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The Balanced Minimum Evolution Problem (BMEP) is an APX-hard network design problem that consists
of finding a minimum length unrooted binary tree (also called a phylogeny) having as a leaf-set a given
set of molecular sequences. The optimal solution to the BMEP (i.e., the optimal phylogeny) encodes the
hierarchical evolutionary relationships of the input sequences. This information is crucial for a multitude
of research fields, ranging from systematics to medical research, passing through drug discovery, epidemi-
ology, ecology, biodiversity assessment and population dynamics. In this article, we introduce the reader
to the problem and present the current state-of-the-art; we include the most important achievements
reached so far and the challenges that still remain to be addressed.

© 2021 The Authors. Published by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/)

1. Introduction

Consider a set I' = {1, 2, ...,n} of n > 3 distinct aligned molec-
ular sequences (such as DNA, RNA, codon sequences or whole
genomes) hereafter referred to as taxa (see Fig. 1). A phylogeny T
of I is an ordered triplet (U, ¢, w) such that U is an Unrooted Bi-
nary Tree (UBT) (also known as cubic tree) having n leaves, ¢ is a
bijection between the leaves of U and the taxa in I', and w is a
vector of weights associated to the edges of U. For example, Fig. 2
shows the phylogeny of a set of seven biosafety level 2, 3 and 4
pathogens (taxa), including the whole genomes of the Crimean-
Congo Hemorrhagic Fever (CCHF) orthonairovirus, Ebolavirus, the
Lassa mammarenavirus, the Severe Acute Respiratory Syndrome
Coronavirus 2 (SARS-CoV-2), the Human Immunodeficiency Viruses
(HIVs) 1 and 2, and the Nipah virus.

Let D =D(I") denote a given n x n symmetric distance matrix
associated to I', whose generic entry d;; - equal to zero on the
main diagonal and strictly positive otherwise — encodes a measure
of the dissimilarity between the input taxa i and j in I" (see, e.g.,
Fig. 3). Then, the Balanced Minimum Evolution Problem (BMEP) con-
sists of finding a phylogeny T of I' that minimizes the following
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length function
=Y Y 52 (1)

iel’ jel\{i}

where t;; represents the path-length between taxa i and jin T, ie.,
the number of edges belonging to the (unique) path in T connect-
ing taxon i to taxon j (Aringhieri, Catanzaro, & Di Summa, 2011;
Catanzaro, Frohn, & Pesenti, 2020a; Catanzaro, Labbé, Pesenti,
& Salazar-Gonzales, 2012; Catanzaro, Pesenti, & Wolsey, 2020b;
Pardi, 2009) (see Fig. 2). The aim of this paper is to celebrate the
first 20 years of research activities on the BMEP. We introduce the
reader to the biological and statistical foundations of the BMEP, to
its combinatorics, to its optimization aspects, and to its connec-
tions with information theory. Moreover, we review and classify
the recent advances described in the literature, by highlighting
the theoretical and computational challenges that still resist to
the attacks of the scientific community. In order to widen the
readability of this tutorial, we assume no a-priori technical knowl-
edge on the topic and we will not hesitate to recall fundamental
concepts from the mathematics of evolution and phylogenetics
whenever it will be necessary, by starting from the funda-
mental concept and uses of a phylogeny presented in the next
section.

1.1. Phylogenies

A phylogeny describes the hierarchical evolutionary relation-
ships of a given set of taxa, based on their observed inherited
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Distances from unaligned sequences

Input Sequences

’ Seq. 1: CTCTACTAT ‘ ’ Seq. 2: ACTCTACC ‘

Aligned sequences

[seat| [-[c[r][c]r[afc]r]a]T]

[seaz| [a]c[r][c|r[alc]-[c|c]

Number of different sites excluding insertions and deletions: 2
Length of the sequences: 9

Ratio p (i.e., different sites / length) = 2/9

Number of transitions (A=G, T=C): 0

Number of transversions (A=T, A=C, C=G, T=G): 2

Ratio S (i.e., number of transitions / length): 0/9 =0

Ratio Q (i.e., number of transversions / length): 2 /9

. 3 4
Jukes-Cantor’s distance: = log (1 - gp) =0.26354

1
Kimura's distance: —3 log ((1 25— Q)1 - 2@)) — 0.27260

Input Sequences

’ Seq. 1: CTCTACTAT ‘ ‘ Seq. 2: ACTCTACC ‘

Tokens obtained when assuming words of size 3

o

CTA

(o |
CTA

TAT
Union of the distinct tokens:

[ ot | [Cere | M [ |[ace |

Word count array for Seq.1: Cgeqr [EH[1 ][/ ERLT[1][o]
Word count array for Seq. 2: Cgeqp [+ ][] N[ ][0}

Euclidean distance: ||Ceq1-Cgeqoll = 1.73205

Feq1 CSe. p
Angle cosine distance d¥V°-'= —log (% + et ) =0.038

cseqtll-lleseqz]l

Fig. 1. Some examples of how to derive the evolutionary distance for a pair of dummy molecular sequences, namely “CTCTACTAT” and “ACTCTACC”. In particular, the subfig-
ure on the left shows two possible distances derived from the dissimilarity measures proposed by Jukes & Cantor (1969) and Kimura (1980), respectively. Both measures are
based on the time-reversible Markov model of DNA sequence evolution (see Catanzaro, Gatto, & Milinkovitch, 2006a; Catanzaro, Pesenti, & Milinkovitch, 2006b; Felsenstein,
2004; Hasegawa, Kishino, & Yano, 1981; Lanave, Preparata, Saccone, & Serio, 1984; Rodriguez, Oliver, Marin, & Medina, 1990; Tavare, 1987; Waddell & Steel, 1997; Yang, 1994)
and require that the two sequences undergo an alignment process (Rosenberg, 2011) before being analyzed, i.e., a process that generates two new equal length sequences
from the input ones by maximizing their regions of similarity (i.e., their character matching). The Jukes & Cantor’s distance can be considered as a sort of Hamming distance
as it takes into account the proportion of variant sites between the two aligned sequences. Kimura’s distance refines Jukes & Cantor’s one, by weighting appropriately the
occurrence of transitions and transversions (see (Felsenstein, 2004) for details). The subfigure on the right shows two possible distances derived from the alignment-free
dissimilarity measures proposed by Blaisdell (1986) and Stuart, Moffett, & Baker (2002a); Stuart, Moffett, & Leader (2002b), respectively. Because solving the multiple align-
ment problem is notoriously A'P-hard (Rosenberg, 2011), this family of distances may prove particularly useful to process very large molecular datasets. We refer the reader
to (Rosenberg, 2011) and (Lemoine, Blassel, Voznica, & Gascuel, 2020; Ng, Liu, & Luk, 2017; Notredame, 2004; Simonsen, Mailund, & Pedersen, 2008) for an introduction and
recent developments on the alignment problem as well as to (Felsenstein, 2004; Page & Holmes, 1998) for a review of the numerous alignment-based distances currently
discussed in the literature. We refer instead the reader to (Vinga, 2014; Vinga & Almeida, 2003; Zielezinski, Vinga, Almeida, & Karlowski, 2017) for an introduction and recent

surveys on alignment-free distances.

traits (e.g., their molecular sequences) (Catanzaro, 2011; Felsen-
stein, 2004; Gascuel, 2005; Page & Holmes, 1998; Semple & Steel,
2003). The topology of a phylogeny (i.e., the structure of U in
the case of the BMEP) and its corresponding biological meaning
may depend on the specific application or use. For example, in
the context of tumor evolution, the topology of a phylogeny can
be represented as an arborescence having as a root the taxon
relative to a healty cell and as descendent vertices the taxa rep-
resenting tumor cells (see, e.g., (Beerenwinkel, Schwarz, Gerstung,
& Markowetz, 2015; Catanzaro, Schackney, Schaffer, & Schwartz,
2016; Pennington, Smith, Shackney, & Schwartz, 2006)). In sys-
tematics, instead, the topology of a phylogeny is usually encoded
as an UBT in which the terminal vertices (or leaves) represent the
observed taxa; internal vertices represent speciation events that
occurred throughout evolution of taxa; edges represent estimated
evolutionary relationships; and edge weights represent a measure
of the similarity between pairs of taxa (Catanzaro, 2009).

By providing core insights on the evolutionary dynamics of
many fine-scale molecular data, phylogenies prove of considerable
assistance in a multitude of research fields and applications rang-
ing from systematics to medical research, passing through drug
discovery, epidemiology, ecology, biodiversity assessment and pop-
ulation dynamics (Duellman, Marion, & Hedges, 2016; Jager, 2018;
Kadam et al., 2016; Lemmon & Lemmon, 2013; McGuire et al.,
2014; Pachter & Sturmfels, 2007; Valiente-Banuet & Verdd, 2013).
For example, phylogenies have been used to predict evolution of
human influenza A (Bush, Bender, Subbarao, Cox, & Fitch, 1999;
Perovic, 2013); to understand the relationships between the vir-
ulence and evolution of HIV (Castro-Nallar, Pérez-Losada, Burton,
& Crandall, 2012; Ou et al., 1992; Poon et al., 2015; Ross & Ro-
drigo, 2002); to identify emerging viruses such as SARS (Amiroch,
Pradana, Irawan, & Mukhlash, 2017; Ge et al., 2013; Marra et al.,

2003); to recreate and investigate ancestral proteins (Chang &
Donoghue, 2000; Washburne et al., 2018); to design neuropeptides
causing smooth muscle contraction (Bader, Moret, & Vawter, 2001);
to relate geographic patterns to ecological and macro-evolutionary
processes (Harvey, Brown, Smith, & Nee, 1996; Kress et al., 2010;
Leibold, Economo, & Peres-Neto, 2010; McCormack, Hird, Zellmer,
Carstens, & Brumfield, 2013); or to uncover similarities in evolution
of a number of human languages (Bowern & Atkinson, 2012; Jager,
2018). Phylogenies have also been used to study the evolution-
ary processes underlying the genetic factors involved in common
human diseases (Catanzaro, Labbé, Pesenti, & Salazar-Gonzales,
2009; Catanzaro, Ravi, & Schwartz, 2013b; Misra, Blelloch, Ravi, &
Schwartz, 2011; Pennington et al., 2006; Sridhar et al., 2007; Srid-
har, Lam, Blelloch, Ravi, & Schwartz, 2008) as well as those at the
core of the progression of carcinomas over time (Catanzaro et al.,
2016; Chowdhury et al., 2013; Lihnemann et al., 2020; Myers, Sa-
tas, & Raphael, 2019; Riester, Attolini, Downey, Singer, & Michor,
2010a; 2010b; Schwartz, 2019; Subramanian, Shackney, & Schwartz,
2013). In particular, in the cancer context, phylogenies allowed
the remarkable classification of tumor cells of given pathologies in
subfamilies characterized by specific evolutionary traits (Schwartz,
2019). A shared hope is that this classification could enable a bet-
ter understanding of cellular atypia over time and, in the long run,
suggest new therapeutic targets (Beerenwinkel et al., 2015; Lihne-
mann et al., 2020; Myers et al., 2019; Schwartz, 2019).

More recently, phylogenies are proving of fundamental support
to study evolution of the Severe Acute Respiratory Syndrome Coro-
navirus 2 (SARS-CoV-2) as well as to track its spreading during the
COVID19 pandemic (see, e.g., https://nextstrain.org/ncov/global and
https://www.gisaid.org/epiflu-applications/phylodynamics/). By de-
scribing core mutations of the virus over time and through the
continents, the phylogeny of SARS-CoV-2 (see, e.g., Fig. 4) shows
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Ebola
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SARS-CoV-2

CCHF

HIvV2
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Fig. 2. An example of a phylogeny of a set of seven taxa (red vertices), in-
cluding the whole genomes of the Crimean-Congo Hemorrhagic Fever (CCHF)
orthonairovirus, Ebolavirus, the Lassa mammarenavirus, the Severe Acute
Respiratory Syndrome Coronavirus 2 (SARS-CoV-2), the Human Immunode-
ficiency Viruses (HIVs) 1 and 2, and the Nipah virus. The internal vertices
of the phylogeny are marked in blue. Edge weights have been removed for
the sake of readability. The above complete genomes are available at Gen-
Bank (https://www.ncbi.nlm.nih.gov/genbank/) via the reference numbers
GCF_000854165.1, NC_002549.1, GCF_000851705.1, NC_004777.1NC_045512.2,
NC_001802.1, NC_001722.1, and NC_002728.1, respectively. The genome of Lassa
virus has been obtained by concatenating the segment S (NCBI Reference Sequence
NC_004296.1) with the segment L (NCBI Reference Sequence NC_004297.1). The
genome of the Crimean-Congo orthonairovirus has been obtained by concatenating,
in this order, the segment S (NCBI Reference Sequence NC_005302.1) with the seg-
ments M (NCBI Reference Sequence NC_005300.2) and L (NCBI Reference Sequence
NC_005301.3). All of these genomes can be downloaded in a unique fasta-format
file at https://perso.uclouvain.be/daniele.catanzaro/SupportingMaterial/viruses.fasta.
The evolutionary distances for the considered genomes have been computed via
Alfree (http://150.254.123.165/alfree/) by using dEVO'! metrics (i.e., Stuart et al.’
alignment-free angle cosine metric, see (Stuart et al, 2002a; Stuart et al., 2002b)
and Fig. 1). The resulting distance matrix is shown in Fig. 3. The above phylogeny
is provably optimal for the Balanced Minimum Evolution Problem (BMEP). On this
phylogeny, the path-length between Ebola and Lassa virus is four, whereas the
path-length between SARS-CoV-2 and HIV-1 is six. More in general, the whole
path-length matrix t = {7;;} reads as follows.

CCHF  Ebola Lassa  SARS-CoV-2  HIV1 HIV2  Nipah
0 3 5 2 6 6 4 CCHF
3 0 4 3 5 5 3 Ebola
5 4 0 5 3 3 3 Lassa
T= 2 3 5 0 6 6 4 SARS-CoV-2.
6 5 3 6 0 2 4 HIV1
6 5 3 6 2 0 4 HIV2
4 3 3 4 4 4 0 Nipah

(For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

how distinctive migratory histories and founder events may mod-
ulate the clinical presentation in affected patients (Lai, Shih, Ko,
Tang, & Hsue, 2020; Mavian et al., 2020; Zhou, Yang, Shi, and
et al.Zhou et al.,, 2020). This key information, in turn, assists the
search for potential vaccines.

In the context of systematics (central for this article), the in-
ternal vertices of a phylogeny of n taxa usually have degree three
(Catanzaro, 2011; Felsenstein, 2004; Gascuel, 2005; Page & Holmes,
1998; Semple & Steel, 2003). This constraint is biologically founded
for all the evolutionary processes that are bifurcating (i.e., those
processes for which the occurrence of mutations over time gen-
erates two distinct species at each speciation event (Felsenstein,
2004; Page & Holmes, 1998; Volkenstein & Livshits, 1989)), but as
shown in (Page & Holmes, 1998), it can also model evolutionary
processes that include polytomies, i.e., multi-furcations during

CCHF Ebola Lassa SARS-CoV-2
0.0000000  0.0048683  0.0094948  0.0139234
0.0048683  0.0000000  0.0081206  0.0118547
0.0094948  0.0081206  0.0000000  0.0154856
0.0139234  0.0118547 0.0154856  0.0000000
0.0109681 0.0164171  0.0326514  0.0338913
0.0114508 0.0184611  0.0306672  0.0406092
0.0081327  0.0038627 0.0148241  0.0143275
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@ EPI402127

>

Time

Fig. 4. An example of the phylogeny of SARS-CoV-2 Chinese genomes sam-
pled from affected patients during December 2019. Data, phylogeny, and taxa
labels refer to GISAID nomenclature (https://www.gisaid.org/epiflu-applications/
next-hcov-19-app/). The BAT COVID label refers to the bat (R. affinis) coronavirus
isolate BatCoVRaTG13 from Yunnan Province, used as an outgroup in (Forster,
Forster, Renfrew, & Forster, 2020).

el el

Fig. 5. The 4-ary tree (on the left) can be transformed into an unrooted binary tree
by adding a dummy vertex and a dummy edge (dashed, on the right).

evolution of taxa. In fact, any m-ary tree can be transformed into
an unrooted binary tree by just adding “dummy edges” (i.e., edges
with zero length), as shown, e.g., in Fig. 5. The degree constraint
on the internal vertices of a phylogeny implicitly fixes the overall
number of edges and internal vertices of a phylogeny to be 2n — 3
and n — 2, respectively (see (Catanzaro, 2011) for details). Hence,
the topology of a phylogeny looks unrooted and binary (see,
e.g., Fig. 2). Moreover, the degree constraint also implies that
the overall number of possible phylogenies for a set of n taxa
is equal to 2n—-5)!'=1x3x5x7x---x (2n-5) (Catanzaro,
2009; Felsenstein, 2004). This exponential number of plausible
alternatives entails the search for specific estimation criteria to
select the proper phylogeny of a given set of taxa (Catanzaro,
2011; Catanzaro, Aringhieri, di Summa, & Pesenti, 2015; Catanzaro,
Labbé, & Pesenti, 2013a).

1.2. Estimating phylogenies from molecular data

The literature on phylogenetics proposes several estimation cri-
teria for systematic purposes, differing from one another in respect
of the nature and type of observed inherited traits considered,
the evolutionary hypotheses and assumptions at their core, and
the statistical properties of the phylogeny provided (Felsenstein,
2004; Gascuel, 2005; Page & Holmes, 1998). Examples include
the parsimony criterion, the criteria based on distance methods,

HIV1 HIV2 Nipah
0.0109681  0.0114508 0.0081327 [ CCHF
0.0164171  0.0184611  0.0038627 [ Ebola
0.0326514  0.0306672  0.0148241 | Lassa
0.0338913  0.0406092  0.0143275| SARS-CoV-2
0.0000000  0.0025788  0.0141298 [ HIV1
0.0025788  0.0000000  0.0203479 [ Hiv2
0.0141298  0.0203479  0.0000000 Nipah

Fig. 3. The distance matrix computed by Alfree (http://150.254.123.165/alfree/) when analyzing the genomes listed in Fig. 2.
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the likelihood criterion, and the criteria based on Bayesian infer-
ence (Felsenstein, 2004; Gascuel, 2005; Huelsenbeck, Larget, Miller,
& Ronquist, 2002; Huelsenbeck, Ronquist, Nielsen, & Bollback,
2001; Page & Holmes, 1998). Discussing all of these estimation cri-
teria goes beyond the scope of the present article. The reader in-
terested in such a topic may refer however both to comprehensive
sources such as (Albert, 2005; Felsenstein, 2004; Gascuel, 2005;
Nei, 2000; Page & Holmes, 1998; Semple & Steel, 2003; Yang, 2014)
and surveys, such as those discussed in (Catanzaro, 2009; 2011).
Here, we just limit to mention that these criteria are designed so
as to enable the estimation of a phylogeny (U, ¢, w) for I based
on the molecular sequences of the considered taxa, which inciden-
tally often is the only evolutionary information available. The vast
majority of these criteria can be stated in terms of AP-hard net-
work design problems defined over UBTs, whose general paradigm
reads as follows (Catanzaro, 2011; Catanzaro et al., 2015; Gascuel,
2000):

Problem 1. (The phylogenetic estimation paradigm)
Given a set I of n taxa, find a phylogeny T* that solves the
problem

optimize Ar(T) (2)
s.t. Qr(T)=0 (3)
TeT (4)

where 7 is the set of the (2n—5)!! phylogenies of I'; Ar:
T — R is a function that models a selected estimation criterion;
and Q: ' x 7 — R™, for some m > 1, is an auxiliary function that
imposes additional constraints on the structure of feasible phyloge-
nies on the basis of given evolutionary assumptions. As an exam-
ple, in the case of the BMEP, the function A encodes the length
function of a phylogeny; in the context of the likelihood criterion,
instead, the function A encodes the likelihood score of a phy-
logeny (Felsenstein, 2004). Qr may encode e.g., constraints on the
paths between pairs of distinct taxa and may be even not present
as in the case of the BMEP.

A specific estimation criterion (or, equivalently, optimization
problem) is completely characterized by defining the functions A
and Qr. A phylogeny T* € T that optimizes A and satisfies the
additional constraints described by Qr is referred to as optimal.

One of the most successful estimation criteria described in the
literature on phylogenetics (in particular in that of distance meth-
ods) is Balanced Minimum Evolution (BME) (Felsenstein, 2004; Gas-
cuel, 2005). This criterion was introduced by Desper & Gascuel
(2002) based on Pauplin’s Direct Calculation Formulae of branch-
lengths (DCF) discussed in (Pauplin, 2000) (see also the next sec-
tion). The corresponding optimization problem, i.e., the BMEP, can
be seen as: (i) a restriction of the Minimum Evolution Problem, dis-
cussed in (Catanzaro et al., 2015); (ii) a particular version of the
network design problem (Johnson, Lenstra, & Kan, 1978; Pop, 2012)
defined over the class of the UBTs; and (iii) a particular version
of the Steiner tree problem in which the length function depends
upon the topology of the tree and the number of Steiner nodes is
a-priori known (Cheng & Du, 2001; Cieslik, 1998; Du & Hu, 2008;
Du, Smith, & Rubinstein, 2000; Gusfield, 1984; Hwang, Richards,
& Winter, 1992; Li & Mao, 2016; Lu, Tang, & Lee, 2003; Promel
& Steger, 2002; Wu & Chao, 2004). BME is proven to be one of
the most accurate estimation criteria in phylogenetics (Lefort, Des-
per, & Gascuel, 2015). It inherits from distance methods the ben-
efit of being able to handle virtually any kind of data for which a
dissimilarity measure is available (Schwartz, 2019); moreover, be-
cause it works on evolutionary distances of taxa rather than on
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their molecular sequences it results to be computationally less de-
manding than other estimation criteria such as the parsimony cri-
terion, the likelihood criterion, or Bayesian inference. These prop-
erties make BME (and the related BMEP) particularly suitable for
general-purpose phylogenetic analyses.

By celebrating the first twenty years of the BMEP, in this arti-
cle we want to achieve a twofold pedagogical and scientific goal:
we wish to provide the necessary background to familiarize the
reader with the problem as well as to review and classify the re-
cent combinatorial and computational advances described in the
literature. To this end, in Section 2 we review the theoretical foun-
dations of the BMEP, by presenting a brief historical perspective on
the mathematical development that led to Pauplin’s DCF (Pauplin,
2000). In Section 3 we review the main combinatorial and opti-
mization aspects of the BMEP, by reporting on the recent advances
on its polyhedral combinatorics (Catanzaro et al., 2012; Catanzaro
et al., 2020b; Eickmeyer, Huggins, Pachter, & Yoshida, 2008; Forcey,
Keefe, & Sands, 2015; 2017; Haws, Hodge, & Yoshida, 2011). In
Section 4 we propose a classification of the recent computational
advances on the BMEP, including the aspects related to its compu-
tational complexity as well as the exact and the approximate so-
lution approaches developed so far (Aringhieri et al., 2011; Catan-
zaro et al., 2020a; Catanzaro et al., 2012; Desper & Gascuel, 2005;
Fiorini & Joret, 2012; Frohn, 2020; Gascuel, 2005; Pardi, 2009). In
Section 5 we recall the connections between the BMEP and infor-
mation entropy (Catanzaro et al., 2020a; Sayood, 2017). Finally, in
Section 6 we provide a perspective on future developments related
to the BMEP, by highlighting the currently open theoretical and
computational challenges.

2. A brief history of the BMEP

We chronicle in this section the main stages of the mathemati-
cal development that led to Pauplin’s DCF (Pauplin, 2000), by start-
ing from the parsimony criterion and by proceeding then with the
minimum evolution criterion and the balanced minimum evolu-
tion criterion. Fig. 6 graphically summarizes the main stages of this
development. Before proceeding, we introduce some notation and
definitions that will prove useful throughout the article. In partic-
ular, we denote 7 as the set of the (2n —5)!! phylogenies of T.
In addition, for each phylogeny T € T, we denote V(T) and E(T) as
the vertex and the edge set, respectively, of T; p;; as the unique
path on a phylogeny T € 7 from the leaf of taxon i to the leaf of
taxon j; and V(p;;) and E(p;;) as the vertex and the edge sets, re-
spectively, belonging to the path p;;.

2.1. The parsimony criterion

Lex parsimoniae, also known in the literature as the Occam’s ra-
zor principle, is a form of abduction widely known in the mod-
ern scientific approach (Popper, 2002). This law is based on the
falsifiability principle and states that from among a number of
competing theories that may explain a given phenomenon under
study, one should prefer the theories requiring the smallest num-
ber of assumptions, mainly because they are simplest, hence hope-
fully more easily falsifiable (Popper, 2002). Inspired by the ratio-
nale of this law, Farris (1970) and Fitch (1971) laid in early 1970s
the theoretical ground for the parsimony criterion of phylogenetic
estimation (Albert, 2005), which can be summarized as follows.
Consider an initial molecular sequence extracted from an ancestral
taxon. In accordance to classical evolutionary theory, this sequence
may change over time due to the presence of both random muta-
tions and a selective pressure acting on it (see Fig. 7 and (Beyer,
Stein, Smith, & Ulam, 1974; Darwin, 1964; Farris, 1970; Fitch, 1971;
Scheiner & Mindell, 2020; Waterman, Smith, Singh, & Beyer, 1977)).
This change may occur in many forms, including point-mutations
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Fig. 6. Graphical representation of the main stages of the mathematical development that led to Pauplin’s Direct Calculation Formulae of branch-lengths (DCF). The light
gray stages represent articles introducing specific edge weight estimation models. We can distinguish between the Ordinary Least-Squares (OLS), the Maximum-Parsimony
(MP), Pauplin’s DCF, and the Linear Programming (LP). The blue stages represent articles introducing the theoretical foundations of phylogenetic estimation criteria based on
specific edge weight estimation models. We can distinguish between the maximum-parsimony criterion (MP), the Minimum Evolution (ME) criterion, the Balanced Minimum
Evolution (BME) criterion, and the more general Minimum Evolution criterion under Linear Programming (MELP) (see Catanzaro, 2009; Catanzaro, 2011; Catanzaro et al., 2015;

Catanzaro et al., 2009).

(e.g., substitution, insertion, or deletion of a nucleotide) or, where
applicable, large-scale mutations (e.g., translocations, losses of het-
erozigosity, amplifications, deletions, crossovers, or inversions of
entire molecular fragments) (Klung, Cummings, Spencer, Palladino,
& Killian, 2019). Speciation after speciation, these changes may give
rise to a number of distinct molecular sequences (taxa) observed at
time t. Now, classical evolutionary theory states that the equilib-
rium between adaptation and selective pressure causes that taxa
evolve from speciation events to speciation events by means of
local minimum changes (Albert, 2005; Beyer et al., 1974; Page &
Holmes, 1998). Locally rather than globally minimum mostly be-
cause the selective pressure that acts on a taxon may not be con-
stant throughout its evolution (Albert, 2005; Beyer et al., 1974). Al-
though these local minimum changes in general do not combine
to form a global evolutionary process characterized by a minimum
sum of changes, the hypothesis of a minimum chain of evolution-
ary events for the observed taxa appears to be, according to lex
parsimoniae, more plausible than the hypothesis of more complex
chains. Hence, Farris (1970) and Fitch (1971)’s parsimony criterion
adduces the phylogeny whose overall change (i.e., the sum of the
edge weights) is the most parsimonious (i.e., the smallest possi-
ble) as the one that properly approximates the overall evolutionary
process of the observed taxa (see Fig. 8) (Albert, 2005; Beyer et al.,
1974; Felsenstein, 2004; Page & Holmes, 1998; Waterman et al.,
1977). Using the parsimony criterion to estimate the phylogeny of
a given set I' of taxa involves defining a model to estimate the
edge weights associated to each plausible phylogeny T € 7. These
weights, in fact, estimate (possibly macro) speciation events that
occurred throughout evolution of taxa and their sum defines the
length of T that must be minimized. The earliest version of the par-
simony criterion described in the literature on phylogenetics pro-
posed to model the edge weights as Hamming distances between
the molecular sequences associated to pairs of adjacent vertices in
a given phylogeny T e T (Felsenstein, 2004). Specifically, this crite-
rion assumes that the taxa in I' are given as molecular sequences
of length | over an alphabet ¥ and it requires to estimate not only
a phylogeny T, but also the molecular sequences of length [ over
Y associated to the n — 2 internal vertices of T. In this way, the
weight associated to each edge (u,v) € E(T) can be expressed as
the Hamming distance dy(sy, Sy) between the molecular sequences
sy and s, associated to the vertices u and v € V(T), respectively.
The criterion can be stated as follows:

Problem 2. (The phylogenetic estimation problem under the max-
imum parsimony criterion)

AATA 2
ACTA
3
AAAA @ ATTA
speciation AATA
event 6
l CCCC
initial taxon  AAAA CAAA 5
@) @ CCcAC
AAAA AAAA CAAC
4
CAAA CAAT
AAAT extinct
taxon 1
observed
. AATT <— taxon
i
Time t

Fig. 7. An example of a hypothetical speciation process that starting from an an-
cestral taxon AAAA (light blue vertex) generates six distinct observed taxa at time t
(red vertices), namely AATT, ACTA, ATTA, CAAT, CCAC and CCCC. Random mutations
as well as mutation caused by the selective pressure may change the original se-
quence, by giving rise to the bifurcations represented by the dark blue vertices. The
sum of the Hamming distances between adjacent vertices is 11. (For interpretation
of the references to color in this figure legend, the reader is referred to the web
version of this article.)

Given a set I' of n taxa described as molecular sequences of
length | over an alphabet ¥, find (i) a phylogeny T € 7 having I
as leaf set and (ii) a set of n —2 molecular sequences of length [
over ¥ associated to the internal vertices of T, so as to minimize
the following length function

Z dH(Suysv)'

(u,v)eE(T)

LParsimony (T) =

As an example, Fig. 8 shows a phylogeny T and a set of molec-
ular sequences associated to the internal vertices of T that satisfies
the above constraints and whose length is provably minimum for
the six taxa considered in Fig. 7. It is easy to see that Problem 2 is
a particular case of Problem 1 in which A = Lpgrsimeny @and no ad-
ditional constraint is present.

2.2. The minimum evolution criterion

In 1978, Felsenstein (1978) showed that the edge weight es-
timation models based on Hamming distances were in general
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Fig. 8. An example of the most parsimonious phylogeny approximating the speci-
ation process shown in Fig. 7. The sequences associated to the observed taxa (red
vertices) are given and their hamming distances are reported on Fig. 9. The se-
quences associated to the internal vertices of the phylogeny (marked in blue) are
unknown and are estimated by solving an optimization problem that consists of
finding a set of n— 2 strings associated to the internal vertices of the given phy-
logeny so as to minimize the sum of the Hamming distances between pairs of adja-
cent vertices. These optimal internal sequences for the given phylogeny are marked
in blue. The relative Hamming distances are marked in orange and represent the
edge weights of the phylogeny, i.e., estimates of the changes between the predicted
speciation events. The length of this phylogeny is 8 as opposed to 11 for the true
speciation process in Fig. 7. Note how the edges of a phylogeny can be used to rep-
resent (possibly macro) speciation events over time and that the weights associated
to these edges may be used to estimate the changes related to these events. . (For
interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)
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Fig. 9. Hamming distances associated to the six taxa in Fig. 7.

statistically inconsistent, i.e., unable to recover the true evolution-
ary process of the observed taxa under specific theoretical con-
ditions (see (Felsenstein, 2004) for supplementary details and
(Schulmeister, 2004) for recent advances on this topic). Because
evolution is in general an unobservable process, using models that
are provably statistical consistent, i.e., able to recover the true evo-
lutionary process of taxa, becomes highly desirable. Hence, sev-
eral authors - including, among others, Denis & Gascuel (2003);
Gascuel (2000, 2005); Gascuel, Bryant, & Denis (2001); Rzhetsky &
Nei (1992, 1993, 1994), and Gascuel & McKenzie (2004) - started
to investigate alternative models, enjoying the statistically con-
sistency of their predictions but still keeping some sort of re-
lation with lex parsimoniae. These authors considered and ex-
tended the Minimum Evolution (ME) framework proposed by Kidd
& Sgaramella-Zonta (1971) in the early 1970s, in which the evo-
lutionary relationships between the taxa in I' were expressed in
terms of measures of their dissimilarity instead of their molecu-
lar sequences (Felsenstein, 2004; Gascuel, 2005; Saitou & Iman-
ishi, 1989). In particular, Kidd & Sgaramella-Zonta introduced the
concept of true evolutionary distances between pairs of taxa i, je I’
(i.e., the distances that one would obtain if all the molecular data
from taxa were available), and linked the true evolutionary dis-
tances with the estimated evolutionary distances d;; from taxa (i.e.,
the entries of D defined in Section 1) through the following con-
jecture (proved true subsequently by Rzhetsky & Nei (1993)):

Conjecture 1 (Kidd & Sgaramella-Zonta (1971)). If the evolutionary
distances are unbiased estimates of the corresponding true evolution-
ary distances, then the true phylogeny of taxa has an expected length
shorter than any other possible phylogeny T € T satisfying the fol-
lowing condition: for each pair of taxa i and j in I, the sum of the
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Fig. 10. (a) An example of a phylogeny of four taxa and the associated edge-path
incidence matrix of a tree (b).

(positive) edge weights belonging to the path p;; in T from i to j is
greater than or equal to their estimated evolutionary distance d;;.

Farris (1970) and Fitch (1971)'s parsimony criterion as well as
Kidd & Sgaramella-Zonta (1971)’'s minimum evolution share the
idea of searching for the phylogeny having minimum length. How-
ever, they mainly differ in a subtle yet fundamental aspect: while
the parsimony criterion is based on an abductive heuristic, i.e.,
the plausibility of the simplest hypothesis with respect to the
more complex ones, ME lays its theoretical foundations on Kidd &
Sgaramella-Zonta (1971) and Rzhetsky & Nei (1993)' result that en-
sures the statistical consistency of the minimum length phylogeny,
provided that the evolutionary distances are unbiased estimates of
the true evolutionary distances from taxa.

Estimating phylogenies by ME implies determining both the
evolutionary distances from taxa and the edge weights associated
to each phylogeny T € 7. Estimation of evolutionary distances is
usually carried out by means of probabilistic models of sequence
evolution, such as those extensively discussed in (Felsenstein,
2004; Gascuel, 2005; Yang, 2014). These models proved to be par-
ticularly effective in capturing the dynamics of substitution events
affecting molecular sequences over time as well as successful in
quantifying the amount of change that may have separated a pair
of target taxa throughout their evolution (Yang, 2014). We refer the
reader interested in deepening the fundamental theory on mod-
els and algorithms for computing these distances to (Felsenstein,
2004; Gascuel, 2005; Yang, 2014). Concerning estimation of the
edge weights, the earliest approaches described in the literature
proposed the use of Cavalli-Sforza & Edwards’s Ordinary Least-
Squares (OLS) model (Rzhetsky & Nei, 1993).

This model encodes a phylogeny T € 7 by means of an Edge-
Path incidence matrix of a Tree (EPT) (see (Nemhauser & Wolsey,
1999) for a general introduction and (Catanzaro et al., 2009) for
detailed properties) i.e., a network matrix Y having a row for each
(unique) path in T connecting a given pair of distinct taxa and a
column for each edge. The generic entry yfj of Y is equal to 1 if
edge e belongs to the path p;; from taxon i to taxon j, and 0 other-
wise. As an example, Fig. 10(b) shows the EPT matrix correspond-
ing to the phylogeny shown in Fig. 10(a). The OLS model assumes
that the superposition principle holds at any instant of the evolu-
tionary process of taxa, i.e., that the generic distance d;; can be
considered as the sum of the estimated mutation events (i.e., the
weights) accumulated along the edges belonging to the path p;;. In
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other words, fixed both a phylogeny T € 7 and its associated EPT
matrix Y, and defined we as the weight associated to edge e in T,
the OLS models asserts that

D Yiwe=dy Vi jeTD:i#] (5)

ecE(p;j)

In general, (5) may not admit solutions, hence Cavalli-Sforza &
Edwards proposed to estimate w by means of the least-squares
method, ie. they suggested that the values p;; = Zeeﬂpu) yfjwe,

i,jeT,i+# j, should minimize the function

2
> (=) =20 (dy— X viwe
i.jel’ i.jel’ ecE(p;j)
i#] i#]
encoding the error related to the approximation of the whole evo-
lutionary process of taxa by means of a sum of mutation events
accumulated along the paths of a given phylogeny. This condition
holds when

w = (YY) 'Y'D* = Y'D* (6)
i.e., when
we=3Y > yf]TdU, VeeE(T), (7)
ljel" ecE(p;j)
i#]

where w = {w,} is the (2n — 3)-edge weight vector associated to
Y; D# is a n(n—1)/2 vector whose components are obtained by
taking row by row the entries of the strictly upper triangular ma-
trix part of matrix D; and Y! and Y' = {yf}} are the transpose and
the Moore-Penrose pseudo-inverse of matrix Y, respectively. Thus,
when the OLS model is used to estimate the edge weights of a
phylogeny, ME can be formalized as follows:

Problem 3. (The minimum evolution problem under the ordinary
least-squares edge weight estimation model)

Given a set I' of taxa, find (i) a phylogeny T € T, described in
terms of its EPT matrix Y(T), having I as leaf set and (ii) the
weights of the edges of T, such that the following length function
is minimized
Lue(T) = ) we

ecE(T)

subject to the additional constraints

we= Y Y yldj VeeE(). (8)
i,jel" eeE(pyj)
i#]

It is easy to see that Problem 3 is a particular case of
Problem 1 where Ar =Ly and the constraints imposed by Qr
are we — Zi,jer ZeeE(pij)yiedeij =0, for each edge e € E(T).

1
Rzhetsky #811 Nei (1993) showed that if the distance matrix D
is an unbiased estimate of the true distance matrix from taxa,
then the optimal solution to (8) is statistical consistent. This mile-
stone result proved Kidd & Sgaramella-Zonta (1971)'s conjecture
and constitutes the main pillar of the theoretical foundations of
ME.

2.3. The balanced minimum evolution criterion

Rzhetsky & Nei (1993) observed an undesirable aspect related
to the optimal solution to (8): whenever D is a biased esti-
mate of the true distance matrix from taxa, the optimal solution
to (8) may be characterized by negative edge weights, which are
void of biological meaning (Gascuel, 2005). The occurrence of neg-
ative edge weights may be interpreted as the presence of (pos-
sibly concurrent) wrong assumptions, such as the wrong choice
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Fig. 11. An internal edge e of a phylogeny T and the associated and four subtrees
inducing a partition of I' into the subsets I'y, I';, I'5, and I'4, respectively.

of the probabilistic model used to estimate the evolutionary dis-
tances from taxa and/or the non-subsistence of the superposi-
tion principle throughout the evolution of taxa. Many authors
(see, e.g., Felsenstein, 1997; Gascuel & Levy, 1996; Hubert & Ara-
bie, 1995; Makarenkov & Leclerc, 1999) tried to find ways around
the occurrence of negative edge weights, including exploring their
possible biological interpretations (Felsenstein, 2004) as well as
thes design of methods and algorithms to include in (8) the non-
negativity constraint we > 0, for all e € E(T), i.e., solving the fol-
lowing problem:

Problem 4 (The minimum evolution problem under the ordinary
least-squares edge weight estimation model with positivity con-
straint). Given a set I of taxa, find (i) a phylogeny T e T, described
in terms of its EPT matrix Y(T), having I" as leaf set and (ii) the
non-negative weights of the edges of T, such that the following
length function is minimized

Luepc(T) = ) We

ecE(T)

subject to the additional constraints

We > Z Z yf;rdij, Y eecE(T)
i,jel" ecE(pjj)
i#]j

we>0, VecE().

However, as observed in (Gascuel, 2005), these research efforts
did not lead to satisfying conclusions. The publication of Pauplin’s
article in 2000 marked a turning point on this issue (Pauplin,
2000). Specifically, the author questioned the biological interpre-
tation of the dependency of the entries of vector w on the topol-
ogy encoded by Y under the OLS model. This dependency can be
described by means of the phylogeny shown in Fig. 11: for each
internal edge e = (u,v) € E(T) of a fixed phylogeny T, consider the
four subsets of taxa I'y, I'y, I'3, and I'4 belonging to the four sub-
tree rooted in the vertices that are endpoints of the edges incident
to u and v; then, it holds that Ule =T and I'iNnT; =g, for all
distinct i, j € {1,...,4}; then, under Rzhetsky & Nei's OLS model,
the weight associated to edge e can be computed as

1
We :i |:)"(6r1\r4 + 8r2|r3) + (1 - )")(81“]|1"3 + 6r‘2|r4) - (8r1|r2 + 8r3\r4):|
(9)
where |T';| denotes the cardinality of T';, i € {1,...,4}, A is defined
as
_ ITlITs] + [T | Ty
IT1 U] - T3 Uy

(10)

and the average distance 81-1,“-}_ between the subsets of taxa I';, I'j C
I' is defined as

1
orir, = == dys. 1
Fx|r1 |F1||F]| ; s ( )

sel;
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Fig. 12. An external edge e of a phylogeny T and the associated and three subtrees
inducing a partition of " into the subsets {i}, ['1, and Iy, respectively.

Similarly, in the case of an external edge, such as e in Fig. 12, the
corresponding weight can be computed as

1
we =5 (8tir, +qiir, = dryir,)- (12)
Equations (9) and (12) tell that the edge weights of a given

phylogeny T can be stated exclusively in terms of average (esti-
mated evolutionary) distances between subsets of taxa. The value
of A is correlated to the topology of T encoded by Y by means
of the Moore-Penrose pseudo-inverse and acts as a weight in (9).
Now, Pauplin (2000) observed that, the average distance (11) can
be equivalently defined in the following recursive way:

8F’M‘j = [Tl

[Cq ;
1r0rr, + (e dryr, otherwise,

(13)

with I'; = T'p UTg. The author observed that this new expression
makes it explicit that under the OLS model certain edges of a phy-
logeny may be weighted more than others and this fact, in general,
is not supported by any biological evidence or rationale. Hence,
given a phylogeny T of I', two disjointed subtrees of T having I;
and I'; as respective subsets of taxa, and two further subsets of
taxa I'p and g such that I'; = 'y U g, Pauplin proposed to re-
place Eq. (13) by the following recursive formula

d;; if I; = {i} and T; = {j};

T _
Sri\rj_ 1sT
27Ty

14
+30f,p, otherwise. (14)

Pauplin’s showed that under this definition of average dis-
tance, (9) becomes

1 T T T T 1 T T
We :Z(‘Smn + 6r2|r3 + 5F1|F3 +8r2|r4) - 5(8F1\F2 +8F3\r4)’
(15)
(12) becomes
1
we =5 (8fyir, + i, = 8tyr, ), (16)

and the length of the given phylogeny T becomes precisely (1),
i.e, a mere function of both the topology of T and the esti-
mated evolutionary distances. Thus, the problem of finding the
minimum length phylogeny under Pauplin’s edge weight esti-
mation model, usually referred to as Balanced Minimum Evolu-
tion (Gascuel, 2005), can be stated as follows:

Problem 5. (The balanced minimum evolution problem)

Given a set I of taxa, find an phylogeny T € 7 having I" as leaf
set and minimizing the following length function
Lry=> > Sty (17)

iel’ jeI'\{i}

It is easy to see that Problem 5 is a particular case of
Problem 1 where Ap =L(T) and no additional constraint is
present apart from the implicit T € 7. The attribute “balanced” as-
signed to Problem 5 indicates that the number of times each evo-
lutionary distance appears in the summation of all edge weights is
normalized, by reflecting so the fact that all of the edge weights
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are treated (or “weighted”) in the same way. As showed in Desper
& Gascuel (2004), the phylogeny having the shortest BME length
(i.e., the optimal solution to the BMEP) is statistically consistent
and its edge weights are always positive whenever the entries
d;; are actually distances, i.e., they satisfy the triangle inequality.
Moreover, the topological accuracy of the optimal solution to the
BMEP currently constitutes the state-of-the-art, being far better
than any other distance method described in the literature (Lefort
et al,, 2015; Vinh & von Haeseler, 2005). The overall good perfor-
mance of the BME can be possibly explained by the fact that it acts
as a Weighted Least-Squares (WLS) edge weight estimation model,
i.e,, as a model in which the vector w is estimated as

w = (YIV-1Y)-1yty-1p2, (18)

where V is a n(n—1)/2 xn(n—-1)/2 diagonal matrix whose
generic diagonal entry v;; encodes the variance of the evolutionary
distance d;;. In particular, when v;; o 27, i.e., when the variance v;;
is proportional to the exponential of the path-length 7;;, then the
length of the phylogeny encoded by Y becomes precisely (1). Thus,
the BME acts de facto as a minimum variance tree length estima-
tor, with variances that are consistent in a biological context when
large evolutionary distances have a much higher variance than the
shorter ones (see (Gascuel, 2005) for more information).

The need to analyze larger and larger molecular datasets by
guaranteeing at the same time a certificate of statistical consis-
tency of the solution or a bound on the error related to the ap-
proximation of the optimal solution to the BMEP, motivated over
two decades of research efforts on the problem. The next sections
will review and classify the outcomes of these efforts, by starting
from the combinatorics of the BMEP.

3. Combinatorial and optimization aspects of the BMEP

The compact statement of the BMEP hides deep optimiza-
tion aspects that relate its combinatorics to those of well-known
problems, such as the Traveling Salesman Problem (TSP) (Lawler,
Lenstra, Kan, & Shmoys, 1985) and the Huffman Coding Problem
(HCP) (Catanzaro et al., 2015; Catanzaro et al., 2013a; Catanzaro
et al.,, 2012; Catanzaro et al., 2020b; Parker & Ram, 1996). In this
section we review these aspects, by starting from Semple & Steel’s
interpretation of the BMEP length function (1) and by subsequently
discussing the complexity aspects of the problem as well as the re-
cent advances on its polyhedral combinatorics. Fig. 13 graphically
summarizes the main stages of this development.

3.1. On the combinatorial interpretation of the BMEP length function

As observed in the previous sections, the BME allows to ex-
press the length function of a phylogeny T just in terms of esti-
mated distances d;; and path-lengths 7;; between pair of distinct
taxa i, j e I'. This aspect, together with the curious form of the
term 2%, led Semple & Steel (2004) to investigate the combina-
torial nature of the BMEP objective function. The authors started
from Makarenkov & Leclerc (1997)'s notion of a circular order as-
sociated to a given phylogeny T of a set I' of n taxa, i.e., a partic-
ular type of permutation 7 of the taxa in I' constructed by con-
sidering a graphic planar representation of T and by performing
the following steps: choose arbitrarily a leaf/taxon of T and set
it as the first element of m; then, index the remaining taxa ac-
cording to a circular (i.e., clockwise) scanning of the leaves (taxa)
of T (Makarenkov & Leclerc, 1997). As an example, consider the
phylogeny T of six taxa in I' shown in Fig. 14(a) and suppose to
choose taxon 1. Then, the planar representation of T defines the
circular order m; = (1,2,3,5,6,4). In the case of Fig. 14(b), the
circular order becomes m, = (1,4, 5,6, 3, 2). In both figures these
circular orders are highlighted by the orange dashed arrows that
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Fig. 13. Graphical representation of the development of the BMEP’s combinatorics, since Pauplin (2000)’s article. The dark gray stages represent articles studying the poly-
hedral combinatorics of the BME polytope, including Eickmeyer et al. (2008)'s conjectures, Haws et al. (2011)’s faces, Forcey et al. (2015)'s complete description of the BME
polytope for n =5, Forcey et al. (2017)'s further facets of the BME polytope and combinatorial connections with the permutoassociahedron, Devadoss et al. (2019)’s connec-
tions of the BME polytope with split-networks, and Catanzaro et al. (2020b)’s recent advances. The blue stages represent articles presenting the combinatorial interpretation
of the BME length function (Semple & Steel, 2004) as well as complexity results (Fiorini & Joret, 2012; Frohn, 2020).

Fig. 14. (a) By starting from taxon 1 and by following the orange dashed arrows, we obtain the permutation 7, = (1,2, 3, 5, 6, 4), which constitutes an example of a circular
order on the given phylogeny T of six taxa. This permutation can be seen as derived from an Eulerian circuit on T (shown in black dashed arrows) by removing the internal
vertices that figures in the circuit. (b) An alternative example of a circular order on the same phylogeny. (c) An example of a permutation 7 of I" that is not a circular order
on the same phylogeny T: the circuit through T induced by 7 forces to cross the bold edges more than twice..

scan clockwise the leaves of the phylogeny. In contrast, the per-
mutation 7. = (1, 2,5, 3,4,6) given by the orange dashed arrows
depicted in Fig. 14(c) is not a circular order, e.g., because the po-
sitions of taxa 3 and 5 in 7 should be swapped (taxon 3 precedes
in clockwise terms taxon 5 in the given phylogeny). We observe
that the notion of a circular order is strictly related to the notion
of Eulerian circuit on a phylogeny T. In fact, by scanning clockwise
the taxa of T in the planar embedding, each edge of T is traversed
exactly twice before coming back to the initial taxon. Hence, given
an Eulerian circuit on T (e.g., the one obtained from black dashed
arrows in Fig. 14(a)), a possible circular order can be obtained by
choosing arbitrarily the first taxon and by subsequently removing
the internal vertices of the phylogeny T that figures in the Eulerian
circuit.

Let (i) denote the i-th element of a given permutation 7 of
I". Also assume, by convention, that with w(n+ 1) = 7 (1). Then,
Semple & Steel observed (i) that a circular order decomposes T
precisely into n paths py gz s1y, i € {1,...,n}; (ii) that every edge
that is incident to a taxon occurs in exactly two of the paths
Pr()z(2) --+» Prmyx)s and (iii) that every edge that is incident
only to internal vertices occurs in a positive and even number y
of paths p;(1)72) ---» Pr(myz(1)- Then, the authors showed that a
permutation 7 of I" is a circular order on T if and only if y = 2.
As an example, this property holds true for 7, = (1,2,3,5,6,4)
in Fig. 14(a) whereas it is not satisfied by 7. = (1,2,5,3,4,6) in
Fig. 14(c), as the bold internal edges occur more than twice in
Pr()z2): - +» Prmyz)- Semple & Steel also observed that for a
fixed phylogeny T there exists 22 out of n! permutations of the
set I that are circular orders on T. Based on these results Semple
& Steel proved that if

dij= Z we Vi jel (19)
ecE(pij)

then
|

2UT) =2 We= dr(iymiis1)

ecE i=1
In other words, if (19) holds true, the length function of the BMEP
is equal to half the length of the Hamiltonian cycle encoded by
a circular order r of I'. Moreover, the authors also proved that,
because the length of a phylogeny does not depend on the choice
of 7, also the following equation holds true:

1< i
> jzdrf(k)n(kﬂ) => > %dij

mell(T) k=1 iel’ jel'\({i}

1

HD = 1)

(20)

where I1(T) denotes the set of the circular orders of I" induced
by T and p;; is the fraction of circular orders in which taxon j
immediately follows taxon i. By observing that (n—2) — [V(p;;) \
{i. j}l = (n—2) — (;; — 1) is the number of internal vertices of T
not belonging to the path p;;, we can conclude that the number of
circular orders that in which taxon j immediately follows taxon i
is equal to 22~;=1 Then, by observing that

Wij 2m=2)—(ry-1)  (-2)—(g;=1)
2 T 2[m| - 2T
it follows that (20) becomes precisely (17).

1
=2 i

3.2. Complexity results

Deciding the complexity of the BMEP remained an open prob-
lem for more than a decade since its introduction. Fiorini & Joret
(2012) succeeded in showing that the BMEP is NP-hard and
inapproximable within c", for some constant ¢ > 1, unless P =
NP. Their proof uses a reduction from the 3-Colorability Prob-
lem (3CP) (i.e., the problem of deciding whether the vertex set of



D. Catanzaro, M. Frohn, O. Gascuel et al.

a given undirected graph G can be partitioned into three stable
sets) (Garey & Johnson, 2003), and consists of showing the exis-
tence of a bijection between the set of colors of the 3CP and the
vertices of a phylogeny constituted by a centroid (Jordan, 1869) and
three caterpillars connected to it, so that G is three-colorable if and
only if the length of the phylogeny so constructed satisfies specific
criteria.

Interestingly, Frohn (2020) recently showed that the BMEP re-
mains APX-hard even if the topology of the phylogeny is fixed and
one wants to assign the taxa to the leaves of this fixed topology so
as to minimize the BME length function. Frohn (2020)’s result on
this particular restriction of the BMEP, known in the literature as
the Fixed-Tree BMEP (FT-BMEP) (Aringhieri et al.,, 2011), seems to
indicate the presence of strong ties between the combinatorics of
the BMEP and the Quadratic Assignment Problem (QAP) (Cela, 1997).
Exploring systematically these ties could provide new approaches
to solution of the BMEP.

3.3. On the polyhedral combinatorics of the BMEP

The NP-hardness of the BMEP has justified two decades of re-
search efforts aiming to characterize both fundamental properties
of phylogenies and the convex hull of the feasible solutions to the
BMEP (hereafter referred to as the BME polytope) with a view to
developing effective exact solution algorithms able to tackle larger
and larger instances of the problem. In this section we summarize
the major achievements obtained so far on the polyhedral combi-
natorics of the BMEP, by starting from the review of the funda-
mental properties that characterize the set ® of the path-length
matrices T that encode the phylogenies of T'.

As a first step, we observe that, because any path-length matrix
T € © encodes path-lengths on an UBT, its entries 7;; must be inte-

gers in the discrete interval {2,...,n — 1}, satisfying the following
necessary conditions (Catanzaro et al., 2020b):
7 =0 Viel (null diagonal path-lengths) (21)
=15 Vi jel:i<j (symmetry equalities on path-lengths)
(22)
Ti+Ti—Tk =2 V i jkel:iz#j#k
(triangular inequalities on path-lengths). (23)

Moreover, because any path-length matrix 7 € ® must encode an
unrooted binary tree, the rows of t must satisfy Kraft’s equali-
ties (Catanzaro et al., 2012; Catanzaro et al., 2020b; Parker & Ram,
1996):

> 2=y Viel
jer\{i}
Kraft's equalities carry a specific combinatorial meaning. Specif-
ically, if Kraft's equality holds on the i-th row of a path-length
matrix t, then the i-th row encodes a binary tree rooted in
taxon i (see, e.g., Fig. 15). In other words, each of the Kraft’s
equalities allows to capture in a closed form both the connectivity
constraint typical of acyclic graphs and the respect of the degree
constraint on the internal vertices of such a graph. If a T matrix
satisfies (24) then its rows describe a forest of n binary trees each
rooted in the respective taxon i € I'. The trees in this forest, how-
ever, do not encode in general the same phylogeny. For example,
all of the rows of the path-length matrix of Fig. 15 satisfy (24) but
the resulting forest of trees does not encode the same phylogeny:
each taxon i wants to have a path-length 3 from all of the re-
maining taxa and this is not congruent with the fact of having a
unique phylogeny. Kraft's equalities are therefore just necessary
conditions that must be satisfied by any path-length matrix T € ®.

(24)
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Fig. 15. The ith row of the t matrix on the left encodes the binary tree rooted in
taxon i on the right. Note how the entries of this specific row satisfy (24).

A further condition that a path-length matrix T € ® must sat-
isfy arises from the relationships between the length function of
the BMEP and information entropy (see Catanzaro et al., 2020a and
Section 5) and it is usually referred to as the equation of the phy-
logenetic manifold (Catanzaro et al., 2012):

> 2 =(2n-3).

iel’ jel'\{i}

(25)

This equation ties the entries of all of the rows of any path-length
matrix 7 € ® and, in the context of information theory, it describes
a manifold having cross entropy equal to the number of edges of a
phylogeny of n taxa (i.e., 2n — 3) (Catanzaro et al., 2020a).

Egs. (21) —=(25) are independent. As an example, the following
minimal-dimension matrix

0 3 3 3 3
3

0 3 3 3
3 3 0 3 3
3 3 3 0 3
3 3 3 3 0

satisfies all the considered conditions but (25). In fact,
Yoy w2 = ? #7=(2n-3).
iel’ jel;

Similarly, the following matrix

(S BN NS, IS, NS, N )
A wNNNOoO
BHwnNno NG
B wo o
O Www s
(== N SN S SS

satisfies all the considered conditions but (24). In fact, we have
that

> 27 =0.1875 # %

Jjel

Furthermore, the following minimal-dimension matrix

AN WS
WA NWOW
AUNnowu
WUToO N AU
wowul AN
O W Wb WA

satisfies all of the considered conditions but the triangular inequal-
ities (23). In fact, o + T2 — T3 =1< 2.

It is worth noting that because any path-length matrix 7 € ®
must encode a tree, the triangular inequalities (23) can be further
generalized by means of Buneman’s additive property (Buneman,
1971; Erdos, Steel, Székély, & Warnow, 1999; Waterman et al.,
1977), which states that a given graph is a tree if and only if any
quartet of its vertices, say i, j, p and q, satisfies exactly one of the
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following conditions:
Tij+ Tpg +2 < Tig+ Tjp = Tip + Tjg
Tig + Tjp +2 < Tij + Tpg = Tip + Tjg
Tip+ Tjg +2 < Tijj + Tpg = Tig + Tjp-

(26)

It is easy to see that (23) is a restriction of (26) when i, j, p
and q belong to I and e.g., p =q. Now, conditions (21)-(22) and
(24)-(26) are necessary to characterize ®, but proving (or disprov-
ing) the following conjecture still remains an open problem:

Conjecture 2. Are conditions (21)-(22) and (24)-(26) sufficient to
characterize ®.

Addressing this conjecture implies proving (or disproving)
whether Buneman’s additive property restricted just to quartets of
taxa (rather than to the whole vertex set of a phylogeny) may im-
ply the acyclicity of the combinatorial structure encoded by t. If
these conditions should prove sufficient, it would be possible to
develop compact mixed integer programming formulations for the
BMEP.

The presence of nonlinearities in the above equations is an ob-
stacle for the study of the polyhedral combinatorics of the BMEP
and suggests the search for spaces in which at least one between
(24) and (25) can be linearized. Forcey et al. (2015, 2017), and
Catanzaro et al. (2020b) proposed to linearize Kraft’s equalities,
i.e., to study the polyhedral combinatorics of the BME polytope not
in the space of the path-length matrices t € ®, but rather in the
space of the n x n matrices X, whose generic entry

xj=2""1" Vijel. (27)

Specifically, by (27), each matrix X is symmetric, diagonal domi-
nant and has nonnegative entries such that its rows and columns
sum to 3 - 2"2, The bijection (27) induces the following n(n + 3)/2
linear independent conditions on the entries of each matrix X,
which are analogous to conditions (21), (22), and (24) for the path-
length matrices T € ©:

X =21 Viel (28)
Xij = Xji Vijel:i#] (29)
inj — 2 Viel. (30)

Jjely

Note, in particular, how Kraft’s equalities becomes linear in (30).
Catanzaro et al. (2020b) defined X as the set of the matrices X en-
coding the phylogenies of I" via (27) and denoted Space(X) as the
vector space of minimal dimension that includes X. The authors
showed that there exists a particular set of caterpillar phylogenies
with n leaves that form a basis for Space(x’). Thanks to this re-
sult it was possible to establish fundamental structural properties
of the BME polytope, including, from among others, the character-
ization of its vertices as well as its dimension, equal to

(-

From a historical perspective, the first use of Space(X) was intro-
duced in the literature by Eickmeyer et al. (2008) in 2008, with
the intent to characterize, by means of polyhedral arguments, the
approximation ratio of a well-known constructive heuristic for the
BMEP known as the Neighbor-Joining (N]) tree (see Gascuel & Steel,
2006; Saitou & Nei, 1987; Studier & Keppler, 1988 and Section 4.2).
The authors considered the vectors

(31)

vr = (12, U135 - - -, M(n—1)n)

1
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associated to each phylogeny T € 7 and conjectured that the
starting point of the N]J tree, i.e., a star graph with n terminal
leaves, must lay at the center of the convex hull of these vectors.
The authors also conjectured that because the vectors vy belong
to R() and their respective entries (4;j) jer\(;) must satisfy Kraft's
equalities (24) for each ie I, then the dimension of the BME
polytope should have been equal to (31). Three years later, a
coauthor of Eickmeyer et al. (2008), namely Ruriko Yoshida, tried
a second attack to the BME polytope in Haws et al. (2011), by
providing the description of some faces of the BME polytope.
The proofs of Eickmeyer et al. (2008)'s conjectures as well as
the description of some fundamental facets of the BME polytope
came almost a decade later, thanks to the results of Forcey et al.
(2015, 2017) and, more recently, of Catanzaro et al. (2020b). In
particular, Forcey et al. (2015) studied the BME polytope in small
dimension and they succeeded in characterizing all of its facets for
n=>5 and some of the facets for n = 6. The authors did not use a
standard polyhedral approach to assess the facet-defining nature
of a given inequality. They rather used topological arguments
such as the fact that in a phylogeny the maximum value of a
path-length is (n—1); the fact that there can not exist three
taxa having path-length two from another one; and the fact
that a fixed (circular) assignment of taxa yields a lower bound
on the length of a tour through the tree. These arguments, led
to three families of facet-defining inequalities for n =5, two of
which appear in Table 1. Remarkably, Forcey et al. (2015) showed
that some of these inequalities remain facet-defining even for
generic n.

Forcey et al. also investigated the combinatorial similarities re-
lating the BME polytope to other polytopes, with a view to iden-
tify new facet-defining inequalities for the problem. In Forcey et al.
(2015) they studied the connections between the BME polytope
and the Birkhoff polytope, by showing their combinatorial equiv-
alence for n=>5. In Forcey, Keefe, & Sands (2017), the authors
focused on the connections between the BME polytope and the
permutoassociahedron KP;, (Billera, Holmes, & Vogtmann, 2001;
Forcey et al., 2017; Kapranov, 1993; Reiner & Ziegler, 1994) and,
by projecting 2"-2 vertices of the KP, onto the BME polytope,
the authors succeeded in establishing a surjection between fam-
ilies of their respective faces that enabled the identification of
the so called split-facets of the BME polytope (third family of
inequalities in Table 1). This result, combined with the previ-
ous findings discussed in Forcey et al. (2015), allowed the au-
thors to define a polytope, called the splitohedron, that contains
the BME polytope and fully characterizes it for n < 11. Catanzaro
et al. (2020b) extended Forcey et al. (2015, 2017)’s results, by un-
veiling new families of facet-defining inequalities for n > 6, valid
inequalities, and a polynomial-time oracle to recognize the ver-
tices of the BME polytope. As in Forcey et al. (2015), the as-
sistance of Polymake (Gawrilow & Joswig, 2000) was fundamen-
tal to assess the facet-defining nature of given families of in-
equalities. This reverse engineering approach currently seems to
be the only viable way to analyze the polyhedral combinatorics
of the problem, mainly due to a lack of general properties to
assess the linear independence of a system of matrices in the
Space(X).

Recently, Devadoss, Durell, & Forcey (2019) extended the poly-
hedral combinatorics of the BME polytope also to the context of
phylogenetic networks. In particular, starting from the results dis-
cussed in (Forcey et al., 2017), the authors studied the combina-
torics of the level-1 split networks (Huson, Rupp, & Scornavacca,
2011), by showing that their convex hull shares families of facets
with the BME polytope.
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Table 1
List of the known facet-defining inequalities of the BME polytope when assuming n = 6.
Facet
Number Facet-defining inequalities Reference
1 Xij>1 For all distinct i, je " Forcey et al. (2015, 2017)
2 Xij + Xjje — Xy < 2773 For all distinct i, j ke T’
3 ijesyizjXij < (k—1)2n3 For any S1,S, c T :S$1NS =0,|S1|=3
4 27754, + 2Ky, + Xipiy, = 52070 For all distinct iy, ip,i3 € T’ Catanzaro et al. (2020b)
5 2M4%; 4, + 2"y + Xiyiy, > 272
6 204%; 4, — Xiyi, = 0 For all distinct iy, ip,i3,i4 € T
7 Xiyiy + Xiyiy + Xiyiy + Xiyiy = (4+ )2k For all distinct iy, iy, i3, i4,i5 € T
k=%],p=n-3k
8 2Xi,i, + 24,0, + Xigig = 8 For all distinct iy, iy, i3, i, 15,15 € T
9 Xiyiy + Xy — 2", < 204
10 2Xi,i, + Xiyiy + Xigiy + Xigis + Xigig + Xiig + Xipiy = 16
11 —2Xi,i, + TXijiy + TXiyi, + TXiyis + 7Xiyig > 40
12 PXigiy + X5 Xy iy = 27K 3 (k42— p) + 0 For all distinct i, ip, ..., ipel
k=5],p=n-2k
Valid but not facet-defining inequalities
13 Xiyiy + Xiyiy + Xiyi, = 3+ )2k k=%],p=n-3k Catanzaro et al. (2020b)
o, (o0)
Pardi
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Aringhieri et al. Catanzaro et al.
©
""';‘;“" Parallel
Force
Enum.
Catanzaro & Pesenti
Agorthm
Fiorni & Joret
Approxim
@
‘Approx. v
@ SwA

Desper & Gascuel

w (=)

‘ . NJsNNI
Local
Searches &
FASTENNI

Catanzaro et al.

............... FASTME 2
................. *

Lefort et al.

Fig. 16. A graphical taxonomy of the solution approaches for the BMEP currently described in the literature. We can distinguish between exact (gray line) and approximate
(blue line) solution approaches. The exact approaches can be classified into implicit and explicit enumerations; the implicit enumerations can be further classified in function
of the type of lower bound used. The approximate algorithms can be classified into approximation algorithms, heuristics, local searches and metaheuristics. The red lines
represent the current state-of-the-art solution approaches. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this

article.)

4. Computational aspects of the BMEP: A taxonomy of the
literature

In this section we present a possible taxonomy of the solution
approaches to the BMEP currently described in the literature. We
will start by describing the exact solution approaches, by distin-
guishing between contributions based on brute-force enumeration
and implicit enumeration algorithms based either on combinatorial
bounds or on mathematical programming. Subsequently, we will
discuss the approximate solution approaches, by presenting the ap-
proximation algorithms, the heuristics known so far as well as the
local searches and the metaheuristics. Fig. 16 provides a graphical
representation of this taxonomy and highlights the current state-
of-the-art in the respective areas.

12

4.1. Exact approaches

The earliest exact approach to solution of the BMEP was pro-
posed by Pardi (2009) in 2009. Based on Semple & Steel (2004)’s
combinatorial interpretation of the length function, the author de-
rived some combinatorial lower bounds on the value of the opti-
mal solution to the BMEP by determining how much the length of
a partial phylogeny T’ of T (i.e., the phylogeny of a subset I’ of T")
can increase when inserting a taxon k € I' \ I'” and its direct ances-
tor k" in T’ (i.e., when replacing an edge (i, j) of T’ by the triplet of
edges {(i, k'), (k, k'), (K', j)}). Subsequently, Pardi (2009) combined
these lower bounds with an ingenious implicit enumeration of all
of the possible solutions to the problem so as to obtain a branch-
&-bound algorithm able to solve instances of the problem con-
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Table 2
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Number of phylogenies and unlabeled phylogenies for increasing number of taxa. The general for-
mula for the unlabeled UBTs is quite long and is omitted. The interested reader may however
find more information at https://oeis.org/A000672, accessible by clicking on the hyperlink AO00672

provided in the table.

Phylogenies Phylogenies
Number of Taxa  Labeled Unlabeled  Number of Taxa  Labeled Unlabeled
3 1 1 14 3.2.10" 135
4 3 1 15 7.9.101 265
5 15 1 16 2.1-10" 552
6 105 2 17 6.2.10 1132
7 945 2 18 1.9.107 2410
8 10,395 4 19 6.3.10" 5098
9 135,135 6 20 2.2.10%° 11 020
10 2,027,025 11 25 2.5.10%8 565 734
11 34,459,425 18 26 1.19.10% 1265 579
12 654,729,075 37
13 1.4.10%° 66 n (2n-5)!! A000672

Fig. 17. An unlabeled phylogeny with seven leaves.

taining up to 20 taxa within one hour computing time (Catanzaro
et al.,, 2012).

An alternative exact solution approach for the BMEP was pro-
posed by Aringhieri et al. (2011) in 2011. The authors exploited
the concept of tree-isomorphism (Kreher & Stinson, 1999) among
phylogenies to implicitly explore the solution space of the prob-
lem. Specifically, two phylogenies T;, T, € T are called isomorphic
if there exists a graph isomorphism between T; and T, i.e., a bi-
jection v from the vertex set of T; to the vertex set of T, such
that two vertices, say u and v, are adjacent in T; if and only if
Y (u) and ¥ (v) are adjacent in T,. Phylogeny isomorphism defines
an equivalence relation in 7 which is captured by the concept of
unlabeled phylogeny. For example, the phylogeny in Fig. 2 belongs
to the equivalence class of the unlabeled phylogeny shown in
Fig. 17.

Now, it is worth noting that the phylogenies in 7 can be gen-
erated by starting from the knowledge of the equivalence classes
(i.e., unlabeled phylogenies) in which the set 7 is partitioned. In
fact, given an unlabeled phylogeny U of I' and denoting by L the
set of its n leaves, any phylogeny T € 7 belonging to the class U
can be defined by means of an assignment of the taxa in I' to
the leaves in L, i.e.,, by means of a bijective mapping f: I — L.
Aringhieri et al. (2011) exploited this insight to develop a pos-
sible exact solution approach for the BMEP based on the itera-
tion of the following two operations: (i) choose an unlabeled phy-
logeny U of I', and (ii) assign the taxa in I' to the leaves of U
so as to minimize (1). This approach, called Non-isomorphic Enu-
merative Approach (NEA), has two fundamental advantages: first,
the number of unlabeled phylogenies for an increasing number n
of taxa is a function that, though exponential in n, grows much
slower than the corresponding number of phylogenies of I" (see
Table 2); second, the (quadratic) assignment subproblem (ii) on
each unlabeled phylogeny can be processed independently of the
others; hence, it can be parallelized. These characteristics allowed
Aringhieri et al. (2011) to solve instances of the BMEP larger than
Pardi (2009) within the same time limit.

Catanzaro et al. (2012) introduced in 2012 the first implicit
enumeration algorithm for the BMEP based on mathematical
programming. The authors inspired to the strong combinatorial
connections existing between the BMEP and the Huffman Coding
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Problem (HPC) (Parker & Ram, 1996) to identify some fundamental
equalities describing UBTs (namely (24) and (25)). Then, they com-
bined these equalities with Buneman’s conditions (26) to derive
a (polynomial-sized) Integer Linear Programming (ILP) formulation
for the BMEP that can be summarized as follows. Denote I" and
V as the set of external and internal vertices of a phylogeny, re-
spectively, and let L denote the set {1,2,3,..., (n—1)}. Moreover,
define the following binary decision variables:

1 ifr;=k .. .
k i
Xi {0 otherwise Vi jel'UV,i#jVkel
and
yq[ _ 1 if Tir + jqu > 'L','q + Tjt
ij 0 otherwise

for all i, j,q,t e T UV,i# j#q#t. Then, Catanzaro et al. (2012)’s
ILP formulation of the BMEP reads as follows:

Formulation.
min Y 3 di| > 27K«
iel’ jel’ keL\{1}
J#
sty xi=1 VitjeluV (32)
kel
X =« Vi<jeluV,kel (33)
—kyk 1 ;
> 2= Viel (34)
jeT keL\{1}
J#
D k27NN X =(2n-3) (35)
kel iel’ jeI'\{i}
k#1

Vitj#q#te UV
(36)

Dok +x5) = D k(g +x5) + 2n—2)y]
kel kel

Vitj#q#tel UV
(37)

DOk +x6) = YOk +x) + @n—2)(1 —yf)
kel kel

Vitjel (38)
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D oxp=1 Viel (39)
jev
> xi=3 VieV (40)
jerrwv
J#
XX+ X <2 Vigj#leV (41)
X+12xV4xl, Vizjel.leVikel\{l.n-1} (42)
x5+x§jk’2)+1 in(lk’l)erl]j Vi£j#lelTuV,kelL\{1,2,n-1}
(43)
xf; € {0,1} Vi,jeT UV, kel (44)
y;?jfe{o,l} Vi£j#q#telUV. (45)

The convexity constraints (32) ensure that in any feasible solution
to the problem the path connecting the pair of taxa i and j is char-
acterized by exactly one length. Constraints (33) impose Eq. (22).
Constraints (34) encode Kraft’s equalities (24). Constraint (35) im-
pose Eq. (25). Constraints (36) and (37) impose the Buneman’s con-
ditions (26). The subsequent set of constraints (38)-(43) impose
that the set of edges encoded by variables x,?j form an UBT. Fi-
nally, the last two constraints impose the integrality of variables
x and y. Catanzaro et al. (2012)’s ILP formulation is characterized
by very tight linear programming relaxations (generally below 2-
3% from the optimum). However, the relative solution times of
such formulation prove to be particularly slow, mainly due to the
presence of a large number of y variables. Any attempt to project
those variables out from the formulation (e.g., by using a Ben-
der’s decomposition approach (Martin, 1999)) proved inefficient.
Hence, the authors proposed the use of a branch-and-bound ap-
proach in which (i) the topology of the phylogeny was explicitly
taken into account by means of a step-wise insertion algorithm
similar to the one already proposed in (Pardi, 2009) and (ii) the
lower bound for a generic node of the search tree was computed
by means of a relaxation of the above ILP consisting just of con-
straints (32)-(35). This relaxation, in fact, is characterized by values
of the linear programming relaxations close to the one provided by
the ILP formulation. The resulting algorithm outperformed Pardi’s
and Aringhieri et al. (2011)’s approaches by proving able to solve
instances of the BMEP containing up to 26 taxa within 1h com-
puting time. This performance makes Catanzaro et al. (2012)’s ap-
proach the current state-of-the-art exact solution algorithm for the
BMEP. However, it is worth noting that many practical instances
of the problem include hundreds, or even thousands, of taxa (see,
e.g., SARS-CoV-2 genomes available at https://www.ncbi.nlm.nih.
gov/genbank/sars-cov-2-seqs/). Because the optimal solution to the
BMEP is statistical consistent, developing new exact solution al-
gorithms able to tackle instances of the BMEP much larger than
Catanzaro et al. (2012)’s algorithm is highly desirable. The use of
specific tree-coding schemes mixed to ILP and parallel program-
ming seems a promising way to ensure this result. Specifically,
Catanzaro & Pesenti (2019) recently presented a brute-force ap-
proach to enumerate all of the vertices of the BME polytope. The
authors encoded phylogenies by means of Priifer codes (Caminiti,
Finocchi, & Petreschi, 2007) and showed techniques to massively
parallelize this enumeration both on CPUs and GPUs as well as an
optimal algorithm to compute the length of a given Priifer code
encoding a phylogeny T e 7. Investigating ways to compute lower
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bounds in Catanzaro & Pesenti (2019)’s framework could trans-
form this brute-force algorithm into a massive parallel branch-and-
bound algorithm for the BMEP and possibly lead to a tool of prac-
tical use in phylogenetic analysis.

4.2. Approximate approaches

The absence of exact solution algorithms able to tackle large in-
stances of the BMEP entails the use of approximation algorithms or
heuristics to approximate the corresponding optimal solutions. In
this section, we will review the approximate solution approaches
that are currently described in the literature on the BMEP.

4.2.1. Approximation algorithms

The first - and currently unique - approximation algorithm for
the BMEP was proposed by Fiorini & Joret (2012) in 2012. In that
article, the authors showed that, despite the BMEP being APX-
hard in general, its optimal solution can be 2-approximated in
the case D is a metric matrix. This statement is based on some
combinatorial relationships existing between the TSP, the Minimum
Spanning Tree Problem (MST) (Nemhauser & Wolsey, 1999), and
the BMEP. In particular, the authors first noted that the minimum
cyclic permutation of I' (i.e., the optimal solution to the TSP in-
stance encoded by D) is always smaller than or equal to the aver-
age of the cyclic permutations of I" compatible with the optimal
tree (i.e., the optimal solution to the BMEP, see Section 3.1) (Fiorini
& Joret, 2012). Moreover, the authors also recalled that the opti-
mal solution to the TSP instance encoded by D is an upper bound
on the value of the corresponding MST instance (Garey & John-
son, 2003). Then, the authors designed an approximation algorithm
carrying out the following steps: (i) construct the MST for the
given input distance matrix; subsequently, (ii) create an extended
semi-metric distance matrix by modifying iteratively the topologi-
cal structure of the MST so as to obtain a phylogeny T of I such
that any circular order on T has length exactly twice the optimal
length of the MST. Because the error ratio between the optimal
solution to the BMEP and the length of T is two, this algorithm
2-approximates the BMEP. The authors conjectured the following
fact:

Conjecture 3. Any approximation algorithm for the BMEP based on a
MST scheme cannot have an error ratio smaller than two.

Proving or disproving the above conjecture still remains an
open problem.

4.2.2. Heuristics

There exists two main families of heuristics for the BMEP cur-
rently described in the literature on phylogenetics, namely those
based on the Stepwise Addition (SA) paradigm (Felsenstein, 2004)
and those based on the agglomerative paradigm (Gascuel, 2005).
The SA paradigm refers to a constructive heuristic that starts from
a star-tree T connecting any subset I of three taxa in I" and subse-
quently iterates the following steps until a complete phylogeny of
[ is obtained: choose a taxon k e I" \ I'; insert k into an edge e* of
T that optimizes a selected criterion; set [' = [" U {k} (see Fig. 18).
The heuristics based on the SA paradigm mainly differ from one
another by the criterion used to measure the desirability of in-
serting k on a specific edge of T. For example, Desper & Gascuel
(2002) and Pardi (2009) proposed the use of proxies derived from
Semple & Steel (2004)’s combinatorial interpretation of the length
function and able to provide an estimation of how much the length
of the partial phylogeny T including k may increase when insert-
ing k into a specific edge e of T. Catanzaro et al. (2012), instead,
proposed the use of a linear programming relaxation of Formula-
tion 4.1 constituted by constraints (32)-(35). The insertion criterion
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Fig. 18. All of the possible insertions of the taxon k into the edges of a partial
phylogeny of four taxa. The result of this insertion is a phylogeny of five taxa.

Fig. 19. The phylogeny on the right is obtained from the star-tree on the left by
“agglomerating” taxa 4 and 5, i.e., by connecting the two taxa to a common ances-
tor and by joining this ancestor to the center of the remaining star.

proposed by Catanzaro et al. (2012) is computationally more ex-
pensive than those proposed by Desper & Gascuel (2002) and Pardi
(2009); the BME length of the resulting solution, however, may
prove shorter than those of Desper & Gascuel (2002) and Pardi
(2009).

The heuristics based on the agglomerative paradigm start from
an infeasible solution to the problem (i.e., a star-tree with n taxa)
and subsequently iterate the following steps until a complete phy-
logeny of I" is obtained: select a pair of taxa, say i, j € I', that op-
timize a specific selection criterion; cluster i and j, i.e., replace i
and j by a virtual taxon v that acts as a common ancestor of the
selected pair; set I' = (I"\ {i, j}) U {v} (see Fig. 19). The agglom-
erative approach is well-known in the literature on phylogenet-
ics. It was first introduced by Saitou & Nei (1987) in 1987, under
the name of Neighbor Joining (N]) method (Gascuel & Steel, 2006;
Saitou & Nei, 1987; Studier & Keppler, 1988), and subsequently de-
clined in a myriad of variants, many of which may not be directly
related to the BMEP (Felsenstein, 2004; Gascuel, 2005). The va-
lidity of the NJ method (see Fig. 20) as a heuristic for the BMEP
was longly investigated, until Desper and Gascuel’s breakthrough
showed that it is indeed a greedy heuristic for the BMEP (see
(Gascuel, 2005)). The reader interested in a historical perspective
on this development may refer to Gascuel & Steel (2006)’s article.
The literature also provides a number of improvement heuristics,
based on local searches, that try to modify a given initial solu-
tion Ty to the BMEP so as to obtain a new one characterized by
a shorter length. These methods usually define a neighborhood of
Ty, i.e., a set of all of the possible phylogenies of I" that can be ob-
tained from Ty by applying e.g., some sort of topological change.
Typical topological changes are the Nearest Neighbor Interchange
(NNI), the Subtree Pruning and Regrafting (SPR), and the Tree Bisec-
tion and Reconnection (TBR) (see (Felsenstein, 2004) and Fig. 20).
The NNI neighborhood is obtained by considering all of the O(n)
phylogenies that can be obtained from Ty by selecting one of its
internal edges, say e = (u, v), and by swapping two subtrees con-
nected to u and v (Desper & Gascuel, 2002). The SPR neighborhood
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is obtained by considering all of the O(n?) phylogenies that can
be obtained from T, by removing a subtree and by reconnecting
it to any other edge in the partial phylogeny (Desper & Gascuel,
2002). The TBR neighborhood is obtained by considering all of the
0(n3) phylogenies that can be obtained from Ty by removing one
of its edges and by reconnecting the two connected components by
means of a new edge linking some edge in the first subtree with
some edge in the second subtree. Many phylogenetic tools and
packages implement local searches based on these three families of
neighborhoods. A notable tool is FastME (Lefort et al., 2015), which
currently constitutes the state-of-the-art for the BMEP. FastME of-
fers several variants of the above starting heuristics as well as all
the NNI and SPR neighborhoods. The tool carries out an Iterated Lo-
cal Search (Lourenco, Martin, & Stiitzle, 2003) in the solution space
of the problem, by fully exploring the considered neighborhoods at
each step of the process. The tool then stops as soon as no further
improvement on the best-so-far solution is found after a prede-
fined number of iterations.

4.2.3. Atteson’s safety radius analysis of the heuristic solutions to the
BMEP

The statistical consistency results presented in Desper & Gas-
cuel (2004) concerned just the optimal solution to the BMEP. This
issue, however, was left open for the approximate ones. Hence, in
the last two decades several authors started to investigate the rela-
tionships between suboptimality and statistical consistency, by us-
ing Atteson (1999)’s notion of safety radius of a solution algorithm
A, i.e., a measure of the ability of A to recover the same phylogeny
T when perturbing the input distance matrix of taxa. This measure
is formally defined as follows. Let D® denote a n x n symmetric
matrix whose generic entry d@ encodes the estimated evolutionary
distance between taxa i and j in I'. Let T denote the phylogeny of
I' computed by means of A when processing the input matrix DA,
Moreover, let DT denote the tree metric estimated by means of A,
i.e., a n x n symmetric matrix whose generic entry diTj represents
the sum of the edge weights belonging to the unique path in T
connecting taxon i to taxon j. Finally, let & be a positive scalar and
let wy,i, denote the smallest internal edge weight of T. Then, the
safety radius of A is the maximum over all of the possible values of
o for which if

”DT - DAHoo < 0Wnjn (46)

holds true, then A still reconstructs T when processing the in-
put matrix D2. As shown by Atteson (1999), no exact or approx-
imate algorithm for the BMEP can have a safety radius o > 1/2.
In other words, the scalar &« may vary only within the interval
[0, 1/2]. Pardi, Guillemot, & Gascuel (2010) showed that the safety
radius of any exact solution algorithm for the BMEP is precisely
1/2. Surprisingly enough, this is also the safety radius for the NJ
method (Atteson, 1999). A local search in the SPR neighborhood
has a safety radius provably greater than or equal to 1/3, inde-
pendently of the starting phylogeny considered (Bordewich, Gas-
cuel, Huber, & Moulton, 2009). Based on empirical evidence, Pardi
et al. (2010) conjectured that the safety radius of the local search
in the NNI neighborhood should be at least 1/3, independently of
the starting phylogeny considered (Bordewich et al., 2009). How-
ever, nobody provided a proof of this conjecture so far. Finally, de-
termining the safety radius of the local search in the TBR neigh-
borhood is still an open problem.

In (Gascuel & Steel, 2016) Gascuel and Steel proposed an im-
provement of Atteson’s approach that consists of replacing the in-
finite norm by the 2-norm. The authors observed, in fact, that in
biological terms the infinite norm translates into a sort of worst
case approach, while the 2-norm behaves as a sort of average case.
The authors also established upper and lowerbounds for the result-
ing safety radius.
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Neighborhoods for phylogeny T’

1. Consider the star on all taxa I' = {ry,...,rx}
and calculate the Q criterion for all r;,r; € T. ™ ™ it

. .\I/.
(drir, + dr;r, )

1

Qrir; = (k= 2)dpyr; —
[

2. Let 4,7 € T minimize the Q criterion.
Then, join neighbors 7, and 7,

3. Consider taxaI" =T\ {r,, 75} and calculate

1
dyr; = 5 (dryr; + dryr;

2 - drarb)

forall r; € I,

4. STOPif [T = 2.
Otherwise go to Step 1 for taxa I U {v}.

- All NNIs for T are given by two NNIs T; . for every edge e.

T W Ti. W e 2 W
X z X>—I—I—< Y
e e €
Y A X Y
- One possible SPR operation S for reinserting the subtree
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- One possible TBR operation S for reinserting the edge e
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Fig. 20. An example of two possible approximate approaches to solution of the BMEP. The figure on the left outlines the so called Neighbor Joining (N]J) method (Gascuel
& Steel, 2006; Saitou & Nei, 1987; Studier & Keppler, 1988) i.e., a greedy constructive heuristic that starting from an infeasible solution to the problem (i.e., a star-tree)
iteratively clusters two terminal leaves according to a specific optimality criterion, until a phylogeny of I' is obtained. The figure on the right shows three examples of
possible neighborhoods of a given phylogeny T. We can distinguish between the Nearest Neighbor Interchange (NNI), the Subtree Pruning and Regrafting (SPR), and the Tree

Bisection and Reconnection (TBR), respectively (Felsenstein, 2004; Gascuel, 2005).

5. An information theory perspective on the BMEP

The connections between the BMEP and the Huffman Coding
Problem (HCP) allowed to unveil a number of fundamental equa-
tions at the core of the combinatorics of the BMEP (Catanzaro
et al.,, 2020b). These equations are essential to determine the ap-
propriate space in which to study the polyhedral combinatorics
of the problem as well as crucial to reduce the gap between the
value of the linear programming relaxation of any valid integer
linear programming formulation for the problem and the value of
the corresponding optimal solution. The connections between the
BMEP and the HCP, however, do not limit just to these results. In
fact, as recently discussed in Catanzaro et al. (2020a), there exist
further shared aspects between the two problems that enable a
new original interpretation of the BMEP in terms of information
theory. A key aspect of this interpretation is a change of perspec-
tive on the information encoded by the matrix t associated to a
given phylogeny of I' and the input distance matrix D. Specifi-
cally, because the rows and the columns of T must satisfy Kraft's
equalities, they can be interpreted, up to a constant factor of two,
as probability distributions. An analogous interpretation is possi-
ble also for the input matrix D, provided an appropriate rescaling
of D into a doubly-stochastic matrix, i.e., a square matrix having
nonnegative entries and such that each of its rows and columns
sums to one. As shown in Catanzaro et al. (2020a), the rescal-
ing of D (i) is always possible, thanks to the results described in
(Brualdi, 1974; Idel, 2016; Khachiyan, 1996; Sinkhorn, 1964); (ii)
is computable in polynomial-time; and (iii) does not alter the op-
timal solution to the BMEP. Thus, in the light of these rescaling
operations, the length function of the BMEP can be expressed in
terms of cross-entropy (or equivalently Kullback-Leibler (KL) Diver-
gence) (Sayood, 2017) associated to the probability distributions re-
lated to the path-lengths encoded by t and the evolutionary dis-
tances encoded by (the rescaled version of) D, respectively. In par-
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ticular, let us denote by y; and §; the probability distributions en-
coded by the rescaled form of the i-th row vectors of T and D,
respectively. Then, the BME length function can be rewritten as
(Catanzaro et al., 2020a):

L(T) = 5 3 (R 80 ~ H() + Q

iel’
1
=5 > D (villd) +Q (47)
iel’
where
H(y) =— Z vijlog, (Vi)
jer\{i}

is the information entropy associated to y; (Sayood, 2017); H(y;, §;)
is the cross-entropy associated to y; and §; (Bocherer & Amijad,
2014; Hirschler & Woess, 2018), i.e.,

H(yi, 6;) = — Z vijlog, (8;));
Jjel

D1 (v;16;) is the Kullback-Leibler (KL) Divergence (Sayood, 2017)

between a pair of probability distributions y; and §;, i.e.,

Dii(pllq) = H(yi, 81) — H(y); (49)
and Q is a positive constant. Each term 7(y;) encodes the informa-
tion entropy of the evolutionary process “seen” from the perspec-
tive of taxon i e T', i.e., the evolutionary process in which taxon i is
the root from which all of the other taxa have been generated over
time. The term H(y;, §;), instead, encodes the error of approximat-
ing the evolutionary process “seen” from the perspective of taxon
i with the process represented by the estimated evolutionary dis-
tances. The optimal solution to the BMEP, then, can be interpreted
as a the consensus tree (Felsenstein, 2004) between the phylogenies
rooted on each taxon i e I', i.e., as the Pareto-optimal solution be-
tween the concurrent minimum entropy processes encoded by the
differences H(y;, §;) — H(y;).

(48)
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6. Concluding remarks

The BMEP definitely is one of the most successful estimation
models described so far in the literature on phylogenetics. As for
the maximum likelihood (Felsenstein, 2004) and Bayesian infer-
ence (Huelsenbeck et al, 2002; Huelsenbeck et al., 2001), it is
proven to be statistically consistent and by far the most accurate
estimation model from among distance methods (Gascuel, 2005;
Gascuel & Steel, 2006). Moreover, it inherits from distance meth-
ods the ability of virtually running on any kind of genetic data for
which a measure of dissimilarity exists. This fact enables heuristics
for the BMEP (such as NJ or FastME) to tackle very large datasets
containing more than 10,000 taxa. The last twenty years saw many
advances on numerous aspects related to the statistical consis-
tency, the combinatorics, the computational complexity, the infor-
mation theory, and the optimization aspects of the BMEP.

In this article we have reviewed many of them. Other aspects
of the problem, however, still remain open. For example, we know
that there exist fundamental equations that must be satisfied by all
of the phylogenies of a given set of taxa. However, we do not know
if these equations are sufficient to characterize all of them. Simi-
larly, we know some fundamental structural characteristics of the
BMEP polytope as well as some of its facets. However, we do not
have yet general properties to assess the linear independence of a
set of phylogenies. This fact, has a negative impact on the poly-
hedral analysis of the BMEP, as it entails the use of reverse engi-
neering approaches - based e.g., on Polymake (Gawrilow & Joswig,
2000) - which provide insights only in low dimensions and be-
come quickly intractable. Furthermore, we know about the exis-
tence of connections between the BME polytope, Birkhoff's poly-
tope and the permutoassociahedron (Forcey et al., 2015; 2017). We
also know that there exist combinatorial connections between the
BMEP and the Quadratic Assignment Problem (Cela, 1997). How-
ever, we do not know how to efficiently exploit this information in
the context of implicit enumeration algorithms. Moreover, the ex-
act solution algorithms currently available struggle to solve practi-
cal instances of the BMEP. Furthermore, the last theoretical devel-
opment on the heuristic approaches for the BMEP leave room to
several interesting questions related e.g., to the Attenson’s safety
radius for the NNI and TBR neighborhoods, and to the identifi-
cation of the necessary and sufficient conditions that a heuris-
tic for the BMEP must satisfy to ensure the optimality of the so-
lution based on the stochastic variant of the safety radius (see,
e.g., (Gascuel & Steel, 2016)). Finally, we know that the BMEP is
related to the Huffman Coding Problem (Parker & Ram, 1996) and
this fact enables a particular interpretation of the BMEP in terms of
information theory. However, we do not know how to exploit this
insight in order to extend this estimation model to phylogenetic
networks. This fact, e.g., could accurately capture how viruses mu-
tate in time, space, and in presence of multiple spreading events.
The challenges offered by the BMEP definitely are stimulating the-
oretical and computational questions per se; but perhaps more im-
portantly, they potentially represent one way in which the Oper-
ational Research community can actively contribute in the fight
against future pandemics.
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