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 a b s t r a c t

Abstraction-based control design is a promising approach for ensuring safety-critical control of 
complex cyber–physical systems. A key aspect of this methodology is the relation between the original 
and abstract systems, which ensures that the abstract controller can be transformed into a valid 
controller for the original system through a concretization procedure. In this paper, we provide a 
comprehensive and systematic framework that characterizes various simulation relations, through 
their associated concretization procedures. We introduce the concept of interfaced system, which 
universally enables a feedback refinement relation with the abstract system. This interfaced system 
encapsulates the specific characteristics of each simulation relation within an interface, enabling a plug-
and-play control architecture. Our results demonstrate that the existence of a particular simulation 
relation between the concrete and abstract systems is equivalent to the implementability of a specific 
control architecture, which depends on the considered simulation relation. This allows us to introduce 
new types of relations, and to establish the advantages and drawbacks of different relations, which 
we exhibit through detailed examples.

© 2026 Elsevier Ltd. All rights are reserved, including those for text and data mining, AI training, and 
similar technologies.
1. Introduction

Abstraction-based control design is a thriving and promising 
proposal for safety-critical control of complex cyber–physical sys-
tems (Alur, 2015; Kim & Kumar, 2012). It stems from the idea 
of synthesizing a correct-by-construction controller through a 
systematic three-step procedure illustrated in Fig.  1. First, both 
the original system S1 and the specifications Σ1 are transposed 
into an abstract domain, resulting in an abstract system S2 and 
corresponding abstract specifications Σ2. We refer to the original 
system as the concrete system as opposed to the abstract system. 
Next, an abstract controller C2 is synthesized to solve this abstract 
control problem (S2, Σ2). Finally, in the third step, called con-
cretization as opposed to abstraction, a controller C1 that enforces 
Σ1 for S1 is derived from the abstract controller.

The effectiveness of this approach stems from replacing the 
concrete system, often characterized by an infinite number of 
states, with a finite state system. This enables the use of powerful 
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control tools from abstract control synthesis (Belta et al., 2017; 
Kupferman & Vardi, 2001), such as those derived from graph 
theory, including methods like Dijkstra or the A-star algorithm.

The correctness of this approach is ensured by relating the 
concrete system with its abstraction by a simulation relation. 
The notion of alternating simulation relation (ASR) (Tabuada, 2009, 
Definition 4.19) is crucial; indeed, it is proved in the seminal work 
of Alur et al. (1998) that ASR is a sufficient condition for a system 
S2 to correctly represent a system S1, such that any controller C2
for S2 can be concretized into a valid controller C1 for S1.

However, it soon appeared that ASR has weaknesses: while 
it formally characterizes abstractions allowing for abstraction-
based controller design, the exact way to reconstruct the concrete 
controller may be computationally expensive.

An important landmark in the abstraction-based control lit-
erature is Reissig et al. (2016). There, the authors introduce the 
stronger feedback refinement relation (FRR) (Reissig et al., 2016, 
Def. V.2), designed to alleviate these limitations. They show that 
when FRR holds between the abstract and concrete systems, 
one can simply concretize the controller by seamlessly plugging 
the abstract controller with a quantizer, see Fig.  2 (left). While 
this leads to a straightforward concretization procedure, where 
the concrete controller merely reproduces the control input of 
the abstract controller, it also limits the class of implementable 
controllers to piecewise constant ones (see discussion in Calbert, 
Mattenet, Girard, and Jungers (2024, Section 4.4)).
data mining, AI training, and similar technologies.
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Recently, several other simulation relations that refine the 
ASR have been proposed in the literature (Borri et al., 2018; 
Calbert, Mattenet, Girard, & Jungers, 2024; Egidio et al., 2022; Liu, 
2017), each with its own benefits. While these notions are well 
understood individually, their relationships and relative strengths 
are usually presented separately. As a result, the landscape of 
simulation relations for symbolic control has become increasingly 
fragmented, making it harder to compare or systematically select 
among them.

In this paper, we unify these existing relations by interpreting 
each of them through the specific control architecture it induces. 
Motivated by this observation, we take a step back from the 
existing definitions of simulation relations and ask:

What is the connection between a particular simulation relation 
and the corresponding control architecture?

We propose a unified framework that captures the different 
types of simulation relations found in the literature and allows 
for their comparison in terms of the control architectures they 
induce. Our construction builds on the concept of an interface, in 
the spirit of Girard and Pappas (2009), which stores the output 
of the abstract controller C2, combines it with the observed state 
of the concrete system S1, and produces a valid control input. 
This architecture is illustrated in Fig.  2 (right). Consequently, 
the resulting concretization procedure exhibits a plug-and-play
structure, enabling the abstract controller to be connected to the 
original system via an interface, irrespective of the particular 
specification we seek to enforce on the original system.

Our main theoretical contribution is a theorem (Theorem  4, 
Corollary  1) that explicitly links simulation relations to the con-
trol architecture that the concrete system inherits from the ab-
stract one, as a function of the simulation relation that links them. 
Thus, the simulation relation becomes one of the elements in the 
control engineer’s toolbox, with the choice of the precise relation 
to be used depending on the control architecture that (s)he wants 
to or is able to implement in practice.

In contrast to previous works, which typically prove only that 
a relation implies a correct interface, we also establish the con-
verse: if the interface works for any abstract controller, then the 
corresponding simulation relation must hold. To our knowledge, 
this two-way characterization was previously established only for 
the FRR (Reissig et al., 2016, Theorems V.4, V.5). We leverage 
this result by proving that the interfaced system—that is, the 
system composed of the concrete system and the interface (see 
Fig.  2, right)—is always in feedback refinement relation with the 
abstract system.

Finally, as a by-product, we introduce new simulation rela-
tions that we believe are useful in practice, and we provide their 
explicit constructions on a common example, highlighting their 
respective advantages and drawbacks in terms of concretization 
procedures.

Notation.  The sets R,Z,N denote respectively the sets of real 
numbers, integers and natural numbers. For example, we use 
[a, b] ⊆ R to denote a closed continuous interval and [a; b] =

[a, b] ∩Z for discrete intervals. The symbol ∅ denotes the empty 
set. Given two sets A, B, we define a single-valued map as f : A →

B, while a set-valued map is defined as f : A → 2B, where 2B

is the power set of B, i.e., the set of all subsets of B. We denote 
the identity map A → A : a → a by IA. The image of a subset 
Ω ⊆ A under f : A → 2B is denoted f (Ω) =

⋃
a∈Ω f (a). The 

set of maps A → B is denoted BA, and the set of all signals 
that take their values in B and are defined on intervals of the 
form [0;N[ = [0;N − 1] is denoted B∞, B∞

=
⋃

N∈N∪{∞}
B[0;N[. 

Given a set-valued map f : X → 2Y  and x ∈ X [0;N[, we denote 
by f (x) = {y ∈ Y [0;N[

| ∀k ∈ [0;N[ : y(k) ∈ f (x(k))}. Let 

2

Fig. 1. The three steps of abstraction-based control. Our work focuses on the 
connection between the type of relation between S1 and S2 (step 1) and the 
concretization procedure (step 3). We show that one can tailor the abstraction 
relation depending on the required properties of the concretization step and of 
the finally obtained concrete controller, independently of the abstract controller 
synthesis step (step 2).

Fig. 2.  Closed-loop system resulting from the abstraction and concretization 
approach. Left: Based on the feedback refinement relation. Right: Based on the 
generic hierarchical control architecture used in this paper.

X ⊆ (V×W )∞, we define the projection onto the first component 
of the sequences as
πV (X) = {v ∈ V [0;N[

| ∃w ∈ W [0;N[,  such that 
((v(0), w(0)), . . . , (v(N − 1), w(N − 1))) ∈ X
 for N ∈ N ∪ {∞}}. (1)

We define πW (X) similarly.

2. Control framework

In this section, we introduce the control framework used 
in this paper, as proposed in Reissig et al. (2016, Definition 
III.1), which provides a unified formalism to describe systems, 
controllers, quantizers, and interconnected systems.

Definition 1.  A system is a sextuple 
S = (X ,U,V,Y, F ,H), (2)

where X , U , V , Y are respectively the sets of states, inputs, internal 
variables and outputs, and F : X×V → 2X  and H : X×U → 2Y×V

are respectively the transition and output maps such that
x(k + 1) ∈ F (x(k), v(k)) (3)

(y(k), v(k)) ∈ H(x(k), u(k)). (4)

A quadruple (u, v, x, y) ∈ U [0;N[
× V [0;N[

× X [0;N[
× Y [0;N[ is 

a trajectory of length N of system S starting at x(0) ∈ X  if 
N ∈ N ∪ {∞}, (3) holds for all k ∈ [0;N − 1[, (4) holds for all 
k ∈ [0;N[. △

The internal variable v is required to describe the intercon-
nection of systems through set-valued output maps without in-
troducing new state variables (see the discussion after Reissig 
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(a) General system (2).

 
(b) Static system (5).

 
(c) Simple system (6).

Fig. 3. System representations. Observe that (b) and (c) are particular cases of 
(a). The triangle blocks are delay blocks which represent memory elements that 
store and provide the previous value of a signal, e.g., D(x(k)) = x(k − 1).

et al. (2016, Definition III.1)). While this additional structure is not 
required to describe the systems we aim to control, it is essential 
for representing the specific class of controllers with set-valued 
output maps, introduced in this paper, as it will be formalized in 
Proposition  2.

The use of a set-valued function to describe the transition and 
output maps of a system allows to model perturbations and any 
other kind of non-determinism in a unified formalism.

We define the behavior of a system as its set of maximal
trajectories. 

Definition 2.  Given the system S in (2), the behavior of S is the 
set B(S) = {y | ∃u, v, x such that (u, v, x, y) is a trajectory of 
length N of S on [0;N[ and if N < ∞,  then F (x(N − 1), v(N −

1)) = ∅}. △

We classify the system (2) as follows. 

Definition 3.  The system S in (2) is
(i) Autonomous if U is a singleton1;
(ii) Static if X  is a singleton, i.e., 

S = ({0},U,V,Y, F ,H), (5)

with F (0, v) = {0} for all v ∈ V .
(iii) Simple if V = U , Y = X , and H = IX×U , i.e., 

S = (X ,U,U,X , F , IX×U ). △ (6)

Remark 1.  Intuitively, a static system captures an input–output 
behavior governed by 
y(k) ∈ H(u(k)), (7)

where the set-valued map H : U → 2Y  is defined as H(u) = {y |

∃v : (y, v) ∈ H(0, u)}. For the sake of simplifying notation, we 
denote the static system (7) by H . In contrast, a simple system 
represents a fully state-observable system with dynamics 
x(k + 1) ∈ F (x(k), u(k)). (8)

For the sake of simplifying notation, we denote the simple sys-
tem (8) by the tuple S = (X ,U, F ). We illustrate systems (2), (5) 
and (6) in Fig.  3.

1 When X , U , V , and Y are singleton sets, we will consider, without loss of 
generality, the singleton {0}.
3

Fig. 4. Feedback composition S1 × S2 of systems S1 and S2 in (2) where 
H ′

2(x) = {y2 | ∃u2 ∈ U2 : (y2, u2) ∈ H2(x2, u2)} (see Definition  5).

For a simple system S = (X ,U, F ), we introduce the set-
valued operator of available inputs, defined as US (x) = {u ∈ U |

F (x, u) ̸= ∅}, which gives the set of inputs u available at a given 
state x. We say that a simple system is deterministic if for every 
state x ∈ X  and control input u ∈ U , F (x, u) is either empty or a 
singleton. Otherwise, we say that it is non-deterministic.

Given any two sets U and Y , we identify a binary relation
R ⊆ U × Y with set-valued maps, i.e., R(u) = {y | (u, y) ∈ R} and 
R−1(y) = {u | (u, y) ∈ R}. Depending on the context, we will use 
the symbol R interchangeably to denote the binary relation itself, 
the associated set-valued map R : U → 2Y , and its associated 
static system (5), which is then referred to as a quantizer.

We consider the serial and the feedback composition of two 
systems. We start by defining the serial composition of two 
systems (Reissig et al., 2016, Definition III.2). 

Definition 4.  Let Si = (Xi,Ui,Vi,Yi, Fi,Hi) be systems, i ∈ {1, 2}. 
Then, S1 is serial composable with S2 if Y1 ⊆ U2. The serial 
composition of S1 and S2, denoted by S2 ◦ S1, is defined as 
S2 ◦ S1 = (X12,U1,V12,Y2, F12,H12), (9)

where X12 = X1 ×X2, V12 = V1 ×V2, F12 : X12 ×V12 → 2X12 , and 
H12 : X12 × U1 → 2Y2×V12  satisfy
F12(x, v) = F1(x1, v1) × F2(x2, v2),

H12(x, u1) = {(y2, v) | ∃y1 : (y1, v1) ∈ H1(x1, u1)
∧ (y2, v2) ∈ H2(x2, y1)}.

We define the feedback composition of two systems (Reissig 
et al., 2016, Definition III.3) as illustrated in Fig.  4. 

Definition 5.  Let Si = (Xi,Ui,Vi,Yi, Fi,Hi) for i ∈ {1, 2}. Then, 
S1 is feedback composable with S2, denoted as S1 is f.c. with S2, 
if Y2 ⊆ U1, Y1 ⊆ U2, and the following hold: (i) V2 = U2 and 
H2(x2, u2) = H ′

2(x2) × {u2} for some H ′

2 : X2 → 2Y2 ; (ii) If 
(y1, v1) ∈ H1(x1, y2), (y2, v2) ∈ H2(x2, y1), and F2(x2, v2) = ∅, then 
F1(x1, v1) = ∅. The feedback composition, denoted by S1 × S2, is 
defined as 
S1 × S2 = (X12, {0},V12,Y12, F12,H12), (10)

where X12 = X1 × X2, V12 = V1 × V2, Y12 = Y1 × Y2, F12 :

X12 × V12 → 2X12 , and H12 : X12 × {0} → 2Y12×V12  satisfy
F12(x, v) = F1(x1, v1) × F2(x2, v2),
H12(x, 0) = {(y, v) | (y1, v1) ∈ H1(x1, y2)

∧ (y2, v2) ∈ H2(x2, y1)}.

Condition (i) in Definition  5 prevents delay-free cycles
(Vidyasagar, 1981) in the closed-loop system by introducing a 
one-step delay. Condition (ii) will be needed later to ensure that 
if the concrete closed loop is non-blocking, then so is the abstract 
closed loop.
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In our context, the system S2 represents the system we aim to 
control, while S1 represents the controller. Note that the system 
S1 × S2 is autonomous.

Given S1 and S2 in Definition  5, we have B(S1 × S2) ⊆

(Y1 × Y2)∞. To simplify further developments, we define the set 
B×(S1 × S2), which contains the output trajectories of S2 under 
feedback composition with S1, as follows 
B×(S1 × S2) = πY2 (B(S1 × S2)), (11)

where πY2 (·) is defined in (1).
We now define the system specifications and, since we are 

focused on controller synthesis, the concept of a control problem. 

Definition 6.  Consider the system S in (2). A specification Σ for 
S is defined as any subset Σ ⊆ Y∞. A system S together with a 
specification Σ constitute a control problem (S, Σ). Additionally, a 
system C, called the controller, is said to solve the control problem 
(S, Σ) if C is f.c. with S and B×(C × S) ⊆ Σ . △

We can use linear temporal logic (Baier & Katoen, 2008, Chap-
ter 5) to define a specification Σ for a system S.

3. Characterization of simulation relations

3.1. Abstraction-based control

We now formalize the three-step abstraction-based control 
procedure described in the introduction (see Fig.  1) within our 
mathematical framework.

This work focuses on state-feedback control using an abstrac-
tion-based approach. For this reason, both the system to be con-
trolled and its abstraction are described as simple systems, while 
controllers require the more general formalism of Definition  1, as 
it will be stated in Proposition  2. Specifically, we consider
Si = (Xi,Ui, Fi), (12)

Ci = (XCi ,Xi,VCi ,Ui, FCi ,HCi ), (13)

where S1 is the concrete system and S2 its abstraction.
To solve the concrete control problem (S1, Σ1) with Σ1 ⊆ X∞

1 , 
the abstraction-based control procedure proceeds as follows. In 
step 1, the system S1 is abstracted into a system S2, meaning their 
states are related through a relation R ⊆ X1×X2. Additionally, the 
concrete specification is abstracted into an abstract specification 
Σ2 ⊆ X∞

2 , satisfying 
R−1(Σ2) ⊆ Σ1. (14)

Step 2 entails designing a controller C2 that solves the abstract 
problem (S2, Σ2), i.e., such that 
B×(C2 × S2) ⊆ Σ2. (15)

Finally, step 3 involves constructing a controller C1 that satisfies 
the reproducibility as defined in Calbert, Mattenet, Girard, and 
Jungers (2024, Property 1) 
B×(C1 × S1) ⊆ R−1(B×(C2 × S2)). (16)

The validity of this approach is established by the following inclu-
sions, which guarantee that the controller C1 solves the concrete 
problem (S1, Σ1)

B×(C1 × S1) ⊆ R−1(B×(C2 × S2)) ⊆ R−1(Σ2) ⊆ Σ1

which follows directly from (16), (15), (14), and the monotonicity 
of R−1.

In order to be able to construct C1 from C2 satisfying (16), 
the relation R must impose conditions on the local dynamics of 
the systems in the associated states, accounting for the impact 
of different inputs on state transitions. The alternating simula-
tion relation (Tabuada, 2009, Definition 4.19) is a comprehensive 
definition of such a relation. 
4

Definition 7.  Given two simple systems S1 and S2 in (12), a 
relation R ⊆ X1 × X2 is an alternating simulation relation from 
S1 to S2, denoted S1 ⪯

ASR
R S2, if

∀(x1, x2) ∈ R ∀u2 ∈ US2 (x2) ∃u1 ∈ US1 (x1)

∀x+

1 ∈ F1(x1, u1) ∃x+

2 ∈ F2(x2, u2) : (x+

1 , x+

2 ) ∈ R. (17)

The alternating simulation relation guarantees that any con-
troller applied to S2 can be concretized into a controller for S1
that satisfies (16). 

Theorem 1 (Tabuada (2009, Proposition 8.7)). Given two simple 
systems S1 and S2 as in (12), if S1 ⪯

ASR
R S2, then for every controller 

C2 f.c. with S2, there exists a controller CASR
1  satisfying B×(CASR

1 ×

S1) ⊆ R−1(B×(C2 × S2)).

Although the alternating simulation relation provides a safety-
critical framework, it has several practical drawbacks in the im-
plementation of the concrete controller C1, which we will discuss 
in Section 4. To address these issues, various alternative relations 
have been introduced in the literature. Among these, the feedback 
refinement relation (Reissig et al., 2016, Definition V.2) is central 
to the further developments of this paper.

Definition 8.  Given two simple systems S1 and S2 as in (12), a 
relation R ⊆ X1 × X2 is a feedback refinement relation from S1 to 
S2, denoted S1 ⪯

FRR
R S2, if for every (x1, x2) ∈ R

(i) US2 (x2) ⊆ US1 (x1);
(ii) ∀u2 ∈ US2 (x2) ∀x+

1 ∈ F1(x1, u2) : R(x+

1 ) ̸= ∅

and ∀x+

2 ∈ R(x+

1 ) : x+

2 ∈ F2(x2, u2). (18)

As a refined notion of ASR, the feedback refinement rela-
tion benefits from a straightforward concretization scheme as 
established by the following theorem. 

Theorem 2 (Reissig et al. (2016, Thms V.4, V.5)).  Consider the simple 
systems S1 and S2 as in (12). Given R ⊆ X1 × X2, the following 
equivalence holds:

1. S1 ⪯
FRR
R S2;

2. For all C2 f.c. with S2: C2 is f.c. with R ◦ S1, C2 ◦ R is f.c. with 
S1, and B×(C2 × (R ◦ S1)) ⊆ B×(C2 × S2).

Additionally, it implies that 
CFRR
1 := C2 ◦ R, (19)

satisfies B×(CFRR
1 × S1) ⊆ R−1(B×(C2 × S2)).

The concretization procedure for FRR, defined as the serial 
composition of the abstract controller C2 with the quantizer 
R (19), exhibits a plug-and-play property: the control architecture 
(Fig.  2 (left)) remains independent of the specification to be 
enforced on the original system. However, this advantage comes 
at a cost—it constrains how the abstraction is constructed, as 
it forces the concretized controller to be piecewise constant. In 
particular, conditions (i) and (ii) in Definition  8 restrict the class 
of concrete controllers to those where the control input depends 
solely on the abstract state (19).

Thus, the feedback refinement relation is well-suited to con-
texts where the exact state is unknown and only abstract (or 
symbolic) state information is available. However, when infor-
mation on the concrete state is available, this becomes a signif-
icant limitation. If the system does not exhibit local incremen-
tal stability (Angeli, 2002, Definition 2.1) (Lohmiller & Slotine, 
1998), meaning that trajectories move away from each other, 
the use of piecewise constant controllers introduces significant 
non-determinism into the abstraction. This could result in an 
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intractable or even unsolvable abstract problem (S2, Σ2), as illus-
trated by the example in Calbert, Mattenet, Girard, and Jungers 
(2024, Section 4.4).

Therefore, our goal is to identify, classify, and characterize re-
fined notions of the alternating simulation relation that allow the 
design of more general concrete controllers than the piecewise 
constant controllers of the feedback refinement relation, while 
still benefiting from its plug-and-play property.

3.2. Key relations

In this section, we introduce refined notions of alternating 
simulation relations, which will be discussed throughout this 
paper. The first two relations are introduced in this paper, while 
the last is presented and discussed in Liu (2017, Definition 4) 
and Calbert, Mattenet, Girard, and Jungers (2024, Definition 8).

Definition 9.  Given two simple systems S1 and S2 in (12), a 
relation R ⊆ X1 × X2 is a predictive simulation relation from S1
to S2, denoted S1 ⪯

PSR
R S2, if

∀(x1, x2) ∈ R ∀u2 ∈ US2 (x2) ∃u1 ∈ US1 (x1)

∃x+

2 ∈ F2(x2, u2) ∀x+

1 ∈ F1(x1, u1) : (x+

1 , x+

2 ) ∈ R. (20)

Definition 10.  Given two simple systems S1 and S2 in (12), a 
relation R ⊆ X1 × X2 is a feedforward abstraction relation from S1
to S2, denoted S1 ⪯

FAR
R S2, if

∀x2 ∈ X2 ∀u2 ∈ US2 (x2) ∃x+

2 ∈ F2(x2, u2) ∀x1 ∈ R−1(x2)

∃u1 ∈ US1 (x1) ∀x+

1 ∈ F1(x1, u1) : (x+

1 , x+

2 ) ∈ R. (21)

Definition 11.  Given two simple systems S1 and S2 in (12), a 
relation R ⊆ X1 × X2 is a memoryless concretization relation from 
S1 to S2, denoted S1 ⪯

MCR
R S2, if ∀(x1, x2) ∈ R

∀u2 ∈ US2 (x2) ∃u1 ∈ US1 (x1) ∀x+

1 ∈ F1(x1, u1)

∀x+

2 ∈ R(x+

1 ) : x+

2 ∈ F2(x2, u2). (22)

We define the associated extended relations RASR
e , RPSR

e , RMCR
e ⊆

X2×U2×X1×U1 as the sets of tuples (x2, u2, x1, u1) satisfying (17), 
(20), and (22) respectively. Similarly, RFAR

e ⊆ X2×U2×X1×U1×X2
is defined as the set of tuples (x2, u2, x1, u1, x+

2 ) satisfying (21). 
In addition, to extract the corresponding concrete inputs, we 
introduce the following set-valued maps 
ITR (x2, u2, x1) = {u1 | (x2, u2, x1, u1) ∈ RT

e}, (23)

for T ∈ {ASR, PSR,MCR}, IFARR (x2, u2, x1, x+

2 ) = {u1 | (x2, u2, x1, u1,

x+

2 ) ∈ RFAR
e }, IFRRR (u2) = {u2}.

Intuitively, these maps ensure that each abstract input u2 can 
be matched with a concrete input u1 that satisfies the formula 
defining the relation.

The following proposition provides a partial order over the 
simulation relations, corresponding to the tree structure shown 
in Fig.  5. 

Proposition 1.  Given the simple systems S1 and S2 as in (12), 
and R ⊆ X1 × X2, the following implications hold

(1) S1 ⪯
FAR
R S2 ⇒ S1 ⪯

PSR
R S2 ⇒ S1 ⪯

ASR
R S2.

(2) S1 ⪯
FRR
R S2 ⇒ S1 ⪯

MCR
R S2 ⇒ S1 ⪯

ASR
R S2.

Additionally,

(3) If S2 is deterministic, S1 ⪯
ASR
R S2 ⇔ S1 ⪯

FAR
R S2.

(4) If R is deterministic, S1 ⪯
ASR
R S2 ⇔ S1 ⪯

MCR
R S2.

(5) If S1 ⪯
MCR
R S2 and u1 ∈ IMCR

R (x2, u2, x1) ⇒ u1 = u2, then 
S ⪯

MCR S ⇔ S ⪯
FRR S .
1 R 2 1 R 2

5

Fig. 5. Pre-order of simulation relations. For example, an arrow from PSR to ASR
indicates that S1 ⪯

PSR
R S2 implies S1 ⪯

ASR
R S2 . Red arrows represent implications 

that hold under specific assumptions labeled on the arrows: A1 denotes that S2
is deterministic, A2 that R is deterministic, and A3 that u1 = u2 as in Proposition 
1.

Proof. 
(1), (2) These follow from basic logical manipulations.
(3) If S2 is deterministic, then for any x2 ∈ X2 and u2 ∈

US2 (x2): |F2(x2, u2)| = 1. Thus, (17) is equivalent to: 
∀(x1, x2) ∈ R ∀u2 ∈ US2 (x2) x+

2 ∈ F2(x2, u2) ∃u1 ∈

US1 (x1) ∀x+

1 ∈ F1(x1, u1) : (x+

1 , x+

2 ) ∈ R, which in turn is 
equivalent to (21).

(4) If R is deterministic, then for any (x1, x2) ∈ R: |R(x1)| = 1. 
Therefore R(x+

1 ) ∩ F2(x2, u2) ̸= ∅ if and only if R(x+

1 ) ̸=

∅, R(x+

1 ) ⊆ F2(x2, u2).
(5) When the abstract and concrete inputs in the extended 

relation are identical, (22) simplifies to (18).  ■

3.3. Main results

In this section, we present our main results, which provide an 
exact characterization of simulation relations in terms of their 
associated concretization procedures. To this end, we introduce 
the notion of an interface, which connects the system S1 to any 
controller C2 functionally compatible with S2, as illustrated in Fig. 
2 (right). 

Definition 12.  Given two simple systems S1 and S2 as in (12), 
an interface from S2 to S1 is defined by the tuple (Z1, h1, h2, R̃), 
where Z1 is a set, h1 and h2 are set-valued functions, and ̃R ⊆

(X1×Z1)×X2. Consider the set of variables ν = {x1, x+

1 , z1, z+

1 , u1,

u2}, where x1, x+

1 ∈ X1, z1, z+

1 ∈ Z1, u1 ∈ U1, and u2 ∈ U2. 
Let h1 (resp. h2) be a set-valued function with argument ν1 (resp. 
ν2), a subset of the set ν, returning a subset of U1 (resp. Z1). The 
domain of h1 (resp. h2) is denoted as V1 (resp. V2), defined as the 
Cartesian product of the domains of the corresponding variables, 
i.e., h1 : V1 → 2U1  and h2 : V2 → 2Z1 . The functions h1
and h2 ensure that the following holds. For all ((x1, z1), x2) ∈ R̃
and u2 ∈ US2 (x2), it holds that any u1, z+

1 , x+

1  and x+

2  which are 
solution of the following equations 

u1 ∈ h1(ν1), z+

1 ∈ h2(ν2),

x+

1 ∈ F1(x1, u1), x+

2 ∈ R̃((x+

1 , z+

1 )),
(24)

satisfy x+

2 ∈ F2(x2, u2). △

Intuitively, the variable z1 serves as a state of the interface, al-
lowing it to retain memory across transitions. Given ((x1, z1), x2) ∈

R, the function h1 selects a concrete input u1 such that the 
resulting concrete successor x+

1 ∈ F1(x1, u1) remains related to 
an abstract successor x+

2 ∈ F2(x2, u2) via a new interface state 
z+

1 ∈ h2(ν2), ensuring ((x+

1 , z+

1 ), x+

2 ) ∈ R̃. In this way, the interface 
coordinates the evolution of the concrete system so that it stays 
related to the abstract system for any input u2 ∈ US2 (x2), i.e., for 
any abstract controller C2 f.c. with S2.

We now introduce the notion of an interfaced system, which 
encapsulates the system S1 together with the interface, as illus-
trated in Fig.  7(a). 
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˜

˜
Fig. 6.  Summary of the contributions in Section 3.3. The diagram illustrates how 
the main theorems and definitions are connected to characterize a simulation 
relation T in terms of a specific control architecture, defined by the interface 
(Z1, hT

1, h
T
2, R̃). It also shows how the resulting concretized controller CT

1 ensures 
the reproducibility condition (16).

Definition 13.  Given the simple systems S1 and S2 in (12), and 
an interface (Z1, h1, h2, R̃) from S2 to S1, we define the associated 
interfaced system ̃S1 as the simple system ̃S1 = (X̃1, Ũ1, F̃1), where 
X̃1 = X1 × Z1, Ũ1 = U2, and
F1((x1, z1), u2) = {(x+

1 , z+

1 ) |u1 ∈ h1(ν1), z+

1 ∈ h2(ν2),

x+

1 ∈ F1(x1, u1)}. △ (25)

Next, we define the controller C1, referred to as the concretized 
controller, which results from connecting the controller C2 to the 
interface, as illustrated in Fig.  7(a). 

Definition 14.  Given two simple systems S1 and S2 as in (12), an 
interface (Z1, h1, h2, R̃) from S2 to S1, and a controller C2 in (13) 
f.c. with S2, a concretized controller is any system C1 in (13) that 
satisfies the following closed-loop condition: x1 ∈ B×(C1 × S1) if 
and only if there exists u1, z1, x2, u2, xC2 , vC2  such that 
(u2(k), vC2 (k)) ∈ HC2 (xC2 (k), x2(k))

xC2 (k + 1) ∈ FC2 (xC2 (k), vC2 (k))

u1(k) ∈ h1(ν1(k))
z1(k + 1) ∈ h2(ν2(k))

x2(k + 1) ∈ R̃((x1(k + 1), z1(k + 1)))

x1(k + 1) ∈ F1(x1(k), u1(k)).

(26)

△

Eq.  (26) describes the interaction between the dynamics of 
the abstract controller, the interface, and the concrete system, 
respectively.

In order to establish the equivalence between a simulation 
relation and an interface, we will show that the interfaced system 
is always in a feedback refinement relation with the abstract one, 
as illustrated in Fig.  7(a). This insight will allow us to leverage the 
two-way characterization of FRR (Theorem  2) and form the core 
of our proof strategy, summarized in Fig.  6.

The following theorem shows that an interface induces a feed-
back refinement relation between the interfaced system and the 
abstract one, and formalizes the role of interfaces in the controller 
concretization process. 

Theorem 3.  Consider two simple systems S1 and S2 as in (12), and 
the interfaced system S̃1 (Definition  13) associated with the tuple 
(Z , h , h , R̃). The following propositions are equivalent.
1 1 2

6

(1) (Z1, h1, h2, R̃) is an interface from S2 to S1;
(2) S̃1 ⪯

FRR
R̃

S2;
(3) for any controller C2 f.c. with S2, it holds that C2 is f.c. with 

R̃◦ S̃1 and C̃1 = C2 ◦ R̃ is f.c. with S̃1, and B×(C2 × (̃R◦ S̃1)) ⊆

B×(C2 × S2).

Additionally, for any controllers C2 f.c. with S2, the concretized 
controller C1 (Definition  14) satisfies (16), i.e., B×(C1 × S1) ⊆

R−1(B×(C2 × S2)), with 
R = {(x1, x2) | ∃z1 ∈ Z1 s.t. ((x1, z1), x2) ∈ R̃}. (27)

Proof.  We first establish the equivalences.
(1) ⇔ (2): The tuple (Z1, h1, h2, R̃) is an interface if and only 

if it satisfies (24). This is equivalent to requiring that for any 
((x1, z1), x2) ∈ R̃ and u2 ∈ US2 (x2), (i) F̃1((x1, z1), u2) ̸= ∅, 
and (ii) for all (x+

1 , z+

1 ) ∈ F̃1((x1, z1), u2), ̃R((x+

1 , z+

1 )) ̸= ∅ and 
R((x+

1 , z+

1 )) ⊆ F2(x2, u2). This, in turn, is equivalent to conditions 
(i) and (ii) of Definition  8, meaning that S̃1 ⪯

FRR
R̃

S2.
(2) ⇔ (3): Directly follows from Theorem  2.
In addition, Theorem  2 implies 

B×((C2 ◦ R̃) × S̃1) ⊆ R̃−1(B×(C2 × S2)). (28)

Let x1 ∈ B×(C1 × S1) be defined on [0;N[, where N ∈ N ∪

{∞}. Then, by Lemma  1, there exists a map z1 such that ̃x1 ∈

B×((C2 ◦ R̃) × S̃1) with ̃x1(k) = (x1(k), z1(k)) for all k ∈ [0;N[. 
Then, by (28), there exists a map x2 ∈ B×(C2 × S2) such that 
x2(k) ∈ R̃((x1(k), z1(k))) for all k ∈ [0;N[. By Lemma  2, since R
satisfies (27), we can conclude that x2(k) ∈ R(x1(k)) for all k ∈

[0;N[, i.e., x2 ∈ R(x1). Thus B×(C1 × S1) ⊆ R−1(B×(C2 × S2)). ■

In the next definition, we construct for each simulation rela-
tion T, the corresponding interface structure, solely determined 
by the variables ν1 and ν2 that define the domains of the functions 
hT
1 and hT

2, as illustrated in Fig.  7. 

Definition 15.  For each T ∈ {ASR, PSR, FAR, MCR, FRR}, we 
associate a tuple (Z1, hT

1, h
T
2, R̃), where the functions hT

1 and hT
2

take as arguments the variables ν1 and ν2, respectively, defined 
as follows

ASR : ν1 = (z1, u2, x1), ν2 = (z1, u2, x+

1 );
PSR : ν1 = (z1, u2, x1), ν2 = (z1, u2, x1, u1);
FAR : ν1 = (z1, u2, x1, z+

1 ), ν2 = (z1, u2);
MCR : ν1 = (z1, u2, x1), ν2 = (x+

1 );
FRR : ν1 = (u2), ν2 = (x+

1 ).

The arguments ν1 and ν2 are directly inferred from the logical 
structure of the formula defining the relation T. More precisely, 
ν1 comprises the variables (with x2 and x+

2  replaced by z1 and 
z+

1 ) that appear before the existential quantifier for u1, while ν2
includes those appearing before the quantifier for x+

2 . Intuitively, 
this reflects the role of hT

1 in selecting the concrete input u1, 
and hT

2 in determining a consistent successor z+

1 , to satisfy the 
formula defining the relation. For example, in the case of ASR, the 
quantified variables in (17) are x2, u2, x1, u1, x+

1 , and x+

2 . Thus, u1
depends on ν1 = (z1, u2, x1), and x+

2  depends on ν2 = (z1, u2, x+

1 ), 
which defines the interface of ASR, as illustrated in Fig.  7(b).

Having identified in Definition  15 the structure of the inter-
face for each simulation relation T, we now provide a specific 
implementation of hT

1 and hT
2 for the specific case where Z1 = X2, 

i.e., z1 = x2 and z+

1 = x+

2 . 

Definition 16.  For each T ∈ {ASR, PSR, FAR, MCR, FRR}, 
given two simple systems S  and S  as in (12) and a relation 
1 2
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(a) Concretization procedure.

  
(b) ASR.

  
(c) PSR.

 

 
(d) FAR.

  
(e) MCR.

  
(f) FRR.

 

Fig. 7. Concretization of an abstract controller C2 into a concrete controller CT
1 using the interface (Z1, hT

1, h
T
2, R̃) for the simulation relation T. (a) Depicts the interfaced 

system S̃T
1 , where S̃1 ⪯

FRR
R̃

S2 , with controller C̃1 = C2 ◦ R̃ (19). Dotted lines show the simulation relations between systems. The remaining subfigures illustrate 
implementations (Definition  15) for T ∈ {ASR, PSR, FAR,MCR, FRR}.
˜

˜
Fig. 8. Simplified control architecture of Fig.  7(b) for ASR, based on the specific 
interface of Definition  16.

R ⊆ X1 × X2, we define the tuple (Z1, hT
1, h

T
2, R̃) as follows. We 

set Z1 = X2, hT
1 = ITR  with ITR  defined in (23), and

hASR
2 (x2, u2, x+

1 ) =F2(x2, u2) ∩ R(x+

1 ),

hPSR
2 (x2, u2, x1, u1) =F2(x2, u2) ∩ {x+

2 ∈ X2 :

F (x , u ) ⊆ R−1(x+)},
1 1 1 2

7

hFAR
2 (x2, u2) =F2(x2, u2) ∩ {x+

2 ∈ X2 :

∀x1 ∈ R−1(x2)∃u1 ∈US1 (x1) : F1(x1, u1) ⊆ R−1(x+

2 )},

hFRR
2 (x+

1 ) =hMCR
2 (x+

1 ) = R(x+

1 ),

and define the lifted relation as 
R = {((x1, x2), x2) | (x1, x2) ∈ R}. △ (29)

In the setting of Definition  16, the function hT
1 selects a con-

crete input u1 such that the successor x+

1 ∈ F1(x1, u1) remains 
related, i.e., (x+

1 , x+

2 ) ∈ R, to an abstract successor x+

2 ∈ F2(x2, u2), 
identified by hT

2. The resulting control architecture for ASR is 
illustrated in Fig.  8, which simplifies the general architecture for 
ASR of Definition  15 shown in Fig.  7(b).

Definition 17.  A relation ̃R ⊆ (X1×Z1)×X2 satisfies the common 
quantization assumption if ∀x1, x′

1 ∈ X1, z1 ∈ Z1 such that 
R((x1, z1)) ̸= ∅ and ̃R((x′

1, z1)) ̸= ∅ implies ̃R(x1, z1)∩R̃((x′

1, z1)) ̸=

∅. △

The following theorem establishes that the existence of a 
simulation relation between a system and its abstraction is equiv-
alent to the existence of an interface, i.e., of a feedback refinement 
relation between the corresponding interfaced system and the 
abstraction. 

Theorem 4.  Given T ∈ {ASR, PSR, FAR,MCR, FRR} and the simple 
systems S  and S  in (12), the following propositions hold.
1 2
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(1) If there exists R ⊆ X1 × X2 such that S1 ⪯
T
R S2, then 

(Z1, hT
1, h

T
2, R̃) given in Definition  16 is an interface from S2

to S1, with ̃R satisfying Definition  17.
(2) Conversely, if there exists an interface (Z1, hT

1, h
T
2, R̃) as given 

in Definition  15, where ̃R satisfies Definition  17, then S1 ⪯
T
R

S2 with R in (27).

Proof.  See Appendix  A.  ■

The following corollary of Theorem  4 shows that the existence 
of a simulation relation between the original system and its 
abstraction is not only sufficient to ensure the simple closed-loop 
structure in Fig.  2 (right), but also necessary. It also confirms that 
the specific interface implementation given in Definition  16 is 
valid. 

Corollary 1.  Let T ∈ {ASR, PSR, FAR,MCR, FRR} and two sim-
ple systems S1 and S2 as in (12). The following propositions are 
equivalent.

(1) There exists R ⊆ X1 × X2 such that S1 ⪯
T
R S2;

(2) There exists an interface (Z1, hT
1, h

T
2, R̃) from S2 to S1 in 

Definition  15 with ̃R satisfying Definition  17;
with R and ̃R satisfying (27). Additionally, for any controllers C2 f.c. 
with S2, the concretized controller CT

1 (Definition  14) associated with 
the interface in Definition  16 satisfies B×(CT

1 × S1) ⊆ R−1(B×(C2 ×

S2)).

Proof.  It directly follows from Theorem  3 and Theorem  4.

Remark 2.  The assumption that R̃ satisfies Definition  17 in 
Theorem  4 and Corollary  1 is only required for T ∈ {PSR, FAR}, 
and is automatically satisfied by the relation ̃R in (29), as stated 
in Theorem  4. △

Finally, we define in our control formalism (Section 2) the con-
cretized controllers CT

1 obtained by connecting C2 to the interfaces 
(Z1, hT

1, h
T
2, R̃) of Definition  15, as illustrated in Fig.  7. 

Proposition 2.  Given S1 and S2 as in (12), the interfaces from 
Definition  15, and a controller C2 as in (13), let C̃1 := C2 ◦ R̃. Then, 
the controllers CT

1 = (XCT
1
,X1,VCT

1
,U1, FCT

1
,HCT

1
) satisfy Definition 

14.

• XCASR
1

= XC̃1 × Z1 × U2, VCASR
1

= VC̃1 × Z1 × U2,

FCASR
1

((xC̃1 , z
−

1 , u−

2 ), (vC̃1 , z1, u2)) = {(x+

C̃1
, z1, u2) |

x+

C̃1
∈ FC̃1 (xC̃1 , vC̃1 )},

HCASR
1

((xC̃1 , z
−

1 , u−

2 ), x1) = {(u1, (vC̃1 , z1, u2)) |

z1 ∈ hASR
2 (z−

1 , u−

2 , x1), (u2, vC̃1 ) ∈ HC̃1 (xC̃1 , (x1, z1)),

u1 ∈ hASR
1 (z1, u2, x1)}.

• XCPSR
1

= XC̃1 × Z1, VCPSR
1

= VC̃1 × Z1,

FCPSR
1

((xC̃1 , z1), (vC̃1 , z
+

1 )) = {(x+

C̃1
, z+

1 ) |

x+

C̃1
∈ FC̃1 (xC̃1 , vC̃1 )},

HCPSR
1

((xC̃1 , z1), x1) = {(u1, (vC̃1 , z
+

1 )) |

(u2, vC̃1 ) ∈ HC̃1 (xC̃1 , (x1, z1)), u1 ∈ hPSR
1 (z1, u2, x1),

z+

1 ∈ hPSR
2 (z1, u2, x1, u1)}.

• XCFAR
1

= XC̃1 × Z1, VCFAR
1

, = VC̃1 × Z1,

FCFAR
1

((xC̃1 , z1), (vC̃1 , z
+

1 )) = {(x+

C̃1
, z+

1 ) |

x+
∈ F (x , v )},
C̃1 C̃1 C̃1 C̃1

8

HCFAR
1

((xC̃1 , z1), x1) = {(u1, (vC̃1 , z
+

1 )) |

(u2, vC̃1 ) ∈ HC̃1 (xC̃1 , (x1, z1)), z
+

1 ∈ hFAR
2 (z1, u2),

u1 ∈ hFAR
1 (z1, u2, x1, z+

1 )}.
• XCMCR

1
= XC̃1 , VCMCR

1
= VC̃1 ,

FCMCR
1

(xC̃1 , vC̃1 ) = FC̃1 (xC̃1 , vC̃1 ),

HCMCR
1

(xC̃1 , x1) = {(u1, vC̃1 ) | z1 ∈ hMCR
2 (x1),

(u2, vC̃1 ) ∈ HC̃1 (xC̃1 , (x1, z1)), u1 ∈ hMCR
1 (z1, u2, x1)}.

• XCFRR
1

= XC̃1 , VCFRR
1

= VC̃1 ,

FCFRR
1

(xC̃1 , vC̃1 ) = FC̃1 (xC̃1 , vC̃1 ),

HCFRR
1

(xC̃1 , x1) = {(u1, vC̃1 ) | z1 ∈ hFRR
2 (x1),

(u2, vC̃1 ) ∈ HC̃1 (xC̃1 , (x1, z1)), u1 ∈ hFRR
1 (u2)}.

Proof.  This follows from Theorem  4 and Definition  5.  ■

Proposition  2 provides an implementation of the controller 
CASR
1  of Theorem  1 in our control framework. In addition, we 

recover the controller CFRR
1  of Theorem  2 using our framework 

(Proposition  2) in the setting of Definition  16. Indeed, in that case 
HCFRR

1
(xC2 , x1) = {(u2, vC2 ) | x2 ∈ R(x1), (u2, vC2 ) ∈ HC2 (xC2 , x2)} =

HC2 (xC2 , R(x1)), establishing that CFRR
1 = C2 ◦ R as in (19). Con-

sequently, for T = FRR, the architecture in Fig.  7(f) reduces to 
that in Fig.  2 (left), and Corollary  1 recovers Theorem  2. Therefore, 
Corollary  1 generalizes the concretization result of Theorem  2 to 
simulation relations beyond the feedback refinement relation.

To summarize, we introduced a general framework for charac-
terizing simulation relations through their associated control ar-
chitectures by defining a generic interface structure based on two 
set-valued functions, hT

1 and hT
2, which systematically capture the 

concretization mechanism for any relation refining the ASR. Im-
portantly, the arguments of the functions hT

1 and hT
2—which define 

the block representation of the interface (see Fig.  7)—depend only 
on the type of relation T, and not on the specific systems S1 and S2
(see Definition  15). While the implementation of these blocks does 
depend on the systems involved (see Definition  16), it remains in-
dependent of the abstract controller C2. This makes the interface 
specification-agnostic, enabling a plug-and-play concretization 
procedure as outlined in the introduction.

4. Properties

This section analyzes how each previously introduced simu-
lation relation affects the abstraction structure, controller com-
plexity, and achievable performance. These aspects are illustrated 
throughout using the simple one-dimensional running example 
shown in Fig.  9.

4.1. The concretization complexity issue

The implementations of hASR
2 , hPSR

2 , and hFAR
2  in Definition  16 

require online evaluation of F2 of S2. Given the typically large 
state space of S2, this becomes computationally demanding, as 
the concretized controllers CASR

1 , CPSR
1 , and CFAR

1  must store abstract 
variables and query the abstraction at runtime. In contrast, hMCR

2
depends solely on the quantizer R, not on F2, making the MCR
concretization considerably simpler.

In the system described in Fig.  9, the optimal abstract policy 
for ASR, achieves a worst-case cost of 3 transitions (q0 → q2 →

q3 → q4). However, to ensure that a concrete successor x+

1  is 
quantized into q2—and not mistakenly into q1—the concretized 
controller must compute x+

∈ hASR(x , u , x+) = F (x , u ) ∩
2 2 2 2 1 2 2 2
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Fig. 9. Running example (1-dimensional) used to illustrate the properties of 
the simulation relations. The deterministic system S1 = (X1,U1, F1) with X1 ⊆

[l, l] ⊂ R, is discretized into five abstract cells q0, . . . , q4 ∈ X2 . The relation 
is defined by R(x) = { q ∈ X2 | x ∈ q }. Cells q1 and q2 partially overlap, 
which makes R non-deterministic on this region. Above the x-axis, the intervals 
represent subsets of X1; below, in the same color, we show their closed-loop 
images F1(x, κ(x)) under local feedbacks κ(·), which define the abstract inputs 
(only a few are labeled s1, s2, s3 ∈ U2 for clarity). The objective is to drive the 
system from q0 to q4 in the minimum number of steps. The figure also reports 
the optimal abstract and concrete cost with initial condition x0 ∈ q0 obtained 
for each abstraction ST

2 , for which it can be verified that S1 ⪯
T
R ST

2 .

R(x+

1 ), thus storing (x2, u2) and accessing F2 online. This illustrates 
the concretization complexity discussed above.

Under MCR, the abstract transition is conservatively enlarged 
to include both q1 and q2 in F2(q0, ·), which allows the concretized 
controller to compute hMCR

2 (x+

1 ) = R(x+

1 ) directly. This removes 
the need for storing abstract variables x2 and u2, and for evalu-
ating the abstract transition map F2 during online execution. The 
concretized controller CMCR

1  is therefore static, as formalized in the 
next proposition; however, the added non-determinism increases 
the worst-case cost from 3 to 4 (q0 →q1 →q2 →q3 →q4).

Even when the abstract controller C2 is static (i.e., XC2 = {0}), 
the concretized controllers CASR

1 , CPSR
1 , and CFAR

1  remain dynamic, 
as they must store abstract variables—represented by the delay 
blocks in Fig.  7. In contrast, the concretized controller CMCR

1  intro-
duces no additional state (no delay block in Fig.  7(e)). Hence, if 
C2 is static, CMCR

1  is also static, as formally stated in the following 
proposition.

Proposition 3.  Given two simple systems S1 and S2 as in (12), 
a relation R ⊆ X1 × X2, and a controller C2 f.c. with S2, if C2 is 
static, then the corresponding concretized controller CMCR

1  (as defined 
in Proposition  2) is also static.

Proof.  This follows directly from Proposition  2, where XCMCR
1

=

XC2 , VCMCR
1

= VC2 , and FCMCR
1

= FC2 . Therefore, if C2 is static 
(i.e., XC2 = {0}), then XCMCR

1
= {0}, confirming that CMCR

1  is static.
 ■

4.2. Corrective vs predictive control architecture

The architecture induced by ASR is corrective: the controller 
stores the current abstract state x2 and input u2 to adjust the next 
abstract state according to x+

2 ∈ hASR
2 (x2, u2, x+

1 ) = F2(x2, u2) ∩

R(x+), at the next time step. In contrast, PSR adopts a predictive
1

9

architecture: it stores the next abstract state x+

2 , determined 
before applying the current input u1 to the concrete system. This 
difference is reflected in the delay blocks of Fig.  7.

Consider the abstract input s1, s2, s3 available at q2. During 
offline abstract synthesis under ASR (or PSR), s2 is discarded 
because it allows a self-loop on q2, leading to a worst-case ab-
stract cost of 3. However, PSR enables an online adaptation: the 
function hPSR

2 (x2, u2, x1, u1) can identify the concrete subset of 
q2 where the trajectory lies and predict the next abstract state 
accordingly. If x1 belongs to the favorable (light-blue) subset of q2, 
the same input s2 deterministically drives the system directly to 
q4, saving one transition (see the concrete trajectory x0 → x′

0 →

x′′

0). Hence, PSR preserves the same worst-case cost (3) but can 
improve the realized cost online through local policy updates—at 
the expense of higher controller complexity, since hPSR

2  must store 
the subdivision of q2 and its associated transitions.

4.3. Feedforward abstract control

For FAR, the next abstract state x+

2  is determined indepen-
dently of the concrete variables, including the concrete state x1, 
in contrast with the predictive architecture of PSR (see Fig.  7). 
As a result, the abstract trajectory can be fully designed offline 
and tracked online. This construction, however, typically requires 
local incremental stabilizability to guarantee that the image of 
each abstract cell lies entirely within a unique successor.

In the running example, input s3 deterministically maps all 
states in q2 into q3, yielding a deterministic abstraction. The 
corresponding concretized controller CFAR

1  simply tracks the pre-
defined abstract sequence q0 → q2 → q3 → q4 using a stabilizing 
feedback. The cost remains exactly 3, as the online abstract tra-
jectory coincides with the offline one—illustrating the purely 
feedforward nature of FAR.

Finally, most abstraction-based control frameworks in the lit-
erature rely either on a deterministic abstract system S2 (Assel-
born et al., 2013; Calbert, Egidio, & Jungers, 2024; Egidio et al., 
2022; Girard et al., 2009; Kloetzer & Belta, 2008; Mouelhi et al., 
2013; Wongpiromsarn et al., 2011), or on a deterministic rela-
tion R (Apaza-Perez et al., 2020; Calbert, Banse, Legat, & Jungers, 
2024; Calbert et al., 2021; Hsu et al., 2018; Khaled & Zamani, 
2019; Rungger & Zamani, 2016) corresponding to a partition of 
the state space without overlaps. According to Proposition  1, 
these two common settings align with simulation relations FAR
and MCR, respectively.

5. Construction

This section formalizes the construction of abstractions corre-
sponding to each simulation relation introduced earlier. Building 
on the qualitative discussion of Section 4, we now provide sys-
tematic procedures for deriving, from a continuous deterministic 
system, abstract models that satisfy the relations ASR, PSR, FAR, 
and MCR. To this end, we consider a class of deterministic sys-
tems equipped with a growth-bound function, and use a common 
state–space discretization to derive the corresponding abstract 
transition maps. This framework highlights how different rela-
tions impose distinct assumptions on the original dynamics and 
how these assumptions shape the resulting control architectures.

5.1. Stability preliminaries

A continuous function γ : R+

0 → R+

0  is said to belong to class 
K if it is strictly increasing and γ (0) = 0. It is said to belong to 
class K∞ if it is a K function and γ (r) → +∞ when r → +∞.

We introduce a relaxed version of Lyapunov function, referred 
to as the growth-bound function, to bound the distance between 
trajectories with different initial conditions under a specific con-
trol law. This is the discrete-time analogue of Girard et al. (2009, 
Definition 2.3). 
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Definition 18.  A smooth function V : Rn
×Rn

→ R+

0  is a growth-
bound function under control κ : Rn

× Rn
× Rν

→ Rν for system 
f : Rn

× Rν
→ Rn if there exist K∞ functions α, α and ρ > 0

such that ∀x, y ∈ Rn, u ∈ Rν

V (f (y, κ(y, x, u)), f (x, u)) ≤ ρV (y, x) (30)

α(∥y − x∥2) ≤ V (y, x) ≤ α(∥y − x∥2). (31)

We define the ℓ-sublevel set of V (·, x) as 

S(x, ℓ) = {x′
∈ Rn

| V (x′, x) ≤ ℓ}. (32)

When ρ < 1, the system is said to be incrementally stabi-
lizable meaning that, under a suitable feedback, all trajectories 
converge to a common reference trajectory regardless of their 
initial conditions.

5.2. System definition and grid discretization

We study a deterministic simple system S1 = (X1,U1, F1), 
where X1 ⊆ Rn is a compact set, U1 ⊆ Rν , and the transition map 
F1(x, u) = {f (x, u)} is defined by a continuous nonlinear function 
f : X1 × U1 → X1. We impose stabilizability assumptions on f
by assuming the existence of a growth-bound function V  under 
control κ (Definition  18) with a contraction factor ρ. We will 
make the following supplementary assumption on the function 
V : there exists a K∞ function γ  such that 

∀x, y, z ∈ Rn
: V (x, y) − V (x, z) ≤ γ (∥y − z∥2). (33)

While this assumption may seem quite strong, it is not restrictive 
provided we are interested in the dynamics of the system on 
a compact subset of the state space Rn, as explained in Girard 
et al. (2009, Section IV.B). We illustrate the constructions on the 
following example. 

Example 1.  We consider a two-dimensional deterministic simple 
system S1 = (X1,U1, F1) (X1 ⊆ R2, F1(x1, u1) = {f (x1, u1)}) with 
growth-bound function V (x, y) = ∥x − y∥2, where α(x) = α(x) =

γ (x) = x = α−1(x) = α−1(x) = γ −1(x), under control κ for f  and 
contraction factor ρ. The function V  satisfies (33), which reduces 
to the triangle inequality of the 2-norm. △

The abstraction constructions rely on discretizing the state 
space X1 into overlapping cells aligned on a grid 

[ηZn
] = {c ∈ Rn

| ∃k∈Zn ∀i∈[1;n] ci = kiη} (34)

with grid parameter η > 0. The abstract states correspond to the 
vertices of this lattice, i.e., 

X2 = [ηZn
] ∩ X1. (35)

Given ϵ > 0, each abstract state x2 ∈ X2 is associated with the 
ϵ-sublevel set of the function V (·, x2), such that 

(x1, x2) ∈ R ⇔ V (x1, x2) ≤ ϵ ⇔ R−1(x2) = S(x2, ϵ). (36)

To ensure that the relation is strict, i.e., R(x1) ̸= ∅ for all x1 ∈ X1, 
we impose the condition η ≤

2
√
nα

−1(ϵ), under which Proposition 
7 guarantees the existence of some x2 ∈ X2 such that x1 ∈

S(x2, ϵ).
Given x2 ∈ X2 and u2 ∈ U2, the growth assumption (30) allows 

to determine an over-approximation of the attainable set of a cell 
R−1(x2) under the control law gx2,u2 (x) = f (x, κ(x, x2, u2)) (see 
Proposition  8) 

gx2,u2 (R
−1(x2)) ⊆ S(f (x2, u2), ρϵ). (37)
10
Fig. 10. Illustration of (x2, u2, x1, u1) ∈ RASR
e  and RMCR

e  for Example  1, for some 
ρ > 1. The cell R−1(x2) = S(x2, ϵ) and its image under the dynamic F1
are represented in blue. The gray circle A := S(f (x2, u2), ρϵ) is the over-
approximation of the reachable set of R−1(x2). The set FASR

2 (x2, u2) just needs 
to contain enough cells so that their union covers the set A (38), for example, 
only the red cells. While the set FMCR

2 (x2, u2) must at least contain all the 
cells intersecting A (39), which are shown in red and green. Therefore, in this 
example, we have |FASR

2 (x2, u2)| = 4 while |FMCR
2 (x2, u2)| = 15.

5.3. Abstraction construction per simulation relation

To facilitate comparison across the different simulation rela-
tions, all abstractions are constructed over a common state space 
X2 (35), a common input space U2 ⊆ U1, and the same relation 
R ⊆ X1 × X2 (36). Hence, their differences arise solely from the 
definition of the transition map F⊤

2  deigned so that the abstract 
system ST

2 = (X2,U2, F T
2 ) satisfies S1 ⪯

T
R ST

2 .

Proposition 4.  The system SASR
2 = (X2,U2, FASR

2 ) with FASR
2  satisfy-

ing ∀x2 ∈ X2, u2 ∈ US2 (x2): 

R−1(FASR
2 (x2, u2)) ⊇ S(f (x2, u2), ρϵ), (38)

ensures S1 ⪯
ASR
R SASR

2 . Similarly, the system SMCR
2 = (X2,U2, FMCR

2 )
with FMCR

2  satisfying ∀x2 ∈ X2, u2 ∈ US2 (x2): 

FMCR
2 (x2, u2) ⊇ R(S(f (x2, u2), ρϵ)), (39)

ensures S1 ⪯
MCR
R SMCR

2 . Additionally, one can use the specific imple-
mentations hASR

1 (x2, u2, x1) = hMCR
1 (x2, u2, x1) = {κ(x1, x2, u2)}.

Proof.  Let (x1, x2) ∈ R and u2 ∈ US2 (x2), then for all x+

1 ∈

F1(x1, u1) with u1 = κ(x1, x2, u2), we have x+

1 ∈ S(f (x2, u2), ρϵ)
by (37).

• Condition (38) involves x+

1 ∈ S(f (x2, u2), ρϵ) ⊆ R−1(FASR
2 (x2,

u2)), which implies that R(x+

1 ) ∩ FASR
2 (x2, u2) ̸= ∅. This 

establishes (17) and that κ(x1, x2, u2) ∈ IASRR (x2, u2, x1).
• Condition (39) involves R(x+

1 ) ⊆ F2(x2, u2), which estab-
lishes (22) and that κ(x1, x2, u2) ∈ IMCR

R (x2, u2, x1).  ■

While MCR yields a simpler concretization than ASR (Sec-
tion 4.1), it increases abstraction non-determinism: FASR

2 (x2, u2) ⊆

FMCR
2 (x2, u2) (Fig.  10). The larger branching factor can make the 
abstract control problem infeasible for SMCR

2  even when feasible 
for SASR

2 .

Proposition 5.  Given the additional assumption that ρ < 1
and η ≤

2
√ min

(
α−1(ϵ), γ −1((1 − ρ)ϵ)

)
, the system SFAR

=
n 2
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Fig. 11.  Illustration of (x2, u2, x1, u1, x+

2 ) ∈ RFAR
e  (left) and (x2, u2, x1, u1) ∈ RPSR

e
(right) for Example  1.

(X2,U2, F FAR
2 ) with F FAR

2  satisfying ∀x2 ∈ X2, u2 ∈ US2 (x2): 

F FAR
2 (x2, u2) ⊇ argmin

x′2∈X2

∥f (x2, u2) − x′

2∥∞, (40)

ensures S1 ⪯
FAR
R SFAR

2 . Additionally, one can use the specific imple-
mentations hFAR

1 (x2, u2, x1, x+

2 ) = {κ(x1, x2, u2)} and hFAR
2 (x2, u2) =

argminx′2∈X2
∥f (x2, u2) − x′

2∥∞.

Proof.  Applying Proposition  9 with parameters (η, ϵ, ϵ) and ρ <

1, the condition on η ensures that ∀x2 ∈ X2, ∀u2 ∈ US2 (x2) :

gx2,u2 (R
−1(x2)) ⊆ R−1(x+

2 ) with x+

2 = argminx′2∈X2
∥f (x2, u2) −

x′

2∥∞. Therefore, by (40), x+

2 ∈ F FAR
2 (x2, u2) and for all x+

1 ∈

F1(x1, u1) with u1 = κ(x1, x2, u2), we have (x+

1 , x+

2 ) ∈ R. This 
establishes (21), κ(x1, x2, u2) ∈ IFARR (x2, u2, x1, x+

2 ) and hFAR
2  im-

plements Definition  16.  ■

The choice of F FAR
2 (x2, u2) = hFAR

2 (x2, u2) results in a determin-
istic abstraction as illustrated in Fig.  11 (left). In this context, con-
structing SFAR

2  involves low computational complexity. Designing 
an abstract transition only requires computing the trajectory of 
a single point f (x2, u2) and identifying the closest grid point. 
However, unlike other approaches, this method requires a strong 
assumption on the system’s stability, specifically incremental sta-
bilizability (ρ < 1). In Calbert, Banse, Legat, and Jungers (2024, 
Section 6), the authors construct a feedforward abstraction re-
lation SFAR

2  for an incrementally stabilizable dynamical system, 
specifically a DC–DC converter defined in Rungger and Zamani 
(2016, Section 4.2), and illustrate the speed-up in the construction 
of the abstraction resulting from this efficient implementation of 
hFAR
2 .
We now construct a finer grid [η′Zn

] with 0 < η′ < η; see Fig. 
11 (right). Given ϵ′ > 0, we choose η′ sufficiently small, satisfying 
η′

≤
2

√
n α−1(ϵ′), so that every state x1 ∈ X1 lies within an ϵ′-

sublevel set S(z, ϵ′) of V , centered at some vertex z ∈ [η′Zn
] of 

the refined lattice (see Proposition  7). Given x2 ∈ X2, we denote 
Zη,η′,ϵ,ϵ′ (x2) ⊆ [η′Zn

] a set of minimal cardinality s.t. 

R−1(x2) ⊆

⋃
z∈Zη,η′,ϵ,ϵ′ (x2)

S(z, ϵ′). (41)

Proposition 6.  Let Zη,η′,ϵ,ϵ′ (x2) defined in (41) with parameters 
satisfying ⎧⎪⎪⎪⎨⎪⎪⎪⎩

η′
≤

2
√
nα

−1(ϵ′), (42)

ρϵ′ < ϵ, (43)

η ≤
2

√
n min

(
α−1(ϵ), γ −1(ϵ − ρϵ′)

)
. (44)

 The system SPSR
2 = (X2,U2, F PSR

2 ) with F PSR
2  satisfying ∀x2 ∈

X2, u2 ∈ US2 (x2):

F PSR(x , u ) ⊇
2 2 2

11
⋃
z∈Zη,η′,ϵ,ϵ′ (x2)

argmin
x′2∈X2

∥f (z, κ(z, x2, u2)) − x′

2∥∞,

ensures S1 ⪯
PSR
R SPSR

2 . Additionally, one can use the specific imple-
mentations

hPSR
1 (x2, u2, x1) = {κ(x1, z, u′

1)}

hPSR
2 (x2, u2, x1, u1) = argmin

x′2∈X2

∥f (z, u′

1) − x′

2∥∞,

where z = argminz′∈Zη,η′,ϵ,ϵ′ (x2)
∥x1 − z ′

∥∞ and u′

1 = κ(z, x2, u2).

Proof.  Let (x1, x2) ∈ R and u2 ∈ US2 (x2). By applying Proposition 
7 with parameters (η′, ϵ′) satisfying (42), we have x1 ∈ S(z, ϵ′)
with z = argminz′∈Zη,η′,ϵ,ϵ′ (x2)

∥x1 − z ′
∥∞. Next, applying Propo-

sition  9 with parameters (η, ϵ′, ϵ) satisfying (43) and (44), we 
ensure that x+

1 = f (x1, u1) ∈ S(x+

2 , ϵ) with u1 = κ(x1, z, u′

1), 
x+

2 = argminx′2∈X2
∥f (z, u′

1) − x′

2∥∞, and u′

1 = κ(z, x2, u2). Thus, 
x+

1 ∈ R−1(x+

2 ) and by definition of F PSR
2 , x+

2 ∈ F PSR
2 (x2, u2), which 

establishes (20). Thus, u1 ∈ IPSRR (x2, u2, x1) and hPSR
2  satisfies 

Definition  16.  ■

As discussed in Section 4.2, it is possible to predict the next 
abstract state x+

2  using hPSR
2 (x2, u2, x1, u1) before applying the 

concrete input u1 given by hPSR
1 (x2, u2, x1). Unlike FAR, the PSR

relation can be constructed without requiring the incremental 
stabilizability (ρ < 1).

6. Conclusion

Abstraction-based control relies on two core elements: the 
relation, ensuring consistent transitions between concrete and 
abstract states, and the concretization procedure, which derives a 
valid controller for the original system from the abstract one.

In this article, we proposed a systematic approach to char-
acterize simulation relations that refine the ASR, through a con-
cretization procedure featuring a plug-and-play control architec-
ture. To this end, we introduce a universal system transformation, 
called the interfaced system, which is universal in the sense that 
it is always in FRR with the abstract system. This allowed us to 
leverage the necessary and sufficient characterization of FRR in 
terms of concretization procedure (Theorem  2) to a broader class 
of simulation relations. Specifically, we demonstrated (Corollary 
1) that if the concrete system is related to the abstraction via a 
simulation relation, then the abstract controller can be seamlessly 
connected to the original system through the corresponding in-
terface, irrespective of the specific specification to be enforced, 
and vice versa. This generalizes previous results and provides a 
unifying framework for systematically characterizing simulation 
relations. Finally, we discussed the pros and cons of different 
relations using a common example.

Our future research will focus on three main directions. First, 
while we have illustrated our approach using five key relations 
relevant for the design of smart abstractions, we plan to develop 
a systematic procedure to identify the interface characterizing 
any refined notion of the alternating simulation relation. Second, 
while the objective of this work is to highlight the benefits of 
simpler or more structured control architectures enabled by con-
servative simulation relations refining ASR, we aim to investigate 
which classes of systems allow these relations to be practically 
constructed. Section 5 provides a first step in this direction by 
showing that relations such as ASR, MCR, and PSR can be built for 
arbitrary systems, whereas FAR additionally requires incremental 
stabilizability. Third, we aim to extend our current framework, 
which focuses on state-feedback control of simple systems, to 
output feedback control of systems with output maps. Various 
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,

˜

types of relations for such systems are well-established in the 
literature (Apaza-Perez et al., 2020; Coppola et al., 2022; Ma-
jumdar et al., 2020; Schmuck & Raisch, 2014), and we plan to 
classify and characterize them in terms of their associated control 
architectures.

Acknowledgments

JC is a FRIA Research Fellow. RJ is a FNRS honorary Research 
Associate. This project has received funding from the European 
Research Council (ERC) under the European Union’s Horizon 2020 
research and innovation programme under grant agreement No 
864017 - L2C, from the Horizon Europe programme under grant 
agreement No101177842 - Unimaas, and from the ARC (French 
Community of Belgium)-SIDDARTA.

Appendix A. Proof of Theorem  4

We start by proving (1). From the definition of ITR  in (23), it fol-
lows that the tuple (Z1, hT

1, h
T
2, R̃) in Definition  16 is an interface 

from S2 to S1. Finally, we show that ̃R in (29) satisfies Definition 
17. Let x1, x′

1 be such that ̃R((x1, x2)) ̸= ∅ and ̃R((x′

1, x2)) ̸= ∅. 
Then we have ̃R((x1, x2))∩ R̃((x′

1, x2)) = {x2} ̸= ∅. We now turn to 
proving (2). By Theorem  3, we have S̃T

1 ⪯
FRR
R̃

S2. From Definition 
8, it follows that for any ((x1, z1), x2) ∈ R̃

(i) US2 (x2) ⊆ US̃T
1
((x1, z1));

(ii) ∀u2 ∈ US2 (x2) ∀(x+

1 , z+

1 ) ∈ F̃1((x1, z1), u2) : R̃((x+

1 , z+

1 )) ̸= ∅
and ̃R((x+

1 , z+

1 )) ⊆ F2(x2, u2).

Let (x1, x2) ∈ R and u2 ∈ US2 (x2). This implies the existence 
of z1 such that ((x1, z1), x2) ∈ R̃. By condition (i), we have u2 ∈

US̃1 ((x1, z1)), meaning ̃F1((x1, z1), u2) ̸= ∅. Thus, by Definition  13, 
for any u1 ∈ hT

1(ν1), u1 ∈ US1 (x1), and for all x+

1 ∈ F1(x1, u1), 
z+

1 ∈ hT
2(ν2), it holds that (x+

1 , z+

1 ) ∈ F̃1((x1, z1), u2). In addition, 
by (ii), ̃R((x+

1 , z+

1 )) ̸= ∅ and ̃R((x+

1 , z+

1 )) ⊆ F2(x2, u2).
The rest of the proof is specific to each relation type:

• ASR: According to Lemma  2, ̃R((x+

1 , z+

1 )) ⊆ R(x+

1 ). Therefore, 
F2(x2, u2) ∩ R(x+

1 ) ⊇ R̃((x+

1 , z+

1 )) ̸= ∅, which is equivalent 
to (17).

• PSR: We consider u1 ∈ hPSR
1 (z1, u2, x1) and z+

1 ∈ hPSR
2 (z1, u2, u1

x1). Since ̃R satisfies Definition  17, it holds that

A :=

⎛⎜⎝ ⋂
x+1 ∈F1(x1,u1)

R̃((x+

1 , z+

1 ))

⎞⎟⎠ ̸= ∅,

as ̃R((x+

1 , z+

1 )) ̸= ∅ by (ii). Let x+

2 ∈ A. Firstly, x+

2 ∈ F2(x2, u2)
since ̃R((x+

1 , z+

1 )) ⊆ F2(x2, u2) by (ii). Secondly, according to 
Lemma  2, ̃R((x+

1 , z+

1 )) ⊆ R(x+

1 ), therefore x+

2 ∈ R(x+

1 ), which 
is equivalent to (20).

• FAR: Let z+

1 ∈ hFAR
2 (z1, u2). Since ̃R satisfies Definition  17, it 

holds that
A :=

⋂
u1 ∈ h1(z1, u2, x1, z+

1 )

x+

1 ∈ F1(x1, u1)

R̃((x+

1 , z+

1 )),

 as ̃R((x+

1 , z+

1 )) ̸= ∅ by (ii). Let x+

2 ∈ A. Firstly, x+

2 ∈ F2(x2, u2)
since ̃R((x+

1 , z+

1 )) ⊆ F2(x2, u2) by (ii). Secondly, according to 
Lemma  2, ̃R((x+

1 , z+

1 )) ⊆ R(x+

1 ), therefore x+

2 ∈ R(x+

1 ), which 
is equivalent to (21).

• MCR: By definition of R in (27), we have

R(x+

1 ) =

⋃
+ MCR +

R̃((x+

1 , z+

1 )),

z1 ∈h2 (x1 )

12
which establishes that R(x+

1 ) ̸= ∅ and R(x+

1 ) ⊆ F2(x2, u2), 
which is equivalent to (22).  ■

Appendix B. Useful results

Lemma 1.  Let S1 and S2 in (12), and (Z1, h1, h2, R̃) an interface 
from S2 to S1 with associated interfaced system S̃1 (Definition  13). 
Then, for any controller C2 f.c. with S2, the concretized controller C1
(Definition  14) and C̃1 = C2 ◦ R̃ satisfy x1 ∈ B×(C1 × S1) ⇔ x̃1 ∈

B×(C̃1 × S̃1), where x1 = πX1 (̃x1) (1).

Proof.  By Definition  4, ̃C1 = C2 ◦ R̃ = (XC2 ,X1 × Z1,VC2 ,U2, FC2 ,

HC̃1 ) where HC̃1 (xC2 , (x1, z1)) = HC2 (xC2 , R̃(x1, z1)), since R̃ is a 
static system. Thus, ̃x1 ∈ B×(C̃1 × S̃1) if and only if there exist 
sequences u1, x2, u2, xC2 , vC2  satisfying (26) with x1 = πX1 (̃x1)
and z1 = πZ1 (̃x1). This establishes that x1 ∈ B×(C1 × S1).  ■

Lemma 2.  Let ̃R ⊆ (X1 × Z1) × X2, and R ⊆ X1 × X2 in (27). If 
R((x1, z1)) ̸= ∅, then ̃R((x1, z1)) ⊆ R(x1).

Proof.  By definition,
R(x1) = ∪(x1,z1)|̃R((x1,z1))̸=∅ R̃((x1, z1)). ■

Proposition 7.  Let V  be a growth-bound function as in Definition 
18 and parameters (η, ϵ) > 0. If η ≤

2
√
nα

−1(ϵ), then for all x ∈ Rn, 
x ∈ S(x2, ϵ) with x2 = argminc∈[ηZn] ∥x − c∥∞.

Proof.  Let x ∈ Rn and x2 = argminc∈[ηZn] ∥x − c∥∞. Then 
∥x− x2∥∞ ≤

η

2 , and we have V (x, x2) ≤ α(∥x− x2∥2) ≤ α(
√
n∥x−

x2∥∞) ≤ α
(√

n η

2

)
≤ ϵ, because α is a K function.  ■

Proposition 8.  Let V  be a growth-bound function as in Definition 
18. Given x2 ∈ Rn, u2 ∈ Rν , and ϵ > 0. Then, the follow-
ing holds gx2,u2 (S(x2, ϵ)) ⊆ S(f (x2, u2), ρϵ), where gx2,u2 (x) =

f (x, κ(x, x2, u2)).

Proof.  Let x ∈ S(x2, ϵ). By (30), it holds
V (f (x, κ(x, x2, u2)), f (x2, u2)) ≤ ρV (x, x2) ≤ ρϵ,

which involves gx2,u2 (x) ∈ S(f (x2, u2), ρϵ).  ■

Proposition 9 (Girard et al. (2009, Eq. (9))). Let V  be a growth-
bound function as in Definition  18 satisfying (33) and parameters 
(η, ϵ, ϵ′) > 0. If ϵ′

− ρϵ > 0, then the choice η ≤
2

√
nγ

−1(ϵ′
− ρϵ)

ensures that
∀x2 ∈ Rn

∀u2 ∈ Rν
: gx2,u2 (S(x2, ϵ)) ⊆ S(x′

2, ϵ
′),

with x′

2 = argminx′∈[ηZn] ∥x′
− f (x2, u2)∥∞ and gx2,u2 (x) =

f (x, κ(x, x2, u2)). Special case: when V (x, y) = ∥x− y∥2 and ϵ = ϵ′, 
the condition on η reduces to η ≤

2
√
nϵ(1 − ρ).

Proof.  Let x1 ∈ S(x2, ϵ), x+

1 = f (x1, κ(x1, x2, u2)), x+

2 = f (x2, u2)
and x′

2 = argminx′∈[ηZn] ∥x′
− x+

2 ∥∞. Then, ∥x′

2 − x+

2 ∥∞ ≤
η

2 . 
Using (30) and (33), and since γ  is a K∞ function, we have
V (x+

1 , x′

2) ≤ V (x+

1 , x+

2 ) + γ (∥x′

2 − x+

2 ∥2)

≤ ρV (x1, x2) + γ (
√
n∥x′

2 − x+

2 ∥∞)

≤ ρϵ + γ
(√

n η

2

)
≤ ϵ′

which implies that x+
∈ S(x′ , ϵ′).  ■
1 2
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