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ABSTRACT

Let S be a semigroup. We study the structure of graded-simple S-graded
algebras A and the exponential rate Plexp®#' (A) := lim,— 00 Vci"gr (A)
of growth of codimensions cf;'gr(A) of their graded polynomial identi-
ties. This is of great interest since such algebras can have non-integer
PIexpS‘gr(A) despite being finite dimensional and associative. In addi-
tion, such algebras can have a non-trivial Jacobson radical J(A). All this
is in strong contrast with the case when S is a group since in the group
case J(A) is trivial, Plexp 8 (A) is always integer and, if the base field
is algebraically closed, then PIexpS'gr(A) equals dim A. Without any re-
strictions on the base field F', we classify graded-simple S-graded algebras
A for a class of semigroups S which is complementary to the class of
groups. We explicitly describe the structure of J(A) showing that J(A)
is built up of pieces of a maximal S-graded semisimple subalgebra of A
which turns out to be simple. When F' is algebraically closed, we get
an upper bound for limp—eo Y/ ¢ 8 (A). If A/J(A) 2 My(F) and S is a
right zero band, we show that this upper bound is sharp and PlexpS-8" (A)
indeed exists. In particular, we present an infinite family of graded-simple
algebras A with arbitrarily large non-integer PIexpS'gr(A).
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1. Introduction

It is well known that the study of polynomial identities of an associative alge-
bra A over a field F' of characteristic 0 is equivalent to the study of multilinear
identities. If one denotes by P, the space of F-multilinear polynomials in the
non-commuting variables x1, ..., z,, then the nth codimension of A, denoted
cn(4), is dim(P, /P, N1d(A)), where Id(A) denotes the ideal of all identities
of A. In 1972, Regev [30] proved that if A satisfies a non-trivial polynomial
identity, then (¢,(A)), is exponentially bounded. In recent years the asymp-
totic behaviour of the sequence (¢, (A)), has been investigated extensively and
this has led to classification results of several varieties of algebras. Giambruno
and Zaicev [16] (in case A is finitely generated, see [15]) proved the following
fundamental result for an algebra A satisfying a polynomial identity: the limit
lim,, 00 7\‘/ cn(A) exists and it is an integer, which is called the Pl-exponent.
This confirmed a conjecture of Amitsur.

In recent years, this problem has been investigated for several classes of rings
that have some refined information, such as being graded by a group. To do so,
one has to give appropriate definitions for the identities and notions considered.
In the case of algebras A graded by a (semi)group S, one obtains a sequence
(c5-#7(A)),, of S-graded codimensions. Aljadeff, Giambruno and La Mattina
[1, 2, 13] proved that if an associative PI-algebra is graded by a finite group,
then also the graded-PI exponent exists and it is an integer, i.e., the graded
analog of Amitsur’s conjecture holds for group graded algebras.

The first author, in [20, Theorem 1] and [22, Theorem 3], proved the same for
finite dimensional associative and Lie algebras graded by any group. It is well
known that in the case of non-associative algebras non-integer exponents can
arise. The first example of an infinite dimensional Lie algebra with a non-integer
ordinary Pl-exponent was constructed by S. P. Mishchenko and M. V. Zaicev
in [26]. We refer to [27] for a complete proof and to [8] for some recent deve-
lopments. In [14] Giambruno, Mishchenko and Zaicev constructed an infinite
family of non-associative algebras with an arbitrary exponent.

Recently, the first author [21] constructed the first example of a finite di-
mensional associative algebra over a field of characteristic 0 with a non-integer
exponent of some kind of polynomial identities. The example is a finite di-
mensional algebra A that is graded by a finite semigroup S with two elements
that is not a group and the identities considered are the S-graded polynomial
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identities. Equivalently, A is either the direct sum of two left (or right) ideals
or it is the direct sum of a two-sided ideal and a subring. This naturally le-
ads to the investigation of the graded PI-exponent for algebras A graded by an
arbitrary finite semigroup S. In case A is S-graded-simple, such a ring turns
out to be a generalized matrix ring, i.e., A = @1@@% 1<j<m A;j, a direct sum
of additive subgroups A;; such that A;; A C A;; (note that A;; Ay is not ne-
cessarily equal to {0}, even if j # k). In this paper we investigate the graded
Pl-exponent in this larger context of finite dimensional algebras A graded by a
finite semigroup S, with A being graded-simple. Note that since in our case the
graded PI-exponent can be a non-integer, we have to develop methods of study
that are different from those used in the group graded case.

Recall that Bahturin, Zaicev and Sehgal in [7] have described such algebras in
the case when S is a finite group and F' is algebraically closed; it turns out that
such algebras are matrix algebras over a finite dimensional graded skew field.
Hence, for our investigations and to reduce the problem to the group graded
case, it is crucial first to describe the structure of S-graded-simple algebras in
the case when the maximal subgroups of S are trivial. Without any restrictions
on the base field F', we construct an S-graded subalgebra B such that B is simple
and A = B® J(A), a direct sum as vector spaces. (In particular, we provide a
constructive proof of the Mal’cev—Wedderburn theorem.) Furthermore J(A) has
a very specific decomposition as a direct sum of simple B-modules. Although
the homogeneous part of J(A) is trivial, these summands are strongly related
to the description of the homogeneous components of A. Earlier results on
semigroup graded rings that satisfy a polynomial identity have been obtained
by Kelarev [24] and Clase and Jespers [9, 10]. A characterization of semigroup
graded rings that are simple has received a lot of attention; see, for example,
[5, 4, 6, 31, 28]. For more results on graded rings we refer to [25]. In the second
part of the paper, the obtained information on graded-simple algebras is used
to give an upper bound for graded codimensions in the case A/J(A) = M, (F),
a matrix algebra. Moreover, if n = 2, then we are able to calculate the graded
Pl-exponent and hence we obtain many examples of algebras with a non-integer
graded Pl-exponent. It turns out that for any positive integer m, the number
1+ m + 4/m is the graded PI-exponent of a graded-simple algebra.

The outline of the paper is as follows. In Section 2 we first show that the gra-
ded simplicity can easily be reduced to rings graded by finite simple semigroups
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and thus to generalized matrix rings. Hence, from now on we assume that gra-
ded rings are generalized matrix rings, i.e., rings graded by a 0-simple finite
semigroup with trivial maximal subgroups. Second, we prove a criterion for
two graded-simple rings to be graded isomorphic; this is done in terms of their
factor rings by their respective Jacobson radical (Theorem 2.3). In Section 3 we
state some background on left ideals in finite dimensional simple algebras. In
Section 4 we prove important properties describing the structure of finite dimen-
sional graded-simple algebras (Theorem 4.2 and Theorem 4.7). In Section 5 we
give a full description of finite dimensional graded-simple algebras. In Section 6
we give the necessary background on graded polynomial identities and graded
codimensions. In Section 7 we introduce polynomial H-identities for algebras
with a generalized H-action where H is a unital associative algebra. Polynomial
H-identities provide a powerful tool to study S-graded polynomial identities
since graded codimensions equal H-codimensions when H is the algebra dual to
the semigroup bialgebra of S. In Section 8 we provide a brief outline of the rest
of the paper where we deal with graded codimensions. In Section 9 we prove
an upper bound for graded codimensions of semigroup graded-simple algebras
A over a field F' of characteristic 0 with A/J(A) = My(F) (Theorem 9.8). In
Sections 10 and 11 we prove the existence of the graded Pl-exponent for finite
dimensional S-graded-simple algebras A over a field F' of characteristic 0 with
A/J(A) =2 My(F) and S being a right zero band. Also an explicit formula
is obtained. For some algebras the graded PI-exponent equals dim A (Theo-
rem 10.5) and for some algebras the graded PI-exponent is strictly less than
dim A (Theorem 11.5). The latter is in contrast to the group graded case for
which the growth rate of such algebras always equals dim(A) provided F' is
algebraically closed.

Throughout this paper all rings are associative but do not necessarily have
a unit element, except when explicitly mentioned otherwise. Also, we use the
abbreviations

N={ne€Z|n>0} and Zy={ne€Z|n>0}

If k € N and R is a unital ring, then the (7, j) matrix unit of M (R) is denoted
by e;;. If W is a subset of a left module V' over a ring A, we denote the A-linear
span of W in V by (W),. If W is a subset of a semigroup S, then by (W)
(without any subscripts) we denote the subsemigroup of S generated by W.
Given a € R, denote by [a] its floor max{n € Z | n < a}.
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2. General reduction

Let S be an arbitrary semigroup and R an S-graded ring, that is

R=EPR",

seS

a direct sum of additive subgroups R(*) of R such that R®R® C RGH | for
all s, € S. One says that R is an (S-)graded-simple ring if R? # 0 and
{0} and R are the only homogeneous ideals of R. Recall that an additive
ses(REINP).
Without loss of generality, we may replace S by the semigroup generated by
supp(R) = {s € S| R*® # 0}. Note that if S has a zero element 6, then R(®)
is a homogeneous ideal of R, and thus if R(®) # 0 and R is graded-simple, then

subgroup P of R is said to be homogeneous or graded if P =

R®) = R and supp(R) = {0}, a trivial graded ring. So, in order to investigate
graded-simple rings, without loss of generality, we may assume that if € S,
then R(Y) = 0. Replacing S by S := S U {6}, if necessary, we assume that S
has a zero element, R(?) = 0 and S = (supp(R)) U {#}. This assumption will
be used implicitly throughout the paper without mention.

From now on we assume that R is S-graded-simple and S = (supp(R)) U{6}.
Note that if I is an ideal of S, then Ry = @, R®) is an ideal of R. Hence, by
the graded-simplicity, either Ry = 0 or Ry = R. The latter implies that I = S.
Thus, if I is a proper ideal of S, then I Nsupp(R) = @. Therefore, we may
replace S by the Rees factor semigroup S/I and thus we may assume that S
itself does not have proper ideals and S? # {#}. Such a semigroup S is called
a 0-simple semigroup. If T = S\ {0} is a semigroup, then we may replace S
by the simple semigroup 7.

Therefore, if an S-graded ring R is S-graded-simple, then without loss of
generality we may assume that S is a 0-simple semigroup.

Recall that there are three types of 0-simple semigroups:

(1) S is completely 0-simple, i.e., S is 0-simple and contains a non-zero
primitive idempotent;

(2) S is O-simple and contains a non-zero idempotent, but does not con-
tain primitive idempotents (recall that in this case each idempotent is
the identity element of a subsemigroup isomorphic to the bicylic semi-
group [11, Theorem 2.54] and, in particular, S is an infinite semigroup);

(3) S does not have non-zero idempotents and again S is infinite.
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Let G be a group, let I, J be sets, and let P = (p;;) be a J x I matrix with
entries in G° := G U {0}. Let M(GY I, J; P) denote the set

{(9,3,§)|i€1, jeJ ge G’}

with all elements (6,4, j) being identified with the zero element 6. One has the
following associative multiplication on M(G; I, J; P):

(ga Z,_j)(h, k’f) = (gp_]kh,l,g)

The semigroup M(G?; 1, J; P) is called the Rees I x J matrix semigroup
over the group with zero G' with sandwich matrix P.

Recall that by the Rees theorem [11, Theorem 3.5] every completely 0-simple
semigroup S is isomorphic to M(GY; I, J; P) for a maximal subgroup G of S,
sets I,.J and a matrix P such that every row and every column of P has at
least one nonzero element.

If we assume that S is finite, then the S-graded simplicity of R implies that .S
is non-nilpotent and contains a nonzero primitive idempotent. In other words,
for finite semigroups we may restrict our consideration to gradings by completely
0-simple semigroups

S = MG n,m; P)={(g,i,5) | 1<i<n, 1<j<m, geG’

where G is a group, n and m are positive integers, and P is an n X m matrix
with entries in G°. Note that R is also graded by the semigroup

S = M({e}°, n,m; P'),

where the (4, j) component of P’ is e if p;; # 0 and 6 otherwise.

In this paper we are focusing on this type of grading and we give a complete
classification of when such graded rings are graded simple (so we will deal
with the case that the maximal subgroups are trivial). Recall that group-
graded rings (over an algebraically closed field) that are graded-simple have
been described by Bahturin, Sehgal and Zaicev in [5, 7]. Combining this result
with our classification might lead to a solution of the general problem (i.e., with
maximal subgroups not necessarily trivial).

The following elementary result shows that the difference between being sim-
ple and S-graded-simple lies in the annihilators of the ring R being nonzero.
We call a ring faithful if its left and right annihilators are trivial, i.e., if aR = 0
or Ra = 0 for some a € R, then a = 0.
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PROPOSITION 2.1: Let R be a ring graded by a finite 0-simple semigroup S with
trivial maximal subgroups. Then, R is simple if and only if R is S-graded-simple
and R is faithful.

Proof. The necessity of the conditions is obvious. Suppose R is S-graded-simple
and R is faithful. Since S is a finite 0-simple semigroup with trivial maximal
subgroups, S = M({e}% I, J;P). If L is a nonzero ideal of R, then RLR is
an S-homogeneous ideal of R. Since R is faithful, L is nonzero. Hence R is
simple.

The following easy example shows that the faithfulness condition can not be
removed.

Recall that a semigroup 7' is a right zero band if st =t for any s,t € T.
Let T = {e, f} be a right zero band of two elements. Clearly, T° is a O-simple
semigroup and the semigroup algebra F'T', where F' is a field, is graded-simple.
However, this algebra is not simple as it contains the proper two-sided ideal
F(e — f). Note that (e — f)FT = 0 and thus FT is not faithful.

Denote the Jacobson radical of a ring R by J(R). We finish the general
part by showing that if R # J(R) and R is S-graded-simple, then J(R) does
not contain any specific information concerning the S-grading and even the
structure of R.

First we show that a non-trivial ideal cannot contain homogeneous elements.

LEMMA 2.2: Let I # R be a two-sided ideal of an S-graded-simple ring
R=@, 5 R®) for some semigroup S. Then

R®NI=0
for all s € S.

Proof. Suppose r € R®) NI for some s € T. Then the smallest two-sided
ideal Iy containing r is homogeneous. Since Iy C I ; R, we get Ip = 0 and
r=0.

Recall that a homomorphism ¢: R; — Rs of S-graded rings Ry and Ry is
graded if @(Rgs)) C Rés) for all s € S. Two S-graded rings R; and Ry are
isomorphic as graded rings if there exists a graded isomorphism R; — Rs.
In this case we say that the gradings on R; and Rs are isomorphic.

The theorem below will be used later in the case when R/J(R) is simple.
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THEOREM 2.3: Let S be a semigroup and let R; = 69565 RES), i = 1,2, be
two S-graded-simple rings, R; # J(R;) for both i = 1,2. If there exists a
ring isomorphism @: Ry /J(R1) — Ra/J(Ry) such that @(m (R™)) = ma(RLY)
for every s € S where 7;: R; — R;/J(R;), i = 1,2, are the natural epimor-
phisms, then there exists an isomorphism ¢: Ry — Ry of graded rings such
that wop = @my.

Conversely, if ¢: Ry — Ro is an isomorphism of graded rings, we can define
the ring isomorphism @: Ry/J(R1) — Ra/J(R2) by @(m1(a)) = map(a) for all

a € Ry and get ¢(m (R?’)) = 7T2(R§S)) for every s € S.

Proof. Suppose that there exists such an isomorphism ¢. Lemma 2.2 implies
that
7T'| R(S) . R(S)
1R55)' i ~>7T1( i )
is an isomorphism of additive groups for every s € S and ¢ = 1,2. Define
@: R1 — RQ by

o(r) = (772|R<s>)_1<,277r1 (r) forre R§S) and s € S
2

and extend it additively. Clearly, <p(R§S)) = Rés) and ¢ is a graded surjective
homomorphism of additive groups. Moreover ma¢ = @m; holds.

Suppose ¢( . cg 7(8)) = 0 for some r(*) € Rgs) and s € S. Since ¢ is graded,
we have o(r(®)) = 0 for every s € S. Hence m(r(®)) = 0 and thus r®) = 0,
since by Lemma 2.2 we have R§S) N J(R1) =0 for every s € S. Therefore, ¢ is
a bijection.

Now we prove that ¢ is an isomorphism of rings. Indeed, suppose r(*) € R?’
and r® € R{". Then

ra (1) = om (F)r0) = o (1) pm (10) = ma () p(r ).

Since both @(r*)r®) and o(r(*))p(r®) belong to RéSt) and 7| ) is an iso-
2

morphism, we get
w(r(s)r(t)) = w(r(s))gp(r(t)) for all r(®) € Rﬁ” and r® e RY)

and the first assertion is proved.
The second assertion is obvious since the Jacobson radical is stable under

isomorphisms.

Remark 2.4: Clearly, Theorem 2.3 holds not only for the Jacobson radical, but
for any radical. (See the general definition, e.g., in [25, p. 66].)
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3. Left ideals of matrix algebras

Here we state some propositions which turn out to be very useful in order to
classify all possible finite dimensional T-graded-simple algebras for some (right)
zero band T

These results are known; however, for the reader’s convenience, we include
their proofs.

LEMMA 3.1: Let F be a field and let k € N. Consider the natural My, (F')-action
on the coordinate space F* by linear operators. Then there exists a one-to-one
correspondence between left ideals I in My(F) and subspaces W C F* such
that

(1) I'=AmW :={a € My(F)|aW =0}, W = () kera,
acl
and
dim I = k(k — dim W).
Moreover, if I = Ann W7 and I, = Ann W5, then

I +1, = Ann(W1 n Wg) and I NIy = ADD(Wl + Wg)

Proof. Let W be a subspace of F*. Let wyy1_dimw,--.,wx be a basis in W.
Choose w1, ..., Wg_dimw € F* such that wiy, ..., W is a basis in F%. Then
Ann W consists of all a € My(F) that have matrices in the basis wy, ..., wg

with zeros in the last dim W columns. Note that (1, kera = W and
dim Ann W = k(k — dim W).

Let I C My(F) be a left ideal. Since I is a left ideal in the semisimple
artinian algebra My (F), by [23, Theorem 1.4.2], there exists an idempotent
e € I such that I = Mj,(F)e. Thus I(kere) = 0. Note that e is acting on F* as
a projection. Hence

F* =kere@ime.

We choose a basis in F* that is the union of bases in ime and kere. Then
the matrix of e in this basis is (5§ 9) and I contains all operators with zeros
in the last dimkere columns. Thus (), ;kera = kere and Annkere = I.
Together with the first paragraph this implies that (1) is indeed a one-to-one
correspondence.

Suppose I1 = Ann W7 and I = Ann W5. Then

LN, =AnmW;NAnn Wy = AHH(Wl + WQ)



396 A. GORDIENKO, G. JANSSENS AND E. JESPERS Isr. J. Math.

Moreover, (I1 + I2) (W1 N W3) =0 and I; + I € Ann(W; N W), Now

dim(l; 4+ I2) =dim I; + dim Iy — dim(I; N 1)
—k(2k — dim W, — dim Wa) — k(k — dim(W; + Wa))
—k(k — (dim W, + dim Wy — dim(W, + Wa)))
=dim Ann(W7 N Wa)

implies the lemma.

THEOREM 3.2: Let k,s € N and let F' be a field. Assume I; are left ideals of
My (F) such that My(F) = @;_, I;. Suppose dimI; = n;k, n; € Z;. Then
there exists P € GLg(F) such that P~1I; P consists of all matrices with zeros
in all columns except those that have numbers

i—1 i—1 i—1
1+an,2+2nj,...,ni+2nj.
Jj=1 Jj=1 j=1

Proof. Consider the standard action of Mj(F) on the coordinate space F*.
By Lemma 3.1, I; = AnnV; for some V; C F*. Applying the duality from
Lemma 3.1 to My(F) = @;_, I;, we get ();_; V; = 0 and

Vit (| V;=FF foralll1<i<s.
Jj=1,
J#i

Denote

<.

=

Il
T -

N

Then F* = V; & W,. Note that

Ann VVZ = é Ij.
j=1

it
Since (j=1, Ann W, = I;, we have V; = @j=1, W;.
J#i i

Now, choose a basis in F* that is a union of bases in W;. Denote the transition
matrix from the standard basis to this basis by P € GLy(F). Then each P!, P
consists of all matrices with zeros in all columns except those that correspond
to Wl
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LEMMA 3.3: Let I be a minimal left ideal of My (F) where k € N, F is a field.
Then there exist u; € F, 1 < j < k, such that

k
Jj=1

Proof. Let a = ijzl wijei; € I\{0}. Since 25:1 epa = a, we have ega # 0
for some 1 < ¢ < k. Define 1 := pg; for all 1 < j < k. Then

F

k
<§:w%ﬂ1<i<k> = (eqa|1<i <k)p
j=1 F

is a left ideal contained in I. SinceIis a minimal left ideal, we get the lemma.

LEMMA 3.4: Let D be a finite dimensional division algebra over a field F' and
let k € N. Let I and V' be, respectively, a left and a right ideal of My(D). Then

. dimF 1% dimF I
dimp(VD =42 gim D

Proof. Note that

1= Mk(D>€11 D---D Mk(D)ell and V & elle(D) D---D 611Mk(D)
N P2 ~ >

~ ~~
dimp I/(kdimp D) dimp V/(kdimg D)
as, respectively, left and right My (D)-modules. Hence

. dimgp I .
dimp (V1) = diml; p dimp(VMy(D)en)
- dimF Vv dimp 1
" k2(dimp D)2
_dimp V dimg
~ k2dimD

dimF(euMk(D)eu)

4. Graded-simple algebras

Throughout this section A is a finite dimensional S-graded F-algebra where F
is a field and

S = M({e}’,n,m; P) = (supp(A)) U {0}
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is a finite completely O-simple semigroup having trivial maximal subgroups.
Denote the homogeneous component corresponding to (e, i, j) by A;;. Then
A= D 4y

1<in,
1<j<m

and

AijAre C Agg.
In particular, each homogeneous component A;; is a subalgebra of A. If pjp =0
where (pjx);k := P, then A;; Ay = 0.

Note that A is M({e}°, n,m; P)-graded-simple for some matrix P if and
only if A is M({e}°, n,m; P')-graded-simple, where P’ is the matrix with all
the entries being equal to e.

We begin with some basic observations.

LEMMA 4.1: The following properties hold for an S-graded-simple algebra A:
(1) A;;NJ(A) =0 for all i, j;
(2) if I C A is a set, then AIA is a homogeneous ideal (and thus AIA
equals either 0 or A);
(3) AJ(A)A =0.

Proof. Part (1) is a direct consequence of Lemma 2.2, Part (2) is obvious and
Part (3) is a direct consequence of (2).

If n = 1,i.e., S has only one row, then all the graded components are left ideals
and thus J(A)A is homogeneous. So, if A is graded-simple, then J(A)A = 0.
Hence in this case one can reformulate Theorem 4.7 in a simpler form.

Define the left ideals .

L;:= @ A
k=1

and the right ideals

m
RZ‘ = @ Aik-
k=1
Then
Lj n Rz = Az]
Denote by 1g the identity element of a ring R (if 1 exists).
The following theorem is a graded version of the Mal’cev—Wedderburn the-
orem. It is shown that there exist orthogonal “column” (respectively, “row”)
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homogeneous idempotents that define a semisimple complement of the radical.
This result is a first step towards the classification of S-graded-simple algebras.

THEOREM 4.2: Let A = @i,j Aij be a finite dimensional S-graded F-algebra
over a field F such that AJ(A)A = 0. Then, there exist orthogonal idempotents
fi,-., fm and orthogonal idempotents fi,..., f (some of them could be zero)
such that
B=@PfiAf; =E@P(BnAy)
0. 0.

is an S-graded maximal semisimple subalgebra of A, f! € BN R; for 1 < i < n,
fieBnLjforl<j<m, 3, fl=>"" fj =1p, and A= B& J(A) (direct
sum of subspaces).

Proof. We write X for the image of a subset X of A in the algebra A/.J(A)
under the natural epimorphism A — A/J(A).

Note that A = ZT:1 L;. Since A = A/J(A) is semisimple and comple-
tely reducible as a left A/J(A)-module, there exist left ideals L; C L; com-
plementary to Ezﬂzz;ll L; in L;. Clearly, A = @, L;. The decompo-

sition 17 = Y ", w; of the identity element of A yields orthogonal idempo-

tents w; € L;. The idempotents w; can be lifted to homogeneous idempo-
tents w; € L; of A using the natural epimorphisms 7|.,: L; — L;/L; N J(A)

since J(A) is nilpotent. The idempotents ws, ...,w,, are orthogonal too since
WiWj = wi(wiwj)wj € AJ(A)A =0.
Analogously, one gets orthogonal idempotents wi,...,w), € A, w, € R; for

1 <i < n,such that Y| f/ = 14. Define now

B = @ w;ij.

1<ign,
1<j<m

Note that w;ij C A;; and B is an S-graded subalgebra of A. Suppose

a= Z w;aijwj € J(A) for some a;; € A.

1<i<n,
1<j<m

Then AJ(A)A = 0 implies w;aijwj = w;awj = 0 for all ¢,j. Hence a = 0 and
J(A) N B = 0. Moreover,

B=1;A1;=A.
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Hence B is an S-graded maximal semisimple subalgebra of A and A = B J(A)
(direct sum of subspaces).

Decomposing 15 with respect to the left ideals @), wjAw;, 1 < j < m,
and with respect to the right ideals ®T:1 wjAw;, 1 < i < n, we get orthogonal
idempotents f; € BNL; for 1 < ¢ < n, and orthogonal idempotents fJ’- € BNR;

for 1 < j <m such that 377, f/ =377, f; = 1p. Then

/ !
B=1pBlp= @ fiBf;= P fiAf
1<in, 1<in,
1<j<m 1<j<m

since A= B® J(A) and AJ(A)A = 0.

Example 4.3 below shows that the gradings on different B in Theorem 4.7
can be non-isomorphic.

Example 4.3: Let F be a field, let I be the left Ms(F)-module isomorphic to
(e12,€22)F, and let w: I = {e12, ea2)r be the corresponding isomorphism. Let
A = My(F)&I (direct sum of Ma(F)-modules) where I Ms(F) = I? = 0. Define
on A the following T3-grading;:
A1) = (My(F),0) and A2 = {(¢(a),a) | a € I}.
Then the algebra A is T3-graded-simple and both
B, = A(el) and By = <(€11, 0), (621, 0)>F D A(ez)

are graded maximal semisimple subalgebras of A. However, By 2 By as graded
algebras.

Now we present a finite dimensional S-graded non-graded-simple algebra that
does not have an S-graded maximal semisimple subalgebra complementary to
the radical. So, in Theorem 4.2, the assumption AJ(A)A = 0 is essential.

Example 4.4: Let R = F[X]/(X?) and let A = My(R). Put vy = (§), v2 = (),
w1 = (1 Xx), wy =(01). Consider the following F-subspaces of A:
A11 :vawl = R((l) )O()’ A12 = vawg = R( ),
A21 :RU2w1 = R(? )O( ), A22 = R’Ugwg = R( )

Then A = A1 ® A1z ® A1 & Az is an S-grading for S = M({e}°,2,2,(}9)).
However, there does not exist an S-graded maximal semisimple subalgebra B
of A such that A= B @ J(A).

oo oo

1
0
0
1
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Proof. First we notice that A = A1 ® Ao D Azq B Ags is indeed an S-grading

since
(aviw;)(bvewy) = ab(wjve) viwy

for all a,b € R and 1 < 4,3, k,€ < 2 since wjvg is a 1 x 1 matrix which can be
identified with the corresponding element of the field F'.
Clearly,

and
A/ J(A) =2 My(F).

Fix the following bases in the homogeneous components:

A =((§ %) ) Az = ((
Ao *<( 1 )O() )>F Ag = <(

Now it is clear that J(A) is a homogeneous ideal and A/J(A) = Ms(F) is an
S-graded algebra too.

X 01)
0 00
0 OO)
X 01
)

Suppose that there exists a S-graded maximal semisimple subalgebra

B= & By
1<6,5<2
such that A = B®J(A) and B;; C A;;. Then there exists a graded isomorphism
p: B— My(F).
In particular, B;; = (b;;) r where ¢(b;;) = e;; and b3 = b;; for i = 1,2. Hence
bin = (1 +aX)(§¥) for some a € F and byy = (14 BX)(59) for some § € F.
(In fact, if char F' # 2, then a = 8 = 0.) Then

biibae = (1 + (a+B)X)(§5) = (§5) € J(4)
and we get a contradiction.

Theorem 4.2 describes the semisimple part of an S-graded-simple algebra.
We proceed with the description of the radical and hence we obtain a charac-
terization of the finite dimensional S-graded-simple algebras. In Section 5 we
will show that this description delivers a complete classification.

For r € A, we denote x — xr (respectively x — rz) by x(1 — r) (respectively,
(1 —r)x), even if A does not contain unity.



402 A. GORDIENKO, G. JANSSENS AND E. JESPERS Isr. J. Math.

LEMMA 4.5: Suppose A is S-graded-simple and let
A=B& J(A)

(direct sum of subspaces) be the decomposition from Theorem 4.2. Then the
following properties hold:

(1) J(A)?A = AJ(A)? =0;

(2) B is a simple subalgebra;

(3) A= AlpA;

(4) J(A)=(1—-1p)Alpd1A(1 —1p) @ J(A)? (direct sum of subspaces);

(5) J(A)? = (1 —1p)AlpA(l - 15) = (1 — 1p)A(1 - 1p).

Proof. Then Part (3) is a direct consequence of Part (2) of Lemma 4.1. Let f
be a primitive central idempotent of B. Then A = AfA and, by Part (3) of
Lemma 4.1,

B=1p(B& J(A))lz
=1pAlp = 15AfAlp
=15AlpflpAlg
=BfB = Bf = fB.

Hence f is the identity of B and thus f = 1p. Therefore, B is simple and we
get Part (2).

Using B = 15 Alp and the Pierce decomposition with respect to the idem-
potent 1p, we get

J(A) = (1-15) Al @1 g A(1-15)®(1-15) A(1—1p) (direct sum of subspaces).
Part (3) implies
(1—-1p)A(1 —1p) = (1 —1p)AlA(1 — 15) C J(A).
Hence
(1=1p)A(1 = 15)J(A) CJ(A)> =0, J(A)(1-1p)A(1 - 1) C J(A)* =0.

Since
15A(1 — 15)Alp C 15J(A)lp C AJ(A)A =0,
we get J(A)? C (1—15)A(1—15) and Propositions (1), (4) and (5) follow.
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We remark that if S has only one row, then
a—1pa C J(A)QAM =0

for every a € Ay; and 1 < ¢ < m. Thus in this case 15 acts as a left identity on
J(A).

It is also interesting to note that condition (1) of Lemma 4.1 and condition (2)
of Lemma 4.5, together with A2 = A, are equivalent to the graded S-simplicity.

PROPOSITION 4.6: Suppose that the base field F' is perfect, A/J(A) is a simple
algebra, A> = A, and A;; N J(A) =0 foralll<i<nandl<j<m. Then A
is S-graded-simple.

Proof. Let I be a nonzero two-sided homogeneous ideal of A. Denote by
m: A— A/J(A) the natural epimorphism. Then w(I) # 0. Since A/J(A)
is simple, we get 7(I) = A/J(A) and A = I + J(A4). By the Wedderburn—
Mal’cev theorem, there exists a maximal semisimple subalgebra B C I such
that I = B @ J(I) (direct sum of subspaces). Recall that J(I) = J(A) NI
Thus A = B @ J(A). Note that

m(A(1 —15)A) =0.

Hence A(1 — 15)A C J(A). Since A(l — 1p)A is a graded ideal, we get
A(1—-15)A=0 and ab = algb € I for all a,b € A. Thus A = A% C I
and [ = A.

From Lemma 4.5 we have
J(A) =1pA(1 —1p) ® (1 — 15) Al & J(A)?
=Y 1pLi(1—-1p)@ Y (1—1p)Rilp & J(A)*.
j=1 i=1
Forl1<i<nand1l<j<m,put
Ji) = fiLj(1—1p) and J)' :=(1—1p)R;f;.
Also, put

T =Y JN =1pLj(1-1p) and J:= > JO'=(1-1p)Rilp.

1<ign 1<j<m

We will show that these subspaces form the buildings blocks of J(A).
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THEOREM 4.7: Let A be a finite dimensional S-graded-simple F-algebra. Let
B and let f1,..., fm, f1,---, [} be, respectively, a graded subalgebra and ort-
hogonal idempotents from Theorem 4.2.

Then each J}) is a left B-submodule of J(A) and J} = @;_, J}. Also,
each J! is a right B-submodule of J(A) and J)} = @', J2'. Moreover,

J=1"13
J(A) = @1 JO & EB JY @ J(A)? and J(A)? = Q? @1 JTL,
1= =17

direct sums of subspaces.
In addition, there exists an F'-linear map

o DI @Y B
i=1 j=1
defined by
(2) o(a—1palp) =1palp — flaf;, fora € flA;; + Aijf;,
and such that g0|®;n:1 10 Is a homomorphism of left B-modules,
(3) JfNkero=0, ¢(7)NBf;=¢(J;])f;=0, foreveryl<j<m,
¢lgr , jor is a homomorphism of right B-modules,
4) JlNkerp=0, o(JNFB=floJl)=0, foreveryl<i<n.
Moreover,
Aij =fiBfj®{p(v)+v|ve Jz-ljo &) JZ-Ojl
& (p(v)p(w) + vo(w) + eW)w +vw | v e J), we J3)r

(direct sum of subspaces), for all 1 <i<n,1<j < m.

If s e N, vy € J)' and wy € JJ for 1 < £ <'s, then Y ;_, vywy = 0 if and
only if Y;_; ¢(ve)p(we) = 0.

Furthermore, B = My, (D) for some k € N and a division algebra D and

(6) dimp @ J2 <(n—1)dimp B = (n — 1)k dimp D,
=1

dlmFGaJ*le\ —1)dimp B = (m — 1)k? dimg D,

(8) d1mFJ(A) <(nm—1)dimp B = (|S]—1) dimp B = (|S]|— 1)k dimp D.
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Proof. By Lemma 4.5,

J(A) =1A(1 —15)® (1 — 1p)Alp & J(A)?

:i1BLj(1 —1g) @zn:u —1p)Rilp @ J(A)%

=1 i=1

Note that if 377" 1pa;(1 — 1p) = 0 for some a; € Lj, then

m m
ZlBale == ZlBaj.
j=1 j=1

Since 1pAlp = B is a graded subalgebra, we get 1ga; € BNL;, 1ga;l1p = 1pa;
and all 1ga;(1 —15) = 0. Hence the sum ®T:1 1gL;(1—1p) is direct. Analo-
gously, the sum @ (1 —1p)R;1p is direct too and

J(A) = é 1pL;(1—1p)® éu —1)Rilp ® J(A)?

j=1 i=1
éJOl @J

Using Part (5) of Lemma 4.5, we get

n'@s

m

(9) J(A)? Zn:i (1-1p)RilplpL;(1—1p) :iZJ%}Jj?.

i=1 j=1 i=1 j=1
Now we show that ¢ can be defined by (2). First, f/L; C A;; and thus
fiLj = f{Aij, Rif; C Aij and thus
Rifj =Aij
Jlo :f/L(l — 1B = {a — 1BalB | a &€ f/AlJ}
Jot =(1=1p)Rif; ={a—1palp | a € Aj; f;}.
If a — 1palp = 0 for some a € A;;, then
a€ BNA;= flIBfJ and lpalp — fi'afj =0.

Hence (2) can indeed be used to define ¢ on J;; 10 and Jioj1 and the definition is
consistent. We extend ¢ on @), JO' & 693 1 Jlo by the linearity.

Note that if a € f/A;; = f/L;, then we have a — 1galp = a(l — 1p) and
p(a(l — 1)) = a(lp — f;). By the linearity, this formula holds for every
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a € 1pL;. Hence <p|J*1? is a homomorphism of left B-modules. By the li-
nearity, <p|@m:1 g0 is a homomorphism of left B-modules too. Analogously,
(1 —1p)a) = (1p — fj)a for all a € R;1p and ¢|gyn o1 is a homomorphism
of right B-modules.

Suppose p(lpa(l —1p)) = 0 for some a € L;. Then 1ga(lp — f;) = 0,
l1paf; =1palp and flaf; = flalp for all 1 <i < n. Hence

fia(L=1p) = fia — fiafj € Aj; N J(A) = 0.
Thus 1ga(l—1p) =0and 1gL;(1—1g)Nkerp = J*ljoﬂkergo = 0. Analogously,
(1—1p)RilpNkerp = J2 Nkeryp = 0.
Moreover
¢(Ji)NBfj = e(1pL;j(1 = 1p)) N Bf; C p(1pL;i(1 —1p))f; =0
for every 1 < j < m and (3) is proved. Analogously,
P(JL) N fiB=¢((1=1p)Rilp) N fiB C fipo((1 - 15)Rilp) =0

for every 1 < i < n and (4) is proved.
By Part (2) of Lemma 4.5, we have B = M}, (D) for some k € N and a division
algebra D. Now

dimp @ I = dimp o(J0)) <Y (dimp B — dimp f{B)
i=1 i=1 i=1
=(n —1)dimpr B = (n — 1)k* dimp D

and we get (6). Analogously we obtain (7).
Now we prove (5). Let

/L-j =(fiBf; ®{pv)+v|ve Jiljo P J?jl )
+ (p(v)p(w) + vp(w) + p(v)w +vw | v € JOH, w € Ji]Q>F.

We first show that /L-j = A;;. To do so, note that if a € f/L;, then
pla(l—=1p)) +a(l—1)=a(lp — f;) +a(l —1p) = a—af; € Ajj.

Therefore ¢(w) +w € ~Aij for every w € J!. Analogously, o(v) +v € Ay; for
every v € J?jl. Hence A;; C Ay .



Vol. 220, 2017 SEMIGROUP GRADED ALGEBRAS 407

Obviously, B C @, @), A;j and therefore 15 € @, DL, A;j. By
Lemma 4.5,

13@@AU (1-1p) = EBJ“’

i=1 j=1 j=1

and

(1-1g) @EBAwlB _@JQ}.

i=1 j=1

Hence

D e DD,
i=1 j=1

i=1 j=1
In addition, (9) implies

n m

(1-15) PP Ai;(1 —15) = J*(4)

i=1 j=1

and J(A)* € @, B, A;j. Hence @, D, Ajj = A and A;; = Ajj.
Equality (5) will follow from the fact that the sum in the definition of A;; is
direct. We prove the last fact below.

Suppose s € N and v, € J2!' and w, € JjJQ for 1 < ¢ < s. Assume
Y v—q p(ve)p(wy) = 0. Since Lp|®]7_n:1 o1 is a homomorphism of right B-modules,
we get that ¢(3°)_; vep(we)) = 0 and thus, by (3), >_j_; vee(we) = 0. Analo-
gously, >-;_, ¢(vs)we = 0. Hence

S S

> vewe =Y (p(ve) +ve) (@(we) + we) € Aij 0 J(A) =0,

=1 =1

Conversely, suppose Y _,_; vgwe =0 for some v, € JO! and wy € J,}JO, 1</l<s,
s € N. Let

S

a= Z((p(w) + ve) (p(we) +we),
=1

= (elpwe)we) + p(ve)we) + > ((vep(we)) + vep(we)) = > p(ve)p(wy).

=1 {=1

~
Il
—_
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Then a —b=>",_, vowy = 0. Thus b = a € A;;. However

Z o(ve)we) + frp(ve)we)

S

p(vep(we)) fr+vep(we) fr) =Y N > Frp(ve)p(we) fr-

r=1/¢=1 g=1r=1/¢=1

n
Ms

Taking the homogeneous component of b, corresponding to A;j;, i.e., the sum-
mand with ¢ = ¢ and r = j, we obtain ¢ = b = 0 since by (3) and (4) we
have

fiv(ve) = p(we) f; = 0.
The projection of a on B with the kernel J(A) yields >";_; ¢(ve)p(we) = 0.

Hence
S

Y lwoplwe) = vep(w) Z p(ve)w
(=1

=1
Now we are ready to prove that the sum in the definition of Aij is direct.

Suppose

S

> " (e(ve)e(we) + vep(we) + p(ve)we + vewe)
=1

€ fiBfie{ew) +vlve e iy CBa DIy e DI

for some v, € JO! and wy € J*ljo. Since >~,_, vow; € J(A)? and

S

> (p(ve)p(we) + vep(we) + p(ve)we) € Be @D 11 & @ Ji
=1 j=1 i=1
we have Y ,_, vpwe = 0 and, by the previous remarks,

S

> ep(we) =Y vep(we) Zw ve)we =0
£=1

=1
and 3 75_; ((ve)p(we) + vep(we) + o(ve)we + vewe) = 0.
In particular, the sum in the definition of A;; is direct and the proof of (5)
is complete.
Now we prove that the sum J(A)*> = 7" 37" | Jp!J[) is direct. Indeed,
suppose » iy >0 ug; = 0 for some uy; € JiJL. By ( )y Uij = Gij — Vij



Vol. 220, 2017 SEMIGROUP GRADED ALGEBRAS 409

where a;; € A;; and v;; is a linear combination of homogeneous elements from

B and homogeneous elements from
{p()+v|veJl o J,}JQ .
Now 7%, 37 1 (ai; — vi;) = 0 implies that each a;; is a linear combination
of elements from f/Bf; and elements from {o(v) + v | v € J}' @ J}}. Thus
Uij = (1 — 1B)uij(1 — 13) = (1 — 13)(aij — ’Uij)(l — 13) = 0 and the sum
J(A)? =D, D)L, JJLY is indeed direct.
Only (8) still has to be proved. Note that Lemma 3.4 implies

dimp J(A)? =373 dimp ST = 373 dimp (S0 p(I1)

i=1 j=1 i=1j=1
z": i dimp p(J!) dimp o(J17)

= 9 1
P k? dimp D

. z": i (dimp B — dimp fzi’B') (dimp B — dimp Bf;)
pr e k? dimp D

_ (dimp B)*(n —1)(m — 1)

o /€2 dimF D

=(n—1)(m — 1) dimp B.
Finally, (8) follows at once from (6) and (7).

As an example, we conclude this section with a specific class of algebras for
which we give an explicit description of the graded Mal’cev—Wedderburn de-
composition. Let R be a finite dimensional F-algebra with identity element
and let P be an m X n matrix with entries in R such that each row and
each column contains at least one invertible element in R. The Munn algebra
A := M(R,n,m, P) is, by definition, the F-vector space of all n x m matrices
over R with multiplication defined by

DE:=DoPoF,

for D,E € M(R,n,m,P), and where D o P is the usual matrix multiplication.
Clearly, A = @1 ; Reij and it is an S-graded-simple algebra, where S is the
completely 0-simple semigroup S = M ({e}°, n,m, P'), with P’ the nxm matrix
with e in every entry of P’.

By Lemma 4.1 and Theorem 4.2, there exists an S-graded maximal semisim-
ple subalgebra B such that A = B @ J(A). In case R = F, one can give an
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explicit description of B. Indeed, let k denote the rank of P. Reindexing if nee-
ded, we may assume that the first k rows and the first £ columns are F-linearly
independent. Let B = {(a;;) € A | aj; =0for¢ > kor j > k}. Note that B
can be identified with M(F,k, k, Q) where the sandwich matrix ) consists of
the first k£ rows and columns of P. Clearly, B is a graded subalgebra and the
mapping N — N o(@ is an algebra isomorphism B — M (F). Thus B = M (F)
is a simple algebra. Furthermore, A/J(A) = M (F) = B (Proposition 23 in
Chapter 5 of [29]) and thus A = B @ J(A) and A is Wedderburn—-Mal’cev gra-
ded. Also recall that J(A) = {N € A| Po No P =0} (see, e.g., Corollary 15
in Chapter 5 of [29]).

5. Existence theorems for graded-simple algebras

In Theorem 4.2 and Theorem 4.7 we obtained a description of an S-graded-
simple algebra A. It is shown that A has a graded Mal’cev—Wedderburn de-
composition B + J(A) and that J(A) is roughly the direct sum of left and right
B-modules that are isomorphic to left and right ideals of B and that also sa-
tisfy some other restrictions. To complete the description, we now show that
any such collection of left and right ideals of a finite dimensional simple algebra
B yields an S-graded-simple algebra A with B as a maximal semsimple graded
subalgebra. We now formulate this in precise detail.

Let k,m,n € N and let D be a division algebra. Put B 2 M, (D) and assume
fis--yfn € Band f{,..., fl € B are two sets of idempotents (some of them
could be zero) such that >3i°, f/ = 37" f; = 1p and so that the idempotents
in each set are pairwise orthogonal.

Let JY, ..., J10 and JVL, ... JO be, respectively, left and right B-modules
such that there exist embeddings

. 710 . 701
p:J ;=B and ¢:J; — B
which are, respectively, left and right B-module homomorphisms and we have
¢(;3)f; =0 and  flp(J3') =0.

(For convenience, we denote both the maps by the same letter ¢ and we also as-
. . oy . 01 10

sume that the linear map ¢ is defined on the additive group;” ; J7; 69@;21]* )

Define additive groups J;; as isomorphic copies of w(]?*l)gp(Jj?) CBforl1<i<n,
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1 <7< m. Let
Oij: o(J2)e(J1]) = Jij
be the corresponding linear isomorphisms and let
e O x Jijo — Jij
be the bilinear map defined by

,LL(’U, w) = eij (‘P(v)@(w))a
for v € Ji! and w € J19. We extend p by linearity to the map
v @ D

i=1 j=1 i=1 j=1
Let @ denote the n x m matrix with each entry being equal to e.
THEOREM 5.1: The additive group

01 10
a-ned @D,
i=1 j=1 i=1 j=1
is a M({e}", n,m; Q)-graded-simple ring for the multiplication defined by
(b1, v1, w1, u1)(ba, v2, w2, uz) = (brba, viba, brws, p(v1, w2)),

no 701 m 710 n m
for bla b2 S B7 V1,V2 € @i:l Jz* , W1, W2 € @j:l J*j’ U, U2 € @i:l @j:l Jl]
The homogeneous components are

Aij=(f{Bf1,0,0,0) & {(¢(v),v,0,0) [vE T3 f;} & {(p(w),0,w,0) | we ;]
@ {(pv)p(w), vo(w), p()w, p(v,w)) |v e J, w e J.7)z.
Proof. Making use of all the assumptions, direct computations show that the

multiplication defines a graded ring structure and also that A = @, @;":1 Ayj
Clearly,

m

J(A) = (0, é TPy, éé Jij>7

i=1 j=1 i=1 j=1

since the third power of the right-hand side is zero.
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Note that for every 1 <i < n and 1 < j < m we have
15(f{Bf;,0,0,0)15 =(f;Bf;,0,0,0),

1o{(p(0)0.0.0) | v € J2 ;)10 € D 1iB3.0,0.0),
t£i

1{(p(w),0,w,0) [ w € f{J})}1p g(@f{Bfr,o,o,O),
r#j

La{(p(v)p(w), vo(w), p(v)w, pv,w)) v € Ji!, w € J.7)z1p

g(@ngfT,o,o,o).

04,
r#j

Thus, if 1galp = 0 for some a € A;j, then a = 0. Hence A;; N J(A) = 0.

Suppose [ is a graded two-sided ideal of A. Let a € I, a # 0, be a ho-
mogeneous element. By the previous comments, a = (b, u,v,w) with b # 0.
Hence (15,0,0,0)a(15,0,0,0) = (b,0,0,0) € I. Since B is a simple ring,
(B,0,0,0) € I. Thus (15,0,0,0)A C I and A(15,0,0,0) C I. Since

A = (B, 07 0, 0) Jr (1B, 07 0, O)A Jr A(]'B, 07 0, 0) Jr (1B, 07 0, 0)A2(1B, 07 0, 0)7
we get I = R, and A is graded-simple.

In case all modules involved, for example J2! and J;;, are left and right
F-vector spaces on which the left and right F-structure is compatible and all
maps involved are (left and right) F-linear, then the construction in Theorem 5.1
yields an S-graded algebra. In this case, if B is a finite dimensional algebra over

F, then a left B-module embedding ¢: Jijo — @r=1, Bf, exists if and only if
r#j
dimp J}Y < dimp B — dimp(Bf;). A right B-module embedding

p: IO} = P B
046
exists if and only if
dimp JO! < dimp B — dimp(f/B).

Theorem 2.3 shows that the grading on an algebra A is completely defined
by the images of the graded components in A/J(A). We show that every such
decomposition determines some S-grading.
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THEOREM 5.2: Let D be a division algebra over a field F' and let B = My (D).
Suppose B = """, Z;nzl B;j , a sum of subspaces B;; of B, with B;; B¢y C By,
forall1 <i,4 <n,1<j,r<m. Let P = (p;j)i; be an n x m matrix where
pij € {0,e} such that B;jBy, = 0 for every (j,{) with pje = 0. Then there
exists an M({e}°,n, m; P)-graded algebra A = @;_, @], Ai; and a surjective
algebra homomorphism ¢: A — B such that kery = J(A) and ¢(A;;) = Bij,
oralll <i,l<n, 1<jr<m.

Proof. Let Lj :== @}, B;; for 1 <j < m and R; := @Tzl B;j for 1 <i < n.
Note that L4, ..., Ly, are left ideals and Ry, ..., R, are right ideals. Moreover,
since B = My, (D) is semisimple, B is completely reducible as a left and a right
B-module. Define ij as a complementary left B-submodule to L; N Z;;i L in
L;, 1 < j < m. Analogously, define R; as a complementary right B-submodule
to R; ﬂzz;i R, in R;, 1 <i<n. Then @2:1 Ry = 22:1 Ry for 1 <i<nand
@;:1 Ly= ZZ:1 L, for 1 < j < m. In particular,

Bk -DL,
i=1 j=1

Decomposing 1p into the sum of elements of, respectively, Li,...,L,, and
Ry, ..., R, wefind two sets of orthogonal idempotents fi, ..., fm and fI, ..., 1l
such that L; = Bfj, R; = Bfi/’ S fi=200 f =1 ) )

Let W' = Lj(1 - f;) € Ljfor 1 < j <mand W' = (1 - f/)R; C R;
for 1 <i<n. Then L; = Lif; ® W*ljQ and R; = f/R; ® W0 (direct sums
of, respectively, left and right ideals). Denote by Jjjo the isomorphic copy
of W*ljQ and by J2! the isomorphic copy of W2'. Denote the corresponding
left B-module isomorphisms ¢: J!? — WY and right B-module isomorphisms
o: JI — WO by the same letter ¢. Now extend ¢ to an F-linear map

o I DY S W LS W C B,
i=1 j=1 i=1 j=1

Let A =D;_, D)~ Ai; be the ring constructed in Theorem 5.1. Note that
this then will be an algebra by the remark given after the proof of the theorem.
We claim that A satisfies all the conditions of Theorem 5.2. Indeed, define v
as the projection of

A:B@éij@éJif@ééJij
i=1 j=1

i=1 j=1
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on B with the kernel

n

=B BB
i=1 j=1 i=1 j=1

Since B is semisimple, there exist idempotents €, and e; such that R; = e.B
and Lj = Be’;. Then

Y(Aij) =FIBF;+ o2 f5) + o(FIE) + oI e(I10)
=fiBfi+ (1= f)Rif; + fiL;(1 = fj) + (1 = f)RiL;(1 — f;)
=fiRifj+ (1= [)Rifj + fiRL;j(1 = f;) + (1= fHR:L;(1 = f)
=Rif; + RiL;(1 - f;) = RiL; = ¢,Be; = R;N L;
=DB;;.
Moreover, p;e = 0 always implies B;; Ber = 0, ¥(A;;Asr) = 0 and A;j Ay = 0.
The last equality follows from (kert) N A; = J(A) N A = 0.

Note that any simple algebra B = M} (D) can be decomposed into the sum
of B;;’s (as needed in Theorem 5.2) by taking a collection Li,...,L,, and a
collection R, ..., R, of, respectively, left and right ideals of B with

o
i=1 j=1

and define B;; = R; N L;.

6. Graded polynomial identities, their codimensions and cocharacters

In the remainder of the paper we study numeric characteristics of graded poly-
nomial identities in semigroup graded algebras.

Let T be a semigroup and let F be a field. Denote by F(X7-8") the free
T-graded associative algebra over F' on the countable set

xTe= | ) x®,

teT

X® = {:I:l ,1132 ,...}, i.e., the algebra of polynomials in non-commuting varia-
bles from X7-8". The mdetermlnates from X®) are said to be homogeneous of
degree t. The T-degree of a monomial ngl) . xgzs) € F(XT-#) is defined to be
tity - - - ts, as opposed to its total degree, which is defined to be s. Denote by
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F(XT-2")®) the subspace of the algebra F/(X7¢") spanned by all the monomials
having T-degree t. Notice that
F<XT—gr>(t)F<XT—gr>(h) g F<XT_gr>(th),
for every t, h € T. It follows that
XT gr @F XT gr (t)

teT
is a T-grading. Let f = f(x; (t2) ...,:171(-:5)) € F(XT#). We say that f is a
graded polynomial 1dent1ty of a T-graded algebra A=@,cr A® and write
F=0if fal, ... al"*)) = 0 for all a{"”) € A4, 1 < j <s. The set 17 (A)

of graded polynomlal identities of A is a graded 1dea1 of F(XT-er),

Example 6.1: Consider the multiplicative semigroup T' = Zs = {0,1} and the
T-grading UTy(F) = UTo(F)©® @ UTy(F)M) on the algebra UTy(F) of upper
triangular 2 x 2 matrices over a field F' defined by

g F 0 i 0 Fr
ore®= (§2) i vran® = (G 7).

(2 O] .= 20 _ (00 ¢ [qT-8"(UT,y(F))
and 2Ny € 1d7 (UTy(F)).

We have

Let PT# = (a{)2l2) al) | 4, € Tyo € 8,)p ¢ F(XT#), n € N.
Then the number
Pl

T8 (A) := dim
w4 (PnT g IdT'gf(A))

is called the nth codimension of graded polynomial identities or the nth

graded codimension of A.
If T = {e} is the trivial group, we get ordinary polynomial identities
Id(A) := 1d{e87(4),
the space of ordinary multilinear polynomials P, := Pi¢} 8"
mensions ¢, (4) := c;{f}'gr(A).
The proposition provides a relation between the ordinary and the graded

and ordinary codi-

codimensions.
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PROPOSITION 6.2: Let A be a T-graded algebra over a field F for some semi-
group T (not necessarily finite). Then c,(A) < c¢I8(A). If T is finite, then
cl-e(A) <|T|"c,(A) for all n € N.

Proof. Let tq,...,t, € T. Denote by P, . ., the vector space of multilinear
T-graded polynomials in z{"), ... 2{"). Then PT-&" = D,
Let fi,..., fcn(A) be a basis in anl?é(A) where f; € P,. Then for every o € S,
there exist o, ; € F' such that

......

cn(A)
To(1) " To(n) — Z ag7if1:(:171, e ,IEn) S Id(A)
i=1
Then for every tq,...,t, € T we have
R (t1)
n n T-gr
CCa(ll) o) T Zl amifi(wl Y 'a‘rgzt )) cld'™® (A)
and
pler Foo(t) (tn) ,
T.gr ﬂIdT'gr(A) = (filxy",...,zy™) | 1 <i<cn(A), t1,...,tn €T)p.

This implies the upper bound.
In order to get the lower bound, for a given n-tuple (¢1,...,t,) € T" we

consider the map
pre

4)
Pl n1dTE(A)

where ¢y, 0. (f) = £\, 2l")) for f = f(a1,...,2n) € P,. Note that
f(z1,...,2,) =0 is an ordinary polynomial identity if and only if

f(xgtl),...,:r,(f")) =0

is a graded polynomial identity for every ti,...,¢, € T. In other words,
P,NId(A) = ﬂ ker g, .. ¢, -
(tl ..... tn)ET"

Since P, is a finite dimensional vector space, there exists a finite subset A C T™
such that P, NId(A) = m(tl,...,tn)eA ker g, 1,
Consider the diagonal embedding

Po— Pl = P P, ..
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2z,
pT-gr

n
PI-8'nIdT-sr (A)

where the image of f(z1,...,z,) € P, equals Z(tl VVVVV tn)EA f(

Then our choice of A implies that the induced map Pml?é( a4 =

is an embedding and the lower bound follows.

The next proposition provides an upper bound for graded codimensions in
terms of dim A.

PROPOSITION 6.3: Let A be a finite dimensional T-graded algebra over a field
F for some semigroup T (not necessarily finite). Then cI#"(A) < (dim A)"*1
for alln € N.

Proof. This is a direct consequence of [21, Lemma 1] and [18, Lemma 4].

The analog of Amitsur’s conjecture for graded codimensions can be formula-
ted as follows.

CONJECTURE: The limit Plexp? #(A) := lim,_, o0 T\L/cg‘gr(A) exists.

Remark 6.4: The original Amitsur’s conjecture was formulated for ordinary
polynomial identities and asserted that the exponent of codimension growth is
integer. However, the recent examples [21, Theorems 3-5] show that, in the
semigroup graded case, the graded PI-exponent could be non-integer.

7. Polynomial H-identities and their codimensions

In our case, instead of working with graded codimensions directly, it is more con-
venient to replace the grading with the corresponding dual structure and study
the asymptotic behaviour of polynomial H-identities for a suitable associative
algebra H.

Let H be an arbitrary associative algebra with 1 over a field F'. We say that
an associative algebra A is an algebra with a generalized H-action if A is
endowed with a homomorphism H — Endg(A) and for every h € H there exist
R RY R R € H) 1< i< s, s €N, such that

s
(10) h(ab) = Z((h;a)(h;’b) + (R'b)(h}"a)) for all a,b € A.
i=1
Remark 7.1: We use the term “generalized H-action” in order to distinguish
from the case when an algebra is an H-module algebra for some Hopf algebra
H which is a particular case of the generalized H-action.
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Let F(X) be the free associative algebra without 1 on the set
X :={x1, 22, 23,...}.

Then F(X) = @22, F(X)™ where F(X)(™ is the linear span of all monomials

of total degree n. Consider the algebra

F(X|H) = @ H®" @ F(X)™
n=1
with the multiplication (u; @ wy)(uz @ws) := (u1 @ua) wiwy for all uy € HSJ,
uy € H®% wy € F(X)U) wy € F(X)*). We use the notation

Here hy @ hy @ --- @ hy, € HO™, x4 4, - - -5, € F(X)(),
Note that if (y5)gen is a basis in H, then F(X|H) is isomorphic to the free
associative algebra over F' with free formal generators z;°, 3 € A, i € N. We

= (M @hy ® - ® h) @ Ty Ty -

n-

refer to the elements of F(X|H) as associative H-polynomials. Note that
here we do not consider any H-action on F(X|H).

Let A be an associative algebra with a generalized H-action. Any map
¥: X — A has the unique homomorphic extension ¢: F(X|H) — A such that

P(a}) = hp(x;)

foralli € Nand h € H. An H-polynomial f € F(X|H) is an H-identity of A
if

P(f)=0

for all maps ¥: X — A. In other words, f(z1,x2,...,z,) is an H-identity of A
if and only if f(a1,as,...,a,) = 0 for any a; € A. In this case we write f = 0.
The set 1d” (A) of all H-identities of A is an ideal of F(X|H).

We denote by PH the space of all multilinear H-polynomials in z1,...,%,,
n €N, ie.,

P = (aliy alz, - ale | hi € Hyo € S,)p C F(X|H).

n

Then the number
PH
cH(A) = dim ( " )
P NId"(A)
is called the nth codimension of polynomial H-identities or the nth H-
codimension of A.
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For an arbitrary semigroup 7" one can consider the semigroup algebra F'T'
over a field F' which is the vector space with the formal basis (¢);er and the
multiplication induced by the one in T

Consider the vector space (FT)* dual to FT. Then (F'T)* is an algebra with
the multiplication defined by (hw)(t) = h(t)w(t) for h,w € (FT)* and t € T.
The identity element is defined by 1(pr)-(t) = 1 for all t € T'. In other words,
(FT)* is the algebra dual to the coalgebra F'T'.

Let " A= @, cr A® be a grading on an algebra A. We have the following
natural (FT)*-action on A: ha® = h(t)a® for all h € (FT)*, a® € A® and
teT.

Remark 7.2: If T is a finite group, then A is an F'T-comodule algebra for the
Hopf algebra FT and an (F'T)*-module algebra for the Hopf algebra (FT)*.

For every t € T define hy € (FT)* by

0 ifg#t,
hi(g) == . ifzft forgeT.

If A is finite dimensional, the set suppT := {t € T | A®) # 0} is finite and

hi(ab) = > hg(a)hy(b) forall a,be A.

g,wesupp ',
gw=t

Note that ha =37, o1 M(t)hta for all a € A and h € (FT)*. By linearity,
we get (10). Therefore, A is an algebra with a generalized (FT')*-action.

The lemma below plays the crucial role in the passage from graded polynomial
identities to polynomial H-identities.

LEMMA 7.3 ([21, Lemma 1]): Let A be a finite dimensional algebra over a field
F graded by a semigroup T. Then cI8"(A) = ET (A) for alln € N.

One of the main tools in the investigation of polynomial identities is provided
by the representation theory of symmetric groups. The symmetric group 5, acts
H

on the space by permuting the variables. Irreducible F'S,,-modules

PHALAH (A)
are described by partitions A = (A1,...,As) b n and their Young diagrams

Dy. The character Y2 (A) of the F'S,-module PHmI;EH(A) is called the nth
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cocharacter of polynomial H-identities of A. We can rewrite it as a sum

XE(A) = Z m(Aa H, )‘)X()‘)
AFn

of irreducible characters x()\). Let er, = ar,br, and e}, = br,ar,, where

ar, = Z 7 and bp = Z (signo)o,

7T€RT>\ UECTA

be Young symmetrizers corresponding to a Young tableau 7. Then
M(X\) = FSper, = FSper,

is an irreducible F'S,-module corresponding to a partition A - n. We refer the
reader to [3, 12, 17] for an account of S,-representations and their applications
to polynomial identities.

8. Main steps of the proof of the lower and upper bounds for graded

codimensions

Here we give a brief overview of Sections 9-11.

Let A = @, A® be a finite dimensional T-graded algebra over a field
F of characteristic 0 for some semigroup T such that A/J(A) & My(F) for
some k € N and A® N J(A) =0 for all t € T. (For example, F is algebrai-
cally closed and A is a finite dimensional T-graded-simple algebra for some
T = M({e}°,n,m; P).)

As mentioned before, since B (4)
’ PI8"(A)N1dT-er (A)

decomposed into the sum of simple F'S,-modules M (). Thus,

is an F'S,,-module, it can be

chE(A) =Y m(A, (FT)*, \) dim M())
AFn
. s o . P8 (4)
where m(A, (FT)*,\) is the multiplicity of M () in P (A)AIdTE (4) A hook
with the edge in (i,7) of a Young tableau T consists of all the boxes to the
right and below (i, j) together with the box (i, j) itself. The number of boxes
in the (¢, 7)-hook is called its length and is denoted by h;;.



Vol. 220, 2017 SEMIGROUP GRADED ALGEBRAS 421

Let A = (A1,...,A¢) F n. Recall that by the hook and the Stirling formula
we have

n'

dim M (\) :Hi,j.hij
Cyn(e)"
(11) g\/)\l...Aq(Al)Al...(Aq)Aq

_ Cy/n ( 1 o
VAL A (M)*n,l...(ﬁf)if

n

for some constant C' € R. Now we compute the exponent in 3 steps.

(a) First, the multiplicities are polynomially bounded, i.e., there exist a,b € R
such that >, m(4, (FT)*,\) < an’. (See [19, Theorem 5].)

(b) Now (11) implies

n/ T-gr A A
lim \/cﬁg(A))g sup <I>( L q)
n—oo en, ny ng
m(A,(FT)* 2)#£0

_ 1
where ®(x1,...,24) = 71 gt

Let f € Pr(lFT)*,)\ F n for some n € N and » = dim A. In Lemma 9.2 we
prove that if

(12) Z’W)\i >k or )‘T+1 > 0,
=1

for some specific numbers v; defined in Section 9, then ef, f € " (A) for
any Young tableau Ty of shape A. In particular, m(A, (FT)*,\) = 0 for all
partitions satisfying the conditions (12) and we may assume that ® is defined
in 7 variables.

Furthermore, now we can restrict ourselves to the partitions
A=(\,..., ) Fn

such that >0 _; v ’:; < fl . In particular, for n large enough, we may consider ®

on the following area:

Qi={(,0,...,00) ER" a1 > - 2 0 20,00 + 2+ -+, =1,

1o + -+ e < 0}
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Formula (11) now yields the upper bound

dimM(A) <  max P(ag,...,ar) =:d
(a1, ) EQ
for irreducible modules M (\) with m(A, (FT)*,\) # 0. Combined with the
polynomial bound on the multiplicities, we get the upper bound

lim T\L/CZ'gr(A) <d.

This step will be achieved in Theorem 9.8 and the formula for d is proved in
Lemma 9.7.

The idea to use the function ® on some region 2 was introduced in [14, 27].
However, in order to find an appropriate region {2, i.e., a region which does not
contain most partitions A with m(A, (FT)*, A\) = 0, new techniques are needed.
For this we develop a special method in Section 9.

(c) Since c1#*(A) > dim M ()) for all irreducible modules appearing in the
decomposition, it is sufficient to find a partition p such that m(A, (FT)*, u) # 0
and

1

(f;;)‘i& ...(lﬁ:)‘t:)

n!

dim(Mu) > ~ ClnBl d’n

B,
= nr(rfl)‘ul!...ﬂr! > Cin (

for some constants By, C7 € R in order to get the needed lower bound.

For this we construct for every n > ny a multilinear polynomial f € P&
such that e} f ¢ 1d7"#(A) for some tableau T}, of a desired shape . In order
to get e}, f ¢ Id""8"(A), we construct f alternating in the variables of some
specific sets.

Note that no general method is known to construct such non-vanishing poly-
nomials. In Section 10 and Section 11 we have to do this manually.

The polynomial f is constructed in Lemmas 10.4 and 11.4. The proof heavily
uses the description of left ideals in Ma(F') and we restrict ourselves to zero
bands. The exact exponent is computed in Theorem 10.5 and Theorem 11.5.
We get Plexp’ ¢ (A) = dim A and

Plexp”™® (A) = [Ty| + 2|71 + 2y/(1T1] + o (|To] + T3] — [fo]) < dim 4,

respectively. The numbers |Tp|, |T1], [fo| are defined in the beginning of Section 10.
In particular, any number m + 1 + y/m for any m € N can be realized as the
T-graded Pl-exponent of some T-graded-simple finite dimensional algebra.
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9. Upper bound for (F'T)*-codimensions of T-graded-simple algebras

Let A = @,cr A® be a finite dimensional T-graded algebra over a field F of
characteristic 0 for some semigroup 7' such that A/J(A) = M (F) for some
k€ Nand AY NJ(A) =0 for all t € T. In this section we prove an upper
bound for T-graded codimensions of A.

For every t € T fix a basis B in A®. Then B = |J,.- B®) is a basis in A.
Fix also some isomorphism v¢: A/J(A) — My (F). Denote by m: A — A/J(A)
the natural epimorphism. Define the function 6: B — Z by

6(a) = min{i — j [ a;; #0, 1 <1, <k}

if 1/)71'((1) = Zlgi,jgk Qij€ij, 5 € F.
The observation below plays a central role in the section.

LEMMA 9.1: Let f € P,EFT)* for somen € N and let a; € B, 1 <i < n. If
flai,...,a,) #0, then

—k< Z 0(a
i=1
Proof. Note that f is a linear combination of monomials :I:U(l) 0(2) --xZE‘n),

hi € (FT)*, o € S,. Denote by I': A = @, A® the T-grading on A.
Since suppl' is finite, we may assume that f is a linear combination of mo-

nomials :chzll)zg'é) . Z(n) t; € suppl, 0 € S,. (See the definition of h; in
Section 7.) Since all a; are homogeneous the value of xaa) Zt(zz) . szz) equals

Ag(1) " " Qo(n) i Aoy € A®) for all 1 < i < n and 0 otherwise. However
Ug(1) """ Qg(n) 1S again a homogeneous element. Recall that J(A) N A®) =0 for
every t € T'. Thus ag(1) - ag(n) # 0 if and only if

WT(%Q) e 'aa(n)) WT(%Q )wﬂ.(aa@ ) WT(%(n ) 7é 0.
Now we notice that e;, j,€i,j, ... €5, # 0 for some 1 < ip,j, < k only if
J1 =12,J2 =13,...,Jn—1 = in, and, in particular,

n

L=k <Y (ie—je) =ir—jr <k — 1.

£=1

Therefore, ay(1) - - Go(n) # 0 only if 1 —k < D75, 0(a;) <k —1.
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Let r := dim A. Define

¢
Be = min{Z@(ai) | a; € B, a; # a; for i #j},
i=1

Yo := B — Be—1, 1 <L L1, By :=0. Without loss of generality, we may assume
that B = (a1, ...,a,) where

0(ar1) < 0(a2) <--- < 0(a,).
Then g, = Zle 6(a;) and v, = 6(ay). In particular,
l—k=m<r< <7

The equality v; = 1 — k follows from the fact that ej; has the minimal value
of (i — j) among all matrix units e;; and the matrix unit e;; must appear with
a nonzero coefficient in the decomposition of ¢m(a) for some a € B.

Now we prove the main inequality for (FT)*-cocharacters of A.

LEMMA 9.2: Let f € P,EFT)* and A\ F n for some n € N. If 22:1 YiAi = k or
Ar1 >0, then er, f € 1aF " (A) for any Young tableau T of shape \.

Proof. Note that for each column of T}, the polynomial e, f = br,ar, f is
alternating in the variables with indices from that column. Another remark is
that, in order to determine whether a multilinear polynomial is a polynomial
(FT)*-identity of A, it is sufficient to substitute only elements from B. If we
substitute two coinciding elements for the variables of the same set of alternating
variables, we get zero. Thus, if A, > 0, then the height of the first column is
greater than or equal to (r + 1) and at least two elements coincide. Therefore,
e feldF T (A).
Suppose Y ._, vi\; = k. We can rewrite this inequality in the form

(13) Z(ﬁ ﬁz 1 )\ — Zﬁz i z+1 k

i=1

(We may assume that A\.11 = 0.) Note that (A; — A\;11) equals the num-
ber of columns of height ¢ in T). Suppose bi,...,b, € B are substituted for
T1,...,Tn. By the remark above, we may assume that for the variables of
each column different basis elements are substituted. By the definition of §;,
S 0(bi) =3, Bi(Ai — Xix1). Combining with (13), we get Y .-, 0(b;) > k.
Now Lemma 9.1 implies (e7, f)(b1,...,bn) =0 and e7, f € 1" (A).
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Let ®(aq,...,qp) = aalaaﬁ 4or - This function becomes continuous in the
1 2 Ar
region oy, ..., q, > 0 if we define 0° := 1.

The lemma below shows the importance of the function ® in our investigation.
LEMMA 9.3: Let

Q= {(a,0,...,00) ER" a1 22, 20, ey +az + -+ +a, =1,

yio1 + -+ e < 0}

Then lim,,_; o ’\"/cz_gr(A) < maxgeq ®(x).

Proof. This is a consequence of Lemmas 7.3, 9.2 and [21, Lemma 2] (or the
original paper [27]).

The rest of the section is devoted to the calculation of the maximum of ®.
We begin with the most simple region.

LEMMA 9.4: Let r € N and

Qo ={(a1,09,...,a;) ER" | a1,...,0, 20, a1 + 2 + -+ a, = 1}.

11 1).

e S

Then maxgeq, (z) = r and argmax,cq () = (

Proof. We prove the lemma by induction on r. The case r = 1 is trivial. Assume
r > 2. First, we can express a; = 1 — Z:ZQ «; in terms of ao,as, ..., ., and
1

study @4 (aeg,...,q.) = (=57 ) 3-Ties ) ga2..qar O1
=2 2 L

Q= {(ag,...,ar)ERT_l|o¢2,...,a,«20, 120@20}.
i=2

Note that ®; is continuous on the compact set Qo and differentiable at all inner
points of Q. Thus ®; can reach its extremal values only at inner critical points
of ®; or on 9. By the induction assumption, ®;(z) < r —1for all z € 9.

Consider

0P .

8042 (g,...,q) = (ln (1 — ;ai) —lnag)él(ag,...,aT).
Then gfe (ag,...,a,) =0 for all 2 < ¢ < r only for

r
1
052:"':057‘:1*5051': .
‘ T

1=2
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Since ®(1, 1, ..., 1) =7 >r—1, we get the lemma.

r?r? r

The positive root ¢ of the polynomial P, defined in the lemma below, will be
used in the calculation of the upper bound of codimensions. Here we study the
basic properties of P.

LEMMA 9.5: Let r € N and ~; € Z, 1 <1 < r. Suppose

(14) 1< 12 < <

v1 < 0. Consider the equation
(15) P(Q) =) w¢" " =0
i=1

where ( Is the unknown variable. If >'_, ~; > 0, then (15) has the only root
¢ > 0. Moreover ¢ € (0;1]. If >°!_, v < 0, then P(y) < 0 for all y € [0;1].

Proof. If 7, < 0, then all nonzero coefficients of P are negative and P(y) < 0
for all y € [0;1].

Suppose v, > 0. Inequality (14) implies that there is only one sign difference
in the signs of coefficients of P. Therefore, by Descartes’ rule of signs, (15) has
the unique positive root {. Define m € N by

Y1 =" = Ym < VYm+1-
Note that P(0) = my; < 0 and P(1) = >._, 7. Therefore, if >'_; v > 0,
we have ¢ € (0;1]. If P(1) = >°._, v < 0, then ¢ > 1 and P(y) < 0 for all
y € [0;1].

It turns out that the root { of P is the extremal point of the function ¥
defined below. This will be used in the calculation of the maximum of ® on our
region €.

LEMMA 9.6: Let r ¢ Nandv; € Z, 1 <i < r. Suppose y1 < v2 < --- < 7,
y1 < 0. Denote ¥(y) = Y_._, y"i. Then:
(1) if i 17 = 0, then mingc ;1) ¥(y) = ¥(¢) where ¢ € (0;1] is the
positive root of (15);
(2) if 3071 v <0, then minye (o] ¥ (y) = r.

Proof. Note that U'(y) = Y./, vy~ '. Thus ¥'(y) has the same sign on
(0;1] as P(y) = >oi_; vy ™. Also lim, o+ U(y) = +oo. Lemma 9.5 implies
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that if >°7 ;4 > 0, then minge .1 ¥(y) = ¥(¢), and if >°;_; v < 0, then
minge o] ¥(y) = ¥(1) = r. (In the case Y i ;v = 0, we have ¢ = 1 and
() =r.)

Now we are ready to calculate the maximum of ®. For our convenience, we

replace our region Q with a larger region Q and show that the maximum on
both regions is the same.

LEMMA 9.7: Let r e Nandv; € Z, 1 <i < r. Suppose y1 < v2 < -+ < 7,
1 <0,% 7 =0. Let
Q= {(a,0,...,00) ER" a1 22, 20, y +az + -+ +a, =1,
yiaq + -+ <0}

and let

Q:={(1,2,...,0,) ER" |a1,...,, 20, a1 + s+ -+, =1,
mag + -+ yrar < 0}

Then max,co ®(x) = max,
root of (15).

cq ®(x) = D07, (7 where ¢ € (0;1] is the positive

Proof. Like in Lemma 9.4, we use induction on r. The conditions v; < 0 and
Yoi_17i = 0 imply that r > 2. We will not prove the induction base r = 2
separately, but the base will follow from the arguments below since for r = 2
we will not use the induction assumption.
Again, we express a; =1 — Z:ZQ «; in terms of as, as, ..., a,, and study
Dy (ag,...,qp) = 1T
(1= iy )0 Sheaag® o

on

r
O :{(Oxg,...,O&r)ERr_l |042,...,04T>0, 1720@20,
=2

v+ Z(% —m)oy < 0}-
i—2

Now the proof of Lemma 9.4 implies that the only critical point of &7 is
(L,...,}). This point belongs to €y if and only if 3! ;v < 0. If indeed

> oi_1 v =0, then by Lemma 9.4 we have max,co ®(2) = r. Since in this case
¢ =1, the lemma is proved.
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Suppose >_._, v; > 0. Then the continuous function ®; reaches its maximum
on 9. Note that 9 = Qo UJ,_, Q1; where

an{(ag,...,aT)eRT_l|a2,...,aT>0, 1—iai=0,
1+Z ov}
Qu—{(ag,...,aT)eRT1|a2,...,aT>0, oy =0, 1—iai>0,
71+i(%—71)ai<0} for2< <,
i=2

Qz{(ag,...,ar)ERT1|a2,...,ozr>(), 1—20@20,

7+ Z(% —m)a; = 0}-
i=2

We claim that

16 o < v
(16) e, 01() ; ¢
where ¢ € (0;1] is the positive root of (15). Indeed, switching to the variables
PRI Oé“ y Oy WE get maXge;; (I)l( ) maxxGQ; @(:17), 1 < { < r, where
Q—{(O&l,...,A OZT)GRT1|041,...,OAZZ',...,OAT>O,

a1+"'+di+"'+aT:1)
’}/1041+"'+’m+"'+7r04r<0}-

1

o010 by the same
1 Um

(For convenience, we denote the function ®(6,...,0,,) =

letter ® for all .)
Ifi=1 and v, > 0, then

Q;:Qllz{(a%---aar)eRril|a2a---aar>0; 042+"'+04T:1,
ae:ae+1:...:a,":0}

where the number 2 < £ < r is defined by the equality 79 =--- = ,_1 =0 and
the inequality 7 > 0. Then Lemma 9.4 implies max,cq; ®(z) = ¢ — 2. Since

Z;:l C’Yj > Zj;é C’Yj = g - 25 we get maXIEQu (1)1(5E) < Z;:l C’Yj .
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Suppose that either i > 2 or 72 < 0, and > y—1, 7 > 0. Then we apply
[
the induction assumption for (r —1). We have max,cq; ®(z) = ZE 1 ()
where Y i—1, v¢(¢')"*™ " = 01if i > 1 and Y, _, v(¢')"* ™ = 0if i = 1 By
2%

Lemma 9.6,

€N e ye(o 1] ye(0; 1]

(17) max ®;(z) = max ®(z) = min Z 74 < min Zy'” *ZCW.
j=1

Suppose that either i > 2 or 75 < 0, and Zg 1 v¢ < 0. Then

1 1 1
Q
(r—l’r—l’ ’r—l)e v

and by Lemma 9.4 we have max,eq; ®(z) = r — 1. Again, by Lemma 9.6, we
get (17). Therefore (16) is proved.

We claim that maxzeq, ®1(x) = Y_;_, (7 where ¢ € (0;1] is the positive root
of (15).

If » = 2, then Q5 = {—72’”71} (= ( )72 ",

_ v2 Y1
( a! ) _( V2 ) Y2 =71 ( 71 )72*71
Py — = -
Y2 — 71 Y2 — 7N Y2 — 7N

72 7

=(y2 =) P (=) e
Y2
:( . '71)72*‘71 + (7 71)72*‘11
72 Y2
:C'Yl +§72'
Therefore we may assume r > 3. Definel <m <rbyyi =+ =Ym < Vm+1.

Then for all (ag,...,q.) € Qo we have 1 + Zi:mH(Vi —y1)a; =0 and

T

(18) Qm41 = — 17 - (”Yl + Z (vi — ”Yl)Oéi)-

Tm+1 i=m+2
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We express a,+1 and notice that maxgeq, ®1(x) = maxgzeq, P2(x) where

Doz, .oy Uy Qng2y - -+, ) = Plag, ... ),
Q3 = {(a27"'aam7am+27"'aQT) ERT_2 | A1y, Oy = 0}7
T 1 T
a=1- Y ai+ B (71+ Z(%—%)ai)
i=2, Tm+1 =N i=m+2
i#Em+1
and ouy,11 is defined by (18).
Consider
0Dy
Do (2, ..y Qs g2, oy Q)
7
80&1 8am+1
=((—lna; —1 —Ing; -1+ (—Ina —1 )
(o =130 —Inai = 14 (~lag — 1) 70"
X (1)2(042, sy Omy g2, -0 O[T)-
Let 2 <i <m. Then 9% = —1, 73+ =0, and
0Py
Sors (Q2y .oy Qmy g2y ey ) = (Inag — Inay)Po(ag, ..y Quny Ay - oy Q).
1
. Oday __ Yi—Ym+1 OQmiy1 . y1—i
Let m+2 < i< r. Then Do = i Do T s and
0Dy
Do (Q2y vy Qmy Qpg2y -y Q)
1
:( = T Ymtl Ino; —Ina; — me 1no¢m+1)
Ym4+1—MN Ym+1—MN
X @2(0[2, sy Omy Oy 2, .00y QT)'
Therefore, if (ao,...,Qm, @mio,...,q.) € Qg is a critical point for o, we
have
0Dy
dav: (OéQ,...,Oém,Oém+2,...,OéT) =0
?

for all 2 < i< m and m 4+ 2 < 7 < r which is equivalent to

for 2 <i < m,

Q; =
Q=i ()
o = T g form+2<i<nr,
r 1 r
ar=1=3"im2 it (Vi — 7)),
i#Em+1
_ 1 r
Amt+1 = T 1= (71 + Zi:m+2 (’Yz' - ’Yl)ai)
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and
a; = o for 2 <i < m,
Yi Y1
o :al(agfl)”m+1*”1 form+2<i<n,
o =1-3" iz, O‘i""vmi—w M+ g2 (Yi—71) i),
i#Em+1
Om41 = *Wmi,m (71 + Z::mw(%' = 71)ai).

Note that since we are looking for inner critical points of ®; on Q3 C R"~2,
we may assume that all o; > 0.

Performing equivalent transformations, we get

Yi—Y1
o; = al(a;ﬁl)%n“ﬂl for1<i<r,
(].9) Z;:l o = 1)
> i1 viai = 0.

1
Now we introduce an additional variable ¢ := (“7*")vm+17="1 and get

(= (O‘Z;rl)wm;lfﬁ ,
a; = a(riTm for1<i<r
o Z:Zl C'Yi_')’l =1,
Z:Zl ’in'Yi_'Yl =0.

)

(20)

Now the first equation is the consequence of the second one for ¢ = m+ 1. Thus
the original system is equivalent to

o C’Yi*'Yl
(21) R VRSl
D v T =0,

for1 <i<r,

By Lemma 9.5, the last equation has the unique solution ¢ € (0;1]. Thus

(2, oy Qs g2, oy Q)
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defined by (21) is the unique inner critical point of ®5. Using (19) and (20), we

get
Do,y Ay Qung2y - - -y ) =P, .., )
1
azlxlagzz e afr
1
04?1+“‘+0‘T§0¢1(’71*’71) o Car(yr=m)
1
a (M

::jz:CVQ
i=1

Note that the values of 5 on 93 equal the values of ®; at the corresponding
points of |J;_; Q1;. Therefore,

— — Vi
max (r) = max &1(7) = max O(z) = EC-

Since (21) implies a1 > ag = -+ = ., we get

max O (x) = max P(x ZC’“

zeQ e
Now we immediately get the desired upper bound.

THEOREM 9.8: Let A = @, A® be a finite dimensional T-graded algebra
over a field F' of characteristic 0 for some semigroup T' such that

A/ J(A) = My (F)

for some k € N and AV NJ(A) =0 forallt € T. Let v¢, 1 <{ <7, r:=dimA,
be the numbers defined before Lemma 9.2. Suppose Y _._, v; = 0. Let ¢ be the
positive root of (15). Then

: n/ T-gr < Vi
Jm el <320
Proof. This is a consequence of Lemmas 9.3 and 9.7.

Remark 9.9: If A is a finite dimensional T-graded-simple algebra over an alge-
braically closed field F of characteristic 0 for a completely 0-simple semigroup T’
with trivial maximal subgroups (e.g., T' is a right zero band), then by Lemmas
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2.2 and 4.5 the algebra A satisfies the conditions of Theorem 9.8 and the upper
bound above holds.

10. The case A/J(A) = My(F) and Plexp’ #"(A) = dim A

Let A= @,cr A® be a finite dimensional T-graded-simple algebra over a field
F of characteristic 0 for some right zero band 7T'. In the next two sections we
calculate Plexp” 8" (A) in the case A/J(A) = My(F).
Let I; := w(A®) for t € T where 7: A — A/J(A) is the natural epimorphism.
Note that since dim A < 400, only a finite number of I; are nonzero. Let

To:={teT|diml;=2} and Th={teT |, =A/J(A)}.
We have I; = 0 for all ¢t ¢ Ty, UTy. Moreover, AW Nkerr =0 forallt € T
implies
r:=dim A = 2|Ty| + 4|T1].
Define t1 ~ tg if Iy, = Ij,. Since A/J(A) = My(F), all irreducible A/J(A)-
modules are two-dimensional and isomorphic to each other. Thus
AlJA) =5, &1L,

for all Iy, # I,.

Now we show that if the cardinalities of equivalence classes satisfy some kind
of triangle inequality, then we can combine the elements into pairs and, possibly,
a triple such that the elements inside each pair or triple are non-equivalent.

LEMMA 10.1: Let Ty be a finite non-empty set with an equivalence relation ~.

Suppose
(22) tol < Y [f| forallty € Ty/~.
teTo/~,
t#to
Then we can choose {t1,...,tr,} = To such that

(1) if 2| |Ty|, we have ta; 1 o to; for all 1 <i < 70/
(2) i 21 |Tp|, we have tyi—y o ta; for all 1 < i < 7,7 and tyr,| o, i1,

t1,| are pairwise non-equivalent.

Remark 10.2: Note that if (22) does not hold, then there exists an equivalence
class o € Tp/~ such that |tg| > ITQ"I.
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Proof of Lemma 10.1. We prove by induction on |Tp|. Note that (22) implies
To/n] 2.

Suppose |Tp/~| = 2. Then (22) implies |t1] = |t2| where To/~ = {t1,%2}. We
can define {t1,...,t 1} = To by

{tlatS;---;t\T[ﬂ—l}:: t_l and {tg,t4,...,t‘T0|}:: 1?2,

and the lemma is proved.

Suppose |Tp| = 3. Then all the elements of T are pairwise non-equivalent
and we again get the lemma.

Now we assume that |Tp| > 3. Choose the classes ¢, and ¢ with the maximal
number of elements. Choose some t; € t; and ¢t € t5. Note that for the
set To\{t1,t2} and the same equivalence relation ~, we still have (22). By
the induction assumption we can choose {t3,...,t 7|} = To\{t1,t2} such that

t1,...,t 1, satisfy the conditions of the lemma.

Inequality (22) will be used to distinguish between the cases when
Plexp’ ¢ (A) = dim A

and when
Plexp” #(A) < dim A.

First, we need the following technical lemma.

LEMMA 10.3: Let o, 3,&,3 € F. Then

2
(1) [eerr + Berz, aean + Bezo] = <O‘§2 ﬂaﬂ) B (ﬂa 8) <g g) ;

(2) [werr + Berz,aear + Bess][derr + Beis, Gear + Begz]
+ [Ger + 3612, aear + 5622] [aerr + Beis, aegr + Beas]
3 2
o
=- ’~ | (e11 + ea2).
a p
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Proof. The first equality is verified by explicit calculations. In order to prove
the second one we notice that

[ae11 4 Berg,aean + Begs][derr + Berz, Gean + Feas]

(%8G o) (5960
S [
U [ [ B [Aea)

Now we can prove the existence of a multilinear polynomial (F7')*-non-

«

e

a

identity with sufficiently many alternations.

LEMMA 10.4: Let Ty, Ty C T and ~ be, respectively, the subsets and the equi-
valence relation defined at the beginning of Section 10. Suppose also that (22)
holds or Ty = @. Then there exist a number ng € N such that for every

n = ng there exist disjoint subsets X1, ..., Xop C {x1,..., 20}, k = [0, ],
|X1| = - = | Xox| = dim A and a polynomial f € P\ 1d" (A) alternating in

the variables of each set X ;.

Proof. Note that

Jo(x1, o T4, y1, ., ya)= Z Sign(op)xa(l) Yp(1) Lo(2)To(3) Lo (4) Yp(2)Yp(3)Yp(4)
o,pESy

is a polynomial non-identity for Ms(F') and its values are proportional to the
identity matrix. (See, e.g., [17, Theorem 5.7.4].)

Let
hy h h h h h h h
Jta o (Tt1,1, Tty 2, Tty 1, Tty 2) 1= [xtl 1’wt1t12][xt2t21’$t;,22]+[wt2t,21’$t;22][ tflpiﬂtf,lz]
and
ft11t21t3 (‘rtl 15 Ltq,25 Ltg, 1y Ttg,2, Tty 1, Ttg, 2)
h h h h h h h h h h h h
[‘Tt;llv xtltlz] [:Ct;dl’ zt;32] [%;217 $t2t22] [%;217 $t2t22] [:Ct;dla ‘Tt;?’Q] [xtltlu $t1t12]

Let {t1,...,ti5} = To be the elements from Lemma 10.1.
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If 2| |Tol, then we define

k
h h h h
f1 =21 " Zn—(dim A)2k H ( H fO(‘Ti,i,la s ’xi,ttA’ yi,;,la s ayi,§,4)>

i=1 “teTy

[To|
2

X ( H ftao—itae (xi7t2£—171’ Listae—1,2> Titar, 1 xi;t2£72)
=1

X ft2£—17t2£ (yi7t22—171’ Yitor—1,2) Yistae,1) yi,tztz,2)> .

If 2 1 |To|, then we define

k
hy h hy h
J1 =21 Zn—(dim A)2k H < H Jo(@itn o @ as Vit 1 7yi,2,4)>

i=1 teTy
[To|—3
2
X( || ftzefhtzz(zi,tzzflylvxi7t2271727xiytzeylvxiytzeﬂ)
=1

X ftzzflytze (yi7t2@—1717 Yitar—1,25 Yistae,1) yi,tzzﬂ))

X ft‘Tm,z,t‘To‘,l,t‘Tm (iCi,t‘Tm,%l,ﬂﬁi,tmﬂ,%z;
zi,t‘To‘,l,lazi,t‘To‘,l,Q;zi,t‘To‘,laxi,t‘To‘,Q)

x ft‘TU‘,%t‘TU‘,l,t‘To\ (yi,t‘To‘,z,la Yit iz 2,2
yi,t‘Tm,l,layi,t‘TO‘,l,%yi,t‘TO‘,layi,t‘To‘Q)-

We claim that f; ¢ Id¥)7(A). If 2 | |Tp|, then we take any isomorphism
P AJJ(A) = Ma(F). If 2 1 |Tp|, we define ¢ as follows. First, we notice that
tiTy|—2 * timy|—1 implies A/J(A) = Ly o @ Ity .- By Theorem 3.2, there
exists an isomorphism ¢: A/J(A) = Ma(F') such that 1(Iy . _,) = (e11,e21)r
and Y (It _,) = (€12, e22) p. If 21 |Tp, then we take this isomorphism .

Lemma 3.3 implies that for every ¢ € T there exist oy, 8 € F such that

V(1) = (arein + Preiz | 1=1,2)p.
If 2 1 |To|, by our choice of ¥, we may assume that
(at\T0\72’6t\T0\72) = (1’0) and (at\TO\—l’/Bt\TO\—l) = (Oa 1)'

Note that I;, = I, if and only if the rows (a,, ft,) and (au,, Bt,) are propor-
tional.
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Fix some element e € A such that ¢m(e) is the identity matrix. We substitute
21 = " = Zn—(dim A)2k = €,

1

1( )5

Tit,1l =Yit1 = (7T|A<t))_1¢_1(€11), Tito = Yit2 = (T|4®) €12
"(e22)

Ly~
Tit3 =Yit3 = (7] a0) " ™ (e21), Tita = Yitd = (7] ac00) " tep™

forallt €T and 1 <7< k and

! 1(CYt@u + Brer),

Yawear + Breaz)

Tign =Yir1 = (Tlaw) ¢~
Tit2 =Yire = (7| aw) 707
forallt € Ty and 1 <17 < k.

In order to show that f; does not vanish under this evaluation, we apply
Y to the result of the substitution. The value of fi,, .,

Lemma 10.3,

t,, 1S nonzero since by

[ty 1 €114 Btay 1 €12, Ctyy 1 €21+ By €22] [0ty €11+ Bryp €12, ity €21+ Bryp€22]

+ [0y, 11+ By, €12, Aty €21+ Bryy €22][ty, s €11+ Broy_y €12, Qtyy_y €21+ Pry,_, €22]
2

(611 =+ 622) 7é 0

Qtgp_y ﬂt2271

Aty ﬂtzz

The polynomial f . _,, does not vanish under this evaluation since,

by Lemma 10.3,

Ty -1t Tg |

le11, e21][cvt €11 + By €125 Ot ) €21 + B 1, €22] €12, €22]
— [e12, e22] [Oét‘TU‘ell + Btz €12, Oty €21 + ﬂt‘To‘e22][€117 e21]
= — Qg Bz, (€11 + €22) # 0.
Thus f1 ¢ 1Y (4). Now we define f = Alty - - - Altoy, fi with Alt; the ope-
rator of alternation on the set X;, where
X2i71:{517i,t,j |t€T,1<j<2fort€T0,1<j<4fort€T1},
Xoi={yirj|teT,1<j<2fort €Ty, 1<j<4forteTy},

1 < i < 2k. Note that f does not vanish under the same substitution that we
used for f; since if the alternation replaces x;, +, j, With x;, 1, j, for t1 # to,

h . . .
then the value of ,Tl-;ltz j, is zero and the corresponding item vanishes.
For our convenience, we rename the variables of f to be z1,...,x,. Then f

satisfies all the conditions of the lemma.
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Now we are ready to prove that in the case when (22) holds,
Plexp” 8" (A) = dim A.

THEOREM 10.5: Let A be a finite dimensional T-graded-simple algebra over a
field F' of characteristic 0 for a right zero band T. Suppose A/J(A) = My(F).
Let Ty, Ty C T and ~ be, respectively, the subsets and the equivalence relation

defined at the beginning of Section 10. Suppose also that (22) holds or Ty = @.
Then there exist C > 0, r € R, such that

Cn"(dim A)"™ < I8 (A) < (dim A)" .
In particular, Plexp’ #'(A) = dim A.

Proof. Note that by Lemma 7.3, 18" (A) = SET (A) for all n € N. The upper
bound follows from Proposition 6.3. In order to get the lower bound, we repeat
literally the proof of [18, Lemma 11 and Theorem 5] using Lemma 10.4 instead
of [18, Lemma 10].

11. The case A/J(A) = My(F) and Plexp’ #"(A) < dim A

Let A be a finite dimensional T-graded-simple algebra over a field F' of charac-
teristic 0 for a right zero band T. Suppose A/J(A) = My(F). Let Ty, Ty C T
and ~ be, respectively, the subsets and the equivalence relation defined at the
beginning of Section 10.

Suppose that Ty # & and the inequality (22) does not hold in A. This is
equivalent to the existence of tg € Ty such that |¢| > |T2°‘. Using Theorem 3.2,
we fix an isomorphism ¢: A/J(A) — Ms(F') such that ¢ (I;,) = (e11,€21)r. By
Lemma 3.3, for every t € Ty one can choose ay, 5; € F such that

(areir + Brein | 1 <0 < 2)

is a basis of ¥ (I;). We may assume that (ay, 8;) = (1,0) for t ~ to. Note that
B, £0if I # I,

Now we fix the basis
((mlaw) " ™ Haen + Brein) | 1 < i < 2)
in A® for each t € Ty and

(mla@) ™™ (ei) 14,5 < 2)



Vol. 220, 2017 SEMIGROUP GRADED ALGEBRAS 439

in A® for each t € T;. We define the basis B in A as the union of the bases in
A® chosen above.

Now we calculate the numbers ~; introduced at the beginning of Section 9.
We notice that

O((7] 40) " 0 (aveq + Bren)) =i — 2
for 1 <i<2andt€Ty,t~ty. Then

(23) (’}/1,...,’}/7«):(71,---,*1,O,...,O,l,..-,l)
~ N N e I
ITo|+|T1[—=[to| |Tol+2IT1] |T1|+|Zol

and the graded cocharacter of A satisfies the inequality from Lemma 9.2.
Below we prove three lemmas which enable us to choose elements by, ..., by,

that we will substitute for the variables corresponding to the numbers in a

column of a given Young diagram. Here it is important to control the sum

21 0(i)-

LEMMA 11.1: Let 1 < m < r. Then
m — Z’yj‘ < 3|T0| +4|T1| — 2|50|
j=1

Proof. If
m < |To| + [T1| = |tol,

then 7; = —1 for 1 <j <m and > 7, v; = —m. Hence
m — Z’yj‘ =2m < 2|T0| + 2|T1| - 2|fo| < 3|T0| + 4|T1| - 2|1?0|
j=1

If
|To| + T1| = |to| < m < 2|To| + 3|T1| — [tol,
then v; = 0 for [To| + |T1| — [to] < j < m and Y770, v; = —(|To| + |T1| — [fol)-
Hence

m

m =3 v =m+ (|To| + |T1] — |fo|)

j=1
<BIT| + 471 - 2/fo|.

If
m = 2|To| + 3|T1| — [tol,
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then v; = 1 for j > 2|To| + 3|T1| — |to] implies

m

m =Y v = 3|To| + 4| — 2[fol.
j=1
LEMMA 11.2: Let ZT:I v; > 0 for some m €N. Then there exist b1,...,b, €B,
by # bj for i # j, such that 377", 0(b;) = 37" v, and
o if {by,...,bym}N AW = {b;} for some 1 < i < m andt € Ty UTy, then
t € To, t ~tg and b; = (7| y0) " o~ (en1);
o if {b1,...,by} NA® = {b;,b;} for some 1 < 4,5 < m and t € TopUTh,
then either 6(b;) # 0 or 0(b;) # 0.

Proof. By the definition of 7; (see the beginning of Section 9), there exist
bi,... by € B, by # bj for i # j, such that 377" 0(b;) = > 7", v; and
Yo 0(ay) = X0 4 for all ai,...,am € B where a; # aj for i # j. Since
die1 7 > 0, the minimality of 377" | 6(b;) implies that the set {b1,...,bn}
contains all elements b € B with §(b) < 0. Now the choice of B implies the
lemma.

LEMMA 11.3: Let Z;":l v; < ¢ < 0 for some m € N, ¢ € Z. Then there exist
bi,... by € B, b; # bj for i # j, such that 37", 0(b;) = q and

o if {by,...,bn} N AD = {b;}, 0(b;) = 0, for some 1 < i < m and
t € ToUTy, thent € Ty, t ~ to and b; = (7| 40) 107 (e11);

o if {by,...,by} N AW = {b;,b;} for some 1 < i,j < m and t € Ty U T,
then either 6(b;) # 0 or 8(b;) # 0.

Proof. Recall that

{b € B|0(b) = -1} =[To| + |T1] - [tol,
[{b € B 0(b) = 0} =[To| +2|T1],
{be B 0(b) =1} =|T1] + [fol-
Let {t1,...,tm} == T1, {t1, - {my = jio)} := To\bo, {t1,...,1
Now we consider two main cases:
1. Suppose m < 2(|To| + |T1| — [to|) + ¢. Let £ = ["9]. Note that

m—q _
l—q< 5 <|To| + [T1| — [to]
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and

€<l —q < |To| + |Ty| — [to] < |T1| + [to]-

These inequalities imply that below we have enough elements from (Tp\#o) LT}
and to U T, respectively.

Suppose first that m = 2¢ — q. If £ < |T1] + ¢, then we take

{b1,.. . b} :{(W|A(ti))_1’l/1_1(612) |1<i<{l—q}
U{(m|gcen) "0 (e21) | 1 < i < £}

If |Th]| + ¢ < ¢ < |T1|, then we take

{b1,. . b} :{(W|A(ti))7lw71(€12) |1 <i<|Th|}
U{(ml40) 0 g en + Benn) [ 1< <L —q = |Thf}
U{(m] ge00) 0 M (e2n) [ 1< i < 0D

If ¢ > |T1], then we take

{bl;-..;bm} :{(ﬂ'lA(ti))_l’lp_l(€12) | 1 < 'L < |T1|}
U {(W|A(5i))_11/)_1(045i611 =+ ﬂ£i€12) | 1 § ) < f— q— |T1|}
U{(7| gce0) ™ (ea) i < Ty}

|1
U{(]e0) ™ 07 ean) |1 < i < 0= T}

NN

If m = 20 — g+ 1, then in each of the three cases above we add the element
(7| i) "M enn)-
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2. Suppose m >
By Lemma 11.1,

2(|To| + |T1| — [to]) +

> i < 3|To| + 4|T1| — 2[fol.

m —
j=1
Hence
m —q — 2(|To| + |T1] — [to]) < |To| + 2|17
and we can choose
0<ke<|Tn|, 0<s<[tol, 0<u<|To| - [tol,

such that 2(|To| + |Th| — |to]) + ¢+ k+L+s+u=m
Note that

m

(|To] + |T1] — |fo]) +

If (|To| + |T1| — |to|) + ¢ < |T1|, we define

q > (ITo| +|T1| — [fo]) + Y v > 0.

Isr. J. Math.

b1, b} ={(7|c00) T 0 e12) | 1 < i < |Th [}
U{(mlaco) M en) | 1 < i<k}
U{(m|aceo) ™7 ean) | 1< i < (ITol + |Ta| — [fol) + ¢}
U{(m] q000) "0 M (e2) [ 1< i < 4}
U{(m] 4i00) "0 oy, e11 + By e12) | 1 < < |To| — [fol}
U{(m] 400) " 0™ (g, €21 + Bre22) | 1 <i < u}
U{(] 4) "0 M enn) | 1 < i < s}

If (|To| + |Tu| = |tol) + g > |T1|, we define

{01+ b} ={(] ge0) T Her2) |1 < < T}
U{(m|gce0) "0 M enn) |1 < i <k}
U{(mlac0) 07 en) | 1 < i < T}
U{(m| ge00) " M ea2) | 1 < < £}
U{(]40) M g enn + Bgern) | 1 < i < |To| — [fol}
U{(7] ge00) "0 (g, €21 + By e22) | 1 < i < u}
U] 4i0) ™ Wl en) |1 <i < s}
U{(m]qi0) ™ 9 en) [ 1 < < (|Tol = [fol) +q}
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In the lemma below we present a graded polynomial non-identity having suf-
ficiently many alternations. This non-identity will generate an F'S,-submodule
that will have the dimension great enough to prove the lower bound for graded
codimensions.

LEMMA 11.4: Let A = (M1,...,A\r) F n for somen € N. If Y20, ;A < 0 and
2| \; for i > 2, then there exists a Young tableau T of shape X\ and an (FT)

polynomial f € P*")" such that br f =3 (signo)of ¢ 1dFD7(A).

O'GCTX

Proof. Let u; be the number of boxes in the ith column of the tableau T and
let m; = 251:1 iy L <4< A

Note that since (A\; — Aj+1) equals the number of columns of height ¢ (here
Ar41 = 0) and Ay equals the number of all columns, the inequality >_;_; ;A; <0

can be rewritten as

(24) ;(2%—2%)&:;(2%)%— i+1) ZmZ\

By Lemma 9.1, if the sum of the values of 6 on basis elements substituted for
the variables of a multilinear (F'T)*-polynomial is less than (—1) or greater than
1, then the (FT)*-polynomial vanishes. We will choose elements b;;; € AW N B
such that the sum of the values of § on them equals 0. If m; > 0 for some i, we
have to make the sum of values of 8 for some other columns negative.

Define the number 1 < £ < A1 by the conditions my > 0 and mg41 < 0. Since
2| A for all 4 > 2, we have mg;_1 = mg; for 1 < j < ’\2. Hence 2 | £ and
2| S°F_ mi. Recall that m; = —1 for Ay +1 <i < A;. By (24)

Az/?

A
2Zm2i—()\1—)\2)zzlmi<0
=1 =1

and
>\2 /2

>[5 <o

Thus one can choose integers N and ¢o; for £ < 2i < A2, such that

No— A £/2
0<N <[] ma < <0 and > maict Z 0 — N =0.

i=£/2+1
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Define g2;_1 := g9; for g <1< ’\22,qi =—1for a+1<i<A+2N,¢q :=0
for \g + 2N +1 <7< M. Then

14 A1
(25) Zml + Z q; = 0.
=1

i=l+1
Now we use Lemma 11.2 for every 1 < ¢ < £ (there m = p;) and Lemma 11.3
for every £ + 1 < i < A\ (there m = p; and ¢ = ¢;). We sort the obtained
elements b; in accordance with the homogeneous components A® they belong
to. For a fixed 1 <4 < Ay we get elements b;; € A® N B where t € Ty U Ty,
1 < j < ny, the total number of b;; equals n;: > 0,

Z Nt =Hi,

teToUTy
bitj, Fbityjn if (t1,71) # (t2,52),
Nt

Z Z@(bitj) =m; ifm; >0

teToUT) j=1

and

Nit

mi <Y Y 6bieg) =4; <O if m; < 0.
teToUT) =1

By the virtue of (25),

it

A1
(26) Z Z Z@(bitj) =0.

i=1teToUT j=1

Since goj—1 =¢qo; and pio;—1 = po; if 2¢ < A9, we may assume that no;—1  =n2¢,
boi—1,4,5 = baigy forall 1 <2i < Ao, t €TpUTh, 1< 7 < nog.

We will substitute elements b;;; for the variables with the indices from the

ith column.
Denote by W_; the set of all pairs (i,t) where 1 < i < A1, t € Top U Ty, such
that 6(by;) = —1 for some 1 < j < ny and 0(byy;) < 0 for all 1 < j < ny,.

Denote by W7 the set of all pairs (i,t) where 1 < i < Ay, t € To U Ty, such that
0(bi;) = 1 for some 1 < j < ny; and 6(biy;) > 0 for all 1 < j < ny;. Let

W = {te ToUT, | (i,t) € Wy}
for 1 <i< A and

W = {t € Ty U Ty | (i,t) ¢ W1 UWi,ny > 0}.



Vol. 220, 2017 SEMIGROUP GRADED ALGEBRAS 445

By (26), |[W_1| = |[Wi|. Therefore, there exist maps »: Wi — {1,..., A1}
and p: Wy — ToUTh such that (4,t) — (5¢(i,t), p(i,t)) is a bijection Wy — W_;.

Define polynomials f;; and ﬁ-t, 1<i< Ay, t€TyuT, as follows.

If n;y = 1, then

fit(iﬂl) = I1.
If n;s = 2, then
fz‘t(lrl, !172) = L1722 — T221.
If n;y = 3, then
fit(w1, 22, 23) = Z SIgN(0) X0 (1)To(2) To(3)-
o€S3
If 1 < ny <3, then
fit(gcl, ey En 3 YLy e Yng) = Jit (@1, o Ty, ) Fit WLy YUniy)-
If n;s = 4, then
fit(zla sy T4 YLy e ay4)
= Z Sign(m')%u) Yr(1) Lo (2)To(3)To(4) Y (2)Y7(3)Yr(4)-
0,TESy

Recall this is a polynomial non-identity for Ms(F') and its values are proporti-
onal to the identity matrix. (See, e.g., [17, Theorem 5.7.4].)

Let X; :={zy; |1 <j<ny t€ToUTi}, 1 <4< M. Denote by Alt; the
operator of alternation in the variables from X;.

Define
f = Altl Altg tee Alt)\l
A2/2
X H H fQiflyt(z}QLit—l,t,l’ s ’zgit—l,t,ngi,u; xgz?,t,l’ s 7':6}211?,15,7121'7,5)

=1 teWé2i—l)

ho2i-1,1)
X( H f%(Qiflvt)P(Qi*Lt)(w%(2i—1,t)p(2i—1,t)1’""

tew 2D
zhp@i—lm) _ )
#(2i—1,8)p(2i—1, )N (2i—1,8) p(2i—1,1)

. hy ht

X f21*17t($2i—1,t,1’ e "’E2i—1,t,n2i,11t)
hp(2i,e) hp(2i,e)
X fo(2i,t)p(2i,0) ($%(2i,t)p(2i,t)1’ e ’z%(zi,t)p(m,t)n%(%,t)p(%t))
A1

o he hy hy

X f%t(%i,t,la e azzi,t,ngi,t))) H ity -
i=X2+1,

tew?
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Note that by Lemmas 11.2 and 11.3, if (i,t) € W_1, then

{Wm(bit), .-, om(bitn,, )}

coincides with one of the following sets: {ei2}, {are11 + Breia}, {ei12, e},
{e11,e12}, {arerr + Brern, avear + Breant, {e11, €12, €22}

Ift e Wo(i), then {7 (bit1), . .., Y7 (bitn,, )} coincides with one of the following
sets: {611}, {612,621}, {612,622,621}, {611,612,621}, {611,612,622,621}-

Ift e Wl(i), then {7 (bit1), ..., ¥ (bitn;, )} coincides with one of the following
sets: {e21}, {€22, €21}, {€21, €11}, {€22,e21,€11}.

By Lemma 10.3 and the remarks above, the image of the value of f under
the substitution x;; = by, 1 <@ < Ay, ¢t € ToUTh, 1 < j < ng, does not va-

nish under the homomorphism 7 since if the alternation replaces x;, ¢, j, with
he,

i2,t2,72
vanishes. For our convenience, we rename the variables of f to be z1,...,x,.

Tig ts,ja TOT t1 # to, then the value of z is zero and the corresponding item

Then f satisfies all the conditions of the lemma.

Now we are ready to calculate PIexp” 8" (A) in the case when (22) does not
hold.

THEOREM 11.5: Let A be a finite dimensional T-graded-simple algebra over a
field F' of characteristic 0 for a right zero band T. Suppose A/J(A) = My(F).
Let Ty, Ty C T and ~ be, respectively, the subsets and the equivalence relation
defined at the beginning of Section 10. Suppose also that |to| > |T2°‘ for some
to € To/ ~. Then

Plexp” # (A) =|To| + 2|T1| + 2/ (|Tu| + [to)(ITo| + T3] — |fo])
<2|T0| + 4|T1| = dim A.

Proof. Recall that at the beginning of Section 11 we chose the basis B in A.
Equation (23) implies that

|To| + |T1] — [to]
0< (= _ <1
¢ \/ Ty | + |to]

is the root of (15).
Let

s s
Q{(al,.-.,ar)eR’“IZai1,a1>a2>~~>ar>0,2wi<0}.
=1 =1
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By Lemma 9.7,

- d = max O(x) = Zzzl ¢

=|To| + 2|T1| + 2+/(IT1| + [Eo]) (| To| + |T1] — [fol).

Denote by (aq,...,a,) € Q such a point that ®(aq,...,a,) =d.
For every n € N define p - n by

for 2 <i<rand

T
p=n—> .
=2

By (19), 2221 v;a; = 0. Since

== ’Y|TO|+\T1|7|EO| — 7]_,
NTo|+|T1 |~ [Fol+1 = * = V2|To|+3|T1|— %] = 0s
and
V2| To | 43T |~ [fol+1 =+ = Yr = 1,
By (20),
Q1 =" = T |+ Ty | — ol
A To|+|Ty|—|to|+1 = """ = Q2|Ty|+3|T1|—|to]
Q2T | 43| T | —|to|+1 = = Qrp,
and we have
an — 2 Kl = = T |4 T — |fo] S QAT
QT ||y |~ [Fo|+17 = 2 SHYT |+ Ty |~ [Fo|+1 = *** = H2|To|+3|T1|— |70

ST || Ty |~ [ +17

QpN = 2 U2 Ty | 43Ty |~ [fo|+1 = *** = Mr < QN
Now i, a; = 1 implies

an < pp < an + 2.
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Note that
r r |To|+|T1]—[tol T
I (R 9I) R Sl D DR
i=1 =2 =2 i=2|To |+3|T1|—|to|+1
2|To|+3|T1 |~ [to| r
=< Z Mi) +2( Z Mi) —-n
(28) i=|To|+|T1]|—|fo|+1 i=2|To|+3|T1|— 0] +1
2|To|+3|T1|— o] T r
<n< Z ai)+2n< Z ozl-> —nZai
i=|To|+|T1| =0 |+1 i=2|To|+3|Ty|—|Eo|+1 i=1
K
:nZ%ai =0.
i=1
Analogously,

2|To|+3|T1 |~ to|

T T
Z%‘Mz' =< Z Mi)+2( Z Mi) -n
=1 i=|To|+|Ts |~ [fo| +1 =2|To | +3]T1 | —|Fo | +1
2|To|+3|T1|— o]

(29) ST S = DS a>n_a4

’L‘:|T0‘+|T1‘f‘{0|+1 Z‘:2|T0‘+3‘T1‘7‘{0‘+1

T
:nz Yicy; — 4r = —4r.
i=1

By (28) and Lemma 11.4, by, f ¢ 1dY )" (A) for some f € P Let f be

B Consider FSubr, f € "
BT 3 g Ty ()" onsider nbr, f C PET (3 g Ty ()"

Since all S,-representations over fields of characteristic 0 are completely redu-

the image of f in

cible, we have
FSpbr, f = FSper ) @©---® FSper,

for some A9 - n and some Young tableaux T) ¢ of shape )\(i), 1<i<s, seN.
In particular, e*Tm) FSybr, #0.

Now we notice that e*Tm) FSybr, # 0 implies ar, obr, = Olo-1T, 4 br, #0
for some o € S,. Since Uo7, 4 is the operator of symmetrization in the
numbers from the rows of the Young tableau 0-_1T>\(1) and b7, is the operator
of alternation in the numbers from the columns of the Young tableau 7}, all
numbers from the first row of =17 1) must be in different columns of T),. Thus
(A(l)) 1 < p1. Moreover, all numbers from each of the first p, columns of T},
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must be in different rows of ¢~ 1T\ ). Since, by Lemma 9.2, (A()), .1 =0, we
have (A(M),. > p,..
Thus (29) implies

i % (A > i % (A); - i Yiti —4r
=1 =1 =1

[Tol+[T1|—|to] r
= > (w-0M)+ >, (AM)i = ) — 4r
i=1 i=2|To|+3|T1 |~ o] +1
|To|+|T1]—]t0| r
> Ym0 Y ()6
i=1 i=2|To|+3|T1 | —|Fo|+1

Since by Lemma 9.2 we have > ;_, v;(A()); < 1 and both (u1 — (A(V));) and
((AD); — p,) are nonnegative, we get g — (2r2 +6r + 1) < (A\V); < g for
all 1 <4 < |To| + |Th| — [to| and g < (AD); < pp + (202 + 67 + 1) for all
2|To| + 3|T1| — |to] +1 < i < 7.

Recall that Ao1T, 4 br, # 0 implies that all numbers from each column of
T, are in different rows of 0~ 'Ta),. Applying this to the first K2\ Ty | +3| T2 || o
columns, we obtain that in the last |[to| + 71| + 1 rows of Ty we have at least

T
Zizz\Tng‘Tﬂ,ﬁo‘ 1; boxes and

T s
> (AW); > > pi = ([to| + |11 D ptr + poymy 43170 |~ 0] -
122‘T0‘+3‘T1|7|E()‘ i:2|T0|+3|T1‘7‘{0|
Thus
T
1) . 1
NsiTo il ol = fol + [ T1Dbr + oy 43y —jaal = > (AW);

’L‘:2‘Tg‘+3‘T1|f|Eo‘+l

> L) Ty |+3/T1 | — 7] — (27° + 617 + 1)
Let A = (A1, A2,..., Ar) where

p1 — (22 + 61 + 1) for 1 <@ < |To| + |T1] — Itol,
K2\ To |43 T | —|To| — (27’3 + 67’2 + 7’) for |T0|+|T1| — |Eo| +1

<i < 2|To| + 3|T1| — [tol,
Lo for 2|To| + 3|T1| — |to] +1 < i < 7.

A =

Let n; = >_;_; Ai- Note that n — (2r* + 673 +r%) < ny < n.
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For every € > 0 there exists ng € N such that for every n > ng we have
A1 = -+ > A and @(21 ey m) > d —e. Since D, is a subdiagram of D,q),
we have c(FT) (A) > dim M) and by the hook and the Stirling formulas, there
exist C7 > 0 and 1 € R such that we have

! !
(FT)* (4 > dim M()\) = ny! > ny!
> m! L Gt (o)™
(30) n;(r—l)/\ll.../\rg (Ael))\l ,..(>Z)AT
1 ny
st ()

1 Ar
(7/\11),7,1 ...(iz)nl

4 3.2
20171;1 (d* E)n7(2r +67°+r )

Hence lim,,_, \/ (FT)* (A) > d—e. Since € > 0 is arbitrary,

lim \/ FT)*

n—o0

By Lemma 7.3 and (27),

lim \/Tgr > |To| + 2|Th| + 24/ (IT1] + Eo|) (| To| + T3] — [fol).

n—o0

Theorem 9.8 and (27) imply
Tim /eI (A) < [T+ 2473+ 20/(T3] + o) (To] + 1T — [fo]).
The condition |fo| > ! implies [T1] + |Fo| > |To| + T3] — [l
21/ (IT1] + [Eo) (I To] + |T1] = [fol) < (ITh] + [fo]) + (|To| + ITa] — [fo])
and

T /R (A) =[To] + 2(T3] + 29/ (T3] + [ (ITo] + T3] ~ [Fal)
<2|T0| + 4|T1| = dim A.

Remark 11.6: A finite dimensional T-graded-simple algebra A with any given
|Tol, |T1], IT"‘ < |to| < |To| exists by Proposition 5.2.
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