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Abstract

A dynamic knapsack set is a natural generalization of the 0-1 knapsack
set with a continuous variable studied recently. For dynamic knapsack
sets a large family of facet-defining inequalities, called dynamic knapsack
inequalities, are derived by fixing variables to one and then lifting. Sur-
prisingly such inequalities have the simultaneous lifting property, and for
small instances provide a significant proportion of all the facet-defining
inequalities.

We then consider single-item capacitated lot-sizing problems, and pro-
pose the joint study of three related sets. The first models the discrete lot-
sizing problem, the second the continuous lot-sizing problem with Wagner-
Whitin costs, and the third the continuous lot-sizing problem with arbit-
rary costs. The first set that arises is precisely a dynamic knapsack set,
the second an intersection of dynamic knapsack sets, and the unrestricted
problem can be viewed as both a relaxation and a restriction of the second.
It follows that the dynamic knapsack inequalities and their generalizations
provide strong valid inequalities for all three sets.

Some limited computation results are reported as an initial test of the
effectiveness of these inequalities on capacitated lot-sizing problems.
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1 Introduction

Here we study sets of the form

X≤ = {(w, τ) ∈ Bn ×R1
+ :

∑

j:j≥t

ajwj ≤
∑

j:j≥t

dj + τ for t ∈ N},

and
X≥ = {(w, σ) ∈ Bn ×R1

+ : σ +
∑

j:j≤t

ajwj ≥
∑

j:j≤t

dj for t ∈ N}

where N = {1, . . . , n}, a ∈ Rn
+ and d ∈ Rn. X≤ and X≥ are called dynamic knapsack

sets as they generalize the knapsack set with a single continuous variable studied in
[9].

Such sets arise naturally in studying lot-sizing problems with demands dt and ca-
pacities at in periods t = 1, . . . , n. In the discrete lot-sizing problem [4] in which
production in period t is either 0 or at, the feasible region can be written as

XDLS = {(y, s) ∈ Bn ×Rn+1
+ : st−1 + atyt = dt + st for t ∈ N}

where variable st denotes the stock at the end of period t and yt = 1 if there is a set-up
(production of at) in period t. Note that there is a one to one correspondence between
this set and both the sets X≤ and X≥. It suffices to view st−1 as the slack variable in
constraint t of X≤ and τ = sn, or to take st to be the surplus variable in constraint t
of X≥ and σ = s0.

In the capacitated lot-sizing problem [11] where xt denotes the amount between 0
and at that can be produced in period t if there is a set-up (yt = 1), the feasible region
can be written as

XCLS = {(x, y, s) ∈ Rn
+ ×Bn ×Rn+1

+ : st−1 + xt = dt + st, xt ≤ atyt for t ∈ N}.

XCLS can be relaxed to give a set of the form X≥ or X≤. On the other hand with
Wagner-Whitin costs [12, 14], once the set-up periods are specified, production takes
place as late as possible. Now the capacitated lot-sizing problem can be modelled with
the set

XWW = {(y, s) ∈ Bn ×Rn+1
+ : sk−1 +

i∑

j=k

ajyj ≥
i∑

j=k

dj for i = k, . . . , n, k ∈ N}.

This can be viewed as the intersection of n dynamic knapsack sets Xk
≥ for k ∈ N , and

also as a relaxation of XCLS.
In Section 2 we derive a family of valid inequalities for dynamic knapsack sets in

the form X≥. Surprisingly these inequalities have the simultaneous lifting property
[15, 7]. Combined with complementation, this procedure allows us to explain 21 of the
22 nontrivial facet-defining inequalities for an instance with n = 6.

1



In the next section we use the results of Section 2 to derive valid inequalities for
XDLS, XCLS and XWW respectively. For small instances a significant fraction of the
facet-defining inequalities can be derived in this way, which suggests that these in-
equalities might be computationally useful. This possibility is explored in Section 4.

2 Valid Inequalities for Dynamic Knapsack Sets

Here we introduce new notation. Throughout we deal with vectors aj ∈ Rn where
aj = aj(

∑n
i=j ei) for j ∈ N with aj ≥ 0 where ei denotes the ith unit vector. We let

dij ≡
∑j

t=i dt. We now consider the set

YN(d) = {(y, σ) ∈ Bn ×R1
+ : σ1 +

∑

j∈N

ajyj ≥ d̃}

where d̃i = d1i and 1 = (1, . . . , 1)T . Note that constraint t takes the form

σ +
t∑

j=1

ajyj ≥ d1t.

Below we derive a facet-defining inequality for YN(d).
To avoid trivial instances we suppose that d1i > 0 for some i. Let d̄1i = max{maxj≤i d1i, 0},

so now setting d̄i = d̄1i − d̄1,i−1 we have a modified nonzero demand vector d̄ ≥ 0.

Observation 1 The inequality σ+
∑t

j=1 ajyj ≥ d̄1t is valid for YN(d) because if d̄1t > 0,

then d̄1t = d1i for some i ≤ t, and so σ +
∑t

j=1 ajyj ≥ σ +
∑i

j=1 ajyj ≥ d1i = d̄1t.

Note that if d̄t > 0, then d̄1t = d1t.

Proposition 2.1 The inequality

σ +
t∑

j=1

min[aj, d̄jt]yj ≥ d̄1t (1)

is valid for conv(YN(d)) for t = 1, . . . , n, and facet-defining when t = n.

Proof. First we show validity. Consider a point (y∗, σ∗) ∈ YN(d). If y∗
j = 0 for all j ≤ t

with aj > d̄jt, the inequality is valid as

σ∗ +
t∑

j=1

min[aj, d̄jt]y
∗
j = σ∗ +

t∑

j=1

ajy
∗
j ≥ d̄1t.

Otherwise let k = min{i : y∗
i = 1 and ai > d̄iτ}. Using Observation 1 with t = k − 1,

σ∗ +
t∑

j=1

min[aj, d̄jt]y
∗
j ≥ σ∗ +

k−1∑

j=1

ajy
∗
j + d̄kt ≥ d̄1,k−1 + d̄kt = d̄1t.
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Now we take t = n and let τ = max{t : d̄1t = d̄1n}. Consider now the n + 1 points
specified as follows:

(y0, σ0) with σ0 = d̄1τ and y0 = 0,
(yi, σi) with σi = d̄1τ −min[ai, d̄iτ ] and yi = ei for i = 1, . . . , τ , and
(yi, σi) with σi = d̄1τ −min[a1, d̄1τ ] and yi = e1 + ei for i = τ + 1, . . . , n.

It is easily verified that these points lie in YN(d), satisfy the inequality at equality and
are affinely independent.

Now we will derive other valid inequalities for YN(d) by setting some variables to
one thus modifying the demands, generating the basic inequality and then lifting back
the variables that have been fixed.

Setting yj = 1 for j ∈ T , the new demand vector is δ = d − ∑
j∈T aje

j, and the
basic inequality we start from is

σ +
∑

j∈N\T
min[aj, δ̄jn]yj ≥ δ̄1n.

We now define the function

ψT (h) = min{σ +
∑

j∈N\T
min[aj, δ̄jn]yj − δ̄1n : (y, σ) ∈ YN\T (δ + h)}.

Observation 2 A necessary condition for

σ +
∑

j∈N\T
min[aj, δ̄jn]yj +

∑

j∈T

αjyj ≥ δ̄1n +
∑

j∈T

αj

to be valid for YN(d) is that αj ≤ ψT (aje
j) for all j ∈ T .

Proof. By definition of ψT and for any j ∈ T , there exists a point (y∗, σ∗) ∈ Y (δ+aje
j)

for which σ∗ +
∑

j∈N\T min[aj, δ̄jn]y∗
j − δ̄1n = ψT (aje

j). Now if ỹ is defined by ỹi = y∗
i

for i ∈ N \ T, ỹi = 1 for i ∈ T \ {j}, ỹj = 0, (ỹ, σ∗) ∈ YN(d). If the inequality is valid
for YN(d), (ỹ, σ∗) must satisfy the inequality giving

σ∗ +
∑

j∈N\T
min[aj, δ̄jn]y∗

j +
∑

i∈T\{j}
αi ≥ δ̄1n +

∑

i∈T

αi,

or ψT (aje
j) ≥ αj for j ∈ T .

Theorem 2.2 The inequality

σ +
∑

j∈N\T
min[aj, δ̄jn]yj +

∑

j∈T

ψT (aje
j)yj ≥ δ̄1n +

∑

j∈T

ψT (aje
j) (2)

is valid and facet-defining for YN(d).
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Proof. The important step is to show that the inequality is valid. In the Lemma in
Appendix 1 we show that ψT (

∑
j∈S aje

j) ≥ ∑
j∈S ψT (aje

j) for all S ⊆ T .
Consider (y, σ) = (yN\T , yT , σ) ∈ YN(d). Then (yN\T , σ) ∈ YN\T (δ +

∑
j∈T aje

j(1−
yT

j )) , and so by definition of ψT , σ+
∑

j∈N\T min[aj, δ̄jn]y
N\T
j − δ̄1n ≥ ψT (

∑
j∈T aje

j(1−
yT

j )).

Taking S = {j ∈ T : yj = 0}, σ +
∑

j∈N\T min[aj, δ̄jn]y
N\T
j − δ̄1n ≥ ψT (

∑
j∈S aje

j) ≥∑
j∈S ψT (aje

j) =
∑

j∈T ψT (aje
j)(1 − yT

j ), where the first inequality is by definition of
ψT and the second from the Lemma. Hence the inequality is valid.

To obtain n + 1 tight affinely independent points, it suffices to take the |N \ T |+ 1
points from the proof of Proposition 2.1 and the |T | points from the proof of Observa-
tion 2.

3 Dynamic Knapsack Inequalities and Lot-Sizing

3.1 Discrete Lot-Sizing

Consider the discrete lot-sizing set

XDLS = {(y, s) ∈ Bn ×Rn+1
+ : st−1 + atyt = dt + st for t ∈ N}.

As it can be rewritten in the form YN(d) by setting σ = s0, we can apply Theorem 2.2
directly so the dynamic knapsack inequalities (2) are valid for XDLS.

Observation 3 (Complementation). After setting ȳj = 1−yj for all j ∈ N , XDLS

can be rewritten as

X̄DLS = {(z′, s′) ∈ Bn ×Rn+1
+ : s′t−1 + a′

tz
′
t = d′

t + s′t for t ∈ N}

where s′i = sn−i, z′i = ȳn−i+1, d′
i = an−i+1 − dn−i+1 and a′

i = an−i+1 for i ∈ N .

Obviously Theorem 2.2 can also be applied to the complemented set X̄DLS.

Example 1 Take n = 6, d = (2, 3, 2, 0, 3, 1) and a = (7, 6, 5, 5, 3, 2). If T = N ,
d̄ = (11, 9, 6, 4, 4, 1). Proposition 2.1 gives the basic inequality

s0 + 7y1 + 6y2 + 5y3 + 4y4 + 3y5 + 1y6 ≥ 11.

Now applying Theorem 2.2 with T = {1, 5}, we obtain δ = (−5, 3, 2, 0, 0, 1), so δ̃ =
(−5,−2, 0, 0, 0, 1), δ̄1. = (0, 0, 0, 0, 0, 1) and δ̄.n = (1, 1, 1, 1, 1, 1).
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ψT (a1e
1) = min s0 + 1y2 + 1y3 + 1y4 + 1y6 − 1

s0 ≥ −5 +7
s0 + 6y2 ≥ −2 +7
s0 + 6y2 + 5y3 ≥ 0 +7
s0 + 6y2 + 5y3 + 5y4 ≥ 0 +7
s0 + 6y2 + 5y3 + 5y4 ≥ 0 +7
s0 + 6y2 + 5y3 + 5y4 + 2y6 ≥ 1 +7

s0 ≥ 0 , y ∈ B4,

with optimal solution y2 = 1, y3 = y4 = y6 = 0, s0 = 2 and value 2. Similarly
ψT (a5e

5) = 0, and by Theorem 2.2 the inequality

s0 + 2y1 + 1y2 + 1y3 + 1y4 + 0y5 + 1y6 ≥ 3. (3)

is valid and facet-defining for conv(XDLS). Altogether 12 nontrivial facets can be
generated in this way from Theorem 2.2, and another 9 can be obtained from the set
obtained by complementation described in Observation 3. Thus only one of the 22
nontrivial facets of conv(XDLS) cannot be explained by simultaneous lifting. See the
Appendix 2 for a complete list of the inequalities.

3.2 Capacitated Lot-Sizing

Consider the capacitated lot-sizing set

XCLS = {(x, y, s) ∈ Rn
+ ×Bn ×Rn+1

+ : st−1 + xt = dt + st, xt ≤ atyt for t ∈ N}.

Theorem 3.1 If s0 +
∑

j∈N πjyj ≥ π0 is a valid inequality for X≥, and S ⊆ N ,

s0 +
∑

j∈S

xj +
∑

j∈N\S
πjyj ≥ π0

is a valid inequality for XCLS.

Proof. Consider a point (x∗, y∗, s∗) ∈ XCLS. Now contruct the point (x̃, ỹ, s̃) defined
by x̃j = x∗

j , ỹj = y∗
j for j ∈ N \ S, x̃j = ỹj = 0 for j ∈ S, s̃0 = s∗0 +

∑
j∈S x∗

j , and
s̃t = s̃t−1 + x̃t − dt for t = 1, . . . , n. (x̃, ỹ, s̃) ∈ XCLS as all production in the periods
in S has been inserted into the initial stock. This implies that s̃0 +

∑
j≤t aj ỹj ≥ d1t for

t ∈ N , and so (s̃0, ỹ) ∈ X≥. So by hypothesis s̃0 +
∑

j∈N πj ỹj ≥ π0, or in other words
s∗0 +

∑
j∈S x∗

j +
∑

j∈N\S πjy
∗
j ≥ π0, and so the inequality is valid for XCLS.

Corollary The inequality

s0 +
∑

j∈N\(T∪S)

min[aj, δ̄jn]yj +
∑

j∈T\S
ψT (aje

j)yj +
∑

j∈S

xj ≥ δ̄1n +
∑

j∈T

ψT (aje
j) (4)
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is valid for XCLS for all S ⊆ N .

Example 1 (cont). For demands d and capacities a as in Example 1, it follows, using
inequality (3) and Theorem 3.1, that the inequalities

s0 + z1 + z2 + z3 + z4 + z6 ≥ 3

are valid for XCLS where z1 ∈ {2y1, x1}, z2 ∈ {1y2, x2}, z3 ∈ {1y3, x3}, z4 ∈ {1y4, x4}
and z6 ∈ {1y6, x6}. In fact all 8 inequalities with z1 = 2y1 and z2 = 1y2 can be shown
to be facet-defining. In total 100 nontrivial facets of conv(XCLS) out of a total of 182
can be obtained by applying the Corollary to the 21 facets of XDLS generated above.

3.3 Capacitated Lot-Sizing with Wagner-Whitin Costs

Consider again the capacitated lot-sizing problem

min{p′x + h′s + fy : (x, y, s) ∈ XCLS}.

When the production and storage costs satisfy h′
0 ≥ 0, p′t+h′

t ≥ p′t+1 for t = 1, . . . , n−1,
the problem is said to have Wagner-Whitin costs. In this case the objective function
can be rewritten as

∑n
t=0 htst +

∑n
t=1 ftyt +K where h0 = h′

0 ≥ 0, ht = h′
t +p′t−p′t+1 ≥ 0

for t ∈ N and K =
∑n

t=1 p′tdt, and the problem can be formulated as

min
∑n

t=0 htst +
∑n

t=1 ftyt

sk−1 +
∑t

j=k ajyj ≥ dkt for t = k, . . . , n, k ∈ N

s ∈ Rn+1
+ , y ∈ Bn,

where xt = dt + st− st−1 for all t. Note that the feasible region is of the form XWW =
∩n

i=1X
i
≥, where, for each i = 1, . . . , n,

X i
≥ = {(si−1, y, . . . , yn) ∈ R1

+ ×Bn−i+1 : si−1 +
t∑

j=i

ajyj ≥ dit for t = i, . . . , n}

is a dynamic knapsack set.
Surprisingly, for small values of n, nearly all the facets of conv(XWW ) are facets of

conv(X i
≥) for some i. In particular for the instance of Example 1, all the facet-defining

inequalities are of this type. However the instance with n = 6, d = (1, 3, 1, 2, 1, 3), a =
(7, 3, 5, 4, 4, 3) has the facet-defining inequality

s0 + 5y1 + s1 + 4y2 + 8y3 + 6y4 + 6y5 + 4y6 ≥ 17

which is clearly not of this type.
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4 Computation

Given that Theorem 2.2 apparently provides a large proportion of the facet-defining
inequalities of conv(XDLS), that Theorem 2.2 applied to the n distinct sets Xk

≥ gives
a large number of facets of conv(XWW ), and Theorems 2.2 and 4.1 together lead
to a large number of facets of conv(XCLS), it is natural to ask whether the family
of dynamic knapsack inequalities described above are effective in solving, or nearly
solving capacitated lot-sizing instances.

Here we restrict our attention to the general lot-sizing problem XCLS, and limit
our investigation to two issues: i) the derivation of a heuristic separation algorithm in
order to choose a lifting set T for which the dynamic knapsack inequality (2) is often
violated, and ii) a comparison of the effectiveness of the dynamic knapsack inequalities
generated in comparison with other cutting plane systems designed at least in part
to be effective in solving lot-sizing problems. Questions of computational efficiency,
though important, are left for further study.

Below we describe the test instances, the separation heuristic selected, the branch-
and-cut systems with which comparisons are made, and finally the computational res-
ults.

The Problem Instances. We have chosen to carry out tests on the most general
problem XCLS formulated in the form: min{hs + fy + px : st−1 + xt = dt + st, xt ≤
atyt for t ∈ N, (x, y, s) ∈ Rn

+ ×Bn ×Rn+1
+ } presented in Section 1. We have generated

6 sets of instances with three distinct average capacity levels and two distinct average
ratios between fixed cost and capacity. The capacities and fixed costs are randomly
chosen with uniform distribution. The capacities are within 25% of the mean and the
fixed cost within 10% of the product of the capacity and the ratio parameter. The
mean capacity of sets 1 and 4 is 30, of sets 2 and 5 is 40, and of sets 3 and 6 is 50. For
sets 1, 2 and 3 we fixed the ratio parameter at 50 and the initial stock cost h0 at 60,
while for sets 4, 5 and 6 the ratio parameter is 30 and h0 is 40. All instances cover 30
time periods. The stock costs are ht = 10 for t = 1, . . . , n. The unit production cost
pt varies uniformly in the range [0− 20], and the demands dt in the range [1− 19].

The Separation Heuristic. Given a fractional point (x∗, y∗, s∗), the problem is to
find an inequality of the form (4) cutting off the point. The first step is to find an
inequality of the form (2). The most important decision is the choice of the lifting set
T , and a secondary question of interest is whether it is really important to calculate
the lifting coefficients ψT exactly or not.

Based on some limited experimentation, the candidate set T is chosen as follows.
Let V 1 = {j : y∗

j = 1} and V 0 = {j : y∗
j = 0}. It can then be argued that it suffices to

choose T such that V 1 ⊆ T ⊆ N \V 0. Starting with T = V 1, we then greedily augment
T taking up to k new variables at each step, i.e. consider all sets U ⊆ N \ T with up
to k elements, and find U for which the violation with T ′ = T ∪ U is the greatest. If
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the violation is greater than with T , set T ← T ′ and repeat. The k-greedy procedure
is also repeated with the complemented instance (Observation 3). Finally to derive
an inequality for XCLS as opposed to an inequality for XDLS, terms of type αjyj are
replaced by terms xj if the violation is increased, both before and after calculating
lifting coefficients. The heuristic has been used for values of k = 1 and 2.

In practice the decomposition of the fractional solution (x∗, y∗, s∗) into regeneration
intervals [t, l] is used both to speed up the calculations and to limit the choice of sets
T . Specifically if s∗t−1 = s∗l = 0, s∗t , . . . , s

∗
l−1 > 0 and y∗

t , . . . , y
∗
l is not integral, we limit

the search for a violated inequality to the interval [t, l].
It is not known whether the exact calculation of the lifting function ψT is NP-hard

or not. For the testing here, we have just used enumeration to obtain the exact values
of the coefficients ψT .

Alternative Cutting Plane Systems. We have compared the dynamic knapsack
cuts with cutting planes from three other systems. mp− opt (XPRESS)[16] is a state-
of-the-art commercial mixed integer programming system generating mixed integer
rounding inequalities and Gomory mixed integer cuts, along with various row aggrega-
tion procedures that have in part been motivated by lot-sizing and fixed charge network
flow problems [10]. bc − opt [3] is a prototype branch-and-cut system including flow
cover inequalities, and also path inequalities [13] that were explicitly designed for un-
capacitated lot-sizing problems, and have been modified slightly to take capacities into
account. bc − prod [2] is a prototype branch-and-cut system specifically designed for
lot-sizing problems. In addition to the routines of bc − opt, it has efficient separation
routines for constant capacity lot-sizing, that have been adapted in ad hoc fashion to
treat varying capacities.

Results. In Table 1 five different approaches are compared. Columns 1 and 2 show
results with dynamic knapsack inequalities with lifting sets T generated using the
heuristic discussed above. Columns 1 and 2 show results with exact lifting and with
k = 2 and k = 1 respectively, whereas Column 3 shows results with no lifting (αj = 0
for all j ∈ T ) and k = 2. Columns 4, 5 and 6 show results for bc− prod, bc− opt and
mp− opt respectively.

In each case we have generated inequalities at the top node of the tree, and measured
how much of the duality gap is closed by the cuts. Specifically for each instance we
calculate XLP−LP

IP−LP
×100, where LP is the initial linear programming lower bound, XLP

the lower bound obtained after adding the cuts, and IP is the optimal value. For
each problem class and column, we show the mean value over ten randomly generated
instances.

The performance in terms of time is indicated in the last line of the table. The
average time needed for each method to completely solve the instances in each set is
divided by the average time needed by bc-prod. These values are approximate since
the systems were run in different machines. The heuristic results and the mp-opt
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solutions were obtained using a Sun Sparc Ultra 60 of 250 Mhz and the bc-prod and
bc-prod results with a PC of 400 Mhz running Windows NT. To obtain realistic time
comparison, the Sun Sparc times were divided by 1.6. The actual average time taken
by bc-prod is 4.6 seconds.

set k2-lift k1-lift k2-nolift bc-prod bc-opt mp-opt
1 95.98 89.68 77.02 81.23 69.89 77.71
2 95.04 89.87 83.06 85.99 79.90 78.37
3 96.68 91.99 85.50 88.56 83.34 76.25
4 97.41 91.94 84.89 87.57 79.07 84.61
5 98.64 94.94 89.02 92.25 88.09 84.97
6 98.77 95.69 92.68 92.92 90.00 82.99

time 52 2.8 0.99 1 0.85 0.47

Table 1: Gap reduction with 3 heuristics, and bc-prod, bc-opt and mp-opt

Inspection of Table 1 leads us to the following observations:

• The best results using dynamic knapsack cuts are obtained using k = 2 and lifting
(heuristic k2-lift). Weaker results are obtained with the two other heuristics (k1-
lift and k2-nolift).

• The k2-lift heuristic is able to reduce the gap much more than the other systems.
The average gap reduction is always higher than 95%. The same reduction has
been achieved in all other data sets we have looked at. However in our imple-
mentation this heuristic is very time consuming (on average 52 times slower than
bc-prod).

• Comparing results of the heuristics k2-lift and k2-nolift shows that the lifting
procedure considerably increases the strength of the cuts.

• The gap reduction of heuristic k1-lift is slightly greater than that of bc-opt, which
in turn is slightly greater than heuristic k2-nolift. On other instances similar
behaviour has been observed with few fluctuations. The solution time of k1-lift
and k2-nolift is of the same order of magintude as that of bc-prod.

• The gap reduction of bc-prod is greater than that of bc-opt and mp-opt.

• The gap reduction is smaller on instances more tightly constrained and with
higher setup costs.
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5 Conclusions

Both examples in Section 2 and the computational results in Section 3 suggest that
dynamic knapsack inequalities can become an effective tool for the solution of lot-sizing
problems with varying capacities. At present k1-lift is close to being a practical and
effective separation heuristic. Ideally we would like to speed up the k2-lift heuristic
sufficiently for it to become the separation routine of choice.

The simultaneous lifting property for the dynamic knapsack inequality is surprising
to us, especially as the function ψT is not superadditive. Some better understanding
of this aspect, and the complexity of the calculation of ψT merit further investigation.

The above results also suggest that further progress may be made by studying
the polyhedral structure of the three different lot-sizing sets XDLS, XCLS and XWW

simultaneously. One intriguing question concerns the constant capacity Wagner-Whitin
case. Here a complete description of conv(XWW ) is obtained by applying the mixing
procedure [12, 6] to the inequalities given in Observation 1, but no link with the lifted
inequalities (2) is apparent. Further computational tests might be useful to investigate
these interactions.
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Appendix 1.
Let ψT (h) = min{σ +

∑
j∈N min[aj, δ̄jn]yj − δ̄1n : (σ, y) ∈ YN\T (δ + h)}.

Lemma 5.1 ψT (
∑

j∈S gje
j) ≥ ∑

j∈S ψT (gje
j) for all S ⊆ T .

Proof. Let l = max{j : j ∈ S}. We will show that ψT (u) + ψT (v) ≤ ψT (w) where
w = u + v, u =

∑
j∈S\{l} gje

j and v = gle
l. Let (σw, yw) be an optimal solution of

ψT (w). Clearly there exists such a solution with yw
j = 0 whenever aj ≤ δ̄jn. We will

use this solution to construct a feasible solution of YN\T (δ + u) and YN\T (δ + v). Let
Nw = {j ∈ N \ T : yw

j = 1}.
We first define a solution (σu, yu) ∈ YN\T (δ + u). Choose a subset Nu ⊆ Nw and

set yj = 1 for j ∈ Nu, yu
j = 0 otherwise. Then choose σ to be minimal so that

(σ, y) ∈ YN\T (δ + u). Among all such points choose any point with qu
n = 0 and y

maximal where qu
i = σu +

∑
j≤i ajy

u
j − δ1i − u1i. Observe that such a point exists, as

(σ, y) = (δ1n + u1n, 0) is a point of YN\T (δ + u) with qu
n = 0. Call such a point (σu, yu).

Now define (σv, yv) ∈ YN\T (δ + v) by setting yv
j = 1 for j ∈ Nw \ Nu and yv

j = 0
otherwise and taking σv to be minimal.

Observation 4 By construction of (σu, yu), aj > min(mini<j qu
i , σu) for all j ∈ N v.

Otherwise the point (σu − aj, y
u + ej) is such that qu

n = 0 and therefore (σu, yu) is not
maximal.

There are two cases to consider.
Case 1. σv attains its value in row t ≥ l.

Note that in this case u1t = u1n. Thus

σw ≥ δ1t + w1t −
∑

j≤t ajy
w
j

= δ1t + v1t −
∑

j≤t ajy
v
j + u1t −

∑
j≤t ajy

u
j

≥ σv + δ1n + u1n −
∑

j≤n ajy
u
j − δ1n

= σv + σu − δ1n.

Therefore

ψT (w) = σw +
∑

j∈N\T min[aj, δ̄jn]yw
j − δ1n

≥ σu +
∑

j∈N\T min[aj, δ̄jn]yu
j − δ1n

+σv +
∑

j∈N\T min[aj, δ̄jn]yv
j − δ1n

≥ ψT (u) + ψT (v).

Case 2a. σv attains its value in row t < l.

First observe that if yv
j = 0 for all j ≥ t + 1,

σv = δ1t −
∑

j≤t

ajy
v
j < δ1n + v1n −

∑

j∈N\T
ajy

v
j ,

12



a contradiction. So let j∗ = minj≥t+1{j : yv
j = 1}.

Claim. v1t −
∑

j≤t ajy
v
j ≤ v1i −

∑
j≤i ajy

v
j for i ∈ {1, . . . , j∗ − 1}.

This is a direct consequence of v1i ≥ v1t = 0, and
∑

j≤i ajy
v
j ≤

∑
j≤t ajy

v
j for all

i ∈ {1, . . . , j∗ − 1}.
Now for i ∈ {1, . . . , j∗ − 1},

σw ≥ δ1i + w1i −
∑

j≤i ajy
w
j

= δ1i + u1i −
∑

j≤i ajy
u
j + v1i −

∑
j≤i ajy

v
j

= σu − qu
i + v1i −

∑
j≤i ajy

v
j

≥ σu − qu
i + v1t −

∑
j≤t ajy

v
j

= σu − qu
i + σv − δ1t

≥ σu − qu
i + σv + δ̄j∗n − δ1n

≥ σu + σv + min[aj, δ̄j∗n]− δ1n − qu
i

As v1t −
∑

j≤t ajy
v
j ≤ 0, we also have that

σw ≥ v1t −
∑

j≤t

ajy
v
j + δ1t − δ1t

≥ σv + min[aj, δ̄j∗n]− δ1n

= σu + σv + min[aj, δ̄j∗n]− δ1n − σu.

Therefore we have that

σw ≥ σu + σv − δ1n + min[aj, δ̄j∗n]−min[σu, min
i<j∗

qu
i ].

Case 2b. σv = 0.
First observe that if yv

j = 0 for all j ∈ N \ T , then

σv = 0 < δ1n + v1n −
∑

j∈N\T
ajy

v
j ,

a contradiction. So let j∗ = minj∈N\T{j : yv
j = 1}.

If all i < j∗, we have that

σw ≥ δ1i + w1i −
∑

j≤i ajy
w
j

≥ δ1i + u1i −
∑

j≤i ajy
u
j

= σu − qu
i + δ1n − δ1n + σv

≥ σu + σv + min[aj∗ , δ̄j∗n]− δ1n − qu
i .

13



As σw ≥ 0 and σv = 0, we have also that

σw ≥ σv + min[aj∗ , δ̄j∗n]− δ1n.

Therefore we have again that

σw ≥ σu + σv + min[aj, δ̄j∗n]− δ1n −min[σu, min
i<j∗

qu
i ].

Finally in cases 2a and 2b, let ∆ = min[mini<j∗ qu
i , σu]. By Observation 5, aj∗ > ∆

and therefore the point (σ̃u, ỹu) = (σu −∆, yu + ej∗) ∈ YN\T (δ + u).
Thus

ψT (w) = σw +
∑

j∈N\T min[aj, δ̄jn]yw
j − δ1n

≥ σv +
∑

j∈N\T min[aj∗ , δ̄j∗n]yv
j − δ1n

+σu +
∑

j∈N\T min[aj∗ , δ̄j∗n]yu
j − δ1n + min[aj∗ , δ̄j∗n]−min[σu, mini<j∗ qu

i ]

= σv +
∑

j∈N\T min[aj∗ , δ̄j∗n]yv
j − δ1n

+σ̃u +
∑

j∈N\T min[aj∗ , δ̄j∗n]ỹu
j − δ1n

≥ ψT (v) + ψT (u).
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Appendix 2.
Here we list the nontrivial facet defining inequalities for the instance of XDLS in

Example 1. The first five are basic inequalities. The next 16 are obtained by the lifting
procedure and possibly complementation. Only the last is not obtained in this way.
The inequalities were generated with the code of [5].

s0 + 7y1 + 6y2 + 5y3 + 4y4 + 3y5 + 1y6 ≥ 11
s0 + 7y1 + 6y2 + 5y3 + 3y4 + 3y5 + 0y6 ≥ 10
s0 + 7y1 + 5y2 + 2y3 + 0y4 + 0y5 + 0y6 ≥ 7
s0 + 5y1 + 3y2 + 0y3 + 0y4 + 0y5 + 0y6 ≥ 5
s0 + 2y1 + 0y2 + 0y3 + 0y4 + 0y5 + 0y6 ≥ 2
s0 + 2y1 + 1y2 + 1y3 + 1y4 + 0y5 + 1y6 ≥ 3
s0 + 5y1 + 3y2 + 3y3 + 3y4 + 3y5 + 1y6 ≥ 8
s0 + 5y1 + 4y2 + 4y3 + 4y4 + 3y5 + 1y6 ≥ 9
s0 + 5y1 + 4y2 + 1y3 + 1y4 + 0y5 + 1y6 ≥ 6
s0 + 6y1 + 4y2 + 3y3 + 3y4 + 3y5 + 1y6 ≥ 9
s0 + 6y1 + 4y2 + 1y3 + 1y4 + 1y5 + 1y6 ≥ 7
s0 + 6y1 + 5y2 + 4y3 + 4y4 + 3y5 + 1y6 ≥ 10
s0 + 7y1 + 6y2 + 3y3 + 1y4 + 0y5 + 1y6 ≥ 8
s0 + 7y1 + 6y2 + 3y3 + 2y4 + 1y5 + 1y6 ≥ 9
s0 + 7y1 + 5y2 + 2y3 + 1y4 + 1y5 + 1y6 ≥ 8
s0 + 7y1 + 5y2 + 4y3 + 3y4 + 3y5 + 1y6 ≥ 10
s0 + 7y1 + 5y2 + 4y3 + 2y4 + 2y5 + 0y6 ≥ 9
s0 + 5y1 + 4y2 + 3y3 + 3y4 + 3y5 + 0y6 ≥ 8
s0 + 5y1 + 3y2 + 2y3 + 2y4 + 2y5 + 0y6 ≥ 7
s0 + 4y1 + 3y2 + 3y3 + 3y4 + 3y5 + 0y6 ≥ 7
s0 + 4y1 + 2y2 + 2y3 + 2y4 + 2y5 + 0y6 ≥ 6
s0 + 6y1 + 5y2 + 2y3 + 2y4 + 1y5 + 1y6 ≥ 8
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Appendix 3

We present in the next three tables more details about the results obtained for each
randomly generated instance. In the first table we show the value of the linear program
relaxation (lp) and the optimal value (ip). In the other two tables we show the gap
(as explained in Section ), number of nodes of the branch-and-bound tree and the time
needed for the optimization (in seconds).

problem lp ip problem lp ip
cls1-0 18680.4 22121.0 cls4-0 10403.0 13112.0
cls1-1 15478.6 18522.0 cls4-1 11339.0 14030.0
cls1-2 19221.9 22592.0 cls4-2 10388.5 13007.0
cls1-3 20254.6 23436.0 cls4-3 10694.4 13493.0
cls1-4 16388.8 19174.0 cls4-4 10641.0 12894.0
cls1-5 15594.1 18795.0 cls4-5 12008.4 15036.0
cls1-6 15258.7 18635.0 cls4-6 12416.4 15165.0
cls1-7 13200.2 15972.0 cls4-7 13318.7 16037.0
cls1-8 17566.8 20460.0 cls4-8 10866.6 13402.0
cls1-9 18381.4 21417.0 cls4-9 11085.3 13573.0
cls2-0 17609.5 22752.0 cls5-0 9325.9 13396.0
cls2-1 17575.4 22062.0 cls5-1 10607.2 14073.0
cls2-2 17742.7 21891.0 cls5-2 9652.4 12770.0
cls2-3 14456.5 18749.0 cls5-3 13477.1 16796.0
cls2-4 18207.8 21737.0 cls5-4 11210.7 15099.0
cls2-5 16682.1 21167.0 cls5-5 12214.1 16319.0
cls2-6 15802.0 19733.0 cls5-6 12882.5 16840.0
cls2-7 19305.0 23044.0 cls5-7 13045.8 16708.0
cls2-8 15926.8 20390.0 cls5-8 12002.3 15623.0
cls2-9 21101.0 25410.0 cls5-9 9142.9 12546.0
cls3-0 15842.9 20806.0 cls6-0 10598.4 15951.0
cls3-1 18650.2 23978.0 cls6-1 10409.1 15444.0
cls3-2 18385.6 23449.0 cls6-2 10523.3 15304.0
cls3-3 16355.0 22226.0 cls6-3 12519.2 17468.0
cls3-4 17154.5 23160.0 cls6-4 13100.6 18334.0
cls3-5 14241.0 19515.0 cls6-5 11132.3 15067.0
cls3-6 19245.7 25338.0 cls6-6 12287.9 17556.0
cls3-7 17427.9 22380.0 cls6-7 11182.7 15735.0
cls3-8 19207.6 24187.0 cls6-8 12511.0 17061.0
cls3-9 16336.9 21701.0 cls6-9 12425.9 17464.0



pr
ob

le
m

k2
-l
ift

k1
-l
ift

k2
-n

ol
ift

bc
-p

ro
d

bc
-o

pt
m

p-
op

t
ga

p
no

de
s

ti
m

e
ga

p
no

de
s

ti
m

e
ga

p
no

de
s

ti
m

e
ga

p
no

de
s

ti
m

e
ga

p
no

de
s

ti
m

e
ga

p
no

de
s

ti
m

e
cl

s1
-0

93
.2

60
47

5.
0

86
.5

68
6

17
.5

74
.1

18
97

8.
1

81
.2

89
6

5.
9

75
.2

26
03

3.
9

75
.2

91
6

4.
1

cl
s1

-1
97

.4
29

39
3.

7
93

.8
94

17
.6

80
.6

38
8

10
.9

80
.2

51
7

4.
6

78
.2

12
59

2.
3

70
.6

68
1

3.
9

cl
s1

-2
92

.9
30

0
36

7.
4

85
.8

73
7

18
.8

68
.2

28
99

11
.6

78
.9

83
0

5.
0

73
.9

46
27

5.
9

63
.2

21
02

7.
6

cl
s1

-3
96

.2
51

33
0.

2
90

.9
24

0
13

.1
76

.8
14

51
10

.2
79

.5
91

6
5.

7
75

.0
31

09
3.

8
70

.4
56

5
3.

3
cl

s1
-4

97
.4

5
25

6.
0

95
.5

24
8.

9
84

.9
12

4
14

.1
82

.0
17

0
3.

3
81

.8
14

8
0.

6
75

.1
14

9
2.

3
cl

s1
-5

99
.9

3
45

3.
0

94
.8

14
0

14
.2

85
.5

32
8

9.
8

87
.4

22
5

4.
6

75
.5

43
68

5.
5

77
.5

41
8

3.
0

cl
s1

-6
88

.4
32

0
35

9.
5

82
.7

10
27

14
.9

67
.8

30
57

12
.7

76
.0

13
01

6.
8

73
.8

47
31

6.
5

55
.5

37
95

10
.9

cl
s1

-7
10

0.
0

1
10

3.
3

97
.8

12
21

.2
88

.6
35

3.
4

90
.9

12
2

3.
7

90
.4

58
0.

5
82

.4
82

2.
5

cl
s1

-8
99

.2
15

32
2.

5
88

.8
13

5
13

.1
79

.1
33

6
6.

8
82

.2
84

2
4.

6
81

.5
11

38
1.

8
65

.3
52

0
2.

7
cl

s1
-9

95
.2

34
52

3.
0

80
.2

13
34

12
.9

64
.6

31
20

13
.2

74
.0

16
25

5.
9

71
.8

22
54

3.
6

63
.7

23
28

7.
3

cl
s2

-0
98

.2
47

62
4.

5
92

.3
14

6
22

.2
84

.8
15

67
15

.0
86

.5
73

7
5.

6
73

.6
47

59
7.

8
81

.9
43

2
4.

4
cl

s2
-1

95
.0

85
20

6.
8

93
.8

79
20

.9
75

.3
83

2
10

.4
81

.2
46

2
4.

3
75

.7
22

48
3.

3
72

.0
14

78
6.

4
cl

s2
-2

99
.7

7
50

2.
0

96
.7

38
23

.5
87

.7
13

3
6.

9
87

.5
11

6
3.

6
81

.2
84

3
1.

2
81

.1
22

6
3.

2
cl

s2
-3

96
.6

67
60

6.
4

89
.2

17
6

28
.1

85
.3

34
3

3.
0

90
.5

83
4.

4
81

.2
58

4
1.

7
87

.9
22

1
4.

0
cl

s2
-4

10
0.

0
1

14
5.

5
97

.7
17

14
.1

94
.3

28
4.

7
94

.2
11

3
4.

4
90

.5
14

2
0.

5
85

.7
17

2
2.

3
cl

s2
-5

83
.1

10
61

14
5.

2
79

.4
14

58
15

.0
76

.1
16

15
8.

0
80

.4
71

7
4.

7
71

.2
54

30
7.

5
74

.9
14

98
6.

1
cl

s2
-6

94
.3

30
89

2.
1

89
.3

20
2

8.
7

88
.4

12
5

10
.2

88
.7

25
3

4.
6

79
.8

44
3

1.
0

80
.1

27
6

3.
6

cl
s2

-7
93

.5
76

13
2.

1
88

.9
10

7
14

.0
79

.7
45

2
2.

6
82

.5
22

9
4.

0
79

.7
37

0
1.

0
78

.5
30

0
3.

3
cl

s2
-8

97
.1

25
63

7.
7

84
.8

20
9

18
.8

83
.1

62
0

6.
1

85
.8

17
3

5.
0

76
.3

17
04

2.
3

81
.7

30
1

4.
1

cl
s2

-9
92

.9
18

2
16

7.
7

86
.6

23
7

14
.4

75
.9

11
48

5.
4

82
.6

12
71

5.
8

74
.5

13
60

2.
0

75
.2

73
8

4.
0

cl
s3

-0
97

.3
11

56
2.

9
94

.7
64

33
.4

85
.1

12
4

4.
0

87
.3

89
4.

7
76

.2
38

4
0.

9
80

.9
13

5
3.

1
cl

s3
-1

96
.2

17
6

44
8.

4
92

.8
11

2
37

.0
80

.7
80

8
6.

7
83

.9
76

7
5.

2
73

.5
10

34
1.

4
80

.3
69

6
4.

0
cl

s3
-2

97
.4

32
54

1.
7

91
.6

97
22

.3
82

.2
48

7
6.

8
84

.7
17

3
4.

3
76

.1
10

83
2.

1
76

.5
79

0
4.

2
cl

s3
-3

93
.5

81
52

4.
2

85
.3

18
6

32
.0

84
.2

40
4

7.
1

86
.5

22
9

5.
7

72
.0

18
12

3.
1

81
.9

44
7

5.
2

cl
s3

-4
97

.6
69

51
7.

3
91

.9
32

4
43

.6
83

.7
81

9
4.

2
90

.3
29

3
4.

6
75

.2
31

06
4.

8
85

.9
44

9
4.

5
cl

s3
-5

95
.6

15
62

7.
1

88
.8

28
5

15
.8

91
.1

43
16

.1
90

.0
72

5.
8

73
.0

66
7

1.
0

82
.4

12
0

4.
3

cl
s3

-6
94

.8
83

61
4.

4
84

.8
71

3
24

.1
84

.7
97

6
11

.6
86

.1
64

3
5.

4
75

.5
30

17
3.

8
82

.2
81

2
7.

0
cl

s3
-7

98
.5

14
71

6.
3

97
.3

20
29

.3
93

.4
10

9
4.

8
94

.1
54

4.
2

76
.0

10
74

2.
0

88
.7

91
4.

1
cl

s3
-8

99
.9

3
55

3.
3

98
.0

13
16

.8
79

.2
26

1
4.

0
91

.6
85

5.
2

83
.1

26
0

0.
7

84
.8

13
1

3.
2

cl
s3

-9
96

.0
27

39
7.

2
94

.7
53

38
.1

90
.7

11
6

4.
1

91
.1

10
3

6.
2

81
.9

54
7

1.
6

89
.8

10
7

3.
8



pr
ob

le
m

k2
-l
ift

k1
-l
ift

k2
-n

ol
ift

bc
-p

ro
d

bc
-o

pt
m

p-
op

t
ga

p
no

de
s

ti
m

e
ga

p
no

de
s

ti
m

e
ga

p
no

de
s

ti
m

e
ga

p
no

de
s

ti
m

e
ga

p
no

de
s

ti
m

e
ga

p
no

de
s

ti
m

e
cl

s4
-0

10
0.

0
1

10
0.

9
92

.6
14

2
6.

5
94

.1
64

7.
1

97
.2

10
9

4.
3

93
.0

10
2

2.
7

89
.3

24
4

0.
7

cl
s4

-1
10

0.
0

1
15

6.
3

93
.1

37
9.

2
76

.5
35

9
4.

1
83

.3
15

9
4.

1
69

.6
30

9
2.

7
85

.8
36

9
1.

3
cl

s4
-2

94
.9

47
13

3.
4

85
.2

17
5

6.
1

82
.9

18
0

5.
4

86
.4

18
6

4.
0

79
.3

29
4

2.
8

81
.9

70
6

1.
2

cl
s4

-3
99

.7
7

50
1.

4
96

.6
85

15
.0

92
.1

13
6

5.
5

89
.9

18
6

4.
2

83
.4

21
5

3.
1

86
.6

25
6

0.
8

cl
s4

-4
10

0.
0

1
25

8.
7

98
.7

12
26

.2
83

.8
17

1
4.

7
89

.4
12

2
3.

1
81

.0
18

0
2.

3
85

.0
13

8
0.

6
cl

s4
-5

91
.0

10
8

66
.9

88
.0

25
3

7.
9

81
.3

97
1

9.
9

79
.8

60
6

5.
1

72
.4

76
1

3.
6

72
.6

15
99

3.
0

cl
s4

-6
93

.6
47

98
.2

80
.7

39
4

4.
3

73
.9

42
8

8.
2

77
.7

57
4

3.
8

63
.7

74
0

3.
0

81
.8

86
3

1.
7

cl
s4

-7
98

.1
15

51
.9

95
.6

45
11

.3
84

.7
28

5
3.

7
89

.2
15

6
3.

8
75

.5
48

8
2.

6
91

.7
13

0
0.

5
cl

s4
-8

99
.2

6
31

2.
6

94
.4

37
12

.0
90

.1
12

8
8.

2
91

.4
70

3.
5

85
.7

14
5

2.
6

88
.5

22
9

0.
9

cl
s4

-9
97

.6
32

17
6.

6
94

.5
59

17
.2

89
.5

14
7

3.
0

91
.4

16
8

3.
9

87
.1

16
7

2.
8

82
.9

53
4

1.
6

cl
s5

-0
97

.2
56

47
1.

9
96

.8
61

43
.1

91
.4

18
0

7.
4

89
.5

12
3

4.
3

86
.2

16
9

3.
3

83
.8

67
2

1.
3

cl
s5

-1
10

0.
0

1
48

.6
10

0.
0

1
16

.8
98

.5
27

3.
4

98
.9

22
4.

1
97

.2
23

3.
1

90
.3

11
4

0.
6

cl
s5

-2
99

.5
33

29
5.

1
98

.8
31

13
.2

93
.5

30
2.

2
95

.2
53

4.
0

91
.2

80
2.

8
88

.9
12

7
0.

6
cl

s5
-3

98
.9

5
17

8.
7

94
.4

16
1

21
.8

85
.7

14
4

4.
2

91
.8

35
5

3.
9

85
.7

41
7

3.
3

85
.1

60
1

1.
2

cl
s5

-4
10

0.
0

1
12

4.
7

94
.4

10
6

17
.8

94
.5

35
7.

4
96

.0
11

5.
0

88
.2

42
2.

7
86

.8
15

7
0.

7
cl

s5
-5

99
.5

22
56

7.
6

94
.0

18
9

28
.6

89
.0

30
8

11
.3

89
.9

33
7

5.
0

85
.4

33
6

3.
8

76
.5

19
18

3.
2

cl
s5

-6
98

.6
40

58
8.

0
89

.8
39

1
18

.6
87

.2
48

1
8.

8
88

.2
33

7
5.

0
85

.8
44

6
3.

4
82

.6
20

16
3.

3
cl

s5
-7

10
0.

0
1

15
6.

2
99

.5
7

20
.2

76
.4

11
38

5.
1

92
.6

28
3

4.
9

89
.5

24
5

3.
2

86
.7

36
5

1.
1

cl
s5

-8
92

.7
15

5
38

6.
9

81
.7

63
0

16
.2

77
.1

88
5

9.
1

83
.6

39
0

4.
1

77
.3

54
3

4.
0

81
.8

69
0

1.
4

cl
s5

-9
10

0.
0

1
14

7.
4

10
0.

0
1

28
.3

96
.9

13
6.

4
96

.8
35

3.
9

94
.4

34
3.

6
87

.2
14

2
0.

7
cl

s6
-0

98
.7

6
50

6.
4

95
.5

16
6

28
.7

92
.0

26
0

7.
9

93
.4

43
4.

9
90

.7
69

4.
4

78
.2

18
44

3.
7

cl
s6

-1
99

.3
7

42
1.

3
97

.3
9

26
.6

93
.0

10
9

6.
2

92
.6

18
3

4.
3

90
.3

11
7

4.
1

82
.0

56
9

1.
5

cl
s6

-2
98

.5
61

11
49

.7
92

.8
75

35
.1

91
.0

22
8

11
.5

90
.8

26
4

5.
7

87
.5

50
2

5.
2

81
.9

13
21

2.
5

cl
s6

-3
97

.9
63

53
1.

4
96

.5
61

50
.5

90
.4

46
9

5.
9

90
.4

26
7

5.
5

89
.0

14
3

4.
2

79
.2

17
98

3.
0

cl
s6

-4
98

.5
13

43
1.

2
92

.4
16

2
14

.4
87

.0
24

3
8.

5
89

.9
35

4
4.

9
83

.9
50

1
4.

3
76

.0
22

84
3.

8
cl

s6
-5

10
0.

0
1

78
.7

10
0.

0
1

12
.0

10
0.

0
1

3.
6

10
0.

0
1

2.
9

96
.7

7
3.

9
92

.7
46

0.
5

cl
s6

-6
98

.5
36

49
3.

0
95

.2
21

0
37

.7
90

.5
47

5
9.

8
90

.9
38

4
5.

4
88

.2
19

5
4.

4
84

.5
13

24
2.

2
cl

s6
-7

99
.0

13
56

2.
1

97
.7

51
28

.8
94

.5
71

4.
7

95
.8

46
4.

9
92

.1
49

3.
5

87
.7

66
5

1.
5

cl
s6

-8
99

.3
13

51
7.

2
94

.2
51

30
.2

94
.1

33
7.

3
91

.6
68

3.
9

88
.7

17
1

3.
7

82
.8

23
7

0.
9

cl
s6

-9
98

.0
15

96
2.

8
95

.3
14

6
36

.7
94

.3
10

5
8.

7
93

.8
91

4.
0

92
.9

11
6

3.
9

84
.9

64
4

1.
1


