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One

Introduction

1.1 General introduction

The amount of information provided to communities and individuals each
day is enormous. Our systems designed to learn from this information are
overloaded to the point where they often cannot process conflicting reports
from multiple sources. To function, we collectively rely more and more on
some form of auditing services that we trust to help us distinguish between
valid and invalid information, between truth and falsehood. All of this inhibits
our ability to learn from the entire stream of uncertified information.

This thesis provides theories and methods that enable learning from the
maelstrom of available facts known as big data.

Big data sets are often called high-dimensional data sets in statistical lit-
erature. In a linear regression model, for instance, high dimensionality means
that the number of covariates is greater than the number of observations. In
a multivariate time series framework, high dimensionality refers to situations
where many time series are studied jointly.

In today’s practice, the empirical researcher is often confronted with high-
dimensional data. This is the case, for instance, when central banks seek to
forecast key economic variables (e.g. Bok, Caratelli, Giannone, Sbordone and
Tambalotti (2018)), when biologist seeks to determine which genes are causing
a particular disease (e.g. Carvalho, Chang, Lucas, Nevins, Wang and West
(2008)), and even in the training of cutting-edge machine learning models
(e.g. Brown, Mann, Ryder, Subbiah, Kaplan, Dhariwal, Neelakantan, Shyam,
Sastry, Askell et al. (2020)).

Many successful applications have demonstrated that there is much to be
gained by jointly exploiting a very large data set to answer empirical questions.
However, modern applications push the dimensionality of the data to such an
extent that it has become necessary to consider that the dimensionality of the
data can grow very fast with the sample size or even that it is infinite.

Several methodological obstacles hinder the application of standard statis-
tical methods to the high-dimensionality framework. For instance, for cross-
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sectional data sets, they are often not consistent or even exist when the ratio
between the number of variables and the number of observations diverges.

Moreover, in the treatment of time series, much of the existing literature
assumes that the data have characteristics that are convenient for simplifying
the mathematical treatment of the problem but that are rarely encountered
in reality. Omne of these unrealistic assumptions is the stationarity of time
series which assumes that the statistical properties of time series, such as the
mean and variance, remain constant over time. When the time series under
consideration are not stationary, common statistical methods often become
inconsistent.

In this thesis, we study novel ways to conduct inferences on high-dimensional
cross-sectional data and high-dimensional non-stationary time series.

1.2 Topics of the thesis

1.2.1 High-dimensional cross-sections and high-dimensional
non-stationary time series

This work is concerned with high-dimensional data in the forms of random
matrices X, € R"™ P where n, is the number of observations and p is the
number of covariates.

Those datasets may be called cross-sections when the observations of the
p covariates represent records of properties (the covariates) of different items
(persons, groups, units, firms, countries,...) at some unique point in time.
Where this thesis considers high-dimensional cross-sections, it is assumed that,
in addition to X, a random vector Y,, € R™ is observed. The inference con-
sidered in the thesis concentrates on the linear regression of Y,,, the explained
variable, on X, the explanatory variables. There, high-dimensionality charac-
terizes a situation where the number of covariates p is larger than n. Formally,
it is assumed that X, is an element of a sequence of random matrices of grow-
ing dimension, that is {X,, € R™PM} g p(n) = O(n®) where o > 1.

The observations of the p covariates may, alternatively, be supposed to have
happened sequentially in time. In this case each line of X, is written in vector
form as X, (t) € R? for (t = 0,...,n — 1), that is X,, = (X,](0),..., X} (n —
1))", and these vectors are called multivariate time series. Where this thesis
considers high-dimensional multivariates times series, it concentrates on zero-
mean vector processes that arise, for instance, when the overall trend of each
covariate has been removed. In this setting, the inference considered in this
thesis concentrates on the estimation of the covariance between two vectors of
time series, say X, (t) and X,,(t —7) where 7 € Z is a lag. In this context, high
dimensionality refers to the high number of time series that are considered
jointly. Formally, as for cross-sectional data, it is assumed that X, is an
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element of a sequence of random matrices of growing dimension, that is {X,, €
R”Xp(")}neN, however, for time series, we only consider such sequences with
p(n) = O(n®) where a < 1. Hence, for time series, we do not treat cases
where p > n and always suppose the opposite. This simpler form of high-
dimensionality renders possible to conduct the type of inference considered in
this thesis, without relying on a simplifying assumption that is common in the
analysis of zero-mean multivariates time series, namely the stationarity of the
second order structure, a notion that we explain now.

Most existing models for multivariates time series analysis assume that
the zero mean X, (t) is covariance stationary, meaning that the covariance
between X, (t) and X,,(f — 7) only depends on the lag 7 and not on the time
t. This assumption is very useful to simplify the mathematical treatment of
estimators of the covariance between two multivariate time series. However,
in applied sciences, many time series are not covariance stationary and, rather
display time-varying second-order structure (variance and covariance change
over time). An example of such a multivariate time series is given in Figures
1.1 and 1.2. The former displays the quarterly oil production of Saudi Arabia
and the one of the rest of OPEC in million barrels per day between the first
quarter of 1973 and the third quarter of 2022. From Figure 1.1, it is clear
that the processes are not zero means. However, it is possible to remove their
global trend by computing their first log difference. The resulting time series
are displayed in Figure 1.2 where it is clear that, first, the time series may be
modeled as zero-mean processes, and second, that the second order structures
of the two time series change over time.

The high-dimensional time series considered in this thesis are not supposed
to be covariance stationary.

1.2.2 The challenges of inference in high dimensions

With high-dimensional cross-sections, the thesis concentrates on the High-
Dimensional Sparse Linear model. That is a linear regression model with
more covariates than observations and where only a small subset of the co-
variates are significant. In such a setting, the three main challenges are (1)
recovering the unknown set of significant covariates (the selection problem),
(2) estimating the marginal effect of the selected covariates (the estimation
problem) (3) statistically testing the validity of the selections and estimations
procedures. Performing these tasks is difficult because standard estimation
techniques (such as ordinary least squares), as well as standard statistical
tests (such as the Hoteling 72 test (Hotelling, 1931)) fail in high dimensions
because the empirical second moment of the covariates is not invertible.
With high-dimensional time series, the thesis concentrates on a model of
locally stationary wavelet processes. In these kinds of models, times series are
represented as a linear combination of some analytically tractable functions,
called wawvelets, and of random increments. Those types of models have already

17
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Figure 1.1: Oil production of Saudi Arabia and of the remaining of OPEP
Quarterly oil production of Saudi Arabia (dashed red line) and of the rest of

OPEC (plain blue line) in million barrels per day between the first quarter of
1973 and the third quarter of 2022.
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Figure 1.2: Variation in oil production of Saudi Arabia and of the remaining
of OPEP

First log difference of the quarterly oil production of Saudi Arabia (dashed
red line) and the rest of OPEC (plain blue line) between the second quarter
of 1973 and the third quarter of 2022.
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been studied for univariate non-stationary time series in Nason, Von Sachs
and Kroisandt (2000) and Van Bellegem and von Sachs (2008). They are
based on the concept of local stationarity introduced by Dahlhaus (1997) that
allows the modeling and the estimation of time-varying autocovariance. The
main challenge here is to generalize the approach of Nason et al. (2000) and
Van Bellegem and von Sachs (2008) to a multivariate setting imposing the
least stringent constraint on the time-varying covariance of the time series.

1.2.3 Identification of parameters

Before conducting inference, one wants to ensure that parameters of interest
are identified. This section briefly discussed the concept of identification for
unconditional and conditional models.

Consider a statistical experiment {S,S,Py|6 € ©} where S is the sample
space, S a o—algebra on S, Py is a (joint) probability measure and © is set
called parameter space.

In this thesis, a parameter of interest, say g(f) (where g is a function
defined on the parameter space), is said identified, if g(0) # g(0') = Py # Py

The relevance of this property is not obvious and related to the interpre-
tation of the model. Suppose that our parameter of interest is not identified,
hence this means that there might exist 6,6’ € © such that Py = Py with
g(0) # g(#'). In this case, we are left with a quantitatively equivalent, but
qualitatively different, representation of the probability we are interested in.
In other words, we are left with different interpretations of the phenomena we
are interested in, without the ability to prefer one interpretation over another.
Consequently, when the model is not identified, the statistical analysis does
not permit to gain information concerning the parameter of interest that can-
not be uniquely represented as a function of the probability measure of the
data.

An identification result demonstrates the above injection and, by doing
so, defining uniquely the parameter of interest as a function of the probability
measure of our observables. In Chapter 5 we present a new identification
result for an unconditional model.

The above notion of identification is given in the context of unconditional
models where Py represents a joint law of probability. However, it is often the
case in econometrics that we are only interested in some particular exogenous
(in the sense of Engle, Hendry and Richard (1983)) unknown parameter of a
conditional model. For instance, in a linear regression problem, one is often
interested in the parameter of the linear function of the covariates (often
denoted by ). In the following, we give a (simplified) notion of identification
for conditional models that is due to Mouchar and Oulhaj (2006) (to which
we refer the reader for a deeper discussion on the matter).
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Suppose that S = Sy x Sx where Sy is the sample space of the explained
variable and Sx is the sample space of the explanatory variable, moreover
write S = o(Sy U Sx) where Sy and Sz are the sigma-algebras generated!
respectively by Sy and Sx, and o(Sy U Sx) is the o—algebra generated by
Sy USx. Moreover, suppose that © = ©1 x Oy where 01 is the space in which
live the (exogenous) parameters of the conditional model and Os is the space
in which live the parameters of the marginal distribution of the explanatory
variables. Finally suppose that for any 6 € © the joint probability law Py is
(uniquely) defined by

VLX) € Sy x Sx,  Py(Y x X) = /X By oy, (V)P (d)

where for §; € ©, and x € Sx, Py|s),(y) is the conditional probability
measure of the explained variable Y given the realisation = the explanatory
variable and Px.g, is the marginal probability measure of the explanatory
variable. We then have defined the (simplified) conditional model

{Sy x Sx, o(Sy USx), P(91792)|(91,92) € 01 x O3}.

In such a model our parameter of interest is a function of the exogenous
parameter of the conditional distribution, say g(6;) where 6; € ©;. We said
that our parameter of interest is (weakly) identified if for all 05 € ©2, g(61) #
9(01) = Po,.0,) # Proy.6,)-

Often, proving the weak identification of the parameter of interest in a
conditional model comes to impose restrictions on the marginal distribution
of the explanatory variable. For instance in linear regression, one usually
assumes that the kernel of the second moment of the explanatory variable
contains only 0. In Chapter 2 and 3, we provide two new identification results
in the context of conditional models.

'Here we follow the phrasing in Florens, Mouchart and Rolin (1990) where, given a
collection of subsets of a set M, say C, the sigma-algebra generated by C is constructed as
the intersection of all the o—algebra of o(M) (a o—algebra on M) containing C, which is
the smallest o —algebra containing C'.
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1.3 Contributions and structure of the thesis

The thesis contributes to the development of statistical analysis of both high-
dimensional cross-sectional data and high-dimensional time series. QOur con-
tributions relate both to the theoretical and to the empirical analysis of high-
dimensional data. For high-dimensional cross-sections, we provide new re-
sults concerning the modeling, the selection, the estimation, and the statistical
testing of hypothesis in a high-dimensional linear sparse model. For high-
dimensional time series data, we provide new results for modeling and esti-
mating the time-varying covariance of high-dimensional zero-means processes
through the definition, the identification, and the estimation of a novel class
of locally stationary wavelet process model.

high-dimensional Data

RN

Cross-sectional data Time Series

Sparse Linear Model

N

Ch. 2. Identification/Estimation Ch. 3. Identification/Testing

Ch. 6. Fundamentals Multivariate Locally Stationary Wavelet Process

Ch. 4. Identification

Ch. 5. Estimation

Figure 1.3: Diagram of the thesis

Chapter 2 establishes the connection between two well-studied statistical
problems: the Best Subset Selection and the Generalized Figenvalue Problem.
This connection is based on the idea that in linear regression, the parameter
of interest, that is the parameter of the linear functional of the covariates, is
completely characterized by two objects. First, its direction thereafter called
the direction of interest, defined as the vector subspace of all the vectors
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collinear to the parameter of interest. Second its magnitude, which is its norm
under a suitable choice of basis for the direction of interest. In this chapter,
the direction of interest is identified with the generalized eigenspace associated
with the only nonnull generalized eigenvalue of a pair of measurable matrices.
Because our identification result connects the linear regression problem and
the generalized eigenvalue problem, it extends the class of estimators available
for the former to the one available for the latter. This is especially useful in
the context of high dimensions, where standard estimation techniques fail.
Consequently, we suggest addressing the best subset selection problem from
a new perspective by solving an empirical generalized eigenvalue problem to
estimate the direction of the high-dimensional vector of parameters. We then
study a new estimator based on the well-established RIFLE algorithm (see
Tan, Wang, Liu and Zhang (2018)) and demonstrate a nonasymptotic bound
of the [s risk, the minimax convergence of the estimator and a central limit
theorem. Simulations show the superiority of the proposed inference over some
direct competitors.

Chapter 3 introduces a goodness-of-fit test for the outcome of variable
selection in a high-dimensional sparse linear model. The test aims to min-
imize a moment condition that is proven to reflect the sparsity constraint.
Testing this constraint statistically is possible thanks to a high-dimensional
Central Limit Theorem proven under heteroskedasticity. To implement the
test in high dimensions a Multiple-splitting Projection Test procedure that
has been recently proposed in the literature is employed (Liu, Yu and Li,
2022). An upstream result addresses the question of collinearity in the set of
non-significant covariates. This result provides a new identification condition
for the parameters of a sparse linear model that allows collinearity in the set
of covariates that do not affect the conditional expectation of the explained
variables. Monte Carlo experiments demonstrate the power of the test. A real
data application considers the problem of selecting predictors to nowcast the
quarterly Belgian GDP via monthly time series. The empirical results show
that it is possible to select a minimal number of variables such that every
larger set of variables would pass the goodness-of-fit test.

Chapter 4 aims three goals. Firstly, introducing the reader to the fun-
damental concepts of wavelet analysis. This is done by reviewing the con-
struction of wavelet functions via multiresolution analysis, reviewing the con-
struction of non-decimated discrete wavelet functions from continuous wavelet
functions, and presenting some of the properties of the former. Secondly, the
chapter defined the notion of cross-correlation of wavelet functions that is
fundamental to the present extension of the univariate framework of Nason
et al. (2000) to a multivariate framework. Proof that a collection of cross-
correlation of wavelet functions forms a basis is given. This result is essential
to be able to uniquely represent a function in the space of cross-correlation
of wavelet functions. Thirdly, the chapter defines the class of multivariate lo-
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cally stationary wavelet process and asymptotically identifies a representation
of the time-varying covariance function of the vector time series, in the space
of the cross-correlation of wavelet functions.

Chapter 5 studies the estimation of the representation of the covariance
structure of the vector of time series in the space of the cross-correlation of
wavelet functions. The chapter demonstrates the lo convergence in probability
of our estimator when p = o(n®) when a < 1/4. The last section of the
chapter presents an economic application of the method. The application
considers measuring the (lack of) coordination between Saudi Arabia and
the rest of the OPEC organization in oil production. This application is a
contribution to a large field of applied econometrics that has been puzzled since
the eighties by the contradictory reports of (lack) of statistical measurement
of the said coordination (e.g. Griffin (1985), Smith (2005), Alkhathlan, Gately
and Javid (2014), Al Rousan, Sbhia and Tas (2018)). The chapter argues that
the issues encountered with the statistical analysis of the behavior of Saudi
Arabia and one of the rest of OPEC can be tracked back to the assumption
of stationarity upon which have relied on the econometric methods employed
to tackle the measurements so far. New measurements, that are based on
the model presented in Chapter 5, and conducted via the estimator studied in
Chapter 6, are presented. To the best of our knowledge, those measurements of
the coordination of Saudi Arabia with its partners in OPEC are the first ones
not to rely on the assumption of stationarity. The results of the measurements
are consistent with the historical trends of the last half-century in the oil
market.

Chapter 6 discusses the present duality there is in the modelization of
high-dimensional data. In the first approach, which is the one considered in
this thesis and may be called the double asymptotic setting, the number of
covariates is an increasing function of the number of observations. Asymptotic
reasoning conducted in this setting is different than when only the number of
observations differs. One consequence of this fact is that, in this context, it is
not clear how to characterize the consistency of an estimator. The last section
of the chapter provides an analysis of two abstract statistical experiments in
order to provide definitions of consistency that are applicable to the double
asymptotic setting. A second fruitful path to model high dimensionality works
in an infinite dimensional space. This is for instance the case in functional
regression analysis (e.g. Florens and Van Bellegem (2015)) that is becoming
popular in applied studies (see for instance the recent work of Meeks and
Monti (2022)). At this point in the development of the literature, the links
between the two approaches remain unclear. Nevertheless, the second one
may /should be considered as the limit of the first one. However, connecting
the two approaches raises some technical challenges that can only be addressed
in an appropriate and general theoretical framework that is outside the scope
of this thesis. Nevertheless, after discussing the issue the chapter provides

23



1.

INTRODUCTION

24

early results derived to answer a simple question concerning the estimation
of the functional parameters in a functional regression defined in L? that
is interestingly linked to the problem of the connection between the double
asymptotic setting and the infinite-dimensional setting.



Two

Direction Identification and Minimax
Estimation by Generalized Eigenvalue
Problem in High-Dimensional Sparse

Regression

2.1 Introduction

This chapter connects two well-known statistical problems. First, the best
subset selection problem that is a solution of

- 1 R A
B € argmin —||Y — X B3 s.t. ||1B]lo < k, (2.1.1)
Berr

for k € N (Miller, 2002), where Y € R™ and X € R™*? and where for any
v eRP, [Jv]l = Y8 vg]? is the ly—norm of v and [[v[lo = Y27 1jy,50 is the
lo—pseudonorm of v. Second, the Generalized Figenvalue Problem (GEP),
that is, given two square matrices A, B € RP*P, solving

Av; = \jBu; fori=1,....,p (2.1.2)

for A; and v;, which are called generalized eigenvalues and generalized eigen-
vectors, respectively. We observe that if B is the identity matrix, then the
GEP is the standard eigenvalue problem (for an introduction to GEP, see e.g.,
Ghojogh, Karray and Crowley (2019)).

The connection between the two problems is based on the idea that in the
linear regression Y = X + U, where Y € R® and X € R"*P are random and
iid across rows and U = (Y1 — E(Y1|X1), ..., Y, — E(Y,|X,)) ", the parameter
B is completely characterized by two objects. First, its direction, ® C RP,
defined as the vector subspace of R? of all the vectors colinear to 3, and
second, its magnitude that its norm in RP under a suitable choice of basis
for ®. In Theorem 1 below, we identify the direction ® with the generalized
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etgenspace associated with the only nonnull generalized eigenvalue of a pair
of measurable matrices.

One important consequence of our identification result is that by exposing
the connection between the linear regression problem and the GEP, we extend
the class of estimators available for the former to the one available for the
latter. This is especially useful in the context of high dimensions (HD).

When the dimension of the target parameter 3, namely, p, is greater than
the number of observations, n, for instance, because the former is an increasing
function of the latter, we say that the model is high-dimensional. Estimating
the parameter 8 in HD is a problem of great interest from both theoretical
and practical points of view. Since the high dimensionality of the model
implies that the empirical second moment of the covariates is not invertible,
the parameter 8 cannot be consistently estimated via ordinary least squares.
However, situations where p > n arise in practice, for instance, in biology,
health studies, economics, or machine learning (Fan and Li, 2006), and call
for efficient estimation procedures.

There is no unique way to tackle the problem of consistently estimating
the parameters of a high-dimensional linear model. One line of research is
based on the notion of sparsity. According to Stodden (2006), Box and Meyer
(1986) coined the term factor sparsity to describe a model where the majority
of covariates have zero effect. Since then, a wide and active area of research
has specialized in the estimation of the parameters of high-dimensional sparse
linear models ¢.e. high-dimensional linear models where it is assumed that only
a subset of the elements of 8 differs from zeros (e.g. Belloni, Chernozhukov
and Hansen (2013), van de Geer (2016)). Sparsity assumes that

1Blo=s<n<p

where s is the sparsity level.

The best subset selection problem (2.1.1) originates from the combination
of the sparsity assumption with the least squares principle. Due to the Iy
constraint, this program is NP-hard (Natarajan, 1995). Hence, solving (2.1.1)
in polynomial time is impossible unless P = N P. Despite this computational
difficulty, a set of theoretical results indicates that the best subset selection is
a desirable estimator for sparse regression (e.g. Greenshtein (2006), Raskutti,
Wainwright and Yu (2011), Zhang and Zhang (2012), Shen et al. (2013), Zhang
et al. (2014), Bertsimas, King and Mazumder (2016)). Recently, optimal
or near-optimal solutions have been proposed in Bertsimas et al. (2016) via
a reformulation of problem (2.1.1) as a mixed integer optimization (MIO)
problem. The implementation of this method is performed via the licensed
GUROBI solver and is demanding in computing time as the dimension of
the model increases. For a critical review, see e.g. Hastie, Tibshirani and
Tibshirani (2020).

By following the same line of thought that leads to the formulation of
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the best subset selection, we formulate an estimator of ® over a sparsity
constraint. To do so, we observe that the generalized eigenvector associated
with the maximum generalized eigenvalue of the GEP (2.1.2) is the solution
of the maximization of the following Rayleigh quotient

. v Av
rgmax ———
vge]Rp v! By’
see e.g. Golub and Van Loan (2013). Our identification result in Theorem 1
allows combining this fact with the sparsity assumption to obtain the sparse
estimator of ®, that is,

. dTXTYYTXo

$ := argmax
e g XX

s.t. |lollo < k (2.1.3)
for k € N. We call (2.1.3) the directional best subset selection problem.

Below, we demonstrate that for any solution of problem (2.1.3), say v,
the product of v with the orthogonal projection of ¥ on Xwv is a solution
of the best subset selection (2.1.1). Hence, solving problem (2.1.3) allows
solving (2.1.1). We also demonstrate that the two problems have the same
minimax rate of convergence in the ly norm, that is, (slog(p/s)/n)*/? in the
sub-Gaussian setting (Raskutti et al., 2011).

Next, we show how these ideas may be fruitful for the estimation of high-
dimensional sparse linear models (HDSLM) by proposing an efficient estimator
of ®, which gives as a byproduct a novel estimator of 5. This estimator is a
modification of a well-established algorithm called RIFLE that was proposed
by Tan, Wang, Liu and Zhang (2018) to approximate the solution of GEP over
a lp constraint (which are also NP-Hard (Moghaddam, Weiss and Avidan,
2006)) when p > n. We demonstrate that our estimator converges at the
minimax rate of convergence with high probability in the sub-Gaussian setting
and that it possesses the sure screening property.

Finally, we provide a central limit theorem for the estimator, which is
a nontrivial task given its nonlinearity. To this aim, we prove a theorem
that gives sufficient conditions for the convergence in probability of a Cauchy
product. This theorem may be of independent interest.

Generalized Eigenvalue Problems have already been employed to tackle
models with many covariates. In particular, the sufficient dimension reduction
approach introduced in Cook (1994) employs moment-based methods that can
be formulated as GEP to replace the original covariate with a minimal set
of their linear combinations without loss of information (Li, 2007). Those
methods are not designed specifically to tackle high-dimensional sparse linear
models and are not an answer to the best subset selection problem. We still
mention the research of Chen, Zou and Cook (2010) that introduced a method
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to induce sparsity in the estimated linear combination of the covariate and thus
to de facto select variables.

Like RIFLE, our estimator requires an initial solution that is then itera-
tively improved toward convergence. The article concludes with a set of Monte
Carlo experiments that show the superiority of the proposed inference when
our estimator is initialized by using LASSO, that is, the Lagrangian version
of the [; —relaxation of problem (2.1.1) (Tibshirani (1996), Chen, Donoho and
Saunders (1998)). LASSO is known to select too many random variables when
tuned for prediction accuracy (Bertsimas et al. (2016), Hastie et al. (2020)).
Our experiment shows that for signal-to-noise ratios higher than two, our es-
timator improves on the initial solution provided by LASSO, while reducing
the number of variables associated with nonnull coefficients.

The performances of the proposed inference are compared with those of
three other [y constrained/penalized estimators. First and second are the
Iterative Hard Thresholding (IHT) and the two-stage IHT (Jain, Tewari and
Kar (2014)) that are designed to approximate problem (2.1.1). The third
competitor is the support detection and root finding (SDAR), proposed by
Huang, Jiao, Liu and Lu (2018) to approximate the Lagrangian version of the
best subset selection (which is not equivalent to problem (2.1.1) because of
the lp—constraint) but still allows fixing the sparsity level of the estimate.

We summarize our comparison of the four algorithms in Table 2.1 where
Loaded-RIFLE (LR) is the name of our estimator. Minimax convergence
rates and the sure screening property have been established for the THT and
two-stage IHT (Jain et al. (2014) and Guo, Zhu and Fan (2020)). Minimax
convergence rates have been established for SDAR, (Huang et al., 2018). To the
best of our knowledge, no CLT has been established for these algorithms. The
numerical performances are compared via Monte Carlo experiments in Section
5. Accuracy in estimation, variable selection, and prediction are compared.
The computing time given in Table 2.1 is the rounded mean computing time of
100 replications in the second setup described in Section 5. The computational
time of the LR includes the time for computing the initial vector via LASSO.
Our implementation of the IHT optimizes the step size at each iteration (as
in Blumensath and Davies (2009a)), which greatly improves estimation but is
costly in computational time.

Estimator ‘ Efficiency ‘ CLT ‘ Num. perf. ‘ Time (s)
IHT near minimax ~ be !
2 steps-IHT near minimax ~ 3e 2
SDAR minimax ~le !
Loaded-RIFLE | minimax yes | best overall | ~ 2¢!

Table 2.1: Summary of our comparison of four algorithms

The organization of the chapter is as follows. Section 2 provides the struc-
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tural model and the main objects with which we are working. Section 3 ad-
dresses the identification of ® with the solution of a particular GEP. In Section
4, we use the result of the preceding section to treat the estimation of ® under
sparsity. First, we introduce the directional best subset selection (2.1.3) and
establish a theory connecting it with the best subset selection (2.1.1). Sec-
ond, we show how these results may be applied by presenting RIFLE and LR,
which are two algorithms that produce solutions for the directional best sub-
set selection problem. Third, we provide nonasymptotic bounds as well as the
convergence rate in the sub-Gaussian setting for the relative error of these two
estimators. Fourth, we present a central limit theorem for these estimators
and discuss the theorem. This discussion allows us to present intermediate
results that provide deep insights into the functioning of RIFLE. In particular,
one of these results gives sufficient conditions for the convergence in the prob-
ability of the stochastic Cauchy product and may be of independent interest.
In Section 5, we present numerical experiments to compare the performance of
the proposed algorithms that demonstrate the competitiveness of LR. Section
6 contains concluding remarks.

2.2 Structural Model

We consider a sequence of statistical experiments indexed by n € N. For
each n we assume that we observe a random vector of explanatory variables,
Y (™ e R" and a random matrix of covariates X (™ € R"*P. We also assume
that for each n € N the rows of Y (™ and X (™ are independent and identically
distributed. To model high dimensionality, we assume p = p(n), that is,
p, the number of explanatory variables, is a function of n, the number of
observations and then consider situations where p(n) may increase faster than
n (for instance, below, we consider situations where the dimension p is of order
O(n®) with a > 1).

We assume that for each n € N there exists 3" € RP such that we have
E() (Yl(n)\an)) = (an))—rﬁ(”) where Yl(n) and an) represent the transpose
of the first rows of Y™ and X,

This chapter is only indirectly interested in 8 and focuses instead on
the identification and estimation of the direction of (™, which is the one-
dimensional subspace of RP containing all the vectors collinear to .

Definition 1 (Direction space) For any non-null vector v € V, we call the
direction of v the one-dimensional subspace of V defined by

D(v) := {mv|m € R}.
For the remainder of this chapter, we let ®(™ := D(3(™) and choose ¢™* :=

B /(|35 as the basis for ®), where for any and u,v € RP, the ly—norm
of v, ||v|2, is induced by the canonical inner product on RP, namely, (u,v)s :=
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Figure 2.1: Sketch of 8, ® and ¢*

Graphical representation of 3, ® and ¢* where {e1,e2,e3} is an orthogonal
basis of R3.

P uv;. We observe that this choice of basis for &™) implies that the
magnitude of (™ is its ly—norm.

Since p may increase faster than n, we may encounter situations where
the dimension of the parameter space is larger than the sample size. Hence,
we require our high-dimensional linear model to be sparse; that is, for each
n € N, we assume that ||¢*™]||g = s(n) < p(n).

In the remainder of the chapter, we drop the upper script (n) to simplify
the notation.

2.3 Identification of the direction of interest

This section provides a theorem that identifies ® to some functions of moments
of Y7 and X;. The result suggests a natural estimator that is exploited in
Section 2.4. Before stating the theorem, we introduce some notation. Let
Yx = E(XlXir) be the second moment of X7; moreover, let ¥ xy := E(X;Y))
and Yyx := (Sxy)'. For all u,v € R?, let (u,v)s, = (u,Yxv)2 be the
inner product induced by Xx on RP. For any m € N and Z € R"™*"™, let
Ker(Z) = {v € R™; || Zv||2 = 0} be the kernel of Z.

Theorem 1 Let Y7 € R and X1 € RP be random. If there exists B € RP s.t.
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E(Y1|X1) = X| B and if Sx is positive definite then

¢ SxySyxo
d — argmax —————— 2.3.1
m TTx¢ (231)
¢ \T ?
= argmax <() ny) (2.3.2)
sere \[[@llzx
=Ker(XxyXyx — XxAmax) (2.3.3)

where Amax = MaXycRp % and ® = D(p).

The proof is given in Appendix. Theorem 1 identifies ® as the solution set
of a generalized Rayleigh quotient (equations (2.3.1) and (2.3.2)) or equiva-
lently as the generalized eigenspace associated with the maximum generalized
eigenvalue of the matrix pair (X¥xyXyx, Xx) (equation (2.3.3)).

This result is a general property of the geometry of linear models that,
to the best of our knowledge, has not yet been pointed out as such in the
literature. We still mention that a somewhat similar equation is given in the
context of partial least squares in Sun, Ji and Ye (2009).

The literature sometimes suggests solving specific GEP via various least
squares programs (e.g. Moghaddam et al. (2006), Sun et al. (2009), Golub
and Van Loan (2013)). One original aspect of the present chapter lies in the
fact that we propose to estimate the parameters of linear models, a task that
is commonly achieved via least squares, through a Generalized Eigenvalue
Problem.

In addition to the linearity of the conditional expectation, the only as-
sumption required by Theorem 1 is the positive definitiveness of Y x. This
assumption is well known to be an identification condition for 5 (e.g., Flo-
rens, Marimoutou, Peguin-Feissolle, Perktold and Carrasco (2007)).

2.4 Estimation under sparsity

2.4.1 Directional Best Subset Selection

We introduce the directional best subset selection, prove that its solution has
the same direction as the solution of the best subset selection, and prove that
the latter can be recovered by multiplying the former with an estimation of
the magnitude, v, and connect the rate of convergence of the two estimators.
Let Sy = XTX/n, Syy = XTY/n and Syx = (ixy)T be estimators of
Yx,Xxy and Xy x, respectively.

We consider the empirical version of problem (2.3.1) to estimate ® over a
sparsity constraint, that is, problem (2.1.3). The fact that its solution set, <i>,
finds the direction of the solution of the best subset selection is established in
the following proposition.
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Proposition 1 Let Y € R"™ and X € R"™™P be random functions. For a
given k € N, let B and ® be as in problems (2.1.1) and (2.1.3) respectively.
If B 1s unique almost surely, then condztwnally on the set of events where
MiNyeRp, |v]|o<k V TS xv > 0 we have D(B) = & almost surely.

The proof is given in the Appendix and leads to the following Corollary.

Corollary 1 Suppose the assumptions of Proposition 1 hold true. Let qg ed
and © = argmin,,cg n ||V — Xgi)mNH% then conditionally on the same set of
events as in Proposition 1 we have 8 = ¢vU almost surely.

Proposition 1 and Corollary 1 exemplify how Theorem 1 can be employed
to extend the class of estimators of the high-dimensional sparse linear model
(HDSLM) defined in the preceding section to those of high-dimensional sparse
GEP. Here, we focus on [p—constrained estimators, but the proofs and results
can be straightforwardly generalized.

The strategy of estimation relies on two steps: First, we estimate ® via
GEP, and second, if the parameter of interest is ﬂ , we choose any element in
A, say ¢, and then regress Y on the span of X¢ to estimate the magnitude
of 8. Corollary 1 ensures that if in the first step, the directional best subset
selection is employed, this procedure gives an estimator of 8 (the direction
times the magnitude) that is actually the solution of the best subset selection.

The next proposition expresses the error of estimation of 3 as a function of
the error of the estimation of ¢* to connect the minimax rate of convergence
of the former with that of the latter.

Proposition 2 Foralln € N, letY € R™ and X € R™*P be random functions
iid across rows. For alln € N, assume Xx = E(XlXir) s positive definite,
that there exists 3 € RP s.t. E(Y1|X1) = X{ B, ||Bllo = s. Let ¢* := 3/||B|2
and assume ¢ € RP is an estimator of ¢* for which ($,¢*)2 > 0, ||pllo = s
and ||@lla = 1 hold almost surely and whose convergence is such that ||¢ —
¢*ll2 = Op(an) where a, = o(1) satisfies (25/n)Y?/ay, = o(1). Finally, let
0 = argmin,,cg ||Y — X¢m|2 be an estimator of the magnitude of 5.

Conditionally on the set of events where there are 0 < Kk < K < 00 such
that for all w € RP with ||lull2 = 1, |Jullo = max{2s,p} we have

k<u'Sxu<F, (2.4.1)
z'fB € R? is an estimator of 5 that satisfies B = Qgﬁ almost surely, we have
18 = BII3 = cllo — 613 + Op(azn)-

where ¢ = Op(1).
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The proof is given in Appendix. The proposition provides sufficient condi-
tions to ensure that the ls convergence rate of B is one of the Iy convergences
of the direction estimator qAS

This result is important since it implies that the minimax rate of conver-
gence in the ls loss of the directional best subset selection (2.1.3) is the same
as that of the best subset selection (2.1.1). Raskutti et al. (2011) have proven
that in a Gaussian and fixed design (where the matrix X is assumed to be
nonrandom), if a version of assumption (2.4.1) holds, the minimax rate of
convergence of || — 8|2 is (slog(p/s)/n)"/2. In the next section, we propose
algorithms that aim to solve problem (2.1.3) and to achieve this statistical
rate of convergence with high probability.

We note that we assumed ||¢||o = s, the true sparsity level of 6*, in order
to parallel the setting of Raskutti et al. (2011). By a slight adjustment in
the statement of assumption (2.4.1) and in the proof, we can replace this
assumption by ||¢|lo = k for any k € {1, ..., p}.

2.4.2 Algorithms for Directional Best Subset Selection

We aim to solve problem (2.1.3). However, this problem is NP-hard and hence
cannot be exactly solved in polynomial time unless P = N P. Nevertheless,
Tan et al. (2018) propose an algorithm that approximates the solution of
GEP over a sparsity constraint when p > n. In essence, their proposition
consists of iteratively updating the estimated vector in its ascent direction,
normalizing it, truncating it such that only the k coefficients with the highest
absolute magnitude are nonzero and finally normalizing it again. The resulting
algorithm applied to the problem (2.1.3) is detailed here.

Notation 1 When we write Truncate(v, ) for v € RP and K C {1,...,p} we
refer to the vector of RP defined by

(Truncate(v,]c))i = { gl Z;@G N
foralli=1,...p.

Algorithm 1 Truncated Rayleight flow method (RIFLE)

Input: matrices f]xyflyx and f]X, wniatial vector ¢qg, sparsity level k €
{1,...,p} and step size .

START:

1. Fo = the set of index of the k highest elements of |¢o;
2. ¢o =Truncate(¢o, Fo);

3. Let t =1 and repeat the following steps until convergence:
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a) pio1 = (¢ 1 3xy Sy xdi-1)/ (81 Sxde—1);

b) Ci1 = Lyxp + (/pi—1)(Exy Sy x — pr-13x);

¢) ¢y = Cr16t-1/[Cr—101—1|l2;

d) F; = the set of index of the k highest elements of |¢y|;
e) ¢y =Truncate(d;, Fr);

f) &= b/ ||nl|2s
g)t=t+1;

END
output ¢,

Tan et al. (2018) provides the computational complexity of the algorithm,
that is, the sum between two terms: First, O(p) for selecting the k largest
elements of a p dimensional vector and second, O(kp) for taking the product
between a truncated vector and a matrix with columns restricted to the set F}
and for computing the difference between two matrices with columns restricted
to set F; (Tan et al., 2018).

The parameter k is understood as a regularization (or tuning) parameter
that is chosen.

Our experience with Algorithm 1 leads us to believe that when 7 is small
(as suggested by the theory in Tan et al. (2018)), the variable selection op-
erated by the algorithm is highly dependent on the ordering of the absolute
value of the element of ¢g. In many situations, this constrains the quality
of the estimation. To circumvent this feature, we introduce a variation of
Algorithm 1 that we call Loaded-RIFLE (LR), and that is described here.

Algorithm 2 Loaded truncated Rayleight flow method (LR)
Input: matrices )y ny]y x and )y x, initial vector ¢g, initial and final spar-
sity level k,k € {1,...,p} with k > k, step size n and number of iteration T.
START

1. Fo = the set of index of the k highest elements of |¢ol;
2. ¢y =Truncate(do, F )

3. Letk =k;

4. WHILE k > k repeat the following steps:

a) Lett =1
b) WHILE t < T repeat the followings steps
i proie = (01 2xy Dy xbe—1.6)/ (31 kXX be-1.4);
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ii. Co1ge = Ipxp + (0/pr—11)(Exy Sy x — pr-162x);
iti. ¢ g = Cr—1kPt—1,k/ | Cr—1,kPt—1,k, K||2;

w. Fyi = the set of index of the k highest elements of |¢}|;
v. IF C’ard(]:t,k U -Ft—l,k) >k

A, or = dok
B. sett =T+ 1 (BREAK the while loop on t);
vi. ELSE

A. (]Bt,k :Truncate(¢£’k,.7:t7k),'
B. 1k = bri/llbkllo;

C.t=t+1;
c) ¢ok—1 = PTk;
d) k=Fk—1;

5. Apply Algorithm 1 with ¢o = ¢ p+1, k =k, n;

END
Output ¢;.

Loaded-RIFLE can be seen as a kind of backward stepwise rifle. It basically
runs RIFLE for k = k and then uses the output as input of a new run of
RIFLE with k = k — 1. The algorithm proceeds as such until ¥ = k. The only
difference lies in the IF condition in step 4.b)v., which ensures a somewhat
smooth update of the set of selected variables. This step is important to extend
the theory of RIFLE developed by Tan et al. (2018) to Loaded-RIFLE.

2.4.3 Consistency of the estimation and the rate of
convergence

By using the techniques employed in Tan et al. (2018) to study the convergence
of Algorithm 1, we derive a nonasymptotic bound on the ls distance between
the output of Algorithm 2 and the population target vector (which is ¢* in this
chapter). Based on this result, we derive the convergence rate of the estimator
in the sub-Gaussian setting. Before stating the theorems, we introduce more
notation where some are specific to GEP and others are nonstandard but
useful in the context of this chapter.
For any Z € RP*P and k € N s.t. k < p, let

p(Zk)= s T Zol.
lvllre,llvllo<k

For fixed k, p(-,k) : RP*P — R is a norm on RP*P over R, if Z is symmetric

then p(Z, k) is the supremum on a set of maximum eigenvalues of sub-matrices
of Z.
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For any k € N such that k < plet F(p, k) :={F C {1,...,p}; Card(F) = k}
be the set of sets containing k different integers between 1 and p. Moreover
let {e;}}_; be the canonical basis in R (i.e. e; has zero’s on all its elements
except on the " position which contains a one) and let

P(F(pﬂ k)) = {P(F) = (6a17 “'760%) S RpXk|
FeF(pk)a;, € Fya; < ag < ... < ag}

be a set of orthogonal projectors from RP? to its k dimensional subspaces that
are spanned by the subsets of {ey, ..., €,} whose cardinalities equal k and that
preserve the order of the indexes. This set is useful since if v € RP such that
|vllo = k then P(F(p,k)) contains a matrix P such that w = PTv, w € R¥
and w is equal to v if the former is embodied in RP. Observe we have that
P'P = Ik, ||[PP"||spec = 1 and || Pl|spec = 1, where for any Z € RP*P,
| Z ||spec := max|j,—1 || Zv||2 is the spectral norm of Z.

For any m € N and Z € R™ ™ let Apax(Z), Amin(Z) and \;(Z) be re-
spectively the maximum, minimum and i (in descending order) eigenvalues
of Z. If Z is positive definite, let £(Z) = Apnax(Z)/Amin(Z) be the condition
number of Z (e.g. Golub and Van Loan (2013)).

Forany k € Ns.t. k < pand any F € F(k,p), let Ai, \i(F), A; and A (F) be
the i (in descending order) generalized eigenvalues of respectivgly tI}e pairs of
matrices (ZXYZYszX)a (P(})EXyEYXP(F), P(})Exp(p)), (EXyzyx,Zx)
and finally (P Xxy Sy xPr), PlnyEx Pr))-

For any p € N and any symmetric matrices A, B € RP*P_ let

Cr(A,B) = min ((’UTAU)Z + (’UTB’U)2> v

[[o]l2=1

be the Crawford number of (A, B). Stewart (1979) shows that if Cr(A, B) > 0
the GEP associated with (A, B) is definite, namely it has a complete system
of generalized eigenvectors and all its generalized eigenvalues are real.

For any k € N such that £ < p define

A(k) := inf Cr(P"SxyXyxP, P SxP).
PE{UL P(F(p.i))}

and
) R ) 1/2
E(kj) = <p(2xy2yx —nyZyx,k)2+p(2X —Ex,k)2> .

In the next results, we have employed the techniques developed in Tan
et al. (2018) to provide a nonasymptotic bound on the Iy error of Algorithm
2.
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Theorem 2 For alln € N, let Y € R™ and X € R"*P be random functions
iid across rows. For all n € N assume Yy = E(X1X/ ) is positive definite
and there exists f € RP s.t. E(Y1|X1) = X{ B and ||Bllo = 5. Let ¢* = 3/|18|2
and A := \1/(1+ )\?).

Let k in Algorithm 2 be such that k = C's for C' > 1 and let k = C"k for
C">1and k' =k +s.

Let ¢y, be the output of Algorithm 2 (i.e. aftert iterations of the last step
of the algorithm). Suppose that t > T where T is like in Algorithm 2. Let ¢y
be the initial vector in Algorithm 2 after truncation (as in step 2.).

Choose a constant ¢ > 0 and n in Algorithm 2 such that

NAmax(Xx) < 1/(1+¢), (2.4.2)
and

S

. 1/2
v=(1+ E) (1 - l—gﬁkmin(zx)c,m@x)> <1 (2.4.3)

hold true, where Cs = (1 +¢)/(1 — ¢) and k(Xx) is the condition number of
Yx.
Then, conditionally on the set of events where

(k) _ AQ-v)VE

NGV FY RN (2.4.4)
(EX EX k) <c mm(ZX) (245)
(0", ¢o)2| <1 =12,

hold almost surely with & defined as

. 1 1
¢ = min { 8Csk(Xx) " 30(1 + ¢)O3nAmaxk3(Xx) }7

we have

. t 1 v ,
L=l ol < vVE+ T VIO R =y )

almost surely.

Since the theorem is an extension to Algorithm 2 of a known result given in
Tan et al. (2018) for Algorithm 1, we give a complete proof in Supplementary
Material. We note that this proof provides as a byproduct a version of the
theorem for Algorithm 1 that fixes the one given in Tan et al. (2018).

Theorem 2 indeed allows one to bound the ls norm between ¢* and ¢,

since if (¢*, ¢¢)2 > 0, then /1 — [(¢*) Tgy| = 1/V2[|¢* — ¢y lo.
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The first term on the right-hand side, namely, *\/€, is the optimization
error. The second term on the right-hand side is the statistical error (Tan
et al., 2018).

Assumptions (2.4.4) and (2.4.5) control for the error of estimation of the
(generalized) spectrum of the (pair of) matrices at hand. In particular, they
provide upper and lower bounds on the condition number of X x, on the spec-
trum of submatrices of Sx and on A;(F) for any F € F(p, k') and i = 1, ..., k;
Tan et al. (2018) contains the details. As we show later, if Y] and X, are
sub-Gaussian, there exist ratios between n, p(n) and s(n) such that the prob-
ability of the events where these assumptions do not hold converges to zero
as n — 0o.

Theorem 2 also requires theoretical conditions on the input parameters of
Algorithm 2. Inequality (2.4.2) and (2.4.3) are technical constraints on the
value of the step size . Equation (2.4.6) requires the cosine between the
(population) target vector ¢* and the input vector ¢g to be sufficiently high.
We discuss this assumption in the last paragraph of this section.

To obtain a convergence rate and to give explicit constraints on the asymp-
totic behavior of p(n), s(n) and k(n), we provide the following result.

Proposition 3 For every n € N, let Y € R” and X € R" P be random
functions iid across rows where Y1, X11, ..., X1 p(n) are sub-gaussian random
variables. For all n € N assume Yx = E(X1X] ) is positive definite and
there exists B € RP s.t. B(Y1|X1) = X[ B. Let ¢* = B/|Blre, 5 = |Bllo,
Sx =X"X/n and ¥ = Cs for C > 1.

Assume slog(p/s)/n = o(1) and s/p = o(1) then

) — 0,y 2100,

n

and

p(Sx — . ) = 0,y B

Proposition 3 implies that if ¢; is the output of Algorithm 2 after ¢ itera-
tions of step 5, then for an appropriate choice of  and ¢, [(1—|(¢*) T ¢¢|)1/2 —
V'VE| = O,((slog(p/s)/n)'/?). Moreover, by assuming that ¢ is a fast enough
(we give a precise sense to this notion in the next result) function of n and
that (¢*) "¢y > 0, we have ||¢* — ¢ylla = Op((slog(p/s)/n)'/?). As we mention
above, by combining Theorem 1 in Raskutti et al. (2011) with Proposition 2,
we know that in the Gaussian fixed design, (slog(p/s)/n)'/? is the minimax
rate of convergence for the [y constrained estimation of ¢*.

One can obtain from ¢, an estimate of the magnitude of g by regressing
Y on the span of X¢;. Let © be this estimator and B be the estimator of 3
obtained as the product of ¢; and ©. Proposition 3 tells us that for ¢t = t(n)
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fast enough |5 — B2 = Op((slog(p/s)/n)l/Q), which is minimax (Raskutti
et al., 2011).

Theorem 2 relies heavily on the quality of the initial vector ¢g. To obtain
a good initial vector, we follow the same heuristic as in Tan et al. (2018), that
is, by using a solution of an [; relaxation of the [p—constrained problem as
the initial vector, which is the LASSO for problem (2.1.1) (Bertsimas et al.
(2016), Hastie et al. (2020)). This choice of initialization makes particular
sense since the LASSO is known to select too many covariates when tuned for
predictive accuracy. Using its (normalized) solution as the initial vector for Al-
gorithm 2 allows us to reduce the size of the selected support while improving
the accuracy of the estimation. As the Monte Carlo experiment in Section 5
demonstrates, this procedure outperforms the other [p—constrained estimators
considered in this chapter. This initialization procedure is theoretically justi-
fied by the fact that it has been established in Chetverikov et al. (2021) that
the Iy error of the cross-validated LASSO is O, ((slog(p/s)/n)Y/? x log(pn)).
This error ensures that the events on which the assumption on ¢ in Theorems
2 is not verified have a probability shrinking to zero.

Unfortunately, we are not aware of any method to select n that has an
analog quality. Experience and Assumption (2.4.2) Tan et al. (2018) suggest
selecting n small enough such that nA(Sy) < 1.

2.4.4 Central Limit Theorem

In this section, we provide a central limit theorem for the output of Algo-
rithm 2. In the discussion that follows the results, we state three propositions
that analyze in depth the behavior of the last step of Algorithm 2, that is,
Algorithm 1. One of these propositions gives sufficient conditions for the con-
vergence of a stochastic Cauchy product and may be of independent interest.

Before stating the results, we give the following definition that is necessary
for the statement and proof of the theorem.

Definition 2 Given ¢* and p, let
Q" :={Q = PP"|P e UL P(F(p,i)),Q¢" = ¢"}.
Moreover, for any ¢¢ that is the output of Algorithm 1 or 2, let
Qo) = Qi = AR

where P, is the element of P(F(p,||¢ello)) that is such that if w = P,' ¢; then
w is equal to ¢, if the former is embodied in RP.

We note that all ¢; s.t. Q(¢;) € Q* have a support containing the support
of ¢*. From Lemma 5 in the Appendix, one can show that in the sub-Gaussian

setting, for ¢t = t(n) fast enough, Q(¢¢) € Q* with probability tending to one,
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i.e., Algorithm 2 possesses the sure screening property (Fan and Lv (2008),
Guo et al. (2020)).

In the remainder of this section, we make use of the following convention.

Notation 2 Let {aq}aen be a family of operators on a vector space, if j < i
then HJa:l ao = 1 where 1 symbolize the unitary operator on the vector space.
If j > i the symbol ] is used conventionally.

We now state the central limit theorem for the output of Algorithm 1.
Since the last step of Algorithm 2 is an application of Algorithm 1, the exten-
sion of the result to the output of LR is direct.

Theorem 3 For alln € N, let Y € R™ and X € R™"*P be random functions
iid across rows. For alln € N assume Sx = E(X1X]) is finite and positive
definite and there exists B € RP s.t. E(Y1|X;) = X[ 3. Let U =Y — X,
02 = Var(Uy), ¢* = B/|Bll2 and s = ||Bllo- Let t,n,¢: and C;_1 be as in
Algorithm 1. Let ¢y = Cy_1¢y—1, let t be an increasing function of n and
assume that (¢*, ¢¢)a > 0 almost surely.

If for some constants € > 0 and v < 1

6% — ¢l < '€+ Op( s’logép/s)) (2.4.7)

and if nf)y|,=1,)o|jo=k lvTSxy| > 0, and log(n)/t(n) = o(1), then condition-
ally on X, there exists Q* € Q* and K > 0 such that if n < K then for all
w € RP such that ||lw||2 =1 and ||w|lo < n we have that

Vnlw, gr — ¢ + )2
18
2

AN(O, w (I — Q%) +nEx Q' Sx[(I — Q*) + anXQ*]’le;W
2

)

and ||yn|2 = op(1), where vy := Ky + T, with

Fon = tZE <ﬁ(fpxp - niX)Qt—l> (dr—1 — 1),

m=0 ‘=1
and
t—1 m
Tn = K > (HUW — nix)Qt_zgt1m> (I = Q") +1ExQ*) — Lpwp | 0*
m=0 “i[=1

where for allm € N

(rb;rflfmng)t—l—m

: XTU
N N .

gt—1-m =
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The proof of the result is given in Appendix. The bias 7, is the sum of
Kn, which is observable (and hence can be corrected), and 7,, which cannot
be observed. In the proof, we show that both terms converge to zero but
without being able to pin down their rates of convergence. From Assumption
(2.4.7) (which can be shown to hold in the sub-Gaussian setting by combining
Proposition 3 with Proposition 7 in the Supplementary Material), we conclude
that ~, must converge to zero at a slower rate than n~'/2. The term ky,
accounts for the effect of the normalization in step 3.c) and from the truncation
in step 3.e) of Algorithm 1. The term 7, is mainly driven by the difference
between the supports of ¢; and ¢* and can be understood as a bias introduced
by the regularization of the inverse problem posed by the ill-conditioned matrix
Sy in regard to estimating ¢* in high dimensions.

The keys to the proof of Theorem 3 are three propositions that we now
state and comment on. The proofs of the three propositions are given in the
Appendix.

The first proposition decomposes the estimator ¢; to clarify its behavior.

Proposition 4 Foralln € N, letY € R™ and X € R™*P be random functions
iid across rows. For alln € N assume Sy := E(X1X] ) is positive definite and
there exists 3 € RP s.t. E(Y1|X1) = X| B. Let ¢* = B/||B]l2 and s = ||Bllo-
Let t,n, ¢, Ci_1 and ¢g be as in Algorithm 1. Finally, let qgt = Ci_1¢¢_1.
Then for every t > 2

t t—1 m
o =< H th) b0+ > <Hft—l> (61— Pr1)
= m=0 =1
B ExPt—1—m xXTU
*”Z<H ) X (55" + )

I=1 S mEx ol m 8lwrn

almost surely, where I'; = (Ipxp — nf)X)Qi for any i € N.

The first term explains the numerical dependence of ¢; on ¢g. From
Lemma 1 in the Appendix, one can show that there exists 7, making this
dependence go to zero in probability as ¢ — co. The second term, which is
a Cauchy product, explains the impact of the normalization in step 3.c) and
of the truncation in step 3.e) of Algorithm 1. Using Proposition 5 below to
prove that this term is o,(1) is a key step in the proof of Theorem 3. The
third term, which is also a Cauchy product, is shown to converge to ¢* by
using Proposition 6.

The next proposition, which might be of independent interest, gives con-
ditions for the convergence in probability of a stochastic Cauchy product.

Proposition 5 Let {a;}7", and {b;}]", be two sequences of positive random
variables such that m = m(n) where m — oo as n — oo. If {a;}]%, =
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0p(1), SuPeqo,..my lail = Op(1) and it exists M € R such that we have
lim,, o0 Eﬁ(g ) b; = M almost surely.
Then " g am—ib; = op(1).

The following and last proposition studies the convergence of the Cauchy
product in the last term of the decomposition of Proposition 4.

Proposition 6 Under the same assumptions than in Theorem 3, condition-
ally on X, there exists n > 0 and Q € Q* such that

<ﬁrt z) SronEx it -
_ A~ T -
=1 ¢;r—1—mZX¢* + d);r—l—m II%(HRPU"

(1= Q") +nExQ " +0p(1)

S

m=0

1

where I'y, = (Ipxp — ni]X)Qm for any m € N.

This proposition is the key to treating the third term of Proposition 4 and
thus obtaining the exact asymptotic variance given in Theorem 3.

2.5 Monte Carlo experiments

In our experiments, we use Algorithm 2 initialized by a solution of LASSO to
estimate ¢*. From this estimator, we calculate an estimate of 5 by using the
strategy described in Section 4.1.

We compare the performances of LR against those of three well-studied
lp—constrained estimators of 8 that we normalized to find estimators of ¢*.
The competitors are the IHT (Blumensath and Davies (2008), Blumensath
and Davies (2009b), Jain et al. (2014)) that we implement as in (Blumensath
and Davies, 2009a), the two-stage IHT Jain et al. (2014) and the SDAR Huang
et al. (2018).

2.5.1 Implementation

In each experiment we let n = 100,p = 1000 and generate X € R"*P
iid across rows such that X; ~ N,(0,X) and Y|X € R" such that ¥ ~
N (X B, BTEx8/m) where m is the signal-to-noise ratio (SNR) and 3 is gen-
erated such that ||S|lp = s = 10 with every element of § having an equal
probability to be assigned a value of 1. We consider four scenarios that go
from the least correlated design to a highly correlated design.

Scenario 1 We took ¥ = Ipxp.

Scenario 2 We took %; ; = 0.5/l
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Scenario 3 We let W € RP*P such that W; j = 0.5/ and took ¥ = UT DU
where U is the matriz of eigenvectors of W, D;; = 10/\/j and D; ; = 0 when
1% 7.
Scenario 4 We let W € RP*P such that W; j = 0.5 and took ¥ = UT DU
where U is the matriz of eigenvectors of W, D;;j = 10/j and D; ; = 0 when
1# 7.

As pointed out in Hastie et al. (2020), the performances of estimators vary
greatly with the SNR, and it may happen that one estimator outperforms
another for a high SNR while underperforming in low SNR settings. Hence,
we consider a range of eleven signal-to-noise ratios for the four scenarios. Since
the relative performances of the algorithms often change before and after an
SNR level of 1, we choose 5 equally spaced values between 0.05 and 1 and
between 1 and 6.

1 0.05]0.24 [ 043 ] 0.62 [ 0.81 | 1.00 | 2.00 | 3.00 | 4.00 [ 5.00 | 6.00 |

Table 2.2: Signal-to-noise ratios considered in the four scenarios.

We fix the sparsity level of the estimated vectors at k = 12 for all the
estimators. Hence, this experiment assumes that a (good) prior on the sparsity
level s is available. This means we do not problematize here the selection of
the parameter k. There exist other experimental paradigms where the tuning
parameter is selected by cross-validation (as in Hastie et al. (2020) or via
BIC-type criteria (as in Huang et al. (2018)).

SDAR and pseudo-LASSO have been initialized with the solution of a ridge
regression with tuning parameter 2slog(p)/n. LR has been initialized with a
solution from LASSO that has approximately 3k = 36 nonzero components.
In addition to k, LR and two-stage IHT both depend on k, a parameter that
plays different technical functions in the two algorithms but that encompasses
the same heuristic, namely, preoptimizing on a support of dimension k& > k
before selecting a support of k on which the final optimization takes place
(Jain et al., 2014). For both algorithms, we set k = 4k = 48. For LR, we
set the step-size ) = 0.5/||Xx ||spec- For THT, the step size changes at each
iteration following the rules proposed in Blumensath and Davies (2009a). For
LR, we set T' = log(n) = 5. Following the theory and practice in Huang et al.
(2018), we fed SDAR with X and Y, after dividing them by /n.

Let B be an estimate of 5. For each experiment, we record three accuracy
metrics.

Estimation metric: measuring the (relative) l5 error of estimation of ¢*,
namely B/|B2 — /1181l

Selection metric: measuring the recovery of the true support, that is a
binary variable taking value 1 if the support of 5 is contained in the support
of 3, and 0 otherwise.
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Prediction metric: The relative risk (e.g. Bertsimas et al. (2016), Hastie
et al. (2020)) that is given by, E[X| 8 — X| B]?/E[X{ B8] = (B — B)"2(B —
B)/BTEB.

2.5.2 Results

For each scenario and each signal-to-noise ratio, we repeated the experiment
100 times. The results of the estimation metric are displayed in Figure 2.2.
The results of the selection metric are displayed in Table 2.3 for SNRs higher
than 2 (for SNRs strictly lower than two, no algorithm was able to recover
complete true support at least once). The results for the prediction metric are
displayed in Table 2.4 for three SNRs.

Signal-to-noise

T T T 15 T T T T
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Figure 2.2: Relative error of estimation of the direction

Mean and standard deviation of the relative error of estimation of ¢* = 3/||5||2 across
various signal-to-noise ratios in (a) Scenario 1, (b) Scenario 2, (c¢) Scenario 3 and (d)
Scenario 4. In all the figures, the horizontal dot line represents the score of the null
vector.

We draw four main conclusions from the experiment. First, LR initialized
with LASSO outperforms its competitors both in terms of variable selection
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Signal-to-noise ratio 2 3 4 ) 6
Loaded-RIFLE 0.02 0.18 04 0.72 0.82
Scenario 1 SDAR 0.01 0.16 0.41 0.68 0.81
IHT 0.02 0.09 0.33 0.72 0.82
Two-stages THT * 0.01 0.09 0.28 043
Loaded-RIFLE 0.03 0.19 0.41 0.61 0.84
Scenario 2 SDAR * 0.11 0.36 0.54 0.69
IHT 0.01 0.08 0.3 0.47 0.63
Two-stages THT * 0.05 0.1 0.22 041
Loaded-RIFLE 0.01 0.14 0.43 0.65 0.75
Seenario 3 | yyp * 0.08 0.6 0.58 0.69
Two-stages THT * 0.05 0.1 0.23 0.36
Loaded-RIFLE * * 0.02 0.08 0.1
Scenario 4 SDAR * * 0.02 0.07 0.03
IHT * * * 0.01 0.01
Two-stages THT * * 0.03 0.05 0.1

Table 2.3: Frequency of support recovery

Frequency at which the support selected by the algorithms contained the true support
of 8 for signal-to-noise ratio greater or equal to 2. The asterisk are zeros. The best
result for each scenario are written in bold.

and estimation as well as for prediction in most scenarios. This conclusion is
particularly observable for SNRs higher than two and in the more correlated
designs (scenarios 3 and 4). Second, for SNRs higher than 2, LR improves
on the initial LASSO solution while significantly reducing the size of the es-
timated support. Third, for SNRs lower than 2, no estimator was able to
recover the true support at least once. Fourth, for SNRs lower than 2, all the
estimators have a relative error higher than one, that is, the score of a null
vector.

2.6 Conclusion

We propose to interpret the parameter vector of the high-dimensional sparse
linear model as the product between a basis in the direction of interest, which
is identified as the generalized eigenspace of a pair of measurable matrices,
and the magnitude relative to this basis.

On the one hand, this approach sheds new light on the well-studied linear
regression while inducing a parameterization that emerges naturally in eco-
nomic theory. To exemplify this, let Y € R and X € RP be random variables
such that E(Y|X) = X "¢v where ¢ is some basis in ® and v € R is the
magnitude relative to the basis. As a first example, let Y be the random log-
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Signal-to-noise ratio 0.05 1 6
mean sd mean sd | mean sd
Loaded-RIFLE | 15878 2.8 | 1.632 0.3 | 0.109 0.1
Scenario 1 SDAR 14.627 4.5 1.666 0.3 | 0.145 0.2
[HT 18509 3.8 | 1895 04 | 0.181 0.2

Two-stages IHT | 15.848 2.9 | 1.737 0.3 | 0.255 0.2
Loaded-RIFLE | 16.013 2.8 | 1.546 0.3 | 0.096 0.1
SDAR 15.196 4.6 | 1.644 04 |0.181 0.2
IHT 18.136 4.6 | 1.938 0.3 | 0.248 0.2
Two-stages IHT | 16.586 3.7 | 1.743 0.4 | 0.245 0.2
Loaded-RIFLE | 15.734 2.8 | 1477 0.3 | 0.131 0.1
SDAR 4.679 0.9 | 1.175 0.1 | 0.856 0.1
IHT 16.337 4.9 | 1.830 0.5 | 0.267 0.3
Two-stages IHT | 16.354 3.1 | 1.710 0.3 | 0.312 0.3
Loaded-RIFLE 11.691 2.2 | 0.962 0.2 | 0.258 0.1
SDAR 14912 3.3 | 1239 0.3 | 0336 0.2
IHT 20.168 10.3 | 2.895 1.1 | 1.908 1.0
Two-stages IHT | 20.707 5.3 | 1.831 0.3 | 0.381 0.2

Scenario 2

Scenario 3

Scenario 4

Table 2.4: Relative risk of estimation

Mean and standard deviation (sd) of the Relative Risk of the four estimators in the
four scenarios for three signal-to-noise ratio. The best results for each scenario are
written in bold.

output of a Cobb-Douglass production function, X be the random vector of
the quantity of factors of production and ¢ such that Z?Zl ¢; = 1. Then,
the return to scale of the production function is decreasing, constant or in-
creasing when v is lower, equal to, or higher than 1, respectively. A second
example is the Cambridge Equation (Pigou (1917)) where Y is the random
money demand, X is the random vector of good to be exchanged, ¢ is the
vector of prices, and v the proportion of money detained for convenience by
individuals or if equilibrium on the money market is assumed, the inverse of
the velocity of money (Fisher and Brown (1911)). Third, we observe that the
parametrization is induced by the relativity of prices. In the easiest example
of this, let Y be a random quantity of dollars, X be a random vector of the
quantity of goods and ¢ be the vector of price expressed in terms of Euro;
then, v is the exchange rate between the two currencies. As it appears from
these examples, the choice of the basis ¢ € & should depend on the context
to study; for instance, one could choose ¢ such that ||¢|| = 1 for some norm;
nevertheless, infinitely many other specifications are available.

On the other hand, our approach connects linear regression with the Gen-
eralized Eigenvalue Problem and extends the class of estimators available for
the former to the one of the latter. This is especially fruitful in the context
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of high dimensions where standard optimal procedures of estimation are not
available.

We show how to apply this last idea by tackling the best subset selection
problem via a novel estimator called directional best subset selection. We
provide a theory connecting the solutions of the two problems as well as the
minimax rate of convergence of their Iy error of estimation. This leads us to
approximate the solution of the directional best subset selection via a novel
estimator based on RIFLE, which is a well-established algorithm developed by
Tan et al. (2018) and designed to solve sparse Generalized Eigenvalue Prob-
lems in a high-dimensional context. We demonstrate that this proposition
leads to an estimator that has the minimax rate of convergence in Iy for the
sub-Gaussian setting. Finally, we provide a central limit theorem for the es-
timator. To do so, we demonstrate a theorem that gives sufficient conditions
for the convergence of a stochastic Cauchy product, which might be of inde-
pendent interest. Our simulations show that our method is competitive and
can outperform existing competitors.

Our estimator is an answer to the important best-subset selection problem
of selecting k out of p covariates given n observations. While our estimator
does not equal the best subset selection, it still allows an lo—constrained es-
timation while attaining the minimax rate of convergence of the best subset
selection and providing solutions in less than a second, even for large prob-
lems. This is one of the rare propositions in the literature to possess these
qualities altogether.

Although this chapter focuses on the [y constrained regression and concen-
trates on the estimator derived from RIFLE, the result of the second section
applies or may be generalized more broadly. In particular, other estimators of
GEP exist (e.g., Safo, Ahn, Jeon and Jung (2018), Jung, Ahn and Jeon (2019)
and Yuan, Shen and Zheng (2019)) and might be of interest, for instance, to
solve least squares problems constrained by norms other than ly. More gen-
erally, the connection between least squares programs and GEP opens the
possibilities of bridging new numerical techniques into high-dimensional esti-
mation theory.

Finally, in this chapter, we have assumed the exogeneity of the parame-
ters. However, the theoretical study of endogeneity, as well as of instrumental
variables (IV) regressions, in high dimensions are questions at the edge of
the research frontier in econometrics (e.g. Belloni, Chen, Chernozhukov and
Hansen (2012), Fan and Liao (2014), Chernozhukov, Hansen and Spindler
(2015b), Chernozhukov, Hansen and Spindler (2015a), Gold, Lederer and Tao
(2020)). Further research might explore the possibility of providing an exten-
sion of Theorem 1 to the case of an IV regression and study the opportunity it
could open for inference. It might also be fruitful to explore the possibility of
estimating simultaneous linear equations by using the GEP approach. Since
the general form of the GEP of a pair of matrices (A4, B) allows the matrix A
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to have a rank higher than 1, it might be of interest to explore an extension
of Theorem 1 to the case where the explained variable is not a scalar but a
vector.

2.7 Appendix

The proof of Theorem 2, while correcting and extending results given in Tan
et al. (2018), employ the same techniques as in the aforementioned paper and
hence are given in the Supplementary Material. The proof of Proposition
3 employs known techniques and hence is also given in the Supplementary
Material.

2.7.1 Proof of Theorem 1

Let v = ||B]l]2. The linearity in X; of the conditional expectation implies
Yxy = Xx¢*v. Hence we have
* TE
&) Exy )* o = (2.7.1)
16*11$

Substituting equation (2.7.1) into the functional form of the conditional ex-
pectation we obtain

X7 ¢*(¢*) Sxy

EM%) =X 5

(2.7.2)

Since E(Y7]X1) is a projection onto the vector space of real-valued linear func-
tions of X that are square integrable, we have that

TE 2
o~ € argminE{Yl - XFM
SERP 215
. ¢¢T2XY 2yxd 7 ¢ Txy
€ argm1nE<Y2 —ovi x7T T X X g2
perr \ Ve, TelE, ” TR,
. EYX¢¢T2XY Yy x¢ ¢ Txy
€ argmin E(Y}?) — 3 ”¢H2X 2
GERP 1615 H¢Hzx 16115

€ argmax (7)TZXY Yyx i
oere ||@llsy H¢H2x

Let S be the solution set of the previous problem and observe that it is closed
under scalar multiplication. Let S := {¢ € S s.t. ||[¢|lzy = 1} and Sy :=
{¢p € S s.t. ||¢p|lny # 1}, hence we have
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S = &1 U S, (disjoint union),
if ¢ € S then _9 € &1, and
[¢llsx

if € S; then ag € S for all a # 1.
Consider now the following problem whose solutions set is equal to Sy

argmax ' YxyYyx¢  such that I]%, = 1. (2.7.3)
SERP

By definition of ||.||s, the Lagrangian of problem (2.7.3) is
L=¢"SxySyx¢—A¢'Ex¢—1)
computing V4L = 0 leads to

SxySyxé = Sxé (2.7.4)

which is a scalar equation of the Generalized Eigenvalue Problem of the ma-
trix pair (EXyEYX, EX). Pre-multiplying each side of this equation by ¢
identifies A as the maximum generalized eigenvalue which is why we symbol-
ize it by Amax. Remark that if ¢ satisfies (2.7.4) then a¢ also satisfies this
equation for any o € R. This last remark allows us to conclude that

D(ﬁ) = Ker(zXYEYX - )\maxZX) = 81 U 82 = S,

which is the result to be proven. O

2.7.2 Proof of Proposition 1

Let O(p, k) := {v € RP;||v|]lo = k}. Observe that for any v € O(p, k) there
exists an infinity of (¢, m) € O(p, k) x R such that ¢m = v. Hence note that
if (¢,10) € ArgMmiN ¢ 1) cO(p,s) xR n~ Y — X¢m)|3 then 3 = ¢rn almost surely.
Now observe that for any ¢ € O(p, k) we have

dTXTY

1
in=||Y - X¢m|2 = 22 2
argmin IV = Xomlz = S

Then in particular if ¢ € argminge o) nTHY — (X¢o' XY) /o XTX0)||3

we have D() = D(¢) almost surely. Finally, computations similar to ones in
the proof of Theorem 1 lead to

X' XY 2 STXTYYT X
—_— = m _ _
$co(pk) " PTXTXo eO(p.k) dTXTXon

that gives the result. ([
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2.7.3 Proof of Proposition 2

Let v = ||f]|2 and U :=Y — X, straightforward computations give

o' XY v XU
e = U e (6T Ex (6T - D)+ )

P X X¢ $TEx¢ nv

where the second equality is obtained by adding zero and simplifying. Hence

we have an equality for 0 — v that we now use to obtain an inequality. Let
P € P(F(p,1)) be defined as in section 4.3, such that [ < 2s and PPT¢ = ¢

and PPT(¢" - ) = (6" — b).
Observe that
¢'Ex(¢" ~ ¢) = 6" PPTEXPPT(¢" — ) <Fl|¢" — o2
where the second equation is obtained by Cauchy—Schwarz inequality, the

sub-multiplicativity of the spectral norm and || P||spec = 1. Hence

1 PXTU
v <? (nuqﬁ b+ 2 1\2),

0=

which implies [0 — v| = Op(an) + Op(1/1/n) = Op(an). And since

18 = 8113 = 106 — vé* |13

= 0% — 200(g, ¢*)2 + ? (Since [|¢]l2 = [|¢*]2 = 1)
= (0 —v)? +200(1 — (¢, ¢")2)
= (0 —v)* + ov||¢ — ¢*3 (Since (¢, ¢*)2 > 0)

= (0 =)’ + ((0 —v)v + %) |§ — ¢*|I3,

since |0 — v| = Op(an), (0 —v)? = Op(a?) and (0 — v)v + v = Op(1), the
result follows. 0

2.7.4 Proof of Proposition 4

Let f((bt) =P = (qStTZXynyqﬁt)/(qﬁ;rf]qut). Consequently, we have V4, f =
(2/¢) Equt (E yZYX¢t f(qﬁt)EXqﬁt). Moreover, note that

o XTY)Q

n
o[ XTXB  oTXTU

o SxySyxdr = (

= )’

n n
ol XT X ¢y 8|2 ¢;XTX( — &0)|1B]l2 ¢;XTU2
|XrllallBll2 /X TX(0" =) | XU )2
( no U Xe T XedZieh))
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Hence we have

f(¢1t1) (ixyiyx@—l — f(¢t—1)iX¢t—1)
Vot

= ¢+ g(¢;1ix¢t—1) Fldi1)
= Qi1+ g(¢:_1ix¢t71)v¢t_1 log(f)
= ¢r—1+
5 (9L 18x01) Vo, {108(00 1 Sy By x 1) — log(o 1 Sxr-1)}

X 2
N ] .G
2 n

¢t = Gr-1+7

{log(6] ,Sxy s o PG
11 log(op_ 1 Xxy Xy xdi—1) — log( - )}

which is equivalent to

Xoi_1]? X 1112

= -+ DIEOg, | forog(5l) + 210122

2log(1+ G XX (0" — i) ¢4 XU ) -1 (M)}

[ Xr-1ll3 1 X ¢e-113115]l2
Simplifying we get
~ X _ 2 X _ 2
b= ger+ OG- o tog81) + 10g (X211
T XTX * _ T XTU
2log(1 + b1 (¢ i br—1) D1 i )}
[ X dr—1ll3 [ X de113118]]2

Computing the gradient for the first two terms inside the brackets and sim-
plifying further leads to

bt = 1+ NExPr_1+
Ol XTX(¢* — pr1) ¢, XTU

Xép 1|3
77||;||2v¢t1 log(l +

1 X113 [ Xde-l3118]2"
L d) X TX(¢p*—r—1) ¢ XTU . .
Let gp—1 :=1+ X 6112 + Ko 12181 Ve compute gradient in the

last term

oL XTX (" — du—1) ol XTU

Ve, , log(1+
oot 1X 112 X 1211812

1 . . . XU 1 2%y ¢y
= — | (28xdr—1 + Bx " — 2 xdr—1 + ) —gt-1
gt_1< 1812 "1 X ¢e-1l13 [ X pe—1ll3
1 . XU 1 25y 1
= 7(2X¢* + ) — .
gi-1 1Bll2 N Xde-1lls X de—1ll3

o1
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And since for all ¢, ¢; = Q¢ we have

- R 1o 1 XU
Gt =r—1 —NExP—1 +1n—Xx¢" +n—— i (2.7.5)
gt—1 gi—1 || Bllren
R 1 XU
= (Ipxp — NXx)Pt—1 +n—(Bx " + o
(Tpxp — MXx)Pt—1 Ugt_l( x¢ HBHRPW)
. 1 - XU
= (Ipxp — 12 11 +n— (X xo* + ,
(pxp NXx)Qi—10t1 ngt71( x¢ ||/6||an)
which implies that for all t € N
&1 = (Ipxp — 13x)Qi—101-1
+ (Ipsp — 15x)Qi—1(Pt—1 — 1)
N & s XU
4+ —x + ——— 2.7.6
g X en) T0)

by letting ¢o = ¢o.
Then by recursively applying equation (2.7.6) we have for all ¢ > 2

t
g)t = ( H(Ipxp - niX)Qt—k) ¢O

k=1

t-1 , m
T Z (H(Ipo - nix)Qtl> (t—m — Pt—m)
m=1 1

=
t—1 m . A XTU

Iywp, — 12 g — v+ —— ).

+",§O<f{<p P Ex)Q: l>g ( ¢+ IIﬁllzn)

I— t—1—m

By adding zero, on the left-hand side and rearranging the terms and noting
that

T 3 o 6 XTU
Pe12x 9" + Tam

QS;F_ 1 iX Cbtfl

we obtain the thesis. O

gt—1 =
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2.7.5 Proof of Proposition 5

Since sup;eqo,....my @i = Op(1), for all € > 0, there exists Ny € N and C > 0
such that for all m > m(Ny) and all 4 > 0 we have

P(iam_ibi > ’}/>
=0
< P(iam—ibi >y

1=0

= P<iamibi >y

=0

sup  a; < C) +IP’< sup  a; > C’)
i€{0,...,m} 1€{0,...,m}

sup  a; < C> +€/2.
1€{0,...,m}

Now since limy o0 > ivgb; = M as., for all @ > 0, there exists N € N
such that for all m > m(Nz) we have 3, -,y bi < a/(2C) almost surely.
Consequently we have for all v > 0 and all m > M(N3) that

m
P ( Z am,ibi >y
=0

sup  a; < C’)
1€{0,...,m}

(N2) o
<1P>< D ameibit 5 >
1=0

sup  a; < C’).
1€{0,...,m}

Note now that since {a;}1", = 0,(1), for any «, € > 0 there exists N3 € N such
that for all m > m(N3) we have

€

P(“m g 2m<;z>M) < V) + 1)

which implies by a union bound that for all m > m(N3) + m(N3)

IP’( sup a > a ) <e€

m—i PYSZNES Y
i€{0,....m(N2)} 2m(N2) M
Hence we have for all m > m(Ny) + m(N3) that

m(N2)

o
IP’( Am—ibi +=>7v| sup a; < C’)
Z-Z; 2 1€{0,...,m}
is bounded above by the sum of
m(Na) o
<P m—ibi + =
< ( > it > V’

a
sup a; <C}tn sup U No)—i < ———— )
{ie{o,...m} J {iE{O,...,m(Nz)} ") 2m(N2)M}
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and
IP’< sup A (No)—i > % { sup a; < C})
i€0,....m(N2)} m(N2)M | icqo,....m}

And since for any events A and B such that P(B) > 0, the Law of Total

Probability implies that
P(4)
1—P(B)

by choosing the events A := {sup;c(o, . m(ny)} U (Ny)—i < a/(2m(Ny)M} and
B = {sup;cqo,...my @i < C}, we have for every e, €

> P(A|B)

€

~1—¢/2

{ sup aZ<C})

Qo
P sup A (Ny)—i >
1€{0,...,m}

i€{0,..;m(N2)} 2m(N2) M

Hence for every e we choose € such that €/(1 — €/2) < ¢/2. Remark that this
choice only affects N3 . As a consequence we have for all m > m(Nz)+m(N3)

m(Nz)

(Zamlb—{— sup aigC)
16{0 ..... m}
m(Nz2)
<}P’< Z Am—ib; + ’y’
i=0
«

sup  a; < CIN sup am, _i<>+€2.
{iE{O,...,m} J {ie{O,...,m(Ng)} (82) Qm(Nz)M} /

where

m(Nz)

(Zamler ‘

e
sup a; <C}tnN sup U No)—i < ———— >
{ie{O,...,m} J {iG{O,...,m(Nz)} ) Qm(N2)M}

is bounded above by

a o« o
Pl=—4+—=->7v sup  a; < C}N sup a _Z-<)
(2 2 {iE{O ..... m} J {ie{o,...,m(NQ)} ) 2m(N2)M}
@
<Pla>~y sup  a; < CHN sup am, i<>
< {iE{O,...,m} I {ie{O,...,m(Ng)} (82) 2m(N2)M}

and since we can pick a > 0 as small as we want, for any fixed v > 0 we can
make the probability in the last inequality equal to zero. Hence, for all v, e > 0,
there exists Ni, N2, N3 € N such that for all m > m(Ny) + m(N2) + m(N3)

we have P(szo Am—ib; > 7> < € which is what needed to be proven. O

54



2.7. Appendix

2.7.6 Proof of Proposition 6
Lemmas

Lemma 1 For all n € N let X € R™P be a random matriz iid across and
such that E(||X1]|2) < co. Let Sx = X" X/n, and P € P(F(p,k)) for some
keN, k<p.

Then conditionally on X, if PTSxP is positive definite a.s. then there ex-
ists n > 0 such that

[(Zpxp = n2x)Plspec <1 a.s.

Proof. The proof is given in the Supplementary Material

Lemma 2 Under the same set of assumptions as in Theorem 3 we have

Te
Yx o
[Bll2n

|
O Exd* + ¢ |

Proof. The result follows from the facts that ¢, 2, ¢* and that ||)§-3H2[{z 50 O

Lemma 3 Under the same set of assumptions as in Theorem 3 we have (and
in particular if inf”””2:17”v”0:k’ "UTZXY| > 0),

wp | ¢ET§A]X¢E
(1t @f Bx " + 8] i

— 1= 0p(1)

Proof. The proof is given in the Supplementary Material.

Lemma 4 For allm € N, let Y € R" and X € R" P be random functions
iid across rows. For alln € N assume Sx = E(X1X]) is finite and positive
definite and there exists 3 € RP s.t. E(Y1|X1) = X/ B and ||Bllo = s. Let
¢* = B/||Bll2. Let t be as in Algorithm 1 and assume that t — 0o as n — 0.

If conditionally X, for given k and ¢g, for any n, for all ¢y € ®(¢o, k,n)
we have that PtTﬁ]XPt is positive definite a.s. then there exists n and M, < 0o
such that, conditionally on X,

t—1 m
nhﬁ{go | Z H(Ipo —n2x)Qi—illspec = My a.s.
m=0[=1
Proof. Note that
t—1 m
H Z H(Ipo - nZX)Qtlespec
m=0[=1

t—1
<> s ([T = 15x) PrctllZpec Pt e
m:Ole{l,...,t—l}
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and since for all [ € {1,...,t — 1}, by construction we have [|P;_||spec = 1
and by Lemma 1, there exists i such that ||(Ipxp — nix)Ptlespec <1 as.,
conditionally on X. Hence for such 7 the series on the right-hand side is a
convergent geometric series. This proves the thesis since t — oo as n — 0.

O

Lemma 5 Under the same assumptions than in Theorem 3, there exists a > 0
such that we have P(Q(¢;) € Q*}qug —¢*l2 <) =1 for all t >, where Q
and Q* are defined in Equation (2) and thereafter.

Proof. The proof is given in the Supplementary Material

Proof of Proposition 6

The existence of n follows from Lemma 1. For the remaining of the proof, we
consider that 7 is such that |[(Ipxp — n¥Xx)P[|spec < 1 a.s. conditionally on
X.

Let 'y, := [[,2, (Upxp —n2x)Qs_; (recall that our convention on [] implies
that I'g = Ix,) and let

O Ex b1 m

2 XU
1 BX D + 1 T

Define L := gi—1lpxp+gi—2l'1+...+gol't—1 and M := I,y p+T'1+... 41 as a
consequence L—M = (gi—1—1)Ipxp+(gt—2—1)I'1+...4(g90—1)T't—1. Lemmas 2,
3 and 4 ensures that by Proposition 5 we have ||L—M ||spec = 0p(1). Hence we
have shown that L = M + 0,(1). Now consider M. For any a > 0 and ¢’ € N,
let Eapr = {l|py — ¢*|l2 < a}, then we can write M = M x 1¢ .+ M X Lee .
Given our assumptions about the convergence of ¢, we know that for any
a > 0 and some t' high enough we have M x Lec , = op(1). Furthermore by
Lemma 5, by choosing « low enough we have that there exists Q* € Q* such
that

gt—1—-m ‘=

t—t' m t—1 m
Mx1g , = {Z ((I - nEX)Q*> + > Ju- an)QH] x 1,
m=0 m=t—t'+1 =1

By Lemma 5 and dealing with indices, the right-hand-side can be rewritten
as

t—t/ m
[Z <(I—nix)Q*> +
(t—t') m

/1 <(I - Uﬁx)Q*) H(I — niX)Qt’l] X 1e

1 =1

-«
|

3
I
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Since by submutiplicativity of the spectral norm and Lemma 1 we obtain that
(I =X x)Q* |lspec < [[(I —nXx)P*||spec < 1, we have (geometric series) that

t—t’ t—t!

S (r-mE0e) = [1-@) + s 0 - (- n20e) )

1=0
R t—t'
Moreover since ((I —nX X)Q*) = 0p(1) and since

t/ t—t' m

3 ((I - nix)@*) T~ n5)Qu—s = 0y(1)
m=0 =0

because t — t' — oo as n — 0o, we have shown that
L=M+o0p(1) =[(I = Q") +12xQ" " + 0p(1)

which is what we needed to prove. O

2.7.7 Proof of Theorem 3

Lemmas

Lemma 6 Under the same set of assumptions as in Theorem, 3 we have
¢ — dell2 = op(1)

Proof. The proof is given in the Supplementary Material.

Lemma 7 Under the same set of assumptions as in Theorem 3 we have (a~nd
in particular if infjjy,=1 |jv]o=k lvTYxy| > 0 and given the definition of ¢),

then SUD¢e(1,....t(n)} 6t — otz = Op(l)'

Proof. The proof is given in the Supplementary Material

Proof of Theorem 3

The existence of i follows from Lemma 1. For the remaining of the proof, we
consider that 7 is such that ||(Ipxp — nXx)Pt[|spec < 1 a.s. conditionally on
X.

o7
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By Proposition 4 we have for all t > 2

t
¢t — ¢ :< H (Ipxp — niX)Qt—m) %o (2.7.7)
m=1
* Z (H pXp nix)Qt_z> (611 — Pr1) (2.7.8)
. . . XTU

+n Z <H XD UEX)Qt—l>gt—1—m <2X¢* + HB||2TL> — ¢

(2.7.9)
where

(rb;rl miXth 1-m

Jt—1-m = -
¢t 1- mEXﬁb +¢t 1- m|6H

7).

We treat the term on the right-hand side of (2.7
inequality we have

y Cauchy—Schwarz

t

(H pXp UZX Qi kz>¢0

k=1

t
<\f||<H oxp — N5x)Qt— k>¢0H2

< \/ﬁ H H(IPXP - niX)Qt—mHspec
m=1

t
< \/ﬁ H ”(Ipxp - nZX)Pt—m”specHPt—m”spec

m=1

<V osup |Tpxp — n5x) Promlllpec
me{1,...,t}

and by Lemma 1
IP’( lim vn sup ||(Zpxp — nﬁ)X)Pt_mHépeC = O‘X> =1.
=00 me{l,...,t}

Now we treat terms (2.7.8). Lemmas 4, 6 and 7 ensure that by Proposition 5
conditionally on X we have

t_

) (H pXp Ui)X)Qtl> (b1 — Pr1) = op(1).

m=0

o8
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We now treat the term (2.7.9). First consider

t—1 m
N Z (H(IPXP - niX)Qt—l>gtlmiX¢* — ¢~
m=0 1

=

Since (I — Q*)¢* = 0 we can write

I > (L~ 12000 ) 1-m) (= Q1)+ 15@) = By 6

m=0 “i=1

Then by Proposition 6, we have that this quantity converges to zero in prob-
ability conditionally on X. Finally, Proposition 6, Slutsky’s Lemma and the
Central Limit Theorem imply that

. t—1 m . i XTU
w an::O<H( pxp — 1 X)Qt—l)gt—l—mW

=1
is
Var((gl) X>
1813

hence we have proven the thesis. O

AN(O, W (T~ Q)+ nEx @ PEx (T — Q)+ nEx Q]

2.8 Supplementary Materials

2.8.1 Proof of Theorems 2

Remark 1 In the proofs of this section, it will always be understood that the
fact that ¢* is the leading eigenvector of the pair of matrices (Xx,Xxy Xy x)
18 proven in Theorem 1.

Remark 2 Note that X xyXyx is symmetric, hence by Corollary 8.7.2 in
Golub and Van Loan (2013) there exists a non-singular W € RP*P such that

WTSxySyxW = diag(ay,...,a,) and W' E(X1 X)W = diag(b1, ..., bp)
and such that, for all i € {1,...,p}
ExyZYXwi = )\iZXWi where /\i = az/bl

But since Xxy Xy x is of rank 1, only one a; is different from zero. Hence only
one \; is different from zero. This implies that in Tan et al. (2018) v = 0.
We note that Lemma 3 in Tan et al. (2018) remains valid by interpreting the
divisions by zero implied by v = 0 as infinities.

Note that the same reasoning holds (when the associated GEP are def-
inite) for SxySyx and every sub-matrices one can construct by pre- and
post-multiplying Lxy Sy x or SxySyx by any P € P(F(p, k) for any k < p.

29
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Remark 3 In order to prove the results we need to define the following quan-
tity. For any vector v € RP, let supp(v) be the set of index of non-zero elements
of v. For any set F C {1,...,p} let ¢(F) be defined as

dTXTYYTX¢ ~
o(F) = arfl;}rgax T TXTXo s.t. ¢'Sx¢ =1, supp(¢) C F.
eRP

Lemmas

The next lemma specializes the result of Lemma 3 in Tan et al. (2018) to the
setup of this chapter.

Lemma 8 For alln € N, let Y € R" and X € R"*P be random functions iid
across rows. For all n € N assume Yx = E(X1X]") is positive definite and
there exists 3 € RP s.t. E(Y1|X1) = X{ B and ||B|lo = s.

For k' € N s.t. K > s, let F € F(p,K'). Gwen any ¢ € R* such that
6]l =1 and T Pl ¢(F) > 0 a.s, let

_ (gTP(})iXYEYXP(F)(%
CgTP(—;)XA:XP(F)é

where P(py is defined as in section 4.3. Moreover let ¢' = Cro/|Crol|l2 where
Cr = P(;)P(F) + (ﬁ/P)P(;‘)(Exyzyx - pXx)Pr)

and n > 0 is some positive constant. Let 6 =1 — éTP(})(Z)(F). Pick ¢ >0 and
n (sufficiently small) such that

NAmax(X) < 1/(1+¢),

Then, conditionally on the set of events where for some b > 0

e(k)
A(k’) < b,

p(Ex — Bx, k) < Amin(Ex),
1-6>1-¢

hold almost surely with & defined as
£ ;= min { L 1 }
' 8C,k(Xx) 30(1 + ¢)C3nAmaxk?(Xx) |’
where Co = (1 +¢)/(1 — ¢), we have
1+4+c¢

| ) - 1
#(F) Py 2 6(F) Py + —g=muin(Ex) (1 = 6(E) T Pryd) o

almost surely,



2.8. Supplementary Materials

Proof. The result is a direct consequence of Lemma 3 in Tan et al. (2018) and
of Remark 2. |
The following lemma follows directly from Lemma 4 in Tan et al. (2018).

Lemma 9 [Lemma 4 in Tan et al. (2018)] Consider a vector v with F' =
supp(v') and Card(F) = k. Let F be the indices the element of an other
vector v that have the largest k absolutes values, with Card(F) = k. If ||v'||2 =
|lvll2 =1 then

‘Truncate(U,F)Tv" > oo

— (k/k)"? min{y/1 = (0702, (1 + (k/K)'/?)(1 = (0 T0))?)}

The next lemma specializes the result of Lemma 5 in Tan et al. (2018) to
the setup of this chapter.

Lemma 10 Foralln € N, let Y € R™ and X € R™*P be random functions iid
across rows. For all n € N assume Yy = E(X1X, ) is positive definite and
there exists 3 € RP s.t. E(Y1|X1) = X{ B and ||Bllo = s. Let ¢* = B/||Bllz,
V = supp(¢*) and F C {1,...,p} such that V C F with Card(F) = k' > s.

Conditionally on the set of events where A := Apax/(1+\2
a.s., we have that

V2

F TS KA — e

)e(k’).

holds almost surely, where A(k') and (k') are defined as in section 4.3.

Proof. The result follows directly from Lemma 5 in Tan et al. (2018) and from
Remark 2. O

The following proposition originates from an application of Corollary 1
in Tan et al. (2018) in order to demonstrate a non-asymptotic bound for
Algorithm 2. We provide our own proof since the hypothesis given in Tan
et al. (2018) are not sufficient to prove the results the authors gave in their
paper.

Note that a non-asymptotic bound on the Iy error of the output of Algo-
rithm 1 follows directly from this proposition.

Proposition 7 Foralln € N, letY € R™ and X € R™*P be random functions
iid across rows. For alln € N assume Yx := E(X1X/ ) is positive definite
and there exists f € RP s.t. BE(Y1|X1) = X{ B and ||Bllo = 5. Let ¢* = 3/||8|2
and A == X1 /(14 \3).

Let k in Algorithm 1 (respectively k in Algorithm 2) be such that k = C's
for C > 1 (respectively k = C's for C' > 1) and let k' = 2k + s (respectively
let k=C"k for C" >1 and k' =k + s).

max) > €(K')/A(K)
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Let ¢ be equal to ¢; in step 3.f) of Algorithm 1 for anyt € N (respectively
to ¢k in step 4.b)vi.B. in Algorithm 2 for anyt € N and k € {k+1,...,k}).
Let ¢y be equal to ¢o in step 2 of Algorithm 1 (respectively to ¢y in step 2
of Algorithm 2 if k =k, and else to OT k+1, as in step 4.c.).

Choose a constant ¢ > 0 and choose 1 in Algorithm 1 (respectively Algo-
rithm 2) such that

Mmax(Sx) < 1/(1 + ), (2.8.1)

and

v=[1+2(—)V2 4 8)]1/2<1 - 1;:0

1 1/2
Amin E — = < 1 282
Syl P X>C%K(EX)) (2.82)

holds true, where Co = (1+¢)/(1 —c¢) and ke is equal to k (respectively to k).
Then, conditionally on the set of events where

e(k") Al —v)VE

AR) 110+ AL - ) Ve (283)
(6%, d(oy)al < 1—0%, (2.8.4)
p(Ex — Bx, k) < Amin(Sx) (2.8.5)

hold almost surely (with & defined as in Lemma 8), we have that

V=078 < L= 0 o+ T VIOt

almost surely.

Proof: Firstly we demonstrate the proposition for ¢ in Algorithm 2.
For any k € N let vy be defined as

S\1/2 | S\1/2 l+e 1 12
vp = [1+ 2(E) + %)] (1 ~ 3 n/\min(ZX)COH(EX)> :
For any k € {k+ 1,k} let ¢ be as in step 4.b)vi.B. in Algorithm 2. Let
Fip = supp(oek), Fr—11 = supp(dr—1x) and V = supp(¢*). Moreover let
Ftk) — F, p UFi_1 1 UV. Note that thanks to step 4.b)v. in Algorithm 2, the
cardinality of F®F) is at most k + s.
Now we operate like in the proof of Theorem 1 in Tan et al. (2018) in order
to bound (1 — [{¢*, ¢y x|)'/? for any k € {k+1,k} and t € {1,...,T} (where T,
k and k are as in Algorithm 2).
Let gb;’k be the as in step 4.b)iii. of Algorithm 2. Let F(F) be defined as
above. Note that

P(F(t,k))P(}(t,k))Cf)t—l,k = ¢t—1,k7
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and that same equality holds for H(F®R)) . Moreover, in the notations of
Lemma 8, observe that if ¢ = P(}(t,m)(ﬁtq,k then ¢ = P(}u,k))@,k- Hence

we let qg = P(}(t,m)@q,k and apply Lemma 8. To this aim we need to verify

the condition on the initial vector qz To do so we apply inductive reasoning.
Suppose that the condition on the initial vector ¢ holds, then by Lemma 8 we
have

)

S(FERN)T g >

1+e¢ 1
FGRONT g, Amin(Ex)(1 — ¢(FENT g, ) (————
o( ) b1k + g (Ex)(1 —o( ) bt 1’k)(C'<>/€(Ex))
which implies (by subtracting 1 and rearranging the terms)
1= G(FD) 6, < (1= G(F) T 6 10) (1= Emhin () e )-
o ’ CQKJ(E)()
(2.8.6)

We prove a series of inequalities. Without loss of generality, we assume
the inner products between gb(F(t’k)), ¢* and ¢, are positive everywhere on
the set of events we are working on (because 0t7herwise, we can simply treat
the events where this inner product is negative by making appropriate sign
changes in the proof). Hence inequality (2.8.6) is equivalent to

1+¢ 1 1/2
FERY — 6l < [0(F) — ot alla (1l — - nhmin(Sx) e )2
J6(F) = G4l < 16(F) = b1 = = Mhwin (2) )
(2.8.7)
Moreover, by the triangle inequality, we have
0% — ¢t ll2 (2.8.8)

< NG(FECR) = ¢ lla + |6(FH) — 67

1+c¢ 1 1/2
< F(tvk) — - 1 - )\min E - F(tvk) A
< [lé( ) = br—1.kll2( g MPAmin X)CQR(EX)) + [ ( ) = &*|l2
. 1+¢c 1 .
< ||¢* — dr_1kll2(1 — 5 N Amin(Xx) )1/2 +2||p(FER)) — ¢4

Cor(Xx) ( |
2.8.9

where the second inequality comes from inequality (2.8.7). Inequality (2.8.8)
is equivalent to

, 1+ 1 12
L= 16T g1l < /1= 16 d114 (1 - scmmin@%w(zx))

+2y/1— [6(FER)TgH| (2:8.10)

63



2. IDENTIFICATION AND ESTIMATION BY GEP

Let Qgt,k be as in step 4.b).vi.A. of Algorithm 2. By Lemma 9, we have

1= [(¢*) T i

(2.8.11)
2)>1/2
< m (1 + ((s/B)? + s/k) (1 + |<¢*)T¢;,k,l)> -
< \/W<l +2((s k)2 + s/k)) v

< yk\/l —[(¢*)Tdr—1.x] + x/%\/1 — [@(FER))T x| (2.8.12)

< (1 )T Bl + ((5/8) 2+ 5/E) (1~ 1(64) T 0l

where the third inequality holds since |(¢*)T¢27 x| < 1 and the fourth inequality
holds by inequality (2.8.10).

Finally, since ¢y, = ¢4/l ¢e.x]l2 and that by construction [|¢y xlla < 1, we
have

L= [(¢)Tdurl < /1= (%) 1l
< 1= [(6) T er ] + V201 — [B(F ) T ]
< Vk\/l — (&) T 1] + \/%A V2 (k)

(A(K) — (k)
(2.8.13)

where the second inequality holds by inequality (2.8.11) and the third inequal-
ity holds by Lemma 10 that we can apply since inequality (2.8.3) implies that
A > e(K)/A(K). Starting from now, we differ from Tan et al. (2018) and
verify that if ¢;,_1 j satisfies the condition of Lemma 8, so does ¢y . Let

V2

wk) = A(AK) — 2(F)

] e(k')
By the triangle inequality, we have

I6(FER) =y lla < 16 = dulla + I6(F D) — ¢*

this implies that

V1= 1BFENT o] < /1~ [(0) Tl + /1 — o) T
< vp /€ + 220w (k')
<VE
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where the second inequality holds by inequality (2.8.13) and Lemma 10, and
the third inequality holds by inequality (2.8.3). This proves that if the as-
sumption of Lemma 8 is satisfied for £ — 1 then it is for ¢. Since we have
assumed that |¢(TO) ¢*| > 1—12%¢, namely that the initial vector satisfies the as-
sumption of Lemma 8, it implies by induction, that the assumption is satisfied
for all ¢ € N. Hence, by applying inequality (2.8.13) recursively, we obtain

ot
VU= 10 ol < vi/1= [0 Tonal + |Vt

and since v > v, we have

1= 1(6) Tuel < v/ — 16 Tl + T VEDu(k)

which was needed to be proven.

The proof for ¢; in Algorithm 1 follows by replacing ¢:x by ér, ¢4, by ¢,
ggt,k by oy, ®0.x by ¢o (where ¢, b1, ¢o are as in Algorithm 1) and Fij by
Fy :=supp(¢r), Fi—14 by Fro1:= (¢r—14) and F&O by FO .= FUF,_; UV
(and noting that the cardinality of F®) is at most 2k + s).

Il

Proof of Theorem 2
Let T be as in Algorithm 2 and let

V2

w(k') = A(AK) — 2(F))

e(k).

We aim to apply Proposition 7 in order to bound /1 — |(¢*) " ¢ 1| for any
te€Nand k € {k k}.

Suppose that for some k € {k + 1,k — 1}, in the notation of Proposition
7, the condition on ¢(g) is satisfied (that is a condition on ¢g ). Hence by
inequality (2.8.13) and the reasoning thereafter in the proof of Proposition
(7), we know that ¢7 ), also satisfies this condition. Hence since by Algorithm
2, ¢o k-1 = 1k, Proposition 7 may be applied to bound /1 — [(¢*) T —_1]-
Hence, by induction, our assumption on d)O,E’ ensures that we can apply Propo-
sition 7 in order to bound /1 — |(¢*) Tt x| for any ¢ € N and k € {k, k}.

Finally, since w(ky) > w(ke) if k1 > ko and since t > T by recursively
applying Proposition 7, we have

L= (&) Tdual < v 1= 1(69) Tzl + ———p— 7= V20w(K)

from which the result is obtained. O
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2.8.2 Proof of Proposition 3

Lemmas

Remark 4 It is common in the literature to characterize sub-gaussian and
sub-exponential random wvariable through the finiteness of their Orlicz norm
defined as

«

Z
|12y, = {C > 0;Eexp(o) <2

From Definitions 5.7 and 5.13 in Vershynin (2012) one easily verify that Z is
sub-gaussian if and only if | Z||v, < oo, and is sub-exponential if and only if
1Z]lw, < oo.

In the proofs we need the following definition.

Definition 3 (Definition 5.1 in Vershynin (2012)) (Nets, covering num-
bers)

Let (U,d) be a metric space and let € > 0. A subset N, of U is called a
e-net of U if every point u € U can be approzimated to within € by some point
v €N, i.e. so that d(u,v) < e. The minimal cardinality of a e-net of U, if
finite, is denoted N'(U,€) and is called the covering number of U (at scale €).

Lemma 11 Assume that Xi1, ..., X1p are sub-gaussian random variables and
that p — 0o as n — oo. Assume that X = (X1,...,X,) € R"*P where each
row are independent and identically to (X11,...,X1p). Let s € N, k = Cs for
C>0,%x =E(X1X]) and Xx = X X/n.

Then if slog(p/s)/n = o(1) and if s/p = o(1) then

p(Ex — 5.k) = 0, (1) 1288/2))

n

where p(-,-) is defined as in section 4.3..
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Proof.
P(  sup (Ex — Tx)v,v)a| > 1)
H’UH()S]C,”’U”2:1

=IP( sup {(2x — Xx)Pv, Pv)g| > t)
PEP(F(p,k)),[lv]l2=1

< > P(sup [((Bx - Zx)Pv, Pv)y| > t) (2.8.14)
PeP(F(pk)) IVll2=1

< Y P@sup [((Bx — Ix)Puv, Pv)sy| > t) (2.8.15)
PePFpk)) "N}

< > ) PQU(Ex — Sx)Pu, Pu)a| > 1) (2.8.16)

PeP(F(p,k)) UE./\/%

1
= Y > P@E-(XPv,XPv); — (SxPv, Pv)o| > t)
PeP(FpR) vENy

1
= > ) PEI-IXPv|3 — (SxPv, Pv)a| > t). (2.8.17)
PeP(Fipk) veNy

Where inequalities (2.8.14) and (2.8.16) follow by union bounds, and where
inequality (2.8.15) follows by Lemma 5.2 in Vershynin (2012) with scale € =
1/4. Now we treat the terms inside the probability on the right-hand side of
inequality (2.8.17). Remark that for all P € P(F(p,k)) and all v € Nﬁ we
have | X Po|2 = Y1 (P X;,v)3 (by definition of the canonical norm on R"),
that

E(PTX;,0)2 = E(P"X;,0)2(P " X;,v)2)
E(PTX;(PT X;,0)2,v)2)
E(PTX;(PTX;,v)2),0)9

PTZXPU, ’U>2

=
=

and that |[{P" X;,v)alw, < Z?:l | Xs,0; [lw, < 00 since we have assumed that
the components of X; are sub-gaussian. Hence we have that

1 n

=Y ((PTX;,0)5 — (PTSxPv,v)s)

n-
i=n

is an iid sum of centered sub-exponential. Then by Corollary 5.17 in Vershynin
(2012), for all P € P(F(p,k)) and for all v € N4 there exists an absolute
constant ¢ > 0 and Kp, = sup;<; I"YE(PT X;,v)3))"* such that
n nc 3 2
P(\% N (PTXi,0)3 — (PTSPu,v)y)| > t/2) < 2¢7 % mrlicaial),

i=n

67



2.

IDENTIFICATION AND ESTIMATION BY GEP

68

Let K = minpep(z(p.k),ven; ,, K pPo; then by inequality (2.8.17), we conclude
that there exists an absolute constant ¢ > 0 such that

P( sup  [{(Bx —Zx)v,0)e| > 1) < 9FCk2e 5 min{ e ger) (2.8.18)
loll=1,J/lo<0

< (%7

k

— 26k10g(96%)77 mln{K72K2}

nc ] 2
)kQG,Tmln{%,ztﬁ} (2.8.19)

Where inequality (2.8.18) follows by Lemma 5.4 in Vershynin (2012) and the
fact that Card(P(F(p,k))) = Ck, and inequality (2.8.19) follows since Cli <

(B
Now we show the bound in probability at the desired rate. For C' > 0, we
have
. klo k
B( s [(Sx = Sx)v,0)a] > ¢y FLo8P/R),
llvl|=1,]lv]lo<0 n
< 2 klog(Tp)mem{ klogﬁp/k%% klogflp/k)}

and it is easy to check that for all C' > 0 if 2 Cg > M then

C [klog(p/k) C* klog(p/k) C2 klog(p/k)
min{ 7o n 2K? F=3 n

and the bound becomes

P( sup |[((Bx —Zx)v,v)9| > C bg(fz/k))

[oll=1,[[vllo<0

< 96 (1o8(%2)~§ & loa(r/k))
k <1og(ge)+ (1—5%) log(p/k)>
< 2e

And for C such that 1 < § K2 the right hand-side can be made arbitrarily small

by increasing p/k. Hence since p — oo as n — 00, k/p = o(1), M%Wk) =o0(1)
and k = C's for some C’ > 0, the thesis is proven. O

Lemma 12 Assume that Y1, X11, ..., X1p are sub-gaussian random variables.

Assume that (Y, X) = (Y, X1, ..., X,) € R™P where each row are indepen-

dent and identically distributed to (Yl,XH, s Xip). Let s € N, k = Cs for

C>0,2Xxy = E(XlYl) Yyx = EXY’ EXY = XTY/n and EYX = EXY
Then if slog(p/s)/n = o(1) and if s/p = o(1) then

0, klogép/k:))‘

pExySyx — ZxySyx, k) =

where p(-,-) is defined as in section 4.3..
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Proof. We have

TS, ¢ T T
sup |U nynyv—U ExyEYXU|
lvll2=1s]lv[lo=F
T 2 T 2
= sup (v Exy)T— (v Exy)
lvll2=1s]lv]lo=F
TS T T T
= sup ”U ny—v nyH’U EXY‘FU ny’
lvllz=1s]lv]lo=F
T T T T
= sup v Yxy —v' Uxy| sup v ¥xy +v Exy|
lvllz=1s]lv]lo=F lvll2=1;]lvllo=Fk

And it is easy to check (using the same techniques that in the proof of Lemma
11) that if p — o0 as n — oo, k/p = o(1), M%Wk) = o(1) and k = Cs for
some C' > 0

A slo s
sup \UTZXY — UTEXy\ = Op( gf)/))

lvll2=1;|lvllo=Fk
and that

sup ‘UTSXY + UTEX)/‘ = Op(l).
llvll2=1;llvllo=Fk

then the proof follows from the fact that

Op(Bn)Op(1) = Op(Rn).

Proof of Proposition 3

The result follows directly from Lemmas 11 and 12. O

2.8.3 Proof of Lemma 1

H(Ipxp - nix)PHSpec = Sup UTPT(IPXP - UZAJX)QPU

[vll2=1
Since for all v s.t. ||v]|2 = 1 we have

UTPT(IPXP —nSx)?Pv=1- n<2@TPTﬁ]XPv — anPTf}%(PU>,

since PTSx P is positive definite by assumption, there exists 75 > 0 small
enough such that

2w PTSxPv—n*v' PT%%Pv>0
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and hence there exists nf > 0 small enough such that

0<1—nf <2UTPT$XPU - nffvTPTXA]%(PU> <1
the thesis follows from choosing 7 = inf|,,—; 7, where 7, = inf{ny, 775} O

2.8.4 Proof of Lemma 3
For some M > 0, consider

]P’( ¢T2X¢f

sup |
il i)} 0] Sxd* + o] Sl

which is bounded above by
A * T
(SUPfe{l,...,t(n)} |¢;~FEX(¢E —¢%) — Hf,a”gz M )
P : == | >
infzey pmy 107 2xv| 18112
let M' = M/||B||2, then this probability is bounded above by

—1|>M>

R XTy
1P>(~ sup |67 Ex(d; - 6 >\+u”5” oM 6] zxy>0)
te{1,...,t(n)} { » ,t( )}

(2.8.20)
and for all ¢ we have
To 4T T 3
|67 Xxy| = o7 Bxy — ¢; Exy — Bxv)
> o] Bxy| — 18] (Sxy — Sxv)l

Z inf ”U—rzxy‘ — sup ”UTZXY — UTEX)/’
lvllz=1;[lvllo=F lvll2=1;]lv]lo=F

hence the probability in (2.8.20) is bounded above by

. XU
te{l,...,t(n)} 2n

+ M sup |UT2XY — UTZXY| — M inf ]vTZXy\ > 0).
lvll2=1;|vllo=FK lvll2;llvllo=F

And for M and n high enough this probability can be bounded by any € > 0
since

sup ¢ Sx (¢ — ¢%)| = Op(1),

te{l,...,t(n)}
XU
|12 = 0p(1),
1B]l2n b
sup |UT2XY — ’UTEXy| = Op(l).
lvll2=1;l|v[lo=FK
Which is what we needed to prove. 0
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2.8.5 Proof of Lemma 5

Let x be any output of Algorithm 1 or 2 2, then following Definition 2 we have

Oifi#jorifa; =0
1 else.

Qi) = {

where Q; () is the element of the it row and j** column of Q(z).

Firstly, we show there exists €; > 0 s.t. for any x as above if || — ¢*|| < €
then Q(x) € Q* almost surely.

Suppose the opposite. This implies there exists i € {1,...,p} s.t. z; =0
and @7 # 0. However |¢7| < [|z — ¢*||2 < e1. Hence by choosing €; to be the
lowest non-null element of |¢*|2 we have reached a contradiction.

Secondly, our assumption on the convergence of ¢; implies that for all
h >0 ||¢pt+n — ¢*|| < €2 and the same reasoning applies. Hence the thesis is
proven. O

2.8.6 Proof of Lemma 6

By adding zero and the triangle inequality we have

bt — dill2 < l|de — ¢*[|2 + ||6* — de—1ll2 + | Pr—1 — Pel2-

By assumptions on the convergence of ¢; we have [|¢; — ¢*[|2 = 0p(1) and
[¢t—1 — ¢*[|2 = 0p(1). It remains to show that [[¢r — ¢r—1[]2 = 0p(1).

By definition of ¢; and Equation (2.7.5) in the proof of Proposition 4 gives
us

- 1 XU
b — P 1—7772)((;5 —nEx P 1+7I T
- ge—1 ||Bllren
1 1 XU
= nEx([—— = 1¢" +¢" — ¢r1) +n—
gt—1 gt—1 HﬁHRPn
Hence since we have ¢ LN ¢*, that by Lemma 2 we have gt—l — 1 and

that by our assumption we have || D U |2 = 0p(1) then the boundedness in

probability of S x ensures the thesis follows. .
2.8.7 Proof of Lemma 7
By the triangle inequality we have

sup o~ illa < T+ sup 2
te{l,...,t(n)} te{l,...,t(n)}
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By Equation (2.7.5) in the proof of Proposition 4 we have

sup gl <1+  sup L‘|(2XY2YX - Pt—liX)¢t—1H2
te{l,...,.t(n)} te{l,...,t(n)} Pt—1

<14+ sup LHixyinyspec + |2 [lspec-
te{l,...,t(n)} Pt—1

Since YxyYyx and Xx are bounded in probability since E[|X;||3 < oo by
assumption. It remains to note that

12 [lspec

sup

1
—— < sup
te{l,...,t(n)} Pt—1

te{Lomt(n)} By 1 ExY Sy X i1

1% |lspec

T infreqn, iy 001 Exy 2

which can be shown to be Op(1) by a similar strategy than in Lemma 3 since

inf |¢, Sxy[?>  inf  |uExy]
te{1,...,t(n)} lvll2sllvllo=Fk

-2 sup ‘UEXyl sup |’U(EXY — ixy)’

[oll2;llvllo=F [vll2;llvllo=F

and Sup|jy|;fvflo=k [V(Exy — Sxy)| = 0p(1). Hence the thesis is proven. [
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Three

Goodness-of-fit test for
high-dimensional linear sparse model
selection

3.1 Introduction

High-dimensional sparse models are today used in all fields of quantitative
sciences. They correspond to linear models with a large number of covariates,
among which only a relatively small subset is significant. Those models are
used for instance in genomics (Carvalho et al., 2008), in engineering (Jing
et al., 2007), and in economics (Fan et al., 2011), to name but a few trends of
applications.

As a consequence of this interest in high-dimensional sparse models, a
huge number of methods have been proposed to select the significant subset
of variables. Among the long list of methods, we cite the LASSO (Tibshirani,
1996) and its extension the Elastic-Net (Zou and Hastie, 2005), the (two-steps)
Iterative Hard Thresholding (Jain et al., 2014), the SDAR (Huang et al., 2018)
and the Loaded-RIFLE studied in Chapter 2.

The purpose of this chapter is to provide a goodness-of-fit procedure in
order to test whether the outcome of a variable selection procedure is statis-
tically valid or not.

This chapter is related to a large piece of literature that considers the
problem of hypothesis testing in high dimensions. Most of this literature
considers testing the significance of (a fraction of) a high-dimensional esti-
mator that is some sort or another of penalized least-squared program. For
instance Bithlmann (2013) concentrates on the Ridge Estimator, van de Geer,
Bithlmann, Ritov and Dezeure (2014) considers the LASSO on which they use
a de-sparsification technique to obtain a trackable test statistic, Meinshausen
(2015) assumes that the ¢true high-dimensional parameter satisfies a [; penalty
(that is typical of LASSO), Shah and Biithlmann (2018) consider the estima-
tion is conducted via LASSO and utilizes some sort of bootstrap to obtain
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critical values for the significance test. More recently Ning and Liu (2017)
considers a more general approach based on M —estimators that are penalized
via an abstract penalty function. Finally, we mention the work of Gold, Led-
erer and Tao (2020) that considers the problem of testing the estimator of a
high-dimensional instrumental variable regression and that also assumes the
estimation is conducted via LASSO.

In contrast, our test does not suppose any particular estimator and only
supposes that (1) the true high-dimensional parameter is sparse, (2) that a
subset of covariates has been selected (without assuming any particular se-
lection procedure). Our goodness-of-fit test statistic aims, as it is usual, to
minimize a moment condition that, in our context, reflects the sparsity con-
straint. From this point of view, our approach may be connected with the one
of Meinshausen (2015), since it may be argued that our method assumes the
true parameter satisfies some particular [y constraint. Testing this constraint
statistically is possible thanks to a high-dimensional Central Limit Theorem
we prove below under heteroskedasticity. However, the use of the Central
Limit Theorem needs the estimation and the inversion of a high-dimensional
asymptotic covariance matrix. In order to circumvent the instability of this
inversion we provide a procedure based on a Multiple-splitting projection test
(MPT) (Liu et al., 2022). This procedure is based on a data-driven regular-
ization by projection scheme. Since it estimates the optimal projection space
this scheme requires splitting the data in order to conserve the tractability
of the asymptotic distribution of the regularized test statistic. Data splitting
reduces the sample size available and hence decreases the power of the test.
To circumvent this feature and improve the power of the test MPT operates
multiple data-splitting and applies a technology of p—value combination (Liu
et al., 2022). The final test is reasonably powerful and allows to control the
type I error in finite sample size.

An upstream result addresses the question of collinearity in the set of
non-significant covariates. We provide a new identification condition for the
parameters of a sparse linear model that is of independent interest.

The new goodness-of-fit test is studied empirically both via Monte Carlo
experiments and in an application in macroeconomics. This application con-
siders the nowcasting of GDP, which is a daily prediction procedure in Central
banks around the world. Our results consider the four model selection methods
cited above. We question the number of variables selected by those methods.
This application of our test is interesting since the recent works of Giannone,
Lenza and Primiceri (2021) argues that, notably in the context of nowcasting,
the sparsity assumption most often does not hold. Our empirical results in-
terestingly show that, in our case, it is possible to select a minimal number of
variables such that every larger set of variables would pass the goodness-of-fit
test. This minimal number, that is between 31 and 35 in our application to
Belgian GDP nowcast, may be considered to be the best variable selection in
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the method considered.

The second Section of this chapter provides the theory while the third is
concerned with Monte Carlo experiment and an application to a real dataset.
The fourth Section concludes.

3.2 Necessary and sufficient conditions for sparsity

Let y € R and = € RP be some random variables and suppose there exists
non-random S € RP such that

E(ylz) =z 8. (3.2.1)

Choose k, out of p, covariates. Let 2, € R¥ be the vector containing those
variables and let w be the vector containing the variables that have been left
out. Hence we can rewrite Equation (3.2.1) as

E(y|z) = E(y|zo,w) = 2 B: +w' Bu (3.2.2)

where 3, € R* and Bqﬁ*k are the components of 5 that are associated with z,
and w respectively.

In the following result, we give minimal conditions under which g3, is iden-
tified while w has no effect on E(y|z).

Before stating the result, we introduce some notations. Let A € R™*™ and

let range(A) := {v € R™|v = Au,u € R"} be the range of A, let rank(A) :=
dim (range(A)) be the rank of A and let ker(A) := {v € R"|Av = 0} be the
kernel of A.

Theorem 4 Lety € R, x, € R* and w € RP~% be random variables. Assume
there exists B, € R* and B, € RP7F such that E(y|zo,w) = 2! Bo + w' Bu.
Consider the following statements

1. w' By =0 a.s.

2. E(w(y - zIE(mOxI)_lE(%y))> =0

3. B = E(xoxoT)’lE(xoy).
If rank (E(zoz] ) = k and

range(E(ww ")) Nrange(E(wz, )) = {0} (3.2.3)
then
1 2= 3,

if in addition range(E(wz] )) # {0}

124 3.
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The proof is given in the Appendix.

Theorem 4 provides a moment condition equivalent to the requirement
w' By, = 0, that is statement (2). From a geometrical point of view, there are
no difficulties with this result. Actually, the equivalence may be obtained via
geometric reasoning quicker than via the proof we provided in the Appendix.
Indeed statement (2) comes to say that w is perpendicular to the orthogonal
complement of the orthogonal projection of y onto the space of squared inte-
grable linear functions of  and this implies that, from a geometrical point of
view, it is equivalent to project y on (zo,w) or on x, alone. If the proof we
gave sort of looks like a detour from this more direct argument, it is because
we also obtain a result concerning the identification of the parameters in the
particular setup that are sparse linear models.

In the literature, sparsity of linear models is often introduced by imposing
a constraint on the number of non-zero entries of 5 (e.g. Belloni et al. (2013),
van de Geer (2016)). In the setup of Theorem, 4 this way of assuming the
parsimony of the model would translate in the assumption £, = 0. However
doing so comes to assume [, to be unique, that is to implicitly assume some
identification condition such as postulating that E((2.,w) " (2o, w)) is invert-
ible. We believe that this route is, from an identification point of view, too
narrow. Specifically, we believe that in a sparse linear model, only the pa-
rameters associated with the important covariates are of interest (and hence
should be identified) while the parameters associated with the non-important
regressors may be considered as nuisances and thus might be left unidentified.
Hence, in Theorem 4, we enlarge slightly the notion of parsimony by study-
ing the statement w' 3, = 0 instead of the statement 8, = 0. Because the
former statement does not require 3,, to be identified, we are able to provide
a weaker identification condition than the usual rank condition on the matrix
of the second moment of the covariates. This weaker condition is contained
in Equation (3.2.3) once it is coupled with the statement 1 (or equivalently
statement 2) and a rank condition on E(z.x)). Under those conditions, the
model allows the presence of collinearity between the variables contained in w
as long as there is no collinearity between x, and w.

In the next section, we use Theorem 4 to construct a statistical test of the
hypothesis that there are no important variables that have been left out by
the selection procedure.

3.3 Results for inference

In this section, we employ Theorem 4 to provide a Central Limit Theorem
that allows us to test if the set of variables we selected does not left out any
important variables. To this end, we introduce some observations.

Assume we access n independent observations of y and x. Let Y =
(Y1, yn) " and X = [21,...,2,] € R™P be respectively the vector and
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matrix that contain those observations. We introduce high dimensionality by
assuming that p, the number of covariates, is a function of n, the number of
observations, and that n = o(p).

As before we assume that we select k£ out of p covariates to be candidates
for being important variables. Since p is a function of n, it may also be the
case that k is a function of n, hence to hold on to the sparsity assumption we
suppose that k& = o(n). The observation of these selected covariates will be
stacked in the matrix X, = [zo1, ...,a:on]T € R™ % The observations of the
remaining covariates will be contained in W = [wy, ..., w,,] T € R?*P=k),

We suppose there exists 8 = (o, Bw)' € RP such that E(y;|z;) = z, 3 for
all 2 =1,...,n. Hence we write the model as

Y =X.6.+WpBy+U

where U := (y1 — 21 B, ooy yn — 2, B) T

We aim to check if the matrix X, contains at least all the important
covariates. That is we want to check if W3, = 0 is almost surely. For the
remaining of the chapter, the proposition W3, = 0 holds with probability
one is our null hypothesis and will be denoted by Hy. To test Hy we rely
on Theorem 4 from which we know that W3, = 0 a.s. is equivalent to

E(wl(yz — x;I;IE(xOm;)_lE(a:ozyl))) =0fori=1,...,n.

As a statistic we choose

1
T,:= WY - Xo(X) X)) 1 X[ Y)
n

and look for a way to test if it deviates significantly from zero. To this end
the following Central Limit Theorem for T}, under Hy that is given in the next
proposition is useful.

Proposition 8 Let n € N and assume that p = p(n) such that p(n) — oo
asn — oo. Let Y € R*, X, € R™* and W € R™P~F be respectively
random vector and matrices that are independent across rows. Assume there
exists Bo € R* and B, € RP™F such that for all n and i = 1,...,n we have
E(yi|Toi, wi) = 21,80 + w,' Bw. Assume also that for all n and i = 1,...,n,
rank(E(z0;2);)) = k and that k = o(n).

Finally, let u; = yi — E(yi|zoi, wi), ;i = (zojw;)" fori = 1,....,n and
2 o0 = Soie Elvg ziui|* for v, € RP and assume that Y. El|z;||* = o(n?)

and that for all e > 0

. 1 ¢
lim  sup —— ZE<|v;xluz|2 : 1{|leiuz-|>ssn,un}> =0. (3.3.1)

704, eRP\{0,} Snon 1,

7



3. (GOODNESS-OF-FIT TEST FOR SPARSE MODEL

Under these conditions if Hy is true then

VnT, is AN H(0,Q,)

where
-
n n —1 (n) y(n)
n-1 Z < o) > o2Cou(x;) ( B (Xar)” )
I(p k)x (p—k) I(P—k)x(l’_k)

with

P =07ty E(wiw]) S =07t E(veirs)

i=1 =1
2 _ -1 ZE(U%%TJ o? = Var(y|z;).

In particular, if the observations are independent and identically distributed,

we have Q, = o3 (]E(wlwlT) - E(wlxol)(:nolxol)_l(E(x01w1)>.

The proof is given in the Appendix.
The previous result provides ground for testing Hy. Indeed, if one knows
Q,, then one may use the fact that under Hy we have that

nT, Q. 1T,

converges weakly to a random variable following a Chi-squared distribution
with p — k degrees of freedom. In practice, however, we rarely know the
covariance matrix €2,,. In low-dimensional settings, that is when (p—k) = o(n),
the seminal work of Hotelling (1931) proposes to replace €, by its empirical
counterpart, say Q.. The resulting testing procedure is known as the Hoteling
T? test and has been extensively studied (e.g. Anderson et al. (1958)). In HD,
however, that is for instance when n = o(p — k), the estimation of the inverse
of the covariance matrix becomes a challenging task since the spectrum of
the sample covariance matrix contains zeros almost surely (see e.g. Fan et al.
(2016) for a review on estimating such inverses in HD). The literature proposed
different variations of the Hoteling T2 tests in HD, none that which may be
considered as optimal in all situations (see Huang et al. (2022) for a recent
review).

In this chapter, we follow the recent work of Liu et al. (2022) that proposes
to employ a Multiple-Splitting Projection Test (MPT) to test hypotheses on
high-dimensional mean vectors.
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3.3.1 Multiple-Splitting Projection Test
Projection tests for H

Applied to our problem, the generic idea of projection tests is to project 15,
onto a subspace of RP™* of, say, | = o(n) dimensions, such that the traditional
Hoteling T2 test can be applied. Let P € R®=k)%l he g full column rank
matrix, the resulting test statistic is

nT, P(PTQ,P)"'PT, (3.3.2)

that converges weakly to a random variable following a Chi-squared distribu-
tion with [ degrees of freedom under Hy conditionally on P.

Hence Projection Tests translate the problem of the inversion of Q,, to the
problem of finding a somehow good P. To this end a recent result due to Huang
(2015) informs us that since \/nT), is asymptotically Gaussian the direction
P = Q. 'E(T;,) € RP~%) maximizes the asymptotic power of the test (that
is the probability to correctly reject Hy asymptotically). Unfortunately, to
estimate this optimal direction one needs to solve the inverse problem Q,P =
T, and once again stumble against the inversion of Q.

The recent work of Liu et al. (2022) indicates how to circumvent this
difficulty. They proposed to assume that P is sparse, that is that most of
its components are zeros, and to solve a regularize quadratic optimization
problem in order to obtain P.

Observe that, in our problem, assuming that P is sparse is not a mere
technical simplification but is somehow natural. Indeed, this assumption only
comes to restrict the set of available alternative hypotheses to the ones com-
patible with the assumption of the sparsity of the conditional expectations
E(y;|z;) with i« = 1,...n. In other words, it comes to choose as a generic al-
ternative hypothesis that a subset of the set of important variables has been
considered as non-important but that the cardinality of this subset is o(n).
Hence assuming the sparsity of P only comes to reject from the set of available
alternative hypotheses the ones negating the parsimony of .

Under the assumption of the sparsity of P, Liu et al. (2022) points out
that one can obtain an estimator of P by solving

argmin ¢' Q¢ — T, ¢ + Pr(¢) (3.3.3)
PERP—k
where Py is a sparsity inducing penalty. We note that under the assump-
tion of Proposition 8, and if the observations are assumed to be identically
distributed, we have that €, = n 162(W T X,(X] X,) X, W), where 62 =
(n—1)"1Y = Xo (X Xo) ' XIYV) T (Y — Xo (X Xo)1X]Y), and the problem
(3.3.3) is equivalent to

5 (Lnsen — Xo(XJ Xo) T XYW
argmin || _ oUnxn (X, Xo) o) (ZSH% +
PpERP—K \F \/ﬁ

Pxr(o). (3.3.4)
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Fortunately problem (3.3.4) is a penalized least square program and may
be solved for various penalties using any of the existing consistent estimators
proposed in the abundant literature on the matter (see e.g. the introduction
of Bertsimas et al. (2016) for a brief, but synthetic, review).

Multiple data splitting

Our strategy relies on firstly estimating P and secondly conducting a pro-
jection test on T),. However if one uses the same sample to operate the two
steps, the dependence between P and T, makes the distribution of the statis-
tic (3.3.2) difficult to track. Hence we follow Liu et al. (2022) and split our
data into two independent subsets.

Consider the set D = {1, ...,n} and split it in two such that D; = {1,...,n1}
and Dy = {n; + 1,...,n2} where n; is chosen and ny = n —n;. We use the
observations indexed by i € D; to estimate P and the ones indexed by i € Dy
to compute Th,; = P w;(Inyxn, — oi(XJ Xo) P XY for i = 1,...,ny. This
strategy allows us to compute

Sp:\/@%

where 42 is the sample variance of {T},,1, ..., Tnon, }» that converges asymptot-
ically to a standardized Gaussian random variable under Hy by Proposition
8. Hence the p—value of testing Hy via the statistics Sp is given by

p(Sp) =2(1 — @6(|Sp)

where @ is the cumulative distribution function of a standard normal.

Splitting the data reduces the power of the test since it is constrained by a
lower sample size and by a particular split of the data. In order to increase the
power of the test and to protect ourselves from the idiosyncrasies of a particu-
lar split, we keep on following Liu et al. (2022) and operate multiple splitting
of the data. Formally let 7y, ..., 7, be m permutations of D = {1,...,n} and
let D™, ..., D™ be the corresponding m permuted sets. Hence for j =1,...,m
we have that D™ = {ai,...,a,} where a1 = 7j(1),...,a, = mj(n). Finally,
for each j € {1,...,m} we may split D™ in the same fashion as we splitted D
before, and obtain D;rj and D;rj whose cardinality are respectively n; and neo.
These m splits may be used to apply the same procedure as above to obtain
m p—values denoted by p1, ..., pm.

Combining p—values

The p—values p1, ..., py, are dependent. To combine them Liu et al. (2022)
prove that there are exchangeable that is (p1, ..., pm) is identically distributed
to (Pr(i), - Prr(m)) for any 7' being a permutation of {1,...,m}. This ex-
changeability property holds both on Hy and H; (Liu et al., 2022).
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In order to combine those p—values let Z; = @51 (pj) for j =1,..,m. Under
Hy Z1,..., Z,, are marginally standard normal and jointly exchangeable with
the correlation between any disjoint pair being p > 0 (Liu et al., 2022). If
in addition, we assume that Zi,..., Z,, are multivariate normal, we are in
the setup of Follmann and Proschan (2012) that provides a test of location
that exactly control for the type I error. In the following, we hold on to this
assumption and apply the results of Follmann and Proschan (2012). Before,
we mention that without the assumption of joint normality, one needs to rely
on a Central Limit Theorem for exchangeable random variables (e.g. Klass
and Teicher (1987)) and on a consistent estimator of p, say p, to obtain that

m 3 I
VA +(m—1)/p)/m

converges weakly to a standard Gaussian random variable under Hy. However
since the variance of m™! Z;nzl Zm is not asymptotically degenerated and is
exactly equal to (14 (m —1)/p)/m, the said weak convergence happens at a
slow rate (Liu et al., 2022).

Finite sample test with control over type I-error

Hence we assume that 71, ...Z,, are jointly normal. In addition, and following
Follmann and Proschan (2012), we assume for all j = 1,...,m that Z; = U4V}
where U ~ N(0,0%), V; ~ N(0,0%), that (U, V1,...V,,) are independent and
that 0[21 + 0"2/ = 1. Under this last set of assumptions, we have that p =
1-— 0‘2, > 0 (Follmann and Proschan, 2012). Moreover, those assumptions are
useful to control the estimation of p and to derive the exact distribution of
Z
¢@+%m—1mym

where p is an estimator of p. In particular Follmann and Proschan (2012)
proved that for the conservative estimates of p that is

)

where s2 is the empirical variance of {Z1, ..., Z,,} and a solves P(z > a) = 7
for & being a Chi-square random variable, we have under Hy that

. (1 O
M%m>dzé ¢&¢Hﬂyﬁgimf>>M4mﬁ

— 1 — a
+®<c 1+Un—1m>Hdl—p)(3&®

Zﬁ =

A~

p(T) = max (0, M

a
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Figure 3.1: Probabilities computed by numerical integration

Behaviour of the probability in Equation (3.3.5) as a function of p for m = 100 (left)
and m = 1000 (right), for ¢* = 1.96 and 7 chosen such that maximum is 0.025 (solid
lines) and 0.05 (dashed lines).

where ®(c) and H,, 1 are 1 — P(x < ¢) when z is respectively a standard
Gaussian and a Chi-square with m — 1 degrees of freedom and where h,,—1 is
the probability density function of a Chi-square with m —1 degrees of freedom.

Since the probability in Equation (3.3.5) depends on the unknown p, we
may protect against the least favourable p by considering the conservative
bound sup,¢(o,1) P(Z5r) > ¢) (Follmann and Proschan, 2012). This ensures
that the type I error is controlled for any p. In practice solving this max-
imization problem can be achieved by solving Equation (3.3.5) via numeric
integration for various p.

To control the type I error in practice we fix m and choose ¢ = ¢* and find
7 such that sup,cp1) P(Zs;) > ¢*) = a where « is the probability of type I
error. Table 3.1, gives values for 7 when ¢* = 1.96 and « = 0.05,0.1 for a
two-sided test.

We summarize the testing procedure in Algorithm 3.

Algorithm 3 Inputs: m € N, ¢* > 0, 7, € (0,1) (they may be obtained from
Table 3.1), Y € R, X, € R™* W e R"*=%) ), € N such that ny < n and
Pi(-) being a penalty function.

1. Forj=1,..m

a) Randomly permute the D =1,...,n to obtain D™i.
b) Split the data such that D}’ = {m;(1),...,mj(n1)} and Dy’ = {m;(n1+
1),..,mj(n)}.
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c) Let Yy e RM, X(El) e Rmxk ) ¢ Rmx(@—k) pe respectively the
vector and matrices that contain the row of respectively Y, X, and
W, that are indexed by the elements of Dirj.

d) Let Py o) = X(gl)((Xél))TXél))_l(Xgl))T and solve
Y(l) 6(Inlxn1 - PX(l)W(l)(Z) 9
argmin — — ° 4+ P

where 62 = (ny — 1)~ (Y™ — PXCgl)Y)H%'

e) Let ng = n —ny and let Y@ e Rre, Xc(,Q) e Rxk W@ ¢
R™2%(P=k) be respectively the vector and matrices that contain the

row of respectively Y, X, and W, that are indexed by the elements
of D;rj .

f) Compute Tpyi = PTwi(Ingxmy — 2oi(XS)TX) 21X T)Y @
fori=1,....no

g) Compute
P'T,
SP = VN2 3 -

where 42 is the sample variance of {Ty1, . Trony }-
h) Compute p; = 2(1 — ®c(|Sp]))
i) Compute and save Z; = @&1 (pj)-

. Compute

m —1)s?
p(T) = max (0, (71”)

a

where s2 is the empirical variance of {Z1, ..., Zm} and a solves P(z >
a) =7 for x being a Chi-square random variable.

. Compute
m~! 2 Z
\/(1 + (m — 1),6)/m

Zﬁ =

- If|Zs| > ¢ reject Hp.
. (Optional) To obtain the bound on the p—value, numerically solve

2 = p)
= _ 1 —1 (1-

pe(Ol —1)p

”’<‘Z’3' 1+<wlb— 1>p>H (=)
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m ‘ 2 ) 10 20 40 100 1000 10000
Toos | 25 .20 .20 .20 .15 .15 10 .05
Toa | .74 B35 45 .39 345 295 215 A7

Table 3.1: Statistical table

Value of 7 that, for the given m, ensures the probability of type I error is bounded
by a = 0.05,0.1 for a two-sided test with critical value ¢* = 1.96.

3.4 Experiments and applications

3.4.1 Monte Carlo experiment: assessing the power of the
test

To assess the power of the test in various settings we use the following exper-
iment.

We let n = 100, p = 200 and generate X € R™*P 4id across row such that
Xy ~ N,y(0,9) and Y|X € R" such that Y ~ N,(X3,8"XxB/€&) where ¢
is the signal-to-noise ratio (SNR) and 3 is generated such that there are 10
randomly selected elements of beta that are assigned a value of 1 while the
other elements of 3 are assigned the value zero. Next, for £ = 1,...,20 we
construct X, € R"** and W e R"*(®=%) through the following rules.

If £ <10 let X, contain k& columns of X that are associated with a non-
null element of 3, and let W contain the other columns of X. If k& > 10, let
X, contain all the columns of X associated with a non-null element of 8 plus
k — 10 others randomly selected columns of X, let W contain the remaining
columns of X. Below, for any given k, we refer to this selection of covariates
as the Oracle’s selection.

Finally, we proceed by testing Hy : W3 = 0 through the procedure
describe in Algorithm 3, for m = 100, = 0.1 and ¢* = 1.96. We run the
experiment in three different scenarios.

Scenario 5 We took ¥; ; = 0.5"731. We let the SNR be such that £E=6.

Scenario 6 We took the same X as in Scenario 1. We let the SNR be such
that & = 2.

Scenario 7 We let W € RP*P such that W; j = 0.5 and took ¥ = UT DU
where U is the matriz of eigenvectors of W, D j = 10/y/j and D; ; = 0 when
1 # j. We let the SNR be such that £ = 2.

The results are displayed in Figures 3.2, 3.3 and 3.4. We draw four con-
clusions from the experiment. Firstly, we observe the test is powerful in all
scenarios. Secondly, decreasing the signal-to-noise ratio inflates the Type II
error when the selection contains most of the important variables. Thirdly,
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when the covariance matrix becomes more complicated to estimate (Scenario
3) the Type II error also inflates when the selection contains most of the im-
portant variables. In both cases these losses of power may be attributed to
the increased difficulty of estimating the optimal direction in step 1.(d) of
Algorithm 3. Fourthly, the test procedure adequately controls for the Type I
error. Finally, we also note the presence of non-marginal type II errors when
k=1,2.

3.4.2 Application to synthetic datasets: comparing variable
selections

Here we apply our test to selections of variables produced by three different
sparsity-inducing estimators. Specifically, we consider the following methods
of selection. The SDAR, for Support Detection And Root finding that is
proposed by Huang et al. (2018) to approximate an [p—penalized least squares;
the two-stages THT (Jain et al., 2014) that is designed to approximate I
constrained least squares programs; and finally the Loaded-RIFLE (LR) a
directional [y constrained estimator (see Chapter 2).

We generate the data in the same fashion as in the previous section. For
each method of selection, we fixed the maximum number of covariates selected
by the program and run our test on the solutions they produced. The results
are displayed in Figures 3.2, 3.3 and 3.4.

Generally, we may say that the experiments confirm the test is reasonably
powerful. In scenario 1 in particular, all the estimators perform well at select-
ing important variables but the performances of the 2-steps IHT are slightly
below the ones of the other estimators and this is detected by the test. Note
that our experiment does not constitute a valid comparison between the per-
formances of the estimators considered. We did not look for comparability
in tuning the algorithms and it was useful to our experiment that some algo-
rithms underperform in order to observe how the proposed testing procedure
reacted to these differences of efficiency (that may or may not be intrinsic to
the algorithms).

As shown in the previous section, the power of the test decreases when
the difficulty of estimating the optimal direction in step 1.(d) of Algorithm 3
increases. As before, this may be caused by decreasing the SNR or making
3. somehow more complicated to estimate. In addition to this, the results in
Scenarios 2 and 3 highlight another cause of loss of power. Recall that to
estimate the optimal direction in step 1.(d) of Algorithm 3, one needs to solve
a penalized /constrained least squares problem. Moreover, to obtain a selection
of variables, one also solves a penalized/constrained least squares. This is the
case in our experiments and the results show that, in those cases, the power of
the test may decrease when the algorithms employed to solve the two problems
behave too much alike. Heuristically we may say that every algorithm has its
blind spots that depend on its particular sensitivity to the data. When the
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selection of variables and the estimation of the optimal direction are operated
using, say, the same algorithm, the same blind spot that affected the former
operation, affects the latter operation. In other words, if some important
variables have not been selected by the algorithm in the selection step, it
is more likely not to be selected in the estimation of the optimal direction
if the two problems are solved by algorithms with similar sensitivity to the
data. This situation may be observed on the results of the experiment in
Scenarios 2 and 3. In the experiments, we solved the problem of estimating
the optimal direction via LR. This is why in Scenario 3, the testing procedure
is less powerful when it comes to testing Hy for the selections of the variable
made by LR and more powerful when it comes to testing Hy for selections
made by SDAR and 2—steps THT. In Scenario 2, the selections of SDAR
and LR look alike (this may be checked via various metrics) thus SDAR and
LR display a similar sensibility to the data. As a consequence, the power of
testing Hy for the selections made by these algorithms decreases, while the
power of testing the Oracle’s selection and the selection made by 2-steps IHT
remains reasonably high. This insight is of great importance for practitioners
since, fortunately, this loss of power may be avoided by using different types of
algorithms for the selection of variables and for the estimation of the optimal
direction.

Figures 3.5, 3.6 and 3.7 show that the testing procedure do indeed control
for the level of Type I error in finite sample.

3.4.3 Application: assessing the quality of the selection prior
to nowcasting macroeconomic time series

Motivations

Key economic variables such as GDP, aggregate private consumption, or sec-
toral added value are typically published by economic institutions at low fre-
quency (quarterly) and with delay. Early predictions and estimates of these
key variables may be achieved by using the information provided in data
published at higher frequencies (e.g. monthly). This problem is known as
nowcasting and is common and important in many institutions such as cen-
tral banks and research centers (e.g. Giannone et al. (2008), Banbura et al.
(2010), Bok et al. (2018)). One line of research in nowcasting and forecasting
focuses on the use of large and high-dimensional datasets (see e.g. Stock and
Watson (2002), Stock and Watson (2006), Barhoumi et al. (2008), Bok et al.
(2018)). However, both theoreticians and practitioners argue that increasing
the number of predictors may hurt the prediction (e.g. Boivin and Ng (2006),
Caggiano et al. (2011)). They also demonstrate that selecting a subset of
variables from a large dataset and then forecasting using the selected subset
of predictors lead to better forecast (e.g. Boivin and Ng (2006), Bai and Ng
(2008), Caggiano et al. (2011), Kim and Swanson (2014)). There is no con-
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Figure 3.2: Scenario 1

(Top) Fraction of the true support of 8 selected by the three estimators as well as by

the Oracle estimator. (Bottom) Frequency of rejection of Hy based on the selection
operated by four estimators.

sensus on how to select the predictor but penalized/constrained least squares
programs are definitely one of the main methods in the toolbox of practition-
ers (e.g. Bai and Ng (2008), Bessec (2013), Piette et al. (2014), Girardi et al.
(2017), Cepni et al. (2020)). Often those programs provide different selections
of predictors. Moreover, most of these programs depend on tuning parameters
that play a key role in the outcome of the variable selection. Hence arises the
question of the statistical validity of a particular selection.

Application: predictor selection for the nowcasting of Belgian
aggregate private consumption

We consider GDP nowcasting in Belgium. Four procedures for variable selec-
tion are used to select sets of predictors of the first difference of the seasonally
adjusted log GDP measured in constant price. The potential predictors are
471 monthly time series. These time series are publicly available and belong to
the set used in the quarterly nowcast of the GDP provided by the Institute of
Economic and Social Research from the Université Catholique de Louvain (At-
tanasi et al., 2020). They contain a sample of business and consumer surveys
(for a discussion on the role of survey data as a predictor of macroeconomic
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Figure 3.3: Scenario 2

(Top) Fraction of the true support of 8 selected by the three estimators as well as by
the Oracle estimator. (Bottom) Frequency of rejection of Hy based on the selection
operated by four estimators.

times series see e.g. Piette et al. (2014) or Girardi et al. (2016) and reference
thereafter), economic indices as well as real, financial and monetary variables.
The sample period range from the first quarter of 2004 to the second quarter
of 2022 both for monthly and quarterly data. All the data are downloaded
from Macrobond’s data services.

When monthly time series are available quarterly time series are con-
structed by taking the average over each quarter. We transform the obtained
time series as in Piette et al. (2014), that is the logarithm is taken for every
strictly positive times series and apply a first difference to every times series
displaying a unit-root. Finally, we z-score all the covariates.

We run Elastic-net (Zou and Hastie, 2005), SDAR, 2-steps IHT and LR
to select at least k predictors (1 < k < 48) and compute the p—values for
all the selections from Algorithm 3 with m = 1000 and probability of type I
error bounded by 0.05. We also compute the R? of the post-selection linear
regression (that is the projection of the explained variable on the selected
covariates) for each selection and plot the p—value against the R? in Figure
3.8.
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Figure 3.4: Scenario 3

(Top) Fraction of the true support of 3 selected by the three estimators as well as by
the Oracle estimator. (Bottom) Frequency of rejection of Hy based on the selection

operated by four estimators.
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Figure 3.5: Illustration of the control on the error of Type I (scenario 5)

Tlustration of the control on the error of Type I in scenario 5. The selection considered

is the Oracle’ selection.
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Figure 3.6: Illustration of the control on the error of Type I (scenario 6)

Ilustration of the control on the error of Type I in scenario 6. The selection considered
is the Oracle’ selection.

Fraction of truo support selected
- &

= + + . - " - . "
os|- "
os|- +
= -
os- «
os- 4
0sf- .
0af- -
0zl .
" a | | | |
0 2 . v f 0 A m m 0 »
5 Frequency of rejection
osf- ’ ~ B
I i
os|- -
os- -
%
0al- -
osl- -
ozl -
01— a : —
§ | ! | I | TR L ai o I + i =)
o 2 7 . o o 2 W 0 0 E)

Figure 3.7: Illustration of the control on the error of Type I (scenario 7)

Ilustration of the control on the error of Type I in scenario 7. The selection considered
is the Oracle’ selection.
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Figure 3.8: Results of the goodness-of-fit tests on real data

p—value plotted against R? for 48 selections operated by the estimator named in the title of the sub-graph. The model with
one variable is surrounded by a red circle, and the model with 48 variables is surrounded by an orange circle. Each dot is
connected by a line to the dots corresponding to selections one £ — 1 and k + 1 selected variables. The red horizontal line
corresponds to a p—value of 0.05.
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Figure 3.8 displays interesting patterns. Firstly, for each estimator, there
are k € N such that for all £ > k the selections have high p—value and high R?.
This is a desirable feature that is expected from a selection encompassing all
the important variables of a linear model. Secondly, for each estimator (except
2-step IHT), the selections for 5 < k < k are consistently rejected by the test.
For k > k they are consistently no longer rejected. This behavior is desirable
since it displays the consistency of the test across the sequence of selection
and indicates the test is indeed able to capture a qualitative change in the
selections. It also suggests considering as fake negatives the non-rejection of
Hj for selections operated by LASSO and SDAR for k£ = 1,2. The increased
probability of fake negative for low k& had already been observed in controlled
experiments in the previous section. Thirdly, there is coherency between the
results of the four different estimators since for each estimator k € {31, ...,35}.

Those findings indicate that our statistical test is able to provide coher-
ent and meaningful information concerning the selection of variables on real
datasets. They suggest choosing the set of predictors of the Belgian GDP
that correspond to selections with & > k. This suggestion is non-trivial since
operating the selection via a cross-validated Elastic-net only leads to selecting
11 covariates, a model that is rejected by our test and is far below k.

3.5 Conclusion

In this chapter, we test if a given subset of the covariates of a high-dimensional
linear model contains all the important regressors (Hy). Testing this hypothe-
sis is important in the context of a high-dimensional linear sparse model where
the existence of such subset is assumed a priori.

Our theoretical contributions are twofold. On the one hand, we provide
theoretical results that reduce the problem of testing Hy to the problem of
testing the location of the mean of some measurable vector. One of our theo-
rems proves a novel identification condition for the parameter of a sparse linear
model that allows for collinearity in the set of non-important covariates. This
last result is of independent interest. On the other hand, we provide a test
based on multiple splitting (MPT) (Liu et al., 2022). Other regularization
strategies for testing the location of high-dimensional mean vectors are avail-
able (see Huang et al. (2022) for a recent review) and may be as well employed
to solve the problem. We validate the power of the proposed test via Monte
Carlo experiments and apply our method to a real dataset by tackling the
problem of selecting predictors to nowcast the Belgian GDP.

In this chapter, we have assumed the exogeneity of the parameters. How-
ever the theoretical study of endogeneity, as well as of instrumental variables
(IV) regressions, in high dimensions are questions at the edge of the research
frontier in econometrics (e.g. Belloni et al. (2012), Fan and Liao (2014), Cher-
nozhukov et al. (2015b), Chernozhukov et al. (2015a), Gold et al. (2020)).
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Further research might explore the possibility to provide an extension of our
theoretical results to the case of an IV regression and study the opportunity
it would open for inference.

3.6 Appendix

3.6.1 Preliminary results

Theorem 5 Letn € N and p: N — N, p(n) = p such that p — o0 as n — co.
For any n, let Ul(n), s Uén) be a sequence of RP—valued independent random

vectors and let ,u,gn) = E(Ul-(n)). Moreover for any n and any v, € RP let
B2, = S Bloy 0 = V)P 1y

n

1 T ()2
sup — E<|’L)n (UZ — M )’ -1 (n) _ (n) — 0
onCEP\ {0y} B%’v ; {lod (U =) |>eBn v }
(3.6.1)

as n — 0o, then

n

Z U™ s A]\/’( i ), i COU(Ui)>
i=1 i=1

=1

Proof:
Observe that to any sequence {v; € RP,i = 1,2,...} correspond to a trian-
gular array of the form

vIUl(l)
0 U, 0 U

v;Ul(g), UTUQ(B) , UTUég)

For any of such sequence, the Lindeberg-Feller Central Limit Theorem for
double array states that under the Lindeberg condition

RN T ()2
% Z;E<|vn (U7 = I 1{\v;(U§”Lu§"))\>eBn,v} =0
as n — oo we have

Z v,IUi(n) is AN< Z UTMZ(”), Z U;LFCOV(U,')UTL> :

i=1 i=1 i=1

(see e.g. page 31 in Serfling (1980)). Since assumption (3.3.1) ensures that
such Lindenberg conditions hold for all sequences vi, v, v3, ... the result fol-
lows. g
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3.6.2 Proof of Theorem 4

Since E(y|zo, w) = 2} B, + w' B, we obtain the following system of equation

{ E(zoy) = E(zoxl) B + E(zow ") By

E(wy) = E(wal)Bo + E(ww)By (362)

To prove that statement 1 implies statement 2 it suffices to consider w' S = 0
in the system (3.6.2) and to substitute S,.

To prove that statement 2 implies statement 1, observe that from the first
equation of system (3.6.2) we have

Bo = E(worg ) 'E(zoy) — E(zox] ) 'E(zow’) By (3.6.3)
substituting (5, in the second equation of system (3.6.2), we have
E(wy) = E(wz, ) (E(zox] ) 'E(woy) — E(zozg ) 'E(zow ' )By) + E(ww ")y
rearranging the terms we get
E(wy) — E(wa] )E(zor, ) 'E(zey) =
E(wo )8, — E(ws] E(wor] ) E(zow By,

By statement 2 the left-hand side of the previous equation is zero, hence we
have

(E(wa) — E(wxoT)E(xoon)_lE(xowT))Bw =0 (3.6.4)

We use this equation to show that 3, € ker(E(ww'))
Assume that £, & ker(E(ww")), then by Equation (3.6.4) have

E(ww")B, = E(we] E(zer] ) E(zow )8, # 0

but this implies there exists v € {range(E(ww ' ))Nrange(E(wz. ))}\ {0} which
is false by assumption. Hence, 3, € ker(E(ww")).
Since E(ww ' B) = 0, for all non-random v € RP~* we have

(E(ww ' By),v)2 = E((w(w, Buw)2v)2)
= E<<w7 U>2<w7 6w>2)
—0

and in particular this is true for all v such that (w, )2 = (w,v)s almost
surely, hence we have E({w, 3,,)3) = 0 which implies that (w, 8y)2 = 0.

The proof that statement 2 implies statement 3 is simply considering Equa-
tion (3.6.3) while w3, = 0. Finally, observed from the same Equation that

statement 3 combined with the assumption E(wz, ) implies statement 1. [
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3.6.3 Proof of Proposition 8
Let U = (y1 — :cOTl,BO, vy Yn — T4 Bo) . We have that
VT, = n 7 V2PWTHY — X (X X,) 7' X[ Y)
=n AW T XoBo + WU =W Xofo — W Xo(X,) Xo) 71X V)
=n\PWTU —WTXo(X] X)X U).
Let [y, := WT X, (XJ Xo)7L Since Y1 | E||zi||? = o(n?), rank(E(zo12;)) =
k and k = o(n) the weak Law of Large Number for independent variables
combined with Slutsky’s lemma ensures that we have T',, & I := zn(sn )l
(see e.g. Serfling (1980)). Let Qn = (—T'n, [(p—k)xp—k) € RP=FXP then we
have that Q,, 2 Q := (T, Iy gxp—k). Now let X := (Z, W) and observe that

vnT, =n2Q, XU

= ’I?,_l/QQn En: XzUz

i=1

Then by Theorem 3.3.1, that is a multivariate CLT for double asymptotic, we
have that

n 1 n
~1/2 17 ks 2 \OT
n Qn;XzU, 1SAN<O,nQ;oZ(COV(JJz)Q >
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Four

Multivariate Locally Stationary
Wavelet Processes

4.1 Introduction

The analysis of time series often requires the assumption of (second-order or
covariance) stationarity (e.g., Brillinger (2001)). Let X (¢) with ¢ € Z be an
univariate, zero-mean, real-valued, time series. In general the autocovariance
of X(t), that is Cx(t,7) = Cov(X(t),X(t + 7)) for 7 € Z, is a function of
both the time t and lag 7. The covariance stationarity of the time series is
the assumption that autocovariance does not vary with ¢. Such stationary
stochastic processes may be written as

X Z [ Aw) expliwt)dc(w)

-7
where A(w) is the amplitude of the process and d{(w) is an orthogonal incre-
ment process (e.g. Priestley (1981)). Moreover, under mild conditions, the
autocovariance has the following representation, which is indeed invariant in
t

Cx(t,7)=Cx(1) = _W f(w) exp(iwT)dw,

where fx is the spectral density of X (t).

Despite the fact that stationarity (here and thereafter in the sense of
second-order stationarity) greatly facilitate the mathematical treatment of
times series, in applied research many data sets do not display such regu-
larity. This is especially true in economics where the inherent evolution of
the data-generating process happens at a slow rate (e.g. incremental tech-
nical /technological change) but also abruptly (e.g. the so-called technical/
technological/ social revolutions). Furthermore, besides the evolution of the
data generating process itself, most economic data, when they are consid-
ered for a sufficiently long enough period of time, display change in their
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second-order structure, with periods of high volatility succeeding to periods
of low volatility (and vice-versa). These changes may be inherent to the data-
generating process that more or less regularly undergoes periods of financial
or economic crisis, wars, financial bubbles, etc. Consequently, it is of great
practical interest to go beyond the assumption of stationarity in the statistical
analysis of economic data.

There is no unique way to relax the assumption of stationarity. One im-
portant contribution is made by Dahlhaus (1997) who introduces a class of
local stationary processes written

X (t) = / i AL ) explist)dc () (4.1.1)

—T

fort =0,...,n—1, n € N and where the transfer function, A(z,w), is defined on
(0,1) x [—m, 7). In this setting letting n — oo does not have the usual meaning
of obtaining observations further in the future, but means we observe a given
segment of time at higher and higher frequency, or in other words, that we
gain more information about the local structure (i.e. for a segment of time)
of A(z,w).

Later, the notion of locally stationary process has been fruitfully employed
by Nason, Von Sachs and Kroisandt (2000) to introduce a class of locally
stationary wavelet processes, which replaced the harmonic system {exp(iwt)}
in (4.1.1) by a non-decimated discrete wavelet system {1;;(¢)} (discussed in
section 2 of this chapter) and that writes

-1 n-1
Xn(t): Z ZWj(Z)Ej,kl/}j,k(t) (4.1.2)
j=—00 k=0
for t = 0,...,n — 1 observations and where z = k/n is the rescaled time,

and {¢;;} are independent standard normal increments. Because wavelet sys-
tems are well localized in frequency and in time, they appear more natural
for modeling time-varying spectra of nonstationary processes. However, to
use non-decimated discrete wavelet systems to model time series one needs
the pay the price of abandoning the identification of the parameter W;(z).
This is due to the fact that non-decimated wavelet systems are overcomplete
and hence do not permit to represent a signal uniquely. Nevertheless, Nason
et al. (2000) proves that even if the time series representation in the wavelet
basis is not unique, the representation of the autocovariance function of the
time series is asymptotically identified. Hence when the second-order struc-
ture of the time series is the object of interest, using non-decimated discrete
wavelet systems is more than appropriate. This conclusion is pushed further
in Van Bellegem and von Sachs (2008) that enlarges the class of locally sta-
tionary wavelet process for it to contain processes whose spectral density may
change very suddenly in time. Finally, we mention that Fryzlewicz, Van Bel-
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legem and Von Sachs (2003) considers the problem of forecasting univariate
locally stationary wavelet processes.

The present and the following chapters resume the work initiated by Koch
(2015) to extend the model of Nason et al. (2000) in two directions. First,
allowing the increments to be correlated across scales, that is allowing the data
generating process to be such that Cov(ej,giqj%) = I'ij(k/n) # 0. Second,
extending the class of locally stationary processes to encompass multivariate
processes while allowing the increment involved in the representation of each
constituent of the multivariate time series to be correlated.

In Park, Eckley and Ombao (2014) a class of multivariate locally stationary
processes is introduced with the uncorrelated random increments across scales
and across constituents of the multivariate time series. In Cho and Fryzlewicz
(2015) a more general multivariate locally stationary process is introduced but
the increment remains uncorrelated across scales. Not allowing the increment
to be correlated across scales is restrictive. Heuristically it means that the
short-term random shocks that affect a time series are not correlated with the
long terms random shocks. Formally, it means that some serious constraints
are imposed on the second order-structure of the time series, for instance, it
imposes that

Cov(X1(t), Xo(t — 7)) = Cov(X1(t), Xo(t + 7))

where X (t), Xo(t) are two times series and ¢, 7 € Z.

As demonstrated below, it is possible to allow the increments involved in
the representation of each constituent of the multivariate time series to be
correlated across constituents of the time series and across scales by introduc-
ing the concept of Cross-Correlation of Wavelet Functions (CCWF). Because
non-decimated discrete wavelet systems are overcomplete, relaxing the as-
sumption of independence of the increment across scales makes it necessary
to be able to measure the level of redundancy among sets of non-decimated
discrete wavelet functions. This is what is achieved by the CCWF that are
introduced in Section 3 of the chapter.

Section 4 of this chapter provides the definition of the Multivariate Locally
Stationary Wavelet process (MLSW). There, it is also demonstrated that the
spectrum of the process has a unique asymptotic representation in the CCWF
domain.

4.2 Wavelet Analysis

In this section, we review some results on wavelet systems. We begin by re-
calling the concept of multiresolution analysis and show it leads to the dilation
of the scaling function. Then we introduce the notions of wavelet functions,
non-decimated wavelet functions, and discrete wavelet functions. A complete
introduction to the subject may be found in Daubechies et al. (1992).
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4.2.1 Multiresolution analysis of L*(R)

The multiresolution analysis (MRA) of L?(R) constitutes the starting point
for the construction of an orthonormal wavelet basis. An MRA of L?(R) is a
sequence of closed vector subspace V; of L?(R) such that

1.

2.

Vj C Vji1 (nestedness)
UjezVj = L*(R) (density)
NjezV; = {0} (separation)

for all f € L*(R) and all j € Z we have f(z) € V; & f(2z) € Vi
(scaling)

for all f € L?(R) and all k € Z we have f(z) € Vp & f(x —k) € W

(translation invariance)

there exists a function ¢ € Vp, with [p ¢(x)dz # 0, called the scaling
function, such that the system {¢(x — k)}rez of shifted functions is an
orthogonal basis of Vj.

We assume here and thereafter that all scaling functions ¢(z) are real-valued
functions with fR ¢(z)dr = 1. Moreover, referring to the scaling property
and the translation invariance property of the MRA, we define the dilated-
translated functions of the scaling function ¢;,(x) € V; as

$jk(z) = 2220w — k).

where j and k are respectively the indices of dilatation and translation.

4.2.2 Construction of wavelets from a multiresolution

analysis

This section explains how to derive wavelet systems from a MRA.

Since ¢ € Vj, which is included in V;, we can decompose ¢ in the basis
{#1,} of V1

= hpork

keZ

with hy = (¢, ¢1x)2. By expanding this decomposition we obtain

$(x) =vV2>  hpop(2x — k).

kEZ
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with x € R. The coefficients ..., h_1, hg, h1, ... are the scaling filter of the
MRA. In general, one can write for every scale j and every shift k

¢jk(T) = Zak,z¢j+1,z($) (4.2.1)

leZ

with € R and ay; = (¢} k, $j11,1)2. Interestingly we have that

ag) = (Djks Pjt1,0)2

= 2J’+1/2/ ¢z — k)p(27 T x — 1)da
R
= 2l/2 u u— (I — U
2 /R $(u)b(2u — (I — 2k))d
- / (1) b1 on ()
R

= hi_ap

where the third equality follows by a change of variable and the fourth line
follows from the definition of the dilated-translated function. Hence the co-
efficients aj; can be expressed in terms of elements of the scaling filter, and
Equation (4.2.1) can be rewritten as

ojk(x) = Z hi—okdji1(x). (4.2.2)

leZ

Hence the basis of V; can be expressed as a linear combination of the basis
in Vj41. Consequently, we can recursively apply the same reasoning to write
the basis of any element of the sequence of space {V;}; € Z in terms of the
basis of the remaining elements. This reasoning lead to the dilatation equation
of the function ¢ that is Equation (4.2.2) rewritten as

G20 — k) =22 " by (2w — 1) (4.2.3)
leZ

for every j, k € Z.

The dilatation equation is directly linked to the construction of wavelet
functions. Consider any f(x) € V; for j € Z, we then have f(z) € Vj; for any
i € N and we can express f(z) as a linear combination of the basis function
of Vjy; that is {¢j4ir}rez. However, to express f(z) in terms of the basis
function of Vji; when i is a negative integer, we need an additional type of
function: the wavelet functions, which we now define.

Definition 4 (Wavelet functions) Suppose that {V;}; € Z forms a multireso-
lution analysis for L*>(R) with scaling function ¢(z) that satisfies the dilation

101



4. MULTIVARIATE LOCALLY STATIONARY WAVELET PROCESSES

102

equation given in (4.2.3). The function mother wavelet function ¥ (x) € Vi is

defined as

Y(a) =223 " gip(2x — 1)

leZ

and the functions wavelet function 1 (x) € Vij41 are given by

Yik(@) = 22 P(x — 279k), (4.2.4)
that is
Yik(e) =223 " giordjiri(x) (4.2.5)
lEZ

for all j, k € Z, where the wavelet filter, {g;}icz are given by
g = (=1)'hy_y.

Denote by W; the orthogonal complement of the subspace V; in V1, the
Meyer-Mallat theorem states that the system {1}, rez is a basis for W (e.g.
Theorem 7.2 at page 271 in Mallat (1999)). Hence, for any j € Z we can write
any functions f(x) € Vj11 as

F@) =" ardjr(@) + D bethjp() (4.2.6)
keZ keZ

where ), . aptp; () is the approximation of f(z) in V; and ), .y bptpj k()
is in Wj. Finally, given that v;; € Vj, we can apply the same reasoning
recursively to write f(x) as an infinite linear combination of wavelet functions
that lie in W;, W,_1, W;_a, ... respectively.

Example 1 (Haar wavelet system.) The simplest example of a wavelet sys-
tem starts with the Haar scaling function ¢(z) = 1jo1((z). This scaling func-
tion leads to the scaling filters

2712 fk=1,2
o = { 0 otherwise. (4.2.7)

The closed-form expression of the resulting mother wavelet function is given
by

Y(z) = — 101 /2((%) + L1 j21(()
and the Haar wavelet system is generated according to
Yik(z) = 2@ — k)

where j = —1,—2,... and k € Z.
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Figure 4.1: Tllustration of the Haar system

4.2.3 The discrete wavelet transform

In the previous section, we have studied how wavelet systems can be used to
represent any continuous function in L?(R). Now we study how wavelet may
be employed to represent discrete signals.

Consider any deterministic sequence sg, ..., Sp—1 in lp where n = 27 for
some J € N, and define the continuous function

f) =" cord(z — k) (4.2.8)
k€EZ

with ¢ € R, ¢o, = 53 for Kk =0,...,n — 1 . The function f(z) is in the space
Vo of the MRA of L?(R). Since W_; is the orthogonal complement of V_; in
Vo, we can use Equation (4.2.6) to decompose f(z) as

fl@) = cipdpl@) + > d_ypt_ip(@) (4.2.9)

keZ keZ

where c_1 1 = (f, ¢—1,)2 is the scaling coefficients at scale j and shift k& and
d_1k = (f,%—1k)2 is the wavelet coefficient scale j and shift k. Hence, by
Equation (4.2.2), the orthonormality of the scaling function implies that

coip =Y hi_akcoy
lez

and by Equation (4.2.5), following the same reasoning, we obtain

d_1p = Z 91—2kCo,1-
lez
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for k =0,...,n/2—1. The two previous equations show how the coefficients at
scale j = —1 may be computed from the coefficients at scale j = 0. Observe
that there are half as many coeflicients at scale —1 than there are at scale 0.
This important feature is known as the decimation.

The discrete wavelet function at scale —1 and shift 0 is given by the wavelet
filter {gt}¢e(o,...,[n])> that is given by

Y_10(t) = g (4.2.10)

for t € Z where L[h] denotes the length of the support of the scaling filter
(from Example 1, we see that L[h] = 2). Consequently the support of the
wavelet function at scale —1 is given by (0,..., L[h] — 1).

Next, we follow an iterative reasoning and consider the sequence of coeffi-
cient ¢_10,...,C_1,/2—1. Define the continuous function

fa@ = Y. capir@)
ke(0,...,n/2—1)

for x € R. And, analogously to above, since W_s is the orthogonal complement
of V_o in V_jwe may write

fi(z) = Z c_orp—1k(x) + Z d_opp_1x() (4.2.11)

kEZ keZ

And by the same reasoning as above we may express the coefficient at scale
Jj = —2 in terms of the coefficients at scale j = —1, that is

C_o) = § hi—arc_1
]

and
dok = g2k 11
]

for k =0,...,n/4 — 1. But given the above relation between the coefficient at
scale —1 and the ones at scale 0, we may as well represent the coefficient at
scale —2 in terms of the ones at scale 0. By doing so we obtain

Cook = Com Y hm-sthi_orc_1,
m l

and

dook = Com Y hm-2gi-2k-
m l
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for k=0,...,n/4— 1.
The discrete wavelet function at level —2 and shift 0 is given by

Yo20(t) =D heaitp-10(0)

lez

= hagilo,. Lp-1(1)
lEZ

= hagilo,. 3z -1 (1)
lez

where the third line follows by noting that h;_9; = 0if ¢ < 2l or t > L[h]|—1+2I,
and that ¢, =0if l <0or !> L[h] — 1.

By iterating in this procedure we express the complete deterministic se-
quences Sg,...S,—1 in terms of wavelet coefficient and discrete wavelet func-
tions. Hence we obtain the following recursive definition of the discrete wavelet
function

Y-10(t) = gt fort € Z
@Djfl’o(t) = Z ht_21¢j70(l) forteZand j =—-1,-2,...
leZ

The discrete wavelets are defined as convolutions of the scaling and wavelet
filters. The length of the support of the wavelet at scale j, denoted L; is given
by a multiple of the length of the support of the scaling filter, that is

Lj= 27 —1)(L[h] —1) + 1. (4.2.12)

Example 2 (Discrete Haar Wavelet). Geometrically, the non-shifted discrete
Haar Wavelets may be represented by the vectors

Po10=2""%(-1,1)

Yogo=2"1(~1,-1,1,1)
Pozo=2"%%(~1,-1,-1,-1,1,1,1,1)

It is important to note that, except for Haar Wavelets, the discrete wavelets
are not just the sampled version of the associated continuous wavelet.

4.2.4 Nondecimated discrete wavelets

Observe that from Equation (4.2.4) in Definition 4, the wavelet functions are
given by ¢ () 1= 27 /24p(x — 277k). This definition implies that wavelet can
only be shifted by 277. The key point of non-decimated wavelet function is to
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construct wavelets v, from the motherwavelet ¢ that can be shifted to any
location (e.g. Berkner and Wells Jr (2002)).

To do so, let {t¢0}j=—1,—2,.. be a system of discrete wavelet functions
constructed from the mother wavelet 1) by the procedure described in the
previous section. Then the non-decimated discrete wavelet functions are given

by

Vjk(t) = ot — k)
for j = —1,-2,... and k € Z.

Example 3 (Non-decimated discrete Haar System) The non-decimated, dis-
crete Haar System is given by

bjo(t) =279 1501, 2--1-13(t) — 2j/21{2—1—1,...,2—1—1}(75)

forj =—=1,-2,... and t € Z. The shifted non-decimated discrete wavelets are
given by

Yik(t) =0t — k). (4.2.13)

One important feature of the non-decimated wavelet systems, is the ab-
sence of decimation, that is, the number of coefficients at each scale, does not
depend on the wavelet scale. This implies that the number of non-decimated
discrete wavelet functions at each scale is always larger than in the decimated
case. Because the decimated system is linearly independent, this cannot be the
case for non-decimated systems, hence shifting wavelet to any location (and
not just by shifts of 2/) leads to redundancy in the system. Consequently, the
representation of a signal in a non-decimated wavelet domain is not unique.
The next section introduces the notion of Cross-correlation of wavelet func-
tions that allows to measure the degree of redundancy in a non-decimated
discrete wavelet system.

4.3 The Cross-Correlation of Wavelet Functions

Consider two discrete, normalized, signals in times, say, a(t) and b(t) with
t € Z. The cross-correlation between these two signals, which we denote by
Co.p is defined as

Cap(T) = _a(t)b(t + 7) with T € Z.
teZ

This object is a sliding inner product between the two signals and gives a
measure of the similarity between the signals as a function of the lag 7. As
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such, the well-known notion of autocorelation may be defined as the cross-
correlation of a signal with itself.

The idea behind the notion of Cross-correlation of wavelet functions (CCWF),
is to obtain a measure of the similarity between two wavelet functions as a
function of a lag and as a function of the difference of scale between the two
wavelets.

The following definition introduces the notion of Cross-correlation of wavelet
functions.

Definition 5 (Cross-correlation of wavelet functions - CCWF) Let the family
{Yj+(t)}rez with j = —1,...,—J and J € N be a collection of non-decimated
discrete wavelet functions. Denote as

\IIJ = {7— — \Ilj,l(T)aT c Z};}:,J (431)

the collection up to scale J, of the Cross-correlation of wavelet functions that
are defined by

(1) =Y o). (t)  withT € Z (4.3.2)

teZ

forl,j=—-1,...,—J.

At each given scale, there are J cross-correlations of wavelet functions, hence
U ; contains J? elements.
Furthermore, we note that for all j = —1,—2,... the functions ¥, ; are

identical to the autocovariance wavelet function (ACWF) studied in Saito
and Beylkin (1993).

4.3.1 Linear independence of the cross-correlation of wavelet
functions

In this section, we provide conditions that ensure the linear independence of
the CCWF. In other words we establish that (under those conditions) for any
J € N4, a collection of CCWF U ; forms a basis for a subset of {7 — R|7 € Z}.
This means that there are no elements in W ; that may be represented as a
linear combination of the others elements in Wj, or formally that for any
jl==1,...,-J

U;(7) = aj ¥ () + Z a, W, s(1) for every T € Z
(r8)# (1)

only if every ;. = 0 and «a;; = 1.

This result is important because in the next section, we will represent
functions as linear combinations of CCWEF. The linear independence of the
CCWF ensures that this representation is unique.

The result is given in the following theorem.
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Theorem 6 For J = 1,2,..., let V; be a collection of cross-correlation of
wavelet functions as in Definition 5 and suppose the scaling filters of the un-
derlying wavelet functions satisfies

1 if5=0
> hihiyas = { : (4.3.3)
e 0 ifoeZ\{0},
and
> hyyasge =0 (4.3.4)
kEZ
for any 6 € Z.

Then the elements in U ; are linearly independent.

The proof of this result requires some intermediate lemmas. We state and
comment on those lemmas and then prove the above result.

We start with the following lemma that states that, except for j = [, the
CCWF are not symmetric.

Lemma 13 Let J € N and let Yy be a collection of Cross-correlation of
wavelet functions as in Definition 5. Then

Ui(m) =Y ;(-1) forjl=—1,..,—J

or, equivalently, by defining the matrices @J(T) = (Y _(T)ji=—v.. -1 €
R7* for every T € Z, we have

Moreover, we have

TS—Lj—l
T>Ll

Ui(m) =0 if {

for any j = —1,-2,..., where L; is the length of the support of the underlying
non-decimated discrete wavelet functions at scale j (as stated in Equation

(4.2.12)).

The proof is given in Appendix.

The CCWF does not have, in general, a closed-form expression. Neverthe-
less, in some particular cases, there exist sets of points for which the CCWF
admits a closed-form expression. The following lemma deals with this problem
for the case when j = [, that is when the CCWF reduced to the autocorrela-
tion wavelet function. However, even in this case, the CCWF admits a close
form expression only on a subset of its support.
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Lemma 14 Let J € Ny and let U; = {‘IfjJ}].*ll:_J be a collection of Cross-
correlation of wavelet functions as defined in Definition 5 and suppose the
scaling filters of the underlying wavelet functions satisfy assumption (4.3.3).

Then we have that, for j = —1,—...,—J and m € Z,
U277 m) = ggim
leZ

The proof is given in Appendix. The above result is actually a particular case
of Lemma 16 (below) that finds closed-form expressions of the CCWEF even
for j # I. However, the proof of both Lemmas 14 and 16 are technical, hence
we treat the simpler case before the general case. To understand the proof of
Lemma 16 one is encouraged to start by following the proof of Lemma 14.

The next lemma states that for any j, 1 = —1, -2, ..., there exists a non-
empty set of values of 7 € Z such that —L; — 1 < 7 < L;4,; for which
\Ili,j (’7’) = 0.

Lemma 15 Let J € Ny and let V; = {\IljJ}j_ll:_J be a collection of Cross-
correlation of wavelet functions as defined in Definition 5 and suppose the

scaling filters of the underlying wavelet functions satisfy assumptions (4.3.3)
and (4.3.4).

Then for any j,l = —1,...,—J, every m € Z, and any r,s € N
U272 = )m) =0 if j > —r. (4.3.5)

The proof is given in Appendix.
Lemma 14 provides a closed-form expression for values in the support of
U, ;. The following lemma generalizes the result to the general CCWE ¥ ;.

Lemma 16 Let J € N and let ¥; = {\I/j,l}j_ll:ﬁ, be a collection of Cross-
correlation of wavelet functions as defined in Definition 5 and suppose the

scaling filters of the underlying wavelet functions satisfy assumptions (4.3.3)
and (4.3.4). Then for —J < j <1< —1 we have

Uy (=277 2T 1) (L[h] - 1)) = gL[h]—lQOhZH—il

[h]
where L[h] is the length of the support of the scaling filters of the underlying

wavelet functions.

The proof is given in Appendix.
We are now ready to prove Theorem 6.

Proof of Theorem 6 To show the linear independence of ¥, ; with { \Ifj7l}jill:7 7
it is enough to show that, for some 7* € Z W, 4(7*) # 0 while ¥;,;(7*) = 0 for
all 5,1 = —1,...,J, because in this case there exists no linear combination of
{‘I’j,l}j_,zl:_(] that is equal to ¥, ¢ for every 7 € Z.
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First we show that W_;_; is linearly independent from W ;\ {V_;_;}.
From Lemma 16, we have

U_y_y(—=2"TN(L[R] = 1)) = grpy—190 # 0.

However by Lemma 15, we have for all j = —1,...,—J+1and | =—1,...,—J
that

V(=27 (L[h] - 1)) =0,
moreover Lemma 14 ensures that for [ = —1,... — J
V(=27 (LR = 1)) = W,y (277 (L[R] - 1)),
and Lemma 15 provides
U, 27N (L] - 1) =0

forl = —1,...—J+1. Hence we have shown that ¥_; _; is linearly independent
from \I/J \ {\I/_(L_J}.

Second, we show that W_;_ y,; is linearly independent from W \{¥_;_;41}.
we already showed that W_;_;,q is linearly independent from {W_;_;}.
Hence {¥_;_s41,¥_;_s} is a basis. Moreover, by Lemma 13 and Lemma 16

Vg = (27722 = 1)(L[A] = 1)) = Uy (=277 (2% = 1)(L[h] - 1))
= gogrn-1hrp-1 # 0.
However, by Lemma 15 for j=1,...,—J+2and = —1,...,—J
V= (277(22 = 1)(L[h] - 1)) =0,
and for j=—-J+1,—J and [ = —1,...,—J + 2 by Lemma 13 and Lemma 15
=277 22 - 1)(L[h] - 1)) = U ;(—277 (22 = 1)(L[h] — 1))
=0.

hence we have shown that W_; _ y,1 is linearly independent from ¥ ;\{W_;_ 71}

Third, suppose that for some s = 1,...,J —2, V_;_ ;. is linearly in-
dependent from {\II_J7_J+u},L7;8. Hence {¥_; _jist1, \II_J’_J_I’_u}i;S forms a
basis. We show that, in addition, ¥_;_; 41 is linearly independent from
U A\{V_;_jts+1}. By Lemma 13 and Lemma 16

Wy giait = (277022 < 1) (LIR] — 1) = Wy s (—2775@52 — 1)(L[A] - 1))
= 9L[h]—1gohsLJ[rhl],1 # 0.
However, by Lemma 15 for j =1,...,—J+s+2and [ = —-1,...,—J

Wjg = (2775272 — 1)(L[h] - 1)) = 0,
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and for j = -J+s+1,—Jand |l = —-1,...,—J + s + 2 by Lemma 13 and
Lemma 15

U= (27752572 — 1)(L[A] — 1)) = ¥y ;(—2775(2572 — 1)(L[h] — 1))
=0.

hence we have shown that W_;_; .11 is linearly independent from Wy \
{U_j_Jstst1}. Furthermore, since we have already proved that the above
is true for s = 1, then by induction it is true for all s =1,..., —J — 2.

By a symmetric argument we can show that W ;. ; is linearly independent
of Wy \ {¥ys} for every u=1,...,—J — 1 while, in the same time showing
that {{U_ 4w s} 20, {¥_s_sio}I20} is a basis.

Consequently, if U7\ {{¥_su s} 20, {V_;_ 71, }/20} is a basis, then
U 5 is a basis.

Observe that for J = 2, theset W \{V_; _j41,Y_j41,-7, V_y_s}={V_1 1}
that is a basis.

Finally, since all of the above is true for any finite J, it is true for J + 1,
and by induction we obtain the result for J =1,2, ... O

4.4 Multivariate Locally Stationary Wavelet
Process

We are now ready to define the class of Multivariate Locally Stationary Pro-
cesses.

Definition 6 A sequence of doubly indexed stochastic processes in L2(, A, P)

(X, XP )T} neNy

is in the class of Multivariate Locally Stationary Processes of depth J € N
and of order q € {0,1, ..., J} if, for everyu,v = 1,...,p and everyt =0, ...,n—
1, there exists a representation

-1 n—1

Xy =3 S W )W)

j=—J k=0
where the equality holds up to every set of probability zero and where
1. z=k/n;

2. the collection {{1#]-7;9}]7:1_00}:;3 is a set of discrete non-decimated wavelet
functions;

3. Wj(u)(z) € R s finite for every u =1,....,p and every t =0,...n — 1.
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4. the collection {{Eguk) ;:1_ JYiZh follows a multivariate Gaussian distribu-
tion and every one of its elements are standardized (zero means, unit

variance) random variables;

(u,v) e B
5. COU(E%k)agl(?) _ )1y (2) Zf_ l7—l<qgandk=r
0 either.

From now on, all the equalities involving random variables are supposed to
hold, up events of probability zero. Moreover, to simplify the derivations we
introduce the following notations.

Notation 3 Forn,J eN,, t,k=0,...n—1, u,v=1,...,p, let

1. W (z) = diag(W (2)), ..., Wi (2)) € RI;

Hence if {(szl)(t), ...,X,(lp)(t))T}:;O1 for n € N4 is in the class of (J, q)-
MLSW processes (multivariate locally stationary wavelet process of depth J
and order ¢), then for every u = 1, ..., p we can write

The following assumption imposes a regularity condition on the covariance
of a (J,q) — MLSW process.

Assumption 1 The sequence of doubly indexed stochastic processes that be-
longs to L*(Q, A, P)

(XD, ., XPENTY ) neNy

n n t=0

in the class of (J,q)—MLSW processes defined in Definition 6 is such that its
Evolutionary Wavelet Spectrum (EWS), that is for every u,v =1,...,p

S (2) = Wi (P w i (2),
has, for all j,l = —1,...,—J, its elements, noted S(_flgv_)l(z), that are Lipschitz
continuous on (0,1) with Lipschitz constants C](j;’v) satisfying
(u,w) 72
Z C'j,l Lmax{j,l} <0
Gl=—1,,—J;i—l|<q

where L; denotes the support of the wavelet functions at scale .



4.4. Multivariate Locally Stationary Wavelet Process

The class of Multivariate Locally Stationary Process in Definition 6, uses
non-decimated discrete wavelets to decompose a vector of stochastic processes
with respect to a set of increment processes in the time-scale plane. It is known
that the system of non-decimated (discrete) wavelet is not linearly indepen-
dent (e.g. Nason et al. (2000)). Hence the coefficients W) are not identified.
Nevertheless, in the following, we present a theory where, even though the
multiscale representation of the MLSW is not unique, the multiscale repre-
sentation of the autocovariance function is asymptotically identified. This
theory is an extension of the one Nason et al. (2000) and was first studied in
Koch (2015).

Before diving into the asymptotic identification of the autocovariance rep-
resentation, we provide some comments concerning the class of processes de-
fined in Definition 6 that satisfy Assumption 1.

In general, wavelets at scale j have a support of length L; = (277 —1)(L[h]—
1) + 1 where L[h] is the support of the wavelet filter (for the Haar wavelet
this quantity is equal to 2) (e.g. (Daubechies et al., 1992)). Consequently

we have that COV(X,(lu) (t),gg.uk)) = WJ.(u)wM(t) and is equal to zero if ¢ >
k + L;. Moreover, we observe that the support of the wavelet increases with
—7 meaning that the lower the scale of the wavelet is, the larger the support
of the wavelet is, and the larger is the portion of {Xflu) (t)} that is affected by
€jk- In other words, the MLSW provides a representation of each element of
the vector of times series in terms of short-term and long-term random shock,
with the shortest term shocks being 5(_ul)k

Each element of the Evolutionary Wavelet Spectrum (EWS) measures the
local power (contribution to the variance) in a MLSW process at a partic-
ular (rescaled) time z and scales j,I. We observe that the EWS denoted
SS“’U)(Z) depends on k since z = k/n. This model the time-varying second-
order structure of the vector of time series. In Assumption 1, we require the
EWS function to be Lipschitz continuous with the Lipschitz constant satisfy-
ing Zj,l:—l,...,—J;U—l\gq CJ(.SL’U)L? < 00. Hence Definition 6 allows the rate of
change of the EWS function at higher scales to be larger than the one at lower

scales.

4.4.1 Covariance representation

As mentioned above, the wavelet parameters W (%) are not identified due to the
overcompleteness of the system of nondecimated wavelet functions. This sec-
tion shows that the time-dependent covariance between X (t) and X (t—7)
converges asymptotically to a linear combination of the CCWF, with time-
varying coefficients being the EWS functions. This result is used to asymptot-
ically identify the Evolutionary Wavelet Spectrum of the time series and hence
to asymptotically identify the representation of the second-order structure.
First, for all n € N and all z € (0,1), let t = [2n], be integer part of zn.
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Moreover, w = k/n and, from Definition 6 and under Assumption 1,

C(u,v)(_T’ Z)
_ Cov( x )([nz]) XT(LU)([nZ] — 7'))

n—1
= E W ()W el (e T (W)W (w)g s (t — 7))
k=0
n—1
=5 s (1) TS ()b (8 — 7)
k=0

Hence we have

O (—7, 2)

n

= > Zm (&)t — )8 (w)

n—1
= Z Z ot —k)bo(t —k — 7)5(:;-’21(“1)

(uw) 8+ [2n]
C Y Y st L)
Gl=—1,...—J;|j—1|<q s=—t

where s := k — t. Therefore we obtain

=)= > S @)+ ROz ) (44.)

gl P =g,—1

with a remainder term
ROV (2, 7) (4.4.2)
uw) S+ 2N u,
= Z Z 1/}]0 wl‘r )( (_J’_)l(n[]) - S(_j7_)l(z)>
Gl=—1,...,—J;|j—l|<q s=—t

and

(n—1)—t

= > do(—s)s(—s) (1.4.3)

s=—1

and the remainder term is bounded from next following result.
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4.4. Multivariate Locally Stationary Wavelet Process

Proposition 9 For anyu,v = 1,...,p and anyt =0, ...,n—1, let R"H%Y) (2, 1)
be as in Equation (4.4.2). Then given the assumptions in Definition 6 and As-
sumption 1, we have that

1
> [ R na) = o)

TEL [0,1]

uniformly in u,v,t.

The proof is given in the Appendix.

We aim to obtain to represent Equation (4.4.1) more elegantly. To this
aim we provide the following definition in which we arrange in vectors objects
indexed by j,l = —1,....,J;|7 = | < q.

Definition 7 For the remaining of this thesis, we define the following three
vector in RV for every u,v =1,...,p, n,J € Ny and every 7 € Z
—J

P,y (7) = <((\P.§3)(T))l:—1,...,—(};j—l|§q)> . \I’%)(T) as in (4.4.3)
—J

CE (L —— W4(r) in Def 5

—J
Sl () = ((S‘_@’Z(z))lzl,...,J;jl|<q>

Hence from Proposition 9 and Definition 7 we have for all 7 € Z

n

u,v 1
O (=7,2) = @y ()85 (2) + O().

Observe that by Definition 5, for a given J there exists N € N such that
for all n > N @, ;(7) = ®;(7) for all 7 € Z. This is due to the fact that
the maximum support of the CCWF contained in ®, ; does not lie outside
(0,...,n—1). Hence we define the limit (in a sense made precise below) of the

covariance between X" (t) and x (t — 1), that we call the local covariance
function, as

C(u’v)(fT’ Z) = (PJ(T)TS‘(]U‘”U) (Z) (444)

The following corollary summarizes the conclusions of the above develop-
ment.

Corollary 2 Consider a sequence of elements in the class of (J(n),q)—MLSW
processes that satisfies Assumption 1. If J = O(logy(n)) then

Z /[0,1] ‘Céuvy) (1,2) — C (7, 2)|(2)dz = O(E)‘

n
TEZL

uniformly in u,v, where C(“V) (=7, 2) := @J(T)ngu’v)(z)-
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Hence asymptotically, the time-varying covariance between Xflu) (t) and
x (t—7) is a linear combination of the CCWF, with time-varying coefficients
being the EWS function. In the next subsection, we asymptotically identify
the EWS function, hence providing an asymptotically unique representation
of the second-order structure of the vector of time series.

4.4.2 Asymptotic identification of the covariance
representation

(u,v

We aim to identify S,
have that

)(z) asymptotically, starting from Equation (5.2.2) we

C0) (=7, 2) = @5(7) TS (2)
By (r)C (7, 2) = (1) (1) S5 (2)

> @, (r)C) (=1, 2) = (Z @J(T)qJJ(T)T) SM (). (4.4.5)

TEL TEZ

We define the following matrix.

Definition 8 For any q,J € N with ¢ < J and ®, ; as in Definition 7 we
define

.
Agy =) . 0] ;.
TEL

This (2¢ 4+ 1)J x (2¢ + 1)J is the Gram matrix of the CCWF over 7 € Z.
Because Theorem 6 states the linear independence of the CCWF, the matrix
A, j is invertible for any J = 1,2, ... Hence from Equation (4.4.5) we obtain

AT @0 (=, 2) = S5 (2).

TEZL

Hence the EWS functions may be written as the inverse representation of the
local covariance function.

We have yet to identify the EWS function since to do so we must prove that
it as the image of an injection from an identified parameter of the probability
distribution of our observable (and the local autocovariance function is not).
Hence we denote as S,, the inverse representation of the covariance function
Cn(T, 2), that is for some J > 0 we define

S = AL @ ;00 (<7, 2).

z,Jn
TEL

Let ¢ represent a vector of one’s in R7(2¢t1) In the following, the first line
is obtained by the triangle inequality; the second line is obtained by Cauchy-
Schwartz inequality (on the sum for 7 € Z) and the fact that the absolute value
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of the CCWF is bounded by one; the third line is obtained using ||v||2 < ||v|]1
and applying Tonelli’s theorem' twice; and the fourth line is obtained by
applying Corollary 2.

/[ 158452 — 85 (2)|12d2

)

< A, /[ 13" @0y (C (=7, 2) — OO (7, 2)) a2

1 TEZL

< HA%}]H2/ 1Y e (=r,2) = O (=7, 2)||l2d2

0,1] TEL

<A e S / (=r,2) — O (7, 2)|dz]

TEL

_ J(2q+1
< HAqf]HzO((n)

).

Hence for S( ) to converges with J = J(n) we need 2¢J/(nd;,) = o(1)
where 04 is a lower bound on the minimum eigenvalue of A, ;. In this thesis
we have not derived (J,q) — 654 and only know that d;, > 0 for every
J € N and any ¢ = {1,...,J} (by the linear independence of the CCWF).
In the remaining of the thesis, when this is relevant, we display the rate of
convergence in function of ¢, and leave the derivation of J — A for further
research. We mention that for Haar and Shannon wavelets, for ¢ = 0, Nason
et al. (2000) proves that there exists an absolute lower 6 bound such that for
all J € N, A7} ]2 > 4.

In conclusion of this section, we state the following proposition.

Proposition 10 Under the assumptions in Definition 6 and Assumption 1,
consider the Gram matriz Ay y in Equation (8). If there exists 6 > 0 such
that the smallest eigenvalue of Aq j is bounded below by 6 for any J € Z, we
have

1J(2¢+1)

[ 1885 = 850 )l = 0053, )

uniformly in u,v, where 674 is a lower bound on the minimum eigenvalue of
Aq,g in Definition §.

'Tonelli’s theorem states that if m; and ms are two finite measure on (Q1,.41) and
(Q2,.A2), then for all positive function f measurable on o(A; X A2) then f91 (fQ2 fdma)dm,
is equal to fﬂz(ffh fdmi)dmso. Here we have Q7 = (0,1), Qs is the set of all finite norm

vectors in R4 17 and Qg is the subset of Z where ||®;(7)]|2 # 0.
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4.5 Appendix

4.5.1 Proof of Lemma 13

Let w =t — 7 then we can write

T) = Zlbj,o(t)ﬂ)z,v(t)

teZ

*Zwﬁ ot — )

teZ

= Z Yj0(u+ 7)o(u)

teZ

= Z%,—r wzo )

teZ
=V ;(-7)

which is the first statement of the Lemma.
Now observe that the support of ;¢ is [0, L; —1]NZ and that the support
of ¢y is [-7,L; — 1 — 7] N Z. Then for any 7 such that

0,L; —1]N[-71,L; —1—-7]NZ= {0}

we have W;,;(7) = 0. O

4.5.2 Proof of Lemma 14

The computation in this proof may be difficult to track. Hence we begin by
treating some particular cases. Let j = —1, then we obtain from the recursive
definition of the discrete wavelet function that

Uoq,-1( Z 9igi+m-
lez

Now let j = —2, in this case, we have, using the recursive definition of
discrete wavelet functions, that

U5 9(2m) =Y o0(t)20(t — 2m)

tez
= hiag Y hior—amgr
teZ lez. ez

= Z g Z qr Z hi—a1hi—om—ar

leZ lVeZ teZ

= Zglgl—m

leZ



4.5. Appendix

where the last line follows from Assumption 4.3.3, that ensures the term given
by > ez hi—athi—om—or = 1if I’ =1 —m and is zero otherwise.
Once again, let j = —3, hence by following the same reasoning we write

U_3_3(4m) = Z¢ 3,0(t)_30(t —4m)

tez
/
=YD b ta0(l) D hyam—ay¥-20(17)
teZ el lez
/
=Y o0(l) > o20(h) D e he_am—o,
lLEzZ lhez tez
= 0> o Y9 > o Y o b o
l2€Z  LEZ lhez  ljez teZ

using that >, ., hi—ot, g2y = 1 it I' =11 — 2m and zero otherwise, we

have that
U_3 _3(4m) Zglz Zgl/ Z hay 215 by —2m 21
lo€Z  leZ  heZ

and using the fact that > 7 huy—21,h, yom o1, = 1 if I3 = lo — m we obtain
\IIOJ 4m Z gi5915—m-
I2€Z

Now our strategy is clear enough to tackle the general case, for which we
have

—j—1
U270 tm)= Y g, H( > hl_]._u_gl_j_w) (4.5.1)

l_j_lEZ u=2 l_j_uEZ
—j—1
S oo (X e )
/ — /
1L, 1€z u=2 ', €L
E :ht—2llht72*j*1mf2l'l
teZ

and since, firstly by assumption (4.2.6) we have that, ), hi—o1, by o, —gi-1m =
1if I} =13 —27772m and since secondly, assumption (4.2.6) provides that
L oiflly =lay1 —277727%m
Z L Aoy { 0 otherwise.

lo€Z
for a € {1,...,—j — 2}, then Equation (4.5.1) regress and provides the result
we were aiming for, that is ¥, ;(277"1m) = > ez 9i91—m- O
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4.5.3 Proof of Lemma 15

From the proof of Lemma 14, it should be clear how, from the recursive
definition of discrete wavelet functions, we can express the CCWEF in terms of
the scaling and wavelet filters, by the following equation

—j—1
S o IL(X mansn)
l_j_1€Z u=2 l_]'_uGZ
—w—1
Z gl—w—l H ( Z hl—w u 2l/—u} u+1>
Lw71€Z u=2 /—w ueZ
Z ht—2l1 h’t—'r—2l’1
tez
which, if w < j, can be rewritten as
—j—1
E: i H ( Z hlju2l1u+1>
l_j_1€Z u=2 l_j_HEZ
—wHj+1
S oo I (2w )
/w IEZ u=2 /—w uEZ
—w—1
I1 ( S b )
u=—w-+7+2 A<
E he—o1, P72
teZ

and by a change of variable and rearranging the terms, we have

—w+j+1
~ Y a X (X )
l_j_1€Z U o 1€Z u=2 " w—u€

—j—1

H < E: hlju_ZZju+l>

u=2 l,j7u€Z

—j—1

(% )

u=2 14 ue

g he—o1, hy—r oy

teZ

120



4.5. Appendix

which, by applying the same reasoning that in the proof of Lemma 14, collapses
to

—w+j+1
“ Yo X a I (X e )
l,g 1€Z /w 1€Z u=2 l—w—ue
with l3—1 = l_j_1 — 2it1r But we have that for u = —w + j + 1 that
—w —u = —j — 1. Hence we may write
—w+j
=Y o Lo JI(X )
l_J 1€Z /w IEZ u=2 Lw uEZ
> hy | —aitir—ar
U, 1€z

by applying l;‘—1 =1l_j_1— 2/+17 rearranging the terms, and letting v = li—1
we get

—wHj

= T w2 wew )
,’LU IEZ u=2 Lw uEZ
E gaha—21+1f—2lgj-

a€EZ

Now, since any element of N may be written as 2%(2° — 1) for some unique
a, B € N, for any non zero m € Z, let

T=2%2° - 1)m

for any «,8 € N. We observe that under those conditions, 7 may be any
elements in Z. Hence we have that

Pty = 2t Ha2f _1)m

hence 27t17 is even only if j > —a. Suppose this is the case, then by Assump-
tion 4.3.4, we have that

Zgaha—QjJrlT—Ql’_j =0
a€Z

hence ¥, (1) = 0.
Now suppose that j < w. Since we have by Lemma 13, U, (1) =
VU, ;(—7), we have proven our thesis. O
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4.5.4 Proof of Lemma 16

Suppose that w < j, then from the proof of Lemma 15, we have that

—w+j
\Ijj:w(T) = Z gl/_w_l H ( Z hl/wu—2l/_w_u+1>
l 4

4 =Y/ u=2 €z

—w—1

E gaha—2j+17—2l’_j‘
a€Z

—w—u

Let m = L[h] — 1, then by definition of wavelet filter, we have that g, s
non-zero if and only if

0<l 1 <m.

Moreover, by definition of the scaling filter, for all u = 2, ..., —w + j we have
that hlr_w_“,QleiuH is non-zero, if and only if
0 S l/fwfu - 2l/7w7u+1 S m
which provides
20 1 SV <20y + (4.5.2)
Now suppose that
l/,wfl >m

then we have that by =~ oy ~ =0if

U > 2m +m = 3m.

—w—2

Suppose now that ", 5 > 3m, then we have that hl/_w_g,Ql/_w_Q =0 if

I g >6m+m="Tm.
In general, we have that for u = 2, ..., —w+j we have that hllfwfu_2l/7w7u+l =0
if
Uy > (2% = 1)m. (4.5.3)

Moreover, observe that goh,_oi+1,_op is non-zero, if and only if
—J
2j+17§a—2l’,j <2tlr4m  and 0<a<m.

gaha—2j+17—2l’_j =0if

2l/,j < =t .
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For any 7,3 € N, let 7 = —27(2% — 1)m. Let v = 277~ we have
l/—] < (2'8_1 — 1)m
and by letting 8 =—-w+j+1

;<@ - 1)m

(observe that 7 is now fixed and equal to —2 7+ (2=wHi+l _ 1)y,

Now observe that I’ ,,_, =" ; if u = —w+j, hence we have two conditions
for the term gohy_9it1,_op ;= 0, namely, the above inequality and Inequality

(4.5.3), hence
;> (27t — 1)m or I, < (27T — 1)ym = gaha,2j+1772yij =0.

This implies that

> Joaha—gitir_or = golm.

Q€L
at 7 = —277TL(2 7wt — 1)m. Moreover since Inequality 4.5.2 implies that
hl/—w—u_zl/—w—u-t,-l unless

2ll—w—u+1 < l,—w—u —m< 2l,—w—u+1
letting " ,_,, = (2% — 1)m implies that
2ll_w_u+1 # (2u_1 - ].)m = hll—w—u_Zl/—w—u+1 = O

hence by induction, we have

\I;ij(_g—j+1(2—w+j+1 _ 1)m) _ gmgohr—nw+j

4.5.5 Proof of Proposition 9
Recall that

R(n,t,u,v) (Z, 7_)

(n—1)—t

ww) S+ 12N uw

- Z Z wj,O(_S)I/)l,T(_S) <S(_]7_)l((n[]) - S(_j7_)l(z)>
Jl==1,..,=Jilj=l|<q s=—1

(u0)

—j,—1

(0,1) with Lipschitz constants C’](.I;’U), we have, for all 4, j, u,v, k in their re-

spective domains, that fol |S(_“Jv_)l(%)) - S(_uj.’il})_(zﬂdz < n~!s|Cj;. Hence,
we obtain the following bound

Since we assumed the EWS functions, S (2), to be Lipschitz continous on
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Z/ |R(n’t’uv (z,7)dz| <
[0,1]

TEZL
c (n—1)—t o
> > 2|S|¢j,0(—8)¢l’7(_3)|%

Furthermore, since outside of their supports the wavelet functions take the
value zero, we have that

(n—1)—t (n—
> sltgo(=9)tir(—8)] < 2Lumingy Z %0 )1 (—3)|

s=—1 s=—1

where L; denotes the support of the wavelet functions at scale j and we obtain
the following bound

Z/ "t“v) (z,7)dz| <
TEL 0,1
2C; me
> 2 ”Z Z \w]o )+ (—5)]

Gl=—1,...,—J;|i—1|<q TEL s=—t
Finally, for any 7 € Z, by Cauchy-Schwartz inequality, we have that
(n—1)—t
lim o [Wj(=s)vn-(—s) <1

n—o0
s=—1

which implies that (since wavelets are zero outside of their support)

(n—1)—t

> Wio(=9)tr(—=5)| < 4Lminga)

TEZ s=—t
and consequently, we have

> / |RUWBU) (2, 7)dz| < = 3 L i
[0,1]

W

3

where the left-hand side convergence to zero as n — oo since in Assumption

(u0)

1 we assumed that the Lipschitz constants C; j satisfy

sup Z C](l )Ll < oo.
u’vzl""’pj,l:—l,...,—J;|j—l|§q
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Five

Inference in the Multivariate Locally
Stationary Wavelet model and
application

In the previous chapter, we define the class of Multivariate Locally Stationary
Processes (MLSW) and demonstrate that its Evolutionary Wavelet Spectrum
(EWS, see Definition 6) is asymptotically identified thanks to the linear inde-
pendence of the Cross-correlation of wavelet functions (CCWF) (see Definition
5 and Theorem 6).

This chapter studies a consistent estimator of the EWS in the MLSW
class of process. This estimator, called the corrected and smoothed wavelet
periodogram extends the estimator provided in Nason et al. (2000) for the
smaller class of locally stationary wavelet process. Moreover, since the exten-
sion of the class of Locally Stationary Wavelet process into the multivariate
framework opens the opportunity to study the stability of the estimation when
the multivariate time series is high-dimensional, that is when p, the number of
time series, is itself a function of the number of observations n. The estimation
in this setting is achieved at the end of Section 2.

In Section 3, we consider an economic application of our methods. The ap-
plication considers measuring the (lack of) coordination between Saudi Arabia
and the rest of the OPEC in oil production. This application is a contribu-
tion to a large field of applied econometrics that has been puzzled since the
eighties by the contradictory reports of (lack) of statistical measurement of
the said coordination (e.g. Griffin (1985), Smith (2005), Alkhathlan, Gately
and Javid (2014), Al Rousan, Sbhia and Tas (2018)). In the past decade, this
field came to recognize that changes in market conditions as well as changes
in the economic strategies of the players on the market, render difficult the in-
terpretation of statistical measurement. In particular Alkhathlan et al. (2014)
argues that one needs to employ multiple economic models to analyze the be-
havior of Saudi Arabia at different periods of time in order to accommodate
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the shifts in its behavior. We argue that the issues encountered with statis-
tical analysis of the behavior of Saudi Arabia and OPEC can be traced back
to the assumption of stationarity upon which have relied on the econometric
methods employed to tackle the question up to now. As it appears clearly
in Figure 1.2, the evolution of the quarterly oil production of Saudi Arabia,
as well as the one of the remaining of OPEC display change in its volatility
across times, a feature that is not compatible with the assumption of sta-
tionarity. We employ the methods studied in this paper to provide our own
measurements of the similarity of the response of Saudi Arabia and the rest
of OPEC when submitted to random shocks. To the best of our knowledge,
those measurements of the coordination of Saudi Arabia with its partners in
OPEC are the first that does not rely on the assumption of stationarity. Our
results, displayed in Section 5, are consistent with qualitative analysis of the
historical trends in the oil market.

5.1 Estimation of the Evolutionary Wavelet
Spectrum in the (J, ¢)—Multivariate Locally
Stationary Wavelet Model

This section introduces the estimation procedure of the EWS function. In
the remaining of this chapter, we assume that for some n € N we observe
{{X,(lu) ()}7=3 }P_, that is in the class of (J,q) — M LSW processes defined in
Definition 5. We begin by defining the collection of wavelet coefficients

n—1
) =3 X (1) (5.1.1)
t=0
(5.1.2)
with j = —1,...,—J, k =0,...,(n—1) and v = 1,...,p. Similarly, define the

vector

n—1
dl(;i)]n = rst)XM()
t=0

where the collection {{@Z)Jk}];l_ J}Z;cl) is a set of discrete non-decimated
wavelet functions and gy (t) = (Y1 x{), ..., Y_si(t))) T € RY.

Recall that the wavelet coefficients are not identified because systems of
non-decimated discrete wavelet functions are over-complete. Nevertheless,
they are the basic elements of our estimation of the EWS (which is itself
asymptotically identified as demonstrated in the previous chapter).

We begin by studying a first estimator of the EWS, that is the raw wavelet
periodogram.



5.1. Estimation of the EWS in the (J, ¢)—MLSW model

5.1.1 Raw wavelet periodogram

The raw wavelet periodogram of the MLSW(g) model consists in a set of

random variables denoted as ](“;2 with 5,0l = —1,...,—J, u,v = 1,...,p and
k=0,...,n — 1 such that
(ww) _ () 4(v)
I];cvn - d]k ndli;c n1|l*j‘§q (513)
We construct the vector
—J
(uw) _ (u,v)

Ik“nv <(ijk?n)z:—1,.,.,—J;j_z|<q)) . (5.1.4)

-

The following result states that the raw wavelet periodogram is an asymp-
totically biased estimator of the EWS of the (J,¢)—MLSW process.

Theorem 7 Suppose that forn,J € N1 and q € {0, ..., J}, {{X,(lu) (t)}?;ol L
is in the class of (J,q)—MLSW processes defined in Definition 6. Suppose in
addition that Assumption 1 holds and that J is such that 27 (L[h] — 1) < n
(where L[h] is the length of the support of the scaling ﬁlter of the wavelet func-
tions). Then for any u,v = 1,...,p and any k = 0,. — 1, the raw wavelet

periodogram, I( v) defined by Equation (5.1.4) is such that
E(I") = Ags S5 (2) + R(J,q,m, 2,0, v)

where z = k/n, Aq; defined in Definition 8, Sgu’v)(z) defined in Definition 7

and
[ IRz = o ZELED)

uniformly in u,v.

The proof is given in the Appendix.
The following theorem states that the variance of the raw wavelet peri-
odogram does not vanish when n — oo.

Theorem 8 Under the same assumptions than in Theorem 7. We have that
for anyu,v=1,....p, any k=0,....,n—1 and(my],l—— —J such that
|l — 7| < ¢, the raw wavelet periodogram, I(lk ., defined by Equatwn (5.1.3) is
such that

Var( ](7,;2) =

<Z\1:j,lq>J(7)S§ > Z\I/”@J Z\y”% S%v))
0 (rhan )
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where z € (0,1), Aq,; defined in Definition 8, Sgu’v)(z) defined in Definition

7, and
1
/ r(J,q,n, z,u,v) = O<>
[0,1] n

uniformly in u,v, J.

The proof is given in the Appendix.

5.1.2 Smoothed wavelet periodogram

The nonvanishing variance of the raw wavelet periodogram is a known fea-
ture of periodograms (even in the stationary case, see e.g. Brillinger (2001)).
This problem is usually treated by smoothing the raw periodogram, e.g. in
Nason et al. (2000), the authors obtain a vanishing variance by smoothing
the raw wavelet periodogram before correcting its non-asymptotic bias. We
apply the same strategy here. Hence we define the following smoothed wavelet
periodogram as the moving averages of the raw wavelet periodogram.

M
(wo) _ 1 (u,0)
Iijk;nM T oM 41 Z Iij,k+s;n (5'1’5)
M

s=—

with 5, l=-1,...,—J,u,v=1,..,pand k=0,....,n — 1.
Moreover, we construct the vector

—J

(uw) _ (u,0)
Ik;nM - <(Ijlk;nM)l:1,...,J§|jl|§q)> ] 1’ (516)
J==

The following result is given for the expectation of the smoothed wavelet
periodogram.

Theorem 9 Under the same assumptions than in Theorem 7, we have that,
for any uw,v = 1,...,p and any k = 0,...,n — 1, the smoothed wavelet peri-
odogram, I,gunzj&[ defined by Equation (5.1.6) is such that

u,v u,v M
Bfs) =2 + o)
uniformly in u,v, J, k.

The proof is given in the Appendix.
Moreover, we provide the following result for the variance of the smoothed
wavelet periodogram.
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Theorem 10 In, in addition to the assumptions in Theorem 7, for any j,l =
—1,...,—J there exists K > 0, finite, such that

sup  sup |S77"(2)] < K/ Luingj
u,v=1,...,p 2€(0,1)

then for any u,v = 1,...,p and any k = 0,...,n — 1, the smoothed wavelet
(u,v)

periodogram, 1,7 .y, defined by Equation (5.1.5) is such that

(u,v) _ Bjiq.7
Var(Lj ) = O<J]\;>

where
+ O <2— min{jvl}q min(—j7 —Z)T(Ja q,n,z,v, u>)
+ 19 <2J+min{jal}qr(<]7 q,n,z,v, U))

with

/ r(q,n, z,u,v) = O<1>.
[0,1] n

The proof is given in the Appendix.
To make the previous result meaningful, we provide the following Corollary

uniformly in u,v.

Corollary 3 Under the same assumptions as in Theorem 10, if in addition
27q¢=0(n) (5.1.7)

then

o 92— min{j,l}qZ min _j, —1 2
Var(lj('lk’;r)LM) = O< Vi ( ) )

uniformly in u,v, for all j,l=—-1,...J, k=0,...,n—1, M =0,....,(n—1)/2.

We observe that the previous result does not provide that for 27 (”)q(n) =
O(n) the variance of the smoothed wavelet program vanishes at all scales. If,

for instance, we let ¢ be constant in n and let J(n) = logy(n) we obtain that
Var(I(_ujj)_)J’k’mM) = O(nlog,(n)?/M) that does not vanish asymptotically,
even for increasing M in n.
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5.1.3 Smoothed and corrected wavelet periodogram

To obtain a consistent and asymptotically unbiased estimator of the EWS
functions, we apply a correction to the smoothed wavelet periodogram. Hence
we define the smoothed and corrected wavelet periodogram by

I = A, (5.1.8)

forall k=0,...,n—1and all u,v=1,...,p.

Since A, ; is a non-random, invertible matrix, by the bounded inverse
theorem, A;}] is bounded, and by Theorem 9 and 7 the following result is
immediate.

Corollary 4 Under the same assumption that in Theorem 9, the smoothed
and corrected wavelet periodogram defined in Equation (5.1.8) is such that

u,v u,v qJM
E(I0) = 5% (z) + 0(12)

uniformly in u,v,k, and where z = k/n.

Hence I ;ﬁuﬁ& is asymptotically non biased as long as ¢JM = o(n).
Moreover under the same set of assumption than in Corollary 3,654 > 0
be a lower bound on the smallest eigenvalue of A, 7, then we obtain

BT, — B 13 < AL BEILSS, — BI85
< (2q + 1>J||Aq,J||%EHL£“n%L E(n 1%
= 20+ DJ]14, ) [3 max Var(Zf5), )
= (2q + DJIA L 3Var(1Y 5, )
= 0(6,,J°¢*27 /M) (5.1.9)

We provide a refined version of this result in the next theorem. To do
so we need some technicalities. Let Aj;,(q,J) = > c7 ¥;1(7)¥,;(7) be an
element of the matrix Ay ;. Moreover let A;l{m(q, J) be the corresponding
element in the matrix A;;. Now define

Ij(ﬁcvr)bM : Z A J)Ifi‘;’])w (5.1.10)

r 7':_17_7_J7|T_7/|§q

Then we have

—J
I,g“nﬂ = ((13(22;2M)1_—1,...,—J;|j—l<q)> .
=

almost surely.
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Theorem 11 Under the same assumptions that in Corollary 3, if in addi-
tion there exists a finite Cy such that Er,izfl,f...,ft];h‘fﬂgq \Aj_llri(q,J)] <
CyLmingy (for AT (q,J) defined as just above) , then

Jsl,ryi

92— min{j»l}qz min(_jv _l)2 >

Var(fjlkmM(u, v)) = O( 7

uniformly in u, v, k, with fjlkmM as in Equation (5.1.10), forall j,l = —1,...,J,

k=0,..,n—1, M=0,..,(n—1)/2.

The proof is given in the Appendix.

As it appears in Theorem 11, the convergence rate of the smoothed and
corrected wavelet periodogram depends on M, the parameter of the smoothing
step. Hence we can optimize the rate of convergence for M.

In the following, we consider J to be fixed. Under this condition we observe
that under the assumptions of Corollary 3, by Theorem 4 and Equation (5.1.9)
we have that the mean squared error of the corrected and smoothed wavelet
periodogram is

I — S5 (2) 13 = O(1/M) + O(M/n)

Secondly, we let M = o(n”) with 0 < v < 1, in which case we have that

BT - S5 )1 = 0w )

hence the optimal rate of convergence is obtained at v = 1/2 which gives

B - S5 @) = 0 (n2)

Hence we state the following corollary that provides the convergence in the
probability of our estimation.

Corollary 5 Under the same set of assumption that in Corollary 3, suppose
J € N, then we have

P(IE - 557> €) = 0 (n2).

uniformly in u,v, J, k, M, where z = k/n, f,gunlj& is defined in Equation (5.1.8)
and SS“’U) (z) is defined in Definition 7.
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5.1.4 Estimation in High Dimensions

Up to this point, we assumed that for any n, the dimension of the vector of

time series (X,(Il)(t),...,Xép) (t))T, namely p, was fixed and given. Here we

extend the results of the previous section to situations where p is a function
of n. In particular we consider p(n) = O(n®) where a > 0.

Hence in this section, we consider a sequence in n of triply indexed stochas-
tic processes

{XD@), .. X))

all of which satisfies Definition 6.

We observe that this setting is typical of the double asymptotic paradigm
where asymptotic reasoning is conducted by letting both n and p grow to
infinity. The consistency of the smoothed and corrected wavelet periodogram
in this setting is given in the following result.

Theorem 12 Forn € N let
W= (X0 (0), o XPD ()T}

be a sequence of triply-indexed stochastic processes. Assume that for each n,
S™ s in the class of (J(n),q)—MLSW processes defined in Definition 6 and
that satifies Assumption 1. In addition, assume there exists J* such that for
alln €N, J(n) < J*,

Finally, construct the vectors

7 7(u,v)
Ty = (Ik;nM
U:U:17~--7Pn

and

— [ gluv)
SZ,J(”) - <SZ,J(n)>uv:1 . :

If M = o(nl/2 then we have for all k =0,...,n — 1 that

_ 2
P(Wims — Sell > €) = 0( Z2).

where z = k/n, I ]\3[ is defined in Equation (5.1.8) and Sgu’v) (z) is defined
in Definition 7.

Proof: The result follows from the fact that

Ellunrs — Sesml3 <p% sup BT — 5O 2.
u,v= 17 -P
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5.1.5 Simulations

In this section we present a simple example of the application of the estimator
on synthetic data. The data generating process is

-1 n—1

Xn(t) = Z ZWj(Z)q,k%,k(t)

j=—3 k=0
with

W_1 = cos(4nz)?,
W_o = cos(3m2)?,
W_3 = sin(2rz + 0.5)>

and € ~ N(0,1) such that Cov(ej s, €,1) = 0.5~ and €5k is id to € for
k,k'=0,...,n—1and k' # k.

The target parameter is the Evolutionary Wavelet Spectrum (EWS), of
the process. The estimation is conducted with the smoothing parameter fixed
at m = 2y/n, for depth parameter J = 3 and order parameter ¢ = 1. At the
boundaries of the time window, the smoothing step required more data than
was is available. To address this problem we computed the smoothed wavelet
periodogram by mirroring the data at the boundaries.

The results for n = 103 are displayed in Figure 5.1 and the results for
n = 10% are displayed in Figure 5.2. The simulations show that the estimator
is indeed able to estimate the Evolutionary wavelet spectrum. In particular,
the shape of the EWS is well estimated for the main part of the signal. At the
boundaries, the quality of the estimation deteriorates. This is most probably
due to the artificial mirroring of the data required by the moving average
of the smoothing step. It also appears that the quality of the estimation is
not uniform across scales. This effect is completely due to the fact that we
employed the same smoothing parameter for each scale.

While highlighting the validity of our theoretical results, the simulation
also indicates the direction for improvement in the way the estimator is im-
plemented. Firstly, other strategies of smoothing may be considered. Here
we mirrored the data at the boundaries, there may be more efficient strate-
gies. More generally more advanced smoothing procedures may be considered.
Here we employed a simple moving average, but in Nason et al. (2000) the
authors studied the DWT shrinkage and the translation invariant denoising of
Coifman and Donoho (1995). Second, the simulations suggest using different
smoothing parameters for each scale. This suggestion is in line with our as-
sumptions that the time variations of the EWS at lower scales are smoother
than at higher scales. Finally, the implementation of the estimator highlights
that the quality of the results depends on good the choice of parameters. Ad-
dressing this issue would require rendering the estimation adaptative. This has
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already been done in Van Bellegem and von Sachs (2008) in the univariate
framework. The extension of our method in this direction will be addressed
in a future research.

Estimation of the EWS at scale j= -3

Estimation of the EWS at scale j= -3

Estimation of the EWS at scale j= -3

Figure 5.1: Estimation of the EWS for n = 1000

Estimation of Evolutionary wavelet spectrum with n = 1000. The red curve
is the true EWS and the blue dots are the values taken by the Smoothed and
Corrected Wavelet periodogram for each k = 0,...,n — 1.

5.2 Application to real data: oil market

In this section, we apply the MLSW model to study the varying similarity
between the oil production of Saudi Arabia the one of the remaining of the
OPEC during the last half-century.

5.2.1 Motivations

The importance of oil for the world economy could not be too much empha-
sized. The physical properties of oil drive it to be one of the most important
commodities in the world, serving both as an energy source and as a raw
material for many petroleum products (gasoline, distillates such as diesel fuel
and heating oil, jet fuel, petrochemical feedstocks, waxes, lubricating oils,
asphalt,...). The International Energy Agency estimates that in the second
decade of the 21*" century, oil represents around one-third of the world econ-
omy’s energy mix. This global reliance on oil grew during the 20" century,
and, mostly because oil reserves are scarce and non-uniformly geographically
distributed, the oil market has risen in parallel to become one of the most in-
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Figure 5.2: Estimation of the EWS for n = 10000

Estimation of Evolutionary wavelet spectrum with n = 10000. The red curve
is the true EWS and the blue dots are the values taken by the Smoothed and
Corrected Wavelet periodogram for each k = 0,...,n — 1.

tegrated, influential, and financialized markets in the world economy (Yergin,
2011).

The capital intensity of the oil industry is huge. Hence since the beginning
of the 20" century, competition in the oil market has been structured around a
small hand of major players (Yergin, 2011). The set of these major competitors
change across time, as well as the distribution of power among them (Yergin,
2011). Those changes are driven by political and geopolitical shocks as well
as technical discoveries (Yergin (2011), Yergin (2012)).

By 1930, seven major companies, the so-called seven sisters, dominated
together the oil production worldwide (Yergin, 2011). The seven sisters owned
jointly virtually all rights on oil production in Iraq, Iran, Saudi Arabia, and in
the Persian Gulf. They coordinated investment and production to maintain
prices high while minimizing royalties and taxes due to the governments of the
countries in which the seven sisters operated (Yergin (2011), Colgan and Col-
gan (2021)). In the aftermath of the Second World War, this situation began
to be fought by governments of countries wealthy in oil reserves but poor in
oil revenues. This led to the nationalization of Iranian oil fields by the Iranian
government in 1951 and in a series of meetings and conferences between rep-
resentatives of governments of major oil-producing countries. Ultimately this
chain of events led to the creation of the Organization of Petroleum Export
Countries (OPEC) in 1960, and to a wave of nationalization in countries such
as Lybia, Algeria, Iraq, Nigeria, Saudi Arabia, and Venezuela in the early
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seventies that resulted in a shift of power from the seven sisters to the OPEC
(Yergin, 2011).

All observers rapidly agreed that the creation of OPEC and the nation-
alization of oil fields disrupted the distribution of revenue between major oil
companies and governments of oil-producing countries. In the public debate
OPEC was soon viewed as a cartel. Nevertheless, in the early eighties, some
economists challenged the hypothesis that OPEC possesses the ability to in-
fluence price dynamics by implementing collusive behavior (Fattouh, 2007).
Different views appeared and the available empirical evidence did not help to
narrow the debate (Fattouh, 2007). In his seminal paper, Griffin (1985) ob-
serves that empirical studies tend to “reach onto the shelf of economic models
to select one, to validate [their] choice[s] by pointing to selected events not
inconsistent with model predictions”. To circumvent this defect Griffin (1985)
used annual data over the years 1971-1982 in order to test alternative the-
ories concerning OPEC. He concluded that the partial-market sharing cartel
model cannot be rejected for all countries. Since then a wide and active area
of research derived from the one of Griffin (1985). One of the important ques-
tions tackled by this literature is about the role of Saudi Arabia and whether
it coordinates its production decision with its partners in OPEC (Alkhath-
lan et al., 2014). The special attention given to Saudi Arabia is backed up
by historical analysis of its political role within OPEC (Yergin, 2011), of its
economic policy (Alkhathlan et al., 2014), as well as by technical analysis of
its production capacities that allowed Saudi Arabia to play the crucial role of
swing producer in many occasions (Fattouh, 2007).

Many of the articles that followed the work the seminal work of Grif-
fin (1985) have been critically reviewed by Smith (2005) who argues against
drawing strong conclusions from the statistical analysis:

“There is only weak evidence to indicate that Saudi Arabia has
acted as a leader or dominant firm within the cartel, although
that possibility cannot be formally rejected. If the Saudis have
performed such a role, then at least one can say that it has not
been executed with sufficient vigor or consistency to be clearly
discernible in the data.” (Quoted in Alkhathlan et al. (2014))

This conclusion has been criticized in Alkhathlan et al. (2014), who argue
that the behavior of Saudi Arabia changes over time. Alkhathlan et al. (2014)
reduces the conflict between statistical reports concerning the coordination of
Saudi Arabia with the rest of OPEC to the matter of the time frame used in the
analysis. Alkhathlan et al. (2014) reports that when studying the correlation
between the export or the production of Saudi Arabia with the remaining
of the OPEC, Griffin (1985) obtains a positive correlation using 1971-1983
data, that Dahl and Yucel (1991) obtains weak evidence of coordination using
1971-1987 data, that Kaufmann, Bradford, Belanger, Mclaughlin and Miki
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(2008) find no correlation using 1987-2003 data and that Al-Yousef (2012)
cites 1973-1994 data and obtain negative correlation.

Alkhathlan et al. (2014) argue that the correlation of Saudi Arabia’s oil ex-
port with the one of the rest of the OPEC, goes through periods of moderately
strong correlation followed by periods of weak or negative correlation. Hence,
to statistically analyze the relationship between Saudi Arabia and OPEC,
Alkhathlan et al. (2014) considered six different periods of time: 1973.Q1-
1978.Q3 (positive correlation), 1978.Q3-1985.Q3 (weak or negative correla-
tion), 1985.Q3-1990.Q2 (positive correlation), 1990.Q2-1998.Q2 (weak or neg-
ative correlation), 1998.Q2-2009.Q2 (positive correlation), 2009.Q2-2012.Q1
(weak or negative correlation). In Alkhathlan et al. (2014) the authors write

“Saudi behavior is more complicated than can be captured by a sin-
gle economic model. Such models were designed to explain firms’
economic behavior in particular industries; geopolitical and secu-
rity concerns are ignored. But Saudi Arabia is the leading producer
of the world’s most important product, subject to international
pressures and security threats to its national sovereignty. Given
the dramatic changes in geopolitics and in the market since 1973,
it should not be surprising that Saudi behavior cannot be well ex-
plained by a single model. [...] several different models would need
to be adopted, depending upon the change in circumstances.”

This conclusion has been supported by others studies. Fattouh and Ma-
hadeva (2013) argues that theoretical models do not perform well since they
do not consider OPEC’s varying conduct. Huppmann and Holz (2012) uses
game theoretic reasoning to discuss changes in the behavior of the players
in the crude oil market. More recently the work of Al Rousan et al. (2018)
uses a dynamic network econometric model to measure changes in the relative
influence of Saudi Arabia between 2002 and 2016.

The following application of the MLSW process to the oil market is mo-
tivated by this debate. The literature agrees that the changing environment
and the changing strategies of the player in the oil market render the conclu-
sions drawn from past statistical analysis difficult to interpret. However, the
state of the art has made all analyses subject to the assumption of covariance
stationarity. Alkhathlan et al. (2014) intend to circumvent the difficulty by
applying different models on data from different periods of time defined a pri-
ori based on qualitative and historical analysis. Al Rousan et al. (2018) use
a dynamic network model, but it is restricted to a short period of time.

In the following, we apply the MLSW model to estimate the time-varying
similarity between the oil production of Saudi Arabia and others OPEC coun-
tries over a long period of time going from 1973 until 2022. By doing so we
use a single model and provide a coherent response to the question of whether
or not Saudi Arabia coordinates with the rest of OPEC. Because we use a
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single model to produce the measurement, it becomes possible to answer the
question of the relative coordination of Saudi Arabia with OPEC across time.
The measurements show that the level of coordination of Saudi Arabia
with the rest of OPEC has greatly increased since the birth of the organiza-
tion. However, this long-term increase was subject to shocks, and periods of
massive drops in coordination are observed (especially in the aftermath of the
first gulf war). The measurement allows identifying a posteriori 16 periods of
increase, or decrease in cooperation. This segmentation of the last half cen-
tury in 16 periods is coherent with a consensus analysis of the recent history
of the oil market. The projection of this historical analysis into our measure-
ment suggests that the decisions of Saudi Arabia (for instance in response to
geopolitical events) has a great impact on the level of coordination.

5.2.2 The model

This section defines the model that is estimated below. Let XM (¢) be the
first log difference of the quarterly crude oil production of Saudi Arabia. Let
X®@)(t) be the first log difference of the quarterly crude oil production of the
OPEC without Saudi Arabia.

We assume that the vector of time series (X (t), X (¢))T belongs to
some class of MLSW(q) processes. Moreover, we assume that each element of
the increment process may be written as

J(n)p

=Y A

where Z,, . are independent Gaussian random variables with mean zero and
unit variance. The sequence {Z,, 1} is interesting and implies that at each
point in time and at each scale, there are p exogenous and independent random
shocks, that generate the vector of time series. The time-varying second-order
structure of the increment of the MLSW(q) process follows from the linear
combination of those random shocks. Indeed we have

<

(n)
(Cov(sgfik)s A (2) Zo Z Al /1 m'.q)
m:l

S|

<

(n)p

Z )

(u,v)
gl

where the second line follows from the independence of the random shocks
Zm,; and the third line follows from Definition 6. Consequently, by Definition
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6 we have that the EWS functions takes the form

J(n)p

S (2) == Wi (2) Z Al “(2). (5.2.1)

Moreover we have that

n—1J(n)p -

X =2 ) Dk )
k=0 =

1
=0 m=1 j=—00

W () AW (2) k().

In this model, we are interested in the vector

u u J(n)pyn
Y = (X () Zg b P Vo

whose expectation is such that each of its elements provides the covariance at
each point in time, between the random variable XT(LM) (t) and the Jp exogenous
shocks at time k. As such, this expectation may be seen as a vector of impulse
response functions that provides a measure of the response of a given time
series at time ¢ when it is submitted to random shocks time k.

We are interested in er},?, because we want to measure the similarity be-
tween the response of two given time series to the Jp exogenous shocks hap-
pening at each point in time. We formalize this idea by defining the measure
of similarity in the response of two random variables in terms of cosine of the
angle between the YTEZ) and ervk) for u # v, that is

EVH), BV
IECY, ) 2 IECY, ) 2

n,

cos (0B B) ) -
where

(EY), B, %))
J(n)p -1

n—1
=> > Z WM () AW (W ()AL () S wa )by a(t)
t=0

m= 1]_*J(”)J'_*J (n)
_ J(n)p
— Z Y W W (2)Al, (2)A%)(2)
j=—J(n) m=1
- )
Z SJ,J
j=—J(n)

= C(uﬂ))( ) Z)

where the first equality follows from direct computation, the second equality
follows from orthonormality of the wavelet functions, and the third equality
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follows from Equation (5.2.1) and the last line follows from Equation by noting
that @ ;(0) is the unit vector. Hence

cos (O(EO I EY) ) = 50

where p(*?)(z) is the instantaneous correlation between the two variables.
Hence, by Theorem 11 and Slutsky’s lemma, a consistent estimator of

cos <9 (E(Ynaqz)), ]E(Yé?))) is given by

—1 7U,V

cos(f) = ST 7 (5.2.2)
-1 U, —1 FU,
< j=—1 Iﬁfk,n) < j=—1 Iﬁfkm)

We are also interested by the spectral decomposition (scale by scale) of
the second-order structure of the signals. Hence, since the cosine similarity
may be interpreted as the correlation between the two signals, we extend the
analysis to measure the local coherency of the two-time series. The concept
of local coherency may be interpreted, as the scale-analog of the correlation
between two signals (see e.g. Ombao and Van Bellegem (2008)) and is defined
as

B () (0,2)
VCE0(0,2)/CE) (0, 2)

k() (5, 2)

and is consistently estimated by

TU,V

/%(U/,’U) (], Z) — j:j:kzn

1/2 1/2
TU, U 7U,0
<Ij7j7k‘.7n> (Ij7j7k7n>

forall j =—1,...,—J.

5.2.3 Results

We use the data for the quarterly crude oil production (in barrels per day) of
Saudi Arabia and of the rest of OPEC that is publicly available on the U.S.
Energy Information Administration database. Our data range from the first
quarter of 1973 to the third quarter of 2022.

The cosine similarity is estimated for every quarter between 1973Q2 to
2002Q3 using Equation (5.2.2). The results are displayed in Figure 5.3. Figure
5.5 display the corresponding Local coherency.
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Figure 5.3: Cosine similarity

Estimation of the cosine similarity as defined in Equation (5.2.2) for every
quarter between 1973Q2 and 2022Q3. The dotted green vertical line represents
the separations between the periods identified by Alkhathlan et al. (2014).
The red plain vertical line represents the separations between the period we
identify based on our measurements.

Figure 5.3 demonstrates that the level of coordination (here and thereafter
assimilated with a positive value of the cosine similarity) of Saudi Arabia with
its partners in OPEC greatly varies in time. Interestingly the level at the
beginning of the period is much lower (around 0.15) than at the end (nearly
0.6). Moreover, it appears that this long-term increase in cooperation is highly
non-linear and goes through periods of decrease in cooperation followed by
periods of increase in cooperation.

In Alkhathlan et al. (2014), the authors divided the period going from the
second quarter of 1973 to the first quarter of 2012 into six different periods of
time during which Saudi Arabia cooperated more, or less with its partners in
OPEC. Our measurement allows us a much more fine-grained identification
of the period during which the cooperation of Saudi Arabie with the rest of
OPEC increased of decreased. For the period going from the first quarter of
1973 to the third quarter of 2022, we identify 16 different periods. Below we
project the historical analysis of the history of OPEC provided in Alkhathlan
et al. (2014) into our segmentation of time (for segments posterior to the
first quarter of 2012, that are not analyzed in Alkhathlan et al. (2014), we
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provide our own historical interpretations). We found that our measurement
and the periods we identified are consistent with the historical facts pointed
out in Alkhathlan et al. (2014) (one may even argue that the periods our
measurement allowed us to identify are somewhat more consistent with the
historical analysis provided by Alkhathlan et al. (2014) than ones the authors
identify in their paper).

Historical interpretation of the curve in Figure 5.3

From 1973.Q2 to 1974.Q1 OPEC quatrupled prices and OPEC countries
nationalized their oil reserves. This was called the first oil shock (Alkhathlan
et al., 2014).

From 1974.Q1 to 1976.Q3:  The first oil shocks induced a recession in the
world economy. Demand for OPEC oil stopped growing and the organization
responded by implementing a policy of proportional restriction on export.
(Alkhathlan et al., 2014). This policy seems to have increased coordination
between Saudi Arabia and the remaining of OPEC at the beginning of its
implementation but we observe the estimated cosine similarity dropping as
soon as 1975, suggesting that competition among OPEC members may have
had reduced their coordination.

From 1976.Q3 to 1981.Q2 Demand for OPEC oil recovered (Alkhathlan
et al., 2014). In late 1978, the Iranian Revolution shut down oil production
in Iran and Saudi Arabia increased its own export to partially offset this loss.
Interestingly our model does not detect any effect of the Iranian Revolution
on the coordination of Saudi Arabia with the remaining of OPEC. This period
is marked by an increase in coordination.

From 1981.Q2 to 1986.Q3 The second oil shock happened during the
years 1979-1980. In itself, the oil shock did not undermine cooperation in
OPEC. Actually OPEC implemented a policy to defend the 1979-1980 price
doubling. This policy exacerbated the world recession. Many economies re-
sponded by shifting away from OPEC oil (by shifting away from oil to generate
electricity and heating space, as well as by buying oil from non OPEC produc-
ers) (Alkhathlan et al., 2014). This translated into large cuts in the demand
faced by OPEC. It resulted in a significant reduction in coordination between
Saudi Arabia and the rest of OPEC.

From 1985.Q3 to 1991.Q2 At the end of 1985, Saudi Arabia abandoned
its output-restricting policy to let crude oil price be determined by the netback
pricing of oil products (Alkhathlan et al., 2014). This was followed by a
reinforcement in OPEC coordination as it implemented production quotas to
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manage the gradual increases in the export of its member and facilitate the
recovery of their market share. Our model captures the effect of this policy
through a significant increase in cosine similarity.

From 1991.Q2 to 1997.Q4 In August 1990 Irak invaded Kuwait and the
export from both countries stopped. In response, Saudi Arabia responded
by doubling its export and maintained it at this level for nearly a decade
while the rest of OPEC gradually increased their export (Alkhathlan et al.,
2014). Our measurements suggest this period is marked by a drastic dropped
in cooperation between Saudi Arabia and the rest of OPEC. From the fourth
quarter of 1996 to the third quarter of 1998, the cosine similarity is even
negative, suggesting that Saudi Arabia and the rest of OPEC responded in
opposite directions to the shocks.

From 1997.Q4 to 2000.Q4 In the aftermath of the Asian Financial Crisis,
Saudi Arabia resumed a more active role in OPEC coordination (Alkhathlan
et al., 2014). This resulted in a massive increase in the estimated cosine
similarity that stabilized around a level of 0.3.

From 2000.Q4 to 2005.Q4 During this period OPEC exports kept on
increasing until 2005 (Alkhathlan et al., 2014). Our measurement suggests a
stabilization in the coordination of Saudi Arabia with its partners in OPEC.

From 2000.Q4 to 2003.Q1 and from 2003.Q1 to 2005.Q4 During
the period going from 2000.Q4 to 2005.Q4 OPEC exports kept on increasing
(Alkhathlan et al., 2014). However, our measurement detects a shift in coop-
eration before and after the invasion of Iraq by the United States of America.
Before, our measurement suggest a slow decline in the coordination of Saudi
Arabia with its partners in OPEC. After, our measurement shows an increase
in cooperation.

From 2005.Q4 to 2008.Q1 In the aftermaths of China entrance into the
World Trade Organization and the acceleration of its integration into the in-
ternational chain of production, the demand for crude oil grew faster than
OPEC and non-OPEC oil suppliers could respond (Alkhathlan et al., 2014).
In response the level of price surges. That effect negatively affected the coor-
dination of Saudi Arabia with the rest of OPEC.

From 2008.Q1 to 2009.Q4 Consequently to the Great Recession, OPEC
implemented a novel policy of proportional restriction on export in order to
mitigate the drop in price(Alkhathlan et al., 2014). Interestingly, the effect
we measured is similar to the one measured in 1974-1975: an increase in
cooperation that is followed by a drop in cooperation leaving the level of
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cooperation at the end of the period at a close level than the one at the
beginning of the period.

From 2009.Q4 to 2014.Q1 In the aftermath of the Great Recession, prices
recovered as a consequence of growing demand from developing countries
(Alkhathlan et al., 2014). This effect on price has then been greatly rein-
forced by the Arab Spring revolts starting in 2011 (Alkhathlan et al., 2014).
During this period OPEC responded by increasing its cooperation.

From 2014.Q1 to 2016.Q2 In response to (1) the rise of non-conventional
oil production in non-OPEC countries (in particular the shale oil production
in the USA), (2) the slowing down of growth in China, (3) a shift of market
power from Saudi Arabia to USA (Al Rousan et al., 2018) and (4) the entrance
of the oil market in an exploitation phase (characterized by declining price)
(Fu, 2016), Saudi Arabia implemented a market share strategy during which
it increased exports to maintain prices low in the hope to gain market share
(Behar and Ritz, 2017). This period is marked by the stability of cooperation
between Saudi Arabia and the rest of OPEC.

From 2016.Q1 to 2020.Q1 The market share strategy failed because it
was not able to drive shale oil producers out of the market. In response, Saudi
Arabia shifts its strategy again in order to secure revenues. In a move to regain
market power, OPEC implemented an agreement of cooperation with Russia
and nine other non-OPEC producers (Declaration of Cooperation OPEC and
non-OPEC, 2017). This new group is now known as OPEC+ and still exists
to this day. The implementation of OPEC+ led to an important increase in
the coordination of Saudi Arabia with the rest of its partners in OPEC.

From 2020.Q1 to 2022.Q3 In early 2020 the COVID-19 pandemic started.
From this point, the cosine similarity stabilize at an unprecedented level (near
0.6) despite the huge recession that followed the anti-covid policies. In early
2022, Russia invaded Ukraine, the data at our disposal does not yet allow

us to conclude anything about the effect of this shock on the cooperation of
Saudi Arabia with the rest of OPEC.

5.2.4 Robustness analysis

The first step of our robustness analysis is to compare the measure in Figure
5.3 with the one of a more common estimator. Since the cosine similarity may
be interpreted in terms of instantaneous correlation, we measure this quantity
using a rolling window of the same size as the smoothing parameter, which is
a more common estimator of the instantaneous correlation.

The results of this estimation are displayed in Figure 5.4. They show that
measuring the instantaneous correlation using a rolling window yields a less
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Figure 5.4: Local Coherency

Estimation of local coherency at different scales, for every quarter between
1973Q2 and 2022Q)3.

smooth result. This difference is due to the fact that in the estimation con-
ducted via our own estimator, the time series a projected onto the wavelet
domain, and hence produces some loss of information. The second main dif-
ference between the two estimators is that, even if they display somewhat
similar shapes, the values estimated are not of the same magnitude. This also
prevails when we compare the on each graph the relative magnitude of the
positive and negative spikes.

The second step of our robustness analysis is to change the size of the
smoothing parameter. The estimation displayed in Figure 5.3 was obtained
using a rather large smoothing parameter (i.e. we set the smoothing parameter
to m = 34 ~ n?/3. This choice, while providing interesting results in regard
to the above historical analysis, may induce a somewhat important bias in
the estimation by putting too much weight on long terms effects. Hence, in
Figure 5.6 we display our results using a much shorter smoothing parameter
m = 4, meaning we are smoothing over a year.

The estimation of the cosine similarity is displayed in Figure 5.7, the esti-
mation of the local coherency at various scales in Figure 5.8, and the estima-
tion of the instantaneous correlation measure via a rolling window of the same
size as the smoothing parameter is displayed in Figure. The most important
conclusion we draw from the result is that the time localization, as well as the
relative amplitude of the shocks, are affected by this change. This difference
appears in the estimation provided by the rolling window estimator and hence
may be completely attributed to the change of smoothing parameter that is
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Figure 5.5: Instant correlation estimated using rolling window

Estimation of the instantaneous correlation using rolling a rolling window, for
every quarter between 1973Q2 and 2022Q3 with a smoothing parameter of 4.

not an artifact of the wavelet-based estimator. Those differences highlight
the importance to render our estimator adaptative in future research. Finally,
the estimation of the local coherency appears to be more informative once we
reduce the smoothing parameter.

The last step of our robustness analysis is to use higher-frequency data.
Hence, we resume the estimation using monthly data and fix the smoothing
parameter to have the same order of magnitude relative to the sample size, as
in the estimation displayed in Figure 5.3, namely approximatively n2/3.

The results are displayed in Figure 5.9, 5.10 and 5.11. They mostly indicate
the same patterns as the estimation conducted with the quarterly data. The
main and important difference comes from the time-localization of the shocks.

The main insight of our robustness analysis is that the smoothing step
of the estimation is determinant and may provide qualitatively different re-
sults. In particular, we stress the importance of the smoothing parameter.
As already suggested in the simulations, a more fine-tuned estimation should
be possible by choosing a different smoothing parameter for each different
scale. Moreover, a deeper analysis of the result, especially with regard to the
history of the oil market, may help to select a ““better” smoothing param-
eter. However, this strategy may be dubious from a scientific point of view,
since it might lead to selecting the smoothing parameter based on a confirma-
tion bias, rather than letting the data speak for itself. This conclusion stresses
once again the importance of rendering the estimation adaptative, in the same
fashion as in Van Bellegem and von Sachs (2008).
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Figure 5.6: Cosine similarity estimated with a shorter smoothing parameter

Estimation of the cosine similarity as defined in Equation (5.2.2) for every
quarter between 1973Q2 and 2022Q3. The estimation uses a shorter smooth-
ing parameter than in Figure 5.3 whose value is here fixed at m = 4.
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Figure 5.7: Local coherency at different scales estimated with a shorted

smoothing parameter

Estimation of local coherency at different scales, for every quarter between
1973Q2 and 2022Q3. The estimation uses a shorter smoothing parameter
than in Figure 5.3 whose value is here fixed at m = 4.
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Figure 5.8: Instantaneous correlation estimated using rolling window and a
shorter smoothing parameter

Estimation of the instantaneous correlation using rolling a rolling window, for
every quarter between 1973Q2 and 2022Q3 with a smoothing parameter of 4.
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Figure 5.9: Cosine similarity estimated with monthly data

Estimation of the cosine similarity as defined in Equation (5.2.2) for every
month between February 1973 and November 2022.
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Figure 5.10: Local coherency at different scales estimated with monthly data

Estimation of local coherency at different scales, for every month between
February 1973 and November 2022.
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Figure 5.11: Instantaneous correlation estimated using rolling window and
monthly data

Estimation of the instantaneous correlation using rolling a rolling window, for
every month between February 1973 and November 2022.
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5.3 Appendix

5.3.1 Proof of Theorem 7
By Definition 6 we have for |j — 1| < ¢

E(jim) = B a0 3 X nal)
= Z > du(t)u(t - i)E(Xn<t><u>X7s“> (t=7))
= Zt: Z by (t)n(t — T)Cov( X, ()W X (t — 7))
= i Z Di k(O r(t = T)OF ) (=, 2)
= Z‘I’al )CL (=T, 2) (5.3.1)

where the last line is obtained for n high enough (namely n > 27(L[h] — 1)).

Hence, since we constructed the vector I (u,0) by using the same injection that
we used to construct the vector ®;(7) in 7 we obtain that

)= Z@J(T)Cé“’”’(—n 2)
= ZQDJ(T)@} )+ Z<I>J “”) —T,2) — C(“’”))(—T, 2)

= Ags8%Y(2) +Z¢J uv) —1,2) — CW) (7, 2)),

Finally, let ¢ represent a vector of one’s in RY(24t1) | we have that

/ 1Y " ®(7) (=7, 2) — CWV) (=7, 2))||2dz

g/ 13O (=7, 2) — O (=7, )| |ads
0’ TEZ

SBY [ 1002 - o o i
TEZL [0,1]
J(2q+1

go((n))_

where the first line is obtained by Cauchy-Schwartz inequality (on the sum
for 7 € Z) and the fact that absolute value of the CCWF is bounded by one;
the second line is obtained using ||v||2 < ||v||; and applying Tonelli’s theorem
twice; and the fourth line is obtained by applying Corollary 2. g
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5.3.2 Proof of Theorem 8

Recall that
Var(Ii)) = E[L012 — E(L;0)?

Observe that by Definition 6, the wavelet coefficients are jointly normally
distributed. Since by Isserli’s theorem we have that

BIG2 = 2B(dSy), dfY) )2 + B(dly), by B df7))

= 21&(1%2) + B EISO)

we write

Var(I)) = E(IG)? + EIM EISY )

Hence by Equation (5.3.1) we obtain
Var( g(lk ) Z U, c) (7, 2))? + Z \Ifj7jC,(1”’“) (1,2) Z \Ill,lC,(f’”) (1,2).

Since
Z U, (T S(u U) (z) + Z 2% (C,(L“’”)(T, z) — C(r, z)(“ “))
let R(J,q,n,z,u,v) = (Céu’v)(r, z) — C(T,z)(“»v)), we then have
Var(I§)) =

<Z‘1’j,z<1>J(T)S§ > Z\IJH@J Z\y”q)] )5)

+ O<R(J, q,n, z,u,v))

5.3.3 Proof of Theorem 9
We have

X 1 X
E(Tgin) = sap 71 O BULED)
then by Theorem 7 we have
E(I" ) = 4, ;8™ 4+ R(J,q,n, z,u,v)

k+sn z+s/n
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where z = k/n. By adding zeros we obtain

E(5,) = AqrS + A (SUy3), = SY) + R(J.q,m. 2, u,v)

Since we assumed the EWS functions Sj(qf’v) (z) to be Lipschitz continuous with

(u,0)

Lipschitz constant le , we construct the vector

) = (CJ(-,T;’U)) =il=—1,..,.—Ji|l—j|<q

by using the same homeomorphisme than in Definition 5 and obtain the fol-
lowing bound

Ry w,v S uv
ACIvJ(Si—s—’s}n B S»'S' 7 )) = EA%JC( ’ )

Moreover since A, s is an invertible matrix, it is bounded. Hence sn™14, ;C (wv) —
O(s/n) and

E(Iliiqs))n) - AQJS?E'%U) + O(%) + R(‘L q,n, z,u, ’U).

Consequently
u,v M

5.3.4 Proof of Theorem 10
Using that for any constant ¢, we have
Var(c Zvl =c ZZCOV Vi, Vj)
i=1 =1 j=1

We bound the variance of the smoothed wavelet periodogram by

Jlu) (u,v)
Var( jlan) 2M+1 (OM 1 1)\2 Z Z|COV jlk—i—snM?Ijlukv—l—s—&—nnMN

By Isserli’s theorem for higher moment of multivariate normal we have

(COV(I](Z k-i)-s nM’Ijl k+s+n nM) (5.3.2)

o (u,w) u,v) (u,v)
E(I]l k+s; nMI]l k+s+k; nM) E( 7, k+s nM)E(Ijl,k—i-s—i-n;nM)
_ (u) (u) (v) (v)
- E(djukJrs ndjukJrern n)E(dl,kJr dlz;c+s+n n)
(u) (u)
+ E(dj k+sn l k—l—s—i—/@ n) ( l k-‘,—s nd],k—i-s—i—n n)
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B, indf s min) = Z% s () X (6) ZX U)ukssn(t'))
- zt:z,:¢k+s ()b (t — 7)E(X (1) X (t — 7))
= zt: zt: Diketsin (8Pt = ) Cov( X, (8) ) X (t — 7))
=3 D ikrs Ot — 7 = K)CL (7, 2)
= zt: ‘I’TJ,Z(T +R)CY (7, 2)
_Z\yﬂ (7 + R)® (1) (2) + 7(J, ¢, m, 2, u, ).

We observe that

5 Wil + 1)) ZZ%I ™ R)Wa(r) )5 (2)

then since

Z (7 + K5)Wri(7) < 4dmin{Lj, Ly, Ly, Li }1 x| <max{L;,L;, L., L;}
~

this bound follows from the facts that (1) the absolute value of the product
of wavelets is bounded by one, (2) that the maximum support of a product of
n wavelet is n times the length of the of the support of the wavelet with the
greater support, and (3) that for a |k| too high relatively to the supports of
the wavelets involved in the product, the all product goes to zero.

Hence we have the bound

E(d§'?;€)+smdl(,vk)+s+mn) =4 Z Sﬁ’v) (2) min{ Ly, Ly, Ly, Li} 1 jw|<max{L;.Li,Lr.Li}
T,
+ T(‘L q,n,z,u, U)
Moreover, observe that by changing variable, we can write

q

> Z > S

r,izfl,f...,fJ;|r7i|§q r=—Ji=—q

which, combine with the above bound provide

E(dg'zc)—&-&ndl(j)k)—i-s-i-mn) < 41|“\§maX{Lj,Ll} Z Z mm{LT’ LZJ”"}
r=—max(j,l) i=—¢q

—max(j)-1 g

+ 4min{L;, L;} Z Z S(M) (2) 1| <max{Lr,Liir}
r'=—J

+r(J,q,n, z,u,v).
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This means that we can bound |E(d§.7u,2+smdl(7”k)+s+ﬂm)E(dl( k)Jrs ndfk)ﬁﬁ )l
in Equation (5.3.2) by

—1
161 <max(yLy 9. Sea(2) ZS(““) ymin{L,, L, }

r=—max(j,l) i=—q

—1 q
S > S (@) min{Ly, Lis}

r'=—ji'=—q

+ 161 <max{L;, 1) min{L;, L} Z ZS‘“’ ymin{L,, Li,}
r=—max(j,l) i=—q
—max(j,l)—1

Y St

r'=—J i'=—q

1 q
+ 41| <max{L,, L} Z Z min{ L, L; 1, }r(J, q,n, z,v,u)
r=—max(j,l) i=—q
—max(G)-1 g
+ 16 min{Lj, Ll}1|n|§max{Lj,Ll} Z Z Sru;/) 1\H\<Inax{LT,L,+T}
r'=—J iV=—
-1
Z Z S(u “(2)min{L,, L;1.}
r=—max(j,l) i=—q
— max(j,l)—
+16min{L;, L1} Y Z S (2
r=—J i=—q
—max(G)-1 g
Z Z Sv(au’; 2) 1| <max{ L, Liyr Lo Ly}
r=—J i'=—gq
—max(G)-1 g

+4min{Lj7Ll} Z Z Sﬁuv 1\H\<max{LT,L1+T}T(‘] q,n,z,v ’LL)

r’'=—J i =—

_ q
+4r (14,0, 2,0, 0) j<max(iyon) DL O min{Le Lip } S (2)
r=— max(j l)i=—q

— max(j,l)—

+4r(J,q,n, z,u,v) min{L;, L;} Z Z S(u ) 2)1 | <max{Ly,Lisr}

r'=—J i'=—q
+ T(J7 q’ n7 Z? u’ /U)T(J7 q’ n? Z’ U’ u)

which simplifies in
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-1

161\m\§max{Lj,Ll} Z Z S(u U) min{LT, Li-‘rr}
rzfmax(j,l) i=—q

Z Z S ) (z)min{L’., Ly 4, }

rl=—jil=—

+ 161 <max{L,, £, Min{L;, L} Z ZS(“) ymin{L,, Li,}
r=—max(j,l) i=—q
—max(j)~1 g

>3 s

r'=—J i'=—q

q
+41\N\§max{Lj,Ll} Z Z min{LT7Li+T}T(JaQ7naZ7U7u)

r=—max(j,l) i=—¢q
—max(G)-1 g

+16min{Ly, L} cmaniryny D D SU(2)

r'=—J i'=—q

Z Z S(“ U) z)min{L,, L;y,}

r=—max(j,l) i=—q
—max(j,l)—1
+16min{L;, L} Y Z S0 (2)
r=—J i=—q
—max(j,)-1 ¢
> Z it (2) 1| <max{ Lo L L1 Ly g0}
r'=—J i =—

—max(j,l)—1

+amin{L;, L} Y. Z S ()1 ) <ot Lo Loy (2 €10, 2,0, 1)

r'=—J i'=—q
1 4
+4r(J, 4,1, 2,1, 0) x| <max{L;,Li} Z Z min{L,, LHT}Sﬁ?v)(@
r=—max(j,l) i=—q
—max()-1 q
+4r(J,q,n, z,u,v) min{L;, L; } Z Z STZL; 2)1|x|<max{L,,Lisr}

r'=—J i'=—q

r(J,q,n, z,u,v)r(J,q,n, z,v,u)

and since ), 1j<r, = 2Lq, summing the above quantity over » leads to
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-1 q
Bjigs =32max{L;, L} Y > S\ (z)min{L,, Lit}

r=max(j,l) i=—q

Z Z S () min{Ly, Ly}

—max(j,l) ¢/

r'=

+ 32max{L;, L;} min{L;, L;} Z Zs“” ymin{L,, Li;,}

r=—max(j,l) i=—q

— max(jl) -

Y s

rl=—J l/_—

+ 8max{L;, L;} Z Z S u) z)min{L,, Liy, }r(J, ¢, n, z,v,u)

r=—max(j,l) i=—q

— max(4,l)

+32min{Ly, L;} max{Lj, L} Z Z ST !

Z Z Sﬁ?v) (z) min{L,, L;1,}

r=—max(j,l) i=—q
— max(j,l)— —max(j,l)-1 ¢

+ 32min{L;, Lz} Z Z Z Z

r=—J i=—q r'=—=J

S’ﬁ;’v) (Z)SSL;,)) (z) min ((max{Ly, Litr), maX(LT7 Li'+7~/})}
+8 min{Lj, Ll}

—max(j,)—1

Z Z S ) z)max{ Ly, Ly, }r(J,q,n, z,v,u)

+8r(J,q,n, z,u,v) max{L;, L;} Z Z S uv) z)min{ L,, Lii,}

r=—max(j,l) i=—q

—max(j,l)—1

+8r(J,q,n, z,u,v) min{L;, L;} Z Z Sr, i z)max{Ly, Liy}

rl=—] Z/—_

+ Z r(J,q,n, z,u,v)r(J,q,n, z,v,u)

K

Remark 5 By assumption we have that the EWS functions are such that for
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any o, B =1,...,J, |S§i}3v)(z)| < #ﬂ(aﬁ) where Lo_1 = 2L, then we have

K L
Z Z’Srl )] | < < (2 + 1) min(=j, —1)

l=max(j,l) ™=—4¢

Following the same line of though we have that the well-known formula on
geometric series provides

max(j,l)
" B min(Lj7 Ll) ‘

I=—J r=—gq

Hence by Remark 5 we have

S 3 S min{Le e < X 20+ min-i. -y max(z,, 22

r=—max(j,l) i=—¢q

And consequently

Bj1q, < 8max{L;, Li}*K*(2q + 1)* min(—j, —1)?
+ 64 max{L;, [;}*K*(2q + 1)? min(—7, —1)

K
+ 16 max{L;, Ll}Q—(Qq + 1) min(—j, —l)r(J, q,n, z,v,u)

—max(j,l)— — max(j,l)

+32min{L;, L)Y Y Z Z Z

r=—J i=—q r'=—

5L (2)854) (2) min ((max{Lr, Litr), maX(LT, L,-,+r,})}

T,

— max(j1) -

+ 16min{L;, L;} Z Z S uv) z)max{Ly, Ly, }r(J, q,n, z,v,u)

i'=—q

+ (2M + ]‘)T(J? q7 n? Z? u7 ,U)T(J7 Q7 n? z? U? u)

We observe moreover we can write

- max(]7l q - maX(]J q

Z Z Z Z S w) (u U) (z) min ((max{L,, Li1,), max(Lj., Ly, })

y—

r=—J i=—q r'=—
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as

— max(j,)

Z Z STZ maX{Lr,Lz_H}Z Z ST

r=—J i=—q I'>li=—q
—max(j,l)-1 ¢

2 (2)

+ Z Z Suv) max{LT,Ll+r}Z Z S (2)
r=—J i'=—q 1>l i=—q
which, by Remark 2 can be bounded above by
—max(j,)—1
Z Z S(u v) z)max{L,, Liy,} Z Z
r==J  i=—q U>li=—q Lain(r .17
—max(j,l)-1 ¢
+ Z Z S(u U) z)max{L., Ly} Z Z
>0 i——q mln(r 1)
which can be bounded above by
— max(4,) q
> Z S ()2 3K
r=—J i=—gq U'>li=—q
— max(j,l)— q
s Z Sty K
1>l i=—q

which, by Remark 2 can be bounded above by

—max(j,)-1 ¢ —max(j,l)—

K(2q+1)< S Y s+ Z ZS(“”

r=—J i=—q
Consequently we have
Bj1q7 <8max{L;, [;}*K?*(2q + 1)* min(—j, —1)*
+ 64 max{L;, Ll}2K2(2q + 1)? min(—4, —1)
+ 16 maX{L],Ll} (2q+ 1) min(—j, —0)r(J,q,n, z,v,u)

+32min{L;, Ll}2K2(2q + 1)
— max(j,l)—

) < K%(2q +1)%

+ 16min{L;, L;} Z Z S’T Z z)max{ Ly, Ly, }r(J,q,n, z,v,u)

+ @M+ 1)r(J,q,n, z,u,v)2

Hence we have shown that
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Bjiq7=0 ( max{L;, Ll}gq2 min(—j, —l)2> +

+0 < max{L;, Li}2qmin(—j, —)r(J, q¢,n, z, v, u))
— max(j,)

+ 16min{L;, L;} Z Z Sr i z)max{Ly, Ly, }r(J,q,n, z,v,u)
=] =

+ O(MT(J7 q7 n? Z? u7 ’U)z)

Moreover, since we have that

—-max(jl)-1 ¢ L,

uv) ; < ——F—2K 1
/Z_J IZ S maX{L’/‘7LZ+T’} — mln(LJ,Ll) (q + )

we have

Bjiq1=0 ( max{L;, Ll}3(2q + 1)2 min(—j, —l)2> +
+ 0 max{y, L2+ Dmin(—j. ~Dr( gm0

Ly
O Gy o Uz

+O(Mr(J,q,n, z,u,v)Q)

and since for any a = —1, ..., —J we have L, = O(27%) we have shown that
Bjiqs =0 (2‘ mintit g min(—, l)2> +
#0278 guin( . (gm0

+0 <2J_mi”{j’l}q7“(J, q,n, 2,0, U)>

+ O(MT(J7 q? n? Z? u? U)Q)

and since M < (n+ 1)/2 and then by Proposition 9 in the previous Chapter,
we have
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B4 =0 <2 min{3l} g2 min(—, —1)2) +
i o(rmin{j’l}qmm(—j, (., u>)

+0 <2J+mi“{j’l}qT(J, g, 2,0, U)>

We note that the same bound can be derive for

(u) (u) (v) (u)
|E(dj,k+s;ndl,k+s+n;n)E(dl,k—l—s;ndj,k—l—s—&-n;n) |

in Equation (5.3.2).
In summary we have

Var(Ifi)) < WQM +1)Bijq.0 (5.3.3)
B;jq.J
= —2an 534
(2M + 1) (5:34)
O
5.3.5 Proof of Theorem 11
We have
Var(fjlk;nM) < Z ‘Aj_,ll,r,i(qa J) lvar(Ir,i,n,M)l/Q
ri=—1,—...,—J;|lr—i|<q
) A L (0 D) Var (L g 1) 2.
ri'=—1,—...,—J;lr—i|<q

From the proof of Theorem 10, we may write

Var(fjlk;nM) < Z |Aj_71177«,i(% J)|BT,2}(I,J

T7’L:_17_7_‘]1|T_7"§q

1 1/2
> At (@ B g5

7“/7i/:_17_"'7_‘];|7n_i|§q

. —1
and since we assumed that ZT,i:—L—...,—J;Ir—iISq ‘Aj,l,r,i(%‘])’ < ClLningy),

then the result follows since Ly ) = o(2minti), O
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5.3.6 Proof of Theorem 12

Let V(2) = I, p(2)—S(z) and consider ||V (2) TV (2) || max where for any matrix
M € R || M||max = max; jeqr, g M ;. Since (V(2)TV(2)) € R(Plog2(n))x (plogs(n))
we have

IV ()13 < ploga(n)lIV(2) "V (2) lmax-

Observe that each element of (V(2) "V (z)) correspond a unique (u, j,u’, j') €
({1, v px{=1, ., =T x{1, ..., pH{x—1, ..., —J}). Hence by Cauchy-Schwarz
inequality we can bound each component of E(V (2) TV (z)) as

ZZE( R (A VR ”)>)

1/2
<ZZ( ) S<“”>12E[<I,SM2J—S<“’>])

where

B, — St 1 = B, — S5+ VarDg,)

Hence by Theorem 11, we have that

M?log3(n)
n2

) + O(logQ(n))

F(u'v) (u V)2 _
E[I Mg S ] - O( M

n

which implies
IVl = O plogl(m) (AL + —
2) | max = ogs(n)(— + —————
> n?  Mlogy(n)

and hence

2
V()3 = 0(102 S )

which is the result we intended to prove. O
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Six

From double asymptotics to
functional regression

Abstract

First, during the production of this thesis, questions arise concerning
the kind of models one use to model high-dimensionality. As we discuss
in the introduction of this chapter, there are two main approaches. Hence
we questioned the links between the two approaches.

Second, in the approach of high-dimensionality considered in this
thesis, one conducts asymptotic reasoning with both the number of ob-
servations and the number of covariates diverging. As we touch briefly in
the second section of Chapter 2, this double asymptotic regime implies
that objects of interest (such as the parameter of interest), change when
one let the number of observation increase. Hence we asked: what does
the consistency of an estimator mean in this context?

Third, at the very end of the production of this thesis, we came
to understand (better late than never) that statistical analysis does not
require the data (the observables) to be random wvariables. Actually,
the data can be considered as mere number tables without affecting our
ability to statistically analyze them. It is possible to do so using the
concept of statistical experiments. In return, the mathematical analysis
of estimators, test statistics,... and their qualities, may be conducted in
the abstract structure of statistical experiments. In this paradigm, one
cannot rely on a true probability to measure events. Hence we asked:
under which probability measure is it possible to state that an abstract
estimator converges to a parameter?

The present chapter connects these three questions. Providing early
results to answer them, it opens the path for further research.

6.1 Introduction

There are two main types of statistical experiments that encompass high-
dimensionality.
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The first one, that is the one we considered so far in this thesis, supposes
the number of covariates, p, to be a function of the number of observations, n
(e.g. Stock and Watson (2002)). More formally, in this setting, one considers a
sequence of data {X,, € R”Xp(")}neN and a sequence of statistical experiments
{&€n}nen that if the observations are supposed #id, may be written as

n times

{Entnen = {RVPM o(RPM) x ... x g(RFM™), (Py, )"0, € Ontnen  (6.1.1)

where o(RP(™) is the sigma-algebra generated by RP(™) P, is a familly of
probability law on RP(™) with parameter ,, and ©,, is the parameter space.

In a second setting high dimensionality is encompassed by letting the di-
mensionality of each observation to be infinite in all the statistical experiments.
In other words, in this second setting, it is considered that the observables are
vectors of infinite dimension or functions. This is for instance the case when
one assumes the observables are iid L?(0,1)—valued random functions as in
functional regressions (e.g. Florens and Van Bellegem (2015)).

A simple functional regression may be written as

Eo(ylz) = (z, B) 2 (6.1.2)
S RECLGT
0.1

where 3 is a non-random function in L?(0,1) and x is a random function
valued in L2(0,1). In this case, the sequence of statistical experiments may
be written as

n times

{Entnen = {R™FOD 5(L2(0,1)) x ... x 0(L*(0,1)), (P)"|0 € O}pen

In this above approach, which we call the infinite dimensional setting, one
works with functional spaces instead of working with finite dimensional vector
spaces. However, besides the technical difficulties coming from this fact, the
infinite-dimensional setting remains an instance of the standard single asymp-
totic statistical experiment in which the dimensionality of the covariates is
fixed, and only the number of observations grows along the sequence of statis-
tical experiments. Consequently, as in any sequence of statistical experiments
in single asymptotic that suppose that the observations are iid, the parameter
space O as well as the parameter 6 do not need to depend on n'. Observe that
this quality is lost in the double-asymptotic case described in Equation (6.1.1).
There if one focuses on, for instance, the mean, say py, € RP(™) | one observes

'In the context of heteroscedasticity & may be a function of n, however, the parameter
space © does not need to depend on n.
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1o, must changes for every n, even when the observations are supposed to be
iid.

One consequence of this fact is that in the double asymptotic approach
(when both p and n diverge), asymptotic reasoning is different than in the
standard single asymptotic regime (when only n diverges). For instance the
usual notion of consistency of an estimator (in the sense of convergence in
probability to the parameter of interest) needs to be modified.

Commonly, that is in the single asymptotic setting, one states that an
estimator is consistent if

“The sequence of estimators converges in probability to the true
value of the parameter.” (page 3 in van der Vaart (2000))

This concept of consistency, which is essentially the same as that in Amemiya
(1985), suppose that the data {X, € R"*P},cy are, in actuality, random
functions with domain in a true probability space, whose probability measure
determines (induce) the parameter of the probability law of the observables.
However, in the double asymptotic regime, the (assumed and unknown) data
generating process is such that, without strong prior, the probability law of
the (7id) covariates must change at every n (every new (set of) observation).
Hence it becomes unclear what one means by the true (value) of the parameter.

In the context of (single asymptotic) statistical experiments, the above
concept of consistency may be refined by stating that, h, : R"*P — © is a
consistent estimator of an identified parameter, say g(#) for g some function
O, if, for every 8 € O, and every d,e¢ > 0 there exists N € N such that for
every n > N

Po(l[fn — g(0)]| > &) < e

see e.g. Definition 8.1, page 54 in Lehmann and Casella (1998). In the double
asymptotic regime however, the parameter space is a function of n and the
definition needs to be interpreted (and modified accordingly) a minima with
care for this fact.
For instance, one may state that a sequence of estimators say, h, : R>P(n)

O,, is consistent for an identified sequence of parameters of interest, say g, (6y,)
(for a sequence of functions g, on {©, },en), if for every d,e > 0, there exists
(an absolute) N € N such that for every n > N

sup By, (I — ga (60| > ) < c.

0,€0,
This notion is stronger than the one given by Lehmann and Casella (1998)
in the context of single-asymptotics, since, in the above definition, the con-
vergences in probability need to happen uniformly over the whole sequence
On+1, QN42,... where in Lehmann and Casella (1998) the definition of con-
sistency only requires convergence in probability point-wise in 0, for every
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6 € ©. In the third section of this chapter, we study notions of very weak con-
sistency, weak consistency, and strong consistency in sequences of statistical
experiments both in the single and double asymptotic regimes.

A second feature of the type of asymptotic reasoning conducted in the
double-asymptotic setting comes from the fact that, as we mentioned above,
the parameter of interest is actually a sequence of parameters of interest. How-
ever, in general, the limit of this sequence is unspecified and actually, does not
need to exist (nor does the limit of its estimators). For instance, consider the
parameter of interest is the inverse of the covariance of the covariates. At the
limit, this parameter is generally not well defined (unbounded). Putting aside
(for now) that this raises the question of the usual definition of the almost-sure
convergence in the double asymptotic regime, our emphasis on the undeter-
mination of the limit of the parameter of interest come from the fact that
we may not be ready (yet) to abandon completely the idea of true parameter
of (true) probability law of the observables (as in aforementioned Amemiya
(1985), van der Vaart (2000)). If we inverse the heuristic in the above quote
of van der Vaart (2000), the true parameter is the one to which converges a
consistent estimator. Hence it is the limit of the sequence of parameters of
interest. Consequently, if it exists, this limit, the true parameter of interest,
can only live in a space of infinite dimension. Hence defining the true param-
eter in the double-asymptotic regime calls to define a limit space of infinite
dimension. Or, by a continuity argument, it calls to connect conceptually the
double-asymptotic regime with the infinite-dimensional regime.

We believe there are at least two routes toward this unification of the
two regimes. Firstly going from the double asymptotic and studying its limit
by finding constraints on the sequences of objects (parameters, estimators,
o—algebras, probabilities,...), ensuring some desired properties (such as ex-
istence) at their limit. Or secondly, starting with the infinite-dimensional
spaces, defining objects in this space and then studying their projections in a
sequence of finite dimensional spaces of increasing dimensions.

Here we provide early results to tackle the second case. Those results are
derived to answer a simple question concerning the estimation of the functional
parameters in a functional regression defined in L?. Interestingly this question
is directly linked to the problem of the connection between the double asymp-
totic approach of high dimensions and the infinite-dimensional approach.

To formulate the said question, we consider the methodology employed
by Florens and Van Bellegem (2015) to study functional regressions. There,
everything happens in the infinite-dimensional space. That is where the pa-
rameter of interest, say § as in Equation (6.1.2), is defined and identified, so
it is where the definition of its estimator, say B, as well as the proof of its
consistency, takes place.

However, in practice, that is when one implements the functional estima-
tors /3 , one typically does not work with functional objects (here and thereafter
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in the sense of continuous functions on (0, 1)). This is a minima because dig-
ital computers cannot store in memory such objects (even if it is possible
to memorize the parameters on which depends a function, the image of the
functions itself cannot be stored), and a fortiori applying mathematical op-
erations to them. Furthermore, even if analog computers require functional
input /output, their current development and deployment are far from allow-
ing many (if not any) researchers to compute functional estimators such as
B.

What we actually do observe and work with are discretizations of such an
x, say xq. Moreover, covariates of the type of x4 are not only discrete, they
are also finite dimensional (because storing an infinite dimensional vector, and
not a way to construct this vector, in a computer would require an infinite
amount of memory, and hence of energy). From those finite dimensional
observations of x4 one can then compute a finite-dimensional estimator Bd-
But then the following question arises: how good is this estimator? The
answer to this question starts by recognizing that the dimension of Ba, say p,
is determined by the discretization of . Hence, the convergence in probability
of By (sequence of vectors) to 8 (functional) might be obtained by discretizing
x on a finer and finer grid, that is by letting both p and n (the number of
observation of z4) diverge (given that R is dense in R(®1).

We observe that this type of reasoning is typical of the double asymptotic
regime. Consequently, we ask the question: could we not, instead of studying
the estimation of B via estimators defined in L?, study the estimation of S
with estimators defined in a double an asymptotic approach? Are there gains,
in terms of convergence rate, to do so? Would it not make the functional
regression more accessible to a wider audience?

The second section of this chapter provides early results to answer these
questions. The third section analysis sequence of iid statistical experiments in
the single and double asymptotic regimes to provide notions of very weak con-
sistency, weak consistency, and strong consistency in sequences of statistical
experiments.

6.2 From double asymptotic to functional
regression

6.2.1 A simple theory for approximation of square-integrable
functions

In this section, we provide a theory of approximation in L? based on simple
functions. Our goal by doing so, and that is attained at the end of this section,
is to be able to express the L? distance between any function in L? and any
continued vector from RP to L? (a notion that we made clear below) as the
sum between the Euclidean distance between the discretized version of this
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function and the vector, plus, the error of approximation of the function made
by the discretization step.

We start by studying an operator of continuation, that is an operator tak-
ing as input a vector in RP, and that transforms it into a continuous function
of [0,1). From there we demonstrate that the adjoint of this operator operates
a discretization).

Definition 9 Let u be the Lebesgue measure on [0,1), we define the operator
DP :RP — ([O’ 1)7”) by

p
(Dpv) (u) :== Z UmPI(U)[(m—I)/p,m/P)'
m=1

This operator is a continuation operator. We study some of its properties
below. Before doing so we derive its adjoint that operates a discretization
(that is, it takes a function in L2[0,1) and transforms it into a vector in RP?.
Before deriving the adjoint, we introduce the following inner product on RP.

Definition 10 For any p € N, let u,v € RP, then defined the following inner
product on RP

(u, U>lp = <u\/ﬁ7 ’U\/f)>2.

Lemma 17 Let D} be the the adjoint operator of Dy, then Dy : ([0,1), ) —
(RP, (-,-)1,) is such that for all w € L*([0,1), p)

(Dyw)m = (L{(m—1)/p,m/p)> W) L2
where (Dyw)m is the element on the m' line of C*w € (RP, (-, )

Proof.

(Do, )2 /Dpv w(u)dpu(u)

1) e

p
/[0 vapl )[(m 1)/p,m/p) W ( )d:u(u)
p

|
M

Um/ p]- )[(m—l)/p,m/p)w(u)dﬂ(u)

=1

p
> On(PLin1)/pm/m) W) 2

3

m=1
= (Vpv, VPDjw)2
= (v, Dyw)y,
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O

Hence, we do have that D} is a discretization operator and it has a closed-
form expression. In the following, we provide some easily obtainable properties
of Dy and Dy.

Lemma 18 The following relationships hold true
1. Dy = DyV on (R7, (-,-),,)

Wp < o0, (D3)~1 £ D,

Vo € R?, | Dyoll 2 = |1,

Vo € L2[0,1), [ Dpvll, = vl 12

-1

AN N IS

lim, oo D) = limpﬁoo(DI*)) up to set of measure zero.

Proof: 1. and 2. are obvious.
3. is obtained by

1Dpoll72 := (Dpv, Dyv) = ||o]l7,-
4. is obtained by
2
D5z,

1

p
) > VP m-1)fpim /) )12
m=1

— [ = o

To obtain 5. observe that because R* is dense in [0,1) x R (by this we mean
that there are Ny elements in a vector of R*, hence that each element of any
of these vectors may be associated with a rational number, that are dense in
[0,1)) we have

lim D5f =f up to a set of measure zero.
p—0o0 p

for any f in L2[0,1). Moreover, since simple functions are dense in L? we have
that

plLrglo D,f =f up to aset of measure zero,

Hence we have that

lim D, = lim D; f=lim D,f =f up to set of measure zero.
p—00 p—00 p—00
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for any f € L?. a

Now we give the following proposition that states that the distance between
a function in L? and a continued vector from RP may be written as the sum
of the distance between the vector and the discretized function and the error
of approximation.

Proposition 11 Let 8 € L2([0,1), 1) and 3 € (RP, (., )
18 = DyBl72 = 1038 = BI7, + 118 — DpD3Bl7
Proof: By direct computation and rearrangement we obtain

18 — D122
= |DpB122 — 2(B, DB), + |1BII2

= 1BI2, — 2(3, D)2 + || BII2

= 1BII, — 2(B. DB, + |18 — DyD}B + DDy 17

= 18117, = 2(8, DB, + 18 — DpDyBl[72 + 2(8 — DpD;y3, DpDyyB)72 + | Dp Dy Bl17 2
= 1BIIZ, — 2(B. DB, + 18 — DyDyBlI32 + 2(8, DpDyB) 12 — || DD} Bl132

= 18II7, = 2(8, D38, + 18 — DpD;B13 + 2(D}8, Dy, — |ID5BI17

= IBIIZ, — 2(8, DyB), + 118 = DpDyBII7: + 1D} 5117,
= 1Dy = Blli, + 18 — Dy Dy BlI7

6.2.2 Estimating a functional regression via a sequence of
high-dimensional linear models

In this section, we consider a random function X that is in L2?[0,1). As we
argue in the introduction, even if X might be observable, it might not be
observed because of the type of technology used to conduct or record the
observations. Hence we consider also that for some p € N, we observe some
discretized version of X that is Dy X (where Dy is as defined above).

In this context, we are interested in the linear projection of some random
variable Y onto the space of linear functions of X that we assume to be
the conditional expectation of Y given X. Nevertheless, because we do not
have access to observations of X, we cannot directly estimate this projection.
Instead, we estimate the orthogonal projection of Y onto the space of linear
functions of D7 X.

In the next result, which is the main result of this section, we quantify the
L? error of this procedure of estimation of E(Y|X). Here we state the result
and add some comments below.
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Theorem 13 Let (3, A,P) be the probability space of observable events. Let
Y and X be two measurable functions defined by

Y : % - L*(R)
X : ¥ — L*0,1).

Moreover, assume that there exists a unique® 3 € L?[0,1) such that
E(Y]X) = (X, B) >

and let Q := E(X(X,-)r2) be the covariance operator of X. Finally for some
A>0, let

6 : = min | DIE(XY) — Dy Dy 13 + AllblZ,
then, for any 0 € RP
13— Dyl < Bl0 —01f, + O (113~ D,D35IE: ) +O(o()
where g(A) = N?||(DyQ2D,, + )J)_lHlQp
In the above theorem, 3 is the parameter of interest, and Dpé is its esti-
mator in L2. This estimator is the continued version of  that is an estimator

of 6, which itself acts as a proxy target for 8. The mean squared error of the
estimator, |8 — D,8||3,, is bounded by the sum of three terms

Blo -0}, + o(I5- DDyl ) + Ols)
N—— ——
error of estimation biais of regularization

error of approximation

The dimension of ¢, p, is determined by the discretization of X by D}.
Typically, for a given number of observations, by increasing p we reduce the
error of approximation but increase the error of estimation. Hence there is a
trade-off between these two terms that might be optimized for p by assuming
more structure on the model and deriving the minimax rate of convergence
of the two types of error as a function of p and n. We stress here that the
estimation of 6 by 0 is done in the double asymptotic regime. By assuming for
instance that 6 is s—sparse (in addition to some mild technical requirements)
we have that [|§ — |3 = O,(slog(p/s)/n) (Raskutti et al., 2011). Moreover,
by assuming that S belongs to some subset of L?, say that 8 is Lipschitz
continuous, it should be possible to derive its minimax error of approximation

2An identification condition is assumed here. For instance we may assume that
ker (E(X (X, )) = {0}.
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in terms of p. Once this work is done, one may simply find the optimal level of
discretization and of regularization as functions of the number of observations.
Nevertheless, we need to stress that 6 is not independent of 3. They are, on
the contrary, deeply related in the sense that 6 is equal to the sum of the
discretized version of 3, that is D} 3, and a bias (as it is clear from the proof
below). Hence one needs to check that the assumptions one makes on both
these parameters are compatible with each other. A fortiori it would be
deeply interesting to find that, if 5 belong to some class of function in L2,
that implies then 6 possess some nice properties (such as sparsity). Doing so
would make us advance a bit further toward building a bridge between the
double asymptotic regime and the infinite-dimensional regime.

To see why pursuing this research agenda further allows connecting the
double asymptotic setting with the infinite dimensional setting, we also ob-
serve that, as it is clear from the proof below, D;QD, is the covariance
matrix of Dy X. Hence if this covariance matrix is full rank and if we as-
sume E(Y|D;X) is linear in Dy X, we may set A\ = 0 to actually have that
E(Y|D;X) = (D, X, 0) where 0 is identified. Those assumptions may appear
strong when we start our train of thought from the functional regression model
but they are typically the ones we formulate on high-dimensional linear mod-
els defined the in the double asymptotic regime. Hence, by identifying what
kind of X are compatible with such assumptions, we could be able to think
about high-dimensional covariates as discretized versions of some function in
a subclass of L?. Putting aside the philosophical implication of such a point of
view would provide us a framework to determine the limits of objects defined
in the double asymptotic regime.

In the remainder of this section, we prove the above result.

Proof of Theorem 13

We assumed that there exists a unique non random 3 € L? such that

E(Y[X) = (X, 5) 2.

Moreover, since X is in L? then € is a bounded operator with an unbounded
generalized inverse. Observe that we can write for A > 0 and I, being the
identity vector in (RP, (-,-); ) and Ir2 being the identity function in L?.
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E(Y[X) = (X, )2
XE(Y|X) = X(X, B) 2
E(E(XY]X)) = E(X(X,)12)8
E(XY) = Q8
D}E(XY) = DiQ(I 2 + DD} — D,D5)f
DIE(XY) = DiQD, D% + DIz — DDy
DIE(XY) = (DD, + AL, — Ay, ) D4B + DEQ(IL2 — DyD3)S
DXE(XY) = (DiQD,, + AL, ) D5B — ADAB + D12 — DpDX)B (6.2.1)

Now suppose for a moment that for all the p € N there exists a non
necessarily unique 6 € RP such that

E(Y|D;X) = (D;X,9>2.
In this case, we could write

E(Y|D}X) = (D5X,6),

DyE(XE(Y|D;X)) = DyE(X(Dy X, 6)s)
DYE(XY) = DAE(X (X, D,y0)2)
= D}E(X(X,)2)Dyf

= D*QD,0

If D;Q2D,, was invertible (observe it has a matrix representation), we could
have had written

0 = (D}Q2D,) ' DYE(XY).

However nothing guarantees the invertibility of the covariance matrix of D; X,
nor is there guarantee that the conditional expectation of V' given Dy X is
linear in D7 X. Hence, instead, we identify 6 as

* * 2 2
0+ = min | DE(XY) — DpQDy|ly, + Allbll,

= (DD, + A\I;,) ' DIE(XY).

By combining this equation with Equation (6.2.1) we obtain that
0 = (D, + AI,)~" <(D;QDP + AL, ) DB — AD; B+ DyQ(I2 — DpD;)ﬂ>

= DXB + (D;D, + AL,) " <D;Q(IL2 ~D,D})B + AD;B).
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Hence we have written 6 as the sum between the discretized version of 5 and
a bias introduced by the discretization. Moreover, by Lemma 18 we have that

lim lim @ = B up to set of measure zero.
A—0p—o0

For finite p and A > 0, let 0 be an estimator of 6, we can then use Propo-
sition 11 to obtain

16— Dy,

= D} =0l + 18 — DpD;Bl[72

— 00~ (D300, + A1) (D312 ~ D,D3 + AD; IR, + 18 - D3l
<16 -8,

+118 = DD} (1 + (D300, + ALY I IR0} )

DB I(DAD, + ML) .

Since € is a bounded operator, || Dy||;, = 1 and that [|(D;QD, + )\I)*llep is
bounded, we have that

18 = Dybl72 < 116 — 1y, + O(HB - DpD;5II%2> + O(A(DF2Dy + A1) IZ,)

g

6.3 Consistency in two types of sequences of
statistical experiments

In this section, we analyze two kinds of sequences of statistical experiments
with 4id variables: one where only the number of observations diverges (sin-
gle asymptotic), one where both the number of variables and the number of
observations diverges (the double asymptotic). Our final goal is to formulate
concepts of consistency in the latter type of statistical experiment.

6.3.1 Simple asymptotic, independent and identically
distributed data

Let p € N and suppose a sequence of data, say {X, € R"*P}, cn. The statis-
tical analysis of this sequence requires a sequence of statistical experiments,
that is

{5n}neN = {Snv U(Sn),Pean € @n}neN
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where S,, = R"*P, ¢(S,,) is the c—algebra generated by S,, and {Py, |0,, € O, }
is a family of probability measure depending on the parameter 6,, € ©,,.

Example 4 Let p € N, a Gaussian statistical experiment is such that
gn = {RTLXP’ U(Rnxp)anXp(:un7 En)|un € RnXp’ En € (Rnxp X RnXp)}'

for all n € N.

For cross-sectional data, one often assumes that the observations are in-
dependent and identically distributed. Formally, this means that the sequence
of statistical experiments becomes

{gn}neN = {XnS7 XnS7 HPQW S @}neN (6.3.1)

where S = RP, x,,5, = R"*P S is the o—algebra generated by R? and x,S
is n times the cross product of S.
Observe that in this case the parameter space, does not depend on n.

Example 4 (continued) For any p € N, a iid Gaussian statistical experi-
ment is such that

En = {R™P, %o (RP), [[Np (1, D) € RP, T € (RP x RP)}.

for all n € N,

Suppose that for some function g well defined on the parameter space, we
have g(f) that is the parameter of interest and suppose it is identified. We
observe that for a given such a g, the parameter of interest is well defined
on the sequence of statistical experiments. In the following, we assume that
g:0 — A C O to simplify the discussion.

Example 4 (continued) For any p € N, and all n € N, a parameter of
interest is p € RP.

Suppose now an estimator for this parameter. An estimator is a function
from the sample space to the space of parameter of interest, hence suppose
we have h, : x, 8 — A C O.

Example 4 (continued) For any p € N, and all n € N, the estimator is

1
R™P :— RP, 5, — hy(s) = — 85,0
n

“n

where sz-T_ is the it" line of the vector s, and where v is a vector of ones.
)

n
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We observe we can define a class of such estimators that takes values in
ACO

H o= {Hn = {xnS = A C O, x5 = hp(xI i) = An}|n € N}.

We may want to characterize estimators as random variables, hence sup-
pose that for any 0 € © and all h,, € H

VYA€ o(A),h (N € x,8,

in this case VA € o(A),h;'(\) = (a1, ...,an) € x,S. Hence for all h, € H

n
and all § € © we can define the following probability measure

Ve O'( P(O) H]P)B {az|h ) (ah 7an)})

that is the likelihood function.
Consequently, we can define the following class of probability spaces

{A7 G(A)a P](Z‘i)}hnGH,OEG-

We are interested in defining the notions of consistence for a sequence of
estimators in H. To do so, for any parameter of interest g, we define a class
of loss functions®

Lg:={Lgpg):H—1= R": A, — Lyoy = I|hn — g(0) |20 € O}
We observe that this class of loss function does not depends on n.
Example 4 (continued) For any p € N, we have
H = {R"*? — RP|n € N}
and one loss function is
Ly s H = Ry by = L) = [ — pl

where Ry is the positive part of the real line.

Finally, we can consider loss functions as random variables by supposing
that for all Lg(g) S ﬁg

VieZ, L;(le) (i) € o(A)

3Here we consider a class of loss function defined in terms of ls—norms but this is
probably a bad choice and we should consider others class of loss-functions.



6.3. Consistency in two types of sequences of statistical experiments

where 7 is the o—algebra generated by I. We can now define, for all § € ©
and all h,, € H, the following probability measure

Vi € 1P, g (i) = B (Al Loy (M) € i)

P},
= [Ttz () € 1) = (a1, ).

We make two observations. First Py ({ai|Lg(9)(5\n) cih (M) = (ag, ..., an)})
does depends on h,, € H, it is only through its argument, the probability Py
depends only on # € © and does not depends on n. Third, at this point,
it becomes possible to speak about the quality of an estimator, for instance,
class the sequence of estimators

{argmax min PL, 9y hn nen CH
hn€Hn Lg0)€Lg
seems pretty desirable.
In the following, we defined three notions of consistency.

Definition 11 (Very weak consistency) (Adapter from the definition in
Lehmann and Casella (1998), Def 8.1, page 54) Given a sequence of statistical
experiments &, as in Equation (6.3.1), given an identified parameter of interest
g, giwen a sequence of estimators {h, € Hplnen and given a loss-function
Lyg) € Ly, we say that the sequence of estimator is very weakly consistent if
for all 0 € © and all §,¢ > 0, there exists N € N such that

SUD PLy gy (Lg() (An) > 0) < €
or equivalently, if for any 6 € ©, Gy is any neighbourhood of g(0), there exists
a N € N such that

sup Py, (Gg) =1—¢
n>N

Definition 12 (Weak consistency) Given a sequence of statistical exper-
iments &, as in Equation (6.3.1), given an identified parameter of interest
g, giwen a sequence of estimators {h, € Hplnen and given a loss-function
L9y € Ly, we say that the sequence of estimators is weakly consistent if for
all 6,¢ > 0, there exists N € N such that

sup sup P, (9),hn(Lg(9)(5\n) >0) <e
n>N €0

or equivalently, if for any 0 € O, Gy is any neighbourhood of g(0), there exists
a N € N such that

sup inf Py, (Gg) =1—¢€
n>N 0€0
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Definition 13 (Strong consistency) Given a sequence of statistical exper-
iments &, as in Equation (6.3.1), given an identified parameter of interest
g, given a sequence of estimators {h, € Hp}lnen and given a loss-function
Lyg) € Ly, we say that the sequence of estimators is strongly consistent if for
all 0 > 0, there exists N € N such that

sup supPr,_ o n, (Lg(g)(hn) > 0) =0 (6.3.2)
n>N 0O

or equivalently, if for any 0 € ©, Gy is any neighbourhood of g(0), there exists
N € N such that

inf P =1
218 424 Pre (0

6.3.2 Double-asymptotic, independent and identically
distributed data

Suppose we observe a sequence of data sets, say {X,, € R"*?("|p(n) — N},en.
In this setup, p is a function of n. In particular, we have in mind situations
where p(n) is an increasing function of n. In this setup we are going to redo
the same operation as in the previous section, but by taking into account that
p is a function of n. The main difference with the previous setup is that, in
this case, the parameter space of each statistical experiment is a function of
n, even in the iid case. At the end of the section, it appears that, by doing so
the notion of very weak consistency cannot be imported, but that we can still
use the notion of weak and strong consistency.

The statistical analysis of the sequence of data sets {X,, € R™P(™)|p(n) —
N},en requires a sequence of statistical experiments, that is

{gn}nGN = {gna U(gn)aPGan € 9n}n€N~

As in the previous section, we assume that the observations are inde-
pendent and identically distributed. By this, we mean that the sequence of
statistical experiments becomes

{gn}nEN = {XTLSIM XnSrb)y H]P)Hn‘en S @rb}nEN (633)

Here we stress that even by assuming the data are #id, the parameter space
remains a function of n. This implies firstly that the parameter of interest must
be defined in every statistical experiment of the sequence. That is we need
to define a class of function {g,} well defined on each parameter spaces O,
and suppose each of its elements is identified on “their” respective statistical
experiment. As before we restrict ourselves to the case

gn 0, = A, CO,
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for all n € N.

Similarly to the previous section, we define the class of estimators that
take values in A,, C ©,,

H = {Hy = {xnS = Ay € Op, by = An}n € N}

We observe that H still does not depend on n but that now, both the domain
and the image space of the estimators depend on n.

We still want to characterize estimators as random variables, hence sup-
pose that for all n € N, for all §,, € ©,, and all h,, € H,,
VAn € 0(An), hy (An) € XnSn,

P 1

hence we have that for all n € N, for all h, € H, and all 6, € O, we can
define the following probability measure

YAn € (M), PV (A Hpg ({eilh (M) = (a1, oy an)}).

Consequently, we can define the class of probability space

0
{{An, o(An), IP’EM) Fhn€H.00€0n Jren

Now, for any sequence of parameter of interest { gy }nen, we define a class
of loss functions

{Egn = {Lg(en) cHp > I = R+a hyp — Lgn(an) = [[hn — gn(0n)|l20n € On}}nen

We observe that each sub-class of loss function, L4, does depends on n.
Finally, as in the previous section, we can consider loss functions as random
variables by supposing that for all n € N, for all Ly € L,
. -1 .
Viel, Lgn(en)(z) € o(Ay),

and we can define, for all n € N, for all §,, € ©,, and all h,, € H,,, the following
probability measure
Vi € L,PL, )00 (0) = ({hnlLg,0,)(hn) € i})

P,
H ({5l L, (0,) (hn) € 351" (An) = (01, ooy ) })-

Now, we are ready to import the notion of convergence in probability of
an estimator to the double asymptotic setting.
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Definition 14 (Weak consistency) Given a sequence of statistical exper-
iments £, as in Equation (6.3.3), given a sequence of identified parameters
of interest g, given a sequence of estimators {hy € Hp}nen and given a se-
quence of loss-function Lg, 4,y € Lg,, we say that the sequence of estimators
is weakly consistent if for all §,¢ > 0, there exists N € N such that

sup sup P, (Lgn(,gn)(;\n) > 0) <e.

h
On)>
n>N gneen gn(0n)s"tn

or equivalently, if for any 0, € O, Gp, is any neighbourhood of gn(0y), there
erists a N € N such that

sup inf P =1-—c¢
n>]%0n€®n hn(gen)

Definition 15 (Strong consistency) Given a sequence of statistical exper-
iments &, as in Equation (6.3.1), given a sequence of identified parameters
of interest gy, given a sequence of estimators {hy € Hp}nen and given a se-
quence of loss-function Ly, ,) € Ly, , we say that the sequence of estimators
is strongly consistent if for all §,¢ > 0, there exists N € N such that

sup supPr_ o p, (Lg,(6,)(hn) > 6) =0 (6.3.4)
n>N €O

or equivalently, if for any 0,, € Oy, Gy is any neighbourhood of g,(0y), there
exists N € N such that

sup inf P =1
sup  inf hn, (Go,,.)

Moreover, we observe that in this setting, it is not possible to ensure that
lim,, o Ay is well defined.

Example 5 For alln € N, let

1 -1
Sy = Opy Xy = ha(Xp) = ( X,Ixn) :

n

Then in this case h, is not well defined at the limit.



Seven

Conclusion

7.1 Overview of the contribution

The contributions of this thesis on high-dimensional data are of three types.

Modelling Chapter 2 suggests interpreting the parameter of a linear re-
gression as the product of a direction and a magnitude. Such parametrization
of the linear model has been observed in economic theory (it is for instance
induced by the relativity of prices, by the Cobb-Douglass production func-
tion or it is explicitly stated in the Cambridge Equation), and now find a
novel interpretation in econometric theory. Chapter 4 extends the class of
locally stationary wavelet processes in a significant way. It is now possible to
model multivariate locally stationary wavelet processes without imposing the
independence on the random increments across scales.

Identification Chapter 2 identifies the direction of the parameter in a linear
model as the generalized eigenspace associated with a pair of measurable ma-
trices. Chapter 3 shows it is possible to identify the non-null parameters of a
sparse linear model while allowing colinearity in the set of non-significant ran-
dom variables. Chapter 4 asymptotically identifies the Evolutionary Wavelet
Spectrum of a multivariate locally stationary process as a linear combination
of the local covariance functions. Chapter 6 suggests that to identify the
true parameter of interest of a sequence of high-dimensional statistical exper-
iments in double asymptotic, one needs to model the limit of the sequence of
statistical experiments.

Inference Chapter 2 estimates the direction of the parameter of interest in a
high-dimensional sparse linear model via a new estimator of generalized sparse
eigenvectors that is based on a well-established algorithm. A Central Limit
Theorem is established for the output of the estimation. Chapter 3 considers
testing the validity of a selection of variables in the high-dimensional sparse
linear model. An application to the problem of nowcasting the Belgian GDP is

181



7.

CONCLUSION

182

considered. Chapter 5 provides an estimator of the evolutionary wavelet spec-
trum of a multivariate locally stationary wavelet process allowing dependence
among the increments at different scales. An application to the problem of
measuring the coordination of actors in the oil market is considered. Chapter
6 suggests estimating the parameter of a functional regression via a sequence
of estimators of a sequence of parameters of finite but increasing dimensions.
The chapter also provides concepts of consistency that are meaningful in the
context of double-asymptotics.

7.2 Possible directions for future research

This thesis suggests several open problems for further research, some of which
have already been discussed in the previous chapters.

First, the Central Limit Theorem provided in Chapter 2 does not allow
constructing confidence intervals because it is tied up with an unobservable
bias introduced by the regularization of the problem. Further research may
treat this issue by either studying the rate of convergence of the unobservable
bias or by studying debiased version of the estimator.

Second, the results in Chapters 2 and 3 are derived under the assumption of
the exogeneity of the parameter of interest. It would be of both theoretical and
practical interest to study their extension in the context of high-dimensional
instrumental sparse regression.

Third, the identification and estimation of the evolutionary wavelet spec-
trum of the multivariate locally stationary wavelet process of depth J and
order ¢ introduced in Chapter 4 depends on a bound on the lowest eigenvalue
of the matrix A, ; in Definition 8. The literature has already shown that an
absolute bound (valid for any J) exists when ¢ = 0. It is would be of great
theoretical and practical interest to obtain the same result for some ¢ > 0.
This may be done by studying the problem for some given ¢, however, an
optimal result would obtain such a bound for an entire subspace of the grid
of possibles (g, J).

Fourth, the identification and the estimation of the identification and es-
timation of the evolutionary wavelet spectrum of the multivariate locally sta-
tionary wavelet process introduce in Chapter 4 depends on an assumption
formulated in terms of Lipshitz continuity of the element of the evolutionary
wavelet spectrum. This assumption restricts the class of process considered
to those whose amplitude varies smoothly in time. In the univariate setting,
this assumption has already been relaxed by replacing it by an assumption
expressed in terms of total variation of the element of the evolutionary wavelet
spectrum. This relaxation allowed the class of univariate locally stationary
wavelet spectrum to encompass processes whose second-order structure may
change abruptly in time. A possible extension of Chapters 4 and 5 would con-
sider doing the same for the class of multivariate locally stationary wavelet
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processes.

Fifth, the simulation as well as the application in Chapter 5 indicates the
influence of the smoothing parameter on the output of the estimation. Futur
research should aim to render the present theory adaptative, i.e. letting the
smoothing parameter be data-driven. This has already been achieved in the
univariate framework in Van Bellegem and von Sachs (2008).

Sixth, the univariate class of locally stationary wavelet processes has been
fruitfully employed to forecast time series. Further research may consider
forecasting in the context of the class of multivariate locally stationary wavelet
processes introduced in Chapter 4.

Seventh, Chapters 4 and 5 allow the representation and the estimation
of the time-varying second-order structure of a vector of time series. Further
research might capitalize on this ability to construct interesting models for ap-
plied macroeconometrics such as a locally stationary factor model or a locally
stationary network model.

Eighth, the last chapter of this thesis opens two main paths for further
research. Firstly, it would be interesting both theoretically and practically to
derive an explicit rate of convergences for the bound given in Theorem 13.
Moreover, it would be fruitful to obtain that kind of bound for discretization
operator defined in terms of other classes of function than the class of sim-
ple functions. For instance, approximation by wavelets may be considered.
Secondly, it would be of great theoretical interest to study the links existing
between the double asymptotic and the infinite-dimensional approach of high
dimensionality in a more abstract context than the one of linear regression.
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