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Preface

Modern “cryptography is the scientific study of techniques for securing digital in‐
formation, transactions and distributed computing” [KL14]. Since the early nine‐
teen‐eighties, the good separation of duties between clearly stated and unam‐
biguous assumptions on cryptographic primitives (that can only be verified via
cryptanalysis) and the security proof of complex schemes relying on these prim‐
itives has been the seed of numerous important advances. Most of these ad‐
vances quantify the adversaries in terms of their computational power. In this
setting, cryptographic proofs reduce the security of complex schemes to the secu‐
rity of simpler primitives, independently of the adversarial strategy and following
Kerckhoff’s main principle: “The cipher methodmust not be required to be secret,
and it must be able to fall into the hands of the enemy without inconvenience”.

The seminal work of Kocher et al. on Differential Power Analysis (DPA) came
as disruptive factor in this success story [KJJ99]. While it has been known for
long that information security is broader than cryptography [Gol11], DPA shows
that the first step when moving from mathematical abstraction towards apply‐
ing cryptography (i.e., implementing cryptographic algorithms) is already prone
to strong and hard to mitigate attacks. DPA has major consequences for crypto‐
graphic practice: protecting embedded devices against it is needed for any appli‐
cation where adversaries are granted with physical access to implementations.*
DPA also has major consequences for cryptographic theory: capturing physical
leakage requires re‐thinking definitions, assumptions, designs and proofs [MR04].
Besides, while the treatment of modern cryptography mostly relies on complex‐
ity theory, understanding physical leakage requires broader tools, ranging from
electronics and communications to information theory and statistical learning.

Kocher et al.’s results took the cryptographic research community and the em‐
bedded security industry by surprise. They gave rise to countless extensions and

* Remote physical attacks are increasingly documented too, see [MDB21] for a survey.
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triggered fundamental changes in theway cryptographic implementations are an‐
alyzed. During the first decade following the DPA publication, researchers started
to understand the most powerful attack vectors and to identify countermeasures
susceptible to circumvent them. Yet, the conditions tomake countermeasures ef‐
fective were mostly informal and their evaluation was mostly based on engineer‐
ing intuition. Mangard et al.’s book on power analysis attacks gives an excellent
account of these heuristic times [MOP07]. Without better solutions to prevent
the attacks, the industry reacted by combining countermeasures with a certain
level of security by obscurity (i.e., keeping implementation details secret).

For a while, the security by obscurity paradigm made embedded security re‐
search and cryptographic research quite disconnected. One reason of this gap is
that security by obscurity contradicts Kerckhoff’s main principle and is inherently
hard to state as a formal and precise assumption, which is instrumental in the
mathematical treatment of modern cryptography.* However, research over the
years showed that this situation is not inevitable. Progresses on the definition
of cryptographic functionalities in the presence of leakage and on sufficient con‐
ditions for making countermeasures effective put forward a possibility to extend
the treatment of modern cryptography to the physical setting [KR19]. As for the
move from classical to modern cryptography, this evolution requires a change
of viewpoint. Cryptographic definitions may look too strong at first glance, and
(aim to) escape the specification of realistic adversarial strategies that has been
driving the certification of cryptographic implementations so far [ABB+20]. Yet,
leveraging the cryptographic methodology comes with the important benefit of a
good separation of duties between physical assumptions to be confirmed thanks
to empirical evidence (or falsified) and mathematical proofs demonstrating how
these physical assumptions can be amplified to yield strong security guarantees.
Concretely, it also allows taking advantage of continuous research advances on
implementations, which a closed and time‐limited evaluation process cannot.

The primary goal of this book is to combine theoretical and practical advances
in embedded security into a consistent foundation for researchers and practition‐
ers interested in secure cryptographic implementations. For this purpose, we
primarily take the viewpoint of a designer/evaluator aiming to assess the worst‐
case security level of an implementation. We pay a special attention to identify
the parts of our empirical evaluations that can be suboptimal and to discuss the
tightness of the security proofs. We also justify this approach by showing that

* It turns out this paradigm is also the inverse of a success story, with several public reports
of catastrophic failures with computational adversaries [Bog07b, GdKGM+08, DHW+12].



4

restricting adversaries beyond the formal assumptions required by a set of coun‐
termeasures is likely to lead to uncontrolled risks of security overstatements (i.e.,
a false sense of security). These choices are reflected by our choice of termi‐
nology: this book is about side‐channel analysis, which is the general study of
physical leakage in the context of cryptographic implementations, more than on
side‐channel attacks; it is also about leakage‐resistance, which is the generic term
we use to cover all the countermeasures that can (and must) be combined to se‐
cure these implementations. Interestingly, it turns out that the constructions that
offer the best guarantees against worts‐case adversaries can also be efficient.

In order to keep its content concise, the book follows three editorial choices.

First, side‐channel attacks are a threat against all cryptographic implementa‐
tions. The techniqueswe describe apply nearly identically tomany symmetric‐key
algorithms, with varying levels of efficiency. As a result, we decided to illustrate
them with a single block cipher. We selected the Advanced Encryption Standard
(AES) for this purpose [DR20]. The AES is not the easiest algorithm to protect
against side‐channel attacks. As discussed in conclusions, the best solutions in the
state‐of‐the‐art are rather based on smaller S‐boxeswith optimized bitslice repre‐
sentations. Yet, it is by far the most investigated modern cipher, which makes it a
natural candidate for illustration. Since the treatment of leakage‐resistant modes
of operations with tight security bounds strongly benefits from Tweakable Block
Ciphers (TBCs) [LRW11], we also consider tweakable versions of the AES which
rely on the same rounds and differ in their key scheduling parts. We refer to Ap‐
pendix A for reminders about the AES cipher and its tweakable versions.

Second, the goal of this book is to establish the concepts needed to implement
a cryptographic algorithm securely. As a result, it is not aimed to provide an ex‐
haustive list covering all the best (still evolving) solutions of the state of the art.
It rather aims to provide readers with the theoretical and practical background
which will allow them integrating these best solutions in various contexts and
navigating through the side‐channel analysis and leakage‐resistance literature.

Finally, thewayweaim to reach this goal is by connecting theoretical advances
to cope with leakage and implementation techniques that can fulfill their physi‐
cal assumptions. In order to preserve the global coherence of the text, we focus
primarily on mode‐level and primitive‐level countermeasures which can be an‐
alyzed in sound mathematical models, and then discuss the practical relevance
of these models. This leaves purely hardware‐level countermeasures out of our
scope. As discussed in conclusions, this is not a statement about their impor‐
tance. Hardware‐level countermeasures are essential to keep leakage‐resistant
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designs efficient. Yet, their analysis is more specific to technological choices and
we therefore decided to identify the general requirements they need to fulfill to
be effective rather than to study their specific applications exhaustively.

Following these general guidelines, the book is structured in three parts.
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Introduction

In this first part of the book, we aim to introduce side‐channel analysis in a way
that can support the introduction of sound countermeasures in the second part.
As observed by Wagner already a couple of years ago, an exhaustive coverage
of all the side‐channel attacks published in the literature is no longer possible:
we “need a systematic counter strategy” [Wag12]. This need is precisely what
motivates the focus of this book on worst‐case evaluations. For this purpose, we
introduce a minimum set of tools that can be used to provide a good approxima‐
tion (or bound) of the security level against the best possible attack vectors.

Concretely, we start with an exemplary side‐channel analysis highlighting the
different challenges that an evaluator faces in Chapter 1. We then use it to struc‐
ture a 5‐step evaluation workflow in Chapter 2, and introduce standard tools in
order to perform each of the steps. We additionally show how to combine these
tools in order to efficiently estimate the security level of an (unprotected) imple‐
mentation. Eventually, some theoretical background behind side‐channel analy‐
sis is given in Chapter 3. We first detail side‐channel evaluation metrics, their es‐
timation and bounds that can be used as shortcuts to speed up evaluations. We
then discuss the optimality of our workflow’s different steps and the need of pro‐
filing for worst‐case evaluations. We conclude with a definition of side‐channel
analysis that can serve as a basis for designing and analyzing countermeasures.

Overall, this first part of the book follows a bottom‐up approach. We start
from a concrete example to introduce the problem and list the different engineer‐
ing challenges that it raises. We then gradually formalize side‐channel analysis in
order to pave the way towards a more (top‐down) cryptographic treatment of
leaking implementations, which will be the focus of the book’s second part.

We additionally illustrate the concepts we introduce with experimental re‐
sults. In order to simplify their understanding, we use so‐called simulated mea‐
surements in the main chapters, where the leakage traces are generated accord‐
ing to a well‐controlled model. This allows the examples to have intuitive expla‐
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nations that easily highlight the pros and cons of the different evaluation tools
we describe. In order to also confront these tools to real‐world conditions, we
provide exercises at the end of the three sections, that mix paper and pencil and
programming problems – the latter being based on actual side‐channel measure‐
ments of an unprotected AES implementation in a 32‐bit software device.



Chapter 1

Exemplary attack

The unavoidable weakness that is underlying all published side‐channel attacks
is that cryptographic computations are never instantaneous. So while classical
security reductions assume adversaries who can intercept and possibly tamper
with the inputs and outputs of cryptographic algorithms, Kocher et al.’s seminal
work puts forward that physical measurements may leak information about their
intermediate computations. It is easy to see that such a leakage can be devastat‐
ing. Take for example the AES described in Appendix A, but limited to its first two
operations (i.e.,AddRoundKey and SubBytes). Rather than a large (128‐bit) pseu‐
dorandom permutation, this reduced cipher can be viewed as the concatenation
of sixteen small (8‐bit) permutations. Therefore, the adversary can perform a key
recovery attack by just targeting the key bytes one by one. The time complexity
of this attack is 16× 28 rather than 216×8 as it should be for the full‐round AES.

In practice, side‐channel leakage is usually not providing the exact outputs of
a cipher’s intermediate computations. Nevertheless, with the additional help of
some statistical processing, even a modest leakage can be sufficient to break a
cryptographic implementation using a similar divide‐and‐conquer approach.

Let us now set up the scene more precisely by describing a realistic attack
against an idealized 8‐bit implementation of the AES. By 8‐bit, we mean that at
each clock cycle, the device in which the AES is implemented is able to perform
an 8‐bit operation. A leakage trace l obtained by measuring the first two AES S‐
boxes is illustrated in Figure 1, for plaintext bytes x0 and x1, first round key bytes
k0 and k1 and intermediate values y0, y1 (after the key additions) and z0, z1 (after
the S‐boxes), where the subscripts correspond to the indexes of the manipulated
bytes. This trace contains τ = 300 time samples denoted as lj . Starting with
the first S‐box for illustration, an adversary can define a plaintext vector x of size

13
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S S S

Figure 1: Leakage trace l for the AES’ first two S‐boxes (τ = 300 samples).

q, the corresponding plaintext byte vector x0 and, for every key byte candidate
k∗
0 ∈ [0 : 255], compute (q‐element) model vectorsmz0

j (x0, k
∗
0) = HW

(
S(x0 ⊕

k∗
0)
)
with HW the Hamming weight function. By collecting the leakage traces

corresponding to the q plaintexts ofx, she can then build a leakagematrix l̄(x, k)
of size q × τ . The model vectors mz0

j (x0, k
∗
0) can be viewed as q samples of a

univariate random variableM z0
j (X0, k

∗
0) = HW(X0 ⊕ k∗

0), where plaintext bytes
are random and key byte candidates are fixed, and the leakage matrix l̄(x, k) can
be viewed as q samples of a multivariate random variable L(X, k). Eventually,
the adversary selects her key byte candidate based on Pearson’s correlation:

ǩ0 = argmax
j∈[0,τ−1], k∗0

ρ
(
Lj(X, k),M z0

j (X0, k
∗
0)
)
, (1)

which is computed for each time sample independently. It can be estimated from
q samples thanks the sample mean Êq(.) and sample variance V̂arq(.) as:

ρ̂q
(
Lj(X, k),M z0

j (X0, k
∗
0)
)
=

Êq(Lj(X,k)·Mz0
j (X0,k∗0))−Êq(Lj(X,k)·Êq(M

z0
j (X0,k∗0))√

V̂arq(Lj(X,k))·V̂arq(Mz0
j (X0,k∗0))

.
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Informally, the attack uses Pearson’s correlation to compare the leakagemea‐
sured for the target key byte k0 and the 256 vectorsmz0

j (x0, k
∗
0). Assuming that

the leakage of an intermediate variable is correlated with its Hamming weight,
which is an acceptable approximation for unprotected CMOS devices [BCO04], it
is expected that the highest correlation will be observed for the correct key byte.
The argmax of Equation 1 is taken over the time samples if the adversary does
not know a priori the mapping between the time samples of the leakage traces
and the operations performed by the target implementation. Figure 2 shows the
result of such a correlation attack after the observation of q = 256 traces.

(a) First S‐box.

(b) Second S‐box.

Figure 2: Correlation between the Hamming weights of the AES S‐boxes’ outputs
(∀ key byte candidates) and leakage traces for the correct key byte (q = 256).

As mentioned in the preface, the traces we use are simulated in order to sim‐
plify interpretation. That is, for any target variable Zi that we consider in our ex‐
emplary attack, we use a leakage function Lj(Zi) ∝ δ(Zi)+Rj , with δ(.) a deter‐
ministic function of Zi and Rj an additive Gaussian noise variable. The function
δ(.)was carefully chosen such that the correlation between the outputs of Lj and
the outputs of the Hamming weight function equals 0.5, leaving room for more
accurate models (i.e., models that better correlate with the leakage function) in
the next chapters, where we always use the same leakage function.
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It can be observed that around time sample 115 (resp., 235), where the out‐
put of the first (resp., second) S‐box is manipulated (as confirmed by Figure 1),
the correlation estimated for the correct key byte (in black) is higher than the
one for the incorrect key byte candidates (in grey). As illustrated in Figure 3, the
gap between the correlation observed for the correct key byte and the incorrect
key byte candidates can be increased by measuring more traces, since it allows a
better estimation of the correlation coefficient. Yet, even in this case, the best es‐
timated correlation values remain below 0.5, which is explained by the presence
of additive noise in our simulated traces. For uniformly distributed plaintexts, the
same traces can be used to recover the other ki’s (with i ∈ [1 : 15]) by adapting
the modelsmzi

j (xi, k
∗
i ) and selecting key byte candidates as in Equation 1.

(Exercise 1.1 is suggested in order to further illustrate the previous content.)

(a) First S‐box.

(b) Second S‐box.

Figure 3: Correlation between the Hamming weights of the AES S‐boxes’ outputs
(∀ key byte candidates) and leakage traces for the correct key byte (q = 1024).

Despite its conceptual simplicity, this attack already puts forward the main
questions that side‐channel adversaries and evaluators have to answer:

1. How to obtain good leakage traces (e.g., low‐noise measurements)?
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2. How to detect useful leakage samples, aka Points‐of‐Interest (POIs), and to
map them to the intermediate computations they correspond to?

3. How to accurately model the useful leakage samples in order to extract
(ideally all) the information contained in the measurements?

4. How to efficiently process the information extracted?

5. What if the information collected is not sufficient to recover the key?

In the following chapter, wewill gradually build a side‐channel evaluation toolbox
by discussing and answering these five main questions one by one.



Chapter 2

Evaluation tools

The previous questions directly suggest the five‐step side‐channel analysis work‐
flow depicted in Figure 4. We next use it as a way to structure the exposition of
the various tools used in the evaluation of a leaking implementation. For this pur‐
pose, we detail state‐of‐the‐art solutions to perform each of the steps, focusing
on the tools that are most relevant for worst‐case security evaluations.

measurement
& pre-processing

leakage detection
& mapping

leakage modeling 
& information extraction

information
exploitation

post-processing

Figure 4: Side‐channel analysis workflow.

As a preliminary, we need to define what we mean by worst‐case evaluation
since the use of this term in the side‐channel research community deviates from
its common acceptation in cryptography. In this respect, let us first recall that
cryptographic research generally has two main goals. On the one hand, secu‐
rity proofs aim to reduce the security of complex functionalities (e.g., encryption,
authentication in the case of symmetric cryptography) to the security of simpler
primitives (e.g., block ciphers, permutations). On the other hand, cryptanalysis

18
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aims to verify that the concrete schemes used to instantiate the primitives do not
deviate from their expected behavior (i.e., match the proof assumptions). In this
context, the termworst‐case usually refers to the security guarantees provided by
security reductions, which are independent of the adversarial strategy [KL14] and
therefore hold even against an adversary leveraging an optimal strategy. By con‐
trast, cryptanalysis is intrinsically hard to perform in a wort‐case/optimal manner,
since it corresponds to the art of combining differentmathematical approaches in
order to compromise the security of a scheme [Jou09, KR11]. Since side‐channel
analysis shares more similarities with cryptanalysis than with security reductions,
one can therefore wonder what is the meaning of worst‐case in this context?

The necessary clarification is that the term worst‐case does not refer to the
evaluation strategy (i.e., how the side‐channel information is exploited) but to
themeans that evaluators are given to collect this information. Aworst‐case side‐
channel security evaluation, as defined next, corresponds to a context where all
the information about the target implementation and all its intermediate compu‐
tations are considered public during an offline learning (aka profiling) phase.

Definition 1 (Worst‐case side‐channel security evaluation). A worst‐case side‐
channel evaluation is one where the evaluator has unrestricted access to all the
implementation details (e.g., software and hardware source codes) and to the se‐
cret keys and random values used by side‐channel countermeasures (if they are
implemented) during an offline learning (also called profiling) phase.

The reason of this terminology relates to the fact that the knowledge of the al‐
gorithms is now accepted as the standard model for mathematical cryptanalysis.
By contrast, the knowledge of the implementations remains a matter of debate
in physical cryptanalysis. So while the term worst‐case is synonym of security re‐
ductions offering guarantees against optimal adversaries in cryptography, it only
refers to the fact that the evaluator has the best possible means to understand
her target device in side‐channel security evaluations. In other words, worst‐case
evaluations aim to help identifying optimal attack paths but they do not guaran‐
tee security against (possibly unknown) optimal attack paths in this case. We de‐
fer an assessment of the optimality of the steps in Figure 4 to Chapter 3, together
with more justification of the practical relevance of this worst‐case approach.
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2.1 Measurement and pre‐processing
Assembling a goodmeasurement setup is the first step in the evaluation of a cryp‐
tographic implementation against side‐channel analysis. A high‐level view of its
main components is given in Figure 5. Despite research papers usually contain a
succint description of the tools they use for this purpose, there has been limited
research specifically devoted to this topic. Chapter 3 of the DPA book remains a
comprehensive source of information [MOP07]. It outlines a design space includ‐
ing the choice of a probingmethod (possibly embedding an amplifier), the supply
voltage and clock frequency of the Device Under Test (DUT) and the resolution
and sampling rate of the the evaluator’s oscilloscope. Target implementations
can be hardware: Field Programmable Gate Arrays (FPGAs) or Application Spe‐
cific Integrated Circuits (ASICs), or software (e.g., embedded microcontrollers).
Our focus in this book is on side‐channel analyses that can be performed with
relatively cheap equipment. Typically, commercial development boards for the
DUTs with inductive probes and oscilloscopes in the Gsample/second range that
can be gathered for a couple of thousands euros. We next discuss some basic
recommendations to obtain the low‐noise traces needed to perform efficient at‐
tacks [BUS21], and follow with a short discussion and a list of related works.

Vdd

clock freq.

oscilloscope

sampling freq.

resolution

probe
(+pre-amp.)

trigger

DUT

Figure 5: Side‐channel measurement setup.
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2.1.1 General guidelines
Regarding the DUT, we first mention that it is usually advisable to unsolder the
decoupling capacitors from its Printed Circuit Board (PCB) in order to limit low‐
pass filtering effects. If possible, using an external crystal oscillator to derive the
clock signal helps to limit the jitter‐based noise. The clock frequency is then the
most important parameter to set. A good rule‐of‐thumb is to use the highest
available clock frequency that allows a visual identification of the cycles in the
leakage traces. As for the supply voltage, it better comes from a stable (noise‐
free) source as well, but its value has a less significant impact and running the
chip at nominal Vdd is in general sufficient to obtain good measurements.

Next, regarding the probe, standard options include the insertion of a small
resistor in series with the power supply voltage and the use of an inductive probe.
The latter is usually more convenient since it does not require any modification
of the PCB. It is therefore the method of choice as long as the target leakage is
covered by the probe’s bandwidth. Low‐noise pre‐amplifiers with sufficient band‐
width can optionally be used in case of low‐amplitude measurements.

As for the oscilloscopes, they have quite limited flexibility in terms of resolu‐
tion (8‐bit and 12‐bit samples are standard values). The sampling rate is therefore
the most critical parameter, since it directly affects the memory requirements of
the security evaluations. As in general when quantizing signals, this sampling rate
should at least be larger than the Nyquist frequency. Concretely, it is usually ben‐
eficial to increase this value slightly. A good rule‐of‐thumb (when the clock cycles
are identifiable) is to take between 5 and 10 samples per clock cycle.

We note that in the worst‐case security evaluation setting, we assume the
availability of an accurate trigger for the target cryptographic computation.

2.1.2 Discussion and related works
Measurement setups are critical for side‐channel security evaluations. They af‐
fect the noise level of the leakage samples, which is a key parameter for many
countermeasures. Badly designed setups may artificially increase this noise level
and lead to a false sense of security. The previous guidelines aim to mitigate this
risk by enabling low‐noisemeasurementswithoutmuch additional pre‐processing.
They must be considered as an inherent part of a worst‐case evaluation process,
granting possibly unrealistic capabilities to the evaluator in order to gain security
margins that can cover (hard to predict) engineering improvements. Note that
these guidelines are for standard setups exploiting the dynamic power consump‐
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tion. Setups targeting static power consumption require different optimizations
(e.g., lower clock frequencies) in order to be exploitable [MMR20].

Relatedworks. When leaving theworst‐case evaluation setting, concrete adversaries can
face various additional challenges. A first one is the lack of accurate trigger, whichmay im‐
ply the need to rely to analog signals in order to synchronize themeasurements [BBGV16].
Another one is the presence of noise in the frequency domain that may benefit from fil‐
tering (e.g., [PHF09, PS15]) and from analyses working directly in the frequency domain
(e.g., [MRG+10, TOT+14]) or other transformed domains (e.g., [DSE+12, UvWBS20]).

2.2 Detection and mapping
The results of Figures 2 and 3 show that a Correlation Power Analysis (CPA) allows
an evaluator to identify the time samples where the two first AES S‐box outputs
are manipulated and their correct key byte at the same time. Despite conve‐
nient, this approach suffers from two limitations. First, it is non‐profiled (hence
not worst‐case) and therefore it only works as long as the assumption that the
leakage function is correlated with the Hamming weight model holds. Second, it
is univariate (i.e., it exploits only one leakage sample at a time) and thereforemay
be suboptimal compared to approaches exploiting multiple samples jointly (e.g.,
in terms of number of leakage traces needed to recover the key). Both limitations
suggest profiled and multivariate evaluations as a natural direction to better as‐
sess the worst‐case security level of a leaking cryptographic implementation. Yet,
the latter comes with the additional burden of training a model during an offline
phase, which can become expensive (e.g., in terms of number of leakage traces
needed for profiling). Quantifying the cost and benefits of profiled analyses is
therefore needed, which first requires defining the following complexities:

Definition 2. (Profiling and attack complexities) We denote the number of side‐
channel traces collected (resp., the time needed) to estimate a leakage model in
an offline phase as the profiling data (resp., time) complexity. We denote the
number of side‐channel traces (resp., the time) needed to perform a side‐channel
attack given a leakage model as the attack data (resp., time) complexity.

As a result, profiling can be viewed as a way to trade an improved (online) at‐
tack complexity for some offline efforts. Since a straightforward multivariate es‐
timation of the leakage can become expensive as the size of the traces increases,
detection and mapping appeared as intermediate steps to make this tradeoff
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more appealing. Their goal is to identify the POIs in the leakage traces and to
associate them with the intermediate computations that generate them. In ma‐
chine learning terminology, they correspond to a feature selection step.

Wenext introduce three popular techniques that can be used for this purpose,
discuss their specificities and respective advantages and detail how they can be
used in the context of a worst‐case side‐channel security evaluation.

2.2.1 Signal‐to‐Noise Ratio
An intuitive solution to identify POIs in a leakage trace is the Signal‐to‐Noise Ra‐
tio (SNR) [Man04]. As its names suggests, it first requires to define what is the
signal and what is the noise in the leakage of a target intermediate value. For this
purpose, it is convenient to assume that leakage samples are the sum of a deter‐
ministic part and a noise part.* Say for example that we want to characterize the
SNR of an S‐box output zi in Figure 1, for which we posit:

lj(zi) = δj(zi) + rj, (2)

where δj is the leakage function’s deterministic part at time sample j and rj is an
additive noise. Based on this we can directly define the SNR as:

SNR(j) =
Var
(
δj(Zi)

)
Var
(
Rj

) . (3)

It remains to estimate δj(Zi) and Rj . This can be be done by measuring several
leakage traces for each value of zi. Their sample mean can then serve as an esti‐
mation of the deterministic part δ̂j(zi) := Ê

(
Lj(zi)

)
, and noise samples are just

obtained by computing r̂j = lj(zi)− δ̂j(zi), leading to an SNR estimate:

ˆSNRq(j) =
V̂ar256

(
Ê q

256
(Lj(zi))

)
V̂arq(R̂j)

, (4)

where Êθ(.) and V̂arθ(.) are the sample mean and variance with θ samples, re‐
spectively. In our AES case study where the target intermediate value is 8‐bit
wide, the q traces collected in order to estimate the signal variance are split in

* Which, as described in Chapter 1, is exactly satisfied by our simulated traces.
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256 sets of q
256

traces, corresponding to the 256 possible values of zi. This def‐
inition of SNR assumes the additive noise to be independent of the data. If this
assumption is incorrect, different noise variances can be computed for each value
of zi and averaged, using 256 subsets of traces like for the signal estimation:

ˆSNRq(j) =
V̂ar256

(
Ê q

256
(Lj(zi))

)
Ê256

(
V̂ar q

256
(Lj(zi))

) . (5)

It is important to note that, contrary to Chapter 1, the leakage of the previous
equations takes zi as argument rather than x and k. This is because we specifi‐
cally defined as signal the part of the leakage that depends on zi. Concretely, the
notation reflects that when computing a sample mean Ê

(
Lj(zi)

)
, only zi should

be fixed in the leaking device. For this purpose, the leakage traces must be mea‐
sured with random plaintexts and keys and grouped according to the value of zi
afterwards. Such a requirement emphasizes what may look as a somewhat arbi‐
trary definition of signal. Indeed, nothing prevents adversaries to take advantage
of the leakage that directly depends on the key as well. The corresponding SNR
would be computed for samples lj($, ki) where the plaintexts are random and a
key byte is fixed. This would allow identifying the key scheduling intermediate
computations, which motivates the following definition of sensitive variable:

Definition 3 (Sensitive variables). We say that an intermediate value in a crypto‐
graphic implementation is Key and Input Sensitive (KIS) if it can be expressed as
a function of a group operation (e.g., a XOR) between a part of the algorithm’s
secret key and a part of its public input (e.g., plaintext for a block cipher). We
say that an intermediate value is Key Sensitive (KeS) if it can be expressed as a
function of the algorithm’s secret key independent of its public input.

Clearly, the SNR of Equation 5 is for a KIS variable. We will see in Section 3.1.2
that such variables offer much stronger attack vectors than KeS variables.

An estimation of this SNR using q = 1024 traces, for the same case study as
in Chapter 1, is given in Figure 6. It leads to two important observations.

First, both plots exhibit two peaks which correspond to the manipulation of
the S‐boxes inputs and outputs. This is expected since our definition of signal cap‐
tures any leakage sample that is dependent on δ̂j(zi). Since S‐boxes are bijective,
information on their inputs translates into information on their outputs.

Second, the SNR is different from zero even for non‐informative samples, as
reflected by the “plateau” value of ≈ 0.25 on the upper and lower plots. This
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(a) First S‐box.

(b) Second S‐box.

Figure 6: SNR for the AES S‐boxes’ outputs (q = 1024).

relates to the fact that the SNR is an a priori metric. That is, it defines a priori that
any difference in the mean values is signal. When combined with the estimation
process of Equation 5, it implies that even estimation errors in the numerator
mean values are considered as signal. Such an estimation therefore has a ten‐
dency to overestimate the signal, which however vanishes as q increases.

(Exercise 1.2 is suggested in order to further illustrate the previous content.)

2.2.2 Profiled correlation
The previous definition of signal as a variance of leakage mean values suggests
an extension of the CPA to the profiled setting that can serve as an alternative to
the SNR. Remember that the attack of Chapter 1 uses the same Hamming weight
model for all time samples: mzi

j (xi, k
∗
i ) = HW

(
S(xi⊕k∗

i )
)
. A profiled CPA simply

replaces this Hamming weight assumption by an estimation of the mean leakage
for the target intermediate value, evaluated for relevant (possibly all) time sam‐
ples. Sticking with our S‐box output example zi = S(xi ⊕ k∗

i ), it leads to model
values mzi

j (xi, k
∗
i ) = Ê

(
Lj(zi)

)
. Note that this requires splitting the evaluators’
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set of q traces into qp profiling traces and qa attack traces. The result of a pro‐
filed CPA using such models (perfectly) estimated for time samples j = 115 and
j = 235 is given in Figure 7, leading to three important observation.

(a) First S‐box.

(b) Second S‐box.

Figure 7: Correlation between a profiled model for the AES S‐boxes’ outputs (∀
key byte candidates) and leakage traces for the correct key byte (qa = 1024).

First, this detection is more specific than the SNR‐based one as it only ex‐
hibits a single peak per S‐box (vs. two in Figure 6). This is because the SNRmetric
differs from zero as soon as the 256 means corresponding to a leakage sample
(for the 256 values of the target variable) differ. It is therefore preserved by the
S‐box (which only permutes these mean values). By contrast, in a CPA, the esti‐
mated correlation depends on the order of these means. Take for example the
model vectors mzi

j (xi, k
∗
i ) = HW

(
S(xi ⊕ k∗

i )
)
for a plaintext vector xi with

256 elements ranging from 0 to 255. These model vectors contain the same 256
Hamming weights for all key byte candidates k∗

i , but in a different order, which is
precisely what allows discriminating the correct key byte. So just as a wrong key
byte candidate has a permutedmodel vector that cancels the correlationwith the
actual measurements, the S‐box permutes themodel vector and prevents detect‐
ing samples at the input of the S‐boxes when their output is predicted. Note that
this specificity only holds if the same model is used for all time samples.
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Second, the value of the correlation coefficient in Figure 7, which is estimated
with the same total number of traces as the SNR in Figure 6, is stuck at ≈ 0 for
the uncorrelated samples. This is because contrary to the SNR metric (which is
a priori), the CPA embeds a cross‐validating step. That is, when performing the
profiled CPA, the models (which correspond to leakage mean values estimated
offline with qp profiling traces) are tested against qa fresh attack traces, so that
the estimation errors of these mean values can only lead to a reduction of the
correlation coefficient. Yet, this difference vanishes as q, qp and qa increase and it
can be shown that the SNR and the correlation coefficient computed for a profiled
model carry the same asymptotic intuition (when qp, qa →∞ with q = qp + qa).
More precisely, denoting a profiled model for time sample j as Mj and ignoring
the random variable’s arguments for simplicity, we have [Man04]:

ρ(Mj, Lj) =
1√

1 + 1
SNR(j)

. (6)

Note that this result only holds for the profiled correlation. Otherwise, we have
no guarantees that the CPA exploits all the side‐channel signal available.

Finally, the value of the maximum correlation coefficient in Figure 7 is signif‐
icantly increased compared to the unprofiled CPA of Figure 3. This confirms that
the Hamming weight assumption, despite sufficient to perform a successful key
recovery, was not perfect and did not allow an optimal univariate attack.

Interestingly, this improvement of the leakage model thanks to profiling can
be characterized with the following correlation chain rule [SPRQ06]:

Lemma 1 (Correlation chain rule). Let X , Y and Z be three random variables
such that Y = X + R1 and Z = Y + R2 with R1 and R2 two additive Gaussian
noise variables. Then, we have ρ(X,Z) = ρ(X,Y ) · ρ(Y, Z).

As a result, if we assume that an unprofiled modelMu
j corresponds to a pro‐

filedmodelMp
j with additivemodel errorsM e

j and thatwewrite the noisy leakage
variable as a sum Lj = (Mu

j +M c
j ) +Rj , withM c

j = −M e
j the model correction

term and Rj the noise, both assumed to follow a Gaussian distribution, so that
Mu

j + M c
j = Mp

j , then ρ(Mu
j , Lj) = ρ(Mu

j ,M
p
j ) · ρ(M

p
j , Lj). In other words,

computing the correlation between a non‐profiled leakage model and its profiled
counterpart allows anticipating by which factor the correlation coefficients esti‐
mated in the non‐profiled and profiled settings will differ. For example, the cor‐
relation between the profiled model of Figure 7 and the Hamming weight model
of Figure 3 is≈ 0.5, which is confirmed by the peak values of these figures.
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2.2.3 Welch’s T‐test
The SNRmetric and profiled CPA are specific detection tools in the sense that they
identify POIs that depend on specific intermediate computations. For this pur‐
pose, they estimate samplemeans for all the values of these target computations.
As discussed in the previous section, the profiled CPA can be even more specific
than the SNR as (in case the same profiled model is used for all the time sam‐
ples of a trace) it allows distinguishing bijectively connected intermediate values.
Quite naturally, it is also possible to go the other way and to design less specific
detection tools. The standard approach for this purpose is to use Welch’s T‐test,
and was introduced under the name Test Vector Leakage Assessment methodol‐
ogy (TVLA) [GJJR11]. Its original motivation was to provide a cheaper detection
method which can possibly serve as a basis for conformance testing.

A natural way to make detection more efficient (in terms of data complexity)
is to reduce the number of sample means to estimate. This is exactly what non‐
specific T‐tests enable. Let us for example define the following estimates:

µ̂f(j) = Êqf

(
Lj(xf, kf)

)
, σ̂2

f (j) = V̂arqf

(
Lj(xf, kf)

)
,

µ̂r(j) = Êqr

(
Lj($, $)

)
, σ̂2

r (j) = V̂arqr

(
Lj($, $)

)
,

where (xf, kf) is a fixed pair of plaintext and key, $ denotes uniformly random
values and qf and qr respectively denote the number of samples used to estimate
themean and variance of the fixed and random leakage classes (forwhich a typical
choice is qf = qr =

q
2
). We can then define the following T statistic:

∆̂ q
2
(j) =

µ̂f(j)− µ̂r(j)√
σ̂2
f (j)

qf
+
√

σ̂2
r (j)
qr

, (7)

The estimation of such a T‐statistic for all the time samples of the same leakage
traces as in our previous examples is illustrated in Figure 8. We use the popular
rule‐of‐thumbwhich assumes POIs to be detected if the T‐statistic is higher than a
threshold value of 4.5. It corresponds to a probability to reject the null hypothesis
that there is no difference of mean between the fixed and random leakage sets
below 10−5.* This figure leads to the following important observations.

First, and as expected, the detections are not specific: any leakage sample
that depends on x or k can lead to a peak of the T‐statistic. This implies that the

* Formally, this probability is only correct for a univariate detection test and the threshold
should therefore be adapted in function of the length of the leakage traces [DZD+17].
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Figure 8: Non‐specific T‐test for the traces of Figure 1 (q = 1024).

POIs identified may not be easily exploitable in later evaluation steps (e.g., with a
divide‐and‐conquer approach), since the value that generates their leakage may
be hard to guess (e.g., if they correspond to the inner AES rounds). It also implies
that such an approach does not help much to map the detected time samples
with the operations of the implementation that generate their leakage.

Second, the value of the peaks differs for different operations while they were
similar in Figures 6 and 7. This can be explained since the pair (xf, kf)may lead to
intermediate computations of which the leakagemean valuemay bemore or less
close to the leakage mean value of the random class. For example, in the Ham‐
ming weight case with 8‐bit intermediate computations, the random class has a
mean leakage of 4. Therefore, any intermediate computation generated by the
pair (xf, kf) that has a Hamming weight of 4 will be undetectable with Equation 7,
whereas a Hamming weight value of 0 or 8 will be the easiest to detect. In other
words, the non‐specific T‐test is incomplete when launched as a stand‐alone tool:
there are POIs that may not be identified. The TVLA methodology therefore ad‐
vocates for running such a T‐test for multiple pairs of plaintext and key. The more
pairs are used, the more complete the test is, but the more its data complexity
becomes similar to a specific detection using the SNR or a profiled CPA.

(Exercise 1.3 is suggested in order to further illustrate the previous content.)

2.2.4 Discussion and related works
Which tool to use? The previous descriptions put forward that detection tools can
be viewed as a tradeoff between different features: specific vs. non‐specific (i.e.,
able to distinguish the leakage of different operations with more or less granular‐
ity), complete (i.e., able to capture the signal of all intermediate computations)
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or not, cross‐validated or a priori. As illustrated in Table 1, specific, complete and
cross‐validated tests tend to be more expensive (in data and in time).

detection tool specific

SNR

profiled CPA

fixed vs. random T-test

complexitycomplete cross-
validated

X

V

V V

X

XX

V

V

Table 1: Informal classification of detection tools.

In the context of a worst‐case side‐channel security evaluation, the detection
and mapping step usually remains relatively cheap (since it mostly requires to
estimate mean values). It can therefore be performed even for long traces and
the reduced complexity of non‐specific tests is rarely needed. Following the goal
to improve the profiling complexity of an implementation, it also appears that the
SNRmetric provides just the level of specificity needed to detect the POIs that will
be useful whenmodeling an intermediate value. More precisely, profiled leakage
models typically try to take advantage of all the leakage samples that depend on
a target intermediate computation. Hence, the possibility to detect dependent
(e.g., bijectively connected) computations is an asset for this purpose.

How to use detection? The previous tools can be used for two distinct purposes.
Either for detection only, as part of a conformance‐style test, or for detection
and mapping in the context of an evaluation‐style (possibly worst‐case) analysis.
In the first context, passing the test requires that no leakage is detected according
to some threshold. It is then important to set the threshold in a statistically sound
manner. As mentioned in Section 2.2.3, this for example requires computing the
p‐value of the null hypothesis that assumes no detection, which can be challeng‐
ing when traces become highly multivariate. Besides, even when carefully imple‐
mented, such conformance‐style tests are prone to errors and have limited con‐
nection with the actual security level of leaking implementation [Sta18, WO19].
Acknowledging that “absence of evidence is not evidence of absence”, a worst‐
case security analysis takes a different approach and does not consider a lack of
detection as conclusive. Quite the opposite, it builds on detectable leakage, tries
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to to extract all its information and to exploit it optimally, so that sound coun‐
termeasures can in turn either reduce this information or make it hard to exploit.
Detection is then combinedwithmapping and both serve as an intermediate step
in the workflow of Figure 4. In this context, the data complexity will be increased
until POIs can be identified thanks to visual inspection, making the discussion of
statistical thresholds less critical since more quantitative steps follow.

Related works. Leakage detection has been a topic of intense research, especially in the
context of conformance testing. Despite not directly needed for our following worst‐case
investigations, we next point out a number of relatedworks that can serve as complemen‐
tary readings. Several authors investigated detection with different statistical tools. For
example, [MOBW13] uses the mutual information, [BDGN14] the normalized inter‐class
variance and [BSS19] considers multivariate extensions of the T‐test and the assumptions
it requires. Other papers focus on optimizing detection. For example, [RGV17] improves
its time complexity and [YTM+20] improves its data complexity thanks to bootstrapping.
The connection between conformance‐style testing and evaluation‐style testing is dis‐
cussed in [RBG+19]. The impact of the leakage partitioning in non‐specific T‐tests is ex‐
amined in [DS16], which shows that fixed vs. fixed tests can lead to lower data complexi‐
tites than fixed vs. random ones, and [UvWBS20], which describes a one‐hot partitioning
that is suitable to analyze parallel hardware implementations. Eventually, a large body
of work focuses on higher‐order analyses (e.g., [RGV12, SM16, MRSS18]), possibly taking
advantage of deep learning [MWM21]. We defer their discussion to Part III of the book,
where we discuss leakage detection in the context of protected implementations.

2.3 Modeling and extraction
The previous section described standard tools in order to identify POIs in leakage
traces. We now describe how to profile these leakage samples and to use statis‐
tical models in order to extract information from them. As previously, we focus
on tools that are useful in the context of a worst‐case security evaluation.

2.3.1 Gaussian templates
The first profiled side‐channel attack published in the literature was coined Tem‐
plate Attack (TA) and was introduced by Chari et al. [CRR02]. It remains among
the most popular and useful tools for evaluators. In its basic form, a TA models
the leakage samples with a Gaussian distribution. As any profiled evaluation tool,
it works in two steps (modeling and extraction) that we detail next:
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Modeling. Suppose the evaluator is provided with qp profiling traces. The Gaus‐
sian TA models them with the Probability Density Function (PDF):

f(l|zi) =
1

(2π)
τ
2 |Σzi |

· exp
(
−1

2
(l− µzi)

T ·Σ−1
zi
· (l− µzi)

)
. (8)

In this equation, the mean vector µzi and the covariance matrix Σzi specify the
signal and the noise associated to the intermediate value zi. It therefore remains
to estimate them. As for the estimation of the SNR in Section 2.2.1, we denote
as l(zi) the leakage traces collected by measuring the target implementations for
random plaintext and keys so that (only) the intermediate value zi that we want
to profile is fixed. We then compute the empirical means and covariances:

µ̂zi = Ê qp
256

(
L(zi)

)
, (9)

Σ̂zi = Ê qp
256

((
L(zi)− µ̂zi

)
·
(
L(zi)− µ̂zi

)T
)
. (10)

Extraction. Suppose the evaluator is provided with qa (fresh) attack traces. For
any trace lι, with 1 ≤ ι ≤ qa, and key byte candidate k∗

i , she can use the previ‐
ously estimatedmodel and compute f̂(lι|xι

i, k
∗
i ) := f

(
lι|µ̂zi , Σ̂zi)

)
. In amaximum

likelihood attack, the evaluator then selects her key byte candidate as:

ǩi = argmax
k∗i

f̂
(
l̄|xi, k

∗
i

)
= argmax

k∗i

qa∏
ι=1

f̂
(
lι|xι

i, k
∗
i ), (11)

wherewe recall that the notations l̄ andxi are for the qa×τ leakagematrix and qa‐
element plaintext byte vector. In a maximum a posteriori attack, she additionally
applies Bayes’ law and selects her key byte candidate as:

ǩi = argmax
k∗i

P̂r
(
k∗
i |xi, l̄

)
= argmax

k∗i

f̂
(
l̄|xi, k

∗
i ) · Pr(k∗

i )∑255
k′i=0 f̂

(
l̄|xi, k′

i) · Pr(k′
i)
, (12)

where we use the shortcut notation Pr(X = x) := Pr(x) for conciseness. The
attack data complexity of both approaches is equivalent in the (frequent) case of
uniformly distributed keys. However, they slightly differ when it comes to exploit‐
ing their outcomes for key enumeration, as discussed in Section 2.5.

Note that in the original TA, the evaluator estimates one covariance matrix
per target intermediate value. But under the (homoscedasticity) assumption that
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the noise distribution is the same for all values, it is possible to compute a single
so‐called pooled covariance matrix [CK13], which is obtained by averaging the
covariancematrices of all values. If this assumption is correct, it provides a better
estimate since it uses 256 times more traces (in our AES S‐box case study).

Theoretically, templates can be computed for the raw leakage traces. Yet,
such a direct approach can have a high profiling complexity when leakage traces
are long. Concretely, it is therefore usually applied on reduced traces that contain
the informative POIs. If the target intermediate computation to profile leads to a
small number of informative time samples, directly profiling Gaussian templates
for all the POIs can be possible. If not, selecting the POIs to retain is a harder
problem, since the best tuple of POIs may not be the set of samples with the
highest (univariate) detectionmetric. Dimensionality reduction tools can then be
used to exploit multivariate information in a more principled manner.

(Exercises 1.4 & 1.5 are suggested to further illustrate the previous content.)

2.3.2 Dimensionality reduction
Principal Component Analysis (PCA) and Linear Discriminant Analysis (LDA) are
two standard techniques to reduce the dimensionality of observations to classify.
In the context of side‐channel analysis, they both aim to project the leakage traces
in a subspace where either the side‐channel signal (in the case of PCA [APSQ06])
or the side‐channel SNR (in the case of LDA [SA08]) is maximized.

PCA‐proj. Looking at the definition of SNR in Section 2.2.1, the side‐channel sig‐
nal corresponds to the (inter‐class) variance between the empirical mean traces
{µ̂zi}256. PCA therefore looks for the first Nc principal directions {ŵc}Nc

such
that Nc ≤ τ which form an orthonormal basis of the Nc‐dimensional subspace
capturing most of the the variance of {µ̂zi}256. It is shown in [Jol86] that these
principal directions are the eigenvectors Û of the signal covariance matrix:

Σ̂s =
1

256
·

255∑
zi=0

(µ̂zi − µ̄) · (µ̂zi − µ̄)T, (13)

with Σ̂s = Û∆̂Û and where µ̄ = 1
256

∑255
zi=0 µ̂zi is the average of the mean

traces. The principal directions {ŵc}Nc
are the columns of Û corresponding to

theNc largest eigenvalues of ∆̂, which we next denote as Ŵ ∈ Rτ×Nc .
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The modeling part of a PCA‐based TA then requires to estimate the empirical
mean and covariance of the traces projected along the principal directions:

ν̂zi = Ê qp
256

(
Ŵ TL(zi)

)
, (14)

Λ̂zi = Ê qp
256

((
Ŵ TL(zi)− ν̂zi

)
·
(
Ŵ TL(zi)− ν̂zi

)T
)
, (15)

where the reduced profiling data complexity pops up if Nc ≪ τ .* And in order
extract information from a fresh trace lι, the evaluator can follow the same pro‐
cess as for a TA but with projected traces. For this purpose, she just has to replace
the computation of the likelihood f

(
lι|µ̂zi , Σ̂zi)

)
by f
(
Ŵ Tlι|ν̂zi , Λ̂zi)

)
.

For illustration, the principal direction corresponding to the AES S‐boxes’ out‐
puts computedwith the same simulated traces as previously are given in Figure 9.
As expected, the samples selected by PCA match the previously detected ones.

(a) First S‐box.

(b) Second S‐box.

Figure 9: Principal PCA direction for the AES S‐boxes’ outputs (qp = 1024).

* If the set of profiling traces is too small to represent the distribution of the leakage traces ac‐
curately, it is advisable to split it in two and to estimate the principal directions and the templates
with different sets of traces in order to avoid overfitting with the profiling data.
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LDA‐proj. Instead of seeking the directions maximizing the variance of the mean
traces, one can look for the directions {w̃c}Nc

maximizing the ratio between the
inter‐class scatter Σ̃S and the intra‐class scatter Σ̃N (i.e., the side‐channel SNR)
after projection. That is, to maximize the ratio w̃TΣ̃Sw̃

w̃TΣ̃Nw̃
where:

Σ̃S =
qp
256
·

255∑
zi=0

(µ̂zi − µ̄) · (µ̂zi − µ̄)T, (16)

Σ̃N =
255∑
zi=0

qp
256∑
j=1

(lj − µ̂zi) · (lj − µ̂zi)
T. (17)

Note that these quantities are equal to covariances up tomultiplicative constants
that do not play a role in the next derivation (hence the slight abuse of notation).
Since Σ̃S is positive definite and symmetric and since w̃ is scale‐invariant, the
maximization problem can be replaced by the following eigendecomposition:

Σ̃
1
2

S Σ̃
−1

N Σ̃
1
2

S = Ũ∆̃ŨT, (18)

where Σ̃S = ŨS∆̃SŨ
T
S implies Σ̃

1
2

S = ŨS∆̃
1
2

S Ũ
T
S and the projection directions

are given by Ṽ = Σ̃
−1
2

S Ũ . As in PCA‐based TAs, we then stack the directions
corresponding to the Nc largest eigenvalues of ∆̃ in a projection matrix W̃ ∈
Rτ×Nc and perform the modeling and information extraction using W̃ .
Terminology. The exposition of PCA and LDA in this section follows their introduc‐
tion in the side‐channel literature, where they are described as dimensionality
reduction tools to be used in complement to TAs [APSQ06, SA08]. For PCA this is
natural since it is indeed generally viewed as projection. For LDA, this may lead
to a confusion since the same term is also used in the machine learning literature
to directly denote a linear classifier [Bis07]. In order to avoid this confusion, we
will next denote the use of PCA and LDA for dimensionality reduction as PCA‐proj.
and LDA‐proj. It can be shown that the combination of LDA‐proj. with a pooled
TA is equivalent to the LDA classifier, while the combination of LDA‐proj. with a
TA rather corresponds to a Quadratic Discrimant Analysis (QDA) classifier.

2.3.3 Linear regression
Besides the size of the leakage traces that can make the estimation of the cor‐
responding covariance matrix complex, the other parameter that increases the
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cost of profiling is the number of templates to build. In the simple AES case study
we analyze in this chapter, this is not a critical issue since estimating 256 mean
vectors and covariance matrices is easy. But in more advanced cases where (for
example) 32‐bit intermediate computations are considered, estimating 232 tem‐
plates may become a bottleneck. Originally introduced in the context of side‐
channel analysis by Schindler et al. [SLP05], Linear Regression (LR) has been rapidly
established as an efficient alternative to TA in this context. The main idea of LR‐
based attacks is to approximate the deterministic part of the leakage function
(defined in Equation 2) as a weighted sum ofNb well‐chosen basis functions:

δj(zi) ≈
Nb∑
κ=1

aκj · bκ
j (zi), (19)

with the aκj ’s ∈ R. For an 8‐bit value zi, a typical choice is to consider Nb = 9
and use the bits of zi with an additional constant term as basis functions. The
approximation can then be refined by adding more basis functions. For example,
we can add the

(
8
d

)
basis functions of degree d, which we denote as quadratic

leakage models if d ≤ 2, cubic leakage models if d ≤ 3, … The number of basis
functions can increase up to the case where themonomials of all degrees (up to 8
in our example) are used, leading toNb = 256 and δj(zi) = µ̂zi , as in a TA. Here,
the reduced profiling data complexity pops up if there are good leakage models
with Nb < 256. The latter is expected to be observed for CMOS implementa‐
tions, where the power consumption or electromagnetic radiation depends on
the number of bit switches weighted by the bits’ load capacitances [RCN02].

Profiling the model of an LR‐based attack first requires to estimate the Nb‐
element vector of coefficients aj for each time sample j, by applying the least
square method. For this purpose, the evaluator collects a matrix of qp

2
profiling

traces, next denoted as l̄ = [l1, l2, . . . , l
qp
2 ], where the elements correspond to

target intermediate values z1i , z2i , . . . , z
qp
2
i . She then builds a qp

2
×Nb matrix:

B̄j =


b1
j(z

1
i ) b2

j(z
1
i ) · · · bNb

j (z1i )

b1
j(z

2
i ) b2

j(z
2
i ) · · · bNb

j (z2i )
... ... . . . ...

b1
j(z

qp
2
i ) b2

j(z
qp
2
i ) · · · bNb

j (z
qp
2
i )

 ,

and the vector of coefficients minimizing the model mean square error is:

âj = [â1, â2, . . . , âNb
] = (B̄T

j B̄j)
−1B̄T

j lj, ∀j ∈ [1 : τ ], (20)
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where lj denotes the vector containing the jth time sample lιj for each leakage
trace lι of l̄. Given an estimation of the deterministic part of the leakage function,
the evaluator then uses another set of qp

2
profiling traces in order to estimate its

probabilistic part. For this purpose, LR‐based attacks rely on the same multivari‐
ate Gaussian assumption as TA. As a result, the evaluator just has to compute qp

2

noise traces corresponding to various zi values, which we denote as:

rι = [rι1, r
ι
2, . . . , r

ι
τ ] := [lι1 − δ̂1(z

ι
i), l

ι
2 − δ̂2(z

ι
i), . . . , l

ι
τ − δ̂τ (z

ι
i)], (21)

and to estimate a single covariance matrix Σ̂ by pooling all the rι traces. Even‐
tually, the information extraction part of a LR‐based attack again proceeds like a
TA, where the likelihoods of the fresh leakage traces f

(
lι|µ̂zi , Σ̂zi)

)
are replaced

by the likelihoods of fresh noise traces f
(
rι|µ̂zi , Σ̂)

)
and the mean vectors are

directly given by the deterministic approximation µzi = δ̂(zi) with:

δ̂(zi) = [δ̂1(zi), δ̂2(zi), . . . , δ̂τ (zi)]. (22)

Note that the balance between the number of traces needed to estimate the de‐
terministic part and the probabilistic part of the LR‐basedmodels can be adapted
in function of the number of basis function (since large Nb values make the esti‐
mation of the deterministic part more complex) and the level of noise and size of
the traces (which determine the estimation cost of the probabilistic part).

2.3.4 Discussion and related works
Which tool to use? Information extraction tools can be evaluated along two axes:
their profiling complexity and the complexity of an attack using their estimated
model. As a first step towards discussing which information extraction tool to
privilege in a worst‐case security evaluation, Figure 10 illustrates (5 independent)
attack results for the different tools described in this section. Again, these analy‐
ses are performed against the same case study as in Chapter 1. For the profiled
analyses, we further made sure that the profiling data was sufficient to estimate
the model parameters accurately. It leads to the following observations.

First, and for each information extraction tool, the five attacks do not lead to
the same outcome. Such probabilistic results are expected due to the probabilis‐
tic nature of side‐channel analyses. But it also means that comparing the attack
outcomes requires a metric that can cope with random experiments. This issue
of side‐channel evaluation metrics will be specifically discussed in Chapter 3.
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(a) Unprofiled CPA. (b) Univatiate LR (Nb = 9).

(c) Profiled CPA. (d) Univariate TA.

(e) Bivariate TA. (f) PCA‐based TA (Nc = 1).

Figure 10: Information extraction for the first AES key byte. Black curves are for
the good keys of 5 independent attacks. Grey curves are forwrong key candidates.
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Second, and looking at general trends, the figure highlights gradually improv‐
ing attack efficiencies when decreasing the amount of leakage assumptions and
increasing the number of POIs (aka dimensions) exploited in the attacks.

The gain obtained when getting rid of leakage assumptions is obvious when
comparing the unprofiled CPA of Figure 10a with the profiled CPA of Figure 10c
or the univariate TA of Figure 10d. These figures confirm the observation already
made in Section 2.2.2 that the leakage traces used in these attacks do not exactly
follow a Hamming weight model. Figure 10b then shows an interesting interme‐
diate situation where a LR‐based attack using a 9‐element (linear) basis improves
over the unprofiled CPA while not reaching the data complexity of the univari‐
ate TA.* Next, the gain obtained when increasing the number of POIs exploited
in the attacks appears when comparing the univariate TA of Figure 10d with the
bivariate TA of Figure 10e and the PCA‐based TA reported in Figure 10f.

On the other hand, using less leakage assumptions and modeling the leakage
of more POIs also has an impact on the profiling complexity of the evaluations.
Again, a quantitative comparison will require sound evaluation metrics, of which
the definition and discussion is deferred to Chapter 3. Meanwhile, an informal il‐
lustration of the high‐level intuitions behind our different information extraction
tools is given in Table 2. The first and third lines show the straightforward trade‐
off between an unprofiled CPA and a profiled TA. The former assumes a Hamming
weight leakage model and is inherently univariate. So it falls short if the actual
leakage distribution significantly deviates from the Hamming weight assumption
and it is unable to exploit multiple POIs jointly. The latter does not make any as‐
sumption on the deterministic part of the leakage function and can be extended
to analyze multivariate distributions. So it leads to reduced attack complexities.
But this comes at the cost of a possibly expensive profiling phase where many
templates must be built, which requires the estimation of a possibly large co‐
variance matrix (in case pooled TA are considered) or many such matrices (if the
homoscedasticity assumption does not hold, which prevents pooling).

The bottom lines of Table 2 then show that dimensionality reduction and LR‐
based attacks can be used to reduce the profiling data complexity. PCA‐proj. and
LDA‐proj. work by reducing the size of the covariance matrices to estimate as a
function of the number of dimensions retained after projectionNc. LR‐based at‐
tacks work by approximating the deterministic part of the leakage function with

* The leakage function used in our simulations was chosen such that the correlation between
its outputs and a well‐estimated regression‐based model with a linear basis equals 0.75.
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extraction tool
assumptions profiling data complexity

noise
#POIs

exploited # templates

unprofiled CPA HW Gaussian one

LR-based basis Gaussian many

TA

                  +TAPCA-proj.
LDA-proj.

Gaussian

Gaussian

many

many

+ homoscedasticity

+ homoscedasticity

opt. homoscedasticity

opt. homoscedasticity

size of

functions

profiled CPA Gaussian one+ homoscedasticity

flavor

metric

metric

probabilistic

probabilistic

probabilistic

Table 2: Informal classification of information extraction tools for an η‐bit target.

Nb well‐chosen basis functions, which reduces the number of parameters to es‐
timate. When possible, combining dimensionality reduction with a TA is a good
starting point: it allows to efficiently extract information from multiple POIs and
only relies on a Gaussian assumption that is usually acceptable in the unprotected
implementation context that we consider in this first part of the book.

The table additionally highlights that distinguishersmayhave ametric or prob‐
abilistic flavor, which is reflected by the very different shapes of the CPA plots
compared to the other plots in Figure 10. By metric flavor, we mean that the
asymptotic value of the CPA distinguisher (when qa increases) can be interpreted
as an indication of the security level, which wewill formalized in Section 3.2.1. By
probabilistic flavor, we mean that the other distinguishers output probabilities.
As a result, their asymptotic value (which is always one for successful attacks)
does not give any hint on the security level. By contrast, they directly give an indi‐
cation whether the corresponding key byte has been recovered with confidence,
which we will show is convenient for optimal key enumeration in Section 2.5.
Implementation issues. As discussed in Section 2.3.2, LDA optimizes a more rel‐
evant criteria than PCA at the cost of estimating an inter‐class and an intra‐class
scatter. Directly computing these matrices on raw traces can be expensive. As a
result, leveraging a detection step in order to identify the POIs leading to a suffi‐
cient side‐channel SNR is usually a good approach. In the context of unprotected
implementations, it is expected that computing LDA projections on POIs will lead
to acceptable profiling complexities. If not, PCA can serve as an alternative solu‐
tion since it benefits from a “small dataset” variant: for an 8‐bit target interme‐
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diate value, it allows computing the first 255 principal directions by estimating a
256× 256matrix rather than the τ × τ covariance matrix [APSQ06].

We finally note that the previous descriptions considered the selection of the
target intermediate computations to predict for granted. In general, determining
which target intermediate variables to predict, and whether the leakage directly
depends on these variables or on the transition between consecutive values they
take, are also important questions for the side‐channel evaluator. However, in
the worst‐case setting we consider in this book, identifying the exploitable (tran‐
sitions between) variables can directly be done thanks to the source codes and
netlists that are available to the evaluator, and the tools in this section are then
directly applicable (to both value‐based and transition‐based modeling).

Related works. The application of TA and LR‐based attacks can be non‐trivial and con‐
crete guidelines for their efficient implementation are respectively discussed in [CK13]
and [LPR13]. Profiled side‐channel analysis also faces the issue that themodels estimated
on a profiling device may not exactly match the attack device [RSV+11, EG12, CK14].
Robust profiling has been introduced in order to mitigate such concerns [WO15, CK18].
Various alternatives and improvements of the PCA and LDA projections have been pro‐
posed in the literature, e.g., [DSV+15, CDP15]. Besides the profiled analyses we con‐
sider in this chapter, non‐profiled attacks have also been a topic of intense research.
Popular examples include Mutual Information Analysis (MIA) [GBTP08] and its follow
ups [PR09, VS09, WOM11], the non‐profiled extension of LR‐based attacks [DPRS11] and
its follow ups [WOS14, WYS+18], and many others [LCC+06, BGL08, BGL09], some of
them compared in [SGV08]. Leaving the worst‐case evaluation setting and assuming an
evaluator with limited understanding of her target implementation raises the question
whether the models estimated during profiling completely capture the target leakage,
which can be tested with the appropriate tools as well [GO22]. Besides, while most side‐
channel attacks extract direct information on the target intermediate computations of
a leaking device, collision attacks rather try to detect whether some intermediate vari‐
ables are identical, which can also be carried out thanks to profiled and non‐profiled dis‐
tinguishers [SLFP04, LMV04, Bog07a, MME10, GS13, GG19]. Eventually, the TA and LR‐
based attacks in this section rely on a Gaussian assumption, which is usually acceptable
for unprotected implementations. It is however possible to consider other (higher‐order,
mixture) distributions (e.g., [LP07,MS16, SMSG16]) or tomodel themwith advancedma‐
chine learning learning tools (e.g., [HGM+11, HZ12, LBM14, MPP16]. We defer their dis‐
cussion to Part III of the book where we consider protected implementations.
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2.4 Information exploitation
A trivial solution to exploit side‐channel information, already outlined in Chap‐
ter 1, is to target independent operations such as the sixteen S‐boxes of the first
(or last) AES round independently. Yet, an obvious limitation of this approach is
that it does not allow exploiting the leakage of internal rounds, due to computa‐
tional reasons. This is because divide‐and‐conquer attacks rely on guessing the
part of the key on which their target sensitive variable depends. For the S‐box
layer in the first (or last) AES round, this corresponds to a low time complexity of
16 × 28. If additionally targeting the MixColumn operation, it grows to 4 × 232

which is tractable but computationally intensive [MOW14]. Extending this strat‐
egy beyond the first round (i.e., once diffusion is complete) is not possible. In
this section, we therefore focus on so‐called analytical attacks, which we define
in contrast to divide‐and‐conquer ones as attacks able to efficiently exploit the
leakage of operations that depend on more key bits than can be enumerated
(e.g., after diffusion is complete in a block cipher). For this purpose, we focus on
the Soft Analytical Side‐Channel Attacks (SASCA) introduced in [VGS14].

2.4.1 Soft Analytical Side‐Channel Attacks
The high‐level idea of a SASCA is to represent a leaking implementation as a fac‐
tor graph, with two types of nodes and bidirectional edges. So‐called variable
nodes represent the intermediate variables. So‐called factor nodes represent the
a‐priori knowledge about the variables (e.g., the known plaintexts and the side‐
channel information) and the operations applied to these variables. The nodes
are then connected via bidirectional edges that are used to propagate the (local)
information collected about every leaking variable through the graph. Concretely,
the proposal of [VGS14] is to use Belief Propagation (BP) for this purpose [Pea82],
which is amessage‐passing algorithm for performing inference on graphical mod‐
els. BP has guaranteed convergence when applied to trees and only provides
heuristic results when applied to general graphs with cycles or loops.

We next describe the functioning of a SASCA by applying it to the execution of
two AES S‐boxes of which the output is then XORed, as happens when executing
the beginning of the MixColumns operation. It is based on three steps:

The first step is the construction of a factor graph, which we illustrate in Fig‐
ure 11. It represents the same computations z0 = S(x0⊕k0) and z1 = S(x1⊕k1)
as in Chapter 1, with an additional operation v = z0 ⊕ z1 (that takes place in
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MixColumns). It is important to remark that the sensitive variables yi and zi are
merged in the graph. This is because they are bijectively connected and a single
template will extract information on both of them. Factor nodes are denoted as
P for known plaintexts, L for leakage information and⊕ for the XORs.
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Figure 11: Exemplary factor graph and initialization of a SASCA.

The second step is the information extraction, which allows initializing the two
types of messages in the factor graph. Each of them correspond to lists of prob‐
abilities which, for simplicity, we illustrate with a 2‐bit example in Figure 11. The
first ones go from variables (circles) to factors (squares) and are initialized with
a uniform distribution. The second ones go from factors (squares) to variables
(circles) and are initialized with a uniform distribution for the XOR factor nodes,
with probabilities inferred using one of the methods described in Section 2.3 for
the L factor nodes and with a one‐hot vector for the P factor nodes.

The last step is a decoding one, where the BP algorithm is applied. It works by
iteratively updating the two types of messages based on two rules. The first one
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updates the variable‐to‐factor messages m
v→f

as follows:

m
v→f

(α) =
∏

f ′ ∈ neighbors(v) \ f

m
f ′→v

(α), (23)

where α is the value taken by the target variable. For example, on the top of
Figure 12, the plaintext information on x0 is directly forwarded to the variable‐
to‐factor message going from x0 to the XOR, and the leakage on z0 is forwarded
to the variable‐to‐factor messages going from z0 to its two neighboring XORs as
the product [0, 1/2, 1/2, 0] ◦ [1/4, 1/4, 1/4, 1/4] = [0, 1/8, 1/8, 0], normalized to
sum at one on the figure, and where ◦ is the element‐wise Hadamard product.
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Figure 12: Update of the variable‐to‐factor messages.

The second rule updates the factor‐to‐variable messages as follows:

m
f→v

(α) =
∑

α′ ∈ inputs of neighbors(f) \ v

f(α, α′) ·
∏

v′ ∈ neighbors(f) \ v

m
v′→f

(α′), (24)

where f(α, α′) is a function that outputs one if the XOR between the inputs of the
neighbors of target factor node excluding the target variable node is correct.
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Let us illustrate this second rule with the update of the factor‐to‐variablemes‐
sage going from themiddle XOR to v based on the variable‐to‐factormessages go‐
ing from z0 and z1 to this XOR, depicted in Figure 13. Starting with the case where
α = 0, we can see that f(α, α′) = 1 if α′ = (0, 0), which leads to a product of
variable‐to‐factormessages 0 (i.e., f(α, α′) = 1 since 0⊕0 = 0 and the product of
the first elements of the variable‐to‐factor messages equals 0), α′ = (1, 1), which
leads to a product of variable‐to‐factor messages 1/4, α′ = (2, 2), which leads to
a product of variable‐to‐factor messages 1/4 and α′ = (3, 3) which leads to a
product of variable‐to‐factor messages 0. The sum of these products is 1/2 (i.e.,
the first element of the factor‐to‐variable that we update on the figure). Similarly,
we have a sum of 0 for α = 1 and α = 2 and a sum of 1/2 for α = 3.
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Figure 13: Update of the factor‐to‐variable messages.

One iteration of BP consists in applying these two rules to each variable‐to‐
factor and factor‐to‐variable message. If the factor graph is a tree, the algorithm
should converge to exact probabilities for its variables after a number of iterations
at most equal to the diameter of the graph. If the factor graph contains cycles or
loops, convergence is not guaranteed, but BP usually gives good approximated
results after a number of iterations slightly larger than the graph diameter.
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2.4.2 Discussion and related works
The time and memory complexity of a SASCA are determined by the size of the
target intermediate variables and the size of the factor graph. In particular, in the
trivial implementation of BP outlined above, propagating information through the
XOR operation has a complexity in O(2n) for n‐bit variables, which is generally
the bottleneck. As observed in [KPP20], the factor‐to‐variable update rule for a
computation v = z0⊕ z1 can be viewed as a convolution product. Therefore, the
distribution ofZ can be obtained via twoWalsh‐Hadamard transforms onZ0 and
Z1, a Hadamard product and an inverse transform. That is, denoting the vector
of probabilities of Z0, Z1 and V as p̂z0 , p̂z1 and p̂v, we have:

p̂v = p̂z0 ∗ p̂z1 = iWHT
(

WHT(p̂z0) ◦ WHT(p̂z1)
)
, (25)

where ∗ is the convolution product, WHT is the Walsh‐Hadamard transform and
iWHT its inverse, both of which having a complexity inO(n · log(n)).

The results of 5 independent SASCA corresponding to the factor graph of Fig‐
ures 11, 12 and 13 generalized to 8‐bit variables are illustrated in (the right part of)
Figure 14, where the leakage on z0 and z1 is extractedwith a bivariate TAwhile the
leakage on v is extracted with a univariate TA. The comparison with a bivariate TA
(reproduced from Figure 10 in the left part of Figure 14) highlights the improved
data complexity of SASCA when leveraging the same information extraction tool
as a divide‐and‐conquer attack. It naturally questions how much such a trend
can be extended by leveraging factor graphs that capture a full target implemen‐
tation. In general, digging into a cipher’s rounds indeed improves the attacks’ data
complexity, yet with a decreasing impact as the additional target operations get
remote from the ones that can be exploited via a divide‐and‐conquer approach.
How much the exploitation of the inner rounds can improve the attacks is typi‐
cally cipher‐dependent. For the AES and as a rule‐of‐thumb, gains are generally
significant until factor graphs capturing two to three rounds [GGSB20].

Relatedworks. Amore formal introduction to BP can be found inMacKay’s book [Mac03].
The general goal of exploiting more target intermediate variables than with a divide‐and‐
conquer approachwas formulated in different papers before SASCAwere introduced. For
example, algebraic side‐channel collision attacks are able to exploit the leakage of the first
two AES rounds [BKP08], while algebraic side‐channel attacks can theoretically exploit
the leakage of any round [RSV09, CFGR12]. The main limitation of these previous works
was their limited tolerance to the noise that inevitably affects side‐channel measure‐
ments [OKPW10, ORSW12]. This limitation actually served as themainmotivation for soft
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(a) Bivariate TA. (b) SASCA againstK0.

Figure 14: SASCA vs. bivariate TA for 5 independent attacks.

analytical strategies rather than purely algebraic ones. The impact of the factor graph on
the data complexity of SASCA is systematically analyzed in [GRO18a]. The efficient appli‐
cation of SASCA to bitslice implementations is detailed in [CDSU23]. SASCA has also been
used for single‐trace attacks in the asymmetric setting [PPM17, PP19, ADP+20, HSST23].
Divide‐and‐conquer and analytical attacks are by far the most popular strategies to ex‐
ploit leakage in symmetric cryptography. Yet, the extend‐and‐prune strategy also turns
out to be useful in some contexts, for examplewhen targeting stream ciphers [CRR02]. Fi‐
nally, adaptive chosen‐message side‐channel attacks are yet another option to improve
the information exploitation step [VS10], although adaptively selecting fresh plaintexts
based on the leakage of past ones also slows down the collection of measurements.

2.5 Post‐processing
The result of the previous information extraction and exploitation steps typically
takes the form of a vector p̂ki , with i ∈ [0 : 15], that contains the probabilities of
the 16 AES key bytes. If max(p̂ki) = ki for all key bytes, the attack is directly suc‐
cessful. If not, evaluators are left with the question whether the partial informa‐
tion collected about the key bytes can lead to concrete attacks. A direct approach
to answer this question is to launch a key enumeration algorithm [VGRS12]. It
allows recombining the vectors of probabilities in order to list full keys from the
most likely to the least likely one and to test them (e.g., with a plaintext/ciphertext
pair). Quite naturally, this approach is bounded by the enumeration power of the
evaluator and gets more expensive when the security of the key increases. This
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may lead to an uncomfortable situation where an evaluator decides to stop enu‐
meration after testing 264 keys while she would have succeeded after 265.

Rank estimation has been proposed as a remedy to this limitation [VGS13]. It
can be viewed as an evaluator’s counterpart to key enumeration where the goal
is to approximate the position of a key in a list, next denoted as its rank. The
rationale behind this tool is that from an evaluation viewpoint, knowing that a
key’s rank is between 290 and 291 is sufficiently accurate to conclude about the
(in)security of a leaking implementation. It turns out that such an approxima‐
tion can be obtained very efficiently given that the evaluator knows the correct
key (hence, its probability). We next describe a histogram‐based rank estimation
algorithm from [GGP+15] that is both efficient and conceptually simple.

2.5.1 Histogram‐based rank estimation
The algorithm first expresses the outcome of the information extraction and ex‐
ploitation steps described in the previous sections as vectors of log probabilities,
that we denote as l̂pki

= log(p̂ki). Then it builds histograms for each of these
vectors: hi = hist(l̂pki

, bins), where the same set of nb equally‐sized bins must
be used for all histograms. The rank estimation in Algorithm 1 works by convo‐
luting histograms. It exploits the property that for two multisets of numbers S1
and S2 of which the distribution is described by h1 and h2, the distribution of
the numbers in the multiset S = S1 + S2 := {x1 + x2 | x1 ∈ S1, x2 ∈ S2} can
approximated by the convolution of h1 and h2 if they have the same bin size.

An illustration of Algorithm 1 for twoAES key bytes is given in Figure 15, where
the rank of the key bytes (in the upper and middle parts) and the rank of their
concatenation (in the lower part) is the number of keys in the light grey zone. The
leftmost light grey bin, denoted as bins(l̂pk) is the one where the correct key lies
and the number of bins in the convoluted histograms evolves as nc ·nb− (nc−1)
with nc the number of convolutions. In our AES case, nc is worth 16 since we
target the key byte per byte. But a (computationally) more powerful side‐channel
adversary could target the keys per 32‐bit words, leading to nc = 4.

Algorithm 1 only provides an approximation of the key rank, raising the ques‐
tionwhether we can bound its errors. For this purpose, we start by explaining the
origin of these approximation errors with a 3‐bit example. Let us assume that:

p̂k0 = [0.22, 0.02, 0.05, 0.12, 0.17, 0.011, 0.2, 0.21],

p̂k1 = [0.07, 0.05, 0.06, 0.20, 0.13, 0.21, 0.06, 0.22],
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(a) Histogram of the log probabilities for k0.

(b) Histogram of the log probabilities for k1.

(c) Histogram of the log probabilities for k = [k0, k1].

Figure 15: Histogram‐based rank estimation for two AES key bytes.
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Algorithm 1 Rank estimation.
Input. Full key log probability l̂pk = log

(
P̂r(k|x, l̄)

)
and histograms hi.

Output. Approximation of the full key rank r̂k.

Initialization: hcurr = h0;

Histograms convolution:
for i = 1 to nc − 1 do

hcurr = hcurr ∗ hi;

end for
Rank estimation:

r̂k ≈
nc·ηb−(nc−1)∑
i=bins(l̂pk)

hcurr(i).

and the correct (concatenated) key is worth [0, 0], so that the first (resp., second)
key byte has probability 0.22 (resp., 0.07) after the information extraction and
exploitation steps. The corresponding vectors of log probabilities are worth:

l̂pk0 ≈ [−1.51,−3.96,−3.00,−2.12,−1.77,−4.51,−1.61,−1.56],
l̂pk1 ≈ [−2.66,−3.00,−2.81,−1.61,−2.04,−1.56,−2.81,−1.51].

Assuming that nb = 3 bins, it leads to a common bin size of one and histograms
with central values ≈ [−4,−3,−2] so that we have h0 = [2, 1, 5] and h1 =
[0, 4, 4]. Hence, the convolution h0 ∗ h1 is a histogram with Nb = 5 bins and
central values ≈ [−8,−7,−6, −5,−4] given by hcurr = [0, 8, 12, 24, 20]. The
sum of log probabilities lpk0 + lpk1 = −1.51 − 2.66 = −4.17, which falls in the
rightmost bin. Yet, the central values of the key bytes’ bins (before convolution)
is ‐2 and ‐3. Therefore, the convolution approximates their sum within the bin of
central value ‐5 (rather than ‐4), leading to an error of one bin.

The previous example suggests that the rank estimation accuracy depends on
the quantization errors that can increase each time histograms are convoluted.
As a result, a simple bound for the rank estimation can be obtained as:

nc·nb−(nc−1)∑
i=bins(l̂pk)+nc

hcurr(i) ≤ r̂k ≤
nc·nb−(nc−1)∑
i=bins(l̂pk)−nc

hcurr(i). (26)

(Exercise 1.6 is suggested in order to further illustrate the previous content.)
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2.5.2 Discussion and related works
For a 128‐bit key targeted with 8‐bit models, the simple approach outlined in
this section already allows reaching sufficiently accurate rank estimations, with
a tightness (defined as the logarithm of the ratio between the upper and lower
bounds for the key rank) of less than one bit almost instantaneously on a desk‐
top computer. Key enumeration and rank estimation algorithms are sometimes
denoted as optimal in the literature. In this respect, it is important to note that
it is only the key enumeration and ranking steps of an attack that can be optimal.
Namely, assuming that the information extraction and exploitation steps are per‐
fect, optimal key enumeration and rank estimation are not going to add additional
errors (besides the ones predicted by the bounds for rank estimation). But on the
one hand, the information extraction step relies on statistical models that may be
affected by estimation and assumption errors. And on the other hand, the appli‐
cationof SASCA to factor graphswith cycles or loops in inherently heuristic aswell.
Besides, optimal key enumeration and rank estimation rely on the fact that side‐
channel distinguishers produce probabilistic outcomes. This is because they use
themultiplicative relation P̂r(k0, k1|x0,x1, l̄) = P̂r(k0|x0, l̄)·P̂r(k1|x1, l̄) to com‐
bine the probabilities of two key bytes (and the corresponding additive relation
when moving to log probabilities). Such a relation is ensured for the Gaussian TA
and regression‐based attacks, possibly combined with dimensionality reduction,
as described in Section 2.3, but it requires additional heuristics for distinguishers
that only output scores like the CPA described in Chapter 1 [CPS16].

Related works. Many variants of key enumeration and rank estimation algorithms exist
in the literature. Some publications propose solutions to the two problems at once. For
example, a histogram‐based approach to key enumeration (that exploits similar ideas as
for rank estimation in this section) is described in [PSG16]. Alternatives can be found
in [MOOS15, MMO18, Gro18b]. The additional performance gains that may be obtained
by relying on a suboptimal enumeration strategy are discussed in [YEM14]. A number of
algorithms have also been proposed for rank estimation only [MMOS16, DW17, DW19b,
DW19a, DW22, CDS23]. The last one is applicable to analyze dependent keys as for exam‐
ple encoutered when analyzing implementations of the AES‐256. Solutions that consider
the simpler problem of estimating the average key rank can be found in [CP17, ZDF20,
RPC22] – some of them include (heuristic) variants that can operate without knowing the
key, a problem that is also discussed in [APSV19]. Finally, some comparisons between
different rank estimation methods can be found in [PGS15, YMO22] and the interplay
between SACSA and key enumeration is evaluated empirically in [GS15].



Chapter 3

Theoretical background

As observed in Section 2.3.4, side‐channel analysis is probabilistic in nature, which
makes its evaluation challenging. In this chapter, we therefore tackle the prob‐
lem of sound security assessments with leakage. For this purpose, we first outline
a general framework for side‐channel key recovery attacks in Section 3.1. It in‐
troduces information theoretic and security metrics that can be used to evaluate
cryptographic implementations. We also leverage this framework to clarify basic
terminology that will help in the rest of the book. Next, in Section 3.2, we show
how bounds and shortcuts can contribute to speedup side‐channel security as‐
sessments and draw connections between the different (types and instances of)
metrics introduced. In Section 3.3 we move to the concrete question of how to
accurately estimate information theoretic and security metrics, in order to reach
reliable conclusions. Eventually, we take a critical view on the tools and metrics
introduced in this first part of the book in Section 3.4, wherewe discuss their opti‐
mality and their integrationwithin the worst‐case evaluation vision. We conclude
by proposing a definition of side‐channel attack that will motivate two important
types of countermeasures that we investigate in the next parts of the book.

3.1 Side‐channel analysis framework
Figure 16 depicts the evaluation framework that we use in our investigations.
Its main conceptual contribution is a delineation between so‐called information
theoretic and security metrics. At high level, information theoreticmetrics aim to
enable the comparison of implementations independent of adversaries. By con‐
trast, security metrics aim to compare how efficiently an adversary can turn side‐

52
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channel information into successful attacks. Concretely, this for example implies
that information theoretic metrics are independent of the adversary’s enumera‐
tion power whereas security metrics can be improved by post‐processing tools.
Depending on the target functionality (e.g., authentication, encryption or authen‐
ticated encryption), adversaries can have different goals. As a starting point, we
will consider key recovery attacks (i.e., the strongest form of attack) that have
been the main focus of concrete side‐channel analyses in the literature. We will
move to definitions of confidentiality and integrity with leakage in Chapter 4.

oscilloscope

sampling freq.

resolution

I/O channel

side-channel

side-channel
adversary

IT metrics security metrics

leaking implementation

DUT

Figure 16: The Eurocrypt 2009 evaluation framework [SMY09].

3.1.1 Information theoretic and security metrics
It turns out we already encountered information theoretic metrics. For example,
the SNR in Section 2.2.1 and the profiled correlation coefficient in Section 2.2.2
are information theoretic metrics. However, they are limited to the analysis of
univariate leakage samples while the most powerful modeling and information
extraction tools of Section 2.3 are multivariate. A more general metric proposed
for side‐channel analysis in [SMY09] is theMutual Information (MI). It can be used
to capture any (multivariate) leakage function. Given a (discrete) target interme‐
diate variable V and a (continous) leakage vector L, the MI is worth:

MI(V ;L) = H(V ) +
∑
v∈V

Pr(v) ·
∫
l∈L

f(l|v) · log2 Pr(v|l) dl, (27)
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where H(V ) is the entropy of V , Pr(v|l) can be computed thanks to Bayes as
f(l|v) Pr(v)∑

v∗∈V f(l|v∗) Pr(v∗) and we use the same shortcut notation as in Section 2.3.1. For
example, in a divide‐and‐conquer side‐channel analysis targeting the S‐boxes of
the first AES round, the intermediate variables are the S‐box output bytes Zi.
Since the AES S‐box is bijective, information onZi directly translates into informa‐
tion on the corresponding key byteKi given the knowledge of the corresponding
plaintext byteXi, as reflected by the equality MI(Ki;Xi,L) = MI(Zi;L).

We note that the use of such an information theoretic metric in a security
context may look surprising at first sight since, given a plaintext/ciphertext pair,
there is essentially no entropy left in an AES key (which can then be recovered
by exhaustive search with good probability). The necessary clarification is that in
the side‐channel analysis context, information theoretic metrics in general and
the mutual information in particular are aimed to capture the amount of leak‐
age on intermediate computations considered in isolation. Quantifying how this
local information collected for many intermediate variables can be exploited by
computationally‐bounded adversaries is then the goal of security metrics.

(Exercise 1.7 is suggested in order to further illustrate the previous content.)

It turns out we already encountered security metrics as well. For example,
Figure 10 implicitly suggests to compare attacks based on the number of traces to
recover a key. Yet, it remains to determine what does it mean to recover the key.
A first natural option for this purpose is to define a success as a situation where
the attack directly outputs the correct key. But an attack outputting a set of ℓ keys
including the correct one, next denoted as Kℓ, may be sufficient to compromise
security as well. It leads to the following definition of range‐ℓ success rate:

SRℓ(qa) = Pr
(

AAESk(·)⇝l̄
kr → Kℓ, k ∈ Kℓ|k ← $

)
, (28)

where AAESk(·)⇝l̄
kr is a side‐channel key‐recovery adversary having access to qa

leakage traces of an AES implementation.* It can be defined similarly with a
decryption oracle. For simplicity, we for now stick with an adversary leveraging
known and uniformly distributed plaintexts. In the context of divide‐and‐conquer
side‐channel attacks, the success rate can then be estimated for each key byte in‐
dependently and multiplied in order to obtain a success rate for the full key.

* We do not use the order‐o success rate terminology of [SMY09] to avoid confusion with the
security order notion needed to analyze countermeasures in the second part of the book.
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Alternatively, one can quantify the security of a leaking implementation with
the key rank introduced in Section 2.5. In order to deal with the probabilistic
nature of the side‐channel attacks’ outcomes, it is then necessary to additionally
estimate a statistic based on the rank computed for several (ideally independent)
attacks. The simplest solution for this purpose is to consider the average key rank,
which then corresponds to the guessing entropy [Mas94]. The most complete
one is to estimate all the quantiles of the key rank, which corresponds to the
security graphs proposed in [VGS13]. We next mostly consider the median key
rank, that we denote as MR(qa), which provides a good tradeoff between the
simplicity of its estimation and the usefulness of the conclusions it leads to.

3.1.2 The SPA vs. DPA terminology
The main parameter influencing the previous security metrics is the attack data
complexity qa. Yet, it may be interesting to refine this parameter by consider‐
ing both the number of different plaintexts for which an adversary can observe
the leakage, next denoted as qxa , and the number of times the leakage of each
plaintext is observed, next denoted as qra(x). Assuming for simplicity that every
plaintext is measured the same number of times, we have qa = qxa ·qra. This clarifi‐
cation directly leads to the definition of important classes of attacks that we next
denote as Simple Power Analysis (SPA), SPA with averaging (avgSPA) and DPA:

Definition 4 (SPA, avg SPA and DPA). A Simple Power Analysis is a side‐channel
attack where the adversary can only observe the leakage of a small number of
different plaintexts, each of them measured a single time. That is, qxa is bounded
and qra = 1. A Simple Power Analysis with averaging is a side‐channel attack
where the adversary can only observe the leakage of a small number of differ‐
ent plaintexts, each of them measured a chosen number of times. That is, qxa is
bounded and qra is chosen by the adversary. A Differential Power Analysis is a side‐
channel attack where the adversary can observe the leakage of a chosen number
of different plaintexts. That is, both qxa and qra are chosen by the adversary.

Figure 17 illustrates the difference between SPA, avgSPA and DPA with an ex‐
ample where the leakage caused by the S‐box computation of two plaintext bytes
x1
0 and x2

0 is exploited in order to recover a key byte k0. The size of the sets qual‐
itatively represents the reduction of the number of possible values for the inter‐
mediate variable z0 (i.e., the S‐box output) and key byte k0. The first plaintext
can only be measured once, leading to the light gray SPA leakage in the left part
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of the figure, where qxa = 1 and qra(x
1
0) = 1. The second plaintext can be mea‐

sured multiple times, which allows reducing the noise in the measurements. It
leads to the mid grey avgSPA leakage in the left part of the figure, where qxa = 1
and qra(x

2
0) is large. For each plaintext byte, these pieces of information on the

intermediate variable Z0 can then be translated into information on the target
key byteK0, by inverting the S‐box and XORing with the known plaintext byte for
all the candidate K0 values, as reflected by the dashed arrows. It leads to the
dark grey DPA leakage in the right part of the figure, where qxa = 2. The figure
therefore suggests an informal gradation of the types of attacks based on their
strength (i.e., SPA is the least powerful, followed by avgSPA & DPA).

SPA

avgSPA

DPA

noise
averaging

Figure 17: SPA, avg SPA and DPA against a single S‐box.

We note that this attack taxonomy can be connected with the KIS and KeS
variables introduced in Section 2.2.1: KIS variables like the S‐box outputs of our
example can be targeted by DPA while KeS variables like the ones computed by
the AES key scheduling algorithm can only be targeted by avgSPA. This explains
our main focus on KIS variables, which are the most informative targets in a leak‐
ing AES implementation. We note also that we used the attack data complexity as
main parameter for the metrics introduced in this section and the SPA vs. avgSPA
vs. DPA separation only depends on this parameter. Yet, the attack time com‐
plexity can also significantly affect the security of a leaking implementation, in
particular for the post‐processing (key enumeration and ranking) part.
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3.2 Bounds and shortcuts
We now consider the link between information theoretic and security metrics
and show that thanks to information theoretic metrics, it is possible to bound
the number of traces needed to recover a key with good probability, providing a
shortcut towards faster security evaluations. This can be done formally for divide‐
and‐conquer side‐channel analysis and requires heuristics for analytical attacks.

3.2.1 IT bounds for divide‐and‐conquer attacks
For the unprotected implementations we consider in this first part of the book,
it can be proved that the various information theoretic metrics introduced so far
all provide similar hints on the complexity of the attacks using the corresponding
side‐channel distinguishers. The first option considered for this purpose was to
use the correlation coefficient. For a divide‐and‐conquer attack targeting an AES
S‐box output byte Zi, it was established in [Man04, SPRQ06] that the number
of traces needed to recover the corresponding key byte Ki with success rate SR
using a univariate leakage variable Lj can be approximated as:

QSR
a ≈

cst(SR,K)
ρ(M zi

j , Lj)2
, (29)

where cst is a small constant depending on the target size and required success
rate. Using Equation 6, it directly leads to a similar relation for the SNR:

QSR
a ≈ cst(SR,K) ·

(
1 +

1

SNR(j)

)
. (30)

It was then highlighted in [MOS11] that in the context of standard DPA (i.e., DPA
exploiting a divide‐and‐conquer approach with uniformly distributed plaintexts)
and for univariate Gaussian leakage samples and models, we have:

MI(Zi;Lj) ≈ −
1

2
log2

(
1− ρ(M zi

j , Lj)
2
)
≈ −1

2
log2

(
1− 1

1 + 1
SNR(j)

)
, (31)

which can be simplified into the standard MI bound from [CT06]:

MI(Zi;Lj) ≤
1

2
log2

(
1 + SNR(j)

)
. (32)
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The multivariate generalization was finally given by Cherisey et al. [dCGRP19]:

QSR
a ≤

f(SR,K)
MI(Ki;Xi,L)

, (33)

where it was also clarifed that the function f(SR,K) is worth:

H(K)− (1− SR) · log2
(
|K| − 1

)
− H(SR), (34)

with H(SR) = −SR · log2(SR)− (1− SR) · log2(1− SR), due to Fano’s inequality.

Those results suggest that besides their interest for quantifying the leakage of
an implementation, information theoretic metrics are relevant shortcuts to eval‐
uate security against DPA, where the evaluator does not know in advance the
number of measurements needed to recover the key with confidence.

However, it is also important to note that the formulas in this section are all
for asymptotic values (i.e., perfect estimations) of the correlation, SNR and MI
metrics, motivating our investigation of estimation issues in Section 3.3.

(Exercises 1.8, 1.9 & 1.10 are suggested to further illustrate the previous content.)

3.2.2 IT bounds for analytical attacks
Obtaining similar bounds for the (heuristic) SASCA described in Section 2.4.1 is
unsuprisingly more difficult. Yet, reasonably simple intuitions can be obtained
by modeling these attacks from a coding theory viewpoint [GGSB20], using the
so‐called Local Random Probing Model (LRPM) that we outline next.

At high‐level, the LRPMuses the same factor graph as a SASCA. But rather than
propagating local information as list of probabilities, it summarizes this informa‐
tion as a single (normalized) mutual information value. This leads to much faster
running times than decoding with the BP algorithm. Such a gain comes at the
cost of being an evaluation tool. Similar to the difference between key enumera‐
tion and rank estimation, the LRPM only provides an approximation of the attack
complexity and requires a worst‐case evaluation setting with strong profiling ca‐
pabilities. The name LRPM comes from its proximity with the Random Probing
Model (RPM) used in masking security proofs [DDF19], restricted to local infor‐
mation propagation rules. It can also be viewed as an erasure channel [CT06],
where we heuristically interpret the normalized MI as an erasure probability.
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(a) Single‐plaintext factor graph. (b) Three‐plaintext factor graph.

Figure 18: Factor graph of Figure 11 adapted to the LRPM.

We illustrate the LRPM with the same example as for SASCA in Section 2.4.1.
For this purpose, we first simplify the factor graph of Figure 11 into the factor
graph of Figure 18a. At initialization, the public factor nodes (denoted with P)
have a normalized mutual information of 1, carried by the messages ε

P→zi
, the

side‐channel factor nodes connected to z10 and z11 have a normalized mutual in‐
formation of λZ = MI(Zi;L)

8
, carried by messages ε

L→zi
, and the side‐channel fac‐

tor node connected to v1 has a normalized mutual information of λV = MI(V 1;L)
8

,
carried by a message ε

L→v1. In all cases, the denominator corresponds to the nor‐
malization by H(Z) = H(V ) = 8, which is the size of the AES S‐box.

Such a factor graph can then be directly “decoded” by adapting the message
update rules of the BP algorithm in order to combine the normalized MI values.
For the udating the variable‐to‐factor messages, the Hadamard product of prob‐
ability vectors is turned into a sum of normalized MI values:

ε
v→f

=
∑

f ′ ∈ neighbors(v) \ f

ε
f ′→v

. (35)

For updating the factor‐to‐variable messages, we bound the normalized informa‐
tion on the sum of two (or more) random variables by the following product:

ε
f→v

=
∏

v′ ∈ neighbors(f) \ v

ε
v′→f

. (36)

For both update rules, we additionally upper bound the normalized MI to one.



CHAPTER 3. THEORETICAL BACKGROUND 60

The example is generalized to the DPA setting by connecting the factor graphs
corresponding to qa = 3 plaintexts in Figure 18b. In this case, we can further
optimize the modeling by observing that for the variables that are divide‐and‐
conquer targets (i.e., z0 and z1 in our example), the leakage of qa plaintexts can
be directly set to qa · λZ thanks to the (additive) bound of the previous section.
Such easy‐to‐exploit leakages are tagged by dark grey boxes in the figure.

Cautionary note. The LRPM is heuristic and can be optimistic for the adversary.
For example, a single‐bit leakage on two operands propagates through the XOR in
the LRPM while it may not in a SASCA (if it has two different positions). It also ig‐
nores the possibly difficult convergence of SASCA when applied to factor graphs
with cycles or loops. So the concrete security levels it provides must be inter‐
preted with care. By contrast, the LRPM generally provides good hints on the fac‐
tor of improvement that analytical attacks provide over divide‐and‐conquer ones
(also predicated with IT bounds), which can then be used as a security margin.

(Exercise 1.11 is suggested in order to further illustrate the previous content.)

3.3 Computing the metrics
So far we ignored the concrete question of how to estimate information theoretic
and security metrics for possibly large measurements’ datasets. In this section,
we tackle the theoretical and practical challenges raised by this question.

3.3.1 Evaluating the mutual information
There are two main difficulties to evaluate the mutual information. On the one
hand, computing it based on Equation 27 is impossible since the distribution of
the leakage vectors is unknown. On the other hand, its direct estimation is noto‐
riously difficult, especially for long leakage traces with many samples [Pan03].

In this section, we therefore follow an alternative path, which is to estimate
the amount of information that can be extracted from the models introduced in
Section 2.3. We denote this quantity as the Perceived Information (PI) [RSV+11],
and the approach to estimate it as indirect. Compared to the direct approach, it
has the advantage of bringing useful feedback on the profiling phase of a side‐
channel analysis [SKS09], of leading to information estimates that can be directly
exploited by concrete attacks and therefore of scalingwith the size of the traces as
well as these attacks. Its main drawback is a possible deviation from worst‐case
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security evaluations, since profiled models can be imperfect due to estimation
errors (i.e., a lack of leakage traces for profiling) or assumption errors (i.e., an
incorrect choice of modeling tools), which we discuss in Section 3.4.

The PI is defined similarly as the MI with as main difference that the log prob‐
abilities that are averaged are not coming from the true (unknown) leakage dis‐
tribution but from a model estimated with a set of profiling traces Lp:

PI(V ;L) = H(V ) +
∑
v∈V

Pr(v) ·
∫
l∈L

f(l|v) · log2 P̂r(v|l)︸ ︷︷ ︸
estimated model

dl, (37)

where the hat notation is used to reflect the estimation of the model from which
the probabilities are inferred, whichmay be imperfect (i.e., affected by estimation
or assumption errors). This quantity remains difficult to compute since it involves
the true leakage distribution f(l|v) at the left of the logarithm. Yet, this time it is
easy to estimate by replacing this true leakage distribution with an estimation of
the empirical distribution that converges towards the true distribution:

P̃I(V ;L) = H(V ) +
∑
v∈V

Pr(v) ·
∑

l∈Lt(v)

1

|Lt(v)|︸ ︷︷ ︸
estimated empirical

· log2 P̂r(v|l) dl, (38)

where the tilde notation is used to reflect the estimation of the PI metric based
on a set of test samples Lt (which must be different from the profiling set Lp). It
is shown in [BHM+19] that the PI is a lower bound of the mutual information and
it converges towards the true mutual information if the model is perfect.

Learning curves corresponding to the univariate and bivariate TAmodels used
in Section 2.3.4 (Figures 10d and 10e) are given in Figure 19a. They show the
evolution of the estimated PI in function of the profiling data complexity qp =
|Lp|, where we use the same number of traces for all templates. For the size of
the test set Lt, a reasonable rule‐of‐thumb is to take it equal to |Lp|. For each
attack, the learning curves are averaged over 100 profiling phases.

We can observe that for too small profiling sets, the PI of bothmodels is nega‐
tive (indicating models that are not sufficiently accurate to lead to successful key
recoveries). Furthermore, we see that the PI of the univariate TA converges faster
than the bivariate one, towards an asymptotic value that is roughly halved. The
point where both curves interesects reveals the amount of profiling needed for
the bivariate TA to become more informative than the univariate one.
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(a) Univariate PI vs. bivariate PI. (b) Bivariate PI vs. bivariate TI.

Figure 19: Estimation of information theoretic metrics.

Such curves can be used in order to gauge the tradeoff between the profiling
data complexity (quantified on the X axis) and the attack data complexity (which
is inversely proportional to the PI of themodels reported on the Y axis). Given the
variance of the models, it is advisable to add a confidence interval for the plots’
rightmost points. For example, the shaded areas of Figure 19a correspond to the
interquartile range obtained from a bootstrap confidence interval [ET93].

Efficient use of the measurements. Collecting leakage traces is a time‐consuming
process and it is beneficial for side‐channel evaluators to make the best use of a
small profiling set. For this purpose, it is also advisable to leverage k‐fold cross‐
validation. That is, first collect a single set Lpt for profiling and test and split it in
k equal parts L(i)

pt . Next, define k overlapping profiling sets L(j)
p = ∪i̸=j L

(i)
pt and the

corresponding test sets L(j)
t = L(j)

pt . The sample metric can then be repeatedly
computed k times by estimating a model withL(j)

p and testing it with L(j)
t . Cross–

validation protects evaluators from obtaining too optimistic samplemetric values
due to overfitting, since the test computations are always performed with an in‐
dependent data set. Finally, the k outputs can be averaged to get an unbiased
metric estimate, and their spread characterizes the results’ accuracy.*

Bounding the learnable information. Another relevant quantity for security eval‐
uators is the “learnable information” that is the amount of information that re‐
mains to be learned by increasing the profiling data complexity of a model (i.e.,
the supremum of the PI). It is shown in [MCHS23] that on average over the profil‐

* The same strategy can be applied to the profiled correlation coefficient of Section 2.2.2.
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ing phases, and under some conditions on the modeling tool, the following Train‐
ing Information (TI) is an upper bound of the learnable information:

T̃I(V ;L) = H(V ) +
∑
v∈V

Pr(v) ·
∑

l∈Lp(v)

1

|Lp(v)|︸ ︷︷ ︸
overfitted empirical

· log2 P̂r(v|l) dl, (39)

where the overfitted empirical is just the empirical distribution estimated with
the profiling set (rather than with the test set as in Equation 38). The TI and the
PI of the bivariate TA of our simulated experiments are given in Figure 19b.
Variability as an additional security margin. We finally note that, in theory, the
estimations of this section can be performed with profiling and test sets coming
from the same devices or from different devices. As discussed in [BS21], the first
option is preferable in a worst‐case evaluation setting (and may provide a small
security margin in case the leakage functions of different devices differ).

3.3.2 Evaluating security metrics
The evaluation of security metrics is conceptually straightforward but time‐ and
data‐intensive. It requires to launch several experiments in order to sample the
metrics from the attack setLa that has to be independent of (and different from)
the previous training and test sets. While the training and test sets are gener‐
ated from random plaintexts and keys (as for the estimation of the SNR in Sec‐
tion 2.2.1), the attack set contains random plaintexts for a few fixed keys to be re‐
covered by side‐channel analysis. We illustrate the estimation of security metrics
in Figure 20. In the left part, we show sixteen success rate curves corresponding
to the 16 AES S‐boxes targetedwith a bivariate TA. Each of them is estimated from
100 independent experiments. They differ because we used a different SNR for
every S‐box (to make them distinguishable on the figure). In the right part, we
show an estimation of the median key rank from the same 100 experiments.

We note that re‐sampling techniques could theoretically be used to reduce
the amount of data needed to estimate securitymetrics. Yet, applying these tech‐
niques is made more difficult by the requirement to target fixed keys, since noth‐
ing theoretically precludes that measurements show key‐dependencies.* As a
result, we recommend the estimation of the median key rank from at least a few
independent attacks (i.e., Figure 20b) as a generally good evaluation practice.

* We nevertheless suggest in Exercise 1.2 that this risk is limited.



CHAPTER 3. THEORETICAL BACKGROUND 64

(a) Success rate per S‐box. (b) Full key median rank.

Figure 20: Estimation of security metrics.

We wrap up this section by discussing the complementarity of information
theoretic and security metrics in the DPA setting with Figure 21. It illustrates how
the success rate of an attack against a single S‐box scales in function of both the
profiling data complexity and the attack data complexity. The framework of Fig‐
ure 16 allows an evaluator to “factorize” this plot in two parts. First, the profiling
data complexity is analyzed thanks to the information theoretic analysis of Fig‐
ure 19. It has the advantage of enabling easier comparisons between different
profiling methods since finding where one becomes preferable to another is eas‐
ier with 2D curves than 3D plots. It is also easier to estimate, especially as the
attack data complexity increases. Second, the security of the implementation
can be evaluated for the best model using the minimum profiling data complex‐
ity as in Figure 20b, or bounded thanks to the tools of Section 3.2. By contrast, in
the case of SPA and avgSPA (i.e., when the number of attack traces is fixed), the
interest of information theoretic metrics vanishes and it becomes preferable to
directly evaluate the profiling and attack data complexities by estimating security
metrics for the (small) number of plaintexts qxa that are used in the attack.

3.3.3 Shortcut limitations
Despite their convenience, it is important to keep in mind that the shortcut for‐
mulas of Section 3.2 are not aimed to replace the concrete estimation of security
metrics. They should rather be seen as an interesting proxy towards the complete
evaluation of an implementation, for various reasons. First, the information the‐
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Figure 21: Direct evaluation of the profiling and attack data complexities.

oretic metrics they leverage are average metrics, which can therefore hide the
fact that a model for some intermediate values has been poorly estimated. Sec‐
ond, the (linear) bound that is assumed for combining the leakage of multiple
plaintexts can bemore or less optimistic, depending on the target operations and
range of success rate targeted. It is for example well‐known that for exactly the
same leakagemodel, the range‐1 success rate of an attack targeting the AES S‐box
input and output differ [Pro05]. More generally, it is unavoidably hard to summa‐
rize the security of an implementation with a single tool or metric. Comprehen‐
sive security evaluations therefore highly benefit from assessing all the steps of
the workflow in Figure 4, and to check that they lead to consistent conclusions.

3.4 Discussion and related works
Wefinally step back to the different tools andmetrics introduced in this initial part
of the book. In this respect, a first question relates to the necessity of profiling
for worst‐case evaluations, since most of the tools in Chapter 2 are profiled. For
this purpose, we refer to Whitnall et al. who investigated whether generic DPA,
defined as non‐profiled attacks that do not require any a‐priori knowledge about
a devices’ leakage characteristics, can be successful. In simplified terms, they
observed that generic DPA must leverage an identity leakage model to capture
the absence of leakage assumptions and showed the following proposition:
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Proposition 1 (Impossibility of generic DPA [WOS14]). There is no generic DPA
able to distinguish the correct key froman alternative hypothesis in a side‐channel
analysis if the composition of the function connecting the key to the target inter‐
mediate variable of the attack and the leakage function is injective.

For our AES case study (where the S‐box is bijective), it means that successful
side‐channel attacks require that the adversary has some intuition about how to
make her leakage model surjective. This explains why non‐profiled attacks like
MIA were shown ineffective with the (generic) identity power model [GBTP08,
PR09, VS09,WOM11], or why non‐profiled extensions of LR‐based attacks cannot
succeed with a full (generic) basis either [DPRS11, WOS14, WYS+18].

We note that Proposition 1 only applies to the so‐called standard DPA at‐
tacks formalized in [MOS11] and not to collision attacks such as [SLFP04, LMV04,
Bog07a, MME10, GS13, GG19]. However, these attacks are not generic either
in the sense that they can only succeed under some assumption regarding the
leakage of different operations, so that collisions can indeed be detected.

Such a negative result shows that non‐profiled side‐channel security evalu‐
ations inherently and unavoidably come with a risk of security overstatements.
But it also raises the complementary question whether there could be a practi‐
cal gap between profiled and non‐profiled attacks, implying that profiled evalua‐
tions could be too conservative. In other words, can the results of profiled attacks
generally be matched by non‐profiled ones given more time and efforts, or are
there relevant examples of profiled evaluations that cannot be reproduced with‐
out knowledge of the implementation and strong profiling capabilities? We in‐
formally answer to this question with Table 3 which summarizes the optimality of
the evaluation steps of Section 2 in the worst case and uninformed (non‐profiled)
evaluation settings. While some of the steps (e.g., modeling and extraction) be‐
come marginally more difficult, it suggests that for the unprotected implementa‐
tions we consider in this part of the book, none of the steps (whichmostly involve
first‐order statistics) is expected to lead to significantly harder problems.

This table informally answers another question regarding the indirect approach
chosen to estimate the mutual information in Section 3.3.1. Namely, since the
PI is only a lower bound of the MI, could there be a large gap between them? In
other words, and despite working in a profiled setting, could it be that themodels
estimated with the tools of Chapter 2 deviate from the true leakage distribution,
leading to a PI significantly lower than the MI (i.e., security understatements).
We posit that in the unprotected implementation context, this risk is again quite
limited due the relatively simple nature of the leakage distributions to analyze.
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evaluation step worst-case uninformed
(unprotected)

measurement & pre-processing

detection & mapping

modeling & extraction

information
exploitation

D&C

analytical

post-processing

evaluation setting

<

Table 3: Informal evaluation of the attack steps’ optimality: ≈ close to optimal
attack step; ≈may become computationally hard to be optimal; ≈ involves
hard to assess heuristics; ≈ computationally hard and heuristic step.

In general, we therefore presume that side‐channel security evaluations per‐
formed under strong adversarial conditions, as advocated in this book, can be
used as a timesaver for unprotected implementations, with limited chance that
they drive overly optimistic nor conservative conclusions. This heuristic assump‐
tion is nailed down by the following conjectures, illustrated in Figure 22:

Conjecture 1 (Worst‐case attack conjecture). Profiled side‐channel evaluations
performed inworst‐case adversarial conditions canprovide atight estimate/bound
of the security level against the (unknown) optimal side‐channel adversary.

Conjecture 2 (Uninformedprofiling conjecture). Thebest side‐channel attack data
and time complexities (i.e., the security level) indicated by a profiled evaluation
performed under worst‐case adversarial conditions can be reached in an unin‐
formed evaluation context with an amount of evaluation data and time that is
not significantly larger than indicated by this (worst‐case) security level.

We note that the first conjecture is needed to connect concrete side‐channel
security evaluations with the provable security guarantees of the countermea‐
sures investigated in Part II of the book. As for the second conjecture, it states
that the problem of profiling (possibly on‐the‐fly) with limited implementation
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knowledge is not significantly harder (in data and time) than the problem of at‐
tacking this implementation once a well‐profiled model is given to the adversary.
The word significant here has to be understood in the cryptographic sense: what
we mean is that the profiling problem is not hard in some security parameter.

Both conjectures naturally become more questionable in the context of pro‐
tected implementations and will be re‐discussed in Part III of the book.

evaluation time and data
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uninformed evaluation
worst-case evaluation
(unknown) optimal attack

???

Figure 22: Evaluation conjectures for unprotected implementations.

We close this part with the following definition of side‐channel analysis:

Definition 5 (Side‐channel analysis). A side‐channel analysis is an attack against
a cryptographic implementation where physical measurements leak information
on intermediate computations that can be exploited to break a security notion.

The two key words of this definition are information and exploitation: they
suggest two important approaches for designing countermeasures against side‐
channel attacks that we will investigate in the next parts of the book: reducing
the information leakage and making its exploitation (computationally) difficult.

Related works. The separation between information theoretic and security metrics is
revisited through the prism of machine learning in [PHJ+19]. The authors make the same
observation as [SPAQ06] that security metrics (like the accuracy) can be deceptive in the
DPA setting where the number of traces needed to perform a key recovery is not known
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in advance. Finer‐grain bounds for the data complexity of CPA (characterizing the S‐box)
are described in [FLD12]. Rivain analyzes the success rate of the Gaussian side‐channel
in [Riv08]. Metric‐based bounds for the key rank that can be combined with the bounds
of Section 3.2 are proposed in [PGS15]. Message propagation rules for multiplications in
the LRPM are given in [CS19]. Cristiani et al. investigate a direct approach for estimating
themutual information by leveragingmachine learning in [CLM20]. Finally, the optimality
of the side‐channel distinguishers introduced in Chapter 2 and used in order to estimate
the metrics of Chapter 3 is discussed in [HRG14, BGH+15], backing up the methodology
proposed in this part of book when applied to unprotected implementations.



Exercises

Paper‐and‐pencil
Exercise 1.1 (Ghost peaks). Figure 23 illustrates the results of a profiled CPA simi‐
lar to the one of Section 2.2.2 but targeting the S‐boxes’ inputs. Explain the “ghost
peaks” (i.e., the non‐negligible correlation that appears for incorrect key candi‐
dates) observed a few cycles before the manipulation of the S‐boxes’ inputs.

(a) First S‐box.

(b) Second S‐box.

Figure 23: Correlation between a profiled model for the AES S‐boxes’ inputs (∀
key byte candidates) and leakage traces for the correct key byte (q = 1024).

70
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Exercise 1.2 (Weak keys). Consider a CPA targeting a KIS variable (e.g., the first‐
round AES S‐boxes) with uniformly distributed plaintexts. Does it have weak keys
(i.e., keys that are significantly easier to recover via CPA)? Does the answer change
with a SPA targeting a KeS variable (e.g., a byte of the AES master key)?

Exercise 1.3 (Fixed vs. fixed detection). The TVLA methodology of Section 2.2.3
works by comparing the mean of a leakage set with fixed plaintext and key with
the one of a leakage setwith randomplaintexts and keys. Assume an hypothetical
implementation leaking the Hamming weight of the first‐round AES S‐boxes. On
average, would a variant of this detection test comparing two leakage sets with
fixed plaintext and key be more or less efficient in terms of data complexity?

Exercise 1.4 (CPA vs. Gaussian TA). Consider the profiled CPA of Section 2.2.2
and the Gaussian TA of Section 2.3.1 restricted to a univariate model. Assume
the homoscedasticity assumption is fulfilled, plaintexts are uniformly distributed
and both attacks use the same perfect model. Do these attacks have significantly
different data complexities? What does it imply for the respective importance of
using a good (profiled) model vs. choosing a good statistical distinguisher?

Exercise 1.5 (Non‐informative samples). Assume an evaluator uses the multivari‐
ate Gaussian TA of Section 2.3.1 in order to assess the security level of a leaking
implementation and has unlimited profiling (data and time) complexity. Does the
incorporation of non‐informative samples in themodel, in combinationwith POIs
showing significant SNR, affect the attack data complexity? Would the answer
change with a profiling phase that is limited in data and time?

Exercise 1.6 (Rank estimation). Consider the rank estimation described in Algo‐
rithm 1 applied to sixteen AES key bytes. How does its (well estimated) result
compare to the crude approximation where the sixteen ranks of the key bytes
are multiplied (i.e., is this product of byte ranks conservative or risky)?

Exercise 1.7 (HW leakage). Provide an upper bound for the mutual information
between a uniformly random η‐bit value and its Hamming weight.

Hint. A discrete random variable has maximum entropy if uniformly distributed.

Exercise 1.8 (Algorithmic noise). Consider a side‐channel adversary targeting the
first S‐box of increasingly parallel hardware implementations of the AES, as de‐
picted in Figure 24. In the 8‐bit case (Figure 24a), the adversary receives sixteen
leakage samples l8i = HW

(
S(xi ⊕ ki)

)
+ r8i , with 0 ≤ i ≤ 15. In the 32‐bit case



EXERCISES (PART I) 72

(Figure 24b), she receives four leakage samples of the form:

l32i′ =

(
4i+3∑
j=4i

HW
(
S(xj ⊕ kj)

))
+ r32i ,

with 0 ≤ i′ ≤ 3. In the 128‐bit case (Figure 24c), she receives a single sample:

l1280 =

(
15∑
j=0

HW
(
S(xj ⊕ kj)

))
+ r1280 .

Assume the adversary knows that the Hamming weight model is perfect so that
we canwriteLi = Mi+Ri and the implementation has low physical noise so that
ρ(Mi, Li) ≈ 1 for all architectures. Further assume that the model is split into an
exploitable (signal) part that corresponds to the fraction of bits from the target
intermediate computation that can be predicted with an 8‐bit guess, which we
denote asM s

i , and an unpredictable part that corresponds to the other bits ma‐
nipulated in parallel, which we denote as Mn

i and is usually referred to as “algo‐
rithmic noise”, so thatMi = M s

i +Mn
i . Finally assume that the 8‐bit architecture

is broken with good success rate in 8 traces. How does the attack data complexity
(to recover a single key byte) scale for the 32‐bit and 128‐bit architectures?

Hint. Use the correlation chain rule of Section 2.2.2 and the following lemma:

Lemma 2 (Maximum correlation for sums of iid variables). The correlation co‐
efficient between the sum of η independent and identically distributed random
variables and the sum of the firstm < η of these equals

√
m/η.

What does the answer imply for using algorithmic noise as a security parameter?

How does the answer evolve if the physical noise in the implementation in‐
creases so that ρ(Mi, Li) < 1? Consider the cases where (i) the physical noise
variance Var(Ri) grows with the size of the architecture so that the SNR of the
full η‐bit computations (i.e., ignoring algorithmic noise) is constant for all archi‐
tectures, and (ii) the physical noise variance is constant for all architectures.

Exercise 1.9 (Chosen plaintexts). Consider a DPA against the 128‐bit architecture
of Figure 24c which, as discussed in Exercise 1.7, is affected by the algorithmic
noise of fifteen S‐boxes. Can a chosen‐plaintext attack where these S‐boxes’ in‐
puts are set to constant (to cancel the algorithmic noise) improve the attack data
complexity, taking into account that the full (128‐bit) key must be recovered.
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(c) 128‐bit architecture.

Figure 24: DPA against a single S‐box with increasing algorithmic noise.

Exercise 1.10 (Large key guesses). Consider a DPA against the 32‐bit architecture
of Figure 24b which, as discussed in Exercise 1.7, is affected by the algorithmic
noise of three S‐boxes. Can a 32‐bit key guess improve the attack data complexity,
taking into account that the full (128‐bit) key must be recovered.

Hint. Use the results of Section 3.2.1 and assume that the function of Equation 34
obtained thanks to Fano can be used for the constant of Equation 29.

Exercise 1.11 (Analytical attacks). Consider the information theoretic (LRPM‐
based) bounds given in Section 3.2.2 and the factor graph of Figure 18b. By which
factor does the exploitation of the leakage obtained for the intermediate vari‐
ables Z0 and V in a SASCA improve the data complexity of a divide‐and‐conquer
attack exploiting the leakage obtained for the intermediate variable Z0 only? For
simplicity, assume that the normalized MI values λZ and λV are identical.

Hands‐on
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Concluding remarks

Open problems and related works
Starting with the first part of the book, each step in the side‐channel analysis
workflow of Figure 4 gives rise to interesting scopes for research. For the mea‐
surement and pre‐processing step, an important one is the better understanding
of attacks in the frequency (or other transformed) domain(s). While a couple
of papers used such transforms for ad hoc reasons and show improvements in
specific contexts, a systematic analysis allowing one to determine their pros and
cons and the contexts in which they should be priviledged is still missing. For
the detection and mapping step, and as recognized in Figure 3, it does not come
with fundamental challenges if used as a preliminary in the (especiallyworst‐case)
analysis of unprotected implementations. Yet, the situation differs if detection is
used in a conformance‐style evaluation, in which case determining the threshold
for which leakage is considered significant is challenging, in particular when ana‐
lyzing highly multivariate traces. Developing statistically sound tests that lead to
useful conclusions even when not detecting any leakage therefore still deserves
further investigations. A similar observation holds for the modeling and extrac‐
tion step: when analyzing “simple” leakage functions (e.g., linear combination of
bits with Gaussian noise) as typically observed for unprotected implementations,
Gaussian TA, PCA/LDA and linear regression generally provide excellent results
in the worst‐case evaluation setting. But how to best approach the efficiency of
these information extraction tools without profiling, and how to generalize them
tomore complex leakage functions, remain important questions. Both are ampli‐
fied when moving to secure implementations in Part III of the book. For the ex‐
ploitation step, understanding (or getting rid of) the heuristics currently needed
to perform a SASCA and amore formal treatment of adaptive attacks are pressing
challenges. As for the post‐processing step, it is mostly the efficient enumeration
of dependent secrets that would benefit from improvements. These last difficul‐

86
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ties are in turn reflected in the theoretical background of Chapter 3, where the
bounds and shortcuts for adaptive or analytical attacks and the integration of the
adversary’s computational (enumeration) power remain missing or heuristic.

The link to hardware countermeasures
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Appendix A

The Advanced Encryption Standard

A.1 Specifications
In October 2000, the US National Institute of Standards and Technology selected
the block cipher Rijndael as the Advanced Encryption Standard (AES). In this ap‐
pendix, we recall the general structure of the AES and itsmain internal operations.
Our descriptions follow themore detailed ones of [DR20]. By default, we consider
the AES with 128‐bit plaintexts x and 128‐bit key k. The AES is an iterated block
cipher: it consists in the repeated application of a round transformation, denoted
as Round, which is itself a sequence of four operations on the 128‐bit state: Sub-
Bytes, ShiftRows, MixColumns and AddRoundKey:

Round(x, ExpandedKey[i])
{

SubBytes(x);
ShiftRows(x);
MixColumns(x);
AddRoundKey(x,ExpandedKey[i]);

}

The MixColumns operation is removed from the final round and denoted as Fi-
nalRound, leading to the following high‐level algorithmic description:

AES(x, k)
{

KeyExpansion(k, ExpandedKey);
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AddRoundKey(x,ExpandedKey[0]);
for ϱ = 1; ϱ < Nr; ϱ++) Round(x, ExpandedKey[ϱ]);
FinalRound(x, ExpandedKey[Nr]);

}

The 128‐bit version of the AES iterates ten rounds to produce a ciphertext. Its
three first rounds are illustrated in Figure 25 where the xi’s denote the sixteen
plaintext bytes and kϱ

i denotes the byte i of the expanded key at round ϱ. We
do not detail the AES key expansion algorithm which will not be needed for our
discussions and next briefly describe the round’s inner operations.

SubBytes is the only non‐linear part of the cipher. It consists in the parallel appli‐
cation of sixteen S‐boxes to the bytes of the cipher state. The S‐boxes implement
a multiplicative inverse in F28 followed by an affine transform. It benefits from
various representations. Of particular interest in the context of this book are the
representations as sequences of multiplication and squaring operations, which
are handy for masked implementations [RP10]. Table 4, also gives the bitslice
representation of Boyar et al. [BMP13] which can serve for the same purpose.
ShiftRows is a byte transposition that cyclically shifts the four rows of the state
over offsets ranging from zero to three in the 128‐bit version of the AES.
MixColumns is a bricklayer permutation operating on the 4‐byte columns of the
state. It considers these columns as a polynomial over F28 which is multiplied
modulo x4 + 1 with a constant polynomial. This multiplication can be written as
the following matrix multiplication, which is illustrated in Figure 26:

b0
b1
b2
b3

 =


‘02′ ‘03′ ‘01′ ‘01′
‘01′ ‘02′ ‘03′ ‘01′
‘01′ ‘01′ ‘02′ ‘03′
‘03′ ‘01′ ‘01′ ‘02′

×


a0
a1
a2
a3

 , (40)

where the values ‘01’, ‘02’ and ‘03’ are the hexadecimal representation of the
polynomials 1, x and 1⊕x over F28 ≡ F2/p(x), with p(x) = x8⊕x4⊕x3⊕x⊕1.
The multiplication by ‘02’, denoted as xtimes, has a simple Boolean expression
which allows efficient bitslice implementations [GR17]. Denoting the bits of a
byte b as

(
b(7), b(6), b(5), b(5), b(3), b(2), b(1), b(0)

)
, xtimes(b) is worth:(

b(6), b(5), b(4), b(3)⊕ b(7), b(2)⊕ b(7), b(1), b(0)⊕ b(7), b(7)
)
. (41)

AddRoundKey is a 128‐bit bitwise XOR between the state and the round key.
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Figure 25: Three first rounds of the AES Rijndael (wires are bytes).
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b14 = a3⊕ a5 b1 = c0⊕ a7 b15 = c1⊕ a5 b17 = b10⊕ b11
b13 = a0⊕ a6 b4 = b1⊕ a3 b20 = c1⊕ a1 b19 = b10⊕ b8
b12 = b13⊕ b14 b2 = b1⊕ a0 b6 = b15⊕ a7 b16 = c0⊕ b11
b9 = a0⊕ a3 b5 = b1⊕ a6 b10 = b15⊕ c0 b21 = b13⊕ b16
b8 = a0⊕ a5 c1 = a4⊕ b12 b11 = b20⊕ b9 b18 = a0⊕ b16
c0 = a1⊕ a2 b3 = b5⊕ b8 b7 = a7⊕ b11

(a) Top linear layer.

c2 = b12⊗ b15 c23 = c19⊕ b21 c34 = c23⊕ c33 c2 = c33⊗ a7
c3 = b3⊗ b6 c15 = b8⊗ b10 c35 = c27⊕ c33 c3 = c43⊗ b16
c5 = b4⊗ a7 c26 = c21⊗ c23 c42 = c29⊕ c33 c4 = c40⊗ b1
c7 = b13⊗ b16 c16 = c15⊕ c12 d14 = c29⊗ b2 d6 = c42⊗ b11
c8 = b5⊗ b1 c18 = c6⊕ c16 c36 = c24⊗ c35 d7 = c45⊗ b17
c10 = b2⊗ b7 c20 = c11⊕ c16 c37 = c36⊕ c34 d8 = c41⊗ b10
c12 = b9⊗ b11 c24 = c20⊕ b18 c38 = c27⊕ c36 d9 = c44⊗ b12
c13 = b14⊗ b17 c30 = c23⊕ c24 c39 = c29⊗ c38 d10 = c37⊗ b3
c4 = c3⊕ c2 c22 = c18⊕ b19 d5 = c29⊗ b7 d11 = c33⊗ b4
c6 = c5⊕ c2 c25 = c21⊕ c22 c44 = c33⊕ c37 d12 = c43⊗ b13
c9 = c8⊕ c7 c27 = c24⊕ c26 c40 = c25⊕ c39 d13 = c40⊗ b5
c11 = c10⊕ c7 c31 = c22⊕ c26 c41 = c40⊕ c37 d15 = c42⊗ b9
c14 = c13⊕ c12 c28 = c25⊗ c27 c43 = c29⊕ c40 d16 = c45⊗ b14
c17 = c4⊕ c14 c32 = c31⊗ c30 c45 = c42⊕ c41 d17 = c41⊗ b8
c19 = c9⊕ c14 c29 = c28⊕ c22 d0 = c44⊗ b15
c21 = c17⊕ b20 c33 = c32⊕ c24 d1 = c37⊗ b6

(b) Non‐linear layer.

c46 = d15⊕ d16 c49 = d9⊕ d10 c61 = d14⊕ c57 c48 = d5⊕ d13
c55 = d16⊕ d17 c63 = c49⊕ c58 c65 = c61⊕ c62 c56 = d12⊕ c48
c52 = d7⊕ d8 c66 = d1⊕ c63 e0 = c59⊕ c63 e3 = c53⊕ c66
c54 = d6⊕ d7 c62 = c52⊕ c58 c51 = d2⊕ d5 e1 = c64⊕ s3
c58 = d4⊕ c46 c53 = d0⊕ d3 e4 = c51⊕ c66 e6 = c56⊕ c62
c59 = d3⊕ c54 c50 = d2⊕ d12 e5 = c47⊕ c65 e7 = c48⊕ c60
c64 = d4⊕ c59 c57 = c50⊕ c53 c67 = c64⊕ c65
c47 = d10⊕ d11 c60 = c46⊕ c57 e2 = c55⊕ c67

(c) Bottom linear layer.

Table 4: Bitslice AES S‐box from [BMP13].
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Figure 26: The AES MixColumns operation (wires are bytes).

A.2 Tweakable versions
Some of our expositions (e.g., when discussing leakage‐resistant modes of oper‐
ation in Part II) benefit from the possibility to leverage a tweakable block cipher.
For simplicity, we denote as TAES1 (resp., TAES2) a TBC using the same rounds
as the AES (but a few more of them) with 128‐bit (resp., 256‐bit) tweaks and a
tweakey expansion algorithm following the framework of [JNP14]. We do not de‐
tail the tweakey expansion algorithm of the TAES1 and TAES2 since, as the key
expansion off the AES, they will not be needed for our discussions.
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