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Abstract—We' consider the problem of two transmitters would ~ only recovering a linear functions of codewords insteachef t
like to communicate with a destination with the help of a half- individual codewords. They showed how structure codes can

duplex relay. In this work, we are presenting the advantages of g gefy| in network information theory and how to achieve
using nested lattices for the AWGN channels. The sources map better rates than CF and DF

their messages using lattice code and then broadcast them to the
relay and the destination. The relay receives two independent  |n this work, we consider a MARC (Multiple Access Relay
symbols at the same channel. The relay either combines the two channel) based on structured codes. The system consists of

symbols using lattice modulo and then decode or decode the two . . L
symbols separately also using modulo lattice, then forwards the two transmitters 4 and B), a receiver (destinatio®) and a

new symbol to the destination. The destination tries to recover transceiver (relayR). All nodes use lattices to encode their
the two messages using different decoding strategies. One of themessages. We consider a nested lattices which means the
strategies is to recover two linear equations in function of the |attice A (the coarse lattice) is nested in (the fine lattice)

two received symbols with integer coefficients then, solve thesei'e‘ A € Ay [4]. Let the fundamental Voronoi regions of the

equations to recover the two messages. The integer coefficient .
need to be optimally selected to reduce the noise at the receivers. attices A and Ay, be V(A) and V(A,). Each user encodes

The other strategy is to use successive decoding at the relay andhis message;, j € {a,b} and maps it to a fine lattice point
the destination. This strategy outperforms the first when two v; € {A; n V}. Further, letU; (dither), i € {a,b,7}, be a
integer coefficients are zero. The strategies are discussed andrandom independent variable uniformely distributed oVer

compared with the traditional DF (Decode and Forward). The \ve gssume that the dithéf; is available at all nodes. Hence

simulation results show the advantages of using lattice codes and h itted ! b b .

the improvement in rates for certain regimes. the transmitted vecto;, i € {a,b,}, can be written as,
(Vi - Ut)modA

Relay was introduced to broaden coverage, to enhance pi
capacity or to improve robustness of a system. Conventionalwhere 3;, (3; € R), is the normalization factor to be
unstructured or random codes have been used before aldagermined. The factos; is used to ensure that the constraint
with DF (Decode and Forward), AF (Amplify and Forward)of the total power transmitted by nodes satisfied. Assume
and others [1] [2]. However, structured or linear codes havee second moment of is P, [4]. We haveP,, = P, where
an advantage over the random codes with respect to the = 52P;, and P; is the power constraint available at each
performance. The reason is that the relay is able to decede ffde.
sum of the messages, over an additive channel, with no rat

. I . “Ihe transmission time consists of two time slots. During
loss and without the need of joint decoding of the MESSAYRR first time slot, noded and B broadcast their symbols

[3]. oo o )
. . to, the relay and the destination. The destination receiwes t
Nested lattices have been proved to achieve the AWG| erent signals from nodel and B. Then it will recover and

channel capacity with lattice encoding and_ decoding for_ code a linear combination of the two messages given as
single user [4]. Researchers have been using nested $att|{;e

. Va + vy, Wheret, andt, € Z. During the second time slot,
for the two-way relay channels, and achieved an exchange rgt_* : : :
of 1/210g(1/2 ZSN}}EI) [5] [6]. Moreover, in [7] they showgd e relay performs network coding operation using modulo
5 . y ’ . IFttices and transmits a new symbal, to the destination.
the advantages of using lattices compared with DF and AF. herev, is a linear combination of the two vectorg and
[8] [9], they have used structured codes to build up a set 0 -

. . . . o Vn, given asv, = k,v, +kyvy,, Wherek, andk, € Z. The relay
linear equations at the receiver for multiple users. Thayréed decodesv, then forwards it to the destination. Finally, the

The authors would like to thank the European projects Newegme+destination rgtrieves the two messages using the two emsati
SCOOP, NANOTIC for the financial support. decoded during the two time slots.

I. INTRODUCTION AND SYSTEM MODEL

@)

Xj =



Let us denote the channel b¥.., hyq, the sources- where
destination channel gains, By,,., hy, the sources-relay chan-

nel gains, and by:.; the relay-destination channel gain. Ther1 L= C (Pa|had|2 . Pb|hbd|2)
noise samples,, | € {r,d;,d>}, at the relay and at the Py Py

destination are all zero mean circular gaussian, white and ) P |har)? Polhaal*  Prlhyal?
uncorrelated with a variancEy . 2 = mln{c( » )’C( Px * Py )}

We will analyze the system model mentioned above using + min {C( Pylhy|? ) C( Pylhpal? )}
lattices. Then we will allocate the values 6f, i € {a,b,r}, Py + Py|hor? )7 \ Py + Palhaal?
and the lattices coefficients,, ¢;, k,, and k;, in a way to _ Pyl |?

maximze the sum rate at the destination. At optimum th&i,s = mm{C(m),

lattice coefficients values are those the same given by the N raller

2 2 2
channels [9], [10]. However, the integer constraint on the C( Byl n Pyl )}+C(M)
lattice coefficients is necessary, as only integer comiginat Py + Palhaal® Py Py
of lattice points will be a lattice point [9], [10], [11]. As . Py|har|? Pulhaal® P |hral?

. ; X : r = min{C C +—=

the channel coefficients are non-integer, the lattice aoeffts 1,4 N ’ Py Py
must have a value in such a way two different linear equations 2

ave e AR Pylhy,|
at the destination are recovered and the noise is minimized. + min{C m )
Then, the two messages sent by the nodeand B can be N ) altar )
recovered. of Bolheal” Pyl _ 4

PN+Pa|had|2 PN +Pra|hrd|2

We will compare the results with the same system model

but using random codes and the relay operates in Decode angiven C(z) = Llog,(1+2), P, andP,, (P, + P,, < P,)
Forward mode [12]. We show that at some channel coefficiens, e power aésigaed to tr'an;amit the styml?JC(LJIs o;bn;,qu

lattices outperforms random codes, and that the complexigy/ ot the relay, and,., (f € {1,2,3,4}), is the sum rate at
. . . . . . ’ p,J &y ’

regarding which decoding order should be used is simplifiefle gestination for a defined decoding orgeand different

Moreover, we show that for certain regimes it is bettertdyappre|ayed source. The rate for differeptcan be obtained in a

successive decoding at the relay and the destination @I gjmijar manner we will not include them due to limited space.
recovering two linear equations using lattice codes.

II1. L ATTICES RATE ANALYSIS

Il. DECODE AND FORWARD ) . ) .
In this section, we derive the achievable sum rate at the

. . estination using lattices. Lg?,, and P,, be the power used
In this section, we present the DF scheme for the MAng.y userA and B, where P,, < P,, Py, < P, and P,, 31 _

During the first time slot, noded and B broadcast their 2 ; .
' o o P, =P,. Th P, P
symbols to the relay and the destination. The destinati@h atnblﬁb A e powerr, andF, are assigned to transmit

the relay receive two different signals from nadeind B. The he lattice symbol&a} andxy, . The power IeftPg?. =Py -
relay decodes either one or both symbols, and then forwarp » 9 € {a,b} (at either of the source nodes) is assigned

>y Ot Sy - .tcoﬂétransmit the symbok,,, wherex,, is encoded using a
either one or both to the destination during the second tlraea

slot. The achievable sum rate using DF is [12] ussian codebook.
' 9 ' Let us assume that usdrhas enough power to transmit =

Xa, +Xa,. The transmitted symbal, contains two symbols,,,

Rpr = ax [77177231 + 2Ry encoded using lattice code ang, encoded using gaussian
- codebook. UserB transmitsxy, = xj,,, wherex;,, encoded
+ s+ 771772R4] (2)  using lattice code.

During the first time slot, noded and B broadcast their
where R, (p € {1,2,3,4}), corresponds to the sum rate asymbolsx, andx;, to the relay and destination node. The relay
the destination for different decoding order of the sigridsn  node receives the signgl and the destination node receives
nodesA and B at the relay and the destination. The indicatorthe signalyq,, which are summarized as follow:

m (= 1-m1) andn2, whose value should be or 1, are
to select the most appropriate decoding order. Fhand p

indicate whether noded , node B, both nodes or none is Xa = Xay +Xa, = (Va, =~ Us, JmodA T X,
relayed. The rate?; is given by: Ba,
(Vb - Ub)modA
Xp = —F
Ry = [/71527“1,1 + p1P27T1,2 Bo
Yr = harxa + hb'r’Xb +Zr

+ piperiz+ P1P27"1,4] 3) Va, = hadXa + hpaxp + 24, (5)



At the relay nodex,, is first decoded, and deducted from At the destination node,, is first decoded, and deducted
the received signat,, and we get, from the received signaly,, and we get,

y; = harXa, + hprXp + 2 (6) YZh = hadXa, + hpaxp + 24, (12)

The received signal at the relay is transformed to the The received signal at the destination is transformed to the
following modulo lattice additive channel signal: following modulo lattice additive channel signal:

Yllr = (Oér}’; + kal Ual + kbUb)mOdA Y:i
= (Oér(harxal + hbrxb + Zr) + k‘al []a1 + kbUb)mOdA

= (tal Va, + tpvy + Zdleff)mOdA (13)

1

ﬁn Bty ) i

Wherezdleff = (hadxal (adl =l )+hbde(Oéd1 Tong

whe_re_a,. is the minimum mean square error fa_ctor th% 1zd1)modA.
minimizes the effective noise [4k,, andk; are the integer

X . During the second time slot the destination receives,
lattice coefficients.

Vd, = h,-er+Zd2 (14)
Y, = (Oér(harxal + Pyt + %) = Bay Kay Xay = Bokpxp The received signal at the destination is transformed to
the following modulo lattice additive channel signal, afte
+ Barka,Xa, + Bkt + ko, U, + Uy JrodA deductings,. out of vy,
/8& a
= (kalval +kpvp + harXa, (0 — ——+ ) Y, (aa,y4, + mr, Uy, )modA
k =
+  hpexp (o - 6}: b ) + arzr)modA (mr1Vr1 - Zdze“)mOdA (15)
br
Brymy
- (Vr1 +Zre“)m0dA (7 where zq,_, = (hrerl(Oédz - =)+ adzzdg)modA
whereay, can be calculated as follows

wherez,_, = (harxal(cw - %) + hprxp (o — 5,1”—}?7) +
arzr)modA and v;, = (ka,va, + kpvp)modA is a lattice Qd,y
point in the fine lattice [5].

The power of the effective noide[|z,.,,|°] can be calculated and the total noise at the destination can be written as,
as follows:

|hrd|2pr1mr1/8r1/hrd
|hrd|2Pr1 + PN

(16)

m2 32 P, Py
ks Ellra,., 7] = s N (17)

Bl ] = 03Pyt oy PP - P2k easal )= P P

2 Bvks o and then we can calculate the maximum achievable rate from
+ fhor PPy (o = Ry ) ®)  the relay to the destination as,
The optimal yalue ptyr is ca!Cl_JIatgd by minimizing the powerR _ 14l Bai PPy \ 1/41o 1 . |Pral” Pry
of the effective noise, and it is given by: RD = 82 E[za,en?]) 82 m2, " m2 Py
|har|* Pa, = ’6‘” Lt |y, |* Py B b’“b This leads us to thatr,.,, at optimum, should be equal to
Qr = |har|2pa1 + IhbrPPb N PN ©)  for any value ofh,.4.

The destination can recover the two messages sent by the
Thus,v;, modA can be decoded at the relay by using a raturces, by decodinj;, andY,,. Hence,v,, andy.

R, given as [5] [8], Thus, W.,,, W., and v, can be decoded at the destination
1B, |? by using a sum ratépr given as,
Ro - 1/4l0g, (—2) (10)
E[|Zrcff| ] |ﬁa |2Pa
i i Rpr = max 1/2 % min{ logy | ===
By assumpnon the normalized second moment of the lattice Biskistssou E[|Ze . |?]
equal to— asn — oo (n is the length ofx;) [4]. After
T i |Bar [P |Bas|*P,
decodlngvrl the relay transmits, as, . log, (M) log, (M)
E[|zd, . [*] E[|zq,ct[*]
Xy = Xp + Xro |h |2P
(Vr - U, )mOdA + in{C ar g2
= - ﬂ; + Xy (11) i |h(1,,n|21pa1 + |hbr|2Pb + PN
where 3,, = /32 Pal/Pr is the normalization factor at the , c( |h;“d| Pry - [fradl Pa; )}
relay, P,, and PTQ (P,, + P., < P.) are the power assigned to \hral*Pry + Py |had|* Pa, + [hoa|* Py + Py

transmit the symbols,, andx,, at the relay. (18)



subject to thats; # 0, oy # 0, the lattice coefficients

tay,te, ka,, kp) are integer, and the matrM is full row rank,
(tayts b) g9 Row - minlc |hor|* Py |hral* Pr,
t t ’ |har|2Pa+PN PN
M — aq b
( Ka, kb ) + c( |Padl* Pa, )
o _ _ |hoal? Py + Py

The optimization of (18) is non-convex. In the following \had|?P,

section we will discuss some methods used to calculate the + C L ) (20)
( |hadl? Pa, + |hpal* Py + Py

values of 8;s and the lattice coefficients. After getting the
appropriate values, the optimization of (18) is straigivfard As we will see in Figure 1, using lattices, the successive
with respect to;s. decoding is better than recovering two linear equations for
certain regimes like the one discussed above. A suboptimal
method can be used to calculate the best valuedsr is

by transforming the channel coefficients at the relay and the

As mentioned before, the lattice coefficients, (£, ka, , ks) destination as close as possible to integer value. This ean b

must be integer, and the mati must be full row rank done by minimizingia/0; — L hia/3:) + hir /i - | hir/5;] Over
(|1.01] =1). It is suboptimal because it does not maximize

e rate at the destination neither minimize the noise ab eac

IV. DISCUSSIONS

One method to get the lattice coefficients is to round the
channel coefficients and then assign their values to thedatt
coefficients. However the noise will be high if the roundlng
loss was high. To reduce the rounding loss, we will prepr®ces V. SIMULATION RESULTS

the signals at the sources side (multiplying the signal by a|n this section, we present the simulation results. We assum
factor 1/3;) in such a way to make the channel coefficientgat the channel coefficients are independent and randomly
seen by the receivers as close as to integer value. At mggherated according to a zero-mean circular gaussiaibdistr
we can make two coefficients equal tt by assigning the tion with a variance equal to 25 for the sources-destination
p; values equal to those of the channel coefficierts ©r and 100 for the sources-relay link and the relay-destinatio
hiq)(this means that the transmitter nodes must have fylhks. We assume all the nodes have full CSI knowledge. We
CSI (Channel State Information)). This will reduce the otheyssign the values of the power & = 15dB, P, = 15dB,
channel coefficients, and might make the rounding equal to - 204B, and the noisePy varies betweed B and20d 5.
zero. In another way, we can makg, to take the value of | figure 1, we show how the successive decoding (DL2) is
haa OF hqr, same with3,. If we let 5,, = hq,q and and assume petter than recovering two linear equations (DL1), wheee th
haa > har, this means that,, =1 andk,, = 0. In parallel, we sjtuation is thath,, and h,q are very weak K,q > ha,), and
havehy, > hyq andfy, = hy,, this means that, =0 andk, =1. 1, b, h., are very good. As we see both are still lower than
With these coefficients we can retrieve the two messages sppt in fact this is one of the situations, which makes the use

by the nodes at a sum rate equal to, of lattices and network coding weak and give the advantages
to random coding using DF.
. |had|2Pa ) ('th|2P7‘ )
R = 2xmin{C L ,C !
Dl { (|hbd|2Pb+PN PN n ‘ ‘ ‘
N - —DF
C |hbr|2Pb 10 \\\\ igtg
’ |ha7‘|2Pa1 +PN ol \\\

+

min{C Prar |* Py
‘har|2pa1 + |hb7,|2Pb + PN

Sum Rate

C ‘hrd| PT " |had| Pa2
|hrd|2Pr1 + PN |had|2pa1 + |hbd|2Pb + PN
(19)

AS |hpr Py = |haa/?Pa, = Pa, if |hpa?Py > |har|*Pa, this ° ° Noiss  dB 1 2
makesC QM the bottleneck and eventually decrease

[Pbal? Py+ PN
the rate for nodeB. However, the destination does not need Fig. 1. Comparison of the sum rate at the destination.
the received signals during the first time slot to decode the
message of nodd3. We can do better by using successive On the contrary as shown in figure 2, in the other situations
decoding at the relay and the destination, where the sum rittices will outperform DF, if theds and lattice coefficients

is, were well assigned.



(3]

(4]

(5]

Sum Rate

(6]
(71

(8]
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Noise in dB

(9]

Fig. 2. Comparison of the sum rate at the destination.

(10]

Finally, figure 3 shows the sum rate obtained by averaginﬂ]
over 200 channel realizations for each value of the SNR.
Where we are comparing the Lattice methods (DL) with
decode and forward (DF), and (UL) is the maximum valu
obtained at each channel realization and SNR between DL
and DF.

Sum Rate

.
0 5 10 15 20
Noise in dB

Fig. 3. Comparison of the average sum rate at the destinaion200
channel realizations.

VI. CONCLUSION

In this paper, we presented the MARC based on structure
codes. We showed for certain regimes that using network cod-
ing at the relay, by applying lattice modulo, the performanc
of the system is improved over DF strategy. We also showed
using lattices the rate can be improved by using successive
decoding rather than recovering two linear equations when
two of the coefficients are zero.
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