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Abstract. We propose a new method for computing the eigenvalue decomposition of a dense real normal matrix A through
the decomposition of its skew-symmetric part. The method relies on algorithms that are known to be efficiently implemented,
such as the bidiagonal singular value decomposition and the symmetric eigenvalue decomposition. The advantages of this
method stand for normal matrices with few real eigenvalues, such as random orthogonal matrices. We provide a stability and
a complexity analysis of the method. The numerical performance is compared with existing algorithms. In most cases, the
method has the same operation count as the Hessenberg factorization of a dense matrix. Finally, we provide experiments for
the application of computing a Riemannian barycenter on the special orthogonal group.
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1. Introduction. Computing the eigenvalues and the eigenvectors of a matrix is one of the most
fundamental problems in linear algebra. It is well-known that certain classes of matrices allow fast algorithms
with convergence and accuracy guarantees. For example, Hermitian matrices (A = AT = A*) enjoy a
wide scope of applications and it is known that the QR algorithm [38, 39] converges globally [79, 80, 81].
Additionally, for Hermitian matrices, a divide and conquer method and a multisectioning method were
designed [24, 31, 56]. Robust symmetric eigensolvers are available in LAPACK [6, 30]. All these methods
consist of reducing the Hermitian matrix to a tridiagonal form under unitary (UU* = U*U = I) similarity
transformations [58, 59, 63, 78], and then solving the tridiagonal eigenvalue problem (EVP). For general
matrices, the QR algorithm remains a state of the art approach to obtain the Schur form (upper triangular
matrix with eigenvalues on the diagonal).

Although not nearly as popular as the symmetric EVP, the real skew-symmetric EVP (4 = —AT)
is known to be even more efficiently solvable [60, 75] because, first, skew-symmetric matrices can also
be reduced to a tridiagonal form [52, 75]. Secondly, the zero diagonal makes the EVP equivalent to a
bidiagonal singular value problem with half the size of the original EVP. It can be solved both rapidly and
accurately [27, 28, 36]. This procedure exploits that eigenvalues arise by pairs of conjugate purely imaginary
numbers. Unfortunately, in the complex setting, skew-Hermitian matrices turn into Hermitian matrices
when multiplied by the imaginary unit. This strategy cannot be extended; real-valued matrices are more
structured.

The focus of this paper, normal matrices (AA* = A*A), includes the two previous classes. It was
shown that the shifted QR algorithm converges for normal matrices [10]. However, normal matrices are
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diagonalizable under unitary similarity transformations, i.e., the Schur form is diagonal. Consequently, the
costly QR iterations operate on a dense upper Hessenberg matrix while converging to a diagonal matrix
without exploiting this property. The key observation for a better method is the following: the Hermitian
part H = AEA* and the skew-Hermitian part €2 := A’zA*
is known that two normal matrices H and 2 that commute are jointly diagonalizable, i.e., there exists a
unitary matrix U such that U*HU = Ay and U*QU = Aq [51, Thm. 2.5.5], and thus A = U(Ag + Aq)U™.
The latter decomposition can be obtained by the simultaneous diagonalization of two Hermitian matrices
(here H and i) using the Jacobi method [19, 40]. These algorithms were notably developed for generalized
EVPs [23, 77]. Another approach, called the do-one-then-do-the-other (DODQ), considers the sequential
diagonalization of H and € [66]. Moreover, a method leveraging random combinations of H and 2 has

been proposed recently [48]. Finally, the normal EVP can be transformed into a complex symmetric EVP,

of a normal matrix A commute: HQ = QH. It

more details can be found in [9, 37, 71]. However, all previously cited methods consider complex matrices.
For real matrices, a Jacobi method [83] was designed. The aim of this paper is to show that the additional
structure of real matrices enables a specific and computationally efficient approach.

Unitary matrices, called orthogonal matrices when real-valued, are an important subset of normal ma-
trices. A rich literature has emerged from the representation of n x n unitary Hessenberg matrices in their
Schur parametric form, i.e., as the product of n elementary Householder matrices (or equivalently as Givens
rotations):

H = HlHQHn where

Hy, = diag |:Ik—1; {_ak Blj] ,In_k_g] with |ag | +|Bel? =1 for k=1,2,....,n — 1,
Bk o

and H, = diag[l,—1,—a,] with |a,,| = 1. This compact storage format allows cheap and stable QR
iterations, called UHQR, requiring only O(n) flops per iteration when only the eigenvalues are desired [44, 65].
This method can be implemented as a bulge-chasing algorithm [8] and it was shown that appropriate shifts
produce quadratic convergence [73, 74]. The success of the Schur parametric form also led to the development
of alternative algorithms such as divide-and-conquer [43, 46] and SVD-based methods [4, 21]. The common
step for all previously cited methods is the initial reduction to Hessenberg form. Our method avoids this
computationally expensive step.

Contributions. In this paper, we show that real normal matrices, with orthogonal matrices as a special
case, admit a fast factorization to the eigenvalue decomposition (EVD) by exploiting the structure of their
invariant spaces. This structure only exists in the real setting. In most cases,' if a normal matrix A € R"*"?
has r real eigenvalues (r does not need to be known in advance), its EVD can be obtained by solving the
rank n — r EVP of the skew-symmetric part of A, plus a r x r symmetric EVP. The method is designed
for matrices where r < n, a frequent property of random orthogonal matrices (e.g., Haar-distributed). We
provide a stability and a complexity analysis of the method and compare its numerical performance with
existing algorithms. When all eigenvalues have distinct imaginary parts, i.e., well-separated in floating point
arithmetic, the method has the same operation count as the Hessenberg factorization of a dense matrix.
When the imaginary parts of the eigenvalues are clustered, we propose refinement steps based on theoretical
bounds that allow to maintain a user-specified accuracy of the decomposition. We corroborate our results
in a suite of experiments. The method facilitates efficiently computing the matrix logarithm of orthogonal

IThe precise meaning of “most cases” is described in section 6.
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matrices, the main computational bottleneck for calculating Riemannian logarithms and barycenters on
matrix manifolds. In particular in these applications, the EVP is an intermediate computation used in
iterative algorithms where speed is more important than accuracy to machine precision. In addition, the
normal EVP also finds applications in generalized EVPs [20, 23] and computation of Pisarenko frequency
estimates [5, 25].

Overview. Section 2 introduces the essential properties of the normal EVP and related concepts. Sec-
tion 3 presents theoretical results that lead to the exact arithmetic formulation of our method for the normal
EVP: Algorithm 3.1. In section 4, we analyze the impact of floating-point arithmetic through a sensitivity
analysis of the invariant spaces of the skew-symmetric part with respect to perturbations of the original
matrix; this yields Algorithm 4.1. Section 5 corroborates the perturbation analysis through a series of exper-
iments. In section 6, we examine the computational complexity of the algorithm and validate the analysis
with timing experiments. Finally, in section 7, we apply Algorithm 4.1 to enhance the performance of
Riemannian gradient descent for computing the Riemannian barycenter on SO(n).

Reproducibility. An implementation of the method, as well as the codes to perform all experiments
presented in this paper, are available at https://github.com/smataigne/NormalEVP.jl.

Notation. We write A = [a;;]}';_; to denote matrix entries. We use sym(A) = % and skew(A) =

A_2AT for, respectively, the symmetric part and the skew-symmetric part of the matrix A. A,., denotes the

selection of columns indexed by a to b included and A, ¢.q refers to the submatrix of rows a to b and columns

¢ to d included. The Frobenius norm and the spectral norm are denoted || - || and || - ||2, respectively. The
identity matrix of size n x n is denoted I,,. Since orthogonal transformations are central to normal EVPs,
we recall the notation for the orthogonal group O(n) defined as

O(n) ={Q eR™" [QTQ=QQ" =IL.}.

O(n) admits two connected components: matrices with determinant 1 and matrices with determinant —1,
sometimes respectively referred to as the set of rotations and reflections. Rotations are best known as the
special orthogonal group SO(n) := {Q € O(n) |det(Q) = 1}. Finally, the set of n x p matrices, n > p, with
orthonormal columns is called the Stiefel manifold St(n, p), namely

St(n,p) = {VeR™P | V'V =1I,}.
In the special case n = p, we have St(n,n) = O(n).
2. Preliminaries.

2.1. The normal eigenvalue problem. In the context of real normal matrices, eigenvalues and
eigenvectors are, in general, complex-valued. Nonetheless, it is preferred for most eigenvalue algorithms to
compute with real arithmetic. For a normal matrix A, obtaining the real Schur decomposition (RSD), i.e.,
A =QSQ" with @ € O(n), is equivalent to obtaining the EVD. Indeed, the real Schur form S is block-

diagonal with 2 x 2 and/or 1 x 1 blocks [51, Thm 2.5.8]. Each 2 x 2 block has the form A COS((gg 7Sin(0)}7

sin cos(0)
A >0, 6 € (0,7), and is associated with the conjugate pair of eigenvalues {\e**}. The transition from the
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RSD to the EVD uses for each 2 x 2 block the relation

(2.1) N {cos(é’) —Sin(e)} _1 {1 1] [)\e_w 0 } {1 —i] .

sin(f)  cos(6) 2 i —i 0 Ae?| (1
In this paper, we consider a permuted version of the real Schur form S, introduced in Property 2.1. The
latter permuted version allows writing the matrix transformations easily and succinctly. Therefore, we will
refer to (2.2) as the “real Schur decomposition”, although it differs from the usual block-diagonal definition
by a permutation.

PROPERTY 2.1 ([51, Thm 2.5.8]). Ewvery normal matriz A € R"*"™ is similar to a real Schur form
S € R™™ under orthogonal transformation by a matriz Q € O(n) such that

Acos(©) 0 —Asin(©)
(2.2) A=QSQ"=Q| o A 0 QT,
Asin(®@) 0 Acos(©)

where A = diag(;\l, ...,5\7,) contains the r real eigenvalues of A. Let p .= 27~ then A = diag(\1, ..., \p)
and © = diag(61,...,0,) are real, can be assumed positive with 8; € (0,7) w.lo.g. and are associated with
the pairs of eigenvalues {)\jeiwi} for j =1,...,p. The columns of the matrix QQ are called Schur vectors.
Special case 1: if A is symmetric, r = n. Special case 2: if A is skew-symmetric, cos(©) = 0 and A =0,

[51, Cor. 2.5.11].

REMARK 2.2. The Schur vectors of A associated with real eigenvalues are also eigenvectors of A. More-
over, in view of (2.1), if ¢1,¢q2 € St(n,1) is a pair of orthogonal Schur vectors associated with the same
(A, 6)-block, then span([g1 ¢2]) is an invariant subspace of A and %(m +ig2) and ?(ql — ige) are eigen-
vectors of A.

2.2. The orthogonal groups. The Lie groups O(n) and SO(n) are particularly important subsets of
normal matrices for applications [1, 22, 53]. Computing the RSD is a key primitive to obtain the matrix
logarithm, which is required for computing Riemannian logarithms [57, 61, 67, 84, 85] and Riemannian
barycenters [15, 16, 54, 55, 82, 85], notably on the Stiefel manifold. The principal matrix logarithm can be
efficiently computed via the relation

log(A) 0 -0
(2.3) log(4) =Qlog(S)QT =Q | 0 logd) 0 |Q.
) 0 log(A)

For both O(n) and SO(n), the property that eigenvalues lie on the unit circle yields A = I, and A =

diag(+1,...,4£1). In particular, we have log(A) = 0. Note that log(A) admits a real element if and only if
negative eigenvalues arise by pairs since [ 7] € log ([ 5" % ])-

2.3. Invariance groups. The decomposition from (2.2) is often not unique. It is key to this paper
to describe the admissible transformations of the Schur vectors @ such that (2.2) remains satisfied. To this
end, we introduce the notion of the invariance group of a matrix in Definition 2.3.

DEFINITION 2.3. Given a matriz A € R™*™ the invariance group of A, written ig(A), is defined as the
set

(2.4) ig(4) = {Q € O(n) | QAQ™ = 4}.
2Note that p is always an integer since r is odd if and only if n is odd.
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An equivalent definition of ig(A) is the set of orthogonal matrices that commute with A. It is easily verified
that ig(A) is a group under matrix multiplication since for all Q1, Q2 € ig(A), we have Q1Q2 € ig(A). The

set ig ([I?n 76’”]) is well-known as the ortho-symplectic group OSp(2m), see, e.g., [32].

Let A be a normal matrix and A = QSQ" be a RSD. For every R € ig(S), we have

A= (QR)(R"SR)(QR)" = (QR)S(QR)".

Therefore, QR is a also a matrix of Schur vectors. If » < n (A is not symmetric) or if A has repeated diagonal
entries, then ig(S) is uncountable. Indeed, for each 2 x 2 (A, 6)-block of S and each real eigenvalue A of
multiplicity m > 1, we respectively have

¢ (A K?jgg)) _cir(lx)]) =50(2) and, ig(A) = O(m).

Finally, we highlight a property of invariance groups that is important in section 3.

LEMMA 2.4. For all pairs of matrices A, B € R"*™ we have
ig(A) Nig(B) C ig(A + B).

Proof. Let Q € ig(A) Nig(B). Therefore, we have QAQT = A and QBQ" = B, and by summation,
Q(A+ B)QT = A+ B. Hence, Q € ig(A+ B). d

2.4. The even-odd permutation. To conclude the preliminaries, we introduce the notions of even-
odd permutation and bidiagonalization of a tridiagonal skew-symmetric matrix. These notions are essential
to the skew-symmetric EVP and are used in section 3.

DEFINITION 2.5. An even-odd permutation matric Pe, € R™™™ is a permutation such that for every
vector [ay ag ... ap] € RYX"  we have

[a1 ag ... ay|Poo = [a1 as ... arn) az as ... GL%J}'

The even-odd permutation is well-known in the field of discrete mathematics and it is related to the notion of
Red-Black ordering [68]. This permutation allows the reduction of the skew-symmetric EVP to a bidiagonal
SVD problem by a similarity tranformation, described in Property 2.6.

PROPERTY 2.6 ([75]). Let T € R™ ™ be a skew-symmetric tridiagonal matriz and Po, € R™*™ be an
even-odd permutation matrix, then

0 —-BT

(2.5) PITP,, = 5 0

where B € RL31x[51 4g bidiagonal.

3. The eigenvalue decomposition of normal matrices. In this section, we describe our method
in exact arithmetic for computing the RSD of a normal matrix A. We show how the skew-symmetric part
of a normal matrix reveals the structure of its Schur vectors and how these computations can be organized
to design a fast RSD/EVD algorithm. In section 4, we analyze the effect of floating point arithmetic. In
particular, the method relies on the assumption that the three following routines are available:
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» Routine 1: returns the SVD of a real bidiagonal matrix.
+ Routine 2: returns the RSD/EVD of a real symmetric matrix.
+ Routine 3: returns the RSD of a (small) real normal matrix.

In the context of exact arithmetic, these routines can be viewed as oracles, whereas in practice, they are
efficiently implemented, for example, in LAPACK. Indeed, Routine 1 and Routine 2 are respectively available
as bdsqr/bdsdc and syev/syevd/syevr routines. For the coherence of this discussion, the calls to Routine 3
should be exceptional and only applied on small-size problems. Routine 3 may be chosen to be LAPACK’s
gees routine since the shifted QR algorithm is known to converge for normal matrices [10]. Routine 3 may
also be any of the previously cited methods for normal or orthogonal EVPs, e.g., [4, 74, 83]. All of these
LAPACK’s routines are stable, see [6].

3.1. The skew-symmetric eigenvalue problem. The method starts by obtaining the RSD of 2 =
skew(A). It is known to be efficiently done in three steps [75].

First, we compute ) = @T@T with é € O(n) and T skew-symmetric and tridiagonal. This decompo-
sition can be obtained in at least two ways, both adapted versions of symmetric tridiagonalization. Either
by using Householder reflectors 78], see, e.g., SkewLinearAlgebra.jl, or by using the Lanczos algorithm [52].
Householder tridiagonalization is preferred for dense matrices for its stability and use of level 3 BLAS opera-
tions [17, 62, 42]. Lanczos algorithm finds applications for large sparse matrices.

Secondly, an even-odd permutation matrix Pe, yields

0

B 0 PQZQT’

Q= QTQT = épeo

where B € RLE)*[%] is bidiagonal. In the context of exact arithmetic, a transformation G € O(n) can
isolate the central square matrix 0, in (3.1). G is obtained by a finite process described in https://github.
com/smataigne/NormalEVP.jl. In practice, we compute the SVD of B directly. For theoretical purposes,
we consider the transformation G in this section. This leads to

N 0 0 -BT B
(3.1) Q=QP.,G|0 0, 0 |G'PIQT,
B 0 0

where B € RP*? is bidiagonal.

The third and final step is a call to Routine 1 to compute the SVD of the bidiagonal block B = UXV T.
This yields

N V. 0 070 0 -]Vl 0 o0 N
(3.2) Q=QP,G|0 I, 0[|0 0, 0 0 I. 0|G'RPIQT.
0 0 U]J[E 0 0 0o 0 U'
By defining the matrix @ = QPEOG [‘é I((;« l((ﬂ , the decomposition (3.2) becomes a RSD of Q. This decompo-

sition can be compared with the skew-symmetric part of the (unknown) RSD of A = QSQT from (2.2):

0 0 —Asin(©)
(3.3) Q= Qskew(9)Q"T =Q 0 0, 0 Q.
Asin(©) 0 0
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By comparing (3.2) and (3.3), it must hold that ¥ = Asin(©) if we assume that both are sorted, e.g., in
decreasing order. Unfortunately, it does not hold true for the Schur vectors: @ # @ in general. However, by
equating (3.2) and (3.3), it holds that

QT Qskew(S)QTQ =skew(S) = QTQ € ig(skew(S9)).

We recall that @ is a matrix of Schur vectors of A if and only if @TQ € ig(S). We have thus not yet
computed the Schur vectors of A since, in general, ig(skew(S)) ¢ ig(S). Designing the next steps of the
algorithm requires finding the relation between ig(skew(S)) and ig(S). We show in the next subsection that
it depends on the number r of real eigenvalues and the diagonal entries of A sin(0).

3.2. Invariant spaces of the skew-symmetric part: preparatory lemmas. The rest of section 3
is dedicated to the description of the relation between the invariance groups ig(skew(S)) and ig(S). By
completing this analysis, we will be able to find a matrix R € O(n) such that (QR)TQ € ig(S), and thus
A= (@R)S(@R)T. Let us start by dividing the eigenvalues of A in three sets:

» Set 1: The eigenvalues with distinct nonzero imaginary parts.
« Set 2: The eigenvalues with repeated nonzero imaginary parts.
» Set 3: The real eigenvalues.

A preliminary result is showing that R features a block structure related to the aforementioned sets of
eigenvalues of A. This is done in Lemmas 3.1 and 3.2. To this end, we partition ) and @ column-wise to
match the blocks of the decomposition (2.2):

Q = [Qc,l Qr Qc,2] and, @ = [@c,l @r @0,2]7

where the notation follows because, by definition, @), contains the Schur vectors associated with the real
eigenvalues and [Q¢1 Q2] contains the Schur vectors associated with complexr eigenvalues. Lemma 3.1
shows the equivalence between the real eigenspace of A and the nullspace of skew(A).

LEMMA 3.1. Let A € R™ " be a normal matriz with ezactly v > 0 real eigenvalues and A € R™" be
a diagonal matriz with these eigenvalues as diagonal entries. If a matriz V. € St(n,r) satisfies AV = V/U\,
then skew(A)V = 0. Conversely, if skew(A)V = 0, then there exists a matriz R € O(r) such that A(VR) =
(VR)A.

Proof. (=) Assume AV = VA. Then, by definition, there is a RSD 4 = QSQT such that VT Q =
[0xp Lrscr Opxp). It follows that skew(A)V = Qskew(S)QTV = Q0 = 0.

(<=) Assume skew(A)V = 0 and let A = QSQT be a RSD. Then it follows that ker(skew(A)) =
span(Q;). Moreover, since skew(A)V = 0, span(V) C ker(skew(A)). Since both @, and V have column
rank r, their columns span the same subspace of R™ and there is R € R™" such that Q= VR. Finally,
since Q, € St(n,r), I, = QT Q. = RTVTVR = RTR. Hence, R € O(r). O

Since @ satisfies skew(A)@ = @skew(S) by (3.2), it holds in particular that @r spans the kernel of
skew(A): skew(A)Q, = 0. Therefore, Lemma 3.1 ensures the existence of R e O(r) such that Q. = Q. R.
As a corollary of Lemma 3.1, it also holds that

Q. [@c,l @c@] =0 and, Q\:—[Qm Qc2] = 0.
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Therefore, we can conclude that the matrix R such that (QR)TQ € ig(S) has the block structure

R, 0 Ry
(3.4) R=1|0 R 0] €0O(n),
R. 0 Ry

where [ﬁ: gz] € O(2p), R, € RP*? and R € O(r).
We can show that R is even more structured by considering Set 1 and Set 2 separately. Lemma 3.2
shows that, for each set, R acts on independent sets of columns of Q.

LEMMA 3.2. For every normal matriz A € R™"™ that has m > 1 eigenvalues with imaginary part o > 0,
it holds for every V € St(n,2m) satisfying skew(A)V =V [a?m _‘TOI’"’} that there exists a matriz R € O(2m)
such that

A(VR) = (VR) {D " UI’”] :

ol,, D,

where D,, = diag(da, ...,dn,) and d; £io is an eigenvalue of A for j =1,...,m.
Proof. Let k:=2(p—m) and A = QSQT be a RSD with

D,, —-ol, 0 0 0
5 ol Dm O 0 0
(3.5) S=1o0 o A 0 0 ,
0 0 0 Apcos(©r) —Agsin(Oy)
0 0 0  Agsin(©y) Ay cos(Oy)

where Ay, Oy are k x k diagonal matrices.? It follows that

o O —JIm SN AT AT 0 —JIm
(3.6) skew(A)V =V |:UIm 0 ] — skew(9)Q' V=Q'V [a[m 0 }
Let us divide QTV row-wise in three blocks such that
X
Q'V = |Y| with X € R*™2™ Y € R™2™ and Z € R2P—m)x2m,
Z

Equation (3.6) implies that 0 =Y | 9 _"OI””] and therefore Y = 0. Moreover, letting Z = [g; 23] with

olm
appropriate blocks, we have

0 — A sin(©y) 0 —ol,

Z =127

l:Ak Sin(@k) 0 O'Im 0

{Ak Sin(@k)Zgl = —O’Zlg, d {Ak Sin(@k)Zn = O'ZQQ7
and,

3.7
( ) Ak sin(@k)le = 70’Z21, Ak Sin(@k)ZQQ = CTZ11.

Since all diagonal entries of Ay sin(Oy) are nonzero and distinct from o, (3.7) is possible if and only if Z = 0.
Finally, since Q € O(n) and V € St(n,2m), we have QTV € St(n,2m) and thus X € O(2m). Letting
R=XT, we have legm = VR and this concludes the proof. 0

3There is a permutation matrix P such that if A = QSQT is a RSD from (2.2), then Q = QP and S =PTsPp.
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Lemmas 3.1 and 3.2 show that the matrix R such that @R is a matrix of Schur vectors acts independently
on three sets of columns of (). This fact is the basis for the main structure of the algorithm: the separate
computation of the three sets of eigenvalues and eigenvectors, as detailed in the next subsections.

3.3. The eigenvalues with distinct nonzero imaginary parts. In this subsection, we show in The-
orem 3.3 that the Schur vectors of A for eigenvalues with distinct nonzero imaginary parts can be obtained by
computing the Schur vectors of the skew-symmetric part €2. Intermediate lemmas are given in Appendix A.

THEOREM 3.3. Let A € R™ "™ be a normal matriz. If Apsin(Oy) is diagonal and contains k distinct
non-zero imaginary parts of the non-repeated eigenvalues of skew(A), then, for all V € St(n,2k) such that

skew(A)V =V [ 0 —Ae Sm(@’“)} :

Ak sin(@k) 0

we have

Ak COS(@k) 7Ak sin(@k)

AV =V {Ak sin(©g) Ay cos(Ok)

] = VSQk

If, additionally, k = %5, then A = VS,V is a real Schur decomposition (2.2).

Proof. Let A = QSQT be a RSD and take a permutation matrix P such that (PTSP)l;gk’l:% = Sop.
By Lemma 3.2, it follows that QP = [VR (QP)(j+1):n] for some R € O(2k) and this yields

A sig(Gk) —A s(;n(@k)] =V Tskew(A)V By assumption.
=V Qskew(S)Q 'V
=V (QP)(Pskew(S)P)(QP)"V
= [R O (21| (P skew(S) P)[R Oz (n—21)] |
- 0 —Ak sin(@k) T
=R |:Ak sin(@k) 0 R
. 0 — Ay sin(Og) . . . . .
Therefore, we have R € ig Ap sin(©) o . Leveraging Lemma A.2, there is a diagonal matrix

® ¢ RF*k such that R = [Z?ﬁgg 2;1(1((1;1;)} Moreover, it is easily verified that every such matrix R also

belongs to ig ({Ak cos(Ox) 0 D This yields

0 Ay cos(Oy)
Re .0 — Ay sin(Oy) c Ay, cos(Oy) 0 .
Ay sin(©y) 0 0 Ay, cos(©Oy)

Finally, it follows by Lemma 2.4 that

rew([iimien Tromon]) )

Consequently, since QP = [VR (QP)(k+1):n]7 we have
T
AV = (QP)(P'SP)QP)'V =[VR (QP)(xt1)m) [S% 0} { R

0 ] = VRS9, R" = VSs.

O(n—2k)x2k
9



When 2k = n, V € O(n) and the real Schur decomposition is readily obtained since S,, = S and A = VSV .0

The conclusion of Theorem 3.3 is that for all eigenvalues that have distinct, non-zero imaginary parts, the
invariant subspaces of skew(A) are always invariant subspaces of A. However, this does not hold true for
Set 2 and Set 3 and this implies additional computations, as shown next.

3.4. The eigenvalues with repeated nonzero imaginary parts. Assume there is a diagonal entry
o in Asin(©) that has multiplicity m > 1. Then, the associated 2m x 2m block in S can be isolated using a
permutation P such that

D, —-ol,
(38) (PTSP)1:2m71:2m = |: 7 :| 3

ol,, D,

where D,, is a diagonal submatrix of A cos(©). The proof of Theorem 3.3 relies on the following inclusion
of invariant groups:

. 0 —Ay sin(©y) . Ay, cos(Oy) 0
lg([/\ksin(@k) kso § D Clg([ “’03 i Akcos(@k)D.

Unfortunately, Lemma A.3 shows that the block [U?m _"Olm] admits a larger invariance group than when
the eigenvalues have distinct imaginary parts, i.e., if ¥,, is an m x m diagonal matrix with distinct non-
zero entries, then ig([zcin 7%’”]) C ig ([U?m 7"017"]). However, if D,, # dI,,, then ig ([U?M 7"017"]) ¢
ig ([DO’" Dom]). This relation is illustrated in Figure 1.

O(2m)
ig ([%" o, ]) ig ([or, ~5"])

FIGURE 1. Venn diagram of the sets ig ([Dom Dom]), ig <[ 0 _GOI’”]) and ig ([Z(:n _%m]) where Dy, and Y., are

ol
diagonal with non-zero diagonal entries and o > 0.

As shown in Theorem 3.4, it follows from Figure 1 that if V' € St(n,2m) spans the invariant subspace
of skew(A) associated to o, then VT AV is not a real Schur form. Instead, VT AV reveals a very structured
symmetric skew-Hamiltonian matrix.

THEOREM 3.4. For every normal matric A € R™ ™ that has m > 1 eigenvalues with imaginary part
o >0, for all V € St(n,2m) such that

0 —ol,
kew(A)V = m
skew(A)V V[alm 0 },
we have
Q+ol, H

where H € R™*™ g symmetric and Q e Rmxm g skew-symmetric.
10



Proof. Let A= QSQT be a RSD with the structure of (3.5). By Lemma 3.2, there is R € O(2m) such
that Q1.0m = VR. Since stew(g)QTV =V [U?m _"OI*"], it follows that

0 —0lpm| o7 | O —ol,,
(3:9) R [U[m 0 }R N |:O‘Im 0 ] '

Hence, R € ig ([a?m *”017”]). In Lemma A.3, we recall the following equivalence:

(3.10) Reig <[ 0 _UI’”D = ReO(2m)and R = {

E -F
ol,, 0 ’

Fr FE

where E, F € R™*™_ Recall that such matrices are called ortho-symplectic, see, e.g., [32, Eq. 5.1]. In view
of (3.10), it holds that

AV =sym(A)V + skew(A)V

(3.11) = Qsym(S)Q"V + skew(A)V
Dm 07 - 0 —ol,
=VR RT+V
|: 0 Dm:| + |:O'Im 0 :l
(3.12) v ED,ET + FD,,FT (FDWET —EDF)T — o1,
' ~ " |FD,ET —ED,,FT +0l, ED,ET + FD,,FT
Defining H := ED,,E' + FD,,F ' and Q = FD,,E" — ED,,F T concludes the proof. 0

Let us consider again @, the Schur vectors of A, @, the Schur vectors of skew(A), and the permutation
matrix P from (3.8). In view of Lemma 3.2, (QP)1.2;m = (@\P)lzng with R € O(2m) and Theorem 3.4
holds with V = (Q\P)l;gm. Therefore, for each diagonal entry o in Asin(©) that has multiplicity m > 1, it
follows from Theorem 3.4 that we must compute VT AV and solve an additional 2m x 2m EVP given by

R [Dm ‘ﬂm} RT,

H -Q-ol
T _ _ m
(3.13) vTav ol D

T QoI H

where R € O(2m) and D,,, € R™*™ are to be computed. Solving (3.13) is enough to obtain the correct
Schur vectors by (QP)1.2m = VR.

1. If D,, = dl,,, d € R, then it is the unique case where ig ([U?m _‘TOI’"]) C ig ([dg" d?m])' Conse-
quently, H = dl,, and Q = 0. No additional work is needed, one can assume R = I, without loss
of generality.

2. If D, is not a multiple of the identity, we can recover an ortho-symplectic eigenvector matrix R

£ |H _gsﬂ Several methods have been designed for

Hamiltonian and skew-Hamiltonian EVPs, see, e.g., [12, 76, 13, 70, 35], notably a QR algorithm

relying exclusively on ortho-symplectic similarity transformations [70]. For completeness, we briefly

from the symmetric skew-Hamiltonian EVP o

discuss in Appendix B how the m first steps of Lanczos tridiagonalization, with restarting and
reorthogonalization for stability, are enough to construct an ortho-symplectic matrix Y such that

T 0] L [Dm 0] 7
v g rr=r|t |

11

H -Q

(3.14) o 7




where T}, is an m x m symmetric tridiagonal matrix. Consequently, once the EVP of T},, = ZD,,Z"
is solved with a call to Routine 2, we obtain R:=Y [ J].

As studied in section 4, in practice, imaginary parts of the eigenvalues will not be exactly repeated
but rather clustered and therefore, the symmetric skew-Hamiltonian structure cannot be guaranteed.
This jeopardizes the attractive computational route based on (3.14). In order to maintain the
accuracy of the global RSD; it is more robust to call Routine 3 to solve (3.13) directly. This choice
has no influence on the computational complexity if m remains small, which is expected.

3.5. The real eigenvalues. We conclude this section by considering the computation of the r real
eigenvalues of A and the associated eigenvectors. In Theorem 3.5, we show that an additional r x r symmetric
EVP needs to be solved to obtain the eigenvectors of A.

THEOREM 3.5. For every normal matric A € R™*™ that has r > 0 real eigenvalues and for all V €
St(n,r) such that skew(A)V =0, we have

AV =V H,

where the matric H € R™" is symmetric.

Proof. For every RSD A = QSQT where S follows the structure of (2.2), we know by Lemma 3.1 that
Q=1[Q1p| VR | Q(ptr+1):n] for some Re O(r). Therefore, it holds that

AV =QSQ'V
[A cos(©)

-0l o
| Asin(O©)

—Asin(©)] [0pxr

0 RT
Acos(©) | [Opxr

O O

[Opxr
=Q ART

LOpxr

VEYIRY]

=VRAR".

Defining the symmetric matrix H := RART completes the proof. 0

3.6. The algorithm in exact arithmetic. We have gathered all pieces to design an algorithm in
exact arithmetic. First, we obtain Q from RSD of Q = skew(A) (3.2). By Theorem 4.4, the invariant spaces
associated to Set 1 need no further action. For each invariant space of ) associated to Set 2, i.e, a complex
eigenvalue with a repeated imaginary part, an additional symmetric skew-Hamiltonian EVP needs to be

solved. This gives the transformation [Qc1 Q2] = [@C’l @C,g] [gj g‘;] from (3.4). Finally, by Theorem 4.7,

the decomposition H = @rT A@r = RART using a call to Routine 2 completes the determination of the real
Schur decomposition

T

R, 0 Ry] [Acos(®) 0 —Asin(®)] [Ra 0 Ry
A=Q|0 R 0 0 A 0 0 R o Q.
R. 0 R4q] [Asin(®) 0 Acos(©) R. 0 Ry

The complete method in exact arithmetic is summarized in Algorithm 3.1. In a broad set of problems,
steps 5 and 7 of Algorithm 3.1 are either not necessary or very simple. Indeed, for Haar-distributed random
12



orthogonal matrices [7, 64], it holds with probability 1 that » € {0,1} if det(A) = 1 and r € {1,2} if
det(A) = —1 [34]. In particular, if » = 1, H = +1 and R = 1. Step 7 of Algorithm 3.1 is thus trivial.
Moreover, all complex eigenvalues have distinct imaginary parts with probability 1 and thus step 5 is skipped.
For general normal matrices, the distribution of the eigenvalues, and in particular the value of r, are specific
to the context of the problem. Nonetheless, the case where all or a large majority of the eigenvalues belong
to Set 1 is common.

Algorithm 3.1 Exact arithmetic algorithm for the real Schur decomposition of a normal matrix

Input: A normal matrix A € R"*".

Output: Q and S where Q € O(n) and A = QSQT is a RSD.

step 1: Compute the skew-symmetric part Q = %(A —AT).

step 2.1: Compute a tridiagonal reduction Q = QTQ".

step 2.2: Apply the permutation {% 7}37} = P TP,, where B e RIzIxI5] 45 bidiagonal.

step 3: Compute the (permuted) SVD of B = U [; OL%JO”%W } VT where diag(X) > 0.

step 4: Define @ = QP. [V 9], Asin(©) == 3 and p = 5",
for each non-zero diagonal entry ¢ of ¥ with multiplicity m > 1 do

step 5.1: Define V as the 2m columns of @ such that QV =V [U? _"Olm ]

m

step 5.2: Compute the matrix V' AV = [ﬁle 76;;1,,1} where H=HT and O = —QT.

. H —Q-oln| _ Dm —0lm] RT
step 5.3: Compute the RSD |:§+U/I\7n P } =R [Ulm D ]R .

step 5.4: Replace the columns of @ selected at step 5.1 by VR.
end for
step 6: Define the diagonal matrix A cos(©) := @IPA@LP.
if > 0 then
step 7.1: Define V = @(Hl):(pﬂ) such that QV = 0.
step 7.2: Compute the symmetric matrix H =V T AV.
step 7.3: Compute the EVD of H = RART.
step 7.4: Replace Q\(p+1):(p+r) by VR.
end if
return Q = @ and S =

A cos(©) 0 —Asin(O©)

0 A 0 .
Asin(®) 0 Acos(©)

3.7. The eigenvalue decomposition by the symmetric part. Algorithm 3.1 shows that the real
Schur decomposition of real normal matrix can be obtained from its skew-symmetric part. It is natural to
ask if this approach can be adapted to start from the symmetric part. The answer is positive but several
drawbacks arise compared to the skew-symmetric approach.

« Drawback 1: The symmetric part does not allow separating real from complex eigenvalues easily.
Indeed, given an EVD of sym(A) = VAV T, one can not distinguish a real eigenvalue of A from the
real part of the complex eigenvalue, except if its multiplicity is 1. Making this separation requires
computing the product VT AV. In Algorithm 3.1, there is a direct correspondence between the real
eigenspace of A and the kernel of skew(A).

« Drawback 2: The aforementioned separation between real and complex eigenvalues can not be
obtained if some real parts of complex eigenvalues are equal to real eigenvalues of A. Then, the

13



associated sub-block of VT AV is a normal matrix with no additional structure.

« Drawback 3: The symmetric eigensolver for sym(A) does not take advantage of the even multiplicity
of the real parts of complex eigenvalues, while the skew-symmetric part uses this advantage by
computing a half-the-size bidiagonal SVD.

» Drawback 4: For every two-dimensional invariant subspace of A, the problem arises that

([ ) o (P, 0 )) <o

Since an element of O(2) belongs to SO(2) with probability %, there is a probability % for each base
to be incorrectly oriented.

The aforementioned drawbacks matter if a significant proportion of the eigenvalues are complex. If most
eigenvalues are real, then, the approach by the symmetric part can be efficient. However, applications, e.g.,
with orthogonal matrices, are usually dominated by complex eigenvalues. This makes the approach by the
skew-symmetric-part more relevant for applications to the best of the authors’ knowledge.

3.8. Exact versus floating point arithmetic: an example. We have not yet adressed an essential
algorithmic question: how accurate is Algorithm 3.1 in floating point arithmetic and how should it be
implemented in order to always obtain a desired accuracy? Indeed, floating point arithmetic brings an
additional challenge. In some cases, the invariant subspaces of () are less sensitive to perturbations of
A than the invariant subspaces of A themselves, and, if not analyzed and addressed in the design of the
algorithm, this can be a source of inaccuracies. We show next an illustrative example.

Consider a variable 7 > 0, a p X p random symmetric matrix F, ||E||z = 1, and the normal matrix A(7)
defined by
sin(tE) —cos(TE) 0 -1
Ar) = h that, A(0) = Pl
(7) cos(TE)  sin(TE) such that,  A(0) I, 0
Notice that A(0) = Q(0). For 7 small enough, Taylor series yield cos(TE) ~ I, — T—;EQ and sin(7E) = 7F
such that, using the spectral norm || - |2, we have

2

IA(T) = A(O)]lz = 7 and, [[Q(r) = Q(0)]]2 ~ -
Around 7 = 0, it follows that Q(7) is less sensitive to small variations of 7 than A(7). Let &, denote
the machine precision. Then, applying Algorithm 3.1 on A(,/e) or A(0) will yield similar Schur vectors
in output since, in floating point arithmetic, Q(\/em) =~ ©(0). Therefore, O(\/em)-errors will be made
in the computation of the Schur vectors of A(\/€m). This is verified in practice, here for p = 100 and

€m = 2.22-10716, we have

Naive implementation of Algorithm 3.1: || A(v/Em)@ — QS|lr = 6.52- 10~ || A(\/em) |-

For methods relying on the diagonalization of commuting matrices, it is well known that sensitivity analyses

depend on eigenvalue gaps. In [47], which studies the simultaneous diagonalization of symmetric matrices,

a probabilistic accuracy bound is derived in terms of the smallest eigenvalue gap among the family of

matrices. Similarly, the do-one-then-do-the-other algorithm of [66, Alg. 2] requires a refinement of the

invariant subspaces that is governed by the eigenvalue gaps. As shown in section 4, the specific setting
14



of real normal matrices, together with Algorithm 4.1, allows for more precise statements, again involving
eigenvalue gaps.

In the next section, we study how the loss of accuracy occurs and how Algorithm 3.1 should be imple-
mented in order to obtain a desired accuracy pu.

4. Analysis of numerical stability and accuracy. In this section, we analyze the effect of floating
point arithmetic on the accuracy of Algorithm 3.1. We rely on standard assumptions of floating point
arithmetic. In particular, e, denotes the machine precision and, for every scalar a € C, fl(a) = a(1 + Ac«)
with |Aa| < &, models its float representation. The absolute gap between two numbers «, @ € C is defined
as |a — a| while the relative gap refers to ILOTJ:\%‘I The notation o < 8 means that there is a moderately
growing function p(n), e.g., n or n?, independent of the values of a and f3, such that a < ¢(n)3.

We will analyze step by step the numerical properties of the algorithm. This will determine how to
implement Algorithm 3.1 to obtain high accuracy on both the eigenvalues and the Schur vectors/invariant
spaces. The floating point arithmetic version of the method is given in Algorithm 4.1. The algorithm requires
to identify clusters of eigenvalues. A definition for a cluster of eigenvalues, justified by Theorems 4.4, 4.6
and 4.7 is given Definition 4.1.

DEFINITION 4.1. Given d > 0, a matriz A, a set of 2m > 0 eigenvalues {+io;}., of Q = skew(A) with
01> 09 > ...> 0, >0 is a d-cluster of Q if and only if

loj — o1l <d||Allg  and |op —o| >0||Allg forj=1,..,m—1, and, k=1,....m,

where io is any eigenvalue of ) not in {Fio;}7T ;.

Definition 4.1 is similar to the clustering criterion used in [66, Alg. 2]. Instead of the Frobenius norm || A||r,
the results of [66] employ the spread of the eigenvalues, i.e., the maximum distance between the eigenval-
ues. This difference in definitions reflects the distinct hypotheses and analytical frameworks underlying the
respective results.

4.1. Analysis of steps 1 to 4. Step 1 already entails some subtleties since it consists of n? sub-
tractions. Some rare pathological cases exist where this operation might be an initial source of inaccuracy.

Indeed, letting 2 = skew(A) and € = skew(fl(A)) such that Wij = M, we obtain

wij — Wij aijAai; — ajiAag; laij| + |ajil

m .
ij = i |aij — al

(4~1) <e

wij

Based on the elementwise relation (4.1) and acknowledging that Tr(|A|?) < ||A||%2 by Cauchy-Schwarz in-
equality, we can also deduce the more practical matrix-relation

I2-8le _ _ 2]l

(4.2) <ém .
12lw 192[|w

In view of (4.1), whenever symmetrically positioned entries of A are relatively close, the numerical approxi-
mation @;; may become inaccurate. However, relative inaccuracies only occur for w;; close to zero. Therefore,
if [|Q||p > eml||Allr, then € is accurate in the sense of (4.2), even if some entries are not. An example of a
matrix set where such entrywise inaccuracies occur in general with negligible effect is

(4.3) (U €0@2m) | U =exp []3[ fﬂgT} , M e R™*mY,
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Algorithm 4.1 Floating point arithmetic algorithm for the real Schur decomposition of a normal matrix
(nrmschur)

Input: A EormalAmatrix Ae R"AX”, 6,0, = \/aAand p=emt, L > 1.

Output: @Q and S where do(,)(Q) S em and [[AQ — QS|lr S ul|Allr.

step 1: Compute the skew—symmetrlc part O~ f(A AT).

step 2.1: Tridiagonalize O~ QTQ—r

step 2.2: Apply the permutation L% _ET} = P TP,, where B e RLEIx5] 45 bidiagonal.

step 3: (Routine 1) Compute the (permuted) SVD of B ~ U {; OL%O”%W} VT where diag(3) > 0 and 7

is the size of the ¢,-cluster of eigenvalues of O around 0.

step 4: Compute Q ~ QPs, b 51, set Asin(0) == S and pi= *?.

for each J-cluster of 2m (non- zero) cigenvalues of Q do
step 5.1: Set V as the 2m columns of Q associated to the cluster and compute M ~ VT AV
step 5.2: (Routine 3) Compute the RSD M ~ RSyR".
step 5.3: Replace the 2m columns of @ from step 5.1 by VR.

end for

step 6: Set A cos(©) as the diagonal of @Iﬁsym(A)@lzﬁ.

if there is a d,-cluster of 7 eigenvalues of ) around 0, then

step 7.1: Compute the matrix H = Qple p+TAQp+1 s
if ||skew(H)||r < em||H||F, then
step 7.2a: (Routine 2) Compute the EVD of sym(H) ~ RART.

else
step 7.2b: (Routine 3) Compute the RSD of H ~ RSy RT.

end if

Step 7.3: Set Q’ﬁ+1:ﬁ+? ~ Q§+1:ﬁ+$R.
end if
step 8: (Optional, see bubbGLtIOIl 4.5) Subspaces correction steps. For each f—cluster of eigenvalues of €2,
repeat step 5 with 6 = ; and consider a Jacobi algorithm [83] for Routine 3.

Acos(©) 0 —Asin(©)

return Q and S = 0o X

A 0
Asin(®) 0 Acos(©)

The matrix set (4.3) notably arises in the fundamental Riemannian computation of geodesics on the Grass-
mann manifold [11]. Entrywise inaccuracies can also be neglected if |Q|lr < en||Allr. In this case, the
matrix A can be numerically considered as symmetric. In conclusion, computing a skew-symmetric part is
dubious when e[| A|lr < ||Q|r < [|A|lp. However, it is shown in section 6 that Algorithm 4.1 can handle
small skew-symmetric parts.

Step 2 is the tridiagonal reduction using Householder reflectors. It is known to be backward stable [41
p. 416], i.e

(4.4) O+ AQ = QP [0 BT PLQT with |AQ]r S 2mlllr,

where AQ is exactly skew-symmetric, Q € O(n) is the exact product of the Householder reflectors numerically

computed during the reduction and P, is an even-odd permutation (2.5). Moreover, Householder reflectors

can be assembled very accurately as Qasm such that ||Qasm QHF < em [49, Eq. 19.13]. Defining the distance
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to orthogonality of a matrix V' by

4.5 do(m (V) = mi —Vlp,
(4.5) om) (V) Qggl(ln)l\Q I

we can write do(n)(éasm) S Em-

~

Step 3 is the bidiagonal SVD. Algorithms such as bdsqr provide a mixed forward-backward stable SVD
of B € RLBIxI51.

B+AB=USV"T and, |AB|r < ewlBllr,
such that max{do = ))(U), doa1)(V)} < em [6, 28].

REMARK 4.2. The singular values of B are computed with high relative accuracy by algorithms such as
bdsqr [28, Thm. 6 and 7]. This holds because relatively small perturbations of B yield relatively perturbed
singular values [30, Chap. 4.3]. Moreover, it was conjectured [28] and proved [26, Thm. 6.1] that left and right
singular vectors of B are also very accurately computed. However, the Bauer-Fike theorem [51, Thm. 6.3.2]
and its corollary [51, Cor. 6.3.4] indicate that, due to the perturbation AQ in (4.4), relative accuracy of the
eigenvalues of €} cannot be achieved. Consequently, the relative accuracy of the singular values of B is not
relevant.

Step 4 is a product of matrices. Define écxact as the exact matrix product of @asmPco by [‘Z LQT ] Since

the permutation is performed exactly, w.l.0.g., we assume P, = I,,. We obtain that

dO(n)(@exact) < H@asm [‘Z IQJ} - Q [‘6 8] HF
v

— 10 -V+V 0 A

_HQasm[ 0 (7—U+U}_Q[‘68]HF
A A A V-v o0

< Qe = Qlle + 1@ [ 75 5% | e

<eém.

Finally, it holds by [49, Eq. 3.13] that @ — Qexactlr < &m | Qaem vl [§ &1 1l

~

< em. Therefore, by the
triangular inequality, we have do(n)(Q) < em. By summing all errors from steps 1 to 4, we obtain the
skew-symmetric error matrix Agﬁ:

A= AQ+ O [AOE —AoéT} o"

F Q=D [0 ]QT-[2 ] Q- DT

B 0 B 0

£ Qe [27F] @7 -Q[2F] (@ Qo) + O

X 0

O(e2)) gathers terms where, e.g., Qasm — Q appears twice. If we consider (@,i) as the output of the
skew-symmetric RSD, this yields the mixed forward-backward stable decomposition of the skew-symmetric
part €:

~

-3

o [Q7 with (A0 Senl|Qflr and  dog)(@Q) S em-

(4.6) Q+0.0=0Q E

Mixed forward-backward stability refers to the fact that @ is near orthogonal. In this context, the decompo-
sition would be said backward stable if ) was exactly orthogonal. As shown in section 5, doy)(Q) is very
close to machine precision in practice.
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4.2. Sensitivity of the invariant subspaces: Set 1. Let A be a normal matrix with an exact
RSD A = QSQT. We first assume that the matrix A has no real eigenvalues (r = 0,n = 2p) and that all
elgenvalues have distinct imaginary parts. Given a backward stable RSD of Q ie. QQ stew( ) E such
that | E|[p < eml|Q|r, we quantify [[AQ—QS||r in Theorem 4.4. We first assume that Q is ezactly orthogonal
such that Theorem 4.4 focuses on the important conclusions. We address deviation from orthogonality in
Corollary 4.5. This quantification is key for two points: first, characterizing how accurately eigenvalues are
computed at step 6 by the Rayleigh quotients and second, designing correction steps to achieve a specified
accuracy on the Schur vectors, if needed.

We start by showing in Lemma 4.3 that it is equivalent to consider the numerical output (AZCA) —
Qskew(S) = E with ||[E||p < Tew||Q||p from (4.6) and the more practical relation QQ — Qskew(S) = E
with ||E|lr < 7||A]r and 7 > 0. In the next lemma, we assume that S and S are organized such that
skew(.S) and skew(g) have their eigenvalues sorted, e.g., in decreasing order.

LEMMA 4.3. Let A= QSQT be a normal matriz, Q = skew(A) and Q = skew(ﬂ( ). If the orthogonal
matriz Q € O(2p) is such that QQ — stew( ) E is a backward stable RSD of Q, namely, if ||E||F <
Fem||Qllp for 7> 0, then it follows that

12Q — Qskew(S)[|r < (27 + 4)em[|Allr + 0(em).
Proof. Let us relate @ to € instead of Q.

QQ — Qskew(S) =
— QQ — Qskew(5) = E — (0 — Q)Q — Qskew(S — 5).

Dj>

Now let SkeW(§2) be the ezact real Schur form of Q. Then, we have

19Q — Qskew(S)||r < [ Elle + (@ — 2)Qllr + |@skew (S — 5)|[e
= | Elle + |2 = Qe + [lskew(S — 5)|
< || Elle + 112 = Qe + [[skew (S — S2) [l + [|skew(Sz — 5)]|r
By [50, Thm. 1], we have ||skeW(S Sg)||p < ||Q Q|p. Moreover, since () = stew( S)QT + EQT, again
by [50, Thm. 1], we have [skew(Ss — S)|[r < |EQT | = ||E|r. By (4.2), we have || — Q||r < 2em||Allr
and ||E|lr < Teml||QF < Tem(|Q|F + em2||Allr). This yields
12Q — Qskew(S)[|r < 2/|E|r + 22 — Q|
< 27em([|QlF + em2[|Allr) + 2(2em || Allr)
< (27 + 4)eml|Allr + 472 || Allp. o

We can now prove the stability result of Theorem 4.4.

THEOREM 4.4. Let A = QSQT € R?P*?P be a normal matriz with eigenvalues /\jeiief‘, A >0, 0; €
(0,7) for j =1,....,p and Q = skew(A). Assume moreover that the imaginary parts of the eigenvalues are

all distinct. Then, if the matriz Q € O(2p) satisfies 0Q — @skew(S) = FE with | E|lr < Teml||A|lr, we have

A Ai cos(0;) — \j cos(6;)
4. - < 1
(4.7) |AQ — QS||r < Teml||Allr + Jmax A;sin(6;) — Aj Sln(ej)

i#£]
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Moreover, if A is orthogonal, then
i cos(6;) — \j cos(0;)

0, +0;
4.8 = tan [ ——2 )|.
( ) i7jI£i}.(.7p )\z sm(Gl) — Aj sin(6‘j) i,jILlla?.(.,p an < 2 ) ‘
i#] i#]
Proof. Let us introduce that Q = Qskew(S)Q". This leads to
(4.9) QQ — Qskew(S) = E <= skew(S)X — Xskew(S) = E,

where we defined X == QTQ and F := QTE. Recall that S = mzfjgg; _AACZSE(@G;)} such that (4.9) is the

concatenation of p? = "72 small 2 x 2 Sylvester equations. Indeed, for every pair i,j = 1,...,p, using the
short-hand notation s; := sin(6;) and ¢; := cos(6;), we have

0 —N\s; 0 —=X;s;

1< X L X 71<7

[/\isi 0 ] v [/\jsj 0 ]

where X;; and Eij are non-overlapping 2 x 2 blocks of X and E respectively. If ¢ # j, by [14, Thm. VII.2.8],

we have || X;j|lr < m“Ew”F Therefore, acknowledging that [|[AQ — QS|lr = ||SX — XS|r <

[sym(S)X — Xsym(S)|[e + || E||r, we obtain

(4.10) _ Eij,

2

D
14Q - QSllF = )

A l:Ci _Si:| Xij — Xis; [cj —sj}
S

S C; Cj

i,j=1 F
p _ 2
< 3 (ies = Ages Xl + 1Bl
ij=1
2
<14 max |[MGZNG zp: I1E:;]12
max U — i .
4,j=1,..,p )\isi — )\ij = “iF
i£] =1
The claim (4.7) follows directly by observing that \/S27 _ [ Ejjl[2 = |Ellr = | Ellr < rem|[Allp. If A is
orthogonal, then A\; =1 for j =1,...,p. (4.8) follows from simple trigonometric identities. |

Generalizing Theorem 4.4 when the matrix @ is not exactly orthogonal is simple and does not change its
conclusion. This is shown in Corollary 4.5.

COROLLARY 4.5. Assume in Theorem 4.4 that Q ¢ O(2p) but do(n)(@) < kem with k > 0. Then

the matriz Q, € arg mingeom) @ — @HF satisfies the hypotheses of Theorem 4.4 and HA@ - @SHF <
26em||Allp + [|AQx — QuS|lr-

Proof. First, we have
14Q ~ QSllr < A(Q — Q) — (@ ~ Q)Sllp + | AQx — Qu5Sllr
<2/|Q - Q.llrllAllr + IAQ. — Q.S
< 2nem || Allr + | AQ — Q.S k.
Moreover, @* satisfies the hypotheses of Theorem 4.4:
190 — Quskew(S)[lr < [2AQ — Q) — (Qx — Q)skew(S)|r + 2Q — Qskew(S) ¢
< Q- = Qle(IQlr + lIskew(S)[[r) + T2 Allr

< (26 + T)enm||Allp. 0
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FIGURE 2. Accuracy in double precision of Algorithm 4.1 (without any correction step 8) for 100 x 100 orthogonal (left

plot) and normal (right plot) matrices when the average phase of the eigenvalues varies from 6 = 0 to 0 = 5. The Schur

vectors are sampled with Haar distribution on O(100). The eigenvalues of the matrices are sampled with phase uniformly
distributed in [0 — AG,0 + Af], with A = 0.005. For normal matrices, the moduli of the eigenvalues are uniformly sampled
in [0,2]. Results are averaged over 50 runs. The accuracy follows the behavior predicted by Theorem 4.4.

Theorem 4.4 is very informative on the accuracy that Algorithm 4.1 will achieve when it is allowed to take
its fastest route by skipping steps 5 and 7. We recall that this setting occurs with very high probability for
Haar-distributed orthogonal matrices, and more generally, for random orthogonal matrices. In particular,

A; cos(0;)—X\; cos(0;)
i sin(@i)f)\; sin(@j) 2 t, the sets of

eigenvalues responsible for the loss of accuracy can be identified and the associated invariant subspaces can
be corrected. We detail this approach in subsection 4.5. In Figure 2, we present the results of a numerical
experiment corroborating the bounds of Theorem 4.4 and assessing their relevance.

if the bound in (4.7) is not satisfactory to the user, i.e., if max; j=1_ p
Py

4.3. Sensitivity of the invariant subspaces: Set 2. From now on, we use the notation ¢, s for cos(6)
and sin(f). Assume still that A = QSQT € R?**2P (r = 0) is a normal matrix with eigenvalues \;e*%%
Aj >0, 6; € (0,m) for j =1,...,p. We next consider the case of eigenvalues that have repeated imaginary
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parts (Set 2). Assume a set of indices J C {1,2,..,p}, |J| = m, such that for allj € J, wehave Ajs; = 0 > 0.
In other words, we can numerically compute V such that QV — V& [ - o | = E with IE|lp < eml|Q|e.
In view of Corollary 4.5, w.l.0.g., we can consider V € St(n,2m). We set T := {1,2,..,p} \ J. The proof of
Theorem 4.4 fails when [14, Thm. VII.2.8] is used after (4.10) because, for ji,j2 € J, Aj; 85, = Aj, S},

As expected, the accuracy of the invariant subspace computation depends on the separation between
+io and the other eigenvalues values of €. In subsection 4.5 we use Theorem 4.6 to design an algorithm
that satisfies a desired accuracy.

THEOREM 4.6. Let A = QSQ" € R**? be a normal matriz with eigenvalues \;je*%  X\; > 0, 0, €
(0,7) for j =1,...,p and Q = skew(A). Assume there is JC {1,...,p}, |T| = m, such that for allj € J,
we have A\js; = 0. Set T = {1,...,p}\ J. If the matriz Ve St(2p, 2m) satisfies Qv — Vo [ ém} =F
with |E||r < Tem||Allr, then we have

in |A(VR) — (VR) [ D 5=
Rn NAVR) —(VR) [7 5, ] lIp

Ai A;Cj A Aj,Ci
16%1,?éj| ici — Ajgj T emrl Al ]lI,rjlfé(j‘ 31is = s
min [\;s; — o] " T min [ M\s; — o2

i€l ieZ

< Teml|[Allr | 1+

Proof. Define X = QTYA/, then it follows that

0 -I

skew(S)X — Xo [I Om] =Q'E=E.

There exist two permutations P, € O(n), P, € O(2m) such that P,T X P, = {Xii} where the block X7, 7
comprises all 2 x 2 blocks X;; such that for i € Z,j € J. We have

0 7)\181 0 —0o =
(4.11) [/\S 0 }XU — X [U 0 ] (PR,

If it hold that £ = 0, then we would have Xz,7 = 0 and X7 7 € O(2m). However, since E # 0 and
X € St(n,2m), we have

X7 7 X15+ X7 7 X575 =lom = | X ;X577 — Lnllr < | X277

3 1 = 23l
and by (4'11)7 HXLJH% < |>\S — 0_|2 H(ZDITEPI)WH%‘ < nin |>\§ — J|2'
ieT,jeg 1% 1€L |N\io%

The last inequality is obtained using [14, Thm. VII.2.8]. The deviation of X 7 7 from orthogonality can thus
be quantified. In addition, by taking the SVD X7 7 = UxXxVy, we can write ||X}7‘7X‘7“7 — Lnlr =
1% — Lomllr > |IZx — Iom]|r, where the last inequality stands because [a? — 1] > |a — 1] for all o > 0.
Define {52@0*’”) 0 ] = P," SP, then for all R € O(2m), we have

2m

|AVR — VRS ||r < |lsym(S)XR — X Rsym(Sa)||r + || E|lr
(4.12) < |lsym(Sagp—m))Xz,7 R — Xz, 7 Rsym(Sa,,) ||
+ [[sym(Som) X 7,7 R — X 7,7 Rsym(Sam ) |[7 + || Bl
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The first term of (4.12) can be bounded by
Isym(Sa(p—my) Xz,7 R — Xz, 7 Rsym(Sam)||r < pax |Aici = Ajeil| Xz, 7 Rlv

maxiez,jej |)\iCZ‘ — )\jCj|

(4.13) 1E]g-

min;ez [Ais; — o]
Moreover, the second term can also be bounded by
Isym(Sam) X 7.7 R — X 7.7 Rsym(Sap )|

= [lsym(Sem)(X7,7R — Iom) — (X7,7 R — I )sym(Som)||p
(4.14) < max_|A\j ¢ — Al X7, g R — Lo
J1.J2€T

In particular, for R = Vx Uy, which minimizes || X7, 7R — Iz ||r, we have

IEl%
mingez [0 — Aisi[?’

(4.15) X7, 7R — Lmllr = [|[Ex — Lamllr <

The theorem follows directly by inserting (4.13), (4.14) and (4.15) in (4.12) and acknowledging that || F|jr <
Tem||AllF- 0

4.4. Sensitivity of the invariant subspaces: Set 3. The case of real eigenvalues (Set 3) can be
handled in a similarly to the case of repeated imaginary parts. Indeed, the proof of Theorem 4.7 is very close
to that of Theorem 4.6, if [ UDI:':L _gim} is replaced by A. For this reason, the proof is given in Appendix C.

THEOREM 4.7. Let A = QSQT € R™ ™ be a normal matriz with real eigenvalues N for k e K =
.7} and Q = skew(A). Moreover, assume \je*% is an eigenvalue of A for j € I. If the matriz

{1,

V € St(n,r) satisfies QV = E with ||E|lp < Tem||Allr, then we have
_min |AVR — VRA||p
ReO(2m)

Aici — A Ay — A
(pax [diei — Akl el Jmax Ak = A,
min |\;s;] " : min |A;s;[?

€T el

< Teml|Allr | 1+

Proof. See Appendix C. O

4.5. Analysis of steps 5 to 8. The previous subsections determined the sensitivity of the computation
of the Schur vectors of A by the Schur vectors of 2. We can now provide conditions on steps 5 to 8 of
Algorithm 4.1 to achieve a desired accuracy.

Step 5 requires identifying every approximately invariant subspace of () spanned by ‘A/, ie., V such that
1OV = Vodomlle < eml|Allr, m > 1. In view of Corollary 4.5, we assume V € St(n,2m). To recover the
Schur vectors of A, we need to compute M = VTAV. In exact arithmetic, 2m is the multiplicity of the
singular value o of Q. In floating point arithmetic, 2/m must be the size of the cluster of singular values
of Q. If we take V as the 2/ computed Schur vectors associated to a d-cluster of ﬁ, in view of Theorem 4.6,
it holds that ||AV — VM||p S 2|l Alle. If 6 is chosen such that the d-cluster is well-separated from the
others and if the RSD M ~ RS5,, R" is such that ||M — RS2, R"||r < em| Allr, then after step 5, we have
|AVR — VRSomllr < o ||Allp and dSt(QO)(f}R) < em. Notice here that the effective accuracy that is
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obtained is in fact function of the largest é such that the d-cluster of Q remains the same, rather than the
user specified value §. As mentioned in section 3, several stable algorithms exist for Routine 3 at step 5.2.

Step 6 obtains the real parts of the eigenvalues by computing Rayleigh quotients. It is known that the
Rayleigh quotient offers the square of the accuracy of the eigenvector, see, e.g., [69, Lecture 27]. Therefore, by

Theorem 4.4, step 6 provides a worst-case O(en, || A||r)-absolute accuracy on the real parts of the eigenvalues
Aici—Ajc;
/\i Si 7>\j SJ]'

if max; ; < \/g It suggests considering d-clusters of 2 with § < /e, to guarantee high absolute

accuracy on the eigenvalues.

Step 7 computes the real eigenvalues and the eigenvectors of A. This starts by estimating r by 7.
By Theorem 4.7, considering a §,-cluster of the eigenvalues of Q around zero will provide a worst-case
O(%: Al|r)-absolute accuracy on the real eigenspace of A. It is essential not to underestimate r, i.e., to
have 7 > r. Therefore, ¢, should always be increased until the d,.-cluster around zero is well separated from
the other eigenvalues, if needed at the cost of the symmetry of H = @;+1:ﬁ+?14@ﬁ+11§+?. If ||skew(H)||r <
em||H||F, then H can be considered exactly symmetric without loss of accuracy since the skew-symmetric
part can be considered as a negligible perturbation. If H is symmetric, the decomposition at step 7.2a using,

e.g., syevr, yields

H+AH =RAR" with [|[AH||p < el H||r,
with do)(R) < em [6]. This yields [|AQp 1547 — Qpr1p+7BAllr < (| Allp With dse(nm)(Qpr1:psrR) <
€m. Only in certain circumstances will symmetric eigensolvers achieve relative accuracy [29, 30, 33, 72]. If
H is not numerically symmetric, it means that 7 overestimated r, Routine 3 should then be preferred to
Routine 2 to maintain accuracy.

Step 8 can finally be considered to improve the accuracy of the RSD to a desired tolerance u = ent,

t > 1 if this accuracy has not yet been attained. By combining Theorems 4.4, 4.6 and 4.7, we deduce that
A Ad Nici—Ajci| | Ae=Xjej Nici—A¢5]  |Ap—Xjc;

14Q = QSlle 5 (1 + maxiga{ frre=yiesf, Bt} ) el Alle. 1 maxieja fie=pic], Brctipl) > ¢, the

groups of eigenvalues responsible for making the constant larger than ¢ can be identified. Then, to restore

1

t

clusters of Q. Because the matrix @ is already close to the Schur vectors of A, the matrix M at step 5 is a
small perturbation of the Schur form. For such matrices, a Jacobi algorithm such as [83] is efficient since it

the desired accuracy, one should repeat step 5 with § = + on the invariant subspaces associated with %—

converges quadratically. One sweep is enough in practice to obtain the desired accuracy. However, for specific
matrices and ¢ too small, the %—Clusters may include many eigenvalues. The user should be aware that step 8
may then require a significant additional computational work. In double precision, the authors recommend
using ¢ > 100 based on empirical experience. If the output of Routine 3 satisfies || M — RS2 R ||r < eml|Allr,
then finally, we obtain the decomposition ||AQ — QS||r < ul|Allr with do(n)(@) Séem-

5. Numerical experiments on the accuracy. In this section, we present the results of several
numerical experiments on the accuracy of Algorithm 4.1 for a diverse set of n X n problems. The results
are given in Table 1 and Figure 3. For five different distributions of the eigenvalues, we report the average
accuracy of Algorithm 4.1 over 100 runs. Codes reproducing the numerical experiments can be found at
https://github.com/smataigne/NormalEVP.jl.

« Experiment E1 verifies that in the setting of Theorem 4.4, if the bound of (4.7) remains small, then
Algorithm 4.1 achieves high accuracy on the RSD.
« Experiment E2 tests a random normal scenario representing an “average normal case”. In this case,
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n 1AQ—-QS|lr QT Q-1 [[diag(S—5) |l
[Alle Vn 14| diag(S)||r
nrmschur schur nrmschur ‘ schur nrmschur | schur

El: A=1, § ~U(0, ): Best accuracy scenario on SO(n).

10 8.0e-16 1.1e-15 6.7e-16 1.2e-15 3.8e-16 4.6e-16
32 1.3e-15 1.9e-15 1.2e-15 2.0e-15 6.6e-16 8.1e-16
100 1.5e-15 3.5e-15 1.6e-15 3.7e-15 6.6e-16 1.6e-15
316 1.5e-15 7.2e-15 2.0e-15 7.8e-15 5.8e-16 4.3e-15
1000 1.7e-15 2.3e-14 2.8e-15 2.3e-14 6.4e-16 1.9e-14
E2: A ~U(0,2), 8 ~U(0,7): Random normal scenario.

10 2.7e-15 1.4e-15 6.2e-16 1.3e-15 3.4e-16 5.1e-16
32 1.6e-14 2.6e-15 1.1e-15 2.2e-15 6.2e-16 1.0e-15
100 1.2e-13 4.2e-15 1.5e-15 3.8e-15 7.2e-16 1.9e-15
316 4.0e-13 7.4e-15 1.9e-15 7.0e-15 6.0e-16 | 3.9e-15
1000 1.6e-12 1.3e-14 2.6e-15 1.2e-14 6.2e-16 8.4e-15
E3: A\, A ~U(0,2), 8 ~U(0,7): Random normal scenario, 20% real eigenvalues.

10 2.3e-15 1.4e-15 5.7e-16 1.3e-15 2.9e-16 4.9e-16
32 1.3e-14 2.6e-15 1.2e-15 2.2e-15 5.8e-16 1.0e-15
100 6.7e-14 4.1e-15 3.8e-15 3.7e-15 6.5e-16 1.9e-15
316 2.7e-13 6.9e-15 1.2e-14 6.5e-15 5.8e-16 3.7e-15
1000 8.7e-13 1.1e-14 2.9e-14 1.1e-14 5.7e-16 7.3e-15
E4: A ~U(0,2), 0 ~U(0,7): Random normal scen., 20% repeated imaginary parts.

10 3.9e-15 1.3e-15 6.6e-16 1.3e-15 3.4e-16 4.6e-16
32 2.4e-14 2.0e-15 1.1e-15 1.9e-15 5.8e-16 7.5e-16
100 1.2e-13 3.6e-15 1.5e-15 3.5e-15 6.9e-16 1.4e-15
316 4.1e-13 7.4e-15 2.1e-15 7.9e-15 8.4e-16 4.2e-15
1000 1.5e-12 2.3e-14 3.1e-15 2.4e-14 1.2e-15 1.9e-14
E5: A~ U(0,2), § ~ /e, N (1,1): Worst-case normal scenario.

10 5.16—105@ 81.26—15 1.1e-15 9.9e-16 1.1e-15 5.3e-16 5.3e-16
32 2.1e-9 — 2.9e-15 1.8e-15 2.2e-15 1.9e-15 1.2e-15 6.1e-16
100 5.6e-9 — 5.8e-15 3.7e-15 4.1e-15 3.6e-15 2.9e-15 1.7e-15
316 9.7e-9 — 1.4e-14 6.1e-15 6.8e-15 6.5e-15 3.5e-15 2.5e-15
1000 1.1e-8 — 8.4e-14 9.7e-15 1.1e-14 1.0e-14 5.8e-15 3.8e-15

TABLE 1
Numerical experiment on the accuracy in double precision of nrmschur (Algorithm 4.1) and schur (LAPACK’s gees) to
compute A =~ @géT Step 8 is considered only for the last case where exactly one Jacobi sweep is performed. We chose
4, 5T,% equal to \/em to define clusters. S is the ground truth real Schur form. Each reported accuracy is averaged over 100
runs. The normal matrices A are randomly sampled with eigenvalues of different distributions specified in the table. The Schur
vectors are always sampled with a Haar distribution on O(n). For all a,b € R, ae-b denotes a - 1070,

a moderate loss of accuracy of the Schur decomposition occurs as n grows because the separation
between the imaginary parts of the eigenvalues decreases with n. However, the absolute accuracy
on the eigenvalues remains close to machine precision thanks to the Rayleigh quotients.

« Experiments E3 and E4 are similar to E2, but enforce nonempty sets Set 2 and Set 3, respec-
tively. The accuracy of the RSD remains equivalent to E2, as well as the absolute accuracy on the
eigenvalues.

 Finally, experiment E5 tests the worst case for Algorithm 4.1 in terms of accuracy. The skew-
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FIGURE 3. Ewolution of the accuracy in double precision of nrmschur (Algorithm 4.1) without correction step 8. The
matriz size n varies from 10 to 1000. The plots shows results for experiments E1 to E4 from section 5. The results are

averaged over 100 runs.

symmetric part 2 is small such that the eigenvalues of ) are relatively close and induce sensitivity
of the invariant subspaces. Moreover, §2 is large enough such that eigenvalues of Q are not consid-
ered as \/em-clusters and the accuracy is not restored by step 5. However, the high accuracy on
the eigenvalues is maintained by the Rayleigh quotients. We show that one sweep of the Jacobi
method [83] allows to restore high accuracy of the RSD.

In Table 1, the deviation from orthogonality is measured by the simple criterion |QTQ — I||p. We recall
in Lemma A.4 that this measure is equivalent to do(y)(Q) when it is small. The results of Figure 3 show that
for the experiments E2 to E4, the accuracy of the RSD grows proportionally to the matrix size n. Moreover,

for the experiment E1, the accuracy is almost insensitive to n.

6. Complexity analysis and running time performance. We analyze the best and worst case
computational complexities of Algorithm 4.1. We exclude the cases where the matrix A is either purely
skew-symmetric or symmetric since Algorithm 4.1 reduces to obtaining, respectively, the skew-symmetric
RSD with Routine 1 or the symmetric EVD with Routine 2. These ideal cases are not relevant to our
discussion. By analogy with algorithms such as quicksort, we will show that worst-case complexity analysis
is not the most relevant here, as worst cases are very unlikely to occur.

Since the cost of the method is O(n?), the O(n?) costs are neglected. Following the notation from [69,
Lec. 8], we say that a method requires ~ g(n,p,r) flops if

number of flops

(6.1) lim =1.

n,P,T 300 g(nap7 T)
The numerical experiments presented in this section are performed on a processor Intel(R) Core(TM) i7-
8750H CPU @ 2.20GHz in single-threaded framework. Codes reproducing the numerical experiments can
be found at https://github.com/smataigne/NormalEVP.jl.

6.1. The intuitive (but not) best-case complexity. Intuitively, the best case for Algorithm 4.1
is when all eigenvalues are complex and none of the imaginary parts are clustered (relatively to ey,). The
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assumptions of Theorem 3.3 are then matched with k = [§] = p (r = 1 for n odd). We recall that for Haar-
distributed special orthogonal matrices [7, 64], this case occurs with probability 1 [34]. Step 1 is negligible
since it requires O(n?) flops.

The cost of step 2 is ~ %ng’ for the skew-symmetric tridiagonal reduction [69, Lec. 26], plus an additional
cost of ~ 3n® to assemble the Householder reflectors [41, Sec. 5.1.6]. Indeed, given M € R¥*¥ and v € R¥,
performing (I —vv )M requires ~ 4k? flops. Therefore, assembling all reflectors of size k = 1,...,n — 1 has
a cost ~ 311 4k? ~ 3n® flops.

At step 3, the call to Routine 1 can be neglected since an O(p?) implementation exists [45].

Step 4 requires ~ 4np? flops, step 5 is skipped and step 6 costs ~ 2n?p flops. Step 7 is skipped (or costs
O(n?) if r = 1). The total cost is thus

(6.2) ~ gnd + 4np? + 2n2p flops.

Given p = [ %], the total cost is ~ 4n3, among which ~ $n?® are level 3 BLAS operations [18]. Moreover, the

%n?’ flops from the tridiagonalization also admit blocked implementations, maximizing the use of level 3

BLAS (see, e.g., SkewLinearAlgebra.jl).

~

In the best case, the total cost of Algorithm 4.1 is thus equivalent to a Hessenberg factorization, which
is known to cost 2n? flops to obtain the H factor [69, Lec. 26] and ~ %n?“ to assemble the Householder
reflectors, hence ~ 13—4713 flops in total. This result is Algorithm 4.1’s best advantage over methods that
include an initial reduction of the matrix A to Hessenberg form [4, 43, 73, 74], while the latter methods
usually offer better accuracy on the eigenvectors in general.

Figure 4 illustrates the performance of nrmschur (Algorithm 4.1) compared to Julia calls to LAPACK’s
Hessenberg factorization (gehrd+orghr) and schur routine (gees). We also include the performance of our
Julia implementation of the UHQR algorithm [44]. UHQR’s computational complexity for the eigenvalues
is ~ 13—0713 for the Hessenberg reduction plus O(n?) for QR iterations, thus faster than LAPACK’s eigenvalue
routine (hseqr). However, if the Schur/eigen-vectors are desired, the complexity of UHQR is ~ %n?’ for the
Hessenberg reduction plus O(n?) because Givens rotations of the QR are accumulated.

With due caution in interpreting complexity from timing experiments, the numerical results in Figure 4
corroborate that the cost of Algorithm 4.1 is comparable to that of a Hessenberg factorization. Moreover,
it outperforms gees by a factor 10 for n =~ 100 and a factor 2 for n = 10000. We can observe that
UHQR (only for eigenvalues) lies above Algorithm 4.1 however, a FORTRAN implementation of UHQR would
be faster. Nonetheless, this highlights that because Algorithm 4.1 relies exclusively on high performance
software, namely LAPACK, it can be efficiently implemented in any computer language where an interface to
this software is available.

6.2. The true best-case complexity. If we consider r > 1 real eigenvalues, then there is an additional
cost of ~ 2n?r + 2nr? flops at step 7.1. The call to Routine 2 at step 7.2a requires ~ (3 + 3)r® flops for
tridiagonalization plus O(r?) flops to solve the tridiagonal EVP [30]. Finally, step 7.3 demands ~ 2nr? flops.
However, notice that p := “* decreases when r rises. Hence, all costs from (6.2) depending on p decrease
accordingly. For r sufficently small, we show that the decrease of p has a larger effect on the operation count
than the increase of r. For r > 0, a pessimistic (but realistic, see Remark 6.1) total cost of Algorithm 4.1 is

(6.3) ~ %(Tf +73) +n(n—1r)? +n*(n —r) 4+ 2n%r + 4nr? flops.
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Top: Benchmark of nrmschur (Algorithm 4.1) on Haar-distibuted matrices of SO(n) w.r.t. the Julia
routines schur (LAPACK’s gees) and hessenberg (LAPACK’s gehrd and orghr). The performance of the UHQR algo-
rithm for eigenvalues [44] as well as a representative O(n3) are also drawn. The plot shows experiments for n €
{10, 32,100, 316, 1000, 3162,10000}.  Bottom: the same results are displayed but divided by the computational time of
hessenberg.

FIGURE 4.

By setting r = an with a € [0, 1], we obtain the complexity

8 14
(6.4) ~ (3a3 +5a0% —a+ 3> n® flops.
The polynomial in « achieves a local minimum at o = 7“”2';8_5 ~ 0.093 for an optimal cost of 4.61n> flops,
instead of ~ %n3 ~ 4.66n> when a = 0. Although, the variation of the constant is too small to yield
significant gain in performance, the take-home conclusion is that “a few” real eigenvalues (up to 20%) do
not impact the performance negatively. The numerical experiment of Figure 5 confirms the relevance of this

operation count. The average runtime fits the expected behavior when « varies.

REMARK 6.1. When the number r of real eigenvalues grows, exact arithmetic could use only n — r
Householder reflectors to tridiagonalize skew(A) instead of n — 1. Indeed, since skew(A) has rank n — r
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FIGURE 5. Numerical experiments over 600 X 600 random normal matrices with proportion a of real eigenvalues. For
each value a (Aa = 0.02), 200 matrices are sampled. The Schur vectors are Haar-distributed on O(n), the real eigenvalues
are normally distributed with unit variance and pairs of conjugate eigenvalues are sampled with uniformly distributed phases
in [0, 7] and radii in [0,2]. The theoretical complexity from (6.4) is represented by the dotted green line. The polynomial
%oﬁ +5a%2 —a+ % is scaled by a constant factor to match the intercept (a = 0) of the numerical experiments.

and since each column of a tridiagonal matrix with a non-zero subdiagonal element is independent from all
previous columns, the (exact) tridiagonal form can not have more than n — r non-zero subdiagonal elements.
In short, tridiagonalization is a rank-revealing method. The most expensive reflectors being the n — k
ones of largest size, the worst case complexity in exact arithmetic of the tridiagonalization is ~ %(n3 —7r3)
instead of ~ %n?’. However, due to numerical roundoff, logical zeros are perturbed. Given random matrices
U,V € R"* | < n, it can be verified that LAPACK’s methods sytrd on UU " and gehrd on UV T produce

n — 1 non-trivial reflectors. This validates in practice the cost ~ $n® considered in (6.3).

6.3. The worst-case complexity. The worst case for Algorithm 4.1 is when all eigenvalues are com-
plex (all but one if n is odd) and their imaginary parts form two conjugate clusters. This case maximizes
the additional work of Routine 3 at step 5. For simplicity, assume n even such that » = 0 and at step 5,
> = ol such that V = @ Essentially, all steps but step 5.2 are a waste a computational resources.

Assuming we ignore the (potentially inaccurate) symmetric skew-Hamiltonian structure, step 5.1 requires
~ 4n? flops. Step 5.2 requires ~ %nS and O(n?) flops for, respectively, the Hessenberg reduction and
Routine 3. Step 5.3 demands ~ 2n3 flops. Algorithm 4.1 returns after step 5 since A cos(0) was computed
at step 5.2. Taking into account the ~ $n3+0O(n?)+n? flops of steps 2 to 4, the total cost is ~ 22n*+0(n?),
thus a large increase of the computational cost.

Figure 6 reports an experiment that is similar to the best case (Figure 4) but for the worst case.
Without surprise, the average runtime of Algorithm 4.1 exceeds that of gees since gees becomes a subroutine
of Algorithm 4.1. The practical advantage of Algorithm 4.1 stems from the unlikelihood of having ¥ = o1,.
Most likely, the multiplicity of the entries of 3, if any, remains small compared to n. Then, the cost of step 5
remains negligible and the performance does not significantly differ from the ~ %n?’ flops of the best case.

7. Application: Riemannian barycenter on manifolds. The Riemannian barycenter is a classical
problem from statistics on manifolds, in particular on SO(n) and St(n, p), see, e.g., [15, 54, 55, 82, 85]. For
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FIGURE 6. Worst-case benchmark, as in Figure 4, with n X n random normal matrices such that ¥ = olp, 0 € R and
Dp ~ N(0,1). The Schur vectors are sampled with Haar-distribution on O(n) [64]. The plot shows n € {10, 32,100, 316, 1000}.

both manifolds, intensive computations of matrix logarithms of orthogonal matrices are required, as detailed
next for SO(n). Given a collection of N matrices {X;}¥ | where X; € SO(n) for i = 1,..., N, one is interested
in finding a Riemannian center of mass X, € SO(n) of the collection, i.e., a matrix satisfying

7.1 X, € SN d(X;, X)?

.y A 5 Z

where d(X,, X3,) = || log(X, X1,)||r is the Riemannian distance function on SO(n). Well-posedness of the
problem, existence and uniqueness of X, are discussed in [2]. The definition (7.1) extends the usual notion of
center of mass in the Euclidean space. To solve (7.1), we consider the Riemannian gradient descent [3, 54],
ie., for k=1,2,... we compute

N

(7.2) Xk = XFexp <—;f ; log(XZ-TXf)> :

To test the performance of Algorithm 4.1, we perform 100 iterations of Riemannian gradient descent us-
ing (7.2). We perform a fixed number of iterations instead of taking a convergence criterion to evaluate
more clearly the impact of the RSD routine. The Riemannian gradient step is computed using the relation
log(A) = Qlog(S)QT (see (2.3)). The RSD is computed using either schur (LAPACK’s gees) or nrmschur
(Algorithm 4.1). We vary the size n of SO(n), and the number N of samples in the collection. The results
are displayed in Table 2. The larger n and N, the larger the improvement. Indeed, the factor of improvement
in running time varies from 1.72 in the smallest configuration to 4.38 for (N = 64, n = 200).

8. Conclusion. In this paper, we proposed a new method for computing the real Schur decomposition
of a dense real normal matrix, or equivalently, its eigenvalue decomposition. We showed that the skew-
symmetric part of the matrix is a valuable tool for obtaining this decomposition, as its two-dimensional
invariant subspaces coincide with those of the original matrix.

Our approach was the following. First, we developed the matrix theory results that motivate the
algorithm. This naturally led to an exact arithmetic version of the method, which we detail in Algorithm 3.1.
29



n
N 25 50 100 200
schur nrmschur schur nrmschur schur nrmschur schur nrmschur
16 0.307 0.178 1.31 0.663 10.1 2.56 42.9 11.6
32 0.570 0.327 2.90 1.35 21.0 4.97 77.4 17.8
64 1.02 0.527 5.87 2.23 43.2 9.56 185 42.2
TABLE 2

Time in seconds to perform 100 steps of Riemannian Gradient Descent (RGD) for the Riemannian barycenter problem.
The sizes n of SO(n) vartes from 25 to 200 and the number of samples from 16 to 64. Orthogonal EVDs are respectively
computed with schur and nrmschur.

Next, we examined the method’s robustness under floating point arithmetic, resulting in the floating point
variant Algorithm 4.1.

By analyzing the sensitivity of the invariant subspaces of the skew-symmetric part, we theoretically
quantified in section 4 and numerically corroborated in section 5 how an unfavorable distribution of eigen-
values can reduce the numerical accuracy of the real Schur decomposition if no additional computations
are performed. While this loss of accuracy may often be negligible in applications such as Riemannian
computations, we demonstrated how it can be mitigated by applying correction steps to selected inaccurate
invariant subspaces, using the bounds provided in Theorems 4.4, 4.6 and 4.7. The numerical accuracy of
Algorithm 4.1 was verified in section 5.

We then analyzed the computational complexity of the method.

scenarios such as Haar-distributed orthogonal matrices, the cost of Algorithm 4.1 is comparable to that of

performing a Hessenberg reduction followed by assembling the Householder reflectors, i.e., ~ %4713.

In particular, we showed that in

Finally, we highlighted the relevance of this method in the context of statistics on manifolds, and
computations on the Stiefel manifold and the orthogonal group, where the Riemannian logarithm plays a
central role and requires an efficient eigenvalue decomposition.

Appendix A. Special invariance groups. In this section, we provide important lemmas about

invariance groups and we characterize two of them in Lemmas A.2 and A.3.

LEMMA A.1. For every A € R™", all Q € ig(A) and all V € O(n), we have VQV' T € ig(VAVT). In
particular, V' can be a permutation matriz.

Proof. Since QAQT = A and V'V = I,,, we have (VQV ) (VAVT)(VQVT) = (VAVT). u]

LEMMA A.2. Let 2 € RP*P be a diagonal matriz with distinct non-zero diagonal values. An orthogonal
matriz Q € O(2p) is such that

(A1)

cos(P)
sin(®)

—sin(P)

for some diagonal matriz ® € RP*P,
cos(P)

if and only if Q = [
Proof. We proceed by induction. Assume first p = 1, i.e., ¥ = 0 € R. Then, for every @ € O(2), there

is ¢ € R such that either Q = {Z?;((i)) _C:Sr(’g)} (Q is a rotation) or Q = [zi’;((i)) fi;(s@) (Q is a reflection). Tt

is easily verified that only rotations belong to ig ([2 _0”} ) Thus, Lemma A.2 holds for p = 1.
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Assume Lemma A.2 holds for p > 1 and let ¥ € RP*P, §; = [g ’OE] and Sy = [3 ’0"] with o € R be

non-zero and distinct from all entries of ¥. Let Q = [8; 83] € O(2p+2) with Q1 € R?P*?P and Q4 € R?*2.

Then, if one imposes

Q[Sl o}QT:{Sl O]andQeO(2p+2),
0 S

it must hold in particular that

Q351Q3 + Qu5:Q) = 5, and Q1 Q1+ Q3 Q3 = Iy,
Q351Q] + Q45:Q5 =0, Q{ Q2+ Q3 Q4 =0.
By multiplying the second equation by Q; on the right, we obtain Q351Q{ Q1 +Q452Q4 Q1 = 0. Leveraging

both orthogonality constraints, we obtain (3S51(l2p — Q3 Q3) — Q15:Q, Q3 = 0. Introducing the first
equation, we obtain Q357 = S2Q3. Let Q3 := [@31 @32] such that

Q351 = 5203 <= Q32X = 52Q31 and — Q31X = S2@32.
= QY =0°Qs and Q5:%° = 07Qso.
Since o is distinct from all entries of X, @3 = 0. Hence, Q4 € O(2) and Q2 = 0. Finally, Q € ig ([%1 é)z ]) if
and only if it is block-diagonal, @1 € ig(S1) and Q4 € ig(S2) = SO(2).
To conclude, we can define & := diag(3, o) and take a permutation matrix P such that P [%1 SOJ PT =

[ % *Oi]. Applying Lemma A.1 is enough to conclude that Lemma A.2 holds for p + 1. Therefore, it holds

for all p > 1. 0
. A C .
LEMMA A.3. An orthogonal matriz QQ = B D € 0O(2m), A € R™*"™ s such that
0 —In| 1t |0 —In

if and only if A= D and B = —C. The matriz @ is called ortho-symplectic [32].
Proof. Tt is enough to notice that (A.2) is equivalent to

0 —In| [0 —I, ¢ -Al |-B -D
a9 AP S P L P R |
Therefore @ € O(2m), A= D and B = —C are necessary and sufficient conditions. |

Finally, we briefly recall the relation between the distance to the orthogonal group do(y) (Q) from (4.5) and
|QTQ — I||r. These measures are equivalent for do(n)(@) small.

LEMMA A.4. For all matrices @ € R™ ™ 4t holds that

dom) (@) < 1Q7Q — Ilr < 2doem)(Q) + dom (@)

Proof. Let X be the diagonal matrix of the singular values of @ Then, it is well-known that do(n)(@) =
|2 — I||g. Moreover, |QTQ — I||p = |22 — I||p. It follows that |X2 — I||p = (S = I)(S+1)|[p > || — I[|p.
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Moreover,

12 =Ille = [(E =T+ DT (S =T +1) = Illp <2~ Ip + 1=~ TII3-

This concludes the proof. ]

Appendix B. Symmetric skew-Hamiltonian matrices. In this section, we highlight two important
properties of the symmetric skew-Hamiltonian matrix [g _ﬁﬂ} from Theorem 3.4. This matrix appears when

a normal matrix has complex eigenvalues with repeated imaginary parts.

LEMMA B.1. A matriz A € R?™X2™ s symmetric skew-Hamitonian, i.e., A = [g ;{ﬁ} with H symmet-

ric and skew-symmetric, if and only if there is an eigenvalue decomposition A = Q [13 9] QT where Q is
ortho-symplectic and A is diagonal.
Proof. (=) Assume A = {Ig ;{fl} Since A is symmetric, all eigenvalues are real. Moreover, [,.] is a

normed eigenvector of A if and only if [_1,11’2] is an eigenvector of A. Indeed,

B[] = { G e A )

Therefore, the multiplicity of every eigenvalue is even and greater or equal to two. Since (B.1) holds for
0

every eigenvector, the eigenvector’s matrix always admits a form @ = Hf: *EF } with A = Q[4 {] Q. By

Lemma A.3, @ is ortho-symplectic.

(B.1)

(«<=) Since @ is ortho-symplectic, Q@ = [g _EF] by Lemma A.3. Multiplying Q[4 {] Q7 such as in
(3.12) concludes the proof. ad

THEOREM B.2. For every symmetric skew-Hamiltonian matriz A € R2™*2™ e A= [g }Iﬁ} with H

symmetric and 0 skew-symmetric, if rank(A) = 2m and every eigenvalue of A has multiplicity 2, then the m
first steps of Lanczos tridiagonalization are enough in exact arithmetic to build an ortho-symplectic matriz
Y where A=Y [T(’)" T?J YT and T, is an m x m tridiagonal symmetric matriz.

Proof. We denote K = [b Ab ...A?™~1b] a Krylov basis of A generated by b. Choose any v € R™ such
that b := Av # 0 and K1.,, has column rank m.* By Lemma B.1, we know that there is an ortho-symplectic
matrix @ such that A = Q[4 Q] Q" and A € R™*™ is diagonal. Let k; denote the jth column of K, it
follows that

A
kj = Q |:OJ /SJ:| QT’U.

4Notice that rank(K) < m since every eigenvalue has multiplicity 2 by Lemma B.1.
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Moreover, for any integer pair ¢, j, with 1 <i,5 < n, we have

[0 —L.], _ 1[N 0] [0 —In N0
ki[fm o |Fi=v @l a9 |, 0|90 a9
(A" 0][0 —IL,][A7 O
T m T
=v @ A’} [Im oHo AJ}QU
r 0 7Ai+j
=0'Q }QTU
(B.2) =0.

The last equality stands because v Qv = 0 for every skew-symmetric matrices Q. Letting Jy,, = [ I(:n _(I)’“ ] , it
follows from (B.2) that K, J2,, K1.m = 0. Therefore, the matrix [K,, JomKi.,] is full rank. Consequently,
the Gram-Schmidt QR factorization of K7..,,, namely, K1.,, = Y1.,, R, generates Y := [Y1.,, JomnY1.m] where
Y is ortho-symplectic. Moreover, we also have

(B.3) k| Adamk; =kl y Jomk; =0,

and thus K, AJo, K1., = 0. Finally, it is the praised property of Lanczos algorithm that Y;|, AY1.., = T},
where Ty, is tridiagonal and symmetric [41, Thm. 9.1.1]. Combining (B.2) and (B.3), we obtain

T [ Yle
Y'AY = _YleJQTm A[Yl:m J2mY1:m]
_ YleAylim Y]TmAJQmYLm
B _YleJQ—rmA}/l:m Y1TmJ2—rmAJ2m}/1m
_ (T, O
L0 Tl
We used that JQTmAJQm = A. This concludes the proof. 0

Algorithm B.1 is a simple modification of the usual modified Gram-Schmidt to build a matrix that is not
only orthogonal, but also symplectic. In floating point arithmetic, the matrix Y is approximately orthogonal
but exactly symplectic by construction. Instead of orthogonalizing any matrix, Algorithm B.1 orthogonalizes
the Krylov basis generated by A symmetric skew-Hamiltonian, we directly obtain Lanczos’s procedure with
full re-orthogonalization.

In Figure 7, we evaluate how much Theorem B.2 can improve the performance compared to LAPACK’s
symmetric eigenvalue routine for small EVP’s. The method using only m steps of Lanczos tridiagonalization
is called wxeigen and is available at wxeigen.jl in the repository. We observe that wxeigen with full re-
orthogonalization achieves good running time performance and accuracy.

Appendix C. Proof of Theorem 4.7.
Proof. Let A = QSQT € R™ " be a normal matrix with real eigenvalue A, for k € K = {1,...,7}.

-~

Moreover, assume )\jeii‘gﬂ' is an eigenvalue of A for j € Z. Finally, assume we have computed V € St(n, r)
such that QV = E with ||E||r < 7em||Allr. We have

(C.1) QV=F < skew(5)Q'V=Q E=E.
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https://github.com/smataigne/NormalEVP.jl/blob/main/src/wxeigen.jl

Algorithm B.1 Re-orthogonalized Lanczos for symmetric skew-Hamiltonian matrix.
INPUT: v € R?™, A € R?m*2m,

Bo =0, y1 = Av/[|Av||2 and ym+1 = Jamy1-
for i =2,...,m do

yi = Ayi—1 and ai_1 =y, 1ys.
Yi = Yi — Qi—1Yi-1 — Bi—2Yi-2. Lanczos step.
for j=1,..,i—1do
Yi = Yi — (y;r Y)Yy — (y;r Yt ) Ymts - Full re-orthogonalization.
end for
Bi = llyill2.
vi = yi/Bi and Ym1i = Jomyi- Build symplectic basis.
end for
A = Ym AYm.
return Y € O(2m) N OSp(2m), {a;}7, and {B;}77".

1 —e— wxeigen - No re-orth. A 100 [ 1
10 [ |—e— wxeigen - Full re-orth. -7
J— —A- - eigen (syevr) -7 PS ~
2, . _¢©
o 1=
= = 10°7 1
=t ™ .
+ 1? —e— wxeigen - No re-orth.
o0 | > —o— wxeigen - Full re-orth.
E —A- eigen(syevr)
= | —0 | |
E I
& =
15 O FE e . B it |
1 1 1 1 1 1 ] 10 [ 1 1 1 1 1 1 1
2! 2 2° 2’ 2 2 2 2 2° 2’ 2 2’
Matrix size 2m Matrix size 2m

FIGURE 7. Numerical performance evaluation of wzeigen, without and with full re-orthogonalization of the Lanczos vectors,
compared to eigen (LAPACK’s syevr). The plot on the left shows the running time performance. The plot on the right shows
the accuracy performance in spectral norm. Taking advantage of the symmetric skew-Hamiltonian structure allows to design
faster methods than the generic symmetric eigensolver.

Defining X := QT V, there are two permutation P, € O(n), P, € O(r) such that P'XP, = [;ﬁi} where
the block X7 x comprises all 2 x 1 blocks X such that for i € Z,k € IC, by (C.1), we have

|: 0 _/\iSi

L, = T 1 .
)\isi 0 :| sz (131 Epr)1k~

Since X € St(n,r), we have

XXz + X o Xk =1 = | XL e Xiex — Llle < [ Xzxlf
|E|I3

1 ~
d, | Xzklf= ——||(BTER)it|2 €« ———
and, H LKHF Z |>\isi|2 ||( 1 r)zk:”F = mini€I|>\isi|27

1€Z,keK

where [14, Thm. VIL.2.8] is used. The deviation of Xy x from orthogonality is quantified by that of X7 x from
zero. In addition, by taking the SVD Xy x = UxXxVy , we can write ||X;—cr7;chC,IC —Llr=|2% — L:|lr >
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IXx — I|lr by Lemma A.4. Define [§”O*T ,(“d .= P"SP. For all R € O(r), we have

IAVR — VRA|le < |jsym(S)XR — X RA||x + || E|le
(C.2) < lsym(Sp_r) Xz R — X7 RA||p
+ | AXxc kR — Xxc xRA||lp + || E|lp.
The first term of (4.12) can be bounded by
Hsym(gnfr)XI,lCR — Xz xRA|r < ax INici — Al Xz R|r

max;ez gk |Nici — Al

(C.3) IEe-

min;ez |Aisi
Moreover, the second term can also be bounded by

|AX i xR — Xx xRA||p = |A(Xkc xR —I,) — (X xR — IL)A|p

< Moo — Mool X ke R — I ||e.
,kf}cf;%clkl ko | X c R — e ||p

In particular, for R = Vx Uy, which minimizes ||X;C7;CIV% — I.||r, we have

IE]E

(C.4) [ Xk, rlle = [1%x HF_minieIP\iSiP

Inserting (C.3) and (C.4) in (C.2) results in Theorem 4.7. o
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