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a b s t r a c t 

Asymptotic statistical inference on productivity and production efficiency, using nonparametric envelop- 

ment estimators, is now available thanks to the basic central limit theorems (CLTs) developed in Kneip, 

Simar, and Wilson (2015) . They provide asymptotic distributions of averages of Data Envelopment Analy- 

sis (DEA) and Free Disposal Hull (FDH) estimators of production efficiency. As shown in their Monte-Carlo 

experiments, due to the curse of dimensionality, the accuracy of the normal approximation is disappoint- 

ing when the sample size is not large enough. Simar and Zelenyuk (2020) have suggested a simple way 

to improve the approximation by using a more appropriate estimator of the variances. In this paper we 

suggest a novel way to improve the approximation, by smoothing out the spurious values of efficiency 

estimates when they are in a neighborhood of 1. This results in sharpening the data for observations 

near the estimated efficient frontier. The method is very easy to implement and does not require more 

computations than the original method. We compare our approach using Monte-Carlo experiments, both 

with the basic method and with the improved method suggested in Simar & Zelenyuk (2020) and in both 

cases we observe significant improvements. We show also that the Simar & Zelenyuk (2020) idea of the 

variance correction can also be adapted to our sharpening method, bringing additional improvements. 

We illustrate the method with some real data sets. 

© 2022 Elsevier B.V. All rights reserved. 
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. Introduction 

Envelopment estimators have been widely used in performance 

nalysis as a powerful tool to estimate the efficiency of deci- 

ion making units (DMUs). The application of envelopment esti- 

ators, such as Data Envelopment Analysis (DEA) along the lines 

f Farrell (1957) , Charnes, Cooper, & Rhodes (1978) and Banker, 

harnes, & Cooper (1984) , and the Free Disposal Hull (FDH) origi- 

ated by Deprins, Simar, & Tulkens (1984) , is wide and deep, rang- 

ng from private sectors (e.g., manufacturing, banking, insurance, 

tc.) to public sectors (e.g., education, health care, etc.), from mi- 

ro level (e.g., departments within firms, or firms themselves) to 

acro level (regions, or countries). Applied researchers in the field, 

esides (and in addition to) investigating the estimates of individ- 

al efficiency, are usually interested in analyzing the performance 

f some groups of DMUs that share common characteristics (e.g., 

omestic banks vs. foreign banks, public hospitals vs. private hos- 

itals, etc.). These analyses are largely based on the statistical in- 
∗ Corresponding author. 
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erence for sample statistics, such as the simple mean or weighted 

ean, of the estimated efficiency. 

The literature on statistical properties of envelopment estima- 

ors of technical efficiency first emerged around the early 1990s 

nd flourished over the last two decades with many breakthroughs. 

he statistical properties of envelopment estimators at a fixed 

oint have been well-established by the seminal works of Kneip, 

ark, & Simar (1998) , Park, Simar, & Weiner (20 0 0) , Kneip, Simar,

 Wilson (2008) , and Park, Jeong, & Simar (2010) . Meanwhile, the 

tatistical properties of the estimators at a random point have 

een recently brought to the literature by the seminal work of 

neip, Simar, & Wilson (2015) . Based on these properties, Kneip 

t al. (2015) derive the Centre Limit Theorems (CLTs) for the en- 

elopment estimators of technical efficiency. Many other impor- 

ant works also have been leveraged by the important results in 

neip et al. (2015) , such as hypothesis testing in the context of 

EA/FDH ( Kneip, Simar, & Wilson, 2016 ), the CLTs for aggregate 

fficiency ( Simar & Zelenyuk, 2018 ), the CLTs for conditional ef- 

ciency ( Daraio, Simar, & Wilson, 2018 ), the CLTs for Malmquist 

ndices ( Kneip, Simar, & Wilson, 2020 ), and the CLTs for cost and

llocative efficiency ( Simar & Wilson, 2020b ), to mention a few. 

https://doi.org/10.1016/j.ejor.2022.03.038
http://www.ScienceDirect.com
http://www.elsevier.com/locate/ejor
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ejor.2022.03.038&domain=pdf
mailto:v.zelenyuk@uq.edu.au
https://doi.org/10.1016/j.ejor.2022.03.038
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Although the results in Kneip et al. (2015) provide a solid 

round for many of the theoretical developments in the field, the 

erformance of the CLTs is sometimes disappointing for practition- 

rs, especially for small samples with a large dimension of inputs 

nd outputs. To improve the finite sample approximation of the 

LTs, Simar & Zelenyuk (2020) proposed a ‘simple to compute’ ap- 

roach, which is based on a bias-corrected version of the vari- 

nce estimator. Simar & Zelenyuk (2020) explore the performance 

f their proposed approach with various Monte Carlo simulation 

cenarios. The simulation results suggest that the improvement in 

nite samples is sometimes substantial, but there is still room for 

urther improvement. 

In this study, we propose another way to improve the CLT ap- 

roximations. The proposed improvements are mirroring the work 

f Simar & Zelenyuk (2006) and Kneip, Simar, & Wilson (2011) , 

ho addressed the discontinuity issue to improve the statistical in- 

erence in the DEA/FDH context. Specifically, the idea is to smooth 

ut, in an appropriate way, the spurious values of efficiency es- 

imates when they are in a neighborhood of 1 (i.e., the 100%- 

fficiency bound). We know indeed from previous works that this 

discretization” near the boundary creates problems when estimat- 

ng the distribution of efficiency estimates for the purpose of boot- 

trap approximations, see e.g., Simar & Wilson (1998) , Simar & Ze- 

enyuk (2006) , Kneip et al. (2008) and Kneip et al. (2011) . In our

ontext, this smoothing-out results in sharpening the data for ob- 

ervations located near the estimated efficient frontier before ap- 

lying the CLTs. To the best of our knowledge, this theoretical jus- 

ification is novel for the DEA (and productivity and efficiency in 

eneral). It also brings the early attempts to a new level that is 

ow better justified from a theoretical perspective based on the re- 

ently developed asymptotic theory for this field and related (yet 

ot at all the same) “data sharpening” ideas in statistics. 

The method is very easy to implement and does not require 

ore computations than the original method. We investigate the 

ize of the improvements by using Monte-Carlo experiments, com- 

ared both to the basic method in Kneip et al. (2015) and to the

mproved method suggested in Simar & Zelenyuk (2020) . We show 

lso that the latter can also be adapted to our sharpening method, 

ringing additional improvements. 

Our paper is organized as follows. The next section briefly dis- 

usses the production theory underlying the analysis of techni- 

al efficiency. Section 3 introduces the envelopment estimators of 

echnical efficiency. Section 4 summarizes the statistical properties 

f these estimators. Section 5 presents our data sharpening idea 

o improve the accuracy of the CLTs. Section 6 provides Monte 

arlo simulation evidence about the performance of the proposed 

pproach for various sample sizes and various dimensions of in- 

uts/outputs. Section 7 provides some illustrations with real data 

ets and Section 8 summarizes the concluding remarks. 

. Theoretical background 

To facilitate our discussion, in this section we briefly discuss the 

roduction theory underlying the analysis of technical efficiency. 

.1. Characterization and axioms of production technology 

A production technology in which a production unit utilizes p

nputs, denoted as a p−dimensional column vector x ∈ � 

p 
+ , to pro- 

uce q outputs, denoted as a q −dimensional column vector y ∈ � 

q 
+ ,

an be characterized generally by a technology set, defined as 

= 

{
( x, y ) ∈ � 

p 
+ × � 

q 
+ : x can produce y 

}
. (2.1) 

he production technology can be equivalently characterized by a 

ortion of the technology set in the output space, which is referred 
1470 
o as the output set. The output set is defined as 

 (x ) = 

{
y ∈ � 

q 
+ : x can produce y 

}
. (2.2) 

hen the efficiency measure is a concern, the boundary of the 

echnology set is of interest. The boundary of the technology set 

s defined as 

∂ = 

{
( x, y ) ∈ � : 

(
δ−1 x, δy 

)
/ ∈ �, ∀ δ > 1 

}
. (2.3) 

sually, some standard axioms are imposed on the production 

echnology, which can be summarized as follows (see Sickles & Ze- 

enyuk (2019) and references therein for more detailed discussion). 

1. It is impossible to produce outputs without any inputs, i.e., y / ∈ 

P 
(
0 p 
)
, ∀ y ≥ 0 q and y � = 0 q . 

2. It is possible to produce nothing, i.e., 0 q ∈ P ( x ) , ∀ x ∈ � 

p 
+ . 

3. P ( x ) is a bounded set for all x ∈ � 

p 
+ . 

4. � is a closed set. 

5. All inputs and outputs are strongly disposable, i.e., ( x 0 , y 0 ) ∈ 

� ⇒ ( x, y ) ∈ �, ∀ x ≥ x 0 , y ≤ y 0 . 

.2. Measure of technical efficiency 

There are various measures of efficiency in the literature, yet 

he most popular efficiency measure appears to be the Farrell- 

ebreu technical efficiency. The Farrell-Debreu technical efficiency 

easures the radical distance from a point representing a produc- 

ion unit in output space (input space) to the boundary of the tech- 

ology set in an output (input) orientation. For the sake of brevity, 

ur discussion here focuses on the Farrell-Debreu output-oriented 

echnical efficiency, where the radical distance is measured in an 

utput orientation. For a production unit with input-output alloca- 

ion (x, y ) , the Farrell-Debreu output-oriented technical efficiency 

easure is defined as 

( x, y ) = sup 

θ
{ θ > 0 : ( x, θy ) ∈ �} . (2.4) 

y construction, for all (x, y ) ∈ � , we have θ (x, y ) ≥ 1 , the value

ne characterizes a production plan (x, y ) that belongs to the effi- 

ient boundary �∂ . More generally, θ (x, y ) > 1 indicates the pro- 

ortionate increase of the outputs the firm located at (x, y ) should 

erform to reach the efficient frontier. 

. Envelopment estimators of technical efficiency 

In practice, the technology set is not observable, and so nei- 

her is the efficiency measure. Researchers need to estimate the 

echnology set and the related efficiency from a random sample of 

ata, say, X n = 

{
( X i , Y i ) 

∣∣ i = 1 , . . . , n 
}

. Envelopment estimators ap- 

ear to be one of the most popular methods to estimate the tech- 

ology and efficiency. Among these, the estimator requires a mini- 

um set of assumptions is the Free Disposal Hull (FDH) estimator. 

his estimator only requires the assumption on strong disposability 

f all inputs and outputs and is formulated as 

 

(
X i , Y i 

∣∣ X n 

)
≡ max 

ζ1 , ... ,ζn ,θ

{ 

θ : 

n ∑ 

k =1 

ζk Y k ≥ θY i , 

n ∑ 

k =1 

ζk X k ≤ X i , 

θ ≥ 0 , ζk ∈ { 0 , 1 } , 
n ∑ 

k =1 

ζk = 1 

} 

. (3.1) 

f in addition to strong disposability, one assumes that the tech- 

ology set is convex and global variable returns to scale (VRS), one 

an then use the VRS-DEA estimator, which is formulated as 
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(
X i , Y i 

∣∣ X n 

)
≡ max 

ζ1 , ... ,ζn ,θ

{ 

θ : 

n ∑ 

k =1 

ζk Y k ≥ θY i , 

n ∑ 

k =1 

ζk X k ≤ X i , 

θ ≥ 0 , ∀ ζk ≥ 0 , 

n ∑ 

k =1 

ζk = 1 

} 

. (3.2) 

inally, if instead of global variable return to scale, one assumes 

hat the technology is global constant return to scale (CRS), one 

an then utilize the CRS-DEA estimator, which is formulated as 

 

(
X i , Y i 

∣∣ X n 

)
≡ max 

ζ1 , ... ,ζn ,θ

{ 

θ : 

n ∑ 

k =1 

ζk Y k ≥ θY i , 

n ∑ 

k =1 

ζk X k ≤ X i , 

θ ≥ 0 , ∀ ζk ≥ 0 

} 

. (3.3) 

he flexibility on assumptions about the reference technology does 

ot come without cost, which is a slower rate of convergence of 

fficiency estimators, compared to the rate achieved in restrictive 

arametric models, when the dimension of the model, p + q , in- 

reases. This is known as the “curse of dimensionality”. We will 

iscuss it in more detail in the next section. 

. Statistical properties 

.1. Basic CLTs from Kneip et al. (2015) 

Although statistical properties of envelopment estimators of 

echnical efficiency at a fixed point are well-established in the 

iterature, the statistical properties of these estimators at a ran- 

om point, which is necessary to establish central limit theorems 

or mean efficiency, has recently been developed by Kneip et al. 

2015) . The three most important results in the work of Kneip et al.

2015) can be summarized as follows 1 

 

[̂ θ
(
X i , Y i 

∣∣ X n 

)
− θ ( X i , Y i ) 

]
= Cn 

−κ + R n,κ , (4.1) 

 

[ (̂ θ
(
X i , Y i 

∣∣ X n 

)
− θ ( X i , Y i ) 

)2 
] 

= o 
(
n 

−κ
)
, (4.2) 

∣∣COV 

[̂ θ
(
X i , Y i 

∣∣ X n 

)
− θ ( X i , Y i ) , ̂

 θ
(
X j , Y j 

∣∣ X n 

)
− θ
(
X j , Y j 

)]∣∣
= o 
(
n 

−1 
)
, (4.3) 

here C is a constant, R n,κ is a remainder term of order o ( n −κ )
r smaller, κ is the rate of convergence and depends on the types 

f estimators and the dimension of the production space. Specif- 

cally, κ equals to 1 / (p + q ) , 2 / (p + q + 1) and 2 / (p + q ) for FDH,

RS-DEA, and CRS-DEA estimators, respectively. We see that the 

chieved rates of convergence for these non-parametric estimators, 

.e., n κ , may be much lower than the usual rate achieved in most 

arametric models, i.e., 
√ 

n , when p + q increases. 

From the above results, one can see that the envelopment es- 

imators are biased and more importantly the bias vanishes with 

 slower rate compared to the variance when the sample size in- 

reases. As a result, to derive limiting distribution for the mean 

fficiency, Kneip et al. (2015) suggest correcting for the bias and 

ontrolling for the scaling factor when necessary. To discuss the 

rocedure in Kneip et al. (2015) in more detail, let us first define 

θ as the population mean of the true efficiency, i.e., 

θ = E ( θ ( X, Y ) ) , (4.4) 
1 All the results here are based on a set of mild regularity assumptions about the 

ata generating process specified in Kneip et al. (2015) . Typically they concern the 

moothness of the frontier, the continuity of the density of (X, Y ) on � and the 

trict positivity of the latter on the frontier. 

c

t

1471 
2 
θ

as the population variance of the true efficiency, i.e., 

2 
θ = V ar ( θ ( X, Y ) ) , (4.5) 

nd θn as the sample mean of the estimated efficiency, i.e., 

n = 

1 

n 

n ∑ 

i =1 ̂

 θ
(
X i , Y i 

∣∣ X n 

)
. (4.6) 

learly we see from (4.1) that 

 

[
θn 

]
= μθ + Cn 

−κ + R n,κ . (4.7) 

The bias correction is obtained through a generalized jackknife 

ethod. Specifically, the original sample X n is randomly divided 

nto two disjoint subsets X 

(1) 
n/ 2 

and X 

(2) 
n/ 2 

both of size n/ 2 . Then, in

ach subset, efficiency scores are estimated and the averages are 

omputed by using only the sample of size n/ 2 . Formally, for 	 =
 , 2 we have 

(	 ) 

n/ 2 = 2 n 

−1 
∑ 

{ i | (X i ,Y i ) ∈X (	 ) n/ 2 } 
̂ θ
(
X i , Y i | X 

(	 ) 
n/ 2 

)
. (4.8) 

neip et al. (2015) show that the consistent estimator of the bias 

f θn is then given by 

 

 n,κ = (2 

κ − 1) −1 ( θ
∗
n/ 2 − θn ) , (4.9) 

here 

∗
n/ 2 = 

θ
(1) 

n/ 2 + θ
(2) 

n/ 2 

2 

. (4.10) 

he main argument in Kneip et al. (2015) is that 

 

 n,κ = B n,κ + R n,κ + o p (n 

−1 / 2 ) , (4.11) 

here B n,κ = Cn −κ is the leading term in the bias of the envelop-

ent estimators as shown in (4.1) and (4.7) . As explained in Kneip 

t al. (2016) , this jackknife operation can be repeated J times, pro- 

iding at each step the bias correction 

̂ B 
( j) 
n,κ , then by averaging over 

he J replications, we obtain an estimator of the bias with less vari- 

nce 

 

 n,κ = J −1 

J ∑ 

j=1 ̂

 B 

( j) 
n,κ . (4.12) 

The CLTs in Kneip et al. (2015) can then be summarized in the 

ollowing theorem. 

heorem 4.1. Under the appropriate set of assumptions of Theorem 

.1, 3.2, or 3.3 specified in Kneip et al. (2015) , for p + q ≤ 5 if a CRS-

EA estimator is used and � is CRS and is convex, for p + q ≤ 4 if

 VRS-DEA estimator is used and � is convex, for p + q ≤ 3 if a FDH

stimator is used and satisfies free disposability of inputs and outputs, 

s n → ∞ we have 

 

n 

(
θn − ̂ B n,κ − μθ + R n,κ

) d −→ N 

(
0 , σ 2 

θ

)
, (4.13) 

nd when κ < 1 / 2 , then as n → ∞ we have 

 

n κ

(
θn κ − ̂ B n,κ − μθ + R n,κ

) d −→ N 

(
0 , σ 2 

θ

)
, (4.14) 

here θn κ is a subsample version of θn , in the sense that the average 

s taken over a random subsample X 

∗
n κ

⊆ X n of size n κ = 

⌊
n 2 κ
⌋

< n .

ormally 

n κ = 

1 

n κ

∑ 

{ i : ( X i ,Y i ) ∈X ∗n κ } 
̂ θ
(
X i , Y i 

∣∣X n 

)
. (4.15) 

It should be noticed that in (4.15) , the notation is explicit: we 

ompute an average over a random subsample of points in X 

∗
n κ

, but 

he reference set for each efficiency estimator is the full sample X n . 
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2 This equivalent way to define ̂  B n,κ was already mentioned in Kneip et al. (2016) . 
3 This smoothing is asymptotically equivalent to the one suggested in Kneip et al. 

(2011) and Simar & Zelenyuk (2006) , where in the second line of (5.4) , they define ˜ θ
(
X i , Y i | X n 

)
= 

˜ ξi . Note that this latter way of smoothing has also been evaluated in 
emark. As discussed in Kneip et al. (2015) , both results in 

4.13) and (4.14) are applicable for the CRS-DEA estimator with p + 

 = 5 , for the VRS-DEA estimator with p + q = 4 , and for the FDH

stimator with p + q = 3 , yet the result in (4.14) is more preferable

or these cases because the neglected term in (4.14) (i.e., 
√ 

n κR n,κ ) 

onverges to zero faster than the neglected term in (4.13) (i.e., 
 

n R n,κ ). 

In order to apply the CLTs in practice, one needs to obtain a 

onsistent estimate of population variance of efficiency. Kneip et al. 

2015) suggest using the following estimator 

 

2 
θ,n = 

1 

n 

n ∑ 

i =1 

(̂ θ
(
X i , Y i 

∣∣ X n 

)
− θn 

)2 
. (4.16) 

With these results, one can estimate a confidence interval for 

he population mean of efficiency, μθ . Specifically, when (4.13) is 

pplied, the (1 − α)100% confidence interval for μθ is given by 

θn − ̂ B n,κ − z α/ 2 ̂

 σθ,n √ 

n 

, θn − ̂ B n,κ + z α/ 2 ̂

 σθ,n √ 

n 

]
, (4.17) 

here z α/ 2 is the critical value corresponding to the area of α/ 2 

n the right tail of the standard normal distribution. Meanwhile, 

hen (4.14) is applied, the (1 − α)100% confidence interval for μθ

s given by 

θn,κ − ̂ B n,κ − z α/ 2 ̂

 σθ,n √ 

n κ
, θn,κ − ̂ B n,κ + z α/ 2 ̂

 σθ,n √ 

n κ

]
. (4.18) 

neip et al. (2015) investigate the quality of the CLT approxima- 

ions by intensive Monte-Carlo experiments. Kneip et al. (2016) do 

he same for evaluating the quality of the approximations in vari- 

us testing situations exploiting Theorem 4.1 to build appropriate 

est statistics. The approximations work reasonably well in most of 

he cases but become, as expected, disappointing when p + q in- 

reases with small n . This will be illustrated and confirmed in our 

onte-Carlo experiments below. 

.2. Improvements suggested by Simar & Zelenyuk (2020) 

Simar & Zelenyuk (2020) point out that ̂ σ 2 
θ,n 

in (4.16) is based 

n θn , a biased estimator of the population mean, and thus it 

ight be a source of error in estimating σ 2 
θ

, with implications 

or finite sample accuracy of the CLT approximations. To correct 

or this, Simar & Zelenyuk (2020) suggest using the available first- 

rder bias-corrected estimator of the mean, i.e., 

n, bc = θn − ̂ B n,κ . (4.19) 

t turns out that this provides the following estimator for the pop- 

lation variance 

 

 

2 

θ,n = ̂

 σ 2 
θ,n + ̂

 B 

2 
n,κ . (4.20) 

imar & Zelenyuk (2020) show that the confidence intervals in 

4.17) and (4.18) are still valid when replacing ̂ σ 2 
θ,n 

by ̂ ̂ σ
2 

θ,n and 

how in Monte Carlo experiments that this provides significant im- 

rovements on the accuracy of the coverages of the resulting con- 

dence intervals. 

But, even with this enhancement, the CLT approximations are 

till disappointing, especially for the cases of small sample sizes 

nd for the large number of inputs and outputs. So there is room 

or additional improvements, as explained and confirmed below. 

. Data sharpening 

It is known that the estimation of the distribution of the effi- 

iency scores from the empirical distribution of their DEA/FDH es- 

imators is jeopardized by the discretization of the latter near its 
1472 
oundary, i.e., values at data points where the efficiency is not far 

rom one. In particular, a lot of the resulting estimates will have 

he value of one, where the DGP, by continuity, assumes the prob- 

bility of zero of these values. This is referred in the literature to 

s “spurious” ones. So far this issue has been raised when using 

ootstrap approximations where the “naive” bootstrap is seen as 

eing inconsistent. In this case, some smoothing of the efficiency 

cores is requested, see e.g., Simar & Wilson (1998) and Kneip et al. 

2008) . A simplified smoothing approach, smoothing-out only the 

alues for data points near the efficient boundary, has been used 

n the related bootstrap setups by Simar & Zelenyuk (2006) and 

neip et al. (2011) . We will use the latter idea in our setup here,

.e., for improving the approximations in Theorem 4.1 . We first in- 

icate that this discretization issue may impact the quality of the 

LT approximations from two sources. 

First, evidently, we know that Prob (θ (X i , Y i ) = 1) = 0 , but by

onstruction, the envelopment estimators will provide many val- 

es ̂ θ (X i , Y i | X n ) = 1 , whereas the true θ (X i , Y i ) > 1 with probabil-

ty one, especially when the dimension of the problem p + q in- 

reases. Thus, these spurious ones provide additional bias in the 

stimation of μθ when using θn or θn,κ . In addition, it can be seen 

hat this discretization also impacts the estimator of the bias ̂ B n,κ

efined in (4.9) . To see this, we can look at a different way to com-

ute ̂ B n,κ . Let us define for i = 1 , . . . , n, 

 

∗
i = 

{̂ θ
(
X i , Y i | X 

(1) 
n/ 2 

)
if (X i , Y i ) ∈ X 

(1) 
n/ 2 ̂ θ

(
X i , Y i | X 

(2) 
n/ 2 

)
if (X i , Y i ) ∈ X 

(2) 
n/ 2 

, 
(5.1) 

nd define a bias correction for ̂ θ
(
X i , Y i | X n 

)
as 

 

 i,n,κ = (2 

κ − 1) −1 
(̂ θ ∗

i − ̂ θ
(
X i , Y i | X n 

))
. (5.2) 

hen, it is easy to verify that we can compute ̂ B n,κ in (4.9) as 

 

 n,κ = n 

−1 
n ∑ 

i =1 ̂

 B i,n,κ . (5.3) 

ote that if we repeat the jackknife operation J times, we can de- 

ne for each j = 1 , . . . , J, the individual measure ̂  B 
( j) 
i,n,κ

and then de-

ne ̂ B i,n,κ = J −1 
∑ J 

j=1 ̂
 B 
( j) 
i,n,κ

. 2 By looking into the decomposition in 

5.1) and (5.2) , we see that if ̂ θ
(
X i , Y i | X n 

)
= 1 , we will also have

 ∗
i 

= 1 , and thus the individual observation i will not contribute 

o the bias correction in (5.3) . Moreover, there is a non-negligible 

robability that the same will happen for observations i such that 
 

(
X i , Y i | X n 

)
= 1 + τ , for some small value of τ . 

So we hope to improve the accuracy of the CLT approximation 

y smoothing-out the estimated efficiency scores that are equal 

r near one. There are several asymptotically equivalent ways to 

chieve this. Given our purpose, we choose a way which gives, 

ith probability one, smoothed values ˜ θ
(
X i , Y i | X n 

)
≥ ̂ θ
(
X i , Y i | X n 

)
hen 

̂ θ
(
X i , Y i | X n 

)
≤ 1 + τ . Specifically, the smoothed values are

efined as 

 

(
X i , Y i | X n 

)
= 

{̂ θ
(
X i , Y i | X n 

)
if ̂ θ
(
X i , Y i | X n 

)
> 1 + τ̂ θ

(
X i , Y i | X n 

)
× ˜ ξi otherwise , 

(5.4) 

here ˜ ξi is a random independent draw from a uniform distribu- 

ion on the interval [1 , 1 + τ ] . The underlying idea is to approxi-

ate the density of θ (X, Y ) , locally, in the τ -neighborhood of the 

rontier, by a uniform density. 3 Clearly, not every τ is suitable for 
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his purpose: while it should be ‘big enough’ to do the smoothing- 

ut job, it should also be ‘small enough’ to assure the central limit 

heorems that we leverage on here are still applicable. Below we 

erive the lower and upper bounds for τ . 

To assure the consistency of the density estimator after smooth- 

ng, the neighborhood of 1, tuned by τ , should be large enough: we 

ust have τ → 0 and n −κ/τ → 0 as n → ∞ , see Theorem 4.1 in

neip et al. (2011) . So if we define τ = n −γ , this requires 0 < γ <

. Intuitively, we must smooth out the efficiency estimates that are 

n a neighborhood of the frontier of the bigger order than the sta- 

istical precision of the estimator. 

On the other hand, we do not want to lose the basic property 

f our estimator of the mean characterized by (4.7) . The CLT will 

ow be centered on the new estimator of μθ given by 

 

n = 

1 

n 

n ∑ 

i =1 ̃

 θ
(
X i , Y i 

∣∣ X n 

)
, (5.5) 

nd we need τ to be small enough to keep the asymptotic prop- 

rties of θn . So we need 

˜ θn = θn + o p (n −κ ) . It is easy to see that

 

n = θn + O p (τ
2 ) . (5.6) 

he deviation O p (τ 2 ) comes from the fact that ˜ ξi = 1 + U i where U i 

s a uniform on [0 , τ ] , so the deviation, when it applies, is of the

rder O p (τ ) and this happens with a probability of order O (τ ) = 

rob 
(̂ θ (X i , Y i | X n ) < 1 + τ

)
. So we need O p (τ 2 ) = o p (n −κ ) , which

mplies γ > κ/ 2 , thus providing the lower bound for γ to keep 

he desired asymptotic properties of θn . Therefore, the smoothing- 

ut keeps the asymptotic properties of θn for all values of τ = n −γ

ith κ/ 2 < γ < κ . Thus, we have exact (and fixed) values for lower

nd upper bounds for γ , which in turn imply the lower and upper 

ounds for τ , which will vary with n and the dimension of the 

roduction model. 

Interestingly, the smoothing technique in (5.4) is equivalent to 

data sharpening” of the original observations in X n , which are 

lose to the frontier. 4 Indeed, we can see the smoothed estimator 

f the efficiencies as being the DEA/FDH estimators at sharpened 

ata points (X i , ̃
 Y i ) , i = 1 , . . . , n , but computed with respect to the

ame reference sample X n . Indeed let us define 

 

 i = 

{
Y i if ̂ θ

(
X i , Y i | X n 

)
> 1 + τ

Y i / ̃  ξi otherwise . 
(5.7) 

t is easy to check that ˜ θ
(
X i , Y i | X n 

)
= ̂

 θ
(
X i , ̃

 Y i | X n 

)
, i.e., the regu-

ar FDH/DEA estimator for the sharpened sample point (X i , ̃
 Y i ) , but 

ith the reference set being the original sample X n . 

Of course, for coherence, the jackknife estimator of the bias 

n 

˜ θn has to be adapted. Specifically, in (5.1) and (5.2) , the effi- 

iency scores are now evaluated for points in the sharpened sam- 

le with the reference sets remaining the same (i.e., X n and its 

wo subsets X 

(	 ) 
n/ 2 

, 	 = 1 , 2 ). In other words, in the jackknife pro-

edure, ̂ θ
(
X i , ̃

 Y i | X n 

)
, ̂ θ
(
X i , ̃

 Y i | X 

(1) 
n/ 2 

)
, and 

̂ θ
(
X i , ̃

 Y i | X 

(2) 
n/ 2 

)
are now

sed in the places of the original ̂ θ
(
X i , Y i | X n 

)
, ̂ θ
(
X i , Y i | X 

(1) 
n/ 2 

)
, and

 

(
X i , Y i | X 

(2) 
n/ 2 

)
, respectively. We denote the resulting bias estimate 

 

 n,κ . Due to (5.6) , it shares the same property in (4.11) as ̂ B n,κ .
ur Monte-Carlo experiments, giving qualitatively similar results, although in some 

ases, they are slightly inferior in terms of the achieved coverages of the resulting 

onfidence intervals. 
4 The terminology “data sharpening” was used, e.g., by Choi, Hall, & Rousson 

20 0 0) in the context of non-parametric regression and more recently by Doosti 

 Hall (2016) in the context of improving the accuracy of density estimators by 

erturbation of the data. The perturbation can be additive or multiplicative, as in 

ur case. 

i

g

β

r
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inally, the more appropriate consistent estimator of σ 2 
θ

may be 

omputed as 

 

2 
θ,n = 

1 

n 

n ∑ 

i =1 

(˜ θ
(
X i , Y i 

∣∣ X n 

)
− ˜ θn 

)2 

. (5.8) 

o the confidence intervals described above in (4.17) and (4.18) for 

θ are now given by 

˜ θn − ˜ B n,κ − z α/ 2 ̃

 σθ,n √ 

n 

, ̃  θn − ˜ B n,κ + z α/ 2 ̃

 σθ,n √ 

n 

]
, (5.9) 

nd when (4.14) is applied, 

˜ θn,κ − ˜ B n,κ − z α/ 2 ̃

 σθ,n √ 

n κ
, ̃  θn,κ − ˜ B n,κ + z α/ 2 ̃

 σθ,n √ 

n κ

]
. (5.10) 

Finally the improvement suggested by Simar & Zelenyuk 

2020) can also be applied. It can be shown that this provides the 

ollowing estimator of the variance 

 

 

2 

θ,n = ̃

 σ 2 
θ,n + ̃

 B 

2 
n,κ . (5.11) 

o the alternative is to use ˜ ˜ σ θ,n in place of ˜ σθ,n in the intervals 

5.9) and (5.10) . 

We will investigate through our Monte-Carlo experiments, if 

hese changes introduced by our data sharpening described in 

5.7) provide, as expected, significant improvements on the cov- 

rages of the resulting confidence intervals. 

. Monte carlo experiments 

.1. Data generating process 

To investigate the performance of the proposed improvements, 

e perform Monte Carlo simulations using the same data generat- 

ng process as in Simar & Zelenyuk (2020) (for the multiple out- 

uts scenario), who in turn adapted the data generating process 

rom Zelenyuk (2020) . Specifically, the technology set characteriz- 

ng the production technology is given by 

= 

⎧ ⎨ ⎩ 

( x, y ) : 

( 

q ∑ 

	 =1 

β	 ( y 	 ) 
2 

) 1 / 2 

≤
p ∏ 

s =1 

( x s ) 
αs 

⎫ ⎬ ⎭ 

, (6.1) 

here αs ≥ 0 , β	 ≥ 0 . The technology specified in (6.1) is charac- 

erized by the weighted Euclidian norm on the output side, and 

ithout loss of generality the weights β	 are chosen such that 
 q 
	 =1 

β	 = 1 . This specification ensures that the output set is con- 

ex and satisfies the inactivity axiom of the production theory (i.e., 

roducing nothing is possible). Meanwhile, the specification on the 

ight hand side of the inequality in (6.1) follows the well-known 

obb-Douglas functional form, which is widely used in theoreti- 

al and empirical studies and can be viewed as the first order ap- 

roximation (in logs) of the unknown production frontier. More- 

ver, this specification is more flexible than other extreme func- 

ional forms, such as Leontief or linear. We also select αs such 

hat the technology exhibits non-increasing returns to scale, i.e., 
 q 
s =1 

αs ≤ 1 . 5 

The values of αs and β	 for different scenarios are summarized 

n Table 1 . 6 

To generate the data, for each observation i ∈ { 1 , . . . , n } , we first 

enerate efficient output, Y ∂ , such that Y ∂ 
iid ∼ Uni f orm ( 0 . 1 , 1 ) for 
	i 	i 

5 The results from the Monte Carlo simulations with different choices of αs and 

	 are qualitatively the same and available from the authors upon request. 
6 The Monte Carlo simulation for each scenario involves 30 0 0 MC simulations, 20 

eshuffles (to estimate bias), and sample sizes of up to 10 0 0. 
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Table 1 

Parameters for Data Generating Process. 

p q β	 αs 

1 1 β1 = 1 α1 = 0 . 4 

2 1 β1 = 1 α1 = 0 . 4 , α2 = 0 . 2 

2 2 β1 = 0 . 5 , β2 = 0 . 5 α1 = 0 . 4 , α2 = 0 . 2 

3 2 β1 = 0 . 5 , β2 = 0 . 5 α1 = 0 . 4 , α2 = 0 . 2 , α3 = 0 . 1 

3 3 β1 = 0 . 5 , β2 = 0 . 3 , β3 = 0 . 2 α1 = 0 . 4 , α2 = 0 . 2 , α3 = 0 . 1 
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8 In this paper, we consider the sample sizes up to n = 10 0 0 . It is important to 

note that going beyond such sample size, although doable (at much greater compu- 

tational cost), is outside of the focus of the current paper. Indeed, the explicit focus 

of our paper is to improve the performance of the CLTs in relatively small samples, 

where the current methods in the literature perform relatively poorly. 
9 It is worth clarifying here that we apply the rule-of-thumb that the magnitude 

of difference between an empirical coverage and the nominal coverage is significant 

if it is greater than or equal to 0.01 (i.e., the “error bound” corresponding to the 

95% level of confidence given by 2 ×
√ 

0 . 95(1 −0 . 95) 
M 

≈ 0 . 01 , where M = 30 0 0 is the 
ach 	 ∈ { 1 , . . . , q } . Then for the case p = 1 , we let 

 1 i = 

( 

q ∑ 

	 =1 

β	 

(
Y ∂ 

	i 

)2 

) 1 / 2 α1 

, (6.2) 

or each i ∈ { 1 , . . . , n } . For the case p ≥ 2 , for each i ∈ { 1 , . . . , n } , we

enerate p − 1 inputs, X si , for each s ∈ { 2 , . . . , p } , such that X si 
iid ∼

ni f orm ( 0 , 1 ) and let 

 1 i = 

⎛ ⎜ ⎝ 

(∑ q 
	 =1 

β	 

(
Y ∂ 

	i 

)2 
)1 / 2 

∏ p 
s =2 ( X s i ) 

αs 

⎞ ⎟ ⎠ 

1 /α1 

. (6.3) 

e then generate for each observation i ∈ { 1 , . . . , n } the true effi- 

iency, θi , such that 7 

i ∼ | N 

(
0 , σ 2 

θ

)| + 1 , (6.4) 

nd the observed output is determined by the efficient output and 

he true efficiency, given as 

 i = 

Y ∂ 
i 

θi 

. (6.5) 

We investigate the performance of the CLTs under different ap- 

roaches by examining the empirical coverage (corresponding to 

he nominal coverage of 0.95) of the estimated confidence inter- 

al. The empirical coverage is the percentage of times (out of total 

umber of Monte Carlo (MC) replications) that the estimated con- 

dence interval includes the true value of the population mean. 

oreover, we also report the averages of the bias-corrected point 

stimates of mean and standard deviation over all MC replications. 

In our results below we use the middle of the range for the 

ossible values of τ = n −γ , with κ/ 2 < γ < κ , i.e., τ = n −0 . 75 κ . We

id the same simulations with γ in a grid of values ranging from 

 . 55 κ to 0 . 95 κ and the results are summarized in the Appendix A.

hile in many cases the results are similar, the level of γ near 

 . 75 κ appears to provide the best performance. Developing a rule 

or choosing an optimal level of γ might be a fruitful path forward. 

.2. Results and discussion 

Before discussing the results, it is important to note that in 

ur Monte Carlo experiments, we investigate the sizes of the im- 

rovements of our sharpening method both compared to the basic 

ethod in Kneip et al. (2015) and to the improved method sug- 

ested in Simar & Zelenyuk (2020) . Moreover, we also examine the 

dditional improvements by adapting the latter to our sharpening 

ethod. For further reference, let us denote these methods by the 

ollowing solutions. 

• Solution 1: The basic method in Kneip et al. (2015) , i.e., esti- 

mating confidence intervals using (4.17) or (4.18) . 
• Solution 2: The improved method suggested in Simar & 

Zelenyuk (2020) , i.e., estimating confidence intervals using 

(4.17) or (4.18) with 

̂ σθ,n being replaced by ̂ ̂ σ θ,n . 
7 The tables in the next section report the results where σθ = 1 . 

n

c

“
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• Solution 3: Our sharpening method, i.e., estimating confidence 

intervals using (5.9) or (5.10) . 
• Solution 4: The improved method suggested in Simar & Ze- 

lenyuk (2020) adapted to our sharpening method, i.e., estimat- 

ing confidence intervals using (5.9) or (5.10) with 

˜ σθ,n being re- 

placed by ˜ ˜ σ θ,n . 

From Fig. 1 and Table 2 , some observations are in order. First, 

s in Kneip et al. (2015) and Simar & Zelenyuk (2020) , the cur-

ent methods in the literature already work well for large samples 

e.g., n = 10 0 0 or above) with the estimated means and standard 

eviations close to their true values as well as the empirical cov- 

rages close to the nominal coverage. 8 Thus, in our discussion we 

ocus on the performance in relatively small samples where these 

ethods perform relatively poorly. Second, in virtually all the sce- 

arios with relatively small samples (e.g., n ≤ 500 ), our sharpen- 

ng method provides the bias-corrected estimates of mean that are 

losest to the true value, on average, especially for relatively large 

imension of inputs and outputs. Third, the improved method sug- 

ested in Simar & Zelenyuk (2020) does actually help to correct 

he downward bias in the estimation of standard deviation. 

Moreover, our Monte Carlo experiments also confirm the re- 

ult in Simar & Zelenyuk (2020) that Solution 2 provides persis- 

ent improvements compared to Solution 1, and the improvements 

re substantial for relatively small samples and large dimensions 

f inputs and outputs. For example, for n = 100 , the improvements 

rovided by Solution 2 (relative to Solution 1) are around 0.15 with 

p = 3 , q = 2 and around 0.20 with p = 3 , q = 3 . However, even with

he enhancement, the empirical coverages from Solution 2 under 

hese scenarios (i.e., 0.646 and 0.710) are still far from the nomi- 

al coverages of 0.95. 

Regarding our sharpening method, Solution 3 provides signifi- 

ant improvements compared to both Solution 1 and Solution 2. 9 

he improvements provided by Solution 3 range from 0.02 to 0.34 

relative to Solution 1) and from 0.02 to 0.14 (relative to Solu- 

ion 2). For instance, with p = 3 , q = 2 and n = 100 , the empirical

overage under Solution 3 is around 0.29 higher than Solution 1 

nd 0.14 higher than Solution 2. When the sample size increases, 

he magnitudes of improvements diminish (as expected, because 

f the consistency of these approaches). For example, with the 

ame numbers of inputs and outputs, the improvements decrease 

o around 0.11 and 0.03, respectively, for n = 300 . Moreover, it is 

orth noting here that the improvements provided by Solution 3 

re, to some extent, not persistent. For instance, when the sample 

ize increases to n = 500 , with p = 3 , q = 3 , the empirical coverage

nder Solution 3 becomes 0.05 less than the empirical coverage 

nder Solution 2. 

When adapting the improved method suggested in Simar & Ze- 

enyuk (2020) to our sharpening method, the improvements are 

ore substantial, and more importantly, are persistent. As can be 

een from Table 2 , Solution 4 provides improvements ranging from 

.02 to 0.46 compared to Solution 1 and ranging from 0.02 to 0.27 

ompared to Solution 2. For example, with n = 100 , the improve- 

ent provided by Solution 4 relative to Solution 2 is around 0.15 
umber of MC replications) and the magnitude of difference between two empirical 

overages is significant if it is greater than or equal to 0.02 (i.e., two times the 

error bound” corresponding to the 95% level of confidence). 
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Fig. 1. Empirical Coverages for the Mean Efficiency with τ = n −0 . 75 κ . 

Table 2 

Empirical Coverages for the Mean Efficiency with τ = n −0 . 75 κ . 

n p q n − m Solution 1 Solution 2 Solution 3 Solution 4 

Mean Std Cvg Mean Std Cvg Mean Std Cvg Mean Std Cvg 

100 1 1 17.07 1.769 0.554 0.818 1.769 0.568 0.830 1.778 0.545 0.836 1.778 0.559 0.845 

2 1 35.800 1.720 0.510 0.586 1.720 0.556 0.629 1.754 0.483 0.693 1.754 0.531 0.742 

2 2 49.055 1.703 0.466 0.658 1.703 0.549 0.742 1.773 0.423 0.812 1.773 0.516 0.892 

3 2 64.970 1.631 0.408 0.500 1.631 0.525 0.646 1.750 0.358 0.785 1.750 0.494 0.911 

3 3 73.107 1.610 0.371 0.506 1.610 0.515 0.710 1.775 0.322 0.848 1.775 0.496 0.964 

200 1 1 22.33 1.785 0.571 0.859 1.785 0.578 0.864 1.790 0.566 0.866 1.790 0.573 0.871 

2 1 52.043 1.757 0.539 0.695 1.757 0.569 0.730 1.776 0.521 0.778 1.776 0.552 0.804 

2 2 75.642 1.747 0.501 0.782 1.747 0.562 0.835 1.790 0.469 0.861 1.790 0.535 0.913 

3 2 106.481 1.703 0.457 0.712 1.703 0.557 0.814 1.784 0.411 0.879 1.784 0.524 0.954 

3 3 124.397 1.688 0.423 0.727 1.688 0.554 0.870 1.807 0.370 0.895 1.807 0.524 0.978 

300 1 1 26.16 1.791 0.579 0.887 1.791 0.583 0.890 1.793 0.576 0.889 1.793 0.580 0.891 

2 1 64.756 1.770 0.551 0.762 1.770 0.573 0.778 1.783 0.537 0.817 1.783 0.560 0.831 

2 2 97.189 1.763 0.519 0.837 1.763 0.568 0.871 1.795 0.492 0.883 1.795 0.544 0.920 

3 2 140.871 1.728 0.477 0.798 1.728 0.564 0.874 1.793 0.436 0.904 1.793 0.533 0.959 

3 3 167.806 1.723 0.448 0.813 1.723 0.567 0.913 1.821 0.397 0.902 1.821 0.535 0.970 

500 1 1 32.25 1.795 0.585 0.910 1.795 0.588 0.911 1.796 0.584 0.914 1.796 0.586 0.915 

2 1 85.269 1.782 0.563 0.819 1.782 0.578 0.827 1.790 0.554 0.845 1.790 0.569 0.854 

2 2 132.419 1.780 0.535 0.885 1.780 0.572 0.911 1.803 0.515 0.913 1.803 0.553 0.933 

3 2 199.225 1.758 0.501 0.874 1.758 0.572 0.917 1.806 0.467 0.927 1.806 0.544 0.960 

3 3 242.857 1.758 0.474 0.902 1.758 0.577 0.959 1.833 0.428 0.907 1.833 0.545 0.967 

1000 1 1 42.74 1.797 0.592 0.921 1.797 0.593 0.922 1.798 0.591 0.922 1.798 0.592 0.923 

2 1 122.861 1.791 0.574 0.870 1.791 0.582 0.875 1.796 0.569 0.884 1.796 0.577 0.889 

2 2 202.333 1.792 0.552 0.910 1.792 0.575 0.924 1.805 0.539 0.917 1.805 0.562 0.927 

3 2 316.829 1.779 0.524 0.926 1.779 0.576 0.949 1.810 0.498 0.931 1.810 0.553 0.960 

3 3 397.859 1.786 0.502 0.932 1.786 0.581 0.969 1.838 0.465 0.892 1.838 0.552 0.936 

Note: (i) (4.13) applies for p + q < 4 , (4.14) applies for p + q ≥ 4 . (ii) n − m : is the average number of “smoothed-out” observations over 30 0 0 MC 

replications. (iii) For each solution, “Mean” column reports the averages of bias-corrected point estimates of simple mean over 30 0 0 MC replications, 

“Std” column reports the averages of point estimates of standard deviation over 30 0 0 MC replications, and “Cvg” column reports the empirical 

coverages over 30 0 0 MC replications. (iv) For all scenarios, the true mean is 1.798 and the true standard deviation is 0.603 
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or p = 2 , q = 2 (i.e., 0.892 versus 0.742) and around 0.27 for p =
 , q = 2 (i.e., 0.911 versus 0.646). Even with moderate sample sizes, 

uch as n = 500 , Solution 4 still provides significant improvements. 

or instance, for n = 500 and with p = 3 , q = 2 , the empirical cov-

rage under Solution 4 is 0.960, which is around 0.04 higher than 

he empirical coverage under Solution 2 (i.e., 0.917). Meanwhile, it 

s worth noting here that for relatively large dimensions of inputs 

nd outputs, Solution 4 provides a confidence level slightly greater 

han 95% (i.e., more conservative). For example, with p = 3 , q = 3 ,

he empirical coverages under Solution 4 are around 0.02 higher 

han the nominal coverage of 0.95 for n ≤ 500 . In this regard we 
1475 
ote that while ideally one may wish an approach to always at- 

ain exactly the perfect (or nominal) levels, in practice there is of- 

en some under– or over–estimation for finite samples and so the 

ey questions are: how often?, by how much?, and how substan- 

ial it is for practical implications (e.g., in terms of the length of 

 confidence interval)? In this respect, the slightly more conserva- 

ive confidence intervals that we observe for Solution 4 at moder- 

te sample sizes, like n = 500 , can be viewed as the positive fea-

ure of an approach, relative to the substantial under–estimation of 

onfidence intervals (which may lead to over–rejection of related 

ypotheses). 
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Table 3 

Average Length of CI for the Mean Efficiency with τ = n −0 . 75 κ . 

n p q n − m 

CI level = 0.95 

Solution 1 Solution 2 Solution 3 Solution 4 

100 1 1 17.07 0.22 (0 . 02) 0.22 (0 . 02) 0.21 (0 . 02) 0.22 (0 . 02) 

2 1 35.80 0.20 (0 . 02) 0.22 (0 . 02) 0.19 (0 . 02) 0.21 (0 . 02) 

2 2 49.05 0.29 (0 . 03) 0.34 (0 . 03) 0.27 (0 . 03) 0.32 (0 . 03) 

3 2 64.97 0.35 (0 . 04) 0.45 (0 . 05) 0.31 (0 . 04) 0.42 (0 . 05) 

3 3 73.11 0.40 (0 . 05) 0.56 (0 . 07) 0.35 (0 . 04) 0.54 (0 . 06) 

200 1 1 22.33 0.16 (0 . 01) 0.16 (0 . 01) 0.16 (0 . 01) 0.16 (0 . 01) 

2 1 52.04 0.15 (0 . 01) 0.16 (0 . 01) 0.14 (0 . 01) 0.15 (0 . 01) 

2 2 75.64 0.24 (0 . 02) 0.27 (0 . 02) 0.22 (0 . 02) 0.25 (0 . 02) 

3 2 106.48 0.31 (0 . 02) 0.37 (0 . 03) 0.28 (0 . 02) 0.35 (0 . 03) 

3 3 124.40 0.37 (0 . 03) 0.49 (0 . 04) 0.32 (0 . 03) 0.46 (0 . 04) 

300 1 1 26.16 0.13 (0 . 01) 0.13 (0 . 01) 0.13 (0 . 01) 0.13 (0 . 01) 

2 1 64.76 0.12 (0 . 01) 0.13 (0 . 01) 0.12 (0 . 01) 0.13 (0 . 01) 

2 2 97.19 0.21 (0 . 01) 0.23 (0 . 01) 0.20 (0 . 01) 0.22 (0 . 01) 

3 2 140.87 0.28 (0 . 02) 0.33 (0 . 02) 0.26 (0 . 02) 0.31 (0 . 02) 

3 3 167.81 0.34 (0 . 02) 0.44 (0 . 02) 0.31 (0 . 02) 0.41 (0 . 02) 

500 1 1 32.25 0.10 (0 . 00) 0.10 (0 . 00) 0.10 (0 . 00) 0.10 (0 . 00) 

2 1 85.27 0.10 (0 . 00) 0.10 (0 . 00) 0.10 (0 . 00) 0.10 (0 . 00) 

2 2 132.42 0.17 (0 . 01) 0.19 (0 . 01) 0.17 (0 . 01) 0.18 (0 . 01) 

3 2 199.22 0.25 (0 . 01) 0.28 (0 . 01) 0.23 (0 . 01) 0.27 (0 . 01) 

3 3 242.86 0.32 (0 . 01) 0.39 (0 . 02) 0.29 (0 . 01) 0.37 (0 . 02) 

1000 1 1 42.74 0.07 (0 . 00) 0.07 (0 . 00) 0.07 (0 . 00) 0.07 (0 . 00) 

2 1 122.86 0.07 (0 . 00) 0.07 (0 . 00) 0.07 (0 . 00) 0.07 (0 . 00) 

2 2 202.33 0.14 (0 . 00) 0.14 (0 . 00) 0.13 (0 . 00) 0.14 (0 . 00) 

3 2 316.83 0.21 (0 . 01) 0.23 (0 . 01) 0.20 (0 . 01) 0.22 (0 . 01) 

3 3 397.86 0.28 (0 . 01) 0.32 (0 . 01) 0.26 (0 . 01) 0.30 (0 . 01) 

Note: (i) (4.13) applies for p + q < 4 , (4.14) applies for p + q ≥ 4 . (ii) n − m : is the average number 

of “smoothed-out” observations over 30 0 0 MC replications. (iii) Standard deviations are reported 

in parentheses. 
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12 The primary purpose of this section is to illustrate for practitioners the pro- 

posed improvement, explaining how our method improves the quality of the in- 
For relatively large samples, e.g., n = 10 0 0 , as discussed earlier

n this section, the current methods in the literature perform rel- 

tively well, and further improvements are not necessary. In some 

nstances, Solution 4 provides a slightly better empirical coverages 

ompared to Solution 2, yet the improvements are not significant. 

n the other instance, e.g., p = 3 , q = 3 , the empirical coverage from

olution 2 (i.e., 0.969) is slightly higher than the nominal cover- 

ge of 0.95, meanwhile the empirical coverage from Solution 4 (i.e., 

.936) is slightly lower than the nominal level. 

With regard to the average lengths of confidence intervals, we 

an see from Table 3 that Solution 2 and Solution 4 provide, on av-

rage, relatively wider confidence intervals compared to Solution 1 

nd Solution 3 because they use bias-corrected versions of sam- 

le variances. 10 Moreover, in virtually all scenarios, the confidence 

ntervals from Solution 4 appear to be narrower than those from 

olution 2 because the estimates of standard deviation for Solu- 

ion 4 are smaller (as shown in Table 2 ). 11 The smaller lengths of

onfidence interval indicate that the confidence interval estimation 

y Solution 4 is more accurate than the confidence interval estima- 

ion by Solution 2, ceteris paribus. The differences in the average 

engths of confidence intervals are, however, not significant for rel- 

tively small dimensions of inputs and outputs, and diminish when 

ample sizes increase. 

In summary, Solution 4 appears to be a winner by most counts 

ere: in all our simulations it showed the most substantial and 

ersistent improvement upon the current approaches in the litera- 

ure. Moreover, it is interesting to note that the improvement is 

ore substantial with higher dimensions of inputs and outputs, 

here it appears that the data sharpening becomes even more 

seful since the proportion of envelopment estimates in a neigh- 

orhood of 1 increases substantially with the increase in the di- 
ension. 

10 We also examine the median lengths of confidence intervals and the conclusion 

s qualitatively similar. 
11 We thank the anonymous referee for this insight. 
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. Illustration with real data 

In this section, we provide empirical illustrations of the pro- 

osed improvements with some real data sets. 12 

.1. Philippine rice data 

Our first empirical illustration utilizes the same data set as in 

imar & Zelenyuk (2020) , which is a data set including the infor- 

ation about 43 rice producers in Tarlac, Philippines from 1990 to 

997. 13 From the data set, we obtain the information about three 

nputs and one output. Specifically, the three inputs include the 

rea planted, labour used, and fertiliser used, which are measured 

n hectares, man-days of family and hired labour, and kilograms of 

ctive ingredients, respectively. Meanwhile, the output is measured 

n tonnes of freshly threshed rice. 

Following Simar & Zelenyuk (2020) , we apply the VRS-DEA es- 

imator to estimate the Farrell-Debreu output oriented efficiency 

cores and the 99% confidence intervals of their simple mean for 

ach year separately and also for the pooled data across the 8 

ears. The results are presented in Table 4 . 

From Table 4 we can see that the differences in the bias- 

orrected estimates of simple means and in the estimated confi- 

ence intervals are more substantial for the annual frontiers where 

he sample sizes are relatively small (i.e., n = 43 ). Meanwhile, for 

he pooled frontier where the sample size is relatively large (i.e., 

 = 344 ), the estimated results based on Solution 1 and Solution 2 

re very similar to those based on Solution 3 and Solution 4, re- 

pectively. 
erence. A real application using our method to investigate empirical questions of 

ne’s interest would require a separate paper on its own. 
13 The data set was popularized in the literature by Coelli, Rao, O’Donnell, & Bat- 

ese (2005) and can be downloaded from the website of their book: http://www. 

q.edu.au/economics/cepa/crob2005/software/CROB2005.zip . 

http://www.uq.edu.au/economics/cepa/crob2005/software/CROB2005.zip
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Table 4 

VRS-DEA Estimates of Simple Means of Efficiency and their 0.99% Confidence Intervals for the Philippine Rice Data with τ = n −0 . 75 κ . 

Year 

Solution 1 Solution 2 Solution 3 Solution 4 

Mean Std C.I. Mean Std C.I. Mean Std C.I. Mean Std C.I. 

1990 2.11 0.61 [1 . 76 , 2 . 47] 2.11 0.77 [1 . 67 , 2 . 56] 2.20 0.55 [1 . 89 , 2 . 52] 2.20 0.73 [1 . 78 , 2 . 62] 

1991 1.84 0.55 [1 . 53 , 2 . 15] 1.84 0.62 [1 . 48 , 2 . 20] 1.94 0.49 [1 . 66 , 2 . 22] 1.94 0.58 [1 . 61 , 2 . 27] 

1992 1.56 0.25 [1 . 41 , 1 . 70] 1.56 0.34 [1 . 36 , 1 . 75] 1.69 0.21 [1 . 57 , 1 . 81] 1.69 0.32 [1 . 50 , 1 . 88] 

1993 1.50 0.34 [1 . 31 , 1 . 70] 1.50 0.42 [1 . 27 , 1 . 74] 1.65 0.29 [1 . 48 , 1 . 82] 1.65 0.38 [1 . 43 , 1 . 87] 

1994 1.69 0.45 [1 . 43 , 1 . 95] 1.69 0.57 [1 . 37 , 2 . 02] 1.79 0.40 [1 . 56 , 2 . 02] 1.79 0.54 [1 . 48 , 2 . 10] 

1995 1.62 0.39 [1 . 40 , 1 . 85] 1.62 0.46 [1 . 36 , 1 . 89] 1.73 0.33 [1 . 54 , 1 . 92] 1.73 0.42 [1 . 49 , 1 . 97] 

1996 1.65 0.41 [1 . 42 , 1 . 89] 1.65 0.53 [1 . 35 , 1 . 96] 1.80 0.35 [1 . 60 , 2 . 00] 1.80 0.50 [1 . 51 , 2 . 09] 

1997 1.91 0.38 [1 . 69 , 2 . 13] 1.91 0.56 [1 . 59 , 2 . 23] 1.97 0.34 [1 . 78 , 2 . 17] 1.97 0.54 [1 . 66 , 2 . 28] 

Pooled 2.28 0.67 [2 . 12 , 2 . 45] 2.28 0.81 [2 . 08 , 2 . 48] 2.29 0.66 [2 . 13 , 2 . 46] 2.29 0.80 [2 . 09 , 2 . 49] 

Note: For each solution, “Mean” column reports the corresponding bias-corrected estimate of simple mean, “Std” column reports the corre- 

sponding estimate of standard deviation, and “C.I.” column reports the corresponding 99% confidence interval. 

Table 5 

CRS-DEA Estimates of Simple Means of Efficiency and their 0.95% Confidence Intervals for the Queensland Hospital Data with τ = n −0 . 75 κ . 

Hospital 

groups 

Solution 1 Solution 2 Solution 3 Solution 4 

Mean Std C.I. Mean Std C.I. Mean Std C.I. Mean Std C.I. 

Teaching 1.35 0.18 [1 . 29 , 1 . 40] 1.35 0.23 [1 . 28 , 1 . 42] 1.45 0.16 [1 . 40 , 1 . 49] 1.45 0.22 [1 . 38 , 1 . 51] 

Non-teaching 1.92 0.43 [1 . 84 , 2 . 00] 1.92 0.51 [1 . 83 , 2 . 01] 1.93 0.42 [1 . 86 , 2 . 01] 1.93 0.50 [1 . 84 , 2 . 02] 

All 1.97 0.40 [1 . 90 , 2 . 03] 1.97 0.53 [1 . 88 , 2 . 06] 1.98 0.39 [1 . 91 , 2 . 04] 1.98 0.52 [1 . 89 , 2 . 06] 

Note: For each solution, “Mean” column reports the corresponding bias-corrected estimate of simple mean, “Std” column reports the corresponding 

estimate of standard deviation, and “C.I.” column reports the corresponding 95% confidence interval. 
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For the annual frontiers, some remarks are in order. First, 

mong other Solutions, Solution 3 appears to provide the narrow- 

st confidence intervals. Meanwhile, the confidence intervals based 

n Solution 2 and Solution 4 are among the widest. For example, 

or the year 1995, the confidence interval based on Solution 3 is 

rom 1.54 to 1.92, which is about 15% narrower than the confidence 

nterval based on Solution 1 (from 1.40 to 1.85). On the other hand, 

he confidence intervals based on Solution 2 (i.e., from 1.36 to 1.89) 

nd Solution 4 (i.e., from 1.49 to 1.97) are, respectively, around 17% 

nd 7% wider than those based on Solution 1. Second, the lower 

ounds of the confidence intervals based on Solution 4 are around 

% to 13% higher than those based on Solution 2, and the corre- 

ponding upper bounds are around 2% to 7% higher. For instance, 

or the year 1992, the confidence interval based on Solution 4 is 

hifted to the right compared to the confidence interval based on 

olution 2 by a distance of around 35% of their lengths. 

In summary, our main take-away from the discussions above is 

hat the differences in estimated results based on different meth- 

ds are practically significant, especially for the relatively small 

ample sizes. And thus, despite the desire to have narrower con- 

dence intervals, the Monte Carlo evidence from the previous sec- 

ion suggests the wider confidence intervals of Solution 4 (jack- 

nife with sharpening for correction of bias and variance) are likely 

o be more accurate. 

.2. Queensland hospital data 

Our second empirical illustration looks at the case of multiple 

utputs. We utilize the data set on Queensland public hospitals 

rom Nguyen & Zelenyuk (2021) . The data set includes annual data 

n 104 public acute hospitals in Queensland, Australia in the five 

nancial years (FYs) from FY 2012/13 to FY 2016/17. 14 Following 

guyen & Zelenyuk (2021) and the common practice in the liter- 

ture (e.g., see Berta, Callea, Martini, & Vittadini, 2010; Burgess & 

ilson, 1996; Chowdhury & Zelenyuk, 2016; Ferrier & Trivitt, 2013; 

rosskopf, Margaritis, & Valdmanis, 2001; Hao & Pegels, 1994; Har- 
14 In Australia, a financial year starts on 1 July and ends on 30 June of the next 

alendar year. 

s

p

1477 
is, Ozgen, & Ozcan, 20 0 0; Magnussen, 1996; Nayar, Ozcan, Yu, & 

guyen, 2013 ), we use three inputs (i.e., labor, capital, and con- 

umable inputs) and two outputs (i.e., outpatient and inpatient 

utputs) to model the production process of hospitals. Labor in- 

ut is an aggregation (based on the principle component analy- 

is) of the full-time equivalent staff of six main categories of hos- 

ital personnel. Capital input is proxied by the number of beds, 

nd consumable input is measured by expenditures on drug, sur- 

ical and medical supplies in 2013/14 constant prices. On the out- 

ut side, outpatient output is measured by the number of non- 

dmitted occasions of service. Meanwhile, inpatient output is mea- 

ured by casemix weighted inpatient episodes. 15 

As in Nguyen & Zelenyuk (2021) , we estimate the simple means 

f efficiency and their confidence intervals for teaching hospitals, 

on-teaching hospitals and for the whole sample. We also trim 

% of outliers in the right tail of the estimated efficiency distribu- 

ions, resulting in a trimmed sample of 494 observations, in which 

18 observations have teaching status. We apply the CRS-DEA es- 

imator to estimate the Farrell-Debreu output oriented efficiency 

cores and the 95% confidence interval of their simple mean for 

ach group of hospital separately as well as for the whole sam- 

le. 16 The results are presented in Table 5 . 

As can be seen from Table 5 , the estimated (bias-corrected) 

imple means and confidence intervals are not significantly dif- 

erent among the solutions for non-teaching hospitals and for the 

hole sample, where the sample sizes are relatively large (i.e., 

 = 376 for non-teaching hospitals and n = 494 for the whole sam- 

le). However, for teaching hospitals (where the sample size equals 

o 118), our sharpening method provides significantly different re- 

ults compared to the current approaches in the literature. Note 

hat for teaching hospitals, Solution 2 provides a very similar con- 

dence interval compared to Solution 1 (i.e., [1 . 29 , 1 . 40] versus

1 . 28 , 1 . 42] ). Meanwhile, the confidence interval based on Solution

 (i.e., [1 . 40 , 1 . 49] ) is to the right and does not overlap with the
15 See more detail discussion in Nguyen & Zelenyuk (2021) . 
16 It is worth noting here that in Nguyen & Zelenyuk (2021) , they use the whole 

ample data to estimate efficiency scores for both teaching and non-teaching hos- 

itals. 
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17 We have also obtained the results for a finer grid, which, in addition to the 

values reported here, includes { 0 . 60 κ, 0 . 70 κ, 0 . 80 κ, 0 . 90 κ} , but these figur es do not 

provide any additional useful information, and therefore are omitted to save space. 
onfidence interval based on Solution 1. The confidence interval 

ased on Solution 4 is similar to Solution 3, but is wider due to 

he use of biased-corrected variance. 

Again, this empirical illustration shows that the differences in 

stimated results based on different methods are practically signif- 

cant, especially for the relatively small sample sizes. As the Monte 

arlo evidence from the previous section suggests the wider confi- 

ence intervals of Solution 4 (jackknife with sharpening for correc- 

ion of bias and variance) are likely to be more accurate, we would 

ecommend this approach for practical use. 

. Concluding remarks 

In this paper, we propose a novel ‘simple to compute’ ap- 

roach endeavoring to improve the finite sample approximation of 

he CLTs for the envelopment estimators of production efficiency. 

he method is based on data sharpening of observations that fall 

n a neighborhood of the efficient frontier. This is in the spirit 

f ways suggested by Simar & Zelenyuk (2006) and Kneip et al. 

2011) to solve the discretization issue of the empirical distribu- 

ion of DEA/FDH efficiency estimates near the efficient value (1), 

roviding what is known as “spurious ones”. The problem may be- 

ome severe when the dimension of the problem increases. The 

ethod we developed does not involve additional computational 

urden compared to the up-to-date existing methods for CLTs de- 

ived by Kneip et al. (2015) and Simar & Zelenyuk (2020) . Our 

onte-Carlo experiments compare our method with the existing 

nes. The results suggest that the data sharpening we propose, ap- 

lied together with the variance correction proposed by Simar & 

elenyuk (2020) , provides persistently as good or better accuracy 

n the coverage of the resulting confidence intervals, than the cur- 

ent approaches in the literature. In many cases, the improvement 

s substantial and significant. 

It is also worth mentioning here that even with the proposed 

mprovements, the empirical coverages of the CLTs for small sam- 

les, with a relatively large dimension of inputs and outputs are 

ar from the nominal coverages. There is no miracle: we have to 

ace the well-known “curse of dimensionality” of the nonparamet- 

ic approaches. 

It is straightforward to apply our method to other CLTs based 

n Kneip et al. (2015) . Among others, these include the CLTs for 

ggregate efficiency ( Simar & Zelenyuk, 2018 ), the CLTs for condi- 

ional efficiency ( Daraio et al., 2018 ), the CLTs for Malmquist in- 

ices ( Kneip et al., 2020 ), and the CLTs for cost and allocative effi-

iency ( Simar & Wilson, 2020b ). The same is true for the problems

f hypothesis testing in the context of DEA/FDH, such as testing 
Table B1 

Coverage for the Mean Efficiency under Variant 2 with τ = n −0 . 75 κ and MC =

n p q n − m 

Solution 1 Solution 2 

Mean Std Cvg Mean Std 

100 1 1 17.14 1.767 0.553 0.824 1.767 0.567

2 1 35.659 1.721 0.510 0.580 1.721 0.557

2 2 48.910 1.705 0.465 0.654 1.705 0.549

3 2 64.884 1.629 0.408 0.507 1.629 0.524

3 3 73.114 1.609 0.374 0.505 1.609 0.518

200 1 1 22.23 1.787 0.572 0.864 1.787 0.579

2 1 52.112 1.758 0.539 0.713 1.758 0.569

2 2 75.416 1.747 0.502 0.783 1.747 0.563

3 2 106.642 1.701 0.456 0.708 1.701 0.555

3 3 124.509 1.688 0.424 0.736 1.688 0.554

300 1 1 26.11 1.789 0.578 0.893 1.789 0.582

2 1 64.942 1.769 0.550 0.754 1.769 0.573

2 2 97.278 1.762 0.519 0.848 1.762 0.568

3 2 141.051 1.729 0.477 0.800 1.729 0.564

3 3 167.841 1.718 0.448 0.807 1.718 0.567

1478 
or the equality of the efficiency of different groups of DMUs, test- 

ng for assumptions on technology sets (e.g., convexity or returns 

o scale), see Kneip et al. (2016) and Simar & Wilson (2020a) , or

esting the separability condition as in Daraio et al. (2018) , among 

ther possibilities. Due to the encouraging results of our Monte- 

arlo experiments, we can hope that the improvements will be 

lso observed in these extensions. 
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ppendix A 

In this Appendix, we examine the performance of the sharp- 

ning method with different choices of τ = n −γ by vary- 

ng γ in a grid of values ranging from 0 . 55 κ to 0 . 95 κ ,

.e., { 0 . 55 κ, 0 . 65 κ, 0 . 75 κ, 0 . 85 κ, 0 . 95 κ} . 17 From Fig. 2 , we can see

hat while in many cases the results are similar, the level of γ near 

 . 75 κ appears to provide the best performance. Specifically, with 

he values of γ close to its lower bound (i.e., γ = 0 . 55 κ, 0 . 65 κ), So-

ution 3 and Solution 4 are not well-performing, i.e., the empirical 

overages under these Solutions are further from the nominal cov- 

rage when the sample size increases. Meanwhile, with the val- 

es of γ close to its upper bound (i.e., γ = 0 . 85 κ, 0 . 95 κ), Solution

 and Solution 4 provide improvements relative to Solution 1 and 

olution 2, but the improvements are not as substantial as if γ is 

n the middle of the range of its possible values. As a result, devel- 

ping a rule for choosing an optimal level of γ might be a fruitful 

ath forward. 

ppendix B 

In this Appendix, as an evidence for the sufficiency of the num- 

er of MC replications utilized in this study (MC = 30 0 0), we re-
 10 0 0. 

Solution 3 Solution 4 

Cvg Mean Std Cvg Mean Std Cvg 

 0.834 1.776 0.544 0.844 1.776 0.558 0.852 

 0.628 1.755 0.483 0.700 1.755 0.532 0.747 

 0.734 1.775 0.422 0.806 1.775 0.516 0.884 

 0.666 1.748 0.357 0.780 1.748 0.494 0.909 

 0.711 1.774 0.324 0.853 1.774 0.499 0.962 

 0.871 1.791 0.568 0.871 1.791 0.575 0.874 

 0.746 1.777 0.522 0.794 1.777 0.553 0.816 

 0.833 1.790 0.470 0.852 1.790 0.536 0.909 

 0.806 1.783 0.410 0.880 1.783 0.522 0.955 

 0.877 1.808 0.371 0.893 1.808 0.524 0.976 

 0.894 1.791 0.575 0.894 1.791 0.579 0.899 

 0.780 1.782 0.537 0.816 1.782 0.560 0.827 

 0.870 1.795 0.492 0.871 1.795 0.544 0.911 

 0.875 1.793 0.436 0.903 1.793 0.532 0.957 

 0.903 1.817 0.397 0.908 1.817 0.535 0.979 

( continued on next page ) 
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Table B1 ( continued ) 

n p q n − m Solution 1 Solution 2 Solution 3 Solution 4 

Mean Std Cvg Mean Std Cvg Mean Std Cvg Mean Std Cvg 

500 1 1 32.39 1.795 0.586 0.912 1.795 0.588 0.912 1.797 0.584 0.916 1.797 0.586 0.918 

2 1 85.205 1.783 0.564 0.832 1.783 0.579 0.840 1.791 0.555 0.861 1.791 0.570 0.868 

2 2 132.781 1.782 0.536 0.884 1.782 0.572 0.916 1.804 0.515 0.905 1.804 0.553 0.930 

3 2 199.890 1.755 0.501 0.844 1.755 0.572 0.906 1.803 0.467 0.925 1.803 0.544 0.954 

3 3 242.833 1.757 0.474 0.902 1.757 0.577 0.954 1.832 0.428 0.916 1.832 0.545 0.970 

1000 1 1 42.78 1.797 0.592 0.923 1.797 0.593 0.924 1.798 0.591 0.926 1.798 0.592 0.926 

2 1 122.869 1.792 0.574 0.885 1.792 0.583 0.893 1.797 0.569 0.895 1.797 0.578 0.904 

2 2 202.209 1.793 0.553 0.912 1.793 0.576 0.926 1.807 0.539 0.914 1.807 0.563 0.925 

3 2 316.290 1.780 0.525 0.922 1.780 0.576 0.944 1.811 0.499 0.921 1.811 0.554 0.949 

3 3 397.592 1.784 0.502 0.942 1.784 0.582 0.970 1.837 0.465 0.896 1.837 0.552 0.943 

Note: (i) (4.13) applies for p + q < 4 , (4.14) applies for p + q ≥ 4 . (ii) n − m : is the average number of “smoothed-out” observations over 10 0 0 

MC replications. (iii) For each solution, “Mean” column reports the averages of bias-corrected point estimates of simple mean over 10 0 0 MC 

replications, “Std” column reports the averages of point estimates of standard deviation over 10 0 0 MC replications, and “Cvg” column reports the 

empirical coverages over 10 0 0 MC replications. (iv) For all scenarios, the true mean is 1.798 and the true standard deviation is 0.603 

Fig. 2. Empirical Coverages for the Mean Efficiency with different choices of γ . 
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