minimization problem given by

mτ = arg min
a∈R

E rρτ (T − a)s , (1.1.2)

where ρτ (u) = u(τ − 1(u ≤ 0)) is the convex “check” loss function, illustrated in
Figure 1.1 for different values of τ , and 1(·) is the indicator function. Although
long known, the latter formulation has long “languished in the status of curiosum,
appearing for example as an exercise in Ferguson (1967, p. 51)”, as stated in the
seminal paper of Koenker and Bassett (1978). From a modelling point of view
however, formulation (1.1.2) strikes as being very appealing as it allows one to
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Figure 1.1: Check loss function for quantile levels τ ∈ {0.25, 0.5}.

retrieve a similar, and hence familiar, framework as for the determination of the
expectation. The latter observation is of particular convenience when considering
the inclusion of covariates, as will be exposed in the next section.

Now, in anticipation of Chapter 3, it is at this point interesting to digress
slightly and discuss one of the links between the definition of quantiles and their
check-based formulation. To that end, with the definition of mτ for a continuous
random variable at hand, our trivial starting point is that P(T ≤ mτ ) = τ . Hence,
finding mτ may be written equivalently as finding the root in a of the equation

E[1(T > a)− (1− τ)] = 0. (1.1.3)

Then, instead of using this estimation equation in practice, the idea is here to define
a loss function such that, when taken in expectation and minimized, one eventually
retrieves expression (1.1.3). Giving ourselves a realization t of the random variable
T , this is easily achieved by defining the function a 7→

∫ t
a
(1(t > s) − (1 − τ)) ds.

Simple calculations then reveal that the latter loss function is nothing more than
the check function ρτ (t− a), hereby linking the latter with the definition of mτ as
∂/∂aE[ρτ (T − a)] = (1− τ)− P(T > a). This very simple observation of how one
may come to define the check function will in fact be seen to lie at the heart of the
methodology of Chapter 3.

Next, if instead of knowing the true distribution FT , one only disposes of an
independent and identically distributed (i.i.d.) sample T1, . . . , Tn drawn from FT ,
formulations (1.1.1) and (1.1.2) both offer decent starting points for the practical
estimation of mτ . That is, one may for instance embrace formulation (1.1.1) to
estimate mτ by

pmτ = inf{t ∈ R : pFT (t) ≥ τ}, (1.1.4)

where pFT (t) is an appropriate estimator of FT (t). An obvious candidate for the
latter estimator is the empirical distribution function n−1

∑n
i=1 1(Ti ≤ t), although
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more refined candidates may be considered (for instance by smoothing, see e.g.
Hubert et al. (2013)), as will be evoked in Chapter 4 as well. If instead one wishes
to consider formulation (1.1.2) for the estimation of mτ , then this may be carried
out numerically by

pmτ = arg min
a∈R

n∑
i=1

ρτ (Ti − a). (1.1.5)

A crucial lesson stemming from the latter formulation is that we may replace
the notion of sorting, which seemed inextricably tied to the definition of sample
quantiles, by an elementary optimization problem. Similarly to existing literature
on the subject, we will refer to the two described estimation strategies in the
following of this thesis as “inverse-c.d.f.” and “check-based”, for rather obvious
reasons. This simple duality between inverse-c.d.f. and check-based modelling is
in fact at the heart of the motivation for Chapter 4, given it naturally reappears
when considering covariate information as will be reported next.

1.1.2 Conditional quantiles
In practice, one often wishes to include the information of an additional covariate
vector X of dimension d ≥ 1 into a regression model in order to try and capture
the relationship between the latter and the response variable T . For this objective,
and in an attempt primarily motivated by the need for a robust (to outliers in the
response) alternative to the usually employed mean regression model, Koenker and
Bassett pioneered the development of quantile regression. Their rationale, initially
concentrated solely on linear regression models, is in fact a direct generalization
of the previous section. To introduce the latter, let us denote here by mτ (x),
for any τ ∈ (0, 1), the τ -th conditional quantile function of T , or some monotone
transformation of the latter, given X = x. Specifically,

mτ (x) = inf{t ∈ R : FT |X(t|x) ≥ τ}, (1.1.6)

where FT |X denotes the conditional c.d.f. of T given X. Similarly to ordinary
quantiles, Koenker and Bassett then noted that a general and equivalent check-
based formulation for conditional quantiles may be given by

mτ (x) = arg min
a∈R

E
”

ρτ (T − a)|X = x
ı

. (1.1.7)

Clearly, a major appealing feature of this check-based formulation exploited by
Koenker and Bassett and many following authors is its comparability with the well-
studied mean regression framework where one minimizes a conditional expected
quadratic loss. For illustration of this statement, let us consider as in Koenker and
Bassett the example of a simple linear regression model, and hence, based on an
i.i.d. sample (Ti,Xi), i = 1, . . . , n, from (T,X), let us assume that the regression
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model is of the form mτ (Xi) = βT
τXi, where X is here (d+ 1)-dimensional given

it includes a component relative to the intercept, and βτ is the (d+ 1)-dimensional
unknown quantile coefficient vector. Then, based on (1.1.7) and by similarity with
mean regression models, Koenker and Bassett simply suggested to estimate βτ by

pβτ = arg min
β∈Rd+1

n∑
i=1

ρτ (Ti − βTXi). (1.1.8)

Hence, by expressing quantile regression as the minimization of a conditional ex-
pected loss, Koenker and Bassett opened the door to numerous creative regression
modelling techniques that were typically initially suggested for mean regressions,
and then further applied to the quantile context, see e.g. the review of Yu et al.
(2003). In fact, the literature on check-based quantile regression blossomed so
broadly that the celebrated book of Koenker (2005) exclusively documents check-
based models, with one copula-based exception, leaving out any room for regression
models based on formulation (1.1.6) instead.

Apart from this resemblance with mean regressions, a second main ingredient
supporting this historical success of check-based modelling may undoubtedly be
attributed to the powerful numerical techniques developed for the practical mi-
nimization of the latter formulation when confronted to finite samples. Taking
again the example of a linear model, the effectiveness of some linear program-
ming algorithms applied to the latter framework is such that, for sufficiently large
samples, they may succeed in providing numerical solutions even faster than their
mean regression analogue relying for their part on closed-form solutions, as exposed
in Portnoy and Koenker (1997). These two features stemming from formulation
(1.1.7) are undeniably at the cornerstone of the check-based triumph for practical
quantile regression modelling.

On the other hand, and to a lesser extent, in certain particular situations the
inverse-c.d.f. formulation (1.1.6) also emerged in the literature as a valuable star-
ting point to estimate conditional quantiles in practice. One such particular situa-
tion is the domain of nonparametric regression, where a straightforward extension
of (1.1.4) is to estimate mτ (x) by

pmτ (x) = inf{t ∈ R : pFT |X(t|x) ≥ τ}, (1.1.9)

where pFT |X is some appropriate estimator of FT |X . This is the starting point of
several papers in the literature, see e.g. Yu and Jones (1998), Li and Racine (2008)
and Li et al. (2013), where the exposed numerical results globally suggest that for
nonparametric regression, the inverse-c.d.f. method tends to outperform its check-
based counterpart, especially for ‘central’ quantile levels where one is not required
to estimate FT |X in the tails of the response. For instance, Yu and Jones explicitly
recommend to adopt the inverse-c.d.f. version of their local linear estimator rather
than its check-based counterpart. This observation, along with further arguments
that will be developed when necessary, is at the origin of Chapter 4.
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Conclusively, the extension from ordinary quantiles to conditional quantiles gi-
ves again rise to a certain duality between inverse-c.d.f. and check-based modelling,
although the latter offers here a clear modelling advantage in most situations as
will be exploited in Chapters 2 and 3. For both approaches however, taking one
step back, it is worth mentioning how the study of conditional quantiles may allow
an analyst to complement, or simply improve, his regression analysis in practice.
This is the topic the next section.

1.1.3 Motivational features of quantile regression

We provide in this section, through two examples, a brief overview on the usually
praised features of quantile regressions over mean regressions. The first example
is taken from data going back to the study of Engel (1857) on households’ food
expenditure dependence on their income. Figure 1.2 depicts the original data along
with superimposed linear mean and quantile regression estimators. Clearly, a first
motivation for applying here a quantile regression analysis is the evident increase
in variability of food expenditures when the level of income grows. While stan-
dard mean regressions do not allow for detecting such heteroscedasticity, quantile
regressions are perfectly able to detect the latter by exploring the conditional distri-
bution with a set of different values of τ . An additional information highlighted by
this exploration is the left-skewed feature of the conditional distribution, given the
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Figure 1.2: Household food expenditure data (available in the R library quantreg). The
dashed black line represents the least squares estimate of the conditional mean while the
plain line depicts the estimated median linear regression. Six other quantile regression
estimates for τ ∈ {0.05, 0.1, 0.25, 0.75, 0.9, 0.95} are depicted in ‘increasing’ order in dotted
grey lines.
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Figure 1.3: Tropical cyclone maximum wind speed graphs of Elsner et al. (2008). The
left plot reports boxplots of the data by year, with trend lines for τ = 0.5, τ = 0.75 and
1.5 times the interquartile range. The right plot illustrates a typical graph in quantile
regression analysis: the slope coefficient of the quantile regression estimation with con-
fidence bands (90%) depicted as a function of τ . The red lines represent here the mean
regression slope estimation along with its 90% point-wise confidence band.

regression lines tend to be closer to each other for higher values of τ . Now, compa-
ring specifically the mean and median regression estimations, the chosen example
also highlights that the former may in some cases not even be most appropriate
to explore the central behavior of the conditional distribution. Indeed, as one can
observe, the least square estimates provides here a very poor fit for the conditional
mean of households with lowest incomes, as these points are all below the repre-
sented dashed line. This finding may here be attributed to both the presence of
a few unusual data points and the aforementioned asymmetry of the conditional
distribution. In opposition to this, the median regression does not suffer as much
from these combined effects in its estimation of the central tendency of the con-
ditional distribution, hereby illustrating the robustness of quantile regressions to
such undesirable effects in practice.

In some situations however, the mean regression estimation, while truthfully
reflecting the central behavior of the data, simply does not report the regression
information of interest in opposition to tails of the conditional distribution. This
is namely the situation in many scientific fields where extremes are of primary
interest; for instance, it might be socially desirable to implement an educational
policy that has a significant reducing impact on the proportion of students in great
difficulty, even though its effect on the average level of all students is negligible. The
second example of this section graphically further illustrates this statement in the
domain of environmental studies. Figure 1.3 reports here data coming from a study
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of Elsner et al. (2008) on maximum wind speeds of the strongest tropical cyclones
over the years. In this situation where both the mean and median regressions depict
little trend over time, the authors proposed a quantile regression study for multiple
values of τ in order to identify that upper quantiles clearly report an increasing
trend over the years, a finding that is believed to be in coherence with the global
warming of oceans. Hence, a simple application of the quantile regression procedure
allows here the analysts to provide clear evidence of the increasing intensity of upper
extremes, a verdict much more crucial to climatologists than the central behavior
of the data cloud.

Altogether, these simple illustrations exhibit the main reasons for which quan-
tile regressions are usually praised in the literature on both applied and theoretical
statistics, as they provide a broader picture than mean regressions, are robust to
outliers in the response and flexible with respect to the error distribution. This
then broadly motivates the study of such models in this thesis. However, before
covering in detail the latter study, it will now be necessary to take one step back
from quantile regressions in the following section, and introduce a few auxiliary
notions related to copulas that are key to some of our work.

1.2 Copulas and copula-based quantile regression

In anticipation of the methodology of Chapter 2 proposing a copula-based quantile
regression modelling, this section here offers a brief review of the basic notions
related to copulas along with their link to conditional quantiles. To that end, still
considering the situation where one disposes of a complete response variable T and
a d-variate covariate vector X, we first introduce the definitions and characteris-
tics that are at the cornerstone of copula theory and its recent success in statistical
methodologies. We then briefly discuss different approaches promoted in the lite-
rature for the estimation of copulas when confronted to an i.i.d. sample (Ti,Xi),
i = 1, . . . , n, and complete the section by discussing the intrinsically close relati-
onship between copulas and both inverse-c.d.f. and check-based quantile regression
modelling. Of course, this section is not intended to be an exhaustive review of
the copula literature at all, but rather focuses on the notions reappearing in later
chapters.

1.2.1 Definitions and generalities

We start this section by introducing the definition of a copula function, and then
recall the fundamental theorem of Sklar (1959) lying at the core of copula theory.
A book length treatment of copulas may further be found in Nelsen (2006) and Joe
(2014).

Now, let us suppose that all Xj , j = 1, . . . , d, are continuous random varia-
bles with c.d.f. denoted by F1, . . . , Fd, respectively. Throughout this thesis, we
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further denote by fj and fT the density of Xj , j = 1, . . . , d, and T , respecti-
vely. The copula function CTX of (T,X) is then defined as the joint c.d.f. of
(FT (T ), F1(X1), . . . , Fd(Xd)), that is,

CTX(u0, u1, . . . , ud) := P(U0 ≤ u0, U1 ≤ u1, . . . , Ud ≤ ud), (u0, . . . , ud) ∈ [0, 1]d+1,

with U0 = FT (T ) and Uj = Fj(Xj), j = 1, . . . , d. While copulas were initially
introduced and studied in probability theory, their thriving success across the last
decades in the statistical literature is easily to be attributed to the pioneering
theorem of Sklar (1959). The latter states that, for every x = (x1, . . . , xd)

T, the
multivariate c.d.f. FTX of (T,X) evaluated at (t,x) may be decomposed into
marginal distributions and the unique copula CTX as follows:

FTX(t,x) = CTX(FT (t),F (x)), ∀(t,x) ∈ Rd+1, (1.2.1)

where F (x) = (F1(x1), . . . , Fd(xd))
T. Equation (1.2.1) is usually interpreted in the

way that the copula CTX disjoints the marginal behaviors of T and X from their
stochastic dependence structure, hereby allowing a great modelling flexibility by
separating the effects coming from one or the other part. This particular nature
of copulas shaped them into an indispensable tool in many scientific fields relying
on flexible multivariate modelling, such as insurance, finance or even astronomy.
For practical implementation, one then needs to resort to appropriate estimation
procedures for copulas, which is the topic of the next section.

1.2.2 Copula estimation

As reported above, in multivariate frameworks copulas allow to abstract from the
complications of marginal behaviors and focus solely on the form of the depen-
dence. This motivates the necessity in the statistical literature to propose practi-
cal procedures for the estimation of copulas, often implemented via the copula
density. Taking the example of the copula CTX , the latter density associated to
CTX is defined as cTX(u0, u1, . . . , ud) = ∂d+1CTX(u0, u1, . . . , ud)/∂u0∂u1 . . . ∂ud,
for (u0, . . . , ud) ∈ [0, 1]d+1.

Now, a major specificity of such copula density estimation, be it for parametric
or nonparametric approaches as will be distinguished later, is that one typically
only observes a sample (Ti,Xi), i = 1, . . . , n, whereas cTX is in fact the density
of (U0, . . . , Ud) = (FT (T ), F1(X1), . . . , Fd(Xd)), where FT and Fj , j = 1, . . . , d,
are usually unknown. As a consequence, general estimation of a copula density is
unfeasible as such and requires to work in two sequential steps1: first, compute
‘pseudo-observations’ (pU0i, . . . , pUdi) = ( pFT (Ti), pF1(X1i), . . . , pFd(Xdi)), i = 1, . . . , n,
where pFT and pFj are some appropriate estimators of FT and Fj , j = 1, . . . , d,

1A parametrization of the marginals as well may in fact allow for a one-step estimation only,
but this will not be treated here and is seldom recommended in the literature given the strong
exposure to possible misspecification.
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and then, in a second step, treat the obtained sample as if it were coming from
CTX in order to estimate the copula density. In the literature, in order to avoid
undesirable misspecifications issues at this point, it is common practice to estimate
the marginal distributions using some rescaled version of the empirical c.d.f. in
order to further keep the constructed observations in the interior of [0, 1], that is,
pU0i = (n + 1)−1

∑n
k=1 1(Tk ≤ Ti) and pUji = (n + 1)−1

∑n
k=1 1(Xjk ≤ Xji), for

i = 1, . . . , n, and j = 1, . . . , d. Throughout this thesis, we will adopt this standard
practice as well.

Now, disposing of a sample of pseudo-observations at hand, as for any density
function estimation, typically two school of thoughts may be opposed for the esti-
mation of the copula density, depending on a possible parametrization of the latter.
As both approaches will be considered in our work, we distinguish and detail next
some relevant estimation procedures for the two of them.

Semiparametric estimation

First, a wide literature is devoted to the parametric modelling of the copula,
that is, assuming that the latter belongs to a certain parametric family C =
{c(u0, . . . , ud;θ),θ ∈ Θ ⊂ Rp}, for some p ∈ N. Among these families, perhaps
the most popular and hence worth mentioning are the families of Archimedean
copulas (e.g. Clayton, Frank or Gumbel) and elliptical copulas (e.g. Gaussian,
Student t). In this situation, apart from the particularity of disposing only of
pseudo-observations, estimating the copula density basically amounts to fitting
a parametric multivariate density, for which likelihood methods are undoubtedly
most popular. Specifically, estimation of the copula relies here entirely on the
estimation of θ through

pθ = arg max
θ∈Θ

n∑
i=1

log cTX( pFT (Ti), pF1(X1i), . . . , pFd(Xdi);θ). (1.2.2)

This estimation procedure, spearheaded by Genest et al. (1995) and Shih and Louis
(1995), is qualified as being overall semiparametric as it relies on nonparametric
estimators in a first stage for the determination of the pseudo-sample. Parametric
copula modelling and subsequent estimation has been proved to be very useful in
a large set of domains such as finance (e.g. Genest et al. (2009a)), biology (e.g.
Kim et al. (2008)), hydrology (e.g. Salvadori and De Michele (2007)) and so on.

Of course, as for any parametric procedure, this first approach to copula esti-
mation is based on the somewhat speculative thought2 that the true copula CTX
indeed belongs to the chosen family C, or is at the least sufficiently and conveniently
close to the latter. In practice however, there are inevitable situations where para-
metric specifications fail to provide the flexibility needed to accurately specify the

2Of course, a lot of interesting research is dedicated to a more formal study on how well the
parametric assumption conforms to the data. This is here however left out for sake of brevity.
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underlying natural law, and the copula literature, although granting an extensive
range of parametric copula families, is naturally not immune to this drawback. The
motivational example of Section 2.2.2 offers a precise and obvious illustration of
such a pitfall. In these situations, data analysis must rely on the nonparametric
front of statistical modelling, where no rigid assumptions are made on the under-
lying distribution. Estimation of such nonparametric tools in this context is then
the topic of the next section.

Nonparametric estimation

For ease of presentation, this nonparametric approach to copula estimation will here
be reviewed solely for the particular bivariate situation, that is, assuming d = 1
and hence concentrating on the copula CTX1

of (T,X1). This is of course common
practice in the literature given that, while theoretical extensions to higher dimen-
sions are often claimed to be straightforward, practical implementation is on the
other hand only rational within the restrictions laid by the curse of dimensionality.

Now, the probably earliest step in the direction of nonparametric copula esti-
mation may be traced back to the work of Deheuvels (1979) with the study of the
empirical copula

pCTX1
(u0, u1) = n−1

n∑
i=1

1( pFT (Ti) ≤ u0, pF1(X1i) ≤ u1), (1.2.3)

for (u0, u1) ∈ [0, 1]2 and where pFT and pF1 are again rescaled versions of the em-
pirical c.d.f. (where the rescaling was later suggested by Omelka et al. (2009)).
Numerous subsequent work may be related to this first approach, see e.g. the
study of the associated empirical process in Fermanian et al. (2004), Tsukahara
(2005) or Segers (2012), or the work related to some smoothed version of (1.2.3)
in Fermanian et al. (2004), Chen and Huang (2007) and Omelka et al. (2009).

On the other hand, rather than focusing on the copula c.d.f., an extensive li-
terature has concentrated on the nonparametric estimation of its density function
instead, driven by the main argument that the latter is often more readable for
interpretation. Among these techniques, our attention is here drawn in particular
to kernel methods, mainly for their simplicity of construction and interpretation,
although alternative strategies are certainly worth mentioning, see e.g. the spline
smoothing methods of Shen et al. (2008) and Kauermann et al. (2013), the Bern-
stein polynomial methods of Sancetta and Satchell (2004), or the wavelet methods
of Genest et al. (2009b).

Now, in addition to observing only a pseudo-sample, two characteristics of co-
pula densities are central to the development of appropriate kernel estimation pro-
cedures, as bivariate copula densities are, first, only supported on the unit square
and may, second, typically be unbounded in some regions of the latter. Ignoring
momentarily these features in order to motivate the construction of appropriate es-
timators in this situation, suppose first one wishes to consider the straightforward,
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yet naive, approach of estimating the density cTX1 at (u0, u1) ∈ [0, 1]2 by

1

n |H|1/2
n∑
i=1

K

ˆ

H1/2

ˆ

u0 − pU0i

u1 − pU1i

˙˙

,

where H is a symmetric positive-definite bandwidth matrix and K : R2 → R is a
bivariate kernel function. This construction, although tempting, clearly completely
ignores the boundedness of the support on the unit square, and hence places positive
mass outside the latter support through the kernel K. Additionally, this basic
kernel approach is further known not to be consistent for unbounded densities.
Hence, to remedy the first, and arguably most inconvenient, of these two issues,
several distinct schemes have been designed in the literature to correct for well-
known bias issues at the boundaries, such as the mirror reflection method of Gijbels
and Mielniczuk (1990) or the boundary kernel method of Chen and Huang (2007).
An additional procedure was further proposed by Charpentier et al. (2006) and
Geenens et al. (2017), and exploits the key invariance property of copulas with
respect to increasing transformations of their margins. Here, in order to avoid
having to estimate copulas on a bounded support, the idea is then to work in three
steps; first, the initial data is appropriately projected on an unbounded support,
then, the bivariate density of the projected data is estimated in a second step
by means of standard techniques, and, lastly, estimation of the copula density is
implemented in the third step by simple back-transformation on the unit square.
For instance, using the example of a probit transformation, estimation of the copula
density cTX1

at (u0, u1) ∈ (0, 1)2 is carried out by

pf01pΦ−1(u0),Φ−1(u1)q

φpΦ−1(u0)qφpΦ−1(u1)q
, (1.2.4)

where φ and Φ stand for the standard normal density and c.d.f., respectively, and
where pf01 is an appropriate bivariate density estimator of the projected pseudo-
sample (Φ−1(pU0i),Φ

−1(pU1i)), i = 1, . . . , n. In order to cope with the last above-
mentioned peculiarity of copula densities, i.e. their possible unboundedness, Gee-
nens et al. (2017) subsequently suggested to couple (1.2.4) with polynomial local-
likelihood estimation for f01. This results in a bivariate copula density estimator
illustrated to outperform its competitors in most simulation scenarios, as further
emphasized in Nagler (2014) whose work reports a more exhaustive comparison of
existing methodologies for bivariate copula density estimation. Hence, when ne-
cessary in the following of this thesis, our preference will naturally go to the latter
described technique.

We now finish this section on copula estimation by including a few words on
higher-dimensional copula modelling, be it for parametric or nonparametric copu-
las. Clearly, multivariate settings (i.e. d > 1) offer a significant challenge to copula
modelling; parametric approaches may lack even more flexibility than for bivariate
modelling, and nonparametric procedures are on the other hand quickly exposed to



1.2. Copulas and copula-based quantile regression 13

the curse of dimensionality. A unified and natural suggestion in the literature then
seems to consider breaking down the multivariate copula into lower-dimensional,
and hence more tractable and flexible, components. Under this general strategy,
several methodologies in the literature then include, among others, nested Archi-
medean copulas (see e.g. Hofert and Pham (2013) and Joe (2014)), factor copulas
(see e.g. Oh and Patton (2012)) and, arguably the most popular, vine copulas
where only bivariate blocks are used in an iterative scheme (see e.g. Czado (2010),
Joe (2014) and references therein). Without entering into too much further details,
while these techniques inevitably induce some approximations that one hopes to
be controlled for (see e.g. the work of Hobæk Haff et al. (2010) and Stöber et al.
(2013) for the approximations related to vine copulas, or the work of Gijbels et al.
(2017) and references therein for the related issue of testing for covariate effects
in conditional copulas), their interest clearly resides in the need for only estima-
ting parametrically or nonparametrically low-dimensional copulas, for which the
above-mentioned techniques are perfectly suited. In Chapter 2, when confronted
to higher-dimensional copulas, we will then embrace such a line of thought as well.

Now, to introduce how we actually come to require the estimation of copulas
in a quantile regression model, we devote the next section to the intrinsically close
connection between copulas and conditional quantiles.

1.2.3 Copula-based quantile regression

Given the common interpretation of copulas as dependence modelling objects, it
certainly comes as little surprise that copulas may closely be linked to quantile
regression modelling. As a matter of fact, copula-based quantile regression model-
ling is observed to be considered in the literature, in line with the vocabulary of
Section 1.1, both in terms of inverse-c.d.f. and check-based approaches. We thus
review and discuss in this section both strategies. A first common observation that
is worth mentioning is that a general copula-based approach allows the analyst
to straightforwardly avoid common regression issues such as the consideration of
transformed covariates or the possible inclusion of interactions among the latter.
This forms a first considerable convenience of such copula-based techniques.

Inverse-c.d.f. approach

The first approach to copula-based quantile regression comes from the somewhat
expected observation that conditional quantiles may appropriately and straight-
forwardly be expressed in terms of a conditional copula and univariate margins.
Taking the example of univariate conditional quantiles for ease of reading, an early
relation in this direction reported for instance in Joe (1997) is that

FT |X1

`

F−1
T (u0)|F−1

1 (u1)
˘

=
∂CTX1

(u0, u1)

∂u1
, ∀(u0, u1) ∈ [0, 1]2,
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where FT |X1
is the conditional c.d.f. of T given X1. A direct implication of the

latter relation, which is in fact the cornerstone of the sequential nature of vine
copula modelling, was exploited in (an earlier version of) Bouyé and Salmon (2009),
and then further applied in the time-series works of Chen and Fan (2006) and Chen
et al. (2009). Their starting point is thus that for τ ∈ (0, 1),

F−1
T |X1

(τ |x1) ≡ mτ (x1) = F−1
T

´

C−1
T |X1

(τ |F1(x1))
¯

,

where C−1
T |X1

is the τ -th conditional copula quantile function of FT (T ) given F1(X1),
also to be seen as the inverse of ∂CTX1

(u0, u1)/∂u1 with respect to u0. Hence,
estimation of conditional quantiles simply relies here on estimation and appropriate
inversion of marginal distributions and a bivariate copula, that is,

pmτ (x1) = pF−1
T

´

pC−1
T |X1

(τ | pF1(x1))
¯

,

for some appropriate estimators pFT , pF1 and pC−1
T |X1

. While marginal c.d.f. estima-
tion is again typically carried out nonparametrically, the subsequent suggestion of
Bouyé and Salmon is to consider a parametrization of the copula. By means of
several examples exposed in their work, this is then observed to allow for an explicit
expression of C−1

T |X1
and results in a semiparametric model that may, depending

on the chosen copula family and underlying marginal distributions, be non-linear
in the parameters.

Now, in addition to the aforementioned possible lack of flexibility of parame-
tric copula modelling, the extension of this technique to multivariate covariates is
argued in the literature to be less straightforward than for univariate covariates,
given the required inversion of the conditional copula CT |X of T given X. In some
situations however, assuming a particular structure for the multivariate copula may
result in significant reduction of the complexity of this task. This is for instance
exploited in the recent work of Kraus and Czado (2017) and Schallhorn et al.
(2017), where a subclass of vine copulas, the D-vine structure (‘Drawable vine’, see
e.g. Aas et al. (2009)), is shown to lead, under the usual vine copula simplifying
assumption, to an analytical rewriting of the conditional copula quantile function
in terms of recursive partial derivatives of bivariate copulas and their inverses. As
for any vine decomposition, the essential feature of this rewriting is therefore the
need to rely here only on bivariate building blocks, for which numerous modelling
and estimation methodologies exist, as previously-described.

Additionally, while the work of Kraus and Czado only considers parametric
copula modelling, and is hence not immune to the shortcomings of the latter ap-
proach in the regression context as illustrated in Section 2.2.2, Schallhorn et al.
provide an extension of the methodology by namely including nonparametric esti-
mation of some bivariate copulas forming the bulding blocks of the vine structure.
In some sense, and anticipating at this point a few arguments detailed later in
the text, the latter work has thus in its essence parallels with arguments of Chap-
ter 2, although posterior to the publication of our work. However, in addition to
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tackling the regression modelling with a different approach, a major contrast with
our work worth mentioning here is that the D-vine structure does not allow for
a direct modelling, and consequent estimation, of the bivariate copulas of T with
every included covariate. To a certain extent, this arguably exposes the inability
of the D-vine structure to fully take account of the regression context where one is
mostly interested in the dependence between the response and every covariate at
hand. At this point, these arguments are most probably to be put in perspective
with the developments and numerical results of Section 2.2.2 and Section 2.5.1 for
a better understanding, along with a more detailed discussion on D-vine copula
modelling left here out for sake of brevity.

Conclusively, this first approach to copula quantile regression modelling offers
what one could categorize as an inverse-c.d.f. approach to quantile regression by
using either low-dimensional covariates in order to exploit the parametric bivariate
copula literature or, more recently, by using particular vine copula structures for
higher-dimensional problems. A check-based counterpart to this will then be expo-
sed next, with computational and theoretical convenience acting as main incentives
for the latter approach.

Check-based approach

The check-based approach to copula-based regression modelling may in fact be
initially related to the work of Noh et al. (2013) on mean regression models, and is
again a direct implication of Sklar’s theorem. The starting point here is indeed to
observe that the conditional density of T given X, denoted by fT |X , may simply
be rewritten using the latter theorem (expressed in terms of densities) as

fT |X(t|x) =
fTX(t,x)

fX(x)
= fT (t)

cTX(FT (t),F (x))

cX(F (x))
, ∀(t,x) ∈ Rd+1, (1.2.5)

where fTX is the joint density of (T,X), fX is the joint density of X and cX is
the corresponding copula density. Exploiting this relation in a context where one
constructs upon a conditional expectation then yields the following copula- and
check-based approach to quantile regression:

mτ (x) = arg min
a∈R

E
”

ρτ (T − a)|X = x
ı

= arg min
a∈R

E
”

ρτ (T − a) cTX(FT (T ),F (x))
ı

. (1.2.6)

This appealing formulation as a weighted quantile of the response suggests, as
described in Noh et al. (2015), to estimate the quantile regression by taking the
empirical analogue of (1.2.6) where all unknown quantities are replaced by appro-
priate estimators. That is,

pmτ (x) = arg min
a∈R

n∑
i=1

ρτ (Ti − a)pcTX( pFT (Ti), pF (x)),
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with pF (x) = ( pF1(x1), . . . , pFd(xd))
T. Quite naturally in first instance, Noh et al.

suggested subsequently to leave the marginal distributions unspecified while assu-
ming a parametric model for the copula. Their resulting semiparametric estimator
then leads to easily obtained asymptotics for both i.i.d. and time-series settings,
with a notable parametric rate of convergence independently of the dimension d of
the covariate. Furthermore, the estimator has the additional appealing property
of being automatically monotonic across quantile levels, hereby naturally avoiding
typical, and worrisome in practice, quantile crossing issues.

However, similarly to the inverse-c.d.f. copula-based approach, the parame-
tric assumption for the required copula estimation has since the publication of
Noh et al. been exposed to somewhat vexing issues in the regression context, as
highlighted specifically by Dette et al. (2014). In particular, their work uncovered
possible shortcomings that are induced by the misspecification of the parametric
copula, by taking the example of a univariate quantile regression function that is
non-monotonic in the covariate. In this situation, it is unpleasantly found that
most of the common parametric copula families still yield a monotone estimation
of the regression function, thereby providing a rather poor fit of the latter. This
example is further detailed in Section 2.5.1. Hence, while offering some advantages
over its inverse-c.d.f. counterpart, the check-based approach to copula quantile re-
gression summarized here still inherits from a fundamental shortcoming restraining
its practical use. This is the starting point of Chapter 2, where the latter comment
will naturally need to be addressed.

Conclusively, this section briefly reviewed the major notions and the global
context related to copula-based regression prior to our work, with an accent on the
issues already appearing here for complete observations. Now, as exposed earlier,
an additional motivation for the following chapters is the inclusion in this context
of possible censoring of the responses. Hence, the next section is devoted to the
description of the main statistical domain accommodating for the issues related to
censoring.

1.3 Survival analysis

Many interesting real data applications, of which a few will be mentioned next,
require an appropriate data analysis while only disposing of possibly incomplete
or incorrect data at hand. In this thesis, we propose quantile regression methodo-
logies designed to handle one such particular incompleteness, known as censoring.
The latter phenomenon, characterized by disturbances preventing the observer to
acquire all information about the data, is usually integrated in the literature under
the domain of survival analysis, the branch of statistics aiming at modelling time-
to-event data. As the term suggests, the latter data describe the time between
a defined origin and an event of interest. Examples of the study of such times,
also referred to as survival times or failure times, include medical applications (e.g.
the time until full recovery after a disease), actuarial applications (e.g. the time
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between subscription to an insurance and the first car accident) or engineering
applications (e.g. the study of the lifetime of a certain machine) to name a few.
Clearly, the association of these data with possible censoring comes as a natural
consequence of the very structure of time-to-event data, as the latter are by defi-
nition not measured instantly, and hence exposed to various types of interferences
during the lapse of time required for completely collecting the data.

The aim of this section is here to provide a brief presentation of the peculiarities
of such survival data for statistical analysis. To that end, we start by reviewing
the usually employed quantities of interests for such data, and describe more for-
mally the notion of censoring. We then discuss estimation of prevailing survival
quantities, and end the section by examining different particular regression models
in this context when considering covariate information. Numerous textbooks are
devoted to a more detailed description of survival analysis, including Therneau
and Grambsch (2000), Kalbfleisch and Prentice (2002) and Moore (2016) to name
a few.

1.3.1 Characteristics of survival data

As already evoked earlier, survival data may be characterized by two fundamental
features, as they usually describe a time and are thus positive, and, more funda-
mentally, they are typically subject to nuisances in their measures that need to
be accounted for in any statistical analysis. From a methodological point of view,
this mainly implies that the paradigm of concentrating primarily on the density
and c.d.f. of T will here shift towards other quantities, although of course related.
These statistical quantities will be described next, after a quick review of the notion
of censoring.

General censoring occurs when any nuisance prevents the observer from measu-
ring the exact survival time of the objects under study. Quite naturally, different
types of censoring may be distinguished, depending on the nature of the interfe-
ring nuisance. For instance, in the event of only observing an upper bound for
the survival time, we refer to the phenomenon as right censoring. A textbook ex-
ample is here the situation of a clinical trial where some patients may not have
experienced the event of interest by the end of the study, hereby providing only
the partial information that their survival time is at least greater than a certain
value. Conversely, observing only a lower bound is referred in the literature to as
left censoring, for which the statistical tools may of course be related to the con-
text of right censoring, as will be namely illustrated in the application of Chapter
4. Lastly, if the observer may only report that the event of interest took place
somewhere between two recorded times, then this is denoted as interval censoring.

Now, our attention in this thesis is drawn in particular to random right censo-
ring3, that is, situations in which the censoring time, i.e. the lower bound for the

3Note that the term ‘random’ here will be considered implicit in the following sections and
chapters when referring to ‘right censoring’.
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survival time, is a random variable itself. Building on the aforementioned clinical
trial example, the latter characteristic allows for modelling situations where pa-
tients may enter and leave the study at any time, be it for experiencing the event
of interest, or any other reason leading to censoring (e.g. lost of follow up or end
of the trial). In contrast, other types of right censoring not covered here include
particular mechanisms implying that all censored observations share a common
censoring time. This is the situation in Type I right censoring, where all individu-
als enter the trial at the same time and the latter ends at a fixed point in time,
and in Type II right censoring, where all individuals again enter the trial at the
same time but the study is ended after a predefined number of event of intere-
sts have occurred. Lastly, taking one step back, while a clear motivation exposed
here for modelling right censoring comes from the world of time-to-event data, it
is worth emphasizing that censoring does not exclusively affect the latter type of
data, as numerous other applications may be subject to this incompleteness of the
information, such as in insurance (where the actual cost of a claim may take years
before being fully known) or in astronomy (where detection limits may prevent full
observation of astronomical objects).

Now, to introduce the formal context without covariates, and denoting by C the
random censoring variable, right censoring implies that the observed data consists
here only in (Y,∆) instead of T , where

Y = min(T,C),

and
∆ = 1(T ≤ C)

is called the censoring indicator, allowing for a distinction between complete and
censored observations. For identifiability concerns, we further assume throughout
the thesis that T and C are independent, or conditionally independent given the
covariates if any. This namely implies that the following relation between the
distributions of Y , T and C holds for every t:

1− FY (t) = (1− FT (t))(1−GC(t)),

where FY is the c.d.f. of Y and GC is the c.d.f. of C. Now, observing only (Y,∆)
implies that classical statistical methodologies have here to be adapted, as it is
easily seen that treating all responses as if they were complete, or even discarding
the censored responses, will both lead to inadequate statistical inference given that
the largest survival times will be under-represented. The latter remark comes from
the natural observation that these largest survival times are the ones more likely
to be censored given their longer exposure to the latter phenomenon. The next
section will be devoted to the accommodation of censored data for the estimation
of classical statistical quantities.

Before turning to the latter subject, we now close this section with a few words
on the statistical quantities usually employed in survival analysis and thereby so-
metimes reappearing in the following sections and chapters. In opposition to the
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situation with only complete observations, where the main objects of interest are
the density and c.d.f. of T , the literature on survival analysis mostly builds models
on the survival function, the hazard function and the cumulative hazard function,
all of which may of course be related to the distribution function. For the non-
negative time-to-event variable T , these are defined as follows: the survival function
ST (t) of T represents the probability that an individual, or object, is still at risk
at time t for experiencing the event of interest, that is,

ST (t) = 1− FT (t) = P(T > t), t ∈ R+.

The hazard function on the other hand is defined as

h(t) = lim
η→0

P(t ≤ T ≤ T + η|T ≥ t)
η

=
fT (t)

ST (t)
, t ∈ R+.

Hence, for a small η > 0, η×h(t) represents approximately the probability of expe-
riencing the event of interest in the interval [t, t+η], conditionally on the knowledge
that the latter did not take place before the time t. By letting η shrink towards
0, h(t) is thus generally interpreted as the instantaneous risk of experiencing the
event at time t for items that are surviving till that time. With this interpreta-
tion in mind, lastly, the cumulative hazard function represents the accumulated
instantaneous risk over time, that is,

H(t) =

∫ t

0

h(s) ds, t ∈ R+.

With these notions and characteristics laying the grounds for survival analysis,
we may now undertake in the next section the first steps towards estimation of
statistical quantities based on finite samples exposed to censoring.

1.3.2 Nonparametric estimation with censored data

In this section, we are interested in the estimation of several quantities based, first,
on an i.i.d. sample (Yi,∆i), i = 1, . . . , n, of (Y,∆), and second, on an i.i.d. sample
including covariate information as well. In particular, we are here mainly interested
in the estimation of the c.d.f. and the conditional c.d.f. of the unobservable variable
T , given the covariates X if present. As a preliminary remark, we are here solely
interested in nonparametric estimation of the latter, as parametric methodologies
such as survival likelihood will not appear in the remainder of this thesis. Quite
naturally, we first discuss estimation of the unconditional c.d.f. before turning to
the estimation of the conditional c.d.f.



20 Chapter 1. Overview

Nonparametric c.d.f. estimation with censored data

The certainly most widely used procedure to estimate the c.d.f. FT of the unob-
servable variable T goes back to Kaplan and Meier (1958), with4:

pFT (t) = 1−
n∏
i=1

{
1− 1∑n

j=1 1(Yi ≤ Yj)

}1(Yi≤t,∆i=1)

. (1.3.1)

The Kaplan-Meier estimator is observed to define a step function jumping only at
complete observations. Furthermore, as one might expect, in case of no censoring
(i.e. Yi = Ti, i = 1, . . . , n), the estimator simply boils down to the empirical c.d.f.
with jumps n−1 at every observation. An alternative rewriting of the estimator,
reported for instance in Miller (1981), allows for a further connection between situ-
ations with and without censoring, as the estimator is shown to take the following
form:

pFT (t) =
1

n

n∑
i=1

Win1(Yi ≤ t), Win =
∆i

1− pGC(Yi−)
, (1.3.2)

where pGC is the Kaplan-Meier estimator of the c.d.f. of C (obtained by replacing
∆i with 1−∆i in (1.3.1)), and GC(y−) denotes the left limit of GC at y. Note that
(1.3.2) clearly exhibits that the jumps of the estimator increase for higher values in
the sample, which is in line with compensation of the previously-mentioned under-
representation of the largest survival times due to censoring. This formulation
further emphasizes that, contrary to the situation with no censoring, the estimator
is as such no longer an average of i.i.d. terms, as explicitly highlighted by the
subscript n in the weights Win. This, of course, substantially complicates the
study of its asymptotic properties, for which much work has been provided in the
literature, see e.g. Gill (1983) and Lo and Singh (1986) to name a few.

Nonparametric conditional c.d.f. estimation with censored data

When studying the inclusion of covariate information, for identifiability concerns
we first recall that we consider throughout the thesis that the censoring and survival
times are independent conditionally on the covariates, leading namely for every t
to

1− FY |X(t|x) = (1− FT |X(t|x))(1−GC(t|x)),

where FY |X(t|x) = P(Y ≤ t|X = x) and GC(t|x) = P(C ≤ t|X = x). In the ob-
jective here of estimating now the conditional c.d.f. FT |X , a classical approach for
both complete and censored data initiates from the idea that, provided FT |X(t|x)

4In order not to complicate the notations, and since this will not induce any confusion in the
following chapters, we do not specifically add here a sub- or superscript to stress that pFT is here
indeed the Kaplan-Meier estimator of FT .
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is continuous in x, the information contained in observations whose Xi is, in some
sense, close to x should be prioritized over observations laying further away from
x. For complete observations, this line of thought leads to the estimator of Stone
(1977), representing a simple extension of the empirical c.d.f. by replacing the uni-
form weights n−1 with weights depending on the relative distance of observations
Xi, i = 1, . . . , n, with respect to the point of interest x. For censored observations,
a similar extension of the Kaplan-Meier estimator was carried out by Beran (1981),
leading to the following:

pFT |X(t|x) = 1−
n∏
i=1

{
1− Bni(x)∑n

j=1 1(Yi ≤ Yj)Bnj(x)

}1(Yi≤t,∆i=1)

, (1.3.3)

for a sequence of weights Bnj(x) adding up to 1. A popular choice for the latter
weights that we will embrace in this thesis is the particular case of Nadaraya-
Watson type of weights given by

Bnj(x) =
Kd

´

x−Xj

h

¯

∑n
k=1Kd

`

x−Xk

h

˘ , j = 1, . . . , n,

whereKd is a multivariate kernel density function, Kd(u/h) = Kd(u1/h, . . . , ud/h),
and h is a positive bandwidth parameter converging to zero as n → ∞. Equiva-
lently to the situation with no covariates, Beran’s estimator, sometimes called
the conditional Kaplan-Meier estimator, may also be written in a similar form as
(1.3.2) with weights Wni, i = 1, . . . , n, now depending on the relative distance of
Xi, i = 1, . . . , n, with respect to the point of interest x. Again, in case of no cen-
soring, (1.3.3) is observed to reduce to Stone’s estimator. A more detailed study
of the properties of Beran’s estimator may be found in various settings in Dabrow-
ska (1989), Gonzalez-Manteiga and Cadarso-Suarez (1994) and Van Keilegom and
Veraverbeke (1997a) among others.

Lastly, to close this section and given the context of this thesis, it is worth men-
tioning here a few elementary words on the estimation of quantile regression with
censored data based on (1.3.3). Given such an estimator of FT |X , one may indeed
readily suggest to adopt an inverse-c.d.f. approach as in (1.1.9) in order to estimate
the conditional quantile function. This was for instance studied in Van Keilegom
and Veraverbeke (1996) and Van Keilegom and Veraverbeke (1997b), leading to
a fully nonparametric quantile regression estimator. In that sense, we note that
this section on Beran’s estimator slightly encompasses the following section on
regression modelling with censored data. Finally, note that in Chapter 4, when
considering a similar inverse-c.d.f. approach but in a somewhat different context,
instead of using Beran’s estimator as such we will rely on a “double-kernel” version
of the latter. The motivations underlying this particular choice will be exposed
later when necessary. For now, we may concentrate in the next section on different
seminal regression techniques that are abundantly used in practice for an analysis
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with censored data, and compare the latter with our studied quantile regression
framework.

1.3.3 Regression modelling with censored data
We propose in this section a succinct review of the commonly employed regression
models in survival analysis when confronted to censored data. As a preliminary
remark, similarly to the simpler situation without censoring, the latter models
quite naturally include fully parametric, semiparametric and nonparametric ap-
proaches. We propose here to concentrate on two specific families of models that
are preeminent for the analysis of covariate effects on survival data, namely the
Cox proportional hazards models (Cox (1972)) and the accelerated failure time mo-
dels (AFT, mentioned in Cox (1972) and further considered in Prentice (1978) for
instance). For ease of comparison with quantile regression modelling in the present
context, we further choose to adopt here a unified approach for the presentation of
the latter models, and assume a linear effect of the covariates in the latter. Then,
the starting point highlighted by Doksum and Gasko (1990) is to observe that most
survival models may be written in a unified form as

g(Ti) = βTXi + εi, i = 1, . . . , n, (1.3.4)

where g is some appropriate monotone transformation depending on the particular
model of interest, X again includes a component relative to the intercept and is
thus of dimension d+1, β is the (d+1)-dimensional unknown regression coefficient
vector and ε1, . . . , εn, are i.i.d. random variables with some c.d.f. Fε. We now detail
how (1.3.4) encompasses both the Cox and the AFT models, and then conclude the
section by a concise comparison with quantile regression models. Further details
on the latter comparison may be found in Koenker and Bilias (2001), Koenker and
Geling (2001) and Portnoy (2003).

Cox proportional hazards model

The Cox regression, along with its numerous variations, is historically undoubtedly
the predominant technique for analyzing the relationship between covariates and
a possibly censored response variable. As the denomination suggests, the latter
approach initially aims at modelling the influence of covariates on the conditional
hazard function rather than on the survival times directly. The formulation, with
an unknown coefficient vector denoted here by γ, then goes as follows:

h(t|Xi) = h0(t) exp(γTXi), i = 1, . . . , n,

where the coefficient in γ relative to the intercept is set to 0 in order to avoid
identifiability issues, and where h0(t) is the so-called baseline hazard function,
common to all observations and usually left unspecified. The term ‘proportional
hazards’ comes from the simple consideration that the conditional hazard ratio of
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two observations is constant over values of t, hereby introducing a strong global
assumption through the model specification. Now, the link with formulation (1.3.4)
is obtained by simple rearrangements of the previously-described survival analysis
quantities: starting with log h(t|Xi) = log h0(t) +γTXi, i = 1, . . . , n, and recalling
that h(t) = −dST (t)/ST (t) and similarly for a conditional version, we have

log
`

− logST |X(t|Xi)
˘

= logH0(t)− γTXi, i = 1, . . . , n,

where ST |X is the conditional survival function of T given X and H0(t) is the cu-
mulative baseline hazard function. From the latter expression, we may reformulate
the Cox model as

logH0(Ti) = βTXi + εi, i = 1, . . . , n, (1.3.5)

where β = −γ and ε1, . . . , εn, are i.i.d. random variables with (extreme value)
distribution Fε(s) = 1 − exp(− exp(s)). Hence, the latter formulation of the Cox
regression clearly exhibits that the proportional hazards model implicitly designs
a linear regression with a transformation of the form g(Ti) = logH0(Ti), and
where the covariates only affect the latter through a simple location-shift effect.
An additional discussion on the subject is deferred to the section devoted to the
comparison with quantile regression models.

Accelerated failure time model

The AFT model is usually introduced in the literature as a natural extension to
the Cox regression allowing the analyst to relax the stringent proportional hazards
assumption. This stems from the observation that the model may be introduced
as follows:

h(t|Xi) = h0{exp(γTXi)t} exp(γTXi), i = 1, . . . , n,

hereby clearly preventing the ratio of conditional hazards of two observations to be
automatically constant over values of t. The term ‘accelerated failure time’ may
here be seen as originating from the multiplicative impact of the covariates on t in
the baseline hazard, or baseline survival depending on the chosen formulation, as
this is usually interpreted in the sense that the covariates will change the time scale
of observations with respect to a baseline time (i.e. when X = 0). Now, although
the latter formulation clearly exhibits the alleviation of the proportional hazards
assumption, the AFT model is usually presented in a form similar to (1.3.4) as
this allows for a direct and valuable interpretation of the coefficients on the (log)
survival time:

log Ti = βTXi + εi, i = 1, . . . , n, (1.3.6)

where β = −γ and where the distribution Fε has here the convenience of being
left unspecified. A similar observation as for the Cox model however holds at this
point, as covariates are again observed to solely exert a location shift impact of the
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(log) survival times, hereby again drastically restraining the permitted influence
on the conditional distribution. This will then be put into contrast with quantile
regression models in the next section.

On the use of quantile regressions for censored data

The starting point of our comparison between the above-described procedures and
(linear) quantile regression models for the analysis of censored survival data ema-
nates from the acknowledgment that the former both rely on an i.i.d. error as-
sumption in (1.3.4), hereby considering only location shift effects of the covariates.
In contrast, linear quantile regression models are usually formulated for their part
as

mτ (Xi) = βT
τXi, i = 1, . . . , n, (1.3.7)

where all coefficients in βτ are allowed to vary with the value of τ . This is to be put
into perspective with formulation (1.3.4), where one would have had the following
if adopting a similar assumption for quantile regressions:

mτ (Xi) = βTXi + F−1
ε (τ), i = 1, . . . , n.

In this situation, the regression coefficient depends on τ exclusively through the
intercept term, hereby constituting in fact a special case of (1.3.7). Similarly to
Section 1.1.3, this thus again reports that quantile regression models may accom-
modate for a larger variety of forms of heterogeneity in the conditional distribution
of the response variable than the historically dominating methodologies descri-
bed above. Additionally, requiring assumptions on the conditional distribution in
(1.3.7) that are only local with respect to τ prevents the analyst from worrying
that global assumptions may undesirably, and unnecessarily, prejudice the results
in the region of interest of his study. This is for instance nicely illustrated in the
survival context in the application of Koenker and Geling (2001) on the extreme
longevity of some medflies, where the focus lies thus solely on the upper tail of the
conditional survival distribution.

Now, to dig further into the comparison between quantile regressions and the
particular Cox model, we may determine explicitly how conditional quantile functi-
ons are in fact implied by the formulation of the latter. In this objective, simple
rearrangement of (1.3.5) leads to

mτ (Xi) = H−1
0 p− log(1− τ) exp(−γTXi)q, i = 1, . . . , n.

As already noted above, the very structure of the Cox regression is thus observed
to greatly restrict the effect of covariates on quantiles, as these are all necessa-
rily monotone in − log(1 − τ). Specifically, the proportional hazards assumption
also implies that the conditional quantile functions, or equivalently the conditio-
nal survival functions, of two distinct observations may never cross. That is, for
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two different quantile levels τ1 and τ2, mτ1(Xi) ≤ mτ1(Xj) automatically implies
that mτ2(Xi) ≤ mτ2(Xj) for i, j ∈ {1, . . . , n}, i 6= j. Note that the termino-
logy ‘crossing of conditional quantiles’ employed here should not be confused with
the usual notion of ‘quantile crossing’ where one refers to the possible issue that
pmτ1(Xi) ≤ pmτ2(Xi) for τ1 > τ2 and for some Xi, i = 1, . . . , n, whereas we refer
here to the possibility that the ranking of conditional quantiles between several
observations may change with the quantile levels. This inability to account for
the latter phenomenon is of course a highly undesirable implication for conditional
quantiles, and is often violated in practice as one may for instance simply think
of the example of the mortality rates between men and women that are known to
reverse at advanced ages in comparison with earlier ages.

Conclusively, this section briefly summarized some of the main features of quan-
tile regressions that are usually put forward when considering a regression analysis
with censored data. In particular, quantile regressions have again been argued to
provide more flexibility than their main competing procedures, as illustrated here
for the easily interpretable and particularly much exploited linear paradigm. The
last remaining step before entering the main body of this thesis is then to review
the main estimation procedures prior to our work for quantile regression models
with censored data.

1.4 Censored quantile regression modelling

We provide in this section a summary of the main techniques proposed in the lite-
rature in order to account for possible censoring in a quantile regression model. An
appealing characteristic of censored quantile regression is that the latter ideas that
were developed prior to our work are in fact easily illustrated using no covariates at
all. Hence, after identifying the specific impact of censored data in the present con-
text, and although the title of this section includes the term ‘regression’, we may
allow ourselves to consider for a major part of the section the simpler situation
devoted to the estimation of unconditional quantiles mτ of a possibly censored va-
riable T . As a preliminary remark, we concentrate here in first instance exclusively
on check-based approaches to censored quantile regression, given that inverse-c.d.f.
techniques in the literature prior to our work are simple inversions of the (con-
ditional) Kaplan-Meier estimator as described in Section 1.3.2. Specifically, we
detail here the two main check-based approaches that are widely exploited in the
literature, and introduce them without covariates in order to disregard any model
assumption besides the quantile context. For completeness, we then include a few
words on an alternative estimation strategy that will however not be exploited in
this thesis for reasons exposed when necessary. We then conclude the section by
considering at last the inclusion of covariates, for which some insights are of crucial
help to describe the outline of our work in the next section.

Now, our starting point is to first consider the trivial impact of censored data on
the estimation of mτ . To that end, we consider a toy example that will be helpful
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Figure 1.4: Toy example to illustrate the impact of censored data in the estimation of
the median. Uncensored data points are given by ×, while censored observations are
represented by 4. The estimators of the median are circled in red.

to illustrate some techniques described below, and study the problem of estimating
the median of a (normal) distribution for which five observations are available,
among which two are censored. The resulting data is reported in Figure 1.4, where
we consider estimation of the median by simple sorting of the observations, both
for the complete and censored samples. For the latter case, the term ‘naive’ in the
figure stands here for considering all observations as if they were complete. Note
that the other naive strategy of simply disregarding the censored observations from
the sample would have resulted in the same conclusion we bring here into spotlight.

Clearly, if needed be illustrated at this point, the impact of censored data
reported in Figure 1.4 is to stimulate underestimation of the quantile of interest.
The chosen example also highlights an additional, and more interesting, insight
that is more specific to the estimation of quantiles with censored data. As one may
observe, the example indeed illustrates that not all censored observations have the
same impact here on the underestimation of the median. In fact, by the very
sorting nature of quantiles, it is noted that the largest censored observation has no
underestimating impact on the estimation of the median at all, in the sense that
the latter would still have been appropriately estimated if all other observations
had been fully observed. This thus provides a major distinction with the impact
of censored data on the estimation of, for instance, the expectation rather than
quantiles, and suggests that all censored data are in this context not be treated
similarly if possible. The latter comment is in fact to be seen as the starting point
of the redistribution-of-mass technique described below. General techniques that
are specifically designed for the handling of censored data in the quantile context
will further conveniently be qualified as ‘quantile-specific’.

Now, as will be observed in the next section, not all techniques designed in the
literature are built upon distinctive treatments of censored observations in the sam-
ple, and hence do not automatically fall into the quantile-specific denomination.
This may arguably partly be attributed to the influence of mean regression mo-
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delling, but also comes as a natural consequence of the difficulties of building, and
subsequently estimating, appropriate censoring techniques that are not restricted
to particular regression models. This remark will be emphasized further in the text
but motivates at this point the study of the following strategy that, although not
being quantile-specific in its primary formulation, will be denoted as ‘model-free’ in
opposition to the redistribution-of-mass technique restricted by nature to a certain
particular class of regression models.

1.4.1 Inverse-censoring-probability without covariates
The class of techniques described in this section is built on a check-based formula-
tion of quantiles, and is undoubtedly stemming from the work of Koul et al. (1981),
and in fact more precisely Zhou (1992), on mean regression modelling with censo-
red data. The starting point is to observe after some simple calculations based on
the tower property of conditional expectations that, for any measurable function
ϕ : R→ R,

E
„

ϕ(Y )
∆

1−GC(Y−)



= E
„

ϕ(T )
E(∆|T )

1−GC(T−)



= E[ϕ(T )], (1.4.1)

provided T and C are independent, and where the denomination inverse-censoring-
probability (ICP) of the technique appears as self-explanatory. Hence, interpreting
ϕ now as a loss function, the latter result illustrates that the expected loss of the
unobservable response can easily be recovered from the actually observed response,
by only keeping the loss of uncensored observations in the procedure and correctly
adjusting through the censoring distribution. In the context of quantile estimation,
given the check-based formulation (1.1.2), this then suggests to propose

mτ = arg min
a∈R

E
„

ρτ (Y − a)
∆

1−GC(Y−)



, (1.4.2)

from which, based on an i.i.d. sample (Yi,∆i), i = 1, . . . , n, and an appropriate
estimator pGC of GC (usually the Kaplan-Meier estimator (1.3.1)), we have

pmICP
τ = arg min

a∈R

n∑
i=1

ρτ (Yi − a)
∆i

1− pGC(Yi−)
. (1.4.3)

Note that the minimization in the latter formulation involves a convex function
alone, and is hence easily carried out in practice. Without entering into more
details here, further note that this technique may of course be closely linked to
(1.3.2) and the so-called Kaplan-Meier integrals.

Now, as previously evoked, this strategy to handle censored data is characterized
here as being model-free in the sense that, when considering covariate information,
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application of the latter technique is observed to be straightforward for numerous
regression models. The only adjustment will indeed be to include a conditional
censoring c.d.f. in (1.4.1) rather than the unconditional one. Examples of papers
profiting from this almost universal adaptability of the technique will be given
later. For now, similarly to the mean regression context, it is worth noting that
the suggested weighting scheme however suffers from two notable drawbacks. First,
an efficiency loss in the estimation is usually put forward in the literature given
that roughly only uncensored observations are preserved in the procedure due to the
presence of the censoring indicator in the numerator, and second, (1.4.3) highlights
the need to evaluate an estimator of GC in the right tail as well, for which classical
estimators are known to be typically unstable due to sparsity of the data.

Two valuable and distinctive attempts to bypass these issues have been propo-
sed in Zhou (2006) and El Ghouch and Van Keilegom (2009). For completeness,
and given the ideas may be rallied under what has already been stated, we briefly
review the latter even though they will not reappear in the following of this thesis
given the complexity of implementation or the inability to easily extend to conditi-
onal quantiles. A common observation for both ideas is that their proposal consists
in an attempt to take the quantile context into account, driving these procedures in
some sense to be more quantile-specific in their handling of censored data than for-
mulation (1.4.2). Starting with the suggestion of Zhou (2006), the latter attempts
at avoiding computation of the estimator pGC in the right-tail by introducing an
artificial censoring that emanates from the previously-mentioned observation that
alteration of data beyond the quantile of interest should have no impact on the
estimation of the latter. Specifically, Zhou suggests to introduce an appropriate
constant M > mτ , and estimate the quantile by

pmZ
τ = arg min

a∈R

n∑
i=1

ρτ (YMi − a)
∆M
i

1− pGC(YMi −)
,

where YMi = min(Yi,M), ∆M
i = ∆i + (1 − ∆i)1(M ≤ Yi), i = 1, . . . , n, and pGC

is of course still estimated with the original data. While providing an interesting
attempt to take the robustness of quantiles into account, the procedure relies on
an appropriate, and data dependent, choice of M that will be particularly delicate
when including covariates. Furthermore, it does not succeed in avoiding the effi-
ciency loss of handling the censoring indicator in the numerator of the procedure.

The second attempt, first developed in El Ghouch and Van Keilegom (2009),
emanates here from the investigation that the check function in (1.4.2) may in
fact be split up in order to introduce the ICP weights inside of it. Writing W ≡
∆/(1−GC(Y−)), the development is as follows:

E rρτ (Y − a)W s = E r(Y − a)(τ − 1(Y ≤ a))W s

= E rτ(Y − a)(W − 1)s + E r(Y − a)(τ −W1(Y ≤ a))s .

Using similar developments as in (1.4.1), the first term is then observed to be equal
to E[τ(T − Y )], and hence does not depend on a. In the context of estimating
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quantiles, we may then write

pmEGVK
τ = arg min

a∈R

n∑
i=1

(Yi − a)

«

τ − 1(Yi ≤ a)
∆i

1− pGC(Yi−)

ff

. (1.4.4)

Here, inserting the ICP weight into the check function allows, by the presence of
1(Yi ≤ a), for treating both drawbacks at once: first, it prevents from evaluating
pGC in the right tail (provided the quantile level τ is not too high) and, second, it
does not automatically force the loss of all censored observations to be set to 0.
This is somewhat in line with our above-described intuition that the only censored
observations that should be affected by a weighting scheme are those lying below the
quantile of interest. Inconveniences of this approach however include the need to
adapt numerical tools for the practical minimization of (1.4.4), and the failure to be
systemically equivalent to a check-based formulation when considering covariates,
in the sense that not all regression models allow for such a customization of the
check function. Our copula-based approach of Chapter 2 is, as a matter of fact, an
illustration of the latter remark.

Overall, returning to the basic ICP technique, the latter provides satisfactorily
a general framework for estimating quantiles with censored data, but is suggested
to be somewhat victim of this extensive flexibility. The literature indeed often
illustrates that, when an alternative and more quantile-specific scheme to handle
censoring is easily implementable depending on the chosen regression model, the
ICP-based estimators generally perform worse than their competitors, especially
when the proportion of censored data is important. In our previously-introduced
vocabulary, this is then to be brought into contrast with the quantile-specific, but
not model-free, technique of redistribution-of-mass described next.

1.4.2 Redistribution-of-mass without covariates
The technique described here historically emanates from the redistribution-of-mass
idea (RM) of Efron (1967), although first employed for quantiles by Portnoy (2003).
Starting again from a check-based formulation, the latter procedure may roughly
be rallied under the same idea of proposing an appropriate weighting scheme, alt-
hough the latter is here defined specifically for quantiles. As suggested above, the
weighting scheme indeed stems from the observation that data lying above the
quantile will in fact have the same impact on the estimation of the latter, regard-
less of their censoring status. Hence, an appropriate weighting scheme should here
avoid altering these censored data. In fact, the only censored data that should be
adjusted for in order to prevent underestimation are the ones lying below mτ , as
there is here some ambiguity about where their true, and unobservable value, lies
with respect to mτ .

Before detailing a bit further, we may graphically illustrate the technique by
means of our toy example in Figure 1.5. As one can observe, while the censored
data lying above the median is left unchanged, the mass of the censored data lying
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Figure 1.5: Toy example continued with inclusion of the redistribution-of-mass technique.

below the latter has here partly been redistributed to an arbitrary point above
the median. Estimating the latter by sorting the (weighted) observations then
successfully avoids underestimation in this trivial example.

For ease of presentation, we describe now the procedure more formally but
again without any covariates, even though its construction will rapidly be seen to
be somewhat clumsy in this context given it includes the c.d.f. of T . Nevertheless,
the starting point is that it is obvious that the mass of censored observations such
that FT (Ci) > τ should not be redistributed. However, for ambiguous observations,
that is ∆i = 0 and FT (Ci) < τ , the idea is to leave a mass at Ci corresponding
to the probability that the unobservable Ti is, indeed, lower than mτ . In other
words, the mass P(Ti < mτ |Ti > Ci) should be left at Ci, and the rest should be
redistributed to the right of mτ . Simplifying a bit, we have:

P(Ti < mτ |Ti > Ci) =
P(Ci < Ti < mτ )

P(Ti > Ci)
=
τ − FT (Ci)

1− FT (Ci)
.

This then leads to the following estimator:

pmRM
τ = arg min

a∈R

n∑
i=1

“

wi(FT )ρτ (Yi − a) + (1− wi(FT ))ρτ (Y +∞ − a)
‰

, (1.4.5)

where Y +∞ is an arbitrary value sufficiently large to certainly exceed mτ , and

wi(FT ) =

{
1 ∆i = 1 or FT (Ci) > τ
τ−FT (Ci)
1−FT (Ci)

∆i = 0 and FT (Ci) < τ.

Obviously, in practice FT is not known and needs to be estimated, leading to
estimated weights wi( pFT ), i = 1, . . . , n, that are then inserted in (1.4.5). Again,
there is here arguably little motivation for such a procedure without covariates,
as requiring to estimate FT may lead more straightforwardly to an inverse-c.d.f.
estimator of mτ , but the chosen presentation is here sufficient to highlight the main
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idea of the technique. Additionally, this also highlights a drawback of the RM
weights, as it is observed that including covariates will now require an appropriate
estimation of FT |X . In particular models, this may somewhat be circumvented at
the cost of stringent global model restrictions (e.g. supposing that a linear model
holds for every quantile level below the level of interest τ as in Portnoy (2003)), but
the general situation will require a flexible nonparametric estimation of the latter
conditional distribution. As a consequence, by nature, this strategy only seems
appropriate for parametric models as any further extensions to semiparametric or
nonparametric regressions would seem questionable given one would have to adopt
a preliminary local estimation of the conditional distribution for, in fact, a local
estimator of the conditional quantile. This is what prevents us from qualifying
the procedure as being completely model-free in opposition to the ICP weighting
scheme.

This concludes our summary on the RM technique. We now briefly mention a
last alternative modelling strategy proposed in the literature before devoting a few
words on different specific regression models reappearing in the remainder of this
thesis.

1.4.3 Aiming for higher quantile levels

Although Chapters 2 and 3 are built entirely either on the ICP technique (Chapter
2) or on the shortcomings of both the ICP and the RM techniques (Chapter 3),
we briefly mention here an alternative strategy that has, admittedly, engendered a
much more modest literature for censored quantile regressions. Without entering
into too much detail, the idea may be resumed as an attempt to exploit all obser-
vations at hand as if they were complete, and consequently avoid underestimation
by appropriately changing the target quantile level in the check-based formulation,
hence the title of the section. This idea was developed by Lindgren (1997) and is
illustrated by means of our toy example in Figure 1.6.

As can be observed, the underestimation induced by a naive approach is circum-
vented by aiming for a higher quantile level rτ than the initial level of interest τ . In
opposition to the ICP, this namely signifies that the loss of all censored observati-
ons enters the procedure as well. However, while the idea is quite natural, practical
implementation is delicate as the method is, as one could expect, highly sensitive
to the determination of the appropriate level rτ that should be targeted and for
which an iterative procedure is required. As a result, the technique engendered
little to no extensions stemming from the original paper of Lindgren.

We may now focus in more details in the next section on the inclusion of covari-
ates in the previously-described techniques. Analyzing the capabilities of the latter
procedures in terms of regression modelling will then eventually help motivate the
chosen approaches for the research proposed in this thesis.
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Figure 1.6: Toy example continued with inclusion of the technique of Lindgren (1997),
for which all observations may be represented as if they were completely observed, hence
the removal of the 4.

1.4.4 Including covariate information

We describe in this section an overview of the censored quantile regression models
proposed in the literature prior to our work. As one might expect, similarly to
the situation for complete observations, the latter literature includes fully para-
metric, semiparametric and nonparametric approaches, as will be detailed next.
To propose an overview that will serve the motivation of our work, our starting
point is the diagram exposed in Figure 1.7 and representing a very simplified vi-
sion of the literature. Of course, the latter is not intended to encompass every
possible suggestion in the literature, but rather focuses on illustrating where our
research will fit in this framework. As a consequence, valuable alternatives such as
the previously-mentioned procedure of Lindgren, the martingale approach of Peng
and Huang (2008), the Laplace formulation of Bottai and Zhang (2010) and Bay-
esian suggestions are here all disregarded as they will not appear in the following
chapters.

Now, as may be observed from Figure 1.7, a first major distinction that we
intend to underline once again originates from the duality between check-based
and inverse-c.d.f. formulations. Additionally, given that inverse-c.d.f. approaches
are in the present literature restricted to nonparametric models, we concentrate
here primarily on the much broader research rallied under the check formulation
of quantiles. In particular, the two prominent weighting schemes described earlier
engendered a fruitful literature on parametric models that will shortly be examined.
We will then turn to illustrating the flexibility of the ICP technique by exposing
a few supplementary semiparametric and nonparametric models. After having set
the scene for the literature, we will then at last be equipped to describe the main
contributions of the thesis.
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Figure 1.7: Simplistic representation of the censored quantile regression literature prior
to our work. Building on the previous section, ICP and RM stand here for regression
estimators based on (some form of) inverse-censoring-probability or redistribution-of-mass
weighting scheme.

Parametric regression

For parametric regression, and in particular the much exploited linear model, both
the ICP and RM techniques are at the cornerstone of numerous papers accounting
for various settings encountered in practice. On one hand, ICP-based models,
pioneered in this context by Ying et al. (1995) and Bang and Tsiatis (2002), all
share in some sense the common observation that (1.4.3) may simply be extended
to linear models under the usual conditional independence assumption of T and C
given X by

pβICPτ = arg min
β∈Rd+1

n∑
i=1

ρτ (Yi − βTXi)
∆i

1− pGC(Yi − |Xi)
, (1.4.6)

where pGC(·|x) is an appropriate estimator of GC(·|x). Several papers then further
propose to conveniently assume independence between C and X in order to esti-
mate the latter distribution by means of a simple Kaplan-Meier estimator. This
is namely adopted in the papers of Ying et al. and Bang and Tsiatis, and in se-
veral extensions of the latter as well, see e.g. the previously-described paper of
Zhou (2006), the variable selection framework of Shows et al. (2010), the conside-
ration of covariate measurement errors in Ma and Yin (2011) or the implication
of time-varying covariates in Gorfine et al. (2017). Alternatively, given that such
an assumption of independence is in practice easily prone to violation, several pa-
pers suggest for their part either to assume a particular model for the conditional
distribution of C given X, for instance a Cox model, or simply to estimate the
latter nonparametrically using Beran’s estimator, see e.g. Leng and Tong (2013).
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Overall, even in the simplest linear framework, the ICP technique is thus still at
the center of very recent research.

On the other hand, as commented above, an endorsement of the RM weig-
hts allows here for a more quantile-specific handling of censored data. For linear
regression, simple extension of (1.4.5) then leads to

pβRMτ = arg min
β∈Rd+1

n∑
i=1

”

wi( pFT |X)ρτ (Yi − βTXi)

+ (1− wi( pFT |X))ρτ (Y +∞ − βTXi)
ı

,

where Y +∞ is again an arbitrary value sufficiently large to certainly exceed all
βT
τXi, i = 1, . . . , n, and

wi( pFT |X) =

1 ∆i = 1 or pFT |X(Ci) > τ
τ− pFT |X(Ci)

1− pFT |X(Ci)
∆i = 0 and pFT |X(Ci) < τ,

for pFT |X estimating appropriately FT |X . For the latter estimation, the initial
suggestion of Portnoy (2003) is to define recursively the involved weights based
on the assumption that the regression function is linear for all quantiles levels in
(0, τ), where τ is the quantile level of interest. Relaxing this assumption by only
assuming linearity at the level of interest, the papers of Wang and Wang (2009)
and Wey et al. (2014) for their part suggest respectively to estimate FT |X using
Beran’s estimator or survival trees. Overall, the RM strategy has repeatedly been
observed to provide better finite sample results than its ICP counterpart for most
simulation settings in linear regression. Several extensions building on this success
then include variable selection (Wang et al. (2013)), multiple quantile estimation
(Tang and Wang (2015)) and cure rate quantile regression (Wu and Yin (2016)).
However, the very structure of the RM weights considerably restrains its domain of
application outside parametric regression, as exemplified in the next section where
the mentioned semiparametric and nonparametric modellings are all purely built
on ICP weights when it comes to check-based formulations.

Semiparametric and nonparametric regression

We briefly mention in this section a few suggestions of the literature initiating from
the objective of relaxing a pure parametric assumption that may lack in practice the
flexibility needed for an adequate modelling of the conditional quantile function.
As evoked earlier, for purely nonparametric regression with censored data, both
the inverse-c.d.f. and the check-based formulations have been studied in numerous
papers, see e.g. Gannoun et al. (2005) and El Ghouch and Van Keilegom (2009) for
the latter, and the previously enumerated references for the former. An extension
of the inverse-c.d.f. worth mentioning here was further studied somewhat on the
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surface in Leconte et al. (2002), where it is suggested to apply the approach on a
“double-kernel” version of Beran’s estimator, that is, introducing a second kernel in
the direction of the response. The latter idea may be attributed to the knowledge,
coming from papers of Azzalini (1981), Reiss (1981) and Hansen (2004) to name
a few, that smoothing in the direction of the response may result in both finite
sample and asymptotic efficiency gains. More details on the subject will be given
when necessary in Chapter 4.

Now, while nonparametric methods offer a convenient modelling flexibility,
when the dimension of the covariates grows, data analysis must turn to general
semiparametric techniques to propose flexible models that are unexposed to the
curse of dimensionality. Somewhat surprisingly, the literature on semiparametric
regression models in the present context is in fact rather sparse. However, one
valuable suggestion mimicking the well-studied single-index model for mean re-
gression was studied in Bücher et al. (2014), where the linear paradigm is relaxed
by assuming that

mτ (Xi) = gτ (βT
τXi), i = 1, . . . , n,

where gτ : R→ R is an unknown smooth link function. The most straightforward
route to take censoring into account was here again exploited by Bücher et al., as
the suggested estimation procedure relies on opportune ICP weights. The latter
estimator will in fact be the main competing procedure of our work in Chapter 2.

This concludes our review on the methodologies for censored quantile regression
estimation that were developed prior to our work. We now have all arguments to
explicitly detail in the next section the contributions of this thesis to the subject.

1.5 Outline of the thesis

To introduce our contributions in the simplest and most straightforward manner,
we propose to replace the diagram of Figure 1.7 with the one reported in Figure
1.8, where our work is clearly highlighted. This will serve as a guideline for this
section.

Our starting point, as already multiply evoked, is to consider in Chapter 2 a
copula quantile regression estimator stemming from the check-based formulation
of conditional quantiles. Resulting in a first paper (De Backer et al. (2017)), the
objective of this chapter is in fact twofold: first, for the situation with completely
observed responses and extending the recent work of Noh et al. (2013) and Noh
et al. (2015), we intend to provide here a simple solution to the shortcomings of a
pure parametric copula formulation as highlighted in Dette et al. (2014) and evoked
in Section 1.2.3. To that end, building on the ideas of pair-copula constructions,
our proposal is to consider a semiparametric estimation scheme for the multivariate
copula density itself, for which the chosen pair-copula decomposition is driven by
the regression context. The second main objective of this chapter is then to propose
a copula-based estimator accommodating for possible censored responses. Given
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Figure 1.8: Simplistic representation of the censored quantile regression literature with
highlighting of our contributions.

the semiparametric context of the chapter, and given the above-described review of
the literature, our suggestion will here be based on ICP weights, for which careful
introduction will be necessary when handling copulas. This then reveals the choice
of the chapter’s position in the diagram of Figure 1.8, although it is noted that the
procedure would actually fall under the scope of pure nonparametric regression in
case of a univariate covariate.

Chapter 3 comes for its part after a reconsideration, following Chapter 2, con-
cerning the handling of censored data in general quantile regression models. In the
vocabulary introduced before, our review of the literature indeed suggests that,
when proposing a particular model, one has to trade-off between quantile-specific
and model-free approaches for the controlling of censored data. The aim of this
chapter may then be resumed as an attempt to bridge these two notions into a
unified framework for censored quantile regression. To avoid any confusion, we
emphasize here that the notion ‘quantile-specific’ should not automatically be lin-
ked to RM weights, as the term was introduced to denote any procedure that
actually takes quantile features into account in its handling of censored data. In-
spired by the elementary link between quantiles and the check function reported in
Section 1.1.1, this reconsideration of censored quantile modelling then leads to the
definition of a new loss function that extends the check function by spontaneously
accommodating for censoring. Intuitively, using all observations at hand as if they
were complete, the loss function is observed to penalize more severely underesti-
mation of the value of the quantile than the usual check function in order to take
the latter issue into account in this setting. Hence, by tackling the issues related
to censored data at the very level of the quantile loss function, the methodology is
qualified as being both quantile-specific and model-free, as it may easily be applied
to parametric, semiparametric and nonparametric models. As an illustration of the
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latter statement, the procedure is applied to the linear context in a second paper
(De Backer et al. (2018a)).

Lastly, while Chapter 3 offers a natural toolbox for numerous extensions outside
the linear framework, Chapter 4 digs a little further into the latter context. Two
main reasons are driving this choice: first, the obvious explanation comes from the
fact that the linear model is arguably the most widely applied model by practitio-
ners, and second, in contrast to the previous chapters, the idea comes here from a
more fundamental reconsideration of the almost universal use of check-based mo-
delling in the present context. The latter reconsideration comes indeed from the
knowledge that all the proposed check-based estimation procedures require either
strong simplifying assumptions, or nonparametric estimation of a conditional dis-
tribution (of T given X or of C given X). Bearing this observation in mind, along
with further arguments that will be developed when necessary, Chapter 4 then
proposes what could be qualified as an inverse-c.d.f. approach to linear quantile
regression with censored data. To avoid dimensionality issues when considering
such an inverse-c.d.f. methodology, and inspired by some check-based literature,
the procedure further builds on dimension reduction techniques that were however
not reviewed here for sake of brevity. Finally, similarly to Chapter 2, it should be
noted that the resulting procedure is in fact new for the situation with complete
observations as well, even though the motivation is obviously less straightforward
given it induces smoothing for a parametric model with exclusively complete ob-
servations. This last chapter leads to a third paper (De Backer et al. (2018b)).





Chapter 2

Semiparametric Copula Quantile Regression
for Complete or Censored Data

Abstract

In this chapter, a semiparametric copula-based estimator for conditional
quantiles is investigated for both complete or right-censored data. In spirit,
the methodology is extending the recent work of Noh et al. (2013) and Noh
et al. (2015) reported in Section 1.2.3, as the main idea consists in appropri-
ately defining the quantile regression in terms of a multivariate copula and
marginal distributions. Prior estimation of the latter and simple plug-in lead
to an easily implementable estimator expressed, for both contexts with or
without censoring, as a weighted quantile of the observed response variable.
In addition, and contrary to the initial suggestion in the literature, a semi-
parametric estimation scheme for the multivariate copula density is studied,
motivated by the possible shortcomings of a purely parametric approach and
driven by the regression context. The resulting quantile regression estimator
has the valuable property of being automatically monotonic across quantile
levels. Furthermore, the copula-based approach allows the analyst to spon-
taneously take account of common regression concerns, such as interactions
between covariates or possible transformations of the latter. From a theore-
tical prospect, asymptotic normality for both complete and censored data is
obtained under classical regularity conditions. Finally, numerical examples
as well as a real data application are used to illustrate the validity and finite
sample performance of the proposed procedure. This chapter is based on
the paper

De Backer, M., A. El Ghouch, and I. Van Keilegom. Semiparametric
copula quantile regression for complete or censored data. Electronic
Journal of Statistics 11(1): 1660-1698, 2017.
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2.1 Introduction

As introduced in Chapter 1, the objective of the present chapter is twofold. First,
our concern is here related to the estimation of a quantile regression function where
the response variable T is completely observed, for which a wide literature on the
subject already includes fully parametric, semiparametric and nonparametric met-
hodologies. When several covariates are to be taken into account, fully parametric
methodologies are known to be highly sensitive to model misspecification and may
lack the flexibility needed for an adequate modelling. On the other hand, in spite
of their great flexibility, fully nonparametric methods such local quantile regres-
sion as proposed by Spokoiny et al. (2013) are typically affected by the curse of
dimensionality. In light of these restrictions, when the dimension of the covariate is
high, data analysis must turn to the semiparametric front of statistical modelling,
where estimation procedures such as a single-index regression (Wu et al. (2010),
Zhu et al. (2012)) come at hand.

In this context, as recalled in Section 1.2.3, Noh et al. (2013) and Noh et al.
(2015) suggested to estimate a regression function based on the copula that defines
the dependence structure between the variables of interest. In the previously-
introduced vocabulary, stemming from a check-based formulation of conditional
quantiles, the central idea of the methodology is to express the conditional quan-
tile function in terms of a copula density and marginal distributions. However, as
previously-mentioned, possible shortcomings of the original suggestion of Noh et al.
were highlighted by Dette et al. (2014) through several simple settings, where the
misspecification of the assumed parametric copula is shown to provide a very poor
fit of the true conditional quantile function. Building on these examples, the first
contribution of this chapter is then to circumvent such issues by proposing an al-
ternative semiparametric estimation strategy for the copula itself that is motivated
by the regression context. The resulting regression estimator is flexible for multi-
dimensional data, easy to implement and does not require any iterative procedure
in opposition to existing semiparametric alternatives.

The second objective of this chapter is to propose a copula-based methodology
in the context of survival analysis, characterized by possible right censoring of T . In
this situation, quantile regression becomes attractive as an alternative to popular
regression techniques like the Cox proportional hazards model or the accelerated
failure time model, as argued in Section 1.3.3. Hence, a notable rise in the litera-
ture on censored quantile regression has been observed over the last decades, and,
similarly to the uncensored situation, existing literature now includes fully parame-
tric, semiparametric and nonparametric methodologies. With the same motivation
for turning to semiparametric methodologies as for situations with complete ob-
servations, our interest lies here again in the latter category of statistical models.
In this context, an interesting approach prior to our work and briefly recalled in
Section 1.4.4 was proposed by Bücher et al. (2014), where a single-index model for
the conditional quantile function is studied under the assumption of independence
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between the covariates and the censoring variable. The single-index structure as-
sumes that the objective function depends linearly on the covariates through an
unknown link function, making the proposed model (i.e. under the aforementio-
ned assumption) insensitive to the curse of dimensionality since the nonparametric
part is of dimension one. However, besides the latter single-index model, existing
literature on flexible multidimensional methodologies is rather sparse.

Hence, the second main contribution of this chapter is to extend this literature
on multivariate quantile regression estimation in the possible presence of censo-
red data by providing a rich, flexible and robust alternative based on the copula
function. In essence, the proposed methodology mimics the work of Noh et al.
(2013) for complete observations, as the central idea is here again to rewrite the
conditional quantile function in terms of marginal distributions and an appro-
priate copula density using the check-based formulation of conditional quantiles.
Employing the proposed multivariate copula density estimation strategy, the re-
sulting regression estimator enjoys the same qualities as for complete observations.
Consequently, by taking advantage of copula modelling in regression models, the
proposed methodology provides a new class of estimators that allow practitioners
to flexibly analyze multidimensional survival data.

The rest of this chapter is organized as follows. Developing a semiparametric
copula-based estimation procedure for quantile regression with complete observa-
tions is the topic of Section 2.2. Section 2.3 develops the methodology for the
copula-based quantile regression estimator when confronted to possible censoring
of the responses. The asymptotic properties of the proposed estimators for both
complete and censored data are obtained in Section 2.4 and the finite sample per-
formance is illustrated by means of Monte Carlo simulations in Section 2.5, where
both the semiparametric copula estimation strategy and the overall performance
of our estimator for complete and censored data are investigated. Section 2.6 pro-
vides a brief application to real censored data. Lastly, the proofs of our asymptotic
properties are deferred to Section 2.8.

2.2 Copula-based estimator for complete data

2.2.1 Background for copula-based quantile regression

We introduce in this section the general context of check-based copula quantile
regression prior to our work. Note that much of this section has in fact already
been covered in Chapter 1, but is repeated here for ease of reading of the following
sections.

Now, let X = (X1, . . . , Xd)
T again be a covariate vector of dimension d ≥ 1,

and T be a (time-to-event) response variable with marginal c.d.f. F1, . . . , Fd and
FT , respectively. Further recall that we denote by fj and fT the densities of
Xj , j = 1, . . . , d, and T , respectively. From the pioneering work of Sklar (1959), for
a given x = (x1, . . . , xd)

T, the c.d.f. of (T,X) evaluated at (t,x) can be expressed



42 Chapter 2. Semiparametric Copula Quantile Regression

as CTX(FT (t),F (x)), where F (x) = (F1(x1), . . . , Fd(xd))
T and CTX is the unique

copula distribution of (T,X) defined by CTX(u0, u1, . . . , ud) = P(U0 ≤ u0, U1 ≤
u1, . . . , Ud ≤ ud), with U0 = FT (T ) and Uj = Fj(Xj), j = 1, . . . , d.

The starting point of this chapter is the usual observation that our object of
interest, the τ -th conditional quantile function of the dependent variable T given
X = x, denoted by mτ (x), allows for a well-known check-based formulation. That
is, for any τ ∈ (0, 1),

mτ (x) = arg min
a

E
”

ρτ (T − a)|X = x
ı

, (2.2.1)

where ρτ (u) = u(τ − 1(u ≤ 0)) is the previously-introduced check function, and
1(·) is the indicator function.

To motivate our approach, we suppose in this section that there is no censoring
and that we observe an i.i.d. sample (Ti,Xi), i = 1, . . . , n, from (T,X). In this
context, following the definition of a copula function as detailed in Section 1.2.3,
Noh et al. (2015) noted that the conditional quantile function of T given X = x
may be expressed as

mτ (x) = arg min
a

E
”

ρτ (T − a) cTX(FT (T ),F (x))
ı

, (2.2.2)

where cTX(u0,u) ≡ cTX(u0, u1, . . . , ud) = ∂d+1CTX(u0, u1, . . . , ud)/∂u0∂u1 . . . ∂ud
is the copula density corresponding to CTX . Consequently, any given estimators
pcTX , pFT and pFj of cTX , FT and Fj , j = 1, . . . , d, respectively, automatically yield
an estimator of mτ (x) given by

pmτ (x) = arg min
a

n∑
i=1

ρτ (Ti − a)pcTX( pFT (Ti), pF (x)), (2.2.3)

with pF (x) = ( pF1(x1), . . . , pFd(xd))
T. As indicated earlier, Noh et al. suggest at

this stage to estimate the marginals nonparametrically and to consider a parame-
trization of the copula density, that is, assume that the latter belongs to a certain
parametric family of copula densities C = {c(u0,u;θ),θ ∈ Θ ⊂ Rp}, for some
p ∈ N.

2.2.2 A motivational one-dimensional example
In this work however, we consider an alternative estimation approach for the copula
density, motivated by the issues related to the possible misspecification of the
parametric approach. To highlight this shortcoming and illustrate how one may
circumvent it, we consider in this section the simplistic example reported by Dette
et al. (2014) with a single covariate, where (Ti, X1i), i = 1, . . . , n, are i.i.d. random
variables with Ti = (X1i−0.5)2 +σεi, X1i ∼ U [0, 1], σ = 0.025 and εi, i = 1, . . . , n,
are i.i.d. standard normal random variables. In this situation, where the true
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Figure 2.1: Copula-based quantile regression estimates of the one-dimensional mini-
malistic example. The Gaussian, Gumbel and Frank copulas are used for parametric
copula estimation in (a), while (b) depicts the regression fit resulting from a nonparame-
tric estimation of the copula density using the procedure of Geenens et al. (2017) with
nearest-neighbor bandwidth selection, implementable via the function kdecop (method =
“TLL2nn”) of the R package kdecopula.

quantile regression function is non-monotonic in the covariate, it is found that
most of the common parametric copula families still yield a monotone estimation
of the regression function, thereby providing a rather poor fit of the latter. This is
illustrated in Figure 2.1a, where the estimation is carried out for τ = 0.5, n = 500
and using three common parametric copulas, where estimation of the latter is
implemented using the likelihood procedure described in (1.2.2).

Now, as the roots of the above-mentioned limitation are not intrinsic to a copula-
based approach, but rather to be attributed to the limited set of parametric copula
families existing in the literature, a natural alternative for low dimensional covari-
ates would be to consider a fully nonparametric estimation of the copula density
itself. The resulting, and adequate, quantile regression estimation is depicted in
Figure 2.1b.

For this approach to be appropriate, a suitable nonparametric estimation of
the copula density is required. As reviewed in Chapter 1, in the literature several
specific kernel-based methodologies have been proposed in order mainly to correct
for well-known bias issues at the boundaries, as the density of interest is only sup-
ported on the unit square. These include for instance the mirror reflection method
(Gijbels and Mielniczuk (1990)) or the boundary kernel method (Chen and Huang
(2007)). In this chapter however, we will adopt the technique proposed by Geenens
et al. (2017) that couples the idea of projecting the initial data on an unbounded
support with polynomial local-likelihood density estimation. More details about
the latter technique have been given in Section 1.2.2 and are therefore omitted here.
An exhaustive comparison of existing methodologies for bivariate copula density
estimation may be found in Nagler (2014). Furthermore, for completeness it is
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worth mentioning that fully nonparametric multidimensional copulas (i.e. d > 1)
are studied in Hobæk Haff and Segers (2015) and Nagler and Czado (2016). An
alternative strategy for the latter multivariate situation will however be considered
here and described in the next section.

2.2.3 A semiparametric copula estimator for multivariate
covariates

Recalling that we intend to handle multivariate covariates in this chapter, it seems
at this point unwise to advocate for a purely nonparametric approach as in the
previously-described motivational example. Instead, we will prefer a copula estima-
tion strategy that provides sufficient flexibility to the multidimensional estimator
while avoiding dimension related constraints. More specifically, bearing in mind
the essence of pair-copula constructions as recalled in Chapter 1, we note that any
multivariate copula density can be decomposed into two parts as follows:

cTXpFT (t),F (x)q = cTX1
pFT (t), F1(x1)q× . . .× cTXdpFT (t), Fd(xd)q (2.2.4)

× cX1...Xd|T pF1|T (x1|t), . . . , Fd|T (xd|t)|tq, (2.2.5)

where Fj|T , j = 1, . . . , d, denotes the conditional c.d.f. ofXj given T . The first part
of the decomposition contains the product of d bivariate copula densities related
to the dependence of T with every covariate, whereas the second part captures the
conditional dependence of X given T = t. In the general regression context, part
(2.2.4) may then be interpreted as the dependence of actual interest since it focu-
ses on the relationship between the response variable with every covariate. On the
contrary, part (2.2.5) may be viewed in such framework as a correction parameter
for possible (conditional) dependence among covariates that is, arguably, less cru-
cial here. Consequently, a natural reasoning suggests to provide as much flexibility
as possible to the modelling of part (2.2.4), while keeping the estimation of part
(2.2.5) uncomplicated. We therefore advocate to estimate nonparametrically the d
bivariate copulas of interest and, subsequently, exploit standard parametric techni-
ques for the second part of the multivariate copula density. The latter involve,
among others, nested Archimedean copulas (see e.g. Hofert and Pham (2013) and
Joe (2014)), factor copulas (see e.g. Oh and Patton (2012)) and, arguably the most
popular, vine copulas (see e.g. Czado (2010), Joe (2014) and references therein).
Note however that, for the estimation of (2.2.5) in practice, one is first advised
to adopt the so-called simplifying assumption which stipulates that the conditio-
ning on T = t is fully captured by the conditional marginals. In other words, in
(2.2.5), the conditional copula itself is not affected by the conditioning on T . This
assumption turns out to be the cornerstone of vine copula models as it keeps them
tractable for inference and model selection. For more details about this remark
and its implications, we refer for instance to the work of Hobæk Haff et al. (2010)
and Stöber et al. (2013), as already commented in Section 1.2.2.
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Conclusively, in this work we propose to adopt the following detailed procedure
for the modelling and estimation of the multivariate copula density:

(1) Based on original observations (Ti, X1i, . . . , Xdi), i = 1, . . . , n, construct the
so-called pseudo-observations needed for the estimation of (2.2.4), using res-
caled versions of empirical distributions:

pU0i =
1

n+ 1

n∑
k=1

1(Tk ≤ Ti) pUji =
1

n+ 1

n∑
k=1

1(Xjk ≤ Xji),

i = 1, . . . , n, j = 1, . . . , d,

where the factor 1/(n+ 1), commonly adopted in the copula literature, aims
at keeping the constructed observations in the interior of [0, 1] as recalled in
Chapter 1.

(2) Based on (pU0i, pUji), i = 1, . . . , n, estimate each bivariate copula density cTXj ,
j = 1, . . . , d, in (2.2.4) using a bivariate kernel density estimator. This can
be achieved via the local-polynomial probit methodology of Geenens et al.,
or any other estimator satisfying assumption (C7) given below.

(3) Compute the pseudo-observations needed for the estimation of (2.2.5) as:

pFj|T (Xji|Ti) =

∫
pUji

0

pcTXj (
pU0i, s) ds.

This relationship is in fact at the origin of the sequential nature of the vine
copula estimation scheme (see e.g. Czado (2010)).

(4) Lastly, for the estimation of cX1...Xd|T , adopt the simplifying assumption and
use standard parametric vine techniques on the dataset ( pF1|T (X1i|Ti), . . . ,
pFd|T (Xdi|Ti)), i = 1, . . . , n.

Finally, to graphically illustrate this procedure in a multivariate example, we
consider a simple extension to the previously-described setting with two indepen-
dent covariates, where (Ti, X1i, X2i), i = 1, . . . , n, are i.i.d. random variables with
Ti = (X1i − 0.5)2 + (X2i − 0.5)2 + σεi, X1i ∼ U [0, 1], X2i ∼ U [0, 1], σ = 0.025
and εi, i = 1, . . . , n, are i.i.d. standard normal random variables. In this situa-
tion, a fully parametric vine copula estimation, implemented via the R package
VineCopula, again yields an inappropriate quantile regression estimation, as de-
picted in Figure 2.2a for τ = 0.5 and n = 500. In opposition, the proposed
semiparametric copula density estimation allows the regression estimator to suita-
bly capture the non-monotonic features of both covariates. This can be observed
in Figure 2.2b. A more exhaustive analysis of the performance of the proposed
estimator with respect to existing competitors will be provided in Section 2.5. For
now, with this proposed copula estimation strategy at hand, we may turn in the
next section to the consideration of censored responses in our quantile regression
context.
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Figure 2.2: Copula-based quantile regression estimates of the two-dimensional minimalis-
tic example. A parametric vine copula estimation is at the basis of the quantile estimation
in (a), while (b) illustrates the semiparametric copula estimation approach proposed in
this chapter.

2.3 Copula-based estimator for censored data

In the presence of censoring, the estimation equation (2.2.3) becomes inappropriate
as we do not fully observe the response variables Ti. Instead, we only observe a
sequence of i.i.d. triplets (Yi,∆i,Xi), i = 1, . . . , n, from (Y,∆,X), where Y =
min(T,C), ∆ = 1(T ≤ C) and C denotes the censoring variable, assumed to be
independent of T givenX. In order to take censoring into account in the estimation
procedure, using the vocabulary of Chapter 1, we propose here to adopt an ICP-
based approach. That is, similarly to (1.4.1), our first step is to note that for any
measurable function ϕ : R→ R,

Erϕ(T )|X = xs = E
„

ϕ(Y )
∆

1−GC(Y − |x)

ˇ

ˇ

ˇ
X = x



, (2.3.1)

where GC(c|x) = P(C ≤ c|X = x) denotes the conditional distribution of C given
X = x. This, along with (2.2.1), suggests a natural way to handle censoring for
quantile regression by replacing the function ϕ with the check function.

At this stage, in the objective of proposing a similar methodology to the one de-
veloped in Section 2.2, we propose to work on the obtained conditional expectation
in (2.3.1) before considering the introduction of copulas. The underlying rationale
is that the latter conditional expectation is in fact the joint conditional expectation
of (Y,∆) given X = x. Adopting an analogous reasoning as the one presented by
Noh et al. for the uncensored case at this point would therefore result in the inser-
tion of the joint copula of (Y,∆,X), hence exposing the estimation procedure to
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the lack of uniqueness of the copula given that ∆ is a discrete (binary) variable. An
interesting opinion on several pitfalls appearing for copulas with discrete variables
can be found in Embrechts (2009). Additional details may also be found in Genest
and Nešlehová (2007).

Instead, the idea is to work on the joint conditional expectation so as to bypass
the issues related to the copula of (Y,∆,X). In short, our intention is to discard
the problem by obtaining the copula of (Y,X) conditionally on ∆ = 1, for which
no specific technical difficulties are involved. To that end, using the notations Hu

(resp. hu) as a shorthand for a given distribution (resp. density) conditionally on
∆ = 1, first note that

E
„

ρτ (Y − a)
∆

1−GC(Y − |x)

ˇ

ˇ

ˇ
X = x



=

∫
R+

ρτ (y − a)
1

1−GC(y − |x)
dFY,∆|X(y, 1|x), (2.3.2)

where FY,∆|X(y, 1|x) = P(Y ≤ y,∆ = 1|X = x) = p(x)
∫ y
−∞ fuYX(z,x)/fu(x) dz,

with p(x) = P(∆ = 1|X = x) and where fuYX and fu denote the conditional
densities of (Y,X) and X given ∆ = 1, respectively. Hence, using the definition
of a copula function in a similar spirit as Noh et al., one obtains

dFY,∆|X(y, 1|x) = p(x)
cuYXpFuY (y),F u(x)q

cuXpF u(x)q
fuY (y) dy,

where cuYX(u0,u) = ∂d+1CuYX(u0, u1, . . . , ud)/∂u0∂u1 . . . ∂ud is the copula density
corresponding to the copula CuYX of (Y,X|∆ = 1), cuX(u) = ∂dCuX(u1, . . . , ud)/
∂u1 . . . ∂ud is the copula density of (X|∆ = 1), and F u(x) = (Fu1 (x1), . . . , Fud (xd))

T.
Inserting this last expression in (2.3.2), we may write

Erρτ (T − a)|X = xs

= E
„

ρτ (Y − a)
∆

1−GC(Y − |x)

p(x)

P(∆ = 1)

cuYXpFuY (Y ),F u(x)q

cuXpF u(x)q



.

Applying this equality in the context of quantile regression, interestingly, one even-
tually retrieves an expression analogous to (2.2.2):

mτ (x) = arg min
a

E
”

ρτ (Y − a)W (x) cuYXpFuY (Y ),F u(x)q

ı

, (2.3.3)

where W (x) ≡ ∆/(1−GC(Y − |x)). Note that the copula in question in (2.3.3) is
determined by strictly fully observed data. Hence, standard literature on copulas
may be manipulated without any censoring related constraints. Given estimators
pGC(·|x), pFuY and pFuj of GC(·|x), FuY and Fuj , j = 1, . . . , d, satisfying certain high-
level conditions which will be given in Section 2.4, this then suggests to estimate
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the quantile regression in the presence of censoring by the empirical analogue of
(2.3.3), that is

pmτ (x) = arg min
a

n∑
i=1

ρτ (Yi − a) xWi(x)pcuYXp pFuY (Yi), pF
u(x)q, (2.3.4)

where xWi(x) = ∆i/(1− pGC(Yi−|x)), and where pcuYX denotes an estimator of cuYX
based on the four-step procedure described in Section 2.2.3. Explicitly,

pcuYXp pFuY (y), pF u(x)q = pcuY X1
p pFuY (y), pFu1 (x1)q× . . .× pcuY Xdp pFuY (y), pFud (xd)q

× pcuX1...Xd|Y p pFu1|Y (x1|y), . . . , pFud|Y (xd|y)q,

where any two-dimensional kernel density estimator may be used for each bivariate
copula density pcuY Xj , j = 1, . . . , d, such that condition (C7) of Section 2.4 holds,
and where pcuX1...Xd|Y is estimated by standard parametric vine procedures.

The resulting quantile regression estimator in (2.3.4) may then be viewed as a
simple weighted quantile of the observed response variable, and is therefore easy
to implement in practice using the efficient quantile regression code developed by
Portnoy and Koenker (1997) and Koenker (2005). Nonetheless, in the context of
multivariate covariates, the estimation of GC(·|x) requires further assumptions to
overcome dimension related issues. Popular choices in the literature include, among
others, independence between C and X, the Cox model or the single-index model
on C|X = x. Illustrations of such assumptions are treated in our simulation study.

Lastly, as an interesting property and similarly to the case without censoring,
we note that the obtained regression function estimator is automatically monotonic
across quantile levels. Applying analogous arguments to the ones adopted in the
proof of Theorem 2.5 of Koenker (2005), one can indeed determine that

(τ2 − τ1)(pmτ2(x)− pmτ1(x))

n∑
i=1

xWi(x)pcuYXp pFuY (Yi), pF
u(x)q ≥ 0. (2.3.5)

Given that xWi(x)pcuYXp pFuY (Yi), pF
u(x)q ≥ 0 for all i = 1, . . . , n, this signifies that

pmτ2(x) ≥ pmτ1(x) for τ2 ≥ τ1.
Conclusively, in parallel to what has been stated for the uncensored case, the

resulting estimator pmτ (x) defines a rich class of estimators built on the many
different existing methods available in the literature for estimating copula densities
and marginal distributions of both complete and censored data.

2.4 Asymptotic Properties

We establish in this section the asymptotic normality of the proposed estimator
pmτ (x). To that end, we first report the set of regularity conditions as well as
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the required high-level conditions on all estimators involved in the expression of
pmτ (x). We then develop an asymptotic representation of our estimator for a general
d-variate covariate. As the latter will result in a somewhat unpleasant expression
for the asymptotic bias and variance for a general multivariate covariate, and given
that the analytical reasoning is similar in spirit, we eventually restrict ourselves to
the detailed asymptotic expression for the case d = 2.

For a fixed but arbitrary point of interest x in the interior of the support of
X, denoted by supp(X), let us suppose that there exists a neighborhood VFu(x)

of F u(x) such that the following regularity conditions hold:

(C1) The conditional distribution FT |X of T givenX admits a conditional density
fT |X that is continuous, strictly positive and bounded uniformly on R ×
supp(X).

(C2) The point of interest x is such that F u(x) ∈ (0, 1)d and P(∆ = 1|x) > 0.
Furthermore, 0 < cuX(F u(x)) < ∞, supt∈R c

u
YX(FuY (t),F u(x)) < ∞ and

inft∈R c
u
YX(FuY (t),F u(x)) > 0.

(C3) The point mτ (x) ∈ R satisfies GC(mτ (x) + δ|x) < 1, for some δ > 0.

(C4) Denote ε ≡ ε(x, τ) = Y −mτ (x) and define ψτ (u) = τ − I(u ≤ 0). Then,

(i) E(|ψτ (ε)|W (x)) <∞.

(ii) E rψτ (ε)W (x) cuYXpFuY (Y ),F u(x)qs
2
<∞.

Concerning the high-level conditions, it is assumed that the multivariate copula
density cuYX is estimated using the proposed four-step strategy of Section 2.2.3, and
that, for simplicity, the d bivariate kernel copula estimators of step (2) are based
on the same bandwidth H = h2I for a certain h > 0. The following conditions are
then assumed to hold:

(C5) The marginal c.d.f. estimators are such that:

(i) supt∈R

ˇ

ˇ

ˇ

pFuY (t)− FuY (t)
ˇ

ˇ

ˇ
= OP(n−1/2).

(ii) pF u(x) − F u(x) = OP(n−1/2), where pF u(x) = ( pFu1 (x1), . . . , pFud (xd))
T

and pFuj is an estimator of Fuj .

(C6) supt≤τFY
| pGC(t|x)−GC(t|x)|= oP((nh2)−1/2), and τFY < τGC , where τFY =

inf{t : FY (t) = 1} and τGC = inf{t : GC(t) = 1}.

(C7) The multivariate copula estimator is such that:

(i) supu0 ∈ (0,1)

ˇ

ˇ

ˇ
pcuY Xj pu0, F

u
j (xj)q− cuY Xj pu0, F

u
j (xj)q

ˇ

ˇ

ˇ
= oP(1), j = 1, . . . , d,

where xj is the j-th coordinate of x.
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(ii) supu0 ∈ (0,1) supu∈VFu(x)
|∂j pc

u
YX(u0,u)| = OP(1), j = 1, . . . , d+1, where

∂j denotes the partial derivative with respect to the j-th argument.

Assumption (C1) is standard in the context of quantile regression estimation.
As for condition (C2), this is similar to assumption (C3)-(i) in Noh et al. (2015) for
the simplified case with no censoring, with an additional requirement on the con-
ditional censoring probability that is resulting from the consideration of censored
observations. Assumption (C3) is likewise emanating from the proposed handling
of censored data, and is rather usual in survival analysis. Note that, in the quantile
regression framework, the latter assumption amounts to defining a natural upper
bound for the quantile of interest that can be studied. Assumption (C4) reports a
set of technical conditions to be met.

As regards conditions (C5)-(C7), (C5) is routinely made in the copula frame-
work. For instance, it is readily satisfied for the empirical distributions when only
uncensored observations are taken into account, and their rescaled versions which
are prominent in the copula literature and adopted here as well. Assumption (C6)
imposes restrictions on the estimator one may consider for the conditional distribu-
tion of the censoring variable and is, for instance, fulfilled for a simple Kaplan-Meier
estimator for GC (see e.g. Theorem 2.1 in Chen and Lo (1997) for sufficient and
necessary conditions for (C6)). Lastly, assumption (C7) requires the uniform con-
sistency of the bivariate copula density estimator. A crucial observation for the
latter assumption is that the property only needs to hold for the fixed point of in-
terest x, hereby preventing from exploring the corners of the unit square for which
typical copula densities, such as the Gaussian copula, grow unboundedly. We also
note that a similar assumption and discussion is to be found in the recent work of
Nagler and Vatter (2018), where the aim is to develop a general framework for the
use of copulas in estimation equation in a similar spirit as in this chapter. Lastly,
while to the best of our knowledge the result of assumption (C7) is not reported
as such in the literature for the most common copula density estimators, we note
that the latter may also be put in perspective with uniform consistency results for
density functions that are defined on compact supports, provided the impact of
handling here pseudo-observations instead of true observations does not alter the
property. To investigate this perspective, we provide in Section 2.8 an additional
result stating the uniform consistency of a simple illustrative kernel copula density
estimator based on pseudo-observations with respect to the same estimator but
with knowledge of the true marginal distributions. A more detailed discussion on
this is deferred to Section 2.8.

We now state the main result of this section holding for a general d-dimensional
covariate vector and for all bivariate kernel copula estimators based on the same
bandwidth h. In practice, however, it may be recommended to adopt an uncon-
strained and non-diagonal bandwidth matrix, as is detailed in Section 4 of Geenens
et al.. Nevertheless, when considering this general situation, the theoretical results
become less tractable while equivalent in nature to this simplified situation.
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Theorem 2.1. Let h ≡ hn → 0 be the common bandwidth of the d bivariate
kernel copula density estimators. For h satisfying nh2 →∞ as n→∞, and under
assumptions (C1)-(C7), we have
`

nh2
˘1/2

(m̂τ (x)−mτ (x)) =

w(x)

fT |X(mτ (x)|x)

`

nh2
˘1/2

n

n∑
i=1

ψτ (εi)Wi(x)

× rpcuYXpFuY (Yi),F
u(x)q− cuYXpFuY (Yi),F

u(x)qs + oP(1),

where fT |X is the conditional density of T given X and w(x) = p(x)/rP(∆ =
1)cuX(F u(x))s.

Theorem 2.1 implies, quite naturally, that the asymptotic behavior of m̂τ (x)
will be characterized by the properties of the copula estimator, specifically through
its nonparametric feature, provided that the estimation of pGC(·|x) is ‘reasonable’
when confronted to a multidimensional covariate vector (assumption (C6)). In
particular, this suggests that the detailed discussion of Geenens et al. about the
asymptotic bias and variance of their distinctive bivariate copula estimators may
be transcribed in our context.

Additionally, Theorem 2.1 also covers an asymptotic representation of the copula-
based quantile regression estimator when all responses are fully observed. In this
situation, one would indeed obtain a similar result for the proposed semiparametric
procedure, with the removal of all censoring related terms, that is w(x), Wi(x),
i = 1, . . . , n, and the superfluous conditioning on ∆ = 1 for the copula densities
and marginal distributions. This results in the following:

`

nh2
˘1/2

(m̂τ (x)−mτ (x)) =

1

fT |X(mτ (x)|x)

`

nh2
˘1/2

n

n∑
i=1

ψτ (εi)rpcYXpFY (Yi),F (x)q−cYXpFY (Yi),F (x)qs+oP(1).

We now consider a detailed asymptotic representation of our estimator for the
simplified case where d = 2, and for a general nonparametric estimator of the
bivariate copula densities. For convenience, we use the notation cuk as a shorthand
for cuY Xk , and similarly for other functions depending on (Y,∆, Xk), k = 1, 2.

Corollary 2.2. Suppose that the assumptions of Theorem 2.1 hold for the case
d = 2. Furthermore, suppose that the bivariate nonparametric copula estimators of
cu1 and cu2 are such that

`

nh2
˘1/2

´

pcuk(u0, uk)− cuk(u0, uk)− h2bk(u0, uk)
¯

=
1

?
n

n∑
j=1

Znjk (u0, uk) + oP(1),

∀uk ∈ (0, 1), uniformly in u0 ∈ (0, 1), for k = 1, 2,
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for some some deterministic function bk(u0, uk), and for some function Znjk (u0, uk)

depending on (Yj ,∆j , Xkj) and possibly on n, satisfying E(Znjk (u0, uk)) = 0, for
all u0, uk ∈ (0, 1).

Define

rZnj(u0,u) =
”

Znj1 (u0, u1)cu2 pu0, u2q + Znj2 (u0, u2)cu1 pu0, u1q

ı

× cuX1X2|Y (u1, u2|u0),

bYX(u0,u) = rb1(u0, u1)cu2 pu0, u2q + b2(u0, u2)cu1 pu0, u1qs

× cuX1X2|Y (u1, u2|u0),

λn pYi,∆i,Xi,xq = E
”

ψτ (ε)W (x) rZni pFu(Y ),F u(x)q |Yi,∆i,Xi

ı

, i = 1, . . . , n.

Suppose furthermore that the following technical conditions hold:

(C8) E rψτ (ε)W (x)bYX pFu(Y ),F u(x)qs
2
<∞.

(C9) E
”

ψτ (εi)Wi(x) rZnj pFu(Yi),F
u(x)q

ı2

= o(n) for all i, j = 1, . . . , n, where
the expectation is taken with respect to (Yi,∆i) and (Yj ,∆j ,Xj).

Then, the copula-based quantile regression estimator at any point of interest x
satisfying (C1)-(C9) is such that

`

nh2
˘1/2

´

pmτ (x)−mτ (x)− h2B(x)
¯

L−→ N p0, σ2(x)q,

where

B(x) =
w(x)

fT |X(mτ (x)|x)
E
´

ψτ (ε)W (x)bYXpFu(Y ),F u(x)q

¯

and σ2(x) =
w2(x)

f2
T |X(mτ (x)|x)

lim
n→∞

E (λn(Y,∆,X,x)2).

Corollary 2.2 reports the asymptotic normality of our estimator at the expected
convergence rate, implied by the nonparametric estimation of the bivariate copula
densities. Depending on the choice in step (2) of the kernel density estimator
fulfilling the conditions of Corollary 2.2, simple plug-in of the expression of Znjk ,
k = 1, 2, in all quantities built upon the latter may then lead to the detailed,
although arduous, expressions of the asymptotic bias and variance of the proposed
estimator.

Furthermore, as this had yet to be covered, it is worth stressing out that Corol-
lary 2.2 also encompasses the asymptotic normality of the suggested estimator
based on semiparametric vine copulas with strictly complete data. Similarly to
what has been stated for Theorem 2.1, one is indeed only required to withdraw
all censoring related elements from Corollary 2.2 to obtain the expressions of the
asymptotic bias and variance of the proposed semiparametric quantile regression
estimator for complete observations.
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2.5 Simulation Study

In this section, we assess the practical finite-sample performance of the propo-
sed methodology by means of Monte Carlo simulations. For this purpose, we first
present a brief numerical study to further motivate the semiparametric copula stra-
tegy we intend to adopt for multivariate problems for both complete and censored
observations. Secondly, we assess the numerical performance of the copula-based
regression estimator for complete observations using the developed copula estima-
tion strategy and compare it with established semiparametric and nonparametric
techniques in the literature. Lastly, focusing on survival data, we illustrate the
performance of our estimator in (2.3.4) by also showing promising results with re-
spect to competitors in the domain, including when the generated scenario is to
the advantage of the latter. All the simulations are carried out using the statistical
computing environment R (R Core Team (2017)) and its freely accessible packages.

2.5.1 Assessing the semiparametric copula estimation

This first section aims at numerically illustrating the choice of our semiparametric
copula estimation strategy. For this purpose, we will consider here both complete
and censored responses as this will result in an interesting analysis of our pro-
posed strategy resulting from the fact that the censoring percentage will have an
influence on the number of observations actually entering the copula estimation
process. Overall, we consider two distinctive data generating processes (DGP) and
compare our methodology with fully parametric and nonparametric procedures one
might consider for the estimation of a multivariate copula density. For the general
simulation settings, we consider B = 500 repetitions of each DGP; three (average)
levels of censoring (0%, 30% and 50%), three sample sizes (n ∈ {100, 200, 400})
and the quantile level of interest τ = 0.3. As the object of interest here is the
copula modelling, when censoring is introduced, we only consider the simple case
of independence between the censoring variable and the covariate vector in order
to keep the estimation of pGC needed for (2.3.4) uncomplicated, that is, using the
Kaplan-Meier estimator reported in (1.3.1). The detailed DGPs are as follows:

• DGP A: (FT (T ), F1(X1), F2(X2)) ∼ Gaussian copula with parameters (ρT1,
ρT2, ρ12) = (0.3, 0.9, 0.5). Given standard uniform marginal distributions for
all three variables, the resulting true quantile regression may be calculated
as mτ (x) = Φp − 0.2Φ−1(x1) + Φ−1(x2) + 0.4Φ−1(τ)q, where Φ stands for
the standard normal c.d.f. (see Noh et al. (2015)). To include censoring, we
introduce the variable C ∼ U [0,M ], where the parameter M is computed in
order to obtain the desired average censoring proportion (M = 5/3 for 30%
and M = 1 for 50%).

• DGP B: (FT (T ), F1(X1), F2(X2), F3(X3)) ∼ Gaussian copula with parame-
ters (ρT1, ρT2, ρT3, ρ12, ρ13, ρ23) = (0.3, 0.9, 0.7, 0.5, 0.25, 0.5). The resulting
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true quantile regression for standard uniform marginal distributions is deter-
mined asmτ (x) = Φp−0.2Φ−1(x1)+0.83Φ−1(x2)+0.33Φ−1(x2)+0.27Φ−1(τ)q.
The censoring variable is C ∼ U [0,M ] (M = 5/3 for 30% and M = 1 for
50% censoring).

For any general copula-based regression estimator, the marginal distribution esti-
mations are performed, as suggested in Section 2.2.3, using rescaled versions of the
empirical distributions:

pFuY (y) =
1

nu + 1

n∑
i=1

∆i1(Yi ≤ y), pFuj (xj) =
1

nu + 1

n∑
i=1

∆i1(Xij ≤ xj), j = 1, . . . , d,

where nu =
∑n
i=1 ∆i is the number of uncensored observations.

For the distinctive copula-based estimators, we consider the following:

pmSP
cop, τ : semiparametric estimation strategy detailed in Section 2.2.3. That is, we

first estimate the d bivariate copulas of interest employing the probit trans-
formation technique of Geenens et al. (2017) coupled with local likelihood
estimation based on quadratic polynomials. To that end, we follow their pro-
posed nearest-neighbor bandwidth selection procedure implemented in the
R package kdecopula. Concerning the estimation of the d-dimensional co-
pula density (2.2.5), as mentioned above, we apply standard vine techniques
using the R package VineCopula. Specifically, when d > 2 we adopt one
automatically selected tree structure for the simplified decomposition of the
copula density among many R-vine candidate structures (see Dißmann et al.
(2013)), and subsequently determine the appropriate pair-copula families to
be selected and parametrically estimated. The selection criterion for biva-
riate copulas is chosen to be the Akaike information criterion (AIC), which
revealed to be adequate in the R-vine context (see Brechmann (2010), chap.
5), and ten potential family candidates, together with their rotations, are
considered: eight of them are Archimedian (Clayton, Gumbel, Frank, Joe,
Clayton-Gumbel, Joe-Gumbel, Joe-Clayton and Joe-Frank), and the last two
are elliptical (Gaussian and Student t).

pmNP
cop, τ : fully nonparametric estimation of the d-dimensional copula using vine

techniques. Specifically, while the vine structure is kept identical, here all
bivariate building blocks are estimated using the local likelihood technique
based on probit-projected data with the bandwidth selection procedure of
Geenens et al. (as is studied in Nagler and Czado (2016)). Given its fully
nonparametric nature, it should be mentioned that this estimator is not co-
vered by the theoretical results of Section 2.4.

pmP
cop, τ : fully parametric estimation of the d-dimensional copula density, where all

bivariate copulas are estimated using the previously enumerated candidate
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with censored data

Mickaël De Backer Anouar El Ghouch Ingrid Van Keilegom

Institute of Statistics, Biostatistics and Actuarial Sciences, Université catholique de Louvain
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Abstract

In the context of quantile regression, we consider a new class of estimators that would
allow practitioners to analyse in a flexible way medium to high-dimensional censored
data. Actually, our methodology is an extension of the work of Noh et al. (2013) and
Noh et al. (2015) to allow for the presence of censoring. Accordingly, the methodology
makes use of the advantages of copulas in dependence modelling.

Background and Estimation with complete data

Uncensored Data. T is a response variable and X is a d -dimensional covariate vector.
Copulas. From Sklar’s Theorem (continuous c.d.f.s),

fTX(t, x) = cTX(FT(t),F (x)) fT(t) f1(x1) . . . fd(xd).

Quantile regression. mτ(x), τ ∈ (0, 1), is defined as

mτ(x) = arg min
a

E
`

ρτ(T − a)|X = x
˘

, (1)

where ρτ(u) = u(τ − 1(u < 0)) is the “check” function.

Copula Quantile Regression

Using the definition of a copula, Noh et al. (2015) propose

pmτ(x) = arg min
a

n∑
i=1

ρτ(Ti − a) pcTX( pFT(Ti),
xF (x)), (2)

� Marginal distributions: nonparametric estimator.

� Copula density: parametric estimator.

Motivation of using copulas?

� Easily obtained asymptotics, parametric rate of convergence for pmτ(x).

� No iteration procedure needed to guarantee the consistency.

� pmτ(x) is automatically monotonic accross quantile levels.

Consideration of Copula Misspecification

Example of Dette et al. (2014):

Ti = (Xi − 0.5)2 + σεi , Xi ∼ U [0, 1], σ = 0.025 and εi i.i.d. N (0, 1).
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Figure A: pm0.5(x) for parametric (left) and nonparametric estimation (right) of cTX .

� Common parametric copula families → monotone estimation in X .

� d = 1: nonparametric estimation cTX → captures non-monotonic dependence.

For d ≥ 2:

cTX
`

FT(t),F (x)
˘

= cTX1

`

FT(t), F1(x1)
˘

× . . .× cTXd

`

FT(t), Fd(xd)
˘

(3)

×cX1...Xd |T
´

F1|T(x1|t), . . . , Fd |T(xd |t)|t
¯

. (4)

� Part (3): dependence of interest → flexible nonparametric estimation.

� Part (4): ‘noisy’ dependence → ‘simpler’ parametric estimation.

Extension to censored data

Censored data

We only observe (Y ,∆,X ) where

� Y = min(T ,C ), ∆ = I (T ≤ C ), C ∼ GC

� T and C are conditionally independent given X .

Copula-based estimator

Step 1. Synthetic data:

E(ρτ(T − a)|X = x) = E
˜

ρτ(Y − a)
∆

1− GC(Y − |x)

ˇ

ˇ

ˇ

ˇ

X = x
¸

.

Step 2. Using the definition of a copula (and discarding the issues related to copulas
with discrete variables):

pmτ(x) = arg min
a

n∑
i=1

»

–ρτ(Yi − a)
∆i

1− pGC(Yi − |x)
pcuYX

`

pF u
Y (Yi),

xF u(x)
˘

fi

fl, (5)

where Hu (hu) denotes a distribution (density) conditionally on ∆ = 1.

Properties

� pmτ(x) is automatically monotonic across quantile levels.

� Under suitable conditions, pmτ(x) is asymptotically normal, with convergence
rate induced by the nonparametric part (3) of the copula. Asymptotic bias and
variance are driven by the properties of the latter.

Simulation Study

Copula estimation strategy

� (T ,X1,X2) ∼ Gaussian copula, (ρT1, ρT2, ρ12) = (0.3, 0.9, 0.5).

pmP
τ

pcPTX1

pcPX1X2|T

pcPTX2
pcPTX1

pcPTX2|X1

pcPX1X2
pcPTX2

pcPTX1|X2

pcPX1X2

Structure choice is data-driven.

pmSP
τ

pcNPTX1

pcPX1X2|T

pcNPTX2

pmNP
τ

pcNPTX1

pcNPX1X2|T

pcNPTX2

Results expressed in terms of IMSE (500 repetitions):

n 100 200 400

P(T > C ) 0 0.3 0.5 0 0.3 0.5 0 0.3 0.5

pmP 1.442 2.203 3.537 0.689 0.990 1.887 0.337 0.503 0.915

pmSP 1.486 2.173 3.548 0.737 1.016 1.664 0.371 0.525 0.863

pmNP 2.369 3.167 4.135 1.462 1.905 2.581 0.987 1.243 1.600

Table 1: IMSE × 1000 for the estimation of m0.3(x) for 10 evaluation points.

� pmSP vs pmNP: Adopt a ‘simple’ parametric estimation for the noisy dependence.

� pmSP vs pmP: Similar performance and evidence for the estimation strategy.

Competitors

Cox regression model:

mτ(x) = − ln(1− τ ) exp(−βTx),

where β = (1,−3/4, 1/2, 1/4,−3/5)T and X ∼ Gaussian copula. Competitors:

� pmcox: Benchmark parametric estimator related to the Cox model.

� pmsi : Single-index regression (Bücher et al. (2015)).

(a) pmcox
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(b) pmsi
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(c) pmcop
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Figure B: Boxplots for 10 points spread on the domain of βTX , n = 400, τ = 0.5, and 30% censoring.

� pmcop competes with pmsi , even when the generated scenario advantaging the latter.

� pmcop outperforms its competitors when the latter are ‘slightly’ misspecified.

Conclusion

� A new semiparametric conditional quantile estimation method is proposed using
copula-based multivariate models for survival data.

� An alternative to the strict parametric copula modelling is considered in order to
capture possible non-monotonic features of the quantile function.

� Monotonicity across quantile levels is guaranteed and asymptotic normality is
established.

� The finite sample performance of the estimator are studied in comparaison with
competitive estimation procedures in the case where the true copula is unknown.
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Figure 2.3: Graphical illustration of the three copula-based estimators considered for the
situation d = 2 in DGP A and no censoring (hence no superscript ‘u’ in the copulas).

families and selection criteria. However, unlike the above-mentioned estima-
tors, we do not force here any structure for the vine decomposition. As a
consequence, no explicit distinction is imposed between dependence of in-
terest and noisy dependence. Instead, one data-driven selected structure is
adopted, regardless of the arguments of Section 2.2.3. This will allow us to
analyse the impact of such dependence distinction in our regression context,
as is discussed below. Finally, as it is the case for pmNP

cop, τ , this estimator is
not covered by the asymptotic theory of Section 2.4.

Figure 2.3 serves as a graphical support for the description of these copula-based
estimators for the particular case of DGP A with d = 2. Every bivariate copula
density is here represented by a node, and the distinction between estimators is
highlighted to be originating either from the imposed structure of the decompo-
sition, or from the choice of estimation procedure for each bivariate copula (‘P’
for parametric, ‘NP’ for nonparametric). The situation for DGP B with d = 3
is of course similar but involving more bivariate building blocks and hence more
possible decomposition structures.

Now, both DGPs concentrate on the situation where the dependence structure
between the response variable and the covariate vector is characterized by a pa-
rametric copula. In such circumstances, pmP

cop, τ will have a critical advantage and
may serve in order to evaluate the impact of the nonparametric part of the estima-
tion scheme, especially when the dimension of the covariate vector increases. As
a performance criterion, we consider here the empirical integrated mean squared
error (IMSE), defined as

IMSE(pmτ (x)) =
1

N

N∑
i=1

˜

1

B

B∑
b=1

ppm(b)
τ (xi)−mτ (xi)q

2

¸

,

where {xi, i = 1, . . . , N} is a generated random sample of size N = 10 serving as
an evaluation set spread on the domain of X, and pm

(b)
τ (·) denotes the regression

estimation for the b-th simulated sample.
The results of our simulation study are summarized in Table 2.1. Based on

these, we detail our analysis in two parts, as the outcomes of our study offer
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DGP A
n pc pmP

cop, τ pmSP
cop, τ pmNP

cop, τ

100
0 1.442 1.486 2.369
0.3 2.203 2.173 3.167
0.5 3.537 3.548 4.135

200
0 0.689 0.737 1.462
0.3 0.990 1.016 1.905
0.5 1.887 1.664 2.581

400
0 0.337 0.371 0.987
0.3 0.503 0.525 1.243
0.5 0.915 0.863 1.600

DGP B
n pc pmP

cop, τ pmSP
cop, τ pmNP

cop, τ

100
0 1.192 1.416 3.307
0.3 2.036 2.459 3.972
0.5 5.055 6.552 7.038

200
0 0.560 0.658 2.609
0.3 0.850 0.945 2.857
0.5 1.686 2.108 3.647

400
0 0.259 0.354 2.140
0.3 0.403 0.487 2.266
0.5 0.738 0.916 2.497

Table 2.1: Simulation results expressed in terms of IMSE × 1000 for the estimation of
mτ (x) in DGP A and B. The number of repetitions operated is B = 500 for sample sizes
n ∈ {100, 200, 400}, average censoring proportions pc ∈ {0, 0.3, 0.5} and τ = 0.3.

relevant information on both the copula decomposition choice and the type of
bivariate estimators one may adopt in the multivariate setting. Note that, for
both DGPs, as the dependence structure is specified by a Gaussian copula, the
simplifying assumption intrinsic to the vine decomposition is here applicable (see
Theorem 4 in Stöber et al. (2013)). In our context, this means that any observed
difference between copula strategies is not to be attributed to a possible violation
of the underlying simplifying assumption.

Focusing first on our decomposition strategy, as expected, we note that pmP
cop, τ

globally outperforms pmSP
cop, τ and pmNP

cop, τ . However, strikingly enough, this is not
observed for DGP A for different censoring proportions where pmSP

cop, τ details better
results. This is interpreted here as evidence for the validity of our arguments
regarding the decomposition choice: as the censoring proportion grows, the number
of observations actually entering the copula estimation becomes more moderate,
hereby implying two opposite effects in this context. First, the propagation of
estimation approximations tends to be more important, signifying that the further
we decompose, the more sensitive becomes the estimation of the involved bivariate
copulas as these are tributary of the quality of previously estimated bivariate blocks.
Using a purely data-driven decomposition may then result in a poor fit of the
(conditional) copula of the response variable with one of the covariates, as it is
not required that the latter would be primarily treated. This is interpreted as the
reason why pmSP

cop, τ is able to outperform pmP
cop, τ , admittedly by a small amount,

when censoring increases for a fixed sample size n ∈ {200, 400}, even though the
simulated scenario is issued from a purely parametric copula. However, on the other
hand, when observations are more scarce, it is well-known that nonparametric
estimations become more sensitive than parametric counterparts. This explains
why the estimation results for pmSP

cop, τ are not superior to those of pmP
cop, τ for n = 100

with 50% censoring, as the former require the nonparametric estimation of two
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bivariate copulas, whose complexity compared to pmP
cop, τ seems to override the

positive effects of our decomposition choice. Overall, these noteworthy results for
DGP A illustrate the effectiveness of our proposed copula decomposition in the
regression context. When augmenting the covariate vector dimension, the price
of estimating now three nonparametric bivariate copulas quite logically exceeds
the potential gain of concentrating efforts on the dependence of interest. This is
identified in DGP B.

Concentrating now on the modelling choice for the noisy dependence, the com-
parison between pmSP

cop, τ and pmNP
cop, τ offers valuable information, particularly in

DGP A, as the only distinctness here is the estimation of a unique bivariate copula
density cuX1X2|Y . Visibly, the implication of keeping a nonparametric approach for
this part seems to be rather severe. This finding clearly also applies when the
dimension of the covariate grows.

Conclusively, the recommended copula modelling strategy seems to propose an
adequate trade-off between preventing the serious effects of a purely nonparametric
estimation and providing the flexibility needed to overcome possible shortcomings
associated to a purely parametric alternative. With this judgment at hand, the
next section is then devoted to the comparison of our procedure with alternative
estimation techniques of the literature.

2.5.2 Comparison with estimation methods for complete re-
sponses

In this section, we briefly compare the global performance of the semiparametric
copula-based regression estimator for complete observations with several establis-
hed methodologies in the literature. To that end, we consider the following com-
peting techniques:

pmLL, τ : Locally polynomial quantile regression estimator studied in Chaudhuri
(1991). In this section, we consider a local linear estimator which is im-
plemented with Gaussian kernels in the function lpqr of the R package
quantreg. The bandwidth is selected via leave-one-out cross validation in
a set of candidates ranging from 0.05 to 2 by 0.05 increments.

pminv, τ : Nonparametric regression estimator studied in Li et al. (2013) based on an
inverse-c.d.f. approach by numerically inverting a kernel estimated conditi-
onal distribution function. This procedure is implemented in the R package
np via the function npreg. The bandwidth selection is automatically imple-
mented in the function npcdistbw of the same library.

pmsi, τ : Single-index regression estimator based on a two stage estimation method
as proposed by Zhu et al. (2012). The univariate nonparametric part of
the methodology is estimated with a Gaussian kernel and the bandwidth is
selected by leave-one-out cross validation in a set of candidates ranging from
0.05 to 0.5 by 0.05 increments.
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pmP
cop, τ : Semiparametric copula quantile regression estimator of Noh et al. (2015)

where the copula density is estimated with purely parametric vine techniques
as in Section 2.5.1.

pmcop, τ : Proposed semiparametric copula quantile regression estimator with the
same implementation as in Section 2.5.1. As a remark, we note that conside-
ring a Gaussian copula among the potential candidates, although natural in
practice, introduces here a slight advantage in terms of information for our
procedure and pmP

cop, τ given that the settings of this section will be considered
with Gaussian distributions. Although our procedure is based on data-driven
family selection, and hence does not automatically select the true copula fa-
mily, a further interesting analysis would then be to consider the removal
of the Gaussian copula among the potential candidates, hereby necessarily
introducing some misspecification concerns. This is here however left for furt-
her investigation, while a similar and more detailed study on the impact of
such copula misspecification may already be found in Noh et al. (2015).

These methodologies are compared in the following two DGPs:

• DGP C: (FT (T ), F1(X1), F2(X2)) ∼ Gaussian copula with parameters (ρT1,
ρT2, ρ12) = (0.9, 0.8,−0.8). The marginal distributions are chosen to be
standard exponential for T and standard normal for the covariates. For
β = (−13/18, 2/9)T, the resulting quantile regression may then be determined
as mτ (x) = F−1

T

“

Φ
`

βTx+ 0.41Φ−1(τ)
˘‰

.

• DGP D: Data simulated from the model

Ti = |2X1i −X2
2i + 0.5|0.5+0.1X3

4iX5i(0.5|X3i|+1) + 0.1εi,

where εi ∼ N (0, 1) for i = 1, . . . , n, and the five-dimensional covariate
(X1, . . . , X5) is simulated from a Gaussian distribution with correlations
(ρ12, ρ13, . . . , ρ45) = (0.3, 0.4, 0.5, 0.6, 0.7, 0.3, 0.4, 0.5, 0.6, 0.7) and standard
marginals.

The first DGP is a low-dimensional setting where we expect the single-index and
both copula-based estimators to perform well given that the true quantile regression
is in fact a single-index model and that the data is simulated from a known copula.
In opposition, the second DGP explores a higher dimension of the covariates and
considers a setting with non-monotonic dependencies between the response and the
covariates, for which no parametric copula in the literature is suited as illustrated
in Section 2.2. Hence, in this setting pmP

cop, τ is expected to perform poorly and
both pmcop, τ and pmsi, τ are a priori no longer favored over the other methodologies.

To compare the performance of the different procedures, we consider 500 re-
petitions of each DGP, quantile levels τ ∈ {0.3, 0.5, 0.7} and sample sizes n ∈
{100, 200, 400}. Similarly to the previous section, we then consider the IMSE as
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DGP n τ pmLL, τ pminv, τ pmsi, τ pmP
cop, τ pmcop, τ

C

100
0.3 0.121 0.122 0.104 0.096 0.090
0.5 0.152 0.157 0.126 0.126 0.121
0.7 0.212 0.241 0.193 0.180 0.176

200
0.3 0.070 0.068 0.058 0.041 0.043
0.5 0.090 0.083 0.073 0.053 0.057
0.7 0.128 0.128 0.108 0.074 0.082

D

100
0.3 1.507 1.599 6.227 3.207 1.264
0.5 1.482 1.506 2.587 2.074 0.983
0.7 1.887 1.676 2.624 2.261 1.198

400
0.3 0.822 0.674 2.020 3.110 0.852
0.5 0.726 0.626 1.624 1.890 0.631
0.7 1.187 0.765 2.170 1.986 0.830

Table 2.2: Simulation results expressed in terms of IMSE × 10 for the estimation of
mτ (x) in DGPs C and D with respectively two and five covariates. The number of
repetitions operated is B = 500 for sample sizes n ∈ {100, 200, 400} and with quantiles of
interest τ ∈ {0.3, 0.5, 0.7}.

a performance criterion calculated on a testing sample of 20 evaluation points
{x1, . . . ,x20}.

The simulation results of this brief comparative study are presented in Table
2.2. As expected, for the two-dimensional setting we observe that the copula-based
and the single-index estimators perform better than the remaining methodologies,
as the latter do not take profit of any underlying model assumption here. Further-
more, both copula-based estimators tend to outperform in this setting the single-
index estimator for all considered sample sizes and quantile levels. Similarly to
Section 2.5.1, we also note that pmcop, τ is here again able to outperform by a slight
margin pmP

cop, τ for small sample sizes by focusing primarily on the estimation of the
dependence of interest. Overall, this suggests that an appropriate semiparametric
estimation of the copula density results in a performance of the regression estima-
tor relatively similar to the estimator of Noh et al. when the latter is considered
in its most advantageous situation.

Next, the results of DGP D numerically illustrate the gain in flexibility of the
proposed methodology over pmP

cop, τ . In this situation, the latter evidently misspeci-
fies the regression model as can be observed from the fact that the IMSE does not
tend to diminish much with an increasing sample size. In opposition, pmcop, τ still
performs very competitively with respect to the literature, especially for smaller
samples. This suggests here again that the copula estimation strategy proposed
in this work offers the required flexibility to a copula-based approach for quantile
regression. To conclude, this results in a very competitive estimation procedure
with respect to the established semiparametric and nonparametric literature.
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2.5.3 Comparison with estimation methods for censored re-
sponses

The objective of this last section is to provide a comparison study between the
proposed copula-based methodology and existing competitors for survival data. On
a general note, given that for multidimensional covariates an appropriate estimation
of the conditional distribution GC(·|x) for the weights W (x) in (2.3.4) may be of
crucial influence, we consider distinctive scenarios contrasting in the impact on
pGC(·|x) in order to provide a sufficiently broad view on the performance of our
methodology.

We examine three general simulation models, with B = 500 repetitions of each;
two (average) levels of censoring (30% and 50%), two sample sizes (n = 200 and
n = 400) and four values for the quantile level of interest (τ ∈ {0.1, 0.3, 0.5, 0.7}).
Specifically, we consider general data arising from a Cox regression model. Based
on the hazard function, this prominent model for analyzing survival times specifies
that h(t|Xi) = h0(t) exp(βTXi), i = 1, . . . , n, where h0(t) is the so-called baseline
hazard function, as recalled in Chapter 1. In this instance, given a nonnegative
time-to-event variable, simple algebraic manipulations show that the general condi-
tional quantile regression can be written asmτ (x) = H−1

0 p−log(1−τ) exp(−βTx)q,
where H0(t) ≡

∫ t
0
h0(s)ds. For every proposed setting, the baseline distribution is

here set to be standard exponential and consequently, for a given vector x the τ -th
conditional quantile function is given by

mτ (x) = − log(1− τ) exp(−βTx).

The distinction between our simulation scenarios is to be found in the three covari-
ate vectors and the dimension of the latter that are taken into account. The first two
settings are chosen to be of moderate dimension with d = 5 while the third setting
exhibits an example with d = 8. Focusing first on the case d = 5, we consider β =
(1,−3/4, 1/2, 1/4,−3/5)T and 5 covariates (X1, . . . , X5) simulated form a Gaussian
copula with parameters (ρ12, ρ13, . . . , ρ45) = (0.3, 0.4, 0.5, 0.6, 0.7, 0.3, 0.4, 0.5, 0.6,
0.7). To distinguish our scenarios when d = 5, we further consider two covariate
vectors given by X(1) = (X1, X2, . . . , X5) and X(2) = (X1, exp(X2), X3, X4, X5),
for which the resulting quantile regressions are both single-index models in X(1)

and X(2), respectively. This will allow to highlight the performance of our proce-
dure when its competing estimators are both in an ideal situation and a slightly
altered version of the latter.

Lastly, for d = 8 we consider again a Gaussian copula for the initial covariate
vector with parameters ρij = (−0.8)|i−j|, i, j = 1, . . . , 8. The parameter vector of
the Cox regression is β = (1,−3/4, 1/2, 1/4,−3/5, 4/5, 3/5,−2/5)T and the covari-
ate vector is X(3) = (X1, exp(X2), X3, . . . , X7, X

2
8 ). The resulting model is hence

a single-index and a Cox regression with respect to X(3).
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Model 1: Cox model and single-index model with d = 5

We first consider the simple case of data following a Cox regression model issued
from covariate vectorX(1). The distributions and parameter values of the censoring
variables define the following scenarios:

• DGP E: C ∼ Exp(λC), with λC independent of X(1). To attain the desired
average censoring proportions, we fix λC = 0.464 and λC = 1.083 (corre-
sponding to approximately 30% and 50% censoring on average, respectively).
The exact conditional censoring probability given X(1) = x is calculated as
λC/(λC + exp(βTx)) and is hence a decreasing function of βTx, making us
conjecture better results for higher values of βTx. Note that in this scenario,
GC(·|x) boils down to GC(·), for which the Kaplan-Meier estimator is suited.

• DGP F: C ∼ Exp(λC(x)), with λC(x) = 3/7 × exp(βTx) and λC(x) =
exp(βTx) corresponding to 30% and 50% censoring, respectively. In this
scenario, the conditional censoring probability is independent of x, and an
adequate estimation of GC(·|x) is fulfilled with a Cox model hypothesis for
the relationship between the covariates and the censoring variable.

For comparison purposes, we consider the following four estimators:

pmcox, τ : parametric estimator exploiting the information related to the parametric
Cox model setting. This estimator will serve as a reference for the ideal,
yet unknown in practice, situation. Specifically, pmcox, τ (x) = − log(1 −
τ) exp(−pβTx)/pλT0 , where pβ is estimated by maximum partial likelihood, and
pλT0

is the maximum likelihood estimator of the exponential baseline distri-
bution.

pmsi, τ : Single-index regression estimator studied in Bücher et al. (2014), where the
censoring distribution is supposed to be independent of x. For the univa-
riate nonparametric part of the estimation process, 10 different bandwidths
are selected (h ∈ {0.05, 0.1, . . . , 0.5}), and the optimal choice is performed
using the described leave-one-out cross-validation procedure. Note that the
quantile regression of interest mτ (x) here is indeed a single-index model in
(X1, X2, . . . , X5). This should provide a critical advantage to the performance
of pmsi, τ .

pm
(⊥⊥)
cop, τ : our copula-based estimator from estimation equation (2.3.4), where the

conditional distribution GC(·|x) is supposed to be independent of x and
thereby estimated by the classical (unconditional) Kaplan-Meier estimator.

pm
(cox)
cop, τ : our copula-based estimator, where the relationship between the covariates

and the censoring variable is supposed to follow a Cox regression model.
Namely, pGC(c|x) is estimated by 1 − exp(−c exp(pβT

C x)/pλC0
), where pβC is

estimated by maximum partial likelihood, and pλC0
is the maximum likelihood

estimator of the exponential baseline distribution.
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Following the arguments of Section 2.2.3 and the results of the previous secti-
ons, both copula-based procedures are implemented employing a semiparametric
estimation for the d-variate copula built on the aforementioned candidate families
and selection criterions.

In order to compare the studied estimators’ performance, we consider in this
section an integrated version of the median absolute estimation error, that is

IMAE(pmτ (x)) =
1

N

N∑
i=1

med(B)
p|pmτ (xi)−mτ (xi)|q,

where pmτ is a generic estimator of mτ , {xi, i = 1, . . . , N} is an evaluation set
corresponding to a generated random sample of size N = 10, spread on the domain
of X(1), and med(B) denotes the median taken over all B = 500 simulations.
The choice for this robust L1-type of measure is motivated by the fact that the
optimization routines involved in the single-index procedure may yield very unlikely
results with a small probability, hereby strongly disadvantaging the estimator when
considering a L2-type of error measure. The same reasoning is underlying the
determination of a robust dispersion measure on estimation errors, taken as the
averaged interquartile range. More precisely, we choose N−1

∑N
i=1(Q

(B)
3 p|pmτ (xi)−

mτ (xi)|q−Q(B)
1 p|pmτ (xi)−mτ (xi)|q), where Q(B)

3 and Q(B)
1 stand, respectively, for

the third and first quartiles taken over all simulations.
The results of our simulation study for this model are reported in Tables 2.3 and

2.4 for 30% and 50% of censoring, respectively. As expected, the Cox regression
estimator pmcox, τ , serving as a reference case here, outperforms the other estimators
for both scenarios and every sample size, quantile level and censoring percentage.
More interestingly, while the single-index estimator pmsi, τ quite logically displays
better overall results than our copula-based estimators, it is worth noticing that
the difference seems to fade away when moving to higher quantile levels, especially
for higher levels of censoring percentage. This is considered as a first encouraging
result for the copula-based estimators as the simulated model is very strongly to
the advantage of pmsi, τ . This indicates that our proposed procedure is flexible
enough to compete with pmsi, τ in its ideal setup when the number of observations
actually entering the estimation scheme becomes moderate, that is, when censoring
percentage is important and the quantile level of interest is high. Of course, if this is
not the case, there is no a priori reason to believe that the copula-based estimators
could outperform pmsi, τ when the latter is considered in its optimal setting.

Figure 2.4 serves to illustrate these results for the particular case of DGP E with
n = 400 and for high quantile levels (τ ∈ {0.5, 0.7}). For the sake of brevity, we only
report here a graphical comparison between the copula-based estimators and the
single-index estimator, as pmcox, τ clearly outperforms the latter. As can be observed
from Figure 2.4, the difference between pmsi, τ and both copula-based estimators is
graphically modest, especially for the highest quantile of interest τ = 0.7, hereby
reinforcing the previously discussed results of Tables 2.3 and 2.4. Furthermore,
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Censoring = 30%
DGP n τ pmcox, τ pmsi, τ pm

(⊥⊥)
cop, τ pm

(cox)
cop, τ

E

200

0.1 0.016 (0.019) 0.039 (0.053) 0.043 (0.059) 0.043 (0.057)
0.3 0.054 (0.063) 0.083 (0.103) 0.101 (0.124) 0.102 (0.123)
0.5 0.105 (0.123) 0.149 (0.185) 0.174 (0.199) 0.175 (0.194)
0.7 0.183 (0.213) 0.280 (0.373) 0.273 (0.299) 0.279 (0.305)

400

0.1 0.011 (0.013) 0.030 (0.038) 0.033 (0.044) 0.033 (0.043)
0.3 0.036 (0.043) 0.070 (0.078) 0.079 (0.097) 0.081 (0.098)
0.5 0.069 (0.084) 0.115 (0.140) 0.130 (0.160) 0.133 (0.159)
0.7 0.120 (0.146) 0.221 (0.273) 0.212 (0.251) 0.212 (0.244)

F

200

0.1 0.016 (0.019) 0.037 (0.052) 0.043 (0.059) 0.043 (0.059)
0.3 0.055 (0.064) 0.082 (0.105) 0.102 (0.129) 0.103 (0.124)
0.5 0.108 (0.125) 0.152 (0.190) 0.174 (0.197) 0.174 (0.191)
0.7 0.187 (0.218) 0.301 (0.474) 0.283 (0.310) 0.278 (0.298)

400

0.1 0.011 (0.014) 0.029 (0.037) 0.035 (0.044) 0.034 (0.045)
0.3 0.036 (0.046) 0.066 (0.077) 0.082 (0.102) 0.083 (0.098)
0.5 0.071 (0.089) 0.118 (0.141) 0.138 (0.165) 0.135 (0.159)
0.7 0.123 (0.155) 0.233 (0.287) 0.222 (0.259) 0.218 (0.241)

Table 2.3: Simulation results expressed in terms of IMAE and the dispersion measure
in brackets for the estimation of mτ (x) with 30% of censoring where the true model is a
Cox and single-index model. The number of repetitions operated is B = 500 for sample
sizes n ∈ {200, 400} and with quantiles of interest τ ∈ {0.1, 0.3, 0.5, 0.7}.

note that all estimators tend to present worse performances for low levels of βTx.
This is expected in this simulation setting as these levels correspond to the region
of βTx where the exact conditional censoring probability is the highest.

Focusing again on Tables 2.3 and 2.4, we further note that, while there is lo-
gically a difference between the performances of pm

(⊥⊥)
cop, τ and pm

(cox)
cop, τ depending on

the simulated scenario, the effect of an appropriate modelling of pGC(·|x) seems to
be rather limited in this simulation setup for our estimators. Additionally, while
both pmsi, τ and pm

(⊥⊥)
cop, τ rely here on the assumption of independence between the

censoring variable and the covariate vector, the latter seems to numerically behave
better when confronted to the violation of this hypothesis. This can be observed
from the comparison between DGP E and F of the dispersion measures of both
estimators, once again especially for high levels of quantile values and censoring
percentages. Of course, one could argue that, given the results for the dispersion
measure of pmsi, τ for high quantiles, this can partly be due to a poor smoothing
parameter choice. However, the latter was implemented using the proposed met-
hodology of Bücher et al. (2014), just as a practitioner would have resolved to
act.
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Censoring = 50%
DGP n τ pmcox, τ pmsi, τ pm

(⊥⊥)
cop, τ pm

(cox)
cop, τ

E

200

0.1 0.019 (0.022) 0.040 (0.056) 0.044 (0.056) 0.044 (0.054)
0.3 0.063 (0.074) 0.089 (0.111) 0.113 (0.127) 0.115 (0.127)
0.5 0.123 (0.144) 0.176 (0.242) 0.201 (0.209) 0.205 (0.213)
0.7 0.213 (0.251) 0.411 (0.402) 0.354 (0.326) 0.362 (0.326)

400

0.1 0.012 (0.015) 0.031 (0.040) 0.035 (0.042) 0.035 (0.042)
0.3 0.042 (0.051) 0.071 (0.082) 0.089 (0.106) 0.089 (0.106)
0.5 0.081 (0.099) 0.136 (0.170) 0.161 (0.179) 0.163 (0.178)
0.7 0.140 (0.171) 0.299 (0.315) 0.284 (0.290) 0.281 (0.279)

F

200

0.1 0.019 (0.022) 0.040 (0.061) 0.046 (0.059) 0.044 (0.053)
0.3 0.064 (0.074) 0.090 (0.106) 0.117 (0.129) 0.115 (0.123)
0.5 0.125 (0.143) 0.202 (0.374) 0.212 (0.218) 0.210 (0.206)
0.7 0.217 (0.249) 0.526 (0.854) 0.380 (0.341) 0.380 (0.324)

400

0.1 0.013 (0.015) 0.029 (0.038) 0.038 (0.048) 0.036 (0.045)
0.3 0.043 (0.052) 0.069 (0.082) 0.099 (0.113) 0.095 (0.105)
0.5 0.084 (0.102) 0.140 (0.173) 0.177 (0.201) 0.172 (0.174)
0.7 0.145 (0.176) 0.346 (0.632) 0.306 (0.322) 0.298 (0.283)

Table 2.4: Simulation results expressed in terms of IMAE and the dispersion measure
in brackets for the estimation of mτ (x) with 50% of censoring where the true model is a
Cox and single-index model. The number of repetitions operated is B = 500 for sample
sizes n ∈ {200, 400} and with quantiles of interest τ ∈ {0.1, 0.3, 0.5, 0.7}.

Models 2 & 3: Alteration of a Cox model and single-index model with
d = 5 and d = 8

To pursue our simulation study, we now consider in this section the second and third
models, where the time-to-event data is simulated using covariate vectorsX(2) and
X(3), respectively. Consequently, the resulting quantile regressions are no longer
a single-index nor a Cox regression model in (X1, X2, . . . , X5) for model 2 and
(X1, X2, . . . , X8) for model 3. For comparison purposes, we consider the four esti-
mation procedures described in model 1, given covariate vectors (X1, X2, . . . , X5)
and (X1, X2, . . . , X5), respectively, hereby implying a slight model bias for both
pmsi, τ and pmcox, τ as the latter would here require transformations of the covariates.
In opposition, both copula-based procedures, which are here constructed using the
same previously-described semiparametric modelling strategy, automatically take
account of such concerns.

For the sake of brevity, we only consider here the situation where the censoring
variable is independent from the covariate vector, as the impact of a dependent
scheme has been treated in model 1. Specifically, for model 2 we simulate the
censoring variable from an exponential distribution with parameter values 0.208
and 0.486 for approximately 30% and 50% censoring. Concerning model 3, we
only report the results for 30% censoring which are attained by simulating here a
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τ = 0.5
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τ = 0.7

(d) pmsi, τ
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Figure 2.4: Boxplots corresponding to the results in Tables 2.3 and 2.4 of three estimators
considered for mτ (x) for N = 10 points spread on the domain of βTX(1) in DGP E, and
for τ ∈ {0.5, 0.7}. In this setting, the true model is a single-index model and hence
favors pmsi, τ over both copula-based estimators. All pictures are based on 500 repetitions
for n = 400 and 30% censoring. The red lines represent the true value of m0.5(x) and
m0.7(x).

censoring variable following an exponential distribution with parameter 0.903.
The resulting performance of the considered estimators are depicted in Tables

2.5 and 2.6, once again in terms of IMAE. In Table 2.5, reporting the case d = 5,
we observe that both copula-based estimators tend to outperform their competitors,
with the exception of very low quantiles of interest where the effect of a (‘small’)
misspecification of the underlying model seems to be moderate for both pmcox, τ

and pmsi, τ . As we move away from these low quantile levels, the consequences of
misspecifying the model become more severe for the competing estimators, notably
for a purely parametric approach (pmcox, τ ). In contrast, the copula-based approach
presents satisfactory results for varying censoring proportions and sample sizes,
especially when keeping in mind that the simulated scenario is ‘only’ a slightly
altered version of the ideal scenario for its competitors.
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Model 2
n pc τ pmcox, τ pmsi, τ pm

(⊥⊥)
cop, τ pm

(cox)
cop, τ

200

0.3

0.1 0.115 (0.046) 0.105 (0.142) 0.115 (0.160) 0.115 (0.159)
0.3 0.391 (0.156) 0.279 (0.273) 0.249 (0.285) 0.250 (0.286)
0.5 0.760 (0.302) 0.489 (0.538) 0.452 (0.532) 0.454 (0.538)
0.7 1.319 (0.525) 0.988 (1.023) 0.781 (0.828) 0.783 (0.842)

0.5

0.1 0.116 (0.054) 0.107 (0.156) 0.115 (0.139) 0.116 (0.143)
0.3 0.391 (0.182) 0.334 (0.324) 0.303 (0.335) 0.311 (0.338)
0.5 0.760 (0.359) 0.611 (0.742) 0.574 (0.552) 0.583 (0.558)
0.7 1.321 (0.615) 1.441 (1.142) 1.053 (0.845) 1.074 (0.865)

400

0.3

0.1 0.115 (0.029) 0.084 (0.101) 0.092 (0.118) 0.092 (0.120)
0.3 0.388 (0.099) 0.219 (0.222) 0.211 (0.264) 0.212 (0.265)
0.5 0.753 (0.192) 0.372 (0.401) 0.358 (0.427) 0.359 (0.430)
0.7 1.308 (0.333) 0.685 (0.844) 0.598 (0.682) 0.604 (0.683)

0.5

0.1 0.114 (0.035) 0.084 (0.105) 0.096 (0.109) 0.096 (0.112)
0.3 0.387 (0.118) 0.254 (0.231) 0.221 (0.283) 0.226 (0.285)
0.5 0.751 (0.228) 0.479 (0.490) 0.431 (0.486) 0.438 (0.488)
0.7 1.305 (0.397) 0.933 (0.878) 0.850 (0.781) 0.857 (0.793)

Table 2.5: Simulation results expressed in terms of IMAE and the dispersion measure
in brackets for the estimation of mτ (x) for model 2. The number of repetitions operated
is B = 500 for sample sizes n ∈ {200, 400}, censoring proportion pc ∈ {0.3, 0.5} and with
four levels of quantile of interest τ ∈ {0.1, 0.3, 0.5, 0.7}.

Similar findings apply when analyzing the results of Table 2.6 for d = 8. In
this situation, both copula-based estimator still globally outperform their compe-
titors, although the margin of improvement is relatively smaller than for d = 5.
This results from the fact that we have here to model a nine-dimensional copula
density with no information on the underlying model, while both pmsi, τ and pmsi, τ

rely on model assumptions that are still relatively close to the simulated model.
Conclusively, this advocates, here again, for the flexibility of our procedure and
its withstanding to misspecification of the underlying model for multidimensional
problems when comparing with other semiparametric or fully parametric modelling
techniques.

2.6 Real Data Application

We present in this section a brief application of our procedure for censored data
by analysing the Colorado Plateau uranium miners cohort data (see e.g. Lubin
et al. (1995), Langholz and Goldstein (1996)). The object of the study, for which
3347 Caucasian male miners having worked at least a month in the uranium mines
of the Colorado Plateau were followed, is to investigate the risk of lung cancer
related to smoking and radon exposure. Hence, the event of interest is defined as
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Model 3
pc n τ pmcox, τ pmsi, τ pm

(⊥⊥)
cop, τ pm

(cox)
cop, τ

0.3

200

0.1 0.031 (0.054) 0.037 (0.049) 0.029 (0.037) 0.031 (0.044)
0.3 0.084 (0.182) 0.124 (0.174) 0.075 (0.080) 0.078 (0.091)
0.5 0.149 (0.354) 0.241 (0.451) 0.139 (0.139) 0.142 (0.151)
0.7 0.273 (0.616) 0.419 (0.822) 0.240 (0.222) 0.247 (0.236)

400

0.1 0.116 (0.035) 0.028 (0.038) 0.023 (0.028) 0.024 (0.030)
0.3 0.067 (0.118) 0.094 (0.099) 0.062 (0.066) 0.062 (0.069)
0.5 0.104 (0.230) 0.183 (0.344) 0.114 (0.116) 0.115 (0.122)
0.7 0.220 (0.400) 0.317 (0.652) 0.194 (0.190) 0.194 (0.197)

Table 2.6: Simulation results expressed in terms of IMAE and the dispersion measure
in brackets for the estimation of mτ (x) for model 3. The number of repetitions operated
is B = 500 for sample sizes n ∈ {200, 400}, censoring proportion pc = 0.3 and with four
levels of quantile of interest τ ∈ {0.1, 0.3, 0.5, 0.7}.

the time till lung cancer death (expressed as the logarithm of number of years),
which affected a total of 258 miners. Besides failure time, the study also includes
information about age at entry to the study, cumulative smoking (in number of
packs) and radon exposure (in working level month (WLM)).

As the original data set is prone to heavy censoring (92.3%), and given the
illustrative nature of this section, we first define a subsample on which the analysis
will be performed. To that end, in order to preserve as best as possible the nature
of the population at risk, we decide to define a threshold on the radon exposure
above which observations will enter the subsample. The value of the threshold is
practically chosen as a trade-off between censoring proportion and actual number
of observations that are to be selected. Specifically, we find that by defining a
threshold of 2831 WLM on radon exposure, a subsample of 176 observations is
constituted, 55 of which were subject to the event of interest. Scatterplots of the
selected data are represented in Figure 2.5, where X1 is the age at entry into the
study, X2 is the cumulative radon exposure and X3 is the cumulative smoking.

Regarding the data analysis, endorsing the role of a practitioner, we are faced
with the choice of an appropriate estimator for the application of quantile regression
in this context. We therefore consider the following distinctive candidates:

pm
(cox)
cop, τ : Copula-based quantile regression estimator, with Cox regression modelling

for GC(·|·).

pmsi, τ : Single-Index methodology of Bücher et al. (2014).

pmcox, τ : Semiparametric estimator based on the Cox proportional hazards model.
Specifically, pmcox,τ (x) = pH−1

0 (− log(1−τ) exp(−pβTx)), where pβ is estimated
by maximum partial likelihood, and pH0 is the Nelson-Aalen-type estimator
of the cumulative baseline hazard.
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Figure 2.5: Colorado Plateau uranium miners cohort data. Scatter plots of the survi-
val time versus each covariate. Uncensored data points are given by ×, while censored
observations are represented by 4.

As a general evaluation measure to compare models for the present data set,
we consider the median quantile loss from predicting the τ -th conditional quantile
of T for the uncensored observations. In other words, we use the following cross-
validated prediction error criterion:

PE ppmτ q = med1≤i≤n
∆i=1

ρτ
`

Yi − pm−iτ (Xi)
˘

,

where pm−iτ denotes any estimator of mτ based on all observations except the i-th.
For the implementation of the copula-based regression estimator, we adopt the

methodology of Section 2.2.3 and our simulation study by opting for a semipara-
metric modelling of the four-variate copula density, where the bivariate copulas of
the response variable with each covariate are estimated using the procedure of Gee-
nens et al. (2017) with quadratic polynomials along with the proposed data-driven
bandwidth selection scheme. The remaining trivariate noisy copula is, afterwards,
estimated using vine techniques with the same candidate families and selection cri-
terion as in Section 2.5. Additionally, a general appropriate hypothesis has to be
made for the modelling of the conditional distribution GC(·|·). As it is shown in the
literature that independence is unsuitable for the data of the study (see e.g. Leng
and Tong (2013)), we propose to model the conditional distribution through a se-
miparametric Cox regression for the censoring time with respect to the covariates.
Therefore, as is common in practice, the parameter of the regression is estimated
by maximum partial likelihood while the Breslow estimator is used for computing
the baseline survivor function.

Concerning pmsi,τ , the bandwidth choice is performed using the proposed leave-
one-out cross-validation procedure on normalized covariates with 15 candidates
(h ∈ {0.1, 0.2, . . . , 1.5}). Note that, as the latter procedure is computationally
costly, it is here assumed that the selected bandwidth is constant for all datasets
entering the estimation of PE(pmsi,τ ), which is of little impact in this context given
that only one observation at the time is to be removed from each dataset.
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τ PE
´

pm
(cox)
cop, τ

¯

PE ppmsi, τ q PE ppmcox, τ q

0.1 0.348 0.848 0.946
0.3 0.774 1.471 1.180
0.5 0.785 1.901 1.169
0.7 0.470 2.838 0.967

Table 2.7: Colorado Plateau uranium miners cohort data. Prediction error multiplied by
10 for each censored quantile regression estimator for quantile levels τ ∈ {0.1, 0.3, 0.5, 0.7}.

The results of the evaluation measure are reported in Table 2.7 for four quan-
tile levels of interest τ ∈ {0.1, 0.3, 0.5, 0.7}. It is observed that, in terms of cross-
validated prediction error, our copula-based approach depicts quite confidently the
best performance for every considered quantile level of interest. By comparison,
the single-index structure seems to be inappropriate as such for the studied data
set, and should possibly require further work and attention on, for instance, trans-
formations of covariates. Furthermore, its sensitivity to higher quantile levels is,
here again, highlighted. Lastly, despite being part of every practitioner’s toolbox
for survival analysis, the proportional hazards regression estimator is also relati-
vely largely outperformed by the increased flexibility of the copula-based approach.
Hence, this example clearly illustrates the ability of our estimator to adapt to the
underlying regression structure of the data.

Conclusively, recalling that, from equation (2.3.5), our procedure enjoys the
additional valuable property of being automatically monotonic across quantile le-
vels, this real data application plainly highlights the relevance of our estimator for
flexible analyses of multivariate censored data.

2.7 Conclusion

In this work we have proposed a semiparametric copula-based quantile regression
estimator in the context of potentially right-censored responses. On a general note,
for data with or without censoring and motivated by the regression context, a no-
vel semiparametric estimation approach for the implied copula density was studied.
Furthermore, in parallel to the procedure of Noh et al. (2015), the proposed re-
gression estimator in this work is obtained as a weighted quantile of the observed
response variable, hereby opening the door to the practical use of the quantile
regression code developed by Portnoy and Koenker (1997) and Koenker (2005).
Asymptotic normality of the resulting estimator for both complete and censored
data was obtained with convergence rate determined by the nonparametric esti-
mation of bivariate copula densities. For inferential purposes however, bootstrap
procedures are to be preferred as the applicability of the obtained asymptotic nor-
mality is restrained by numerous unknown quantities to be estimated in practice.
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This bootstrap procedure could be inspired by the wild bootstrap procedure pro-
posed by Feng et al. (2011). Finally, supporting the objective of this work, an
extensive simulation study and a real data application have been carried out to
illustrate both the validity of the semiparametric copula estimation and the incre-
ased flexibility of our procedure in comparison with existing alternatives, especially
when no a priori knowledge about the functional form of the quantile regression is
available in practice.

2.8 Proofs

We develop in this section the proofs of Section 2.4. To that end, as previously com-
mented in the text, we start by developing a useful proposition related to condition
(C7)-(i) where the uniform consistency of the bivariate copula density estimators is
required for a fixed x. Since the latter assumption is, to the best of our knowledge,
not reported as such in the copula literature, we consider here a proposition stating
the uniform convergence of a kernel copula density estimator based on the pseudo-
observations ( pFT (Ti), pFj(Xji)), i = 1, . . . , n, for some j ∈ {1, . . . , d}, to the same
estimator but constructed with the ‘true’ copula observations (FT (Ti), Fj(Xji)).
This proposition may then be combined with more classical results concerning ker-
nel estimators for density functions defined on compact supports in order for one
to retrieve some higher-level conditions, depending on the choice of copula density
estimators, that will imply the verification of condition (C7)-(i). Since the latter
results are more classical, we only concentrate here on establishing the former in
order to ensure that the particularity of handling pseudo-observations for copula
density estimation will not alter the desired uniform consistency property.

Now, for ease of presentation, we consider here the example of the bivariate
copula density cTX1

, estimated by the simplest kernel density estimator reported
in Section 1.2.2 with a product kernel and bandwidth h ≡ hn. Specifically, we
define the following estimator based on pseudo-observations:

pcn,TX1(u0, u1) =
1

nh2

n∑
i=1

K

˜

u0 − pFT (Ti)

h

¸

K

˜

u1 − pF1(X1i)

h

¸

,

where pFT and pF1 satisfy (C5). We also define the counterpart of pcn, TX1 that is
based on the ‘true’ copula observations:

pcTX1
(u0, u1) =

1

nh2

n∑
i=1

K

ˆ

u0 − FT (Ti)

h

˙

K

ˆ

u1 − F1(X1i)

h

˙

.

Our intention is then to illustrate in the next proposition the negligibility of estima-
ting appropriately the marginals for uniform consistency results when considering
a fixed u1 and the supremum for u0 over the whole unit interval. As previously
mentioned, this result may then be put in perspective for condition (C7)-(i) with
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more classical results on kernel estimation for density functions that are defined on
bounded domains.

Proposition 2.1. Consider the fixed point u1 = F1(x1) ∈ (0, 1) with x1 satisfying
(C2) such that supu0∈[0,1] cTX1(u0, u1) <∞. Let K be a kernel density function of
bounded support, bounded variation, and satisfying supuK(u) <∞. For h ≡ hn →
0 satisfying nh2 →∞ when n→∞, and cTX1

(u0, u1) a continuously differentiable
function with respect to u0 on [0, 1] for fixed u1, we have

sup
u0∈[0,1]

|pcn,TX1(u0, u1)− pcTX1(u0, u1)| = oP(1).

Proof of Proposition 2.1

Observe first that for every fixed (u0, u1) ∈ [0, 1]2, under the assumptions for K,
there exist random variables rFT (Ti) and rF1(X1i), i = 1, . . . , n, such that

pcn,TX1(u0, u1)− pcTX1(u0, u1)

= − 1

nh3

n∑
i=1

K
′

˜

u0 − rFT (Ti)

h

¸

K

˜

u1 − pF1(X1i)

h

¸

( pFT (Ti)− FT (Ti))

− 1

nh3

n∑
i=1

K

ˆ

u0 − FT (Ti)

h

˙

K
′

˜

u1 − rF1(X1i)

h

¸

( pF1(X1i)− F1(X1i))

= A1(u0, u1) +A2(u0, u1).

We will now focus on establishing that supu0∈[0,1]|A1(u0, u1)|→ 0 when n → ∞,
while the development for A2(u0, u1) is equivalent and therefore omitted here.

Now, without loss of generality, suppose that the finite support of K is [−1, 1].
We then have that

|A1(u0, u1)|≤ C

nh3
sup
t∈R

ˇ

ˇ

ˇ

pFT (t)− FT (t)
ˇ

ˇ

ˇ

×
n∑
i=1

1
´

|u0 − rFT (Ti)|≤ h, |u1 − pF1(X1i)|≤ h
¯

,

for some finite constant C under our kernel assumptions. By further noting that
rFT (Ti) is between pFT (Ti) and FT (Ti) for i = 1, . . . , n, we next have that

|u0 − rFT (Ti)| ≥ |u0 − FT (Ti)|−| rFT (Ti)− FT (Ti)|

≥ |u0 − FT (Ti)|− sup
t∈R
| pFT (t)− FT (t)|.
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With a similar development for |u0 − pF1(X1i)|, we then observe that

|A1(u0, u1)| ≤ C

nh3
sup
t∈R

ˇ

ˇ

ˇ

pFT (t)− FT (t)
ˇ

ˇ

ˇ

×
n∑
i=1

1
´

|u0 − FT (Ti)|≤ h+ sup
t∈R
| pFT (t)− FT (t)|,

|u1 − F1(X1i)|≤ h+ sup
x1∈R
| pF1(x1)− F1(x1)|

¯

.

Let us now fix some ε > 0, and consider δn such that n1/2δn →∞ and δn/h→ 0,
where the dependance of h on n should be kept in mind although not explicitly
exposed in the notations for ease of reading. Notice that such conditions on δn are
possible if nh2 →∞. We may then write,

P

˜

sup
u0∈[0,1]

|A1(u0, u1)|> ε

¸

= P

˜

sup
u0∈[0,1]

|A1(u0, u1)|> ε, sup
t∈R
| pFT (t)− FT (t)|≤ δn, sup

x1∈R
| pF1(x1)− F1(x1)|≤ δn

¸

+ P

˜

sup
u0∈[0,1]

|A1(u0, u1)|> ε,

„

sup
t∈R
| pFT (t)− FT (t)|> δn or sup

x1∈R
| pF1(x1)− F1(x1)|> δn



¸

.

From this, we may then report that

P
´

sup
u0∈[0,1]

|A1(u0, u1)|> ε
¯

≤ P

˜«

C

nh3
sup

u0∈[0,1]

n∑
i=1

1
´

|u0 − FT (Ti)|≤ 2h, |u1 − F1(X1i)|≤ 2h
¯

ff

>
ε

δn

¸

+ P
ˆ

sup
t∈R
| pFT (t)− FT (t)|> δn

˙

+ P
ˆ

sup
x1∈R
| pF1(x1)− F1(x1)|> δn

˙

= A11 +A12 +A13.

With assumption (C5), we first observe that both A12 and A13 converge to 0 when
n→∞, since, for A12, supt∈R| pFT (t)− FT (t)|= OP(n−1/2) = oP(δn), and similarly
with pF1 for A13. It then only remains to establish that A11 → 0 as well in order
to obtain the desired result.

To that end, let us define the following estimator of the bivariate density of
(FT (T ), F1(X1)) with uniform kernel and bandwidth 2h:

rcTX1
(u0, u1) =

1

nh2

n∑
i=1

1 p|u0 − FT (Ti)|≤ 2h, |u1 − F1(X1i)|≤ 2hq .
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Using a classical result in the literature for the latter type of estimator (see e.g.
Silverman (1978)) stating that supu0∈[0,1] |rcTX1

(u0, u1)− cTX1
(u0, u1)| = oP(1) un-

der appropriate and common smoothness conditions on cTX1
as a function of u0

for the fixed u1, we then eventually have that

A11 ≤ P

˜«

C

h
sup

u0∈[0,1]

|rcTX1
(u0, u1)− cTX1

(u0, u1)| +
C

h
sup

u0∈[0,1]

|cTX1
(u0, u1)|

ff

>
ε

δn

¸

≤ P

˜

sup
u0∈[0,1]

|rcTX1
(u0, u1)− cTX1

(u0, u1)| >
εh

Cδn
− sup
u0∈[0,1]

|cTX1
(u0, u1)|

¸

.

Under condition (C2), we have that supu0∈[0,1]|cTX1
(u0, u1)|<∞, while the condi-

tions on δn ensure that (εh)/(Cδn)→∞. We thus have that A11 → 0 for n→∞,
which concludes the proof.

We may now report hereafter the proofs of the main results of Section 2.4,
Theorem 2.1 and Corollary 2.2.

Proof of Theorem 2.1
Define first

pAn(s) =

n∑
i=1

rρτ (εi − s/an)− ρτ (εi)s xWi(x)pcuYXp pFuY (Yi), pF
u(x)q,

with εi ≡ εi(x, τ) = Yi −mτ (x), and an =
?
nh2. Observe then that, by definition

of pmτ (x),
an(m̂τ (x)−mτ (x)) = arg min

s
pAn(s).

Furthermore, given that ρτ is a convex function and that xWi(x)pcuYXp pFuY (Yi), pF
u(x)q

is positive for all i = 1, . . . , n, we have that s 7→ pAn(s) is convex. The idea is then to
develop an expression of pAn(s) leading to the application of the quadratic approx-
imation Lemma of convex functions (Basic Corollary in Hjort and Pollard (1993)).
To that end, we have that (Knight’s (1998) identity)

ρτ (u− v)− ρτ (u) = −vψτ (u) +R(u, v),

with ψτ (u) = τ − 1(u ≤ 0),

R(u, v) =

∫ v

0

(1(u ≤ s)− 1(u ≤ 0)) ds = (u− v)(1(u ≤ 0)− 1(u ≤ v)),

and 0 ≤ R(u, v) ≤ |v|. Hence, we may write

pAn(s) = −s pA1n + Â2n(s),
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with
pA1n = a−1

n

n∑
i=1

ψτ (εi) xWi(x)pcuYXp pFuY (Yi), pF
u(x)q,

and
pA2n(s) =

n∑
i=1

R(εi, s/an) xWi(x)pcuYXp pFuY (Yi), pF
u(x)q.

Focusing first on pA2n(s), we will show that

pA2n(s) =
s2

2
w−1(x)fT |X(mτ (x)|x)

n

a2
n

+ oP

ˆ

n

a2
n

˙

, (A.1)

where fT |X is the conditional density of T given X and w(x) = p(x)/rP(∆ =
1)cuX(F u(x))s. To that end, we write

pA2n(s) = A2n(s) + ∆1n(s) + ∆2n(s),

where

A2n(s) =

n∑
i=1

R(εi, s/an)Wi(x) cuYXpFuY (Yi),F
u(x)q

∆1n(s) =

n∑
i=1

R(εi, s/an) (xWi(x)−Wi(x)) cuYXpFuY (Yi),F
u(x)q

∆2n(s) =

n∑
i=1

R(εi, s/an) xWi(x) rpcuYXp pFuY (Yi), pF
u(x)q− cuYXpFuY (Yi),F

u(x)qs.

Concentrating on each term, we will show that

A2n(s) =
s2

2
w−1(x)fT |X(mτ (x)|x)

n

a2
n

+ oP

ˆ

n

a2
n

˙

(A.2)

∆1n(s) = oP

ˆ

n

a2
n

˙

(A.3)

∆2n(s) = oP

ˆ

n

a2
n

˙

. (A.4)

For the proof of (A.2), we first establish that

E(A2n(s)) = nE pR(ε1, s/an)W1(x) cuYXpFuY (Y1),F u(x)qq

= nw−1(x)

∫ s/an

0

pFT |X(mτ (x) + t|x)− FT |X(mτ (x)|x)q dt,

where FT |X denotes, as in Section 2.2, the conditional c.d.f. of T given X,
and where, for the second equality, we used (see Section 2.3) the fact that, for
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any measurable function ϕ : R → R, we have E(∆ϕ(Y ) cuYXpFuY (Y ),F u(x)q) =
w−1(x)E(∆ϕ(Y )|X = x). Next, using the mean-value theorem, we write

FT |X(mτ (x) + t|x)− FT |X(mτ (x)|x) = t fT |X(mτ (x) + θt|x)

= t fT |X(mτ (x)|x) + tR(t),

for some θ ∈ (0, 1), with R(t) = fT |X(mτ (x) + θt|x)− fT |X(mτ (x)|x). This yields

E(A2n(s)) =
s2

2
w−1(x)fT |X(mτ (x)|x)

n

a2
n

+ nw−1(x)

∫ s/an

0

tR(t)dt.

From the fact that, under the required bandwidth condition and assumption (C1),
ˇ

ˇ

ˇ

ˇ

ˇ

∫ s/an

0

tR(t)dt

ˇ

ˇ

ˇ

ˇ

ˇ

≤ s2

2 a2
n

sup
|t|≤|s|/an

|R(t)|= o(1/a2
n),

we get that

E(A2n(s)) =
s2

2
w−1(x)fT |X(mτ (x)|x)

n

a2
n

+ o

ˆ

n

a2
n

˙

,

provided assumption (C2) is satisfied. To conclude the proof of (A.2), it is then
sufficient to show that

Var(A2n(s)) = o

ˆ

n

a2
n

˙2

.

To that end, observe that, for n sufficiently large, and under assumptions (C1),(C2)
and (C3),

Var(A2n(s)) ≤ nE pR(ε1, s/an)W1(x) cuYXpFuY (Y1),F u(x)qq
2

≤ nE pR(ε1, s/an)W1(x) cuYXpFuY (Y1),F u(x)qq
|s|
an

× p1−GC(mτ (x) + δ)|xq
−1

sup
t∈R

cuYXpFuY (t),F u(x)q, for some δ > 0

= O

ˆ

n

a3
n

˙

= o

ˆ

n

a2
n

˙2

,

as an/n converges to 0.
Concentrating now on the proof of (A.3), observe that, for n sufficiently large

|∆1n(s)| =

ˇ

ˇ

ˇ

ˇ

ˇ

n∑
i=1

R(εi, s/an)Wi(x) cuYXpFuY (Yi),F
u(x)q

pGC(Yi − |x)−GC(Yi − |x)

1− pGC(Yi − |x)

ˇ

ˇ

ˇ

ˇ

ˇ

≤ A2n(s) sup
t≤max1≤i≤n

∆i=1

Yi

| pGC(t|x)−GC(t|x)|
1− pGC(t|x)

= oP

ˆ

n

a2
n

˙

,
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provided that pGC(·|x) satisfies assumption (C6).
Lastly, for the proof of (A.4), note that, for n sufficiently large,

|∆2n(s)| =
ˇ

ˇ

ˇ

ˇ

n∑
i=1

R(εi, s/an) xWi(x) cuYXpFuY (Yi),F
u(x)q

× pcuYXp pFuY (Yi), pF
u(x)q− cuYXpFuY (Yi),F

u(x)q

cuYXpFuY (Yi),F u(x)q

ˇ

ˇ

ˇ

ˇ

≤ (A2n(s) + ∆1n(s)) sup
t∈R

|pcuYXp pFuY (t), pF u(x)q− cuYXpFuY (t),F u(x)q|

cuYXpFuY (t),F u(x)q

= oP

ˆ

n

a2
n

˙

,

provided that assumption (C7)-(i) is satisfied.
Hence, reassembling (A.2), (A.3) and (A.4) yields

a2
n

n
pAn(s) = −sa

2
n

n
pA1n +

s2

2
w−1(x)fT |X(mτ (x)|x) + oP(1).

Therefore, by the quadratic approximation Lemma of a convex function, see e.g.
Hjort and Pollard (1993), if a

2
n

n Â1n = OP(1), then

an(pmτ (x)−mτ (x)) = arg min
s

a2
n

n
pAn(s)

=
w(x)

fT |X(mτ (x)|x)

a2
n

n
pA1n + oP(1). (A.5)

As a consequence, the asymptotic behavior of our estimator will be driven by the
asymptotic expression of a2

n

n
pA1n. Developing the expression of the latter, we will

show that

a2
n

n
pA1n =

an
n

n∑
i=1

ψτ (εi)Wi(x)

× rpcuYXpFuY (Yi),F
u(x)q− cuYXpFuY (Yi),F

u(x)qs + oP p1q . (A.6)

To that end, note that a2
n

n
pA1n may be decomposed as

a2
n

n
Â1n =

an
n

n∑
i=1

ψτ (εi)Wi(x)rpcuYXpFuY (Yi),F
u(x)q− cuYXpFuY (Yi),F

u(x)qs

+ ∆3n + ∆4n + ∆5n + ∆6n,
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where

∆3n =
an
n

n∑
i=1

ψτ (εi)(xWi(x)−Wi(x))pcuYXp pFuY (Yi), pF
u(x)q (A.7)

∆4n =
an
n

n∑
i=1

ψτ (εi)Wi(x)rpcuYXp pFuY (Yi), pF
u(x)q− pcuYXpFuY (Yi), pF

u(x)qs (A.8)

∆5n =
an
n

n∑
i=1

ψτ (εi)Wi(x)rpcuYXpFuY (Yi), pF
u(x)q− pcuYXpFuY (Yi),F

u(x)qs (A.9)

∆6n =
an
n

n∑
i=1

ψτ (εi)Wi(x)cuYXpFuY (Yi),F
u(x)q. (A.10)

We will show that all these quantities converge to 0 in probability. Starting with
∆3n, we have, for a large n,

|∆3n| =

ˇ

ˇ

ˇ

ˇ

ˇ

an
n

n∑
i=1

ψτ (εi)Wi(x)pcuYXp pFuY (Yi), pF
u(x)q

pGC(Yi − |x)−GC(Yi − |x)

1− pGC(Yi − |x)

ˇ

ˇ

ˇ

ˇ

ˇ

≤ an sup
t∈R

pcuYXp pFuY (t), pF u(x)q sup
t≤max1≤i≤n

∆i=1

Yi

ˇ

ˇ

ˇ

pGC(t|x)−GC(t|x)
ˇ

ˇ

ˇ

1− pGC(t|x)

× 1

n

n∑
i=1

|ψτ (εi)|Wi(x)

= OP(an) sup
t≤τFY

ˇ

ˇ

ˇ

pGC(t|x)−GC(t|x)
ˇ

ˇ

ˇ

1− pGC(t|x)
= oP(1),

under the condition that assumptions (C2), (C4)-(i), (C6) and (C7)-(i) are met.

The proofs of (A.8) and (A.9) are very similar in spirit. Hence, for the sake of
brevity, we only consider here (A.8). For any i = 1, . . . , n, there exists a θi ∈ (0, 1)
such that,

pcuYXp pFuY (Yi), pF
u(x)q− pcuYXpFuY (Yi), pF

u(x)q = p pFuY (Yi)− FuY (Yi)q×

∂1pc
u
YX

´

FuY (Yi) + θip pF
u
Y (Yi)− FuY (Yi)q, pF u(x)

¯

,

where ∂j denotes the partial derivative with respect to the j-th argument. There-
fore, for a large n and under the bandwidth requirement,

|∆4n| ≤ an sup
t∈R
| pFuY (t)− FuY (t)| sup

u0 ∈ (0,1)

sup
u∈VFu(x)

|∂1 pc
u
YX(u0,u)|

1

n

n∑
i=1

|ψτ (εi)|Wi(x)

= oP(1),
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provided assumptions (C4)-(i), (C5), and (C7)-(ii) are satisfied. Similarly, ∆5n =
oP(1).

Lastly, ∆6n = oP(1), since

E(ψτ (ε)W (x) cuYXpFuY (Y ),F u(x)q) = 0,

and, by assumption (C4)-(ii),

1

n

n∑
i=1

ψτ (εi)Wi(x) cuYXpFuY (Yi),F
u(x)q = OP(n−1/2).

Finally, inserting (A.6) in (A.5), we conclude that

an(m̂τ (x)−mτ (x)) =

w(x)

fT |X(mτ (x)|x)

an
n

n∑
i=1

ψτ (εi)Wi(x)

× rpcuYXpFuY (Yi),F
u(x)q− cuYXpFuY (Yi),F

u(x)qs + oP(1),

which completes the proof.

Proof of Corollary 2.2
Given that, by the result of Theorem 2.1, the asymptotic behavior of pmτ (x) will be

dictated by the expression of the multivariate copula estimator, we will concentrate
on the latter. Using the asymptotic expressions of both bivariate copulas along
with the multivariate copula decomposition of Section 2.2.3, under the required
bandwidth conditions we have that,

an
`

pcuYXpu0,uq− cuYXpu0,uq− h2bYX(u0,u)
˘

=
1

?
n

n∑
j=1

rZnj(u0,u) + oP(1),

∀u ∈ (0, 1)2, uniformly in u0 ∈ (0, 1),

where

rZnj(u0,u) =
´

Znj1 (u0, u1)cu2 pu0, u2q + Znj2 (u0, u2)cu1 pu0, u1q

¯

cuX1X2|Y (u1, u2|u0)

bYX(u0,u) = rb1(u0, u1)cu2 pu0, u2q + b2(u0, u2)cu1 pu0, u1qs cuX1X2|Y (u1, u2|u0).

Therefore, using the result of Theorem 2.1, we may determine that

an

´

pmτ (x)−mτ (x)− h2 w(x)

fT |X(mτ (x)|x)
n−1

n∑
i=1

ψτ (εi)Wi(x)bYX pFu(Yi),F
u(x)q

¯

=
w(x)

fT |X(mτ (x)|x)

?
n

1

n2

n∑
i=1

n∑
j=1

ψτ (εi)Wi(x) rZnj pFu(Yi),F
u(x)q + oP(1).
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Let us define

B(x) =
w(x)

fT |X(mτ (x)|x)
E pψτ (ε)W (x)bYX pFu(Y ),F u(x)qq .

Provided that assumption (C8) holds, we have

w(x)

fT |X(mτ (x)|x)
n−1

n∑
i=1

ψτ (εi)Wi(x)bYX pFu(Yi),F
u(x)q = B(x) +OP(n−1/2),

from which it results that

an
`

pmτ (x)−mτ (x)− h2B(x)
˘

=
w(x)

fT |X(mτ (x)|x)

?
n

1

n2

n∑
i=1

n∑
j=1

ψτ (εi)Wi(x) rZnj pFu(Yi),F
u(x)q + oP(1).

(A.11)

The last step of the proof is then to simplify the obtained expression on the right
hand side of the last equality. To that end, define

Vn = n−2
n∑
i=1

n∑
j=1

ψτ (εi)Wi(x) rZnj pFu(Yi),F
u(x)q ,

and observe that this is a V-statistic with the symmetric kernel

Ψn(Vi, Vj) =
1

2

”

ψτ (εi)Wi(x) rZnj pFu(Yi),F
u(x)q

+ ψτ (εj)Wj(x) rZni pFu(Yj),F
u(x)q

ı

,

where Vt = (Yt,Xt,∆t), t = i, j. As the statistic’s kernel depends on n, this sugge-
sts to apply Corollary 1 in Martins-Filho and Yao (2006) which establishes the

?
n-

equivalence between the V-statistic and the Hájek-projection of its corresponding
U-statistic (see e.g. Serfling (1980), page 189). Therefore, as E

´

Znjk (u0, uk)
¯

= 0

for all u0, uk, k = 1, 2, and E pΨn(Vi, Vj)q = 0, we have

Vn = n−1
n∑
i=1

λn pYi,∆i,Xi,xq + oP(n−1/2), (A.12)

where λn pYi,∆i,Xi,xq = E
”

ψτ (ε)W (x) rZni pFu(Y ),F u(x)q |Yi,∆i,Xi

ı

, provi-
ded that assumption (C9) holds. Lastly, the result of Corollary 2.2 follows readily
from the insertion of (A.12) in (A.11) and the application of Lyapunov’s central
limit theorem.





Chapter 3

An Adapted Loss Function
for Censored Quantile Regression

Abstract

In this chapter, we study a novel approach for the estimation of quantiles
when facing potential right censoring of the responses. Contrary to the ex-
isting literature on the subject reported in Chapter 1, the adopted strategy
is here to tackle censoring at the very level of the check loss function usually
employed for the computation of quantiles. For interpretation purposes, a
simple comparison with the latter reveals how censoring is accounted for in
the newly proposed loss function. Subsequently, when considering the in-
clusion of covariates for conditional quantile estimation, by defining a new
general loss function the proposed methodology opens the gate to nume-
rous parametric, semiparametric and nonparametric modelling techniques.
In order to illustrate this statement, we consider here the well-studied linear
regression under the usual assumption of conditional independence between
the true response and the censoring variable. For practical minimization of
the studied loss function, we also provide a simple algorithmic procedure
shown to yield satisfactory results for the proposed estimator with respect
to the existing literature in an extensive simulation study. From a more
theoretical prospect, consistency and asymptotic normality of the estimator
for linear regression are obtained using several recent results on non-smooth
semiparametric estimation equations with an infinite-dimensional nuisance
parameter, while numerical examples illustrate the adequateness of a sim-
ple bootstrap procedure for inferential purposes. Lastly, an application to a
real dataset is used to further illustrate the validity and finite sample per-
formance of the proposed estimator. This chapter is based on the paper

De Backer, M., A. El Ghouch, and I. Van Keilegom. An adapted loss
function for censored quantile regression. Journal of the American
Statistical Association. To appear.
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3.1 Introduction

In this chapter, we introduce a reconsideration, following Chapter 2, of the general
handling of censored data in quantile regression models. Hence, as a preliminary
remark, contrary to chapters 2 and 4 that include results for complete observations
as well, the work reported here focuses exclusively on situations where censoring
of the response may arise. In this context, our review of the literature reported
in Chapter 1 suggests the existence of a certain duality between two prominent
weighting schemes when it comes to check-based formulations of conditional quan-
tiles with censored data. We thus start this section by briefly recalling the latter
in order to position our work in this framework, and then discuss in more details
the existing literature for the particular case of a linear regression, given that our
general methodology will be applied to the latter model in the following of this
chapter.

Now, as reviewed in Chapter 1, the main rationale of the current quantile regres-
sion literature for the handling of censored data may be rallied under the general
idea of formulating appropriate weighting schemes, of which the ICP (Section 1.4.1)
and RM weights (Section 1.4.2) are undoubtedly most popular. As illustrated in the
previous chapter with a copula-based regression model, ICP weights in the context
of quantile regression have the great convenience of being easily employed when
considering general regression models. However, in situations where alternative
strategies are available for the controlling of censored data, ICP-based modelling is
often pointed out for its efficiency loss in the estimation of the regression function,
given that the calculated quantile loss of only uncensored observations is kept in
the procedure (see (1.4.3)). In contrast, the RM-based weighting scheme fully in-
corporates the quantile context in its handling of censored data, but is on the other
hand restricted by construction to the parametric front of regression modelling, as
detailed in Section 1.4.4. In light of these shortcomings for both the ICP and RM
techniques, this chapter is devoted to the development of a general procedure that
attempts at bridging the qualities of both techniques, that is, proposing a unified
framework for censored quantile regression that is specifically designed for quantiles
in its incorporation of censored data, all the while being easily adapted to general
regression models. To illustrate the latter objective, this chapter then considers the
well-studied linear regression, for which a quick review of the literature is detailed
next for convenience.

The earliest work on linear censored quantile regression may be traced back
to the econometric papers of Powell (1984; 1986) with the particular case of fixed
censoring, where it is assumed that the censoring variable is always observable.
For random right censoring, as it is mostly the case in survival analysis and as
is considered throughout this thesis, both the ICP and RM techniques engende-
red a fruitful literature stemming from the check-based formulation of conditional
quantiles. The introduction of RM weights in this context is due to the work of
Portnoy (2003), where, as recalled in Chapter 1, the underlying idea is to redis-
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tribute the mass of censored data lying under the quantile of interest to artificial
outlying observations to the right, as the contribution of each point to the estima-
tion of the quantile regression only depends on the sign of the residual. However,
given that the weights to be redistributed are to be determined by the conditional
distribution of the survival time given the covariates, Portnoy’s estimation scheme
was developed under a restrictive global linearity assumption to simplify the pro-
cedure, that is, assuming that the regression function is linear for all quantiles
levels in (0, τ), where τ is the quantile level of interest. Relaxing this assumption
by only assuming linearity at the level of interest, and exploiting the same idea
of redistribution-of-mass, Wang and Wang (2009) proposed a locally weighted es-
timation scheme based on Beran’s local Kaplan-Meier estimator (see (1.3.3)) for
the conditional distribution of the variable of interest instead of Portnoy’s global
assumption. More recently, Wey et al. (2014) proposed to exploit, in the same
methodology, survival trees instead of Beran’s estimator for the required conditi-
onal distribution estimation in an attempt to apprehend better multivariate and
categorical covariates. Overall, the redistribution-of-mass methodology proved to
be a valuable approach for parametric censored quantile regression and lead to
further research such as variable selection (Wang et al. (2013)), multiple quantile
estimation (Tang and Wang (2015)) and cure rate quantile regression (Wu and Yin
(2016)). As for the ICP weighting scheme, the latter technique was adapted to the
linear quantile regression through different versions by Ying et al. (1995), Bang and
Tsiatis (2002), Shows et al. (2010) and Leng and Tong (2013) to cite a few. These
procedures may be linked in spirit to the notorious work of Koul et al. (1981) and
Zhou (1992) on mean regression models, and are often illustrated to be numerically
outperformed in the parametric context by their RM-based counterparts.

As previously evoked, in this chapter we aim at providing a new insight into
censored quantile regression by tackling the problem of censoring through an al-
ternative strategy to the above-discussed literature. In fact, instead of handling
weighting schemes or substitute quantile levels as in the paper of Lindgren (1997)
recalled in Chapter 1, our suggestion is to account for censoring at the very level
of the check loss function used in quantile regression. Intuitively, when confronted
to right-censored datasets, the proposed loss function will be observed to penalize
more severely underestimation of the value of the regression than the usual check
function. The methodology then allows to plainly exploit the information of all the
observations at hand, hence avoiding any estimation efficiency loss in contrast with
the ICP weights. However, as a possible inconvenience, the studied loss function
is observed to be no longer convex, which then requires the proposal of an efficient
algorithmic procedure to appropriately minimize the resulting objective function.
In this work, a simple adjustment of the Majorize-Minimize (MM) algorithm as
proposed by Hunter and Lange (2000) is therefore examined. Apart from this, it
is worth stressing out that, by concentrating on a censored version of the check
function, the proposed strategy has the potential to engender multiple extensions
to the linear context considered here. The latter could for instance concern pa-



84 Chapter 3. An Adapted Loss Function

rametric models and variable selection in penalized regression, but one could also
easily accommodate the strategy to nonparametric and semiparametric models. In
short, handling censoring at the level of the loss function allows both to take the
quantile context into account in the consideration of censored observations and to
define a general framework for censored regression modelling. Therefore, the over-
all objective of this work is to illustrate this novel general estimation strategy in a
simple and well-studied linear context in order to analyze its behavior in compari-
son with the existing literature, and hence guide any potential further research on
the advantages and pitfalls of this strategy.

The rest of this chapter is organized as follows. Motivating the origin of the
newly proposed loss function first for sample quantiles, and then illustrating its ac-
commodation for linear regression is the topic of Section 3.2. Investigating further
the linear context, consistency and asymptotic normality of the proposed estimator
are obtained in Section 3.3. Section 3.4 provides a detailed adaptation of an MM
algorithm to practically implement the procedure, and the finite sample perfor-
mance of the latter is illustrated by means of Monte Carlo simulations in Section
3.5. Section 3.6 highlights a brief application to real data. Lastly, Section 3.7 briefly
concludes this chapter while the proofs of Section 3.3 are deferred to Section 3.8.

3.2 The Proposed Methodology

3.2.1 Quantiles without covariates

To motivate and illustrate the proposed methodology, we introduce in this section
a simple one-dimensional example and consider the problem of finding the τ -th
quantile mτ of a survival time variable T , or some transformation of the latter.
For notational convenience, recall that for any τ ∈ (0, 1), the τ -th quantile is
defined as mτ = inf{t : FT (t) ≥ τ}, where FT is the c.d.f. of T . As further recalled
in Chapter 1, and using a slightly different notation for convenience with what will
follow, it is well-known that this problem is equivalent to solving

mτ = arg min
a

E
”

ρτ (a;T )
ı

, (3.2.1)

where ρτ (a;T ) = (T − a)(τ − 1(T ≤ a)) is the check function, and 1(·) is the
indicator function.

Let us suppose now that the variable of interest T is subject to censoring,
that is, instead of observing T , one only observes (Y,∆), where Y = min(T,C),
∆ = 1(T ≤ C) and C denotes the censoring variable assumed for now to be
independent of T , with c.d.f. GC . Our objective is now to provide an analogue
reasoning to the one exposed in Section 1.1.1 concerning the link between the
definition of quantiles and the check loss function. To that end, our starting point
is to note that, in this context, finding mτ is equivalent to finding the root in a of
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the equation

E
”

1(Y > a)− sGC(a)(1− τ)
ı

= 0, (3.2.2)

with sGC(a) := 1−GC(a) = P(C > a). For this equivalence to hold, it is required
that T is independent of C, and that sGC(mτ ) > 0. Note that this latter condition,
routinely made in survival analysis, also amounts to establishing a natural upper
bound for the quantile of interest that can be studied in the presence of censored
data.

Now, starting from (3.2.2), mimicking the reasoning behind the check function
ρτ recalled in Section 1.1.1 leads us to define the following function in a, for a given
y ∈ R and GC :

ϕτ (a; y,GC) = ρτ (a; y)− (1− τ)

∫ a

0

GC(s) ds,

which is equal to
∫ y
a

`

1(y > s)− sGC(s)(1− τ)
˘

ds, up to an additive constant with
respect to a. Our claim is that the function ϕτ actually is an extended version
of the check function ρτ , such that the effect of censoring is handled at the very
level of the loss function through a correcting term (1− τ)

∫ a
0
GC(s)ds. To support

this statement, first note that when all observations are complete, the above-defined
function trivially boils down to the check function. Next, observe that, for all values
of a 6= y, ∂ϕτ (a; y,GC)/∂a = sGC(a)(1− τ)− 1(y > a). Since 0 ≤ sGC(a) ≤ 1, ∀a,
this suggests that for a value y < τGC = inf{t : GC(t) = 1}, a 7→ ϕτ (a; y,GC)
is strictly decreasing on (−∞, y), strictly increasing on [y, τGC ), and hence with
global minimum value at a = y, exactly as the check function. Now, searching
for the minimum value in a of Erϕτ (a;Y,GC)s reveals to be corresponding to the
formulation of (3.2.2), as

∂

∂a
E
”

ϕτ (a;Y,GC)
ı

= sGC(a)(1− τ)− P(Y > a).

From these observations, one may conclude that ϕτ is an adapted version of the
check function ρτ accounting for potential incompleteness of observations. There-
fore, in the presence of censoring, we define the logical counterpart of (3.2.1):

mτ = arg min
a

E
”

ϕτ (a;Y,GC)
ı

. (3.2.3)

Accordingly, based on an i.i.d. sample (Yi,∆i), i = 1, . . . , n, of (Y,∆), and given an
estimator pGC of GC , we define a natural estimator of mτ as the empirical version
of (3.2.3):

pmτ = arg min
a

n∑
i=1

ϕτ (a;Yi, pGC). (3.2.4)
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Figure 3.1: Comparison of the check function a 7→ ρτ (a; 0) with the censored loss function
a 7→ ϕτ (a; 0, GC) for τ = {0.25, 0.5} and C ∼ N (0, 1). Note that, for comparison purposes
and contrary to the usual case exposed in Figure 1.1, the check function is here not
represented in terms of residuals (y − a).

Note that pmτ exploits all observations in the estimation process, regardless of their
censoring status. From the above-described reasoning, it also naturally appears
that this general loss function may then be extended outside basic sample quantiles
to numerous regression models, as will be illustrated next for the linear model.

To gain further insight into the newly proposed loss function and understand
how censoring is accounted for through the regulating term (1 − τ)

∫ a
0
GC(s)ds,

we consider in Figure 3.1 a graphical illustration for the situation y = 0 with two
quantile levels τ = {0.25, 0.5} and a standard normal distribution for the censoring
variable. Note that in this situation, the correcting term of ϕτ will always be
positive for a > 0, while negative for a < 0. Intuitively, this simply suggests that
ϕτ penalizes more heavily underestimation of the value of the quantile than the
usual check function to correct for the fact that the response may not be fully
observed. Similarly, as can be graphically observed, a smaller loss is assigned for
overestimation in order to stimulate the latter when using incomplete data. Note
also that the penalization will logically be impacted by the distribution GC , as the
amount of alteration of the loss function will be all the more important given that
GC(mτ ) = P(C ≤ mτ ) is large. This is in line with one’s intuition that censoring
should especially be corrected for when it is susceptible of altering the estimation
of a quantile, that is, when censoring is likely to happen to data points lying below
mτ .

Finally, an important feature that should be noted, appearing clearly in Figure
3.1, is that a 7→ ϕτ (a; y,GC) is in fact no longer convex. Therefore, special care is
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called for the numerical optimization required in (3.2.4) as the objective function
may allow for local minima, hereby possibly harming the search for the global
one. In light of this, we provide in Section 3.4 an adapted version of the Majorize-
Minimize (MM) algorithm as proposed by Hunter and Lange (2000) that proves to
be satisfactory given the simulation results of Section 3.5, even in more complex
multivariate regression situations.

3.2.2 Quantiles with covariates: linear regression

To apply the newly proposed loss function in a regression context, we propose
to examine the well-studied linear regression model. Specifically, we consider the
inclusion of a covariate vector X of dimension d+ 1, d ≥ 1, whose first component
corresponding to the intercept is taken to be 1. Then, based on an i.i.d. sample
(Ti,Xi), i = 1, . . . , n, from (T,X), it is assumed that

mτ (Xi) = βT
τXi, (3.2.5)

where mτ (x) = inf{t : FT |X(t|x) ≥ τ} is the τ -th conditional quantile of T given
X = x, FT |X denotes the conditional c.d.f. of T given X, and βτ is the (d + 1)-
dimensional unknown quantile coefficient vector. Similarly to sample quantiles and
as recalled in (1.1.8), it is well known that the estimation of βτ in the uncensored
case is obtained by minimizing the objective function

Qn(β) =

n∑
i=1

ρτ (βTXi;Ti). (3.2.6)

Under random censoring, the statistical problem now consists of estimating the
true value of βτ based on i.i.d. triplets (Yi,∆i,Xi), i = 1, . . . , n, from (Y,∆,X),
where, as usual, Y = min(T,C), ∆ = 1(T ≤ C) and C is assumed here to be
independent of T givenX. In this context, analogous arguments to those previously
described lead us to define βτ as the minimizer of the function

Qc(β) = E
”

ϕτ
`

βTX;Y,GC(·|X)
˘

ı

,

where the superscript c explicitly expresses the presence of censoring, and where
GC(·|x) denotes the conditional distribution of C given X = x. Subsequently, we
propose to estimate βτ by minimizing the following objective function:

Qcn(β) =

n∑
i=1

ϕτ

´

βTXi;Yi, pGC(·|Xi)
¯

=

n∑
i=1

{
ρτ (βTXi;Yi)− (1− τ)

∫ βTXi

0

pGC(s|Xi) ds

}
, (3.2.7)
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where pGC(·|x) is a consistent estimator of GC(·|x). Popular choices for the lat-
ter include, among others, the Kaplan-Meier estimator if one assumes indepen-
dence between C and X, a Cox regression model or Beran’s prominent conditional
Kaplan-Meier estimator. Recall from Chapter 1 that the latter takes the following
form for Nadaraya-Watson type of weights:

pGC(c|x) = 1−
n∏
i=1

{
1− Bni(x)∑n

j=1 1(Yi ≤ Yj)Bnj(x)

}1(Yi≤c,∆i=0)

, (3.2.8)

where Bnj(x) = K p(x−Xj)/hnq /
∑n
k=1K p(x−Xk)/hnq is a sequence of weig-

hts depending on some multivariate kernel density function K and a positive band-
width parameter hn.

Similarly to sample quantiles, formulation (3.2.7) allows one to plainly extract
the information of every observation at hand, even if confronted to incompleteness
of the latter. In comparison, the initial inverse-censoring-probability strategy of
Koul et al. (1981) has to trade-off between appropriate estimation of GC and ef-
ficiency loss through the use of ∆ in the adopted weights. Therefore, one could
expect that the proposed methodology will be more efficient than competitors con-
structed on the basic inverse-censoring-probability strategy, especially when the
censoring proportion is large. In the same spirit, one might expect that the above-
described estimator provides in this linear context an interesting alternative to the
redistribution-of-mass approach when confronted to high censoring percentages, as
the latter will inevitably suffer from low sample size for the required estimation
of FT |X(·|x) in this situation. However, a possible drawback of the formulation
(3.2.7) compared to its competitors is that the estimation of GC(·|x) will affect in
our context all observations, hereby possibly harming the global estimation pro-
cess in case of low sample size for the estimation of the latter distribution. These
preliminary remarks will be empirically investigated in Section 3.5.

3.3 Large Sample Properties

We establish in this section both the consistency and asymptotic normality of the
proposed estimator pβτ defined as the minimizer of Qcn(β) in (3.2.7). To that end,
we require that the following assumptions hold:

(C1) The support supp(X) of X is contained in a compact subset of Rd+1, and
the variance-covariance matrix of X is positive definite.

(C2) For β in a neighborhood B of βτ , infβ∈B infx∈supp(X) fT |X(βTx|x) > 0, where
fT |X(·|x) denotes the conditional density function of T given X = x. Furt-
hermore, supt,x∈supp(X) fT |X(t|x) <∞.

(C3) Define the (possibly infinite) time τFY |X(·|x) = inf{t : FY |X(t|x) = 1}, where
FY |X designates the conditional c.d.f. of Y givenX. Suppose first that there
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exists a real number υ < τFY |X(·|x) for all x in supp(X). Denote next by G the
class of functions G(t,x) : ]−∞, υ]× supp(X)→ [0, 1] of bounded variation
with respect to t (uniformly in x) that have first-order partial derivatives
with respect to x of bounded variation in t (uniformly in x), and bounded
(uniformly in t) second-order partial derivatives with respect to x which are
uniformly in t Lipschitz of order η for some 0 < η < 1. Suppose that GC ∈ G.

(C4) For every x ∈ supp(X) and for β ∈ B, the point βTx ∈ R lies below υ.

(C5) The estimator pGC of GC satisfies:

(i) supx∈supp(X) supy≤υ

ˇ

ˇ

ˇ

pGC(y|x)−GC(y|x)
ˇ

ˇ

ˇ
= oP(1) and P( pGC ∈ G) → 1

as n→∞.

(ii) Uniformly in β ∈ B,

EX
”

X
´

pGC(βTX|X)−GC(βTX|X)
¯ı

= n−1
n∑
i=1

Xiξ(Yi,∆i, β
TXi|Xi) + oP(n−1/2),

where the notation EX explicitly indicates that the expectation is taken
with respect to the distribution of X, and where ξ(Yi,∆i, β

TXi|Xi),
i = 1, . . . , n, are i.i.d. random vectors with mean 0 and

sup
β∈B

E
“

||ξ(Yi,∆i, β
TXi|Xi)||2

‰

<∞.

Before commenting our main assumptions, it should be noted that our proofs
both rely on a crucial result of Lopez (2011) for the class G defined in assumption
(C3). The latter result is constructed upon a dimension reduction technique of the
form GC(·|X) = GC(·|g(X)) for some function g : Rd+1 → R. As a consequence,
our proofs are here valid as such under the same hypothesis or, more simply, for
univariate covariates.

Now, assumptions (C1) and (C2) are standard in the context of quantile re-
gression estimation for both complete and censored observations in order namely
to guarantee the uniqueness of βτ . Assumption (C3) defines a general class of
functions embedding GC coming from the work of Lopez (2011). The latter paper
develops the theory of bracketing numbers (defined in Van der Vaart and Wellner
(1996, p. 83)) associated to the class G on which part of the proofs rely. Assump-
tion (C4) is required for both the uniqueness of βτ and the asymptotic properties
of pβτ . Note that (C4) also encompasses the remark following equation (3.2.2) in
Section 3.2.1, as it defines here in the regression context a natural upper bound
for the quantile of interest that can be studied when considering censored respon-
ses. Assumption (C5)-(i) requires in its first part the uniform consistency of the
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censoring distribution estimator and is for instance fulfilled with a conditional, re-
spectively unconditional, Kaplan-Meier estimator as shown in Van Keilegom and
Akritas (1999), respectively Gill (1983), under namely suitable bandwidth condi-
tions for the former. The second part of (C5)-(i) may also be verified using for
instance a conditional Kaplan-Meier estimator under appropriate bandwidth and
kernel conditions as stated in Lemma 6.2 of Lopez (2011). Finally, assumption
(C5)-(ii) is requested for the asymptotic distribution of our estimator and requi-
res implicitly a general linear representation of pGC . Stating such an assumption
allows us not to be restrictive for the estimator one wishes to consider for GC .
It should of course be noted that, when selecting a particular form of estimator,
such an assumption can in fact be deduced from appropriate higher-level conditi-
ons. To illustrate this statement, Lemma 3.1 in Section 3.8 exposes how condition
(C5)-(ii) may be deduced from bandwidth and kernel conditions if one adopts Be-
ran’s estimator as described in (3.2.8). A similar development for the appropriate
transcription of (C5)-(ii) in the case of a Kaplan-Meier estimator for GC may follow
the exact same arguments along with the linear representation proposed in Lo and
Singh (1986).

We now state in Theorem 3.1 the consistency of our proposed estimator. Its
proof is deferred to Section 3.8.

Theorem 3.1. For a given quantile level 0 < τ < 1, define pβτ as the minimizer of
Qcn(β) in (3.2.7). Assume that the censoring time C is conditionally independent
of the survival time T given the covariates X, and that the triples (Yi,∆i,Xi), i =
1, . . . , n, form an i.i.d. multivariate random sample. Then, under assumptions
(C1)-(C5)-(i),

pβτ → βτ

in probability, as n→∞.

The proof of Theorem 3.1 relies heavily on the work of Delsol and Van Keile-
gom (2015) on non-smooth semiparametric estimating equations with an infinite-
dimensional nuisance parameter. The first key requirement to apply this work to
our framework is the uniform consistency of the conditional censoring distribution
estimator. The second key requirement concerns the class G for which it has to be
shown that the latter is ‘well-behaved’ in terms of size, which is represented by the
notion of bracketing number, in order for pβτ to be consistent when constructed on
a preliminary estimator pGC ∈ G. For this part, we rely on a crucial result of Lopez
(2011) which establishes a bound on bracketing numbers for the class G under the
above-mentioned dimension reduction technique.

Next, we report in the following theorem the limiting distribution of our pro-
posed estimator β̂τ . For this result, we rely on Proposition 2 in Birke et al. (2017)
which slightly modifies Theorem 2 of Chen et al. (2003), and where the key re-
quirement is now the linear representation of the nuisance parameter implied by
assumption (C5)-(ii). We refer to Section 3.8 for a small discussion on the use of
distinctive tools for the proofs of our theorems.
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Theorem 3.2. For a given 0 < τ < 1, under the assumptions of Theorem 3.1 and
(C5)-(ii),

n1/2(pβτ − βτ )
L−→ N (0,Γ−1

1 ΣΓ−1
1 ),

where Γ1 = E
“

XXTfT |X(βT
τX|X)(1−GC(βT

τX|X))
‰

, and Σ = Cov(Λi) with Λi
defined in equation (B.5) of Section 3.8.

It is noted from Theorem 3.2 that, as anticipated and similarly for instance to
the procedure of Wang and Wang (2009), the obtained asymptotic result reduces
to the usual limiting distribution for linear quantile regression in case of strictly
complete observations (see e.g. Theorem 4.1 in Koenker (2005)). A similar remark
holds true when considering small quantile levels of interest along with censoring
mechanisms that strictly prohibit censored data from appearing below the quantile
regression region of interest, i.e. GC(βTx|x) = 0, ∀x ∈ supp(X) and β in the
neighborhood B of βτ , given that pGC will in this case have no impact on the
asymptotic behavior of our estimator.

Now, practical inferential use of Theorem 3.2 on βτ is made difficult by the
complex form of the asymptotic covariance matrix, as the latter involves several
unknown quantities that are challenging to accurately estimate in practice. There-
fore, for inferential purposes we propose to adopt the simple percentile bootstrap
through resampling the triples (Yi,∆i,Xi), i = 1, . . . , n, with replacement. Speci-
fically, 95% bootstrap confidence intervals for βτ may easily be constructed using
the 2.5th and 97.5th percentiles of the bootstrap coefficients, after having drawn a
sufficient amount of bootstrap samples. This technique was repeatedly shown to be
satisfactory in the literature (e.g. Portnoy (2003), Wang and Wang (2009), Leng
and Tong (2013)) and its validity for the proposed procedure will be illustrated in
Section 3.5.

3.4 Minimization Algorithm

As discussed in Section 3.2, application of the newly proposed methodology for
linear regression has to account for the computational aspect of the mathematical
minimization of (3.2.7). In particular, in addition to the classical differentiability
issue of quantile regression, the nonconvexity of a 7→ ϕτ (a;Yi, pGC(·|Xi)) requires an
efficient optimization routine for the global minimization of the objective function.
Given that the newly proposed loss function may be seen as an extension of the
check function, we suggest in this section to adapt an existing methodology for
uncensored data, for which much work has been provided for the linear context as
current procedures include, among others, the Interior point algorithm, Simplex
algorithms and the MM algorithm. We therefore first briefly review in this section
one particular optimization procedure for complete observations, and then discuss
how the latter may be adapted to the practical minimization of (3.2.7).
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Primarily due to its numerical robustness and ease of adaptation, we propose
to investigate in our context the use of an MM, or Majorize-Minimize, algorithm
as first introduced by Hunter and Lange (2000) for quantile regression. As sugge-
sted by its denomination, the rationale of the MM algorithm is to operate in two
steps: the objective function to be minimized is first majorized by an appropriate
surrogate function, which is then in turn minimized in the second step in order
to define the next iterate of the algorithm. By doing so, a difficult optimization
problem is to be replaced by a simpler one, with iteration counting as the price to
pay for this substitution. More formally, in the quantile regression context with
complete observations, letting β(m) denote the m-th iterate in finding the mini-
mum of Qn(β) defined in (3.2.6), Hunter and Lange propose in the first step to
majorize Qn(β) by a surrogate function ξn(β|β(m)) : R(d+1)×R(d+1) → R such that
ξn(β|β(m)) ≥ Qn(β), for all β and ξn(β(m)|β(m)) = Qn(β(m)). Specifically, exploi-
ting the fact that majorization relations are closed under the formation of sums,
Hunter and Lange suggest to majorize Qn(β) by the sum for each i = 1, . . . , n,
of the unique quadratic curve tangent to the graph of ρτ (βT

(m)Xi;Ti) at βT
(m)Xi,

yielding

ξn(β|β(m)) =

n∑
i=1

{
(Ti − βTXi)

2

4(ε+ |Ti − βT
(m)Xi|)

+

ˆ

τ − 1

2

˙

(Ti − βTXi)

}
+ cτ ,

where cτ is a constant such that ξn(β(m)|β(m)) = Qn(β(m)), and ε > 0 is a
small perturbation to be selected in order to avoid issues with possible zero re-
siduals for iteration m. The explicit minimizer of ξn(β|β(m)) with respect to β
then simply becomes the next iterate β(m+1) in the second step of the MM algo-
rithm. As an interesting property, called ‘descent property’, it can be shown that
the MM algorithm automatically drives the objective function downhill, that is
ξn(β(m+1)|β(m)) ≤ ξn(β(m)|β(m)). A further convenience for the use of the MM
algorithm for linear quantile regression is that convergence to the unique minimum
of (3.2.6) is guaranteed provided X is of full rank, as reported in Proposition 4 of
Hunter and Lange.

Applying now the same arguments with the objective of finding the minimizer
of Qcn(β) defined in (3.2.7), we note that a 7→ ϕτ (a;Yi, pGC(·|Xi)) is the difference
of two convex functions. In the search of a surrogate function, this suggests then to
explicitly use the quadratic form of ξn(β|β(m)) for the first part of ϕτ , and exploit
the convexity of the second part as recommended in the ‘Tricks of the Trade’ section
of Hunter and Lange (2004). Explicitly, for this second part we have that for all
i = 1, . . . , n,∫ βTXi

0

pGC(s|Xi) ds ≥
∫ βT

(m)Xi

0

pGC(s|Xi) ds+ (βTXi − βT
(m)Xi) pGC(βT

(m)Xi|Xi).
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Recombining this with the expression of ξn(β|β(m)) yields the following surro-
gate function for Qcn(β):

ξcn(β|β(m)) =

n∑
i=1

{
(Yi − βTXi)

2

4(ε+ |Yi − βT
(m)Xi|)

+

ˆ

τ − 1

2

˙

(Yi − βTXi)

− (1− τ)

∫ βT
(m)Xi

0

pGC(s|Xi) ds

− (1− τ)(βTXi − βT
(m)Xi) pGC(βT

(m)Xi|Xi)

}
+ c̃τ ,

where c̃τ is a constant such that ξcn(β(m)|β(m)) = Qcn(β(m)). For the second step
of the algorithm, let X = [X1, . . . ,Xn] be the (d + 1) × n matrix of covariates,
and YT = (Y1, . . . , Yn) be the vector of observed responses. Minimizing ξcn(β|β(m))
with respect to β to obtain β(m+1) then yields the following succinct result:

−XA(m)Y + XA(m)XTβ(m+1) −XD = XE(m), (3.4.1)

where A(m) is a n × n diagonal matrix with i-th diagonal entry 1/r2(ε − |Yi −
βT

(m)Xi|)s, D is a n × 1 vector of (τ − 1/2), and E(m) is a n × 1 vector with i-
th entry (1− τ) pGC(βT

(m)Xi|Xi). Solving (3.4.1) with respect to β(m+1) yields the
explicit iteration of the MM algorithm at step (m+1), which is a simple adaptation
of the MM algorithm for linear quantile regression with complete observations as
there is only a supplementary term E(m) appearing at every iteration. The proposed
algorithm may then be resumed as follows:

Algorithm

Step 0. Given an initial estimate of βτ denoted by β(0), set m = 0. Select a small
tolerance value δ, for instance δ = 10−9, and choose ε such that ε ln ε ≈ −δ/n.

Step 1. Estimate GC(·|X) and calculate E(m) as (1− τ) pGC(βT
(m)Xi|Xi), i = 1, . . . , n.

Calculate A(m) and set

β(m+1) =
`

XA(m)XT
˘−1 X

`

A(m)Y +D + E(m)

˘

.

Step 2. If ||β(m+1) − β(m)||> δ or
ˇ

ˇξcn(β(m+1)|β(m))− ξcn(β(m)|β(m))
ˇ

ˇ > δ, replace m
by m+ 1 and return to step 1.

Concerning the choice of β(0), special care is to be brought to the latter given
the nonconvexity of ϕτ and hence the possibility of capturing only a local minimum,
if there is any. In an attempt to mend this obstacle, similarly to Leng and Tong
(2013), we propose to adopt the estimator of Bang and Tsiatis (2002) as β(0), given
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the consistency of the latter. Hence, one could hope that, by already providing a de-
cent estimation of βτ , β(0) should be close to the global minimum of Qcn(β), hereby
possibly avoiding the ambush of potential local minima. Furthermore, given the
need at each iteration m of the algorithm to evaluate pGC(βT

(m)Xi|Xi), i = 1, . . . , n,
a decent estimator β(0) may also, to some extent, prevent too many evaluations
of pGC(·|X) in the right tail, for which classical estimators are known to be typi-
cally unstable due to sparsity of the data. On the other hand, as noted by Leng
and Tong, given that roughly only uncensored observations are handled for β(0),
the latter estimator may severely suffer from an efficiency loss in the estimation,
hereby motivating the use of an estimator exploiting all observations at hand such
as the one proposed in this work. Nonetheless, as there is no guarantee that the
algorithm starting from this β(0) will avoid converging to a possible local minimum,
it is preferable to restart the latter as suggested by Hunter and Lange, in this case
for instance by adding small perturbations to β(0) to verify the stability of the
solution.

Finally, note that, analogously to the remarks of Section 3.2, the described
algorithmic procedure of this section based on the MM algorithm is again easily
adaptable to broader parametric, nonparametric and semiparametric models. For
instance, considering a general parametric model, a convenient minimization algo-
rithmic procedure would only require an adaptation of equation (3.4.1) to define
the appropriate iterative process one could readily implement for the desired model.

3.5 Simulation Study

In this section, we assess the finite sample performance of the proposed methodo-
logy by means of Monte Carlo simulations. As previously mentioned, given that the
adapted loss function may engender further modelling techniques beyond the sim-
ple linear framework, we are mainly interested here in comparing the performance
of our estimator (NEW) with the two prominent weighting schemes for quantile
regression with censored data: the redistribution-of-mass (RM), which will be em-
bodied here by Wang and Wang’s estimator, and the inverse-censoring-probability
(ICP), represented here by Bang and Tsiatis’ estimator. Based on the choice of
these competitors, as a preliminary remark that has repeatedly been illustrated
in the literature, while ICP may be subject to possible improvement for linear
models, RM provides in this context a very competitive estimator, often taken as
primary reference. Lastly, to grasp the impact of censoring, we also include an
omniscient procedure (Omni) using all the observations Ti, i = 1, . . . , n, as if they
were available in practice for the estimation of βτ .

The four procedures are compared in four main data generating processes
(DGP) where the survival time is systematically independent of the censoring time
given the covariates. The first three DGPs are taken to be univariate settings, while
the fourth setting considers an example with four covariates. Given that both RM
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and NEW will be implemented with local estimators of conditional distributions as
will be detailed below, the latter setting will be of interest in order to analyze the
performance of both procedures when confronted to multivariate covariates. Note
that, in their paper on variable selection using the redistribution-of-mass, Wang
et al. (2013) also tolerate as many as four covariates for the determination of the
involved local weights.

The first DGP is taken from Wang and Wang (2009) and Leng and Tong (2013),
and presents a simple setting which is linear in all quantile levels and where all
estimation procedures in the literature perform relatively well for the estimation
of the regression coefficients. Hence, a basic requirement for a newly proposed
methodology as the one considered here would be to perform appropriately as
well in this particular setting. Next, the second and third DGP, partly inspired
by Wang and Wang, are taken to be linear only in the quantile level of interest,
hereby ruling out the use of estimators assuming global linearity such as Portnoy’s
or the martingale-based estimator of Peng and Huang (2008), despite their relative
robustness illustrated for instance in Wang and Wang and Leng and Tong. For the
second DGP, the censoring variable C is taken to be independent of the covariate,
while the third DGP covers a dependent scenario. This will allow to explore the
potential impact of a conditional censoring distribution. Note however that, in
all four settings, the proposed procedure NEW will repeatedly be implemented
considering a conditional censoring distribution even when the simulated settings
do not present any influence of the covariate on the latter distribution.

Concerning the implementation of these procedures, we first use the rq function
of the R library quantreg for Omni. ICP is likewise implemented with rq by
incorporating in the function the weights ∆i/(1− pGC(Yi)), i = 1, . . . , n, where pGC
is the Kaplan-Meier estimator of GC . As for RM, the estimator is implemented
using Wang and Wang’s code, available on their websites. For the estimation of
local weights, we use the biquadratic kernel K(x) = (15/16)(1 − x2)21(|x|≤ 1)
for the univariate settings as recommended in Wang and Wang, while an eighth-
order kernel K(x) = (1/13)(1− x2)(35− 385x2 + 1001x4− 715x6)1(|x|≤ 1) is used
for the four-variate example, just as in Wang et al.. The selection of the required
bandwidth is further implemented using the 5-fold cross validation (see e.g. section
7.10 of Hastie et al. (2001)) suggested in Wang and Wang, which we briefly review
here for an arbitrary estimator pβτ of βτ given the technique will be applied to our
newly proposed procedure as well. Specifically, for each candidate bandwidth h,
we first randomly separate the data into 5 roughly equal-sized and non-overlapping
parts. For each part j = 1, . . . , 5, βτ is then estimated using all observations but the
ones in part j, and the quality of fit of the model is determined by calculating the
following prediction error on the complete observations in the set J corresponding
to all observations of part j:

PEj(h) =
∑
i∈J

∆i=1

ρτ (Yi − pβT
τ (−j)Xi),
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where the notation (−j) indicates estimation using all observations except the ones
in the j-th part. The procedure is repeated and averaged over j = 1, . . . , 5, and the
bandwidth yielding the smallest average prediction error is then selected among all
candidates.

Now, returning to the specific implementation of RM, for the first three settings
15 candidate bandwidths are considered, equally ranging from 0.05 to 0.5. As for
the multivariate DGP, given the computational cost of searching for tuning para-
meters across multiple dimensions, only one initial simulated dataset serves for the
determination of the bandwidth among 15 candidates equally ranging from 0.5 to
2. Lastly, NEW is implemented using the algorithm of Section 3.4 where, for every
DGP we adopt Beran’s local Kaplan-Meier estimator as pGC(·|X). Equivalently to
RM, the latter is based either on the biquadratic or the eighth-order kernel depen-
ding on the dimension of the covariate. Finally, as already mentioned, the required
bandwidth is likewise computed via the above-described 5-fold cross validation at
each iteration or on one initial dataset. This suggests that for the last DGP, the
performance of both RM and NEW could probably be improved if the bandwidths
were adapted to each simulation, although none of the estimators is here favored
over the other in the analysis we intend to provide.

DGP 1.

The following model is generated:

Ti = β0 + β1Xi + ηi,

where β0 = 3, β1 = 5, X1, . . . , Xn are i.i.d. U [0, 1] variables and η1, . . . , ηn are i.i.d.
N (0, 1) variables. The censoring variables C1, . . . , Cn are simulated from U [0,M ],
with M calibrated to attain the desired censoring proportion (15% or 40%) at
the median. We note that the choice of M also implies that condition (C4) is
not violated for the true βτ , where τ = 0.5 in this case. The latter consideration
regarding condition (C4) repeatedly applies to all the following DGPs and for all
the considered levels of τ .

DGP 2.

The following model is generated:

Ti = β0 + β1Xi +
`

3 + (Xi − 0.5)2
˘ `

ηi − Φ−1(τ)
˘

,

where β0 = 1, β1 = 0.1, X1, . . . , Xn are i.i.d. N (0, 1) variables, η1, . . . , ηn are also
i.i.d. N (0, 1) variables and Φ−1 denotes the quantile function of the standard nor-
mal distribution. The censoring variables C1, . . . , Cn are simulated from U [m,M ],
where m = −5/3 for τ = 0.3, m = −3 for τ = 0.5, m = −3.5 for τ = 0.7, and M
is chosen to attain the desired censoring proportions (30% and 60%) depending on
the considered quantile levels.
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DGP 3.

The model to generate Ti, i = 1, . . . , n, is the same as for DGP 2 but with para-
meters β0 = 1 and β1 = 1. Additionally, in this setting the censoring variable is
generated from the model Ci = γ0 + γ1Xi + υi, i = 1, . . . , n, where γ0 = 1, γ1 = 1,
and υ1, . . . , υn are i.i.d. variables from U [m,M ], where m = −2 for 30% censoring,
m = −4 for 60% censoring, and M is calibrated to obtain the desired censoring
proportion at the median.

DGP 4.

The following model, inspired by Shows et al. (2010), is generated:

Ti = β0 + β1X1i + β2X2i + β3X3i + β4X4i + ηi,

where β0 = 1, β1 = 0.5, β2 = 1, β3 = 1.5, β4 = 2, Xji are i.i.d. standard normal
variables for i = 1, . . . , n, and j = 1, . . . , 4, and η1, . . . , ηn, are i.i.d. variables
simulated from t(5). The variables C1, . . . , Cn are, here again, simulated from
U [m,M ], where m = 0 for 30% censoring, m = −2 for 60% censoring, and M is
chosen to obtain the desired censoring proportion for τ = 0.5.

For all simulation settings, we consider B = 500 repetitions of each DGP, four
average censoring proportions (pc ∈ {15%, 40%} for DGP 1 and pc ∈ {30%, 60%}
for DGP 2, 3 and 4), and sample sizes n ∈ {100, 200, 500}. The quantile levels
of interest are chosen among {0.3, 0.5, 0.7} depending on the DGP and the censo-
ring proportion of interest. Estimators are compared in terms of bias, root mean
squared errors (RMSE), and median absolute error (MAE). We further include an
overall criterion taken from a prediction point of view: the mean absolute deviation
(MAD), given for an estimator pβ by n−1

∑n
i=1|pβTXi − βT

τXi|.
Table 3.1 reports the results of our simulation study for DGP 1. As expected,

all estimation procedures perform very similarly in this basic setting, although
ICP already exhibits some relative difficulties to compete when confronted to hig-
her censoring proportions. Concerning NEW, we note that in this example the
procedure is relatively robust to the low sample size for computing the required
local Kaplan-Meier estimator, as observed for n = 100 and pc = 15%. Further-
more, even though the simulated scenario does not account for any influence of the
covariate on the censoring distribution, our simulation experience with the present
DGP suggests that the estimator is relatively robust to the smoothing parameter to
be selected when using Beran’s estimator pGC(·|X). This robustness of the results
towards both the sample size and the smoothing parameter may be considered as
an encouraging observation for the newly proposed estimator given that all obser-
vations are affected by the conditional censoring distribution estimator through the
studied adapted loss function, as mentioned in Section 3.2.

For visual examination of the results for this DGP, a graphical illustration of
the latter is proposed in Figure 3.2 where only the scenarios with 40% censoring
are reported for sake of brevity. As expected, apart from slightly worse results for
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Bias RMSE MAE
n pc Method β0 β1 β0 β1 β0 β1 MAD

100

15%

Omni 0.007 0.000 0.255 0.425 0.168 0.281 0.135
NEW 0.013 -0.006 0.267 0.454 0.175 0.282 0.147
RM 0.009 -0.004 0.267 0.459 0.173 0.286 0.148
ICP 0.010 -0.006 0.270 0.456 0.174 0.283 0.148

40%

Omni 0.007 0.000 0.255 0.425 0.168 0.281 0.135
NEW 0.009 0.013 0.298 0.558 0.183 0.343 0.177
RM 0.001 0.003 0.297 0.552 0.184 0.361 0.176
ICP 0.009 -0.001 0.311 0.583 0.185 0.384 0.181

200

15%

Omni 0.009 -0.006 0.169 0.298 0.108 0.204 0.095
NEW 0.013 -0.009 0.182 0.323 0.126 0.227 0.104
RM 0.011 -0.011 0.184 0.325 0.127 0.230 0.105
ICP 0.013 -0.014 0.182 0.322 0.129 0.226 0.104

40%

Omni 0.009 -0.006 0.169 0.298 0.108 0.204 0.095
NEW 0.014 -0.011 0.206 0.390 0.133 0.267 0.124
RM 0.008 -0.025 0.204 0.387 0.134 0.268 0.123
ICP 0.016 -0.027 0.217 0.403 0.148 0.276 0.127

Table 3.1: Simulation results for DGP 1 expressed in terms of bias, RMSE, MAE and
MAD averaged over B = 500 repetitions. Average censoring proportions pc are taken in
{15%, 40%} at the median, and sample sizes are taken in {100, 200}.

ICP already mentioned previously, there is little distinction between the procedures
based on censored data, as these coherently mimic the omniscient procedure but
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Figure 3.2: Boxplots relative to DGP 1 and Table 3.1 for the estimation of β0 and β1,
both centered (i.e. depicting pβτ−βτ ), for the different estimation procedures with τ = 0.5,
pc = 40% and n ∈ {100, 200}.
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Bias RMSE MAE
pc τ Method β0 β1 β0 β1 β0 β1 MAD

30%

0.3

Omni 0.021 0.014 0.373 0.507 0.244 0.337 0.466
NEW 0.014 0.031 0.388 0.509 0.258 0.350 0.479
RM -0.116 0.057 0.400 0.486 0.265 0.321 0.473
ICP -0.071 0.140 0.400 0.582 0.264 0.363 0.513

0.7

Omni 0.014 -0.013 0.371 0.502 0.243 0.332 0.456
NEW -0.176 0.049 0.445 0.502 0.293 0.324 0.538
RM -0.403 0.104 0.560 0.456 0.404 0.311 0.581
ICP -0.317 0.218 0.570 0.732 0.417 0.504 0.691

60%

0.3

Omni 0.021 0.014 0.373 0.507 0.244 0.337 0.466
NEW -0.058 0.075 0.390 0.503 0.268 0.338 0.473
RM -0.517 0.102 0.627 0.414 0.524 0.290 0.613
ICP -1.097 0.442 1.208 0.792 1.083 0.502 1.204

0.5

Omni 0.002 0.009 0.350 0.473 0.226 0.308 0.432
NEW -0.269 0.113 0.504 0.564 0.339 0.353 0.565
RM -0.744 0.190 0.828 0.475 0.760 0.346 0.815
ICP -1.387 0.477 1.487 0.856 1.395 0.566 1.486

Table 3.2: Simulation results for DGP 2 with sample size n = 200, expressed in terms
of bias, RMSE, MAE and MAD averaged over B = 500 repetitions. Average censo-
ring proportions pc are taken in {30%, 60%}, and quantile levels τ are chosen among
{0.3, 0.5, 0.7}.

with anticipated larger variance results due to their handling of incomplete data.
Moving to a more challenging setting with higher censoring proportions, Table

3.2 reports the results of our simulation study for DGP 2 with n = 200 observa-
tions at each iteration. Due to identifiability issues as encountered in condition
(C4), the quantile level τ = 0.7 is not considered here when simulating as much as
60% censoring, whereas the quantile level τ = 0.5 is left aside for 30% censoring
for the sake of brevity. From these results, we observe that both RM and ICP
present substantial biases in the parameter estimation for this DGP, particularly
for the intercept. In contrast, NEW exhibits difficulties in terms of bias only for
the most complicated situations considered here, that is, for high quantile levels
with respect to the censoring proportion. These bias results concerning the estima-
tion of β0 naturally impact the RMSE and MAE of both RM and ICP. However,
while ICP presents considerable biases for both parameters to be estimated, RM
quite surprisingly seems to compensate its difficulties for estimating β0 by an ex-
cellent estimation of β1, especially with respect to Omni. There is little intuition
to explain this particular behavior in this more complicated DGP, although part
of the explanation could probably be related to the general arguments concerning
the redistribution-of-mass pointed out by Wey et al. (2014) in their Supplementary
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Bias RMSE MAE
n pc Method β0 β1 β0 β1 β0 β1 MAD

200

30%

Omni 0.007 -0.016 0.346 0.421 0.238 0.292 0.403
NEW -0.030 -0.085 0.367 0.444 0.242 0.328 0.435
RM -0.202 -0.201 0.392 0.463 0.284 0.334 0.467
ICP -0.146 -0.660 0.440 0.909 0.297 0.655 0.725

60%

Omni 0.007 -0.016 0.346 0.421 0.238 0.292 0.403
NEW -0.302 -0.340 0.490 0.659 0.369 0.509 0.640
RM -0.737 -0.444 0.806 0.618 0.744 0.498 0.854
ICP -1.373 -1.330 1.469 1.600 1.408 1.220 1.771

500

30%

Omni -0.001 0.017 0.225 0.286 0.160 0.207 0.273
NEW -0.021 -0.043 0.235 0.316 0.165 0.228 0.297
RM -0.180 -0.172 0.284 0.330 0.200 0.250 0.338
ICP -0.101 -0.723 0.287 0.850 0.202 0.709 0.656

60%

Omni -0.001 0.017 0.225 0.286 0.160 0.207 0.273
NEW -0.159 -0.206 0.340 0.493 0.243 0.390 0.458
RM -0.638 -0.360 0.676 0.472 0.644 0.398 0.705
ICP -1.298 -1.529 1.343 1.711 1.303 1.376 1.755

Table 3.3: Simulation results for DGP 3 for the estimation of the median with sample
size n ∈ {200, 500} and average censoring proportions pc ∈ {30%, 60%}. Results are
expressed in terms of bias, RMSE, MAE and MAD averaged over B = 500 repetitions.

Materials to which the interested reader is referred. Additionally, similar ambigu-
ous results for the latter technique were observed when considering an alternative
estimator for FT |X , for instance using survival trees as proposed in Wey et al. and
using the R code available on their website. In opposition to these results, NEW
here satisfactorily mimics the behavior of the omniscient procedure. Simulations
for larger sample sizes reveal the same patterns here, and are therefore omitted.

Next, to grasp the impact of a conditional censoring distribution, Table 3.3
highlights the results of DGP 3 for both sample sizes as well as both censoring
percentages. For the sake of brevity, we only report here the case τ = 0.5. Simi-
lar findings to those previously described still apply here, as the results of NEW
still convincingly mimic the benchmark omniscient estimator in comparison to RM
and ICP, especially when considering difficult estimation scenarios. These consi-
derations are naturally reflected when it comes to prediction, as NEW confidently
outperforms in this setting both considered weighting schemes.

Figure 3.3 serves to illustrate these results for both DGP 2 and 3. Contrary to
Figure 3.2, there is here a clear distinction in the behaviors of all three estimation
procedures based on censored data, as the satisfying robustness of NEW with re-
spect to bias results in more challenging estimation scenarios is clearly exhibited.
Comparing now specifically NEW and RM, the cost for this notable improvement
for NEW seems to translate in a slight increase in variance results, although com-
parison is here delicate due to the particular behavior of the latter estimator with
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Figure 3.3: Boxplots relative to DGP 2 and Table 3.2 (top), and DGP 3 and Table 3.3
(bottom). Estimation of β0 and β1 is reported, both centered (i.e. depicting pβτ −βτ ), for
the different procedures with τ ∈ {0.3, 0.5}, pc ∈ {30%, 60%} and n ∈ {200, 500}.

respect to the benchmark omniscient procedure. On the other hand, Figure 3.3
highlights again the confident dominance of NEW over ICP in these DGPs.

Moving to multivariate covariates, Table 3.4 reports the results of DGP 4 where
four covariates are considered for τ = 0.5. For ease of presentation, the results of
this DGP are aggregated with respect to the parameters. More specifically, the
reported bias stands here for the sum over all parameters of bias taken in abso-
lute value, RMSE stands for the root of mean squared errors summed over all
parameters, and MAD stands for the sum over all parameters of median absolute
error. Note that in this DGP, and similarly to DGP 1, Portnoy’s or Peng and Hu-
ang’s estimators would a priori be the most appropriate candidates for estimating
βτ given their inherent global linear assumption. However, as already mentioned
earlier, we are mainly interested here in comparing the proposed procedure with
the two weighting techniques that have engendered further research in alternative
models. One such model is the multivariate example of variable selection in linear
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n = 200 n = 500
pc Method Bias RMSE MAE MAD Bias RMSE MAE MAD

30%

Omni 0.018 0.213 0.320 0.177 0.014 0.135 0.202 0.112
NEW 0.062 0.270 0.405 0.220 0.140 0.184 0.281 0.150
RM 0.192 0.268 0.409 0.219 0.257 0.206 0.337 0.167
ICP 0.271 0.352 0.547 0.283 0.252 0.248 0.379 0.199

60%

Omni 0.018 0.213 0.320 0.177 0.014 0.135 0.202 0.112
NEW 0.224 0.394 0.595 0.304 0.313 0.293 0.457 0.237
RM 0.581 0.448 0.731 0.364 0.559 0.364 0.608 0.296
ICP 1.044 0.716 1.153 0.560 1.017 0.621 1.096 0.493

Table 3.4: Simulation results for DGP 4 for the estimation of the median. Results are
in terms of aggregated over the parameters bias, RMSE, MAE and MAD averaged over
B = 500 repetitions.

regression for which ICP and RM were adapted in Shows et al. (2010) and Wang
et al. (2013), respectively.

As can be observed, the obtained results exhibit analogous patterns to those of
the univariate settings; NEW takes advantage of superior bias results to outperform
its competitors especially when the proportion of censored responses is important.
As a consequence, the predictive potential of NEW also outperforms its compe-
titors in this multivariate setting. Finally, it is worth stressing out that for this
DGP, the estimator of Wey et al. may suppositionally appear more appropriate to
embody the technique of redistribution-of-mass than Wang and Wang’s estimator,
as the former was proposed to avoid kernel smoothing of FT |X when confronted
to multivariate covariates. However, despite using the available code and tuning
the parameters with the recommendations of the paper, the results of Wey et al.’s
estimator were here subject to numerical instabilities when studying high censoring
proportions, hereby preventing an objective comparison of the methodologies for
the considered DGP. Additionally, for lower censoring proportions, the obtained
results were analogous to those of RM, and are therefore omitted here in Table 3.4.

Lastly, to evaluate the effectiveness of the percentile bootstrap described in
Section 3.3 for the proposed procedure, we compare the performance of the latter
with the percentile bootstrap of RM for DGPs 1 and 2. Table 3.5 reports the
empirical coverage probability and empirical mean length of the confidence intervals
obtained with 300 bootstrapped samples at each of 500 iterations. The nominal
level is taken to be 0.95, and for both procedures the bandwidths are fixed at
0.05 for DGP 1 and 0.10 for DGP 2. As can first be observed, for the simplest
DGP 1 both procedures yield coverage probabilities adequately close to the chosen
nominal level and with analogous mean empirical length of the confidence intervals.
Secondly, for a more complicated scenario with namely more censoring, we observe
here that NEW still appropriately approaches the nominal level while RM exhibits
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ECP EML
RM NEW RM NEW

DGP pc n β0 β1 β0 β1 β0 β1 β0 β1

1
15% 100 0.954 0.952 0.948 0.952 1.049 1.894 1.052 1.902

200 0.936 0.950 0.938 0.960 0.752 1.342 0.752 1.346

40% 100 0.956 0.958 0.966 0.970 1.162 2.258 1.187 2.292
200 0.940 0.952 0.940 0.954 0.839 1.587 0.837 1.589

2
30% 100 0.956 0.956 0.960 0.948 2.085 2.692 2.218 2.835

200 0.922 0.946 0.972 0.954 1.490 1.872 1.543 1.990

60% 100 0.758 0.944 0.968 0.942 1.864 2.315 2.301 2.892
200 0.756 0.950 0.960 0.966 1.463 1.716 1.609 1.970

Table 3.5: Bootstrap results for DGP 1 (τ = 0.5) and 2 (τ = 0.3) based on 500 simulations
with 300 bootstrap samples. ECP and EML stand respectively for empirical coverage
probability and empirical mean length, for a nominal level of 0.95. Average censoring
proportions pc are taken in {15%, 30%, 40%, 60%}.

difficulties for the latter. We note that this could partly be due to an inappropriate
choice of bandwidth. Nevertheless, these results suggest here that the percentile
bootstrap represents a satisfactory tool for inference purposes when considering
the estimator NEW.

To conclude, from the described simulation results we observe that NEW pro-
vides a valuable complement to the literature, especially in cases where the latter
seems to fail when confronted to high censoring percentages and quantile levels.
Moreover, for the simpler setting considered here, NEW offers similar results to
those of RM which are often taken as primary reference. These considerations are
believed to be encouraging for the practical use of the newly proposed loss function
for quantile regression models.

3.6 Real Data Analysis

As an illustration, we propose to apply the developed methodology to the Channing
House dataset which is readily available in the R package boot. The data consists
of 462 records of residents living at the retirement center ‘Channing House’ during
the period January 1964 to July 1975. One of the purposes of the study was to
assess the difference between the survival of men and women under the retirement
center program, taking age of entry into account. To that end, the dataset contains
information about the survival time (in months) of individuals, their sex and their
age (in months) at the time they entered the retirement center. At the end of the
study, only 176 residents taken into account experienced the event of interest, re-
sulting in approximately 62% of censoring. Further information on the dataset may
be found for instance in Hyde (1980), while a graphical representation of the latter
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Figure 3.4: Channing House data. Uncensored data points are given by ×, while censored
observations are represented by 4. The dotted lines represents the quantile regression
estimation using the proposed methodology taking both covariates into account for τ ∈
{0.1, 0.3, 0.5} (more details given below).

is given by each sex in Figure 3.4 along with a first depiction of estimated quantile
regressions for quantile levels τ ∈ {0.1, 0.3, 0.5} using our proposed methodology.
Details about the implementation of the latter are given below.

Now, embracing the role of a practitioner, as a preliminary remark in the ob-
jective of fitting a quantile regression model to the data, we note that the responses
are subject to a considerable amount of censoring, hereby ruling out a confident
use of inverse-censoring-probability-based methodologies, and in particular Bang
and Tsiatis’ estimator as illustrated in our simulations. Therefore, we will only
consider for this analysis Wang and Wang’s estimator as a point of comparison for
the proposed methodology.

In order to examine the effects of the covariates on several quantile levels of the
survival time, we now consider first a sequence of quantiles equally ranging from
0.1 to 0.5 with 0.05 increments. For every quantile level, we estimate βτ with both
Wang and Wang’s estimator and the proposed methodology. Implementation of
the latter is carried out using the algorithm of Section 3.4, where, as in Section
3.5, we adopt Beran’s estimator on each sex for pGC . Wang and Wang’s estimator
is likewise implemented with Beran’s estimator on each sex for pFT |X . Concerning
the bandwidths of both estimators, equivalently to our simulation study, the latter
are chosen using 5-fold cross validation on the normalized covariate age among 15
candidates equally ranging from 0.05 to 1.5. Finally, for both procedures, 95%
confidence intervals are constructed using the percentile bootstrap described in
Section 3.3 based on 300 bootstrap samples. For computational convenience, all
bootstrap estimations for both methodologies are based on the same bandwidths
as for the initial dataset.

Estimation results are presented in Figure 3.5. A first consideration one may
acknowledge from the presented figure is the noticeable numerical stability offered
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Figure 3.5: Channing House data. Estimated quantile coefficients for regressing the sur-
vival time (in years) on sex and age at entry (standardized). The top row reports the
results for Wang and Wang’s estimator (RM), while the bottom row depicts results obtai-
ned with the present methodology (NEW). Shaded areas correspond to 95% confidence
intervals based on 300 bootstrap samples.

by the proposed methodology in comparison to Wang and Wang’s estimator when
estimating relatively high quantile levels with respect to the censoring proportion.
This appears as a natural consequence of requiring for our procedure the estimation
of GC rather than FT |X , hereby highlighting again the potential complement our
estimator may provide to the literature for relatively highly censored datasets.
Apart from this first examination, considering only quantile levels below the region
of numerical instability of RM, both methods suggest unsurprisingly a significant
negative effect of age at entry on the survival time, while there seems to be a
discrepancy on the significance of a gender effect for the present dataset even though
the upper confidence band of RM is very close to fully incorporating the value 0.
Lastly, examining the bootstrap confidence intervals, we observe that confidence
intervals for NEW tend to be a little smaller than for RM except for the covariate
sex. Furthermore, it is worth stressing out that the width of the NEW’s confidence
intervals does not seem here to fluctuate much with the increasing quantile levels
of interest, hereby exposing a confident resistance to the risk of estimating higher
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Method τ = 0.1 τ = 0.15 τ = 0.2 τ = 0.25 τ = 0.3 τ = 0.35 τ = 0.4

RM 0.474 0.647 0.876 1.112 1.225 1.522 2.103
(0.02) (0.04) (0.07) (0.10) (0.10) (0.11) (0.10)

NEW 0.474 0.650 0.853 1.065 1.225 1.437 1.774
(0.02) (0.03) (0.05) (0.05) (0.11) (0.11) (0.10)

Table 3.6: Channing House data. Median prediction error over 200 cross validations,
with standard deviations of the latter in parentheses, for quantile levels τ ∈ {0.1, . . . , 0.4}
for both RM and NEW.

quantiles with a consequent proportion of censored responses.
To further examine the performance of both procedures for the present dataset,

we consider a prediction study based on cross validation. Specifically, we first rand-
omly split the data into a training set of 350 observations and a testing set of 112
observations. For quantile levels ranging only from 0.1 to 0.4 by 0.05 increments
given the instability of RM beyond τ = 0.4, we then estimate the quantile coef-
ficients for each method based on the training set, and consequently evaluate the
predictive performance of the τ -th conditional quantile of fully observed responses
in the testing set. As an evaluation measure, we therefore consider the following
prediction error:

PE = medi∈testing
∆i=1

ρτ

´

Yi − pβT
τXi

¯

,

where pβτ is an estimator of βτ based on the training set, and Yi, i = 1, . . . , n, denote
the observed survival times. For robust results, this cross validation is repeated
200 times and the median of all PE’s is reported in Table 3.6. Similarly to the
above-described bootstrap confidence intervals, for computational consideration,
the bandwidths of both NEW and RM are selected by cross validation on one
initial training set. Results suggest that for this dataset, the prediction accuracies
of both procedures are very similar, with a slight overall advantage for NEW. Given
the further improvement of NEW over RM for quantile levels lying above τ = 0.4,
this observation may then advocate here for the practical choice of the proposed
methodology for a robust quantile regression analysis.

3.7 Conclusion

In this work we have proposed an adapted version of the check function for evalu-
ating sample quantiles, or more generally quantile regression, when confronted to
possible right censored responses. By tackling the problem of incomplete data at
the level of the loss function through an adjustment of the underlying penalization
for under- and overestimation of the true quantile value, the proposed loss function
allows to plainly take profit of all observations at hand. This has to be contras-
ted for instance to the prominent inverse-censoring-probability weighting scheme
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of Koul et al. (1981).
As an illustration of the newly proposed loss function for regression models,

we proposed to consider the particular and well-studied case of a simple linear re-
gression, for which consistency and asymptotic normality of the quantile coefficient
estimator were obtained using recent results on non-smooth semiparametric esti-
mation equations with an infinite-dimensional nuisance parameter. For practical
implementation, a detailed adaptation of the MM algorithm was then proposed,
and an extensive simulation study was carried out to illustrate the finite sample
performance of the methodology. From the latter study, the proposed estimator
was observed to perform competitively with respect to the established technique of
redistribution-of-mass, especially when considering highly censored datasets. This
consideration was highlighted in a real data application as well. Furthermore, for
simpler settings, the proposed estimator revealed to be interestingly robust to both
the sample size and the smoothing parameter to be selected for a preliminary, and
possibly local, estimator of the censoring distribution on which the procedure is
built. Lastly, for multivariate settings, while the present work illustrates the use
of Beran’s estimator for the conditional censoring distribution, we note that alter-
native modelling techniques for the latter may be more appropriate to avoid the
curse of dimensionality, such as a Cox model, a single-index model or survival trees
for instance. Such developments deserve further analysis.

To conclude, considering now a broader picture than strictly parametric regres-
sion, the proposed results also illustrate the potential of the studied loss function
for improvement of various modelling techniques that are currently built upon the
inverse-censoring-probability weights, such as single-index regression or the copula-
based regression framework of Chapter 2 to name a few. This provides encouraging
perspectives for enhancement of flexible censored quantile regression models.
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3.8 Proofs

We provide in this section the proofs of Section 3.3. Consistency of the proposed
estimator relies heavily on the work of Delsol and Van Keilegom (2015) (DVK
hereafter) on non-smooth semiparametric M -estimation problems, while the proof
of asymptotic normality relies on a modified version of Theorem 2 of Chen et al.
(2003) proposed in Birke et al. (2017). This distinction in the tools used for con-
sistency and asymptotic normality is here to be attributed to the particular nature
of our loss function. In order to show in the first place that our estimator is weakly
consistent, we indeed need to rely here on the arduous work of Delsol and Van Kei-
legom given that the proposed loss function is no longer strictly convex, and is
hence not immune to potential local minima. However, under the conditions that
will allow us to establish weak consistency, the need to rely on the work of Delsol
and Van Keilegom for establishing asymptotic normality in a second step vanishes
in our particular context, as we may conveniently suppose that we avoid possible
local minima for a sufficiently large n and for a sufficiently small neighborhood
around the true parameter vector. As a consequence, the proof of asymptotic nor-
mality will only need to consider shrinking neighborhoods around the true βτ and
GC instead of the whole spaces B and G as for consistency, hereby only requiring
the application of (some version of) the work of Chen et al. (2003).

Now, as a preliminary remark and as already mentioned in Section 3.3, note
that the following proofs are built on a crucial result of Lopez (2011) for the class
G in (C3). This implies that our proofs have to be read as such under similar
conditions as for Lopez, that is, assuming the existence of a function g : Rd+1 → R
such that GC(·|X) = GC(·|g(X)), or simply considering the case of a univariate
covariate. For ease of reading, the proofs are written considering the latter case.

Proof of Theorem 3.1. In Theorem 1 of DVK, five high level conditions (A1)-
(A5) are developed under which an M -estimator is consistent in a general semi-
parametric maximization problem. We therefore only need to verify the latter
conditions to prove the consistency of pβτ . For notational convenience with respect
to the work of DVK, let us first rewrite pβτ as

pβτ = arg max
β∈B

n∑
i=1

ψτ

´

βTXi;Yi, pGC(·|Xi)
¯

, (B.1)

where ψτ (a; y,G) = −ρτ (a; y) + (1− τ)
∫ a

0
G(s) ds and where B is a fixed compact

parameter space, taken to be the neighborhood of βτ mentioned in our assumptions.
For further convenience and without any loss of generality, the proof is written
considering the response variable Y to be positive. This consideration is solely
done in the purpose of being coherent with the arbitrary set value of 0 in the
correcting term of ψτ with respect to v defined in assumption (C3). For instance,
one could also easily consider in the following a strictly negative variable Y , but
this would possibly require the arbitrary chosen constant 0 to be replaced by any
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constant below v as we only wish to control the behavior of the nuisance parameter
pGC(·|X) below this v.

Next, starting with condition (A1) in DVK, note that the latter is readily sa-
tisfied in our framework by construction of pβτ . Furthermore, using the definition
of G in (C3) as the space embedding the nuisance parameter GC , and equiping the
latter with the distance dG(G1, G2) = supx∈supp(X) supy≤υ |G1(y|x)−G2(y|x)| for
any G1, G2 ∈ G, note that (A3) in DVK is straightforwardly satisfied as well pro-
vided assumption (C5)-(i) holds. We therefore only need to verify here conditions
(A2), (A4) and (A5).

Starting with the identifiability condition (A2) ensuring the uniqueness of βτ ,
we need to verify that for any ε > 0,

inf
||β−βτ ||>ε

E
“

ψτ
`

βT
τX;Y,GC(·|X)

˘

− ψτ
`

βTX;Y,GC(·|X)
˘‰

> 0,

where ||·|| denotes the Euclidean distance. To that end, using the definition of ϕτ ,
we can show that

inf
||β−βτ ||>ε

E
“

ψτ
`

βT
τX;Y,GC(·|X)

˘

− ψτ
`

βTX;Y,GC(·|X)
˘‰

= inf
||β−βτ ||>ε

E

«∫ βT
τX

βTX

`

1(Y ≥ s)− (1− τ)ḠC(s|X)
˘

ds

ff

= inf
||β−βτ ||>ε

EX

«∫ βT
τX

βTX

(1−GC(s|X))(τ − FT |X(s|X)) ds

ff

.

Under assumptions (C1), (C2) and (C4), the latter expectation is observed to be
strictly positive, hereby ensuring condition (A2) is satisfied.

Next, for (A4) to hold, it suffices by Remark 1(ii) in DVK and assumption (C3)
to show that the class

F =
{

(y,x) 7→ ψτ
`

βTx; y,G(·|x)
˘

: β ∈ B, G ∈ G
}

is Glivenko-Cantelli. For this, by Theorem 2.4.1 in Van der Vaart and Wellner
(1996), we need to prove that for all ε > 0, the ε-bracketing numberN[ ](ε,F , L1(P ))
of the class F with respect to the L1 probability measure on (Y,X) is finite. To
that end, let ψτ = ψτ1 + ψτ2 + ψτ3, where

ψτ1

`

βTx; y,G(·|x)
˘

= −τ(y − βTx)

ψτ2

`

βTx; y,G(·|x)
˘

= (y − βTx)1(y < βTx)

ψτ3

`

βTx; y,G(·|x)
˘

= (1− τ)

∫ βTx

0

G(s|x) ds,

and let F1,F2 and F3 denote the classes induced by ψτ1, ψτ2 and ψτ3, respectively.
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From this decomposition, it is easy to see that

N[ ](ε,F , L1(P )) ≤
3∏
j=1

N[ ](ε,Fj , L1(P )). (B.2)

Now, for the classes F1 and F2, suppose for simplicity and without loss of generality
that all coordinates of x are positive, and define Mε = O(ε−2) pairs (βLk , β

U
k ), k =

1, . . . ,Mε, that cover B, assumed to be compact by (C1), such that (βLT

k x, β
UT

k x)
define brackets of length ετ/(1−τ) for the class {x 7→ βTx : β ∈ B} with respect to
the L1-norm. Then, it is straightforward that N[ ](ε,Fj , L1(P )) ≤ Kjε

−2 for some
finite constants Kj > 0, j = 1, 2, which, combined with (B.2), suggests we only
have to verify that N[ ](ε,F3, L1(P )) is bounded in order to prove that condition
(A4) holds in our framework.

To that end, by Lemma 6.1 in Lopez (2011) which extends Theorem 2.7.5 in
Van der Vaart and Wellner, first note that there exist Nε ≤ exp(K3ε

−2/(1+η))
brackets (Gj , Gj), j = 1, . . . , Nε, for a finite constant K3 > 0 such that, under (C3)
and for all G ∈ G, there exists j = 1, . . . , Nε, for which Gj ≤ G ≤ Gj , and∫

supp(X)

∫ υ

0

ˇ

ˇGj(s|x)−Gj(s|x)
ˇ

ˇdsdFX(x) < ε, (B.3)

where FX(x) denotes the c.d.f. of X. From this result, our claim for (A4) to hold
is that brackets for F3 are given by (ζ

jk
, ζjk), j = 1, . . . , Nε, k = 1, . . . ,Mε, where

ζ
jk

(x) = (1− τ)

∫ β
LT
k x

0

Gj(s|x) ds,

ζjk(x) = (1− τ)

∫ β
UT
k x

0

Gj(s|x) ds.

For this claim to hold, as it is straightforward to verify that for all ζ ∈ F3 there
exist j = 1, . . . , Nε, and k = 1, . . . ,Mε, such that ζ

jk
≤ ζ ≤ ζjk, we only need to

show that∫
supp(X)

ˇ

ˇ

ˇ
ζjk(x)− ζ

jk
(x)

ˇ

ˇ

ˇ
dFX(x) < ε, j = 1, . . . , Nε, k = 1, . . . ,Mε.

To that end, developing the expressions of ζ
jk

and ζjk, we have that∫
supp(X)

ˇ

ˇ

ˇ
ζjk(x)− ζ

jk
(x)

ˇ

ˇ

ˇ
dFX(x)

= (1− τ)

∫
supp(X)

ˇ

ˇ

ˇ

ˇ

ˇ

∫ β
UT
k x

0

Gj(s|x)ds−
∫ β

LT
k x

0

Gj(s|x)ds

ˇ

ˇ

ˇ

ˇ

ˇ

dFX(x),
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where the latter expression can be bounded above by T1 + T2 where

T1 = (1− τ)

∫
supp(X)

ˇ

ˇ

ˇ

ˇ

ˇ

∫ β
UT
k x

0

Gj(s|x)ds−
∫ β

UT
k x

0

Gj(s|x)ds

ˇ

ˇ

ˇ

ˇ

ˇ

dFX(x),

T2 = (1− τ)

∫
supp(X)

ˇ

ˇ

ˇ

ˇ

ˇ

∫ β
UT
k x

0

Gj(s|x)ds−
∫ β

LT
k x

0

Gj(s|x)ds

ˇ

ˇ

ˇ

ˇ

ˇ

dFX(x).

We will now show that both T1 and T2 can be bounded above such that their sum
is bounded by ε. Starting with T1, we have that

T1 ≤ (1− τ)

∫
supp(X)

∫ β
UT
k x

0

ˇ

ˇGj(s|x)−Gj(s|x)
ˇ

ˇdsdFX(x)

≤ (1− τ)

∫
supp(X)

∫ υ

0

ˇ

ˇGj(s|x)−Gj(s|x)
ˇ

ˇdsdFX(x) ≤ (1− τ)ε,

using assumption (C4) and (B.3) for the second and last inequalities, respectively.
Concentrating now on T2, we have that

T2 ≤ (1− τ)

∫
supp(X)

∫ β
UT
k x

β
LT
k x

ˇ

ˇGj(s|x)
ˇ

ˇdsdFX(x)

≤ (1− τ)

∫
supp(X)

ˇ

ˇ

ˇ
βUT

k x− β
LT

k x
ˇ

ˇ

ˇ
dFX(x) ≤ τε,

given the brackets induced by (βLT

k , βUT

k ) for the class {x 7→ βTx : β ∈ B} with
respect to the L1-norm. This completes the proof thatN[ ](ε,F3, L1(P )) is bounded.
Hence, we conclude that N[ ](ε,F , L1(P )) = O(exp(K3ε

−2/(1+η))), from which it
follows that condition (A4) holds.

Lastly, for condition (A5), we need to establish that

lim
dG(G,GC)→0

sup
β∈B

ˇ

ˇE
“

ψτ
`

βTX;Y,G(·|X)
˘

− ψτ
`

βTX;Y,GC(·|X)
˘‰
ˇ

ˇ = 0.

To that end, note that

sup
β∈B

ˇ

ˇE
“

ψτ
`

βTX;Y,G(·|X)
˘

− ψτ
`

βTX;Y,GC(·|X)
˘‰
ˇ

ˇ

≤ (1− τ) sup
β∈B

EX

«∫ βTX

0

|G(s|X)−GC(s|X)| ds

ff

.

Under assumption (C4), this expression can then in turn be bounded above by

(1− τ)

∫ υ

0

sup
x∈supp(X)

|G(s|x)−GC(s|x)| ds

≤ (1− τ) υ sup
x∈supp(X)

sup
y≤υ

|G(y|x)−GC(y|x)| ,
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which converges to 0 when dG(G,GC)→ 0, provided assumption (C3) holds. This
completes the proof that (A5) holds in our framework. Hence the assumptions of
Theorem 1 in DVK are met, from which the weak consistency of pβτ follows.

Before developing the proof of Theorem 3.2, we now illustrate in the following
Lemma how one could replace the general condition (C5)-(ii) in our assumptions
by appropriate bandwidth and kernel conditions when considering the particular
case of Beran’s estimator described in (3.2.8).

Lemma 3.1. Suppose conditions (C2) and (C3) hold, and that the following as-
sumptions for Beran’s estimator in (3.2.8) hold as well:

(C6) The bandwidth hn satisfies hn = O(n−ν), for 1/4 < ν < 1/3.

(C7) The kernel function K(·) ≥ 0 is compactly supported and Lipschitz continuous
of order 1. Furthermore,

∫
K(u) du = 1,

∫
uK(u) du = 0 and

∫
K2(u) du <

∞.

Then, uniformly in β ∈ B,

EX
”

X
´

pGC(βTX|X)−GC(βTX|X)
¯ı

= n−1
n∑
i=1

Xiξ(Yi,∆i, β
TXi|Xi) + oP(n−1/2),

where ξ takes the following form for a response variable still considered to be posi-
tive:

ξ(Yi,∆i, t|x) = (1−GC(t|x))

„∫ Yi∧t

0

−dFY,∆(s, 0|x)

{1− FY |X(s|x)}2
+

(1−∆i)1(Yi ≤ t)
1− FY |X(Yi|x)



,

(B.4)

where FY |X(t|x) = P(Y ≤ t|X = x) and FY,∆(t, 0|x) = P(Y ≤ t,∆ = 0|X = x).

Proof of Lemma 3.1. Using the i.i.d. expansion of pGC(c|x) uniformly in c
and x, under conditions (C2), (C3), (C6) and (C7), we have (see e.g. Gonzalez-
Manteiga and Cadarso-Suarez (1994) or Van Keilegom and Veraverbeke (1997a)):

EX
”

X
´

pGC(βTX|X)−GC(βTX|X)
¯ı

= (nhn)−1EX

»

–X

n∑
i=1

K
´

X−Xi

hn

¯

(nhn)−1
∑n
j=1K

´

X−Xj

hn

¯ξ(Yi,∆i, β
TX|X)

fi

fl + oP(n−1/2)

= (nhn)−1
n∑
i=1

∫ +∞

−∞
xK

ˆ

x−Xi

hn

˙

ξ(Yi,∆i, β
Tx|x)dx+ oP(n−1/2),
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where ξ is described in (B.4). Observing that the function ξ(Yi,∆i, t|x) involves an
indicator function with respect to t, standard change of variables and a modulus
of continuity argument of the empirical distribution function (see Theorem 2.14 in
Stute (1982)) combined with assumption (C7) then lead to the desired result.

Proof of Theorem 3.2. Given that pβτ is shown to be weakly consistent in
Theorem 3.1 and that pGC is assumed by (C5)-(i) to be a uniformly consistent
estimator of GC , to prove that our proposed estimator is asymptotically normally
distributed we now restrict the spaces B and G to shrinking neighborhoods around
the true βτ and GC in order to avoid possible local minima. That is, we define the
spaces Bδ = {β ∈ B : ||β − βτ ||≤ δn} and Gδ = {G ∈ G : dG(G,GC) ≤ δn} for some
δn = o(1). In this context, we rely for our proof on the work of Birke et al. (2017)
which slightly adapts Theorem 2 of Chen et al. (2003).

We therefore need to verify conditions (C.1)-(C.6) of Proposition 2 in Birke et al.
(2017) in order to establish the asymptotic normality of our proposed estimator.
To that end, let us first define Mn(β,G) = n−1

∑n
i=1m(Yi,Xi, β,G), where

m(Yi,Xi, β,G) = Xi

`

(1− τ)(1−G(βTXi|Xi))− 1(Yi > βTXi)
˘

.

Furthermore, let

M(β,G) = E rm(Y,X, β,G)s

= EX
„

X
{

(1− τ)p1−G(βTX|X)q

− p1− FT |X(βTX|X)qp1−GC(βTX|X)q

}
,

and observe that M(βτ , GC) = 0.
We now verify the conditions of Proposition 2 in Birke et al.. First, note

that (C.1) trivially holds by construction of our estimator. Next, for β ∈ Bδ let
Γ1(β,GC) denote the ordinary derivative of M(β,GC) with respect to β, that is,

Γ1(β,GC) :=
∂M(β,GC)

∂β

= EX
”

XXT
{
fT |X(βTX|X)(1−GC(βTX|X))

+ gC(βTX|X)(τ − FT |X(βTX|X))
}ı
,

where gC(·|x) denotes the density of C conditionally onX = x. Under assumptions
(C1)-(C4), Γ1(β,GC) is then observed to be continuous and of full rank at βτ .
Hence, condition (C.2) is satisfied in our framework.

For condition (C.3), define first for all β ∈ Bδ the functional derivative of
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M(β,G) at GC in the direction [G−GC ] as

Γ2(β,GC)[G−GC ] := lim
η→0

1

η
rM(β,GC + η(G−GC))−M(β,GC)s

= (1− τ)EX
“

X
`

GC(βTX|X)−G(βTX|X)
˘‰

.

We then observe that for all (β,G) ∈ Bδ×Gδ,M(β,G) is linear inG sinceM(β,G)−
M(β,GC) − Γ2(β,GC)[G −GC ] = 0. This verifies the first part of (C.3). For the
second part, we have to show that ||Γ2(β,GC)[ pGC−GC ]−Γ2(βτ , GC)[ pGC−GC ]||=
OP(n−1/2). To prove this, using assumption (C5)-(ii), we have uniformly in β ∈ Bδ
that

Γ2(β,GC)[ pGC −GC ] = n−1
n∑
i=1

φ(Yi,∆i, β
TXi,Xi) + oP(n−1/2),

where φ(Yi,∆i, t,x) = −(1− τ)x ξ(Yi,∆i, t|x). An application of the central limit
theorem then implies that n1/2Γ2(β,GC)[ pGC −GC ]

L−→ N (0,V ) where V is finite
under assumptions (C1) and (C5)-(ii). This, in turn, implies that condition (C.3)
in Birke et al. is satisfied in our context.

Next, condition (C.4) in Birke et al. is readily satisfied in our context by
assumption (C5). To establish that condition (C.5) holds as well, we need to verify
the conditions of Theorem 3 in Chen et al. (2003). To that end, let m = mc +mlc,
where

mc(Y,X, β,G) = X(1− τ)(1−G(βTX|X))

mlc(Y,X, β,G) = −X1(Y > βTX).

Then, condition (3.1) is easily observed to hold for some s1j , sj ∈ (0, 1] and r = 2
under assumption (C1). For condition (3.2), as mlc does not depend here on G,
we first note via the proof of Theorem 3 in Chen et al. that the constant sj
controlling for the regularity of the nuisance parameter and appearing in condition
(3.2) may in fact be replaced by the constant s1j already appearing in condition
(3.1). Therefore, we will verify condition (3.2) with respect to s1j instead of sj as
initially stated in Chen et al.. To that end, first it can be observed that for all
positive values εn = o(1),

sup
β?:||β−β?||≤εn

|1(Y > βT
?X)− 1(Y > βTX)|

≤ 1(Y > βTX − εn||X||)− 1(Y > βTX + εn||X||).
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Hence, we have that

E

«

sup
β?:||β−β?||≤εn

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
X

`

1(Y > βT
?X)− 1(Y > βTX)

˘

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2
ff

≤ E
”

||X||2
{
1(Y > βTX − εn||X||)− 1(Y > βTX + εn||X||)

}ı
= EX

”

||X||2
{
H

´

βTX + εn||X||
ˇ

ˇ

ˇ
X
¯

−H
´

βTX − εn||X||
ˇ

ˇ

ˇ
X
¯}ı

≤ EX
“

||X||3K4εn
‰

,

for some finite constant K4 under assumptions (C2) and (C3). Hence, provided
assumption (C1) is satisfied, we may observe that condition (3.2) holds for s1j =
1/2. For the last condition of Theorem 3 in Chen et al., for ε > 0 denote first
by N(ε,Gδ, ||·||G) the covering number (Van der Vaart and Wellner (1996, p. 83))
of the class Gδ under the sup-norm metric we consider on the latter with a slight
abuse of notation. Now, keeping in mind that N(ε,Gδ, ||·||G) ≤ N[ ](ε,Gδ, ||·||G), and
since all the functions in the class Gδ have values between 0 and 1 by (C3), we first
observe that only one ε-bracket suffices to cover Gδ if ε > 1. Then, using Lemma
6.1 in Lopez (2011) for a bound on the bracketing number for the case ε ≤ 1, we
have that ∫ ∞

0

a

logN(ε,Gδ, ||·||G) dε ≤
∫ 1

0

b

logN[ ](ε,Gδ, ||·||G) dε

≤ K5

∫ 1

0

ε−
1

1+η dε

<∞ ,

for some finite constant K5, hereby satisfying condition (3.3) in Chen et al. for
sj = 1. It then follows from their Theorem 3 that condition (C.5) in Birke et al.
holds in our context.

For the final condition (C.6), we need here to establish that n1/2(Mn(βτ , GC)+

Γ2(βτ , GC)[ pGC−GC ]) converges to a normal distribution N (0,Σ) for some positive
definite matrix Σ. Recalling thatMn(βτ , GC) = n−1

∑n
i=1m(Yi,Xi, βτ , GC) is the

average of independent random vectors with mean 0, this follows easily using the
same arguments as for the verification of condition (C.3) for the particular case of
β = βτ . Hence, we obtain

n1/2
”

Mn(βτ , GC) + Γ2(βτ , GC)[ pGC −GC ]
ı

L−→ N (0,Σ),

where Σ = Cov(Λi) with

Λi = m(Yi,Xi, βτ , GC)− (1− τ)Xi ξ(Yi,∆i, β
T
τXi|Xi). (B.5)

Theorem 3.2 then follows directly from an application of Proposition 2 in Birke
et al., hereby concluding the proof.





Chapter 4

Linear Censored Quantile Regression:
A Novel Minimum-Distance Approach

Abstract

In this work, we investigate a new procedure for the estimation of a linear
quantile regression with possibly right censored responses. Contrary to the
main literature on the subject, we propose in this context to circumvent the
formulation of conditional quantiles through the so-called check loss function
that stems from the notorious work of Koenker and Bassett (1978). Instead,
our suggestion is here to estimate the quantile coefficients by minimizing an
alternative measure of distance. In fact, our approach could be qualified as a
generalization in a parametric regression framework of the technique consisting
in inverting the conditional distribution of the response given the covariates,
motivated by the knowledge that the main literature for censored data alre-
ady relies on some nonparametric conditional distribution estimation as well.
The ideas of effective dimension reduction are then exploited in order to ac-
commodate for higher-dimensional settings as well in this context. Extensive
numerical results then suggest that such an approach provides a strongly com-
petitive procedure to the classical approaches based on the check function,
in fact both for complete and censored observations. From a theoretical pro-
spect, both consistency and asymptotic normality of the proposed estimator
for linear regression are obtained under classical regularity conditions. As a
by-product, several asymptotic results on some ‘double-kernel’ version of the
conditional Kaplan-Meier distribution estimator based on effective dimension
reduction, and its corresponding density estimator, are also obtained and may
be of interest on their own. A brief application of our procedure to quasar
data then serves to further highlight the relevance of the latter for quantile
regression estimation with censored data. This chapter is based on the paper

De Backer, M., A. El Ghouch, and I. Van Keilegom. Linear Censored
Quantile Regression: A Novel Minimum-Distance Approach. Submit-
ted.
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4.1 Introduction

In this chapter, based on some insights following Chapter 3, we dig further into the
particular linear quantile regression framework. As a preliminary remark, while
the proposed methodology could, debatably, solely be devoted to the estimation of
a linear model for complete observations, our primary motivation comes again from
the context of survival analysis, where possible right-censoring of the response vari-
able may occur. In this situation, our intention is indeed to provide an alternative
estimation procedure for the unknown regression coefficients, by taking a step back
from the classical approach to estimating conditional quantiles based on the check
loss function. For convenience, and in order to clearly contrast our approach with
the latter, we start by briefly recalling here the main existing estimation strategies
prior to this work. As exposed in Chapter 1 through Figure 1.8, the latter may
essentially be decomposed into three main modelling categories, all boiling down
to the initial formulation of Koenker and Bassett (1978) in case of no censoring.

As multiply evoked in the previous chapters, the first category of modelling
techniques starting from the check-based formulation of quantile regression is based
on the so-called inverse-censoring-probability (ICP) weighting scheme, notoriously
introduced in mean regression by Koul et al. (1981) and Zhou (1992). Briefly descri-
bed in its general version in (1.4.6), this approach stems from the observation that
the expected conditional check loss of the unobservable response can easily be reco-
vered from the expected loss of the actually observed response, by only keeping the
loss of uncensored observations in the procedure and correctly adjusting through
the conditional distribution of the censoring variable C given the covariates X. As
a result, for a flexible modelling and without additional assumptions, smoothing of
the latter distribution is required which inevitably introduces a practical limit to
the dimension of the covariate one may consider. Additionally, the basic ICP ap-
proach suffers from a more fundamental shortfall already exposed earlier, as it fails
to take profit of the robustness of quantile regression in its handling of censored
observations in opposition to the second strategy recalled below.

This second main modelling technique stems from the perception that all cen-
sored observations are not fundamentally to be treated similarly in the context
of quantiles, as developed in more details in Section 1.4.2. Employing the idea
of redistribution-of-mass (RM), Wang and Wang (2009) provided for this strategy
a flexible estimation procedure for the linear regression coefficients, based on the
nonparametric estimation of the conditional distribution of the unobservable true
response T given X. Similarly to the ICP technique, this thus suggests that a
flexible modelling here also requires smoothing across the covariates, despite the
initial model being parametric.

The last main technique to adapt the check function approach to censored quan-
tile regression may be resumed into two attempts of employing all observations at
hand as if they were complete, and appropriately change the ‘target’ in the check-
based formulation. The first attempt, as previously-evoked in Section 1.4.3, goes
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back to Lindgren (1997) and suggests to use all observed responses while avoi-
ding underestimation of the quantile function through aiming for a higher quantile
level than the actual level of interest. While the idea is quite natural, practical
implementation also requires smoothing conditional distributions. Additionally,
an iterative procedure is required to determine the appropriate quantile level that
should be targeted. As a result, the literature based on this approach is noticea-
bly more modest. The second attempt of changing the ‘target’ was developed in
Chapter 3, where it is suggested to work on the loss function itself instead of con-
sidering weighting schemes or alternative quantile levels. The methodology results
in a simple adaptation of the check function and has a broad application range in
terms of modelling potential. However, similarly to the above-described literature,
for flexible modelling in a linear framework one is again conducted to consider
smoothing a conditional distribution (of C given X) even though the initial model
is parametric.

In short, these three main approaches all share two basic common features: they
are ‘check-function-based’ and are limited to moderate covariate dimension if flex-
ibility is required without additional assumptions. This then raises the legitimate
question of whether a check-based approach, although natural from a modeling
point of view, is the most appropriate for censored quantile regression given the
natural covariate dimension constraint one faces without involving additional as-
sumptions. In fact, as mentioned above, this question may also be considered for
complete observations as one may wonder if a check-based approach is systema-
tically to be considered as a gold standard for linear regression with moderate
number of covariates, although the motivation is here arguably less obvious than
for censored data.

An additional argument may be considered to challenge the supremacy of check-
function-based approaches, as censored quantile regressions are, by essence, more
constrained to central quantile levels than for complete observations, at least re-
garding upper quantile levels. This comes from a basic identifiability condition
requiring that not all censoring occurs below the quantile function with probability
one, hereby introducing a natural upper bound to the quantile level one may con-
sider in practice. It then seems natural to wonder if check-based approaches are
best suited to make the most of this ‘centrality of the quantile level’ constraint.

With these considerations in mind, the main contribution of this work is to pro-
pose an alternative to the above-mentioned literature on linear censored quantile
regression by circumventing the check-based modelling. In fact, as exposed in the
simplistic representation of Figure 1.8, our procedure may be seen as a very simple
adaptation to linear regression of the well-known inverse cumulative distribution
function technique (inverse-c.d.f.), which first estimates the conditional c.d.f. of
the response variable given the covariates, and then recovers the quantile function
by inversion. As mentioned in Chapter 1, this approach is well-studied in the li-
terature on nonparametric quantile regression (see e.g. for complete observations
Yu and Jones (1998), Li and Racine (2008) and Li and Racine (2017)), which are,
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by construction, limited to small covariate dimensions. Although this technique
was, to the best of our knowledge, never studied for linear regression with com-
plete observations given it induces smoothing for a parametric model, we note that
flexible censored quantile regression seems an appropriate candidate to carry out
the extension of an inverse-c.d.f. approach to a linear model given the inherent
smoothing arguments of the literature described above. Additionally, numerical
results of the nonparametric literature for complete observations (see e.g. Yu and
Jones (1998)) suggest that inverse-c.d.f. approaches tend, quite naturally, to out-
perform their check-based competitors when it comes to the estimation of quantile
functions for central quantile levels. From the argumentation described above, this
again suggests that an inverse-c.d.f. approach may be a valuable alternative to the
existing literature for censored data. Lastly, to accommodate for higher dimensio-
nal covariates, similarly to the existing literature we introduce here an additional
assumption to overcome the curse of dimensionality, and suggest to adopt a general
dimension reduction approach as in Wang et al. (2013). The resulting estimator
is then observed for both small and moderate covariate dimensions to perform
very competitively with respect to its check-based competitors, hereby providing a
simple and valuable alternative for robust censored quantile regression estimation.

The rest of the chapter is as follows. Section 4.2 is devoted to the newly propo-
sed estimation procedure. Consistency and asymptotic normality of the estimator
are obtained in Section 4.3 under classical assumptions. Additionally, some new
asymptotic results on conditional distribution and density estimators with censo-
red responses and covariates estimated through dimension reduction techniques are
also provided as a by-product, given these are required for establishing the results
of Section 4.3. An extensive Monte Carlo simulation study is then conducted in
Section 4.4, where the, sometimes spectacular, differences between the main exis-
ting estimators and our new procedure are clearly exposed to originate from the
duality between check-function-based and inverse-c.d.f. approaches. Section 4.5
highlights a brief application to real data. Lastly, Section 4.6 brings a conclusion
to the chapter while the proofs of Section 4.3 are deferred to Section 4.7.

4.2 The Proposed Methodology

We develop in this section the proposed methodology for a censored linear quantile
regression model. To that end, we start by recalling for convenience a few genera-
lities on conditional quantile modelling for complete observations that will help us
motivate our estimation procedure in the next sections.

4.2.1 Background on quantile regression modelling for com-
plete observations

Similarly to the rest of this thesis, let us first denote by mτ (x), for any τ ∈ (0, 1),
the τ -th conditional quantile function of a continuous response variable T , or some
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monotone transformation of the latter, givenX = x, whereX is a covariate vector
of dimension d ≥ 1. Specifically,

mτ (x) = inf{t : FT |X(t|x) ≥ τ}, (4.2.1)

where FT |X denotes the conditional c.d.f. of T given X. As already exploited
throughout the previous chapters, Koenker and Bassett proposed an equivalent
formulation for conditional quantiles as resulting from a minimization problem
given by

mτ (x) = arg min
a

E
”

ρτ (T − a)|X = x
ı

, (4.2.2)

where ρτ (u) = u(τ − 1(u ≤ 0)) is the “check” loss function, and 1(·) is the indi-
cator function. The attractiveness of this check-based formulation can be seen as
being, at least, twofold. First, expressing the problem as minimizing a conditional
expected loss allows one to retrieve a similar, and hence familiar, framework as for
mean regressions, and second, the computational features of minimizing the check
function turn out to be very tractable, even for higher dimensions of the covariate
(see e.g. Koenker (2005)).

However, in situations where these two characteristics are not fundamental,
formulation (4.2.1) may also emerge as a satisfying starting point to estimate con-
ditional quantiles in practice. For instance, a wide literature on nonparametric
quantile regression for complete observations (see e.g. Yu and Jones (1998), Li and
Racine (2008) and Li et al. (2013)), where the dimension of the covariate is re-
stricted by construction, is based on (4.2.1) and hence proposes to estimate mτ (x)

by pmτ (x) = inf{t : pF (t|x) ≥ τ}, where pF is an appropriate estimator of FT |X .
As recalled in Chapter 1, the latter technique is often referred to as ‘inverse-c.d.f.’
for rather obvious reasons. Interestingly, the numerical results in this literature
globally suggest that the latter method tends to outperform its check-based coun-
terpart, especially for ‘central’ quantile levels where one is not required to estimate
FT |X in the tails of the response. For example, Yu and Jones explicitly advocate
for the use of the inverse-c.d.f. version of their local linear estimator rather than
the check-based version. One might then conjecture that, for problems where the
dimension of the covariate is intrinsically restrained, an inverse-c.d.f. approach
may numerically perform better than check-based competitors. This statement
motivates the next section.

4.2.2 Censored linear regression with low-dimensional cova-
riates

Now, recall that we intend to work in this chapter, and similarly to Chapter 3, on
a linear regression model. That is, we assume that

mτ (Xi) = βT
τXi, (4.2.3)
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for i = 1, . . . , n, where X is now a (d+ 1)-dimensional covariate vector whose first
component coinciding with the intercept is taken to be 1, and βτ is the (d + 1)-
dimensional unknown quantile coefficient vector. Furthermore, we assume to be
confronted to censored data, that is, instead of completely observing the response
T , we only observe Y = min(T,C), where C is the censoring variable. Our objective
is then to estimate the true value of βτ based on i.i.d. triplets (Yi,∆i,Xi), i =
1, . . . , n, from (Y,∆,X), where ∆ = 1(T ≤ C) and T and C are assumed to be
conditionally independent given the covariate X.

In this context, bearing in mind that the previously-introduced check-based
estimators in the literature already involve the estimation of conditional distri-
butions, and observing that for all i = 1, . . . , n, FT |X(βT

τXi|Xi) = τ , a natural
extension of the inverse-c.d.f. technique is to estimate βτ by

pβτ = arg min
β

n∑
i=1

´

pF (βT
τXi|Xi)− τ

¯2

, (4.2.4)

where pF is an appropriate estimator of FT |X . Note that (4.2.4) considers a sum of
distances that are, in absolute value, necessarily smaller than one. Hence, while a
L1-distance is usually employed in the context of quantile regression to control for
arbitrary large distances, we propose in this chapter to use the computationally
less complicated squared distance as reported in (4.2.4). Additionally, we suggest
here to estimate FT |X nonparametrically using a ‘double-kernel’ approach, as first
introduced for censored data by Leconte et al. (2002). Before motivating this
choice, let us first denote the i-th order statistic of the uncensored responses by
Y u(i) , nu =

∑n
i=1 ∆i, and let H(t) =

∫ t
−∞

rK(u) du for some kernel density rK. We
then propose to estimate FT |X by pF sT |X , where

pF sT |X(t|x) =

∫
R
H

ˆ

t− u
hT

˙

d pFT |X(u|x)

=

nu∑
i=1

´

pFT |X(Y u(i)|x)− pFT |X(Y u(i−1)|x)
¯

H

ˆ

t− Y u(i)
hT

˙

, (4.2.5)

where hT is a positive bandwidth parameter, Y u(0) = 0 and pFT |X is Beran’s local
Kaplan-Meier estimator (Beran (1981)), recalled to be defined as

pFT |X(t|x) = 1−
n∏
i=1

{
1− Bni(x)∑n

j=1 1(Yi ≤ Yj)Bnj(x)

}1(Yi≤t,∆i=1)

, (4.2.6)

for a sequence of weights Bnj(x) adding up to 1. Similarly to Wang and Wang
(2009), Leng and Tong (2013) and the procedure of Chapter 3, we adopt here
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Nadaraya-Watson type of weights given by

Bnj(x) =
Kd

´

x−Xj

hX

¯

∑n
k=1Kd

´

x−Xk

hX

¯ , j = 1, . . . , n,

where Kd is some multivariate kernel density function, Kd(u/hX) = Kd(u1/hX ,
. . . , ud/hX), and hX is a positive bandwidth parameter converging to zero as n→
∞. Furthermore, as commonly endorsed in the literature, in the following we will
adopt product kernelsKd(u1, . . . , ud) =

∏d
i=1K(ui), whereK is a univariate kernel

function. As a remark, note that pF sT |X may be read in (4.2.5) similarly to the kernel
version of the empirical c.d.f., except the jumps n−1 are here naturally replaced
by the jumps of Beran’s estimator. Additionally, when there is no censoring, we
point out that the estimation procedure through (4.2.4) and (4.2.5) also offers a
new alternative to quantile regression estimation for complete observations, with
pFT |X boiling down to the kernel estimator of Stone (1977).

Now, while the bandwidth in the ‘X-direction’ in (4.2.5) plays essentially the
same role as the bandwidths in the literature on censored quantile regression, ad-
ding a second one in the ‘T -direction’ might seem unappealing at first. However,
note that this approach is similar for instance to Yu and Jones and Li and Racine,
and the advantage is here twofold: first, from a pure optimization point of view, it
allows for defining a smooth function in the ‘T -direction’ as well, the latter being
simpler to optimize when inserted in (4.2.4) than a crude step function, and se-
cond, this choice is motivated by the knowledge coming from a large literature on
both conditional and unconditional distribution estimation that smoothing in this
direction as well can produce both asymptotic and finite sample efficiency gains
by reducing variance at the cost of an increase in bias; see Azzalini (1981), Reiss
(1981) and Hansen (2004) to cite a few. One might then conjecture that such im-
plications may spread to our procedure as well. Finally, our practical experience
also suggests that the overall procedure is, as one might expect, not very sensitive
to the value of hT , as will be illustrated in Section 4.5. We nevertheless discuss in
Section 4.4 a practical procedure to select both bandwidths.

We complete this section by providing a last comment on the analysis of our
estimator, as we observe that the proposed methodology forces one to evaluate the
double-kernel estimator of FT |X in the conditional part in all Xi, i = 1, . . . , n.
This implies that we have to evaluate pF sT |X in tail regions of the covariates as well,
where the latter estimator may possibly be instable due to sparcity of the data or
boundedness of the domain. While the effect of this might already be attenuated
through the summation over all observations in our estimation procedure, we note
that a possible remedy and extension could be to suitably weigh or even trim
some observations in (4.2.4), although the impact of this strategy is left for further
investigation.
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4.2.3 Censored linear regression for higher-dimensional co-
variates

When the dimension of the covariates becomes too large to reasonably estimate βτ
using (4.2.4) and (4.2.5), similarly to the existing literature on censored quantile
regression, we inevitably need to introduce an additional assumption in our model.
In this work, in the same spirit as Wang et al., we propose to adopt a very general
global dimension reduction assumption. The latter states that all the information
regarding the dependence of T on X is in fact contained in q linear combinations
of X, that is

T ⊥⊥X|(γT1X, . . . , γTqX), (4.2.7)

where ⊥⊥ stands for independence, q < d + 1 for an effective dimension reduction
(EDR), and where the γ’s are unknown (d + 1)-dimensional linearly independent
vectors. Such an assumption was first introduced in the pioneering work of Li
(1991) for complete observations, and is qualified in the latter paper as the weakest
form of assumption one may invoke in the hope that a low-dimensional projection
of a covariate vector may contain all the regression information of T |X, given no
assumptions are made on the actual functional form of the dependence structure.
In fact, it is easily seen that identifiability of the γ’s is not implied by (4.2.7) as
such given that conditioning on any affine transformation of (γT1X, . . . , γTqX) will
be equivalent to conditioning simply on the latter. Hence, only the q-dimensional
linear subspace of Rq spanned by the γ’s is identifiable. The latter is often referred
to as EDR space, and any direction belonging to the latter is called an EDR-
direction. Estimation of EDR-directions is a fertile domain of research on its own;
see e.g. Cook (1998) or Cook and Ni (2005) for the case of complete observations.
For censored data, estimation of the EDR-directions can be carried out using for
instance the sliced inverse regression methodology described in Li et al. (1999),
or the hazard-based minimum average variance estimation method of Xia et al.
(2010). Both methodologies are shown in the latter works to yield n1/2-consistent
estimators pγ0,j of a set of EDR-directions γ0,j , for j = 1, . . . , q.

Next, denoting Zi = (Zi,1, . . . , Zi,q)
T with Zi,j = γT0,jXi, i = 1 . . . , n, j =

1, . . . , q, the direct implication of (4.2.7) in our context is that we may restrict
ourselves in our procedure to the estimation of FT |Z , the conditional distribution
of T given the projections of X, instead of FT |X . That is, for higher-dimensional
covariates, given (pγ0,1, . . . , pγ0,q) a n1/2-consistent estimator of (γ0,1, . . . , γ0,q) as
will be required in Section 4.3, we propose to estimate βτ by

pβτ = arg min
β

n∑
i=1

´

pF s
T | pZ(βTXi| pZi)− τ

¯2

, (4.2.8)

where pZi = ( pZi,1, . . . , pZi,q)
T with pZi,j = pγT0,jXi, j = 1, . . . , q, i = 1 . . . , n, and

where pF s
T | pZ

is the double-kernel estimator of FT |Z , as described in (4.2.5) but re-
placing X with its estimated projections. Lastly, the selection of the value of q,
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representing the last unknown in (4.2.8), has naturally been the subject of nume-
rous proposals in the literature on both complete and censored observations. In
practice, it is worth mentioning that the choice of q is encouraged to be done along
with visual inspection and examination of the eigenvalues involved in the metho-
dologies for estimating the γ0’s (see e.g. Remark 5.2 in Li (1991)). Nevertheless,
for an automated choice as will be the case in our simulation studies, we mention
here as in Wang et al. the Chi-squared test of Li, or the more computationally
intensive cross validation method of Xia et al.. The numerical performance of our
resulting estimator for βτ will then be studied in Section 4.4.

4.3 Large Sample Properties

We establish in this section both the consistency and asymptotic normality of
our proposed estimator pβτ defined in (4.2.8). To that end, we start by reporting
the set of regularity conditions that are assumed to hold in order to prove the
desired results. As a preliminary remark and to avoid any confusion, we emphasize
here on the fact that some assumptions (in particular assumptions (C5) and (C9)
given below) are written considering explicitly the case q = 1 in (4.2.8). This
is for reading convenience only, as the assumptions may easily be written for a
general q > 1 but the notations are unnecessarily more involved, that is, instead of
conditioning on a one-dimensional variable, one would have to write down the same
assumptions but conditionally on q variables. The remaining assumptions where
the dimension q has a more important role, such as the bandwidth assumptions, are
of course written for a general value of q. Finally, some auxiliary results which may
be of interest on their own concerning the estimator pF s

T | pZ
and its corresponding

density estimator are also established, but deferred to Section 4.7 for sake of brevity.
The set of assumptions is then the following:

(C1) The support supp(X) of X is contained in a compact subset of Rd+1, and
the variance-covariance matrix of X is positive definite.

(C2) There exists a neighborhood B of βτ such that for β ∈ B, infβ∈B infx∈supp(X)

fT |X(βTx|x) > 0, where fT |X(·|x) denotes the conditional density function
of T given X = x.

(C3) There exist EDR-directions γ0,j , j = 1, . . . , q, belonging to a subset Ξ of Rd+1

such that pγ0,j − γ0,j = OP(n−1/2), j = 1, . . . , q.

(C4) The univariate kernel functions K(·) and rK(·) are compactly supported.
Furthermore, K(·) is a continuously differentiable function of order ν sa-
tisfying

∫
K(u)du = 1,

∫
K2(u)du < ∞ and

∫
ujK(u)du = 0 for j < ν,

where ν ≥ 2 is an integer. rK(·) is a continuously differentiable function
satisfying

∫
rK(u)du = 1,

∫
u rK(u)du = 0 and

∫
rK2(u)du <∞.
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(C5) Define the (possibly infinite) time τFY |X(·|x) = inf{t : FY |X(t|x) = 1}, where
FY |X designates the conditional c.d.f. of Y given X. Suppose first that
there exists a real number υ < τFY |X(·|x) for all x in supp(X). Define next
Z = γT0X and recall that we simplify the notations here by writing down
only the case q = 1. For a finite value M , denote then by F the class of
functions F (t, z) : ] −∞, υ] × supp(Z) → [0,M ] that have bounded second
order derivatives with respect to t (uniformly in z), have partial derivatives
of order (ν − 1), for ν in (C4), with respect to z of bounded variation in
t (uniformly in z), and have bounded (uniformly in t) ν-th order partial
derivatives with respect to z which are, uniformly in t, Lipschitz of order η
for some 0 < η < 1. Then:

(i) Define by FF the class of distributions (t,x) 7→ FT |γTX(t|γTx) for some
γ ∈ Ξ, such that (t, z) 7→ FT |γTX(t|z) belongs to F . Suppose that
FT |Z ∈ FF .

(ii) Define by Ff the class of densities (t,x) 7→ fT |γTX(t|γTx) for some
γ ∈ Ξ, such that (t, z) 7→ fT |γTX(t|z) belongs to F . Suppose that
fT |Z ∈ Ff where fT |Z is the conditional density corresponding to FT |Z .

(C6) The first-order partial derivative of GC(t|z) with respect to t is uniformly
bounded with respect to both t and z. In addition, GC(t|z) has bounded
(uniformly in t) partial derivatives with respect to z up to order ν, where ν
is in (C4).

(C7) For every x ∈ supp(X) and for β ∈ B defined in (C2), the point βTx ∈ R
lies below υ defined in (C5).

(C8) For some finite constant C > 0, the bandwidths hX and hT satisfy:

(i) hX ≡ Cn−u with 0 < u < 1/(q + 2), and hT ≡ Cn−w with w < 1− qu
and w ≤ u(ν + 1) where ν is in (C4).

(ii) hX ≡ Cn−u with 1/(2ν) < u < 1/(3q) for ν > 2q and hT ≡ Cn−w with
1/4 < w < 1/2− qu.

(C9) The following technical conditions, written for q = 1 for ease of reading, are
assumed to hold:

(i) For γ ∈ Ξ, let LY |γTX(t|γTx) = FY |γTX(t|γTx)fγTX(γTx) where FY |γTX

is the conditional c.d.f. of Y given γTX, and fγTX denotes the density
of γTX. Then, supt≤υ supx∈supp(X) supγ∈Ξ ∇γLY |γTX(t|γTx) < ∞,
where υ is defined in (C5) and where ∇γg(γ) denotes the vector of par-
tial derivatives of a function g(γ) with respect to all occurrences of γ.

(ii) Let fX|γT
0X

denote the conditional density of X given γT0X. Then, the
partial derivatives of fX|γT

0X
(x|z) with respect to x up to order ν are

uniformly bounded with respect to both x and z.
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We briefly comment here the reported set of assumptions before stating the main
theoretical results of this section. First, note that assumptions (C1) and (C2) are
typical in the literature on both complete and censored quantile regression, as these
are namely required for the uniqueness of βτ . Condition (C3) for its part requires
the n1/2-consistency of the estimators for EDR-directions. The latter condition
serves to control for the impact of handling estimated observations when establis-
hing the asymptotic properties of pF s

T | pZ
and its corresponding density estimator, on

which our proofs will rely. In particular, condition (C3) will be observed to imply,
namely through Lemma 4.1, that the estimation of the EDR-directions will be of
no impact on the asymptotic distribution of pβτ . Note also that this assumption is
similar to assumption A4-(i) in Wang et al. (2013) and is for instance verified for
the estimation procedures of Li et al. (1999) or Xia et al. (2010) under appropriate
higher-level conditions, as already mentioned earlier. The latter assumptions typi-
cally involve, first, smoothness conditions on the involved conditional distributions
that are in coherence with our assumptions, and second, either the so-called and
well-studied ‘linear condition’ associated to sliced inverse regression (Li et al.), or
additional conditions associated to kernel smoothing techniques (Xia et al.).

Next, assumption (C4) reports conventional conditions on both kernel functions
used in our framework that are needed in order to establish appropriate asympto-
tic properties of pF s

T | pZ
and its corresponding density estimator, with a higher-order

kernel possibly required for the ‘X-direction’, as is usual in multivariate kernel
frameworks. Assumption (C5) for its part defines general classes of functions em-
bedding the true FT |Z and its corresponding density fT |Z . The definition of these
classes comes as a more restricted version of a general class definition reported in
the work of Lopez (2011), where it is established that the latter is in some sense
well-behaved in terms of size, which is represented by the notion of bracketing num-
bers (see e.g. Van der Vaart and Wellner (1996, p. 83)). Note that this condition is
somewhat similar to condition (C3) in Chapter 3, but extended here for the inclu-
sion of the dimension reduction framework. Conditions (C6) and (C7) are likewise
classical in the literature on censored quantile regression, and may for instance be
also found in the work of Chapter 3 and Wang and Wang (2009) to name a few. Ad-
ditionally, assumption (C7) is to be brought in parallel with previously-developed
comments on constraints on the quantile level τ when confronted to censored data,
as the latter condition is observed to define a natural upper bound on the quantile
level one may consider in this context. Assumption (C8) then specifies the condi-
tions on both bandwidths used in our estimation procedure, where (i) is required
for establishing the consistency of pβτ , and the stronger condition (ii) is needed for
asymptotic normality. Lastly, (C9) considers two purely technical conditions that
are originating, for (i), from the handling of estimated observations in order to
establish consistency, and required for the asymptotic normality for (ii).

We now state in the following theorem the consistency of our proposed estimator
pβτ , for which the proof is deferred to Section 4.7.
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Theorem 4.1. Assume that the censoring time C is conditionally independent of
the survival time T given the covariates X, and that the triples (Yi,∆i,Xi), i =
1, . . . , n, form an i.i.d. multivariate random sample. Then, under assumptions
(C1)-(C8)-(i) and (C9)-(i), for a given quantile level 0 < τ < 1 and for pβτ defined
in (4.2.8),

pβτ → βτ ,

in probability, as n→∞.

The proof of Theorem 4.1 is built on the general empirical-process-based theory
of Chen et al. (2003), for which the key requirement is a uniform consistency
result for the infinite-dimensional nuisance parameter appearing in the estimation
procedure. More precisely, our proof reveals that the latter uniform consistency
result is required in our context for both pF s

T | pZ
and pfs

T | pZ
, where pfs

T | pZ
is the double-

kernel density estimator corresponding to pF s
T | pZ

. As a consequence, these results
are thus established in Section 4.7 under the above-reported assumptions, and may
be of interest on their own as they extend previous work of Gonzalez-Manteiga and
Cadarso-Suarez (1994) and Van Keilegom and Akritas (1999) to name a few, by
considering the inclusion of two smoothing directions and multivariate estimated
observations through a dimension reduction technique.

The next theorem reports the limiting distribution of our estimator pβτ , for which
the crucial requirement is now a linear representation of the infinite-dimensional
nuisance parameter on which the estimation procedure is built. For this proof, re-
lying again on the work of Chen et al. and contrary to the proof of the consistency,
it is observed that only the estimation of FT |Z will influence the asymptotic cova-
riance matrix of our estimator, and hence only a linear representation for pF s

T | pZ
is

here required. The latter is again reported in Section 4.7 and extends previous work
of, for instance, Gonzalez-Manteiga and Cadarso-Suarez (1994), Van Keilegom and
Veraverbeke (1997a) and Du and Akritas (2002).

Theorem 4.2. For a given 0 < τ < 1, under the assumptions of Theorem 4.1,
(C8)-(ii) and (C9)-(ii),

n1/2(pβτ − βτ )
L−→ N (0,Γ−1

1 ΣΓ−1
1 ),

where Γ1 = E[XXTf2
T |X(βT

τX|X)], and Σ = Cov(gi(γ
T
0Xi)) with gi(·) defined in

(D.5) in Section 4.7.

As a preliminary remark, we point out that Theorem 4.2 is here written expli-
citly for the case q = 1, although this is for notational convenience only, similarly
to some of our assumptions listed above. Of course, the latter theorem, and in
particular the expression of the function gi(·) may easily be considered for the
general case of q > 1, but this would require the inconvenient introduction of se-
veral notations for the functions involved in gi(·) that would be conditional on q
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arguments instead of simply one as reported here. In any case, while Theorem
4.2 reports the asymptotic behavior of our estimator, when inference is of interest
a general consensus in the censored quantile regression literature is to advocate
for bootstrap procedures instead, given that the asymptotic covariance matrix de-
pends on several unknown quantities that are cumbersome to estimate in practice.
Similarly to Portnoy (2003), Wang and Wang (2009) and the procedure of Chapter
3 for instance, we therefore consider here for inference a simple percentile boot-
strap procedure, where 95% bootstrap confidence intervals for βτ are constructed
by taking the 2.5th and 97.5th percentiles of the bootstrap coefficients, obtained by
drawing a sufficient amount of bootstrap samples through resampling (Yi,∆i,Xi),
i = 1, . . . , n, with replacement. The validity of the latter technique in our frame-
work will be empirically investigated in Section 4.4.3.

4.4 Simulation Study

This section is devoted to the finite sample performance of our estimator through
Monte Carlo simulations for both small and larger dimensions of the covariates. To
that end, focusing first on univariate settings, we start by describing the different
estimators that will enter our simulation study along with their practical imple-
mentation for replicability of the results, and develop next the different considered
data generating processes (DGP). Multivariate settings will then be considered in
the second part of this section, while a simple illustration of the effectiveness of
the bootstrap procedure proposed in Section 4.3 will complete the section. All of
our simulations are carried out using the statistical computing environment R (R
Core Team (2017)).

4.4.1 Small-dimensional covariates

As our main motivation comes from the world of censored data, we first outline
the main competing procedures we consider for the estimation of a censored linear
quantile regression with a covariate of dimension d = 1. The choice of these
particular estimators is inspired by the introduction of this chapter, resulting in
the following:

ICP: Check-based estimator of Bang and Tsiatis (2002) embodying, as in Chapter
3, the ICP-technique described earlier. In opposition to the other procedures,
this estimator further assumes that the censoring variable is independent
of the covariate. As a result, implementation is carried out using the rq
function in the R library quantreg with incorporation of the weights ∆i/(1−
pGC(Yi)), i = 1, . . . , n, where GC is the c.d.f. of C and pGC is the Kaplan-Meier
estimator of GC . The latter is simply recovered for instance from (4.2.6) by
replacing the weights Bni(x) with n−1, and ∆i with 1−∆i for all i = 1, . . . , n.
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RM: Check-based estimator of Wang and Wang representing the redistribution-of-
mass technique. The estimator is implemented using Wang and Wang’s code,
available on their websites, with use of the recommended biquadratic kernel
K(x) = (15/16)(1 − x2)21(|x|≤ 1) for the estimation of the required local
weights. Furthermore, the bandwidth selection is implemented using the 5-
fold cross validation as suggested in Wang and Wang and also implemented
in Chapter 3, with candidate bandwidth ranging from 0.05 to 0.5 by 0.05
increments.

AC: ‘Adapted-check’ estimator of Chapter 3, for which we apply the proposed
MM algorithm of Section 3.4 along with Beran’s estimator for GC(·|X) with
a biquadratic kernel as well. The bandwidth selection is, here again, imple-
mented using a 5-fold cross validation procedure on candidates ranging from
0.05 to 0.5 by 0.05 increments.

NEW: Newly proposed estimator (NEW) in (4.2.4)-(4.2.5), where both implied ker-
nel density functions are chosen to be biquadratic as well. A practical proce-
dure for the choice of both bandwidths involved in the estimator is described
below.

For the required bandwidths in NEW, although Leconte et al. (2002) suggest a
rule-of-thumb when considering only the estimation of FT |X , we advocate here for
a simple extension of the usual cross validation procedures used in the literature
on censored quantile regression, by considering a matrix of candidate bandwidths
instead of simply a vector of candidates when facing only one smoothing direction.
More precisely, for each candidate pair of bandwidths (hT , hX), we start by rand-
omly breaking the observations into 5 non-overlapping and roughly equal-sized
parts. For each part j = 1, . . . , 5, we then estimate βτ via (4.2.4)-(4.2.5) using the
observations in all the parts but the j-th, and determine the quality of fit of the
model by computing the following prediction error on the complete observations in
part j:

PEj(hT , hX) =
∑
i∈J

∆i=1

ρτ (Yi − pβT
τ (−j)Xi),

where J is the set of all observations in part j and the notation (−j) expli-
citly indicates that the estimation is carried out using all observations except
the ones in part j. The procedure is repeated and averaged over j = 1, . . . , 5,
and the pair of bandwidths yielding the smallest average prediction error is then
selected among all candidates. Now, in the spirit of the procedure of this chap-
ter, we also note that an alternative prediction error of the type PEj(hT , hX) =∑
i∈J ( pF

s, (−j)
T |X (pβT

τ (−j)Xi|Xi)− τ)2 may be considered for the cross validation pro-
cedure instead, where the notation (−j) is again reflecting estimation using all
observations except the ones in part j. This alternative criterion is however ob-
served to be more computationally demanding since it would require for each part
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j the evaluation of pF
s, (−j)
T |X in #J new points, where # denotes the cardinal of

a set, hereby also requiring through (4.2.5) the consideration of the local Kaplan-
Meier estimator in much more new evaluation points. Additionally, one may also
conjecture that extrapolation issues, possibly appearing when evaluating pF

s, (−j)
T |X

in new points in the conditional part, will be of more concern than possible extra-
polation for a check-based prediction error. As a consequence, this strategy is here
disfavored over a check-based proposal when considering Monte Carlo simulations.

Now, this more computationally intensive choice of a cross validation proce-
dure in comparison with the rule-of-thumb of Leconte et al. is motivated by the
observation that our bandwidths should primarily serve to the best possible esti-
mation of βτ in our model, which need not coincide with the bandwidths leading
to best possible estimation of FT |X taken on its own. Finally, for the candidate
bandwidths in practice, as already commented, our experience first suggests that
the performance of NEW is not very sensitive to the choice of hT . Hence, we
consider for this direction in our DGPs always a set of candidates ranging from
0.25 to 1.5 by 0.25 increments. As for the candidates for hX , these will vary from
one simulation setting to another, given the computational cost of adding an extra
bandwidth, and based on a few extra iterations in order to evaluate the order of
magnitude in which one is more likely to observe the smallest cross validated pre-
diction error. Hence, the exact range of bandwidth candidates for hX will be given
below, depending on the simulated scenario.

Now, as previously-mentioned, one of our main goals is to highlight that the
numerical differences that will be observed between the above-described estimators
emanates from the distinction between check-based and inverse-c.d.f. approaches.
Consequently, and in order to analyze the impact of censored data as well, we
will also include two omniscient estimators assuming knowledge of all the Ti, i =
1, . . . , n. Our results will therefore incorporate the following procedures as well:

Oρτ : Omniscient and check-based estimator of Koenker and Bassett, for which
practical implementation is carried out using the function rq in the R library
quantreg.

ONEW : Omniscient newly proposed estimator described in (4.2.4)-(4.2.5) where pFT |X
is the well-known estimator of Stone and Yi = Ti, i = 1, . . . , n. The practical
implementation is analogous to that of NEW.

These various estimation procedures are then compared in this section in two dif-
ferent DGPs, where the underlying model is either linear in all quantile levels or
only at the τ -th quantile level of interest. As a preliminary remark, we mention
here that all simulation settings are constructed with censoring in accordance with
assumption (C7) for the true values of βτ . Specifically, the following DGPs are
considered:
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DGP 1

The simulated model, repeatedly illustrated in the literature in Wang and Wang,
Leng and Tong and Chapter 3, assumes

Ti = β0 + β1Xi + pηi − Φ−1(τ)q,

where β0 = 3, β1 = 5, X1, . . . , Xn are i.i.d. U [0, 1] variables, Φ−1 is the quantile
function of the standard normal distribution and η1, . . . , ηn are i.i.d. N (0, 1) varia-
bles with ηi ⊥⊥ Xi, i = 1, . . . , n. The censoring variables C1, . . . , Cn are independent
of the covariate and are simulated from U [0,M ], with M calibrated to attain the
desired censoring proportion at each quantile level of interest.

DGP 2

The model is again taken from the papers of Wang and Wang, and Leng and Tong,
assuming now

Ti = β0 + β1Xi + p0.2 + 2(Xi − 0.5)2qpηi − Φ−1(τ)q,

where β0 = 2, β1 = 1, X1, . . . , Xn are i.i.d. N (0, 1) variables and η1, . . . , ηn are i.i.d.
N (0, 1) variables with ηi ⊥⊥ Xi, i = 1, . . . , n. The censoring variables C1, . . . , Cn are
again independent of the covariate and simulated from U [0,M ], with M calibrated
to attain the desired censoring proportion at the quantile levels of interest.

For these simulation settings, we examine two average censoring proportions
pc ∈ {15%, 40%}, two quantile levels of interest τ ∈ {0.3, 0.5}, and sample sizes
n ∈ {100, 200}. Based on B = 500 repetitions of each DGP, the different estima-
tors are then compared in terms of root mean squared errors (RMSE) and median
absolute error (MAE), which are standard criteria in the literature for fairly com-
paring different estimators that are based on very distinctive estimation strategies.
Similarly to Chapter 3, additional graphical illustrations will also be provided in
order to cover alternative criteria one could have reported in the tables, such as
bias and variance results. Lastly, for robust results with regard to the optimization
routine involved in the procedures, simulations are here presented by removing a
few iterations for all estimators, based on the settings for each estimator that lead
to the one percent worst mean absolute deviation (MAD) results, where the latter
is defined for an estimator pβ by n−1

∑n
i=1|pβTXi − βT

τXi|.
We start our analysis by reporting in Table 4.1 the simulation results relative to

DGP 1 for both censored and complete data, and where only the estimation of the
median is here exposed for sake of brevity. For this DGP, candidate bandwidths
for NEW and ONEW are taken in hX ∈ {0.05, 0.1, . . . , 0.25}. As can be observed,
NEW exhibits for this trivial example slightly better results in terms of RMSE
than its considered competitors, although the difference may seem modest at first
sight. It is however further noted that, for small censoring proportions, NEW is
here able to compete with Oρτ , the omniscient check-based procedure. This is due
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n = 100 n = 200
RMSE MAE RMSE MAE

pc Method β0 β1 β0 β1 β0 β1 β0 β1

15%

ICP 0.255 0.471 0.179 0.326 0.193 0.340 0.136 0.220
RM 0.246 0.462 0.182 0.325 0.194 0.337 0.136 0.232
AC 0.246 0.460 0.173 0.323 0.194 0.339 0.134 0.223
NEW 0.239 0.443 0.158 0.292 0.175 0.309 0.122 0.225
Oρτ 0.238 0.427 0.170 0.290 0.177 0.311 0.131 0.209
ONEW 0.221 0.397 0.152 0.267 0.165 0.287 0.120 0.202

40%

ICP 0.291 0.557 0.196 0.366 0.214 0.385 0.150 0.264
RM 0.280 0.532 0.195 0.342 0.202 0.365 0.139 0.239
AC 0.285 0.538 0.195 0.350 0.201 0.366 0.140 0.244
NEW 0.269 0.517 0.179 0.344 0.193 0.360 0.135 0.258
Oρτ 0.238 0.427 0.170 0.290 0.177 0.311 0.131 0.209
ONEW 0.221 0.397 0.152 0.267 0.165 0.287 0.120 0.202

Table 4.1: Simulation results for DGP 1 for both censored and complete observations,
with τ = 0.5, sample size n = {100, 200}, and average censoring proportions pc taken in
{15%, 40%}.

to the slight numerical advantage of the inverse-c.d.f. approach on which NEW is
constructed in opposition to Oρτ , as can be observed from the comparison between
Oρτ and ONEW . A visual inspection of the obtained results, as depicted in Figure
4.1, brings further knowledge as it is observed that NEW’s competitive RMSE
results seem to hold despite slightly larger bias results for finite samples than its
competitors. This then suggests that the proposed estimation strategy coupled
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Figure 4.1: Boxplots relative to DGP 1 and Table 4.1 (left) for the estimation of β0 and
β1, both centered (i.e. depicting pβτ − βτ ), for the four competitors based on censored
data with τ = 0.5, n = 100 and pc ∈ {15%, 40%}.
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pc = 15% pc = 40%
RMSE MAE RMSE MAE

τ Method β0 β1 β0 β1 β0 β1 β0 β1

0.3

ICP 0.229 0.449 0.152 0.312 0.314 0.552 0.206 0.352
RM 0.214 0.407 0.141 0.286 0.228 0.420 0.154 0.286
AC 0.223 0.424 0.145 0.300 0.229 0.461 0.154 0.313
NEW 0.181 0.309 0.119 0.212 0.205 0.307 0.136 0.212
Oρτ 0.214 0.407 0.146 0.288 0.214 0.407 0.146 0.288
ONEW 0.169 0.309 0.112 0.209 0.169 0.309 0.112 0.209

0.5

ICP 0.213 0.439 0.146 0.295 0.282 0.500 0.193 0.350
RM 0.201 0.400 0.131 0.261 0.205 0.396 0.133 0.262
AC 0.208 0.420 0.138 0.262 0.218 0.440 0.148 0.296
NEW 0.142 0.288 0.092 0.200 0.150 0.304 0.104 0.203
Oρτ 0.204 0.402 0.134 0.274 0.204 0.402 0.134 0.274
ONEW 0.145 0.292 0.090 0.193 0.145 0.292 0.090 0.193

Table 4.2: Simulation results for DGP 2 for both censored and complete responses,
with n = 100 observations, τ ∈ {0.3, 0.5}, and average censoring proportions pc taken in
{15%, 40%}.

with a double-kernel approach noticeably reduces the variability for the estimation
of the parameters across simulated datasets in comparison with its competitors.
These observations are in line for instance with the literature on smoothed (in the
‘T -direction’) distribution function estimation, as already mentioned in Section 4.2.

We now consider the slightly more elaborate DGP 2, where the true model is
only linear at the τ -th quantile level of interest. For this DGP, candidate band-
widths for NEW and ONEW are now taken in hX ∈ {0.2, 0.25, ..., 0.7}. Table 4.2
reports the obtained results for n = 100 observations at each iteration. Ignoring
momentarily the results for NEW, a first observation is that RM outperforms AC
and ICP when using this exact original setting from Wang and Wang. Hence, since
RM is constructed upon estimation of FT |X in opposition to AC and ICP, we may
presuppose that this DGP favors modelling strategies that require estimation of
FT |X instead of GC . In the context of this chapter, our main interest then becomes
comparing RM with NEW since both procedures are based on a suitable estimation
of the same conditional distribution. As can be observed, the results for NEW pro-
vide here a spectacular improvement over RM, and by extension AC and ICP. In
fact, the improvement is such that NEW even exhibits strikingly better results than
Oρτ for all considered quantile levels and censoring proportions. This is of course
again due to the advantage of using an inverse-c.d.f. approach, as one can observe
from comparing the results of Oρτ and ONEW . Still, this suggests that a dramatic
improvement in finite sample performance can be observed in settings where RM
is often considered as a primary reference in the literature. Figure 4.2 illustrates
graphically this statement by depicting the evident improvement of NEW in terms
of variance over its three considered competitors handling censored responses in
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Figure 4.2: Boxplots relative to DGP 2 and Table 4.2 for the estimation of β0 and β1,
both centered (i.e. pβτ−βτ ), for the four competitors based on censored data with n = 100,
τ ∈ {0.3, 0.5} and pc ∈ {15%, 40%}.

this DGP. Results for larger sample sizes exhibit the same singular patterns and
are therefore omitted for this DGP.

Recalling that both DGPs are taken from the literature and are hence not de-
signed to particularly favor here our procedure, we conclude this section by conjec-
turing from the obtained results that for low-dimensional regression models with or
without censored data, an inverse-c.d.f. approach provides very competitive finite
sample results in comparison with check-based formulations, with the possibility of
a dramatic improvement in terms of variance for more elaborate DGPs. The next
section will then be devoted to the question of whether this statement still holds
for higher dimensional-covariates, in particular for possibly censored responses.
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4.4.2 Multidimensional covariates

For multivariate problems, we consider again two different DGPs where the true
model is either linear in all quantile levels or only at the τ -th level of interest.
Specifically, we consider:

DGP 3

The simulated model is inspired from the paper of Wang et al. (2013):

Ti = βT
τXi + pηi − Φ−1(τ)q,

where βτ = (1, 1.5, 0.7, 1,−0.5)T, Xji are i.i.d. U [−1, 1] variables for i = 1, . . . , n,
and j = 1, . . . , 4, and η1, . . . , ηn are i.i.d. N (0, 1) variables independent from the
covariates. The censoring variables C1, . . . , Cn are independent of the covariates
as well and are simulated from U [−2,M ], with M calibrated to attain the desired
censoring proportion at each quantile level of interest.

DGP 4

The last simulated model assumes:

Ti = βT
τXi + p0.2 + (γTXi)

2qpηi − Φ−1(τ)q,

where β = (0.5, 0.5, 0.5, 0.5, 0.5)T, γ = (−1, 1, 0.5, 0,−1)T, Xji are i.i.d. U [−1, 1]
variables for i = 1, . . . , n, and j = 1, . . . , 4, and η1, . . . , ηn are i.i.d. N (0, 1) variables
independent from the covariates. The censoring variables C1, . . . , Cn are again
independent of the covariates and simulated from U [−2,M ], with M calibrated to
attain the desired censoring proportion at each quantile level of interest.

To account for the multivariate feature of these DGPs, we first need to slightly
adjust some of the competing procedures in order to provide a fair comparison. In
particular, Wang and Wang’s estimator for RM is here suitably replaced by the
estimator of Wang et al. without the variable selection feature included in the
latter. Hence, for the estimation of the involved local weights, the estimator here
includes the same dimension reduction assumption as in Section 4.2.3. Estimation
of γ0,j , j = 1, . . . , q, is carried out using the sliced inverse regression (SIR) approach
of Li et al. (1999), with R code for instance available on the webpage of Huixia
Wang. Alternatively, one could consider the minimum average variance estimation
of Xia et al. (2010), but results are very comparable and SIR is computationally
more convenient, as observed and also commented in Wang et al.. For an automatic
choice of q across simulations, we adopt as in Wang et al. the Chi-squared test of
Li et al. with 5% significance level. The corresponding R code is again available
on the webpage of Huixia Wang, and the resulting estimator will henceforth be
denoted as RMq̂ to highlight both the dimension reduction specificity and the data-
driven choice of q. Lastly, since the maximal number of estimated indices in the
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simulated DGPs is 4, we consider here a fourth-order kernel K(x) = (105/64)(1−
5x2 + 7x4− 3x6)1(|x|≤ 1), and the bandwidth is chosen via 5-fold cross validation
with candidates ranging from 0.1 to 2 by 0.1 increments.

The ICP and AC estimators are, for their part, the same as for the small di-
mension simulations as no specific dimension reduction technique is either required
or evoked in these procedures. A small adjustment is however considered for AC,
as we implement here the procedure with a fourth-order kernel, similarly to RMq̂.
The bandwidth is chosen equivalently to the univariate settings, with the same
candidates as for RMq̂.

Lastly, for our newly proposed procedure, we consider here two versions of the
estimator described in (4.2.8): NEWq̂ will denote the proposed estimator with
data-driven choice of q, while NEWq will stand for the same procedure but forcing
one to use the true number of required indices in each DGP, that is, q = 1 in DGP 3
and q = 2 in DGP 4. Implementation of the dimension reduction related elements
is carried out using the same tools as for RMq̂. Finally, a biquadratic kernel density
is chosen for the univariate T -direction, a fourth-order kernel is adopted for the
X-direction just as for RMq̂, and bandwidth selection is performed using cross
validation with hT ∈ {0.25, 0.5, . . . , 1.5} and hX ∈ {0.2, 0.4, . . . , 1}.

For all simulation settings, we consider again B = 500 repetitions of each DGP,
and the procedures are now compared in terms of aggregated results across para-
meters for ease of reading, that is, RMSE will stand for the root of mean squared
errors summed over all parameters, and MAE will stand for the sum over all para-
meters of median absolute error. Furthermore, similarly as for the simulations of
Chapter 3, we consider for these multivariate settings an additional criterion taken
from a prediction point of view, as the procedures will also be compared in terms
of mean absolute deviation (MAD) defined earlier. Equivalently to the univariate
settings, the reported results are here again trimmed based on the one percent
worst simulation results for each procedure in terms of MAD.

We start by depicting in Table 4.3 and Figure 4.3 the obtained results for
DGP 3 with two average censoring proportions pc ∈ {15%, 30%}, sample sizes
n ∈ {100, 200}, and only for the particular case of τ = 0.5 for sake of brevity. The
following observations may then be provided: first, as can be observed from the
top row of Figure 4.3, the general pattern reported in the univariate settings for
an inverse-c.d.f. technique with additional smoothing in the response direction is
again observed, as NEWq̂ exhibits moderately larger bias results than its check-
based competitors but with noticeably smaller variance. As a result, both NEWq

and NEWq̂ confidently outperform in this setting the check-based procedures in
terms of RMSE and MAE as reported in Table 4.3. The same considerations are
reflected through the reported prediction criterion, as can be observed from both
Table 4.3 and the bottom line of Figure 4.3 where the absolute deviations of all
B = 500 simulations are depicted instead of only the MAD.

Regarding the considered competitors for censored data, as repeatedly repor-
ted in the literature as well, it is further observed in Table 4.3 that ICP exhibits
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pc = 15%
n Method RMSE MAE MAD

100

ICP 0.502 0.746 0.238
RMq̂ 0.487 0.712 0.232
AC 0.490 0.711 0.233
NEWq̂ 0.479 0.698 0.228
NEWq 0.478 0.698 0.228
Oρτ 0.462 0.717 0.220
ONEW 0.447 0.682 0.212

200

ICP 0.346 0.500 0.166
RMq̂ 0.342 0.499 0.165
AC 0.341 0.489 0.164
NEWq̂ 0.323 0.475 0.155
NEWq 0.323 0.475 0.155
Oρτ 0.323 0.485 0.156
ONEW 0.300 0.439 0.145

pc = 30%
n Method RMSE MAE MAD

100

ICP 0.565 0.850 0.266
RMq̂ 0.526 0.794 0.252
AC 0.529 0.791 0.251
NEWq̂ 0.517 0.774 0.246
NEWq 0.515 0.771 0.245
Oρτ 0.462 0.717 0.220
ONEW 0.447 0.682 0.212

200

ICP 0.391 0.589 0.188
RMq̂ 0.368 0.566 0.177
AC 0.370 0.563 0.180
NEWq̂ 0.350 0.534 0.168
NEWq 0.347 0.531 0.166
Oρτ 0.323 0.485 0.156
ONEW 0.300 0.439 0.145

Table 4.3: Simulation results for DGP 3 for both complete and censored data with
τ = 0.5 and n ∈ {100, 200}.

difficulties in comparison with RMq̂ and AC. The latter two perform here very
similarly despite RMq̂ attempting to take profit of a possible dimension reduction
in the smoothing of the conditional distribution involved in the procedure. Next,
we note that for this DGP, there seems to be little influence in our newly proposed
procedure of choosing q with the Chi-squared test of Li et al. rather than imposing
q = 1. A similar observation is provided in Wang et al. from which this DGP
is inspired. Lastly, although aggregating the results makes the difference between
procedures at first seem less spectacular than for DGP 2, it is noted that both
NEWq and NEWq̂ are here again in some situations able to compete with the om-
niscient procedure Oρτ , particularly when the censoring proportion is low and with
higher sample sizes, as can for instance be observed from the absolute deviation
results depicted in Figure 4.3. Similarly to the univariate settings, these results
are again to be attributed to the advantages of an inverse-c.d.f. approach in this
context, as can be deduced from the comparison with ONEW . The latter notation
stands here for the omniscient newly proposed estimator with dimension reduction
implemented similarly to RMq̂ and NEWq̂, but with all complete responses at hand.

We now turn to the last simulated setting, for which the results are reported
in Table 4.4 and Figure 4.4. For sake of brevity, only the sample size n = 200 is
exposed here. Several comments are to be brought: first, we observe again that
in terms of RMSE, MAE and MAD, the newly proposed procedure performs very
competitively with respect to its check-based estimators, the margin being espe-
cially important for the more central quantile level τ = 0.5. For small censoring
proportions, the improvement is again such that NEWq̂ is here able to outperform
Oρτ for both considered quantile levels. Among the check-based procedures hand-
ling censored data, similarly to the other DGPs it is further observed that ICP
performs rather poorly for higher censoring proportions, while RMq̂ seems for this
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Figure 4.3: Boxplots relative to DGP 3. The top line reports the estimation of βτ
centered (i.e. pβτ −βτ ), for the competitors based on censored data with τ = 0.5, n = 200
and pc ∈ {15%, 30%}. The bottom line reports for all estimation procedures the absolute
deviation results obtained under the same settings.

DGP to take advantage over AC of its dimension reduction feature. A visual exami-
nation of the results reported in Figure 4.4 also highlights that all procedures tend
to exhibit more difficulties for the estimation of β1 and β4, as these correspond
to the covariates for which the associated γ’s are the largest in absolute value.
Hence, for these covariates, it is quite natural for the procedures to estimate more
difficultly the true signal βτ in our model taking into account the noise induced by
γ.

Next, we note that NEWq̂ and NEWq seem to perform again relatively compa-
rably, although the difference is more pronounced than for DGP 3 where the true
number of required projections was q = 1. From the MAE results and our practical
experience, this is actually observed to result from a few iterations for which the
automated choice in our simulations of the value of q through the Chi-squared test
lead to q̂ = 1. In this situation, we leave the possibility of automatically choosing
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pc = 15%
τ Method RMSE MAE MAD

0.3

ICP 0.399 0.609 0.198
RMq̂ 0.401 0.617 0.200
AC 0.395 0.613 0.197
NEWq̂ 0.381 0.565 0.192
NEWq 0.365 0.560 0.191
Oρτ 0.388 0.586 0.192
ONEW 0.359 0.534 0.183

0.5

ICP 0.410 0.601 0.200
RMq̂ 0.407 0.597 0.200
AC 0.406 0.600 0.199
NEWq̂ 0.350 0.511 0.172
NEWq 0.343 0.507 0.171
Oρτ 0.387 0.572 0.191
ONEW 0.341 0.492 0.167

pc = 30%
τ Method RMSE MAE MAD

0.3

ICP 0.465 0.704 0.231
RMq̂ 0.431 0.625 0.212
AC 0.440 0.654 0.218
NEWq̂ 0.429 0.621 0.212
NEWq 0.414 0.618 0.208
Oρτ 0.388 0.586 0.192
ONEW 0.359 0.534 0.183

0.5

ICP 0.506 0.741 0.247
RMq̂ 0.436 0.645 0.212
AC 0.453 0.667 0.224
NEWq̂ 0.391 0.587 0.200
NEWq 0.381 0.580 0.192
Oρτ 0.387 0.572 0.191
ONEW 0.341 0.492 0.167

Table 4.4: Simulation results for DGP 4 for both complete and censored data with
n = 200 and τ ∈ {0.3, 0.5}.

only the projection γTX in our DGP for which one coefficient of γ is equal to 0,
and leave out the projection relative to βT

τX. As a result, considering only the
former projection nearly neglects the conditional influence in our procedure of the
covariate X3 for which the estimated coefficient for γ is close to 0, which explains
why these simulation iterations present erratic results with respect to the majority
of iterations, especially for the estimation of the β associated to X3. We note ho-
wever that, in practice and as already commented in Section 4.2, the choice of q is
encouraged to be done along with visual inspection and examination of the eigenva-
lues involved in the SIR method (see e.g. Li (1991) and the different tools reported
in the R package edrGraphicalTools). Nevertheless, despite this observation, the
inverse-c.d.f. strategy is again illustrated to globally outperform its check-based
counterparts, as is also sustained by the results for complete observations.

Bringing back the results of DGPs 1-4, we conclude this section by postulating
that the newly proposed procedure offers a significant improvement over the current
check-based literature in terms of variance for finite sample estimation of a linear
quantile regression, as repeatedly illustrated through the presented tables. These
encouraging results may then advocate for the practical use of an inverse-c.d.f.
estimation approach for censored linear quantile regression.

4.4.3 Illustration of the percentile bootstrap

For inference purposes, we end this section by providing a brief illustration of the
validity of the proposed bootstrap procedure for our estimator. To that end, re-
stricting ourselves to the two univariate DGPs studied in this chapter, we compare
the performance of the bootstrap procedure for NEW with the bootstrap pro-
cedures of RM and AC. We choose to leave out the results for ICP for sake of
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Figure 4.4: Boxplots relative to DGP 4 and Table 4.4 for the estimation of βτ centered
(i.e. pβτ−βτ ), for the four competitors based on censored data with n = 200, τ ∈ {0.3, 0.5}
and pc ∈ {15%, 40%}.

brevity and given the clear dominance of all other estimators over the latter. For
all procedures, bandwidths are chosen for each of 500 iterations via the same cross
validation procedures as in our previous simulations on the original sample, and
are then kept fixed for the 300 bootstrapped samples considered at each iteration.
With a nominal level of 0.95 and a unique sample size n = 100, Table 4.5 then
reports the empirical mean length and empirical coverage probability (in brackets)
of the confidence intervals obtained from this simulation study.

Concentrating first on the empirical coverage probabilities, we observe that
all three procedures perform relatively similarly given the adequately close values
to the chosen nominal level. This serves as a first indication that the percentile
bootstrap represents a satisfactory tool for inference purposes when considering
the estimator NEW. Secondly, we observe that similar findings as for our previous
simulation study are here confirmed in the bootstrap results, as the empirical mean
lengths of NEW are noticeably smaller than for its competitors, especially for
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RM AC NEW
DGP pc τ β0 β1 β0 β1 β0 β1

1

15%
0.3 1.112 2.018 1.102 2.010 1.120 1.968

(0.954) (0.964) (0.958) (0.962) (0.944) (0.952)

0.5 1.042 1.909 1.036 1.892 0.963 1.712
(0.960) (0.962) (0.952) (0.964) (0.950) (0.932)

40%
0.3 1.250 2.420 1.218 2.343 1.230 2.309

(0.954) (0.980) (0.950) (0.968) (0.946) (0.958)

0.5 1.153 2.277 1.146 2.242 1.078 2.030
(0.960) (0.972) (0.964) (0.974) (0.944) (0.954)

2

15%
0.3 0.883 1.696 0.887 1.718 0.641 1.101

(0.932) (0.924) (0.938) (0.918) (0.932) (0.946)

0.5 0.836 1.638 0.860 1.694 0.541 1.013
(0.936) (0.940) (0.940) (0.936) (0.948) (0.934)

40%
0.3 0.898 1.701 0.909 1.814 0.702 1.201

(0.942) (0.944) (0.936) (0.940) (0.922) (0.970)

0.5 0.819 1.639 0.883 1.838 0.597 1.126
(0.934) (0.946) (0.952) (0.948) (0.968) (0.970)

Table 4.5: Bootstrap results for DGP 1 and 2 expressed in terms of empirical mean
length and empirical coverage probability (in brackets) , based on 500 simulations with 300
bootstrap samples. The nominal level is 0.95, with sample size n = 100, pc ∈ {15%, 40%},
and τ ∈ {0.3, 0.5}.

DGP 2. This again suggests that a reduction in variance results may be expected
with an inverse-c.d.f. approach for the present context. Graphically, Figure 4.5
illustrates this statement by reporting boxplots of all 500 iterations of the length
of the bootstrap confidence intervals instead of only the mean as in Table 4.5.
For comparison purposes, the results for Oρτ are here also reported, and highlight
again the visible improvement of NEW over its check-based competitors. Note
that for the latter estimator, further refinements of the percentile bootstrap have
been considered in the literature (see e.g. Section 3.9 in Koenker (2005)), but
these do not serve the comparison we intend to provide here. Overall, these results
confirm here the validity of the simple percentile bootstrap procedure for our newly
proposed estimator.

4.5 Real Data Analysis

We propose in this section a brief illustrative application of our methodology to real
data coming from an astronomical study of quasars, and start here by describing the
general context of the latter data. Quasars are the brightest objects in the universe
and consist of a super-massive black hole surrounded by an orbiting accretion disk
of gas. As gas falls into the black hole, it is heated up and emits thermal radiation
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Figure 4.5: Boxplots of bootstrapped confidence interval length relative to DGP 1 and
2. Sample size is n = 100, τ ∈ {0.3, 0.5} and pc ∈ {15%, 40%}.

that spans the spectrum, making quasars bright in the visible spectrum as well
as in X-rays. In the last decades, astronomers have cataloged a large amount of
quasars based on optical considerations, many of which have also been observed
with modern telescopes in the X-rays. This then offers the possibility to study in
detail the relations between UV and X-ray properties of optically selected quasars,
which are believed to be insightful for understanding the structure and physics of
quasars nuclear regions.

In this work, we consider the data described in Table 2 of Vignali et al. (2003),
reporting information of 206 radio-quiet and optically selected quasars. In par-
ticular, we illustrate here our methodology on the relationship between lUV =
logL2500Å and lX = logL2keV, where L2500Å and L2keV denote the rest-frame
2500 Å and 2 keV luminosity densities, respectively. Due to technical limita-
tions, 70 of the 206 values of lX are only observed through upper bounds (see
Table 1 in Vignali et al.), and are hence left-censored. To transform these ob-
servations back in the right-censored context of this chapter, we replace lX,i by
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Figure 4.6: Quasar data of Vignali et al. (2003). Uncensored data points are given by
×, while censored observations are represented by 4. The dashed line represents the
Buckley-James mean regression estimation, while the plain line represents the estimated
median regression using NEW. For completeness, the estimated quantile regressions for
NEW with τ ∈ {0.1, 0.3, 0.7} are also depicted on the graph in dotted lines.

Yi = max1≤j≤206(lX,j) − lX,i, i = 1, . . . , 206, while the variable X will henceforth
denote lUV (centered and standardized) for notational convenience. The resulting
dataset is plotted in Figure 4.6.

Now, we note that several authors in the literature on parametric censored
regression have already analyzed (a sub-sample of) the present dataset, although
focusing solely on the conditional mean, see e.g. Heuchenne and Van Keilegom
(2007) and Pardo-Fernández et al. (2007). We propose here to extend their analysis
by considering the effect of various quantile levels on the relationship between X
and the complete and unobservable response. Additionally, we will also consider
the parallel between results for median regression with the usually employed mean
regression. We start here by first considering a sequence of quantile levels ranging
from 0.20 to 0.65 by 0.05 increments, and propose to fit a linear quantile regression
for each increment using our proposed methodology. Implementation is carried out
similarly to Section 4.4, with candidates bandwidths hX ∈ {0.20, 0.25, . . . , 0.60}
and hT ∈ {0.10, 0.15, . . . , 0.30}.

Before investigating the resulting estimations, we propose here to analyze the
sensitivity of our methodology to the matrix of considered candidate bandwidths.
In order to do so, taking the examples of τ = 0.3 and τ = 0.5, we propose to fit the
linear regression using every possible combination of (hT , hX), and plot in Figure
4.7 the resulting values of the estimated intercept and slope. We focus first on
the left part of Figure 4.7, illustrating in red the estimated values of the intercept
using our proposed methodology for τ = 0.3 (bottom) and τ = 0.5 (top). For
comparison, we also plot the estimated values using RM in blue and ICP in green,
the latter procedures being of course independent either to the second bandwidth
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hT (RM) or to both bandwidths (ICP). As can be observed, both NEW and RM
methodologies are quite robust to the values of their bandwidth(s), with a little
more fluctuations for the smallest values of hX , as one may have expected. Both
methodologies are also observed here to produce similar intercept estimates for
the different values of τ , while ICP proposes a somewhat lower estimation for the
latter, especially for the case τ = 0.5. We now turn to the right part of Figure 4.7,
representing only for the case τ = 0.3 the estimated values of the slope for every
combination of (hT , hX). The case τ = 0.5 is here left out for visual convenience,
as the slope estimates are very close from one quantile level to the other. For
comparison purposes, we here again include the estimated slopes using RM in blue
and ICP in green. We again observe from the resulting plot that NEW and RM
are both quite regular in their slope estimation for every possible bandwidth(s).
Additionally, NEW and RM are here again relatively close in comparison with ICP.
Altogether, these figures suggest that the choice of bandwidth(s) for both NEW
and RM has pleasantly very limited impact for the present dataset.

We now turn to the estimation of the regression parameters for different in-
cremental values of τ , and present the obtained results in Figure 4.6 and Figure
4.8. Bandwidths are here selected using the same cross validation procedure as in
Section 4.4, while 95% confidence intervals depicted in Figure 4.8 are constructed
upon 300 bootstrap samples using the percentile bootstrap illustrated earlier where,
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Figure 4.7: Quasar data, bandwidth sensitivity. The left plot represents estimation of
the intercept for τ = 0.3 (bottom) and τ = 0.5 (top) for NEW (red), RM (blue) and
ICP (green), for every pair of (hT , hX) considered (RM being independent to hT and ICP
being independent to both hT and hX). The right plot illustrates the estimation of the
slope for τ = 0.3 for every combination of hT and hX .
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Figure 4.8: Quasar data. Estimated quantiles coefficients for regressing Y on X. Shaded
areas correspond to 95% confidence intervals based on 300 bootstrap samples. Black
lines correspond to the estimator NEW, grey lines correspond to RM, and dotted lines
correspond to the Buckley-James mean regression estimation.

for computational convenience, bandwidths are kept fixed for all bootstrap samples
based on the original dataset. For comparison purposes, the coefficient estimations
for RM are also depicted in Figure 4.8. Additionally, the mean regression estima-
tion for the present dataset is also depicted in the latter figure using the procedure
of Buckley and James (1979). As can be acknowledged, both quantile estimation
procedures offer relatively similar results by suggesting first that the regression
coefficients are significantly different from 0 for all considered values of τ , as one
could have visually anticipated. More interestingly, both procedures also suggest
that the slope of the linear relation is close to being constant across the point cloud,
with an estimated quantile coefficient value that is very similar to the mean regres-
sion estimation, as can be observed both from Figure 4.6 and Figure 4.8. Hence,
the quantile regressions are revealed here to be close to being perfectly parallel
across values of τ , although formal testing of this assumption is here left out (see
e.g. Section 3 in Koenker (2005)). This represents nevertheless an information and
property for the present quasar dataset that mean regressions are, by nature, not
able to expose. As a remark, a further step for the analysis of the present data-
set could then be to consider a composite quantile regression estimation (see e.g.
Tang and Wang (2015) for censored data), where it is explicitly assumed in the
model that the effects of covariates in a range of quantile levels only differ through
the intercept term. Taking profit of such additional information on the regression
function may quite naturally result in improvements of the estimation efficiency
with respect to fitting each quantile level separately, although the accommodation
of our procedure to this context is left for further research. Finally, returning to
Figure 4.8 and regarding the confidence intervals of NEW, it is observed that the
widths of the latter are quiet constant for the intercept, while somewhat smaller for
more central quantile levels for the estimation of the slope. The latter observation
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is in line with one’s expectations regarding an inverse-c.d.f. approach. Altogether,
in addition to exhibiting the relative robustness of our methodology towards band-
widths selection, this brief real data example illustrates how a simple application
of our methodology may extend the analysis of linear censored regression models
while being in agreement with previous work regarding the central tendency of the
data.

4.6 Conclusion

In this work, we have introduced a reconsideration of the use of check-based model-
ling in the context of linear quantile regression with censored data. Our underlying
interest was indeed motivated by the knowledge that existing methodologies in the
literature already need to rely for their handling of censored observations on ap-
propriate nonparametric estimators of conditional distributions, even though the
regression model is purely parametric. Based on this consideration, we investigated
the application of an inverse-c.d.f. approach in the present context, rather than a
usual check-based formulation. Our resulting estimation procedure was then built
on a double-kernel estimator of the conditional distribution of the response varia-
ble given the covariates. In order to appropriately accommodate for multivariate
covariates, the application of a dimension reduction technique in this framework
was further considered. Overall, the resulting quantile regression estimator was
observed, in an extensive simulation study, to offer a very competitive procedure,
characterized by a notable decrease in variance results with respect to establis-
hed check-based formulations. Furthermore, the latter finding was also observed
to apply to the situation with only complete observations at hand, although the
argumentation for embracing an inverse-c.d.f. approach is here less obvious, apart
from the latter numerical results. For inference, a simple percentile bootstrap pro-
cedure was further illustrated to provide satisfactory results with respect to the
literature. From a theoretical point of view, consistency and asymptotic norma-
lity of our proposed estimator for linear regression were obtained under classical
regularity requirements. Additionally, as a by-product, several asymptotic results
such as uniform consistency and linear representation were also developed for the
double-kernel estimators of the conditional distribution and density of the censored
response given the covariates, with consideration of the dimension reduction frame-
work. Lastly, a brief application to astronomical data was proposed and advocates,
together with our simulation results, for the practical choice of an inverse-c.d.f. ap-
proach when considering a robust quantile regression analysis with censored data,
especially for central quantile levels of interest and when the proportion of censored
observations in the dataset is reasonable with respect to the latter.
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4.7 Proofs

We provide in this section the proofs of Section 4.3, along with additional the-
oretical results that are needed for the latter proofs. In particular, we start by
considering the development of two lemmas; the first one states the uniform con-
sistency of both the double-kernel version of Beran’s estimator with dimension
reduction and its corresponding density estimator, while the second one reports a
linear representation of the smoothed version of Beran’s estimator only.

Lemma 4.1. Assume conditions (C1), (C3)-(C6), (C8)-(i) and (C9)-(i) hold.
Then, for 1 ≤ q ≤ d+ 1:

(a) Writing z = (z1, . . . , zq)
T = (γT0,1x, . . . , γ

T
0,qx)T, and pz = (pγT0,1x, . . . , pγ

T
0,qx)T:

sup
t≤υ

sup
x∈supp(X)

| pF s
T | pZ(t|pz)− FT |X(t|x)| = sup

t≤υ
sup

x∈supp(X)

| pF s
T | pZ(t|pz)− FT |Z(t|z)|

= OP

´

plog n/(nhqX)q
1/2

+ hνX + h2
T

¯

.

(b) Writing fT |Z(t|z) = ∂
∂tFT |Z(t|z) and pfs

T | pZ
(t|pz) = ∂

∂t
pF s
T | pZ

(t|pz) :

sup
t≤υ

sup
x∈supp(X)

| pfs
T | pZ(t|pz)− fT |X(t|x)| = sup

t≤υ
sup

x∈supp(X)

| pfs
T | pZ(t|pz)− fT |Z(t|z)|

= OP

´

plog n/(nhqXhT )q
1/2

+ hνX + h2
T

¯

.

Lemma 4.2. Assume the conditions of Lemma 4.1 and (C8)-(ii) hold. Then, for
t ≤ υ, x ∈ supp(X) and 1 ≤ q ≤ d + 1, writing FY |Z(t|z) = P(Y ≤ t|Z = z) and
FY,1|Z(t|z) = P(Y ≤ t,∆ = 1|Z = z):

pF s
T | pZ(t|pz)−FT |Z(t|z) =

n∑
i=1

Bni(z)ξ(Yi,∆i, t|z)+OP

´

plog n/(nhqX)q
3/4

+ hνX + h2
T

¯

,

where

ξ(Yi,∆i, t|z) = (1− FT |Z(t|z))

„∫ Yi∧t

0

−dFY,1|Z(s|z)

{1− FY |Z(s|z)}2
+

∆i1(Yi ≤ t)
1− FY |Z(Yi|z)



.

(D.1)

To simplify the presentation, note that the proofs are here written considering
the situation q = 1. The case q > 1 may be considered using the exact same
developments, but the notations are more involved.

Proof of Lemma 4.1. For part (a), we first write

pF s
T | pZ(t|pz)− FT |Z(t|z) = { pF sT |Z(t|z)− FT |Z(t|z)}+ { pF s

T | pZ(t|pz)− pF sT |Z(t|z)}

= (T1) + (T2),
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and treat these terms separately. Starting with (T1), by Proposition 4.3 in Van Kei-
legom and Akritas (1999), along with the same arguments as for the proof of the
Lemma 4.2 on which we concentrate below, we have under our kernel assumptions:

sup
t≤υ

sup
x∈supp(X)

| pF sT |Z(t|z)− FT |Z(t|z)|= OP

´

plog n/(nhX)q
1/2

+ hνX + h2
T

¯

.

We now turn to (T2), and sketch here the main parts for proving the negligibility
of this term under our assumptions. To that end, we define first

pFY | pZ(t|pz) =

n∑
i=1

K
´

pz− pZi
hX

¯

∑n
k=1K

´

pz− pZk
hX

¯1(Yi ≤ t),

pFY,1| pZ(t|pz) =

n∑
i=1

K
´

pz− pZi
hX

¯

∑n
k=1K

´

pz− pZk
hX

¯1(Yi ≤ t,∆i = 1).

Now, as pFY | pZ(t|pz) and pFY,1| pZ(t|pz) are to be seen as the building blocks for pF s
T | pZ

(t|pz),

showing negligibility of supt≤υ supx∈supp(X)| pFY | pZ(t|pz)− pFY |Z(t|z)|, and similarly

for pFY,1| pZ , implies that the same will hold for supt≤υ supx∈supp(X)| pF sT | pZ(t|pz) −
pF sT |Z(t|z)|. Hence, we focus here on showing the result for pFY | pZ(t|pz). Specifically,
we write

pFY | pZ(t|pz) =
pLY | pZ(t|pz)

pf
pZ(pz)

,

where pLY | pZ(t|pz) is an estimator of LY |Z(t|z) = FY |Z(t|z)fZ(z), with fZ denoting
the density of Z. We then have

pLY | pZ(t|pz)−pLY |Z(t|z)

=
1

nhX

n∑
i=1

{
K

ˆ

pγT0 (x−Xi)

hX

˙

−K
ˆ

γT0 (x−Xi)

hX

˙}
1(Yi ≤ t)

=
1

nh2
X

n∑
i=1

K
′
ˆ

ξT(x−Xi)

hX

˙

(pγ0 − γ0)T(x−Xi)1(Yi ≤ t)

= (pγ0 − γ0)T∇γ pLY |γTX(t|γTx)
ˇ

ˇ

ˇ

γ=ξ
,

for some ξ between pγ0 and γ0. Now, by similar arguments as in Proposition 4.3 in
Van Keilegom and Akritas (1999) and under assumption (C8)-(i), we have that

sup
t≤υ

sup
x∈supp(X)

sup
γ∈Ξ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
∇γ pLY |γTX(t|γTx)−∇γ LY |γTX(t|γTx)

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
= oP(1).
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Along with assumption (C9)-(i), we then observe that

sup
t≤υ

sup
x∈supp(X)

|pLY | pZ(t|pz)− pLY |Z(t|z)|= OP(||pγ0 − γ0||) = OP(n−1/2),

by assumption (C3). This concludes the proof that (T2) is negligible under our
assumptions, and hence completes the proof of the first part of Lemma 4.1.

For the proof of part (b), we decompose again

pfs
T | pZ(t|pz)− fT |Z(t|z) = { pfsT |Z(t|z)− fT |Z(t|z)}+ { pfs

T | pZ(t|pz)− pfsT |Z(t|z)}

= (T3) + (T4),

and treat these terms separately. For the leading term (T3), first note that

pfsT |Z(t|z) = h−1
T

∫
rK

ˆ

t− s
hT

˙

d pFT |Z(t|z),

from which we decompose (T3) as follows:

pfsT |Z(t|z)− fT |Z(t|z) = h−1
T

∫
rK

ˆ

t− s
hT

˙

d
´

pFT |Z(s|z)− FT |Z(s|z)
¯

+ h−1
T

∫
rK

ˆ

t− s
hT

˙

dFT |Z(s|z)− fT |Z(t|z)

= (T31) + (T32).

We start by treating the term (T31). Integrating by parts and using standard
change of variables, this term is developed as

(T31) = h−1
T

∫ {
pFT |Z(t− uhT |z)− FT |Z(t− uhT |z)

}
rK
′
(u) du

= h−1
T

∫ {
pFT |Z(t− uhT |z)− E( pFT |Z(t− uhT |z))

− pFT |Z(t|z) + E( pFT |Z(t|z))
}
rK
′
(u) du

+ h−1
T

∫ {
E( pFT |Z(t− uhT |z))− FT |Z(t− uhT |z)

− E( pFT |Z(t|z)) + FT |Z(t|z)
}
rK
′
(u) du

+ h−1
T

{
pFT |Z(t|z)− FT |Z(t|z)

}∫
rK
′
(u) du

= (T311) + (T312) + (T313),

where the last term (T313) is straightforwardly equal to 0 by assumption (C4). We
now treat the remaining terms (T311) and (T312) separately. Starting with (T311),
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by Theorem 3(b) in Van Keilegom and Veraverbeke (1996), for some finite constant
K1 we then have that

(T311) ≤ h−1
T K1 sup

t,s≤υ
|t−s|≤hT

ˇ

ˇ

ˇ

pFT |Z(t|z)− E( pFT |Z(t|z))− pFT |Z(s|z) + E( pFT |Z(s|z))
ˇ

ˇ

ˇ

= OP

´

plog n/(nhXhT )q
1/2

¯

.

Concerning now the term (T312), following the work of Van Keilegom and Veraver-
beke (1997a) with consideration here of higher-order kernels, we have that

(T312) = h−1
T

∫ {
b(t− uhT |z)hνX +O(hν+1

X ) +O(n−1)

− b(t|z)hνX +O(hν+1
X ) +O(n−1)

}
rK
′
(u) du,

where the function b is in the expression (3.3) in Van Keilegom and Veraverbeke
(1997a), and where their term o(hνX) is actually observed to be equal to O(hν+1

X ).
Hence, under Lipschitz continuous requirements for the function b(t|z) with respect
to t that are induced by assumptions (C4)-(C6), we have that

(T312) = h−1
T O

`

hTh
ν
X + hν+1

X + n−1
˘

= O(hνX),

where the last equality holds by our bandwidths assumptions. We thus observe
that (T31) is OP((log n/(nhXhT ))1/2 + hνX).

Now, moving on to the term (T32), we write

(T32) = h−1
T

∫
rK

ˆ

t− s
hT

˙{
fT |Z(s|z)− fT |Z(t|z)

}
ds.

Standard Taylor expansion and change of variables under assumptions (C4) and
(C5) then show that this term is O(h2

T ). Hence, bringing back (T31) and (T32), we
note that supt≤υ supx∈supp(X)|(T3)| is OP((log n/(nhXhT ))1/2 + hνX + h2

T ).
It then remains to show the negligibility of (T4) under our assumptions. For

this, using integration by parts and standard change of variables, we have

pfs
T | pZ(t|pz)− pfsT |Z(t|z) = h−1

T

∫ {
pFT | pZ(t− uhT |pz)− pFT |Z(t− uhT |z)

}
rK
′
(u) du

≤ sup
t≤υ

sup
x∈supp(X)

| pFT | pZ(t|pz)− pFT |Z(t|z)|h−1
T

∫
rK
′
(u) du.

Under assumption (C4) and using similar arguments as for part (a), the latter term
is observed to be negligible with respect to (T3) under assumption (C8)-(i), hereby
concluding the proof.
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Proof of Lemma 4.2. Similarly to the proof of Lemma 4.1, we consider the
decomposition

pF s
T | pZ(t|pz)− FT |Z(t|z) = { pF sT |Z(t|z)− FT |Z(t|z)}+ { pF s

T | pZ(t|pz)− pF sT |Z(t|z)}

= (T5) + (T6),

and treat these terms separately. Starting with (T5), integrating by parts we first
have

pF sT |Z(t|z) =

∫
pFT |Z(t− uhT |z) rK(u) du. (D.2)

Now, using the i.i.d. expansion of pFT |Z(t|z) uniformly in t and z (see e.g.
Theorem 3.2 in Du and Akritas (2002)), we have:

pFT |Z(t|z)− FT |Z(t|z) =

n∑
i=1

Bni(z)ξ(Yi,∆i, t|z) +Rn(t, z), (D.3)

where supt≤υ supx∈supp(X)|Rn(t, z)|= OP
`

(log n)3/4(nhX)−3/4 + hνX
˘

, and ξ is de-
fined in (D.1). Inserting (D.3) in (D.2), we then have

pF sT |Z(t|z)

=

∫ {
FT |Z(t− uhT |z) +

n∑
i=1

Bni(z)ξ(Yi,∆i, t− uhT |z)

+Rn(t− uhT , z)
}
rK(u)du

= FT |Z(t|z) +

n∑
i=1

Bni(z)ξ(Yi,∆i, t|z) +OP

´

plog n/(nhX)q
3/4

+ hνX + h2
T

¯

,

using the smoothness of FT |Z and a modulus-of-continuity argument of the empi-
rical distribution function for the function ξ (see Theorem 2.14 in Stute (1982)),
along with the assumptions on rK in (C4).

Lastly, concerning part (T6), note that this term will be OP(n−1/2) by assump-
tion (C3), and is hence asymptotically negligible with respect to the main term in
part (T5). This concludes the proof.

We now state a third and purely technical lemma employed both for consistency
and asymptotic normality of pβτ , and start by first introducing the notations used
in the latter. For ease of reading, the lemma is here written considering the case
q = 1. As already commented above, the case q > 1 may be considered using
the same developments, but the notations are more involved. Now, for notational
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convenience with respect to the general framework of Chen et al. (2003) on which
the proofs of our following theorems are built, we first define:

Mn(β;Fγ , fγ) = n−1
n∑
i=1

m(Xi, β;Fγ , fγ)

= n−1
n∑
i=1

2Xif(βTXi|γTXi)
`

F (βTXi|γTXi)− τ
˘

.

Furthermore, we let

M(β;Fγ , fγ) = E rm(X, β;Fγ , fγ)s

= E
“

2Xf(βTX|γTX)
`

F (βTX|γTX)− τ
˘‰

,

and, conveniently denoting FT |γT
0X

and fT |γT
0X

by F0 and f0, respectively, we note
that M(βτ ;F0, f0) = Mn(βτ ;F0, f0) = 0. We further denote by ||·|| the Euclidean
distance and

dFF (Fγ1
, F ?γ2

) = sup
t≤υ

sup
x∈supp(X)

|F (t|γT1 x)− F ?(t|γT2 x)|

dFf (fγ1 , f
?
γ2

) = sup
t≤υ

sup
x∈supp(X)

|f(t|γT1 x)− f?(t|γT2 x)|,

for any Fγ1
, F ?γ2

∈ FF and fγ1
, f?γ2

∈ Ff , where FF and Ff are defined in our
assumptions.

Lemma 4.3. Under assumptions (C1), (C5) and (C7), we have for all positive
δn = o(1),

sup
||β−βτ ||≤δn

sup
dFF (Fγ ,F0)≤δn

sup
dFf (fγ ,f0)≤δn

||Mn(β;Fγ , fγ)−M(β;Fγ , fγ)||= oP(n−1/2).

Proof of Lemma 4.3. Note that this result is similar to condition (2.5’) in Chen
et al. with Mn(βτ ;F0, f0) = 0 in our context. Hence, it suffices here to verify the
conditions (3.1) and (3.3) in their Theorem 3. To that end, starting with (3.1), we
note that for (β1, Fγ1

, fγ1
) ∈ B × FF × Ff and (β2, F

?
γ2
, f?γ2

) ∈ B × FF × Ff , we
have

||m(x, β1;Fγ1
, fγ1

)−m(x, β2;F ?γ2
, f?γ2

)||

=
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
2x

´

f(βT
1 x|γT1 x){F (βT

1 x|γT1 x)− τ} − f?(βT
2 x|γT2 x){F ?(βT

2 x|γT2 x)− τ}
¯
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

≤ K1

´

||F (βT
1 x|γT1 x)− F ?(βT

1 x|γT2 x)||+||F ?(βT
1 x|γT2 x)− F ?(βT

2 x|γT2 x)||

+ ||f(βT
1 x|γT1 x)− f?(βT

1 x|γT2 x)||+||f?(βT
1 x|γT2 x)− f?(βT

2 x|γT2 x)||
¯

≤ K2

´

dFF (Fγ1
, F ?γ2

) + dFf (fγ1
, f?γ2

) + ||β1 − β2||
¯

,
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for some finite constantsK1 andK2 under assumptions (C1), (C5) and (C7), hereby
verifying condition (3.1) in Chen et al. with r = 2.

Next, for condition (3.3), for ε > 0 we denote first by N(ε,FF , ||·||F ) the co-
vering number (Van der Vaart and Wellner (1996, p. 83)) of the class FF under
the sup-norm metric we consider on the latter, and similarly for the class Ff . The
proof is then written for the class FF , but the same arguments hold for the class
Ff and are here thus omitted.

Now, we recall that N(ε,FF , ||·||FF ) ≤ N[ ](ε,FF , ||·||FF ), where the notation
N[ ](ε,FF , ||·||FF ) denotes the ε-bracketing number of the class FF with respect to
the same sup-norm metric (Van der Vaart and Wellner (1996, p. 83)). This suggests
we may verify here condition (3.3) by concentrating on bracketing numbers rather
than covering numbers. Now, since all the functions in the class FF have values
between 0 and 1 (and between 0 and M for Ff as stated in assumption (C5)), we
then observe that only one ε-bracket suffices to cover FF if ε > 1. Using Lemma
6.1 in Lopez (2011) for a bound on the bracketing number for the case ε ≤ 1, we
then have that∫ ∞

0

a

logN(ε,FF , ||·||FF ) dε ≤
∫ 1

0

b

logN[ ](ε,FF , ||·||FF ) dε

≤ K
∫ 1

0

ε−
1

1+η dε

<∞ ,

for some finite constant K, hereby satisfying condition (3.3) in Chen et al. for
sj = 1. An application of Theorem 3 in Chen et al. then concludes the proof.

We may now at last turn to the proofs of the two main results reported in
Section 4.3.

Proof of Theorem 4.1. To prove pβτ is a weakly consistent estimator of βτ , we
choose to verify the five high level conditions (1.1)-(1.5) stated in Theorem 1 of
Chen et al. (2003). Starting with condition (1.1), note that the latter is readily
satisfied in our framework by construction of pβτ , while condition (1.3) holds simply
under assumption (C5). Furthermore, using the definitions of FF and Ff in (C5)
as the spaces embedding the nuisance parameters FT |Z and fT |Z , and equiping the
latter with the distances dFF (Fγ1 , F

?
γ2

) and dFf (fγ1 , f
?
γ2

) as in Lemma 4.3, note that
(1.4) in Chen et al. is straightforwardly satisfied by Lemma 4.1 under assumption
(C8)-(i). As for condition (1.5), this is a weaker version of condition (2.5) in Chen
et al. which is verified similarly as for Lemma 4.3. It therefore only remains to
verify here condition (1.2) required for the uniqueness of βτ in our model.

Hence, recalling that FT |Z(t|γT0 x) = FT |X(t|x) for any t and x, we need to
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verify that for any ε > 0, inf ||β−βτ ||>ε ||M(β;F0, f0)|| > 0. To that end, note that

inf
||β−βτ ||>ε

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
E
”

XfT |Z(βTX|γT0X)
`

FT |Z(βTX|γT0X)− τ
˘

ı
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

= inf
||β−βτ ||>ε

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
E
”

XfT |X(βTX|X)
`

FT |X(βTX|X)− FT |X(βT
τX|X)

˘

ı
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

= inf
||β−βτ ||>ε

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

∫
supp(X)

xfT |X(βTx|x)

∫ βTx

βT
τx

fT |X(t|x)dtdFX(x)

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

,

where FX(x) denotes the c.d.f. of X. Under assumptions (C1) and (C2), the
latter quantity is observed to be strictly positive, hereby ensuring condition (1.2)
is satisfied. Hence the assumptions of Theorem 1 in Chen et al. are met, from
which the weak consistency of pβτ follows.

Proof of Theorem 4.2. The proof consists in verifying the six high-level con-
ditions depicted in Theorem 2 of Chen et al. (2003). To that end, similarly to the
context of the latter theorem, we replace in this section the spaces B, FF and Ff by
shrinking neighborhoods around the true βτ , FT |Z and fT |Z . Specifically, we define
the spaces Bδ = {β ∈ B : ||β − βτ ||≤ δn}, FFδ =

{
F ∈ FF : dFF (F, FT |Z) ≤ δn

}
and Ffδ =

{
f ∈ Ff : dFf (f, fT |Z) ≤ δn

}
for some δn = o(1). Furthermore, for

notational convenience with the work of Chen et al., we use the abbreviations sγ =

(Fγ , fγ), s0 = (F0, f0), ps = ( pF s
T | pZ

, pfs
T | pZ

), and rewrite Mn(β; sγ) = Mn(β;Fγ , fγ)

and M(β; sγ) = M(β;Fγ , fγ). Lastly, we define the following norm on the vector
of nuisance parameters: dSδ(sγ1

, s?γ2
) = max(dFFδ (Fγ1

, F ?γ2
), dFfδ (fγ1

, f?γ2
)).

Now, starting with condition (2.1), note that the latter is readily satisfied in our
framework by construction of our estimator. Next, for condition (2.2), we first need
to determine the expression of the ordinary derivative of M(β; s0) with respect to
β calculated at βτ , denoted by Γ1(β; s0):

Γ1(β; s0) :=
∂M(β; s0)

∂β

= E
”

2XXT
´

f2
T |Z(βTX|γT0X)

+ f
′

T |Z(βTX|γT0X)
{
FT |Z(βTX|γT0X)− τ

}¯ı
,

where f
′

T |Z(t|z) = ∂/∂t fT |Z(t|z). In particular, recalling that FT |Z(t|γT0 x) =

FT |X(t|x) for any t and x, we have under assumption (C5)

Γ1(βτ ; s0) = 2E
”

XXTf2
T |X(βT

τX|X)
ı

.

Under assumptions (C1), (C2), (C5) and (C7), Γ1(β; s0) is thus observed to be
continuous and of full rank at βτ , hereby verifying condition (2.2).
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Next, for condition (2.3), we first need to determine for all β ∈ Bδ, F ∈ FFδ
and f ∈ Ffδ the functional derivative of M(β; s0) at s0 in the direction [sγ − s0].
Denoting the latter by Γ2(β; s0)[sγ − s0], we have

Γ2(β; s0)[sγ − s0]

:= lim
η→0

1

η
rM(β; s0 + η(sγ − s0))−M(β; s0)s

= 2E
”

X
´

fT |Z(βTX|γT0X)
{
F (βTX|γTX)− FT |Z(βTX|γT0X)

}
+
{
f(βTX|γTX)− fT |Z(βTX|γT0X)

}{
FT |Z(βTX|γT0X)− τ

}¯ı
.

In particular, for β = βτ we have

Γ2(βτ ; s0)[sγ − s0] = 2E
“

XfT |X(βT
τX|X)

{
F (βT

τX|γTX)− τ
}‰
.

Now, for condition (2.3)-(i), we have for all β ∈ Bδ, F ∈ FFδ and f ∈ Ffδ that

||M(β;sγ)−M(β; s0)− Γ2(β; s0)[sγ − s0]||

=
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
E
”

2X
{
f(βTX|γTX)− fT |Z(βTX|γT0X)

}
×
{
F (βTX|γTX)− FT |Z(βTX|γT0X)

} ıˇ
ˇ

ˇ

ˇ

ˇ

ˇ

≤ K1 dFFδ (Fγ , F0) dFfδ (fγ , f0)

≤ K2 d
2
Sδ(sγ , s0), (D.4)

for some finite constants K1,K2, hereby veryfying (2.3)-(i). As for condition (2.3)-
(ii), using a Taylor expansion with assumptions (C1), (C5) and (C7), we have

||Γ2(β; s0)[sγ − s0]− Γ2(βτ ; s0)[sγ − s0]||≤ ||β − βτ ||o(1).

Moving now to conditions (2.4) and (2.5), note that the first part of (2.4) will
follow by similar arguments as in Lemma 6.2 in Lopez (2011). As for the second
part of this condition, this follows readily from Lemma 4.1 provided assumption
(C8)-(ii) holds. Condition (2.5) is, for its part, verified by Lemma 4.3 and Remark
2 in Chen et al..

Lastly, for condition (2.6), recalling that Mn(βτ ; s0) = 0, we only need to prove
that

n1/2 rΓ2(βτ ; s0)[ps− s0]s
L−→ N (0,Σ),

for some positive definite matrix Σ. To that end, using Lemma 4.2, we have

EX
„

XfT |Z(βT
τX|γT0X)

{
pF s
T | pZ(βT

τX|pγT0X)− FT |Z(βT
τX|γT0X)

} 

= (nhX)−1EγT
0X

»

–

n∑
i=1

K
´

γT
0 (X−Xi)
hX

¯

(nhX)−1
∑n
k=1K

´

γT
0 (X−Xk)
hX

¯gi(γ
T
0X)

fi

fl + oP(n−1/2),
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provided assumption (C8)-(ii) holds, where the notations EX and EγT
0X

explicitly
indicate that the expectations are taken with respect to the distributions of X and
γT0X, respectively, and where

gi(u) =

∫
supp(X)

xfT |Z(βT
τ x|u)ξ(Yi,∆i, β

T
τ x|u)fX|γT

0X
(x|u) dx. (D.5)

Simplifying a bit and writing z = γT0 x and Zi = γT0Xi, i = 1, . . . , n, we have

EX
„

XfT |Z(βT
τX|γT0X)

{
pF s
T | pZ(βT

τX|pγT0X)− FT |Z(βT
τX|γT0X)

} 
= (nhX)−1

n∑
i=1

∫ +∞

−∞
gi(z)K

ˆ

z −Zi
hX

˙

dz + oP(n−1/2).

Using standard change of variables and a Taylor expansion for g under assumption
(C9)-(ii), we then have

Γ2(βτ ; s0)[ps− s0] = 2n−1
n∑
i=1

gi(γ
T
0Xi) +O(hνX) + oP(n−1/2)

= 2n−1
n∑
i=1

gi(γ
T
0Xi) + oP(n−1/2),

provided assumptions (C4) and (C8)-(ii) hold. An application of the central limit
theorem under our assumptions then leads to the desired result, hereby concluding
the proof.





Chapter 5

Discussion and Extensions

In this thesis, we have explored and developed several techniques to estimate a
quantile regression model in the presence of complete and, more particularly, cen-
sored response variables. Censoring is one of the many phenomena encountered
in practice that may prevent the observer from completely detecting the data of
interest, and is in particular often associated to time-to-event variables given the
latter are, by nature, not measured instantaneously and hence exposed to many
potential interferences during the time required for gathering observations. As a
result, many interesting applications have to cope in their data analysis with the
knowledge that the observed responses are, in fact, only the minimum value be-
tween the true response of interest and a random censoring variable. The latter
mechanism corresponds to a particular form of censoring known as random right
censoring, to which our attention has been drawn throughout this thesis. Provi-
ding appropriate quantile regression modelling and subsequent estimation in this
context has then been the main motivation of our work, for which we devote this
last chapter to the summary of some general conclusions following our journey be-
fore dedicating a few lines to potential extensions one might consider for further
research in the domain.

5.1 General conclusion

Our investigation of quantile regression models started in Chapter 2 with the consi-
deration of a copula-based multivariate regression modelling. Several conveniences
have been driving here the motivation for employing copulas in a general regres-
sion framework, as the latter approach namely allows to straightforwardly avoid
common regression issues such as the examination of transformed covariates or the
potential inclusion of interactions among the latter. Additionally, for the speci-
fic quantile context, a copula-based approach allows the analyst to further ensure
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that the regression estimations will satisfyingly be automatically monotonic across
quantile levels, as observed both in the work of Noh et al. (2015) and the develop-
ments of Chapter 2.
With these incentives at hand, Chapter 2 provides two main fronts for contributi-
ons to the literature on semiparametric quantile regression with both complete and
censored data. Starting with the situation for complete response observations, the
first line of work of this chapter was to provide a bypass to the shortcomings related
to the misspecification of the copula family when considering a parametrization of
the latter, as was initially suggested in the works of Noh et al. (2013) and Noh
et al. (2015). A somewhat surprisingly strong limitation for the latter approach
was indeed unveiled by Dette et al. (2014) and further reported in the motivational
example of Section 2.2.2, where the approach of Noh et al. using several common
parametric copulas was illustrated to provide a very poor fit for the estimation of
a regression function that is non-monotonic in a one-dimensional covariate. In this
context, and supported by several other examples, the main finding of Dette et al.
consisted in establishing that most commonly used parametric copula families are
in fact unable to reproduce the non-monotonic feature of the regression function.
Hence, the need for an alternative copula estimation strategy to remedy this short-
coming motivated the first part of Chapter 2. Our subsequent suggestion consisted
in combining the ideas of pair-copula decomposition with the observation that a
nonparametric estimation of the copula density may, as expected, result in an ap-
propriate regression estimation in case of low-dimensional covariates. Therefore,
turning to higher-dimensional problems, we advocated for a decomposition into
two main parts of the multivariate copula density that needs to be estimated in
a regression model with d covariates: the first part contains the product of the d
bivariate copula densities modelling the dependence between the response variable
and each covariate at hand, while the second part contains a d-variate conditional
copula density relative to the dependence between the covariates, conditionally on
the response variable. In a regression context, our simple argument was then to
provide as much flexibility as needed for the estimation of the first part, given that
the latter incorporates the dependence of actual interest and for which nonpara-
metric estimation is best suited. On the other hand, a parametric modelling was
advised for the second part of the decomposition in order to account for dimensi-
onality concerns. Our bivariate simplistic example of Section 2.2.3 and the small
simulation study of Section 2.5.1 both tend to support the adequateness of such an
approach for copula-based regression estimation. For quantile regressions, the re-
sulting estimator was then observed to provide a strong competitor to the existing
literature with complete observations, as highlighted through the brief simulation
results of Section 2.5.2.
The second contribution of Chapter 2 concerned the inclusion of potential right cen-
sored responses in the problem, for which the literature on semiparametric quantile
regression estimation is rather sparse. Similarly to the single-index methodology
of Bücher et al. (2014), our handling of censoring was then dealt with through the
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use of inverse-censoring-probability (ICP) weights under the assumption of con-
ditional independence between the response and the censoring variable given the
covariates. Such ICP weights offer in a first step the convenient possibility of reco-
vering the conditional expected loss of the true response by considering instead the
conditional expected loss of the actually observed responses, with an appropriate
weighting adjustment that incorporates the censoring indicator. In the context of
copula-based regression, in order to avoid having to cope with copulas for cen-
sored variables and copulas with discrete variables, our suggestion was then in a
second step to rewrite the problem such that the latter censoring indicator is in
fact moved to the conditional part of the copula density entering the procedure.
By doing so, one eventually retrieves a very analogous expression for conditional
quantiles to the case of strictly complete observations. This then straightforwardly
suggests that a similar approach to the one described above may be exploited for
the required estimation of the multivariate copula density, by focusing exclusively
on the responses for which it is known that the latter are indeed uncensored.
From a theoretical point of view, asymptotic normality for the proposed copula-
based quantile regression estimator was obtained for both complete and censored
responses, where the convergence rate is driven, regardless of the dimension d of
the covariate, by the nonparametric estimation of bivariate copula densities in
the first part of our copula estimation decomposition. Finally, for the analysis of
finite-sample behavior of the proposed estimator for censored data, an extensive
simulation study was provided where the increased flexibility of the procedure over
its competitors was illustrated by depicting, first, competitive results in settings
that favor the literature, and second, outperforming results in slightly altered ver-
sions of the previous settings where the literature is hence no longer favored.
However, in an attempt to provide at this point a constructive self-criticism for
the methodology, the obtained promising finite-sample results may be put into
perspective with the knowledge that ICP weights, although convenient from a mo-
delling point of view, do not exactly take the quantile context into account for
the handling of censored observations, as multiply evoked throughout this thesis.
Additionally, our particular association of ICP weights with copulas resulted in the
formulation of conditional quantiles through a copula density that is conditional
on the censoring indicator, hence exposing the procedure to possible estimation
difficulties in case of an important censoring proportion for too low sample size.
These considerations then motivated the search in this thesis for an alternative,
and more specific, handling of censoring in the general context of quantiles.

The developments of Chapter 3 then resulted from this search for a more
quantile-specific consideration of censoring. For the latter objective, a review of the
literature revealed that prior work on the subject mainly focuses on two different
strategies in order to account for censored responses with unconditional quantiles,
both based on a check-based formulation of the form mτ = arg mina E[ρτ (T − a)];
first, a wide literature is devoted to correcting the ‘data part’ of the latter formula
through the expression of appropriate weighting schemes, of which ICP weights and
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the technique of redistribution-of-mass (RM) are predominant, and second, a much
more modest literature proposes to focus on the quantile level τ in the check-based
formula by targeting a higher level the initial level τ with complete observations.
From this examination, a natural idea in order to account for censoring was then
to focus on the third and last element of the check-based formula, that is, the loss
function itself. This was precisely the approach of Chapter 3.
In order to provide a loss function that automatically accounts for censoring, our
suggestion was then to mimic the link between the check function and the defini-
tion of quantiles. For censored data and under the usual assumption of conditional
independence between the response and the censoring variable given the covaria-
tes, this resulted in a loss function that naturally generalizes the check function by
introducing a correcting term for censoring, where the amount of alteration from
the check function is all the more important given that the probability of censoring
occurring below the value of the quantile is important. This is pleasantly in line
with the observation that the phenomenon of censoring in the context of quantiles
should be accounted for especially when it is susceptible of generating an underes-
timation of the value of the quantile.
In the objective of illustrating the potential of the newly proposed loss function,
our attention was then drawn in particular to the linear regression model, given
that the latter is subject to estimation suggestions in the literature based on both
ICP and RM weights. Our resulting estimator in this context was then straightfor-
wardly defined as the direct counterpart of the estimator for complete observations,
where the the check function is simply replaced by with its newly proposed censo-
red version. For theoretical interests in this context, based on several recent works
on non-smooth semiparametric estimation equations with an infinite-dimensional
nuisance parameter, both consistency and asymptotic normality were then esta-
blished for the quantile coefficient estimator based on the adapted loss function.
Lastly, for practical implementation of our procedure in this context, and given
that the proposed loss function is no longer convex, a simple adaptation of an esta-
blished algorithm for quantile regression with complete observations was proposed.
Simulation results subsequently revealed two major insights; first, the proposed
procedure confidently outperforms the basic ICP weighting scheme in this linear
context, especially for higher censoring proportions. This is argued to come as a
natural consequence of discarding the use of the censoring indicator in the numera-
tor of the check-based formulation. The second main insight is that the procedure
also provides a valuable competitor to the RM weighting strategy, often taken as
primary reference in this linear context. The latter statement is again especially
emphasized when the censoring proportion is high in the dataset. Taking one step
back from the linear framework, these results then make us conjecture that the
proposed estimation strategy naturally opens the door to enhancements of nume-
rous alternative modelling techniques in the censored quantile regression literature,
of which the most obvious are those that currently exploit the basic ICP weighting
approach, as will be illustrated in the next section.
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Nevertheless, as far as linear quantile regression is concerned, a general observa-
tion emphasized by this work as well is that censored data drives the most prolific
approaches to rely in their estimation procedure on a preliminary nonparametric
estimation of a conditional distribution function, even though the model is para-
metrically specified. In particular, while the RM weighting scheme requires the
estimation of the conditional distribution of the response given the covariates, the
adapted check function is observed to require for its part the estimation of the
conditional distribution of the censoring variable given the covariates. This then
raised the legitimate question of whether such approaches may be improved by
plainly acknowledging the need to rely on a conditional distribution estimator in
a linear quantile framework with censored data, hereby introducing the work of
Chapter 4.

In Chapter 4, we thus proposed to take a step back from the classical approach
for estimating a censored linear quantile regression by circumventing a check-based
formulation of conditional quantiles. Instead, our suggestion was to extend to a
parametric framework a well-studied technique usually employed for nonparame-
tric regression that consists in first estimating the conditional distribution of the
response given the covariates, and then inverting it in a second step in order to
recover the conditional quantiles. Since censoring transcribes, as mentioned above,
in a linear context into the need of estimating a conditional distribution, we ob-
served that such a technique could then offer a new insight into censored linear
quantile regression estimation. An additional and more moderate argument was
also invoked to motivate such an approach, as the latter is observed in the non-
parametric regression literature to usually numerically outperform its check-based
counterparts, especially for quantile levels that are not ‘too distant’ from the me-
dian. This is then to be put in parallel with a classical identifiablity constraint for
censored data that prevents one from confidently studying upper quantile levels,
and forcing instead to consider lower and more central quantile levels.
Hence, rather than minimizing the conventional check loss function, it was sugge-
sted in this work to estimate the linear regression coefficients by minimizing the
distance between the quantile level of interest and an estimator of the conditi-
onal distribution of the response given the covariates, evaluated at the value of
the linear function for each observation. For optimization concerns, and driven
by further knowledge coming from the literature, a ‘double-kernel’ approach was
then suggested for the nonparametric estimation of the conditional distribution,
that is, the latter estimator accounts for kernel smoothing both in the directions
of the covariates and the response. In small dimensional settings, the resulting
linear regression estimator was then observed through Monte Carlo simulations to
provide strikingly competitive results with respect to its check-based counterparts
for censored data. In fact, the consideration of complete observations in the simu-
lation study further revealed that the improvement of the proposed estimator over
its competitors in some settings is such that the procedure is even able to com-
pete, when the censoring proportion is no too high, with a check-based estimator
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for strictly complete observations, especially for the estimation of the median. A
general pattern sustaining the obtained results seems to be a reduction in variance
of the proposed estimator across simulated datasets, admittedly at the cost of a
small increase in bias. These observations are in fact in line with the results in the
literature on nonparametric quantile regression based on inverting a double-kernel
estimator of the conditional distribution of the response given the covariates.
For higher-dimensional settings and similarly to some existing literature on censo-
red quantile regression, the investigation of a global dimension reduction techni-
que was further considered for the required nonparametric conditional distribution
estimator. For theoretical concerns for the resulting linear regression estimator,
both consistency and asymptotic normality were then here again established under
classical regularity conditions. As a by-product of these results, the work of this
chapter also required the establishment of several new asymptotic results for the
double-kernel estimators of the conditional distribution and density of the censored
response given the covariates, where the covariates are considered along with the
dimension reduction framework.
Lastly, numerical results for multivariate settings then highlighted similar patterns
as for low-dimensional settings, as a decrease in variance results were observed to
lead to global outperforming results of the proposed linear regression estimator
with respect to its competitors. Overall, the work of this chapter then suggests
that for linear quantile regression, the proposed technique offers a very valuable
estimation procedure with respect to the usually employed check-based formulation
of conditional quantiles, especially here when the censoring proportion is moderate
in the dataset.

These few lines complete this section on some general insights and conclusions
following the work of this thesis. We now devote the following and last section to
some perspectives offered by the latter for potential further research in the domain.

5.2 Future research

As for any doctoral studies, the end of the presented work is rather regulated by
limited time than by the lack of research ideas and interests. To illustrate this sta-
tement, this section is devoted to the development of a few directions for further
research that are believed to be potentially worth exploring. Similarly to the main
body of this thesis, we first mention that we focus here primarily on the inves-
tigation of possible estimation procedures in censored quantile regression, hereby
deliberately leaving out the development of related statistical methodologies such as
goodness-of-fit testing. Now, our objective in this section is twofold: first, we con-
sider the development of potential estimation procedures in the context of censored
quantile regression where the observed data have the same structure as throughout
this thesis, before devoting in a second step a few lines to the consideration of
additional features in the data that will influence the estimation procedures. As a
preliminary remark, we also point out that the approach of Chapter 3 consisting in
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appropriately taking incompleteness of the data into account at the level of the loss
function could, in spirit, be further extended to alternative phenomena that inter-
fere with a complete observation of the data. The latter could for instance result
in the presence of left-truncation, where one only observes data typically satisfying
a certain boundary condition for entering the sample, or in double-censoring as
intended by Turnbull (1974), where left and right censoring are both present in the
dataset. The main challenge to mimic the approach of Chapter 3 would then be,
based on the particularities of the considered context, to find a similar link between
the development of the check function for complete observations in (1.1.3) and the
development of the new loss function for censored data starting from (3.2.2). This
consideration is here however left for further investigation.

5.2.1 Related procedures in censored quantile regression
Our investigation of further estimation procedures in censored quantile regression is
considered in this section in particular through two examples, although the new loss
function of Chapter 3 offers by nature undoubtedly a great potential for many other
extensions in the domain. To that end, our starting point is the evident bridging
of copula-based regression modelling with the adapted loss function for censored
data in a first proposal. In a second suggestion, and as a further illustration of
the flexibility of the adapted check function, we then mention a few words on the
consideration of a variable selection feature in the parametric regression framework.

An alternative censored copula quantile regression estimator

The most straightforward extension of our work is here briefly developed, and con-
sists in combining in the context of censored quantile regression the advantages of
a copula-based formulation with the handling of censoring through the newly pro-
posed loss function. To that end, using the same notations and similar arguments
as in Chapters 2 and 3 for a regression model with d covariates, we have that

mτ (x) = arg min
a

E
”

ϕτ (a;Y,GC(·|x))
ˇ

ˇ

ˇ
X = x

ı

= arg min
a

E
”

ϕτ (a;Y,GC(·|x)) cYX(FY (Y ),F (x))
ı

,

where FY is the c.d.f. of Y , F (x) = (F1(x1), . . . , Fd(xd))
T and cYX is the unique

copula density of (Y,X). Consequently, a simple estimator of mτ (x) is naturally
given by

pmτ (x) = arg min
a

n∑
i=1

ϕτ (a;Yi, pGC(·|x))pcYX( pFY (Yi), pF (x)), (5.2.1)

where all unknown quantities are hence replaced by appropriate estimators as in
the previous chapters. On paper, one could expect such an approach to offer
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three main advantages over the estimator of Chapter 2 where ICP weights were
exploited for the handling of censoring; first, the adapted check function discards
the use of the censoring indicator in the numerator of the estimation equation,
which is of particular interest when the censoring proportion is high in the dataset,
as illustrated namely in the numerical results of Chapters 3 and 4. The second
advantage concerns the estimation of the copula density, for which no conditioning
on the censoring indicator is here implied, thereby allowing in contrast to the
procedure of Chapter 2 to exploit all observations at hand for this part as well.
Finally, a transcription to this setting of the MM algorithm exploited in Chapter 3
reveals that the numerical minimization of (5.2.1) will only require the evaluation of
pGC(·|x) in every pm

(k)
τ (x), where pm

(k)
τ (x) is the estimation ofmτ (x) at iteration k of

the algorithm. This is again to be contrasted with the use of ICP weights inducing
the assessment of pGC(·|x) in every Yi, i = 1, . . . , n, hereby forcing the evaluation
of the latter estimator in the right tail as well, for which classical estimators are
unstable due to sparse observations.

In practice however, early simulation results somewhat surprisingly did not re-
veal striking improvements over the procedure of Chapter 2. Surely, a major chal-
lenge that needs to be addressed in order to refute this finding concerns the handling
of pGC(·|x) in (5.2.1), for which a flexible modelling and subsequent estimation will
be defying when the dimension d is too large to confidently rely on Beran’s esti-
mator as in Chapter 3. A suggestion that merits further investigation would be to
apply in this setting a similar dimension reduction technique as in Chapter 4, that
is, estimate GC(·|x) under the assumption that C ⊥⊥X|(γT0,1X, . . . , γT0,qX), where
the γ0’s are linearly independent vectors. A simpler, but arguably less flexible al-
ternative would be to consider a Cox regression modelling between the covariates
and the censoring variable, similarly as in Chapter 2.

Variable selection in censored quantile regression

Our second suggestion for further work leaves a copula-based modelling aside and
digs instead further into the linear context exploited through the adapted loss
function of Chapter 3. In particular, in order to account for higher-dimensional
settings in this framework, our attention is drawn to the issue of variable selection
appearing in situations where the number of covariates at hand is large but only a
subset of the latter are actually relevant in the regression model. A common techni-
que in this context is to introduce a penalty function in the estimation procedure
that forces the estimated coefficients of irrelevant variables to be shrunk towards
0, hereby allowing in fact estimation and variable selection at once. Among those
penalty functions, perhaps the most widely spread nowadays are the Lasso (Tibs-
hirani (1996)), SCAD (‘smoothly clipped absolute deviations’, Fan and Li (2001))
and Adaptive Lasso (Zou (2006)), all of which have been adapted to various re-
gression settings in a rich literature. For the particular case of censored quantile
regression, both ICP and RM weighting schemes have been exploited in association
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with an adaptive lasso penalization in Shows et al. (2010) and Wang et al. (2013),
respectively. For a check-based modelling that easily accommodates such a pen-
alty, the simulation results of Chapter 3 then make us conjecture that a valuable
complement to the latter literature, especially when the censoring proportion is
important, would be to consider an estimator of the form:

pβτ = arg min
β

n∑
i=1

ϕτ

´

βTXi;Yi, pGC(·|Xi)
¯

+ nλ

d+1∑
j=1

|βj |
|rβj |

, (5.2.2)

where the coefficient relative to the intercept is left unpenalized, λ is a tuning
parameter controlling for the amount of shrinkage and rβ is a first-step estimator
of βτ with no penalty function (i.e. when λ = 0). Introducing adaptive weights
for penalizing the coefficients differently in contrast with the lasso penalty allows
for shrinking at a higher speed the estimated coefficients for which the unpenalized
estimation is already close to 0. A more formal discussion on the use of adaptive
lasso weights is referred to the so-called ‘oracle’ property of Zou (2006).

For practical minimization of (5.2.2), a simple accommodation of the MM algo-
rithm of Chapter 3 may then be invoked by using a similar fashion as the approach
of Hunter and Li (2005) for the handling of the penalty term. This results in a very
comparable algorithm as for Chapter 3, where the ‘Step 1’ of the latter only needs
to accommodate for an additional term corresponding to the penalty part. Based
on this, the application of the dimension reduction technique of Chapter 4 could
then be investigated for the estimation of GC(·|x), similarly to the paper of Wang
et al. (2013) where the latter technique is applied for the estimation of FT |X in the
RM weights. Lastly, note that a similar variable selection procedure could also be
examined in association with the inverse-c.d.f. estimation strategy of Chapter 4,
although the numerical aspects would here probably require further work.

5.2.2 Towards additional features in the data

To close this thesis, and as an additional direction for potential further research, we
consider in this section an example of additional features in the data that would
alter the estimation procedures developed throughout this thesis. In particular,
we consider the often encountered example of survival data incorporating some
observations that may be completely immune to experiencing the event of interest.
This may for instance happen in cancer studies, where some patients are in fact
ultimately cured and hence no-longer exposed to the event of interest. In order
to account for this particularity, an interesting literature has emerged under the
natural denomination of cure models, where the population is divided into two
groups of subjects: the cured ones, for which the time-to-event of interest is infinite,
and the susceptible ones. The main challenge in cure models with random right
censoring then comes from the consideration that one never knows if a censored
observation is in fact cured or not, hence hindering the identification of cured
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individuals in the dataset. As a result, when investigation of the relationship
between covariates and the response of the susceptible population is of interest,
standard tools as those developed throughout this thesis have to be adapted in order
to control for censored observations that may in fact be cured. We therefore briefly
discuss in this section a possible accommodation of our estimation procedures for
censored quantile regression in the presence of a cure fraction. A complete and
comprehensive review on the literature on cure models may be found in Amico and
Van Keilegom (2018).

Our attention is drawn here to a particular class of cure models, called mixture
cure models and first suggested by Boag (1949). Introducing the indicator η that
takes the value 1 if an observation is susceptible and 0 if cured, the latter model
writes the conditional c.d.f. of the whole population FT?|X,Z as

FT?|X,Z(t|x, z) = p(z)FT |X(t|x),

where X and Z are two vectors of covariates possibly sharing some, or all com-
ponents, p(z) = P(η = 1|Z = z) is the conditional probability of belonging to the
uncured group and FT |X is the conditional c.d.f. of the susceptible individuals,
i.e. FT |X(t|x) = P(T ≤ t|X = x, η = 1). This formulation of the mixture cure
model thus explicitly expresses the conditional c.d.f. of the whole population as a
mixture of the conditional c.d.f. of both cured and uncured groups, for which it is
assumed that T =∞. An advantage of such a formulation is then that it allows for
a different influence of different covariates on the conditional probability of being
susceptible and the conditional c.d.f. of the response of interest. For simplicity of
notation however, and without loss of generality, we assume in the following that
both covariate vectors are in fact identical, and consequently only write this section
considering the vector X.

The statistical problem we aim at addressing here then becomes the estimation
of a quantile regression model for the susceptible population based on the i.i.d. data
(Yi,∆i,Xi), i = 1, . . . , n, where the notations are similar to the previous chapters.
Note that this objective has already been addressed in existing work by Wu and Yin
(2016), on which we build some of the following developments. For sake of brevity
and similarly to the work of Wu and Yin, we only consider here a linear quantile
regression, deliberately leaving out the development of a copula-based modelling
that could for instance easily alleviate such an assumption if necessary.

Now, the basic starting point of Wu and Yin is to note that, if one were to know
all the values of ηi, i = 1, . . . , n, estimating the quantile regression would be trivially
accomplished by keeping in the estimation procedure only the observations in the
set {i : ηi = 1, i = 1, . . . , n}, as these represent here the population of interest. A
first observation in order to take the latter statement into account is to note that
complete observations (∆i = 1) are automatically uncured (ηi = 1), and hence
their value of η is trivially known. The ambiguity then only comes from censored
observations, for which the susceptible indicator is not known and one thus first
estimates the conditional probability that these observations indeed belong to the
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susceptible group, denoted by p0(xi) ≡ P(η = 1|X = xi,∆i = 0). In particular,
as is relatively common in the mixture cure model literaturee, the work of Wu and
Yin proposes a logistic regression modelling for this part, where the coefficients
of the latter are estimated through an iterative procedure that is here left out for
sake of brevity. Then, in a second step, Bernoulli sampling (i.e. sampling from a
Bernoulli distribution with success probability given by the first step estimation
of p0(xi)) is employed to label each censored observation as cured or not. The
quantile regression estimation is then computed using the RM technique of Wang
and Wang (2009) for all (estimated) uncured observations and, for robustness, the
sampling of the second step is repeated multiple times and the quantile regression
estimates are averaged in order to obtain the final coefficient estimators.

Now, in an attempt to enrich this literature based on the results of this thesis,
we mention here two main suggestions that could be investigated in more detail
in future research. Our first and somewhat straightforward suggestion mimics the
procedure of Wu and Yin, only to employ the adapted check function of Chapter
3 in the second step of the estimation procedure. That is, let first pη

(k)
i be either

1 if ∆i = 1 or the result of the k-th Bernoulli sampling with success probability
pp0(xi) if ∆i = 0, where pp0(xi) is estimated in a first step. Then, the estimation
of the regression coefficient for the k-th imputed Bernoulli sample could be carried
out by

pβ(k)
τ = arg min

β

n∑
i=1

pη
(k)
i ϕτ

´

βTXi;Yi, pG
(k)
C (·|Xi)

¯

,

where pG
(k)
C (·|x) is the estimator of the conditional censoring distribution based

on observations {i : pηi(k) = 1, i = 1, . . . , n}. When the procedure is repeated K

times, the final estimator is then given by pβτ = K−1
∑K
k=1

pβ
(k)
τ . Based on the

results of Chapter 3, we may then conjecture that this procedure may provide a
valuable complement to the estimator of Wu and Yin, especially when the censoring
proportion is important in the dataset.

Our second suggestion takes a little more distance from the procedure of Wu
and Yin, and is rather based on combining the technique of Chapter 4 with the
ideas of López-Cheda et al. (2017). Similarly to the latter paper, our starting point
is here indeed to define a nonparametric estimator of FT |X as follows:

pFT |X(t|x) =
pFT?|X(t|x)

pp(x)
,

where p(x) is of course strictly positive is order to allow for uncured observati-
ons, and pFT?|X and pp(x) are both nonparametric estimator of FT?|X and p(x),
respectively. Now, while López-Cheda et al. suggest to estimate pFT?|X employing
a classical Beran estimator for all observations at hand, following the developments
of Chapter 4 we advocate here naturally for a double-kernel version of the latter,
as reported in (4.2.5). As for the estimation of pp(x), this can be carried out using
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the suggestion of Xu and Peng (2014), similarly as in López-Cheda et al.. Follo-
wing the procedure of Chapter 4, this would then suggest to estimate the quantile
coefficients by

pβτ = arg min
β

n∑
i=1

´

pFT?|X(βTXi|Xi)− pp(Xi) τ
¯2

.

For interpretation, we observe that the presence of a cure fraction in the data,
implying a point mass at infinity with positive probability and hence that limt→∞
FT?|X(t|Xi) = p(Xi) < 1, i = 1, . . . , n, forces to consider smaller quantile levels
than τ when calculating a smoothed version of Beran’s estimator based on both
cured and uncured group of subjects. This is somewhat in line with the intuition
that the quantile level will be overestimated if ignoring the proportion of cured
observations in the data, as the set of censored observations is ‘artificially’ infla-
ted by the presence of the latter and hence overly-compensated in the estimator
pFT?|X with respect to the population of interest. Based on the numerical results
of Chapter 4, we may then conjecture that such an approach, if more thoroughly
investigated, could provide satisfying results for the practical estimation of a cen-
sored quantile regression model with the presence of a cure fraction. This last
presumption ultimately closes this section on the establishment of further research
perspectives based on the work of this thesis.
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